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Preface

The Multidisciplinary Center for Earthquake Engineering Research (MCEER) is a national 
center of excellence in advanced technology applications that is dedicated to the reduction of 
earthquake losses nationwide. Headquartered at the University at Buffalo, State University 
of New York, the Center was originally established by the National Science Foundation in 
1986, as the National Center for Earthquake Engineering Research (NCEER).

Comprising a consortium of researchers from numerous disciplines and institutions 
throughout the United States, the Center’s mission is to reduce earthquake losses through 
research and the application of advanced technologies that improve engineering, pre-
earthquake planning and post-earthquake recovery strategies. Toward this end, the Cen-
ter coordinates a nationwide program of multidisciplinary team research, education and 
outreach activities. 

MCEER’s research is conducted under the sponsorship of two major federal agencies: the 
National Science Foundation (NSF) and the Federal Highway Administration (FHWA), 
and the State of New York. Signifi cant support is derived from the Federal Emergency 
Management Agency (FEMA), other state governments, academic institutions, foreign 
governments and private industry.

MCEER’s NSF-sponsored research objectives are twofold: to increase resilience by devel-
oping seismic evaluation and rehabilitation strategies for the post-disaster facilities and 
systems (hospitals, electrical and water lifelines, and bridges and highways) that society 
expects to be operational following an earthquake; and to further enhance resilience by 
developing improved emergency management capabilities to ensure an effective response 
and recovery following the earthquake (see the fi gure below).
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A cross-program activity focuses on the establishment of an effective experimental and 
analytical network to facilitate the exchange of  information between researchers located 
in various institutions across the country. These are complemented by, and integrated 
with, other MCEER activities in education, outreach, technology transfer, and industry 
partnerships.

This report presents the results of an analytical study to investigate the behavior of horizontal and 
vertical boundary frame members that may impact the performance of Steel Plate Shear Walls 
(SPSWs). New analytical models were developed for horizontal boundary frame members to calculate 
the plastic moment and resulting strength reduction caused by biaxial internal stress conditions, 
and to revisit and develop improved capacity design procedures that account for these reduced 
plastic moments. The models incorporate observations made in a companion experimental study 
(see Technical Report MCEER-08-0010). Next, the adequacy of a fl exibility limit for the design 
of vertical boundary frame members specifi ed in current design codes was assessed using the new 
models. The contribution of the boundary frame moment resisting action and infi ll panel tension 
fi eld action to the overall plastic strength of SPSWs was investigated.
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ABSTRACT 

A Steel Plate Shear Wall (SPSW) consists of infill steel panels surrounded by columns, called 

Vertical Boundary Elements (VBEs), and beams, called Horizontal Boundary Elements 

(HBEs). Those infill panels are allowed to buckle in shear and subsequently form diagonal 

tension field actions to resist the lateral loads applied on the structure. Research conducted 

since the early 1980s has shown that this type of system can exhibit high initial stiffness, 

behave in a ductile manner, and dissipate significant amounts of hysteretic energy, which 

make it a suitable option for the design of new buildings as well as for the retrofit of existing 

constructions. However, some obstacles still exist impeding more widespread acceptance of 

this system. For example, there remain uncertainties regarding the seismic behavior and 

design of boundary frame members of SPSWs. This report presents analytical work 

conducted to investigate the behavior and design of boundary frame members of SPSWs.  

First, analytical models were developed to calculate the HBE plastic moment accounting for 

the reduction in strength due to the presence of biaxial internal stress conditions followed by 

development of analytical models, which take into account the reduced plastic moments of 

HBEs, to estimate the design forces for intermediate HBEs to reliably achieve capacity design. 

Those models combine the assumed plastic mechanism with a linear beam model of 

intermediate HBE considering fully yielded infill panels, and are able to prevent in-span 

plastic hinges. The above advances with regard to HBE behavior make it possible to 

investigate and explain the observed intermediate HBE failure.  

In addition, the work presented in this report assesses the adequacy of a flexibility limit for 

VBE design specified by the current design codes using new analytical models developed to 

prevent the undesirable in-plane and out-of-plane performances of VBEs.  

Furthermore, this report investigates the relative and respective contributions of boundary 

frame moment resisting action and infill panel tension field action to the overall plastic 

strength of SPSWs, followed by a proposed procedure to make use of the strength provided 

by the boundary frame moment resisting action. Future work needed to provide greater 

insight on SPSW designs is also identified. 
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SECTION 1 

INTRODUCTION 

1.1 General 

Steel Plate Shear Walls (SPSWs) consist of infill steel panels surrounded by columns, 

called Vertical Boundary Elements (VBEs), and beams, called Horizontal Boundary 

Elements (HBEs).These infill panels are allowed to buckle in shear and subsequently 

form diagonal tension fields when resisting lateral loads. Energy dissipation of SPSWs 

during seismic events is principally achieved through yielding of the panels along the 

diagonal tension fields. 

Consistent with capacity design principles, the Canadian Standard S16 on Limit State 

Design of Steel Structures (CSA 2000) and the AISC Seismic Provisions for Structural 

Steel Buildings (AISC 2005) require the boundary frame members (i.e. HBEs and VBEs) 

to be designed to be sufficiently rigid to ensure the development of infill tension fields 

and remain elastic when the infill panels are fully yielded, with exception of plastic 

hinges at the ends of HBEs and at the VBE bases that are needed to develop the expected 

plastic mechanism of the wall when rigid HBE-to-VBE and VBE-to-ground connections 

are used.  

However, recent testing on multi-story SPSWs having reduced beam section (RBS) 

connections by Qu and Bruneau (2008) revealed that the yielding pattern of RBS 

connections in SPSWs is quite different from that of beams in conventional steel moment 

frames. Moreover, the intermediate HBEs of their specimen ultimately failed due to 

fractures at the VBE faces; however, no factures developed in the reduced beam flange 

regions. Note that intermediate HBEs are those to which are welded steel plates above 

and below, by opposition to anchor HBEs that have steel plates only below or above. It 

would be important to investigate the reasons for the difference in observed yielding 

behavior and to develop an improved capacity design procedure for HBEs to better 

ensure the ductile performance of SPSWs. 
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In addition, recent experimental data allow to revisit the effectiveness of equations in 

current design codes that are derived from plate girder theory and adopted with the 

intention of ensuring an adequate flexibility for VBE design. Furthermore, additional 

work is necessary to investigate the relative contribution of boundary frame moment 

resisting action to the overall strength of SPSWs and possibly achieve an optimum design 

of SPSWs accounting for that contribution.  

1.2 Scope and Objectives  

This report presents analytical work conducted to investigate the behavior and design 

procedure of horizontal and vertical boundary frame members that may impact SPSW 

performance.  

First, new analytical models are developed to calculate the HBE plastic moment 

accounting for the reduction in strength due to the presence of biaxial internal stress 

conditions, and to revisit and develop improved capacity design procedure for HBEs 

taking into account these reduced plastic moments of HBEs. These advances make it 

possible to investigate and explain the intermediate HBE failure observed in recent tests 

(Qu and Bruneau, 2008).  

Next, the adequacy of a flexibility limit for VBE design specified by the current design 

codes is assessed using new analytical models developed to prevent the undesirable in-

plane and out-of-plane performances of VBEs.  

Furthermore, a SPSW design procedure accounting for the contribution of boundary 

frame moment resisting action is proposed.  

1.3 Outline of Report 

Section 2 contains a brief overview of past analytical research related to this structural 

system in applications to provide earthquake resistance.  

Section 3 begins with a discussion of HBE plastic moment accounting for the presence of 

axial force, shear force, and vertical stresses in HBE web due to infill panel yield forces. 
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Based on the results derived from Section 3, Section 4 develops a revised capacity design 

procedure for HBEs using enhanced free body diagrams and principle of superposition. 

The new developed model can be used to explain previously observed undesirable HBE 

performance. 

Section 5 assesses the adequacy of flexibility limit for VBE design specified by the 

current design codes. Derivation of a flexibility factor in plate girder theory and how that 

factor was incorporated into current codes are reviewed, followed by the development of 

analytical models for preventing shear yielding and estimating out-of-plane buckling 

strength of VBEs of SPSWs. 

Building on the knowledge developed in the prior sections for boundary frame member 

behavior and design, Section 6 investigates the contribution of boundary frame moment 

resisting action to the overall wall strength. A balanced design procedure is developed to 

account for this action followed by the derivation of three different procedures for the 

SPSWs having weak infill panels.  

Finally, summary, conclusions, and recommendations for future research in SPSWs are 

presented in Section 7. 
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SECTION 2 

PAST RESEARCH ON STEEL PLATE SHEAR WALLS  

2.1 Introduction 

Prior to key research performed in the 1980s (Thorburn et al. 1983), designs of SPSW 

infill panels only allowed for elastic behavior, or shear yielding in the post-elastic range. 

This design concept typically resulted in selection of relatively thick or heavily-stiffened 

infill panels. While resulting in a stiffer structure that would reduce displacement demand 

as compared to the bare steel frame structure during seismic events, these designs would 

induce relatively large infill panel yield forces on the boundary frame members, resulting 

in substantial amounts of steel used and expensive detailing. Numerous experimental and 

analytical investigations conducted since 1980s have demonstrated that a SPSW having 

unstiffened thin infill panels allowed to buckle in shear and subsequently form a diagonal 

tension field absorbing input energy, can be an effective and economical option for new 

buildings as well as for the retrofit of existing constructions in earthquake-prone regions. 

While extensive reviews of past research can be found in the literature (i.e. Berman and 

Bruneau 2003, Vian and Bruneau 2005, Sabelli and Bruneau 2007, to name a few), some 

work relevant to the work presented here is summarized below, with more emphasis on 

analytical studies using various modeling strategies. 

2.2 Thorburn, Kulak, and Montgomery (1983) 

Based on the theory of diagonal tension field actions first proposed by Wagner (1931), 

Thorburn et al. (1983) investigated the postbuckling strength of SPSWs and developed 

two analytical models to represent unstiffened thin infill panels that resist lateral loads by 

the formation of tension field actions. In both cases, contribution to total lateral strength 

from the compressive stresses in the infill panels were neglected because it was assumed 

that plate buckles at a low load and displacement level. In addition, it was assumed that 

the columns were continuous over the whole height of the wall, to which the beams were 

connected using simple connections (i.e. "pin" connections). 
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The first model, an equivalent brace model used to provide the story stiffness of a panel, 

represents the infill panels as a single diagonal tension brace at each story. Based on 

elastic strain energy formulation, analytical expressions were provided for the area of this 

equivalent brace member for two limiting cases of column stiffness, namely, infinitely 

rigid against bending and completely flexible.  

The second model proposed by Thorburn et al. (1983) is strip model (also known as a 

multi-strip model), in which each infill panel is represented by a series of inclined pin-

ended only members, as shown in figure 2-1, that have a cross-sectional area equal to 

strip spacing times the panel thickness. 

 

FIGURE 2-1 Schematic of Strip Model (Thorburn et al. 1983) 

It was found that a minimum of ten strips is required at each story to adequately replicate 

the behavior of the wall. Using the principle of least work, the inclination angle for the 

strip, denoted as α , and equal to that of the tension field can be determined for the 

infinitely rigid column case, as,  
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where H  is the story height; L  is the bay width; t  is the infill panel thickness; and bA  

and cA  are cross section areas of the beam and column, respectively. 

2.3 Timler and Kulak (1983) 

Based on the work by Thorbrrn et al. (1983), Timler and Kulak (1983) considered the 

effects of column flexibility and revised equation (2-1): 
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where cI  is the moment of inertia of column, and all other terms were defined previously. 

This equation appears in both the Canadian CSA-S16-01 Standard (CSA 2000) and the 

2005 AISC Seismic Provisions (AISC 2005) for design of SPSWs. 

2.4 Driver, Kulak, Kennedy and Elwi (1997) 

Driver et al. modeled their large-scale four-story SPSW specimen tested under cyclic 

loading, considering both FE model and strip model.  

The FE model, as shown in figure 2-2 used quadratic beam elements to represent the 

beams and columns, and quadratic plate/shell elements to model the infill plates.  



8 

 

FIGURE 2-2 FE Model of Test Specimen (Driver et al. 1997) 

As-built dimensions and measured material properties were included into the model. The 

FE simulation reasonably predicted the ultimate strength for all stories. However, the 

model overestimated the stiffness of the specimen. It was concluded that this discrepancy 

was due to the inability to include the geometric nonlinearities.  

Using the procedure originally presented by Thorburn et al. (1983), Driver et al. (1997) 

also developed the strip model of their specimen, as shown in figure 2-3, and performed a 

pushover analysis to calculate the envelope of cyclic curves experimentally obtained. 

Inelastic behavior in the inclined tension field strips and the frame members was 

modeled. Although the model slightly underestimated the elastic stiffness of the test 

specimen, excellent agreement was obtained with the experimentally observed ultimate 

strength. 
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FIGURE 2-3 Strip Model of Driver et al. Specimen (Driver et al. 1997)  

2.5 Berman and Bruneau (2003) 

Based on the strip model, Berman and Bruneau (2003) performed plastic analysis to 

explore the behavior of SPSWs. Fundamental plastic collapse mechanism were described 

for single story and multistory SPSWs with either simple or rigid beam-to-column 

connections.  

For a single story SPSW with simple beam-to-column connections, as shown in figure 2-

4, Berman and Bruneau (2003) demonstrated, using equilibrium and kinematic methods 

of plastic analysis, that the assumed collapse mechanism for the strip model produces an 

expression for story shear strength, identical to that of the CAN/CSA S16-01 procedure 

used in calculating the shear resistance of an SPSW infill panel.  

Berman and Bruneau further extended plastic analysis of SPSWs to the multistory cases. 

They examined two types of plastic mechanisms, namely, a uniform collapse mechanism 
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and a soft-story collapse mechanism which are shown in figure 2-5. These mechanisms 

and their corresponding ultimate strengths, provide the engineer simple equations for 

estimating the ultimate capacity of a multistory SPSW and preventing the possible soft 

story mechanism. The ultimate strengths predicted for these plastic mechanisms were 

validated by the experimental data from past research. 

 
FIGURE 2-4 Single Story SPSW Collapse Mechanism 

(Berman and Bruneau 2003) 

 
FIGURE 2-5 Example of Plastic Collapse Mechanism for Multi-story SPSWs  

(Berman and Bruneau 2003) 
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2.6 Behbahanifard, Grondin and Elwi (2003) 

Behbahanifard et al. (2003) generated a FE model to model their three-story SPSW 

specimen. Their model, as shown in figure 2-6, was developed based on the nonlinear 

dynamic explicit formulation, implementing a kinematic hardening material model to 

simulate the Bauschinger effect, after experiencing convergence problems analyzing the 

model using the implicit FE model formulation.  

 

FIGURE 2-6 FE Model of Test Specimen (Behbahanifard et al. 2003) 

Excellent agreement was observed between the test results and the numerical predictions. 

Using the validated FE model, parametric studies were conducted to identify and access 

some of the non-dimensional parameters affecting the behavior of a single panel SPSW 

with rigid floor beams and subjected to shear force and constant gravity loading.  

The researchers found that lower aspect ratio results in greater strength and non-

dimensional lateral stiffness for SPSWs. However, this effect is negligible within the 

aspect ratio range of 1.0 to 2.0, but noticeable for aspect ratio less than 1.0. 
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In addition, as the column lateral stiffness increased relative to the panel stiffness, the 

shear wall capacity approached the yield capacity. The stiffer column can more 

effectively anchor the tension field resulting from infill panel yielding, therefore allowing 

a more efficient use of the material composing the system. 

It was demonstrated that initial out-of-plane imperfections in the infill panel could have a 

significant influence on the stiffness of the shear panel, while they have no effects on the 

ultimate shear strength.  

Furthermore, the effects of overturning moment and applied gravity load were also 

investigated using the validated FE model. It was found that increasing either gravity load 

or the overturning moment reduces the elastic stiffness of the shear wall panel in an 

almost linear manner and also significantly reduces the normalized capacity and ductility. 

2.7 Kharrazi, Ventura, Prion, and Sabouri-Ghomi (2004) 

Kharrazi et al. (2004) proposed a numerical model referred to as the Modified Plate-

Frame Interaction (M-PFI) model to analyze the shear and bending of ductile SPSW. The 

objective was to describe the interaction between those components and characterize the 

respective contribution to deformation and strength at whole structure level. Thus, the M-

PFI model separates the behavior of ductile SPSW into three parts: elastic buckling, post-

buckling, and yielding. Several steps were involved in developing these equations. First, 

a shear analysis was conducted that looked at the behavior of the infill panels and frames 

respectively and then the shear-displacement relationships for each were superimposed to 

obtain the shear behavior of the ductile SPSW. Second, a bending analysis was conducted 

assuming that the frame and plate act as wide flange shape. Equations were proposed to 

obtain certain points on a shear-displacement relationship that can be used for analyzing 

the behavior of the wall. 

Kharrazi et al. (2004) used test data from Driver et al. (1997) to evaluate the M-PFI 

model using an assumed tension field inclination of 45 degree. The model overestimated 

the initial stiffness by 5% and underestimated the ultimate capacity of the specimen by 

about 10%, although it overestimated the specimen capacity slightly at initial yielding. It 
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should be mentioned that the model does not describe the ductility of the SPSW specimen 

or the actual mechanism, nor does it provide a means of determining the frame forces for 

use in design. 

2.8 Vian and Bruneau (2005) 

Vian and Bruneau (2005) investigated some new methods for the design of SPSW anchor 

beams. Based on simple free body diagrams as shown in figure 2-7, and the principle of 

superposition, they proposed a procedure to ensure that frame plastic hinging occurs in 

the beams and not in columns. Limits were proposed to estimate the drift of a frame with 

and without SPSW panels at yielding, so that the system may be assessed in the context 

of the structural "fuse" concept, and considered to dissipate input energy through SPSW 

panel yielding at a drift level less than that causing the frame members to yield. 
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FIGURE 2-7 Free Body Diagram of Anchor HBE 
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2.9 Lopez-Garcia and Bruneau (2006) 

Lopez-Garcia and Bruneau (2006) performed some preliminary investigation on the 

seismic behavior of intermediate beams in SPSWs using strip model. Of primary interest 

was the determination of the strength level needed to avoid the formation of in-span 

plastic hinges. To attain this objective, the seismic response of several SPSW models 

designed according to the FEMA/AISC regulations and the Canadian standard CAN/CSA 

S16-01 were analyzed by performing linear and nonlinear analysis. The SPSW models 

considered in this research were designed as an alternative to provide the lateral load 

resisting system to the four-story MCEER Demonstration Hospital, a reference building 

model used as part of a broader MCEER research project. The intermediate beams of the 

FEMA/AISC models were designed according to three different criteria: (I) for gravity 

loads only; (II) for the ASCE 7 load combinations: (III) for the forces generated by fully 

yielded webs. 

In all cases, the thickness of the thinnest hot-rolled plate available turned out to be larger 

than the minimum thickness required by the FEMA/AISC guidelines, which resulted in 

SPSW models having the same plate thickness at all stores (constant plate thickness 

case). In order to obtain insight into the behavior of intermediate beams of SPSWs having 

different plate thickness at different stories, models whose plates have the minimum 

thickness required were also considered for each of the abovementioned design criteria 

(variable plate thickness case). 

Seismic loads were calculated per FEMA 450 assuming that the structure was located in 

Northridge, California ( 1.75SS g=  and 0.75SS g= ). The SPSWs were analyzed using 

the commercial computer program SAP-2000 version 8.3.3. Each infill panel was 

modeled by a set of 10 parallel, uniformly spaced tension-only strips pinned at both ends 

(i.e. elements capable of resisting tension axial force only), while the beams and columns 

were modeled by conventional frame elements. 

Forces imposed by the ASCE 7 load combination were assessed through FEMA 450's 

Equivalent Lateral Force Procedure (linear static analysis). The inelastic behavior of the 

SPSW models under seismic loading was analyzed by performing FEMA 450's Nonlinear 
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Static procedure (Pushover analysis). For this, P-M plastic hinges were modeled at the 

ends of the beams and columns. The strain hardening ratio was set equal to 0.5%. Axial 

plastic hinges having an elastic-perfectly plastic force-deformation relationship were 

modeled at the middle of each strip. As indicated by FEMA 450, a set of gravity loads 

equal to 0.25D L+  was applied to the models prior to the incremental application of 

earthquake loads. The pattern of seismic forces was set equal to that indicated by the 

Equivalent Lateral Force Procedure. 

It was found that the FEMA/AISC models designed according to criteria I and II 

developed in-span plastic hinges in intermediate beams, which is not allowed by the 

FEMA/AISC regulations. Models designed according to criteria III exhibited the desired 

behavior (i.e. inelastic deformations occur only at the ends of the beams and in the webs) 

even when a global collapse mechanism developed. The behavior of CAN/CSA S16-01 

models was found to be satisfactory at the response level corresponding to the design 

basic earthquake, but the global mechanism of these models included in-span plastic 

hinges in the anchor beams. All these observations were found to apply regardless of 

whether the SPSW systems have constant or variable plate thickness. 

2.10 Shishkin, Driver and Grondin (2005) 

Shishkin et al. (2005) proposed refinements to the strip model, as described by Thorburn 

et al. (1983), to obtain a more accurate prediction of the inelastic behavior of SPSW 

using a conventional structural engineering software package. The refinements were 

based on observations from laboratory tests on SPSW specimens. Modeling efficiency 

was also evaluated against accuracy of the solution. A modified version of the strip 

model was proposed as pictured in figure 2-8, which was shown to be efficient while 

maintaining a high degree of accuracy. In this model, a pin-ended compression strut was 

used to account for the small contribution of the stiffness and the strength of the infill 

panel from compressive resistance, which may be significant in the corner regions where 

effective length of the plate under compression is small. 
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FIGURE 2-8 Schematic of the Modified Strip Model (Shishkin et al. 2005) 

The parameters of the proposed model are generic and can be implemented into structural 

analysis program with pushover analysis capacities. A parametric study was also 

performed to determine the sensitivity of the predicted nonlinear behavior to variations in 

the angle of inclination of the infill panel tension field. 

2.11 Purba and Bruneau (2006) 

As part of the further investigations on some concerns reported by Vian and Bruneau 

(2005), Purba and Bruneau (2006) performed some analytical study on the behavior of 

unstiffened thin SPSW having openings on the infill plate under monotonic pushover 

displacement. Two SPSW systems with openings proposed by Vian and Bruneau (2005), 

namely the perforated and the cutout corner SPSW, were discussed. 

The researchers first studied individual perforated strips, which may play an important 

role in the behavior of perforated SPSW. The effect of mesh refinement on the 
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convergence of solutions was investigated before evaluating various perforated strip 

models with different perforation diameters, boundary conditions, and material 

idealizations. The results were presented in terms of stress-strain distribution throughout 

the strip section as well as in terms of global deformations. Then, a series of one-story 

SPSWs having multiple perforations on panels were considered, with variation in 

perforation diameter, boundary conditions, infill plate thickness, material properties 

idealization, and element definition. The objective of this analysis was to verify the 

accuracy of the results obtained from FE analysis of individual perforated strips to predict 

the SPSW strength by summing the strength of "simpler" individual strips. Shell elements 

were used to model the infill plates as well as the boundary frame member webs and 

flanges. Good agreement in overall behavior between the models considered and 

individual perforated strip model was observed. The applicability of the equation 

proposed by previous researchers to approximate the strength of a perforated panel was 

also re-assessed. 

In addition, two cutout corner SPSW models were also investigated. The first model 

replicated the cutout corner SPSW specimen tested by Vian and Bruneau (2005) in which 

a flat-plate reinforcement was introduced along the cutout edges. The second model 

considered had a T-section reinforcement along the cutout edges; this model was built by 

adding a new plate perpendicularly to the previous flat-plate reinforcement. No 

significant difference between the two models was observed in terms of frame 

deformations and stress distributions along the cutout corner SPSW. However, some 

local effects were observed adjacent to the cutout corner, in terms of diagonal 

displacement of the cutout reinforcement plate and stress distribution along the length of 

the plates. 

2.12 Berman and Bruneau (2008) 

Berman and Bruneau (2008) performed research on developing capacity procedure for 

VBEs in SPSWs. They reviewed the current approaches provided in the AISC Seismic 

Provisions (AISC 2005) for determination of capacity design loads for VBEs of SPSWs 

and identified the deficiency of these procedures. Then, a new procedure was proposed 



18 

that based on a fundamental plastic collapse mechanism and linear beam analysis to 

approximate the design actions for VBEs for the given infill panels and HBEs. The VBE 

free body diagrams they used were shown in figure 2-9. Their procedure does not involve 

nonlinear analysis, making it practical for use in design. VBE design loads were 

estimated using the proposed procedure for two example SPSW configurations. It is 

found that VBE design forces predicted from the proposed procedure agree well with 

those from the nonlinear pushover analysis. 

 

FIGURE 2-9 VBE Free Body Diagrams (Berman and Bruneau 2008) 
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SECTION 3 

PLASTIC MOMENT OF HORIZONTAL BOUNDARY ELEMENTS  

3.1 Introduction 

The HBE yield patterns observed in the recent tests on SPSWs by Qu et al. (2008) 

indicate that the stress distribution at the HBE plastic hinges is more complex than 

accounted by simple analysis methods. Therefore, if one wishes to understand how to 

design an HBE, the first step is to correctly quantify the strength of HBE plastic hinges 

accounting for this condition.  

Conventional plastic analysis procedures for determining the plastic moment of wide 

flange member in a moment frame can not be applied to HBEs of SPSWs because the 

HBE web is under large bi-axial stress condition. To account for this effect, analytical 

procedures to estimate the plastic moment resistance of HBEs subjected to axial force, 

shear force, and vertical stresses due to infill panel forces, are needed to ensure 

predictable and ductile behavior of HBEs. 

This section first discusses the loading characteristics of HBE cross-sections. Following a 

review of the conventional procedure to calculate the plastic moment of wide flange 

members in a conventional steel moment frame, the reduced yield strength of HBE web 

under shear and vertical stresses is studied using the von Mises yield criterion. Analytical 

procedures for estimating the plastic moment of intermediate HBEs and anchor HBEs are 

then developed, respectively. Note that intermediate HBEs are those to which are welded 

steel plates above and below, by opposition to anchor HBEs that have steel plates only 

below or above. Procedures for calculating plastic moment of intermediate HBEs under 

equal and unequal top and bottom tension fields are first investigated. Those procedures 

are verified by FE examples and are simplified for practical purpose. Next, additional 

numerical examples are developed to confirm that those procedures proposed for 

intermediate HBEs can also apply to anchor HBEs. Note that the analytical procedures to 

estimate HBE plastic moment developed in this section will be used in Section 4 for 

capacity design of HBEs.  
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3.2 Loading Characteristics of HBE Cross-Sections 

In any multistory SPSW such as the one shown in figure 3-1, the HBEs can be 

differentiated as anchor HBEs and intermediate HBEs. Anchor HBEs are the top and 

bottom ends of a SPSW and that anchor the SPSW infill panel yield forces. Since they 

are loaded by infill tension field forces only on one side (either above or below), they are 

typically of substantial size. Intermediate HBEs are the beams at all other levels. The 

variation between the top and bottom infill panel stresses acting on the HBE can 

sometimes be small or null when the top and bottom infill panels of identical (or near 

identical) thicknesses are both yielding. Comparing with the sizes of anchor HBEs, 

intermediate HBEs are often relatively small.  
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FIGURE 3-1 Typical Multistory SPSW 

To understand the infill panel effects on HBE behaviors, consider the aforementioned 

SPSW with rigid HBE-to-VBE connections. The shear stress and external loading at the 

HBE ends are schematically shown in figure 3-2, where τ represents the shear stress in 

HBE web; and P and M represent the axial force and moment acting at HBE ends, 
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respectively; when the expected plastic collapse mechanism of the SPSW develops. In 

this figure, 1ybiω +
 and ybiω  represent the vertical components of the top and bottom infill 

tension fields, respectively. Mathematical expressions for 1ybiω +
 and ybiω  will be given in 

the Section 4. 
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FIGURE 3-2 Shear Stress and Loading at HBE Ends 
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Note that an HBE is typically in compression which will be demonstrated in Section 4. 

The magnitudes of τ, P, and M vary at different locations along an HBE. Although the 

direction of shear stress, τ,  depends on the resulting shear effects due to tension field 

forces and HBE flexural actions, it has no effect on HBE plastic moment resistance as 

demonstrated in Section 3.5.3. Accordingly, the loading characteristics of HBE cross-

sections are summarized in table 3-1. Note that for the purpose of the present discussion, 

flexure designated as "+"or "-" respectively refers to the bending action producing 

tension or compression in the flange on which the greater tension field force is applied. 

For intermediate HBEs with equal top and bottom tension fields, the acting direction of 

flexure has no impact on the plastic moment resistance as demonstrated in Section 3.5.1.  

TABLE 3-1 Summary of Loading Characteristics of HBE Cross-Section 

HBE type 
Corresponding 

section on  
figure 3-2 

Flexure Tension field ratio

( )1yi yiω ω +  + - 

Intermediate C/D   1 
Intermediate C √  1>  
Intermediate D  √ 1>  

Anchor A  √ 0-a 
Anchor B √  0-a 
Anchor E √  ∞-b 
Anchor F  √ ∞-b 

-a when 0yiω = . 
-b when 1 0yiω + = . 

3.3 Plastic Moment of Wide Flange Members in Moment Frame 

A well-known lower bound approach to estimate plastic moment for wide flange 

members in steel moment frame, based on stress diagrams, and classic plastic analysis 

can be used to account for the combined interaction of flexure, axial and shear forces 

(Bruneau et al. 1998). Using this procedure, the uniform shear stress, wτ , assumed to act 

on the web of the cross-section as a result of the applied shear force, V , is calculated as: 

 w
w w

V
h t

τ =  (3-1) 
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where wh  and wt  are the web depth and thickness of the cross-section, respectively. 

Then, the von Mises yield criterion is used to calculate the maximum axial stress, wσ , 

that can be applied on the web (i.e., the remaining axial yield strength): 

 2 23w y wfσ τ= −  (3-2) 

where yf  is the yield strength of steel. 

Strength of the flanges remains yf . In the case that the neutral axis remains in the web; as 

shown in figure 3-3, location of the neutral axis, oy , is given by: 

 o
w w

Py
tσ

=  (3-3) 

where P is the applied axial compression. 

Neglecting strain hardening, the plastic axial stress diagram of a typical wide flange 

section can be divided into pure flexural and axial contributions as shown in figure 3-3. 

The contributions of the web and flanges to the plastic moment resistance can be 

calculated based on the flexural stress diagrams shown in figure 3-3, as: 

 
( ) ( )

2 2
,

2 2
4 4

w f w oP V
pr web w w

t d t t y
M σ σ−

−
= −  (3-4) 

 ( ),P V
pr flange f f f yM b t d t f− = −  (3-5) 

 , , ,P V P V P V
pr pr web pr flangeM M M− −= +  (3-6) 

where the superscript (P, V) indicates that the plastic moment is reduced taking into 

account the applied axial and shear forces, and where fb  and ft  are the flange width and 

thickness of the cross-section, respectively. 
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FIGURE 3-3 Example of Plastic Resistance of a Wide Flange Structural Shape 

Subjected to Flexure, Axial, and Shear Forces 

The above lower bound approach, which provides acceptable results, has been used for 

steel moment frame design. However, for SPSW, the experimental results described in 

Qu et al. (2008) provide evidence that a more sophisticated procedure is warranted. To do 

so, a review of the von Mises criterion in plane stress condition is necessary and done in 

the following section. 

3.4 Reduced Yield Strength in HBE Web 

To better understand the reduced axial yield strength in HBE web accounting for the 

shear stress and vertical stresses due to infill panel forces, two elements are arbitrarily 

selected from the axial tension and compression zones in the web of a typical 

intermediate HBE segment as shown in figure 3-4. These elements are in plane stress 

condition. The free body diagrams, stress diagrams and Mohr’s circles are also 

schematically shown in figure 3-4. Note that the exact Mohr’s circles of elements A and 

B depend on the magnitudes of the vertical components of the tension fields, i.e. 

1ybiω + and ybiω , applied above and below the intermediate HBE segment. 
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FIGURE 3-4 Loading of Intermediate HBE Segment and  

Mohr's Circles of the Elements on the Web  

The results of classic mechanics of materials show that the radius of the Mohr’s circle 

can be determined as: 

 
2

2 2

2
x y

xyR
σ σ

τ
−⎛ ⎞

= +⎜ ⎟
⎝ ⎠

 (3-7) 

Graphically, the maximum and minimum in-plane principal stresses, σ1 and σ2, can be 

calculated as: 

 1 2
x y R

σ σ
σ

+
= +  (3-8) 
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 2 2
x y R

σ σ
σ

+
= −  (3-9) 

In addition, for steel subjected to multi-axial plane-stress conditions and having a 

uniaxial elasto-perfectly plastic behavior, steel can be modeled using the von Mises yield 

criterion and expressed as: 

 ( )2 2 2 2
1 2 1 2

1
2 yfσ σ σ σ⎡ ⎤− + + =⎣ ⎦  (3-10) 

Substituting(3-7), (3-8) and (3-9) into (3-10) and normalizing the resulting equation, the 

von Mises yield criterion can be rewritten as: 

 
2 2 2

3 1y y xyx x

y y y y yf f f f f
σ σ τσ σ⎛ ⎞ ⎛ ⎞⎛ ⎞ ⎛ ⎞ ⎛ ⎞

− + + =⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎝ ⎠ ⎝ ⎠ ⎝ ⎠

 (3-11) 

Equation (3-11) can be reorganized as a quadratic equation in terms of x yfσ  or xy yfτ  

and solved to respectively give the reduced axial and shear yield strengths for given 

values of the other terms: 

 
2 2

1 1 4 3 12
2 2

y y xyx

y y y yf f f f
σ σ τσ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞

= ± − −⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠

 (3-12) 

 
2 2

1 1
3

xy y yx x

y y y y yf f f f f
τ σ σσ σ⎛ ⎞ ⎛ ⎞ ⎛ ⎞⎛ ⎞ ⎛ ⎞

= ± − + −⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎝ ⎠ ⎝ ⎠

 (3-13) 

Note that the reduced tension and compression axial yield strength can be obtained by 

considering the "+" and "-" cases in (3-12) respectively. 

Equations (3-12) and (3-13), can be simplified as shown in (3-14) and (3-15) for cases of 

uniaxial stress and pure shear respectively. 
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2

1 3  if 0xyx
y

y yf f
τσ σ

⎛ ⎞ ⎛ ⎞
= ± − =⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
 (3-14) 

 if 0
3
y

xy x y

f
τ σ σ= = =  (3-15) 

Note that (3-14) is equivalent to (3-2) which is used for estimating the plastic moment 

resistance of wide flange members in steel moment frame. The von Mises yield criterion, 

in the x yfσ  and xy yfτ  space, for given values of y yfσ  are shown in figure 3-5 as a 

graphical representation of (3-12) . 
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FIGURE 3-5 Reduced Yield Strength per the Von Mises Criterion in Plane Stress 
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As observed in (3-12), the reduced axial yield strength is a function of shear stress xyτ  

and vertical stress yσ . In the absence of vertical axial stresses (i.e. 0yσ = ), the 

compression and tension axial yield strengths are of the same magnitude. This is the case 

illustrated in figure 3-3 , for a wide flange member in conventional moment frame. 

However, as shown in figure 3-5, the presence of vertical stresses results in unequal 

tension and compression axial yield strengths. This is the stress condition found in an 

HBE cross-section. Note from figure 3-5 that the compression axial yield strength is 

significantly reduced, and can even become null under the combined action of shear and 

vertical stresses. The tension axial yield strength is also affected by the shear and vertical 

stresses, but to a lesser degree. Reading the figure differently, due to the presence of 

given vertical and axial compression/tension stresses, the shear yield strength is also 

reduced. Given that the vertical stresses in the whole HBE web may not be constant, 

figure 3-6 is helpful to compare the compression and tension axial yield strengths for a 

wide range of vertical stress ratio (i.e. y yfσ ). Note from figure 3-6 that the maximum 

value of y yfσ  can be reached is less than 1.0 in some cases (e.g. for the case of 

0.40xy yfτ = ). It is because the maximum allowable vertical stress is reduced due to the 

presences of the axial stress in horizontal direction (i.e. xσ ) and the shear stress (i.e. xyτ ) 

as shown in figure 3-5. 
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3.5 Intermediate HBE under Equal Top and Bottom Tension Fields  

The plastic moment resistance of intermediate HBE under constant vertical stresses, 

resulting from equal top and bottom tension fields, is first discussed because this case 

provides some of the building blocks necessary to understand the more complex 

scenarios presented later in this section. 

3.5.1 Derivation of Plastic Moment 

In the spirit of classic plastic cross-section analysis and following a procedure similar to 

that presented in Section 3.3, also using reduced axial yield strength obtained from the 

von Mises yield criterion accounting for the vertical and shear stresses as presented in 

Section 3.4, one can generate the stress diagrams for a fully plastified wide flange section 

under uniform vertical tension fields as shown in figure 3-7. Note that this case 

corresponds to the stress conditions generated in an intermediate HBE when the infill 

panels above and below the HBE are of equal thicknesses and fully yielded (i.e. 

1ybi ybiω ω += ). Also note that all the equations derived in this section remain valid for case 

of opposite flexure case (i.e. the top and bottom parts of figure 3-7 show the stress 

diagrams corresponding to both flexure cases.). 

As traditionally done in structural steel for wide flange sections, uniform shear stress is 

assumed to act on the HBE web. In addition, a constant vertical tension stress is assumed 

in the HBE web as a result of the identical top and bottom tension fields. The shear stress 

is calculated according to (3-1). The uniform vertical stress is given by: 

 ybi
y

wt
ω

σ =  (3-16) 

Consistent with (3-12), the tension and compression axial yield strengths, tσ  and cσ , can 

be respectively calculated as: 

 
2 2

1 1 4 3 12
2 2

y yt w

y y y yf f f f
σ σσ τ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞

= + − −⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠

 (3-17) 
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2 2

1 1 4 3 12
2 2

y yc w

y y y yf f f f
σ σσ τ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞

= − − −⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠

 (3-18) 

Cross-section Shear stress Axial stressVertical stress
-fy

-σc

τw

hw 

bf

tw

tf

+σt

+f y
σy

M

P

ωybi+1    (ωybi+1=ωybi)

ωybi

yc

yt

 

Cross-section Shear stress Axial stressVertical stress

-fy

-σc

τw

hw 

bf

tw

tf +σt

+fy

σy

M

P

ωybi+1    (ωybi+1=ωybi)

ωybi

yc

yt

 
FIGURE 3-7 Stress Diagrams of Intermediate HBE Cross-Section  

under Flexure, Axial Compression, Shear Force, and Vertical  
Stresses due to Equal Top and Bottom Tension Fields 

From the geometry in figure 3-7, 

 t w cy h y= −  (3-19) 

where cy  and ty  represent compression and tension portion of the web ,respectively.  

For the most common case that the neutral axis remains in the web, the governing 

equation of axial force equilibrium can be given as 

 c c w t t wy t y t Pσ σ+ =  (3-20) 
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where P is the applied axial compression. 

The contribution of the flanges to axial compression is null since the resultant axial forces 

of each flange have the same magnitude but opposite signs (and thus cancel each other).  

Substituting (3-19) into (3-20) and solving for cy  gives, 

 

t
w

y
c w

t c

y y

f
y h

f f

σ β

σ σ

⎛ ⎞
+⎜ ⎟⎜ ⎟

⎝ ⎠= ⋅
⎛ ⎞ ⎛ ⎞

−⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 (3-21) 

where wβ  is the ratio of the applied axial compression to the nominal axial strength of the 

web, which is given by: 

 w
y w w

P
f h t

β −=  (3-22) 

The contributions of the web and flanges to the plastic moment resistance, pr webM −  and 

pr flangeM − , can be respectively determined as: 

 
2 2 2 2
w t w c

pr web t w t c w c
h y h yM t y t yσ σ−

⎛ ⎞ ⎛ ⎞= − − −⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 (3-23) 

 ( )pr flange y f f fM f b t d t− = −  (3-24) 

A cross-section plastic moment reduction factor, β , is defined to quantify the loss in 

plastic strength attributable to the combined effects of the applied axial compression, 

shear force, and vertical stresses due to the infill panels forces acting on the HBE. This 

factor, β , can be determined as: 

 pr web pr flange

y

M M
f Z

β − −+
=  (3-25) 
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where Z  is the HBE plastic section modulus. 

For the extreme case for which the web of the cross-section makes no contribution to the 

flexure, the minimum value of the reduction factor, minβ , is obtained, and is given as: 

 min
pr flange

y

M
f Z

β −=  (3-26) 

This will happen when the entire web is under uniform compression. 

3.5.2 FE Verification 

To validate the approach developed in Section 3.5.1 to calculate the cross-section plastic 

moment reduction factor of the intermediate HBE under equal top and bottom tension 

fields, a series of FE analyses were performed on a segment of HBE. The FE model is 

shown in figure 3-8.  

MM
P
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τxy

τxy

ybi+1 

W21x73

(ωybi+1 = ωybi)

 
FIGURE 3-8 FE Model of Intermediate HBE Segment  

under Flexure, Axial Compression, Shear Force, and Vertical 
 Stresses due to Equal Top and Bottom Tension Fields 

In this case, a W21x73 member was modeled in ABAQUS/Standard. The length of the 

member was twice the cross-section depth. Material was assumed to be A572 Grade 50 

steel with elasto-perfectly plastic constitutive behavior. Shell element (ABAQUS element 

S4R) was employed for the web and flanges. A fine mesh with 9,000 elements (2,000 

elements per flange and 5,000 elements for the web) was used in this model. 
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As shown in figure 3-8, uniformly distributed loads, 1ybiω +  and ybiω , of identical 

magnitude but applied in opposite directions at the top and bottom edges of the HBE web 

represented the vertical components of the top and bottom tension fields. Uniform shear 

stresses, xyτ , were applied along the HBE web edges. Axial forces applied at the ends of 

the member represented the axial compression in the HBE.  

The FE analysis was conducted in two stages to correctly replicate boundary conditions 

and to achieve the desired load scenario while keeping the whole model in self-

equilibrium. In the first stage, the aforementioned tension field forces, shear stresses and 

axial forces were applied on the FE model. In the next stage, a displacement controlled 

analysis procedure was used to obtain the plastic moment resistance of the cross-section, 

in which the rotations at the end of the HBE segment were proportionally increased up to 

a magnitude of 0.035 rad, but in opposite directions. 

A series of analyses were conducted on the FE model to assess the accuracy of the 

analytical procedure. Results are shown in figure 3-9. In these analyses, for the given 

axial compression and shear, the magnitudes of the identical tension fields were increased 

from null to the maximum allowable value in the HBE web. To capture the entire range 

of the solutions developed analytically, for each case of wβ , five different vertical stress 

conditions (approximately equally spaced in the allowable range of y yfσ  ) were 

considered in the FE models. Note that the combined axial compression, shear and 

vertical stresses selected for these analyses may not necessarily develop in a real 

intermediate HBE. Also, note that the plastic moment reduction factor shown in figure  

3-9 for the intermediate HBE cross-section reduces to that which corresponds to values 

for the ordinary beam action in the absence of tension fields from the SPSW infill panels.  

As shown in figure 3-9, the cross-section plastic moment reduction factors obtained from 

the FE analysis agree very well with those predicted using the approach presented in 

Section 3.5.1. One can also observe the cross section plastic moment reduction factor 

varies from unity to a minimum when increasing the axial force, shear, and vertical 

stress. 
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FIGURE 3-9 Plastic Moment Reduction Factor of Intermediate HBE  
Cross-Section under Axial Compression, Shear Force, and Uniform Vertical 

Stresses: Analytical Predictions versus FE Results 
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3.5.3 Effects of Shear Direction 

Though (3-17) and (3-18) show that the acting direction of shear stresses has no effects 

on the resulting compression/tension axial yield strength, and consequently make no 

difference in the calculated cross-section plastic moment reduction factor, numerical 

examples were conducted to confirm this point. Directions of the edge shear shown in 

figure 3-8 were switched and the FE model was reanalyzed for the cases shown in figure 

3-9 case (b). The results from this new model (i.e.FE2) are plotted in figure 3-10 together 

with those from the original model (i.e.FE1) and from the approach proposed in Section 

3.5.1. As shown, the direction of shear stresses has no impact on the cross-section plastic 

moment reduction factor. 
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FIGURE 3-10 Effects of Shear Direction on Cross-Section Plastic Moment 
Reduction Factor of Intermediate HBE  

3.6 Intermediate HBE under Unequal Top and Bottom Tension Fields 

In Section 3.5, it was assumed that identical tension fields were acting above and below 

the intermediate HBE. However, in many instances this is not the case and it is necessary 
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to investigate how the HBE plastic moment resistance would be affected by the unequal 

top and bottom tension fields. As listed in table 3-1, both positive and negative flexure 

cases are considered. The same fundamental concepts and modeling assumptions 

previously presented still apply, except that a linear variation of vertical stresses is 

assumed instead of the prior constant vertical stresses. 

3.6.1 Derivation of Plastic Moment under Positive Flexure 

One can generate the stress diagrams shown in figure 3-11 for a fully plastified HBE 

cross-section of elasto-perfectly plastic steel subjected to axial compression, shear, 

vertical stresses due to unequal top and bottom tension fields, and positive flexure. 
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FIGURE 3-11 Stress Diagrams of Intermediate HBE Cross-Section  
under Positive Flexure, Axial Compression, Shear Force, and Vertical Stresses 

due to Unequal Top and Bottom Tension Fields 

As a reasonable approximation, linearly varying vertical stresses are assumed to act on 

the HBE web. Mathematically, this assumption is expressed as: 

 
( ) 11y yi yi

y y w y w

y y y
f f h f h

σ σ σ +⎛ ⎞ ⎛ ⎞⎛ ⎞ ⎛ ⎞
= ⋅ − + ⋅⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠⎝ ⎠ ⎝ ⎠

 (3-27) 

where the vertical stresses at the top and bottom edges of the HBE web, 1yiσ +  and yiσ , 

can be calculated based on the tension field information respectively as: 
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 1
1

ybi
yi

wt
ω

σ +
+ =  (3-28) 

 ybi
yi

wt
ω

σ =  (3-29) 

In accordance with (3-12), the tension and compression axial yield strengths at any 

location in the web can be determined respectively as: 

 ( ) ( ) ( ) 2 2
1 1 4 3 12
2 2

y yt w

y y y y

y yy
f f f f

σ σσ τ⎡ ⎤ ⎛ ⎞
= + − − ⎜ ⎟⎢ ⎥ ⎜ ⎟⎢ ⎥⎣ ⎦ ⎝ ⎠

 (3-30) 

 ( ) ( ) ( ) 2 2
1 1 4 3 12
2 2

y yc w

y y y y

y yy
f f f f

σ σσ τ⎡ ⎤ ⎛ ⎞
= − − − ⎜ ⎟⎢ ⎥ ⎜ ⎟⎢ ⎥⎣ ⎦ ⎝ ⎠

 (3-31) 

Substituting (3-27) into (3-30) and (3-31), one obtains: 

 

( ) 1

2 2

1

1 1
2

1 4 3 1 12
2

yi yit

y y w y w

yi yi w

y w y w y

y y y
f f h f h

y y
f h f h f

σ σσ

σ σ τ

+

+

⎡ ⎤⎛ ⎞ ⎛ ⎞⎛ ⎞ ⎛ ⎞
= ⋅ − + ⋅⎢ ⎥⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠⎝ ⎠ ⎝ ⎠⎣ ⎦

⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞⎛ ⎞ ⎛ ⎞
+ − ⋅ − + ⋅ −⎢ ⎥⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦
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 (3-33) 

From the geometry in figure 3-11, again: 

 t w cy h y= −  (3-34) 
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For the case when the neutral axis remains in the HBE web, the contribution of the top 

and bottom flanges to axial fore is null since the resultant axial forces in each flange have 

the same magnitude but opposite signs. Therefore, cross-section axial force equilibrium is 

given as: 

 ( ) ( )
0

t w

t

y h

t w c wy
y t dy y t dy Pσ σ+ =∫ ∫  (3-35) 

Substituting (3-32), (3-33) and (3-34) into (3-35), gives the following equation: 
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 (3-36) 

The above equation includes the integral of 2ax bx c dx+ +∫ , of which the solution is  

2
2 2 2

3 2

2 4 ln 2 2
4 8

b ax ac bax bx c dx ax bx c ax b ax bx c C
a a

+ −+ + = + + + + + + + +∫ (3-37) 

However solving for the closed-form solution of cy  from the resulting equation is not 

possible. One can use some software packages such as Mathcad to solve for cy . Then, 

knowing cy , the contribution of the web to the moment resistance can be determined as: 

 ( ) ( )
0 2 2

w c w

w c

h y hw w
pr web t w c wh y

h hM y y t dy y y t dyσ σ
−

− −
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⎝ ⎠ ⎝ ⎠∫ ∫  (3-38) 
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For the contribution of the flanges, pr flangeM − , and cross-section plastic moment reduction 

factor, β , (3-24) and (3-25) still apply. 

3.6.2 Derivation of Plastic Moment under Negative Flexure 

Results can also be generated following the same procedure for the case of negative 

flexure, i.e. for flexural moment acting in a direction opposite to what was considered in 

the Section 3.6.1. The resulting stress diagrams are shown in figure 3-12 for a fully 

plastified HBE cross-section of elasto-perfectly plastic steel subjected to axial 

compression, shear, vertical stresses due to unequal top and bottom tension fields, and 

negative flexure. 

Cross-section Shear stress Axial stressVertical stress
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FIGURE 3-12 Stress Diagrams of Intermediate HBE Cross-Section  
under Negative Flexure, Axial Compression, Shear Force, and Vertical 

Stresses due to Unequal Top and Bottom Tension Fields 

All the equations developed to locate the neutral axis in Section 3.6.1 remain valid except 

that the integral limits of (3-36) need to be modified as shown below according to the 

stress diagrams shown in figure 3-12. 
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 (3-39) 

Solving for cy  from (3-39), one can obtain the contribution of the web to the cross-

section plastic moment resistance as: 

 ( ) ( )
02 2

w c

c

h yw w
pr web t w c wy

h hM y y t dy y y t dyσ σ−
⎛ ⎞ ⎛ ⎞= − + −⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠∫ ∫  (3-40) 

For the contribution of the flanges to the moment resistance, pr flangeM − , and cross-section 

plastic moment reduction factor , β , (3-24) and (3-25) still apply. 

3.6.3 FE Verification 

To validate the approach developed in Sections 3.6.1 and 3.6.2 for the plastic moment 

resistance of intermediate HBE under axial compression, shear force and vertical stresses 

due to unequal top and bottom tension fields, a series of FE analyses were performed. 

The FE models for positive and negative flexure cases are shown in figures 3-13 and 3-14 

respectively. 
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FIGURE 3-13 FE Model of Intermediate HBE under Positive Flexure, Axial 
Compression, Shear Force, and Vertical Stresses due to Unequal Top and Bottom 

Tension Fields 

(ωybi+1 < ωybi)

MM
PP

ωybi

τxy

τxy

ωybi+1

s W21x73

 

FIGURE 3-14 FE Model of Intermediate HBE under Negative Flexure, Axial 
Compression, Shear Force, and Vertical Stresses due to Unequal Top and Bottom 

Tension Fields 

The material, element, mesh, boundary condition, and loading condition are the same as 

those used in Section 3.5.2 except that a surface traction was applied on the HBE web to 

achieve the transition between the unbalanced infill panel forces and satisfy vertical force 

equilibrium, and opposite end rotations were applied in the negative flexure case. The 

surface traction can be calculated as: 

 1ybi ybi

w

S
h

ω ω +−
=  (3-41) 
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Note that, in reality, no such traction force is applied on the HBE web, as the unbalanced 

infill panel forces are equilibrated similarly to a uniformly distributed load on a beam. 

However, in modeling only a small beam segment as done above, application of the 

traction keeps the segment in self-equilibrium and guarantee linear distribution of vertical 

stresses in the HBE web in accordance with the assumption used for the analytical 

procedure presented in Sections 3.6.1 and 3.6.2. 

A series of analyses were conducted using the FE models described above to assess the 

accuracy of the analytical procedure, and the effectiveness of the proposed model. In 

these analyses, for the given axial compression and shear force, the vertical component of 

the bottom tension field was kept constant and various magnitudes of the vertical 

component of the top tension field were considered, from zero up to a value equal to that 

of the bottom tension field. This range of infill panel forces acting on the top tension field 

starts from an intermediate HBE section equivalent to an anchor HBE section in the 

absence of the top tension field, and ends with the previously considered case of an 

intermediate HBE section under equal top and bottom tension fields. 

Comparisons between the results obtained from the FE analysis and those obtained by the 

procedure proposed in Sections 3.6.1 and 3.6.2 for the positive and negative flexure cases 

are shown in figures 3-15 and 3-16, respectively. It is shown that the plastic moment 

resistance of intermediate HBE can be accurately estimated using the proposed 

procedure. The cross-section plastic moment reduction factor varies from unity to the 

minimum determined by (3-26) as a result of the increasing shear force, axial force and 

vertical stresses.  

Comparing the results shown in figures 3-15 and 3-16, it is also possible to observe that, 

for the same combination of axial compression, shear and vertical stresses, the positive 

plastic moment resistance is greater than the negative one. For example, according to 

case (a) shown in figure 3-15, the plastic moment reduction factor is 0.97 for an 

intermediate HBE under positive flexure for which 0.00xy yfτ = , 0.00wβ = , 

1.00yi yfσ = , and 1 0.20yi yfσ + = ; however, a smaller value of 0.86 is obtained for 

plastic moment reduction factor in the negative flexure case in case (a) shown in figure 3-16 
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assuming the same loading combination. This can be explained on the basis that higher 

vertical stresses are acting at the bottom of the beam segment, which is also in axial 

compression in the negative flexure case. Recall from figure 3-6 that shows yielding 

under biaxial loading conditions, per the von Mises criterion, that the compression axial 

yield strength is more reduced by the presence of vertical stresses than the tension axial 

yield strength. Therefore, the plastic moment is reduced more in the negative flexure case 

than the positive flexure case. 
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FIGURE 3-15 Plastic Moment Reduction Factor of Intermediate HBE  
Cross-Section under Positive Flexure, Axial Compression, Shear Force,  
and Linear Vertical Stresses: Analytical Predictions versus FE Results
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FIGURE 3-16 Plastic Moment Reduction Factor of Intermediate HBE  
Cross-Section under Negative Flexure, Axial Compression, Shear Force, 

 and Linear Vertical Stress: Analytical Predictions versus FE Results 
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3.6.4 Simplification of Analytical Procedures 

Though the analytical procedures to estimate the plastic moment resistance of 

intermediate HBE under unequal top and bottom tension fields were developed in 

Sections 3.6.1 and 3.6.2 and verified by the FE results in Section 3.6.3, impediments 

exists that may limit the wide acceptance of this approach in design. For example, there 

are challenges in solving for cy  from (3-36) and (3-39). The mathematic difficulty results 

from the presence of non-uniform vertical stresses.  

Aiming at the kind of simple equations derived to calculate plastic moment of the 

intermediate HBE under equal top and bottom tension fields, for which a constant vertical 

stress is assumed, it would be expedient to replace the linearly varying vertical stresses in 

the case at hand by an equivalent constant vertical stress. However, it would not be 

appropriate to use a constant vertical stress of magnitude equal to the average stress of 

the linearly varying vertical stresses as an approximation, because such a unique 

approximate constant vertical stress would result in identical positive and negative cross-

section plastic moments. This is inconsistent with the prior observations on plastic 

moment resistances of intermediate HBEs under positive and negative flexures as shown 

in figures 3-15 and 3-16, respectively.  

As a compromise between simplicity and accuracy, to consider the different effects of 

vertical stresses on positive and negative cross-section plastic moments, the magnitudes 

of those stresses at the three-fourth and one-fourth points of the linearly varying stress 

diagram, as shown in figure 3-17 (i.e. mean of the average and the minimum, and mean 

of the average and the maximum, respectively), are taken as the magnitudes of the 

approximate constant vertical stresses for the positive and negative flexure cases, 

respectively. Mathematically, the magnitudes of these equivalent constant vertical stress 

distributions can be expressed as: 

 ( ) ( )1 1
1 1
2 4y un yi yi yi yiσ σ σ σ σ− + += + ± −  (3-42) 
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 "-" and "+" are employed in (3-42) for positive and negative flexure cases respectively. 

Then, the procedures to determine the plastic moment of intermediate HBE under equal 

top and bottom tension fields (as presented in Section 3.5.1) can be used. 

σyi
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hw

0.25hw

0.75hw

ωybi+1
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For negative flexure

For positive flexure

Linear vertical stress

 

FIGURE 3-17 Simplification of Vertical Stress Distribution 

To check the adequacy of this model, the results obtained using the above simplified 

procedure are compared with those using the more rigorous approach developed earlier 

(Sections 3.6.1 and 3.6.2 for positive and negative flexure cases respectively) in figures  

3-18 and 3-19, respectively. It is found that the simplified procedure provides reasonable 

and relatively efficient estimates for the cross-section plastic moment reduction factor, 

although slightly less accurate results are observed in the negative flexure case. 
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FIGURE 3-18 Plastic Moment Reduction Factor of Intermediate HBE  
Cross-Section under Positive Flexure, Axial Compression, Shear Force, 

and Linear Vertical Stresses: Analytical Predictions versus Simplified Approach
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FIGURE 3-19 Plastic Moment Reduction Factor of Intermediate HBE  
Cross-Section under Negative Flexure, Axial Compression, Shear Force, 

and Linear Vertical Stresses: Analytical Predictions versus Simplified Approach 
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3.7 Additional Discussions on Anchor HBEs 

The procedure developed in Section 3.6 to calculate plastic moment of intermediate HBE 

can also be applied for anchor HBE, since an anchor HBE is only a special case of an 

intermediate HBE for which the tension field is only applied on one side. However, 

anchor HBEs deserve further treatment here since the analytical, FE, and simplified 

results shown in figures 3-15, 3-16, 3-18 and 3-19 respectively, only provide results for 

anchor HBE in limited scenarios (i.e. only loading scenarios corresponding to the left 

ends of those curves shown in figures 3-15, 3-16, 3-18 and 3-19). Additional examples 

are provided in this section to further confirm that the procedures proposed in Section 3.6 

for estimating the plastic moment of intermediate HBEs remain valid for anchor HBEs. 

For anchor HBEs, the vertical stress distribution can be expressed as:  

 
( )

1y yi

y y w

y y
f f h

σ σ⎛ ⎞ ⎛ ⎞
= ⋅ −⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎝ ⎠⎝ ⎠

 (3-43) 

which is obtained by setting 1 0yiσ + =  in (3-27). 

Accordingly, the analytical procedures presented in Sections 3.6.1 and 3.6.2, and 

simplified approach presented in Section 3.6.4 still apply by setting 1yiσ + .equal to zero in 

all equations.  

A series of analyses were conducted using the same FE models described earlier (as 

shown in figures 3-13 and 3-14) to investigate the plastic moment of anchor HBEs. For 

the given shear and axial compression, 1ybiω +  shown in figures 3-13 and 3-14 was set 

equal to zero, and ybiω  was varied from zero up to the maximum allowable value that can 

be applied in the web of the anchor HBE. Note that the anchor HBE becomes an ordinary 

beam in the absence of the infill panel forces (i.e. 0ybiω = ). The results using the 

analytical procedures proposed in Sections 3.6.1 and 3.6.2 are compared with those from 

FE analyses in figures 3-20 and 3-21 for the positive and negative flexure cases, 

respectively. The analytical procedure is shown to accurately predict the plastic moment 
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reduction factor for anchor HBEs. Also, for the same reason as described in detail in 

Section 3.6.3 for intermediate HBEs, the anchor HBE plastic moment reduces more when 

the beam segment is subjected to negative flexure than the positive flexure case as shown 

in figures 3-20 and 3-21. 

In one significant departure from the trends shown in figures 3-15 and 3-16, the anchor 

HBE plastic moment reduction factor, β , does not reduce to minβ  even when the 

maximum allowable tension field is applied. For example, according to case (a) shown in 

figure 3-15, the intermediate HBE plastic moment reduction factor reduces to a minβ  of 

0.73 when 0.00xy yfτ =  and 0.40wβ = . This value of minβ  is reached for any value of 

yi yfσ . However, the lowest value of β  reached for the corresponding case (a) in figure 

3-20 is 0.83 (greater than the minβ  of 0.73). It is obtained when the tension field force 

increases to the maximum allowable value (i.e. 1.00yi yfσ = ), assuming the same shear 

and axial compression. This is because, for the intermediate HBE examples shown in 

figures 3-15 and 3-16, the factor β  reduce to minβ  only when the magnitude of the top 

tension field becomes equal to that of the bottom tension field, resulting in constant 

vertical stresses in the intermediate HBE web. Here, in the absence of infill panel forces 

on one side of the anchor HBE, β  can not reduce to minβ  even when the maximum 

permitted tension field is applied on the other side. 

Results obtained using the simplified approach described in Section 3.6.4 are also 

compared with those obtained from the analytical procedure described in Sections 3.6.1 

and 3.6.2 for the positive and negative flexure cases in figures 3-22 and 3-23, 

respectively. Reasonable agreements are observed through the comparisons. 
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FIGURE 3-20 Plastic Moment Reduction Factor of Anchor HBE Cross-Section 
under Positive Flexure, Axial Compression, Shear Force, and Linear Vertical 

Stresses: Analytical Predictions versus FE Results
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FIGURE 3-21 Plastic Moment Reduction Factor of Anchor HBE Cross-Section 
under Negative Flexure, Axial Compression, Shear Force, and Linear Vertical 

Stresses: Analytical Predictions versus FE Results 
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FIGURE 3-22 Plastic Moment Reduction Factor of Anchor HBE Cross-Section 
under Positive Flexure, Axial Compression, Shear Force, and Linear Vertical 

Stresses: Analytical Predictions versus Simplified Approach
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FIGURE 3-23 Plastic Moment Reduction Factor of Anchor HBE Cross-Section 
under Negative Flexure, Axial Compression, Shear Force, and Linear Vertical 

Stresses: Analytical Predictions versus Simplified Approach 
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3.8 Summary 

Analytical procedures for estimating the plastic moments of HBEs in SPSWs have been 

proposed in this section. Those procedures are based on classic plastic analysis and rely 

on calculation of the reduced axial yield strength of the HBE web accounting for the 

presence of shear and vertical stresses due to infill panel forces. Results from these 

procedures were shown to agree well with the results from FE analysis. Simplified 

models developed for practical purposes were shown to be accurate  

. 
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SECTION 4 

CAPACITY DESIGN OF HORIZONTAL BOUNDARY ELEMENTS  

4.1 Introduction 

Design procedures for SPSWs (CSA 2000 and AISC 2005), per capacity design 

principles, require that the HBEs of SPSWs be designed to resist the maximum forces 

developed by infill panel yielding. With the exception of plastic hinges at its ends, an 

HBE are expected to remain essentially elastic when the SPSW develops the expected 

plastic mechanism.  

As mentioned previously, work presented in Section 3 shows the importance of using 

proper procedure to calculate the HBE plastic moment. However, as demonstrated in the 

tests on a full-scale two-story SPSW specimen by Qu et al. (2008), current design 

approaches do not necessarily lead to intermediate HBEs that meet the requirements of 

ductile behavior under the forces generated by the fully yielded infill panels and the 

SPSW sway. This was notably observed by the unexpected failures at the ends of the 

intermediate HBE of the MCEER/NCREE specimen (Qu et al. 2008). 

Simple models using line elements for boundary frame members (e.g. models 

conventionally used in SAP2000) are not capable of producing satisfactory results of 

design forces for intermediate HBEs due to the intrinsic complexity in modeling the 

strength of HBE plastic hinges, and consequently fail to explain the observed failure in 

the intermediate HBE of the MCEER/NCREE specimen (Qu et al. 2008). Nonlinear FE 

analysis using 3D shell elements can be used to provide more accurate estimates of 

design forces for intermediate HBEs, but is too tedious for broad use for this simple 

design purpose. Therefore, there is a need to develop a reasonably accurate and more 

efficient method to estimate the design loads for HBEs when the SPSW develops the 

expected plastic mechanism. 

Such an approach is developed and proposed below. Based on the expected plastic 

mechanism and infill panel yield forces, which are first reviewed in this section, the axial 
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and shear forces used for sizing intermediate HBEs are determined using free body 

diagrams with close attention paid to local effects at the ends of intermediate HBEs. 

Ways to avoid in-span plastic hinges in intermediate HBEs are addressed followed by a 

simple free body diagram to determine the moment demands at VBE faces. Then those 

procedures are verified by the nonlinear FE analysis results and a design approach is 

proposed for capacity design of intermediate HBEs. Finally, the intermediate HBE of the 

tested SPSW specimen is examined using the proposed models to explain the unexpected 

failure observed. 

4.2 Expected Mechanism of SPSW and Infill Panel Yield Force 

Plastic mechanisms of a multistory SPSW subject to lateral loads have been studied by 

Berman and Bruneau (2003) and the corresponding procedures for estimating SPSW 

plastic strength have been validated by a series of experimental results. Based on their 

study, the expected plastic mechanism for a ductile multistory SPSW of the type 

considered here is taken to be the one that develops when the infill fully yields at all 

levels as shown in figure 4-1.  

 

FIGURE 4-1 Uniform Yielding Mechanism of a Multistory SPSW  
(adapted from Berman and Bruneau 2003) 
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Assuming a multistory SPSW designed according to the 2005 AISC Seismic Provisions 

and that satisfactorily develops the above plastic mechanism under seismic forces, the 

distributed loads to be applied along the VBEs ( xciω and yciω ) and HBEs ( xbiω  and ybiω ) 

from infill panel yielding at the thi  story can be determined as: 

 sin 2 2yci yp yp wiR f tω α=  (4-1) 

 ( )2sinxci yp yp wiR f tω α=  (4-2) 

 ( )2cosybi yp yp wiR f tω α=  (4-3) 

 sin 2 2xbi yp yp wiR f tω α=  (4-4) 

These are obtained by resolving the infill panel yield forces, occurring at an angle α  

from the vertical, into horizontal and vertical components acting along the VBEs and 

HBEs. Such components of yield forces per unit lengths are a function of infill panel 

thickness, wit , yield strength of infill panels ypf , and the ratio of expected to nominal 

yield stress ypR  (Berman and Bruneau, 2008). 
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4.3 Axial Force in Intermediate HBE 

To understand the nature of the axial effects in intermediate HBEs, consider the single-

bay multistory SPSW with rigid HBE-to-VBE and VBE-to-foundation connections 

shown in figure 4-2a. This SPSW (labeled frame A) can be decomposed into two lateral 

force resisting systems for analysis purpose, as shown in figures 4-2b and 4-2c, namely: 

(i) frame B consisting of infill panels, which resists the lateral loads (i.e. SiF  and 1SiF + ) 

entirely through infill tension field actions together with a boundary frame without 

moment resisting connections; and (ii) frame C as a frame without infill panels, which 

resists lateral loads (i.e. MiF  and 1MiF + ) only through moment frame actions up to the 

development of plastic moments at the HBE-to-VBE and VBE-to-foundation connections. 

Note that the HBE end fixities and the VBE fixities at the base are removed in frame B, 

since the contribution to lateral force resistance due to those fixities is taken into account 

in frame C. The summation of lateral force resistances of the above two systems is equal 

to the overall lateral strength of the SPSW, which is necessary to develop the desired 

plastic collapse mechanism. 

The tension field forces applied on frame B can be further broken into three components 

for analysis purpose, namely: (i) horizontal components of infill tension fields applied on 

VBEs, as shown in figure 4-2d; (ii) vertical components of infill tension fields applied on 

HBEs, as shown in figure 4-2e; and (iii) horizontal and vertical components applied on 

HBEs and VBEs respectively, as shown in figure 4-2f. Note that frames D and E shown 

in figures 4-2 are in self-equilibrium and the lateral force resisted by frame B is applied 

on frame F.  

According to figure 4-2, using the principle of superstition, the resulting axial force in the 

intermediate HBE of frame A can be obtained by adding up the axial effects in the 

intermediate HBEs of frames C, D, E and F, which are presented in the following parts of 

this section. Note that compatibility of deformations is not enforced by this procedure, 

but this simplifying assumption has been found to have negligible impacts on the results.  
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FIGURE 4-2 Decomposition of SPSW Free Body Diagrams: (a) Typical SPSW; 
(b) Boundary Frame with Infill Panels; (c) Boundary Frame without Infill Panels; 
(d) Boundary Frame with Horizontal Components of Infill Panel Yield Forces on 
VBEs; (e) Boundary Frame with Vertical Components of Infill Panel Yield Forces 
on HBEs; (f) Boundary Frame with Horizontal and Vertical Components of Infill 

Panel Yield Forces on HBEs and VBEs Respectively. 

4.3.1 Axial Effects Due to Boundary Moment Frame Sway 

 The behavior of frame C shown in figure 4-2 is similar to that of a typical steel moment 

frame. All HBEs are connected to the VBEs with moment resisting connections able to 

develop plastic moments when the expected mechanism develops. For the case shown in 

figure 4-2c, where equal equivalent seismic lateral loads are applied on both sides of the 

frame, no axial forces develop in the HBEs. 
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4.3.2 Axial Effects of Horizontal Tension Field Components on VBEs 

To estimate the axial force caused by horizontal components of infill panel yield forces 

on VBE as shown in figure 4-2d, Berman and Bruneau (2008) proposed a simple 

analytical model consisting of a continuous beam element representing the VBE 

supported by elastic springs at the HBE locations. Based on this model, the spring force, 

CiP , corresponding to compression axial force in HBE , which is typically of significant 

magnitude, can be estimated from the horizontal components of the tension fields on the 

VBEs considering VBE lengths tributary to each HBE, i.e.: 

 1
12 2 2 2

si i si i
Ci xci xci

h d h dP ω ω +
+

⎛ ⎞ ⎛ ⎞= − + −⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 (4-5) 

where sih  is the ith story height; id is the depth of the HBE considered. 

4.3.3 Axial Effects of Vertical Tension Field Components on HBE 

Another (and often neglected) potential source of axial force in HBE is due to 

deformation compatibility of the HBE web. Axial restraint of an HBE, if present, can 

lead to axial forces in that HBE when its web is subjected to the vertical components of 

infill panel yield forces, as shown in figure 4-2e. To illustrate this, consider an element 

located within the web of an intermediate HBE, as shown in figure 4-3. 
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FIGURE 4-3 Intermediate HBE under Vertical Components of  
Infill Panel Yield Forces 
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Note that the web of the HBE is in plane-stress condition. The axial strain, ( )x yε , of the 

considered element can be obtained according to Hook’s law: 

 ( ) ( ) ( )x y
x

y y
y

E
σ νσ

ε
−

=  (4-6) 

where ν  is Poisson's ratio and E  is Young's modulus. Stresses ( )x yσ  and ( )y yσ  are in-

plane stress components in the coordinate system shown in figure 4-3. 

For an HBE with ideally rigid axial restraints, the web of that HBE is unable to elongate 

along the member's longitudinal axis, which is mathematically expressed as: 

 ( ) 0x yε =  (4-7) 

Substituting (4-7) into (4-6), one can obtain the relationship between vertical and axial 

stresses: 

 ( ) ( )x yy yσ νσ=  (4-8) 

The axial tension due to this Poisson's effect can be obtained by integrating the axial 

stress along depth of the HBE web: 

 ( )
0

wh

Di x wP y t dyσ= ∫  (4-9) 

where wt  and wh  are thickness and depth of the HBE web, respectively. 

Assuming a linear distribution of vertical stresses from the bottom to the top of the HBE 

web as used in Section 3, such that: 

 ( ) 11ybi ybi
y

w w w w

y yy
t h t h

ω ω
σ +⎛ ⎞ ⎛ ⎞

= − +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 (4-10) 

and substituting (4-10) into (4-9) and integrating, the axial tension in the axially 

restrained HBE is obtained as:  
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( )1

2
ybi ybi

Di wP h
ν ω ω ++

=  (4-11) 

Although the potential for the above axial force theoretically exists, the magnitude of the 

contribution of this axial effect to the total axial force in HBEs typically would be on the 

order of 5% if the VBEs were able to fully restrain the HBEs against axial deformation. 

Results reported in the literature have not commented on this effect at the time of this 

writing, and it is difficult to identify whether this effect has been occurring in prior tests 

since it is only a small contribution. Furthermore, whether or not the HBEs can 

effectively be restrained axially varies from wall to wall, depending on the fixity at the 

ends of the HBE and the relative stiffness of HBEs and VBEs along the height of the 

SPSW. It would be interesting in future research to monitor to what extent this effect 

contributes to structural behavior. However, the FE models presented in Section 4.7 

include this effect. For consistency, wherever the boundary conditions used in finite 

element studies prevent axial elongation, this effect has to be taken into account to assess 

the accuracy of proposed simplified approach against such finite element benchmark 

results as done later in this section. 

4.3.4 Axial Effects of Horizontal Tension Field Components on HBE 

As shown in figure 4-2f, for lateral loads equally applied on both sides of the frame, the 

axial force resulting from the horizontal components of the infill panel yield forces acting 

along the HBE varies as shown in figure 4-4. 

Compression

Tension

-(ωxbi -ωxbi+1) L/2

+(ωxbi -ωxbi+1) L/2

 

FIGURE 4-4 Assumed HBE Axial Force Distribution Due to Horizontal 
Components of Infill Panel Yield Forces on HBE 
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For some regular SPSWs, this assumption is proper. However, for more general 

applications, the axial force distribution in HBE depends on the distribution of the 

equivalent earthquake loads applied at floor levels. To better understand this, consider the 

two SPSWs shown in figure 4-5. These two structures have identical mass distributions 

and column layout, but the steel plate shear walls are implemented at two different 

locations. The free body diagram of the intermediate HBE is also provided in figure 4-5 

assuming that the two SPSWs with simple HBE-to-VBE and VBE-to-ground connections 

are subjected to rightward sway.  

Plan view (SPSW-A) Plan view (SPSW-B)  
Δi+1

Δi

Δi+1

Δi

Elevation view (SPSW-A) Elevation view (SPSW-B)  

ωxbi

ωxbi+1

L

PDli PDri

PDmi

x

Free body diagram of intermediate HBE  

FIGURE 4-5 Structures with SPSW Implemented at Different Locations  
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The HBE axial force equilibrium gives: 

 ( )1Dli Dmi Dri xbi xbiP P P Lω ω ++ + = − ⋅  (4-12) 

where DliP  and DriP are the equivalent earthquake loads applied at the left and right ends 

of the intermediate HBE, respectively; and DmiP is the resultant force from a uniform 

earthquake force applied along the intermediate HBE, if any are acting there (loads 

transferred by the concrete slab for example). Accounting for those forces, earthquake 

load application factors can be defined as: 

 ( )1

Dli
li

xbi xbi

P
L

γ
ω ω +

=
− ⋅

 (4-13) 

 ( )1

Dmi
mi

xbi xbi

P
L

γ
ω ω +

=
− ⋅

 (4-14) 

 1ri li miγ γ γ= − −  (4-15) 

where liγ , riγ  and miγ  are the percentages of the seismic loads at the thi  floor applied at 

the left and right sides, and within the bay of the wall respectively. For example, for 

SPSW-B shown in figure 4-5, liγ  and riγ  are 100% and 0% respectively, assuming no 

loads are transferred within the bay of the wall.  

Referring again to the example buildings in figure 4-5, the earthquake loads, (which are 

essentially inertia forces depending on structure configuration and mass distribution), are 

different in SPSW-A and SPSW-B: no inertia force develops on the right side of infill 

panels in SPSW-B, unlike SPSW-A in which identical inertia forces develop on both 

sides of the frame. Thus, for the given earthquake loads, the axial force at location x  

along an HBE can be determined as 

 ( ) ( )1Di li mi xbi xbi
x xP x L
L L

γ γ ω ω +
⎡ ⎤= − − + − ⋅⎢ ⎥⎣ ⎦

 (4-16) 
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Figure 4-6 shows the distributions of the axial force normalized by the magnitude of the 

resulting force of the horizontal components of infill panel yield forces along the HBE, 

for different earthquake load application factors. The assumed axial force distribution 

shown in figure 4-4 corresponds to the typical case that 0.5li riγ γ= =  and 0miγ = .  
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FIGURE 4-6 Normalized Axial Force Distribution in Intermediate HBE Due to 
Horizontal Components of Infill Panel Yield Forces on HBE 

4.3.5 Resulting Axial Force in HBE 

The analytical procedures to estimate the magnitude and distribution of axial forces in 

intermediate HBE have been developed for each sub-system shown in figure 4-2. These 

axial effects are then combined, considering an arbitrary sign convention (i.e. "-" and "+" 

for compression and tension respectively), resulting in the following equation for the 

axial force at any location, x , of the HBE: 
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( )

( )

1
1

Axial effect in intermediate HBE of frame D

1

Axial effect in intermediate HBE of frame E

2 2 2 2

2

si i si i
bi xci xci

ybi ybi
w li mi xbi x

h d h dP x

x xh
L L

ω ω

ν ω ω
γ γ ω ω

+
+

+

⎛ ⎞ ⎛ ⎞= − − − −⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

+ ⎡ ⎤+ + − − + −⎢ ⎥⎣ ⎦
( )1

Axial effect in intermediate HBE of frame F

bi L+ ⋅
 (4-17) 

4.4 Shear Force in Intermediate HBE 

Shear force in an intermediate HBE comes from two sources: tension fields and boundary 

frame sway. To better understand this, following the same logic adopted in Section 4.3 to 

account for the contributions of various effects on axial force, the free body diagram of a 

typical intermediate HBE (figure 4-7A), when the SPSW develops the expected plastic 

mechanism, can be decomposed into two sub-systems, as shown in figures 4-7b and 4-7c 

respectively, namely: (i) Beam B, a simply supported beam subjected to top and bottom 

infill tension fields, which will be investigated in Section 4.4.1 to determine the shear 

effects only resulting from infill panel yield forces (i.e biω  and 1biω + ); and (ii) Beam C, 

also a simply supported beam subjected to plastic end moments, which will be 

investigated in Section 4.4.2 to take into account the shear effects only due to boundary 

frame sway.  

For calculating the shear effects only due to top and bottom tension fields (i.e. shear force 

in Beam B shown in figure 4-7), two analytical models based on different free body 

diagrams will be developed in Sections 4.4.1.1 and 4.4.1.2 respectively. FE analysis will 

be used in Section 4.4.1.3 to verify those two analytical models. The shear force in HBE 

only due to frame sway (i.e. shear effects in Beam C) is a well-known and validated 

effect. The corresponding results for HBEs with and without RBS at the ends will be 

presented in Section 4.4.2 for convenience. The total effects of infill panel yield forces 

and boundary frame sway will be provided in Section 4.4.3. 

For simplicity, the tension field orientation angle, α , typically close to 45º from the 

vertical, is assumed to be identical above and below the considered HBE. Note that, in 
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design, one may alternatively use the average orientation angle of the top and bottom 

tension fields. 
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FIGURE 4-7 Decomposition of Loading on Intermediate HBE: (A) Typical 
Intermediate HBE; (B) Intermediate HBE Subjected to Infill Panel Yield Forces; 

(C) Intermediate HBE Subjected to Plastic End Moments 

4.4.1 Shear Effects Only Due to Infill Panel Yield Forces 

Beam B shown in figure 4-7 is studied in this section. Two analytical models, using 

different free body diagrams to calculate the shear effects only due to top and bottom 

tension fields, are developed in Sections 4.4.1.1 and 4.4.1.2 respectively. The first model 

divides the tension fields into three sub-tension fields, and obtains the shear forces by 

superposing the shear effects caused by each sub-tension field. The second model 

decomposes the tension fields into horizontal and vertical components, and estimates the 

shear force by combining the shear effects resulting from each component of the tension 

fields. These two models are validated by FE results in Section 4.4.1.3. 

4.4.1.1 Superposing Shear Effects from Sub-Tension Fields 

The tension fields on both sides of an intermediate HBE labeled B, shown in figure 4-8, 

can be divided into three sub-tension fields in accordance with boundaries determined by 
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two parallel lines at inclination angle of α . Those boundaries pass through the top right 

and bottom left corners of the top and bottom fish plates, respectively. Accordingly, the 

infill panel yield force are divided into 3 free body diagrams labeled B1, B2 and B3 

respectively as shown in figure 4-8. In free-body-diagram B1, both top and bottom 

tension field forces are uniformly distributed in the middle part of the HBE. In free-body-

diagrams B2 and B3, bottom and top tension field forces act on the right and left ends of 

the HBE, respectively.  

α
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FIGURE 4-8 Infill Panel Yield Forces on Simply Supported Intermediate HBE 

From the principle of superposition, the resulting shear action can be determined by 

combining the shear effects in free-body-diagrams B1, B2 and B3 (i.e. shear effects due 

to each sub-tension field). 
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Fish plates, which are used to connect infill panels and HBEs, are included in the free 

body diagrams since they have an impact on shear estimation as demonstrated later. In 

figure 4-8, fd  is the distance between the fish plate end to the VBE face, and fh  is the 

distance between the HBE flange and the welds connecting the infill panel to the fish 

plate. The terms, Ex  and Mx , define the distances from the VBE face to the parallel line 

boundaries, respectively measured from the weld of the infill panels to the fish plates or 

the centerline of the HBE as shown in figure 4-9 . The corresponding equations for Ex  

and Mx  are: 

 ( )2 tanE f fx d d h α= + +  (4-18) 

 tan
2M f f
dx d h α⎛ ⎞= + +⎜ ⎟

⎝ ⎠
 (4-19) 

xE

xM

df

d

hf

d+2hf
α

ωbi+1

ωbi  

FIGURE 4-9 Intermediate HBE End 

To understand the shear effects caused by the top and bottom infill panel yield forces in 

free-body-diagram B1 shown in figure 4-8, consider a small segment of the HBE as 

shown on the left-hand side of figure 4-10a. 
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FIGURE 4-10 Simplification of Infill Panel Forces on HBE Segment 

The equilibrium equation of that segment along the acting direction of infill panel yield 

force gives: 

 ( )1bi bidV dxω ω += −  (4-20) 

Multiplying by cosα  on both sides of (4-20), and recalling cosydV dV α= ⋅ , 

cosbyi biω ω α= ⋅  and 1 1 cosbyi biω ω α+ += ⋅ , one can obtain equilibrium in the vertical 

direction as: 

 ( )1y ybi ybidV dxω ω += − ⋅  (4-21) 

The vertical shear force in free-body-diagram B1 shown in figure 4-8 can be similarly 

determined through a free body diagram in which the resulting vertical infill panel yield 

forces are applied on the centerline of B1 as shown in figure 4-11. However, for free-

body-diagrams B2 and B3 shown in figure 4-8, in which infill panel yield forces are 

applied on only one side (either top or bottom), the above logic can not be followed due 

to the absence of infill panel yield forces on the other side.  

The shear force from the free-body-diagram B2 shown in figure 4-8 is obtained by 

breaking that free body diagram into two sub-systems: namely (i) free-body-diagram B21 

shown in figure 4-11, in which the vertical components of the infill panel yield forces is 

applied on the centerline, and (ii) free-body-diagram B22 shown in figure 4-11, in which 
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a uniformly distributed moment equal to the magnitude of the horizontal components of 

the infill panel yield force times the distance between its line of action and the beam 

centerline is applied. From the above two sub-systems, the shear effects resulting from 

the horizontal and vertical components of the infill panel yield forces in free-body-

diagram B2 shown in figure 4-8 can be taken into account respectively. Similarly, free-

body-diagram B3 shown in figure 4-8 is divided into free-body-diagrams B31 and B32 as 

shown in figure 4-11. 

xM xM

ωybi-ωybi+1

(B1)

(B21)

ωybi

xE

(B22) xE

(B31)

xE

ωybi+1

(B32)
xE

ωybi(d/2+hf)

ωybi+1(d/2+hf)

 

FIGURE 4-11 Free Body Diagrams of Simply Supported HBE under 
Fundamental Loading Due to Sub-Tension Fields 

Based on the loading characteristics, the free body diagrams shown in 4-11 are 

differentiated into the following two categories: (i) simply supported beams under partial 

uniform loads (i.e. B1, B21 and B31), and (ii) simply supported beams under partial 

uniform moments (i.e. B22 and B32). Shear diagrams for the above two general cases are 

derived below, from which the shear force corresponding to each free body diagram can 

be obtained.  
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First consider the effect of a uniform load over part of the HBE length as shown in figure 

4-12. The parameters, a , c  and d , describe the location of loads applied to the HBE, 

and. ω  and W  are the magnitudes of the uniform load and its resultant action, 

respectively.  

D
xo

c

d=L-b/2-a/2
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+
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FIGURE 4-12 Free Body Diagram and Shear Diagram of Simply Supported 
Beam under Partial Uniform Load 

For the sign convention shown in the above figure, the shear along the beam is given as: 

 

1

1

2

                     if 0  

( )        if

              if

W x a
x aV x W a x b

c
W b x l

θ

θ

θ

⋅ ≤ <⎧
⎪ −⎪ ⎡ ⎤= − ≤ <⎨ ⎢ ⎥⎣ ⎦⎪
⎪ − ⋅ ≤ <⎩

 (4-22) 

where 1θ  and 2θ  are two factors for calculating the shear forces at the left and right ends 

respectively, equal to 

 1 d Lθ =  (4-23) 

 2 11θ θ= −  (4-24) 
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Shear forces in free-body-diagrams B1, B21 and B31 shown in figure 4-11 can be 

derived from the general results presented in (4-22) and parameters used in (4-22) for 

each free body diagram are summarized in table 4-1. 

TABLE 4-1 Parameters for Determining Shear Forces 

FBD a  b  ω  1θ  2θ  

B1 Mx  ML x−  1ybi ybiω ω +− 0.5 0.5 

B21 EL x−  fL d−  ybiω  ( )0.5 E fx d L+  ( )1 0.5 E fx d L− +

B31 fd  Ex  1ybiω +−  ( )1 0.5 E fx d L− + ( )0.5 E fx d L+  

 

Then, consider the shear effect of uniform moment over part of the HBE length as shown 

in figure 4-13. The parameter, c , is used to describe the effective length along which m  

is acting, where m  and M are the magnitudes of the uniform moment and its resultant 

action, respectively. 
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FIGURE 4-13 Free Body Diagram and Shear Diagram of Simply Supported 
Beam under Partial Uniform Moment 

For the sign convention shown in the above figure, the shear along the beam is given as: 

 ( )V x mc L M L= =  (4-25) 
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Shear forces in free-body-diagrams B22 and B32 shown in 4-11 can be determined by 

using the same general results presented in (4-25) by substituting the resulting moment 

calculated below: 

 
( )

( )

E

1 E

 for  B21
2

 for B22
2

ybi f f

ybi f f

d h x d
M

d h x d

ω

ω +

⎧ ⎛ ⎞+ −⎜ ⎟⎪⎪ ⎝ ⎠= ⎨
⎛ ⎞⎪ + −⎜ ⎟⎪ ⎝ ⎠⎩

 (4-26) 

The shear forces in free-body-diagrams B1, B21, B22, B31 and B32 shown in figure 4-11 

have been determined from the above derivations. One can obtain the resulting shear 

forces in an HBE subjected to infill panel yield forces by superposing the effect from 

each aforementioned free body diagram. The shear force at the right and left ends of the 

HBE, SRV  and SLV , caused only by the infill panel yield forces are provided below: 

 

( )( ) ( )

( )
( )( )

Shear effect from B21Shear effect from B1

1

1

Shear effect from B31 Shear effects from B22 and B32
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2

2(1 )
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SR ybi E f

xbi xbi E f f

ybi E f

L x
V x d

dx d h
x d

L

ω ω
θω

ω ω
θ ω

+

+

− −
= + −

⎛ ⎞+ − +⎜ ⎟
⎝ ⎠− − − +

 (4-27) 
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ybi E f

L x
V x d

dx d h
x d

L

ω ω
θ ω

ω ω
θω

+

+

− −
= + − −

⎛ ⎞+ − +⎜ ⎟
⎝ ⎠− − −

 (4-28) 

where θ  is the load distribution factor 

 1 Mx Lθ = −  (4-29) 

Results from (4-27) and (4-28) are compared with the FE results for assessing their 

accuracy in Section 4.4.1.3. 
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4.4.1.2 Combining Shear Effects from Tension Field Components 

For determination of the shear effects in an intermediate HBE from infill panel yield 

forces only, the second model decomposes the top and bottom tension fields on an 

intermediate HBE into horizontal and vertical components as shown in figure 4-14. 

Accordingly, the total shear in the HBE can be obtained by combining the shear effects 

due to horizontal and vertical components of the tension fields. 
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-
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FIGURE 4-14 Decomposition of Infill Panel Yield Forces on the Simply 
Supported Beam and the Corresponding Shear Diagrams 

To account for the shear effect caused by the vertical components of the top and bottom 

tension fields (i.e. 1ybiω + and ybiω ), the resulting vertical infill panel yield forces (i.e. 



80 

( )1ybi ybiω ω +− ) are applied at the beam centerline as shown in the middle part of figure  

4-14. By setting fa d= , fb L d= −  and 1ybi ybiω ω ω += −  in (4-22), (4-23) and (4-24), 

which are the general results for shear force in a simply supported beam subjected a 

uniform load over part of its length , one can obtain the corresponding shear as:  
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ω ω
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⎧ − −
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⎪
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 (4-30) 

To account for the shear effects generated by the horizontal components of the top and 

bottom tension fields, a free body diagram is shown in the bottom of figure 4-14, in 

which the horizontal components of the tension fields acting in opposite directions at the 

top and bottom edges of the HBE web (i.e. 1xbiω + and xbiω ) are equivalently replaced by 

uniformly distributed moments of magnitude equal to the horizontal components of the 

tension fields times the distance from the acting line to the beam centerline. By setting 

2 fc L d= −  and ( )1 2xbi xbi f
dm hω ω +

⎛ ⎞= + ⋅ +⎜ ⎟
⎝ ⎠

 in (4-25), which is the general result for 

shear force in a simply supported beam subjected to a uniform moment over part of the 

length, one can obtain the corresponding shear as:  

 ( ) ( )( )( )1 2 2
2

xbi xbi f f
h

d h L d
V x

L
ω ω ++ + −

= −  (4-31) 

By combining the shear force predicted by (4-30) and (4-31), i.e. shear effects caused by 

vertical and horizontal components of the infill panel yield forces respectively, one can 

obtain the total shear forces in an HBE due to the top and bottom tension fields. 

Correspondingly, the shear forces at the right and left ends of the HBE, SRV  and SLV , are 

obtained by setting 0x =  and x L=  in the expression for the total shear forces: 
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( )( ) ( )( )( )1 1

Shear effects due to vertical Shear effects due to horizontal 
components of the tension fields components of the tension fields

2 2 2
2 2

ybi ybi f xbi xbi f f
SR

L d d h L d
V

L
ω ω ω ω+ +− − + + −

= − −  (4-32) 

 
( )( ) ( )( )( )1 1

Shear effects due to vertical Shear effects due to horizontal 
components of the tension fields components of the tension fields

2 2 2
2 2

ybi ybi f xbi xbi f f
SL

L d d h L d
V

L
ω ω ω ω+ +− − + + −

= −  (4-33) 

Indeed, results obtained from (4-32) and (4-33) are equivalent to (4-27) and (4-28), 

respectively, although they have different expressions derived using different free body 

diagrams. Detailed mathematical proof is presented in Appendix A. 

4.4.1.3 FE Verification of Shear Effects due to Tension Fields 

In Sections 4.4.1.1 and 4.4.1.2, two approaches for estimating the shear forces in 

intermediate HBEs only due to tension fields are presented based on different free body 

diagrams. To assess the adequacy of those approaches, four different HBEs were 

investigated using the FE methods. Those four examples considered intermediate HBEs 

under either equal or unequal top and bottom tension fields, and with or without fish 

plates.  

All HBEs modeled consisted of a 3508 mm long W24x76 beam. An orientation angle of 

45α =  was assumed for the top and bottom tension fields in all cases. Material was 

assumed to be A572 Grade 50 steel with isotropic and elasto-perfectly plastic constitutive 

behavior. The considered magnitudes of top and bottom tension fields and the defining 

parameters of fish plates for the models are summarized in table 4-2. 

TABLE 4-2 Magnitudes of Top and Bottom Tension Fields and  
Defining Parameters of Fish Plates 

HBE ID xbiω  
(N/mm) 

ybiω  
(N/mm) 

1xbiω +  
(N/mm) 

1ybiω +  
(N/mm) 

fd  
(mm) 

fh  
(mm) 

1 496 496 496 496 0 0 
2 496 496 496 496 40 35 
3 496 496 357 357 0 0 
4 496 496 357 357 40 35 

 



82 

The corresponding FE models were analyzed in ABAQUS/Standard. Shell element 

(ABAQUS element S4R) was used for the webs and flanges. A total number of 18,660 

and 17,280 elements were used for the HBEs with and without fish plates, respectively. 

The top and bottom tension field forces were applied on the FE models. The ends of the 

beams were simply supported to be consistent with the boundary conditions used in the 

free body diagrams. The shear reaction forces at the beam ends obtained from FE 

analyses are presented in table 4-3 along with those predicted using the approaches 

proposed in Sections 4.4.1.1 and 4.4.1.2 for comparison purpose. Also compared are the 

results from the following equation which was assumed, prior to this study, to be the 

correct acting shear on the basis of HBE free body diagrams, in which the HBE depth 

was neglected and the vertical resultant force of the tension fields was assumed to be 

equally transferred to both ends of HBE, namely: 

 
( )( )1 2

2
ybi ybi f

S

L d
V

ω ω +− −
=  (4-34) 

TABLE 4-3 Magnitudes of HBE End Shears from Different Models  

HBE ID SLV  (kN) SRV  (kN) SV (kN) 
Eq.(4-34) FE Eq.(4-33) Eq.(4-28) FE Eq.(4-32) Eq.(4-27) 

1 292.5 292.5 292.5 -292.5 -292.5 -292.5 0 
2 319.8 319.8 319.8 -319.8 -319.8 -319.8 0 
3 6.7 6.7 6.7 -496.1 -496.1 -496.1 244.7 
4 35.7 35.7 35.7 -513.9 -513.9 -513.9 239.1 

 

As shown in the above table, the estimates on HBE end shears using the approaches 

presented in Sections 4.4.1.1 and 4.4.1.2 agree well with the FE results. However, 

equation (4-34), which was previously used for the design of HBEs, fails to capture the 

important variation of shear forces at the ends of the intermediate HBE that occurs 

because the resultant action of the vertical tension field components is not equally 

resisted by each end of the HBE. Also found in the above table, the end shears increase 

slightly due to the presence of fish plates.  
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4.4.2 Shear Effects Due to Boundary Frame Sway Action Alone 

Shear effects in HBEs due to boundary frame sway action alone (i.e. shear in Beam C 

shown in figure 4-7) is straightforward and a well known result. In this section, RBS 

connections at the HBE ends are taken into account to calculate the shear effects for the 

following two reasons: (i) HBEs without RBS connections at the ends are only a special 

case of the HBEs with RBS connections at the ends (i.e. reduction in flange is zero), and 

correspondingly the shear force in the HBE without RBS connections can be obtained 

from the general results of the HBE with RBS connections as demonstrated later, and; (ii) 

it is helpful to investigate the case with RBS connections for the later examination on the 

failed intermediate HBE of the MCEER/NCREE specimen described in Qu et al. (2008), 

in which RBS connections were used. 

The free body diagram, corresponding moment diagram and shear diagram of an HBE 

with RBS connections are shown in figure 4-15. Parameter e  is the distance from plastic 

hinge to VBE face, which can be calculated according to flange reduction geometry, as 

described in FEMA 350 (FEMA, 2000).  
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FIGURE 4-15 Free Body Diagram, Moment Diagram and Shear Diagram of an 
HBE with RBS Connections under Plastic End Moments Due to Frame Sway 
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Note that the nominal plastic moment at the center of the RBS is reduced to account for 

the presence of axial load, shear force and vertical stresses in the HBE web due to the 

infill panel yield forces. Using the cross-section plastic moment reduction factors of the 

left and right plastic hinges, RBSLβ  and RBSRβ , per the procedures proposed in Section 3, 

the uniform shear in the HBE only due to boundary frame sway, can be expressed as: 

 
( )

2
RBSL RBSR y y RBS

M

R f Z
V

L e
β β+

= −
−

 (4-35) 

where RBSZ  is the plastic section modulus of the HBE plastic hinge, and yR  is the ratio of 

expected to nominal yield stress of the HBE. 

Also note that iteration may be necessary in design since the plastic moment reduction 

factors, RBSLβ  and RBSRβ , depend on the total shear forces acting at the HBE plastic 

hinges and that these must be assumed at the beginning of the design process. 

For HBEs without RBS connections, the shear effects due to boundary frame sway can be 

obtained by setting 0e = , and replacing RBSZ , RBSLβ  and RBSRβ  in (4-35) with Z , Lβ  and 

Rβ , respectively: 

 
( )L R y y

M

R f Z
V

L
β β+

= −  (4-36) 

where Z  is the plastic section modulus of the unreduced HBE cross-section; Lβ  and Rβ  

are the cross-section plastic moment reduction factors of the left and right ends of the 

HBE, respectively, which can be determined using the procedures proposed in Section 3. 

4.4.3 Resulting Shear Force in HBE 

The analytical procedures to estimate the shear force in Beams B and C shown in figure 

4-7 have been developed in Sections 4.4.1 and 4.4.2 respectively. These shear effects are 

then combined to obtain the total shears in HBEs. For use in calculating plastic moment 

reduction factors at VBE face, the resulting shear forces at VBE faces obtained 

combining all effects considered above are provided below. 
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For HBEs having RBS connections, the shear at the left and right VBE faces (i.e. LV  and 

RV ) can be obtained by adding up (4-33) and (4-35), and (4-32) and (4-35) respectively. 

 

( )( ) ( )( )( )
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1 1
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+
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−
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 (4-37) 
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 (4-38) 

Similarly, for HBEs without RBS connections, the shear at the left and right VBE faces 

can be obtained by adding up (4-33) and (4-36), and (4-32) and (4-36) respectively: 

 
( )( ) ( )( )( ) ( )1 1

due to vertical components of the tension fields due to horizontal components of the tension fields due to boundary fram

2 2 2
2 2

ybi ybi f xbi xbi f f L R y y
L

L d d h L d R f Z
V

L L
ω ω ω ω β β+ +− − + + − +

= − −

e sway

(4-39) 

 
( )( ) ( )( )( ) ( )1 1

due to vertical components of the tension fields due to horizontal components of the tension fields due to boundary fra

2 2 2
2 2

ybi ybi f xbi xbi f f L R y y
R

L d d h L d R f Z
V

L L
ω ω ω ω β β+ +− − + + − +

= − − −

me sway

(4-40) 
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4.5 Prevention of In-Span HBE Plastic Hinge 

The AISC Seismic Provisions (AISC 2005) specifies that with the exception of plastic 

hinges at their ends, HBEs must be designed to remain elastic when the plastic 

mechanism of the SPSW is fully developed. In-span HBE plastic hinge, however, could 

partly prevent yielding of the infill panels and is deemed to be undesirable.  

Vian and Bruneau (2005) proposed a procedure to prevent in-span plastic hinges in an 

anchor HBE. Here, the moment diagram used in their procedure is reviewed in Section 

4.5.1 and applied to intermediate HBEs by considering the net resulting distributed forces 

from the top and bottom infill panel tension fields. In Section 4.5.2, that procedure is 

extended to account for the reduced HBE plastic moment due to the presence of axial 

compression, shear force and vertical stresses in the HBE.  

4.5.1 Moment Diagram of Intermediate HBE 

Vian and Bruneau (2005) obtained the moment diagram for an anchor HBE by 

superposing plastic HBE end moments due to the boundary frame sway action and a 

quadratic "hanging" moment due to the vertical components of the infill panel yield 

forces. Following this logic, the moment diagram of an intermediate HBE can be 

obtained as shown in figure 4-16.  

The equation for the resulting moment diagram, ( )M x , using the sign convention shown 

in the figure, is 

 ( ) ( ) ( )1 1
2

ybi ybi
PR PL

x x xM x l x M M
l l

ω ω +− ⋅ ⎛ ⎞= − − ⋅ + −⎜ ⎟
⎝ ⎠

 (4-41) 

where PLM  and PRM  are plastic moments at the left and right ends, respectively; and l  is 

the distance between the left and right plastic hinges. For HBEs with and without RBS, l  

can be taken as 2L e−  and L  respectively, where L  is the distance between VBE faces. 
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The location of the maximum moment, spanx , is calculated by differentiating ( )M x with 

respect to x , setting the result equal to zero, and solving: 

 ( )12
PL PR

span
ybi ybi

M Mlx
lω ω +

⎡ ⎤+⎢ ⎥= −
− ⋅⎢ ⎥⎣ ⎦

 (4-42) 

The location of the maximum moment will be out of the span if the value of spanx , which 

theoretically can be anywhere from negative infinity to 2l  , is less than zero. This case 

implies plastic hinges can only form at the HBE ends. 

Substituting (4-42) into (4-41) and simplifying: 
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2
18 22

ybi ybi PL PR PL PR
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l

ω ω
ω ω

+

+
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 (4-43) 
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FIGURE 4-16 Deformed Shape, Loading and Moment Diagrams for Calculating 
Intermediate HBE Collapse Mechanisms Using Equilibrium Methods for: (a) 

Vertical Components of Infill Panel Yield Forces; (b) Left End Redundant 
Moment; (c) Right End Redundant Moment; (d) Combined Moment Diagram 
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4.5.2 Procedure to Avoid In-Span Plastic Hinge 

For an HBE with RBS connections at its ends, the plastic section modulus at the RBS 

center, RBSZ , can be obtained by reducing the plastic section modulus of the unreduced 

HBE cross-section, Z , to the fraction, η : 

 RBSZ Zη= ⋅  (4-44) 

where, η , referred to here as the "RBS plastic section modulus reduction ratio", may vary 

from unity and the minimum value of RBS flange reduction permitted by design 

specifications and guidelines such as FEMA 350 (FEMA 2000). 

Considering that the plastic moment resistance of HBE is reduced by the axial force, 

shear force and vertical stresses acting in the HBE web, as shown in Section 3, the plastic 

moment at the ends of an HBE can be determined by incorporating the cross-section 

plastic moment reduced factors that account for these effects into calculations: 

 RBSL RBSL y yM R f Zβ η= ⋅ ⋅ ⋅ ⋅  (4-45) 

 RBSR RBSR y yM R f Zβ η= ⋅ ⋅ ⋅ ⋅  (4-46) 

To prevent development of an in-span plastic hinge, the maximum flexural demand on an 

HBE should therefore be smaller than the available plastic strength within the span: 

 span S y yM R f Zβ≤  (4-47) 

where Sβ  is the plastic moment reduction factor at the location of the maximum moment.  

Therefore, replacing PLM , PRM  and l  in (4-43) by RBSLM , RBSRM  and 2L e−  

respectively, and considering (4-47), the following requirement for avoidance of in-span 

plastic hinge is obtained: 
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≤

(4-48) 

This expression can be reorganized as a quadratic inequality and solved for Z , obtaining 

the lower bound of plastic section modulus: 

 
( )( )2

1
min 2 2

1 1 2

2 1
4

ybi ybi

y y R R R

L e
Z

R f
ω ω

β β β
+− −

= ⋅
+ −

 (4-49) 

where  

 ( )
1 2

RBSR RBSL
R S

β β η
β β

− ⋅
= +  (4-50) 

 ( )
2 2

RBSR RBSL
R

β β η
β

+ ⋅
=  (4-51) 

Mathematically, as part of the solution to the quadratic inequality (4-48), an upper bound 

for the plastic section modulus also exists: 

 
( )( )2

1
max 2 2

1 1 2

2 1
4

ybi ybi

y y R R R

L e
Z

R f
ω ω

β β β
+− −

= ⋅
− −

 (4-52) 

However, one can neglect this upper bound for the HBE design. As determined in (4-42), 

the maximum moment location will be outside of the span (i.e. 0spanx < ) if the plastic 

moment of HBE is of significant magnitude (e.g. when Z  is greater than maxZ ), which 

implies that no plastic hinges will form except those at the ends of the HBE.  

For the HBE without RBS connections, the lower bound plastic section modulus to 

prevent the in-span HBE plastic hinge is obtained by replacing RBSLβ  and RBSRβ  by Lβ  

and Rβ  respectively, and setting 1η =  and 0e =  in (4-49): 
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( ) 2

1
min 2 2

1 1 2

1
4

ybi ybi

y y

L
Z

R f
ω ω

β β β
+−

= ⋅
+ −

 (4-53) 

where 

 ( )
1 2

R L
S

β β
β β

−
= +  (4-54) 

 ( )
2 2

R Lβ β
β

+
=  (4-55) 

4.6 Moment Demand at VBE Faces 

For design of an HBE having RBS connections at its ends, it is also necessary to check 

the adequacy of flexural strength at the VBE face to ensure satisfactory behavior of the 

HBE. For determining moment demand at VBE faces, a simple free body diagram is 

developed in figure 4-17, in which all inelastic beam action is assumed to concentrate at 

RBS centers.   

In the figure, distributed loads (i.e. ybiω , xbiω , 1ybiω +  and 1xbiω + ) represent the infill panel 

yield forces; RP  and LP  respectively represent axial forces at the right and left HBE ends; 

RM  and LM  respectively represent moment demands at the right and left HBE ends; RV  

and LV  respectively represent shear forces at the right and left HBE ends; RBSRP  and RBSLP  

respectively represent axial forces at the right and left plastic hinges; RBSRV  and RBSLV  

respectively represent shear forces at the right and left plastic hinges; and RBSR y y RBSR f Zβ  

and RBSL y y RBSR f Zβ  respectively represent the reduced plastic moments at the right and 

left plastic hinges. For analysis purpose, the beam is divided into three segments, the 

middle segment between two plastic hinges, and the right and left segments outside of the 

plastic hinges. 
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FIGURE 4-17 Free Body Diagrams of Intermediate HBE for Calculation of 
Moment Demand at VBE face 

For the middle segment of the beam (i.e. segment BC shown in figure 4-17), the moment 

equilibrium to the left plastic hinge (i.e. point B) gives 

 
( ) ( )( )

( )( )( ) ( )

2
1

1

2 2

2 2 2 2 0

RBSR RBSL y y RBS ybi ybi

xbi xbi f RBSR

R f Z L e

L e d h V L e

β β ω ω

ω ω
+

+

+ + − −

+ + − + − − =
 (4-56) 

Solving for RBSRV : 

 
( ) ( ) ( )( )

( )( )
1

1

2 2 2

2 / 2

RBSR RBSR RBSL y y RBS ybi ybi

xbi xbi f

V R f Z L e L e

d h

β β ω ω

ω ω
+

+

= + − + − −

+ + +
 (4-57) 
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Similarly, based on the moment equilibrium to the right plastic hinge (i.e. point C), one 

can obtain 

 
( )( ) ( ) ( )

( )( )
1

1

2 2 2

2 / 2

RBSL ybi ybi RBSR RBSL y y RBS

xbi xbi f

V L e R f Z L e

d h

ω ω β β

ω ω
+

+

= − − − + −

− + +
 (4-58) 

For the right segment of the HBE (i.e. beam segment CD shown in figure 4-17), the 

moment equilibrium to the right VBE face (i.e. point D) gives  
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Solving for RM : 

 ( )( )( )
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R RBSR y y RBS RBSR
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e d e d

d h e d
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ω ω

ω ω
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+ − − +

− + + −

 (4-60) 

For the left segment of the HBE (i.e. beam segment AB shown in figure 4-17), the 

moment equilibrium to the left VBE face (i.e. point A) gives  

 ( )( )( )
( )( )( )

1

1

2 / 2

2 2

L RBSL y y RBS RBSL

ybi ybi f f

xbi xbi f f

M R f Z V e

e d e d

d h e d

β

ω ω

ω ω
+

+

= −

− − − +

− + + −

 (4-61) 

Note that the moment demands at VBE faces determined from (4-60) and (4-61) should 

compare with the available plastic moment resistance of those cross-sections using the 

procedures proposed in Section 3. As a result, the flexural strengths at the left and right 

VBE faces can be obtained respectively: 

 .L Strength L y yM R f Zβ=  (4-62) 

 .R Strength R y yM R f Zβ=  (4-63) 
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where Lβ  and Rβ  are the cross-section plastic moment reduction factors of the left and 

right VBE faces, respectively. 

4.7 FE Verification and Design Recommendations 

To check the adequacy of the analytical models proposed in Sections 4.3 to 4.6 for 

determining the axial force, shear forces and moment demand at VBE faces, and to 

prevent of in-span HBE plastic hinge, FE analyses on an intermediate HBE having RBS 

connections were conducted. Using the MCEER/NCREE specimen described in Qu et al. 

(2008) as a prototype SPSW, the intermediate HBE was redesigned using the design 

demands per the developed analytical models.  

This section first describes the FE model of the redesigned intermediate HBE. Then, axial 

forces, shear forces and moments at VBE faces of the redesigned HBE obtained from the 

FE analysis were compared with those predicted using the analytical models proposed in 

Sections 4.3 to 4.6. Finally, additional recommendations to use the proposed analytical 

models in design practices are also presented.   

The resulting new intermediate HBE is a W24x76 member, replacing the original 

H350x252x11x19 member. RBS connections were also used in the new HBE. The cross-

section properties and flange reduction geometries of the redesigned and original 

members are summarized in table 4-4. 

 TABLE 4-4 Summary of Cross-Section Properties and  
Flange Reduction Geometries 

HBE d  (mm) fb  (mm) ft  (mm) wt  (mm) a -* (mm) b -* (mm) c -* (mm) 
Original 350 252 19 11 135 230 48 

Redesigned 607 228 17.3 11.2 160 486 57 
-* flange reduction geometry parameters described in figure 4-19 

The redesigned intermediate HBE was modeled in ABAQUS/Standard. Shell elements 

(ABAQUS element, S4R) were used for the web and flanges. A total of 17,280 elements 

were used in the model. Material was assumed to have a yield strength of 346MPa with 

isotropic and elasto-perfectly plastic constitutive behavior. The beam flanges were 

reduced according to the geometries presented in table 4-4.  



94 

The FE analysis was conducted in two stages. In the first stage, the uniformly distributed 

loads, 1ybω , 1xbω , 2ybω  and 2xbω , which were respectively determined to be 557 N/mm, 

492 N/mm, 400 N/mm, and 353 N/mm, using the actual thicknesses, yield strengths, and 

inclination angles of the infill panels at the first and second story of the MCEER/NCREE 

specimen, were applied along the top and bottom edges of the HBE web to represent the 

infill panel yield forces. At the same time, both ends of the beam were fully fixed except 

that the axial restraint at the right end was released and an axial load ( RP ) was applied to 

replicate the axial force in the HBE. Magnitude of that axial load was determined by 

setting x L=  in (4-17). In the second stage, a displacement controlled method of analysis 

was used. HBE end rotations with identical magnitude up to 0.035 rad, which 

corresponded to rightward sway of the SPSW, were applied at the ends of the HBE to 

obtain the shear and moment demands at VBE faces. 

In the FE analysis, no in-span plastic hinge developed in the redesigned HBE. The axial 

forces, shear forces and moment demands at the left and right VBE faces obtained from 

the FE analysis are shown in table 4-5, together with those predicted using the 

approaches proposed in Sections 4.3 to 4.5.  

TABLE 4-5 Design Forces at VBE face 

VBE 
Face 

Design 
forces 

Finite 
element 
analysis 

Plastic analysis based on free body  
diagrams with plastic hinge location taken as 
Center of RBS Proposed for design 

Value Error (%) Value Error (%) 

Le
ft 

Axial Force (kN) 1426 1426 -* 1426 -* 
Shear Force (kN) 432 395 -8.6 455 5.3 
Moment (kNm) 729 632 -13 809 11 

R
ig

ht
-*

*  Axial Force (kN) 941 941 -* 941 -* 
Shear Force (kN) 981 945 -3.7 1005 2.4 
Moment (kNm) 875 842 -3.8 876 0.1 

-* not applicable. 
-**control the design. 

As shown in the table, the predictions agree reasonably well with the FE results. The 

difference between those predictions and FE results mainly comes from the simplification 

of plastic hinge location in the free body diagrams shown in figures 4-15 and 4-17, in 

which the plastic hinges are assumed to form ideally at the center of the RBS (i.e. where 
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the beam flange is reduced most severely). However, it is not the actual case due to the 

presence of variable axial force, shear force, and vertical stresses in the HBE. 

To illustrate the actual location of plastic hinging in an HBE, the yielding pattern of the 

bottom flange at the right RBS connection at the onset of inelastic behavior obtained 

from the FE analysis is shown in figure 4-18a. Note that the yielding zones are 

represented by the shaded areas. This shows that the center of the yielding zone and thus 

the location of the lumped plastic hinge moves towards the near VBE face. At the time of 

this writing, no experiments have been conducted on the redesigned HBE to confirm the 

above observations from FE analysis. However, similar yielding patterns in the HBEs 

were consistently observed during the MCEER/NCREE tests and the recent NCREE tests 

on SPSWs (Lee and Tsai, 2008) as shown in figures 4-18b, c and d, respectively. Note 

that the yielding parts in the specimens are represented by the flaked whitewash. For 

comparison purpose, the yielding pattern of RBS in steel moment frame observed from 

previous tests (Zhang and Ricles, 2006) is presented in figures 4-18e. As shown, the 

plastic hinge forms at the center of the RBS in steel moment frame, which is different 

from the plastic hinge location observed in the HBE.  

The yielding pattern in the web of the redesigned HBE is presented in figure 4-18f. As 

shown, the yielding zones spread over a large area in the HBE web due to the presence of 

significant bi-axial and shear stresses as discussed in detail in Section 3. Similar yielding 

behavior was also consistently observed during the MCEER/NCREE tests as shown in 

figure 4-18g. For comparison purpose, the yielding pattern in the beam web observed 

from the prior tests on the beam having RBS in steel moment frame (Jones et al. 2002) is 

presented in figure 4-18h. As shown, the yielding zones concentrated around the RBS 

center line in steel moment frame, which is different from the yielding pattern of HBE 

web described above.  
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Center of reduced beam flange

Center of plastic hinging

VBE face

Center of reduced beam flange

Center of plastic hinging
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(a) Flange of the redesigned intermediate HBE-FE model  
(at the onset of inelastic behavior) 

VBE face 

Yielding pattern of bottom reduced flange

 

(b) Flange of the intermediate HBE-MCEER/NCREE SPSW 
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VBE

Yielding pattern of bottom reduced flange 

 

(c) Flange of the intermediate HBE in recent NCREE testing  
(K.C. Tsai, NCREE, 2007, personal communication, Photo by M. Bruneau) 

VBE

Yielding pattern of bottom reduced flange 

 

(d) Flange of the intermediate HBE in recent NCREE testing (K.C. Tsai, NCREE, 
2007, personal communication, Photo by M. Bruneau) 

 

(e) Flange of the beam with RBS in moment frame (from Zhang and Ricles, 2006) 
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(f) Web of the redesigned intermediate HBE at the end of the FE analysis 

 

(g) Web of the intermediate HBE at the end of MCEER/NCREE testing 
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(h) Web of the beam with RBS in moment frame (from Jones et al. 2002) 

FIGURE 4-18 Yielding Patterns at RBS 

For design purposes, for greater accuracy, it is possible to account for the actual location 

of plastic hinge. Calculation of the distance from the center of the reduced beam flange to 

the actual plastic hinge location toward the VBE face can be simplified by assuming that 

the plastic section modulus of the actual plastic hinge is equal to the average of the plastic 

section moduli of the unreduced part of the HBE and that at the RBS center, which is 

 ( )1
2RBSZ Z
η+

=  (4-64) 

Accordingly, the distance, e , as shown in figures 4-15 and 4-17, can be calculated as 

 
2
be a x= + − Δ  (4-65) 

where xΔ  is the distance between RBS center and the assumed plastic hinge as shown in 

figure 4-19: 

 22x y R yΔ = ⋅ Δ ⋅ − Δ  (4-66) 
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where yΔ  is the flange width difference between the RBS center and the assumed plastic 

hinge, and R  is the radius of the arc cutout of reduced beam flange as shown in figure  

4-19: 

 ( )
( )

1
4 f f

Z
y

t d t
η−

Δ =
−

 (4-67) 

 
2 24
8

c bR
c
+=  (4-68) 
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FIGURE 4-19 Geometries of RBS Connections 

Beyond this difference, the rest of the procedure established on the basis of free body 

diagrams in figures 4-15 and 4-17 remain valid. Results obtained using this modified 

approach are presented in table 4-5. It is observed that this modified approach provides 

more accurate estimate for moment at the side governing the design (i.e. right VBE face). 

For shear, the accuracy is not significantly improved, however; at least, the modified 

approach provides conservative estimate by 2.4% as supposed to be unconservative by 

3.7% from the model assuming plastic hinge developed at the RBS center. 
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Detailed calculation for the results for estimating HBE design forces using each assumed 

plastic hinge location are provided in Appendixes B, and C. 

4.8 Capacity Design Procedure for Intermediate HBEs 

Based on the concepts presented in Sections 4.2 to 4.7, a capacity design procedure is 

proposed for intermediate HBEs. It differs from the current design approach in that it: (i) 

considers the reduced plastic moment strength of HBE to account for the presence of 

axial load, shear force and vertical stresses in HBE web due to infill panel yield forces; 

(ii) is able to capture the fact that resultant action of the vertical tension field components 

is not equally resisted by each end of the HBE; and (iii) accounts for the variation of 

plastic hinge location in HBE when RBS connections are used. 

The proposed procedure for capacity design of an intermediate HBE having RBS 

connections is illustrated in figure 4-20. Design steps of this procedure are outlined 

below: 

Step 1. Assume an intermediate HBE cross-section; 

Step 2. Calculate infill panel yield forces following the approach presented in Section 

4.2; 

Step 3. Determine the axial force in HBE per (4-17), and the vertical stresses in HBE web 

(per (3-28) and (3-29) proposed in Section 3); 

Step 4. Select the flange reduction geometries in compliance with the design 

specifications and guidelines such as FEMA 350. Determine the location and plastic 

section modulus of plastic hinge in accordance with figure 4-19. Assume plastic moment 

reduction factors of the plastic hinges (i.e. RBSRβ  and RBSLβ ) for the initial iteration of the 

design process; 

Step 5. Determine the shear forces at plastic hinges per (4-57) and (4-58); 
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Step 6. Based on the approaches proposed in Section 3, calculate the plastic moment 

reduction factors of plastic hinges. If the calculated factors are close enough to those 

assumed in step 4, continue the design. Otherwise, return to step 4 and modify the 

assumed plastic moment reduction factors; 

Step 7. Calculate the maximum moment location in the HBE per (4-42). If the obtained 

result is negative, which means the maximum moment develops out-of-span, go to step 8. 

Otherwise, calculate the plastic moment reduction factor at the maximum moment 

location and check (4-49). If (4-49) is not satisfied, return to step 1 and modify the 

assumed HBE cross-section. 

Step 8. Calculate the shear forces at VBE faces per (4-37) and (4-38). Determine the 

plastic moment reduction factors at VBE faces based on the approaches proposed in 

Section 3. Obtain the moment strengths at VBE faces per (4-62) and (4-63). 

Step 9. Calculate moment demands at VBE faces per (4-60) and (4-61). If the strengths 

are greater than the demands obtained in step 8, design is acceptable. Otherwise, return to 

step 1 and modify the assumed HBE cross-section. 
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FIGURE 4-20 Design Procedure of Intermediate HBEs Having RBS Connections 
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For capacity design of an intermediate HBE without RBS connections, the proposed 

procedure is illustrated in figure 4-21. Design steps of this procedure are summarized 

below: 

Step 1. Assume an intermediate HBE cross-section; 

Step 2. Calculate infill panel yield forces according to the approach presented in Section 

4.2; 

Step 3. Determine the axial force per (4-17); 

Step 4. Determine the vertical stresses in HBE web per equation (3-28) and (3-29); 

Step 5. Assume the plastic moment reduction factors at the HBE ends (i.e. Rβ  and Lβ )  

Step 6. Determine  the shear forces at the HBE ends per (4-39) and (4-40) 

Step 7. Based on the approaches proposed in Section 3, calculate the plastic moment 

reduction factors at the HBE ends. If the calculated factors are close enough to those 

assumed in step 5, continue the design. Otherwise, return to step 5 and modify the 

assumed plastic moment reduction factors; 

Step 8. Calculate the maximum moment location of the HBE per (4-42).If the obtained 

result is negative, which means the maximum moment develops out-of-span, accomplish 

the design. Otherwise, calculate the plastic moment reduction factor at the maximum 

moment location and check (4-49). If (4-49) is satisfied, design is acceptable. Otherwise, 

return to step 1 and modify the assumed HBE cross-section. 
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Assume an intermediate 
HBE cross-section

Assume plastic moment reduction factors of 
HBE ends (i.e. R and L ) per Section 3

Determine axial force in the HBE per (4-17)

Determine vertical stresses in the HBE web 
per  (3-28) and (3-29)

Determine the shear forces at HBE ends 
per (4-39) and (4-40)

Calculate plastic moment reduction factors 
at HBE ends (i.e. L and R ) per  Section 3

Are the calculated plastic 
moment reduction factors at plastic 

hinges close to those 
assumed?

No

Yes

Calculate xspan per (4-42)

xspan > 0

Calculate s per Section 3

Does cross-section 
satisfy (4-49)?

End of design

Yes

No

No

Yes

Start Design

Determine the infill panel yield forces
 according to Section 4.2

 

FIGURE 4-21 Design Procedure of Intermediate HBEs without RBS Connections 
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It should be noted that gravity loads have not been considered in the free body diagrams 

of this section, as they will usually be relatively small in SPSWs. However if so desired, 

they can be considered by adding them to the vertical components of the infill panel yield 

forces that are applied to the intermediate HBE. Additionally, derivations in this paper 

neglect strain hardening since steel in the verification FE example was assumed to have 

an elasto-perfectly plastic constitutive behavior. However, to achieve capacity design, the 

factor, prC , to account for strain hardening as per FEMA 350 (FEMA 2000) should be 

incorporated into determination of the plastic hinge strength in RBS. Furthermore, anchor 

HBEs, as a special case of intermediate HBEs, may be also considered by the proposed 

procedure with a tension field acting on only one side. 

4.9 Examination of Intermediate HBE Fractures in Tests 

As described in Qu et al. (2008), during the tests of the MCEER/NCREE SPSW 

specimen, the intermediate HBE, which used RBS connections, developed complete 

fractures at the ends of its flanges, but, no fractures in the reduced beam flange regions. 

This section examines behavior of the intermediate HBE of the MCEER/NCREE SPSW 

specimen in light of the knowledge developed in Sections 3 and 4. 

Although many effects may have contributed to the unexpected failure in the intermediate 

HBE of the MCEER/NCREE SPSW specimen, flexural strength deficiency at VBE faces 

is a factor worthy of investigation. A preliminary assessment can be made by comparing 

the design moment demands and available flexural strengths at the VBE faces. Based on 

the intermediate HBE design procedure proposed in Section 4.8, the flexural demands 

and strengths of the original HBE are obtained and presented in table 4-6.  

Effects of material strain hardening, composite floor, ancillary floor truss and fish plates 

in the MCEER/NCREE SPSW specimen are neglected here for simplicity. Note that 

these effects result in higher plastic hinge moments and higher design demands at VBE 

faces. For comparison purpose, the design moments and strengths of a redesigned HBE 

are also provided in table 4-6. The redesigned HBE is a W24x76 member, as mentioned 

in Section 4.7. 
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TABLE 4-6 Design Demands and Available Strengths at VBE Faces 

HBE 
Left VBE face Right VBE face 

.L DemandM  
( kN m⋅ ) 

.L StrengthM  
( kN m⋅ ) 

.R DemandM  
( kN m⋅ ) 

.R StrengthM  
( kN m⋅ ) 

Original 660 774 748 571 
Redesigned 809 951 876 897 

 

As shown in the above table, at the right VBE face, the flexural strength of the original 

HBE is smaller than the demand. This would explain the unexpected failure (i.e. fractures 

at the HBE ends) observed during the tests. By comparison, the redesigned HBE 

strengths are greater than demands, suggesting it would not have likely suffered from the 

observed premature failure. 

4.10 Summary 

The effects of axial and shear forces in intermediate HBEs have been studied in this 

section using plastic mechanisms and simple free body diagrams. A design procedure to 

achieve capacity design of intermediate HBEs has also been proposed. This procedure 

prevents the HBE in-span plastic hinge and ensures adequate moment capacity at the 

VBE faces when RBS connections are used. FE analyses were used to validate the 

proposed approach. Finally, behavior of the intermediate HBE of the tested SPSW 

specimen was examined and explained using the knowledge and methodologies 

developed in Sections 3 and 4. 

 



 



109 

SECTION 5 

BEHAVIOR OF VERTICAL BOUNDARY ELEMENTS 

5.1 Introduction 

Building on the knowledge developed in the prior sections for the capacity design of 

HBEs, it would be interesting and apropos to investigate the current design approach of 

VBEs. The early Canadian provisions for SPSW (i.e. CSA S16-95, CSA 1994) required 

the VBEs to be designed as beam-column using a conventional strength-based approach. 

This approach was challenged by the results of tests on quarter-scale SPSW specimens 

conducted at the University of British Columbia (UBC), Canada (Lubell et al. 2000), in 

which the VBEs designed using the strength-based approach exhibited undesirable 

premature out-of-plane buckling or significant "pull-in" deformations in VBEs. Members 

of the CSA S16 committee ascribed these observed failures to the insufficient VBE 

stiffness. If VBEs deform excessively, they may be unable to anchor the infill panel yield 

forces. A non-uniform diagonal tension field may then develop and solicit the VBEs 

inconsistently to the design assumptions.  

To ensure adequately stiff VBEs, CSA S16-01 (CSA 2000) introduced the flexibility 

factor, tω , proposed in the previous analytical work and development of plate girder 

theory, as an index of VBE flexibility. Noting that the Lubell et al. specimens had a 

flexibility factor of 3.35, and that all other known tested specimens that behaved in a 

ductile manner had a flexibility factor of 2.5 or less (e.g. Driver's specimen had a 

flexibility factor of 1.73, Driver et al. 1997), CSA S16-01 empirically specified an upper 

bound of 2.5 on the flexibility factor. Note that this requirement can be converted into the 

flexibility requirement for VBE design presented in the current design codes as 

demonstrated later. 

In design, the intent is that the aforementioned flexibility limit prevents the excessively 

slender VBE. However, beyond the empirical observations and analogy to plate girder 

theory, no work has investigated whether the significant inward inelastic deformations of 

VBEs observed in some past tests were directly caused by the excessive VBE flexibilities 
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or due to other causes, such as shear yielding at the ends of VBEs. In addition, no 

theoretical research has established a relationship between the flexibility factor, tω , and 

the out-of-plane buckling strength of VBE as part of SPSW behavior.  

To better understand the above issues, the derivation of flexibility factor developed in 

plate girder theory is first reviewed in this section, followed by the description of how 

that factor was incorporated into the current design codes. Then, analytical models for 

preventing the shear yielding and estimating the out-of-plane buckling strength of VBEs 

are developed. Finally, results for some previously tested SPSWs are revisited and 

assessed to validate the proposed analytical models.  

5.2 Review of Flexibility Factor in Plate Girder Theory 

A typical SPSW, as the one shown in figure 5-1, consists of boundary frame members (i.e. 

HBEs and VBEs) and infill panels. In the SPSW literature, the analogy that the behavior 

of a SPSW is similar to that of a cantilever vertical plate girder has often been made. 

Using this analogy, the story height and bay width of a SPSW are analogous to the 

stiffener spacing and depth of a plate girder, respectively. Note that this analogy has only 

qualitative merits in providing a conceptual understanding of the VBE behavior in a 

SPSW. Berman and Bruneau (2004) has identified that many significant differences exist 

in the strengths and behavior of these two systems. 

 

Infill Panel
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Vertical Boundary 
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I-Beam Plate Girder
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FIGURE 5-1 Typical Steel Plate Shear Wall and  

Analogous Vertical Cantilever Plate Girder 
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Nonetheless, plate girder studies provided the theoretical framework from which equation 

(5-1) that will be introduced in detail later was originally derived. The current design 

specifications (the 2005 AISC Seismic Provisions and CSA S16-01) reference Wagner's 

analytical studies (Wagner 1931) on elastic behavior of the girders with thin metal webs 

(referred to as "flat sheet girder" in the literature of those days) subjected to transverse 

shear, where a method for determining the minimum moments of inertia of flanges to 

ensure a sufficiently uniform tension field across the web plate has been developed. Since 

that method is the one underlying the current flexibility limit for VBE design, a brief 

review of that study is presented here. The symbols used in the original work have been 

changed to fit the nomenclatures used for SPSW designs (i.e. consistent with the notation 

used in previous sections). 

Wagner's analysis postulated that the deformation of a cantilever plate girder under 

transverse load can be schematically shown as in figure 5-2. The subscripts "o" and "u" 

are assigned to the variables corresponding to the top and bottom flanges, respectively.  

δ

L

hs

o

xu

ηu

ηo

u

o

x
α

V
 

FIGURE 5-2 Deformation of a Cantilever Plate Girder under Transverse Load 
(Adapted from Wagner 1931) 

As shown in figure 5-2, plate girder flange deformation is obtained by the superposition 

of two effects, namely: global deflection of the plate girder due to transverse load, 
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represented by δ , and local deflections of the flanges between neighbouring stiffeners 

due to web tension actions, represented by uη  and oη . In figure 5-2, L  is the depth of the 

plate girder; and α  is the inclination of infill web tension actions.  

Uniformity of the tension field across web plate of the girder depends on the flexibility of 

flanges. To better understand this, consider the effect of a single tension diagonal, which 

is denoted by line "uo" in figure 5-2. When the flanges are flexible and develop inward 

deflections (i.e. uη  and oη  shown in figure 5-2) under the web plate forces, the 

elongation of uo decreases, compared to the case when rigid flanges would be present, as 

a result of deformation compatibility. Note that this effect varies along the flanges (i.e. 

the elongations of tension diagonals at different locations are different), resulting in 

uneven tension fields across the web plate. For flanges infinitely rigid in bending, there 

would be no local deflections of flanges between neighbouring stiffeners, resulting in a 

uniform tension field across the web plate.  

Modeling each flange of the plate girder as a continuous beam on elastic foundations, and 

accounting for the real load distribution along each flange, which can be determined by 

superposing the uniform load obtained assuming that the flanges are infinitely rigid and 

the loss of this uniform load due to flange flexibility, Wagner (1931) derived the 

following governing equation for the local flange deflections: 

 ( ) ( )
4 4

2
4

sin1 1 1 1sinu o wi
wi g u o

u o u o

d tt
dx I I I I L
η η ααε η η

− ⎛ ⎞ ⎛ ⎞
= + − + −⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 (5-1) 

where uη  and oη  are the deflections of the bottom and top flanges due to web tension 

actions respectively; 

uI  and oI are moments of inertia of the bottom and top flanges respectively; 

α  is the inclination angle of the web plate tension action; 

wit  is the web plate thickness; 
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L  is the depth of the plate girder which corresponds by analogy to the width of a SPSW; 

and gε  is the strain in the tension diagonals assuming that the flanges are rigid. 

Equation (5-1) is a fourth order ordinary differential equation and can be solved for 

( )u oη η−  using classic procedures. The maximum value of ( )u oη η− , which corresponds 

to the maximum loss of the elongation of tension diagonal (i.e. an index of the maximum 

loss of the uniform load along the flanges), is: 

 ( ) 2max

sin cosh cos sinh
2 2 2 21

sin sin cos sinh cosh
2 2 2 2

t t t t

g
u o

t t t t

L
ω ω ω ω

ε
η η

ω ω ω ωα

⎛ ⎞⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞+⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎜ ⎟− = −
⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞⎜ ⎟+⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎝ ⎠

 (5-2) 

where tω  is a flexibility factor, defined as: 

 4
1 1sin

4
wi

t si
u o

th
I I L

ω α
⎛ ⎞

= +⎜ ⎟
⎝ ⎠

 (5-3) 

where sih  is the spacing between neighbouring stiffeners in a plate girder (which 

corresponds by analogy to story height of a SPSW).  

As explicitly expressed in (5-3), when increasing the stiffness of flanges of a SPSW (i.e. 

increasing uI  and oI ), the corresponding flexibility factor would decrease for given 

values of the other terms.  

To assess the uniformity of the web tension field, a stress uniformity ratio, mean maxσ σ , 

was proposed and calculated as: 

 mean

max

cosh( ) cos( )2
sinh( ) sin( )

t t

t t t

σ ω ω
σ ω ω ω

−= ⋅
+

 (5-4) 
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where meanσ  is the mean of the web tension force components paralleling with the 

stiffener; maxσ  is the maximum of the web tension force components paralleling with the 

stiffener. 
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FIGURE 5-3 Relationship between the Flexibility Factor and the Stress  
Uniformity Ratio 

The relationship between the stress uniformity ratio (i.e. maxmeanσ σ ) and the flexibility 

factor (i.e. tω ) is shown in figure 5-3. As shown on that curve, for smaller values of tω  

(e.g. in the range 0 1tω≤ ≤ ), for which the plate girder has relatively stiff flanges, the 

stress uniformity ratio approximately equals one (which physically means that the 

maximum stress is close to the average stress), indicating development of a uniform web 

tension field. However, with increases in the flexibility factor, the stress uniformity ratio 

decreases, indicating formation of a less uniform web tension field in plate girders having 

more flexible flanges. 
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For simplicity, Kuhn et al. (1952) simplified equation (5-3), by assuming 45α = , for 

which sin 0.7α = , and by substituting the algebraic equivalency ( )
1 1 4

u o u oI I I I
⎛ ⎞

+ =⎜ ⎟ +⎝ ⎠
, 

to obtain: 

 ( )40.7 wi
t s

u o

th
I I L

ω ≈
+

 (5-5) 

Kuhn et al. (1952) proposed the stress amplification factor, 2C , which can be determined 

from the following equation, to characterize the uniformity of web tension field: 

 max 2 mean(1 )Cσ σ= +  (5-6) 

As expressed in (5-6), the stress amplification factor, 2C , captures the difference between  

maxσ  and meanσ . Large value of the stress amplification factor corresponds to a significant 

difference between maxσ  and meanσ , indicating the formation of a less uniform web 

tension field. Solving for 2C  with respect to the stress uniformity ratio (i.e. mean maxσ σ ) 

from (5-6) and recalling (5-4), the relationship between 2C  and tω  can be obtained and is 

illustrated in figure 5-4. 

Consistent with figure 5-3, the curve shown in figure 5-4 indicates that a less uniform 

tension field (which corresponds to a greater value of 2C ) will develop in a plate girder 

with more flexible flanges (which corresponds to a greater value of tω ). 
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FIGURE 5-4 Relationship between the Flexibility Factor and  
the Stress Amplification Factor 

5.3 Flexibility Limit for VBE Design 

To quantify the minimum VBE flexural stiffness needed to ensure uniformity of elastic 

infill tension fields in SPSWs and avoid the undesirable behavior of VBEs described 

previously, CSA S16-01 adopted (5-5). Provided that each VBE has the same moment of 

inertia, cI , as normally the case in SPSWs, (5-5) becomes: 

 40.7
2

wi
t si

c

th
I L

ω =  (5-7) 

For reasons described earlier, the CSA S16 committee elected to limit this factor to a 

maximum value of 2.5 in SPSWs. This limit of 2.5 was agreed to be desirable on the 

assumption that tension fields should be sufficiently uniform for ductile behavior to 

develop. This limit was also selected on the assumption that tension fields should be 

sufficiently uniform for ductile behavior to develop. In figure 5-4, limiting the flexibility 

factor to a value of 2.5 is shown to correspond to a maximum stress not exceeding by 

more than 20% the average stress of the web tension field. Mathematically, imposing this 

limit on (5-7), gives: 
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 40.7 2.5
2

wi
t si

c

th
I L

ω = ≤  (5-8) 

Solving for cI  leads to the following flexibility requirement, first implemented in CSA 

S16-01. 

 
40.00307 wi si

c
t hI

L
≥  (5-9) 

This requirement was subsequently adopted in the NEHRP Provisions (National 

Earthquake Hazards Reduction Program Provisions for Seismic Regulations for New 

Buildings and Other Structures, also known as FEMA 450, FEMA, 2004), and then the 

2005 AISC Seismic Provisions (AISC, 2005) 

Note that the analytical work by Wagner (1931) and Kuhn et al. (1952) for plate girders, 

from which the aforementioned empirically based flexibility limit of SPSWs was 

determined, assumed elastic behavior. Although at the onset of the tension field action, 

the maximum stress in an infill panel may be significantly greater than the average due to 

VBE deflections, this difference could decrease upon greater story drifts, provided that 

the boundary frame members are able to allow infill panel stress redistribution after the 

first yielding of tension diagonals. To better understand this, stress distributions across 

the first-story web plates (i.e. along the direction perpendicular to the tension diagonals) 

are shown in figure 5-5 for two tested specimens, namely, the specimen tested by Driver 

(1997) and the specimen, SPSW S, tested by Lee and Tsai (2008). Note that these two 

specimens have different flexibility factors and will be introduced in further details in a 

later section. Figure 5-5 shows that, as drift levels progressively increase, both specimens 

will ultimately develop uniform tension fields, although the specimen tested by Lee and 

Tsai (which had more flexible VBEs) develops less uniform tension fields at lower drift 

levels. This observation of identical uniform stress distribution in the panels of SPSW 

raises questions on the relevance of the flexibility factor, tω , in SPSW design. For that 

reason, different models are investigated in the next sections to rationalize desirable and 

undesirable VBE behaviors. 
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FIGURE 5-5 Uniformity of Tension Fields (a) Pushover Curves, (b) Schematic of 
Tension Fields, (c) Uniformity of Panel Stresses 
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5.4 Prevention of VBE In-Plane Shear Yielding 

As mentioned earlier, the significant "pull-in" deformation of VBEs observed during the 

tests on single-story SPSWs by Lubell et al. (2000) as shown in figure 5-7 was a 

milestone event that led to the current limit specified for the VBE flexibility (AISC 2005 

and CSA 2000). This undesirable performance was ascribed to the insufficient VBE 

stiffness. However, VBE shear yielding is another important factor that may result in 

significant inelastic VBE deflections. At the time of this writing, no literature has 

reported or checked whether the previously tested specimens have encountered VBE 

shear yielding. 

To have a better understanding of the observed significant pull-in deformations in VBEs, 

an analytical model for estimating VBE shear demand is proposed in Section 5.4.1. Then, 

previously tested SPSWs are assessed in Section 5.4.2 using the proposed analytical 

model. For comparison purpose, results from pushover analysis on strip models of those 

tested SPSWs are presented. Predictions are compared with the observed behavior.  

5.4.1 Shear Demand and Strength of VBE 

The AISC Seismic Provisions requires that the VBEs of a SPSW be designed to remain 

elastic when the webs are fully yielded, with exception of plastic hinges at the VBE bases 

(when columns are fixed to ground) which are needed to develop the uniform yielding 

plastic mechanism. Although not explicitly stated, those plastic hinges should be flexural-

plastic hinges (i.e. as opposed to shear-yielding hinges) for the infill panels to be 

effectively anchored and consequently allow development of the expected tension fields.  

As shown in figure 5-6, the free body diagram of the right-hand side VBE at the thi  story 

is used to determine the maximum VBE shear demand in a uniformly yielded SPSW 

under rightward lateral forces. From equilibrium, the shear forces at the top and bottom 

ends of the member can be respectively obtained as: 

 
2 2

topi boti yci cixci si
topi

si

M M dhV
h

ωω+
= + +  (5-10) 
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2 2

topi boti yci cixci si
boti

si

M M dhV
h

ωω+
= − +  (5-11) 

where cid  is the depth of the VBE; topiM  and botiM  are the moments developed at the top 

and bottom ends of the VBE. 
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FIGURE 5-6 In-plane Free Body Diagram of the VBE at the thi story for 

Determination of Shear Demand 

Conservatively, assuming that the moments applied at the top and bottom ends of the 

VBE are equal to the expected nominal plastic moments, one can obtain the following 

estimate of VBE shear demand: 

 
2

2 2
y y c yci cixci si

u design
si

R f Z dhV
h

ωω
− = + +  (5-12) 

It is recognized that (5-12) overestimate the VBE shear design force for two reasons, 

namely, (i): the plastic moments at the VBE ends may be reduced due to the presence of 

axial force, shear force, and vertical stresses in the VBE. (i.e. similar to the reduction of 

HBE plastic moments presented in Section 3); and (ii) plastic hinges in properly designed 
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SPSWs may develop in the HBEs, not in the VBEs. However, for expediency and design 

purpose, it is conservative to calculate the shear force predicted using (5-12) to size the 

columns. Note that the same design shear force can be obtained at the bottom end of the 

left-hand side VBE based on the corresponding free body diagram and assumptions.  

In design, the shear demand obtained from (5-12) should be compared to the VBE shear 

strength, nV , which, when the web of the VBE cross-section is compact 

(i.e. 2.45wci wci yh t E f≤  ), is calculated as:  

 0.6n y ci wciV f d t=  (5-13) 

where wcih  is the web depth of the VBE cross-section; wcit  is the web thickness of the 

VBE cross-section, and other terms have been defined previously. 

5.4.2 Observation of VBE Shear Yielding in Past Testing 

To check whether shear yielding had occurred in the VBEs of previously tested SPSWs, a 

sample of SPSWs for which the experimental data are available are assessed in table 5-1. 

Those examples include both single-story and multi-story SPSWs. Using the analytical 

model proposed in Section 5.4.1, the shear demands (i.e. u designV − ) and strengths (i.e. nV ) 

respectively calculated using (5-12) and (5-13) are presented in table 5-1. Additionally, 

using published information on SPSW geometries and member sizes, strip models for 

those considered SPSWs were developed and the corresponding maximum VBE shears 

obtained from the pushover analysis using SAP2000 (i.e. 2000sapV ) are provided in table  

5-1. Note that 20 strips were used for the infill plates at each story in all specimens. Steel 

was modeled as an elasto-perfectly plastic material using the yield strength provided in 

each relevant reference. Plastic hinges accounting for the interaction of axial force and 

flexure were defined at the ends of HBEs and the VBE bases. The vertical distributions of 

lateral forces used in the pushover analyses were determined according to the loading 

conditions reported for each actual test. For comparison purpose, specimen scale, aspect 

ratio and tension field inclination angle of those considered SPSWs are also provided in 

table 5-1. 
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Comparing 2000sapV  to u designV − , table 5-1 confirms that equation (5-12) proposed in 

Section 5.4.1 gives conservative VBE design shear forces (as expected since it assumes 

plastic hinges at both ends of the VBE). The level of conservatism varies from 0.7% and 

57%, and is on average 25% for the cases considered.  

On the other hand, comparing nV  to 2000sapV  reveals that the VBEs in Cases 1, 3, 6, 7, and 

8 should have experienced shear yielding during their tests while the VBEs in other cases 

would not. This prediction is consistent with experimental observations. For a better 

understanding, the following will focus on the observed VBE behaviors in Cases 1, 3, 6, 

7, and 8.  

For the SPSW of Case 1 (i.e. the single-story SPSW, SPSW2, tested by Lubell et al. 

2000), significant inward deformations were observed in the VBEs as shown in figure 5-

7. Montgomery and Medhekar (2001) ascribed this undesirable VBE behavior to: (i) the 

small infill panel width-to-height aspect ratio compared to those of other specimens for 

which the VBEs exhibited desirable behavior, (ii) relative small tension field inclination 

angle calculated per the equation provided in the AISC Seismic Provisions and CSA S16-

01, and (iii) inadequate VBE flexibility per (5-8). 

The fact that the single-story specimen had a width-to-height infill panel aspect ratio of 

approximately 1.0, by itself, should not be a concern contrary to the claim by 

Montgomery and Medhekar (2001). This value is within the permissible range of 0.8 and 

2.5 specified by the AISC Seismic Provisions and CAN/CSA S16-01. More importantly, 

the VBEs of the MCEER/NCREE SPSW specimen described in Qu et al. (2008), which 

had the same width-to-height aspect ratio of 1.0, exhibited desirable ductile performance. 

In addition, the tension field inclination angle of the single-story specimen calculated per 

the AISC Seismic Provisions and CSA S16-01 is 37.4º. That, by itself, should not be a 

reason for the observed undesirable VBE behavior. As presented in table 5-1, the two-

story SPSW (specimen SPSW S) recently tested by Lee and Tsai (2008) had an even 

smaller inclination angle of 36.5º and exhibited satisfactory VBE performance up to story 

drifts greater than 5%, as described later. 
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As to whether the undesirable VBE inward deformation observed in the single-story 

specimen can be attributed to excessive VBE flexibility, even though this specimen had a 

flexibility factor of 3.35 (i.e. greater than the code specified limit of 2.5), the results in 

table 5-1 demonstrate that VBE shear yielding occurred in that specimen during the tests, 

resulting in the significant in-plane VBE deflections due to inelastic shear deformations. 

Yielding pattern of the VBE webs further confirms this point. As indicated by the flaked 

whitewash shown in figure 5-7, the VBE web yielded uniformly at the VBE ends as 

opposed to the yielding pattern usually observed in flexural plastic hinges, indicating 

significant inelastic shear deformations. Note that the axial force in the VBEs can also 

affect the yielding pattern of VBE webs. However, the axial force developed in the VBEs 

is insignificant in this single-story case.  

 

FIGURE 5-7 Deformation and Yield Patterns of SPSW2 after 6 yδ×   
(from Lubell et al. 2000) 

For the SPSW of case 3 (i.e. the four-story SPSW tested by Driver et al. 1997), 

deformations at the first story of the wall are shown in figure 5-8. Note that this specimen 

had a code-compliant flexibility factor of 1.73. Incidentally, the plastic strength of the 

wall predicted using the procedure proposed by Berman and Bruneau (2003), which has 

been verified by numerous other experimental results, is substantially greater than the 

strength obtained during the test. Sabouri-Ghomi (2005) alleged that the plastic strength 

of the wall could be reduced due to overall bending effects. However, results shown in 

table 5-1 unequivocally show that shear yielding occurred in the first-story VBEs of 

Driver's specimen. This may have resulted in incomplete development of the expected 
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VBE plastic moments and infill tension field at the first story, and thus the lower ultimate 

base shear compared to predictions from plastic analysis. Interestingly, fractures were 

observed to penetrate into the VBE web at the column bases during that test, which may 

also be related to the significant shear force acting there.  

 
FIGURE 5-8 First-Story of Driver's SPSW  

(Photo: Courtesy of Driver. R.G.) 

Cases 6, 7 and 8 are three-story specimens from a series of tests on SPSWs by Park et al. 

(2007). For comparison purpose, case 6 is first compared against cases 4 and 5. 

Specimens of cases 4, 5 and 6 (i.e. SC2T, SC4T and SC6T respectively in Park et al. 

2007) have flexibility factors of 1.24, 1.44 and 1.58 respectively, which all satisfied the 

code-specified limit of 2.5. These specimens had identical boundary frame members and 

constant infill panels along the height of each wall (with thicknesses of 2mm, 4mm, and 

6mm in SC2T, SC4T and SC6T, respectively). Per (5-13), these specimens had the same 

VBE members and thus the same VBE shear strength. However the shear demands on the 

first-story VBEs of SC2T, SC4T and SC6T increased directly as a function of the infill 

panel yield forces (which are determined from the infill panel thicknesses). As shown 

from the results in table 5-1, the VBEs of specimen SC6T are expected to yield in shear 

while those of SC2T and SC4T would not. This prediction agrees with the observed 

yielding patterns at the first-story VBEs as shown in figure 5-9.  
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FIGURE 5-9 Yield Zone of VBE in SC Specimens (from Park et al. 2007) 

For the specimens in cases 7 and 8 (i.e. WC4T and WC6T in Park et al. 2007 

respectively), the VBEs were wide flange members with noncompact flanges with code-

compliant flexibility factors of 1.62 and 1.77 respectively. However, significant pull-in 

deformations were observed in the VBEs of these two specimens. Local buckling due to 

flange noncompactness is an important factor that contributed to the VBE deflections 

during these tests, but the results in table 5-1 indicate that shear yielding also developed 

in those VBEs. The observed VBE yielding patterns and deformations further confirm 

this point. As shown in figure 5-10, yield lines gradually developed in the VBE web of 

WC4T with increasing story drift indirectly expressed by greater load cycle numbers in 

figure 5-11, indicating the development of VBE shear yielding, which finally resulted in 

significant inward deflections in the VBEs shown in figure 5-11. 

 
FIGURE 5-10 Yield Zone of VBE in WC4T (from Park et al. 2007) 
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FIGURE 5-11 WC4T at the End of Test (from Park et al. 2007) 

Note that Park et al. (2007) proposed a free body diagram for calculating the shear 

demands in VBE, in which the shear effects due to the moment resisting actions at the 

VBE ends and the vertical components of infill panel yield forces were neglected. 

According to their free body diagram, no shear yielding would have occurred in the 

VBEs of SC6T. However, that prediction is inconsistent with the observed behavior 

shown in figure 5-9, invalidating their proposed free body diagram. 

As discussed above, undesirable inward VBE deflections were observed in SPSW 

specimens with and without code-compliant and non-compliant flexibility factors. There 

is no correlation between flexibility factor and significant VBE pull-in deformations. 

Instead, the analytical work presented in this section demonstrates that the observed 

undesirable VBE deflections were caused by VBE shear yielding. 
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5.5 VBE Out-of-Plane Buckling Strength 

Besides the aforementioned excessive pull-in deformations, another undesirable behavior 

of VBE is out-of-plane buckling, which has been observed during the tests on a quarter-

scale four-story SPSW specimen by Lubell et al. (2000). This undesirable performance 

was also ascribed to the insufficient VBE stiffness. However, no theoretical work has 

been conducted to establish the correlation between tω  and out-of-plane buckling 

strength of VBEs.  

This section will investigate whether or not the available database of test results sustain 

the use of flexibility limit for VBE design to successfully prevent the out-of-plane 

buckling of VBE, or whether different methods are necessary for that purpose. To be able 

to do such comparisons, analytical models for estimating the out-of-plane buckling 

strength of VBEs are derived in Section 5.5.1 based on simple free body diagrams and 

the energy method taking into account representative boundary conditions of VBEs. 

Using the proposed analytical models, the out-of-plane behaviors of VBEs in a few 

representative SPSW specimens that have various values of flexibility factors are 

reviewed in Section 5.5.2. 

5.5.1 Analytical Models for Out-of-plane Buckling Strength of VBEs 

5.5.1.1 Free Body Diagrams of VBEs 

The expected plastic mechanism of a multistory SPSW subjected to lateral loads 

described in Section 4.2 is considered here. This expected mechanism gives the free body 

diagrams of the left and right VBEs in a typical single-bay multistory SPSW under the 

rightward lateral forces as shown in figure 5-5. 

In the free body diagrams, xciω  and yciω  represent horizontal and vertical components  of 

the infill plate yield force along the VBE at the thi  story, bliP  and briP  represent the axial 

forces at the left and right ends of HBE, liV  and riV  represent the shear forces at the left 

and right VBE faces, liM  and riM  represent the moments at the left and right VBE faces, 
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xlR , xrR , ylR , yrR , clM  and crM  represent the reaction forces at VBE bases, and iF  

represents the applied lateral forces needed to develop the expected plastic mechanism. 
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FIGURE 5-12 VBE Free Body Diagrams 

Free body diagram of the VBE on the right-hand side is chosen for derivation of the out-

of-plane buckling strength of VBE for analysis purpose, since the compression effect in 

that VBE resulting from the HBE end shears is additive to that from the vertical 

component of the infill panel yield forces along that VBE. The compressions at the top 

and bottom ends of the considered VBE, topiP  and bottomiP , can be obtained as: 

 
1

s sn n

topi rj ycj sj
j i j i

P V hω
= = +

= + ⋅∑ ∑  (5-14) 

 bottomi topi yci siP P hω= + ⋅  (5-15) 

where sn is the number of SPSW stories, and all other terms have been defined 

previously.  
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To ensure the desirable behavior of VBE, it is recommended, although slightly 

conservative, to neglect the reduction effects on HBE plastic moments accounting for the 

presence of axial force, shear force, and vertical stresses in HBEs. Note that the plastic 

section modulus of a plastic hinge in an HBE should be determined according to equation 

(4-64) to account for the variation of plastic hinge location when RBS connections are 

used in HBE. Accordingly, the right end shears of HBEs with and without RBS 

connections are obtained based on a modified version of equations (4-38) and (4-40) 

respectively, namely: 

 
( ) ( )1 1 2

2 2 2
ybi ybi y y RBSxbi xbi

ri

L R f Zd
V

L e
ω ω ω ω+ +− +

= + +
−

 (5-16) 

 
( ) ( )1 1 2

2 2
ybi ybi y yxbi xbi

ri

L R f Zd
V

L
ω ω ω ω+ +− +

= + +  (5-17) 

where all terms have been defined previously. 

5.5.1.2 Energy Method and Boundary Conditions 

Although modeling the considered VBE in some FE software packages such as 

ABAQUS is always possible, at the cost of computational efforts, it is relatively 

expedient and efficient using the energy method to develop approximate calculations of 

the critical buckling strength of VBE (i.e. the Euler buckling strength assuming elastic 

behavior and no initial imperfection in the member - it is recognized that the actual 

buckling strength of the member considering the above effects could be lower and that 

the buckling strength calculated by this approach is an optimistic assessment. It should be 

therefore not used for design, but will be useful to illustrate key points in later sections.).  

The energy method is used in buckling problems to determine approximate values of the 

critical buckling strength when an exact solution of the differential equation of the 

deflection curve is either unknown or too complicated. In such cases, solution proceeds 

by assuming a reasonable shape for the deflection curve. While it is not essential for an 

approximate solution that the assumed curve perfectly match the deflected shape, it 

should satisfy the boundary conditions at the ends of the member. Using a reasonable 
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assumed shape for the deflection curve, the energy method can give an approximate out-

of-plane buckling strength of VBE, within the previously enunciated constraints 

(Timoshenko and Gere 1961).  

In a typical SPSW, the ends of VBEs are laterally supported by the floor system and the 

first-story VBE is either fixed or pinned to ground. Under those conditions, the out-of-

plane translations at the VBE ends are restrained. However, the out-of-plane rotational 

restraints due to the beams framing into the VBEs can vary from fully free to fully fixed 

and would have to be assessed on a case by case basis. The VBE end conditions 

considered in the following sections are presented in table 5-2 and correspond to ideal 

cases.  

TABLE 5-2 Summary of VBE End Conditions 

VBE ends Case A Case B Case C Case D 
Top Pin Fixed Pin Fixed 

Bottom Pin Fixed Fixed Pin 
 

In Sections 5.5.1.3 to 5.5.1.6, the out-of-plane buckling strength of VBE is derived 

successively for each of these boundary conditions respectively. 

5.5.1.3 Out-of-Plane Buckling Strength of VBE - Case A 

Figure 5-13 illustrates the typical orientations of the VBE weak and strong axes in a 

SPSW, for which the smaller and greater moments of inertia of the VBE cross-section 

can be obtained. Note that VBE deflections due to out-of-plane buckling develop in the 

plane perpendicular to the weak axis. 

The out-of-plane buckling of the VBE at the thi  story under Case A boundary conditions 

is schematically shown in figure 5-14. Note that both the top and bottom ends are hinged 

in this case (i.e. only translations are restrained). 
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FIGURE 5-13 Strong and Weak Axes of VBEs 
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FIGURE 5-14 Free Body Diagram of the VBE at the thi Story: 
Case A Boundary Conditions 

Assume that the deflection curve of the VBE is a sine curve in the coordinate system 

shown in figure 5-14, which is 
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 sini
si

xy
h
πδ
⎛ ⎞

= ⎜ ⎟
⎝ ⎠

 (5-18) 

where iδ  is an arbitrarily selected nonzero deflection factor. Note that the magnitude of 

iδ  will not have any impacts on the buckling strength as demonstrated later. 

Then, by differentiation, one can obtain 

 cosi

si si

dy x
dx h h

πδ π⎛ ⎞
= ⎜ ⎟

⎝ ⎠
 (5-19) 

 
22

2 2 sini

si si

d y x
dx h h

π δ π⎛ ⎞
= − ⎜ ⎟

⎝ ⎠
 (5-20) 

Consistent with the boundary conditions shown in figure 5-14, the following 

requirements are satisfied by the deflection curve determined from (5-18). 

 
0,

0
six h

y
=

=  (5-21) 

 
2

2
0,

0
six h

d y
dx =

=  (5-22) 

Physically, (5-21) and (5-22) indicate that no translations and no moments occur at the 

VBE ends. 

Owing to the inclination of an element ds  of the deflection curve as shown in figure 5-

15, the upper part of the load undergoes a downward displacement equal to 

 
21

2
dyds dx dx
dx

⎛ ⎞− ≈ ⎜ ⎟
⎝ ⎠

 (5-23) 

and the corresponding work done by the uniform load from that element to the top end of 

the VBE is 



134 

 ( )
2
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1
2yci si

dyh x dx
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ω ⎛ ⎞− ⋅ ⎜ ⎟
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 (5-24) 

dsdx

 

FIGURE 5-15 Deflection of VBE at Element Level 

Therefore, the total work produced by the infill panel yield force along that VBE during 

buckling is 

 ( )
2

1 0

1
2

sih

yci si
dyT h x dx
dx

ω ⎛ ⎞Δ = − ⎜ ⎟
⎝ ⎠∫  (5-25) 

Similarly, the work done by the concentrated load at the top of the VBE can be 

determined as 

 
2

2 0 2
sih topiP dyT dx

dx
⎛ ⎞Δ = ⎜ ⎟
⎝ ⎠∫  (5-26) 

By summation, the total work done by external forces is 

 ( )
2 2

1 2 0 0

1
2 2

si sih h topi
yci si

Pdy dyT T T h x dx dx
dx dx

ω ⎛ ⎞ ⎛ ⎞Δ = Δ + Δ = − +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠∫ ∫  (5-27) 

Substituting (5-19) into (5-27) and integrating, one can determine the total work as: 

 
4 2

34 2
i yi

si

EI nT m
h

π δ ⎛ ⎞Δ = +⎜ ⎟
⎝ ⎠

 (5-28) 
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where yiI  is moment of inertia of the VBE taken from the weak axis; m  and n  are the 

generalized external forces, which can be respectively obtained by normalizing the 

concentrated force applied at the top of the VBE (i.e. topiP ) and the resultant infill panel 

yield force along the VBE (i.e. yci sihω ), by the Euler buckling load of a simply supported 

VBE without any intermediate loads along its height. Namely, m  and n  can be 

determined from the following two equations 

 
2

2

topi

yi

si

P
m

EI
h

π
=
⎡ ⎤
⎢ ⎥
⎢ ⎥⎣ ⎦

 (5-29) 
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ω
π
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 (5-30) 

The strain energy due to bending of the buckled VBE is 

 
22

20 2
sih yiEI d yU dx

dx
⎛ ⎞

Δ = ⎜ ⎟
⎝ ⎠

∫  (5-31) 

Substituting (5-20) into (5-31) and integrating,  

 
4 2

34
i yi

si

EI
U

h
π δ

Δ =  (5-32) 

The critical buckling strength can be found from the following equation  

 U TΔ = Δ  (5-33) 

Substituting (5-28) and (5-32) into (5-33), the critical combination of m and n for case A 

can be expressed as 

 1
2
nm + =  (5-34) 
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Note that (5-27), (5-31) and (5-33) remain valid for derivations of other boundary 

conditions (i.e. Cases B, C and D). 

A graphical version of (5-34) is shown in figure 5-16. For a given load combination (i.e. 

a pair of m and n), if the left-hand side of (5-34) is greater than 1, the VBE is expected to 

encounter out-of-plane buckling failure. Those combinations for which buckling failure 

occurs are represented by the shaded area in figure 5-16.  

Incidentally, Timoshenko and Gere (1961) provided the critical buckling strength of the 

column shown in figure 5-14 for a few selected individual cases. Their results are also 

presented in figure 5-16. As expected, a good agreement is observed through 

comparisons.  
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FIGURE 5-16 Interaction of Critical Loads for Out-of-Plane Buckling of VBE:  
Case A Boundary Conditions 

Interestingly, figure 5-16 shows that for large value of n, which corresponds to large infill 

panel yield force applied along the column, the required value of m to avoid the out-of-

plane buckling failure could be negative (i.e. corresponding to tension force applied at the 

top end of the member). However, such a theoretical case, in which the concentrated 
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force applied at the top of the bar needs to act upward instead of downward to counteract 

the axial effect resulting from the distributed force to prevent buckling, is not practical. 

5.5.1.4 Out-of-Plane Buckling Strength of VBE - Case B 

The out-of-plane buckling of the VBE at the thi  story under Case B boundary conditions 

is schematically shown in figure 5-17. Note that both ends of the VBE are fixed in this 

case (i.e. both translations and rotations are restrained). 
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FIGURE 5-17 Free Body Diagram of the VBE at the thi Story:  
Case B Boundary Conditions 

Assuming that the deflection curve of the VBE is a cosine curve in the coordinate system 

shown in figure 5-17, which is 

 21 cosi
si

xy
h
πδ

⎡ ⎤⎛ ⎞
= −⎢ ⎥⎜ ⎟

⎢ ⎥⎝ ⎠⎣ ⎦
 (5-35) 

then, by differentiation, one can obtain 
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In this case, the following boundary conditions are satisfied: 

 
0,

0
six h

y
=

=  (5-38) 

 
0,

0
six h

dy
dx =

=  (5-39) 

where (5-38) and (5-39) respectively correspond to no translations and no rotations at the 

VBE ends. 

Following a procedure similar to that described earlier for Case A, one can obtain the out-

of-plane buckling strength of the VBE with Case B boundary conditions. Note that all 

terms have been defined previously. 

Substituting (5-36) into (5-27) and integrating, one can determine the total work as: 

 
4 2

3 2
i yi

si

EI nT m
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 (5-40) 

Substituting (5-37) into (5-31) and doing the integration,  

 
4 2

3

4 i yi

si

EI
U

h
π δ

Δ =  (5-41) 

Thus, in accordance with (5-33), the critical combination of m and n for case B can be 

mathematically stated as 

 1
4 8
m n+ =  (5-42) 
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Graphically, (5-42) is shown in figure 5-18. 
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FIGURE 5-18 Interaction of Critical Loads for Out-of-Plane Buckling of VBE:  
Case B Boundary Conditions 

As determined from (5-42), at the limit when no infill panel yield forces are applied (i.e. 

when 0n = ), the VBE is a fix-fix column and has a buckling strength four times that of a 

simply supported column (i.e. corresponding to 4m = ), as expected. Based on the 

criterion shown in figure 5-18, the value of m decreases when the value of n increases, 

which physically means that lower concentrated force can be applied at the top of the 

column to avoid column buckling when higher infill panel yield forces are applied along 

the column. 

5.5.1.5 Out-of-Plane Buckling Strength of VBE - Case C 

The out-of-plane buckling of the VBE at the thi  story under Case C boundary conditions 

is schematically shown in figure 5-19. Note that the bottom and top ends are fixed and 

hinged respectively (i.e. both translations and rotations at the bottom end are restrained, 

but only translations at the top end are restrained.). This case is useful to consider here 

because the top end of the VBE in a SPSW may be typically free to rotate on account of 

how the framing system connects to the SPSW at that location. 
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FIGURE 5-19 Free Body Diagram of the VBE at the thi  Story:  
Case C Boundary Conditions 

Assuming that the deflection curve of the considered VBE is determined by the following 

polynomial in the coordinate system shown in figure 5-19, 

 4 2 2 32 3 5i si siy x x h x hδ ⎡ ⎤= + −⎣ ⎦  (5-43) 

then, by differentiation, one can obtain 

 3 2 28 6 15i si si
dy x xh x h
dx

δ ⎡ ⎤= + −⎣ ⎦  (5-44) 

 
2

2 2
2 24 6 30i si si

d y x h xh
dx

δ ⎡ ⎤= + −⎣ ⎦  (5-45) 

For this case, the following boundary conditions are satisfied:  

 
0,

0
six h

y
=

=  (5-46) 
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x
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dx =

=  (5-47) 

 
2

2 0
six h

d y
dx =

=  (5-48) 

where (5-46) indicates no translation at both ends, and (5-47) and (5-48) respectively 

indicate zero rotation and zero moment at the bottom and top ends. 

Following the procedure described earlier, one can obtain the out-of-plane buckling 

strength of the VBE for Case C boundary conditions, again using the terms defined 

previously. 

Substituting (5-44) into (5-27) and integrating, one can determine the total work as: 

 
2 2 56 3

35 8
i yi siEI h nT m

π δ ⎛ ⎞Δ = +⎜ ⎟
⎝ ⎠

 (5-49) 

Substituting (5-45) into (5-31) and integrating,  

 
2 518
5

i yi siEI h
U

δ
Δ =  (5-50) 

In accordance with (5-33), the critical combination of m and n for case C can be 

mathematically stated as 

 
2 2

1
21 56

m nπ π+ =  (5-51) 

A graphical version of (5-51) is shown in figure 5-20. 
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FIGURE 5-20 Interaction of Critical Loads for Out-of-Plane Buckling of VBE: Case 
C Boundary Conditions 

At the limit when no infill panel yield forces are applied (i.e. 0n = ), the VBE is simply a 

column with one end fixed and the other end hinged. As shown in the figure, the 

proposed criterion predicts 2.12m = , which physically means that critical buckling 

strength of that member is 2.12 times that of the corresponding simply supported column. 

Incidentally, for this case, Timoshenko and Gere (1961), obtained a value of 2.05 using 

an alternative approach based on the differential equations of beam-column theory. This 

small difference of 3.4% provides confidence in the accuracy of the proposed solution for 

VBEs.  

5.5.1.6 Out-of-Plane Buckling Strength of VBE - Case D 

The out-of-plane buckling of the VBE at the thi  story under Case D boundary conditions 

is schematically shown in figure 5-21. Note that the top and bottom ends are fixed and 

pinned respectively (i.e. both translations and rotations at the top end are restrained, but, 

only translations at the bottom end are restrained.). Although this case is less likely to 

exist in SPSWs, it is discussed here for completeness of the derivations.  
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FIGURE 5-21 Free Body Diagram of the VBE at the thi Story:  
Case D Boundary Conditions  

Assuming that the deflection curve of the considered VBE is a curve determined by the 

following polynomial in the coordinate system shown in figure 5-21, 

 4 3 32 3i si siy x x h xhδ ⎡ ⎤= − +⎣ ⎦  (5-52) 

then, by differentiation, one can obtain 

 3 2 38 9i si si
dy x x h h
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For this case, the following boundary conditions are satisfied: 
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where (5-55) indicates no translation at both ends, and (5-56) and (5-57) respectively 

indicate zero rotation and zero moment at the top and bottom ends. 

Following the procedure described earlier, one can obtain out-of-plane buckling strength 

of the VBE for Case D boundary conditions, where all terms are defined previously. 

Substituting (5-53) into (5-27) and doing the integrations, one can determine the total 

work as: 

 
2 2 56 5

35 8
i yi siEI h nT m
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⎝ ⎠

 (5-58) 

Substituting (5-54) into (5-31) and integrating,  
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i yi siEI h
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δ
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In accordance with (5-33), the critical combination of  m and n for case D can be stated 

as 

 
2 25 1

21 168
m nπ π+ =  (5-60) 

A graphical version of (5-60) is shown in figure 5-22. 

At the limit case when no infill panel yield forces are applied (i.e. 0n = ), Criterion D 

predicts the same magnitude of m as Criterion C (i.e. 2.12m = as shown in figure 5-22). 

This is because the VBEs under the case C and case D boundary conditions are 
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equivalent when the infill panel yield forces are absent. The two cases (i.e. cases C and D 

) significantly differ for all other cases (i.e. when 0n ≠ ). 

0.0 0.5 1.0 1.5 2.0 2.5 3.0
n

0.00

0.50

1.00

1.50

2.00

2.50

3.00

m

Criterion D

Buckling Failure

 

FIGURE 5-22 Interaction of Critical Loads for Out-of-Plane Buckling of VBE:  
Case D Boundary Condition 

5.5.2 Review of Out-of-Plane Buckling of VBEs in Past Tests 

To better understand the VBE out-of-plane buckling behavior, performance of the VBEs 

in previously tested SPSWs are revisited in perspective of the criteria derived in the 

previous section to see whether the proposed alternative approach can shed additional 

light on the behavior of VBEs.  

The considered SPSW specimens are assessed using the criteria developed for all the four 

boundary conditions considered since the out-of-plane restraints at the ends of the VBEs 

of some specimens are not provided in the available references. As shown by the results 

presented in table 5-3, no matter what boundary conditions were applied, VBE out-of-

plane buckling would not be predicted to occur in any of the SPSWs except for the Lubell 

et al. quarter-scale four-story SPSW. This prediction is consistent with the observations 

on those SPSWs obtained during tests as described below, validating to some degree the 

proposed analytical models for calculating VBE out-of-plane buckling strength.  
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The Lubell et al. specimen, schematically shown in figure 5-23, had 1.5mm (16 gauge) 

unstiffened hot-rolled infill panels with aspect ratio of 1.0. The VBEs and HBEs were 

sized to be S75x8 except that a S200x34 HBE was used at the roof level. All the HBE-to-

VBE connections were rigid. The material yield strengths for the boundary frame and 

infill panels were determined to be 380 MPa and 320 MPa respectively from the tension 

coupon tests. Hysteresis loops obtained from the test are presented in figure 5-24, 

showing that insignificant amounts of hysteretic energy were dissipated before instability 

of VBE precipitated the system failure, when the specimen achieved a maximum 

displacement of 1.5 yδ , where yδ  is a global yield displacement. 

A closer look at the Lubell et al. specimen reveals that Case C boundary conditions were 

applied to the buckled VBE (i.e. bottom end of the VBE was fixed to the ground while 

the top end was pinned in the out-of-plane direction). To better understand this, the VBE 

deflection traced from the specimen is superposed to those corresponding to Case B and 

Case C boundary conditions in figure 5-25. Comparison of deflection shapes confirms 

that the VBE end conditions are similar to those of Case C. Accordingly, applying 

Criterion C provides a value of 1.066 greater than 1.0 as shown in table 5-3, indicating 

the occurrence of VBE out-of-plane buckling failure. Therefore, failure of the Lubell et 

al. specimen was caused by the insufficient out-of-plane buckling strength of VBE rather 

than excessive column flexibilities. 
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FIGURE 5-23 Test Setup-UBC Test (from Lubell et al. 2000) 

 
FIGURE 5-24 Load Deformation Curves for SPSW4: 

 (a) First Story; (b) Fourth Story (from Lubell et al. 2000) 
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Case B
Case C
Traced

 
FIGURE 5-25 Out-of-Plane Buckling of Bottom VBE  

(Photo: Courtesy of Ventura. C.E.) 

Two other interesting and noteworthy cases in table 5-3 are the two specimens (i.e. 

SPSW N and SPSW S) tested by Lee and Tsai (2008). SPSW N and SPSW S respectively 

had flexibility factors of 2.53 and 3.01, which are greater than the limit of 2.5 specified in 

the AISC Seismic Provision and the CSA S16-01 Standard. Yet, based on the proposed 

analytical models, the VBEs in these two specimens are not expected to undergo out-of-

plane buckling. This prediction is consistent with the experimental observations. The 

VBEs of these two specimens exhibited ductile behavior up to story drifts greater than 

5% as shown figures 5-26 and 5-27. The above assessment on SPSW N and SPSW S 

further confirms that there is no correlation between the flexibility factor, tω , and VBE 

out-of-plane buckling strength. 
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FIGURE 5-26 SPSW N at the End of the Tests and Hysteretic Curves 

  

FIGURE 5-27 SPSW S at the End of the Tests and Hysteretic Curves  
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5.6 Summary 

In this section, analytical work was conducted to assess the adequacy of the existing limit 

on the flexibility factor, tω , specified for VBE design by the AISC Seismic Provisions 

and the CSA S16-01 Standard. Review of the derivation of this flexibility factor from 

plate girder theory, and of how that factor was incorporated into current design codes was 

followed by the development of analytical models for preventing shear yielding and for 

estimating out-of-plane buckling strength of VBEs in SPSWs.  

It is shown that putting the existing limit on tω  is uncorrelated to ensure satisfactory in-

plane/out-of-plane VBE performance. Alternatively, the proposed analytical models for 

in-plane shear demands, for which predicted performance correlates well with past 

experimental results, can be used in design to ensure desirable VBE behavior. 

Future analytical and experimental research should investigate whether in-plane buckling 

equations similar to those used for out-of-plane buckling are necessary for use in the 

interaction equations to calculate the beam-column strength of VBEs, and whether other 

concerns may justify retaining the use of tω  factor to achieve satisfactory seismic 

performance of VBEs in SPSWs. 
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SECTION 6 

DESIGN OF STEEL PLATE SHEAR WALLS CONSIDERING 
BOUNDARY FRAME MOMENT RESISTING ACTION 

6.1 Introduction 

Building on the knowledge presented in the prior sections for the behavior and design of 

boundary frame members of SPSWs, it would be interesting and apropos to investigate 

the effects of boundary frame relative strength on global behavior and overall strength of 

SPSWs. Previous tests and analytical studies on single-story and multistory SPSWs (e.g. 

Berman and Bruneau 2003, Berman and Bruneau 2005, and Driver et al. 1997) 

recognized that a SPSW's ultimate strength combines the contributions of both the 

moment resisting boundary frame and the infill panels. However, strength of the wall due 

to the moment resisting action of boundary frame is not explicitly taken into account in 

the design of SPSWs by codes (i.e. the AISC Seismic Provisions and the CSA S16 

Standard), typically resulting in a conservative but possibly more expensive SPSW 

design. 

To investigate the relative contribution of boundary frames to the overall strength of 

SPSWs and possibly achieve an optimum design of SPSWs accounting for that 

contribution, this section reviews knowledge on the plastic strength of SPSWs, and 

summarizes some design assumption in current design codes. Then, design procedures 

considering boundary frame moment resisting actions are derived followed by a case 

study developed to compare the performance of SPSWs designed using various 

assumptions on the relative strength and design of boundary frames. A final section 

discusses the future work needed to further investigate the effectiveness of the proposed 

models. 

6.2 Plastic Strength of Steel Plate Shear Walls 

Plastic collapse mechanisms for SPSWs subjected to lateral loads have been investigated 

by Berman and Bruneau (2003). From that work, equations for the ultimate strength of 
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SPSWs have been shown to agree well with the results obtained from tests of single and 

multistory SPSWs. They examined two types of plastic mechanisms for multistory 

SPSW, namely, a uniform collapse mechanism and a soft-story collapse mechanism 

which are shown schematically in figure 6-1a and 6-1b, respectively.  

 
(a) Uniform Collapse Mechanism (b) Soft-Story Collapse Mechanism 

FIGURE 6-1 Plastic Mechanism of SPSWs (From Berman and Bruneau 2003) 

The soft-story mechanism should be avoided in design. In the desired plastic mechanism, 

all the infill panels over the height of the wall must be fully yielded. This can be 

achieved, even for web plates of equal thickness over the height, by adjusting the sizes 

and moments of inertia of the surrounding HBEs and VBEs. Therefore, the uniform 

collapse mechanism shown in figure 6-1a is selected as the desired design objective for 

SPSWs and will be used in the derivations presented in the following sections.  

For the uniform collapse mechanism, by equating the internal and external work, Berman 

and Bruneau (2003) derived the following general equation for the overall plastic strength 

of a SPSW with moment resisting HBE-to-VBE connections: 

 ( ) ( )1
1 1 1

Contribution of boundary frame Contribution of infill panels

1 sin(2 )
2

s s s

i i

n n n

i i pl pr yp yp i wi wi i
i i i

F h M M R f Lh t t α+
= = =

= + + −∑ ∑ ∑  (6-1) 

where iF  is the equivalent earthquake force applied on the wall; ih  is the thi  story 

elevation; 
iplM  and 

iprM  are the expected plastic moments at the left and right ends of 
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the thi  HBE respectively, wit  is the thickness of the infill panel at the thi  story; ypR  is the 

ratio of expected to nominal yield strength of infill panel; ypf  is the nominal yield 

strength of infill panel; L  is the SPSW bay width; sn  is the total number of stories; and 

iα  is the tension field inclination angle at the thi  story. Note that it is assumed here that 

VBEs of the wall are pinned to the ground and HBE hinges will form instead of VBE 

hinges at the roof level.  

While the above provides the analytical expression that separates clearly the contribution 

of boundary frame and the contribution of infill panel to the total lateral strength of the 

SPSW, further experimental results in the literature explicitly quantify the contribution of 

each system. For example, figure 6-2a shows the hysteric curves obtained from tests of a 

single story SPSW by Berman and Bruneau (2005). Note that the web-angle HBE-to-

VBE connections in that specimen had a non-negligible moment resisting capacity. 

Berman and Bruneau subtracted the boundary frame contribution from the total hysteretic 

response of the SPSW and obtained the results of infill panel only as shown in figure  

6-2b. Comparing the curves shown in figure 6-2a and 6-2b, it is observed that the overall 

strength of the wall reduces from 645 kN to about 400 kN due to the absence of the 

contribution of boundary frame and the hysteretic curves of infill panel only exhibit 

significantly pinching behavior.  

(a) Specimen Hystereses (b) Infill-Only Hystereses 

FIGURE 6-2 Hystereses of a Single-Story SPSW  
(Adapted from Berman and Bruneau 2005) 
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In another example of multistory SPSW with moment resisting HBE-to-VBE connections 

tested by Driver et al. (1997), the above observation was consistently obtained. Figure 6-

3 presents the hysteretic curves and pushover curves of Driver et al. specimen. As shown, 

the strength due to the boundary frame moment resisting action contributes to about 25% 

of the global plastic strength of the wall. 

 

FIGURE 6-3 Test Results of a Multistory SPSW (Adapted from Driver et al. 1997) 

6.3 Current Design Requirements 

As shown in figure 6-2b, without the contribution of its boundary frame, the hysteresis 

loops of a SPSW exhibit severely pinching behavior, and, correspondingly, less energy 

dissipation would exist in a SPSW with simple HBE-to-VBE connections. Such a system 

would need to progressively drift to larger drifts to continue to dissipate substantial 

hysteretic energy. In addition, a SPSW with simple HBE-to-VBE connections will not 

have any additional lateral force resistance beyond that provided by the infill panel 

tension field actions, resulting in a system with less redundancy. Hence, the AISC 

Seismic Provisions requires the HBE-to-VBE connections to be rigid for the system. The 

CSA S16 Standard requires similarly for SPSW designs with the largest R factor and 

25% 

75% 
100%
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allows SPSWs with simple HBE-to-VBE connections to be also implemented in seismic 

regions albeit with a significantly lower R factor ( 2.0R = versus 5.0, where 5.0 is the 

largest permitted for any systems by the CSA S16 Standard). However, neither design 

code takes into account the SPSW strength provided by the boundary frame moment 

resisting action as described below to resist the prescribed seismic loads.  

Based on (6-1) presented in the previous section for the SPSW plastic strength one can 

obtain the following equation for calculating the shear strength of a single infill panel: 

 1 sin(2 )
2i yp yp wi iV R f Lt α=  (6-2) 

where iV  is the expected strength of the considered infill panel and the other terms have 

been defined previously.  

Dividing the infill panel strength determined from (6-2) by an overstrength factor, as 

defined by FEMA 369 (FEMA, 2001), and taken as 1.2 in this case (Berman and 

Bruneau, 2003), and also excluding the yR  factor used for calculating the expected plate 

strength, one can obtain the following infill panel nominal shear strength: 

 0.42 sin(2 )ni yp wi iV f Lt α=  (6-3) 

where niV  is the nominal strength of the considered infill panel. This equation is 

implemented in the AISC Seismic Provisions and the CSA S16 Standard, and is used for 

sizing the thickness of infill panels of SPSWs. 

Thus, by neglecting the contribution from the boundary frame moment resisting action on 

the SPSW strength, and solving for wit  from (6-3), one can obtain the following design 

equation to select thickness of the infill panel. 

 
0.42 sin(2 )

ni
wi

yp i

Vt
f L α

=  (6-4) 
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Then, the AISC Seismic Provisions and the CSA S16 Standard require that the boundary 

frame members be designed using capacity design procedure to ensure that the boundary 

frame members can anchor the infill panel yield forces developed by the infill panel 

thickness determined from (6-4). As such, following this approach, strength provided by 

the boundary frame moment resisting action provides the SPSW with an overstrength 

(which has a positive impact on seismic performance). At the time of this writing, no 

analytical work had been done to quantify the magnitude of this overstrength in general 

terms and to investigate how to make use of it to achieve an optimum design of SPSWs. 

Such work is conducted in the following section. 

6.4 SPSW Overstrength and Balanced Design 

In order to best understand the SPSW overstrength resulting from the aforementioned 

design approach inferred by current design codes, which assumes that all the code-

specified lateral forces applied on the wall are resisted by the infill panel tension field 

action alone, this section investigates the overstrength of SPSWs designed considering 

that various percentages of the lateral design forces are resisted by the infill panels. Both 

single-story and multistory SPSWs are considered. 

6.4.1 Single-Story SPSW 

A single-story SPSW is first studied here because this simple case provides some of the 

building blocks necessary to understand the more complex scenario (i.e. multistory 

SPSWs) presented later. Consider the single-story SPSW shown in figure 6-4 and 

expediently and conservatively assume that its VBEs are pinned to the ground. This 

assumption is done for two reasons, namely (i) the strengths of the plastic hinges at the 

column bases add very little to the lateral load resistance of a multistory SPSW, which is 

to be discussed later as an extension of the study of single-story SPSW, and (ii) taking 

into consideration of plastic hinges at the column bases will greatly increase the 

complexities of the equations derived below.  
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FIGURE 6-4 Single-Story SPSW Example 

Assuming that the percentage of the total lateral design force assigned to the infill panel 

is κ , the required infill panel thickness is determined by solving for wt  from the 

following equation: 

 1 sin(2 )
2design yp yp wV R f Ltκ α=  (6-5) 

where designV  is the lateral design force applied on the wall. Note that (6-5) is consistent 

with (6-2) when 1κ =  (i.e. when 100% of the lateral force is assumed to be resisted by 

the infill panel). 

As described in Section 4, when the wall is fully yielded, the distributed loads to be 

applied along the VBEs ( xcω  and ycω ) and HBEs ( xbω  and ybω ) from infill panel 

yielding can be determined as: 

 sin 2 2yc yp yp wR f tω α=  (6-6) 

 ( )2sinxc yp yp wR f tω α=  (6-7) 

 ( )2cosyb yp yp wR f tω α=  (6-8) 

 sin 2 2xb yp yp wR f tω α=  (6-9) 
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Substituting (6-9) into(6-5), one can obtain the following relationship between lateral 

design force and horizontal tension field component along the HBEs: 

 design xbV Lκ ω=  (6-10) 

Assuming that HBE plastic hinges (as normally the case rather than VBE plastic hinges) 

will form at the roof level, and following the plastic analysis procedure presented in 

Berman and Bruneau (2003), one can obtain the following equation for ultimate strength 

of the wall (equating the internal and external work) 

 2p xb pbV h Lh Mω= +  (6-11) 

where pV  is plastic strength of the wall; L  and h  are the wall width and height, 

respectively; and pbM  is the plastic strength of the HBE-to-VBE connections.. 

Assuming that the top HBE is proportioned using the design procedure proposed by Vian 

and Bruneau (2005), its resulting plastic section modulus is given as 

 
2

2

1
4 1 1

yb
b

y

L
Z

f
ω

η
= ⋅

+ −
 (6-12) 

where η  is the RBS plastic section modulus reduction ratio as described in Section 4; and 

yf  is the nominal yield strength of boundary frame.  

Note that η  in (6-12) may vary from unity (when there are no RBS connections in the top 

HBE) to the minimum value of RBS flange reduction permitted by the design 

specifications and guidelines (such as FEMA 350). Also note that (6-12) can be 

equivalently obtained from the HBE design equations presented in Section 4 when 

neglecting the reduction effects of HBE plastic moment due to the presence of internal 

forces. It is recognized that those reduction effects are expected to have negligible 

impacts on the global performance of the SPSW (although they should be taken into 

account if the focus is on understanding the local behavior and design of HBEs, as 

demonstrated in Section 4.). 
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Accordingly, the plastic strength of the top HBE-to-VBE connections is 

 pb y bM f Zη=  (6-13) 

Substituting (6-12) into (6-13), the plastic strength of the top HBE-to-VBE connections 

can be further expressed as  

 
2

24 1 1
yb

pb

L
M

ω η
η

= ⋅
+ −

 (6-14) 

Substituting (6-14) into (6-11) and solving for pV  

 
2

22 1 1
yb

p xb

L
V L

h
ω ηω

η
= + ⋅

+ −
 (6-15) 

Based on (6-8) and (6-9), one can obtain the following relationship between xbω  and ybω  

 ( )1tanyb xbω α ω−=  (6-16) 

Substituting (6-16) into (6-15), the plastic strength of the wall becomes 

 ( )1

2

11 tan
2 1 1

p xb
LV L
h

ηω α
η

−
⎡ ⎤⎛ ⎞= + ⋅⎢ ⎥⎜ ⎟

⎝ ⎠⎢ ⎥+ −⎣ ⎦
 (6-17) 

Substituting (6-10) into (6-17), one can obtain a relationship between the SPSW plastic 

strength, pV , and the lateral design force, designV , namely  

 ( )1

2

11 tan
2 1 1

p design
LV V
h

ηκ α
η

−
⎡ ⎤⎛ ⎞= + ⋅⎢ ⎥⎜ ⎟

⎝ ⎠⎢ ⎥+ −⎣ ⎦
 (6-18) 

Here, the ratio of pV  to designV , which is denoted as κΩ , is used to describe the 

overstrength of the SPSWs designed using different values of κ . Dividing by designV  on 

both sides of (6-18), one can determine κΩ  as 
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 ( )1

2

11 tan
2 1 1

L
hκ

ηκ α
η

−
⎡ ⎤⎛ ⎞Ω = + ⋅⎢ ⎥⎜ ⎟

⎝ ⎠⎢ ⎥+ −⎣ ⎦
 (6-19) 

Explicitly shown in (6-19), the overstrength factor, κΩ , depends on a series of variables 

including, κ , α , L h  and η . The effects of those factors can be investigated based on 

(6-19). Here, a parametric study is conducted to discuss the impact of κ  on κΩ  for the 

given values of other terms.  

Note that, for simplicity, the inclination angle of the tension field action is assumed to be 

45º and η  is assumed to be unity (i.e. no RBS connections are used in the HBEs). Note 

that results are not expected to vary substantially for other values of α . In addition, in the 

parametric study, the infill panel aspect ratio (i.e. L h ) was chosen to vary between 0.8 

and 2.5, which are the limits allowed by the 2005 AISC Seismic Provisions.  

The corresponding results are illustrated in figure 6-5. As shown, a higher percentage of 

the lateral design forces assigned to the infill panel (i.e. greater value of κ ) results in a 

greater overstrength of the wall (i.e. greater value of κΩ ). Under the design assumption 

presented in the AISC Seismic Provisions and the CSA S16 Standard (i.e. when 1.0κ = ), 

the wall has a significant overstrength varying from 1.4 to 2.25 over the code-compliant 

range of infill panel aspect ratios of 0.8 2.5L h≤ ≤ . Note that the example wall assumes 

that the VBEs are pinned to the ground. It is recognized that, for the case that with VBEs 

fixed to the ground, the overstrength would be even greater. 
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FIGURE 6-5 The Relationship between κΩ  and κ  (Assuming 45α =  and 1.0η = ) 

Also observed from figure 6-5, when κ  is reduced to certain level, showed by the circles 

on that figure, the lateral force resisted by the boundary frame of the SPSW is exactly 

equal to that which will be required if that frame is designed to resist the yielding forces 

from the infill panel per capacity design principles. Therefore, at that particular point, the 

boundary frame does not provide any overstrength for the system as the division of the 

lateral load resistance and does not need to be made any stronger to satisfy all capacity 

design requirement, and the overstrength ( κΩ ) is therefore equal to unity. Such a design 

case is termed "balanced" design case in this report. For this case, the value of κ  can be 

determined by setting the constraint 1.0κΩ =  into (6-19) and solving for κ . The 

resulting value of κ  for the balanced case, designated as balancedκ , is therefore: 

 ( )
1

1

2

11 tan
2 1 1

balanced
L
h

ηκ α
η

−

−
⎡ ⎤⎛ ⎞= + ⋅⎢ ⎥⎜ ⎟

⎝ ⎠⎢ ⎥+ −⎣ ⎦
 (6-20) 
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Figures 6-6 and 6-7 respectively plot, based on (6-20), the relationships between balancedκ  

and η  for various L h  values, and balancedκ  and L h  for various α  values. As shown in 

figure 6-6, the value of balancedκ  increases when η  reduces. This observation is reasonable 

because the reserved strength of the wall due to the moment resisting action of the 

boundary frame decreases when RBS connections are introduced in the HBE (i.e. when 

1.0η ≤ ), which means that, in this case, a higher percentage of lateral design force 

should be resisted by the infill panel tension field action. Note that, when η  reduces to 

zero, which physically corresponds to simple HBE-to-VBE connections, balancedκ  

becomes unity, indicating that 100% of the lateral force is resisted by the infill panel.  

Figure 6-7 illustrates the trends in balancedκ  for the code-compliant range of infill panel 

aspect ratios and the typical range of tension field inclination angles. As shown, the value 

of balancedκ decreases when the aspect ratio increases. This is also reasonable since a 

bigger HBE member has to be used to anchor the tension field action in a "squat" wall 

(which has a greater aspect ratio) in comparison with a slender wall (which has a smaller 

aspect ratio), resulting in a higher strength of the wall due to the moment resisting action 

of the boundary frame. 

As shown in figure 6-5, when reducing κ  to a value below balancedκ , the plastic strength 

of the wall is not sufficient to resist the lateral design force. In other words, the boundary 

frame designed only to resist the infill panel yield forces, per capacity design principles, 

has to be strengthened to fill the gap between the available strength of the wall and the 

expected lateral design demand. Incidentally, detailed information about the design of 

such SPSWs will be presented in Section 6.5. 



165 

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

η

0.40

0.50

0.60

0.70

0.80

0.90

1.00

κ b
al

an
ce

d

L/h=0.8
L/h=1.0
L/h=1.5
L/h=2.0
L/h=2.5

 

FIGURE 6-6 The Relationship between balancedκ  and η  (Assuming 45α = ) 
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6.4.2 Multistory SPSW 

The derivations presented in Section 6.4.1 for single-story SPSWs can be extended to the 

case of multistory SPSWs. The related procedures are briefly described below. Note that 

an index, i , is assigned to the variables associated with the thi  floor level.  

Consider a multistory SPSW with rigid HBE-to-VBE connections and VBEs pinned to 

the ground (for the same reasons as before) as shown in figure 6-8. Here, figure 6-8a 

shows the lateral design forces applied on the SPSW; figure 6-8b shows the modified 

lateral design force to size the infill panels and figure 6-8c shows the lateral force needed 

to develop the desired SPSW plastic mechanism. Based on those figures, the 

corresponding derivations are presented below. 

(a)  Lateral design 
force on SPSW

(b) Modified lateral force 
to size infill panels
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FIGURE 6-8 Schematic of a Typical Multistory SPSW 

Similar to the procedure for single-story SPSWs, assigning part of the lateral design 

forces to the infill panel system, as shown in figure 6-8b and equating the infill panel 

shear strength and the corresponding design story shear at the thi  and 1thi +  story, 

respectively, one can have 

 
sn

xbi k Dk
k i

L Fω κ
=

=∑  (6-21) 
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 1
1

sn

xbi k Dk
k i

L Fω κ+
= +

= ∑  (6-22) 

Subtracting (6-22) from (6-21)  

 ( )1xbi xbi i DiL Fω ω κ+− =  (6-23) 

It is assumed that the SPSW is able to develop the anticipated uniform plastic mechanism 

shown in figure 6-8c, and that HBE plastic hinges will form (instead of VBE plastic 

hinges) at the roof level. Consider an intermediate floor along the height of the wall as 

shown in figure 6-9a. Note that the derivations presented below are also valid for the top 

floor shown in figure 6-9b, simply by setting the magnitude of the tension field 

components of the upper story equal to zero.  

Fi

 

Fn S

 

(a) Intermediate Floor (b) Top Floor 

FIGURE 6-9 Segments of a Uniformly Yielded Multistory SPSW  

Equating the internal and external work tributary to the considered intermediate floor, 

one can obtain the following equation: 

 ( )1 2i i xbi xbi i pbiF h Lh Mω ω += − +  (6-24) 

Assuming again that each intermediate HBE is proportioned using the design procedure 

proposed by Vian and Bruneau (2005), the resulting plastic section modulus is given as 

 
( ) 2

1

2

1
4 1 1

ybi ybi
bi

y i

L
Z

f
ω ω

η
+−

= ⋅
+ −

 (6-25) 
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Note that the procedure by Vian and Bruneau (2005) was originally developed for anchor 

HBE. However, that procedure can be alternatively used for intermediate HBE by 

considering the resulting vertical component of the tension field actions along the beam. 

Accordingly, the plastic moment of any HBE is determined as 

 
( ) 2

1

24 1 1
ybi ybi i

pbi

i

L
M

ω ω η
η

+−
= ⋅

+ −
 (6-26) 

Substituting (6-26) and (6-23) into (6-24) , also considering (6-16) and solving for iF , 

one can determine the force applied at each floor level to develop the expected 

mechanism, which is: 

 ( )1

2

11 tan
2 1 1

i
i i Di i

i i

LF F
h

ηκ α
η

−
⎡ ⎤⎛ ⎞
⎢ ⎥= + ⋅⎜ ⎟
⎢ ⎥+ −⎝ ⎠⎣ ⎦

 (6-27) 

For the balanced design case,  

 i DiF F=  (6-28) 

which physically means the lateral design force applied at each level of the SPSW is 

equal to that needed to develop the desirable mechanism.  

Substituting (6-28) into (6-27), one can solve for iκ  for the balanced case: 

 ( )
1

1

2

11 tan
2 1 1

i
balanced i i

i i

L
h

ηκ α
η

−

−
⎡ ⎤⎛ ⎞
⎢ ⎥= + ⋅⎜ ⎟
⎢ ⎥+ −⎝ ⎠⎣ ⎦

 (6-29) 

It is recognized that that (6-28) is a relatively "strong" constraint and may not be 

necessary for the global force equilibrium, which can be given as 

 
1 1

s sn n

i Di
i i

F F
= =

=∑ ∑  (6-30) 
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However, only based on (6-30), balancediκ can not be determined. Hence, (6-28) is used 

herein. 

To have a better understanding of the lateral forces respectively resisted by the infill 

panels and the boundary frame in the balanced design case for a multistory SPSW, 

consider a four-story SPSW without RBS connections as an example. Assume that the 

lateral design forces linearly distribute along the height of the wall as shown in figure 6-

10 and the story heights and infill tension field inclination angles (45º) are constant in all 

stories. Figure 6-11 illustrates balancediκ  and the percentage of the story shear resisted by 

the infill panel at each level (i.e. to be considered to size the infill panels at each story). 

These results have been derived for the infill panel aspect ratios permitted by the 2005 

AISC Seismic Provisions. For comparison purpose, the results for the case when 100% of 

the story shear is resisted by each infill panel (i.e. the design case implied by the AISC 

Seismic Provisions) are also provided in the figures.  

As shown in figure 6-11, the lateral design forces and the corresponding story shears 

assigned to the infill panels are reduced in the balanced design case. For example, as 

shown in figure 6-11b, in the balanced design case, when the infill panel has an aspect 

ratio of 1.5, 78% of the base shear is resisted by the first-story infill panel when the wall 

develops the expected plastic mechanism.  
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(a) Lateral Design Forces (b) Story Shear 

FIGURE 6-10 Description of Example Four-Story SPSW 
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(a) Modified Lateral Design Forces along the Height of the Wall 
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(b) Modified Story Shears to Size Infill Panels 

FIGURE 6-11 Modified Design Forces of an Example Four-Story SPSW  
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6.5 Boundary Frame Design of SPSWs Having Weak Infill Panels 

When the infill panel thickness is smaller than that corresponding to the balanced design 

case, the SPSW will not have sufficient strength to resist the lateral design force if the 

boundary frame is only proportioned using capacity design procedures (i.e. designed only 

to resist the infill panel yield forces). Here, such walls will be termed SPSWs having 

weak infill panels.  

As a first step, the principle of SPSWs having weak infill panels is studied from a 

theoretical perspective to understand the implications of that concept. Intuitively, there 

would seem to be no benefits in using an infill panel thickness less than the balanced case 

that was discussed previously. However, without the knowledge of the equations 

presented in Section 6.4, an engineer may decide to apportion the percentage of the 

strength provided by the boundary frame and the infill panel arbitrarily to any number 

(e.g 50%-50%). When a weak infill panel is used, the boundary frame resulting from 

capacity design procedures needs to be strengthened to ensure that the overall SPSW 

(including both the infill panels and boundary frame) is able to resist the lateral design 

forces, i.e. in that case, capacity design considerations do not drive the design of the 

boundary frame.  

To address the design procedures of the boundary frame of SPSWs having weak infill 

panels, consider the multistory SPSW shown in figure 6-12a. Assume the VBEs are 

pinned to the ground. Consistent with the definition of weak infill panels, the story shear 

assigned to each infill panel is smaller than that of the balanced case, which gives 

 
s sn n

k Dk balancedk Dk
k i k i

F Fκ κ
= =

≤∑ ∑  (6-31) 

To better understand the lateral design demand resisted by the boundary frame, the SPSW 

is decomposed into two lateral force resisting systems as shown in figure 6-12, namely: (i) 

Frame B consisting of infill panels, which resists the lateral loads entirely through infill 

tension field actions together with a boundary frame without moment resisting 

connections; and (ii) Frame C as a frame without infill panels, which resists lateral loads 
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only through moment frame actions up to the development of plastic moments at the 

HBE-to-VBE connections. Note that the HBE end fixities and are removed in Frame B, 

since their contribution to lateral force resistance is taken into account in Frame C. The 

summation of lateral force resistances of the above two systems (i.e. Frames B and C) is 

equal to the SPSW lateral strength. Accordingly, the lateral force applied at each floor 

level of Frame C is ( )1 i DiFκ− . 

Design of Frame C can be achieved by following plastic analysis procedure and ensuring 

sufficient frame plastic strength. Three methods, which lead to different designs but same 

global plastic strength of the boundary frame, are presented below. What conceptually 

differs in the three methods considered below is that each case assumes a different 

distribution of HBE strength along the height of the SPSW for which the global plastic 

strength is satisfied but the local story-by-story strength is not necessarily satisfied. Note 

that the following derivations are based on plastic analysis and the yielding sequence of 

the members and the infill panels of the SPSW under the lateral forces is out of the scope 

of the work presented here.  

For all methods used here to design the boundary frame, the resulting HBEs are checked 

to comply with the result determined from (6-25), i.e. capacity design is checked to 

ensure that all members are able to anchor their infill panel yield forces. In addition, the 

resulting designs are checked to satisfy the strong column and weak beam requirement to 

avoid undesirable behavior of the wall (e.g. soft story mechanism).  

= +
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FIGURE 6-12 Decompositions of Lateral Forces and SPSW System 
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6.5.1 Design Method I 

The first method to design the boundary frame assumes constant HBE cross-sections 

along the height of the wall. When the boundary frame as part of the wall develops the 

plastic mechanism shown in figure 6-13, equating the internal and external work of the 

boundary frame, one can derive the following equation: 

 ( )
1 1

External work Internal work

1 2
s sn n

i Di i i y b
i i

F h f Zκ η
= =

− = ⋅ ⋅ ⋅∑ ∑  (6-32) 

Solving for bZ  gives, 
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f
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η
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=

−
=
∑

∑
 (6-33) 

6.5.2 Design Method II 

The second method to design the boundary frame determines HBEs from the virtual work 

equation of each story. For the plastic mechanism shown in figure 6-13, equating the 

internal and the external work tributary to the thi  story, one can derive the following 

equation 

 ( )
External work Internal work

1 2i Di i i y biF h f Zκ η− = ⋅ ⋅ ⋅  (6-34) 

Solving for biZ  gives, 
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FIGURE 6-13 Plastic Mechanism of Boundary Frame 

6.5.3 Design Method III 

The third method to design the boundary frame determines HBEs from the virtual work 

equation of the sub-frame from the thi  story to the top story. For the plastic mechanism 

shown in figure 6-13, equating the internal and external work of the 1thi +  sub-frame as 

shown in figure 6-14, one can derive the following equation 

 ( )
1 1 1

External work Internal work

1 2
s s

j

n nj

j Dj sk y j b
j i k i j i

F h f Zκ η
= + = + = +

⎡ ⎤
− = ⋅ ⎢ ⎥

⎣ ⎦
∑ ∑ ∑  (6-36) 

where sih  is the thi  story height, different from ih  used in the previous derivations (i.e. 

the thi  story elevation). 

Similarly, the equation for the thi  sub-frame shown in figure 6-14 is 

 ( )
External work Internal work

1 2
s s

j

n nj

j Dj sk y j b
j i k i j i

F h f Zκ η
= = =
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∑∑ ∑  (6-37) 

Subtracting (6-36) from (6-37) and solving for biZ  
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FIGURE 6-14 SPSW Sub-Frames  

6.6 Case Study 

Sections 6.4 and 6.5 presented different approaches for SPSW design. To be able to 

determine the relative merits of any of those designs which will provide the same lateral 

load resistance, it is important to conduct nonlinear time history analyses to compare the 

seismic performance of the walls respectively designed using various distributions of the 

lateral loads between the boundary frame and infill panels as well as various distributions 

of HBE strength that satisfy the total plastic strength of the structure. Such a study is 

conducted in this section. The following briefly describes assumptions, design results, 

and the performances of those differently designed SPSWs in the nonlinear time history 

analyses.  

6.6.1 Assumption and Design Summary 

An eight-story single-bay SPSW was used as the prototype structure in this study. The 

VBEs were assumed to be pinned to the ground and the first-story infill panel was 

assumed to be anchored to the ground rather than to an anchor beam at that level. The bay 

width and constant story height were assumed to be 10 and 18 ft, respectively, resulting 

in an infill panel aspect ratio of 1.8, which is within the range allowed in the 2005 AISC 

Seismic Provisions.  

The structure was assumed to be located on class B soil in Northridge, CA. Its weight 

was assumed to be 5092.5 kips distributed as 652.5 kips at all stories except at the roof 

where it was 525 kips. Seismic design loads were calculated using FEMA 450 (FEMA, 
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2004) and the associated spectral acceleration maps. Design short and 1-second spectral 

ordinates, DSS  and 1DS , were calculated to be 1.43g and 0.50g, respectively. The period 

of the structure was estimated (using the FEMA procedures) to be 0.54 second, and using 

a response modification factor, R, of 7, and importance factor I, of 1, the base shear for 

the structure was found to be 674.5 kips.  

Corresponding lateral loads up the height of the structure are presented in table 6-1. As 

shown in the table, the AISC design procedure, the developed procedure to achieve a 

balanced design, and the design procedure assuming 40% of the story shear is resisted by 

the infill panel at each story of the SPSW (i.e. the procedure for the SPSWs having weak 

infill panels) are considered to select the infill panel thicknesses of the SPSW. Note that it 

is assumed that the calculated infill panel thicknesses are available in all cases. 

For the SPSW having weak infill panels, all three HBE design methods developed in 

Section 6.5 were considered for design of the boundary frame. As a result, a total of five 

SPSW designs were obtained, i.e. one from the AISC design procedure, one from the 

balanced design procedure, and three from the procedure for SPSWs having weak infill 

panels (respectively using methods I, II and III). The boundary frame members from 

those five designs are listed in table 6-2. Note that the three designs of the SPSW with 

weak infill panels had the same infill panels but different boundary frame members.  

As shown in table 6-2, the boundary frame members from the balanced design are 

smaller than those from the AISC code design because the former considers the lateral 

force resistance of the SPSW due to the boundary frame moment resisting action. 

However, the boundary frame members are getting stronger at some stories of the SPSW 

having weak infill panels. This is because, in this study, each weak infill panel was sized 

to resist only 40% of the story shear and the boundary frame members proportioned using 

capacity design principles (i.e. designed only to resist the infill panel yield forces) are not 

sufficient to resist the remaining 60% of the story shear and therefore those boundary 

frame members had to be strengthened. Also shown in table 6-2, the HBE size 

distribution along the height of the SPSW, as expected, varies in the three designs using 

weak infill panels. 
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For comparison purpose, figure 6-15 illustrates the resulting steel weight for each design 

(also broken down in terms of each component). As shown, the balanced design is the 

most optimum in terms of the total weight of steel. Also shown in figure 6-15, for designs 

using weak infill panels, although the steel weight of infill panels decreases, the steel 

weight of boundary frame members increases for the reason presented earlier, resulting in 

an even higher value of the total steel weight in those designs.  

TABLE 6-1 Summary of Design Story Shears and Infill Panel Thicknesses 

Story 
Level 

Elevation  
(ft) 

Lateral 
Force 
(kip) 

Modified Story Shear (kip) Infill panel thickness (in) 

AISC Balanced
design 

Weak 
infills AISC Balanced 

design 
Weak 
infills 

8 80 127.1 127.1 113.0 50.8 0.033 0.029 0.013 
7 70 137.9 264.9 233.6 106.0 0.069 0.060 0.027 
6 60 117.9 382.8 335.5 153.1 0.099 0.087 0.040 
5 50 97.9 480.7 422.9 192.3 0.124 0.109 0.050 
4 40 78.0 558.7 492.0 223.5 0.144 0.127 0.058 
3 30 58.2 616.9 542.8 246.8 0.160 0.140 0.064 
2 20 38.5 655.5 575.8 262.2 0.170 0.149 0.068 
1 10 19.0 674.5 590.1 269.8 0.174 0.153 0.070 

 

TABLE 6-2 Design Summary of Boundary Frame Members 

Boundary 
Frame 

Member ID* 
AISC Balanced 

design 
Weak infills 

Method I 
Weak infills 
Method II 

Weak infills 
Method III 

HBE-8 W18x76 W18x71 W18x158 W18x311 W18x50 
HBE-7 W18x86 W18x71 W18x158 W18x311 W18x97 
HBE-6 W18x65 W18x60 W18x158 W18x234 W18x130 
HBE-5 W18x65 W18x60 W18x158 W18x158 W18x158 
HBE-4 W18x60 W18x55 W18x158 W18x106 W18x192 
HBE-3 W18x55 W18x50 W18x158 W18x65 W18x211 
HBE-2 W18x50 W18x40 W18x158 W18x40 W18x211 
HBE-1 W18x50 W18x40 W18x158 W18x40 W18x211 
VBE-8 W30x116 W30x108 W40x167 W40x235 W40x149 
VBE-7 W30x116 W30x108 W40x167 W40x235 W40x149 
VBE-6 W40x183 W40x167 W40x235 W40x235 W40x235 
VBE-5 W40x183 W40x167 W40x235 W40x235 W40x235 
VBE-4 W40x277 W40x264 W40x264 W40x264 W40x264 
VBE-3 W40x277 W40x264 W40x264 W40x264 W40x264 
VBE-2 W40x431 W40x362 W40x362 W40x362 W40x362 
VBE-1 W40x431 W40x362 W40x362 W40x362 W40x362 

*HBE and VBE at the thi  story are represented by HBE-i and VBE-i, respectively. 
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FIGURE 6-15 Comparison of Steel Weight 

6.6.2 Analytical Model and Artificial Ground Motions 

To quantify the seismic performance of those SPSWs designed using different 

procedures, nonlinear time history analyses were conducted on models constructed using 

the dual strip procedure described and validated in Qu et al. (2008). Three realizations of 

the target acceleration spectra compatible ground motion were obtained using the 

computer program, TARSCTHS, by Papageorgiou et al. (1999) and were used as ground 

excitations for the nonlinear time history analyses. The dual strip model, ground motion 

realizations and acceleration spectra are shown in figure 6-16. 
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6.6.3 Result Comparison 

The maximum rotation of each HBE (including both elastic and plastic responses) and the 

maximum drift of each story were obtained from the nonlinear time history analyses to 

compare the seismic performances of the 5 different SPSWs designed in Section 6.6.1. 

Figure 6-17 presents the corresponding results along the height of the walls for each 

considered earthquake.  

As shown, the wall from the balanced design exhibits similar performance to that of the 

wall designed using the AISC Seismic Provisions. For example, the average of the 

maximum first-story drifts of the wall designed using the balanced design procedure for 

the three earthquake realizations is 1.48%, which is close to the corresponding result of 

1.30% from the wall designed using the AISC Seismic Provisions. For comparison 

purpose, the corresponding averages of the maximum first-story drifts the SPSWs having 

weak infill panels and designed using methods I, II and III are calculated to be 1.98%, 

3.12% and 1.65%, respectively.  

Another observation from figure 6-17 is that the maximum HBE rotations and story drifts 

are distributed in a uniform pattern along the heights of all SPSWs except for the wall 

having weak infill panels and designed using method II. As shown, significant 

deformations concentrated in the lower stories of that SPSW although less responses are 

observed in its upper stories. 

 



181 

0 0.01 0.02 0.03 0.04 0.05
Maximum HBE rotation (rad)

1

2

3

4

5

6

7

8

H
BE

 L
ev

el

Earthquake I
AISC

Balanced

Method I

Method II

Method III

 
0 1 2 3 4 5

Maximum story drift (rad)

1

2

3

4

5

6

7

8

H
BE

 L
ev

el

Earthquake I
AISC

Balanced

Method I

Method II

Method III

 
(a) Maximum HBE Rotation (EQ-1) (b) Maximum Story Drift (EQ-1) 

0 0.01 0.02 0.03 0.04 0.05
Maximum HBE rotation (rad)

1

2

3

4

5

6

7

8

H
BE

 L
ev

el

Earthquake II
AISC

Balanced

Method I

Method II

Method III

 
0 1 2 3 4 5

Maximum story drift (rad)

1

2

3

4

5

6

7

8

H
BE

 L
ev

el

Earthquake II
AISC

Balanced

Method I

Method II

Method III

 
(c) Maximum HBE Rotation (EQ-2) (d) Maximum Story Drift (EQ-2) 

0 0.01 0.02 0.03 0.04 0.05
Maximum HBE rotation (rad)

1

2

3

4

5

6

7

8

H
BE

 L
ev

el

Earthquake III
AISC

Balanced

Method I

Method II

Method III

 
0 1 2 3 4 5

Maximum story drift (rad)

1

2

3

4

5

6

7

8

H
BE

 L
ev

el

Earthquake III
AISC

Balanced

Method I

Method II

Method III

 
(e) Maximum HBE Rotation (EQ-3) (f) Maximum Story Drift (EQ-3) 

FIGURE 6-17 Results from Time History Analyses 
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6.7 Further Consideration 

As observed in previous experimental research, SPSWs combine the behaviors of the 

moment resisting boundary frame and the infill panel system, which, taken alone, exhibit 

ductile and pinched hysteretic behaviors as schematically shown in figure 6-18a and 6-

18b, respectively.  

In the previous section, all the SPSWs were designed to resist the same level of lateral 

loads. Typically, the lateral loads are determined by code procedures which reduce the 

maximum elastic demands by the response modification factor (typically expressed by 

the parameter R). Traditionally, the R factor has been implicitly tied to the hysteretic 

energy dissipation capabilities of the structural systems. Those being more ductile are 

typically afforded larger R values. Traditionally; systems with highly pinched hysteretic 

behaviors have been penalized by having lower R values. While the previous parametric 

study in Section 6.6 is informative, it remains incomplete as it assumes that all SPSWs 

are designed for the same R value.  

 

(a) Ductile hysteretic loops (b) Ductile hysteretic loops 

FIGURE 6-18 Typical Hysteretic Curves (from FEMA 450) 
 

As stated in FEMA 450, "…Structural systems with larger energy dissipation capacity 

have larger dR  values, and hence are assigned higher R  values, resulting in design for 

lower forces, than systems with relatively limited energy dissipation capacity. …" 

However, as typically done in conventional design, the same R  value was used for all the 

SPSWs in the case study presented in Section 6.6. Opportunity exists for future research 
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to investigate what value of R  should be used for those walls using different design 

assumptions and to provide greater insight as well as more definitive conclusions on the 

previously presented observations. 

Given that some of the systems designed for the same level of lateral loads experienced 

greater story drifts and HBE rotations, it is conceivable that it might be desirable to 

reduce the R factor of the system that exhibits much greater inelastic response at specific 

stories. Therefore, if the parametric study was repeated with those systems designed for 

lower R values as a consequence of their decreased capability to dissipate hysteretic 

energy and to limit the drift and HBE rotation demands, it is quite possible that the 

savings in structural steel weights shown previously in figure 6-15 may not exhibit the 

same trends and that the apparent savings might be even eliminated.  

In the past, R values have been assigned based on the judgment of code committee 

members on the respective and relative ability to dissipate energy of various structural 

systems as compared to each other. An effort is underway to develop a systematic and 

rigorous technical procedure to develop R factors, as documented in the ATC-63 90% 

Draft (FEMA, 2008). The recommended methodology for reliably quantifying R values 

as described in ATC-63 is based on a review of relevant research on nonlinear response 

and collapse simulation, benchmarking studies of selected structural system, feedback 

from an expanded group of experts and potential users, and evaluations of additional 

structural systems to verify the technical soundness and applicability of the approach. 

At this point, it would be a major undertaking beyond the scope of this work to conduct 

such a derivation of appropriate R factors. However, the work undertaken in this section 

illustrates the technical issues that need to be resolved to establish to which degree the 

seismic loads applied to a SPSW could partly be resisted by the boundary frame 

surrounding the infill panels. While awaiting further results on such studies on R values, 

it is recommended for conservatism to continue designing SPSWs according to the AISC 

Seismic Provisions, or in the most permissive cases using the procedure corresponding to 

the balanced design. In other words, to design the infill panels of a SPSW for 100% of the 

story shears, based on the limited data provided here, or relax the design rule to design 
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the infill panels for the story shears determined from the procedure of the balanced 

design, for which a reasonable similarity in responses have been observed from the 

preliminary analysis results shown in figure 6-17.  

6.8 Summary 

This section investigated the lateral load resistance of SPSWs respectively provided by 

the boundary frame moment resisting action and the infill panel tension field action. Then, 

a procedure which considers the contributions of these two actions to the overall SPSW 

strength (i.e. a procedure to achieve a balanced design) was developed. Design of SPSWs 

having weak infill panels was also studied and three different methods that assume 

different HBE strength distributions along the SPSW height were developed.  

A series of nonlinear time history analyses were conducted to evaluate the seismic 

performance of SPSWs designed using these different procedures (i.e. respectively 

designed using the AISC Seismic Provisions, using the developed balanced design 

procedure, and using the three methods for the SPSWs having weak infill panels). It was 

shown that the SPSW designed using the balanced design procedure exhibits similar 

performance to that designed using the AISC Seismic Provisions. 

Finally, the future work to provide greater insight and more definitive conclusions on 

SPSW design is outlined. 
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SECTION 7 

SUMMARY, CONCLUSIONS, AND RECOMMENDATIONS  
FOR FUTURE RESEARCH 

7.1 Summary 

In this report, the seismic behavior of boundary frame members (i.e. HBEs and VBEs) 

was investigated, and new design approaches were correspondingly proposed for those 

members. 

• Analytical models were first developed for estimating the plastic moments of 

HBEs in SPSWs. Those procedures are based on classic plastic analysis and rely 

on calculation of the reduced axial yield strength of the HBE web accounting for 

the presence of shear and vertical stresses due to infill panel forces. Results from 

these procedures were shown to agree well with those from FE analysis. 

Simplified models were also developed for practical purposes and were shown to 

be accurate.  

• The effects of axial and shear forces in intermediate HBEs were studied using 

plastic mechanisms and simple free body diagrams. A capacity design procedure 

was then proposed for intermediate HBEs. This procedure prevents HBE in-span 

plastic hinging and ensures adequate moment capacity at VBE faces when RBS 

connections are used. The proposed model differs from the current design 

approach in that it: (i) considers reduced HBE plastic moment strength to account 

for the presence of axial load, shear force, and vertical stresses in HBEs; (ii) is 

able to capture the fact that resultant action of the vertical tension field 

components is not equally resisted by each end of an HBE; and (iii) accounts for 

the variation of plastic hinge location in an HBE having RBS connections. FE 

analyses were used to validate the proposed approach. Finally, the intermediate 

HBE of a tested SPSW was examined and the observed HBE failure was 

explained using the knowledge and methodologies developed.  
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• For design of VBEs, analytical work was conducted to assess the adequacy of the 

VBE flexibility limit specified by the AISC Seismic Provisions and CSA S16-01. 

Derivation of the flexibility factor in plate girder theory and how that factor was 

incorporated into current design codes was reviewed. In addition, analytical 

models to estimate out-of-plane buckling strength and prevent shear yielding of 

VBEs were developed. It was shown that the flexibility factor, tω , is uncorrelated 

to satisfactory in-plane/out-of-plane VBE performance. Alternative analytical 

models were proposed and correlated well with the past experimental results. 

• Finally, the contribution of boundary frame moment resisting action to the overall 

SPSW plastic strength was investigated. A procedure was developed to account 

for this moment resisting action to achieve a balanced design followed by the 

derivations of three different procedures for the SPSWs having weak infill panels. 

A case study was further developed to compare the performances of the SPSWs 

designed using different procedures. It was found that the wall designed according 

to the balanced design procedure may be optimum in terms of the total amount of 

steel and be able to exhibit acceptable seismic performance. However, SPSWs 

having weak infill panels may not necessarily be optimum in terms of seismic 

performance and amount of steel. 

7.2 Conclusions 

• In this research, an improved capacity design procedure was developed for HBEs 

accounting for the reduced HBE plastic moments due to the biaxial stress 

conditions in HBE webs and the complete free body diagrams of HBEs. Such a 

capacity design procedure can be used to explain the observed intermediate HBE 

failure reported in Qu et al (2008) and ensure a desirable ductile HBE behavior in 

future designs. 

• Analytical investigations on VBEs showed that the existing VBE flexibility limit 

is uncorrelated to satisfactory in-plane and out-of-plane VBE performance. 

Alternatively, a proposed analytical model for preventing in-plane shear yielding 
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and out-of-plane buckling of VBEs predicted performance that correlates well 

with past experimental results, and can be used to ensure the desirable VBE 

behavior. 

• An optimum SPSW design in terms of the total amount of steel and SPSW 

seismic performances can be achieved following the balanced design procedure 

developed accounting for the contribution of boundary frame moment resisting 

action to the overall SPSW plastic strength, although future research is needed to 

provide further insight for this procedure. 

7.3 Recommendations for Future Research 

The above results lead to the following recommendation for further research. 

• Given that this research has explained that the observed patterns of yielding in the 

RBS details of SPSWs (which are different from those observed in conventional 

steel moment frame) depend on the significant axial force, shear force and vertical 

stresses acting in the HBE web and caused by infill panel yield forces, it would be 

interesting to explore if different geometries for the reduction of the flanges and 

webs of HBEs could be developed to enhance the ductile performance of HBE-to-

VBE connections. 

• The rational models developed to prevent the in-plane shear yielding and predict 

the out-of-plane buckling strength of VBEs, and validated by comparison with 

results from previous experimental studies on SPSWs, could be expanded by 

future analytical and experimental research to: (1) investigate whether in-plane 

buckling equations similar to those developed for the out-of-plane bucking cases 

could be equivalently derived and useful to enhance the interaction equations to 

calculate the beam-column strength of VBEs, and; (2) assess whether other 

concerns may exist to justify retaining the use of flexibility factor (i.e. tω ) to 

achieve satisfactory seismic performance of VBEs in SPSWs. 
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• SPSWs explicitly designed to rely on the sum of the moment resisting boundary 

frame and infill panel system to resist lateral load might need, in some instances, 

to be assigned different R  values than SPSWs for which the infill panel is 

designed to resist the totality of the code-specified lateral loads and for which the 

boundary frame provides a beneficial overstrength. Currently, in absence of 

guidance to the contrary, engineers could use the same R  value for all SPSWs. 

Future research is needed to address how to determine the R  value for each 

SPSW or whether it is appropriate to use the same R  value for all cases.  
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APPENDIX A 

SHEAR EFFECTS AT THE END OF INTERMEDIATE HBE  
DUE TO TENSION FIELDS 

A.1 General 

In Section 4.4.1, two analytical procedures were presented to estimate the shear effects at 

the end of a statically determinate beam under uniform loads from fully yielded infill 

panels. These two procedures, both employing the principle of superposition, either 

combine the shear effects from different sub-tension fields, or sum up the shear effects 

from different components of the tension fields. Although different resulting expressions 

for the HBE end shear were obtained based on different free body diagrams, the 

derivations in this appendix demonstrates that the results from these two procedures are 

identical. 

A.2 Method 1 (superposing shear effects from sub-tension fields) 

In this method, the tension fields were divided into one middle part and two end parts. 

According to the geometry shown in figure A-1, the location factors, Ex and Mx , used to 

locate the end and middle part of the tension fields can be determined as: 

 ( )2 tanE f fx d d h α= + +  (A-1) 

 tan
2M f f
dx d h α⎛ ⎞= + +⎜ ⎟

⎝ ⎠
 (A-2) 

Based on the general static analysis procedure and superposing the shear effects from 

each part of the tension fields, the shear force at the right and left end of the intermediate 

HBE can be obtained: 
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whereθ  is the load distribution factor 

 1 Mx Lθ = −  (A-5) 

Substituting(A-1) and (A-2)into (A-3) 
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(A-6) 

The second, third and fourth term in the above expression include the common 

factor ( )2 tanfd h α+ , therefore, (A-6) can be reorganized as 
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Substituting (A-5)into(A-7) 
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From the tension field geometry 

 tanxbi ybiω ω α=  (A-9) 

 1 1 tanxbi ybiω ω α+ +=  (A-10) 

Adding up (A-9)and(A-10): 

 ( )1 tanxbi xbi ybi ybiω ω ω ω α++ = +  (A-11) 

Substituting (A-11) into (A-8) 
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The second and third term in the above expression include the common 

factor ( )12 f xbi xbi
d h ω ω +

⎛ ⎞+ +⎜ ⎟
⎝ ⎠

, therefore, (A-12)can be reorganized as 
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Substituting (A-1) and (A-2) into (A-13) 
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Similarly, 
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A.2 Method 2 (combining shear effects from tension field components) 

In this method, the tension fields were decomposed into horizontal and vertical 

components. Following the static analysis procedure, the shear effects in an HBE can be 

obtained by combining the shear forces due to each component. The resulting shear at the 

right and left end can be respectively expressed as below 
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Comparing (A-14) and (A-15) with (A-16) and (A-17) respectively, the identical 

equations demonstrate that the two methods provide identical results, although they are 

originally differently expressed. 
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Appendix B

df 0mm:= Fishplate details: df =0

Atop 1.851 104
⋅ mm2

:= Cross section area of top HBE

Abottom 2.477 104
⋅ mm2

:= Cross section area of bottom HBE

Ac 3.642 104
⋅ mm2

:= Cross section area of VBE

Ic 1.716 109
× mm4

⋅:= Moment of inertia of VBE

fy 346MPa:= Yield strength of A572Gr50,
to be used for HBE

ν 0.3:= Possion's ratio

fyp1 310MPa:= Yield strength of 1F infill panel
(From coupon test)

fyp2 285MPa:= Yield strength of 2F infill panel
(From coupon test)

Ryp1 1.0:= Ratio of expected to nominal yield stress, 
assumed to be unity since yield strength 
is from coupon test.Ryp2 1.0:=

Units Definition

kip 1000lb:= ksi 1000
lb

in2
:= E 29000ksi:= N

1
9.8

kg:= MPa 1
N

mm2
:=

Geometries and Material Properties 
Lc 4000mm:= Distance between VBE centerline

L 3508mm:= Net span of intermediate HBE

h1 4000mm:= 1st story height

h2 4000mm:= 2nd story height

tw1 1 3.2⋅ mm⋅:= 1F panel thickness

tw2 1 2.3⋅ mm:= 2F panel thickness

hf 0mm:= Fishplate details: hf =0
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c 0.25 bf⋅:= Parameter of RBS, Pls Refer to Fig 3-12 of FEMA 350

Parameter of RBS, Pls Refer to Fig 3-12 of FEMA 350
R

4 c2
⋅ b2

+

8c
:=

e a
b
2

+:= Distance between RBS center to HBE end

Z bf tf⋅ d tf−( )⋅
1
4

tw⋅ d tf−( )2⋅+:= Section modulus of W24x76

Cross section area of W24x76
A 2bf tf⋅ tw d tf−( )⋅+:=

ZRBS bf 2 c⋅−( ) tf⋅ d tf−( )⋅
1
4

tw⋅ d tf−( )2⋅+:= Section modulus of RBS

ARBS 2 bf 2 c⋅−( )⋅ tf⋅ tw d tf−( )⋅+:= Cross section area of RBS

Ratio of RBS section modulus to 
original section modulusη

ZRBS
Z

:= η 0.6473=

Preliminary Intermediate HBE Section and RBS Geometry

Try W24x76 for the intermediate HBE

d 23.9in:= Depth of W24x76

bf 8.99in:= Flange width of W24x76

tw 0.44in:= Web thickness of W24x76

tf 0.68in:= Flange thickness of W24x76

hw d tf−:= Web depth of W24x76 

Use hw=d-tf instead of hw=d-2tf to calculate web depth, since the corresponding FE model 
employed shell element, which assume flange and web area concentrated at mid-surface.

a 0.7 bf⋅:= Parameter of RBS, Pls Refer to Fig 3-12 of FEMA 350

b 0.8d:= Parameter of RBS, Pls Refer to Fig 3-12 of FEMA 350
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Horizontal component of the tension field along HBE at 2Fωxb2
1
2

Ryp1 fyp1⋅ tw2⋅ sin 2 α⋅( )⋅:=

Horizontal component of the tension field along HBE at 1Fωxb1
1
2

Ryp1 fyp1⋅ tw1⋅ sin 2 α⋅( )⋅:=

Vertical component of the tension field along HBE at 2Fωyb2 Ryp1 fyp1⋅ tw2⋅ cos α( )2⋅:=

Vertical component of the tension field along HBE at 1Fωyb1 Ryp1 fyp1⋅ tw1⋅ cos α( )2⋅:=

Horizontal component of the tension field along VBE at 2Fωxc2 Ryp1 fyp1⋅ tw2⋅ sin α( )2⋅:=

Horizontal component of the tension field along VBE at 1Fωxc1 Ryp1 fyp1⋅ tw1⋅ sin α( )2⋅:=

α
α1 α2+( )

2
:=

Average inclination angle
of tension fields

2F tension field angleα2 atan

4

1
tw2 Lc⋅

2Ac
+

1 tw2 h2⋅
1

0.5 A Atop+( )
h2

3

360 Ic⋅ Lc⋅
+

⎡
⎢
⎢
⎣

⎤
⎥
⎥
⎦

⋅+

⎡⎢
⎢
⎢
⎢
⎢
⎢⎣

⎤⎥
⎥
⎥
⎥
⎥
⎥⎦

:=

1F tension field angleα1 atan

4

1
tw1 Lc⋅

2Ac
+

1 tw1 h1⋅
1

0.5 A Abottom+( )
h1

3

360 Ic⋅ Lc⋅
+

⎡
⎢
⎢
⎣

⎤
⎥
⎥
⎦

⋅+

⎡⎢
⎢
⎢
⎢
⎢
⎢⎣

⎤⎥
⎥
⎥
⎥
⎥
⎥⎦

:=

Estimation of tension field angles at 1F and 2F respectively

Forces Resulting from Infill Panel Yielding 

199



Appendix B

VRBSR
fy ZRBS⋅

L 2e−

ωyb1 ωyb2−( ) L 2e−( )⋅

2
+

ωxb1 ωxb2+( ) hw 2hf+( )⋅

2
+:=

VRBSL
βRBSL βRBSR+( ) fy⋅ ZRBS⋅

L 2e−
−

ωyb1 ωyb2−( ) L 2e−( )⋅

2

ωxb1 ωxb2+( ) hw 2hf+( )⋅

2
−+:=

Shears developed in the left and right plastic hinging

βRBSR 0.77:=βRBSL 0.74:=

Assume the following cross section plastic moment reduction factors at the left and right plastic 
hinging respectively

Shear Force in the Intermediate HBE

PRBSR 996.4462− 103
× N=PRBSL 1.3706− 106

× N=

PRBSR ωxc1−
h1
2

d
2

−
⎛
⎜
⎝

⎞
⎟
⎠

⋅ ωxc2
h2
2

d
2

−
⎛
⎜
⎝

⎞
⎟
⎠

⋅− ωxb1 ωxb2−( ) L
2

e−⎛⎜
⎝

⎞⎟
⎠

⋅+
ν

2
ωyb1 ωyb2+( )⋅ hw⋅+:=

PRBSL ωxc1−
h1
2

d
2

−
⎛
⎜
⎝

⎞
⎟
⎠

⋅ ωxc2
h2
2

d
2

−
⎛
⎜
⎝

⎞
⎟
⎠

⋅− ωxb1 ωxb2−( ) L
2

e−⎛⎜
⎝

⎞⎟
⎠

⋅−
ν

2
ωyb1 ωyb2+( )⋅ hw⋅+:=

Axial force at the left and right RBS center

PR 940.7014− 103
× N=PL 1.4263− 106

× N=

PR ωxc1−
h1
2

d
2

−
⎛
⎜
⎝

⎞
⎟
⎠

⋅ ωxc2
h2
2

d
2

−
⎛
⎜
⎝

⎞
⎟
⎠

⋅− ωxb1 ωxb2−( ) L
2
⋅+

ν

2
ωyb1 ωyb2+( )⋅ hw⋅+:=

PL ωxc1−
h1
2

d
2

−
⎛
⎜
⎝

⎞
⎟
⎠

⋅ ωxc2
h2
2

d
2

−
⎛
⎜
⎝

⎞
⎟
⎠

⋅− ωxb1 ωxb2−( ) L
2
⋅−

ν

2
ωyb1 ωyb2+( )⋅ hw⋅+:=

Axial force at the left and right end of HBE

Assume the earthquake loads concentrate at both ends of the intermediate HBE 

Axial Force in the Intermediate HBE
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βRBSL
MP.Capacity

fy ZRBS⋅
:=MP.Capacity MP.Flange MP.Web+:=

MP.Web σT tw⋅ yT⋅
hw
2

yT
2

−
⎛
⎜
⎝

⎞
⎟
⎠

⋅ σC tw⋅ yC⋅
hw
2

yC
2

−
⎛
⎜
⎝

⎞
⎟
⎠

⋅−:=

MP.Flange bf 2c−( ) tf⋅ hw fy⋅:=

yC
hw

0.852=
yT hw yC−:=

yC

σT
fy

⎛
⎜
⎝

⎞
⎟
⎠

βw+

σT
fy

⎛
⎜
⎝

⎞
⎟
⎠

σC
fy

⎛
⎜
⎝

⎞
⎟
⎠

−

hw⋅:=

σC 303.667− MPa=σC
1
2

σy
fy

⎛
⎜
⎝

⎞
⎟
⎠

⋅
1
2

4 3
σy
fy

⎛
⎜
⎝

⎞
⎟
⎠

2

⋅− 12
τxy
fy

⎛
⎜
⎝

⎞
⎟
⎠

2

⋅−⋅−

⎡
⎢
⎢
⎣

⎤
⎥
⎥
⎦

fy⋅:=

σT 342.997 MPa=σT
1
2

σy
fy

⎛
⎜
⎝

⎞
⎟
⎠

⋅
1
2

4 3
σy
fy

⎛
⎜
⎝

⎞
⎟
⎠

2

⋅− 12
τxy
fy

⎛
⎜
⎝

⎞
⎟
⎠

2

⋅−⋅+

⎡
⎢
⎢
⎣

⎤
⎥
⎥
⎦

fy⋅:=

1
3

1
3

σy
fy

⎛
⎜
⎝

⎞
⎟
⎠

2

⋅−
βw
3

βw
σy
fy

⎛
⎜
⎝

⎞
⎟
⎠

+
⎡
⎢
⎣

⎤
⎥
⎦

⋅−
τxy
fy

⎛
⎜
⎝

⎞
⎟
⎠

2

− 0.15=

τxy
VRBSL
tw hw⋅

:=βw
PRBSL−

hw tw⋅ fy⋅
:=

σy
fy

0.11=

σy
ωyb1 ωyb2+( )

2tw

ωyb1 ωyb2−( )
4tw

−:=

Positive flexure

PRBSL 1.3706− 106
× N=VRBSL 450.4844− 103

× N=

Estimation of the cross section plastic moment reduction factor at the left plastic hinging

Shear Force in the Intermediate HBE (cont'd)
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βRBSR
MP.Capacity

fy ZRBS⋅
:=MP.Capacity MP.Flange MP.Web+:=

MP.Web σT tw⋅ yT⋅
hw
2

yT
2

−
⎛
⎜
⎝

⎞
⎟
⎠

⋅ σC tw⋅ yC⋅
hw
2

yC
2

−
⎛
⎜
⎝

⎞
⎟
⎠

⋅−:=

MP.Flange bf 2c−( ) tf⋅ hw⋅ fy⋅:=

yC
hw

0.807=
yT hw yC−:=yC

σT
fy

⎛
⎜
⎝

⎞
⎟
⎠

βw+

σT
fy

⎛
⎜
⎝

⎞
⎟
⎠

σC
fy

⎛
⎜
⎝

⎞
⎟
⎠

−

hw⋅:=

σC 261.176− MPa=σC
1
2

σy
fy

⎛
⎜
⎝

⎞
⎟
⎠

⋅
1
2

4 3
σy
fy

⎛
⎜
⎝

⎞
⎟
⎠

2

⋅− 12
τxy
fy

⎛
⎜
⎝

⎞
⎟
⎠

2

⋅−⋅−

⎡
⎢
⎢
⎣

⎤
⎥
⎥
⎦

fy⋅:=

σT 307.515 MPa=σT
1
2

σy
fy

⎛
⎜
⎝

⎞
⎟
⎠

⋅
1
2

4 3
σy
fy

⎛
⎜
⎝

⎞
⎟
⎠

2

⋅− 12
τxy
fy

⎛
⎜
⎝

⎞
⎟
⎠

2

⋅−⋅+

⎡
⎢
⎢
⎣

⎤
⎥
⎥
⎦

fy⋅:=

1
3

1
3

σy
fy

⎛
⎜
⎝

⎞
⎟
⎠

2

⋅−
βw
3

βw
σy
fy

⎛
⎜
⎝

⎞
⎟
⎠

+
⎡
⎢
⎣

⎤
⎥
⎦

⋅−
τxy
fy

⎛
⎜
⎝

⎞
⎟
⎠

2

− 0.14=

τxy
VRBSR
tw hw⋅

:=βw
PRBSR−

hw tw⋅ fy⋅
:=

σy
fy

0.13=

σy
ωyb1 ωyb2+( )

2tw

ωyb1 ωyb2−( )
4tw

+:=

Negative flexure

PRBSR 996.4462− 103
× N=VRBSR 734.5201 103

× N=

Estimation of the cross section plastic moment reduction factor at the right plastic hinging

Shear Force in the Intermediate HBE (cont'd)
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So, in span plastic hing will not form.

xspan 0.0000 mm=

xspan max
L 2e−

2

βRBSL βRBSR+

ωyb1 ωyb2−( ) L 2e−( )⋅
fy⋅ ZRBS⋅− 0,

⎡⎢
⎢⎣

⎤⎥
⎥⎦

:=

Possible plastic hinging location

Prevention of In-Span Plastic Hinging

VR 944.5501 103
× N=VL 394.9491− 103

× N=

VL VRBSL ωyb1 ωyb2−( ) e⋅+:=

VR VRBSR ωyb1 ωyb2−( ) e⋅+:=

The shear demand at the left and right plastic hinging can be calculated as:

VRBSR 881.4640 103
× N=VRBSL 458.0351− 103

× N=

VRBSR
βRBSL βRBSR+( ) fy⋅ ZRBS⋅

L 2e−

ωyb1 ωyb2−( ) L 2e−( )⋅

2
+

ωxb1 ωxb2+( ) hw 2hf+( )⋅

2
+:=

VRBSL
βRBSL βRBSR+( ) fy⋅ ZRBS⋅

L 2e−
−

ωyb1 ωyb2−( ) L 2e−( )⋅

2

ωxb1 ωxb2+( ) hw 2hf+( )⋅

2
−+:=

The cross section plastic moment reduction factors from calculation are close enough to those 
assumed.Thus, the shear developed at the left and right plastic hinging can be calculated as:

βRBSR 0.7782=βRBSL 0.7594=

Shear Force in the Intermediate HBE (cont'd)
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MP.Flange bf tf⋅ hw⋅ fy⋅:=

yC
hw

0.849=
yT hw yC−:=yC

σT
fy

⎛
⎜
⎝

⎞
⎟
⎠

βw+

σT
fy

⎛
⎜
⎝

⎞
⎟
⎠

σC
fy

⎛
⎜
⎝

⎞
⎟
⎠

−

hw⋅:=

σC 214.532− MPa=σC
1
2

σy
fy

⎛
⎜
⎝

⎞
⎟
⎠

⋅
1
2

4 3
σy
fy

⎛
⎜
⎝

⎞
⎟
⎠

2

⋅− 12
τxy
fy

⎛
⎜
⎝

⎞
⎟
⎠

2

⋅−⋅−

⎡
⎢
⎢
⎣

⎤
⎥
⎥
⎦

fy⋅:=

σT 260.871 MPa=σT
1
2

σy
fy

⎛
⎜
⎝

⎞
⎟
⎠

⋅
1
2

4 3
σy
fy

⎛
⎜
⎝

⎞
⎟
⎠

2

⋅− 12
τxy
fy

⎛
⎜
⎝

⎞
⎟
⎠

2

⋅−⋅+

⎡
⎢
⎢
⎣

⎤
⎥
⎥
⎦

fy⋅:=

1
3

1
3

σy
fy

⎛
⎜
⎝

⎞
⎟
⎠

2

⋅−
βw
3

βw
σy
fy

⎛
⎜
⎝

⎞
⎟
⎠

+
⎡
⎢
⎣

⎤
⎥
⎦

⋅−
τxy
fy

⎛
⎜
⎝

⎞
⎟
⎠

2

− 0.08=

τxy
fy

0.414=βw 0.412=
σy
fy

0.13=

τxy
VR

tw hw⋅
:=βw

PR−

hw tw⋅ fy⋅
:=σy

ωyb1 ωyb2+( )
2tw

ωyb1 ωyb2−( )
4tw

+:=

Negative flexure

VR 944.5501 103
× N=PR 940.7014− 103

× N=

Estimation of cross-section moment capacity at right end 

MR.demand 842.0595 106
× N mm⋅=

MR.demand βRBSR fy⋅ ZRBS⋅ VRBSR e⋅+

ωyb1 ωyb2−( )
2

e df−( )⋅ e df+( )⋅
ωxb1 ωxb2+( )

2
e df−( )⋅ hw 2hf+( )⋅−+

...:=

Demand at the right end

Moment at the Right Column Face
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1
3

1
3

σy
fy

⎛
⎜
⎝

⎞
⎟
⎠

2

⋅−
βw
3

βw
σy
fy

⎛
⎜
⎝

⎞
⎟
⎠

+
⎡
⎢
⎣

⎤
⎥
⎦

⋅−
τxy
fy

⎛
⎜
⎝

⎞
⎟
⎠

2

− 0.14=

τxy
fy

0.173−=βw 0.625=
σy
fy

0.11=

τxy
VL

tw hw⋅
:=βw

PL−

hw tw⋅ fy⋅
:=σy

ωyb1 ωyb2+( )
2tw

ωyb1 ωyb2−( )
4tw

−:=

Positive flexure

VL 394.9491− 103
× N=PL 1.4263− 106

× N=

Estimation of moment capacity at left end 

ML.demand 632.2270 106
× N mm⋅=

ML.demand βRBSL fy⋅ ZRBS⋅ VRBSL e⋅−
ωxb1 ωxb2+( )

2
e df−( )⋅ hw 2hf+( )⋅−

ωyb1 ωyb2−( )−

2
e df−( )⋅ e df+( )⋅+

...:=

Demand at the left end

Moment at the Left Column Face

Capacity is greater than demand, OK

MR.Capacity 923.3455 106
× N mm⋅=MR.demand 842.0595 106

× N mm⋅=

MR.Capacity MP.Flange MP.Web+:=

MP.Web σT tw⋅ yT⋅
hw
2

yT
2

−
⎛
⎜
⎝

⎞
⎟
⎠

⋅ σC tw⋅ yC⋅
hw
2

yC
2

−
⎛
⎜
⎝

⎞
⎟
⎠

⋅−:=

Moment at the Right Column Face(cont'd)
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Moment at the Left Column Face(cont'd)

σT
1
2

σy
fy

⎛
⎜
⎝

⎞
⎟
⎠

⋅
1
2

4 3
σy
fy

⎛
⎜
⎝

⎞
⎟
⎠

2

⋅− 12
τxy
fy

⎛
⎜
⎝

⎞
⎟
⎠

2

⋅−⋅+

⎡
⎢
⎢
⎣

⎤
⎥
⎥
⎦

fy⋅:= σT 347.972 MPa=

σC
1
2

σy
fy

⎛
⎜
⎝

⎞
⎟
⎠

⋅
1
2

4 3
σy
fy

⎛
⎜
⎝

⎞
⎟
⎠

2

⋅− 12
τxy
fy

⎛
⎜
⎝

⎞
⎟
⎠

2

⋅−⋅−

⎡
⎢
⎢
⎣

⎤
⎥
⎥
⎦

fy⋅:= σC 308.642− MPa=

yC

σT
fy

⎛
⎜
⎝

⎞
⎟
⎠

βw+

σT
fy

⎛
⎜
⎝

⎞
⎟
⎠

σC
fy

⎛
⎜
⎝

⎞
⎟
⎠

−

hw⋅:= yC
hw

0.860=

yT hw yC−:=

MP.Flange bf tf⋅ hw⋅ fy⋅:=

MP.Web σT tw⋅ yT⋅
hw
2

yT
2

−
⎛
⎜
⎝

⎞
⎟
⎠

⋅ σC tw⋅ yC⋅
hw
2

yC
2

−
⎛
⎜
⎝

⎞
⎟
⎠

⋅−:=

ML.Capacity MP.Flange MP.Web+:=

ML.demand 632.2270 106
× N mm⋅= ML.Capacity 958.9578 106

× N mm⋅=

Capacity is greater than demand, OK

206



Appendix B

Summary of Intermediate HBE Design Loads

Shear force

VR 944.5501 103
× N= VL 394.9491− 103

× N=

Axial Force

PR 940.7014− 103
× N= PL 1.4263− 106

× N=

Moment Demand

MR.demand 842.0595 106
× N mm⋅= ML.demand 632.2270 106

× N mm⋅=
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df 0mm:= Fishplate details: df =0mm

Atop 1.851 104
⋅ mm2

:= Cross section area of top HBE

Abottom 2.477 104
⋅ mm2

:= Cross section area of bottom HBE

Ac 3.642 104
⋅ mm2

:= Cross section area of VBE

Ic 1.716 109
× mm4

⋅:= Moment of inertia of VBE

fy 346MPa:= Yield strength of A572Gr50,
to be used for HBE

ν 0.3:= Possion's ratio

fyp1 310MPa:= Yield strength of 1F infill panel
(From coupon test)

fyp2 285MPa:= Yield strength of 2F infill panel
(From coupon test)

Ryp1 1.0:= Ratio of expected to nominal yield stress, 
assumed to be unity since yield strength 
is from coupon test.Ryp2 1.0:=

Units Definition

kip 1000lb:= ksi 1000
lb

in2
:= E 29000ksi:= N

1
9.8

kg:= MPa 1
N

mm2
:=

Geometries and Material Properties 
Lc 4000mm:= Distance between VBE centerline

L 3508mm:= Net span of intermediate HBE

h1 4000mm:= 1st story height

h2 4000mm:= 2nd story height

tw1 1 3.2⋅ mm⋅:= 1F panel thickness

tw2 1 2.3⋅ mm:= 2F panel thickness

hf 0mm:= Fishplate details: hf =0mm
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Section modulus of plastic hingingZRBS bf 2 c⋅− 2dy+( ) tf⋅ d tf−( )⋅
1
4

tw⋅ d tf−( )2⋅+:=

A 2bf tf⋅ tw d tf−( )⋅+:=
Cross section area of W24x76

Section modulus of W24x76Z bf tf⋅ d tf−( )⋅
1
4

tw⋅ d tf−( )2⋅+:=

dy R R2 dx2
−−:=

Flange width increament considering location variation of 
plastic hinging

Distance between plastic hinging and HBE ende a
b
2

+ dx−:=

Distance between RBS center and plastic hinging, 
determined from 7-66

dx 0.36 b⋅:=

R
4 c2
⋅ b2

+

8c
:=

Parameter of RBS, Pls Refer to Fig 3-12 of FEMA 350

Parameter of RBS, Pls Refer to Fig 3-12 of FEMA 350c 0.25 bf⋅:=

Preliminary Intermediate HBE Section and RBS Geometry

Try W24x76 for the intermediate HBE

d 23.9in:= Depth of W24x76

bf 8.99in:= Flange width of W24x76

tw 0.44in:= Web thickness of W24x76

tf 0.68in:= Flange thickness of W24x76

hw d tf−:= Web depth of W24x76 

Note use hw=d-tf instead of hw=d-2tf to estimate web depth, since the corresponding FE model 
employed shell element, which assume flange and web area concentrated at mid-surface.

a 0.7 bf⋅:= Parameter of RBS, Pls Refer to Fig 3-12 of FEMA 350

b 0.8d:= Parameter of RBS, Pls Refer to Fig 3-12 of FEMA 350
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Horizontal component of the tension field along HBE at 2Fωxb2
1
2

Ryp1 fyp1⋅ tw2⋅ sin 2 α⋅( )⋅:=

Horizontal component of the tension field along HBE at 1Fωxb1
1
2

Ryp1 fyp1⋅ tw1⋅ sin 2 α⋅( )⋅:=

Vertical component of the tension field along HBE at 2Fωyb2 Ryp1 fyp1⋅ tw2⋅ cos α( )2⋅:=

Vertical component of the tension field along HBE at 1Fωyb1 Ryp1 fyp1⋅ tw1⋅ cos α( )2⋅:=

Horizontal component of the tension field along VBE at 2Fωxc2 Ryp1 fyp1⋅ tw2⋅ sin α( )2⋅:=

Horizontal component of the tension field along VBE at 1Fωxc1 Ryp1 fyp1⋅ tw1⋅ sin α( )2⋅:=

α
α1 α2+( )

2
:=

Average inclination angle
of tension fields

2F tension field angleα2 atan

4

1
tw2 Lc⋅

2Ac
+

1 tw2 h2⋅
1

0.5 A Atop+( )
h2

3

360 Ic⋅ Lc⋅
+

⎡
⎢
⎢
⎣

⎤
⎥
⎥
⎦

⋅+

⎡⎢
⎢
⎢
⎢
⎢
⎢⎣

⎤⎥
⎥
⎥
⎥
⎥
⎥⎦

:=

1F tension field angleα1 atan

4

1
tw1 Lc⋅

2Ac
+

1 tw1 h1⋅
1

0.5 A Abottom+( )
h1

3

360 Ic⋅ Lc⋅
+

⎡
⎢
⎢
⎣

⎤
⎥
⎥
⎦

⋅+

⎡⎢
⎢
⎢
⎢
⎢
⎢⎣

⎤⎥
⎥
⎥
⎥
⎥
⎥⎦

:=

Estimation of tension field angles at 1F and 2F respectively

Forces Resulting from Infill Panel Yielding 
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VRBSR
βRBSL βRBSR+( ) fy⋅ ZRBS⋅

L 2e−

ωyb1 ωyb2−( ) L 2e−( )⋅

2
+

ωxb1 ωxb2+( ) hw 2hf+( )⋅

2
+:=

VRBSL
βRBSL βRBSR+( ) fy⋅ ZRBS⋅

L e−
−

ωyb1 ωyb2−( ) L 2e−( )⋅

2

ωxb1 ωxb2+( ) hw 2hf+( )⋅

2
−+:=

Shears developed in the left and right plastic hinging

βRBSR 0.75:=βRBSL 0.80:=

Assume the following cross section plastic moment reduction factors at the left and right plastic 
hinging respectively

Shear Force in the Intermediate HBE

PRBSR 972.2424− 103
× N=PRBSL 1.3948− 106

× N=

PRBSR ωxc1−
h1
2

d
2

−
⎛
⎜
⎝

⎞
⎟
⎠

⋅ ωxc2
h2
2

d
2

−
⎛
⎜
⎝

⎞
⎟
⎠

⋅− ωxb1 ωxb2−( ) L
2

e−⎛⎜
⎝

⎞⎟
⎠

⋅+
ν

2
ωyb1 ωyb2+( )⋅ hw⋅+:=

PRBSL ωxc1−
h1
2

d
2

−
⎛
⎜
⎝

⎞
⎟
⎠

⋅ ωxc2
h2
2

d
2

−
⎛
⎜
⎝

⎞
⎟
⎠

⋅− ωxb1 ωxb2−( ) L
2

e−⎛⎜
⎝

⎞⎟
⎠

⋅−
ν

2
ωyb1 ωyb2+( )⋅ hw⋅+:=

Axial force at the left and right plastic hinging

PR 940.7014− 103
× N=PL 1.4263− 106

× N=

PR ωxc1−
h1
2

d
2

−
⎛
⎜
⎝

⎞
⎟
⎠

⋅ ωxc2
h2
2

d
2

−
⎛
⎜
⎝

⎞
⎟
⎠

⋅− ωxb1 ωxb2−( ) L
2
⋅+

ν

2
ωyb1 ωyb2+( )⋅ hw⋅+:=

PL ωxc1−
h1
2

d
2

−
⎛
⎜
⎝

⎞
⎟
⎠

⋅ ωxc2
h2
2

d
2

−
⎛
⎜
⎝

⎞
⎟
⎠

⋅− ωxb1 ωxb2−( ) L
2
⋅−

ν

2
ωyb1 ωyb2+( )⋅ hw⋅+:=

Axial force at the left and right end of HBE

Assume the earthquake loads concentrate at both ends of the intermediate HBE 

Axial Force in the Intermediate HBE
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βRBSL
MP.Capacity

fy ZRBS⋅
:=MP.Capacity MP.Flange MP.Web+:=

MP.Web σT tw⋅ yT⋅
hw
2

yT
2

−
⎛
⎜
⎝

⎞
⎟
⎠

⋅ σC tw⋅ yC⋅
hw
2

yC
2

−
⎛
⎜
⎝

⎞
⎟
⎠

⋅−:=

MP.Flange bf 2c− 2dy+( ) tf⋅ hw fy⋅:=

yC
hw

0.858=
yT hw yC−:=

yC

σT
fy

⎛
⎜
⎝

⎞
⎟
⎠

βw+

σT
fy

⎛
⎜
⎝

⎞
⎟
⎠

σC
fy

⎛
⎜
⎝

⎞
⎟
⎠

−

hw⋅:=

σC 303.192− MPa=σC
1
2

σy
fy

⎛
⎜
⎝

⎞
⎟
⎠

⋅
1
2

4 3
σy
fy

⎛
⎜
⎝

⎞
⎟
⎠

2

⋅− 12
τxy
fy

⎛
⎜
⎝

⎞
⎟
⎠

2

⋅−⋅−

⎡
⎢
⎢
⎣

⎤
⎥
⎥
⎦

fy⋅:=

σT 342.522 MPa=σT
1
2

σy
fy

⎛
⎜
⎝

⎞
⎟
⎠

⋅
1
2

4 3
σy
fy

⎛
⎜
⎝

⎞
⎟
⎠

2

⋅− 12
τxy
fy

⎛
⎜
⎝

⎞
⎟
⎠

2

⋅−⋅+

⎡
⎢
⎢
⎣

⎤
⎥
⎥
⎦

fy⋅:=

1
3

1
3

σy
fy

⎛
⎜
⎝

⎞
⎟
⎠

2

⋅−
βw
3

βw
σy
fy

⎛
⎜
⎝

⎞
⎟
⎠

+
⎡
⎢
⎣

⎤
⎥
⎦

⋅−
τxy
fy

⎛
⎜
⎝

⎞
⎟
⎠

2

− 0.14=

τxy
VRBSL
tw hw⋅

:=βw
PRBSL−

hw tw⋅ fy⋅
:=

σy
fy

0.11=

σy
ωyb1 ωyb2+( )

2tw

ωyb1 ωyb2−( )
4tw

−:=

Positive flexure

PRBSL 1.3948− 106
× N=VRBSL 455.3901− 103

× N=

Estimation of the cross section plastic moment reduction factor at the left plastic hinging

Shear Force in the Intermediate HBE (cont'd)
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βRBSR
MP.Capacity

fy ZRBS⋅
:=MP.Capacity MP.Flange MP.Web+:=

MP.Web σT tw⋅ yT⋅
hw
2

yT
2

−
⎛
⎜
⎝

⎞
⎟
⎠

⋅ σC tw⋅ yC⋅
hw
2

yC
2

−
⎛
⎜
⎝

⎞
⎟
⎠

⋅−:=

MP.Flange bf 2c− 2dy+( ) tf⋅ hw⋅ fy⋅:=

yC
hw

0.869=
yT hw yC−:=yC

σT
fy

⎛
⎜
⎝

⎞
⎟
⎠

βw+

σT
fy

⎛
⎜
⎝

⎞
⎟
⎠

σC
fy

⎛
⎜
⎝

⎞
⎟
⎠

−

hw⋅:=

σC 208.267− MPa=σC
1
2

σy
fy

⎛
⎜
⎝

⎞
⎟
⎠

⋅
1
2

4 3
σy
fy

⎛
⎜
⎝

⎞
⎟
⎠

2

⋅− 12
τxy
fy

⎛
⎜
⎝

⎞
⎟
⎠

2

⋅−⋅−

⎡
⎢
⎢
⎣

⎤
⎥
⎥
⎦

fy⋅:=

σT 254.606 MPa=σT
1
2

σy
fy

⎛
⎜
⎝

⎞
⎟
⎠

⋅
1
2

4 3
σy
fy

⎛
⎜
⎝

⎞
⎟
⎠

2

⋅− 12
τxy
fy

⎛
⎜
⎝

⎞
⎟
⎠

2

⋅−⋅+

⎡
⎢
⎢
⎣

⎤
⎥
⎥
⎦

fy⋅:=

1
3

1
3

σy
fy

⎛
⎜
⎝

⎞
⎟
⎠

2

⋅−
βw
3

βw
σy
fy

⎛
⎜
⎝

⎞
⎟
⎠

+
⎡
⎢
⎣

⎤
⎥
⎦

⋅−
τxy
fy

⎛
⎜
⎝

⎞
⎟
⎠

2

− 0.07=

τxy
VRBSR
tw hw⋅

:=βw
PRBSR−

hw tw⋅ fy⋅
:=

σy
fy

0.13=

σy
ωyb1 ωyb2+( )

2tw

ωyb1 ωyb2−( )
4tw

+:=

Negative flexure

PRBSR 972.2424− 103
× N=VRBSR 966.8181 103

× N=

Estimation of the cross section plastic moment reduction factor at the right plastic hinging

Shear Force in the Intermediate HBE (cont'd)
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So, in span plastic hing will not form.

xspan 0.0000 mm=

xspan max
L 2e−

2

βRBSL βRBSR+

ωyb1 ωyb2−( ) L 2e−( )⋅
fy⋅ ZRBS⋅− 0,

⎡⎢
⎢⎣

⎤⎥
⎥⎦

:=

Possible plastic hinging location

Prevention of In-Span Plastic Hinging

VR 1.0047 106
× N=VL 455.0805− 103

× N=

VL VRBSL ωyb1 ωyb2−( ) e⋅+:=

VR VRBSR ωyb1 ωyb2−( ) e⋅+:=

The shear demand at the left and right plastic hinging can be calculated as:

VRBSR 968.9867 103
× N=VRBSL 490.7752− 103

× N=

VRBSR
βRBSL βRBSR+( ) fy⋅ ZRBS⋅

L 2e−

ωyb1 ωyb2−( ) L 2e−( )⋅

2
+

ωxb1 ωxb2+( ) hw 2hf+( )⋅

2
+:=

VRBSL
βRBSL βRBSR+( ) fy⋅ ZRBS⋅

L 2e−
−

ωyb1 ωyb2−( ) L 2e−( )⋅

2

ωxb1 ωxb2+( ) hw 2hf+( )⋅

2
−+:=

The cross section plastic moment reduction factors from calculation are close enough to those 
assumed.Thus, the shear developed at the left and right plastic hinging can be calculated as:

βRBSR 0.7519=βRBSL 0.8051=

Shear Force in the Intermediate HBE (cont'd)
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MP.Flange bf tf⋅ hw⋅ fy⋅:=

yC
hw

0.877=
yT hw yC−:=yC

σT
fy

⎛
⎜
⎝

⎞
⎟
⎠

βw+

σT
fy

⎛
⎜
⎝

⎞
⎟
⎠

σC
fy

⎛
⎜
⎝

⎞
⎟
⎠

−

hw⋅:=

σC 196.850− MPa=σC
1
2

σy
fy

⎛
⎜
⎝

⎞
⎟
⎠

⋅
1
2

4 3
σy
fy

⎛
⎜
⎝

⎞
⎟
⎠

2

⋅− 12
τxy
fy

⎛
⎜
⎝

⎞
⎟
⎠

2

⋅−⋅−

⎡
⎢
⎢
⎣

⎤
⎥
⎥
⎦

fy⋅:=

σT 243.189 MPa=σT
1
2

σy
fy

⎛
⎜
⎝

⎞
⎟
⎠

⋅
1
2

4 3
σy
fy

⎛
⎜
⎝

⎞
⎟
⎠

2

⋅− 12
τxy
fy

⎛
⎜
⎝

⎞
⎟
⎠

2

⋅−⋅+

⎡
⎢
⎢
⎣

⎤
⎥
⎥
⎦

fy⋅:=

1
3

1
3

σy
fy

⎛
⎜
⎝

⎞
⎟
⎠

2

⋅−
βw
3

βw
σy
fy

⎛
⎜
⎝

⎞
⎟
⎠

+
⎡
⎢
⎣

⎤
⎥
⎦

⋅−
τxy
fy

⎛
⎜
⎝

⎞
⎟
⎠

2

− 0.06=

τxy
fy

0.441=βw 0.412=
σy
fy

0.13=

τxy
VR

tw hw⋅
:=βw

PR−

hw tw⋅ fy⋅
:=σy

ωyb1 ωyb2+( )
2tw

ωyb1 ωyb2−( )
4tw

+:=

Negative flexure

VR 1.0047 106
× N=PR 940.7014− 103

× N=

Estimation of cross-section moment capacity at right end 

MR.demand 876.0764 106
× N mm⋅=

MR.demand βRBSR fy⋅ ZRBS⋅ VRBSR e⋅+

ωyb1 ωyb2−( )
2

e df−( )⋅ e df+( )⋅
ωxb1 ωxb2+( )

2
e df−( )⋅ hw 2hf+( )⋅−+

...:=

Demand at the right end

Moment at the Right Column Face
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1
3

1
3

σy
fy

⎛
⎜
⎝

⎞
⎟
⎠

2

⋅−
βw
3

βw
σy
fy

⎛
⎜
⎝

⎞
⎟
⎠

+
⎡
⎢
⎣

⎤
⎥
⎦

⋅−
τxy
fy

⎛
⎜
⎝

⎞
⎟
⎠

2

− 0.14=

τxy
fy

0.200−=βw 0.625=
σy
fy

0.11=

τxy
VL

tw hw⋅
:=βw

PL−

hw tw⋅ fy⋅
:=σy

ωyb1 ωyb2+( )
2tw

ωyb1 ωyb2−( )
4tw

−:=

Positive flexure

VL 455.0805− 103
× N=PL 1.4263− 106

× N=

Estimation of moment capacity at left end 

ML.demand 809.1511 106
× N mm⋅=

ML.demand βRBSL fy⋅ ZRBS⋅ VRBSL e⋅−
ωxb1 ωxb2+( )

2
e df−( )⋅ hw 2hf+( )⋅−

ωyb1 ωyb2−( )−

2
e df−( )⋅ e df+( )⋅+

...:=

Demand at the left end

Moment at the Left Column Face

Capacity is greater than demand, OK

MR.Capacity 897.1191 106
× N mm⋅=MR.demand 876.0764 106

× N mm⋅=

MR.Capacity MP.Flange MP.Web+:=

MP.Web σT tw⋅ yT⋅
hw
2

yT
2

−
⎛
⎜
⎝

⎞
⎟
⎠

⋅ σC tw⋅ yC⋅
hw
2

yC
2

−
⎛
⎜
⎝

⎞
⎟
⎠

⋅−:=

Moment at the Right Column Face(cont'd)
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PL 1.4263− 106
× N=PR 940.7014− 103

× N=

Axial force

ML.demand 809.1511 106
× N mm⋅=MR.demand 876.0764 106

× N mm⋅=

Moment

VL 455.0805− 103
× N=VR 1.0047 106

× N=

Shear force

 Summary of Design Loads at HBE Ends

Capacity is greater than demand, OK

ML.Capacity 950.9215 106
× N mm⋅=ML.demand 809.1511 106

× N mm⋅=

ML.Capacity MP.Flange MP.Web+:=

MP.Web σT tw⋅ yT⋅
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⎠
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⎜
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⎠
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MP.Flange bf tf⋅ hw⋅ fy⋅:=
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fy⋅:=

Moment at the Left Column Face(cont'd)
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