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Preface

The Multidisciplinary Center for Earthquake Engineering Research (MCEER) is a national 
center of excellence in advanced technology applications that is dedicated to the reduction of 
earthquake losses nationwide. Headquartered at the University at Buffalo, State University 
of New York, the Center was originally established by the National Science Foundation in 
1986, as the National Center for Earthquake Engineering Research (NCEER).

Comprising a consortium of researchers from numerous disciplines and institutions 
throughout the United States, the Center’s mission is to reduce earthquake losses through 
research and the application of advanced technologies that improve engineering, pre-
earthquake planning and post-earthquake recovery strategies. Toward this end, the Cen-
ter coordinates a nationwide program of multidisciplinary team research, education and 
outreach activities. 

MCEER’s research is conducted under the sponsorship of two major federal agencies: the 
National Science Foundation (NSF) and the Federal Highway Administration (FHWA), 
and the State of New York. Signifi cant support is derived from the Federal Emergency 
Management Agency (FEMA), other state governments, academic institutions, foreign 
governments and private industry.

MCEER’s NSF-sponsored research objectives are twofold: to increase resilience by devel-
oping seismic evaluation and rehabilitation strategies for the post-disaster facilities and 
systems (hospitals, electrical and water lifelines, and bridges and highways) that society 
expects to be operational following an earthquake; and to further enhance resilience by 
developing improved emergency management capabilities to ensure an effective response 
and recovery following the earthquake (see the fi gure below).
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A cross-program activity focuses on the establishment of an effective experimental and 
analytical network to facilitate the exchange of  information between researchers located 
in various institutions across the country. These are complemented by, and integrated 
with, other MCEER activities in education, outreach, technology transfer, and industry 
partnerships.

This report describes the principles of operation and the development of cyclic force-displacement 
relationships for three variations of multi-spherical sliding bearings: the double FP bearing, the 
triple FP bearing, and the modifi ed single FP bearing. The force-displacement relationships of de-
vices with increasingly complex behavior were determined by extending the fundamental principles 
of operation that apply to sliding on a single concave surface. It was shown that each device is 
capable of exhibiting displacement-dependent adaptive behavior, i.e., desirable changes in stiffness 
and damping over the course of motion. These changes are determined by the relative values of each 
surface’s coeffi cient of friction, effective radius of curvature, and displacement capacity. Since all are 
predefi ned design parameters (aside from the inherent uncertainty and variability in the coeffi cient 
of friction), their behavior is completely controllable by the engineer. In addition, it was shown 
that in cases where multiple surfaces are of equal friction, the complexity of behavior exhibited by 
these devices is reduced. This is important because bearings of smaller plan dimension can still use 
familiar and proven methods of analysis and design, resulting in signifi cant cost savings. A future 
report will detail the development, experimental verifi cation and application of tools for dynamic 
analysis of structures isolated with these bearings.
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ABSTRACT 
 
 

The principles of operation and mechanical behavior of three novel spherical sliding 
isolation bearings are developed in this report. Their internal construction consists of 
multiple concave surfaces and behavior is dictated by the different combinations of 
surfaces upon which sliding can occur over the course of motion. As the surfaces upon 
which sliding is occurring change, the stiffness and effective friction change accordingly. 
These bearings are completely passive devices, yet exhibit adaptive stiffness and adaptive 
damping. That is, the stiffness and damping change to predictable values at calculable 
and controllable displacement amplitudes. The primary benefit of adaptive behavior is 
that a given isolation system can be separately optimized for multiple performance 
objectives and/or multiple levels of ground shaking. With the devices presented here, this 
is accomplished using technology that is inherently no more complex than what is 
currently used by the civil engineering profession.  
 
In this report, the force-displacement relationships are derived based on first principles 
and by extending basic theories that apply to sliding upon a single concave surface. The 
theoretical behavior is validated experimentally through extensive component testing of 
the various devices. It is shown that the forces and displacements at which transitions in 
stiffness occur are predictable and therefore controllable in design.  
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SECTION 1 
INTRODUCTION 

 
 
An adaptive seismic isolation system exhibits changes in stiffness and damping 
properties during its course of motion. The primary benefit of this type of behavior is that 
a given isolation system can be separately optimized for multiple performance objectives 
and multiple hazard levels. Several novel variations of multi-spherical sliding bearings 
are described in this report and are shown to exhibit adaptive behavior. The internal 
construction of these devices is characterized by multiple concave surfaces upon which 
sliding can occur.  
 
Owing to this construction, the combinations of surfaces upon which sliding takes place 
change with increasing displacement, resulting in desirable transitions in stiffness and 
damping. Even in simpler configurations having few transitions in behavior, there are 
various benefits brought about from sliding on multiple surfaces. In order for these 
devices to be useful to engineers however, the forces and displacements at which the 
changes in stiffness and damping occur must be predictable and based on predefined 
design parameters. Accordingly, the focus of this report is on the development of 
analytical models based on fundamental principles of mechanics to describe this 
behavior. The theory described herein is the foundation upon which more sophisticated 
models used for dynamic analysis are based. 
 
Adaptive behavior can be used by designers to achieve characteristics in performance that 
are not possible with traditional isolation systems. Current practice is to design the 
structural system to resist the base shear transmitted in the design basis earthquake (DBE) 
and to design the isolation system to have sufficient displacement capacity to meet the 
demands of the maximum considered earthquake (MCE). This is a “Catch-22” situation 
for designers; the desire to reduce displacement demand in the MCE with increased 
stiffness and damping results in less than optimum performance in the DBE and vice 
versa. This situation is exacerbated due to the substantial differences in the DBE and 
MCE demands prescribed by code. For example, the DBE spectrum prescribed by the 
ASCE/SEI 7-05 Standard is ⅔ of the MCE spectrum (2006). 
 
Furthermore, performance of the isolation system in more frequent events of smaller 
magnitude is typically not considered in the design process. Though low level shaking is 
not a design issue in terms of strength or displacement capacity, it can be a performance 
issue. Isolation systems designed with sufficient damping and flexibility for larger 
earthquakes may not even activate in minor events, which can adversely affect secondary 
system response. If the isolation system does activate, re-centering can be an issue. 
Clearly, the desire to balance performance and economy presents significant challenges 
to engineers designing traditional seismic isolation systems. 
 
Multi-spherical sliding bearings help to overcome these challenges, since adaptive 
behavior permits the isolation system to be separately optimized for low intensity, design 
level and maximum earthquake shaking. The work in Kelly (1999) and Hall (1999) 
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indicates that that to control displacements in large earthquakes while still maintaining 
good performance in low-to-moderate earthquakes requires designing an isolation system 
that is (a) very stiff with low damping at low level shaking, (b) softens with increasing 
damping in the DBE and (c) stiffens and/or increases damping in the MCE and beyond. 
When properly configured, multi-spherical sliding bearings exhibit this desirable 
behavior. 
 
The devices that will be presented are distinct from other isolation systems that have 
displacement-dependent behavior. First and foremost, they are totally passive devices that 
exhibit adaptive behavior naturally as a result of their internal construction. To date, 
adaptive (or smart) seismic isolation systems have predominantly consisted of 
conventional isolation bearings used in conjunction with active or semi-active devices 
having variable stiffness or damping properties. Several examples of such systems have 
been reported in the literature: flat sliding systems with variable friction force (i.e., 
variable normal pressure) (Feng et al., 1993), flat sliders with a control actuator (Riley et 
al., 1998), flat sliders in conjunction with a variable stiffness restoring force spring 
(Nagarajaiah and Sahasrabudhe, 2006), spherical sliding bearings with a 
magnetorheological damper (Lin et al., 2004), elastomeric bearings with variable-orifice 
fluid dampers (Wongprasert and Symans, 2005) and so on.  
 
In general these studies conclude that properly designed active and semi-active hybrid 
systems can offer improved performance over passive systems in a wider range of 
earthquakes. However, obstacles related to implementation and serious questions 
regarding longevity and reliability still persist. In contrast, the multi-spherical sliding 
bearings presented here are derivatives of the conventional Friction Pendulum (FP) 
bearing, a mature and established seismic protective technology. These bearings exhibit 
the desirable behavior of more sophisticated systems, however with technology that is 
inherently no more complex than what is currently used by the civil engineering 
profession. Lifetime behavior of both conventional FP bearings and other sliding bridge 
bearings can be used as evidence supporting the reliability of construction and the 
longevity of materials used (Constantinou et al., 2007a). 
 
Other passive seismic isolation systems have been proposed which offer some type of 
mechanically derived displacement-dependent stiffness or damping. These bearings 
roughly fall into two categories: (a) devices with a displacement activated fail-safe 
mechanism and (b) multi-stage devices. The caveat “mechanically derived” is included to 
distinguish from elastomeric bearings, which have displacement-dependent stiffness 
resulting naturally from the strain-dependency of rubber’s material properties. Systems 
with adaptive behavior owing exclusively to strain-dependent material properties are 
excluded from this discussion. 
 
The devices that belong to the first category are typified by substantial stiffening at large 
displacements due to engagement of some sort of restraining mechanism. Figure 1-1 
shows a displacement-control and uplift-restraint device that can be installed within 
elastomeric bearings (Kelly et al., 1987). The device consists of two high-strength bolts 
contained in a sleeve that permits a certain amount of free movement of the bolts. The 
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restrainer becomes taut when the horizontal displacement of the bearing attains a 
predefined value. Representative hysteresis loops from experimental testing reproduced 
from Kelly et al. (1987) are shown in figure 1-2. To the best knowledge of the authors 
these devices have not been employed in actual construction.  
 

 
FIGURE 1-1  Displacement Control and Uplift Restraint Device Shown (a) Fully 
Extended and (b) in its Undeformed Configuration Within an Elastomeric Bearing 
(after Kelly et al., 1987) 
 

(a) (b) 
FIGURE 1-2  Horizontal Force-Displacement Relationship for an Elastomeric 
Bearing with the Displacement Control and Uplift Restraint Device (a) Prior to 
Engaging and (b) After Engaging (reproduced from Kelly et al., 1987) 



 4

Also in the first category are layered annular elastomeric springs that were developed in 
Japan (Sumitomo Construction, 1990). These devices, shown in figure 1-3, have been 
used as a backup system to lead-rubber isolators in at least two buildings. Figure 1-4 
shows how they are implemented by Sumitomo Construction in practice. The springs are 
essentially horizontal stoppers with multi-phase stiffening that act in parallel with the 
isolation system. They physically engage only when the isolator deforms beyond a 
certain displacement limit, causing a plunger that is attached to the structure to come into 
contact with the various steel plates. Sample force-displacement data from the 
manufacturer demonstrating the multi-stage stiffening is provided in figure 1-5. 
 

 
FIGURE 1-3  Multi-phase Layered Annular Elastomeric Springs Used as Backup 
Devices in Japan (after Sumitomo, 1990) 
 
In fact, even the original single concave FP bearing can be considered to be in the first 
category. Single concave FP bearings manufactured by Earthquake Protection Systems 
Inc. have a displacement restrainer ring on the outer edge of the spherical sliding surface 
(see figure 1-6). When the slider contacts this ring at large displacement there is 
substantial stiffening as the resistance mechanism changes to bearing upon the 
displacement restrainer. The strength however is limited by the capacity of the welds 
connecting the restrainer ring to the backing plate. This behavior was observed in the 
original earthquake simulator testing of the FP bearing at UC Berkeley shown in figure 1-
7(a) (Zayas et al., 1987) and in later tests at the University of Buffalo as shown in figure 
1-7(b) (Constantinou et al., 1993).  
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FIGURE 1-4  Examples of Use of Elastomeric Springs (Denoted “Stoppers” in the 
Figure) as Backup Devices to Lead-Rubber Bearings in the Asano and Excel 
Minami-Koshigaya Buildings in Japan (reproduced from Sumitomo, 1990) 
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FIGURE 1-5  Horizontal Force-Displacement Data for the Devices Used in the 
Asano and Excel Minami-Koshigaya Buildings in Japan (Reproduced from 
Sumitomo, 1990) 
 

  

 
 

FIGURE 1-6  Displacement Restrainer Ring of a FP Bearing 
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(a) 

 

 
(b) 

 
FIGURE 1-7  Engagement of Displacement Restrainer Ring During Shake Table 
Testing of FP Bearing at (a) UC Berkeley (Reproduced from Zayas et al., 1987) and 
(b) the University of Buffalo (Reproduced from Constantinou et al., 1993) 
 
The considerable emphasis on fail-safe devices and backup systems nearly 20 years ago 
was likely due to initial conservatism associated with the implementation of new 
technology. The idea is not misguided or obsolete, but rather a prudent approach in 
limiting excessive isolator displacements. This practice continues today with the use of 
limited moat space in the isolation system - typically the maximum total displacement per 
the ASCE/SEI 7-05 Standard or larger. The idea is to prevent failure of the isolation 
system by not allowing motion beyond the designated maximum displacement capacity 
of the bearings. In this way, inelastic action occurs in the ductile superstructure (and if 
not ductile, then strength must be sufficient) and not in the isolation system.  
 



 8

In events of extreme magnitude, when the isolation system impacts the barrier there are 
substantial forces imparted to the superstructure over a very brief interval of time. 
Analytically, the problem is exceedingly complex since it is one of dynamic impact 
involving an assembly of deformable structural elements. There is certainly dynamic 
amplification of the impact forces, however there may also be mitigating effects due to 
detuning or high frequency vibration of the structure upon impact. This remains a largely 
unexplored area in seismic isolation research.  
 
Such uncertainty highlights the need to explicitly incorporate sufficient overstrength 
and/or ductile detailing in the design of the superstructure. To some extent, the structure 
must be capable of safely sustaining loads past the design level without collapse. Current 
standards such as ASCE/SEI 7-05 require the superstructure of a seismically isolated 
structure to be designed for the base shear in the DBE reduced by a response 
modification factor, IR , of no less than 1.0 and no more than 2.0 (the factor IR  is three-
eights of the appropriate R  factor corresponding to the lateral force resisting system of 
the superstructure). This provision results in elastic or nearly elastic performance of the 
superstructure in the design event. Isolation systems that stiffen beyond the DBE or that 
have fail-safe restraints can subject the superstructure to considerably larger forces than 
the design level. Without adequate overstrength or ductility, substantial damage or even 
collapse can occur for events beyond the design level. The extreme example of this 
scenario would be a brittle masonry building designed with 1IR =  and yield strength 
equal to the design strength of the isolation system. Therefore, nonlinear static analysis of 
the superstructure is advisable in order to verify its performance and safety for the 
maximum expected isolation system shear. 
 
Displacement-dependent isolation systems classified in the second category can be 
thought of as more sophisticated than those in the first since they use multi-stage 
behavior to control response rather than simply as a means of preventing failure. The first 
system of this type was a composite isolator proposed by A.G. Tarics (1995) and reported 
in Imbimbo and Kelly (1997). As shown in figure 1-8, the composite isolator consists of 
two elastomeric bearings stacked on top of each other with one much stiffer than the 
other. In this arrangement, the softer bearing (isolator A of figure 1-8) will sustain most 
of the displacement up to a certain force level at which point it engages the stiffer bearing 
(isolator B of figure 1-8). Beyond this point, the softer bearing is set at this fixed 
displacement ( d  from figure 1-8) and the stiffer one deforms to sustain the rest of the 
displacement. In this configuration, the isolation system readily activates and provides 
adequate flexibility for lower levels of input yet has sufficient stiffness to limit 
displacements in the maximum event. This is an example of adaptive bearings being able 
to satisfy different performance objectives for different levels of hazard. 
 
A sliding bearing that has a single sliding surface with variable curvature has also been 
proposed (Pranesh and Sinha, 2000). This is essentially a variable stiffness device. 
Though it is conceptually appealing and has been shown to be effective in numerical 
studies, there are issues regarding practical implementation of this device (no 
experimental results have been reported in the literature). A complex and dynamic 
pressure distribution exists at the sliding interface between the articulated slider and the 
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surface of variable curvature. When sliding occurs, this results in uneven friction and 
excessive wear, which severely comprises the reliability of behavior. To the knowledge 
of the authors, neither this device nor the compound isolator proposed by Tarics have 
been implemented in practice or tested in the laboratory. 
 

 
 

FIGURE 1-8  Cross Section of Composite Isolator from the Patent of A.G. Tarics 
 
The multi-spherical sliding bearings presented here are classified in this second category. 
All have multiple sliding surfaces which can be of different friction and radii of curvature 
(i.e., stiffness). The initiation of sliding on each surface is controlled by the relative 
values of the friction coefficients rather than by mechanical means. Motion can also be 
intentionally stopped at predefined displacements on the various surfaces by 
displacement restrainer rings similar to what is used in the conventional FP bearing. The 
overall stiffness and friction exhibited by the bearing depend upon the individual 
characteristics of the surfaces upon which sliding is occurring. Therefore, describing the 
behavior requires determining on which surfaces sliding is occurring at any given time 
based on the radii of curvature, friction coefficients and displacement capacities of each. 
A methodology based on first principles is established in this report for doing so. 
 
This report describes the principles of operation and the development of cyclic force-
displacement relationships for three variations of multi-spherical sliding bearing: (a) the 
double FP bearing, (b) the triple FP bearing and (c) the modified single FP bearing. 
Section two presents a description of these three devices and discusses the basic 
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principles of operation that are universally applicable. Sections three and four show the 
development of the force-displacement relationships for each variation of bearing. 
Section five describes the testing program undertaken to experimentally validate the 
proposed force-displacement behavior. Multiple configurations of each bearing were 
tested in order to more completely verify the analytical models. The results demonstrate 
that there are indeed changes in stiffness and damping over the course of motion and that 
these changes can be predicted using the analytical models that were developed. 
 
A future report will detail the development, experimental verification and application of 
tools for dynamic analysis of structures isolated with these bearings. The behavior of 
these devices is much more complex than other isolators that are currently used. 
Therefore, thorough understanding of fundamental mechanical behavior is an essential 
first step before developing more sophisticated models used for dynamic analysis. 
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SECTION 2 
DESCRIPTION AND PRINCIPLES OF OPERATION 

 
 
2.1 Introduction 
 
This section provides a description of the basic construction of several variations of 
multi-spherical sliding bearings. Principles of operation that apply to all variations of 
these bearings are also discussed. These are the basic physical principles and assumptions 
upon which the analytical models are founded. In many cases, they are simply a logical 
extension of single FP bearing behavior. Although the force-displacement behavior of 
these devices can be complex, it ultimately follows from application of these few 
fundamental concepts. 
 
Essentially, the construction of these devices consists of various arrangements of concave 
plates and internal sliders. The concept is not new, in fact, the first documented isolation 
system for buildings was a double concave rolling ball bearing that was patented in the 
US in 1870 (Touaillon, 1870). This system was invented by Jules Touaillon and is shown 
in figure 2-1. What has changed in the nearly 140 years since the patent was issued is not 
an improvement on the basic concept of seismic isolation (which arguably was known of 
long before 1870), but the capability to execute it using technology that exhibits 
predictable and reliable behavior over the lifetime of the structure.  
 
 
2.2 Construction of the Double FP Bearing 
 
The double FP bearing consists of two facing concave stainless-steel surfaces separated 
by an articulated slider as shown in figures 2-2 and 2-3. The lower and upper concave 
plates have radii of curvature 1R  and 2R , respectively, which may be unequal. The 
coefficients of friction for sliding upon these surfaces are 1μ  and 2μ , respectively, which 
may also be unequal. The nominal displacement capacities of the slider upon the lower 
and upper surfaces are 1d  and 2d , respectively, resulting in a total nominal displacement 
capacity for the entire bearing (top plate relative to bottom plate) of 1 2d d+ . Due to the 
effects of slider height and slider rotation, the actual displacement capacities are slightly 
different that the nominal values. The formulation developed in this report also permits 
that 1 2d d≠  as shown in figure 2-3(b), allowing for a more general description of 
behavior.  
 
The articulation of the slider is necessary for proper distribution of pressure at the sliding 
interface and to accommodate different movement along the top and bottom sliding 
surfaces. Previous implementation of a similar type of double concave bearing reported 
by Hyakuda et al. (2001) concerned devices with internal sliders that lack articulation. 
Without articulation however, the slider is subject to uneven wear and may have large 
variation in its frictional properties over time.  
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FIGURE 2-1  1870 Patent of Jules Touaillon  
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FIGURE 2-2  Cutaway View of the Double FP Bearing 
 

 
 
FIGURE 2-3  Cross Section of the Double FP Bearing with Surfaces of (a) Equal 
Displacement Capacity and (b) Different Displacement Capacity 
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The crosshair in figure 2-3 denotes the location of the point about which the slider 
rotates, which is termed the pivot point. Due to the ball-in-socket construction, the slider 
of the double FP bearing is physically constrained to rotate about the center of the 
spherical joint (a similar ball-in-socket articulation defines the location of the pivot point 
of single FP bearings). The slider heights 1h  and 2h  shown in figure 2-3 are the radial 
distances between the pivot point and the lower and upper concave surfaces respectively. 
The slider height appears in the equations of equilibrium because the horizontal and 
vertical forces transmitted by the bearing act at the pivot point. Therefore, it is the 
effective radii of curvature 1 1 1effR R h= −  and 2 2 2effR R h= −  that appear in the equations 
of equilibrium. This definition of the effective radius is investigated in greater detail and 
proven more rigorously in section 2.5.2. 
 
The double FP bearing permits simultaneous sliding on both the upper and lower concave 
surfaces. Therefore, the total displacement capacity of the bearing is 1 2d d+ , whereas the 
displacement capacity of a traditional FP bearing of identical plan dimensions would be 
either 1d  or 2d . Accordingly, engineers have recognized that the primary advantage of 
employing double FP bearings is the cost savings that can be achieved through their more 
compact size. However, by using concave surfaces of different radii, friction and 
displacement capacity, adaptive behavior and the attendant benefits in performance can 
also be achieved. Until now this has remained an unexplored aspect of the device’s 
behavior. Previous work on a bearing that is identical in concept to the double FP has 
focused on configurations having concave surfaces of equal friction and equal radii of 
curvature. This was termed the Multiple FP bearing and has been studied by Tsai et al. 
(2003a, 2003b, 2005 and 2006). 
 
 
2.3 Construction of the Triple FP Bearing 
 
The triple FP bearing shown in figure 2-4 consists of two facing concave stainless steel 
surfaces separated by an internal nested slider assembly. Referring to figure 2-5, the outer 
concave plates have effective radii 1 1 1effR R h= −  and 4 4 4effR R h= − , where iR  is the 
radius of curvature of the thi  spherical surface and ih  is the radial distance between the 

thi  spherical surface and the pivot point of the articulated slider. The articulated slider 
assembly consists of two concave slide plates separated by a rigid slider. Though the 
innermost slider is rigid, the assembly as a whole has the capability to rotate to 
accommodate differential rotations of the top and bottom slide plates. The surfaces of the 
slide plates where they mate with the outer concave plates are coated with a non-metallic 
sliding material. The coefficients of friction of these interfaces are 1μ  and 4μ . The inner 
surfaces of the two slide plates have spherical concave recesses with effective radii 

2 2 2effR R h= −  and 3 3 3effR R h= − . Both outer surfaces of the rigid slider are also coated 
with a non-metallic sliding material characterized by coefficients of friction 2μ  and 3μ . 
This permits motion of the rigid slider upon the inner stainless steel surfaces of the slide 
plates. 
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FIGURE 2-4  Cutaway View of the Triple FP Bearing 
 

 
 

FIGURE 2-5  Cross Section of the Triple FP Bearing 
 
The nominal displacement capacities of the sliders on surfaces 1 through 4 are denoted 

1d  through 4d (as with the double FP bearing, the actual displacement capacities are 
slightly different than the nominal displacement capacities drawn in figure 2-5 due to the 
effects of slider height and rotation). The unique behavior of the triple FP bearing relies 
in part on the various sliders achieving the full horizontal displacement capacity of their 
respective sliding surfaces during the course of motion. Therefore, the displacement 
capacities 1d  through 4d  must be viewed as design parameters that significantly 
influence the global behavior, not just limits of overall capacity. 
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Unlike the single and double FP bearings, in the triple FP bearing, there is no mechanical 
constraint defining the location of the pivot point. Instead, the pivot point corresponds to 
the instantaneous center of zero rotational velocity of the slider assembly, which is not a 
fixed point. The location of the center of zero rotational velocity will actually change as 
sliding starts and stops on the various surfaces within the bearing. However, since the 
instantaneous velocities of the top and bottom parts of the slider assembly will always be 
in opposite directions, the instantaneous center of zero velocity must always lie between 
them and within the slider assembly. In most cases, the slider height is small in 
comparison to the radii of curvature and there is little error introduced by assuming the 
center of zero rotational velocity is fixed at the mid-height of the articulated slider 
assembly. 
 
Similar to the double FP bearing, triple FP bearings permit simultaneous sliding on 
multiple concave surfaces and therefore can be made much smaller than single FP 
bearings while still maintaining the same overall displacement capacity. From an 
economic standpoint, there is negligible difference in the cost of double and triple FP 
bearings of comparable size. 
 
 
2.4 Construction of the Modified Single FP Bearing 
 
The modified single FP bearing shown in figure 2-6 is a hybrid of the conventional single 
FP and triple FP bearings. Its construction is similar to the single FP bearing, but with an 
intermediate slide plate. Referring to figure 2-7, the outer concave plate has effective 
radius 1 1 1effR R h= − , where 1R  is the radius of curvature of the spherical sliding surface 
and 1h  is the radial distance between the sliding surface and the pivot point of the 
articulated slider. Where it mates with the outer concave plate, the slide plate is coated 
with a non-metallic sliding material with coefficient of friction 1μ . An articulated slider 
typical of conventional FP bearings can slide within the spherical recess of the 
intermediate slide plate. This recess has effective radius 2 2 2effR R h= −  where 2R  and 2h  
are defined similar to 1R  and 1h . At the sliding interface, the articulated slider is coated 
with a non-metallic sliding material with coefficient of friction 2μ . The nominal 
displacement capacities of surfaces 1 and 2 are 1d  and 2d  respectively. Again, the actual 
displacement capacities are slightly different.  
 
Since most of the sliding occurs on one surface, the plan dimensions of modified single 
FP bearings will need to be much larger than those of the double or triple FP bearings. 
For this reason among others, this variation seems less likely to see widespread 
implementation in practice. However, the modified single FP bearing is studied in this 
report because it is a simpler adaptation of the triple FP bearing. In fact, it can be thought 
of as a triple FP bearing cut at mid-height. Certain aspects of behavior that are masked or 
obscured due the complexity of the triple FP bearing’s behavior can be verified with this 
simpler device. 
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FIGURE 2-6  Cutaway View of the Modified Single FP Bearing 
 

 
 

FIGURE 2-7  Cross Section of the Modified Single FP Bearing 
 
 
2.5 Principles of Operation 
 
2.5.1 Mechanics of Sliding on a Single Concave Surface 
 
Prior to extending the theory to multiple concave surfaces, one must understand the 
mechanics of sliding on a single concave surface, the forces acting and the underlying 
assumptions. The behavior of the single FP bearing was described originally by Zayas et 
al. (1987). The presentation here summarizes that original work and is intended to 
introduce and explain preliminary concepts relevant to this study. 
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Structural bearings are devices which support vertical load and transmit horizontal loads 
in a predefined manner. When the applied horizontal force is less than the friction force 
there is no motion and FP bearings have very large elastic stiffness (the behavior is not 
exactly rigid due to small deformations of the bearing and sliding material). This friction 
force prevents sliding of the bearing under service loading which would result in 
excessive wear over time. When the applied horizontal force exceeds the friction force, 
sliding initiates and the free body diagram of figure 2-8 applies.  
 

 
FIGURE 2-8  Free Body Diagram the Slider of the Single FP Bearing in the 
Deformed Configuration 
 
The force-displacement relationship is derived from the equilibrium and geometry of the 
slider in this displaced configuration. In this state, the forces acting on the slider are: 
 

1. The vertical load, W , acting at the pivot point. 
2. The horizontal force, F , transferred through the bearing. 
3. The resultant friction force, fF W= μ , acting along the sliding interface. For 

simplicity, in this report the coefficient of friction is typically expressed in the 
equations of equilibrium as a single valued parameter, μ . However, in 
actuality it varies as a function of several factors including most importantly 
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sliding velocity and pressure (Mokha et al., 1990). For dynamic analysis, the 
equilibrium equations can be used in their same form, however with ( )uμ , a 
coefficient of friction that is updated at each time step as a function of the 
instantaneous sliding velocity. Note that the use of a single valued friction 
coefficient is a simplification, not a limitation of the formulations presented in 
this report. 

4. The resultant force of normal pressure acting along the sliding interface, S . 
This must be off center in order to satisfy moment equilibrium. Accordingly, 
the pressure distribution on the sliding interface is not uniform. 

5. Friction tractions along the spherical surface of the articulated slider, ft . Their 
effect is assumed to be part of the friction force, fF , and therefore they do not 
appear explicitly in the equations of equilibrium. 

 
Considering equilibrium in the horizontal and vertical directions respectively, equations 
(2-1a) and (2-1b) are obtained: 
 
 sin cos 0fF S F− θ − θ =  (2-1a) 
 cos sin 0fW S F− θ + θ =  (2-1b) 
 
From geometry, u , defined as the horizontal displacement of the pivot point of the slider 
is simply 
 
 ( )sin sineffu R h R= − θ = θ  (2-2) 
 
where the effective radius of curvature, effR , is the radial distance from the center of the 
spherical surface to the pivot point of the articulated slider. 
 
Combining equations (2-1a), (2-1b) and (2-2), the force-displacement relationship that 
governs motion for the single FP bearing is 
 

 
cos cos

f

eff

FWF u
R

= +
θ θ

 (2-3) 

 
In most applications, the radius of curvature is large compared to the horizontal 
displacement so that cos 1θ ≈  and the following simplification is made: 
 

 f
eff

WF u F
R

= +  (2-4) 

 
This simplification introduces less than 5% error provided that the horizontal 
displacement is less than 30% of the radius of curvature. Equations (2-1) through (2-4) 
are the equilibrium equations originally presented by Zayas et al. (1987). 
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Recognizing that the friction force will always oppose motion, the cyclic force-
displacement relationship based on equation (2-4) is given in figure 2-9. Upon reversal of 
motion, the bearing rigidly unloads by 2 fF  and slides in the opposite direction with post-
elastic stiffness of effW R . This type of hysteretic behavior is called rigid-linear in this 
report. 
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FIGURE 2-9  Hysteretic Behavior of the Traditional Single FP Bearing 
 
2.5.2 Rigorous Derivation of the Effective Radius of a Spherical Sliding Surface 
 
A fundamental aspect of the behavior of spherical sliding bearings is that sliding on the 
curved surface results in pendulum motion of the supported structure. This is illustrated 
by figure 2-10. As the bearing displaces from position A to position E, point P  at the 
center of the spherical concave plate follows the circular arcing trajectory shown in the 
figure. The motion of point P  and accordingly the supported structure is that of a 
pendulum of length effR  that sweeps out angle α  as the bearing displaces from position 
A to position E. Therefore, it is the effective radius, effR , that determines the period of 
the isolation system’s motion and accordingly its stiffness. This demonstrates that effR  is 
a parameter with physical significance and is not just a mathematical construction. What 
follows is a rigorous derivation of effR  based largely on the unpublished work of Mr. 
Ward Turner of ExxonMobil Corporation (Turner, 2007). 
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FIGURE 2-10  Illustration of Pendulum Motion of the Supported Structure (Pivot 
Point Within Boundary of Spherical Sliding Surface) 
 
It is assumed that the top and bottom plates remain parallel as the bearing displaces 
laterally and therefore motion along the curved surface is accommodated by rotation of 
the articulated slider. Due to the ball-in-socket construction, the slider of single FP 
bearings is physically constrained to rotate about the center of the sphere defined by this 
articulation. The dimension h , related to the slider height, is the radial distance from this 
pivot point to the spherical sliding surface. 
 
As the bearing moves from position A to position E, point P  at the center of the 
spherical sliding surface follows the circular path marked in figure 2-10 to point P′ . 
Using the fixed pivot point as the origin, the coordinates of point P′  are 

( )( )sin , 1 coseff effR h Rα + − α . At this point in the derivation, the values of angle α  and 
the radius effR  remain as unknowns. The objective is to define these unknowns in terms 
of R , h  and θ , where R  is the radius of curvature of the spherical concave surface, h  is 
the radial distance between the pivot point and the spherical concave surface and θ  is the 
angle of rotation of the articulated slider about its pivot point. It is assumed that the 
parameters R , h  and θ  are known since R and h  are determined by the bearing’s 
construction and θ  is a rotation that can be physically measured. 
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FIGURE 2-11  Geometry of the Displaced Bearing (Pivot Point Within Boundary of 
Spherical Sliding Surface) 
 
An alternative geometric construction in terms of the known quantities is shown in figure 
2-11. Using this description of the displaced bearing’s geometry, the coordinates of point 
P′  are ( ) ( )( )sin , cosR h R R h− θ − − θ . The two unknown quantities α  and effR  can be 
determined by equating the coordinates of point P′  as expressed using the two different 
geometric constructions. It is simply a system of two equations and two unknowns: 
 
 ( )sin sineffR R hα = − θ  (2-5a) 

 ( ) ( )1 cos coseffh R R R h+ − α = − − θ  (2-5b) 
 
which are obtained from equating the x  and y  coordinates respectively. From equation 
(2-5b), the effective radius can be expressed as 
 

 ( )( )
( )

1 cos
1 coseff

R h
R

− − θ
=

− α
 (2-6) 

 
When equation (2-6) is substituted into equation (2-5a), it follows that the two angles α  
and θ  are equal and  
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 effR R h= −  (2-7) 
 
This more rigorously corroborates the previous assumptions of the effective radius which 
were determined based on physical reasoning. 
 
Equation (2-7) describes the effective radius for cases in which the pivot point lies within 
the perimeter defined by the spherical concave surface. Frequently in practice, relatively 
shallow sliders are used as they provide a larger contact area with more efficient use of 
material. With this type of construction, it is possible to have the pivot point lie outside of 
the perimeter defined by the spherical concave surface as can be seen in figure 2-12. In 
this case the slider part height, h , is again defined as the radial distance from the pivot 
point to the spherical sliding surface. 
 

 
 
FIGURE 2-12  Illustration of Pendulum Motion of the Supported Structure (Pivot 
Point Outside Boundary of Spherical Sliding Surface) 
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When displaced horizontally, the structure still undergoes pendulum motion as point P  
at the center of the spherical surface follows the circular arcing trajectory shown in figure 
2-12. Using similar geometric constructions as before, the coordinates of point P′  can be 
expressed as ( )( )sin , 1 coseff effR h Rα − + − α  based on figure 2-12 and 

( ) ( )( )sin , cosR h R R h+ θ − + θ  based on figure 2-13. The slider’s pivot point is used as 
the origin of the coordinate system in both cases. Equating the x  and y  coordinates, 
equations (2-8a) and (2-8b) respectively are obtained: 
 
 ( )sin sineffR R hα = + θ  (2-8a) 

 ( ) ( )1 cos coseffh R R R h− + − α = − + θ  (2-8b) 
 

 
 
FIGURE 2-13  Geometry of the Displaced Bearing (Pivot Point Outside Boundary of 
Spherical Sliding Surface) 
 
From equation (2-8b), the effective radius can be expressed as  
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 ( )( )
( )

1 cos
1 coseff

R h
R

+ − θ
=

− α
 (2-9) 

 
Similar to the previous case, when equation (2-9) is substituted into (2-8a), it follows that 
the two angles α  and θ  are equal and  
 
 effR R h= +  (2-10) 
 
To summarize, the effective radius determines the isolated system’s true period of motion 
and is effR R h= −  when the pivot point lies within the perimeter defined by the spherical 
surface and is effR R h= +  when the pivot point lies outside of this boundary. 
 
2.5.3 Effect of Contacting the Displacement Restrainer 
 
With conventional implementation of the single FP bearings, the slider will contact the 
displacement restrainer only in extraordinary circumstances. This is a failsafe behavior 
meant only to preserve the overall stability of the isolation system. However, with multi-
spherical sliding bearings, having the slider come into contact with the displacement 
restrainer is a behavior that is intended to occur during the normal course of operation. It 
is used to stop motion on one surface and in turn cause it to start on another, which is 
accompanied by a change in stiffness. Therefore, understanding the behavior at contact 
and beyond takes on added importance for modeling multi-spherical sliding bearings. 
 
When the slider comes into contact with the displacement restrainer, the origin of the 
force resisting motion changes from friction and gravity (caused by sliding up the 
concave surface) to bearing. At the instant the slider meets the displacement restrainer, 
the horizontal displacement is u d=  and the horizontal force transmitted is 
 

 dr f
eff

WF F d F
R

= = +  (2-11) 

 
With increasing force beyond drF , the additional resisting force from bearing on the 
displacement restrainer to satisfy equilibrium is given by 
 
 ( )dr r drF F F k u d− = = −  (2-12) 
 
where drk  is the horizontal stiffness of the displacement restrainer. Physically, rF  is the 
force imparted to the displacement restrainer ring. After contacting the displacement 
restrainer, upon reversal of motion sliding initiates again when the bearing has unloaded 
by 2r fF F+  to 2dr fF F− . 
 
The simplest way to model contact with the displacement restrainer is by assuming rigid-
elastic behavior, that is drk → ∞  and the loading and unloading paths are the same. This 
is a reasonable assumption for lightly loaded bearings and/or bearings with the 
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displacement restrainer monolithically cast with the concave plate. In these cases, the 
forces applied to the restrainer are well below its capacity and it acts like a rigid stop. 
This type of hysteretic behavior is shown in figure 2-14(a). 
 
In many cases however, the contact forces upon the displacement restrainer are large and 
there is inelastic deformation of the ring. This type of behavior would be expected for 
bearings carrying large loads and/or bearings in which the restrainer ring is welded to the 
concave plate as shown in figure 1-6. For such situations, a more realistic representation 
of the behavior is achieved by using a hysteretic model that captures inelastic behavior 
with finite stiffness after contact. This is shown in figure 2-14(b). Zayas et al. (1989) 
reported that using this type of hysteretic model resulted in better analytical predictions 
of response compared to a rigid elastic model. Use of the later led to overestimation of 
shear forces and underestimation of energy dissipation. Therefore, engineering judgment 
should be exercised regarding which type of model to use based on the conditions of 
loading and the construction of the bearing under consideration. 
 
2.5.4 Actual Displacement Capacity of a Given Concave Surface 
 
In figures 2-3, 2-5 and 2-7 the displacement capacity id  is drawn as the difference 
between the radius of the thi concave plate and the radius of the corresponding slider. This 
however is the nominal displacement capacity. The actual displacement capacity, d ′ , is 
defined as the relative displacement of the pivot point at the instant the slider meets the 
displacement restrainer. This is slightly different than the nominal displacement capacity 
due to the effects of slider height and slider rotation. Throughout this report, the 
equations use the notation id , which can be taken as the nominal displacement capacity 
or the actual displacement capacity at the engineers discretion. 
 
The actual displacement capacity is calculated based on the definition sketch shown in 
figure 2-15. This is for the case in which the pivot point lies within the perimeter defined 
by the concave sliding surface. Following simply from geometry 
 
 sind d h′ = − θ  (2-13) 

 sin d
R h

′
θ =

−
 (2-14) 

 
Combining equations (2-13) and (2-14) the actual displacement capacity accounting for 
the effects of slider height and slider rotation is  
 

 
1

dd h
R h

′ =
+

−

 (2-15) 
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FIGURE 2-14  Force-Displacement Relationship of a Single FP Bearing Whose 
Slider has Contacted the Displacement Restrainer Assuming (a) Rigid Elastic 
Behavior and (b) Non-Rigid Plastic Behavior 
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FIGURE 2-15  Illustration of the Actual Displacement Capacity ( d' ) of the Double 
FP in Relation to the Nominal Displacement Capacity ( d ) 
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This shows that for spherical sliding bearings in which the effect of slider height is to 
shorten the effective radius, the actual displacement capacity is less then the nominal 
displacement capacity. In many applications the radius is large compared to the slider 
height and from equation (2-15), one can reasonably assume that d d′ ≈ . However, 
bearings carrying large loads have substantial size sliders – in these cases the effect of 
slider height and rotation on the displacement capacity may not negligible. 
 
In section 2.5.2 it was demonstrated that it is possible in single FP bearings that the pivot 
point may lie outside of the perimeter defined by the spherical concave surface, in which 
case the effective radius is actually longer than the radius of curvature. The definition 
sketch for this scenario is shown in figure 2-16. In this case the actual displacement 
capacity considering the effects of slider height and slider rotation is actually larger than 
the nominal displacement capacity. Now 
 
 sind d h′ = + θ  (2-16) 

 sin d
R h

′
θ =

+
 (2-17) 

 
By combining equations (2-16) and (2-17) the actual displacement capacity accounting 
for the effects of slider height and slider rotation is  
 

 
1

dd h
R h

′ =
−

+

 (2-18) 

 
Equation (2-18) demonstrates that using the nominal displacement capacity for single FP 
bearings in cases in which effR R>  is actually conservative; there is a small amount of 
additional displacement capacity beyond the design value. For example, as shown in 
figure 2-17 the single FP bearings used in Benecia-Martinez Bridge have a nominal 
displacement capacity of 1245 mmd = . However, using 6198 mmR =  and 

315 mmh = , the actual displacement capacity calculated using equation (2-18) is 
1308 mmd ′ =  (a 5% increase). This demonstrates that for large scale single FP bearings 

with substantial size sliders, there is some conservatism associated with using the 
nominal displacement capacity. Although the actual degree of conservatism in typical 
building applications is likely somewhat less than in this example due to the large size of 
the Benecia-Martinez Bridge bearings. 
 
2.5.5 Effect of Concave Plate Rotation 
 
The force-displacement behavior of single FP bearings is affected by rotation of the 
spherical sliding surface. Rotations of the housing plate are accommodated through the 
rotational capability of the articulated slider and do not effect behavior. An implicit 
assumption that was made in formulating the equations of equilibrium is that the concave 
plate is installed perfectly level. In practice however, tolerances of ± 0.01 radians are 
typically allowed on the installation of bearings (AASHTO, 1999). Additional permanent  



 30

 
 
FIGURE 2-16  Illustration of the Actual Displacement Capacity ( d' ) of the Single 
FP in Relation to the Nominal Displacement Capacity ( d ) 



 31

 

 
 

FIGURE 2-17  Single FP Bearing Used for the Benecia-Martinez Bridge 
 
rotations can arise over time due to creep or differential settlements. Furthermore, it is 
also possible to have instantaneous rotations due to superstructure deformation under 
loading and thermal effects. Accordingly, an investigation into the effects of these is 
warranted.  
 
The impact of out of level installation on hysteretic behavior was originally described by 
Constantinou et al. (1991) for a flat sliding system with restoring force provided by 
helical springs. In this experimental study, the sliding surface of each bearing was 
accidentally installed with an inclination of 0.007 radians, each oriented in the same way. 
The authors noted the effect of this was essentially a reduction in the mobilized friction 
force for sliding occurring in the downhill direction and an increase in the mobilized 
friction for sliding occurring in the uphill direction. Mosqueda et al. (2004) formulated 
the effects of concave plate rotation on the behavior of single FP bearings - the findings 
of which are summarized herein. The basic principles that apply to single FP bearings are 
then extended to double and triple FP bearings in subsequent sections. 
 
To investigate the behavior in the inclined configuration, Mosqueda et al. (2004) 
considered a single FP bearing with a counterclockwise (positive) rotation, τ , about oC , 
the center point of the spherical sliding surface. This is drawn in figure 2-18. Due to the 
rotation, the “low spot” of the spherical sliding surface and accordingly the stable 
equilibrium position of the articulated slider shifts from point oC  to point rC . The shift in 
the slider’s stable equilibrium position due to the rotation is displacement ru , which from 
figure 2-18 is simply 
 
 sinr effu R= − τ  (2-19) 
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FIGURE 2-18  Free Body Diagram of the Slider in a Single FP Bearing with 
Concave Plate Having Rotation τ  
 
The force-displacement relationship of the bearing can still be obtained from equilibrium 
of the slider in the displaced configuration. As the bearing displaces from the new stable 
equilibrium position, rC , the slider rotates by angle rθ . Therefore, from the free body 
diagram of figure 2-18, the equations of equilibrium in the x  and y  directions are now  
 
 sin cos 0r f rS F Fθ + θ − =  (2-20a) 
 cos sin 0r f rS F Wθ − θ − =  (2-20b) 
 
where the forces F , W , S  and fF  are defined as described in section 2.5.1. These are 
the same equations of equilibrium as before except now defined with respect to angle rθ . 
Based on the definition sketch, this angle is defined as: 
 
 ( ) sinr eff ru u R− = θ  (2-21) 
 
The angle rθ  is defined in this way because it is the force-displacement relationship with 
respect to the original equilibrium position, oC , that is of interest. Also note that for 
motion to the right there is a sign change and angle rθ  is defined as: 
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 ( ) sinr eff ru u R+ = θ  (2-22) 
 
Combining the equilibrium equations with the geometric relationship as was done in 
section 2.5.1 and making the small angle assumptions for both angles θ  and τ , for 
motion to the left: 
 

 ( )
eff

WF u W
R

= + μ − τ  (2-23) 

 
and for motion to the right: 
 

 ( )
eff

WF u W
R

= + μ + τ  (2-24) 

 
Equations (2-23) and (2-24) demonstrate that the effect of the rotation is simply a 
uniform upward shift of the hysteresis loop by an amount Wτ  with no effect on the 
stiffness during sliding. This is the same as the behavior of inclined flat sliding bearings 
described by Constantinou et al. (1991). However Mosqueda et al. (2004) chose, instead 
of grouping the force W±τ  with the friction, to write this force as r effu W R±  and group 
it with the restoring force. There is no difference in the two formulations. 
 
Physically, the shift in the hysteresis loops is a result of the offset equilibrium position 
and the fact that the force at which sliding initiates ( fF W= μ ) is the same regardless of 
rotation. The apparent vertical shift is actually the result of a horizontal shift as shown by 
figure 2-19. In other words, there would be no change in the loop if one were to plot the 
force-displacement loops using the displacement with respect to the rotated initial 
position, rC . The shift becomes apparent when force is plotted against u , the 
displacement with respect to oC . Moreover, in order for the rotated bearing to achieve 
displacements D± , the actual amplitude of the rotated bearing’s sliding motion is rD u±  
depending on the direction of motion. 
 
Equations (2-23) and (2-24) are valid for counterclockwise (positive) rotation of the 
concave plate regardless of whether it’s facing upward or downward. Referring to figure 
2-20, for the two types of rotations drawn on the left side of the figure, in the rotated 
position it becomes more difficult to push the supported structure to the right and easier 
to push it to the left. For the top branch of the loop (corresponding to motion to the right) 
more force is required in the positive (right) direction, resulting in a uniform upward 
shift. For the bottom branch, it requires less force to push in the negative (left) direction, 
again resulting in a uniform upward shift. Similar reasoning leads to the downward shift 
of the hysteresis loop for the clockwise (negative) rotation cases drawn on the right side 
of the figure. The shifts in the loops are uniform as the effect of the rotation is to 
introduce a constant component of the gravity force having magnitude of Wτ  that either 
adds to or subtracts from the applied horizontal force. 
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FIGURE 2-19  Shift in the Force-Displacement Loop of Single FP Bearings Caused 
by Concave Plate Rotation 
 

 
 
FIGURE 2-20  Effect of Different Types of Concave Plate Rotation on the Hysteretic 
Behavior of Single FP Bearings 
 
This formulation can also be used to account for the effects of substructure and/or 
superstructure rotation by updating the plate rotation τ  at each time step. This would 
require an iterative or implicit formulation as the rotation of the structure elements and 
the horizontal force transmitted through the bearing, F  are mutually dependent. Two 
situations in which incorporating the effects of rotation would improve the overall 
accuracy of the analysis would be (a) when the concave plate is attached to a structural 
element that experiences large rotations (such as a flexible bridge pier) or (b) when a 
sliding isolation system with weak restoring force is used such as in Constantinou et al. 



 35

(1991). In the later case, the authors noted much improved prediction of residual 
displacements when the effects of rotation were incorporated into the analysis.  
 
In most cases however, incorporating these effects into the analysis is likely unnecessary. 
If the superstructure remains elastic, the rotations are typically small and the Wτ  
component is negligible. When the structure deforms inelastically leading to larger 
rotations, the increased accuracy gained by accounting for the Wτ  term is still negligible 
considering the additional uncertainty in the nonlinear behavior of the structure. 
Although, at their discretion, engineers may wish to incorporate the effects of rotation 
along with property modification factors in the bounding analysis procedure. 
 
2.5.6 Extension to Multiple Surfaces: Sliding Regimes and their Sequencing 
 
The adaptive behavior of multi-spherical sliding bearings results from the different 
combinations of sliding that can occur on the various concave surfaces. The approach 
taken in formulating the behavior is to classify the motion into several sliding regimes, 
each corresponding to a distinct combination of surfaces upon which sliding is occurring. 
For each regime, the equations of equilibrium and force-displacement relationship can be 
derived based on equilibrium of the bearing in the displaced configuration as was done in 
section 2.5.1 for the single FP bearing. It can be shown that the stiffness during each 
sliding regime is inversely proportional to the sum of the radii of curvature of the 
surfaces on which sliding is occurring. The effective coefficient of friction is also related 
to the coefficients of friction of the surfaces on which sliding is occurring.  
 
Sequencing of the sliding regimes is determined by each surface’s coefficient of friction 
and its ratio of displacement capacity to radius of curvature. Starting from rest, sliding 
initiates on the thi  surface when the horizontal force transmitted through the bearing, F , 
exceeds that surface’s friction force, fiF . Accordingly, sliding starts first on the surface of 
least friction and then initiates on successive surfaces as their friction forces are 
overcome. Therefore the sequence in which motion initiates on the various surfaces is 
determined based on the relative values of the coefficients of friction. Sliding is stopped 
by the displacement restrainer on the thi  surface when the relative displacement of the 
slider on this surface, iu , becomes equal to the displacement capacity, id . The lateral 
force at the instant the slider starts to bear upon this surface’s displacement restrainer is 

driF , where driF  is defined by equation (2-11).  
 
Therefore, for a given configuration of multi-spherical sliding bearing, the sequence of 
activation and deactivation of sliding upon the various surfaces is determined by sorting 
the relative values of fiF  and driF  for all. There is nothing that prevents having the slider 
contact the displacement on one surface before motion initiates upon another. That is, it’s 
possible to have drj fiF F< , however this is not desirable in most cases. 
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SECTION 3 
FORMULATION OF THE FORCE-DISPLACEMENT RELATIONSHIP FOR 

DOUBLE FP BEARINGS 
 
 
3.1 Introduction 
 
This section demonstrates the formulation of the mechanical behavior and force-
displacement relationship for double FP bearings. The treatment is largely based on work 
originally presented in Constantinou (2004) and Fenz and Constantinou (2006). 
Assuming the general configuration in which the coefficients of friction on each surface 
are unequal, behavior is comprised of three sliding regimes: (a) initial sliding only on the 
surface of least friction, (b) simultaneous sliding on both concave surfaces after friction is 
overcome on the surface of higher friction and (c) sliding on only one surface after the 
displacement restrainer is contacted on the other. The behavior in each sliding regime is 
derived from equilibrium and geometry of the bearing the deformed configuration. For 
simpler configurations having surfaces of equal friction (which are more common in 
practice) the behavior is readily obtained from simplification of the more general 
formulation. 
 
 
3.2 Sliding Regime I 
 
Following the basic principles of operation described earlier, starting from rest motion 
initiates when the applied horizontal force, F , exceeds the friction force on the surface 
of least friction. Therefore, sliding begins on surface 1 (assuming that 1 2μ < μ ) when 

1fF F= . The displaced shape and free body diagrams for sliding occurring on surface 1 
only are shown in figure 3-1. Based on FBD III in the figure, the following relationships 
are obtained by considering equilibrium in the vertical and horizontal directions 
respectively: 
 
 1 1 1 1sin cos 0fW F S+ θ − θ =  (3-1) 
 1 1 1 1cos sin 0fF S Fθ + θ − =  (3-2) 
 
From geometry, the relative displacement of the slider on surface 1, 1u , is 
 
 1 1 1sineffu R= θ  (3-3) 
 
Combining equations (3-1) through (3-3) and assuming that the relative displacement 1u  
is sufficiently small compared to the effective radius 1effR  so that 1cos 1θ ≈ : 
 

 1 1
1

f
eff

WF u F
R

= +  (3-4) 
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FIGURE 3-1  Displaced Shape (a) and Free Body Diagrams (b) of the Double FP 
Bearing During Sliding Regime I 
 
Equations (3-1) through (3-4) are the equations of equilibrium describing sliding on a 
single concave surface that were presented in section 2.5.1 and developed originally by 
Zayas et al. (1987). 
 
Since motion has not yet initiated on surface 2, displacement 2 0u =  and the force-total 
displacement relationship for the entire bearing (based on the fact that 1 2u u u= + ) is 
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 1
1

f
eff

WF u F
R

= +  (3-5) 

 
Equation (3-5) describes also the hysteretic behavior of the single FP bearing having 
effective radius and friction the same as that of surface 1. As shown in figure 3-2, it is 
rigid linear with post elastic stiffness inversely proportional to the effective radius of 
surface 1 and strength equal to this surface’s friction force. 
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FIGURE 3-2  Force-Displacement Relationship of Double FP for Sliding Regime I 
 
 
3.3 Sliding Regime II 
 
With increasing applied horizontal force, sliding begins on surface 2 when 2fF F= . This 
occurs at displacement u∗  given by 
 
 ( )2 1 1effu R∗ = μ − μ  (3-6) 
 
Note that equation (3-6) is obtained by solving equation (3-5) for the displacement when 

2fF F= . 
 
The displaced shape and free body diagrams for the double FP bearing after sliding has 
initiated on surface 2 are shown in figure 3-3. Comparing FBD III in figures 3-1 and 3-3, 
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there is no change other than an increase in the displacement 1u . Therefore, equation (3-
4) still governs motion on surface 1.  
 

 
 
FIGURE 3-3  Displaced Shape (a) and Free Body Diagrams (b) of the Double FP 
Bearing During Sliding Regime II 
 
Using FBD I of figure 3-3, by similar analysis of equilibrium as was performed for 
surface 1, the following relationship is obtained for surface 2: 
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 2 2
2

f
eff

WF u F
R

= +  (3-7) 

 
Equations (3-4) and (3-7) govern the force-displacement relationships for the top and 
bottom sliding surfaces, respectively. For the entire bearing, the force-total displacement 
relationship of the bearing is determined by combining equations (3-4) and (3-7) using 
the fact that the total displacement is the sum of the relative displacements on surfaces 1 
and 2, 1 2u u u= + . This leads to 
 

 1 1 2 2

1 2 1 2

f eff f eff

eff eff eff eff

F R F RWF u
R R R R

+
= +

+ +
 (3-8) 

 
Using equations (3-4) and (3-7), the individual displacements on each sliding surface are 
 

 1
1 1

f
eff

F F
u R

W
−⎛ ⎞

= ⎜ ⎟
⎝ ⎠

 (3-9) 

 2
2 2

f
eff

F F
u R

W
−⎛ ⎞

= ⎜ ⎟
⎝ ⎠

 (3-10) 

 
Equation (3-8), which was originally presented by Tsai et al. (2003a, 2003b, 2005 and 
2006) except for the effect of the sliders height, is valid only when sliding is 
simultaneously occurring on both concave surfaces. The hysteretic behavior described by 
equation (3-8) is shown in figure 3-4. Upon reversal of motion, sliding resumes on 
surface 1 when the bearing has unloaded by 12 fF  and sliding resumes on surface 2 when 
the bearing has unloaded by 22 fF . In the interim, sliding occurs on surface 1 only for a 
distance 2u∗ .The resulting behavior is termed rigid bilinear; with a reduction in stiffness 
occurring as motion changes from sliding on one surface to sliding on both surfaces. The 
strength of the bearing during sliding regime II is derived from the second term of 
equation (3-8) by dividing by the vertical load, W : 
 

 1 1 2 2

1 2

eff eff
e

eff eff

R R
R R

μ + μ
μ =

+
 (3-11) 

 
This demonstrates that there is also an increase in the strength of the bearing that 
accompanies the transition from sliding regime I to sliding regime II. 
 
An interesting observation can be made by deriving expressions for the angles of rotation 

1θ  and 2θ . Angle 1θ  is the angle of rotation of the bottom part of the articulated slider 
and angle 2θ  is the angle of rotation of the top part. Based on geometry and equations (3-
9) and (3-10), these angles of rotation are  
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 11 11
1

1

sin sin f

eff

F Fu
R W

− −
⎛ ⎞ −⎛ ⎞

θ = =⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎝ ⎠⎝ ⎠
 (3-12) 

 21 12
2

2

sin sin f

eff

F Fu
R W

− −
⎛ ⎞ −⎛ ⎞

θ = =⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎝ ⎠⎝ ⎠
 (3-13) 

 
When 1 2θ = θ , the articulated slider moves as a rigid body without relative rotation. 
Therefore, when the friction forces at the two sliding interfaces are equal - irrespective of 
whether the two surfaces have equal or unequal radii - the angles of rotation are equal and 
the slider does not experience relative rotation. 
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FIGURE 3-4  Force-Displacement Relationship for Sliding Regime II Shown in 
Comparison to Sliding Regime I 
 
 
3.4 Sliding Regime III 
 
Assume a double FP bearing configured with 1 2μ < μ  as before. From the start of sliding 
regime 2 onward, with increasing displacement amplitude sliding continues 
simultaneously on surfaces 1 and 2 until the slider begins to bear on one of the 
displacement restrainers. The designer can control upon which surface the slider first 
contacts displacement restrainer by specifying appropriate values of the displacement 
capacities 1d  and 2d . Here, it is assumed that the designer desires to have the slider 
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contact the displacement restrainer of surface 1 prior to surface 2 and therefore have an 
increase in friction prior to achieving the total displacement capacity to better control 
displacements. To achieve this, it is necessary to have 1 2dr drF F< . In terms of 
displacement capacities this requirement can be expressed as 
 

 ( )1
1 2 2 1 1

2

eff
eff

eff

R
d d R

R
< + μ − μ  (3-14) 

 
At the instant the slider makes contact with the displacement restrainer on surface 1, 

1 1u d=  and the total displacement is  
 

 ( )2
1 1 2 1 2

1

1 eff
dr eff

eff

R
u d R

R
⎛ ⎞

= + − μ − μ⎜ ⎟⎜ ⎟
⎝ ⎠

 (3-15) 

 
When the total displacement exceeds 1dru , sliding occurs only on surface 2 and the 
displaced shape and free body diagram are as shown in figure 3-5. It can be seen that the 
effect of contacting the displacement restrainer is the introduction of an additional 
bearing force on surface 1, 1rF . Therefore, for surface 1 the force-displacement 
relationship is  
 

 1 1 1
1

f r
eff

WF d F F
R

= + +  (3-16) 

 
If the displacement restrainer is assumed rigid and elastic, throughout sliding regime III 
the relative displacement on surface 1 is 1 1u d=  and the force exerted by the 
displacement restrainer is  
 
 1 1r drF F F= −  (3-17) 
 
Examining FBD I of figure 3-5, nothing has changed from sliding regime II and the 
displacement 2u  is still given by equation (3-10). Therefore, for an assumed rigid 
displacement restrainer, the force-displacement relationship is determined again by 
starting with the fact that 1 2u u u= + . Using 1 1u d=  and equation (3-10) for 2u : 
 

 ( )1 2
2

f
eff

WF u d F
R

= − +  (3-18) 

 
Equation (3-18) demonstrates that the effect of contacting the displacement restrainer of 
surface 1 is an increase in stiffness from ( )1 2eff effW R R+  to 2effW R .  
 
Upon reversal of motion different orders of unloading are possible. Sliding resumes on 
surface 1 when the bearing has unloaded to 1 12dr fF F−  and sliding resumes on surface 2 
when the bearing has unloaded by 22 fF . Therefore, if 
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FIGURE 3-5  Displaced Shape (a) and Free Body Diagrams (b) of the Double FP 
Bearing During Sliding Regime III 
 
 ( )max 1 2 1 22dr effu u R> + μ − μ  (3-19) 
 
sliding resumes on surface 2 prior to surface 1. If equation (3-19) is not satisfied, motion 
starts on surface 1 prior to surface 2. These different types of unloading behavior are 
denoted as regimes III(a) and III(b) in figure 3-6. Note that if 1 2μ > μ  and the slider  
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FIGURE 3-6  Force-Displacement Relationship (a) for Sliding Regime III(a) Shown 
in Comparison to Sliding Regimes I-II and (b) for Sliding Regime III(b) Shown in 
Comparison to Sliding Regimes I-III(a) 
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contacts the restrainer on surface 1 prior to surface 2, equation (3-19) will always be 
satisfied and there is only one order of unloading possible. 
 
If the displacement restrainer of surface 1 has some finite value of stiffness, 1drk , then the 
bearing force 1rF  can be expressed as 
 
 ( )1 1 1 1r drF k u d= −  (3-20) 
 
Note that equation (3-20) is valid only for 1 1u d≥  and that 1 0rF =  otherwise. This issue 
arises in modeling double FP bearings for dynamic analysis. 
 
The equations governing the force-displacement relationship of double FP bearings for 
all three sliding regimes are summarized in table 3-1. 
 
 
3.5 Additional Comments 
 
3.5.1 Behavior for Equal Friction Configurations 
 
Thus far the behavior of the double FP bearing has been described for the most general 
case in which 1 2μ ≠ μ . However, engineers wishing mainly to take advantage of the 
savings in material costs afforded by double concave bearings may elect to use 1 2μ = μ  
An additional benefit is that by sharing the displacements among two sliding surfaces, 
there is less increase in temperature at the sliding interface during sliding motion and 
accordingly less wear of the liner material. 
 
According to equation (3-6), when 1 2μ = μ  the displacement u∗  goes to zero. Examining 
figure 3-4, one can envision that with 0u∗ =  there is no transition in stiffness and the 
hysteretic behavior collapses from rigid-bilinear to rigid-linear. Upon initiation of 
motion, sliding regime II occurs instantaneously with no sliding regime I. Physically, this 
means that simultaneous sliding always occurs on surfaces 1 and 2. Prior to contacting 
the displacement restrainer the behavior is identical to that of a single FP bearing having 
effective radius equal to the sum of the effective radii of surfaces 1 and 2. 
 
Double FP bearings having equal friction have become quite popular since they provide 
considerable savings in material costs while still offering the same hysteretic behavior of 
the single FP bearing. Engineers familiar with traditional FP bearings can still use the 
same analysis methods and software as they have previously, with need only to change 
the specification of the radius of curvature from effR  to 1 2eff effR R+ .  
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3.5.2 Applicability of Series Models 
 
Consider the lateral load path through the double FP bearing. Assuming that the load is 
imposed to the bottom plate from ground motion, it travels then through the lower sliding 
interface to the articulated slider, which then transfers it through the upper sliding 
interface to the structure above. Since there is only a single path for the load to travel 
through both of the sliding interfaces, the bearing is actually a series arrangement of 
single FP bearings (analogous to a series circuit in which there is only one path for 
current to flow). The load resisting elements of each sliding interface are a parallel 
arrangement of (a) a velocity dependent rigid-plastic friction element (b) a spring element 
accounting for the stiffness from the curvature of the plate and (c) a gap element 
accounting for the finite displacement capacity of each surface. It follows that the double 
FP bearing can be represented schematically as shown in figure 3-7. 
 

 
 
FIGURE 3-7  Exact Analytical Model of the Double FP Bearing as Two Single FP 
Elements in Series 
 
The series behavior can be confirmed by tracking the force-displacement behavior of an 
example double FP bearing. The bearing considered has radii of curvature 

1 1000 mmeffR =  and 2 3000 mmeffR = . The friction coefficients are 1 0.03μ =  and 
2 0.06μ = . The force-total displacement relationship when the bearing is subjected to one 

full cycle of motion with 150 mm amplitude is shown in figure 3-8(a). When one plots 
the relative sliding displacements 1u  and 2u  against the normalized horizontal force, the 
resulting decomposed loops are as presented in figures 3-8(b) and 3-8(c). The 
decomposed loops for the lower and upper surfaces are identical to the loops that would 
result from a single FP bearing having the corresponding radius of curvature and 
coefficient of friction. This aspect of behavior has important consequences when it comes 
to modeling double FP bearings for dynamic analysis. 
 
3.5.3 Slider Offset in Displacement-Controlled Cyclic Motion 
 
In displacement-controlled motion where the friction on the top and bottom surfaces is 
unequal, the articulated slider becomes offset inside the bearing. This is evident at point 
10 in figure 3-8. At this point it can be seen that there are equal and opposite 
displacements, denoted u′ , on the top and bottom surfaces even though the total bearing 
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displacement is zero. That is, 0u =  and 1 2u u u′= − = ± . The offset originates because 
1 2 eμ ≠ μ ≠ μ  - when 1 0u =  the normalized lateral force is 1μ , when 2 0u =  the 

normalized lateral force is 2μ , and when 0u =  the normalized lateral force is eμ . 
Clearly, when the coefficients of friction are different these points will not be the same 
and the offset originates. 
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FIGURE 3-8  Total (a) and Decomposed (b) and (c) Hysteresis Loops for a 
Configuration of Double FP Bearing Having Unequal Radii of Curvature and 
Unequal Coefficients of Friction 
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The magnitude of u′  can readily be calculated and expressed in a number of ways. By 
setting 1u u′= and 2u u′= − in equations (3-4) and (3-7) respectively  
 

 1 2

1 2

1 1
eff eff

u

R R

μ − μ
′ =

+
 (3-21) 

 
Considering the decomposed force-displacement loops, it is clear that u′  is the distance 
the slider must move as the normalized lateral force changes from eμ  to 1μ  or 2μ . Since 
the force-displacement relationship is linear with a known slope, u′  can alternatively be 
expressed in terms of the effective coefficient of friction as: 
 
 ( )1 1 1e effu R′ = μ − μ  (3-22a) 

 ( )2 2 2e effu R′ = μ − μ  (3-22b) 
 
Equations (3-22a) and (3-22b) establish the convention of positive u′  on the surface of 
least friction. The slider advances more on the surface of least friction and lags behind on 
the surface of higher friction. 
 
Lastly, the magnitude of slider offset does not accumulate from cycle to cycle with 
continuous cyclic motion. That is, after n  cycles of motion, the slider offset is still u′ , 
not nu′ . By taking a step-by-step approach and tracking displacements as was carried out 
to construct figure 3-8, it can be shown that the hysteresis loops of subsequent cycles 
retrace the loop obtained from the first cycle.  
 
3.5.4 Effect of Concave Plate Rotations 
 
Due to their doubly spherical construction, double FP bearings are likely to experience 
rotations of at least one of their concave plates. For example, in bridge applications with 
flexible piers, the effect of substructure rotation can be minimized when single FP 
bearings are used by attaching the housing plate to the pier and the concave plate to the 
girder. With double FP bearings however, one of the concave plates will have to be 
attached to the flexible component and will accordingly undergo substantial rotations as 
this component deforms. For this reason, concave plate rotation is an issue that warrants 
particular attention for multi-spherical sliding bearings. 
 
In general, the same fundamental principles apply for rotation of the concave plates of 
double FP bearings as for single FP bearings. The effect of each plate’s rotation will be 
considered individually and then combined to determine the effect on overall behavior. 
Consider a double FP bearing having a bottom concave plate with rotation 1τ  and a top 
concave plate with rotation 2τ . Since the slider is articulated, differential rotations 

1 2τ ≠ τ  such that 1 2r ru u≠  can be accommodated with no additional moment transfer. 
This point further supports the importance of the slider’s articulation in double FP 
bearings. 
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Following the same formulation as for single FP bearings, the force-displacement 
relationship for rotated surface 1 is  
 

 ( )1 1 1
1eff

WF u W
R

= + μ ± τ  (3-23) 

 
where the last 1Wτ  term is positive for motion to the right (since it requires more force to 
push up the incline) and negative for motion to the left (requires less force to push down 
the incline), assuming counter-clockwise rotation. Similarly, for the upper concave plate: 
 

 ( )2 2 2
2eff

WF u W
R

= + μ ± τ  (3-24) 

 
where the last 2Wτ  term is positive for motion to the right (requires more force to push 
against the rotation) and negative for motion to the left (requires less force) assuming 
counter-clockwise rotation. Combining equations (3-23) and (3-24), for sliding regime II 
when motion is occurring on both surfaces, the force displacement relationship is 
 

 
( ) ( )1 1 1 2 2 2

1 2 1 2

eff eff

eff eff eff eff

R R WWF u
R R R R

⎡ ⎤μ ± τ + μ ± τ⎣ ⎦= +
+ +

 (3-25) 

 
where the signs of the iWτ  terms are determined as just described. Equations (3-23) 
through (3-25) show again that mathematically, the effect of the rotations is essentially a 
modification of the effective friction force exhibited. The total hysteresis loop shifts 
vertically by  
 

 
( )1 1 2 2

1 2

Reff eff

eff eff

R W
s

R R
τ + τ

=
+

 (3-26) 

 
when sliding is occurring on both surfaces. Furthermore, the decomposed loops of the 
lower and upper surfaces translate vertically by 1Wτ  and 2Wτ  respectively. 
 
In order to illustrate the effects of concave plate rotations on the behavior of double FP 
bearings, the example bearing considered in section 3.5.2 will be re-examined. Recall that 
it was configured to have the bottom sliding surface with 1 1000 mmeffR =  and 1 0.03μ =  
and the top sliding surface with 2 3000 mmeffR =  and 2 0.06μ = . The behavior will first 
be investigated for the case in which the concave plates are inclined such that 1 0.01τ = +  
and 2 0.01τ = + . The resulting behavior is shown in figure 3-9. Due to this rotation, the 
stable equilibrium position of the slider on surface 1 shifts by 1 10 mmru = −  and shifts on 
surface 2 by 2 30 mmru = − . As a result, the stable equilibrium position of the entire 
bearing ends up shifting by 40 mmru = − . 
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FIGURE 3-9  Total (a) and Decomposed (b) and (c) Hysteresis Loops for Example 
Bearing with 1τ = +0.01  and 2τ = +0.01  
 
Starting from these modified stable equilibrium positions, sliding must initiate on surface 
1 when 1F W= μ  and sliding must initiate on surface 2 when 2F W= μ . As a result, by 
the time the slider moves to the unrotated stable equilibrium position of surface 1 
( )1 0u = , it has actually slid a total of 1 10 mmru =  on this surface and the horizontal 
force is  



 53

 

 1 1 1 1
1

r
eff

WF u W W W
R

= + μ = τ + μ  (3-27) 

 
Equation (3-27) demonstrates that there is an upward shift of the decomposed loop of 
surface 1 by 1Wτ . Similarly for surface 2, by the time the slider reaches the position 
where 2 0u = , it has actually traveled 2 30 mmru =  on surface 2, resulting in an upward 
shift of the decomposed loop by 2Wτ .  
 
Since the friction coefficients and post-elastic stiffness are not affected by the rotation, 
the magnitude of the displacement u∗  for which sliding occurs on surface 1 prior to 
starting on surface 2 remains unchanged. In this case, 1 230 mm 40 mmr ru u u∗ = < + =  
and simultaneous sliding starts on both surfaces before the original stable equilibrium 
position at 0u =  is achieved. Due to the upward shift of both decomposed loops, the total 
loop shifts upwards by s W . There is no change in the stiffness exhibited during either 
sliding phase. Also, there is still the same slider offset at zero total displacement, u′ , as 
described in section 3.5.3. 
 
A second example for the same bearing is shown in figure 3-10. In this case, the lower 
plate has a rotation of 1 0.02τ = +  and the upper plate rotation remains the same at 

2 0.01τ = + . Again the total hysteresis loop shifts upward by s  and the decomposed loops 
of surfaces 1 and 2 shift upward by 1Wτ  and 2Wτ , respectively. In this case however, it 
is interesting to note that due to the rotation there are asymmetric displacements on the 
individual sliding surfaces. That is, the amplitudes of maximum positive and maximum 
negative displacement on the individual surfaces are different even though there is 
symmetric amplitude of total displacement. The offsets due to rotation on the lower and 
upper surfaces, denoted 1uτ′  and 2uτ′  are  
 

 1 1 2 2
1 1 1

1 2

eff eff
eff

eff eff

R R
u R

R Rτ

⎡ ⎤τ + τ
′ = − τ⎢ ⎥

+⎢ ⎥⎣ ⎦
 (3-28a) 

 1 1 2 2
2 2 2

1 2

eff eff
eff

eff eff

R R
u R

R Rτ

⎡ ⎤τ + τ
′ = − τ⎢ ⎥

+⎢ ⎥⎣ ⎦
 (3-28b) 

 
In this example, from equations (3-28a) and (3-28b), 1 7.5 mmuτ′ = −  and 2 7.5 mmuτ′ = . 
The rotation induced offsets on each surface are equal in magnitude and opposite in 
direction. Note that this phenomena was not observed in the previous example because 
for that specific combination of radii and rotations, by equations (3-28a) and (3-28b) , 

1 2 0 mmu uτ τ′ ′= = . These offsets will add to those offsets at zero total displacement 
noticed during noticed during displacement-controlled testing. Therefore, during 
displacement-controlled tests of rotated bearings, the offsets on the lower and upper 
surfaces at zero displacement are 1 1u uτ′ ′+  and 2 2u uτ′ ′+  respectively. 
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FIGURE 3-10  Total (a) and Decomposed (b) and (c) Hysteresis Loops for Example 
Bearing with 1τ = +0.02  and 2τ = +0.01  
 
A final example is shown in figure 3-11 for the case in which the rotations are equal 
magnitude but opposite in directions, 1 0.01τ = +  and 2 0.01τ = − . In this case, the stable 
equilibrium positions are 1 10 mmru = − , 2 30 mmru =  and for the entire bearing 

20 mmru = . As a result of these shifts, the decomposed loops of the lower and upper 
surfaces translate vertically by 1Wτ  and 2Wτ  respectively and the total loop translates 
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vertically by s . Also, there is a rotation induced offset leading to asymmetric 
displacements on the individual sliding surfaces. For this particular example, 

1 15 mmuτ′ = −  and 2 15 mmuτ′ = . 
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FIGURE 3-11  Total (a) and Decomposed (b) and (c) Hysteresis Loops for Example 
Bearing with 1τ = +0.01  and 2τ = -0.01  
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It has been established that concave plate rotations change the stable equilibrium position 
of the slider on a given surface. This change must be taken into account when 
determining the displacement capacity of that surface. Since motion is starting from an 
offset position, the displacement capacities in each direction become i rid u+  and i rid u− . 
The effect on the displacement capacity is not negligible for longer period bearings. For 
example, for a 3 second period concave surface installed with an inclination of 0.01 rad 
(which is within typical tolerance) the shift in the stable equilibrium position is nearly 
25 mm . As a result, there is asymmetric behavior for sliding regime III in the positive 
and negative directions. This is proven by solving for the total displacement when the 
slider contacts the displacement restrainer, driu . Assuming that the slider contacts the 
displacement restrainer of surface 1 first, this displacement is   
 

 ( ) ( )2
1 1 2 1 2 1 2 2

1

1 eff
dr eff eff

eff

R
u d R R

R
⎛ ⎞

= + − μ − μ + τ − τ⎜ ⎟⎜ ⎟
⎝ ⎠

 (3-29) 

 
Equation (3-29) is obtained by solving for the displacement in equation (3-25) when the 
applied horizontal force is 1 1drF F W= + τ . Comparing equations (3-15) and (3-25), to 
more clearly see the effect of the concave plate rotation it can be written that 
 
 ( )1, 1, 1 2 2dr rotated dr level effu u R= + τ − τ  (3-30) 
 
where 1,dr levelu  is 1dru  given by equation (3-15). 
 
To illustrate this, consider a double FP bearing with 1 2 2000 mmeff effR R= = , 

1 2 0.05μ = μ = , 1 75 mmd =  and 2 1d d . The hysteretic behavior in the level 
configuration and with a bottom plate rotation of 0.01 rad are compared in figure 3-12 for 
a displacement amplitude of 200 mm. Based on the figure, it is observed that due to the 
rotation of surface 1, the stable equilibrium position of the slider on this surface shifts by 

1 20 mmru = − . Therefore, the slider comes into contact with the displacement restrainer 
after travelling 95 mm  in the positive direction and only 55 mm  in the negative 
direction. As a result, the force-displacement loop for the entire bearing and the 
decomposed loop for surface 1 are asymmetric. Based on equation (3-30), 

1, 1, 20 mmdr rotated dr levelu u= +  in both the positive and negative directions. So whereas in 
the level configuration 1 150 mmdru = ± , now in the inclined configuration 

1 170 mm and -130 mmdru = + . Also note that even though friction on each surface is the 
same, there are offsets on each surface at zero total displacement ( )1 2 10 mmu uτ τ′ ′= − = −  
due to the rotation. 
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FIGURE 3-12  Total (a) and Decomposed (b) and (c) Hysteresis Loops for Example 
Bearing with 1τ = +0.01  and 2τ = 0  and Slider that Contacts the Displacement 
Restrainer 
 
3.5.5 Modeling for Dynamic Analysis 
 
Various options exist for modeling of double FP bearings in programs used for response 
history analysis of seismically isolated structures. For the simplest case of 1 2eff effR R=  
and 1 2μ = μ , the behavior of the bearing can be modeled as that of a single FP bearing 
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with radius of curvature 1 2eff effR R+  and coefficient of friction as determined by 
experiment. The velocity dependence of the coefficient of friction is described by 
 
 ( ) ( )max max min expf f f uμ = − − −α  (3-31) 
 
where u  is the sliding velocity, maxf  and minf are the sliding coefficients of friction at 
large velocity and nearly zero sliding velocity respectively and α  is a parameter that 
controls the transition from maxf  to minf . This relationship was proposed originally by 
Mokha et al. (1990). Typically maxf  is determined in the prototype bearing testing 
program and the parameters minf  and α  are selected on the basis of available 
experimental results. For example, refer to Constantinou et al. (1999 and 2007a).  
 
When determining the velocity dependence of the coefficient of friction for each 
interface, the relevant velocities are the sliding velocities on each concave surface - not 
the total velocity. For double FP bearings of equal radii and friction, the sliding velocities 
on each surface are equal and have magnitude 2u . Therefore, equation (3-31) still 
applies provided a value 2α  is specified. This is because in both cases the value of the 
exponential is ( )exp 2uα . For example, a value of 100α =  sec/m is often used for the 
composite friction material in traditional FP bearings. To model a double FP bearing with 
the same type of sliding material, the value 50α =  sec/m should be specified in the 
analysis program. 
 
For the general case of a double FP bearing with unequal radii and unequal friction, the 
behavior can be modeled using two single concave FP bearing elements acting in series. 
By defining two separate elements with the radii of curvature and coefficients of friction 
of each concave surface and connecting them in series with a point mass representing the 
articulated slider, the overall behavior is obtained. Velocity dependence of the coefficient 
of friction is still governed by equation (3-31), though the velocities of each isolator 
element represent the true sliding velocities on each surface. Accordingly, the rate 
parameter α  need not be modified. 
 
3.5.6 Values of Property Modification Factors 
 
The concept of bounding analysis on the basis of system property modification factors or 
λ -factors is originally described in Constantinou et al. (1999) and employed beginning in 
the 1999 AASHTO Guide Specifications for Seismic Isolation Design (AASHTO, 1999). 
The method is a systematic procedure for calculating upper and lower bound values for 
the mechanical properties of seismic isolators to account for aging, contamination, 
history of loading, temperature and other effects.  
 
For FP bearings, only the coefficient of friction is affected by the aforementioned effects. 
The system property modification factors for double FP bearings are the same as those 
for traditional FP bearings except for the contamination factor. Separate factors should be 
considered for the upper and lower concave surfaces, respectively. Anticipating that the 
bearings will be sealed (as unsealed bearings with a concave stainless steel surface facing 
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up are not permitted in the AASHTO Guide Specifications), the contamination factors 
will be 1 1.1cλ =  for the lower (upward facing) surface and 2 1.0cλ =  for the upper 
(downward facing) surface. When response history analysis is performed with each 
bearing explicitly modeled as two spherical sliding surfaces in series, the two different 
contamination factors can be directly utilized in adjusting the properties of each sliding 
surface. However, when simplified calculations are performed, a contamination factor for 
the entire system is needed. This factor may be derived on the basis of equation (3-11) 
that combines the contributions of the frictional forces from the two sliding interfaces: 
 

 1 1 1 2 2 2

1 1 2 2

c eff c eff
c

eff eff

R R
R R

λ μ + λ μ
λ =

μ + μ
 (3-32) 

 
For the most common case of bearings with equal radii and friction, 

( )1 2 2 1.05c c cλ = λ + λ = . 
 
3.5.7 P − Δ  Moment Transfer 
 
In the traditional FP bearing, the P − Δ  moment (moment resulting from vertical load P  
through the total bearing displacement  Δ ) is transferred to the structure or foundation on 
the side of the concave plate. In contrast, for double FP bearings this moment is divided 
among the two concave plates. The moments transferred to the top and bottom concave 
plates are 1P u×  and 2P u×  respectively, where 1u  and 2u  are the relative displacements 
on each surface. For bearings with 1 2eff effR R≈  and 1 2μ ≈ μ , the displacements 1u  and 2u  
are each effectively equal to 2Δ  and the moment transferred through each concave plate 
is 2PΔ . Though double FP bearings require the boundary elements both above and 
below to resist the P − Δ  moment, the magnitude of the moment that must be resisted is 
considerably less. 
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SECTION 4 
FORMULATION OF THE FORCE-DISPLACEMENT RELATIONSHIP FOR 

TRIPLE FP BEARINGS 
 
 
4.1 Introduction 
 
This section demonstrates how the force-displacement relationship is derived for a triple 
FP bearing in the fully adaptive configuration. The presentation follows that of Fenz and 
Constantinou (2007a).  
 
Referring to the nomenclature established in figure 2-5, the fully adaptive triple FP 
bearing is configured as follows: 
 

1. Large and equal effective radii for the outer concave plates and small and 
equal effective radii for the inner slide plates, 1 4 2 3eff eff eff effR R R R= = . This 
condition, when combined with appropriate specification of friction 
coefficients will result in the desirable transitions in stiffness throughout the 
course of motion. Note there is no hard and fast requirement that 1 4eff effR R=  
or 2 3eff effR R=  (the equations are formulated in general to account for 
configurations of unequal radii), however for simplicity of manufacture these 
radii will be equal in most cases. 

2.  The coefficients of friction are selected so that the bearing exhibits high 
stiffness and low friction initially and subsequently decreases in stiffness and 
increases in effective friction as the amplitude of displacement increases. This 
is accomplished by using friction materials that give 2 3 1 4μ = μ < μ < μ . 

3. The displacement capacities of each surface are selected so that there is 
gradual stiffening at large displacement. The slider should contact the 
displacement restrainer on surfaces 1 and 4 prior to surfaces 2 and 3. Provided 
that motion initiates on surfaces 2 and 3 prior to surfaces 1 and 4, this is 
guaranteed as long as 1 2f drF F<  and 4 3f drF F< . In terms of displacements, 
this condition is ( )2 1 2 2effd R> μ − μ  and ( )3 4 3 3effd R> μ − μ .  

4. Sliding should initiate on the surface of highest friction prior to the onset of 
any stiffening, that is 4 1f drF F< . In terms of displacements, this condition is 
satisfied provided that ( )1 4 1 1effd R> μ − μ . This is to avoid a situation in which 
the bearing stiffens, then softens, then stiffens again, which would occur if 

1 4dr fF F< . The bearing would stiffen upon contacting the displacement 
restrainer of surface 1, soften when sliding started on surface 4, and then 
stiffen again upon contacting the displacement restrainer of surface 4. 

 
The approach taken is to formulate the force-displacement behavior using these 
assumptions to describe the most general configuration that can be reasonably 
implemented. Subsequently, the collapse to simpler types of hysteretic behavior for 
configurations of triple FP bearing having equal friction is described. Similar to the 
double FP bearing having surfaces of equal friction, the simpler configurations are likely 
to be more widely implemented due to their economic benefits and less complex 
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behavior. However, there may be situations in which the engineer desires high 
performance at the expense of a more elaborate analysis. Moreover, understanding the 
behavior in the most general configuration and the influence of each design parameter 
gives the confidence necessary to implement the simpler configurations in practical 
applications.  
 
Lastly, the modified single FP bearing is discussed because it is a much simpler 
adaptation of the triple FP bearing but operates on essentially the same physical 
principles. Although it is in itself a viable type of isolation system, its treatment in this 
report is primarily as means of verification of the mechanical behavior of the triple FP.  
 
 
4.2 Sliding Regime I 
 
Sliding regime I consists of sliding on surfaces 2 and 3 and no sliding on surfaces 1 and 
4. The basic principles of operation described earlier dictate that starting from rest, 
motion will initiate when the horizontal force exceeds the friction force on the surface(s) 
of least friction. Therefore, sliding begins on surfaces 2 and 3 when 2 3f fF F F= = . The 
displaced shape and free body diagrams of the components of the bearing during this 
regime are shown in figure 4-1.  
 
Based on FBD III of figure 4-1(b), the following relationships are obtained by 
considering equilibrium in the vertical and horizontal directions respectively: 
 
 1 2 2 2 2sin cos 0fS F S+ θ − θ =  (4-1a) 
 2 2 2 2 1cos sin 0f fF S Fθ + θ − =  (4-1b) 
 
Also, from FBD IV of figure 4-1(b),  
 
 1fF F=  (4-2a) 
 1W S=  (4-2b) 
 
From geometry, the relative displacement of the slider on surface 2, 2u , is 
 
 2 2 2sineffu R= θ  (4-3) 
 
Combining equations (4-1) through (4-3) and assuming that the relative displacement 2u  
is sufficiently small compared to the effective radius 2effR  so that 2cos 1θ ≈ : 
 

 2 2
2

f
eff

WF u F
R

= +  (4-4) 
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FIGURE 4-1  Displaced Shape (a) and Free Body Diagrams (b) of the Triple FP 
Bearing During Sliding Regime I 
 
Equations (4-1) through (4-4) are the equations of equilibrium for the conventional single 
FP bearing (Zayas et al., 1987). Similar analysis of equilibrium of FBD I and FBD II 
gives for surface 3: 
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 3 3
3

f
eff

WF u F
R

= +  (4-5) 

 
The force-total displacement relationship for the bearing during sliding regime I is 
determined by combining equations (4-4) and (4-5) based on the fact that the total 
displacement u  is the sum of the displacements 2u  and 3u , as 1 4 0u u= = , resulting in 
 

 2 2 3 3

2 3 2 3

f eff f eff

eff eff eff eff

F R F RWF u
R R R R

+
= +

+ +
 (4-6) 

 
Upon reversal of motion, the bearing unloads by 2 32 ( 2 )f fF F=  and sliding initiates again 
on surfaces 2 and 3. As shown in figure 4-2, the hysteretic behavior is rigid-linear with 
post-elastic stiffness equal to the sum of the effective radii of surfaces 2 and 3 and 
strength equal to the average coefficient of friction on these two surfaces. The behavior is 
identical to a double FP bearing with concave surfaces of equal radii and equal friction. 
 

Sliding Regime I: 
umax < u*

Total Displacement, u

H
or

iz
on

ta
l F

or
ce

       W
Reff2+ Reff3

2Ff2 ( =2Ff3)Ff2 (= Ff3)

 
 

FIGURE 4-2  Force-Displacement Relationship During Sliding Regime I 
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4.3 Sliding Regime II 
 
When 1fF F= , motion begins on surface 1, marking the start of sliding regime II. The 
transition occurs at displacement u∗  given by 
 
 ( ) ( )1 2 2 1 3 3eff effu R R∗ = μ − μ + μ − μ  (4-7) 
 
Equation (4-7) is obtained by solving equation (4-6) for the displacement when 1fF F= . 
The displaced shape and free body diagrams for sliding regime II are shown in figure 4-3. 
The rotation of the lower slide plate with respect to the lower concave plate is 1θ  and the 
rotation of the rigid slider with respect to the lower slide plate is 2θ . When the angles are 
defined in this way, the relative displacements 1u  and 2u  are  
 
 1 1 1sineffu R= θ  (4-8a) 
 2 2 2sineffu R= θ  (4-8b) 
 
From FBD IV of figure 4-3(b) the equilibrium equations of the single FP bearing are 
obtained, leading to the following relationship governing motion on surface 1: 
 

 1 1
1

f
eff

WF u F
R

= +  (4-9) 

 
Although small in magnitude, rotation of the lower slide plate when sliding is occurring 
on surface 1 has a significant impact on behavior. The angle that the rigid slider makes 
with respect to the vertical direction is now the sum of angles 1θ  and 2θ , as reflected in 
the equations of equilibrium from FBD III of figure 4-3(b): 
 
 ( ) ( )1 1 2 1 2 2 1 2 1 1cos sin cos sin 0f fS F S Fθ + θ + θ − θ + θ − θ =  (4-10a) 

 ( ) ( )2 1 2 2 1 2 1 1 1 1sin cos sin cos 0f fS F S Fθ + θ + θ + θ − θ − θ =  (4-10b) 
 
Using equations (4-8) - (4-10) and the assumptions that the individual angles 1θ  and 

2θ are small so that 1 2cos cos 1θ ≈ θ ≈  and 1 2sin sin 0θ × θ ≈ , for surface 2 it is found that 
 

 1 2
2

1 2
f

eff eff

u uF W F
R R

⎛ ⎞
= + +⎜ ⎟⎜ ⎟

⎝ ⎠
 (4-11) 

 
Substituting equation (4-9) into equation (4-11): 
 
 ( )2 1 2 2effu R= μ − μ  (4-12) 
 
Equation (4-12) is important because it reveals that the displacement on surface 2 is 
constant with magnitude equal to the value of 2u  when motion transitions from sliding 
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regime I to sliding regime II (solve equation (4-4) for 2u  with 1fF F= ). This means that 
the instant sliding starts on surface 1, it stops on surface 2. 

 

 
FIGURE 4-3  Displaced Shape (a) and Free Body Diagrams (b) of the Triple FP 
Bearing During Sliding Regime II 
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Inspection of FBD I and FBD II of figure 4-3(b) shows that there is no change from FBD 
I and FBD II of figure 4-1(b), other than that the angle 3θ  is larger due to the increase of 
displacement 3u . Therefore, there is no sliding on surface 4 and motion on surface 3 is 
still governed by equation (4-5). So with sliding occurring on surfaces 1 and 3 only, the 
force-total displacement relationship for sliding regime II determined based on equations 
(4-5), (4-9) and (4-11) is 
 

 
( )1 1 2 2 2 3 3

1 3 1 3

f eff eff f eff f eff

eff eff eff eff

F R R F R F RWF u
R R R R

− + +
= +

+ +
 (4-13) 

 
This relationship is shown in figure 4-4. Upon reversal of motion, the bearing unloads by 

2 32 ( 2 )f fF F=  and motion resumes on surfaces 2 and 3. Motion continues on surfaces 2 
and 3 for a distance of 2u∗  until the bearing has unloaded by 12 fF , at which point sliding 
starts again on surface 1 and stops on surface 2. Sliding then continues on surfaces 1 and 
3. In comparison to sliding regime I, transition to sliding regime II is accompanied by a 
reduction in stiffness and an increase in effective friction. 
 

Sliding Regime II: 
u* < umax < u**

Total Displacement, u
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FIGURE 4-4  Force-Displacement Relationship During Sliding Regime II Shown in 
Relation to Sliding Regime I 
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4.4 Sliding Regime III 
 
Sliding initiates on surface 4 when 4fF F= , which occurs at displacement u∗∗  given by  
 
 ( )( )4 1 1 3eff effu u R R∗∗ ∗= + μ − μ +  (4-14) 
 
Equation (4-14) is obtained by solving equation (4-13) for the displacement when 

4fF F= . The displaced shape and free body diagrams for sliding regime III are shown in 
figure 4-5. Displacements 1u  and 2u  and angles 1θ  and 2θ  are defined as before; the 
rotation of the upper slide plate with respect to the outer upper concave plate is 4θ  and 
the rotation of the upper slide plate with respect to the rigid slider is 3θ . When the angles 
are defined in this way, the relative displacements 3u  and 4u  are 
 
 3 3 3sineffu R= θ  (4-15a) 
 4 4 4sineffu R= θ  (4-15b) 
 
By inspection of FBD III and FBD IV of figure 4-5(b), it is clear that nothing has 
changed from sliding regime II to sliding regime III for the bottom parts of the bearing, 
except for an increase in displacement 1u . Therefore, motion on surface 1 is still 
governed by equation (4-9) and motion on surface 2 is still governed by equation (4-11). 
From similar analysis of equilibrium of FBD I and FBD II of Figure 4-5(b) as was done 
for FBD III and FBD IV of Figure 4-3(b), it follows that for surface 4: 
 

 4
4

f
eff

WF F
R

= +  (4-16) 

and for surface 3: 
 

 3 4
3

3 4
f

eff eff

u uF W F
R R

⎛ ⎞
= + +⎜ ⎟⎜ ⎟

⎝ ⎠
 (4-17) 

 ( )3 4 3 3effu R= μ − μ  (4-18) 
 
Equation (4-18) demonstrates that as soon as sliding starts on surface 4, it stops on 
surface 3. This can be proven by solving equation (4-5) for 3u  with 4fF F= . For sliding 
on surfaces 1 and 4, the force-total displacement relationship for sliding regime III 
determined by combining equations (4-9), (4-11), (4-16) and (4-17) is 
 

 
( ) ( )1 1 2 2 2 3 3 4 4 3

1 4 1 4

f eff eff f eff f eff f eff eff

eff eff eff eff

F R R F R F R F R RWF u
R R R R

− + + + −
= +

+ +
 (4-19) 
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FIGURE 4-5  Displaced Shape (a) and Free Body Diagrams (b) of the Triple FP 
Bearing During Sliding Regime III 
 
This relationship is shown in figure 4-6. Compared to regimes I and II, transition to 
sliding regime III is accompanied by a reduction in stiffness and an increase in effective 
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friction. When motion reverses, the bearing unloads by 2 32 ( 2 )f fF F=  and sliding 
resumes on surfaces 2 and 3. Motion continues on surfaces 2 and 3 for a distance of 2u∗  
until the bearing has unloaded by 12 fF , at which point sliding starts on surface 1 and 
stops on surface 2. From this point, motion continues on surfaces 1 and 3 for a distance of 
2 2u u∗∗ ∗−  until the bearing has unloaded by 42 fF . At this point, motion resumes on 
surface 4 (and stops on surface 3) and sliding on surfaces 1 and 4 occurs. 
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FIGURE 4-6  Force-Displacement Relationship During Sliding Regime III Shown in 
Relation to Sliding Regimes I-and II 
 
 
4.5 Sliding Regime IV 
 
Stiffening behavior of the triple FP bearing at large displacements is achieved by 
stopping motion on surfaces with large effective radius and forcing it to occur on surfaces 
with smaller effective radius. Sliding regime IV begins when the motion changes from 
sliding on surface 1 and 4 to sliding on surfaces 2 and 4, which occurs when contact is 
made with the displacement restrainer on surface 1. At this point, the displacement on 
surface 1 is 1 1u d=  and the horizontal force, 1drF , is  
 

 1 1 1
1

dr f
eff

WF d F
R

= +  (4-20) 
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The transition between sliding regimes occurs at a total displacement of 1dru , given by  
 

 ( )( )4
1 1 4 1 1 4

1

1 eff
dr eff eff

eff

R
u u d R R

R
∗∗

⎛ ⎞
= + + − μ − μ +⎜ ⎟⎜ ⎟

⎝ ⎠
 (4-21) 

 
Equation (4-21) is obtained by solving equation (4-19) for u  with 1drF F= . The 
displaced shape and free body diagrams for motion during regime IV are given in figure 
4-7. In FBD III and FBD IV of figure 4-7, it is shown that the effect of the displacement 
restrainer contacting the slider on surface 1 is to introduce an additional force on the 
slider, 1rF . It is assumed that the displacement restrainer is rigid, and therefore from FBD 
IV of figure 4-7, the force displacement relationship governing motion on surface 1 is 
 

 1 1 1
1

f r
eff

WF d F F
R

= + +  (4-22) 

 
There is no additional displacement on surface 1 and equilibrium is maintained by an 
increase in the restrainer force, 1rF , as the applied horizontal force, F , is increased. 
Using FBD III and FBD IV of figure 4-7(b), the force displacement relationship 
governing motion on surface 2 is  
 

 1 2
2

1 2
f

eff eff

d uF W F
R R

⎛ ⎞
= + +⎜ ⎟⎜ ⎟

⎝ ⎠
 (4-23) 

 
This demonstrates that sliding resumes on surface 2 when the displacement restrainer is 
contacted on surface 1. Equation (4-23) is simply equation (4-11) with 1 1u d= . Nothing 
has changed on the upper surfaces so motion on surfaces 3 and 4 is still governed by 
equations (4-17) and (4-16) respectively. Therefore, with sliding occurring on surfaces 2 
and 4 the force-total displacement relationship is  
 

 ( )1 1 1
2 4 1

dr f
eff eff eff

W WF u u d F
R R R

= − + +
+

 (4-24) 

 
This relationship is shown in figure 4-8. Upon reversal of motion, the bearing unloads by 

2 32 ( 2 )f fF F=  and motion resumes on surfaces 2 and 3. As described in figure 2-10, after 
the slider contacts the displacement restrainer on surface 1, motion will not start on this 
surface until the bearing has unloaded by 1 12r fF F+  to  
 

 1 1
1

f
eff

WF d F
R

= −  (4-25) 
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FIGURE 4-7  Displaced Shape (a) and Free Body Diagrams (b) of the Triple FP 
Bearing During Sliding Regime IV 
 
Sliding resumes on surface 4 when the bearing has unloaded by 42 fF . The order in which 
sliding resumes is determined by comparing the quantities 1 12r fF F+  and 42 fF . It can be 
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shown that for sliding regime IV, if the magnitude of the maximum total displacement, 
maxu , satisfies the following  

 
 ( )( )max 1 4 1 2 42dr eff effu u R R> + μ − μ +  (4-26) 
 
then upon unloading, motion will initiate on surface 4 prior to surface 1 
( )4 1 12 2f r fF F F< + . If equation (4-26) is not satisfied, then motion will initiate on surface 
1 prior to surface 4 ( )1 1 42 2r f fF F F+ < . This demonstrates that it is possible to have 
different types of unloading behavior depending on the maximum displacement achieved. 
However, based on equation (4-28) that follows, one can show that for the typical 
configuration with 1 4d d=  and 1 4eff effR R= , equation (4-26) cannot be satisfied prior to 
the start of sliding regime V. Therefore, motion will start on surface 1 prior to surface 4 
for standard configurations of triple FP bearing. 
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FIGURE 4-8  Force-Displacement Relationship During Sliding Regime IV Shown in 
Relation to Sliding Regimes I-III  
 
4.6 Sliding Regime V 
 
Sliding regime V begins when the motion changes from sliding on surface 2 and 4 to 
sliding on surfaces 2 and 3, which occurs as contact is made with the displacement 
restrainer on surface 4. This is accompanied by further stiffening. The displaced shape 
and free body diagrams are shown in figure 4-9. At the transition point, the relative 
displacement on surface 4 is 4 4u d=  and the horizontal force, 4drF , is  
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FIGURE 4-9  Displaced Shape (a) and Free Body Diagrams (b) of the Triple FP 
Bearing During Sliding Regime V 
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 4 4 4
4

dr f
eff

WF d F
R

= +  (4-27) 

 
The transition between sliding regimes occurs at a total displacement of 4dru , given by  
 

 ( )4 1
4 1 4 1 2 4

4 1
dr dr eff eff

eff eff

d du u R R
R R

⎡ ⎤⎛ ⎞ ⎛ ⎞
= + + μ − + μ +⎢ ⎥⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦

 (4-28) 

 
From similar analysis of equilibrium of FBD I and FBD II of figure 4-9(b) as was done 
for FBD III and FBD IV of figure 4-7(b), it follows that for surface 4: 
 

 4 4 4
4

f r
eff

WF d F F
R

= + +  (4-29) 

 
and for surface 3 
 

 34
3

4 3
f

eff eff

udF W F
R R

⎛ ⎞
= + +⎜ ⎟⎜ ⎟

⎝ ⎠
 (4-30) 

 
As with the bottom part of the bearing, equation (4-30) reveals that sliding resumes on 
surface 3 the instant contact is made with the displacement restrainer on surface 4. 
Nothing has changed on the lower part of the bearing, motion is still occurring on surface 
2 with the slider bearing on the displacement restrainer on surface 1. Therefore, 
combining the force displacement relationships for surfaces 1 through 4 gives 
 

 ( )4 4 4
2 3 4

dr f
eff eff eff

W WF u u d F
R R R

= − + +
+

 (4-31) 

 
This is shown in figure 4-10. When the motion reverses, the bearing will unload by 

2 32 ( 2 )f fF F=  and sliding will occur on surfaces 2 and 3. Motion resumes on surface 1 
when the bearing unloads to 1 12dr fF F−  and motion resumes on surface 4 when the 
bearing unloads to 4 42dr fF F− . Since the former is always larger than the latter 
(assuming the standard configuration), when the bearing unloads from maximum 
displacement max 4dru u> , sliding will initiate on surface 1 prior to surface 4. 
 
The equations governing the force-displacement relationship of triple FP bearings for all 
five sliding regimes are summarized in table 4-1. 
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FIGURE 4-10  Force-Displacement Relationship During Sliding Regime V Shown in 
Relation to Sliding Regimes I-IV 
 
 
4.7 Additional Comments 
 
4.7.1 Behavior in the Case of Equal Friction 
 
Thus far, the behavior of the triple FP bearing has been described for the fully adaptive 
configuration of properties in which 2 3 1 4μ = μ < μ < μ . In this case there are multiple 
sliding phases and accordingly multiple changes in stiffness. However it can be shown 
that in simpler configurations the hysteretic behavior of the triple FP will collapse to that 
of the double FP or even the single FP. This is due to the fact that when friction is equal 
on two surfaces i  and j , sliding starts simultaneously on each and theoretically they 
behave as a single surface having effective radius eff effi effjR R R= + . For the time being, 
these simpler configurations are the most likely to be implemented by practicing 
engineers. 
 
Consider a triple FP bearing in which 2 3 1 4μ = μ < μ = μ . For displacements u u∗< , 
sliding occurs only on surfaces 2 and 3 and the behavior is indistinguishable from sliding 
regime I of the standard configuration as described in section 4.2. The fundamental 
principles of operation must hold regardless of the relative values of the friction 
coefficients. Therefore, with increasing lateral force sliding will start on surface 1 when 
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1fF F= . However at this same point, 4fF F=  and motion simultaneously starts on 
surface 4. By inspection, when 1 4μ = μ , equation (4-14) gives u u∗∗ ∗= . This means that 
the displacement range in which sliding regime II applies (from u∗  to u∗∗ ) goes to zero 
and the behavior immediately transitions from sliding on surfaces 2 and 3 to sliding on 
surfaces 1 and 4 (from sliding regime I to sliding regime III). The hysteretic behavior 
shown prior to any stiffening is shown in figure 4-11(b). It is rigid-bilinear with large 
unloading stiffness prior to the transition to sliding on surfaces 1 and 4. Finally, it should 
be noted that for 1 4μ = μ  when the ratios 1 1effd R  and 4 4effd R  are the same, based on 
equation (4-28) 1 4dr dru u=  and the slide plates contact the displacement restrainers on 
surfaces 1 and 4 simultaneously. 
 
The behavior further collapses in the case where all coefficients of friction are equal, 

1 2 3 4μ = μ = μ = μ . Based on equations (4-7) and (4-14), it is clear that 0u u∗∗ ∗= = , 
meaning that sliding regime III governs instantaneously upon initiation of motion. This is 
further corroborated by examining equations (4-12) and (4-18); when the friction 
coefficients are equal 2 3 0u u= =  indicating that there is no sliding on surfaces 2 and 3. In 
this case, prior to contacting the displacement restrainer there are no transitions in 
stiffness and the behavior is analogous to that of the single FP bearing. This is shown in 
figure 4-11(c). Similar to the previous case, when the ratios 1 1effd R  and 4 4effd R  are the 
same, based on equation (4-28) 1 4dr dru u=  and the slide plates contact the displacement 
restrainers on surfaces 1 and 4 simultaneously. 
 
This last configuration is purely academic since it is in practice very difficult to achieve 
coefficients of friction that are exactly equal. If this were attempted, due to natural 
variability of material properties it would be uncertain whether 1 2μ > μ  or whether 

2 1μ > μ  (and equally whether 4 3μ > μ  or 3 4μ > μ ). Therefore it would not be possible 
with any certainty to predict whether in practice sliding will initiate on the outer concave 
surface or the recess of the slide plate. There are considerably different values of stiffness 
associated with each of these possibilities. In this case, the designer should just use the 
double FP bearing with concave surfaces of equal friction. 
 
4.7.2 Applicability of Series Models 
 
One important result from the analysis of double FP bearings was that the overall 
behavior could be obtained by considering two single FP elements acting in series. This 
aspect of behavior has important implications for dynamic response history analysis. 
Even double FP bearings of unequal friction can be modeled with the existing analytical 
formulations used for single FP bearings in software used for analysis of seismically 
isolated structures. This means that these novel devices having unique behavior can be 
modeled without having to revise the current software. 
 
With this knowledge, it is tempting to assume that triple FP bearings can be modeled 
using three or four single FP elements connected in series. However, this is not the case. 
The behavior of the triple FP bearing is not that of a series arrangement of single FP 
bearings. This is due to the fact that the series model is incapable of reproducing the 
sliding-stopping-sliding behavior that the innermost sliding surfaces exhibit throughout  



 79

(a) 

(b) 

(c) 

Fully Adaptive
2 = 3 < 1 < 4

Displacement

H
or

iz
on

ta
l F

or
ce

Collapsed to Double
2 = 3 < 1 = 4

Displacement

H
or

iz
on

ta
l F

or
ce

Collapsed to Single
1 = 2 = 3 = 4

Displacement

H
or

iz
on

ta
l F

or
ce

[Assumed that Fmax < Fdr1 . . . Fdr4]

[Assumed that Fmax < Fdr1 . . . Fdr4]

      W
Reff1+Reff4

      W
Reff2+Reff3

      W
Reff1+Reff4

 
 
FIGURE 4-11  Collapse of Adaptive Triple FP Bearing’s Behavior to Simpler Cases 
in Configurations of Equal Friction 
 
the course of motion. The result of this limitation is that the stiffness is under-predicted 
by the series model when sliding is occurring on the outer concave surfaces because it 
permits simultaneous sliding on both surfaces 1 and 2 (and 3 and 4). In actuality, 
simultaneous sliding cannot occur on surfaces 1 and 2 (and 3 and 4). 
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This has important implications in modeling triple FP bearings for dynamic analysis. It is 
shown elsewhere (Fenz and Constantinou, 2007b) that though the true behavior of the 
triple FP is not that of a series arrangement of single FP bearings, it is similar. Series 
models can be used to model the behavior provided that the input parameters are 
modified appropriately. This is beyond the scope of the current report and is discussed 
elsewhere in greater detail (Fenz and Constantinou, 2007b). 
 
4.7.3 Actual Forces at which the Slider Contacts the Displacement Restrainer on 
Surfaces 2 and 3 
 
For the fully adaptive configuration of triple FP bearing that has been described in this 
section, forces 2drF  and 3drF  are not actually the forces at which the slider contacts the 
displacement restrainer on surfaces 2 and 3. This is because motion on these surfaces is 
interrupted when sliding initiates on surfaces 1 and 4, respectively. Based on equation (4-
23), the actual force at which the slider contacts the displacement restrainer of surface 2 
is  
 

 1 2 1
2 2

1 2 1
f dr

eff eff eff

d d dF W F F W
R R R

⎛ ⎞
= + + = +⎜ ⎟⎜ ⎟

⎝ ⎠
 (4-32) 

 
A similar expression can be derived based on equation (4-30) for surface 3. The forces 

2drF  and 3drF  determined using equation (2-5) are the forces at which the slider would 
contact the displacement restrainer if sliding did not yet initiate on surfaces 1 and 4. They 
are not physically meaningful, but instead are needed for initial checking of the 
configuration and determining the sequencing of regimes. 
 
4.7.4 Slider Offsets in Displacement-Controlled Tests 
 
In previous work on the double FP bearing, it was observed that the slider becomes offset 
within the bearing during displacement controlled harmonic tests when friction is 
different on the upper and lower surfaces (Fenz and Constantinou, 2006). This means at 
zero total displacement the individual displacements on each surface are equal and 
opposite rather than both zero.  
 
The same phenomenon occurs in the triple FP bearing. The offset occurs because the 
effective coefficient of friction (the normalized horizontal force at zero total 
displacement) is different from the coefficients of friction on the individual sliding 
surfaces (the normalized horizontal force at zero relative displacement). The magnitudes 
of the individual offsets are functions of the difference between the effective friction and 
the individual coefficients of friction, and therefore depend on both the configuration of 
the bearing and the amplitude of the motion. Explicit expressions for the individual 
offsets are not included in this report, however they can be determined by tracking the 
total force-displacement loops and monitoring the relative displacements as motion 
progresses. It is emphasized that slider offset is related to displacement controlled testing 
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and is different from the phenomenon of permanent total displacements at the end of 
earthquake excitation. 
 
4.7.5 Effect of Concave Plate Rotations 
 
Due to their doubly spherical construction, triple FP bearings (like double FP bearings) 
are more susceptible to the concave plate rotations than single FP bearings. Assume a 
triple FP bearing in the standard configuration having the bottom concave plate and top 
concave plate with counter-clockwise (positive) rotations 1+τ  and 4+τ  respectively. Due 
to this rotation the “low spot” or stable equilibrium position on the lower and upper 
concave plates changes by 1 1 1sinr effu R= − τ  and 4 4 4sinr effu R= − τ  as described by figure 
2-18. When the slide plates are in the stable equilibrium position, they are themselves 
level although the concave plates are inclined. This is demonstrated in figure 4-12. Since 
the slide plates are level, the rotations of the inner surfaces zero ( 2 3 0τ = τ = ) and there is 
no relative offset of the rigid slider on these surfaces ( 2 3 0r ru u= = ). 
 

 
 
FIGURE 4-12  Stable Equilibrium Position of Triple FP Bearing Having Concave 
Plate Rotations of 1+τ  and 4+τ  
 
For the fully adaptive triple FP bearing described in section 4.1, starting from the new 
stable equilibrium position motion starts on surfaces 2 and 3 simultaneously when the 
friction force is exceeded. Sliding occurs on surfaces 2 and 3 only provided that the 
friction force on the surface of next higher (surface 1) is not overcome. Accordingly, the 
displacements on each surface are 
 
 1 1 1 1sinr effu u R= = − τ  (4-33a) 

 2 2 2eff
Fu R
W

⎛ ⎞= − μ⎜ ⎟
⎝ ⎠

 (4-33b) 

 3 3 3eff
Fu R
W

⎛ ⎞= − μ⎜ ⎟
⎝ ⎠

 (4-33c) 

 4 4 4 4sinr effu u R= = − τ  (4-33d) 
 
Combining equations (4-33a) through (4-33d), the force-displacement relationship for 
sliding regime I is 
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 ( ) 2 2 3 3
1 4

2 3 2 3

f eff f eff
r r

eff eff eff eff

F R F RWF u u u
R R R R

+
= − − +

+ +
 (4-34) 

 
Equation (4-34) demonstrates that provided 1fF F≤ , sliding occurs on the innermost 
surfaces with no effect on the strength or stiffness caused by the rotation. The only effect 
of the rotation during sliding regime I is that the bearing now oscillates about the inclined 
stable equilibrium position at 1 4r ru u u= + . 
 
Since the rotation has no effect on friction, sliding on surface 1 (the surface of next 
higher friction) starts when the horizontal force is 1fF F=  - the same as in the level 
configuration. However, due to the rotation, the sliding motion on this surface starts from 
the offset stable equilibrium position at 1 1ru u= . Since the stiffness exhibited by this 
surface remains the same, starting from this offset position will result in a vertical 
translation of the decomposed hysteresis loop. After motion starts on surface 1, but prior 
to motion starting on surface 4, the individual displacements on each surface are 
 

 1 1 1 1eff r
Fu R u
W

⎛ ⎞= − μ +⎜ ⎟
⎝ ⎠

 (4-35a) 

 ( )2 1 2 2effu R= μ − μ  (4-35b) 

 3 3 3eff
Fu R
W

⎛ ⎞= − μ⎜ ⎟
⎝ ⎠

 (4-35c) 

 4 4 4 4sinr effu u R= = − τ  (4-35d) 
 
Combining equations (4-35a) through (4-35d), the force-displacement relationship for 
sliding regime II is 
 

 ( ) ( )1 1 2 2 2 3 3
1 4

1 3 1 3

f eff eff f eff f eff
r r

eff eff eff eff

F R R F R F RWF u u u
R R R R

− + +
= − − +

+ +
 (4-36) 

 
Comparing equations (4-13) and (4-36), it is clear that the behavior is similar in the level 
and inclined configurations except that the stable equilibrium position changes from 

0u =  to 1 4r ru u u= + . As a result, there is a vertical shift in the hysteresis loops (up or 
down depending on the magnitude and direction of the rotation) as well. 
 
Similarly, when the horizontal force exceeds the friction force on surface 4, sliding stops 
on surface 3 and starts on surface 4 with force-displacement relationship 
 

 ( ) ( ) ( )1 1 2 2 2 3 3 4 4 3
1 4

1 4 1 4

f eff eff f eff f eff f eff eff
r r

eff eff eff eff

F R R F R F R F R RWF u u u
R R R R

− + + + −
= − − +

+ +
  

(4-37) 
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Again, when equations (4-19) and (4-37) are compared it is clear that the effect of the 
rotation for sliding regime III will be a vertical shift due to the change in the stable 
equilibrium position. 
 
The behavior for sliding regime IV is described here assuming that the slider still makes 
contact with the restrainer of surface 1 prior to surface 4. However due to the rotation, it 
is possible in certain configurations that the sequencing can be reversed from what would 
be expected if the concave plates were installed without rotation. For example, in the 
standard fully adaptive configuration a level bearing will have the slider contact surface 1 
prior to surface 4. However, for certain combinations of rotations, it is possible that the 
slider may contact the displacement restrainer of surface 4 prior to surface 1 in one 
direction of motion.  
 
The order in which the displacement restrainers are contacted is determined by 
comparing the relative values of dri iF W± τ  for surfaces 1 and 4 in each direction of 
motion. For example, if surface 1 has a positive (counter-clockwise) rotation and surface 
4 has a negative (clockwise) rotation, then the order in which the surfaces are contacted 
are determined by comparing 
 

 1 1 1 1
1

dr f
eff

WF d F W
R

= + + τ  (4-38) 

 
and 
 

 4 4 4 4
4

dr f
eff

WF d F W
R

= + − τ  (4-39) 

 
for motion in the positive direction. The minimum of equations (4-38) and (4-39) 
determines upon which surface the displacement restrainer is first contacted. For motion 
in the negative direction, the order is determined by comparing 
 

 1 1 1 1
1

dr f
eff

WF d F W
R

= + − τ  (4-40) 

 
and 

 4 4 4 4
4

dr f
eff

WF d F W
R

= + + τ  (4-41) 

 
The minimum of equations (4-40) and (4-41) determines upon which surface the 
displacement restrainer is first contacted. 
 
Assuming that the slider still makes first contact with the restrainer of surface 1, the total 
displacement at which this occurs is determined by solving equation (4-37) for the 
displacement when 1drF F=  as determined by equation(4-38). It is found that 
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 ( )( ) ( )4**
1 1 4 1 1 4 1 4 1 1 4

1

1 eff
dr eff eff r r eff eff

eff

R
u u d R R u u R R

R
⎛ ⎞

= + + − μ − μ + + + + τ +⎜ ⎟⎜ ⎟
⎝ ⎠

 (4-42) 

 
where u∗∗  is given by equation (4-14). Equation (4-42) is essentially (4-21) with slight 
modification as a result of the rotation. It reflects the asymmetry in the force-total 
displacement loop that results from the displacement capacity of surface 1 being 1 1rd u+  
in one direction and 1 1rd u−  in the other.  
 
After the slider contacts the displacement restrainer on surface 1, the force displacement 
relationship becomes 
 

 
( )2 2 4 3 3 4 4 21 4 1

2 4 2 4 2 4 1

f eff f f eff f eff effr r

eff eff eff eff eff eff eff

F R F F R F R Ru u u dF W W
R R R R R R R

− − +− −
= + +

+ + +
  

(4-43a) 
 

 4 4

2 4

eff
level

eff eff

R
F F W

R R
τ

= +
+

 (4-43b) 

 
In comparison to the level configuration, this demonstrates that there is a vertical shift of 
the total hysteresis loop by an amount ( ) ( )4 4 2 4eff eff effR W R Rτ + . 
 
For sliding regime V there will be asymmetry in the force-total displacement loop due to 
the fact that the displacement capacity on surface 4 becomes 4 4rd u+  in one direction and 

4 4rd u−  in the other direction. The slider will meet the displacement restrainer when 
4 4drF F W= + τ . The displacement when this occurs is 

 

 ( ) ( )4 1
4 1 4 1 2 4 4 4 2 4

4 1
dr dr eff eff r eff eff

eff eff

d du u R R u R R
R R

⎡ ⎤⎛ ⎞ ⎛ ⎞
= + + μ − + μ + + + τ +⎢ ⎥⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦

 (4-44) 

 
where 1dru  is that of the level configuration as given by equation (4-21). Comparing 
equations (4-44) and (4-28), it can be seen that ( )4, 4, 4 4 2 4dr level dr rotated r eff effu u u R R= + + τ + , 
which again results in asymmetry of the hysteresis loop. After contact is made with the 
displacement restrainer of surface 4, motion continues on surfaces 2 and 3 with force-
displacement relationship given by 
 

 ( )4 4 4 4
2 4 4

dr f
eff eff eff

W WF u u d F W
R R R

= − + + + τ
+

 (4-45) 

 
where 4dru  is given by equation(4-44). 
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4.8 Behavior of the Modified Single FP Bearing 

The modified single FP bearing is similar in construction to the conventional FP bearing, 
but with an intermediate slide plate. It is essentially a simpler adaptation of the triple FP 
bearing. Therefore, its behavior is less complex than that of the triple FP bearing, but 
exhibits the same characteristics of motion.  
 
In the standard configuration of 1 2eff effR R  and 1 2μ > μ  (with reference to figure 2-7), 
the force-displacement relationship of the modified single FP is composed of three 
sliding regimes: (I) initial sliding only on surface 2 with high stiffness and low friction, 
(II) sliding only on surface 1 with a decrease in stiffness and an increase in friction, and 
(III) stiffening as the slide plate contacts the displacement restrainer of surface 1 and 
sliding on surface 2 resumes. This configuration will readily activate and re-center well in 
minor events, provide sufficient flexibility and damping for more severe shaking and then 
stiffen substantially before the maximum displacement capacity of the bearing is 
achieved.  
 
Upon application of horizontal force F , motion will initiate on surface 2, the surface of 
least friction when 2fF F= . Since sliding occurs on surface 2 only, the force-
displacement relationship follows from the equilibrium equations of the traditional FP 
bearing (Zayas et al., 1987) and is given by 
 

 2
2

f
eff

WF u F
R

= +  (4-46) 

 
If the direction of motion reverses prior to the initiation of motion on surface 1, the 
bearing will unload by 22 fF  and sliding will continue only on surface 2. As shown in 
figure 4-13(a), the hysteretic behavior is identical to that of the conventional FP bearing. 
 
With increasing applied lateral force, the friction force on surface 1 is overcome at total 
displacement u∗  given by 
 
 ( )1 2 2effu R∗ = μ − μ  (4-47) 
 
Equation (4-47) is determined by solving equation (4-46) for the displacement when 

1fF F= . The displaced shape after motion has initiated on surface 1 and free body 
diagrams of the various parts of the bearing in the displaced configuration are shown in 
figure 4-14. The rotation of the slide plate with respect to the outer concave plate is 1θ  
and the rotation of the articulated slider with respect to the slide plate is 2θ . When the 
angles are defined in this way, the relative displacements 1u  and 2u  are 
 
 1 1 1sineffu R= θ  (4-48a) 
 2 2 2sineffu R= θ  (4-48b) 
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FIGURE 4-13  Force-Displacement Relationship of the Modified Single FP Bearing 
(a) for Sliding Regime I, (b) for Sliding Regime II and (c) for Sliding Regime III 
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FIGURE 4-14  Displaced Shape (a) and Free Body Diagrams (b) of the Modified 
Single FP Bearing During Sliding Regime II 
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From FBD III of figure 4-14(b), the equilibrium equations of the traditional FP bearing 
are obtained leading to the following force-displacement relationship for surface 1: 
 

 1 1
1

f
eff

WF u F
R

= +  (4-49) 

 
The equations of equilibrium for surface 2 reflect that the articulated slider is now 
inclined at an angle 1 2θ + θ  with respect to the horizontal due to the rotation of the slide 
plate. From FBD II of figure 4-14(b) the equilibrium equations in the vertical and 
horizontal directions are 
 
 ( ) ( )1 1 1 1 2 1 2 2 1 2cos sin cos sin 0f fS F S Fθ − θ − θ + θ + θ + θ =  (4-50a) 

 ( ) ( )1 1 1 1 2 1 2 2 1 2sin cos sin cos 0f fS F S F− θ − θ + θ + θ + θ + θ =  (4-50b) 
 
The first two terms of the left hand side of equation (4-50a) are equal to the vertical load 
W  and the first two terms of the left hand side of equation (4-50b) are equal to the 
negative of the horizontal force F− . Using equations (4-48) and (4-50) and the 
assumptions that the individual angles 1θ  and 2θ  are small so that 1 2cos cos 1θ ≈ θ ≈  and 

1 2sin sin 0θ × θ ≈ , the force-displacement relationship for surface 2 is  
 

 1 2
2

1 2
f

eff eff

u uF W F
R R

⎛ ⎞
= + +⎜ ⎟⎜ ⎟

⎝ ⎠
 (4-51) 

 
Substituting equation (4-49) into equation (4-51), the relative displacement of the slider 
on surface 2 throughout sliding regime II is 
 
 ( )2 1 2 2effu R u∗= μ − μ =  (4-52) 
 
Equation (4-52) demonstrates that the relative displacement on surface 2 is constant with 
magnitude equal to the value of 2u  when sliding initiates on surface 1. This means that 
the instant motion starts on surface 1 it stops on surface 2 and remains stopped. This is 
identical to the behavior obtained for the triple FP bearing, which is expected due to the 
similarity of their construction. The force-total displacement relationship for u u∗>  (but 
prior to contacting the displacement restrainer on surface 1) is determined by combining 
equations (4-49) and (4-52) to obtain 
 

 ( ) 1
1

f
eff

WF u u F
R

∗= − +  (4-53) 

 
Upon reversal of motion, the bearing will unload by 22 fF and motion will initiate on 
surface 2. Motion continues on surface 2 over a distance *2u  until the bearing has 
unloaded by 12 fF , at which point motion will resume on surface 1 and stop on surface 2. 
The force-displacement behavior for this sliding regime is shown in figure 4-13(b). 
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Sliding occurs on surface 1 only until the slide plate starts to bear on the displacement 
restrainer. At the instant the slide plate contacts the displacement restrainer on surface 1 
the horizontal force is 
 

 1 1 1
1

dr f
eff

WF F d F
R

= = +  (4-54) 

 
and the total displacement is 
 
 *

1 1dru u d u= = +  (4-55) 
 
Equation (4-55) can be obtained by solving equation (4-53) for the displacement when 

1drF F=  or by simple consideration that at the instant contact is made with the 
displacement restrainer 1 1u d=  and 2u u∗= . With the slider bearing on the displacement 
restrainer of surface 1, sliding can occur only on surface 2 until the total displacement 
capacity of the bearing is achieved. The force-total displacement relationship for this 
sliding regime ( )1dru u>  is therefore 
 

 ( )1 1 1
2 1

dr f
eff eff

W WF u u d F
R R

= − + +  (4-56) 

 
Upon reversal of motion, the bearing unloads by 22 fF  and sliding occurs on surface 2. 
Sliding resumes on surface 1 and stops on surface 2 when the bearing unloads to 

1 12dr fF F− . This is shown in figure 4-13(c). The equations governing the force-
displacement relationship of modified single FP bearings for all three sliding regimes are 
summarized in table 4-2. 
 
Similar to the other multi-spherical sliding bearings, the force-displacement behavior 
collapses and simplifies in cases when the friction coefficients are the same on both 
surfaces. For the modified single FP bearing when the friction coefficients 1μ  and 2μ  are 
the same, 0u∗ =  and the behavior collapses to that of a single FP bearing with effective 
radius of curvature 2effR . Again however, this is simply an academic point as there is no 
practical advantage offered by the modified single FP bearing with 1 2μ = μ  over a 
traditional single FP bearing or double FP bearing having surfaces of equal friction. 
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SECTION 5 
EXPERIMENTAL VALIDATION OF MECHANICAL BEHAVIOR 

 
 
5.1 Introduction 
 
This section describes an experimental program of characterization testing that was 
performed to assess the validity of the proposed theoretical behavior. It is largely a 
compilation of the results first presented in Fenz and Constantinou (2006, 2007c). The 
three variations of multi-spherical sliding bearing were tested in many different 
configurations to validate the theory over a broad spectrum of conditions. The primary 
objective was to measure the force-displacement behavior for slow speed displacement-
controlled tests of various amplitudes in order to verify the analytical model and 
principles of operation. Slow speed tests were favored since hysteresis loops obtained 
under nearly quasi-static test conditions exhibited clear transitions in stiffness and 
permitted more accurate comparison to the proposed analytical models. A limited number 
of tests were also carried out at high speed to explore the behavior under more realistic 
dynamic conditions and evaluate any effects of impact when the slider contacts the 
displacement restrainer.  
 
The experimental results generally are in good agreement with the analytical models from 
both a quantitative and more importantly a qualitative standpoint. The later statement 
means that the sequencing of sliding regimes and the starting/stopping of sliding on the 
various surfaces is consistent with the behavior that is predicted based on first principles. 
Demonstrating the predictability of the behavior contributes towards showing that these 
devices combine the performance benefits of hybrid isolation systems with the reliability 
of currently used technologies.  
 
 
5.2 Description of Test Specimens 
 
Figures 5-1 through 5-3 show the various reduced-scale specimens that were tested as 
part of the experimental program. Each was tested with different combinations of 
displacement capacities and coefficients of friction. To change the displacement 
capacities of the outer concave surfaces, a urethane ring (hardness 62D) was machined 
that could be easily inserted and removed. As shown in figure 5-4, the ring could be press 
fit into the outer concave plate to reduce the displacement capacity of this surface by 25 
mm. Frictional conditions were varied by lubricating the various sliding materials with a 
medium weight silicone grease. Compared to the dry or un-lubricated condition, when 
lubricated these materials exhibited substantially lower frictional properties. All 
configurations tested are summarized in figure 5-5 and table 5-1.  
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(c) 

 
 

FIGURE 5-1  Dimensions of Double FP Specimens Tested with (a) Equal Radii of 
Curvature and (b) Different Radii of Curvature and (c) Photograph of Specimen 
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(a) 

 

 
 

(b) 
 
FIGURE 5-2  Dimensions (a) and Photograph (b) of Triple FP Bearing Tested 
(Shown Separated to Better Reveal Internal Construction) 
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(a) 

 

 
 

(b) 
 
FIGURE 5-3  Dimensions (a) and Photograph (b) of Modified Single FP Bearing 
Tested (Shown Separated to Better Reveal Internal Construction) 
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FIGURE 5-4  Sketch of Urethane Ring Inserted to Reduce the Displacement 
Capacity of the Concave Plate 
 
The double FP specimen was assembled using stainless steel concave plates having a 
diameter of 230 mm and radius of curvature of 473 mm. Additionally, two configurations 
were tested in which a larger diameter concave plate having radius of curvature of 762 
mm was used. The articulated slider had a height of 68 mm and was coated with a non-
metallic sliding material denoted Material D. Testing was performed with both surfaces 
of the slider dry to achieve nearly equal coefficients of friction as well as with one 
surface lubricated to achieve substantially different coefficients of friction. To achieve 
effective lubrication, the radius of curvature of the slider at its upper and lower surfaces 
was manufactured larger than the radius of the mating concave plate. This resulted in 
bearing only over an annular area around the perimeter of the slider, thus creating a 
pocket which effectively contained the lubricant. After testing several configurations in 
which the displacement restrainer was not contacted (configurations 1-4), the urethane 
ring was inserted as shown in figure 5-5(a) to create surfaces of different displacement 
capacity (configurations 5-7) and further explore the behavior after contact. 
 
The triple FP specimen employed two identical 230 mm concave plates as were used in 
the double FP specimen. It was tested without the urethane ring, with the urethane ring in 
the top concave plate and with the urethane ring in the bottom concave plate as shown in 
figure 5-5(b). Though the standard configuration of triple FP bearing is outer concave 
surfaces of equal displacement capacity, configurations with different displacement 
capacities were tested to evaluate the validity of the analytical model for more general 
cases.  
 
Two different non-metallic sliding materials denoted Material A and Material B were 
used on the sliding interfaces. Each surface of the inner rigid slider was coated with 
Material A that had been lubricated, the upper slide plate was coated with dry Material A 
and the lower slide plate with dry Material B. When dry, the coefficient of friction of 
Material A is less than that of Material B. Lubrication combined with the increased 
pressure due to the smaller contact area ensured that the coefficients of friction of the 
rigid slider would be lower than those of the slide plates, providing 2 3 1 4μ = μ < μ < μ . At 
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each sliding interface, the radius of curvature of the slide plate was manufactured larger 
than the mating stainless steel surface. There was bearing over an annular area on the 
perimeter of each slide plate creating a pocket to contain the lubricant. 
 

 
 

FIGURE 5-5  Summary of the Various Configurations of Multi-Spherical Sliding 
Bearings Tested 
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TABLE 5-1  Summary of Properties of the Various Configurations Tested 
 

Configuration 
Nominal 

Coefficients of 
Friction 

Nominal 
Displacement 

Capacities 

Effective Radii of 
Curvature ( )i iR h−  

1 76 mmd =  1 441 mmeffR =  
Double 1 1 2μ ≈ μ  

2 76 mmd =  2 437 mmeffR =  

1 76 mmd =  1 441 mmeffR =  
Double 2 1 2μ ≈ μ  

2 -d =  2 726 mmeffR =  

1 76 mmd =  1 441 mmeffR =  
Double 3 1 2μ < μ  

2 76 mmd =  2 437 mmeffR =  

1 76 mmd =  1 441 mmeffR =  
Double 4 1 2μ < μ  

2 -d =  2 726 mmeffR =  

1 51 mmd =  1 441 mmeffR =  
Double 5 1 2μ ≈ μ  

2 76 mmd =  2 437 mmeffR =  

1 76 mmd =  1 441 mmeffR =  
Double 6 1 2μ < μ  

2 51 mmd =  2 437 mmeffR =  

1 51 mmd =  1 441 mmeffR =  
Double 7 1 2μ < μ  

2 76 mmd =  2 437 mmeffR =  

2 3 19 mmd d= =  2 3 53 mmeff effR R= =  

1 64 mmd =  1 4 435 mmeff effR R= =Triple 1 2 3 1 4μ = μ < μ < μ  

4 64 mmd =   

2 3 19 mmd d= =  2 3 53 mmeff effR R= =  

1 39 mmd =  1 4 435 mmeff effR R= =Triple 2 2 3 1 4μ = μ < μ < μ  

4 64 mmd =   

2 3 19 mmd d= =  2 3 53 mmeff effR R= =  

1 64 mmd =  1 4 435 mmeff effR R= =Triple 3 2 3 1 4μ = μ < μ < μ  

4 39 mmd =   

1 64 mmd =  1 455 mmeffR =  Modified  
single 1 1 2μ > μ  

2 25 mmd =  2 73 mmeffR =  

1 39 mmd =  1 455 mmeffR =  Modified  
single 2 1 2μ > μ  

2 25 mmd =  2 73 mmeffR =  
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The modified single FP specimen was assembled using the outer concave plate and slide 
plate coated with Material A from the triple FP specimen. The housing plate and 
articulated slider from a small scale single FP bearing were used for the other half. The 
articulated slider was coated with a lubricated non-metallic material denoted Material C 
that had coefficient of friction less than that of dry Material A. The specimen was tested 
with and without the urethane restrainer ring as shown in figure 5-5(c). 
 
 
5.3 Description of Test Apparatus and Instrumentation 
 
All tests were conducted using the small bearing testing machine in the Structural 
Engineering and Earthquake Simulation Laboratory of the University at Buffalo. A 
detailed description of the design and capabilities of the testing machine is given in 
Kasalanati and Constantinou (1999). The apparatus, shown in figures 5-6 and 5-7, 
essentially consists of two vertical actuators and one horizontal actuator that transmit 
loads to the bearing via a large loading beam. The vertical actuators are force-controlled 
in order to accommodate changes in the bearing’s height while still maintaining a 
predefined (constant or otherwise) vertical force. The horizontal actuator is displacement 
controlled and imposes a predefined displacement history. 
 
Horizontal and vertical force data is collected by a five-channel load cell that is mounted 
directly beneath the bearing. This location permits the most accurate readings because the 
load cell truly measures the reaction forces beneath the bearing without any influence of 
the inertia forces from the beam. Horizontal displacement is measured by a LVDT that is 
internal to the horizontal actuator. However this is only the total displacement of the top 
part of the bearing with respect to the bottom, u . Individual displacements of the various 
sliders were measured using string potentiometers that were mounted to a stationary 
reference. These are visible in the photos of the test specimens. 
 
Two potentiometers were used for recording the horizontal displacements of the internal 
components of the triple FP bearing, one attached to each slide plate. In addition to the 
total displacement, in this arrangement it was possible to measure the displacement of the 
top slide plate with respect to the top concave surface, 1u , the displacement of the two 
slide plates with respect to each other, 2 3u u+ , and the displacement of the lower slide 
plate with respect to the bottom concave surface, 4u  (in this case the top concave surface 
is of lower friction than the bottom and is accordingly denoted surface 1). One 
potentiometer was used to decompose the displacements for the modified single FP 
specimen and the double FP specimen. The string was attached to the slide plate of the 
modified single FP bearing and at mid-height of the articulated slider in the double FP 
bearing. 
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Horizontal 
Actuator

Loading
Beam Load Cell

Bearing 
Specimen

Vertical Actuators

Stability Bracing

 
FIGURE 5-6  Apparatus Used for Experimental Testing 

 

 
 
FIGURE 5-7  Dimensioned Drawing of Test Apparatus – Stability Bracing not 
Shown (Reproduced from Kasalanati and Constantinou, 1999) 
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5.4 Testing Program and Procedures 
 
The majority of testing focused on evaluating each configuration at several amplitudes of 
displacement to determine the force-displacement behavior exhibited during each sliding 
regime. All tests were conducted under a constant vertical load with three fully reversed 
cycles of sinusoidal horizontal displacement. Vertical loads are listed in table 5-2 and 
were chosen to give pressures consistent with what is typically used in practice, 13 MPa – 
55 MPa (Constantinou et al., 2007b). The exception to this is the double FP in 
configurations 6 and 7 where the vertical load was reduced in order to increase the 
differences in the coefficients of friction of the two sliding interfaces. Also in the 
modified single FP specimen, due to the differences in the two areas of the articulated 
slider and the slide plate it was not possible to have both pressures within this range.  
 
Most tests were performed at very low velocity as this gave hysteresis loops with clearly 
defined transition points. As shown in table 5-2, the peak total sliding velocity was 
typically only 6.3 mm/s (though the double FP specimens in configurations 1-4 were 
tested at slightly higher speed). Hysteresis loops from a limited number of tests 
conducted at high velocity were more rounded due to velocity dependence of the 
coefficient of friction (Mokha et al., 1990), which tended to mask the transitions in 
stiffness. At low velocity, the coefficient of friction is highly dependent on velocity as 
they are related by a negative exponential relationship. As illustrated by figure 5-8, the 
relative differences are substantial, but there is only small absolute difference in the range 
of values compared to high speed. In contrast, for high velocity tests there is larger 
absolute difference (from minf  to maxf ). Accordingly, slow speed tests were favored to 
ensure that the experimental conditions were consistent with the assumption of a single-
valued coefficient of friction that was made in the construction of the analytical loops. 
 

 
 
FIGURE 5-8  Illustration of the Range in the Coefficient of Friction for Low Speed 
and High Speed Testing 
 
Although high speed tests are more representative of seismic conditions, accurate 
extraction of the experimental values of force and displacement at which the various 
sliding regimes start and stop was necessary to verify the fundamental mechanical 
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behavior of the bearings. After the basic principles of operation of these devices are 
verified, velocity dependence of the coefficient of friction can be incorporated into the 
formulation of more sophisticated models to be used in dynamic analysis. 
 

Table 5-2  Abridged List of Tests Performed 
 

Configuration Vertical Load
(kN) 

Frequency 
(Hz) 

Amplitude 
(mm) 

Peak total velocity 
(mm/s) 

Double 1 59 0.10 100 63 
Double 2 59 0.10 100 63 
Double 3 59 0.10 100 63 
Double 4 59 0.10 100 63 

0.013 75 6.3 Double 5 94 0.0088 115 6.3 
0.16 1.5 1.5 
0.013 75 6.3 Double 6 47 
0.0088 115 6.3 
0.16 1.5 1.5 
0.013 75 6.3 
0.011 95 6.5 Double 7 47 

0.0088 115 6.3 
0.10 1.2 0.75 
0.04 25 6.3 
0.013 75 6.3 
0.0088 115 6.3 

Triple 1 112 

0.0072 140 6.3 
0.01 115 7.2 
0.10 115 72 
0.30 115 217 
0.50 115 361 

Triple 1 
(high velocity 

tests) 
112 

0.60 115 434 (408)1 

0.0099 100 6.3 Triple 2 112 0.0084 120 6.3 
0.0099 100 6.3 Triple 3 112 0.0088 115 6.3 
0.16 1 1.0 
0.040 25 6.3 Modified Single 

1 28 
0.014 70 6.3 
0.16 1 1.0 
0.040 25 6.3 Modified Single 

2 28 
0.020 50 6.3 

 
1. The nominal peak velocity for this test was 434 mm/s, however at this displacement amplitude the test 
apparatus was only able to achieve a peak velocity of 408 mm/s. 
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Prior to every test, the loading beam was raised and the various sliders were centered 
within the bearing using a cardboard template. This was to ensure that the displacement 
capacity of each surface was the same for both positive and negative displacements. The 
stiffening behavior of adaptive bearings is highly dependent on the displacement capacity 
of each surface. Therefore, if the slider starts off center by an amount offδ , there will be 
asymmetry in the force-displacement loops since the displacement capacity in one 
direction, d , will be different than the displacement capacity in the opposite direction, 

offd ± δ . In addition, to limit the effects of contamination on the coefficient of friction the 
stainless steel interfaces were cleaned periodically during testing with isopropyl alcohol 
and a soft cloth. 
 
 
5.5 Experimental Results for the Double FP Bearing  
 
5.5.1 Data Analysis and Construction of Analytical Force-Displacement Loops 
 
The analytical loops presented in this section follow directly from the previously 
presented theory. Since the exact values of the coefficients of friction of each sliding 
interface are not known a priori, analytical loops must be constructed using 
experimentally measured values of the coefficients of friction from each test. The values 
of the individual coefficients of friction were determined from the decomposed force-
displacement loops as the three cycle average normalized force at zero relative 
displacement (recall that decomposed loops refer to the hysteresis loops that are obtained 
when the horizontal force is plotted against relative displacement on a particular sliding 
surface). This is the typical procedure for experimentally determining the coefficient of 
sliding friction (Constantinou et al., 2007b).  
 
When appropriate, the actual displacement capacities of each surface are used in lieu of 
the nominal displacement capacities to construct the analytical loops. The values of the 
actual displacement capacities were determined from the decomposed force-displacement 
loops as the relative displacement at which substantial stiffening occurred.  
 
Lastly, where sliding velocities are reported, they have been determined numerically 
from the displacement data by fitting a cubic polynomial through a moving five point 
window. The derivative of the polynomial is evaluated at the midpoint of the window and 
the resulting data is smoothed. Smoothing is required because the inherent noise in the 
data is amplified by the numerical differentiation process. 
 
5.5.2 Behavior Prior to Contacting the Displacement Restrainer (Sliding Regimes I and 
II) 
 
Initial experimental testing of the double FP bearing focused on investigating the 
behavior prior to contacting the displacement restrainer. Configurations in which the 
outer concave plates were of equal radii of curvature were investigated as well as 
configurations having different radii of curvature. Each was tested with both sliding 
surfaces dry to achieve approximately equal friction (configurations 1 and 2) and with 
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one surface lubricated to achieve different coefficients of friction (configurations 3 and 
4). 
 
The experimental and analytical hysteresis loops for configurations 1-4 resulting from 
cyclic tests of 100 mm amplitude are shown in figures 5-9 through 5-12. The 
experimentally measured values of the coefficients of friction that were used to construct 
the analytical loops are given in table 5-3. For equal friction, regardless of whether the 
radii are equal or unequal, the hysteretic behavior is rigid linear with no transitions in 
stiffness. For unequal friction, the hysteretic behavior is rigid bilinear with the transition 
in stiffness occurring as the motion changes from sliding on the surface of least friction to 
sliding on both surfaces. This agrees with the theoretical behavior. 
 
Table 5-3  Coefficients of Friction Measured During Experiments used to 
Construct Analytical Force-Displacement Loops for Double FP Bearing 
Configuration 1-4 
 

Configuration Sliding 
Regime Amplitude Coefficients of Friction 

Double 1 II 100 mm 1 20.057, 0.058μ = μ =  
Double 2 II 100 mm 1 20.028, 0.028μ = μ =  
Double 3 II 100 mm 1 20.011, 0.083μ = μ =  
Double 4 II 100 mm 1 20.021, 0.038μ = μ =  

 
 

Experimental

Total Displacement, u (mm)

-150 -100 -50 0 50 100 150

H
or

iz
on

ta
l F

or
ce

V
er

tic
al

 F
or

ce

-0.20

-0.15

-0.10

-0.05

0.00

0.05

0.10

0.15

0.20
Analytical

Total Displacement, u (mm)

-150 -100 -50 0 50 100 150
-0.20

-0.15

-0.10

-0.05

0.00

0.05

0.10

0.15

0.20

1 = 0.057

2 = 0.058

 
 
FIGURE 5-9  Comparison of Analytical and Experimental Loops for the Double FP 
Bearing in Configuration 1 (Surfaces Have Equal Radii and Equal Friction) 
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FIGURE 5-10  Comparison of Analytical and Experimental Loops for the Double 
FP Bearing in Configuration 2 (Surfaces Have Unequal Radii and Equal Friction) 
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FIGURE 5-11  Comparison of Analytical and Experimental Loops for the Double 
FP Bearing in Configuration 3 (Surfaces Have Equal Radii and Unequal Friction) 
 
From a quantitative perspective there is very good agreement between the experimental 
and analytical loops; the primary discrepancy being that experimental loops appear more 
rounded than the analytical. This is directly a result of the velocity dependence of the 
coefficient of friction. The peak sliding velocities were about or larger than 25 mm/s, 
which for this particular material, was large enough to mobilize the coefficient of friction 
at high speed, maxf . Near the peak displacement the sliding velocities are much smaller 
and the coefficient of friction approaches minf . Accordingly, during testing the effects of 
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velocity dependence on the coefficient of friction were apparent. The analytical model on 
the other hand uses only the coefficient of friction at zero relative displacement, which is 

maxf , the value at the peak sliding velocity. 
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FIGURE 5-12  Comparison of Analytical and Experimental Loops for the Double 
FP Bearing in Configuration 4 (Surfaces Have Unequal Radii and Unequal Friction) 
 
The decomposed loops for the cases of unequal friction (configurations 3 and 4) are 
presented in figures 5-13 and 5-14. The analytical loops in the figures are those of a 
single FP bearing having the coefficient of friction and radius of curvature of the 
corresponding concave surface. The agreement between the two demonstrates that the 
overall force displacement relationship for the double FP bearing truly is that obtained 
from a series arrangement of single FP bearings. 
 
Based on figure 5-14 there is clearly a higher friction force transmitted when there is 
sliding on only one surface. This is evidenced by the discontinuity in the hysteresis loop 
of surface 1. In this particular test, there was no lubricant in the ball and socket 
articulation between the two halves of the slider, which led to an increase in the friction 
tractions at this interface ( ft  in figure 2-8). The increased force is apparent when sliding 
is occurring on one surface only since there is large relative rotation of the slider during 
this interval. When sliding starts on both surfaces, the relative rotation decreases, 
resulting in lesser friction traction contribution to the friction force. This behavior was 
observed only when the ball and socket articulation was free of lubricant, a condition 
which is unlikely to occur in practical implementation. 
 
Histories of displacement and velocity from testing each configuration are shown in 
figures 5-15 through 5-18. For the equal friction configurations there is simultaneous 
sliding on both surfaces over the entire course of motion regardless of whether the radii 
are equal or unequal. However, for unequal radii, the displacement amplitudes are 
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different because the stiffness of the two surfaces are different. This is predicted by 
equations (3-9) and (3-10). The displacement on the surface with larger radius of 
curvature (which is less stiff) is larger than that of the surface with smaller radius of 
curvature (which is stiffer). 
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FIGURE 5-13  Decomposed Hysteresis Loops for the Double FP Bearing in 
Configuration 3 (Surfaces Have Equal Radii and Unequal Friction) 
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FIGURE 5-14  Decomposed Hysteresis Loops for the Double FP Bearing in 
Configuration 4 (Surfaces Have Unequal Radii and Unequal Friction) 
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FIGURE 5-15  Histories of Displacement for the Double FP Bearing in 
Configuration 1 (Surfaces Have Equal Radii and Equal Friction) 
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FIGURE 5-16  Histories of Displacement for the Double FP Bearing in 
Configuration 2 (Surfaces Have Unequal Radii and Equal Friction) 
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FIGURE 5-17  Histories of Displacement for the Double FP Bearing in 
Configuration 3 (Surfaces Have Equal Radii and Unequal Friction) 
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FIGURE 5-18  Histories of Displacement for the Double FP Bearing in 
Configuration 4 (Surfaces Have Unequal Radii and Unequal Friction) 
 
Theoretically, equal displacements are predicted on both surfaces over the entire course 
of motion for the case of equal radii and equal friction. The experimental data of figure 5-
15 shows that this is approximately the case. The reason for the slight discrepancy 
between the relative displacements is that the string potentiometer was attached slightly 
above the pivot point of the articulated slider. This can be seen in figure 5-19, which 
shows the bearing in the displaced configuration. As a result, there was a slight over-
measurement of the bottom displacement 1u  and a slight under-measurement of the top 
displacement 2u . The effect is very minor however since the displacement 2u  should be 
slightly less than 1u  because 2effR  is slightly smaller than 1effR . 
 
For configurations in which there is unequal friction, the velocity histories demonstrate 
that upon reversal of motion there is sliding only on the surface of least friction (the 
bottom surface). During this period, the sliding velocity on the upper surface is zero and 
the sliding velocity on the bottom surface corresponds exactly to the total sliding 
velocity. 
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FIGURE 5-19  Double FP Bearing Displaced During Cyclic Testing (Zip Ties 
Denote Location of String Potentiometer Attachment)  
 
The phenomenon of slider offset described in section 3.5.6 is also evident in the 
displacement histories. For the equal friction cases, when the total displacement passes 
through zero the relative displacements are zero at that instant as well. In the 
configurations with unequal friction, at the instant the total displacement passes through 
zero there are equal and opposite nonzero relative displacements. The experimentally 
measured values of the offset are typically within 1 mm of the analytical values (15.8 mm 
for configuration 3 and 4.7 mm for configuration 4). Furthermore, the experimental data 
demonstrates that this offset does not accumulate from cycle to cycle and remains 
consistently u′ . 
 
5.5.3 Behavior After Contacting the Displacement Restrainer (Sliding Regime III) 
 
The second test sequence for the double FP bearings emphasized configurations having 
different displacement capacity and investigated the effect of contacting the displacement 
restrainer. Configurations 5, 6 and 7 used the urethane ring installed as shown in figure 5-
20 to reduce the displacement capacity of a given surface. The figure also shows how the 
string potentiometer was attached closer to the pivot point of the articulated slider for this 
test sequence in order to get more accurate measurements of relative displacement. 
Furthermore, each configuration was tested at a range of displacement amplitudes to 
demonstrate the full adaptive nature of the behavior. 
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FIGURE 5-20  Double FP Bearing Having Surfaces of Different Displacement 
Capacity Displaced During Cyclic Testing (Installation Typical of Configurations 5 
and 7) 
 
Experimental and analytical force-displacement data is given in figures 5-21 through 5-
23 for double FP configurations 5, 6 and 7. The parameters that were used to construct 
the analytical loops are given in table 5-4. In general, the experimental data agrees well 
with the theoretical results and demonstrates that desirable changes in stiffness and 
damping occur with increasing amplitude of displacement. It should be noted that in 
configuration 7, the double FP bearing exhibits increases in both stiffness and damping at 
large displacements after the slider contacts the displacement restrainer on the surface of 
least friction. This is the only configuration of all the multi-spherical sliding bearings 
tested that exhibits increases in both stiffness and damping prior to achieving the total 
displacement capacity of the bearing.  
 
Decomposed loops of configuration 7 from the 115 mm amplitude test are shown in 
figure 5-24. It can be seen that when the slider contacts the displacement restrainer on 
surface 1, the decomposed loop of this surface shows a substantial increase in stiffness. 
The experimentally obtained behavior is as proposed analytically in figure 2-10. The only 
difference is that theoretically the displacement restrainer is assumed to be rigid. In the 
experiment, the displacement restrainer exhibited a finite stiffness. Durometer 62D is 
approximately the hardness of a golf ball, so although very stiff, the displacement 
restrainer did deform slightly. This can easily be accounted for in the analytical model by 
using a finite value of drk  in equation (2-6) The decomposed loop of the other sliding 
surface, where the slider has not contacted the displacement restrainer is unaffected and 
appears simply as that of a traditional single concave FP bearing. 
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Table 5-4  Coefficients of Friction and Displacement Capacities Measured During 
Experiments used to Construct Analytical Force-Displacement Loops for Double 
FP Bearing Configuration 5-7 

 

Configuration Sliding 
Regime Amplitude Coefficients of Friction Displacement 

Capacities 
I 75 mm 1 20.021, 0.024μ = μ =  

Double 5 
II 115 mm 1 20.018, 0.029μ = μ =  1 48 mmd =  

I 1.5 mm 1 20.015,μ = μ = −  

II 75 mm 1 20.016, 0.022μ = μ =  Double 6 
III 115 mm 1 20.015, 0.024μ = μ =  

2 50 mmd =  

I 1.5 mm 1 20.016,μ = μ = −  

II 75 mm 1 20.015, 0.022μ = μ =  

III(a) 95 mm 1 20.016, 0.025μ = μ =  
Double 7 

III(b) 115 mm 1 20.011, 0.029μ = μ =  

1 48 mmd =  
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FIGURE 5-21  Comparison of Analytical and Experimental Loops for the Double 
FP Bearing in Configuration 5 
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FIGURE 5-22  Comparison of Analytical and Experimental Loops for the Double 
FP Bearing in Configuration 6 
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FIGURE 5-23  Comparison of Analytical and Experimental Loops for the Double 
FP Bearing in Configuration 7 
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FIGURE 5-24  Decomposed Hysteresis Loops for the Double FP Bearing in 
Configuration 7, Sliding Regime III(b) 
 
Table 5-5 shows that in each case the analytical model predicts well both forces and 
displacements at which transitions in sliding behavior take place. Peak forces are slightly 
over-estimated slightly due to the assumption of a rigid displacement restrainer ( drk = ∞ ) 
to simplify analytical calculations. However it is reasonable to conclude that the behavior 
for this bearing is predictable. 
 
Table 5-5  Comparison of Analytical and Experimental Results for the Double FP 
Bearing in Configurations 5-7 

 
∗u  (mm) 1dru  (mm) 1drF  Configuration Sliding 

Regime Ana. Exp. Ana. Exp. Ana. Exp. 
I 1.5 2.0 - - - - Double 5 II 4.7 2.0 89.9 91.2 0.126W  0.131W  
II 2.6 3.3 - - - - Double 61 
III 3.9 2.6 104.4 101.8 0.138W  0.132W
II 3.2 4.6 - - - - 

III(a) 3.7 1.7 90.9 90.9 0.124W  0.118WDouble 7 
III(b) 7.9 5.0 86.7 86.5 0.119W  0.117W

 
1. Slider contacts the displacement restrainer on surface 2 so values reported are 2dru  and 2drF . 
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Figure 5-25 shows the velocity histories of the bearing in configuration 7 for the 95 mm 
amplitude test (sliding regime III(a) ) and for the 115 mm amplitude test (sliding regime 
III(b) ). For both tests, sliding initiates on surface 1, the surface of least friction. 
Simultaneous sliding occurs on surfaces 1 and 2 after the friction force is overcome on 
surface 2. This progresses until the slider contacts the displacement restrainer on surface 
1, which is indicated by the sliding velocity on surface 1 going to zero.  
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FIGURE 5-25  Histories of Velocity for the Double FP Bearing in Configuration 7 
During the 95 mm and 115 mm Amplitude Tests 
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Upon reversal of motion the two plots demonstrate the different sequences in which 
sliding can resume. In the 95 mm amplitude test, equation (3-19) is not satisfied 
( max 98.2 mm<u ) and motion resumes on surface 1 prior to surface 2. In the 115 mm 
amplitude test, equation (3-19) is satisfied ( max 102.4 mm>u ) and motion resumes on 
surface 2 prior to surface 1. It should also be noted that in configuration 6 the condition 
expressed by equation (3-19) was always satisfied since 1 2μ < μ . Accordingly only one 
order of unloading was observed (i.e. there is only a sliding regime III, not III(a) and 
III(b)). This phenomenon admittedly may have only a small impact on global structure 
response; however the fact that the analytical model captures such nuanced behavior 
gives added confidence its overall validity. 
 
 
5.6 Experimental Results for the Triple FP Bearing  
 
5.6.1 Quantitative Comparison of Experimental and Analytical Results 
 
Analytical loops for the triple FP bearing were determined in a similar fashion as for the 
double FP bearing using the theory presented in section 4 and the coefficients of friction 
given in table 5-6. For surfaces 1 and 4, the coefficients of friction reported are 
determined as described in section 5.5.1. For surfaces 2 and 3 however, it will be shown 
that the decomposed force-displacement loops are atypical. Therefore, the experimental 
values of the coefficients of friction reported for these surfaces were determined as half 
the drop in the normalized force that occurred upon reversal of motion.  
 
The experimental data presented in figure 5-26 shows one test typical of each sliding 
regime for the triple FP bearing in configuration 1. The loops clearly show the various 
transitions in stiffness that occur over the course of motion as the combinations of 
surfaces upon which sliding is occurring change. It is emphasized that the increase in 
strength exhibited by the bearing with increasing displacement is a result of its internal 
mechanical behavior, not of the variability in the coefficients of friction due to velocity 
effects. The increase is a result of sliding occurring on surface 4, which is of substantially 
higher friction. In general there is very good agreement between the experimental data 
and the analytical loops constructed using the actual values of friction and displacement 
capacity. As summarized in table 5-7, the analytical model matches quite well in terms of 
both the values of normalized force and the displacements at which transitions in stiffness 
occur.  
 
The experimentally recorded force-displacement loops also show very little variability 
from cycle to cycle. Provided the coefficients of friction remain consistent, the transitions 
in stiffness will occur at the same forces and displacements from cycle to cycle. There is 
no ratcheting or accumulation of displacement offsets with repeated cycling. 
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Table 5-6  Coefficients of Friction and Displacement Capacities Measured During 
Experiments used to Construct Analytical Force-Displacement Loops for Triple 
FP Bearing Configurations 1-3 

 

Configuration Sliding 
Regime Amplitude Coefficients of Friction Displacement 

Capacities 

I 1.2 mm 2 3 0.022μ = μ =

1 4,μ = − μ = −  

II 25 mm 2 3 0.010μ = μ =

1 40.038,μ = μ = −  

III 75 mm 2 3 0.025μ = μ =

1 40.041, 0.129μ = μ =  

IV 115 mm 2 3 0.010μ = μ =

1 40.022, 0.119μ = μ =  

Triple 1 

V 140 mm 2 3 0.019μ = μ =

1 40.021, 0.099μ = μ =  

1 61 mmd =  

4 61 mmd =  

IV 100 mm 2 3 0.013μ = μ =

1 40.028, 0.084μ = μ =  
Triple 2 

V 120 mm 2 3 0.017μ = μ =

1 40.025, 0.061μ = μ =  

1 37 mmd =  

4 61 mmd =  

IV 100 mm 2 3 0.016μ = μ =

1 40.027, 0.081μ = μ =  
Triple 3 

V 115 mm 2 3 0.017μ = μ =

1 40.029, 0.071μ = μ =  

1 61 mmd =  

4 37 mmd =  

 
The largest difference between theory and experiment occurs in the 140 mm amplitude 
test where there is slight stiffening prior to the slider contacting the displacement 
restrainer on surface 4. This is not captured in the analytical model. Also the stiffness 
exhibited for the final phase of sliding regime V is somewhat higher than what is 
predicted by theory. The experimental value of stiffness determined by linear regression 
is ( )82 mmW , however the theoretical value is ( )106 mmW . This leads to an 
underestimation of the force at maximum displacement by approximately 15%, despite 
very close prediction of the displacement at which the transition in stiffness occurs, 4dru . 
This discrepancy is due to a combination of the greater error in the small angle 
assumption (at the peak displacement of 140 mm the rigid slider is inclined at 16°) and 
errors introduced in the test apparatus and load cell at large displacements.  
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FIGURE 5-26  Comparison of Experimental and Analytical Results for Force-
Displacement Relationship of Triple FP Specimen in Configuration 1 (Sliding 
Regimes I – V Shown) 
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The agreement between the experimental and analytical behavior is also very good for 
the other configurations of triple FP bearing. Experimental and analytical data for 
configurations 2 and 3 are shown in figures 5-27 and 5-28 respectively. Only regimes IV 
and V were tested since prior to contacting the displacement restrainer, the force-
displacement behavior of configurations 2 and 3 is the same as configuration 1. Referring 
to table 5-7, the forces and displacements at which transitions in stiffness occur are also 
predicted well. Verification of the analytical model in a variety of configurations 
contributes towards confirming the overall validity of the basic theory presented in this 
report. 
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FIGURE 5-27  Comparison of Experimental and Analytical Results for Force-
Displacement Relationship of Triple FP Specimen in Configuration 2 (Sliding 
Regimes IV and V Shown) 
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FIGURE 5-28  Comparison of Experimental and Analytical Results for Force-
Displacement Relationship of Triple FP Specimen in Configuration 3 (Sliding 
Regimes IV and V Shown) 
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In configurations 2 and 3 the stiffness during the final phase of sliding regime V (sliding 
on surfaces 2 and 3) is slightly over predicted by the theory. The analytical model 
predicts a stiffness of ( )106 mmW and the experimental values determined by linear 
regression range between ( )116 mmW  and ( )125 mmW . The difference is due to the 
assumption of a rigid displacement restrainer in the analytical model. This assumption is 
reasonable when the slider is bearing on the steel displacement restrainer that is typically 
used. As explained previously, the urethane insert used in the test specimen is quite stiff 
but not completely rigid.  
 
5.6.2 Experimental Verification of Principles of Operation 
 
There is also good qualitative agreement between the theory and experiment since 
starting and stopping of motion on the different surfaces occurs as predicted. Five 
different sliding regimes are expected for the fully adaptive configuration of triple FP 
bearing throughout the course of motion. Recall that they are, in order of increasing 
amplitude of maximum displacement: 
 

1. Initial sliding on surfaces 2 and 3, the two surfaces of least and equal friction.  
2. Sliding on surfaces 1 and 3 with constant nonzero displacement on surface 2 (the 

instant sliding starts on surface 1 it stops on surface 2). 
3. Sliding on surfaces 1 and 4 with constant nonzero displacements on surfaces 2 

and 3 (the instant sliding starts on surface 4 it stops on surface 3). 
4. Sliding on surfaces 2 and 4 when the slide plate contacts the displacement 

restrainer on surface 1. 
5. Sliding on surfaces 2 and 3 when the slide plate contacts the displacement 

restrainer on surface 4 in addition to surface 1. 
 
In addition to real-time observation and test video, this behavior is demonstrated by the 
series of decomposed force-displacement loops in figure 5-29 and the histories of 
displacement and velocity for the 140 mm amplitude test in figure 5-30. Both are for 
configuration 1. 
 
The decomposed loops confirm that for very small amplitudes of displacement there is 
sliding only on surfaces 2 and 3. When the friction force exceeds 1fF , motion starts on 
surface 1 and stops on surface 2. The velocity history shows that as soon as motion starts 
on surface 1 the combined velocity of surfaces 2 and 3 drops substantially though not 
quite to zero. This indicates that motion has stopped on surface 2 but continues on surface 
3. The reason for the large difference in the velocity on surface 1 compared to surface 3 is 
due to the substantial difference in the radii of the two surfaces. The velocity history 
gives similar results when motion starts on surface 4. Immediately after motion starts on 
surface 4, the combined velocity of surfaces 2 and 3 goes to zero and remains zero while 
sliding is occurring only on surfaces 1 and 4. These surfaces have comparable sliding 
velocities since they have the same effective radii. 
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FIGURE 5-29  Decomposed Experimental Force-Displacement Loops for Triple FP 
Specimen in Configuration 1 
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FIGURE 5-30  Experimental Histories of Displacement and Velocity for the Triple 
FP Bearing in Configuration 1 During Cyclic Testing of 140 mm Amplitude 
 
The instant motion starts on surface 4, the combined displacement of surfaces 2 and 3 
should be 6.4 mm according to equation (4-7) and remain constant at this value. The 
experimentally measured value of this displacement is approximately 7 mm. Theory 
predicts that this displacement should remain constant as long as sliding is occurring on 
both surfaces 1 and 4. However, the experimental data in figure 5-29 for surfaces 2 and 3 
during sliding regimes III-V shows a slight reduction in this value as the force increases. 
This reduction (marked by the segments with negative slope) is due to error induced in 
the string pot measurements by the rotation of the slide plates. Though the slide plates do 
not translate relative to one another, when they rotate the lengths of the string 



 125

potentiometers change since they are not attached at the pivot point. One string will 
lengthen and the other will shorten giving the impression that the relative displacement 
between the two is actually decreasing. This occurs slowly compared to translation and 
can be distinguished from true relative sliding between the plates by inspection of the 
velocity history. 
 
During sliding regime IV, motion resumes on surface 2 as the slider contacts the 
displacement restrainer of surface 1. This is evidenced both by the hysteresis loop of 
surfaces 2 and 3 during regime IV and the velocity history of figure 5-30. When the 
velocity on surface 1 drops to zero there is a slight increase in the combined velocities of 
surfaces 2 and 3. Furthermore, the decomposed hysteresis loop of surface 1 agrees well 
with the assumed behavior for a slider that contacts the displacement restrainer. The 
behavior is identical to the decomposed loop of the double FP bearing shown in figure 5-
24. This is a fundamental behavior that applies to all spherical sliding bearings.  
 
At the start of sliding regime V, both slide plates have contacted the displacement 
restrainers and there is sliding only on surfaces 2 and 3. The sliding velocities on surfaces 
1 and 4 both are zero and the combined velocity of surfaces 2 and 3 overlays exactly the 
total velocity. The hysteresis loops of surfaces 2 and 3 demonstrate rigid linear behavior 
after the displacement restrainer is contacted on surface 4. 
 
Lastly, the phenomenon of slider offset can be seen in the histories of displacement and 
velocity of figure 5-30. When the total displacement is zero, the individual displacements 
on each of the sliding surfaces are all nonzero (though they must sum to zero). For the 
140 mm amplitude test, the experimental values of the offsets are -13.4 mm for surface 1, 
-6.4 mm for surfaces 2 and 3 combined and 19.8 mm for surface 4 (3 cycle average 
values). These are in good agreement with the values obtained by tracking the analytical 
force-displacement loops: -14.9 mm, -4.3 mm and 19.2 mm respectively. The offset 
results from the displacement controlled nature of the testing and is different from the 
permanent total displacements after earthquake excitation. 
 
5.6.3 Comments on Tests at High Speed 
 
The results of the tests carried out at high speed are shown in figure 5-31 and indicate 
that the behavior under dynamic conditions is essentially the same as the behavior 
exhibited under quasi-static conditions. Due to the wider range in values of the 
coefficients of friction, the transitions in stiffness between sliding regimes are less clear. 
For the purposes of this study, this makes it more difficult to precisely identify the 
transitions between sliding regimes. However, for practical applications gradual 
transitions are more beneficial when considering the response of secondary systems as 
abrupt changes in stiffness may lead to excitation of higher modes. The consistency of 
behavior from the 0.10 Hz frequency test to the 0.60 Hz frequency test should be also 
noted. Although the peak sliding velocity on each surface increases with increasing 
frequency, the velocities are large enough so that the coefficient of friction remains 
constant with increasing velocity. 
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FIGURE 5-31  Force-Displacement Loops for Triple FP Specimen in Configuration 
1 During Testing at 115 mm Amplitude and Increasing Frequency of Sinusoidal 
Motion (Peak Velocities are Experimentally Measured Values and Differ Slightly 
from the Nominal or Target Values) 



 127

Furthermore, the high speed tests do not exhibit any spikes or substantial fluctuation in 
horizontal force when the slider contacts the displacement restrainer. The sliding velocity 
when the slider contacts the displacement restrainer is actually much less than the peak 
total velocity. This is due to the fact that (a) the slider typically contacts the displacement 
restrainer at larger displacements when the total velocity is typically much less than the 
peak value and (b) sliding is shared among two sliding interfaces. For example, in the 
115 mm amplitude and 0.50 Hz test the peak total velocity achieved was 359 mm/s, 
however the sliding velocity on surface 1 just prior to the slider contacting the 
displacement restrainer was approximately 25 mm/s. 
 
5.6.4 Testing of a Simpler Configuration 
 
After the main sequences of characterization testing presented in this report were 
performed, a triple FP bearing having outer surfaces of equal friction ( 1 4μ = μ ) was tested 
by the authors for a separate application. This simpler configuration of triple FP bearing 
is already being employed in practice and likely will be the most widely implemented 
configuration of triple FP bearing in the future. It combines relatively simple hysteretic 
behavior with the added benefit of smaller plan dimensions. The specimen was identical 
in size to the one drawn in figure 5-2 and had friction materials that gave coefficients of 
friction 2 3 1 4μ = μ < μ = μ . Various tests consisting of three fully reversed cycles of 
sinusoidal motion with 100 mm amplitude at various frequencies ranging from 0.01 Hz to 
0.60 Hz were performed. The vertical load for all was 56 kN. 
 
Hysteresis loops from the five tests are presented in figure 5-32 and histories of total and 
relative displacement of each sliding surface are presented in figure 5-33. The hysteretic 
behavior from the slow speed test is in very good agreement with the theoretical behavior 
of figure 4-11 since the absolute difference in the coefficient of friction due to velocity 
dependence is small in slow speed tests. Upon initiation and reversal of motion, sliding 
occurs on surfaces 2 and 3 with very large stiffness due to the small radii of curvature of 
these inner surfaces. When the horizontal force is large enough to overcome the friction 
force, sliding simultaneously initiates on surfaces 1 and 4 and stops on surfaces 2 and 3. 
With increasing sliding velocity, the hysteresis loops become more rounded and there is 
clearly an increase in the coefficient of friction.  
 
Due to the relatively large unloading stiffness, the hysteretic behavior approaches rigid-
linear. In this case, the bearing could be approximately modeled for response history 
analysis using one single concave FP element having effective radius equal to 1 4eff effR R+  
and friction equal to 1 4μ = μ = μ . Also, similar to the double FP with surfaces of equal 
friction (section 3.5.4), in order to properly model the velocity dependence of the 
coefficient of friction, a rate parameter of 2a  should be specified. Likely this approach 
would provide a good estimate of primary response quantities such as isolation system 
response and superstructure shear. The effect of rigid unloading (traditional single FP 
bearings) versus unloading with large stiffness (this configuration of triple FP bearing) on 
secondary system response and superstructure accelerations is a topic future 
investigations will address.  
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FIGURE 5-32  Force-Displacement Loops for Triple FP Specimen in Simpler 
Configuration with Upper and Lower Concave Surfaces of Equal Friction 
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FIGURE 5-33  Histories of Displacement for Triple FP Specimen in Simpler 
Configuration with Upper and Lower Concave Surfaces of Equal Friction 
 
5.7 Experimental Results for the Modified Single FP Bearing 
 
The experimental and analytical loops for the two tested configurations of modified 
single FP bearing are presented in figures 5-34 and 5-35. The analytical values of friction 
from the decomposed loops used to construct the theoretical loops are given in table 5-8. 
The experimental force-displacement data is in very good agreement with the analytical 
model and demonstrates that desirable changes in stiffness and damping occur with 
increasing amplitudes of displacement. Furthermore, the transitions in sliding behavior 
occur at forces and displacements that are predictable (typically within 10% for the two 
configurations of modified single FP bearing tested) as shown in table 5-9.  
 
The only real discrepancy between theory and experiment is the assumption that the 
urethane insert was rigid, which led to a slight over-prediction of forces in the 50 mm 
amplitude test of configuration 2. This is a reasonable assumption for the steel 
displacement restrainer typically used in FP bearings; however in the experiment the 
urethane insert deformed approximately 1.8 mm during the 50 mm amplitude test. 
Though the deformation was small, the error introduced in force is noticeable due to the 
large stiffness of the bearing when sliding is occurring only on surface 2. 
 
 
 
 
 



 130

Table 5-8  Coefficients of Friction and Displacement Capacities Measured During 
Experiments used to Construct Analytical Force-Displacement Loops for 
Modified Single FP Bearing Configurations 1and 2 
 

Configuration Sliding 
Regime Amplitude Coefficients of friction Displaceme

nt capacities 
I 1 mm 1 2, 0.035μ = − μ =  
II 25 mm 1 20.067, 0.021μ = μ =  Modified 

Single 1 
III 70 mm 1 20.061, 0.045μ = μ =  

1 61 mmd =  

I 1 mm 1 2, 0.035μ = − μ =  
II 25 mm 1 20.065, 0.031μ = μ =  Modified 

Single 2 
III 50 mm 1 20.075, 0.046μ = μ =  

1 36 mmd =  

 
Table 5-9 Comparison of Analytical and Experimental Results for Modified 
Single FP Bearing Configurations 1 and 2 
 

∗u  (mm) 1dru  (mm) 1drF  Configuration Sliding 
Regime Ana. Exp. Ana. Exp. Ana. Exp. 

II 3.4 3.0 - - - - Modified 
Single 1 III 1.1 3.1 61.6 64.6 0.194W  0.183W

II 2.5 1.7 - - - - Modified 
Single 2 III 2.1 2.2 38.0 40.0 0.154W  0.139W
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FIGURE 5-34  Comparison of Experimental and Analytical Results for Force-
Displacement Relationship of Modified Single FP Specimen in Configuration 1 
(Sliding Regimes I, II and III Shown) 
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FIGURE 5-35  Comparison of Experimental and Analytical Results for Force-
Displacement Relationship of Modified Single FP Specimen in Configuration 2 
(Sliding Regimes I, II and III Shown) 
 
The experimental histories of displacement and velocity that are given in figure 5-36 
show each of the three sliding regimes predicted by theory. The data in the figure is for 
configuration 1 in the 70 mm amplitude test. Upon initiation and reversal of motion, there 
is sliding only on surface 2, as indicated by the zero sliding velocity on surface 1. There 
is also sliding only on surface 2 after the displacement restrainer is contacted on surface 1 
at a relative displacement of 1 1 61 mmu d= = . Other than these instances, there is sliding 
only on surface 1 as indicated by the zero sliding velocity on surface 2. This (in addition 
to the slopes of each branch of the hysteresis loop) proves that there is not simultaneous 
sliding on both surfaces. Except for very brief intervals due to the inertia of the moving 
parts, the velocity of one sliding part or the other is always zero. Due to their similarity in 
construction, this also helps to confirm that simultaneous sliding on both interfaces of a 
single slide plate does not occur in the triple FP bearing either. 
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FIGURE 5-36  Histories of Displacement and Velocity for the Modified Single FP 
Bearing in Configuration 1 for the 70 mm Amplitude Test 
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SECTION 6 
CONCLUSIONS 

 
 
This report has presented a detailed treatment of the mechanical behavior of multi-
spherical sliding bearings. The force-displacement relationships of devices with behavior 
of increasing complexity were determined by extension of the fundamental principles of 
operation that apply to sliding on a single concave surface. It was shown that each device 
is capable of exhibiting displacement-dependent adaptive behavior, that is, stiffness and 
damping which change desirably over the course of motion. These changes are 
determined only by the relative values of each surface’s coefficient of friction, effective 
radius of curvature and displacement capacity. Since all are predefined design 
parameters, (aside from the inherent uncertainty and variability in the coefficient of 
friction) the behavior is completely controllable by the engineer. Ultimately this is no 
different than active and semi-active hybrid systems which change their behavior based 
on predefined control laws. However, the passive devices in presented here have the 
added advantage of greater reliability and long term-stability of behavior. 
 
Working in reverse, it was also shown that in cases in which multiple surfaces are of 
equal friction, the complexity of behavior exhibited by these devices reduces. For 
example, it was shown that the double FP with surfaces of equal friction exhibits the 
same rigid-linear behavior as that of the traditional FP bearing. Also, in the case of the 
triple FP bearing with inner surfaces of equal friction and outer surfaces of equal friction 
(that is different from the inner surfaces) the hysteretic behavior collapses to rigid-
bilinear. These are important results because they allow engineers to take advantage of 
the savings in cost afforded by bearings of smaller plan dimension while still being able 
to use familiar and proven methods of analysis and design. At the time of the writing of 
this report, all applications of double FP bearing have been in configurations in which 

1 2μ = μ  (Cathedral of Christ the Light, Oakland, CA) and all applications of triple FP 
bearing have been in configurations in which 2 3 1 4μ = μ < μ = μ  (Mills-Peninsula 
Hospital, south of San Francisco, CA and less than 2 miles from the San Andreas fault).  
 
Likely the majority applications of these devices in the future will be in the simpler 
configurations of equal friction. However, the effort was made in this report to formulate 
and explain the behavior for the most general and fully adaptive configurations of each 
device primarily for two reasons. First, the fact that the behavior for more complex 
configurations is understood and experimentally verified gives practicing engineers 
added confidence in implementing these devices in the simpler configurations. Second, 
the work presented here serves as the foundation upon which more sophisticated models 
used for dynamic analysis are based. It is imperative that the basic mechanics and 
principles of operation are well understood prior to the formulation of models 
incorporating velocity dependence of the coefficient of friction, variable axial force and 
bidirectional motion. These are needed in order to properly investigate the potential 
benefits that the adaptive behavior exhibited by these devices may have in terms of both 
economy of the isolation system and performance of structural and nonstructural 
components.  
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