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Preface

The Multidisciplinary Center for Earthquake Engineering Research (MCEER) is a
national center of excellence in advanced technology applications that is dedicated to the
reduction of earthquake losses nationwide. Headquartered at the University at Buffalo,
State University of New York, the Center was originally established by the National
Science Foundation in 1986, as the National Center for Earthquake Engineering Research
(NCEER).

Comprising a consortium of researchers from numerous disciplines and institutions
throughout the United States, the Center’s mission is to reduce earthquake losses
through research and the application of advanced technologies that improve engineer-
ing, pre-earthquake planning and post-earthquake recovery strategies. Toward this end,
the Center coordinates a nationwide program of multidisciplinary team research,
education and outreach activities.

MCEER’s research is conducted under the sponsorship of two major federal agencies, the
National Science Foundation (NSF) and the Federal Highway Administration (FHWA),
and the State of New York. Significant support is also derived from the Federal
Emergency Management Agency (FEMA), other state governments, academic institu-
tions, foreign governments and private industry.

The Center’s Highway Project develops improved seismic design, evaluation, and
retrofit methodologies and strategies for new and existing bridges and other highway
structures, and for assessing the seismic performance of highway systems.  The FHWA
has sponsored three major contracts with MCEER under the Highway Project, two of
which were initiated in 1992 and the third in 1998.

Of the two 1992 studies, one performed a series of tasks intended to improve seismic
design practices for new highway bridges, tunnels, and retaining structures (MCEER
Project 112).  The other study focused on methodologies and approaches for assessing
and improving the seismic performance of existing “typical” highway bridges and other
highway system components including tunnels, retaining structures, slopes, culverts,
and pavements (MCEER Project 106).  These studies were conducted to:

• assess the seismic vulnerability of highway systems, structures, and components;
• develop concepts for retrofitting vulnerable highway structures and components;
• develop improved design and analysis methodologies for bridges, tunnels, and

retaining structures, which include consideration of soil-structure interaction mecha-
nisms and their influence on structural response; and

• develop, update, and recommend improved seismic design and performance criteria
for new highway systems and structures.
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The 1998 study, “Seismic Vulnerability of the Highway System” (FHWA Contract
DTFH61-98-C-00094; known as MCEER Project 094), was initiated with the objective of
performing studies to improve the seismic performance of bridge types not covered
under Projects 106 or 112, and to provide extensions to system performance assessments
for highway systems.  Specific subjects covered under Project 094 include:

• development of formal loss estimation technologies and methodologies for highway
systems;

• analysis, design, detailing, and retrofitting technologies for special bridges, includ-
ing those with flexible superstructures (e.g., trusses), those supported by steel tower
substructures, and cable-supported bridges (e.g., suspension and cable-stayed bridges);

• seismic response modification device technologies (e.g., hysteretic dampers, isola-
tion bearings); and

• soil behavior, foundation behavior, and ground motion studies for large bridges.

In addition, Project 094 includes a series of special studies, addressing topics that range
from non-destructive assessment of retrofitted bridge components to supporting studies
intended to assist in educating the bridge engineering profession on the implementation
of new seismic design and retrofitting strategies.

This research aims to extend the ductile end diaphragm concept used on steel bridges to make it
applicable for bidirectional earthquake excitations, using unbonded braces as ductile fuses.
Irregular (i.e. skewed) bridge superstructures are also covered to determine if the ductile
diaphragm concept could be used in skewed bridges. Two retrofit schemes are investigated in
detail to determine the best geometrical layout (to maximize the dissipated hysteretic energy) of
the ductile diaphragms with unbonded brace end diaphragms. Closed form solutions are sought
for practical design purposes. Behavioral characteristics of the proposed retrofit schemes are
quantified with an emphasis on hysteretic energy dissipation. Results from numerical examples
show that the bidirectional loading, loading ratio (or the assumed combination rule), and skew
angle have a pronounced effect on the end diaphragm's inelastic behavior.  Based on volumetric
hysteretic energy dissipation, the effectiveness of the proposed retrofit schemes are compared
under several loading cases for both non-skewed and skewed bridge superstructures.
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ABSTRACT 
 

 

Since end diaphragms of many bridges in North America were built without seismic design 

considerations, they may suffer damage in future earthquakes. Recent earthquake reconnaissance 

investigations have reported damage in bridge end diaphragms due to earthquake effects. To 

reduce the seismic demands in steel bridges, one approach (among many such as base isolators 

of any kind) is to provide bridge superstructures with special ductile diaphragms as “seismic 

fuses” as an appropriate retrofit solution. Although the behavior of metallic fuses in the bridge 

transverse direction has been investigated both analytically and experimentally under 

unidirectional loading, no guidance exists to help the engineer determine the seismic behavior 

under bidirectional loading. Furthermore, to date, the ductile diaphragm concepts were limited in 

recommended applications to the retrofit of regular (i.e. non-skewed) bridges and this solution 

thus has to be combined with another retrofit solution for resistance to earthquakes exciting 

bridges in their longitudinal direction.  

 

This research mainly aims to extend the known ductile end diaphragm concept to make it 

applicable for bidirectional earthquake excitation, using unbonded braces as the ductile fuses. 

Irregular (i.e. skewed) bridge superstructures are also covered to determine if the ductile 

diaphragm concept could be used in skewed bridges. Two retrofit schemes (Retrofit Scheme-1 

and Retrofit Scheme-2) are investigated in detail to search the best geometrical layout (to 

maximize the dissipated hysteretic energy) of the ductile diaphragms with unbonded brace end 

diaphragms. Closed form solutions are sought for practical design purposes.  

 

Behavioral characteristics of the proposed retrofit schemes for end diaphragms are quantified 

with an emphasis on hysteretic energy dissipation. Results from many numerical examples show 

that, the bidirectional loading, the loading ratio (or the assumed combination rule), and the skew 

angle have pronounced effect on the end diaphragm’s inelastic behavior.  Based on volumetric 

hysteretic energy dissipation, the effectivenesses of the proposed retrofit schemes are compared 

under several loading cases for both non-skewed and skewed bridge superstructures. These 

comparisons indicate that, in most cases, Retrofit Scheme-1 is superior over Retrofit Scheme-2 

and may exhibit better seismic response.   
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SECTION 1 
INTRODUCTION 

 

1.1 Overview  
Many slab-on-girder steel and deck truss bridges in North America are located in seismic 

regions. Since most of them were built without seismic-design considerations, they may suffer 

damage in future earthquakes. The end diaphragms in these bridges generally do not have ductile 

details (members and connections). Recent earthquake reconnaissance investigations have 

reported damage in bridge end diaphragms due to transverse earthquake effects. Currently, 

seismic evaluation and retrofit research activities throughout North America are looking for cost 

effective solutions to this problem. To reduce the seismic demands in steel bridges, several 

retrofitting systems have been proposed. One approach (Zahrai and Bruneau 1999a; 1999b; 

Bruneau et al. 2002) suggests that special ductile diaphragms could provide an appropriate 

retrofit solution. This concept requires replacing existing end diaphragms with specially detailed 

diaphragms that can act as “seismic fuses”, i.e. which could yield prior to other sub and 

superstructure elements. This concept has been experimentally verified using specially designed 

ductile end diaphragms having either shear panel systems (SPS), steel triangular plate added 

damping and stiffness devices (TADAS), or eccentrically braced end diaphragms (EBF).  In the 

time since those tests, the effectiveness of unbonded braces1 has been recognized, and it appears 

that unbonded braces could be used to provide an effective ductile end diaphragms concept. 

However, in all cases considered to date, the ductile diaphragm concepts was limited in 

recommended applications to the retrofit of regular (i.e. non-skewed) bridges against earthquake 

excitation in the bridge transverse direction. This solution thus has to be combined with another 

retrofit solution for resistance to earthquakes exciting bridges in their longitudinal direction.   

 

The research presented here essentially aims to extend the ductile end diaphragm concept to 

make it applicable for bidirectional earthquake excitation, using unbonded braces as the ductile 

fuses. A first question arises as to the best geometrical layout of the ductile diaphragms to be 

                                                 
1 Unbonded braces are also known as “Buckling Restrained Braces”.  This latter terminology has become more 
widely adopted following the publication of the 2005 Seismic Provisions of the American Institute of Steel 
Construction.  “Unbonded braces” is used here, as this study preceded the publication of the AISC document. 
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used for this purpose.  Answering this question can also help establish if the ductile diaphragm 

concept could be used in skewed bridges. This is to be investigated analytically.  Closed form 

solutions are sought for practical design purposes. This work is also conducted to define the 

parameters for a future experimental study on bridge end diaphragms with unbonded braces to 

validate the proposed concepts.  

 

1.2 Research Approach 

The use of various bracing layout for the ductile diaphragms is considered analytically, using 

simple hand calculation models and SAP2000 for verification.  Braces are assumed to be 

unbonded braces with idealized elastic-plastic bilinear force-displacement relationships.  This 

inelastic model is a reasonable first approximation given that such braces exhibit stable, 

unpinched, and full hysteretic behavior under axial force (both in compression and tension).   

 

A design objective of maximum hysteretic energy dissipation at a prescribed ductility level has 

been set to compare the efficiency of various geometries.  However, using closed form 

derivations allow the consideration of alternative objectives (e.g. maximum stiffness, minimum 

drift, etc.)   

 

Constraints imposed on the ductile end diaphragm concept by previous studies are to be 

eliminated by this study accounting for the generic bridge dimensions (including the skewness), 

bidirectional earthquake effects, and the implementation of unbonded braces instead of VSL, 

EBF, and TADAS devices.  Two bracing configurations are first considered, and their effect on 

structural behavior is analyzed. Since inelastic deformations concentrate in the end diaphragms 

(Zahrai and Bruneau 1999a), as a first approximation, the entire seismic inelastic behavior of the 

bridge and its end diaphragms can be expressed by a simplified model.  All deformations in that 

simplified model are taken by the end diaphragm system, i.e. by the unbonded end braces.  Both 

straight and skewed bridges are analyzed to explore the effect of skew on the bridge behavior. 
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1.3 Outline 

In Section 2, previous theoretical and experimental research on the seismic behavior of steel 

bridges end diaphragms is reviewed. 

 

In Section 3, hysteretic modeling of bridge unbonded brace end diaphragms is described. 

Simplified cyclic elastic-plastic model is suggested for the hysteretic behavior of unbonded 

braces. 

 

In Section 4, for the proposed Retrofit Scheme-1, generalized closed form formulas are derived 

for skew bridges with end diaphragms subjected to bidirectional earthquake effects. Factors 

affecting the bridge end diaphragm behavior are discussed.  

 

In Section 5, for the proposed Retrofit Scheme-2, generalized closed form formulas are derived 

for skewed bridges with end diaphragms subjected to bidirectional earthquake effects. Factors 

affecting the bridge end diaphragm behavior are discussed.  

 

In Section 6, design examples are given to show the practical use of the derived formulas.  

 

In Section 7, general conclusions from this research and recommendations for future work on 

this subject are given.   

 

 



 

  



 5

SECTION 2 
LITERATURE REVIEW 

 

2.1 General  
Limited amount of studies have focused on the behavior of bridges having supplemental passive 

seismic energy dissipation systems in their end diaphragms to protect bridge sub and 

superstructures from excessive seismic demands. Since this study is somewhat an extension of 

the studies on bridge ductile end diaphragm concept, the previous work on this topic is first 

presented in Section 2.2 to clarify the main contribution of this work. 

 

2.2 Previous Research on Bridge End Diaphragms for Seismic Retrofit 

This section first reviews past theoretical and experimental studies on the seismic response of 

bridge end diaphragms.  

 

Bruneau et al. (1996) reviewed past and current Japanese bridge design requirements, followed 

by an overview of the observed damage to steel bridges during the 1995 Hyogo-ken Nanbu 

(Kobe) earthquake. Seismic performance of steel bridges was generally found to be better than 

concrete bridges of similar vintage. But, that steel bridges can still be vulnerable to earthquakes 

in a number of ways. Seismic deficiencies, severe damage, and collapse were observed in steel 

highway and railroad bridges, from short span to long span bridges.  Bridge damage due to 

diaphragm connection failure has occurred. 

 

Zahrai and Bruneau (1998) quantitatively investigated the impact of diaphragms on the seismic 

response of straight slab-on-girder steel bridges. Typical 20 to 60-m span bridges with and 

without diaphragms were considered and studied through elastic and inelastic pushover analyses. 

Hand calculation formulas were developed to evaluate their period, elastic response, and pseudo 

spectral acceleration at first yielding. The analysis results indicated that the presence of 

intermediate diaphragms did not significantly influence the seismic performance of these types 

of bridges in either elastic or the inelastic range.    
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Zahrai and Bruneau (1999a) studied the adequacy of a seismic retrofit strategy that relies on 

ductile end diaphragms inserted in steel bridges superstructures. The objective of the study was 

to calibrate these diaphragms to yield before the strength of the substructure is reached. 

Simplified models for slab-on-girder steel bridges of the type found in North America were 

developed and nonlinear inelastic analyses were performed.  The effectiveness of the VSL, EBF, 

and TADAS devices as selected ductile retrofitting alternatives was discussed. Only bridges on 

stiff substructure (or a range of substructure stiffness) were considered, and further studies on 

bridges on flexible substructure were recommended to verify the validity of this retrofit strategy. 

 

Zahrai and Bruneau (1999b) presented the results of cyclic tests on full-size bridge girder 

specimens with the SPS (shear panel system), EBF, and TADAS devices in their end 

diaphragms. Experimentally obtained hysteresis curves demonstrated that the specimens had 

adequate initial elastic stiffness, strength, and capacity to dissipate hysteretic energy. The 

specimens developed 0.2 rad. rotational capacity in TADAS specimen, 0.08 to 0.11 rad. link 

distortion angles in EBF and SPS systems. Images from TADAS plates under 2% drift and the 

deformation of the vertical link (SPS) at 1.5% drift are shown in Figure 2.1a and 2.1b 

respectively. 

 

       
   (a)             (b) 

 
FIGURE 2-1 Deformation of Energy Dissipating Devices in End Diaphragms : (a) TADAS 

at 2% Drift; (b) SPS at 1.5% Drift (Adapted from Zahrai and Bruneau, 1999b) 
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Ductile end diaphragms having bolted connections suffered slippage, and resulted in pinched 

hysteretic loops. Welded specimens improved the cyclic behavior of the specimens, and led to 

fuller hysteretic loops. Also specimens with nominal channel diaphragms and specimens without 

any diaphragm dissipated less hysteretic energy, suffered bolt rupture, buckling of web 

stiffeners, and fracture of the stiffness at large drifts.   

 

Sarraf and Bruneau (1998a) proposed a similar seismic retrofit solution for deck-truss bridges, 

converting the deck-slab into a composite slab and replacing the end cross-frames and the lower 

lateral braced panels adjacent to the supports by special ductile cross-frames (i.e. diaphragms). 

These ductile fuses were designed to dissipate energy by yielding, and to limit the seismic 

demands in the remaining superstructure and substructure members. An analytical procedure 

based on the governing transverse seismic response of retrofitted deck-trusses was recommended 

to determine overall stiffness and strength of such ductile panels. As a numerical example, an 80-

m span deck-truss bridge was analyzed. Computer simulations of the dynamic behavior of the 

retrofitted deck-truss subjected to 0.6g El Centro earthquake ground motion showed satisfactory 

performance and validated the analytical procedure. In a companion paper, Sarraf and Bruneau 

(1998b) presented performance based design procedures accompanied by graphical approaches 

for the seismic response analyses of deck-truss bridges retrofitted using EBF, VSL, or TADAS 

systems. TADAS systems were found to be subjected to less constraints than the EBF and VSL 

systems and were relatively simpler to design. To test the proposed innovative retrofit strategy 

for existing deck-truss steel bridges, a 27 feet (8229.6 mm)-long deck-truss bridge model was 

constructed (Figure 2-2a), and pseudo-dynamically tested in its as-built as well as retrofitted 

conditions (Sarraf and Bruneau, 2002,2004). EBF (Figure 2-2b) and vertical shear links (VSL, 

Figure 2-2c) were used as ductile retrofit techniques, and both performed well. These ductile 

retrofit devices exhibited a robust hysteretic behavior, dissipated the seismic induced energy and 

prevented damage in other structural members of the model bridge under the scaled El Centro 

earthquake. The devices exhibited considerable cyclic ductility. It was noted that possible 

substantial overstrength of the devices be further investigated and taken into account in the 

retrofit design.  
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(a)  

   
                     (b)     (c)   

FIGURE 2-2 Pseudo-Dynamic Testing of 27-Foot Long Deck-Truss Model : (a) Test Set-
Up; (b) Inelastic Deformation in EBF; (c) Inelastic Deformation in VSL (Adapted from 

Sarraf and Bruneau, 2002, 2004) 
 

Alfawakhiri and Bruneau (2000) addressed the elastic dynamic response of simply supported 

bridges to ground motion in their transverse direction. The interaction between superstructure 

and support flexibilities was studied for symmetric spans. The bridges were modeled as beams 

with uniformly distributed mass and elasticity, simply supported at the ends by elastic springs. A 

stiffness index was then defined based on the stiffnesses of bridge sub and superstructures. It was 

found that span/support stiffness index completely defines the modal shapes. Closed form 

expressions based on approximate shape functions were derived for the dynamic parameters of 
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the first mode. Numerical case studies were included in the study to illustrate and assess the use 

of equations proposed for the seismic analysis of bridges. It was noted that neglecting support 

flexibility leads to an artificially stiff bridge, resulting in a shorter fundamental period, which in 

turn may cause a significant error in the evaluation of seismic loads, especially when design 

spectra exhibit sharp variations of spectral acceleration with period. 

 

Alfawakhiri and Bruneau (2001) further investigated the inelastic dynamic response of simply 

supported bridges to ground motion in their transverse direction. The effect of relative 

substructure-superstructure flexibility on the inelastic response of bridges was studied for 

symmetric spans. The bridges were modeled as elastic beams with distributed mass, simply 

supported at the ends by elastic-plastic springs. Closed form expressions that capture interaction 

of local and global ductility demands were derived and used to show how substructure flexibility 

increases the ductility demand in ductile end diaphragm systems. Also shown was how span-to-

substructure relative flexibility could significantly increase ductility demand in bridge 

supports/substructure.  

 

Bruneau et al. (2002) overviewed the ductile end diaphragm concept in bridge superstructures for 

seismic retrofit purposes of seismically vulnerable slab-on-girder and steel truss-deck bridges. 

Design equations were given for the retrofit systems having SPS, EBF, and TADAS devices. A 

flow chart was proposed as a guide to design ductile diaphragm. Limitations pertaining to the 

procedure (such as stiffnesses of the sub and superstructures, application in short and long-span 

bridges etc.) were discussed. It was emphasized that other types of ductile diaphragms could be 

implemented provided that they possess a yield strength that could be accurately assessed, and 

could sustain repeated cycles of inelastic deformations in a ductile manner without significant 

strength degradation. 

 

Itani et al. (2004) conducted experimental and analytical investigations on steel plate girder 

bridges and their components. Behavior of steel plate girder bridges under lateral loading was 

evaluated considering lateral load path and modeling issues. Results showed the importance of 

shear connectors in distributing and transferring lateral forces to the end and intermediate cross 
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frames. Seismic performance of steel bridges during recent earthquakes was also reviewed. 

Observed damage was grouped in categories such as end cross frame failures, reinforced 

concrete substructure failures, steel pier failures, seismic restrainer failures, bearing failures, and 

bridge girder failures. Special emphasis was given to the ductile end diaphragm concept and on 

the latest information on specifications and guidelines for the seismic design of steel plate girder 

bridges in the United States. 

 

Carden et al. (2003) transversely tested a 2/5-scale straight bridge model to study the seismic 

response of a typical steel slab-on-girder superstructure. Earthquake loads were simulated by 

pseudostatically applying forces at the deck level using twin actuators. The impact of composite 

action between the deck and steel superstructure, end cross frames, web stiffeners and bearings 

on the overall behavior was discussed. The end cross frames were found to transfer the majority 

of the transverse earthquake forces into the substructure, thus supporting the conceptual 

feasibility of the ductile end cross frames. Stresses in the superstructure were small due to 

longitudinal earthquake loading. Carden et al. (2006a,b)  investigated the cyclic inelastic and 

pseudo-dynamic seismic performance of bridge having either single angle X braces with good 

connection details or ductile unbonded braces in their end diaphragms (Figure 2-3).  
 

Unbonded Brace

 
FIGURE 2-3 Testing of Slab-on-Girder Bridge Model with Unbonded Brace 

 End Diaphragm (Adapted from Itani, 2003) 
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These experimental studies showed that both types of end diaphragms could exhibit satisfactorily 

ductile seismic performance.  Maximum drifts of 5.3% and 6.6% were respectively obtained for 

those systems, but the unbonded braces were noted as less likely to need replacement following 

an earthquake.  This experimental study was limited to a straight two-girder bridge, without 

skew, subject to transverse earthquake excitation. 

 

2.3 Implementation of Unbonded Braces 

Unbonded braces have recently been implemented in buildings as energy dissipation members, 

mostly in Japan and in the United States. Because of their stable, repetitive, and unpinched 

hysteretic characteristics and ease of design, the rate of implementation in building applications 

is increasing. However, at the time the research presented in this report was initiated, to the 

knowledge of the authors, unbonded braces had not been implemented in bridge structures as 

ductile end diaphragms.  In the time since, unbonded braces have been used to retrofit the Minato 

bridge in Japan (Kanaji et al. 2003; Kanaji et al. 2005), the world’s third longest truss bridge 

(Figure 2-4a,b, 2-5a,b), using a concept similar to the one developed by Sarraf and Bruneau 

(1998a; 1998b).   

 

   
         (a)                 (b) 

 
FIGURE 2-4 The Minato Bridge in Osaka, Japan : (a) Overall View; (b) Optimal Layout of 

Unbonded Braces (Adapted from Kanaji et al, 2003, 2005) 
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Figure 2-5 shows the failure patterns and a sample hysteresis curve from the test results given in 

Kanaji et al. (2005). For each 1/6-scale unbonded brace specimen considered, the impact of cross 

sectional configuration on the hysteretic behavior was investigated. Using these experimental 

hystereses, equivalent damping ratios were calculated to vary between 37% and 50%. 

 

    
(a) (b) 

 

FIGURE 2-5 Cyclic Testing of Several Unbonded Braces: (a) Failure Patterns; (b) Stable 
Hysteretic Behavior and Equivalent Damping Ratio (Adapted from Kanaji et al, 2005) 

 

In light of the superior hysteretic behavior of unbonded braces over “traditional” braces and 

other energy dissipation devices which were shown to be effective in bridge diaphragm to 

improve seismic response in the transverse direction, this report extends the ductile end 

diaphragm concept using unbonded braces to resist bidirectional earthquake effects.  
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SECTION 3 
HYSTERETIC MODELING OF BRIDGE END DIAPHRAMS WITH 

UNBONDED BRACE END DIAPHRAGMS 
 

 

3.1 General  
Unlike conventional braces that exhibit complex, unsymmetrical hysteretic loops under tension 

and compression forces, and significant strength deterioration in cyclic compression strength in 

the inelastic range, unbonded braces have predictable hysteretic behavior with cyclic hysteretic 

symmetric loops in the elastic and inelastic ranges and substantial energy dissipation capacities 

(Figure 3-1).  

 

 
FIGURE 3-1 Unbonded Braces Components and Hysteretic Behavior of Unbonded Braces 

(Adapted from Clark et al. 1999) 
 

Based on a large-scale experimental study, Black et al. (2002) characterized the hysteretic 

behavior of unbonded braces using the Bouc-Wen model. They also calibrated the model using 

the experimentally obtained values. With appropriately selected quantities that control the shape 

of the hysteretic loop, the Bouc-Wen model approaches the bilinear hysteretic model. Analyses 

results suggested that the bilinear approximation could be used with confidence, since a good 

agreement in seismic response was observed between results obtained by the Bouc-Wen and the 
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bilinear models for a set of earthquake data. Moreover, Sabelli et al. (2003) modeled unbonded 

braces as simple truss elements having ideal bilinear hysteretic behavior, exhibiting no stiffness 

or strength degradation.  

 

A bilinear hysteretic model for unbonded braces is therefore assumed in this study. Although 

some studies suggest that unbonded braces may have up to 10% greater compressive strength 

than tensile strength, this effect is neglected. Additionally, post-yield stiffness of braces is set to 

zero, assuming an elastic-perfectly plastic axial force-displacement relationship. Since closed 

form expressions are sought for practical design purposes, these approximations help to reduce 

the complexity of these expressions. The bilinear hysteretic model used is illustrated in Figure   

3-2. 

P

δ

Axially Yielding Brace

P

−P

y

y

δy μδy

−δy−μδy 

 
FIGURE 3-2 Bilinear Hysteretic Model for Unbonded Braces 

 

On that figure, Py, δy, and μ indicate the unbonded brace axial yield strength (symmetric in 

tension and compression), axial yield displacement (symmetric in tension and compression), and 

target axial displacement ductility respectively.  
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3.2 Modeling Bridge End Diaphragms  
3.2.1 Proposed Retrofit Schemes 

In this work, for seismic retrofit purposes, two types of bracing configurations acting as ductile 

fuses in bridge end diaphragms are considered:  

 

• Retrofit Scheme-1 (2D) : Using two pair of unbonded braces at each end of a span, in a 

configuration that coincides with the skew and longitudinal directions (Figure 3-3). In other 

words, one pair of unbonded braces are oriented parallel to the longitudinal axis of the 

bridge, connecting the abutment to the underside of the bridge deck (or other component of 

the bridge if preferred), and another pair is in the conventional diaphragm configuration, 

parallel to the skew if skew is present, and thus perpendicularly to the axis of the bridge in 

absence of skew. 

• Retrofit Scheme-2 (3D) : A single pair of unbonded braces at each end of a span, in a 

configuration that does not coincide with the bridge longitudinal and skew directions (Figure 

3-4), but rather connect the abutment to the underside of the bridge deck at a certain distance 

from the abutment, at an angle making it possible for the single pair of braces used in this 

case to resist lateral loads applied in all horizontal directions.  

 

Note that in Retrofit Scheme-1 (in Figure 3-3), the bottom connection of the pair of braces 

oriented along the skew angle can be accomplished either to the abutment, or between web 

stiffeners of the bridge girders, this latter condition being the usual one done in steel bridges. The 

pair of longitudinal braces are a new concept, and would need to be connected at the abutment, 

either at the bearing level (on the horizontal side) or on the vertical side. As discussed later, 

detailing decisions depend on the existing boundary conditions of the girders. For the deck level 

connection, specially designed cross beams would be required to elastically resist forces from the 

unbonded brace, unless connection to the existing interior cross frames or girders can be 

developed without damaging any internal component (capacity design).  
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FIGURE 3-3 Retrofit Scheme-1 
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FIGURE 3-4 Retrofit Scheme-2 
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3.2.2 Bearings 

Modeling issues need to be resolved to address the various boundary conditions likely to be 

encountered in bridges of the type considered here (e.g., superstructure on neoprene bearings free 

to move in all direction, superstructure span with fixed bearings at pier/abutment location 

restraining longitudinally movement, etc.). Shown in Figure 3-5 are the possible bridge bearing 

displacements and rotations expressed in terms of translational and rotational parameters. Some 

frequently encountered displacement and rotation boundary conditions encountered for bearings 

in slab-on-girder and deck-truss bridges are shown on the same figure. These notations and plan 

illustrations are used throughout this report. 

 

Figure 3-6 is useful in demonstrating the potential boundary conditions in plan for a skewed 

bridge having two girders resting on abutments. Neoprene bearings, bidirectional sliding bearing, 

and other bearings having negligible strength to horizontal deformations (and to some degree 

even damaged bearings damaged by an earthquake but that could slide in a stable manner) are 

simulated as shown in Figure 3-6a. 
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FIGURE 3-5 Displacement and Rotation Components for Bridge Bearings 
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This case is further called the “floating span” in this work. Floating span type bridges have no 

resistance to lateral earthquake loading, and therefore need to be restrained laterally by devices 

to limit their horizontal displacements. In this study, the unbonded braces serve this purpose. 

Most commonly used type of bridges would be the one shown in Figure 3-6b (with the 

equivalent of pin bearings at one end, and rollers at the other), which may provide stable seismic 

behavior if end diaphragms are present and response remains elastic. The bearings at the right 

abutment in this case can be rocker bearing, elastomeric bearing or sliding bearing.  Figure 3-6c 

shows other possible combination of bearing types.    

 

(a) (b)

(c)

ϕ ϕ

ϕ

 
FIGURE 3-6 Example Boundary Conditions (Skewed Bridge Plan Layouts):                 

(a) Floating Bridge (No Restraint in Two Orthogonal Horizontal Directions); 
(b) Left Pin Bearing, Right Rolled Bearing (Restrained in Transverse 
Direction); (c) Left and Right Roller Bearings (Restrained in Transverse 
Direction) 

 

Since the previous research on the behavior of steel slab-on-girder bridges suggests that seismic 

demand could concentrate at end diaphragms (Zahrai and Bruneau, 1998), for lateral load 

analysis, the impact of intermediate cross braces on the overall behavior of these bridges can be 

neglected. This leads to the development of a simplified structural model to simulate the system 

behavior. For each seismic retrofit scheme, the steps followed to idealize a skewed bridge having 

end diaphragms into a simpler model are given in Figures 3-7 and 3-8.   
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FIGURE 3-7 System Idealization Steps for Retrofit Scheme-1 
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FIGURE 3-8 System Idealization Steps for Retrofit Scheme-2 
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As a first step, the left and right segments of the bridge over which the special end diaphragms 

would be inserted are considered. The actual boundary conditions that would exist are 

recognized – typically, in this study, all unbonded braces are considered to be connected to the 

abutments (note that in some conditions, the results presented in this report can be interpreted as 

valid for other boundary conditions – for example, for forces applied in the bridge transverse 

direction of a non-skewed bridge having bearing restrained in this transverse direction, similar 

results could be obtained for the end-diaphragms perpendicular to the bridge axis if these were 

connected in the conventional manner between the stiffeners of the steel girders).   

 

The steel girders and concrete deck are considered rigid in their own plane.  The concrete deck 

and the steel girders are continuously connected, but assumed fully flexible about their 

connection axis (parallel to the bridge axis), i.e. the angle between the plane of the concrete deck 

and the plane of the steel beam can change without developing out-of-plane flexural moments.  

 

Second, by removing the steel girders, the only restraint of the concrete deck against horizontal 

lateral loads applied to it are provided by the unbonded braces. The boundary conditions can 

therefore be modeled as fixed pin support to which the unbounded braces can connect.   

 
Finally, the interior segment of the bridge is eliminated and the two end-segments of the bridge 

are brought together.  Furthermore, since the deck is rigid, it is in fact possible to superimpose 

the two segments on top of each other, as shown at the bottom of Figures 3.7 and 3.8. 

 

These assumptions, along with the assumed pinned end connections for unbonded braces, lead to 

an idealized and relatively simple system model which is actually a three dimensional truss 

supporting a rigid deck. This simplified model captures the actual behavior of slab-of-girder 

bridges having the various configurations of unbonded brace diaphragms considered when 

subjected to lateral loading applied at deck level. 

 

In Sections 4 and 5, closed form solutions are obtained for bidirectional earthquake excitations 

(for bridges with and without skew) for the two different diaphragm bracing configurations 

considered.  These formulas can be used to investigate load-displacement behavior for the 
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proposed retrofit systems. The analytical models account for general system geometric 

dimensions, such as the skew angle (ϕ), skew girder spacing (s), end diaphragm depth (d) and 

length to internal diaphragm anchor point (a), as well as bidirectional earthquake effects.  Cross-

sectional areas of unbonded braces and skew angles are taken to be the same for each of the two 

end diaphragms used in each specific bridge.  

 

The generalized equations derived can then be simplified for simpler cases of non-skewed 

bridges, or unidirectional seismic excitation. Static pushover analyses are also carried out on a 

set of selected end diaphragm configurations using SAP 2000 to validate the analytical equations 

formulated, and to help understand the impact of system parameters on the inelastic response of 

bridges with bidirectionally acting end diaphragms.  As stated in Section 5, boundary conditions 

of the bridge girders also have an effect on the inelastic response of these end diaphragms. 

 

Analytical results of interest (and presented in Sections 4 and 5) include base shear forces at 

yield, yield displacements, member versus global (system) ductility relationships, initial stiffness 

of the retrofit system (needed for response spectrum analysis), total and volumetric hysteretic 

energy dissipations, in both orthogonal bridge directions (as applicable). Results from this study 

will serve as the basis to assess the effectiveness of various configurations of ductile diaphragms 

in skewed bridges.  
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SECTION 4 
CLOSED-FORM HYSTERETIC MODEL FOR RETROFIT SCHEME-1 

UNDER BIDIRECTIONAL EARTHQUAKE EFFECTS 
 

4.1 General  
Static pushover analysis help trace the monotonic response of structures up to collapse. 

Currently, many structural analysis softwares (including SAP2000) enable users to perform static 

pushover analysis. Plastic hinge properties implemented in those programs are usually based on 

the ones proposed by structural codes or design guidelines. However, in some circumstances, 

especially when the system is complex, data generation may be cumbersome, and numerical 

results obtained from a software usually need to be checked using simple models for reliability 

purposes. Thus, analytical closed form solutions can be powerful tools in simplified analysis and 

for preliminary design purposes.  

 

Previous work on seismic behavior of steel bridges and the modeling approaches described in 

Section 3 show how it is possible to transform slab-on-girder steel bridges into equivalent 

simplified systems for the purpose of lateral load analysis. Furthermore, since the inelastic 

behavior of unbonded braces can be modeled by simple elastic-plastic elements as discussed in 

Section 3, closed form solutions can be derived, and would be convenient in determining the 

hysteretic response of slab-on-girder steel bridges having unbonded brace end diaphragms.  

 

Section 4.2 describes the geometric properties, assumptions, method of analysis, and the 

derivation of formulas for Retrofit Scheme-1. A similar approach is followed for Retrofit 

Scheme-2 in Section 5.2. These two retrofit schemes are described in Section 3.2. 

 

For each case (i.e. Retrofit Scheme-1 and Retrofit Scheme-2), formulas are derived for the 

distinctive boundary condition of “floating span” (or floating deck). In addition, in Retrofit 

Scheme-2, the “simple span” (or longitudinally restrained deck) model is also analyzed to 

evaluate the effect of boundary conditions on the hysteretic response of end diaphragms. These 

two boundary conditions should cover the majority of cases encountered in practice for which 

ductile end diaphragms are desirable.  
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4.2 Bidirectional Pushover Analysis of Retrofit Scheme-1 (Floating Deck)  
4.2.1 Brace Axial Forces (Elastic Behavior) 

Figure 4-1 (as explained previously) shows the selected configuration of unbonded braces for 

Retrofit Scheme-1.  
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FIGURE 4-1 Configurations of Unbonded Braces in Bridge End Diaphragms and 

Geometric Properties for Retrofit Scheme-1 
 

Left and right abutment side unbonded braces, bridge deck, girders of a skewed bridge are 

modeled by a three dimensional idealized truss system, as explained before, having rigid deck 

and unbonded braces with equal cross sectional area, A, and elastic modulus, E. The model has 

two limitations, namely the equal area braces and the equal skew angles, ϕ, at each end. 

However, the number of braces can be different from each other in each direction as discussed 

later. Other dimensions are the girder skew spacing (i.e. skewed distance between girders), s, end 

diaphragm depth, d, which is approximately equal to the girder depth, and the value of “a” which 

is the horizontal longitudinal distance between connections of the unbonded braces at deck level 

and the abutment. Note that the skewed distance between girders, s, is equal to the girder spacing 
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divided by cosϕ, as shown in Figure 4-1. Of all of these values, the spacing of girders and the 

girder depth are already known if the bridge is an existing structure. The value of “a” could be 

eventually chosen to be a function of the girder spacing and would be selected based on 

engineering judgment (the outcome of this study could help in selecting an optimal value for this 

parameter). As shown in Figure 4-1, θ1 and θ2 are the horizontal angles between the unbonded 

braces and the horizontal plane for the longitudinal and skew braces respectively.  

 

In that model, all braces and other members representing the existing bridge elements are 

assumed to be pin connected. Bridge deck is idealized by truss elements with infinite axial 

stiffnesses. Equal proportions of the total lateral load in a given direction are applied at each 

corner of the deck. P1 and P2 are the lateral earthquake loads acting at the deck level on one 

diaphragm in the longitudinal and transverse directions respectively. The ratio of P1/P2 (or P2/P1) 

is typically set constant in pushover analyses. Additionally, the unbonded braces do not resist 

gravity load from the bridge superstructure; in other words, they are assumed to be active only 

under earthquake loading.  

 

The following summarizes the structural characteristics of the idealized system as functions of 

system geometrical properties. 

 

With reference to the three-dimensional idealized truss system given in Figure 4-1, brace lengths 

in the longitudinal (sL) and skew (sT) directions are 

 

1
22

L cos/adas θ=+=                (4-1a) 

2
22

T cos/sdss θ=+=                (4-1b) 

 

Total base shear forces in the elastic range are equal to VL=2P1 and VT=2P2, since there are two 

end diaphragms considered in this model. Static equilibrium gives the following brace axial 

forces under bidirectional loading. Brace axial forces, in the skew and longitudinal directions, are 

obtained as follows (as shown in Figure 4-1): 
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where TT, CT  and TL, CL show tension and compression forces in the skew and longitudinal 

braces respectively. After defining ε=P1/P2, nT and nL to be the ratio of bidirectional loads, and 

the number of braces in the skew and longitudinal directions resisting the seismic loads P1 and P2 

at an abutment respectively, Eq. (4-2) and (4-3) take the following forms: 
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There are two possible collapse mechanisms for this system. The first collapse mechanism 

occurs when the skew braces yield. The second mechanism is reached when the longitudinal 

braces yield. Actually, as a special case, it is also possible for both mechanisms to occur 

simultaneously when all braces yield at the same time. However, as discussed later, this happens 

only at a certain skew angle or for a specific loading ratio.  

 

Furthermore, since the bridge behavior is bidirectional due to both bidirectional loading and the 

bridge skew for each collapse mechanism, both transverse and longitudinal responses are 

investigated separately.  

 

4.2.2 Behavior when Skew Braces Yield 

Yielding in the skew braces occur when the absolute value of axial forces for braces in the skew 

direction is greater than for braces in the longitudinal direction. As seen from the above 

formulas, axial forces produced in a brace vary depending on the system geometric dimensions. 
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To determine which collapse mechanism governs and assess behavior, knowledge of the value 

given by the ratio between the axial forces can be helpful. This ratio is calculated as 
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The possible limits of this ratio and the corresponding meaning are further described below: 
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Note that the sign of the denominator of Eq. (4-6) can be negative or positive, depending on 

skew angle and the ratio of seismic lateral loads. Also, the variation of this ratio with respect to 

the skew angle can be characterized for a selected bridge geometry (for example, for 

predetermined d/s and d/a ratios). This is further discussed in Section 4.2.4.  

 

Response in the Transverse Direction 

Figure 4-2 shows the typical hysteretic curve of the system in the transverse direction. Base shear 

component in the transverse direction (VyT) can be calculated by substituting ±Py (the axial yield 

strength of unbonded braces) for CT and TT (axial forces in the yielding braces), and using 

equilibrium in the transverse direction:  

 

 ϕ= cos
s
sPn2V
T

yTyT                 (4-7a) 

 

or substituting Py=FyA 
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where Fy and A are the yield stress and cross sectional area of each brace. Note that only the 

skew braces contribute to base shear strength in the transverse direction. 

 
FIGURE 4-2 Transverse Base Shear versus Displacement Hysteretic Curve for  

Retrofit Scheme-1 
 

Lateral displacements of the system at yield (i.e. the yield displacement) can be determined using 

the method of virtual work. This procedure requires the application of external virtual unit loads 

to each of the four deck corners in the transverse direction of the system. For this unit loading, 

axial forces in the braces are then found, and the desired displacement is obtained. Knowing the 

yield displacement also allows to evaluate the initial stiffness as well as the fundamental period 

for response in both orthogonal directions.   

 

To evaluate the impact of member ductility on the overall system ductility, the displacement 

ductility μ can also be incorporated into the formulation. Eq. (4-8a) gives the displacement in the 

transverse direction. 
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and substituting μ=1 yields the transverse displacement at yielding of the skew braces as follows: 
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These equations account for the contributions of both the yielding and elastic (i.e. not yielding) 

braces. The ratio of maximum displacement to the yield displacement in the transverse direction 

(i.e. the system global ductility, μGT) can be obtained by the ratio of the displacements that 

correspond to μ=μ and μ=1. Hence, 
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Dividing Eq. (4-7b) by Eq. (4-8b) gives the initial stiffness (KT) of the system in the transverse 

direction. This yields: 
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which enables to evaluate the initial stiffness in terms of axial stiffness (EA) of the unbonded 

brace.  

 

Hysteretic energy dissipation (EH) during a complete cycle is given by the shaded area in Figure 

4-2, or equivalently, the same hysteresis can be calculated from the sum of the hysteretic energy 

for all individual members. Performing this calculation gives: 
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The corresponding hysteretic energy per total brace volume (Vol.) is: 

 

 ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

+
−μ

=
E
F

snsn
sn)1(4

.Vol
E 2

y

LLTT

TTH                (4-12) 

 This equation could also be rewritten in terms of containing the global system ductility, μGT. 

However, to keep the formulas simple, throughout this report, hysteretic energy is formulated in 

terms of the member ductility, μ.  

 

Response in the Longitudinal Direction 

In a similar manner, base shear, yield displacement, and initial stiffness can be calculated for 

response in the longitudinal direction.  

 

Again, from the equations of equilibrium, the longitudinal component of base shear (VyL) when 

the skew braces yield is equal to the following: 
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To evaluate the longitudinal displacement, external unit virtual loads are applied to the truss 

joints in the longitudinal direction. The longitudinal displacement at yielding of skew braces can 

then be expressed as 
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Note that Eq. (4-14) does not include the member ductility term, revealing that there is no energy 

dissipation in the longitudinal direction braces. Therefore, during reversed cyclic loading, only 

elastic recovery takes place, and after yielding, displacement in the longitudinal direction 

remains unchanged while the displacement in the other direction increases. 

 

Initial stiffness in the longitudinal direction can be obtained using Eq. (4-13) and (4-14). After 

simplifications, the following formula for the initial stiffness is reached: 
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4.2.3 Behavior when Longitudinal Braces Yield 

Depending on the axial force ratios of the braces defined by Eq. (4-6) when the ratio is lesser 

than 1.0, the longitudinal braces yield first. In this case, new formulas are needed to characterize 

the system inelastic behavior. Setting tension (TL) and compression forces (CL) of the 

longitudinal braces equal to Py and –Py respectively, axial forces in the transverse braces are:  
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As done in the previous section, and for the same reasons, two potential collapse mechanisms are 

separately investigated here, namely, response in the transverse and longitudinal directions.    

 

Response in the Transverse Direction 

Yielding braces do not contribute to base shear strength in the transverse direction, since they are 

in the other orthogonal direction. Therefore, only unyielding braces should be considered for the 

transverse base shear strength. Using this fact leads to the equation below: 
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The transverse displacement can be calculated as before, using the method of virtual work. The 

resulting equation is  
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Again, the yield displacement is found by substituting μ=1 in Eq. (4-18a). 
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Base shear strength given in Eq. (4-17) and the yield displacement given in Eq. (4-18b) are 

sufficient to obtain the hysteretic curve of the system, shown in Figure 4-2.  

 

Following the same procedure as before, the global system ductility, μGT, can be calculated by 

the ratio of the maximum displacement (displacement that correspond to μ=μ) and yield 

displacement (at μ=1). This gives: 
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The initial stiffness is given by VyT/ΔyT(μ=1), which results in: 
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The hysteretic energy dissipation during a single full cycle can be written as:  
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and the corresponding hysteretic energy per total brace volume (Vol.) is:  
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Response in the Longitudinal Direction 

Base shear in the longitudinal direction can be expressed as  
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Eq. (4-24) gives the longitudinal displacement in terms of member ductility and system 

geometric properties: 
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and the displacement at brace yielding takes the following form: 
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Skew braces do not contribute to the displacement in the longitudinal direction. Figure 4-3 

illustrates the hysteretic behavior in the longitudinal direction. 
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FIGURE 4-3 Longitudinal Base Shear versus Displacement Hysteretic Curve for  

Retrofit Scheme-1 
 

By dividing Eq. (4-24a) by Eq. (4-24b), the global displacement ductility is obtained for this 

case, and is equal to the member ductility, as given below.  
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Dividing Eq. (4-23) by Eq. (4-24b) gives the initial stiffness of the system in the longitudinal 

direction: 
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4.2.4 Special Cases 

Although the general equations derived above are complex, due to the large number of geometric 

parameters they take into account, they take simpler forms in special cases. For example, 

assuming that the number of braces in the transverse and longitudinal directions is equal (i.e. 

nT=nL), a few of these special cases are presented below. Also, to illustrate the implications from 
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above formulas, diagrams are also developed using some typical practical numerical values for 

bridges.  

 

4.2.4.1 Special Case 1- Non-Skewed Bridges (ϕ=0o)  

For non-skewed bridges, the following formulas are obtained by substituting ϕ=0o in the relevant 

equations.  

 

From Eqs. (4-4) and (4-5), and substituting the brace lengths in terms of the end diaphragm 

geometric relations as per Eqs. (4-1a) and (4-1b), brace axial forces become: 
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Since it is assumed that nT=nL, using Eq. (4-6) for the ratio of brace axial forces simplifies to: 
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Variation of brace axial forces ratio with respect to end diaphragm geometric relations are given 

in Figure 4-4. Since many bridge standards and regulations basically rely on two simplified 

combination rules to account for bidirectional earthquake effects in seismic design, the 30% rule 

as per AASHTO (1996) and the 40% rule as per ATC-32 (1996) are selected in this Figure to 

show the impact of this value on the brace forces ratio.  
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(b) 

FIGURE 4-4 Variation of Brace Axial Forces Ratio with Bridge Geometric Relations:               
(a) For P1/P2=0.30; (b) For P1/P2=3.33 
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(d) 

FIGURE 4-4 Variation of Brace Axial Forces Ratio with Bridge Geometric Relations 
(continued): (c) For P1/P2=0.40; (d) For P1/P2=2.50 
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4.2.4.1.1 Transverse Braces Yield  

4.2.4.1.1.1 Transverse Response  

When CT,TT > CL,TL, the transverse braces yield only, and base shear strength (VyT), yield 

displacement (ΔyT) and corresponding drift (ΔyT/d) at yield, global ductility (μGT), and the 

stiffness of the system (KT) in the transverse direction are obtained using Eqs. (4-7b), (4-8b), (4-

9), and (4-10) respectively, as follows:  
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Nondimensional expressions have also been generated to generalize these equations, yet, for a 

single specific value of the yield strength, Fy. Recent investigations and implementations in 

buildings on unbonded braces suggest that unbonded steel core material grade ranging from low 

yield strength (235 MPa) up to high yield strength 415 MPa (60 ksi) could be used successfully. 

For bridge retrofit design purposes, a 345MPa (50 ksi) grade steel with E=200000 MPa (29000 

ksi) is assumed for the results presented in Figures 4-6 and 4-9a to 4-9d.  
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Figure 4-5 shows nondimensional transverse base shear strength (VyT) versus d/s curves resulting 

from Eq. (4-30). The base shear strength is observed to decrease as the d/s ratio increases. 

Transverse drift (ΔyT/d) at yield versus the d/s ratio is illustrated in Figure 4-6 per Eq. (4-31b). 

Note that transverse drift takes its minimum value at d/s=1 (incidentally, this is independent of 

the material yield strength used). Also, the reduction in drift is relatively less after d/s=0.5.   

 

Similarly, the variation of nondimensional transverse stiffness (KT) with the d/s ratio is given in 

Figure 4-7. It is observed from that figure that the nondimensional transverse stiffness is 

maximum at d/s=0.707. From Figures 4-6 and 4-7, for this retrofit scheme, it seems that an 

optimal value for d/s value should be selected between 0.5 and 1.0 if the intent is to limit 

transverse displacements. 
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FIGURE 4-5 Nondimensional Transverse Base Shear Strength versus d/s Ratio When 
Transverse Braces Yield 
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FIGURE 4-6 Transverse Drift versus d/s Ratio When Transverse Braces Yield 
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FIGURE 4-7 Nondimensional Transverse Stiffness versus d/s Ratio When Transverse 

Braces Yield 
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4.2.4.1.1.2 Longitudinal Response  

Since the behavior is bidirectional, the response in the longitudinal direction is also investigated. 

Since yielding only occurs longitudinally and ϕ=0° (no skew) for this Retrofit Scheme-1, 

members in the longitudinal direction remain elastic. Using Eqs. (4-13), (4-14), and (4-15), it is 

also possible to obtain simplified equations for the elastic behavior in the longitudinal direction. 
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The longitudinal stiffness is: 
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and in terms of nondimensional geometric ratios, the following is found: 
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Figures 4-8 to 4-10 are obtained for the longitudinal response characteristics of the system. 
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FIGURE 4-8 Nondimensional Longitudinal Base Shear versus d/s Ratio When Transverse 
Braces Yield: (a) For P1/P2=0.30 and 0.40; (b) For P2/P1=0.30 and 0.40 
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FIGURE 4-9 Longitudinal Drift versus d/a Ratio When Transverse Braces Yield:         
(a) For P1/P2=0.30; (b) For P2/P1=0.30 
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FIGURE 4-9 Longitudinal Drift versus d/a Ratio When Transverse Braces Yield 
(continued): (c) For P1/P2=0.40; (d) For P2/P1=0.40 
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FIGURE 4-10 Nondimensional Longitudinal Stiffness versus d/a Ratio When Transverse 

Braces Yield 
 

Nondimensional base shear and drift also dependen on the previously defined bidirectional load 

ratio (P1/P2 or P2/P1). Consistently to what has been done before, two code defined values of 

P1/P2 (or P2/P1) are assumed here, namely 0.30 and 0.40, to explore the impact of combination 

rules on the system behavior. Figure 4-8 shows the variation of nondimensional base shear in the 

longitudinal direction as a function of end diaphragm geometric ratios when transverse braces 

yield. There is a decrease in this value as the d/s ratio increases. 

 

The variation of longitudinal drift as a function of end diaphragm geometric ratios and the P1/P2 

(or P2/P1) values are shown in Figures 4-9a through 4-9d. For a constant d/s, these curves reveals 

that longitudinal drift becomes minimum at d/a=0.707. However, as seen on the same figures, the 

variation in drift after d/a=0.5 is relatively insignificant, which suggests that optimal d/a ratios 

can be selected between 0.5 and 1.0, if the intent is to minimize drfit. Again, Figure 4-10 shows 

that maximum nondimensional longitudinal stiffness is reached at d/a=0.707. 
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Generally, the total hysteretic energy dissipated in one cycle is the sum of the areas under the 

global hysteretic curves in both directions (i.e. summation of the areas under Figures 4-2 and 4-

3), or simply equal to the energy dissipated by the yielding braces. Both are equivalent (per the 

conservation of energy principle), but the former gives the energy dissipation in terms of global 

ductility reached, while the latter gives results in terms of the member ductility, which seems 

more convenient to obtain simpler formulas. From Eq. (4-12), the following expression gives the 

volumetric energy dissipation for the system considered: 
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Note that recent experimental investigations on unbonded braces suggest that these braces can 

exhibit stable and ductile hysteretic behavior up to member axial displacement ductilities of 20 

or more. To investigate the possible hysteretic energy dissipation in bridge end diaphragms using 

unbonded braces, member ductility ratio is also considered as a parameter here, and the variation 

of hysteretic energy dissipation per brace volume is plotted against different values of μ between 

5 through 20. Figures 4-11a through 4-11d illustrate that nondimensional dissipated hysteretic 

energy increases as d/a increases for constant values of d/s, but decreases as d/s increases for 

constant values of d/a. However, as observed on the relavent diagrams, the decrease in energy 

dissipation is relatively less for larger values of d/s. Apparently, there is no an optimum 

hysteretic energy dissipation within the assumed geometric range in this special case. Hysteretic 

energy increases (logically) as member ductility increases. Note that since longitudinal response 

is elastic, all hysteretic energy is dissipated by the transverse braces. In other words, 

displacement in the longitudinal direction remains unchanged upon yielding of the transverse 

braces. During cyclic loading, only elastic loading/unloading develops in the longitudinal braces.   
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(b) 

FIGURE 4-11 Volumetric Energy Dissipation versus End Diaphragm Geometric Ratios 
When Transverse Braces Yield: (a) For μ=5; (b) For μ=10 
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Transverse Braces Yield
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FIGURE 4-11 Volumetric Energy Dissipation versus End Diaphragm Geometric Ratios 
When Transverse Braces Yield (continued): (c) For μ=15; (d) For μ=20 
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4.2.4.1.2 Longitudinal Braces Yield  

4.2.4.1.2.1 Transverse Response  

When the longitudinal braces yield, using Eqs. (4-17), (4-18b), (4-19), and (4-20), base shear 

strength, lateral displacement, global displacement ductility, and the stiffness of the system in the 

transverse direction are reached as follows:  
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From Figures 4-12a and 4-12b, when longitudinal braces yield, nondimensional transverse base 

shear force is found to decrease as d/a ratio increases. To evaluate the variation of transverse 

drift with end diaphragm geometric ratios, similar curves are produced for grade 50 steel, as 

done before, and are given in Figures 4-13a through 4-13d. On these figures, there is a decrease 

in transverse drift as d/a ratio increases. The d/s ratio has an important impact on drift, since 

transverse drift varies significantly depending on d/a values. Also observed on the same figures, 

it is apparent that transverse drift, when P1/P2 is equal to 0.30 and 0.40, is comparatively larger 

than the drift when P2/P1 is equal to 0.30 and 0.40.   Since Eq. (4-41b) is the same as Eq. (4-33b),  

the variation of transverse stiffness can be referred to Figure 4-7, keeping in mind that 

longitudinal braces yield.   
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FIGURE 4-12 Nondimensional Transverse Base Shear versus d/a Ratio When Longitudinal 
Braces Yield: (a) For P1/P2=0.30 and 0.40; (b) For P2/P1=0.30 and 0.40 
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FIGURE 4-13 Transverse Drift versus d/a Ratio When Longitudinal Braces Yield:           
(a) For P1/P2=0.30; (b) For P2/P1=0.30 
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FIGURE 4-13 Transverse Drift versus d/a Ratio When Longitudinal Braces Yield 
(continued): (c) For P1/P2=0.40; (d) For P2/P1=0.40 
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4.2.4.1.2.2 Longitudinal Response  

For the response in the longitudinal direction, the following relationships can be similarly 

developed using Eqs. (4-23), (4-24b), (4-25), and (4-26): 
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Figure 4-14 shows nondimensional longitudinal base shear strength versus d/a ratio. A decrease 

in the base shear is observed with increasing d/a ratio. As compared to the other cases, Eq. (4-

43b) differs in that it depends on member ductility, μ. The resulting plots of longitudinal drift 

versus d/a ratio illustrate the impact of member ductility ratios between 5 through 20. 

Longitudinal drift decreases as d/a increases, and drift increases as the member ductility 

increases since larger ductilities cause larger drifts.  Also seen in Figure 4-15, the rate of 

decrease in drift is slower for values of d/a=0.5 or larger, suggesting appropriate values between            

0.5 and 1.0.  

 

From Eq. (4-44), global system ductility in the longitudinal direction is equal to the member 

ductility and hysteretic energy is dissipated by the longitudinal braces only. Again Eq. (4-45b) is 

identical to Eq. (4-36b), and the variation of longitudinal stiffness would be identical to Figure 4-

10, except that that longitudinal braces yield in this case.   
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FIGURE 4-14 Nondimensional Longitudinal Base Shear Strength versus d/a Ratio When 

Longitudinal Braces Yield 
 

Longitudinal Response-Longitudinal Braces 
Yield

0.00

0.01

0.02

0.03

0.04

0.05

0.20 0.40 0.60 0.80 1.00

d/a

D
rif

t  Δ
yL

/(2
dn

L)
 

μ=5

μ=10

μ=15

μ=20

 
 

FIGURE 4-15 Longitudinal Drift versus d/a Ratio When Longitudinal Braces Yield 
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Hysteretic energy dissipation per volume is obtained using Eq. (4-22) and given below: 
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Figures 4-16a through 4-16d demonstrate the variation of volumetric hysteretic energy 

dissipation with end diaphragm geometric ratios. As expected, dissipated energy decreases as d/a 

increases. More hysteretic energy is dissipated for larger member ductilities. Additionally, 

smaller d/s ratios result in lesser energy dissipation in the system.      

 

Although these equations take simpler forms in several other special cases such as when P1=0, 

P2≠0 (unidirectional loading in the transverse direction) and when P1≠0, P2=0 (unidirectional 

loading in the longitudinal direction), those cases are not of interest in this work, since the 

objective was to investigate bidirectional effects.    

 

4.2.4.2 Special Case 2- Skewed Bridges (ϕ≠0o) with Certain Geometric Ratios (d/a and d/s) 

To investigate and quantify the impact of skewness on overall inelastic behavior of bridges 

having ductile diaphragms, fixed geometric ratios of end diaphragms are selected, and the skew 

angle is taken as a variable. This also allows to observe behavior as a function of the sequence of 

brace yielding.  Code-defined combination rules are used to account for bidirectional earthquake 

effects.   
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(b) 

FIGURE 4-16 Volumetric Energy Dissipation versus End Diaphragm Geometric Ratios 
When Longitudinal Braces Yield: (a) For μ=5; (b) For μ=10 
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FIGURE 4-16 Volumetric Energy Dissipation versus End Diaphragm Geometric Ratios 
When Longitudinal Braces Yield (continued): (c) For μ=15; (d) For μ=20 
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In North America, practical numerical values for d/s fall in the range of 0.25, 0.50, 1.00, 1.25, 

and 1.50, covering most short and medium span slab-on-girder and deck-truss bridges. Also, d/a 

can be set equal to 0.20, 0.40, 0.60, 0.80, and 1.00.  

 

The calculation of the ratio between the axial forces (before yielding) is necessary to determine 

the type of collapse mechanism.  From Eqs. (4-2) and (4-3), for skewed bridges, this ratio can be 

obtained as follows: 

 

 )sincos(
(d/s)1
(d/a)1

T
T

C
C 2

2
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L

T

L ϕϕε −
+
+==                 (4-47) 

 

Eq. (4-47) includes two variables related to the bridge end diaphragm geometric properties, one 

for the generic bridge geometry (the skewness) and one accounting for the orthogonal earthquake 

effect. One of the end diaphragm variables can be taken as constant (say, for example, d/s=0.40 

to be an average value as observed in many slab-on-girder bridges in North America), and then 

the variation of braces’ forces ratio with respect to the skew angle can be investigated for 

different values of d/a and ε.  

 

Figures 4-17 shows the variation of brace axial forces ratio with bridge geometry. The ratio of 

unbonded brace forces increases as the skew angle increases. For relatively small skew angles 

(say φ≤25º), changes in d/a ratio have no significant effect on the force ratio. 

 

This provides valuable information about the sensitivity of bridge end diaphragms geometry to 

bridge geometric relations and loading parameters. 

 



 59

Skewed Bridge
Orthogonal Earthquake Effect

P1 / P2 = 0.30, d/s = 0.40
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Skewed Bridge
Orthogonal Earthquake Effect

P1 / P2 = 3.33, d/s = 0.40
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(b) 

FIGURE 4-17 Variation of Brace Axial Forces Ratio with Bridge Geometric Relations:    
(a) For P1/P2=0.30; (b) For P1/P2=3.33 
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Skewed Bridge
Orthogonal Earthquake Effect

P1 / P2 = 0.40, d/s = 0.40
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Skewed Bridge
Orthogonal Earthquake Effect

P1 / P2 = 2.50, d/s = 0.40
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FIGURE 4-17 Variation of Brace Axial Forces Ratio with Bridge Geometric Relations 

(continued): (c) For P1/P2=0.40; (d) For P1/P2=2.50 



 61

4.2.4.3 Special Case 3- Bridges with a Certain Skew Angle  

Likewise, the previously derived formulas in general forms can also be simplified for certain 

values of the skew angle, ϕ, (e.g. 15o, 30o, 45o, and 60o). Additionally, since the bridge codes 

specify certain load combinations under bidirectional earthquake effects (for example, P1=0.30P2 

or P2=0.30P1 per the 30% rule), these rules can also be included in the special cases as necessary. 

Some of these cases are investigated as numerical examples in Section 6.   
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SECTION 5 
CLOSED-FORM HYSTERETIC MODEL FOR RETROFIT SCHEME-2 

UNDER BIDIRECTIONAL EARTHQUAKE EFFECTS 
 

5.1 General Remarks 
This section presents the development of analytical expressions that describe the behavior of 

bridges having Retrofit Scheme-2 implemented in end diaphragms. As done in the previous 

section, the SAP2000 analysis software is used to verify the analytically derived formulas. 

Again, special cases are considered to investigate the effect of certain parameters on the bi-

directional seismic response of bridges. Modeling issues related to Retrofit Scheme-2 were 

addressed in Section 3. As indicated there, an ideal three dimensional truss system was used to 

represent the whole bridge superstructure for the purpose of analyzing the end diaphragm 

behavior. Again, a cyclic symmetric bilinear hysteretic model for unbonded braces is used in the 

analysis of bridge end diaphragms.  

 

Section 5.2 describes the geometric properties, assumptions, method of analysis, and the 

derivation of formulas for Retrofit Scheme-2.  

 

5.2 Bidirectional Pushover Analysis of Retrofit Scheme-2 (Floating Deck)  
5.2.1 Geometric Relations  

Figure 5-1 shows the selected configuration of unbonded braces for Retrofit Scheme-2,  and the 

corresponding skew angle, skew girder spacing, and the depth of the girders. The following 

formulas take simpler forms in simple geometries (in case of non-skewed bridge for example). 

 

Using Figure 5-1 and 5-2, theoretical brace lengths for long and short braces are respectively 

 

ϕ+++= sinas2dsaLL 222                  (5-1) 

 

ϕ−++= sinas2dsaLS 222                  (5-2) 
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        (a) 

 
                                                 (b) 

   
                                                            (c) 

FIGURE 5-1 Geometric Properties for Retrofit Scheme-2:  
(a) Idealized System (Axonometric View); (b) Plan View; (c) Braces’ Lengths 
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From the same figures, other geometric relations can be obtained as follows: 
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                 (5-8) 

 

where α1 , α2 , Ω1 , and Ω2 are projection angles used to define the geometric properties of the 

idealized system. 

 

5.2.2 Brace Axial Forces (Elastic Behavior) 

Figure 5-2 (as explained previously) shows the idealized three dimensional truss system 

representing a bridge superstructure’s end diaphragms, bidirectional loading and braces’ axial 

forces under these effects. As was discussed for Retrofit Scheme-1, this model provides a valid 

representation of the actual retrofit for Retrofit Scheme-2. Many of the assumptions made in 

Section 4 are also applicable in this case. This truss system is composed of pin-connected 

unbonded braces with equal cross sectional area, A, and elastic modulus, E. The parameters β 

and γ are the angles between the unbonded braces and the vertical plane for the long and short 

braces respectively.  
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FIGURE 5-2 Bidirectional Loading and Brace Forces for Retrofit Scheme-2 

 

Again, it is assumed that the skew angles, ϕ, at each end are equal. The value of “a” which is the 

horizontal longitudinal distance between connections of the unbonded braces at deck level and 

the abutment could be evaluated as a function of the girder spacing. 

 

In a similar way to what was done in Section 4, equal proportions of the total lateral load in a 

given direction are applied at each corner of the deck. P1 and P2 are the lateral earthquake loads 

acting at the deck level on one diaphragm in the longitudinal and transverse directions 

respectively. The ratio of P1/P2 (or P2/P1) is kept constant in pushover analyses. The unbonded 

braces are assumed to be active only under earthquake loading and therefore do not carry any 

gravity loads.  

 

The following summarizes the structural characteristics of the idealized system as functions of 

system geometrical properties. 
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To obtain load-displacement diagrams for the system considered, it is convenient to evaluate the 

ratio of short and long braces elastic forces using the geometrical and trigonometric relations of 

Figure 5-2. From the geometry of that figure, the long and short braces forces and their ratio are 

obtained as follows: 
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Here, CS, TS and CL, TL denote axial compression and tension forces in the short and longitudinal 

braces respectively. Note that Eq. (5-11a) gives always positive values. Taking ε=P1/P2 (the ratio 

of earthquake forces acting in each orthogonal direction) yields the following formula for elastic 

braces forces ratio: 
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As seen from Eqs. (5-9) through (5-11), axial forces produced in a brace vary depending on the 

system geometric dimensions. In the elastic range, shear forces in each longitudinal and 

transverse directions are VL=2P1 and VT=2P2. Typically, there are two possible plastic collapse 

mechanisms for this idealized end diaphragm system. The first mechanism occurs when the long 

braces yield first while the second one is reached when the short braces yield first. In some 

special loading and geometrical conditions, a combined mechanism in which all braces 

simultaneously yield at the same time is possible. Again, since the bridge behavior is bi-

directional due to both bidirectional loading and the bridge geometry for each plastic collapse 

mechanism, both transverse and longitudinal responses are investigated separately. Figure 5-3 

schematically shows the bidirectional response of Retrofit Scheme-2 up to specified limit state. 
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This response is numerically investigated and factors affecting this behavior are given in detail in 

Section 6, in Example-2.  

 

 
FIGURE 5-3 Bidirectional Response of Retrofit Scheme-2: (a) Idealized System and 
Loading; (b) Yielding and Non-yielding Unbonded Braces; (c) Base Shear versus 
Lateral Displacement in the Governing Direction; (d) Travel of Node A 
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5.2.3 Behavior When Short Braces Yield  

When the value of axial forces for the short unbonded braces is greater than for the long braces, 

axial yielding in the short braces occurs. The type of collapse mode can be determined using Eq. 

(5-11b), which captures the relative magnitudes of braces axial forces.   

 

Based on these explanations, the potential collapse modes can be defined as given below:  
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L
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L ==   then all braces yield at the same time 

 

Response in the Transverse Direction 

To obtain the yield shear force in the transverse direction when short braces yield, the same 

procedure followed in Section 4 can be repeated. To do this, first, the elastic brace forces should 

be replaced with the axial yield forces in the yielding braces. Note that the other two longer 

braces remain elastic up to plastic collapse. For the three dimensional truss system considered, 

writing the equations of equilibrium in the transverse direction gives the yield base shear in this 

direction as follows:  
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or, alternatively, defining ε=P1/P2 which is the ratio of forces in both orthogonal directions gives 

the following: 
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To obtain the corresponding yield drift in the transverse direction,  virtual work can be used with 

unit loading applied at the joints where the displacement is to be determined. The load should be 

in the same direction as the specified displacement (i.e. in the transverse direction). Unbonded 

brace forces from unit loading can be obtained using Eqs. (5-9) and (5-10) during the analysis of 

displacements. Furthermore, with reference to Section 4, the axial member displacement ductility 

of the unbonded braces is again defined as μ. Using this procedure, the following generalized 

formula is obtained for the transverse displacement at a member ductility of μ:  
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(5-13a) 

For the yield displacement, substituting μ=1 gives the following: 
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(5-13b) 

It is useful to express the system global ductility (μGT) as a function of the member (brace) 

ductility (μ). This corresponds to the ratio of the maximum displacement to the yield 

displacement:  
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Inserting the relevant formulas for the maximum and yield displacements gives the global system 

ductility in the transverse direction as follows: 
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The initial stiffness of the system in the transverse direction can be obtained from equations 

above, taking μ=1, as:  
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Response in the Longitudinal Direction 

After mathematical derivations similar to those performed in the previous section, the following 

system characteristics are reached for response in the longitudinal direction. 

 

The base shear in the longitudinal direction for short braces yielding is:  
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or, again, defining ε=P1/P2 :  
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The corresponding displacement in the longitudinal direction is : 
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The global ductility in the longitudinal direction is: 
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The initial stiffness in the longitudinal direction is 
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Hysteretic Energy Dissipation 

 
Hysteretic energy dissipated through a full cycle of displacement of the entire system up to the 

target ductility of the braces reaching this target should be equal to the energy dissipated by the 

yielding brace members. This value will be given in a form of volumetric energy dissipated as 

follows:  
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where nS and nL denote the number of short and long braces respectively. Note that these 

numbers have been kept constant and equal to each other in this report.  
 
5.2.4 Behavior when Long Braces Yield 

Long braces yield when CL/CS=TL/TS > 1. This ratio is calculated using Eq. (5-11b). The 

inelastic behavior of the truss system is governed by yielding of the long unbonded braces, and 

the system plastically displaces until the maximum displacement demand is reached which is 

related to the member ductility demand. Again, an elastic-plastic inelastic behavior develops.  

 

Since bidirectional response for the end diaphragm system is expected, responses in the 

transverse and longitudinal directions will be investigated respectively.   

 

Response in the Transverse Direction 

As was done for the previous case with short braces yielding to drive all relevant equations, but 

this time instead replacing the axial force values of long braces by their corresponding yield 

values, the following equations are obtained:  
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or  
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And the transverse displacement for a member (unbonded brace) ductility of μ is : 
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(5-21a) 
 
To obtain the yield displacement in the transverse direction, taking μ=1 gives the following: 
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Global (system) versus local (member) ductility is : 
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(5-22) 
 

Initial stiffness of the system is :  
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(5-23) 
 

As expected, the initial stiffness of the system in the transverse direction is the same as that for 

the short brace yielding case. 

 
Response in the Longitudinal Direction 

Following the same procedure, the longitudinal base shear at long brace yielding is : 
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Defining ε=P1/P2 and rearranging, Eq. (5-24a) becomes : 
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Similarly, displacement in the longitudinal direction is : 
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The yield displacement can be obtained by using μ=1 in Eq. (5-25) : 
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The variation of global versus local ductility in the longitudinal direction can be determined from 

Eqs. (5-25a) and (5-25b) :  
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Finally, the initial stiffness in the longitudinal direction can be obtained by using Eqs. (5-24b) 

and (5-25b). The system stiffness as a function of end diaphragm geometric properties and ratio 

of bidirectional loading is :  
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Again, the initial stiffness of the system in the longitudinal direction is the same as for the case 

of short brace yielding. This is why the system behaves elastically up to the first yielding, and 

therefore the initial stiffnesses computed from different ways should be equal to each other.  
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Hysteretic Energy Dissipation 

 
As before, hysteretic energy dissipated through a full cycle in the system should be equal to the 

energy dissipated by the yielding brace members. In case of longitudinal brace yielding, this 

value is :  
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where nS and nL denote the total number of short and long braces respectively. Note that these 

numbers have been kept constant and equal to each other in this report.  
 
5.2.5 Special Cases 

The developed equations in this section, as before, take simpler forms for a variety of special 

cases that are encountered in bridge engineering practice.  These are discussed below. 
 
5.2.5.1 Special Case 1-Non-Skewed Bridges (φ=0°) 

In the relavent equations substituting φ=0 that corresponds to non-skewed bridges, the following 

formulas are obtained:  

 

Using the geometrical relations of the idealized system as illustrated in Figures 5-1 and 5-2, the 

brace lengths become equal to each other as given below:  
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Similarly, the previously defined projection angles α1 , α2 , Ω1 , and Ω2 takes the following 

simple forms in non-skewed systems: 
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which reveals that, Ω1 = α2, Ω2 = α1, and β=γ.  

 

The ratio of elastic axial compression and tension forces in the unbonded braces are given below 

as a function of the ratio of bidirectional earthquake forces (ε) imposed on the system and the 

end diaphragm geometric properties. Note that since the brace lengths are equal to each other 

(there are no more long and short braces), the ratio of the elastic braces forces becomes the ratio 

of forces created in opposite diagonal directions. This ratio equals to: 

 

ε+
ε−==

sa
sa

T
T

C
C

L

S

L

S                       (5-33a) 

 

or, rewritting this equation in terms of the nondimensional properties of ε and s/a gives the 

following: 
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⎟
⎠
⎞

⎜
⎝
⎛ε−

==

a
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a
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T
T

C
C

L

S

L

S                      (5-33b) 

 

Figure (5-4) shows the variation of axial forces ratio with bidirectional loading and s/a ratios. As 

before, the curves are generated for ε values of 0.30 and 0.40. The practical values of s/a ratio are 

set to 0.25, 0.50, 0.75, 1.00, 1.25, and 1.50 in this report. 

  

Also in non-skewed bridges end diaphragm systems, since bidirectional response develops under 

bidirectional loading, the behavior will be investigated in the transverse and longitudinal 

directions.  

 



 77

-1

-0.75

-0.5

-0.25

0

0.25

0.5

0.75

1

0.25 0.50 0.75 1.00 1.25 1.50

s/a

C L
/C

S=
T L

/T
S

P1/P2=0.30

P1/P2=3.33

 
(a) 

-1

-0.75

-0.5

-0.25

0

0.25

0.5

0.75

1

0.25 0.50 0.75 1.00 1.25 1.50

s/a

C S
/C

L=
T S

/T
L

P1/P2=0.40

P1/P2=2.50

 
(b) 

FIGURE 5-4 Variation of Brace Axial Forces Ratio with Bridge Geometric Relations: 
              (a) For P1/P2=0.30 and P1/P2=3.33; (b) For P1/P2=0.40 and P1/P2=2.50 
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5.2.5.1.1 Short-Labeled Braces Yield 

Although the lengths of the braces are equal to each other in non-skewed systems, for the sake of 

clarity, short-labeled and long-labeled braces in the skewed system as depicted in Figure 5-1 will 

be referred to in the following sections.   

 

5.2.5.1.1.1 Transverse Response  

After determining the yielding braces for a specified system geometry and loading ratio per Eq. 

(5-33a,b), the behavioral characteristics of the system such as base shear strength (VyT), yield 

displacement (ΔyT) and the corresponding drift (ΔyT/d), global ductility demand (μGT), and the 

initial stiffness of the system (KT) in the transverse direction are obtained using Eqs. (5-12) 

through (5-15), as follows:  

 

The transverse base shear strength is:  

 

A)(F
)s-LL(a

4as   V yyT ⎥
⎦

⎤
⎢
⎣

⎡
ε

=         (5-34a) 

 

or, by rearranging this equation using the nondimensional properties, the base shear strength in 

the transverse direction can also be expressed by: 

 

[ ]
A)(F

)a/s(1)a/d()a/s(1
4(s/a)   V y22yT

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

ε−++
=      (5-34b) 

 

The lateral drift (ΔT/d), at a member ductility of μ, in the transverse direction is:  

 

[ ][ ] [ ]
[ ] ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−ε
+ε−μ−ε++=Δ

E
F
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1)a/s(1)a/s()a/d()a/s(1

d
y22T       (5-35) 
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FIGURE 5-5 Nondimensional Transverse Base Shear Strength versus d/a Ratio  
When Short-Labeled Braces Yield: (a) For P1/P2=0.30; (b) For P1/P2=0.40 
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FIGURE 5-6 Transverse Drift versus d/a Ratio When Short- Labeled Braces Yield:  
(a)  For P1/P2=0.30; (b) For P1/P2=0.40 
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(b) 

FIGURE 5-7 Global Transverse Ductility Ratio versus s/a Ratio and Local Ductility  
                             When Short- Labeled Braces Yield: (a) For P1/P2=0.30; (b) For P1/P2=0.40 
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FIGURE 5-8 Nondimensional Transverse Stiffness versus d/a and s/a Ratios  

                                    When Short- Labeled Braces Yield 
 

and the corresponding drift at yield is obtained by substituting μ=1 in Eq. (5-35) as  

 

[ ]
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⎛
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)a/d()a/s(1

d
y

22
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           (5-36) 

 

The global displacement ductility in the transverse direction (μGT) for the system is:  

 

⎥⎦
⎤

⎢⎣
⎡ ε++μ−=μ

2
] (s/a)[1]ε)a/s(1[   

GT          (5-37) 

  

The initial stiffness of the system in the transverse direction can be obtained from equations 

above, taking μ=1, as:  
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⎡

++
=  

(5-38) 

5.2.5.1.1.2 Longitudinal Response  

Similar equations can be obtained for the response in the longitudinal direction. The base shear 

strength in the longitudinal direction is:  

 

A)(F
1]-[(s/a))a/d((s/a)1

  4(s/a)V y22yL
⎥
⎥
⎦

⎤

⎢
⎢
⎣
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ε=        (5-39) 

 
The lateral displacement in the longitudinal direction is given by  
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d
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and the longitudinal drift at brace yielding becomes  
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          (5-41) 

 
The global ductility in the longitudinal direction can be derived as : 
 

⎥
⎦

⎤
⎢
⎣

⎡
ε

+ε+μ=μ
)a/s(2

]1[(s/a)]1-ε)a/s[(   
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The initial stiffness in the longitudinal direction can be found to be : 
 

[ ] )EA(
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)a/d(4dK 2/322L
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Volumetric hysteretic energy dissipated through a full cycle of displacement can be rewritten as 

follows:  

⎟
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             (5-44) 
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   FIGURE 5-9   Nondimensional Longitudinal Base Shear Strength versus d/a Ratio  
                            When  Short- Labeled Braces Yield: (a) For P1/P2=0.30; (b) For P1/P2=0.40 
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FIGURE 5-10 Longitudinal Drift versus d/a Ratio When Short- Labeled Braces Yield:  
(a)  For P1/P2=0.30; (b) For P1/P2=0.40 
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(b) 

FIGURE 5-11 Global Longitudinal Ductility Ratio versus s/a Ratio and Local  Ductility    
When Short- Labeled Braces Yield: (a) For P1/P2=0.30; (b) For P1/P2=0.40 
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FIGURE 5-12 Nondimensional Longitudinal Stiffness versus d/a and s/a Ratios  

                                    When Short- Labeled Braces Yield 
 

 
5.2.5.1.2 Long-Labeled Braces Yield 

Similar equations as obtained above can be reached when long-labeled braces yield.  

   

5.2.5.1.2.1 Transverse Response  

From Eq. (5-20a), the following is obtained: 

 

A)(F
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4as   V yyT ⎥
⎦

⎤
⎢
⎣
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=         (5-45a) 

 

The base shear strength in the transverse direction can be expressed using the nondimensional 

system geometric properties as:  
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  FIGURE 5-13 Nondimensional Transverse Base Shear Strength versus d/a Ratio  
                           When Long- Labeled Braces Yield: (a) For P1/P2=0.30; (b) For P1/P2=0.40 
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The lateral drift (ΔT) in the transverse direction is  
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and the corresponding drift at yield is obtained by substituting μ=1 as  
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The global displacement ductility (μGT) of the system is  
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The initial stiffness of the system in the transverse direction can be written as : 
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5.2.5.1.2.2 Longitudinal Response  

Similar equations can be obtained for the longitudinal direction.  

The base shear strength in the longitudinal direction is:  
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FIGURE 5-14 Transverse Drift versus d/a Ratio When Long- Labeled Braces Yield:  
(a)  For P1/P2=0.30; (b) For P1/P2=0.40 

 



 91

P1/P2=0.30

0

4

8

12

16

20

0.25 0.50 0.75 1.00 1.25 1.50

s/a

 μ
G

T

μ=5

μ=10

μ=15

μ=20

 
(a) 

P1/P2=0.40

0

4

8

12

16

20

0.25 0.50 0.75 1.00 1.25 1.50

s/a

 μ
G

T

μ=5

μ=10

μ=15

μ=20

 

(b) 

FIGURE 5-15 Global Transverse Ductility Ratio versus s/a Ratio and Local Ductility When 
Long-Labeled Braces Yield: (a) For P1/P2=0.30; (b) For P1/P2=0.40 
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The lateral displacement in the longitudinal direction is : 
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and the longitudinal drift at brace yielding is : 
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          (5-52) 

 
The global ductility in the longitudinal direction can be similarly derived as : 
 

⎥
⎦

⎤
⎢
⎣

⎡
ε

−ε+μ+=μ
)a/s(2

]1[(s/a)]1ε)a/s[(   
GL         (5-53) 

 
The initial stiffness in the longitudinal direction becomes 
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Finally, volumetric hysteretic energy dissipated through a full cycle of displacement can be 

written as follows: 

  ⎟
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                        (5-55) 

 

For non-skewed bridges (φ=0º), in Retrofit Scheme-2 and when short-labeled braces yield, the 

base shear strength decreases as d/a increases for constant values of s/a and decreases as s/a 

decreases for constant values of d/a.  Transverse drift (ΔyT/d) decreases as d/a increases. For a 

constant value of d/a, the transverse drift decreases as s/a increases. Also, the change in drift is 

less for larger values of s/a ratios. Global transverse ductility (μGT) decreases as s/a increases. 

Expectedly, for constant values of s/a, the global ductility increases as the local (unbonded brace) 

ductility (μ) increases. Initial stiffness increases as d/a and s/a ratios increase. However, this 

increase is less after values of d/a=0.60. Similar behavioral tendency is observed in the 

longitudinal direction.  
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FIGURE 5-16 Nondimensional Longitudinal Base Shear Strength versus d/a Ratio When 
Long- Labeled Braces Yield: (a) For P1/P2=0.30; (b) For P1/P2=0.40 
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FIGURE 5-17 Longitudinal Drift versus d/a Ratio When Long- Labeled Braces Yield:  
(a)  For P1/P2=0.30; (b) For P1/P2=0.40 
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(b) 

FIGURE 5-18 Global Longitudinal Ductility Ratio versus s/a Ratio and Local Ductility 
When Long- Labeled Braces Yield: (a) For P1/P2=0.30; (b) For P1/P2=0.40 
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FIGURE 5-19 Variation of Volumetric Energy Dissipation versus Member           

(Unbonded Brace) Ductility   
 

For non-skewed bridges (φ=0º), in Retrofit Scheme-2 and when long-labeled braces yield, the 

tendency is the same as in the short-labeled brace yielding case, with an exception that global 

transverse ductility ratio (μGT) increases as s/a increases. Again, for constant values of s/a, the 

global ductility increases as the local (unbonded brace) ductility (μ) increases. Longitudinal base 

shear strength decreases as d/a increases. Longitudinal drift decreases as d/a increases and also 

decreases as s/a decreases. Global longitudinal ductility (μGL) decreases as s/a increases but 

increases as the local (unbonded brace) ductility (μ) increases.  Hysteretic energy dissipation per 

volume increases as local ductility increases. 

 

5.2.5.2 Special Case 2- Skewed Bridges (ϕ≠0o) with Certain Geometric Ratios (d/a and s/a) 

The calculation of the ratio between the axial forces of long and short unbonded braces (before 

yielding) is necessary to determine the type of collapse mechanism. From Eqs. (5-9) to (5-11a,b), 

for skewed bridges in Retrofit Scheme 2, this ratio can be obtained as follows: 
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Similarly, Eq. (5-56) includes four variables, namely s/a, d/a, φ and ε.  As done before in case of 

Retrofit Scheme-1, one of the end diaphragm variables can be taken as s/a=0.50, 1.00, and 1,50 

(possible average values as observed in many slab-on-girder bridges in North America), and then 

the variation of braces’ forces ratio with respect to the skew angle can be investigated for 

different values of d/a and ε. Figure 5-20 shows the variation of brace axial forces ratio with 

bridge geometric relations. 

 

The ratio of brace forces increases as the skew angle increases.  As before, for small skew angles 

(say φ≤25º), changes in d/a ratio have no significant effect on the force ratio in unbonded braces.  

For larger values of s/a, the effect of d/a ratio on the brace forces is negligible for practical skew 

angles. Note that the bidirectional loading ratio has an effect on the overall behavior.  
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Skewed Bridge
Orthogonal Earthquake Effect
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Skewed Bridge
Orthogonal Earthquake Effect

P1 / P2 = 0.40, s/a = 0.50
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 (b) 

FIGURE 5-20 Variation of Brace Axial Forces Ratio with Bridge Skew Angle; 
                         (a) For P1/P2=0.30 and s/a=0.50; (b) For P1/P2=0.40 and s/a=0.50 
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Skewed Bridge
Orthogonal Earthquake Effect
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Skewed Bridge
Orthogonal Earthquake Effect

P1 / P2 = 0.40, s/a = 1.00
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(d) 

FIGURE 5-20 Variation of Brace Axial Forces Ratio with Bridge Skew Angle (continued);   
(c) For P1/P2=0.30 and s/a=1.00; (d) For P1/P2=0.40 and s/a=1.00 
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Skewed Bridge
Orthogonal Earthquake Effect
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(f) 

FIGURE 5-20 Variation of Brace Axial Forces Ratio with Bridge Skew Angle (continued); 
(e) For P1/P2=0.30 and s/a=1.50; (f) For P1/P2=0.40 and s/a=1.50 
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5.2.5.3 Special Case 3- Bridges with a Certain Skew Angle  

Likewise, the previously derived formulas in general forms can also be simplified for certain 

values of the skew angle, ϕ, (e.g. 15o, 30o, 45o, and 60o). Also, for each skew angle, the 

bidirectional loading ratio can be taken as a variable. Some of these cases are investigated as 

numerical examples in Section 6. 

 

5.3 Pushover Analysis of Retrofit Scheme-2 (Longitudinally Restrained Deck)  
This section is devoted to the inelastic analysis of end diaphragms in Retrofit Scheme-2 when the 

bearings at one abutment are longitudinally restrained. This investigation is of importance for 

bridge superstructures with undamaged bearings. In this case, the idealized system becomes 

statically indeterminate since the number of unknowns (i.e. the axial forces of unbonded braces) 

exceeds the number of equilibrium equations. Compatibility and force displacement 

requirements are used to obtain these unknowns (or redundant unbonded braces axial forces). As 

done before, the principle of virtual work (or the unit load method) is used to evaluate lateral 

displacements in the system. Per the analysis procedure, external virtual unit load is applied in 

the direction of unknown top displacement (Figure 5-21).  

 

 
 

FIGURE 5-21 Typical Virtual Unit Loading 
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The procedure for analysis is summarized below: 

 

• Place the virtual unit load in the direction where the desired displacement is needed. 

• Calculate virtual internal forces in each unbonded brace. 

• Determine the real internal forces caused only by the real loads acting on the system. 

• Apply the equation of virtual work to determine the desired displacement by equating the 

work of external loads and the work of internal loads.  

 

Once these forces have been determined, the remaining reactive forces on the system are 

obtained by satisfying the equilibrium requirements. 

 

In longitudinally restrained deck systems, the limit state is reached when all braces (both short 

and long) yield progressively and the load-displacement curve becomes a tri-linear curve (Figure 

5-22).  Upon lateral loading in the transverse direction, the short and long unbonded braces yield 

at top displacements of Δy1 and Δy2 respectively. The corresponding base shear forces for these 

displacements are Vy1 and Vy2.  Since the braces have the same cross sectional areas, for a 

specified yield stress for steel, the axial yield strengths of the braces and the corresponding 

displacements are known which helps construct this tri-linear hysteretic curve as shown in Figure 

5-22. The system unloads at a stiffness equals to the elastic (initial) stiffness. Fuller hysteretic 

loops and greater energy dissipation can be expected in longitudinally restrained deck systems 

since all braces yield and contribute to strength and energy dissipation.   

 

Due to the geometric properties and loading, yielding first occurs in the short unbonded braces 

and the coordinates of the first yield point on the curve are obtained as: 
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FIGURE 5-22 Tri-Linear Hysteretic Behavior of Retrofit Scheme-2 with Longitudinally 

Restrained Deck 
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Similarly, when the long braces yield, coordinates of the second point on that curve are :  
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The initial transverse stiffness can be obtained using Eqs. (5-57) and (5-58) as follows: 
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The hysteretic curve has three geometrically different regions as shown in Figure 5-23a. These 

are depicted by EH1, EH2 and EH3. Total dissipated energy in an inelastic excursion (accounting 

for three regions) can be written as:  

 
321 HHHH EEEE ++=             (5-62) 

 

Since the equations for both base shear and corresponding displacements have been developed 

above, dissipated energies can be obtained depending on system’s material and geometric 

properties as well as the local ductility of each unbonded brace member. 

 
 

FIGURE 5-23 Dissipated Hysteretic Energy in Retrofit Scheme-2 with Longitudinally   
Restrained Deck: (a) Tri-Linear Model; (b) Bi-Linear Model                    
(Ideal Hysteresis) 
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By this way, using Eqs.(5-57) through (5-62), Eq. (5-62)  can be re-written as follows: 
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Note that, for non-skewed bridges (i.e. φ=0º and LL=LS), all braces yield at the same 

displacement level and the dissipated energies in each region become equal (i.e. EH1 = EH2 = EH3 

as shown in Figure 5-23b). In this case, substituting LL=LS gives the total dissipated energy as 
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Eq. (5-63) can be further simplified for end diaphragm systems under repeated cyclic loadings. 

Four regions of the hysteretic curve (i.e. a full cycle) will be considered. Since the energy 

dissipation corresponding to EH1 occurs only once under severe cyclic displacements, this region 

can be assumed approximately equal to EH3. Using this assumption, the total dissipated energy 

during a full cycle can be given by :  
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When the number of cycles increases, the error resulting from this simplification in computing 

the total dissipated energy would be negligible. The following simpler equation for the total 

energy is reached: 
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For ¼ cycle, the dissipated energy equals:  
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Energy dissipation efficiency with respect to an unpinched hysteretic curve shown in Figure      

5-23b can also be evaluated. For this, EH, ¼ and EH3 can be compared by setting up the ratio of  

EH, ¼  / EH3.  After simplifications, this ratio gives the following : 
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This procedure is numerically investigated in an example in Section 6.  
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SECTION 6 
NUMERICAL EXAMPLES 

 

6.1 General  
This section presents numerical examples related to the modeling issues and end diaphragms 

concepts presented in the previous sections. Both numerical results from SAP2000 and closed- 

form solutions that express the inelastic behavior of bridge end diaphragms are evaluated. Some 

special cases are considered (such as different bidirectional loading ratios, various end diaphragm 

geometries, and the two retrofit schemes) to illustrate the particular behavioral characteristics of 

different specific systems. The design intent is to obtain the most appropriate retrofit scheme for a 

given bridge superstructure. The numerical examples are provided to hopefully make such a 

comparison possible.   

 

6.2 Examples  
6.2.1 Example 1  

In this example, six systems, namely S1 through S6, representing the bridge end diaphragms are 

selected to numerically show the impact of several structural parameters on the inelastic behavior 

of the systems considered. Special emphasis is placed on hysteretic energy dissipation. The 

numerical results of this example are useful to preliminary assess the effects of various unbonded 

bracing configurations on the seismic behavior of bridge end diaphragms. The descriptions of all 

six systems considered in this example are given below:   

 

S1 is a non-skewed system (φ=0º) having single unbonded braces in only one direction (in the 

transverse, X, direction) at each end of the superstructure. This scheme corresponds to what has 

been done so far in the existing ductile retrofit concepts and can serve as one reference system. 

This system is effective only for unidirectional earthquake loading and does not provide strength 

in the longitudinal direction.   

 

S2 is a non-skewed system (φ=0º) with a three dimensional unbonded braces configuration at 

each end of the bridge superstructure.  Since the system is not skewed, both diagonal braces’ 

lengths are equal in this case. Unlike S1, S2 provides strength to resist bidirectional loading. 
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Comparing the dissipated energies obtained from the analyses of S1 and S2 can provide 

preliminary insight into the structural behavior of systems having different bracing configurations 

(even though it is recognized that system S1 can be incomplete for the purpose of resisting 

bidirectional earthquake excitations in some cases). 

 

S3 is a non-skewed system (φ=0º) with unbonded braces in two orthogonal directions. This 

system is expanding on the concept of S1 in that unbonded braces are located in the principal 

orthogonal directions (two braces in each direction in this case). Note that this system 

corresponds to Retrofit Scheme-1 illustrated in Figures 3-3 and 3-7 (i.e. one of the proposed 

retrofit schemes investigated analytically throughout this report).  This system (as opposed to S1) 

can resist bidirectional earthquake loading.  

 

S4 is a non-skewed system (φ=0º) with four equal length diagonal unbonded braces connecting 

the top and bottom corners of the cube. This system corresponds to the second proposed retrofit 

scheme (Retrofit Scheme-2) schematically illustrated in Figures 3-4 and 3-8. Comparison 

between S3 and S4 is key in this study to identify the most appropriate scheme that could be used 

for the seismic retrofit of bridge superstructures.  

 

S5 is a skewed system (φ=45˚) having unbonded bracing configuration similar to that of Retrofit 

Scheme-1.  S6 is a skewed system (φ=45˚) having unbonded bracing configuration similar to that 

of S4, except that because of the skew angle, the lengths of the unbonded braces are not equal to 

each other (thus “short” and “long” braces exist). This also corresponds to Retrofit Scheme-2 for 

skewed systems. Comparison between S5 and S6 is also important to assess the relative 

effectiveness of the two proposed unbonded bracing end diaphragm configurations on the 

inelastic behavior for skewed systems.  Comparison between S3 and S5, as well as S4 and S6, is 

also worthwhile to illustrate how the presence of skew affects the results for both systems.   

 

Figure 6-1 shows the selected six systems having various unbonded braces configurations 

described above. The geometrical dimensions of these systems are arbitrarily selected for 

simplicity and not intended to correspond to a specific bridge.  For this purpose, a cube having a 

side length of 914.4mm (36”) is selected for the analyses. Both straight (non-skewed) and skewed  
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FIGURE 6-1 Selected Systems Representing Various End Diaphragm Bracing 

Configurations (For Table 6-1 and 6-2) 
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systems (with a skew angle of φ=45°) are taken into account. Again, both unidirectional and 

bidirectional loadings are considered to show the effect of bidirectional earthquake effects. All 

supports are taken as simple supports. In the analyses, the unbonded braces used are assumed to 

be pinned at their ends, and they are assumed to exhibit an axially yielding (elastic-plastic) 

hysteretic behavior with no strain hardening and with equal tension and compression capacities 

(i.e. Ty=Cy), although not quite the case in practice.  

 

Figure 6-2 shows three skewed systems having various unbonded bracing configurations. They 

are conceptually all identical to S5, but with single braces in each plane (instead of two). These 

systems will exhibit identical structural behavior when all brace members have symmetric cyclic 

hysteretic characteristics (i.e. Ty=Cy).  

 

In this example, it is further assumed that the unbonded braces have a target displacement 

ductility of μ=4, a yield point of Fy=345MPa (50 ksi), and a modulus of elasticity of 

E=200000MPa (29000 ksi). Other system properties are summarized in Tables 6-1 and 6-2.  

 

Static unidirectional (in X or Y directions) and bidirectional (in X and Y directions, labeled X+Y 

in the Tables) pushover analyses are conducted using SAP2000. Note that X and Y indicate the 

transverse and longitudinal directions respectively. Using SAP2000 results and the formulas 

developed in the previous sections, the system parameters and responses of each system are 

summarized in Tables 6-1 and 6-2.  

 

To compare the effectiveness of each system, similar systems are defined as having either braces 

with same cross sectional area (SA), braces with the same base shear strength in the governing 

direction (SBS), and braces with the same initial stiffness (SIS). For each case, results are 

typically presented for the base shear at yield (VB) in the governing direction (X or Y in cases as 

depicted in the Tables), the corresponding yield displacement (Δy), the corresponding maximum 

displacement reached (Δmax), hysteretic energy dissipated (EH) at an assumed brace (or member) 

displacement ductility of μ=4, the corresponding volumetric energy dissipation (EH/Vol.) which 

is the energy dissipated per unbonded brace material used, and the effectiveness ratio (with 

respect  to  an  arbitrarily chosen  reference  system  having similar  properties) of  each system in  
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FIGURE 6-2 Various End Diaphragm Unbonded Bracing Configurations Showing 

Identical Behavior  
 
 

terms of hysteretic energy dissipation. Note that EH is calculated here using the area under ¼ of a 

complete hysteretic loop as illustrated in Tables 6-1 and 6-2.    

 
The following observations can be made from Tables 6-1 and 6-2: 

 

For non-skewed bridges (φ=0) end diaphragm systems as represented by S1, S2, S3, and S4: 
 

• For unidirectional loading (in X direction) and braces having the same cross sectional area 

(SA), S3 has obviously twice the initial stiffness (KE), base shear capacity (VB), and total 

hysteretic energy dissipation (EH) of S1 which is expected since S3 has twice the number 

of braces in a given transverse direction. These values become identical when S1 and S3 

are normalized to the same base shear. Note that volumetric hysteretic energy dissipations 

(EH/Vol.) are calculated using all braces, but that for uniaxial excitations, half of the 

braces are inactive for the case S3 (the unbonded braces in the longitudinal (Y) direction 

are not active and do not dissipate any energy).  

• For braces having the same cross sectional area, comparing S1 and S2 subjected to 

unidirectional loading (in X direction), S2 has lower base shear capacity and initial 

stiffness, but greater yield and maximum displacements and total energy dissipation. As a 

result, the corresponding volumetric energy dissipation values are identical. Thus, their 

effectiveness is identical. For systems having the same initial stiffness, compared to S1, 
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S2 has greater base shear capacity, yield and maximum displacements, total energy 

dissipation, and required cross sectional area. However, since 126% more material is used 

in S2, the resulting volumetric energy dissipations are equal. Similarly, equal volumetric 

energy dissipation results are obtained for systems normalized by base shear.  

• Under unidirectional loading and for the same cross sectional area, S4 has twice the initial 

stiffness, base shear capacity, and total hysteretic energy dissipation of S2, but the values 

of volumetric energy dissipation are equal since 100% more bracing material is used in 

S4.  Note that yield and maximum displacements are also equal.  For the cases of identical 

base shear and equal initial stiffness, identical volumetric energy dissipations are again 

obtained following a similar logic.  

• Under unidirectional loading and for the same cross sectional area, compared to S4, S3 

has greater initial stiffness and base shear capacity but lower total and volumetric 

hysteretic energy dissipations and yield and maximum displacement capacities. 63% more 

bracing material is used in S3 (i.e. shorter braces in S3, but more of them). For the same 

base shear, compared to S4, S3 has greater initial stiffness but lower required cross 

sectional area, yield and maximum displacements, total and volumetric hysteretic energy 

dissipation. In this case, 33% more bracing material is used in S3. For the same initial 

lateral stiffness in the direction of loading, compared to S3, S4 has greater base shear 

capacity, the yield and maximum displacements, and total and volumetric hysteretic 

energy dissipations. Compared to S3, S4 has also greater required cross sectional area. In 

this case, 12% more bracing material is used in S4. In all cases, the volumetric energy 

dissipation is always twice for S4 than S3. However, note that under unidirectional 

loading, when the volumetric ratios of hysteretic energy dissipation in S4 are greater than 

for S3, the braces in the orthogonal direction to the loading direction are inactive 

(unloaded) and do not dissipate any energy. It could be argued that a more fair 

comparison for the unidirectional loading case would discount these inactive unbonded 

braces. In such case, S3 and S4 would share identical values of EH/Vol.  

• For bidirectional and orthogonal loading, with the same intensity of loading in each 

direction (in X and Y directions, the loading ratio is ε=1.00), for the case in which all 

unbonded braces have the same cross sectional area, compared to S4, S3 has greater initial 

stiffness, base shear capacity, and total and volumetric hysteretic energy dissipations. 
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Note that 63% more bracing material is used in S3. For the same base shear capacity, 

compared to S4, S3 has greater yield and maximum displacements, total and volumetric 

energies but lower initial stiffness and required cross sectional area. In this case, 50% 

more bracing material is used in S4. However, note that in both cases, when brace 

ductility reaches a value of μ=4 (the premise of how the data in this table were derived) 

S4 consistently dissipated less total hysteretic energy (as a system) than S3, and less 

volumetric hysteretic energy (exactly half). This is probably partly a consequence of the 

fact that S4 has half fewer braces than S3 (4 versus 8). This is some what similar to the 

observation made comparing S2 and S4. Given that braces dissipate energy by axial 

elongation, the yield threshold is not sensibly affected by the number of braces (compare 

S2 to S4). Overall, for a given required design base shear in each direction, S3 achieves 

the same displacement demand performance than S4 (i.e. μ=4) with a lesser volume of 

material (while providing braces in an X configuration in both cases). The orthogonal 

brace configuration therefore seems to be more effective. On the other hand, S4 has the 

advantage over S3 (again for the case of same design base shear) to result in a more 

flexible ductile diaphragm, which can be advantageous when trying to implement the 

system in bridges having relatively flexible substructures in which the diaphragms need to 

reach a larger lateral displacement for the given ductility (see Alfawakhiri and Bruneau, 

2000 and 2001). However, note that highly flexible (in transverse or longitudinal 

directions) unbonded bracing end diaphragm systems must also be checked to prevent the 

occurrence of excessive drift and deformations in other parts of the bridge superstructure 

(such as in deck truss bridges for example). In stiff substructures, it is implicit that both 

retrofit schemes can be used. Finally, the smaller braces that result from case S3 will 

develop smaller yield forces than those in S4, resulting in simple connections to 

superstructure and substructure (although using a larger number of unbonded braces is 

always possible to minimize this problem).  

  

For skewed bridges (φ=45˚) end diaphragm systems as represented by S5 and S6: 
 

• As stated above, S5 and S6 represent previously defined Retrofit Schemes 1 and 2 (with 

skew) respectively. From Table 6-2, under  the loading in X direction and for the same 

cross sectional area,  compared to S6, S5 has greater base shear strength, yield and 
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maximum displacement demands as well as total and volumetric hysteretic energies, but 

lower initial stiffness. 68% more bracing material is used in S5.  For the same base shear 

in the transverse direction, compared to S6, S5 has greater yield and maximum 

displacements, total and volumetric hysteretic energy dissipations, but lower initial 

stiffness and required cross sectional area. 11% more material is used in S5. For the same 

initial stiffness, all structural response characteristics are greater in S5 as compared to S6. 

In all cases, under the effect of transverse loading, the effectiveness ratios for S5 and S6 

are 1,00 and 0,75 respectively. 

• Under unidirectional loading in the longitudinal (Y) direction and for the same cross 

sectional area, compared to S6, S5 has greater base shear capacity, initial stiffness, and 

total hysteretic energy dissipation but lower yield and maximum displacements, and 

volumetric hysteretic energy dissipation. In this case, 68% more bracing material is used 

in S5. For the same base shear, compared to S6, S5 has greater initial stiffness but lower 

yield and maximum displacement demands, required cross sectional area, and total and 

volumetric hysteretic energy dissipations. 13% more material is used in S5. For the same 

initial stiffness in the longitudinal direction, all structural response characteristics are 

lower in S5 as compared to S6.  19% more bracing material is used in S6. In all cases, 

under the effect of longitudinal loading, the effectiveness ratios for S5 and S6 are 0,80 and 

1,00 respectively. Note that the efficiency is reversed under the longitudinal and 

bidirectional loadings (compared to transverse loading) since the yielding braces change 

in S6 (when long braces yield in S6, the system dissipates more energy as compared to 

S5).  

• Under two directional loading, it is appropriate to investigate the systems’ response in 

each of the principal orthogonal direction. For the same cross sectional area and 

considering the transverse response in the transverse direction under bidirectional loading, 

compared to S6, S5 has greater base shear capacity, initial stiffness, and the yield and 

maximum displacement demands.  In the longitudinal direction, since the axial forces of 

the braces in the longitudinal direction are zero, the system (S5) does not displace and no 

energy is dissipated for this particular case (i.e. for the selected bridge geometry and 

bidirectional loading ratio). The unbonded braces in the skew direction yield in this case 

(4 out of 8). The overall behavior is bidirectional in S6 (i.e. it displaces in both orthogonal 
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directions) and after the yielding of long braces, the system moves significantly in the 

longitudinal direction and reaches its maximum displacement.  This typical behavior will 

be further illustrated in Example 2.  From Table 6-2, the numerical values of the global 

displacement ductilities in both transverse and longitudinal directions are calculated as 

2.34 and 4.84 respectively, keeping in mind that the unbonded braces used a member 

(local) displacement ductility of 4.  As compared to S6, S5 has greater longitudinal base 

shear strength and total hysteretic energy dissipation but lower energy dissipated per brace 

volume. 68% more bracing material is used in S5. For the same base shear strength in the 

transverse direction, compared to S6, S5 has greater yield and maximum displacements 

but lower initial stiffness. Again, no response is obtained in the longitudinal direction in 

S5 as explained above.  The behavior is also bidirectional in S6 and after the yielding of 

long braces, the system displaces in the longitudinal direction significantly (the global 

ductilities are the same as above). Compared to S6, S5 has lower required cross sectional 

area, total and volumetric hysteretic energy dissipations.  13% more material is used in S5 

(8 braces in S5, 4 braces in S6). In all cases, effectiveness ratios for S5 and S6 are 0,80 

and 1,00 respectively. Note that lower required cross sectional areas for the braces lead to 

lower axial yield forces and thus creates lower end connection forces which could be 

desirable in seismic design.  

• A comparison between S3 and S5, as well as S4 and S6 is worthwhile to explore the 

impact of skewness on the inelastic behavior of ductile end diaphragms. From Tables 6-1 

and 6-2, under unidirectional loading (X) and for the same cross sectional brace area, 

compared to S5 (skewed system), S3 (non-skewed system) has greater base shear strength 

and initial stiffness but lower yield and maximum displacement demands. The same 

statement is also valid when a comparison is made between S4 (non-skewed) and S6 

(skewed). Total and volumetric energies are equal in S3 and S5 since similar braces (i.e. 

braces with equal cross sectional area and lengths) yield in both systems. However, since 

half of the braces in S6 do not yield, compared to S4 in which all braces yield and 

dissipate energy, the total and volumetric energy dissipation are less in S6.  In 

bidirectional loading and for the same cross sectional area, compared to S5, S3 has greater 

base shear strength, initial stiffness, total and volumetric energies but lower yield and 

maximum displacement demands. Compared to S6, S4 has greater initial stiffness in the 



 116

transverse and lower initial stiffness in the longitudinal directions. S4 has lower base 

shear strength in both directions since the axial forces in non-yielding braces vanish in S4 

(due to the geometry and loading ratio for this particular case) and therefore their 

contribution to the base shear capacity is zero, resulting in a lesser base shear strength 

(See Section 5-2).  S4 has lower yield displacement in both directions and greater 

maximum displacement demand in the transverse direction but lower maximum 

displacement demand in the longitudinal direction. In other words, Table 6-2 reveals that 

the global ductility demands (the ratio of maximum and yield displacements) of the 

skewed systems in both directions vary and may be different from each other. It is also 

concluded from that table that the global ductility demands in skewed bridges end 

diaphragms may exceed the local ductility demands placed on the unbonded bracing end 

diaphragms (For example, μG=4.84 for S6, SA, in the longitudinal direction). This 

behavior will be investigated in detail in Example 2. Note that, under bidirectional 

loading, since the behavioral characteristics for S3 an S4in both orthogonal directions are 

equal in non-skewed systems, the values are given for one direction only in Table 6-1. 

However, in skewed systems, the behavioral characteristics vary per direction under 

bidirectional loading.  

 
In addition to these evaluations, other observations regarding the overall behavior of the 

selected systems are as follows: 

  

• Under the selected boundary conditions for the idealized systems considered herein, in all 

cases (skewed or non-skewed), unbonded braces of the same geometric properties (i.e. 

same cross sectional area and geometric configuration) yield at the same displacement 

level since their axial forces are equal. In other words, base shear vs. lateral displacement 

curves are typically bilinear. When the yield level is reached, a group of similar braces 

yields simultaneously, maximum system strength is reached, and the structure displaces 

up to the maximum target displacement at Δmax which depends on a predetermined 

displacement ductility for the braces. Simultaneous yielding of a group of unbonded 

braces is especially important to ensure a stable seismic behavior, enhance hysteretic 

energy dissipation capability, and minimizes the potential differences of local 

displacement demands in the braces. Note that no effort has been made to calculate actual 
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ductility demands for the unbonded braces; instead a displacement ductility of μ=4 is 

assumed in this example.  

• For some systems considered, some braces may not yield and remain elastic (or may 

unload depending on the loading ratio in the orthogonal directions and the skew angle of 

the bridge).  
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6.2.2 Example-2  

Figure 6-3 shows an idealized end diaphragm system (for Retrofit Scheme-2) having a skew 

angle of φ=20.56˚. This system is subjected to both unidirectional (Figure 6-3) and bidirectional 

(Figures 6-4 to 6-9) loading cases.  The numerical values of the loads applied to the top nodes 

are identical at each node and correspond to code-specified values that would be obtained for 

earthquake excitation acting in the transverse and longitudinal directions. The system is designed 

to remain elastic under the loads shown on the system except for the unbonded braces. As 

assumed in the previous example, the maximum displacement ductility of μ=4 is taken as the 

target limit state for the unbonded braces, and similarly a yield point of Fy=345MPa (50 ksi), and 

a modulus of elasticity of E=200000MPa (29000 ksi) are considered as material characteristics 

for the braces. The cross sectional area for the braces is 645.16mm2 (1"x1"), (i.e. only the “Same 

Area” case is considered in this example, contrary to the previous example). SAP2000 is used in 

the pushover analysis of these systems. 

 

The purpose of this example is to illustrate the effect of various bidirectional loading 

combinations on the overall behavior of skewed end diaphragm systems. The same system is 

subjected to seven different bidirectional loading combinations (Loading Cases 1 through 7 as 

illustrated in Table 6-3), longitudinal to transverse loading ratios of 0.00, 0.10, -0.10, 0.30, 3.33 

(i.e. 1/0.30), -3.33 (i.e. -1/0.30), and 0.50. For the same loading ratios, the effect of different 

loading directions (i.e. expressed by a negative ratio like –0.10) is also examined. Figures 6-3 

through 6-9 show, for each system considered, the loads applied to each node,  the yielding 

braces, the base shear force versus displacement in the governing directions for the yielding 

braces, and the bidirectional displacement travel of node A from the unloaded position to 

attainment of the specified limit state as a result of a pushover analysis. The plots of the 

transverse and longitudinal displacements of node A are useful to help understand system 

behavior. The results from this example investigating the effects of bidirectional loading and 

inelastic end diaphragm behavior are summarized in Table 6-3.  

 

The following observations are possible from this numerical example: 
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• As discussed previously in Section 5.2, the system starts moving in different directions 

(transverse and longitudinal) due to the bidirectional loading and unsymmetrical system 

geometry (i.e. a skewed system). The ratio of the lateral displacements (i.e. transverse to 

longitudinal, ΔT/ΔL) differs after the braces yield (Figures 6-3d through 6-9d).  

• The end diaphragm system’s inelastic seismic behavior varies as a function of the loading 

ratios. The yielding sequence of unbonded braces, numerical values of base shear at 

yielding, displacements in both orthogonal directions, the ratios of the maximum to yield 

displacements (the displacement ductility), and local (unbonded brace) versus global 

(system) displacement ductility all vary significantly depending on the values and 

directions of the loads.   

• For the systems considered, long and short braces do not yield simultaneously due to the 

uneven distribution of brace axial forces. Depending on the geometric properties of the 

system and the loading case, some braces (long or short) may remain elastic and thus do 

not dissipate energy throughout the entire loading history. 

• Comparing the same systems under the same magnitude loading but with positive and 

negative loading ratios (the systems given in Figures 6-4 and 6-5 for example) can be 

useful to assess the behavioral differences of the systems. As depicted in Table 6-3, this 

system is subjected to bidirectional loading combinations of 0.10 (Loading Case 2) and -

0.10 (Loading Case 3) respectively. In both loading cases, while the short unbonded 

braces yield, the other long braces remain elastic until the system reaches its specified 

limit state. For Loading Case 2, compared to Loading Case 3, the system has 19.50% 

greater base shear capacity and 211.80% greater ductility ratio in the longitudinal 

direction but 9.9% lower ductility ratio in the transverse direction. As seen in Figure 6-

4d, the longitudinal displacement changes its sign (or direction) after yielding since the 

contribution of the yielding (short) braces to the transverse and longitudinal stiffnesses 

vanishes and thus the system moves towards the opposite (negative) longitudinal 

direction.   

• Comparing systems under bidirectional loads with different principal acting directions 

(100% in transverse + 30% longitudinal and 30% transverse + 100% longitudinal for 

example, as the cases illustrated in Figures 6-6 and 6-7), the following can be observed: 

In both cases (i.e. Loading Cases 4 and 5), the same long braces yield in the system. The 
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distinctive feature of the behavior is that the governing direction of movement is in the 

transverse direction for Loading Case 4, and the longitudinal direction for Loading Case 

5. In fact, as evidenced from Figures 6-6d and 6-7d and Table 6-3, the ratios of transverse 

to longitudinal yield displacements (ΔyT/ΔyL) in both loading cases are 1.89 and 0.08 

respectively, showing that the governing response direction is the transverse direction. 

However, after yielding, the ratios of maximum transverse to maximum longitudinal 

displacements (ΔmaxT/ΔmaxL) are 0.59 and 0.29 at the specified limit state, revealing that 

the governing response direction has changed into the longitudinal direction in Loading 

Case 4, but unchanged in Loading Case 5.  

• Significant reasons for the observed differences in system behavior can be partly 

explained by the following: Even though loading is applied in the transverse and 

unidirectional transverse directions, response is coupled by the skewed orientation of one 

set of braces.  For example, even for Loading Case 1 in which only unidirectional loading 

is applied in the transverse direction, it can be seen that the system displaces in both the 

transverse and longitudinal directions simultaneously.  This bidirectional response 

happens as a result of the longitudinal and transverse resultant of axial forces developed 

in the short and long unbonded braces of the 3D skewed truss system. Note that after 

yielding, the sum of resultants changes, and the system moves in a different combination 

of transverse and longitudinal directions up to the specified limit state (in this case, a 

ductility limit).  In this particular case, the governing response direction is generally in 

the loading direction, but as shown in other Load Cases, the displacement path varies 

significantly depending on the magnitude of the longitudinal to transverse loads. For 

example, comparing Load Cases 1, 2, and 3, on can observe that the presence of a 

positive longitudinal load equal to only 10% of the magnitude of the transverse load 

results in the system moving in the positive longitudinal and transverse directions until 

the short braces yields. Comparing Loading Cases 1 and 2, it is seen that this positive 

longitudinal equal to 10% of the transverse loading actually reduces the magnitude of the 

longitudinal displacement. After yielding, since the short braces stop contributing to the 

stiffness, the system starts to move in the positive transverse but negative longitudinal 

directions simultaneously.  Note that compared to the results for Loading Case 1, greater 

and lower magnitude of transverse and longitudinal displacements respectively are 
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obtained in Loading Case 2 at the specified limit state.  In Loading Case 3, compared to 

Loading Case 1, a negative longitudinal loading equal to 10% of the transverse loading 

(in addition to it) results in an increase in the longitudinal displacement but a decrease in 

the transverse direction. In all three loadings cases, the same (short) braces yield.  

• Another systematic comparison can be made between the overall behavior of systems 

subjected to Loading Cases 4, 5, and 6.  Finding for these three cases are similar to those 

for the loading combinations, except that a 30% companion loading has been used instead 

of the 10% used in Loading Cases 1, 2, and 3.  Note that while the yielding braces are the 

long braces in Loading Case 4 (100% and 30%) and Loading Case 5 (30% and 100%), it 

is the short braces that yield under Loading Case 6 (100% and –30%). Furthermore, 

although the (ΔyT/ΔyL) ratios are positive both in Loading Cases 4 and 5, this ratio takes a 

negative value in Loading Case 6 since the system moves in the negative transverse 

direction.  

• As a general observation made from Figures 6-3 through 6-9 and Table 6-3, the base 

shear strength is highly dependent on the loading combination assumed; the ratio of 

minimum base shear (Loading Case 5) to maximum one (Loading Case 4) is 0.61. This 

could be important in an end diaphragm system designed with a strength based approach. 

While the unbonded braces of the designed system may reach their prescribed yield 

values (both strength and displacements) under a loading case (e.g. 100% + 30% as 

shown in Loading Case 5), they may be elastic and dissipate no energy in another loading 

combination (e.g. 30% + 100% as shown in Loading Case 4).  Comparing the obtained 

other values (presented in Table 6-3) for Loading Cases 1, 2, 4, and 7 that correspond to 

the loading ratios of 0.00, 0.10, 0.30, and 0.50 respectively, reveals that the inelastic 

behavior is very sensitive to these loading ratios.  
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FIGURE 6-3 End Diaphragm Scheme-2 with Skew Under Transverse Loading 
(Unidirectional Loading): (a) System Geometry and 100% Loading in Transverse 
Direction; (b) Yielding Unbonded Braces; (c) Transverse Base Shear Versus Displacement 
Diagram; (d) Bidirectional Travel of Node A from Unloaded Position up to Specified Limit 
State 
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FIGURE 6-4 End Diaphragm Scheme-2 with Skew Under Bidirectional Loading  
(a) 100% Loading in Transverse and 10% in Longitudinal Directions (b) Yielding 
Unbonded Braces; (c) Transverse Base Shear Versus Displacement Diagram;  
(d) Bidirectional Travel of Node A from Unloaded Position up to Specified Limit State 
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FIGURE 6-5 End Diaphragm Scheme-2 with Skew Under Bidirectional Loading 
(a) 100% Loading in Transverse and -10% in Longitudinal Directions (b) Yielding 
Unbonded Braces; (c) Transverse Base Shear Versus Displacement Diagram;  
(d) Bidirectional Travel of Node A from Unloaded Position up to Specified Limit State 
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FIGURE 6-6 End Diaphragm Scheme-2 with Skew Under Bidirectional Loading 
(a) 100% Loading in Transverse and 30% in Longitudinal Directions (b) Yielding 
Unbonded Braces; (c) Transverse Base Shear Versus Displacement Diagram;  
(d) Bidirectional Travel of Node A from Unloaded Position up to Specified Limit State 
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FIGURE 6-7 End Diaphragm Scheme-2 with Skew Under Bidirectional Loading 
(a) 30% Loading in Transverse and 100% in Longitudinal Directions (b) Yielding 
Unbonded Braces; (c) Longitudinal Base Shear Versus Displacement Diagram;  
(d) Bidirectional Travel of Node A from Unloaded Position up to Specified Limit State 
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FIGURE 6-8 End Diaphragm Scheme-2 with Skew Under Bidirectional Loading 
(a) -30% Loading in Transverse and 100% in Longitudinal Directions (b) Yielding 
Unbonded Braces; (c) Longitudinal Base Shear Versus Displacement Diagram;  
(d) Bidirectional Travel of Node A from Unloaded Position up to Specified Limit State 
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FIGURE 6-9 End Diaphragm Scheme-2 with Skew Under Bidirectional Loading 
(a) 100% Loading in Transverse and 50% in Longitudinal Directions (b) Yielding 
Unbonded Braces; (c) Longitudinal Base Shear Versus Displacement Diagram;  
(d) Bidirectional Travel of Node A from Unloaded Position up to Specified Limit State 
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6.2.3 Example-3  

The purpose of this example is to investigate inelastic displacement demands in both types of 

ductile end diaphragms considered as they relate to a selected design spectrum. For this purpose, 

the systems previously considered (with equal brace area and equal base shear) are used as the 

starting point for design. Pushover analysis is conducted on the systems to determine their 

strength-deformation characteristics. The spectral displacement demand corresponding to those 

systems is compared to the target ductility demand of 4, and strength of the ductile diaphragm is 

changed iteratively until the target ductility is reached (i.e. Δmax=4Δy=Sd). This approach is 

effectively a displacement based design.  

 

Systems S3 and S4 (both with no skew, i.e. φ=0) in Example-1, which could also represent 

Retrofit Schemes 1 and 2 as discussed in Sections 4 and 5 respectively, are investigated. For 

simplicity, the analysis is carried out in the transverse (Y) direction only (i.e. unidirectional 

loading case). The design spectra proposed by Newmark and Hall (1982) were considered for 

this example since this procedure specifies simplified spectral amplification factors to estimate 

the spectral ordinates (Sa, Sv, and Sd) of a SDOF system having a fundamental period of T. For 

systems having damping ratios of 2 and 5%, spectral amplification factors for acceleration are 

4.3 and 2.6 respectively. Because maximum displacements of elastic systems and similar period 

yielding (or inelastic) systems are roughly equal, no response modification factor is used in 

determining the seismic drifts.  

 

To compare the relative seismic ‘effectiveness’ of systems S3 and S4 previously investigated in 

6.2.1 as Example-1, seismic displacement in the transverse direction is used as one of the key 

parameters for this purpose.  Assuming Systems S3 and S4 are in an area where the expected 

maximum ground acceleration is amax=0.10g, the spectral accelerations are obtained as 0.43 and 

0.26 for damping ratios of 2 and 5% respectively. Again, a total weight of W=1779.2 kN (400 K) 

and a mass of m=0.181 kNs2/mm are assumed for each system. Systems with the same unbonded 

brace cross sectional area of 1"x1" (SA) and the same base shear of 177.93kN (SBS) are used to 

start the iterative design process. Figure 6-10 shows the resulting base shear versus top 

displacement curves from the pushover analyses for this initial step of the design process (as well 

as for the final design). Note that the values shown in Figure 6-10 are from Table 6-1.   
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FIGURE 6-10 Base Shear versus Displacement Curves and Comparison with  
  Displacement Demand 
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Properties of these two systems are summarized in Table 6.4, namely the base shear strength, the 

yield displacement, initial stiffness, and fundamental period (T), as well as response properties 

such as spectral displacement (or maximum displacement demand, Sd) and other normalized 

response characteristics such as the ratios of Sd/Δy, Sd/(4Δy) and the dissipated energies for the 

systems. Sd/Δy and Sd/(4Δy) indicate the ratios of seismic drift demand to the yield drift and to 

the target drift respectively assuming a brace member ductility of μ=4.  

 

For the initial step of design, the systems having the same cross sectional unbonded brace area 

(S3 (SA) and S4 (SA)) are able to reach the spectral displacement demands. S3 (SBS) and S4 

(SBS), on the other hand, which are the systems having the same base shear capacity of 177.93 

kN cannot reach this drift demand. Table 6-4 reveals that the initial stiffness for S3 (SA) is 

83.7% greater than for S4 (SA) due to its geometric properties, resulting in a 26.2% shorter 

period. Similarly, the initial stiffness for S3 (SBS) is 50.3% greater than for S4 (SBS), resulting 

in an 18.3% shorter period. The seismic drift demand exceeds the target drift in both S3 (SBS) 

and S4 (SBS).  At this point, it was decided to perform the iteration process from the equal base 

shear perspective since in final outcome both systems are not expected to have the same 

unbonded brace area.  

 

S3*and S4*, given in the last row of Figure 6-10 and in Table 6-4, are the final design outcome.  

Note that, in that table, S3** and S4** are the same end diaphragm systems, but their 

effectiveness ratios are calculated using only the yielding braces volumes.  Likewise, S3*** and 

S4*** are again the same end diaphragm systems, but their dissipated energies are calculated at 

the same displacement demand, namely that corresponding to the Sd of S3 (i.e. Sd=12.60mm). 

Again, effectiveness ratios of these systems are calculated by only using the yielding braces 

volumes. 
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As shown in Table 6-4, for the same base shear strength, dissipated energies and the 

corresponding effectiveness ratios take different values depending on the performance 

criteria. For example, for S3* and S4* where Δmax is equal to Sd, the effectiveness ratio for 

S3* is half of S4* since half of the braces do not yield in this loading condition. However, 

when the volumes of the yielding braces are taken in the calculations, the effectiveness of 

both systems is equal. Further, when dissipated energies are calculated at the same 

displacement demand of S3 (Sd=12.60mm), the effectiveness ratios of S3*** and S4*** are 

1.00 and 0.56 respectively. For the same base shear strength, calculating dissipated energies 

at the same displacement level and considering the yielding braces only as braces volumes 

reveal that Retrofit Scheme 1 (S3) is superior over Retrofit Scheme 2 (S4) and may exhibit 

better seismic response.  

 

Note that the above example was done for an arbitrary level of peak ground acceleration, 

namely amax=0.10g. However, the approach is linearly scalable. Figures 6-11 and 6-12 show 

the variation of seismic drift demand/yield drift and seismic drift demand/target drift ratios to 

design peak ground acceleration up to amax=0.40g for damping ratios of 2 and 5%. A linear 

relationship is observed on these figures both for designs of the same unbonded brace cross 

sectional area and the same base shear strength.  

 

As expected, structural damping has an impact on the drift demand of end diaphragms. This 

could be of importance in the selection of end connection types of unbonded braces in bridge 

end diaphragms (bolted or welded). However, for a given value of structural damping, all 

systems designed for the same base shear exhibit the same drift demand/yield drift (Sd/Δy) 

and drift demand/target drift (Sd/4Δy) ratios. Normally, these ratios for the selected systems 

increase as the peak ground acceleration increases. 
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FIGURE 6-11 Variation of Drift Properties with Peak Ground Acceleration (PGA) for 

Same Unbonded Brace Cross Sectional Area (SA) 
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FIGURE 6-12 Variation of Drift Properties with Peak Ground Acceleration (PGA) for 
Same Base Shear Capacity (SBS) 
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6.2.4 Example-4  

As shown in Section 5.3, the longitudinally restrained deck is used here to illustrate the 

inelastic behavior of the end diaphragm system and the resulting dissipated energy. For this 

purpose, the system illustrated in Figure 6.3 (Retrofit Scheme 2 with skew and subjected to 

unidirectional loading) is considered (although with a different boundary conditions). All 

geometric and material properties are kept unchanged. Following the procedure described in 

Section 5.3, the resulting tri-linear hysteretic curve is shown in Figure 6-13. To construct this 

curve, axial yield strengths of the unbonded braces and corresponding yield displacements 

were determined.   

 
FIGURE 6-13 Tri-Linear Hysteretic Behavior of Skewed End Diaphragm System with  
                         Longitudinally  Restrained Deck (Transverse Loading) 
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Since cross sectional areas of the unbonded braces are the same, the volume of material used 

is the same. Comparing the base shear capacities and dissipated energies at the same 

displacement level can be useful for seismic performance evaluation. Note that local 

ductilities of the unbonded braces are also kept unchanged (μ=4). 

 

The following can be observed: As discussed in Section 5-3, while only the short braces yield 

in the floating deck systems given in Figure 6-3 (the long braces remain elastic), both short 

(LS=2156.6mm) and long (LL=2900.6mm) braces progressively yield in case of 

longitudinally restrained bridge superstructures. This results in 30.8% greater base shear 

capacity. At the same displacement level of 14.08mm which correspond to target member 

ductility for the floating deck system, the dissipated energy for the longitudinally restrained 

deck (EH=20884.62kNmm) is 4.7% greater than for the floating deck system 

(EH=19917.22kNmm). The relative increase in the dissipated energy could be seen as less 

than expected. Note that, as expected, there is no change in the initial stiffness.  

 

Also, as discussed in Section 5-3, energy dissipation efficiency with respect to the ideal 

hysteretic curve (full loop) can be a useful indicator. For the present example, this ratio is 

approximately obtained from Eq.(5-68) as follows : 
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where EH,1/4 and EH3 are the hysteretic energies per ¼ cycles defined previously. From the 

hysteresis curve given in Figure 6-13, this ratio is 0.967.     
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SECTION 7 
SUMMARY AND CONCLUSIONS 

 

7.1 Summary  
Two ductile end diaphragms configurations incorporating unbonded braces have been developed 

and analytically investigated for the seismic retrofit of bridge superstructures (labeled Retrofit 

Scheme-1 and Retrofit Scheme-2). Both bidirectional earthquake effects and generic bridge 

geometrical properties (including skewness) were considered in the analysis. Unbonded braces 

were used for their advantages over other ductile retrofit solutions for bridges ductile diaphragms 

(such as shear panel systems (SPS), steel triangular plate added damping and stiffness devices 

(TADAS), or eccentrically braced end diaphragms (EBF)). Unbonded braces provide stable and 

full hysteretic behavior (both in compression and tension).  

 

Closed form solutions to the proposed retrofit schemes have been developed for practical design 

purposes. Simple idealized models were used for analytical investigation based on the 

knowledge that seismic demand in bridge superstructure concentrates at the end diaphragms. 

Boundary conditions of floating deck and longitudinally restrained deck were considered. 

Unbonded braces were assumed to have idealized elastic-plastic bilinear force-displacement 

relationships.  A design objective of maximum hysteretic energy dissipation at a prescribed 

ductility level was used to compare the efficiency of various bracing configurations.  

 

Both general and special cases were considered. Many diagrams for both retrofit schemes were 

obtained to evaluate the effect of several parameters (both material and geometrical) on the 

inelastic behavior of ductile end diaphragm systems. Special cases include non-skewed (straight) 

bridges (φ=0º), skewed bridges (φ≠0º) with certain geometric ratios, and bridges with variable 

skew angles. Four numerical examples covering many special cases were presented.   

 

7.2 Conclusions  
The major conclusions reached from this analytical study are as follows: 
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1. Unbonded braces can be used to provide an effective ductile end diaphragm concept as 

ductile fuses in existing bridges. Some shortcomings of the known ductile end diaphragm 

concepts have been resolved using the selected bidirectional bracing configurations 

(Retrofit Scheme-1 and Retrofit Scheme-2). As such, since both transverse and 

longitudinal effects can be resisted by these members, and because of their ease of 

construction, the proposed retrofit schemes are promising and seem viable compared to 

the alternatives commonly used in bridge seismic retrofit (or design) applications.   

2. Both non-skewed and skewed bridge superstructures can be retrofitted to dissipate 

seismic energy using the retrofit schemes proposed here.  

3. The hysteretic behavior of bridge end diaphragms depends on bidirectional earthquake 

effects, the boundary conditions of girders, and the skew angle. As such, the governing 

response direction may be altered in case of severe skew angles. Special cases presented 

in this report help understand the impact of structural parameters on the inelastic behavior 

of bridge end-diaphragms with unbonded brace end diaphragms.  

4. For non-skewed bridges (φ=0º), in Retrofit Scheme-1 and when transverse braces yield,  

the base shear strength is observed to decrease as the d/s ratio increases. Transverse drift 

(ΔyT/d) reaches a minimum value at d/s = 1. The nondimensional transverse stiffness (KT) 

is maximum at d/s=0.707. The reduction in drift is relatively less after d/s=0.5. This 

suggests that an appropriate value for d/s could be between 0.5 and 1.0. In the 

longitudinal direction, for a constant d/s, the longitudinal drift (ΔyL/d) becomes minimum 

at d/a=0.707. Since the variation in drift after d/a=0.5 is relatively insignificant, optimal 

d/a ratios can also be selected between 0.5 and 1.0. Dissipated hysteretic energy increases 

as d/a increases for constant values of d/s, but decreases as d/s increases for constant 

values of d/a. However, the decrease in energy dissipation is relatively less for larger 

values of d/s. Hysteretic energy increases (logically) as member (unbonded brace) 

ductility increases. The effect of bidirectional loading ratio (30% or 40%) is obvious and 

suggests that greater seismic drifts are obtained under greater P1/P2 ratios but smaller 

drifts are obtained under smaller P2/P1 ratios in the longitudinal direction.    

5. For non-skewed bridges (φ=0º), in Retrofit Scheme-1 and when longitudinal braces yield, 

the nondimensional base shear strength decreases as d/a ratio and P1/P2 and increase. The 
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transverse drift decreases as d/a increases. In the longitudinal direction, a decrease in the 

base shear is observed with increasing d/a ratio. Longitudinal drift decreases as d/a 

increases and drift increases as the unbonded brace ductility increases. The rate of 

decrease in the longitudinal drift is slower for values of d/a=0.5 or larger, suggesting 

suitable values between 0.5 and 1.0. Dissipated energy decreases as d/a increases. More 

hysteretic energy is dissipated for larger member ductilities. Smaller d/s ratios result in 

lesser energy dissipation.  

6. For skewed (φ≠0º) bridges in Retrofit Scheme-1, the ratio of brace forces increases as the 

skew angle increases.  For small skew angles (φ≤25º), changes in d/a ratio have no 

significant effect on the force ratio in unbonded braces.   

7. For non-skewed bridges (φ=0º), in Retrofit Scheme-2 and when short-labeled braces 

yield, the base shear strength decreases as d/a increases for constant values of s/a and 

decreases as s/a decreases for constant values of d/a.  Transverse drift (ΔyT/d) decreases 

as d/a increases. For a constant value of d/a, the transverse drift decreases as s/a 

increases. Also, the change in drift is less for larger values of s/a ratios. Global transverse 

ductility (μGT) decreases as s/a increases. For constant values of s/a, the global ductility 

increases as the local (unbonded brace) ductility (μ) increases. Initial stiffness increases 

as d/a and s/a ratios increase. However, this increase is less after values of d/a=0.60. 

Similar behavioral tendency is observed in the longitudinal direction.  

8. For non-skewed bridges (φ=0º), in Retrofit Scheme-2 and when long-labeled braces 

yield, the tendency is the same as in the short-labeled brace yielding case, with the 

exception that global transverse ductility ratio (μGT) increases as s/a increases. Trends 

observed for longitudinal base shear strength,longitudinal drift, and global longitudinal 

ductility (μGL) are the same as observed for transverse values in the preceeding case.   

9. For skewed (φ≠0º) bridges in Retrofit Scheme-2, the ratio of brace forces increases as the 

skew angle increases.  As in Retrofit Scheme 1, for small skew angles (φ≤25º), changes 

in d/a ratio have no significant effect on the force ratio in unbonded braces.  For larger 

values of s/a, the effect of d/a ratio on the brace forces is negligible for practical skew 

angles. Note that the bidirectional loading ratio has an effect on the overall behavior.  
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From the numerical examples in Section 6, the followings can be drawn: 

1. For non-skewed systems and under unidirectional loading, for a given required 

design base shear, Retrofit Scheme-1 achieves the same displacement demand 

than Retrofit Scheme-2 with a lesser volume of material. The orthogonal brace 

configuration therefore seems to be more effective. On the other hand, Retrofit 

Scheme-2 has the advantage over Retrofit Scheme-1 to result in a more flexible 

ductile diaphragm. Smaller braces that result from Retrofit Scheme-1 will develop 

smaller yield forces than those in Retrofit Scheme-2, resulting in simpler 

connections to superstructure and substructure. 

2. Under transverse loading, for severely skewed systems (with φ=45º for example), 

compared to Retrofit Scheme-2, higher effectiveness ratios are obtained for 

Retrofit Scheme-1. The efficiency is reversed under the longitudinal and 

bidirectional loadings. A further comparison between skewed and non-skewed 

systems reveals that non-skewed systems have greater base shear strength and 

initial stiffness but lower yield and maximum displacement demands.  

3. In skewed systems in Retrofit Scheme-2, the system starts moving in different 

directions due to bidirectional loading and system geometry. The inelastic 

behavior varies as a function of the loading ratio and is sensitive to loading ratios 

(both percent values and principle acting directions). The base shear strength 

depends on the loading combination assumed. This could be important in an end 

diaphragm system designed with a strength based approach. The governing 

response direction may also change upon yielding. The global ductility demands 

in skewed bridges end diaphragms may exceed the local ductility demands placed 

on the unbonded braces. 

4. In longitudinally restrained deck systems, greater base shear capacity and 

hysteretic energy dissipation can be obtained due to the yielding of all (both short 

and long) braces.  
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7.3 Recommendations for Future Research 
Two possible types of unbonded bracing configurations in bridges end diaphragms have been 

developed and analytically investigated. These seismic mitigation measures showed promise for 

use in new bridges superstructures or as a retrofitting technique in old bridges. As an extension 

of this work, an experimental study on shake table can be useful to observe the inelastic behavior 

of ductile end diaphragms with unbonded braces in steel skewed bridges. Comparing results and 

behavioral observations from the present analytical and future experimental studies would be 

worthwhile.   

 

Some of the assumptions made in this report could be eliminated in future analytical work.  For 

example, diaphragms having unbonded braces of unequal area (if determined to be necessary or 

practical in some cases), and bridges having unequal skew angles at both abutments, could be 

investigated. Although all lateral deformations are taken by the end diaphragm system in regular 

bridges, there is still need for thorough analytical work to determine the bounds of this 

assumption in skewed bridges.  Also, it is worth considering if the ductile end diaphragms 

concept could be used in curved bridge superstructures. 

 

Detailing issues could also be of interest in these retrofit schemes. Especially, a suitable 

connection location on the deck should be investigated for the new unbonded braces. As shown 

in Figure 7-1, these braces can be supported by either the existing cross bracing (that may need 

some modifications) or a newly placed transverse beam or frame specially designed for 

elastically transmitting the unbonded braces forces.    
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FIGURE 7-1 Connection of Unbonded Braces to Bridge Deck 

 

It would also be of interest to determine the best layout of cross and end diaphragm bracings to 

use in skewed bridges.  Some possible orientations are as illustrated in Figure 7-2. This may 

require the use of refined finite element models and pushover analysis. 
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                     FIGURE 7-2 End and Cross Bracing Orientations in Skewed Bridge Decks    
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