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Preface

The Multidisciplinary Center for Earthquake Engineering Research (MCEER) is a na-
tional center of excellence in advanced technology applications that is dedicated to the 
reduction of earthquake losses nationwide. Headquartered at the University at Buffalo, 
State University of New York, the Center was originally established by the National Sci-
ence Foundation in 1986, as the National Center for Earthquake Engineering Research 
(NCEER).

Comprising a consortium of researchers from numerous disciplines and institutions 
throughout the United States, the Center’s mission is to reduce earthquake losses 
through research and the application of advanced technologies that improve engineer-
ing, pre-earthquake planning and post-earthquake recovery strategies. Toward this 
end, the Center coordinates a nationwide program of multidisciplinary team research, 
education and outreach activities. 

MCEER’s research is conducted under the sponsorship of two major federal agencies, the 
National Science Foundation (NSF) and the Federal Highway Administration (FHWA), 
and the State of New York. Signifi cant support is also derived from the Federal Emer-
gency Management Agency (FEMA), other state governments, academic institutions, 
foreign governments and private industry.

The Center’s Highway Project develops improved seismic design, evaluation, and 
retrofi t methodologies and strategies for new and existing bridges and other highway 
structures, and for assessing the seismic performance of highway systems.  The FHWA 
has sponsored three major contracts with MCEER under the Highway Project, two of 
which were initiated in 1992 and the third in 1998.  

Of the two 1992 studies, one performed a series of tasks intended to improve seismic 
design practices for new highway bridges, tunnels, and retaining structures (MCEER 
Project 112).  The other study focused on methodologies and approaches for assessing 
and improving the seismic performance of existing “typical” highway bridges and other 
highway system components including tunnels, retaining structures, slopes, culverts, 
and pavements (MCEER Project 106).  These studies were conducted to:

• assess the seismic vulnerability of highway systems, structures, and components;
• develop concepts for retrofi tting vulnerable highway structures and components;
• develop improved design and analysis methodologies for bridges, tunnels, and retain-

ing structures, which include consideration of soil-structure interaction mechanisms 
and their infl uence on structural response; and

• develop, update, and recommend improved seismic design and performance criteria 
for new highway systems and structures.
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The 1998 study, “Seismic Vulnerability of the Highway System” (FHWA Contract 
DTFH61-98-C-00094; known as MCEER Project 094), was initiated with the objective 
of performing studies to improve the seismic performance of bridge types not covered 
under Projects 106 or 112, and to provide extensions to system performance assessments 
for highway systems.  Specifi c subjects covered under Project 094 include:

• development of formal loss estimation technologies and methodologies for highway 
systems;

• analysis, design, detailing, and retrofi tting technologies for special bridges, in-
cluding those with fl exible superstructures (e.g., trusses), those supported by steel 
tower substructures, and cable-supported bridges (e.g., suspension and cable-stayed 
bridges);

• seismic response modifi cation device technologies (e.g., hysteretic dampers, isola-
tion bearings); and

• soil behavior, foundation behavior, and ground motion studies for large bridges.

In addition, Project 094 includes a series of special studies, addressing topics that range 
from non-destructive assessment of retrofi tted bridge components to supporting studies 
intended to assist in educating the bridge engineering profession on the implementation 
of new seismic design and retrofi tting strategies.

This report presents a theoretical framework for the seismic analysis of arbitrarily damped three 
dimensional linear structures. A complex 3-D modal analysis-based approach is developed to 
estimate the seismic responses to multi-directional excitations, accounting for effects of out-of-
plane coupled motions and over-damped vibration modes. The procedures developed are suitable 
for the seismic analysis of structures with complex geometric shapes enhanced with damping 
devices introducing non-classical damping. A new modal combination rule, based on the theory 
of stationary random vibration and the existence of principal axes of ground motions, is devel-
oped to calculate the peak responses of structures subjected to seismic inputs given in terms of 
response spectra. The proposed modal combination considers correlations among perpendicular 
excitation components and between vibration modes. Finally, an over-damped mode response 
spectrum that accounts for the peak modal response resulting from the over-damped modes is 
proposed. 
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ABSTRACT 

Modal analysis is a powerful approach that is used to analyze the responses of a structure 

under dynamic loadings. This approach allows the equation of motion to be decoupled in 

the modal coordinate space, and subsequently used to evaluate the dynamic response of a 

structure in the modal coordinate system, which significantly simplifies and accelerates 

the response calculation. Past research has shown that the modal analysis approach is 

applicable in earthquake engineering, resulting in its widespread use. For example, the 

seismic design and analysis of structures with added damping devices is based on the 

modal analysis concept, in which the motion within a plane and the assumption of 

classical damping are usually made. However, three-dimensional (3-D) structures with 

complex geometric shapes enhanced with added damping devices may be highly non-

classically damped, possess over-damped modes, and exhibit significant out-of-plane 

motions. These uncertainties may affect the accuracy of the modal analysis approach in 

practice. 

 

This report presents a theoretical framework for the seismic analysis of arbitrarily 

damped 3-D linear structures. First, a complex modal analysis-based approach is 

developed to analyze seismic responses to multi-directional excitations. This approach is 

formulated in a 3-D manner and allows the eigenvalues to be real, which correspond to 

over-damped modes. As a result, the responses resulting from the over-damped modes 

and the out-of-plane coupled motions can be properly considered. Several useful modal 

properties are identified and their mathematical proofs are provided. Next, a new modal 

combination rule is developed to calculate the peak response of arbitrarily damped 3-D 

linear structures when the seismic inputs are given in terms of response spectra. This 

modal combination rule is based on the theory of stationary random vibration and the 

existence of the principal axes of ground motions. In this rule, the correlations among two 

perpendicular excitation components and between modes are considered. Finally, an 

over-damped mode response spectrum that accounts for the peak modal response 

resulting from the over-damped modes is proposed. 
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CHAPTER 1 

INTRODUCTION 

1.1 General 

Advancements in modern supplemental damping devices have resulted in their 

application as a means to protect structures from natural and man-made hazards (Soong 

and Dargush, 1997; Soong and Spencer, 2002). In the context of earthquake engineering, 

they have been used to enhance the dynamic performance and resilience of civil 

infrastructures against seismic loads. Basically, these devices work by increasing the 

overall damping, stiffness and strength of a given structure, which in turn reduces 

vibration and alleviates damage in the event of an earthquake. Research and development 

in their applications has shown a number of advantages, including: (1) control efficiency, 

(2) cost effectiveness, and (3) reliability. Such advantages have made their use promising 

in the civil engineering community. 

When damping devices are incorporated into structures, the properties of the structure can 

significantly change. In general, response history analysis with explicit modeling of the 

damping devices is the most accurate and reliable method used to assess seismic 

performance. However, professional structural engineers seldom perform response 

history analysis, mainly due to its prohibitive computational demand and a lack of 

adequate records to represent the site characteristics. Most engineers prefer not to deal 

with dynamic analysis and instead use equivalent static loads or, at most, response 

spectrum analysis. As a result, many static seismic analysis methods of structures with 

damping devices have been developed (Iwan and Gates, 1979a, b; Tsopelas et al., 1997). 

These methods have been developed based on a representation of the structural system, 

including the added damping devices, by an equivalent linear viscously damped SDOF 

system using the modal analysis concept, in which classical damping conditions are 

assumed and the frames are limited to a 2-dimensional (2-D) planar frame. These 

research products have resulted in several design provisions for structures with 

supplemental damping devices since 2000 in the United States (BSSC, 2003; ASCE, 

2006). 
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However, the classical damping assumption is generally not valid for structures with 

dampers, because it is difficult to properly size and locate them. In practice, there are 

only a few specific locations available for their installation. Therefore, structures with 

added dampers may need to be considered as non-classically damped. In the literature, 

the treatment of non-classical damping (or non-proportional damping) is well developed 

by using the state space method. However, the state space method requires manipulation 

in the complex modal space with doubled dimension and lacks thorough physical 

explanations; thus, no systematic introduction of the state space method in the earthquake 

engineering community has been carried out. Furthermore, as the level of the amount of 

added damping increases, the structure may exhibit considerably high modal damping 

ratios, from which over-critically damped modes may be present for certain modes. This 

situation is likely to occur either in the intermediate iteration results or in the final design 

for optimized damper design. Ignoring such over-critically damped modes can result in 

notable underestimation of the structural response. However, there is a gap in current 

modal analysis knowledge about how to handle these uncertainties properly with a 

theoretical basis. In this study, arbitrarily damped three-dimensional (3-D) structures are 

used to represent structures with supplemental damping devices, where highly non-

classical damping and over-damped modes can be expected. 

Currently, when using modal analysis approaches for structures with added damping 

devices subjected to seismic excitation, it is assumed that there is motion within a plane 

and that classical damping exists.  In other words, traditionally, the 2-D seismic frames 

with added earthquake protective systems are assumed to be classically damped. With 

these assumptions, neither orthogonal effects between two perpendicular excitation 

components, nor the effects of non-classical damping and the over-damped modes are 

properly considered.  For structures with complex geometric shapes enhanced with 

damping devices, these effects may be significant.  Ignoring them in the analysis of 

arbitrarily damped 3-D structures will result in inadequate designs.  In most situations, 

the responses calculated using the classical damping assumption are much less than the 

exact solutions that consider 3-D behavior and non-classical damping. In current codes, 

in order to allow the extra responses resulting from the multiple excitations, a 30% or 

40% rule arising from the orthogonal effects is applied. The safety margin of the 
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percentage rule has not been determined through careful studies. It is used simply 

because the required computational effort is rather prohibitive and, at the same time, there 

has been a lack of knowledge necessary to formulate a simple, rational approach. As the 

complex structural systems become more popular due to advanced innovative technology, 

it is necessary to design and analyze the structures using a 3-D model together with 

multiple-component earthquake excitations in order to achieve safe designs. Due to these 

concerns, the applicability and feasibility of the current classical modal analysis approach 

may not be adequate and needs to be further examined. Thus, an improved theoretical 

foundation for the modal analysis approach with a sound scientific basis is desirable. This 

research is focused on establishing the theoretical base of the modal analysis approach for 

3-D arbitrarily damped structures subjected to multiple excitations. 

1.2 Literature Review 

Modal analysis may be described as a method for decoupling the equations of motion by 

means of modal coordinate transformation. It is well known that the decoupling 

coordinate transformation can be determined by the solution of an algebraic eigenvalue 

problem of the system. In earthquake engineering, the classical modal analysis method is 

considered as a powerful approach to analyze the seismic responses of classically damped 

linear structures. In this method, the structure may be treated as a series of independent 

single-degree-of-freedom (SDOF) systems. Two approaches of this method are: the 

modal response history analysis, which gives the complete response history of the 

structures, and the response spectrum analysis. When a given structure satisfies the 

classical damping criterion proposed by Caughey and O’Kelly (1965), its modes are real-

valued and are identical to those of the associated undamped systems. This linear 

vibrating structure is said to be classically damped and possesses normal modes, and can 

be decoupled by the same modal transformation that decouples the associated undamped 

structures. The structures that do not satisfy the Caughey and O’Kelly criterion are said to 

be non-classically damped; consequently, their equations of motion cannot be decoupled 

by using the classical modal transformation. In principle, the coupling arises from the 

damping term due to variation of the energy dissipation rate from different components of 
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a system. Typical examples include structures with added damping devices, base-isolated 

structures, and primary-secondary systems. 

1.2.1 Analysis of Non-classical Damped Structures 

Basically, the responses of non-classically damped structures may be evaluated by using 

the decoupled method suggested by Foss (1958). However, it is generally believed that, 

concurrent with the classical damping assumption, the structural responses calculated by 

the classical modal superposition method are acceptable. For example, current methods 

for seismic design of structures enhanced with damping devices are developed based on 

the classical damping assumption (BSSC, 2003). This may not always be true due to the 

uncertainty of the nature and magnitude of the damping in structures. This phenomenon 

can be further magnified when the structure is irregularly shaped. There are instances 

where the structures can be highly non-classically damped (Warburton and Soni, 1977) 

and, in some cases, develop over-damped modes (Inman and Andry, 1980), which in turn 

results in the possibility of inaccurate response estimations. For example, Takewaki 

(2004) demonstrated that the structural energy transfer function and displacement transfer 

function will be underestimated if the over-damped modes are neglected. 

A common approach to analyze non-classically damped structures is to assume that they 

can be decoupled using classical modal transformation. That is, the off-diagonal terms of 

the associated transformed damping matrix can be ignored. It is generally believed that 

this decoupling technique will not produce significant errors if the off-diagonal terms of 

the transformed damping matrix are small in one order scale compared to the diagonal 

terms. However, this decoupling approximation may cause substantial errors, depending 

on the characteristics of the excitation and the analyzed structures. Further, the 

implications and limitations of this technique are not yet fully understood. 

Over the years, in order to advance the application of classical modal analysis to non-

classically damped systems, a number of researchers have conducted extensive studies on 

developing complex modal superposition methods for systems that do not satisfy  

classical damping conditions. Villaverde and Newmark (1980) developed a deterministic 

formulation for non-classically damped systems by using complex frequencies and mode 
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shapes. They showed that the response associated with each complex mode shape can be 

represented based on the modal relative displacement response and the modal relative 

velocity response. Igusa et al. (1984) studied the stationary response of multi-degrees-of-

freedom (MDOF) non-classically damped linear systems subjected to stationary input 

excitations. Veletsos and Ventura (1986) presented a critical review of the modal 

superposition method of evaluating the dynamic response of non-classically damped 

structures. Singh and Ghafory-Ashtiany (1986) studied the modal time history analysis 

approach for non-classically damped structures subjected to seismic forces. Yang et al. 

(1987, 1988) used a real-valued canonical transformation approach to decouple a non-

classically damped system from a set of second order differential equations to a set of 

first order ones, and then performed a time history analysis as well as a response 

spectrum analysis. Zhou et al. (2004) provided a refined complex mode superposition 

algorithm to evaluate the seismic responses of non-classically damped systems. All the 

above are important contributions, but none addressed the over-damped modes or 

explicitly formulated the analytical solutions in 3-D form to identify the spatial coupling 

effect. 

1.2.2 Response Spectrum Methods 

In addition, in earthquake engineering, the response spectrum method is commonly used 

as an alternative approach to response history analysis for determining the maximum 

values of the seismic responses of classically damped structures. In this method, the 

modal peak responses are obtained using the prescribed response spectrum. These modal 

maxima are then appropriately combined to estimate the peak values of the responses of 

interest. There are several combination rules proposed by various researchers. Among 

these, the simplest is the square-root-of-sum-of-squares (SRSS) modal combination rule 

(Rosenblueth, 1951). This rule ignores the correlations between the vibration modes and 

provides excellent estimates for structures with well-separated modal frequencies. To 

further consider the correlations between each vibration mode, Der Kiureghian (1980, 

1981) proposed a rational rule, known as the complete quadratic combination (CQC) rule, 

in which the correlations among modes are connected by correlation coefficients. Both 

rules deal with classically damped structures. 
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The conventional response spectrum method is ideal for structures that satisfy classical 

damping conditions. For structures that are strongly non-classically damped, the accuracy 

of the SRSS or CQC rule becomes questionable (Clough and Mojtahedi, 1976; 

Warburton and Soni, 1977; Veletsos and Ventura, 1986). For this reason, several modal 

combination rules that account for the effects of non-classical damping were developed. 

Singh and Chu (1976) were among the first to develop an alternative approach based on 

the stochastic method. Singh (1980) formed a modified conventional SRSS approach 

where nonproportional damping effects were properly included. Later, Der Kierighian et 

al. (1983) evaluated the responses of light equipment in structures to stochastic 

excitations. Igusa et al. (1984) described the responses in terms of spectral moments and 

provided the formulations of correlation coefficients among modes using a filtered white 

noise process as inputs. Ventura (1985) stated that the peak modal responses could be 

obtained by taking the SRSS of the individual modal maxima contributed from the 

displacement and velocity responses, assuming harmonic excitations. Gupta and Jaw 

(1986) developed the response spectrum combination rules for non-classically damped 

systems by using the displacement and velocity response spectrum. Villaverde (1988) 

improved Rosenblueth’s rule (1951) by including the effect of modal velocity responses. 

Maldonado and Singh (1991) proposed an improved response spectrum method for non-

classically damped systems. The method reduces the errors associated with the truncation 

of the high frequency modes without explicitly using them in the analysis. Zhou et al. 

(2004) generalized the CQC rule for application to non-classically damped systems. 

1.2.3 Applications to 3-D Structures under 3-D Excitations 

To address the issue of 3-D structures under 3-D excitations, several research studies 

have been performed. Lee and Liang (1998) noted the cross effect among directional 

excitations and modes, implying the necessity of using the CQC rule in a three-

dimensional context. To consider the effect among orthogonal excitation components, 

Semby and Der Kiureghian (1985) further extended the CQC rule to the CQC3 rule, 

followed by a series of discussions and applications of this rule (Hernandez and Lopez, 

2002; Lopez and Torres, 1997). However, none of these combination rules incorporated 
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over-critically damped modes in the formulation and the response quantities are limited 

to those that are deformation-related. 

To overcome the limitations of these problems, Song et al. (2008) developed a thorough 

modal analysis approach for structures with non-classical damping and over-damped 

modes subjected to single directional excitation. This research further advances Song et al. 

(2008) to include three-dimensional applications. 

1.3 Research Objectives 

The primary objective of this research is to provide analytical solutions to the potential 

problems mentioned above by establishing a solid theoretical foundation for design and 

analysis of 3-D linear MDOF structures with dampers using a modal analysis approach. 

The specific objectives are: 

(1) Explore the modal properties of the 3-D arbitrarily damped MDOF systems with 

over-damped modes. 

(2) Establish a more realistic and accurate modal analysis approach for a linear 

arbitrarily damped MDOF model to best estimate the seismic responses. This 

modal analysis approach can handle non-classical damping and over-critically 

damped modes as well as orthogonal effects arising from multi-component 

earthquake excitations. 

(3) Extend the present response spectrum method to be applicable to non-classically 

damped systems with over-damped modes. 

(4) Introduce a response spectrum method to predict the peak response of a 

spatially-combined response vector, which is not a linear combination of the 

nodal responses. 

1.4 Scope of Work 

The work has proceeded as follows: 
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(1) Examine the theory presently being used for analyzing non-classically damped 

linear systems.  

(2) Formulate the equation of motion of a 3-D arbitrarily damped MDOF system 

using the state space method, as well as perform an eigen analysis and explore 

the modal properties. All the formulations are presented in matrix form. 

(3) Formulate the response history analysis procedure in the manner of modal 

superposition and offer an interpretation of the physical meaning of the 

formulation. The main effort focuses on the analytical formulation of the over-

damped modes. 

(4) Extend the response history analysis procedure for use by the response spectrum 

method. Much of this effort focuses on the treatment of over-damped modes. 

(5) Verify that the response spectrum-based approach is applicable to 3-D arbitrarily 

damped structures to estimate the peak response of a spatially combined 

response vector. 

1.5 Organization 

Chapter 2 details the eigen analysis of a 3-D arbitrarily damped MDOF linear structure, 

concentrating on the treatment of over-damped modes. Several fundamental modal 

properties are explored and presented. 

Chapter 3 presents the formulation of the modal analysis procedures for the 3-D 

arbitrarily damped linear MDOF structures highlighting the treatment of the over-damped 

modes. This chapter also presents a unified form suitable for representing any response 

quantities. 

Chapter 4 shows the rigorous formulation of the response spectrum method for the 

analysis of the 3-D arbitrarily damped linear MDOF structure with over-damped modes. 

This chapter focuses on the development of a method to handle the over-damped modes 

when using the site response spectra specified in design codes. 

Chapter 5 introduces a response spectrum approach to estimate the peak response of a 

spatially combined response to multi-component seismic excitation. 
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Chapter 6 demonstrates the use of the proposed modal analysis method and response 

spectrum method through a 3-D irregular building arbitrarily installed with linear viscous 

dampers between floors. The results obtained by using the classical damping assumption 

and the exact solutions are compared. The effect of the over-damped modes on the peak 

response estimation is examined and discussed.  

Finally, Chapter 7 presents a summary and conclusions, and provides suggestions for 

future research. 
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CHAPTER 2 

EIGENVALUE PROBLEM AND MODAL PROPERTIES OF 

STRUCTURAL SYSTEMS 

2.1 Introduction 

In the real world, structures are continuous systems. However, it is well known that 

continuous systems can be approximated as lumped-parameter systems by using lumped 

masses, springs and the concept of equivalent viscous damping. A discrete structure is 

usually characterized by parameters that do not depend on spatial coordinates and have a 

finite number of degrees of freedom. This chapter presents the mathematical modeling of 

a discrete arbitrarily damped linear structure subjected to a set of dynamic loadings. The 

corresponding eigenvalue problem of an arbitrarily damped structure is established and 

solutions are presented, including for cases with real-valued eigenvalues. The real-valued 

eigenvalues represent the presence of over-damped modes, which are usually ignored in 

practical applications. In addition, the orthogonality of modes is shown. Also, one useful 

modal property, the sum of the residual matrices, is found and the modal expansion of the 

mass and stiffness matrices in terms of modal parameters are presented. The results 

shown in this chapter serve as a solid basis for the analytical formulation presented in the 

following chapters. 

2.2 Equation of Motion 

A 3-dimensional (3-D) discrete arbitrarily damped linear structure with N degrees-of-

freedom (DOF) subjected to a three-component dynamic loading ( )tf  is considered. It 

has a dimension N  and belongs to a real field matrix, i.e., ( ) Nt ∈f R . The motion of the 

structure is governed by a matrix ordinary differential equation in the form of 

 ( ) ( ) ( ) ( )t t t t+ + =Mu Cu Ku f  (2.1) 

in which N N×∈M R , N N×∈C R  and N N×∈K R  are the mass, viscous damping and 

stiffness matrices with dimension N N× , respectively. M  and K are positive definite 

matrices when the structure is completely constrained, while C  is a positive semi-definite 
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matrix.
x y z

T T T T T T T
x y z( ) [ ( ) ( ) ( ) ( ) ( ) ( )] Nt t t t t t tθ θ θ= ∈u u u u u u u R  is a 1N ×  generalized 

displacement vector representing the translational and rotational DOFs for each node. 

( ) Nt ∈u R  and ( ) Nt ∈u R  are the generalized relative velocity vector and relative 

acceleration vector, respectively. 

2.3 Eigenvalue Problem 

When the structure is arbitrarily damped, it cannot be decoupled in the N dimensional 

physical space; as a result, it is necessary to go through the 2N dimensional state space to 

perform the eigen analysis. Namely, Equation (2.1) can be cast into a set of first-order 

linear equations as (Veletsos and Ventura, 1986; Yang et al., 1987; Zhou et al., 2004) 

 S( ) ( ) ( )t t t+ =Av Bv f  (2.2) 

where  

 
( ) ( )
{ } { }

2 2 2 2

2 2
S

,   

( )( ) ,   ( )( ) ( )

N N N N

N Ntt tt t

× ×−= ∈ = ∈

= ∈ = ∈

0 M M 0A BM C 0 K

0uv f fu

R R

R R
 (2.3) 

The coefficient matrices A  and B  are symmetric but not definite. It can be shown that 

A  and B  are non-singular matrices; that is, both 1−A  and 1−B  exist (Song et al., 2008). 

Let λ  be an admissible eigenvalue. Associated with each eigenvalue λ  is an admissible 

eigenvector ψ . The associated eigenvalue problem of Equation (2.2) is given by 

 ( )A B ψ 0λ + =  (2.4) 

From linear algebra theory, the solution to the above eigenvalue problem leads to a set of 

2N eigenvalues iλ ∈C (complex field) and 2N associated complex eigenvectors 2N
i ∈ψ C . 

For a conventional structure or a structure enhanced with passive damping devices, a 

stable system is expected. In other words, the eigenvalues are either complex-valued with 

negative real parts or negative real-valued.  
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When the eigenvalue is complex-valued, the associated eigenvector is also complex-

valued, corresponding to an under-damped vibration mode. And, all the eigenvalues and 

eigenvectors must appear in complex-conjugated pairs, since the eigenvalue problem in 

Equation (2.4) possesses real-valued coefficients. Assuming that there are CN  pairs of 

complex eigenvalues, the corresponding eigenvalues and eigenvectors can be expressed 

as 

 *
d C, j    ( 1, 2,3 )i i i i i i Nλ λ ξ ω ω= − ± =  (2.5) 

 { } * *
*

*,  i i i i
i i

i i

λ λ⎧ ⎫= = ⎨ ⎬
⎩ ⎭

ψ ψϕ ϕ
ϕ ϕ

 (2.6) 

where * or N N
i i∈ ∈ϕ ϕC C  is the ith complex modal shape,  and i iω ξ∈ ∈R R are the ith 

modal frequency and modal damping ratio, respectively, and 2
d 1i i iω ξ ω= − ∈R  is the 

ith modal damped frequency. The superscript * in the above equations denotes a 

conjugate operation. In this situation where iϕ  is complex-valued, it indicates that all 

components of the structure vibrate synchronously with identical frequency and at an 

identical decay rate. However, phase difference exists between each component. As a 

result, the components do not pass through their equilibrium position at the same time 

instant. For the special case where iϕ  is real-valued and iξ  does not equal to zero 

(classical damping case), the components of the structure are either in or out of phase 

relative to each other and they pass through their equilibrium position at the same time 

instant. 

When the eigenvalues are real-valued, the corresponding modes are over-damped 

subsystems which are no longer second-order oscillatory subsystems. For the sake of 

simplicity, all related variables are denoted by superscript or subscript “P” for “over-

damped modes,” to differentiate them from the variables associated with complex modes. 

Mathematically speaking, over-damped modes also appear in pairs. However, based on 

control theory, each over-damped mode can be considered as an independent basic unit.  

There are no functional relationships among all over-damped modes, mathematically or 

physically. Thus, it would not be necessary to group them in pairs in the analytical 
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formulation process. In this study, all over-damped modes are handled individually. Thus, 

assuming that there are [ ]P C2( )N N N= −  real and negative eigenvalues: 

 P P
P  ( 1, 2, 3 )i i i Nλ ω= − ∈ =R  (2.7) 

where P
iω  is larger than zero for a stable system with dimension “rad/sec,” and is defined 

as the ith over-damped modal natural circular frequency. Each real eigenvalue P
iλ  

corresponds to a real-valued eigenvector P 2
P( 1,2 )N

i i N∈ =ψ R  and  

 
P P

P 2
P

Ni i
i

i

λ⎧ ⎫= ∈⎨ ⎬
⎩ ⎭

ψ Rϕ
ϕ

 (2.8) 

where P N
i∈ϕ R  is the ith “ over-damped mode shape.” 

The eigenvalue matrix (or spectral matrix), which is the assembly of all eigenvalues, is a 

diagonal matrix and denoted as 

 ( )C C P

* * * P P P 2 2
1 2 1 2 1 2diag , , , , , N N

N N Nλ λ λ λ λ λ λ λ λ ×= ∈Λ C  (2.9) 

The eigenvector matrix, which is the assembly of all eigenvectors, is denoted as 

 
( )
( )

C P

* * * P P P
1 2 1 2 1 2

2 2

, , , , , 
CN N N

N N×

=

= ∈

ψ ψ ψ ψ ψ ψ ψ ψ ψ
Λ

Ψ

Φ
Φ C

 (2.10) 

in which ( )C P

* * * P P P 2
1 2 1 2 1 2, , , , , 

C

N N
N N N

×∈CΦ = ϕ ϕ ϕ ϕ ϕ ϕ ϕ ϕ ϕ  is the eigenvector 

matrix associated with the displacement vector and ΦΛ  is the eigenvector matrix 

associated with the velocity vector. Note that for the ith mode shape, iϕ  can be 

represented as 
x y z

T

x y zi i i i i i iθ θ θ
⎡ ⎤= ⎣ ⎦ϕ ϕ ϕ ϕ ϕ ϕ ϕ , from which it is observed that 

the modal motion is not limited to only one global reference direction. This represents the 

spatial coupling phenomenon in the physical space. 



15 

2.3.1 Orthogonality of Modes 

The eigenvectors corresponding to different eigenvalues can be shown to be orthogonal 

to each other with respect to matrices A  and B , respectively, in which a “no repeated 

eigenvalues” condition is assumed. That is, when i j≠ , 

 T T0 and 0i j i j= =ψ Aψ ψ Bψ  (2.11) 

The proof of Equation (2.11) is given as follows. The ith eigenvalue iλ  and its associated 

eigenvector iψ  satisfy Equation (2.4); premultiplying it by T
jψ  gives 

 T T
i j i j iψ Aψ ψ Bψλ =−  (2.12) 

Similarly, the jth eigenvalue jλ  and its associated eigenvector jψ  satisfy Equation (2.4); 

premultiplying it by T
iψ  gives 

 T T
j i j i jψ Aψ ψ Bψλ =−  (2.13) 

Taking transpose of both sides of Equation (2.12) gives 

  T T
i i j i jψ Aψ ψ Bψλ =−  (2.14) 

Comparing Equations (2.13) and (2.14) together with the assumption  i jλ λ≠  completes 

the proof of orthogonality shown in Equation (2.11). Moreover, the orthogonality 

condition leads to the following two diagonal square matrices: 

 ( )C C P

T * * * P P P 2 2
1 2 1 2 1 2ˆ diag , , , , , N N

N N Na a a a a a a a a ×= = ∈a AΨ Ψ C  (2.15) 

 ( )C C P

T * * * P P P 2 2
1 2 1 2 1 2

ˆ diag , , , , , N N
N N Nb b b b b b b b b ×= = ∈b BΨ Ψ C  (2.16) 

where  

 ( )T T 2i i i i i ia λ= = + ∈ψ Aψ M Cϕ ϕ C  (2.17) 

 ( )T T 2
i i i i i i i ib aλ λ= = − + = − ∈ψ Bψ M Kϕ ϕ C  (2.18) 
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 ( )P P T P P T P P( ) ( ) 2i i i i i ia λ= = + ∈ψ Aψ M Cϕ ϕ R  (2.19) 

 P P T P P P 2 P P P( ) ( ) ( )T
i i i i i i i ib aλ λ⎡ ⎤= = − + = − ∈⎣ ⎦ψ Bψ M Kϕ ϕ R  (2.20) 

As shown later, these orthogonality properties are useful in the formulation work 

presented in Chapter 3. 

2.4 Modal Decomposition and Superposition 

From the orthogonality of modes, it was determined that Equation (2.2) can be decoupled 

into a set of uncoupled 2N independent modal equations. Let 

 { }( )( ) ( )( )
tt tt= =uv wu Ψ  (2.21) 

in which 

C C P

T* * * P P P 2
1 2 1 2 1 2( ) ( ),  ( ), ( ),  ( ),  ( ) ( ),  ( ),  ( ) ( ) N

N N Nt w t w t w t w t w t w t w t w t w t⎡ ⎤= ∈⎣ ⎦w C  
  (2.22) 

is the complex modal coordinate vector in the time domain. 

Substituting Equation (2.21) into Equation (2.2) and pre-multiplying TΨ  to both sides of 

the resulting equation as well as making use of Equations (2.17) to (2.20), Equation (2.2) 

can be transformed as (Igusa et al., 1984) 

 
T

C
( )( ) ( )      ( 1, 2... )i

i i i
i

tw t w t i N
a

λ− = ∈ =f Cϕ  (2.23) 

 
H

* * *
C*

( )( ) ( )      ( 1, 2... )i
i i i

i

tw t w t i N
a

λ− = ∈ =f Cϕ  (2.24) 

and 
P T

P P P
PP

( ) ( )( ) ( )      ( 1, 2 )i
i i i

i

tw t w t i N
a

λ− = ∈ =f Rϕ  (2.25) 

In Equation (2.24), the superscript “H” denotes Hermitian transpose, which is equivalent 

to a conjugate and transpose operation. Equations (2.23) to (2.25) are all first-order 
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differential equations that can be readily solved by using standard digital algorithms. The 

general solution to Equations (2.23) to (2.25) can be written in the form of (Hart and 

Wong, 1999) 

 
T

( )

0

( )( ) i
t ti

i
i

tw t e d
a

λ τ τ−= ∫
fϕ  (2.26) 

 
*

H
( )*

*0

( )( ) i
t ti

i
i

tw t e d
a

λ τ τ−= ∫
fϕ  (2.27) 

 
P

P T
( )P

P0

) ( )( ) i
t ti

i
i

tw t e d
a

λ τ τ−= ∫
f(ϕ  (2.28) 

After the modal responses ( )iw t , *( )iw t  and P ( )iw t  are solved, the total responses are 

back-calculated by the superposition of the modal responses. Considering Equation (2.10) 

in Equation (2.21) gives the following two expressions: 

 
C P

* * P P

1 1
( ) ( ) ( ) ( )

N N

i i i i i i
i i

t w t w t w t
= =

⎡ ⎤= + +⎣ ⎦∑ ∑u ϕ ϕ ϕ  (2.29) 

 
C P

* * * P P P

1 1
( ) ( ) ( ) ( )

N N

i i i i i i i i i
i i

t w t w t w tλ λ λ
= =

⎡ ⎤= + +⎣ ⎦∑ ∑u ϕ ϕ ϕ  (2.30) 

Note that the modal responses ( )iw t , *( )iw t  and P ( )iw t  are complex-valued and have no 

physical interpretations. In addition, the computation efforts for solving Equations (2.23) 

to (2.25) are demanding since they are presented in complex-valued form. Thus responses 

expressed by the form shown in Equations (2.29) and (2.30) are not preferred. In the 

following chapter, a rigorous analytical formulation with all expressions presented in 

terms of real-valued quantities is developed. 

2.5 Structural Residual Matrices 

Taking the derivative of Equation (2.29) with respect to time gives 

  
C P

* * P P

1 1
( ) ( ) ( ) ( )

N N

i i i i i i
i i

t w t w t w t
= =

⎡ ⎤= + +⎣ ⎦∑ ∑u ϕ ϕ ϕ  (2.31) 
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Substituting Equations (2.23) to (2.25) into Equation (2.31) leads to
 

C PT * H P P T
* * * P P P

* P
1 1

( ) ( ) ( ) ( )( ) ( ) ( ) ( )
N N

i i i i i i
i i i i i i i i i

i ii i i

t t tt w t w t w t
a a a

λ λ λ
= =

⎡ ⎤ ⎡ ⎤
= + + + + +⎢ ⎥ ⎢ ⎥

⎣ ⎦ ⎣ ⎦
∑ ∑f f fu ϕ ϕ ϕ ϕ ϕ ϕϕ ϕ ϕ

  (2.32) 

After comparing Equations (2.30) and (2.32),  

 
C PT * H P P T

* P
1 1

( )( ) ( )
N N

N Ni i i i i i
N N

i ii i i

t t
a a a

×
×

= =

⎡ ⎤ ⎡ ⎤
+ + = ∈⎢ ⎥ ⎢ ⎥

⎣ ⎦ ⎣ ⎦
∑ ∑f f 0 Cϕ ϕ ϕ ϕ ϕ ϕ  (2.33) 

As ( )tf  is arbitrary, it implies that 

 
C PT * H P P T

* P
1 1

( )N N
N Ni i i i i i

N N
i ii i ia a a

×
×

= =

⎡ ⎤ ⎡ ⎤
+ + = ∈⎢ ⎥ ⎢ ⎥

⎣ ⎦ ⎣ ⎦
∑ ∑ 0 Cϕ ϕ ϕ ϕ ϕ ϕ  (2.34) 

which can be assembled in a simple matrix form 

 1 Tˆ N N
N N

− ×
×= ∈a 0Φ Φ C  (2.35) 

Further, denoting 

 
T

R I
Cj ( 1, 2 )N Ni i

i i i
i

i N
a

×= + = ∈ =R R R ϕ ϕ C  (2.36) 

 
* H

* R I
C*j ( 1, 2 )N Ni i

i i i
i

i N
a

×= − = ∈ =R R R ϕ ϕ C  (2.37) 

 
P P T

P
PP

( ) ( 1, 2 )N Ni i
i

i

i N
a

×= ∈ =R ϕ ϕ R  (2.38) 

iR , *
iR  and P

iR  are the structural residual matrices corresponding to the eigenvalues 

* P,  and i i iλ λ λ , respectively. Note that all residual matrices only depend on the structural 

system parameters and are independent of the normalization manner of the modes. 

Consequently, Equation (2.34) can be represented as 
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C P

R P

1 1

2
N N

N N
i i

i i

×

= =

+ = ∈∑ ∑R R 0 R  (2.39) 

The modal property shown in Equation (2.39) was first found in Ventura (1985); however, 

the proof was interpreted in a physical manner rather than given in a rigorous 

mathematical manipulation as shown in this study. 

2.6 Expansion of Inverse of the Mass Matrix 1−M  

Substituting Equation (2.10) into Equation (2.16) yields  

 
T

T T T ˆ ˆ
−⎛ ⎞ ⎛ ⎞ ⎛ ⎞= = − + = = −⎜ ⎟ ⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠ ⎝ ⎠

Λ M 0 Λ
B Λ M Λ K b aΛ

0 K
Φ Φ

Ψ Ψ Φ Φ Φ Φ
Φ Φ

 (2.40) 

that is, 

 T T ˆ− =Λ M Λ K aΛΦ Φ Φ Φ  (2.41) 

Pre-multiplying 1ˆ −aΦ  and post-multiplying 1 Τˆ −a Φ  to both sides of Equation (2.41) leads 

to 

 ( ) ( ) ( ) ( ) ( )1 T 1 T 1 T 1 T 1 Τˆ ˆ ˆ ˆ ˆ− − − − −− =a Λ M a Λ a K a ΛaΦ Φ Φ Φ Φ Φ Φ Φ Φ Φ  (2.42) 

Considering Equation (2.35) in Equation (2.42) becomes  

 ( ) ( ) ( )1 T 1 T 1 Τˆ ˆ ˆ− − −=a Λ M Λa ΛaΦ Φ Φ Φ Φ Φ  (2.43) 

As a result, 

 1 1 Tˆ− −=M a ΛΦ Φ  (2.44) 

Equation (2.44) can be further expanded as 
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( )

C P

C P

C P

T * * H P P P T
1 1 T

* P
1 1

T P P P T

P
1 1

R I P P
d

1 1

( )ˆ

( )2 Re

2

N N
i i i i i i i i i

i ii i i

N N
i i i i i i

i ii i

N N

i i i i i i i
i i

a a a

a a

λ λ λ

λ λ

ξ ω ω ω

− −

= =

= =

= =

⎛ ⎞
= = + +⎜ ⎟

⎝ ⎠
⎛ ⎞

= +⎜ ⎟
⎝ ⎠

= − + −

∑ ∑

∑ ∑

∑ ∑

M a Λ

R R R

ϕ ϕ ϕ ϕ ϕ ϕΦ Φ

ϕ ϕ ϕ ϕ  (2.45) 

This modal expansion will be used in the development of a unified form the expression of 

the nodal velocity shown in Chapter 3. 

2.7 Expansion of the Inverse of Stiffness Matrix 1−K  

Pre-multiplying 1 1ˆ − −a ΛΦ  to both sides of Equation (2.41) leads to 

 ( ) ( )1 1 T 1 1 T 1 1ˆ ˆ ˆ ˆ− − − − − −− =a Λ Λ M Λ a Λ K Λ a aΛΦ Φ Φ Φ Φ Φ Φ  (2.46) 

At the same time, using the structural residual matrices, 1 Tˆ − =a 0Φ Φ , in Equation (2.46), 

it becomes 

 1 1 Tˆ − −− =a Λ KΦ Φ Φ Φ  (2.47) 

Therefore, 

 1 1 1 Tˆ− − −= −K a ΛΦ Φ  (2.48) 

Equation (2.48) can be further expanded as 

 

( )

C P

C P

C P

T * H P P T
1 1 1 T

* * P P
1 1

T P P T

P P
1 1

P
R I

d2 P
1 1

( )ˆ

( )2 Re

2

N N
i i i i i i

i ii i i i i i

N N
i i i i

i ii i i i

N N
i

i i i i i
i ii i

a a a

a a

λ λ λ

λ λ

ξ ω ω
ω ω

− − −

= =

= =

= =

⎛ ⎞
= − = − + −⎜ ⎟

⎝ ⎠
⎛ ⎞

= − −⎜ ⎟
⎝ ⎠

= − − + +

∑ ∑

∑ ∑

∑ ∑

K a Λ

RR R

ϕ ϕ ϕ ϕ ϕ ϕΦ Φ

ϕ ϕ ϕ ϕ  (2.49) 

This modal expansion is used to develop an effective modal mass for arbitrarily damped 

structures, as described in Chapter 3. 



 21

CHAPTER 3 

GENERAL MODAL RESPONSE HISTORY ANALYSIS 

3.1 Introduction 

In Chapter 2, the dynamic response of an arbitrarily damped linear MDOF structure was 

expressed by means of the superposition of its modal responses. However, it was given in 

a complex-valued form without physical meaning. An improved general solution, 

completely expressed in real-valued form, for calculating the seismic response history of 

an MDOF structure subjected to three orthogonal excitations simultaneously is deduced 

in this chapter using linear algebra theory. The physical explanations of each of the 

resulting terms are given. In this formulation, the Laplace transformation approach is 

employed, by which the original differential equations of the system in the time domain 

are converted to algebraic equations in the Laplacian domain, to show the intrinsic 

relationship among the system’s parameters. An “over-damped mode” concept is 

introduced to account for the presence of over-critically damped modes. It is shown that 

all response quantities, including the relative velocities and absolute accelerations, can be 

expressed in a unified form, which is a linear combination of modal displacements and 

modal velocities as well as modal responses resulting from the over-damped modes. This 

unified form is made possible by several modal properties identified in this chapter. In 

addition, the expression of the modal static response of an arbitrarily damped structure 

subjected to inertia forces is given, from which the general effective modal mass is 

defined. This newly-defined effective modal mass can be a good index to determine the 

number of modes required in the modal analysis procedure to achieve more reasonable 

response estimates. Furthermore, a new real-valued modal transformation relationship to 

decouple the arbitrarily damped structures is identified. 

3.2 Theoretical Formulation of General Modal Analysis 

When the structure, shown in Figure 3.1, is subjected to a three-component ground 

motion ( )g tu , Equation (2.1) can be written as 
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 ( ) ( ) ( ) ( )gt t t t+ + = −Mu Cu Ku MJTu  (3.1) 

( ) ( ) ( )⎡ ⎤= ⎣ ⎦
x y zJ J J J  is the influence matrix with dimension 3N × , which contains three 

resultant displacement vectors of the mass to a static application of a unit ground 

displacement along three structure reference axes X, Y and Z, respectively. 
T

g g1 g2 g3( ) [ ( ) ( ) ( )]t u t u t u t=u  is the acceleration vector consisting of three orthogonal 

components along reference axes 1, 2 and 3, respectively. In most practical situations, the 

direction of the third component 3 is assumed to be identical to the vertical structure 

reference axes Z. T  is a 3 3×  transformation matrix to account for the effect as the 

horizontal directions of the ground motions, i.e., 1 and 2, do not coincide with the 

horizontal structure reference axes, X and Y, respectively. Assuming θ  to be the angle of 

rotation between the two sets of horizontal axes as shown in Figure 3.1, the 

transformation matrix T  can be written as 

 
cos sin 0
sin cos 0

0 0 1

θ θ
θ θ

−⎡ ⎤
= ⎢ ⎥
⎢ ⎥⎣ ⎦

T  (3.2) 

As a result, the complex modal equations shown in Equations (2.23) to (2.25) can be 

written as 

 
T

g
C

( )
( ) ( )      ( 1, 2... )i

i i i
i

t
w t w t i N

a
λ

−
− = ∈ =

MJTu Cϕ
 (3.3) 

 
H

g* * *
C*

( )
( ) ( )      ( 1, 2... )i

i i i
i

t
w t w t i N

a
λ

−
− = ∈ =

MJTu Cϕ
 (3.4) 

and 
P T

gP P P
PP

( ) ( )
( ) ( )      ( 1, 2 )i

i i i
i

t
w t w t i N

a
λ

−
− = ∈ =

MJTu Rϕ
 (3.5) 

To simplify further development, the Laplace transformation is employed to transform 

the differential equations to linear algebraic equations in the Laplace domain, by which 

the system response in the Laplace domain can be easily expressed as a linear 

combination of complete orders of modal subsystems (composed of corresponding modal 
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parameters). The responses in the time domain for a complete system and its subsystems 

are easily retrieved through inverse Laplace transform. 

 

 
 

Figure 3.1  3-D MDOF structure subjected to 3-component ground motion 
 
 

 

3.2.1 Structural Displacement 

Applying the Laplace transform to Equations (2.29) and (3.3) to (3.5), respectively, yields 

 
C P

* * P P

1 1
( ) ( ) ( ) ( ) ( )

N N

i i i i i i
i i

s W s W s W s s
= =

⎡ ⎤= + + =⎣ ⎦∑ ∑U ΦWϕ ϕ ϕ  (3.6) 

 
T

g
C

( )
( ) ( )   ( 1, 2 )i

i i
i

s
s W s i N

a
λ− = − ∈ =

MJT U Cϕ
 (3.7) 

 
H

g* *
C*

( )
( ) ( )   ( 1, 2 )i

i i
i

s
s W s i N

a
λ− = − ∈ =

MJT U Cϕ
 (3.8) 

and 
P

gP P
PP

( )
( ) ( )   ( 1, 2 )i

i i
i

s
s W s i N

a
λ− = − ∈ =

MJT U Cϕ
 (3.9) 
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respectively, where s  is the Laplace parameter and  

 
C C P

T* * * P P P
1 2 1 2 1 2( ) ( ),  ( ) ( ),  ( ),  ( ) ( ),  ( ),  ( ) ( )N N Ns W s W s W s W s W s W s W s W s W s⎡ ⎤= ⎣ ⎦W  

  (3.10) 

is the modal coordinates vector expressed in the Laplace domain and 2 2( ) N Ns ×∈W C . 

( )sU  is the Laplace transformation of the displacement vector ( )tu  and g ( )sU  is the 

Laplace transformation  of the excitation vector g ( )tu . 

Solving ( )iW s , *( )iW s  and P ( )iW s  from Equations (3.7) to (3.9), respectively, and 

substituting the resulting solutions into Equation (3.6) obtains 

 

C P

C P

C P

T * H P P T

g* * P P
1 1

* P

g* P
1 1

P

1 1

( )( ) ( )
( ) ( ) ( )

( )

( ) ( )

N N
i i i i i i

i ii i i i i i

N N
i i i

i ii i i

N N

i i
i i

s s
a s a s a s

s
s s s

s s

λ λ λ

λ λ λ

= =

= =

= =

⎧ ⎫⎡ ⎤⎪ ⎪= − + +⎨ ⎬⎢ ⎥− − −⎪ ⎪⎣ ⎦⎩ ⎭
⎡ ⎤⎛ ⎞− + += ⎢ ⎥⎜ ⎟− − −⎝ ⎠⎣ ⎦

= +

∑ ∑

∑ ∑

∑ ∑

U MJT U

R R R MJT U

U U

ϕ ϕ ϕ ϕ ϕ ϕ

 (3.11) 

where iR , *
iR  and P

iR  are the structural residual matrices shown in Section 2.5. Thus,  

 
*

*( ) ( ) Ni i
i g

i i

s s
s sλ λ

⎛ ⎞
= − + ∈⎜ ⎟− −⎝ ⎠

R RU MJTU C  (3.12) 

Equation (3.12) is the ith complex modal structural response vector represented in 

Laplace form and 

 
P

P
gP( ) ( ) Ni

i
i

s s
s λ

= − ∈
−
RU MJTU C  (3.13) 

is the ith over-damped modal structural response vector represented in Laplace form. 

Substituting the complex-valued eigenvalues shown in Equation (2.5) and the residual 

matrices shown in Equations (2.34) and (2.35) into Equation (3.12) gives 
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( ) ( )

R I R I

g
d d

D D
g C2 2 2 2

j j( ) ( )
j j

( )    ( 1,2,3 )
2 2

i i i i
i

i i i i i i

i i

i i i i i i

s s
s s

s
s i N

s s s s

ξ ω ω ξω ω

ξω ω ξ ω ω

⎡ ⎤+ −= − +⎢ ⎥− − + − − −⎣ ⎦
⎛ ⎞

= − + =⎜ ⎟+ + + +⎝ ⎠

R R R RU MJTU

A B
TU

 (3.14) 

where  

 R 3
D 2 N

i i
×= ∈A R MJ R  (3.15) 

 ( )R 2 I 3
D 2 1 N

i i i i i iω ξ ξ ×= − − ∈B R R MJ R  (3.16) 

Substituting Equations (2.7) and (2.36) into Equation (3.13) yields 

 
P

P D
g PP( ) ( )    ( 1, 2,3 )i

i
i

s s i N
s ω

= − =
+
AU TU  (3.17) 

in which P P 3
D

N
i i

×= ∈A R MJ R  (3.18) 

Moreover, coefficient vectors DiA , DiB  and P
DiA  shown in Equations (3.15), (3.16) and 

(3.18), respectively, can also be expressed as 

 (x) (y) (z) 3
D D D D

ˆ
2Re( ) Ni i

i i i i
iλ

×⎡ ⎤= = ∈⎣ ⎦
ΓA A A A Rϕ  (3.19)

* (x) (y) (z) 3
D d D D D

ˆ ˆ ˆ
2Re 2 Re Im Ni i i i i i

i i i i i i i i
i i i

λ ω ξ ω
λ λ λ

×
⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞

⎡ ⎤= − = − = ∈⎢ ⎥⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎣ ⎦
⎢ ⎥⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦

Γ Γ ΓB B B Bϕ ϕ ϕ R

  (3.20) 

and 
P P

P P(x) P(y) P(z) 3
D D D DP

Ni i
i i i i

iλ
×⎡ ⎤= = ∈⎣ ⎦

ΓA A A A Rϕ  (3.21) 

respectively, where 

 
T

(x) (y) (z)ˆ ˆ ˆ ˆΓ Γ Γi i
i i i i

ia
λ ⎡ ⎤= = ⎣ ⎦

MJΓ ϕ  (3.22) 

in which 
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 { }
T ( )

( )Γ̂ , , ,
k

k i i
i

i

k
a

λ= ∈MJ x y zϕ  (3.23) 

Equation (3.22) is the row vector of the complex modal participation factors associated 

with the three structure reference axes for mode i and 

 
P P T

P P(x) P(y) P(z)
P

) Γ Γi i
i i i i

ia
λ ⎡ ⎤= = Γ⎣ ⎦

MJΓ (ϕ  (3.24) 

in which 

 { }
P P T ( )

P( )
P

)Γ , , ,
k

k i i
i

i

k
a

λ= ∈MJ x y z(ϕ  (3.25) 

Equation (3.24) is the row vector of the over-damped modal participation factors 

associated with the three structure reference axes for mode i. 

Furthermore, denoting 

 3
g( ) ( ) ( )i is H s s= ∈Q U C  and 3

V V g( ) ( ) ( )i is H s s= ∈Q U C  (3.26) 

where 

 2 2

1( )
2i

i i i

H s
s sξ ω ω

= − ∈
+ +

C  (3.27) 

and  V 2 2( )
2i

i i i

sH s
s sξ ω ω

= − ∈
+ +

C  (3.28) 

are the displacement and velocity transfer function of an under-damped SDOF system 

with the ith modal damping ratio iξ  and the ith modal natural frequency iω , respectively. 

In fact, Equation (3.26) can be considered as the resulting Laplace transformation of the 

following differential equation set expressed in the time domain with zero initial 

conditions  

 2
g( ) 2 ( ) ( ) ( )i i i i i it t t tξ ω ω+ + = −q q q u  (3.29) 
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where 

[ ]

[ ]

11 3
2

3

11 3
V 2

3

( )
( ) L ( ) = ( )

( )
( )

( ) L ( ) = ( )
( )

i

i i i

i

i

i i i

i

q t
t s q t

q t
q t

t s q t
q t

−

−

⎧ ⎫⎪ ⎪= ∈⎨ ⎬
⎪ ⎪⎩ ⎭
⎧ ⎫⎪ ⎪= ∈⎨ ⎬
⎪ ⎪⎩ ⎭

q Q

q Q

R

R
 (3.30) 

In Equation (3.30), 1L−  stands for inverse Laplace transformation operator. Equation 

(3.29) can be further expanded as 

 

2
1 1 1 g1

2
2 2 2 g2

2
3 3 3 g3

( ) 2 ( ) ( ) ( )

( ) 2 ( ) ( ) ( )
( ) 2 ( ) ( ) ( )

i i i i i i

i i i i i i

i i i i i i

q t q t q t u t

q t q t q t u t
q t q t q t u t

ξ ω ω
ξ ω ω
ξω ω

+ + = −⎧
⎪ + + = −⎨
⎪ + + = −⎩

 (3.31) 

As a matter of fact, either Equation (3.29) or (3.31) describes the equation of motion of 

an under-damped SDOF system with ith modal natural frequency iω  and damping ratio 

iξ  subjected to accelerations g1( )u t , g2 ( )u t  and g3 ( )u t , respectively. This concept is 

illustrated schematically in Figure 3.2. 
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i
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=iξ

( )k iq t

 
 

Figure 3.2  Under-damped SDOF system subjected to 3-component ground 
excitation 
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Now, the structural responses have been well presented in the Laplace domain through 

Equation (3.11). To obtain the response in the time domain, the inverse Laplace 

transformation is employed as follows. Taking the inverse Laplace transform of Equation 

(3.27) leads to 

 [ ]1
d

d

1( ) L ( ) e sin( )i it
i i i

i

h t H s tξ ω ω
ω

−−= = − ∈R  (3.32) 

where ( )ih t  is the unit impulse response function of the SDOF system with a natural 

frequency iω  and damping ratio iξ . Thus, the ith modal displacement response vector 

( )i tq  can be written as  

 
[ ]1 1

g g0

( )
d g0

d

( ) L ( ) L ( ) ( ) ( ) ( )d
1 e sin ( ) ( )di i

t

i i i i

t t
i

i

t s H s s h t

tξ ω τ

τ τ τ

ω τ τ τ
ω

− −

− −

⎡ ⎤= = = −⎣ ⎦
−= −

∫
∫

q Q U u

u
 (3.33) 

Equation (3.33) is the well-known Duhamel’s Integral (Chopra, 2001). 

For the case of over-damped modes, denoting 

 P P
g( ) ( ) ( )i is H s s= ∈Q U C  (3.34) 

in which P
P

1( )i
i

H s
s ω

= − ∈
+

C  (3.35) 

Similar to the transforming procedure of the complex mode case, Equation (3.34) is the 

Laplace transformation of the following first-order differential equation with a zero initial 

condition. 

 P P P
g( ) ( ) ( )i i it t tω+ = −q q u  (3.36) 

where  

P
1

P 1 P P 3
2
P
3

( )
( ) L ( ) ( )

( )

i

i i i

i

q t
t s q t

q t

−
⎧ ⎫
⎪ ⎪⎡ ⎤= = ∈⎨ ⎬⎣ ⎦
⎪ ⎪⎩ ⎭

q Q R  (3.37) 
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is the ith over-damped modal response vector. Equation (3.36) can also be expressed as 

 

P P P
1 1 g1
P P P
2 2 g2
P P P
3 3 g3

( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )

i i i

i i i

i i i

q t q t u t
q t q t u t
q t q t u t

ω
ω
ω

+ = −⎧
⎪ + = −⎨
⎪ + = −⎩

 (3.38) 

Note that P ( )i tq  has the dimension of velocity, which is the dimension of ( )i tq . The 

inverse Laplace transformation of P( )iH s  is given by 

 
PP ( ) e i t

ih t ω−= − ∈R  (3.39) 

As a result, the over-damped modal response vector can be expressed as 

 
P

P 1 P 1 P P
g gg0

( )
g0

( ) L ( ) L ( ) ( ) ( ) ( )d

( )di

t

i i i i

t t

t s H s s h t

e ω τ

τ τ τ

τ τ

− −

− −

⎡ ⎤⎡ ⎤= = = −⎣ ⎦ ⎣ ⎦

= −

∫
∫

q Q U u

u
 (3.40) 

Also, Equations (3.14) and (3.17) can be represented as 

 ( )D V D g C( ) ( ) ( ) ( )    ( 1, 2,3 )i i i i is H s H s s i N= − + =U A B TU  (3.41) 

 P P P
D g P( ) ( ) ( )    ( 1, 2,3 )i i is H s s i N= − =U A TU  (3.42) 

Applying the inverse Laplace transform to Equations (3.41) and (3.42) in conjunction 

with Equations (3.33), (3.34) and (3.37) gives 

 
C P

P P
D D D

1 1
( , ) ( ) ( ) + ( )

N N

i i i i i i
i i

t t t tθ
= =

⎡ ⎤= +⎣ ⎦∑ ∑u A Tq B Tq A Tq  (3.43) 

The variable θ  is included in the expression to reveal that the response vector is also 

dependent on the seismic incident angle θ  considered through the transformation matrix 

T . Unlike Equation (2.27), it is observed that the displacement responses are expressed 

in terms of real-valued quantities. They are a linear combination of the modal 

displacements and velocities of a set from an SDOF system as well as the over-damped 

modal responses. In Equation (3.43), the terms associated with the modal displacement 
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vector ( )i tq  are used to represent the motion of the structure, assuming all DOFs move 

either in phase or out of phase during the vibration process. This assumption only holds 

true for classically damped structures. When the structure is not classically damped, all 

DOFs no longer vibrate in phase or out of phase. Therefore, the terms associated with the 

modal velocity vector ( )i tq  are used to modify the response so that the non-classical 

damping effect, leading to phase differences between the motions of all DOFs, can be 

considered. The terms related to the over-damped modal response vector P ( )i tq  are used 

to compute the modal responses contributed from the over-damped modes when they are 

present. 

3.2.2 Structural Velocity 

Intuitively, the structural velocity response vector can be obtained directly by taking the 

derivative of Equation (3.43) with respect to time variable t as  

 
C P

P P
D D D

1 1
( , ) ( ) ( ) + ( )

N N

i i i i i i
i i

t t t tθ
= =

⎡ ⎤= +⎣ ⎦∑ ∑u A Tq B Tq A Tq  (3.44) 

This approach seems to be simple and has been used by other researchers such as 

Takewaki (2004). However, this formulation requires the incorporation of two additional 

modal responses ( )i tq  and P ( )i tq  in the expression. A different approach to derive the 

expression of the relative velocity vector is given as follows. 

First, Equations (3.29) and (3.36), respectively, are rearranged as  

 2 3
gg( ) 2 ( ) ( ) ( ) N

i i i i i it t t tξ ω ω ×= − − − ∈q q q u R  (3.45) 

 P P P 3
g( ) ( ) ( ) N

i i it t tω ×= − − ∈q q u R  (3.46) 

Upon substitution of Equations (3.45) and (3.46) into Equation (3.44),   
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( ) ( )

C P

C P

2 P P
D D D D

1 1

P
D D g

1 1

( , ) 2 ( ) ( ) ( )
N N

P
i i i i i i i i i i i

i i

N N

i i
i i

t t t tθ ξ ω ω ω
= =

= =

⎡ ⎤= − − + −⎣ ⎦

⎡ ⎤
− +⎢ ⎥
⎣ ⎦

∑ ∑

∑ ∑

u B A Tq A Tq A Tq

A A Tu
 

  (3.47) 

in which the last term can be expressed as follows after considering Equations (3.15) and 

(3.18) 

 
C CP P

P R P
D D g g

1 1 1 1
2

N NN N

i i i i
i i i i= = = =

⎡ ⎤ ⎡ ⎤
+ = +⎢ ⎥ ⎢ ⎥

⎣ ⎦ ⎣ ⎦
∑ ∑ ∑ ∑A A Tu R R MJTu  (3.48) 

Furthermore, considering the structural residual matrices shown in Equation (2.39), it is 

found that 

 
C P

P 3
D D

1 1

N N
N

i i
i i

×

= =

+ = ∈∑ ∑A A 0 R  (3.49) 

Therefore, the velocity vector ( , )t θu  can be expressed as 

 [ ]
C P

P P
V V V

1 1
( , ) ( ) ( ) + ( )

N N

i i i i i i
i i

t t t tθ
= =

= +∑ ∑u A Tq B Tq A Tq  (3.50) 

where 

 
( )R 2 I 3

V D D

2 2 R 3
DV

PP P P 3
DV

2 2 1

2

N
i i i i i i i i i i

N
i ii i i

P N
i ii i i

ξ ω ω ξ ξ

ω ω
ω ω

×

×

×

= − = − + − ∈

− == − ∈

− == − ∈

A B A R R MJ

AB R MJ

AA R MJ

R
R
R

 (3.51) 

Note that Equations (3.44) and (3.50) are equivalent. However, Equation (3.50) is 

preferred in this study since the two additional modal responses ( )i tq  and P ( )i tq  do not 

appear in the expression and is consistent with the displacement vector ( , )t θu  shown by 

Equation (3.43). 
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On the other hand, if the coefficient vectors DiA , DiB  and P
DiA  shown in Equations (3.19), 

(3.20) and (3.21) are adopted in Equation (3.51) with a few rearrangements, the result is 

 

3
V

* 3
V

P P
P 3P
V P

ˆ
2Re( )

ˆ
2Re

Ni i
i i

i

Ni i
i ii

i

Ni i
i i

i

λ
λ

λ λ
λ

λ
λ

×

×

×

= ∈

⎛ ⎞
−= ∈⎜ ⎟

⎝ ⎠

= ∈

ΓA

Γ
B

Γ
A

R

R

R

ϕ

ϕ

ϕ

 (3.52) 

It is found that the coefficient vectors ViA , ViB  and P
ViA  appearing in the velocity vector 

( , )t θu  differ from those in the displacement vector ( , )t θu  by having an additional 

multiplier, iλ  or P
iλ  in the corresponding coefficient vectors as indicated by the 

underscore, which is the associated eigenvalue, in each modal term. This finding can also 

be observed by comparing the displacement vector and velocity vector shown in 

Equations (2.27) and (2.28), respectively. 

3.2.3 Structural Absolute Acceleration 

To derive the absolute acceleration vector, the relative acceleration is used as a starting 

point, which can be obtained by taking derivative of the velocity vector ( , )t θu  with 

respect to time. As a result,  

 [ ]
C P

P P
V V V

1 1
( , ) ( ) ( ) ( )

N N
N

i i i i i i
i i

t t t tθ
= =

= + + ∈∑ ∑u A Tq B Tq A Tq R  (3.53) 

Substituting Equations (3.45) and (3.46) into Equation (3.53) leads to 

 
C CP P

P P P
A A A V V g

1 1 1 1
( , ) ( ) ( ) ( ) ( )

N NN N

i i i i i i i i
i i i i

t t t t tθ
= = = =

⎡ ⎤
⎡ ⎤= + + − +⎢ ⎥⎣ ⎦

⎣ ⎦
∑ ∑ ∑ ∑u A Tq B Tq A Tq A A Tu  

  (3.54) 

where 
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 (3.55) 

Using the modal expansion of the inverse of the mass 1−M  shown by Equation (2.45) in 

Section 2.6, the last term in Equation (3.54) becomes 

 

( )
C CP P

P R I P P
V V g d g

1 1 1 1

1
g

g

( ) 2 ( )

( )

( )

N NN N

i i i i i i i i i
i i i i

t t

t
t

ξ ω ω ω
= = = =

−

⎡ ⎤ ⎡ ⎤
+ = − + −⎢ ⎥ ⎢ ⎥

⎣ ⎦ ⎣ ⎦
=

=

∑ ∑ ∑ ∑A A Tu R R R MJTu

M MJTu

JTu

 (3.56) 

From Equation (3.56), it can be seen that 

 
C P

P 3
V V

1 1

N N
N

i i
i i

×

= =

+ = ∈∑ ∑A A J R  (3.57) 

Substituting Equation (3.56) into Equation (3.54) and denoting the structural absolute 

acceleration vector as A ( , ) Nt θ ∈u R , which can be expressed as 

A g( , ) ( , ) ( )t t tθ θ= +u u JTu , Equation (3.54) becomes 

 
C P

P P
A A A A

1 1
( , ) ( ) ( ) ( )

N N

i i i i i i
i i

t t t tθ
= =

⎡ ⎤= + +⎣ ⎦∑ ∑u A Tq B Tq A Tq  (3.58) 

Note that the modal relative acceleration vector ( )i tq  and the ground acceleration vector 

g ( )tu  are not explicitly involved in the expression of the absolution acceleration vector 

A ( , )t θu . 

If Equation (3.52) is adopted in Equation (3.55),  
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 (3.59) 

Similar to the expression of the relative velocity vector ( , )t θu  shown in Equation (3.50), 

it is found that the absolute acceleration vector A ( , )t θu  differs from the displacement 

vector ( , )t θu  by having an additional multiplier as indicated by the underscore in the 

corresponding coefficient vectors, which is the square of the associated eigenvalue 2
iλ  or 

P 2( )iλ , in each modal term. Note that the relative displacement, relative velocity and 

absolute acceleration are related by the associated eigenvalue in each modal term. 

3.2.4 Unified Form for Response Expression 

Comparing the expressions of relative displacement, relative velocity and absolute 

acceleration vectors shown in Equations (3.43), (3.50) and (3.58), respectively, it is found 

that the three response quantities are the linear combination of the modal response ( )i tq , 

( )i tq  and P ( )i tq . They only differ in their respective coefficient vectors. Thus, it is 

convenient to represent the three response vectors in a similar manner as follows. 

 
C P

P P
0 0 0 0

1 1
( , ) ( ) ( ) ( )

N N

i i i i i i
i i

t t t tθ
= =

⎡ ⎤= + +⎣ ⎦∑ ∑u A Tq B Tq A Tq  (3.60) 

In Equation (3.60), 0 ( , )t θu  can be ( , )t θu , ( , )t θu  or A ( , )t θu , and 0iA , 0iB  and P
0iA  are 

the coefficient vectors associated with the response quantities of interest. 

In general, most response quantities, denoted as 0 ( , )r t θ , are either deformation-related, 

such as bending moments, interstory drifts, shear forces, etc.; velocity-related, such as the 

interstory velocity; or absolute acceleration-related, such as the floor acceleration. As a 

result, most response quantities within the structure can be expressed by a linear 

combination of the response vector 0 ( , )t θu  through appropriate transformation. That is, 
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r t t

t t t

t t t

θ θ
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=

⎡ ⎤= + +⎣ ⎦

′ ′ ′⎡ ⎤= + +⎣ ⎦

∑ ∑

∑ ∑

d u

d A Tq d B Tq d A Tq

A Tq B Tq A Tq

 (3.61) 

where d  is a transformation vector, T (1) (2) (3)
0 0 0 0 0 1 3[A A A ]i i i i i ×′ = =A d A , 

T (1) (2) (3)
0 0 0 0 0 1 3[B B B ]i i i i i ×′ = =B d B  and P T P P(1) P(2) P(3)

0 0 0 0 0 1 3[A A A ]i i i i i ×′ = =A d A . This form 

indicates that any structural response quantities are able to be represented in a consistent 

form. It is also useful to employ this unified form in the development of a general modal 

combination rule for the response spectrum method, as presented in Chapter 4. 

3.3 Interpretation of the General Modal Analysis 

Basically, the dynamic response of a structure is a process that describes how the 

structure would respond to the excitation forces in the 3-D space domain as time 

advances. One important feature of the modal analysis is the use of modal coordinate 

transformation as shown in Equation (2.21), which separates the space domain and the 

time domain in the solution of the modal response. Modal analysis avoids the 

manipulation of the coupled equations simultaneously, improves the solution efficiency 

both analytically and numerically, and provides a clear physical interpretation. The 

response contributed from each mode can be computed individually; then they are 

combined together at each time instant to complete the total response history. In the case 

of multi-component excitations, the response due to each component can be considered 

independently.  

Figure 3.3 explains the basic concept of the modal analysis. To be more specific, the 

physical interpretation of the formulation of the modal analysis procedure of Equation  

Figure 3.4. An N-DOF arbitrarily damped structure is first decoupled into CN  sets of an 

SDOF system and PN  sets of a first-order linear system. Each set of SDOF system and 

each first-order linear system is subjected to the three ground accelerations individually 

as characterized by Equations (3.31) and (3.38). The responses resulting from each 
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acceleration excitation are superimposed to obtain the contribution of ith mode to the 

dynamic responses. Combining all the modal responses with consideration of the seismic 

incidence (i.e., the transformation matrix T  shown in Equation (3.2)) gives the seismic 

response history of the arbitrarily damped structure. 

Ground
accelerations

Build 
mathematical 

model
Responses

Perform
eigenanalysis

Calculate the 
response variation 
along time domain

Calculate the 
vibration pattern in 

space domain

iλ ,i iλ ϕ

P( ), ( ), ( )i i iq t q t q t P
0 0 0, ,i i iA B A

Combine the 
response variation 

and vibration pattern 
for each mode

Combine the modal 
response from each 

mode

 
Figure 3.3  Basic concept of the general modal response history analysis 
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Figure 3.4  Schematic explanation of the modal response history analysis of a 3-D 

MDOF subjected to 3-component ground excitation 

3.4 General Modal Coordinate Transformation Matrix 

Unlike classical modal analysis, the equation of motion of an arbitrarily damped structure 

cannot be decoupled in terms of the N modal coordinates ( )tq  established by the 

undamped structure using the transformation ( ) ( )t t=u Φq . However, it is still possible to 

find another set of modal coordinates in the physical space to decouple the doubled 

dimension equation of motion in state space. This process is shown below. 

From the above formulation, the response state vector ( )tv  introduced in Chapter 2 can 

be expressed as 
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 { } 2
T G

( )( ) ( )( )
Ntt tt= = ∈uv A T Qu R  (3.62) 

where 

 G

6 6N N×

⎡ ⎤
⎢ ⎥= ⎢ ⎥
⎢ ⎥⎣ ⎦

T 0
TT

0 T
 (3.63) 

is a general transformation matrix composed of 2N transformation matrix T and 

 6

P

( )
( ) ( )

( )

N

t
t t

t

⎧ ⎫
⎪ ⎪= ∈⎨ ⎬
⎪ ⎪
⎩ ⎭

q
Q q

q
R  (3.64) 

is defined as the general modal coordinate vector in which 

C

C C C

T 3
11 21 31 1 2 3( ) ( ), ( ), ( ) ( ), ( ), ( ) N

N N Nt q t q t q t q t q t q t⎡ ⎤= ∈⎣ ⎦q R  and 

P

P P P

T 3P P P P P P P
11 21 31 1 2 3( ) ( ), ( ), ( ) ( ), ( ), ( ) N

N N Nt q t q t q t q t q t q t⎡ ⎤= ∈⎣ ⎦q R , and 

 
P

2 6V V V
T P

D D D

N N×⎛ ⎞
= ∈⎜ ⎟
⎝ ⎠

A B A
A

A B A
R  (3.65) 

Equation (3.64) is termed as the general modal coordinate transformation matrix, in 

which 
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3P P P P
D D1 D2 D
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×

×

×

×

×

×

= ∈

= ∈

= ∈
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= ∈

= ∈
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B B B B

A A A A

B B B B

A A A A

A A A A
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R

 (3.66) 

and 



 39

 ( )
T * H

* 3
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i i i
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= + = + ∈⎜ ⎟
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A R MJ R MJ MJ Rϕ ϕ ϕ ϕ  (3.67) 

 ( )
* T * H

* * 3
D *    Ni i i i i i

i i i i i
i ia a

λ λλ λ ×⎛ ⎞
= − + = − + ∈⎜ ⎟
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B R MJ R MJ MJ Rϕ ϕ ϕ ϕ  (3.68) 

 
P P T

P P P 3
D P

( )    Ni i
i i i

ia
×= = ∈MJA R D Rϕ ϕ  (3.69) 

 ( )
T * * H

* * 3
V *    Ni i i i i i

i i i i i
i ia a

λ λλ λ ×⎛ ⎞
= + = + ∈⎜ ⎟
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A R MJ R MJ MJ Rϕ ϕ ϕ ϕ  (3.70) 

 ( )
T * H

* * * 3
V *    Ni i i i

i i i i i i i
i ia a

λ λ λ λ ×⎛ ⎞
= − + = − + ∈⎜ ⎟

⎝ ⎠
B R MJ R MJ MJ Rϕ ϕ ϕ ϕ  (3.71) 

 
P P P T

P P P 3
V P

( )
   i i i N

i i i
ia

λ
λ ×= = ∈

MJ
A R MJ Rϕ ϕ

 (3.72) 

From Equations (3.66) to (3.72), it can be seen that all elements of TA  belong to real 

numbers and are only specified by the structural system’s parameters, including modal 

parameters, mass matrix M and ground motion influence vector J; and are independent 

from the loading type and the direction of the excitation and how the mode shapes are 

normalized. J is a time-invariant vector and is related to the spatial distribution of the 

excitation load caused by ground motion. When a structural system and the type of 

external loading are determined, J is also determined and can be considered as a system 

parameter vector. 

Equation (3.62) gives the modal expansion of the response vector ( )tv  in terms of the 

real-valued modal coordinate vector ( )tQ . Intuitively, using Equation (3.62), the coupled 

equations defined by Equation (2.2) can be transformed into a set of uncoupled equations 

expressed in terms of real-valued quantities. This hypothesis is proved mathematically in 

the next section, where some intermediary formulas are used and discussed to expose 

further characteristics and advantages of the general transformation matrix. 
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3.4.1 Proof of Modal Decoupling 

To simplify the proof of the modal decoupling, the arrangement of the vectors in matrix 

TA  and the elements in the modal coordinate vector ( )tQ  are reset without interference 

from the transformation results. Denote 

 2
ST G S( ) ( )   Nt t= ∈v A T Q R  (3.73) 

where ( )TT T 2( ) ( ), ( ) Nt t t= ∈v u u R  remains the same as the definition in Equation (3.62); 

and  

 C C P

C C P

P P P

V1 V1 V2 V2 V V V1 V2 V

P P P

D1 D1 D2 D2 D D D1 D2 D

2 6
ST

N N N

N N N

N N×⎛ ⎞
= ∈⎜ ⎟⎜ ⎟
⎝ ⎠

A B A B A B A A A

A B A B A B A A A
A R (3.74) 
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N
N Nt t t t t t t t tt = ∈⎡ ⎤⎣ ⎦q q q q q q q q qQ R  (3.75) 

For each column in Equation (3.74), it can be expanded as 
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 (3.77) 
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Thus, S TA  can be rewritten as 

 S S
S T S
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Φ

 (3.79) 

where 
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 P P T 1 3
P

1 ( )i i
ia

×⎡ ⎤= ∈⎣ ⎦Γ MJ Rϕ  (3.85) 

Analogous to the formula defined for classically damped systems (Clough and Penzien, 

1993; Chopra, 2001), CiΓ  and P
iΓ  can be termed as the ith modal participation factor 

matrix for a complex mode i and the over-damped modal participation factor matrix for 

over-damped mode i, respectively. 

According to the orthogonality of the eigen-matrix proven in Chapter 2, Equations (2.15) 

and (2.16) can be rewritten as 

 ( )C C P

T * * * P P P 2 2
s S S 1 1 2 2 1 2ˆ diag , , , , , , N N

N N Na a a a a a a a a ×= = ∈a ψ Aψ C  (3.86) 

 ( )C C P

T * * * P P P 2 2
s S S 1 1 2 2 1 2

ˆ diag , , , , , , N N
N N Nb b b b b b b b b ×= = ∈b ψ Bψ C  (3.87) 

For simplicity, the equation of motion of the structure represented in the state space form 

shown in Equation (2.2) is revisited here 

 S( ) ( ) ( )t t t+ =Av Bv f  (3.88) 

Substituting Equation (3.73) into Equation (3.88) and pre-multiplying T
ST G( )A T  to the 

resulting equation yields 

 T T T T T T
G ST ST G S G ST ST G S G ST S( ) ( ) ( )t t t+ =T A AA T Q T A BA T Q T A f  (3.89) 

in which 
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and 
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After substituting Equations (3.90) to (3.92) back into Equation (3.89), the corresponding 

ith block element for the complex mode and the over-damped mode for both sides of the 

resulting equation can be further manipulated as 
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  (3.94) 

In Equation (3.93), 
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Substituting Equations (3.95) and (3.96) into the left side of Equation (3.93) leads to:  
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Equation (3.97) corresponds to two equations. The first one is  
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while the second one is expressed as 
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Comparing Equations (3.98) and (3.99), it can be easily found that they are identical 

whether or not ( )T
i MJTϕ  is equal to the zero matrix, which can be simplified as a second 

order equation of motion for a SDOF system with the ith modal frequency and damping 

ratio: 

 2
g2 ( )i i i i i i tξ ω ω+ + = −q q q u  (3.100) 

For the over-damped modes, substituting Equation (3.85) into Equation (3.94), results in 

( )( ) ( ) ( )( )
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i i

i i i i
i i ia a

tω ⎡ ⎤+ = −⎣ ⎦u
T J M MJT T J M MJT

q q
ϕ (ϕ ϕ (ϕ

 (3.101) 

If P T( )i⎡ ⎤ ≠⎣ ⎦MJT 0ϕ , Equation (3.101) can be further simplified as a first-order 

differential equation for an over-damped mode 

 g
P P P ( )i i i tω+ = −uq q  (3.102) 

It has now been successfully shown that the general transformation matrix TA  can 

decouple the original MDOF structural motion differential equation represented in the 

state space form. 

3.5 Modal Static Response and Effective Modal Mass 

When using the modal superposition method, the response contributions of all modes 

should be included to achieve an exact result. However, experience suggests that a 

limited amount of modes can usually provide sufficiently accurate results. In general, the 

participating mass for a certain mode provides a measure of how important the mode is 

for computing the response to seismic loads in each of the three orthogonal directions. 

Note that there is no information about the accuracy of the responses subjected to other 

loads. The number of modes required is well defined for classical damping using the 

cumulative effective modal mass (Wilson, 2004; Clough and Penzien, 1993). The most 

common criterion used is the “90% rule for participating mass” specified in many design 

codes (IBC, 2003). For 3-D arbitrarily damped systems with over-critically damped 
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modes, similar criteria have not been addressed. This issue is considered in this section. 

First, the formulation of the effective modal mass and its physical interpretation in 

classically damped systems is briefly reviewed. Then, a general effective modal mass is 

formulated in a manner which has a parallel physical interpretation as in the classically 

damped systems. 

3.5.1 Effective Modal Mass for Classically Damped Systems w/o Over-Damped 
Modes 

The definition of the effective modal mass discussed in this section mainly follows the 

work given in Chopra (2001). It is briefly reviewed to facilitate subsequent formulation 

of the general effective modal mass. The equation of motion governing the response of a 

planar N-DOFs multistory frame (as shown in Figure 3.5) due to earthquake induced 

ground motion, g ( )x t , can be written as 

 g( ) ( ) ( ) ( )t t t x t+ + = −M x Cx K x M I  (3.103) 

in which I is the unit vector with dimension 1N ×  and ( )tx  is a 1N ×  vector  

representing the translational DOFs for each node. A classically damped system 

possesses normal modes, which are re-denoted as N
i∈φ R  in order to distinguish them 

from the complex modes iϕ  in the discussion. The spatial distribution of the effective 

earthquake force is defined by =s MJ  and is loosely referred to as a force vector, 

although it has a unit of mass or can be considered as a force vector produced by unitary 

ground motion acceleration by letting g ( ) 1x t = . Further, it can be expanded as a 

summation of the modal inertia force distribution is  

 
1 1

N N

i i i
i i

Γ
= =

= = =∑ ∑s MJ s Mφ  (3.104) 

where 

 
T

T
i

i
i i

Γ =
MJ
M

φ
φ φ

 (3.105) 
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is the ith modal participation factor defined for classically damped systems. As a result, 

the contribution of the ith mode to the nodal displacements ( )tx  can be expressed by 

 2

( )
( ) i

i i i
i

A t
t Γ

ω
=x φ  (3.106) 

where ( )iA t  is the pseudo acceleration response of an SDOF system with the ith modal 

damping ratio, iξ  , and the ith circular frequency, iω , subjected to g ( )x t . Consequently, 

the ith modal response contribution ( )ir t  to any response quantity ( )r t  can be determined 

by the static analysis of the structure combined with the dynamic response, ( )iA t , of the 

corresponding SDOF. That is, 

 st( ) ( )i i ir t r A t=  (3.107) 

where st
ir  denotes the modal static response due to external force is . This is explained 

schematically in Figure 3.6. The base shear due to the ith mode, biV , is obtained by 

specializing Equation (3.107) for biV : 

 st
b b( ) ( )i i iV t V A t=  (3.108) 

in which st
b iV  is the base shear force due to the applied force is  as shown in Figure 3.6 

and can be expressed as 

 
( )2T

st
b T

1

N
iT

i ji i
j i i

V s
=

= = =∑
MJ

J s
M

φ

φ φ
 (3.109) 

where jis  is the jth component of the ith external force is . Equation (3.109) is also 

recognized as the base shear effective modal mass for a classically damped system or, for 

brevity, effective modal mass, which can be re-denoted as  

 
( )2T

eff
T 0i

i
i i

m = ≥ ∈
MJ
M

φ

φ φ
R  (3.110) 
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( )gx t

Figure 3.5  A planar N-DOFs multistory frame 
 

Figure 3.6  Illustration of the static structural response subjected to is  

It can be proved that the sum of all effective modal masses is equal to the total mass of 

the system (Chopra, 2001 pp.524; Clough and Penzien, 1993 pp.627).  

As a result, Equation (3.108) can be written as 

 eff
b ( ) ( )i i iV t m A t= ∈R  (3.111) 
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Equation (3.111) indicates that only the portion eff
im  of the total mass of the system is 

responding to the earthquake in the ith mode. Therefore, the effective modal mass eff
im  is 

commonly used as a criterion to determine how many modes should be included in the 

modal superposition, e.g. the 90% rule of the participating mass specified in most seismic 

design codes. The preceding formulation states that the effective modal mass for mode i 

is equivalent to the static base shear force due to the external force is . This implies that 

the 90% rule used to determine the number of modes required in the analysis can only 

guarantee that the base shear force under static external force has an error of less than 

10%. For other response quantities, the error may exceed 10%. In addition, the modal 

response is also affected by the dynamic response term ( )iA t , which means that even if a 

sufficient number of modes are included to achieve 90% of the total static response, the 

error in the dynamic response may exceed 10%. Nevertheless, the effective modal mass is 

still accepted in engineering practice for its simplicity. 

3.5.2 Effective Modal Mass for 3-D Arbitrarily Damped Systems 

This section presents two methods to define the effective modal mass for a 3-D arbitrarily 

damped linear system. Method 1 follows a similar concept in the derivation of the 

effective modal mass in classically damped systems by extending it in a 3-D space. 

Method 2 is formulated based on the modal expansion pattern of the inverse of the mass 

matrix given in Section 2.6. 

Method 1 

In light of the preceding explanation, only the portion of the static response is considered 

as a way to define the effective modal mass for 3-D arbitrarily damped systems. Thus, the 

central idea here is to expand the inertia force distribution (x) (y) (z)⎡ ⎤= = ⎣ ⎦s MJ M J J J  in 

terms of the complex modal shapes possessed by the arbitrarily damped systems for each 

mode as represented by (x) (y) (z)
i i i i⎡ ⎤= ⎣ ⎦s s s s . This expanded ( )k

is  is therefore applied to the 

structure along the k direction and the resulting static base shear force along the k 

direction is regarded as the effective modal mass of the ith mode along the k direction. To 
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do so, the static displacement vector, denoted as ( )
0 in which {x,y,z}k k∈u , of the systems 

subjected to the inertia force distribution ( ) ( )k k=s MJ is calculated. Consequently, the 

static displacement vector ( )
0
ku  is 

 ( ) 1 ( )
0
k k N−= ∈u K MJ R  (3.112) 

Substituting the expansion of 1−K  shown in Equation (2.48) into Equation (3.112) gives 

 
C PT ( ) P P T ( )

( )
0 P P

1 1

( )2 Re
N k kN

k i i i i

i ii i i ia aλ λ= =

⎛ ⎞
= − −⎜ ⎟

⎝ ⎠
∑ ∑MJ MJu ϕ ϕ ϕ ϕ  (3.113) 

Equation (3.113) suggests that the static displacement contributed from the ith complex 

mode (including its conjugate part), ( )
0
ku , can be written as 

 
T ( )

( )
0 2 Re

k
k Ni i
i

i iaλ
⎛ ⎞

= − ∈⎜ ⎟
⎝ ⎠

MJu Rϕ ϕ  (3.114) 

Also, the static displacement contributed from the ith over-damped mode, ( )P
0
k
iu , can be 

expressed as 

 
P P T ( )

( )P
0 P P

( ) k
k Ni i
i

i iaλ
= − ∈MJu Rϕ ϕ  (3.115) 

Therefore, the contribution of the ith complex mode to the vector ( ) ( )k k=s MJ  is 

 
T ( )

( ) ( )
0 2 Re

k
k k Ni i

i i
i iaλ

⎛ ⎞
= = − ∈⎜ ⎟

⎝ ⎠

K MJs Ku Rϕ ϕ  (3.116) 

and the contribution of the ith over-damped mode to the vector ( ) ( )k k=s MJ  is 

 
P P T ( )

( )P ( )P
0 P P

( ) k
k k Ni i

i i
i iaλ

= = − ∈MJs u RΚϕ ϕΚ  (3.117) 
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Summation of Equations (3.116) and (3.117) gives the complete expansion of 
( ) ( )k k=s MJ . As a result, the base shear force due to the static inertia force ( )k

is  along the 

k direction is 

 

C
( )st ( ) ( ) T ( )

b
1

( ) T T ( )

T ( ) T ( )

( )

( )2Re

2Re

N
k k k k
i ji i

j

k k
i i

i i

k k
i i

i i

V s

a

a

λ

λ

=

= =

⎛ ⎞
= − ⎜ ⎟

⎝ ⎠
⎛ ⎞

= − ∈⎜ ⎟
⎝ ⎠

∑ J s

J K MJ

KJ MJ R

ϕ ϕ

ϕ ϕ

 (3.118) 

where ( )k
jis  is the jth component of the ith external force ( )k

is . The resulting base shear 

force due to the static inertia force ( )Pk
is  is 

 

P
( )Pst ( )P T ( )P

b
1

( ) T P P T ( )

P P

P T ( ) P T ( )

P P

( ) ( )

( ) ( )

N
k k k
i ji i

j

k k
i i

i i
k k

i i

i i

V s

a

a

λ

λ

=

= =

= −

= − ∈

∑ J s

J MJ

J MJ R

Κϕ ϕ

ϕ Κ ϕ

 (3.119) 

where ( )Pk
jis  is the jth component of the ith external force ( )Pk

is . Thus, in parallel to the 

definition of the effective modal mass given for classically damped systems, Equation 

(3.118) is then defined as the ith effective modal mass, ( )effˆ k
im , associated with the ith 

complex mode (including its conjugate counterpart) in the k direction and Equation 

(3.119) is defined as the ith effective modal mass, ( )Peffˆ k
im , in the k direction for the ith 

over-damped mode. These effective modal masses ( )effˆ k
im  and ( )Peffˆ k

im  in the k direction 

are then sequenced in an ascending order according to the absolute value of their 

corresponding eigenvalues ( iλ  and P
iλ  ). The cumulative mass in the k direction based 

on this sequence is used to determine how many modes will be required to reach the 

prescribed participation mass ratio (e.g. the 90% rule). In general, the amount of modes 

that can achieve 90% participating masses in all three orthogonal directions is used. 
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Similar to the case of classically damped systems, the sum of all general effective modal 

masses along the k direction is equal to the total unrestrained mass acting in the k 

direction, ( ) ( ) T ( )( )k k kMΣ = J M J . That is, 

 
C P

eff Peff ( )

1 1

ˆ ˆ
N N

k
i i

i i
m m MΣ

= =

+ = ∈∑ ∑ R  (3.120) 

Equation (3.120) can be proven by recognizing that ( )eff ( ) T ( )
iˆ ( )k k k

im = J s  [Equation (3.118)] 

and ( )Peff ( ) T ( )Pˆ ( )k k k
i im = J s  [Equation (3.119)], which implies that the sum of all effective 

modal mass equals to 
C P

( ) T ( ) ( )P ( ) T ( )

1 1
( ) ( )

N N
k k k k k

i i
i i= =

⎛ ⎞
+ =⎜ ⎟

⎝ ⎠
∑ ∑J s s J MJ .  

Method 2 

Alternatively, the inertia force distribution ( ) ( )k k=s MJ  along the k direction can also be 

expanded in another pattern different from the one derived in method 1. First, the 

expansion of the inverse of the mass matrix 1−M  shown in Equation (2.45) is repeated 

here. 

 C P

1 1 T

T P P P T

P
1 1

ˆ

( )2 Re
N N

N Ni i i i i i

i ii ia a
λ λ

− −

×

= =

=

⎛ ⎞
= + ∈⎜ ⎟

⎝ ⎠
∑ ∑

M a ΛΦ Φ

ϕ ϕ ϕ ϕ R  (3.121) 

Post-multiplying by ( )kMJ  in Equation (3.121) results in 

 C P

( ) 1 T ( )

T ( ) P P P T ( )

P
1 1

ˆ

( )2 Re

k k

N k kN
Ni i i i i i

i ii ia a
λ λ

−

= =

=

⎛ ⎞
= + ∈⎜ ⎟

⎝ ⎠
∑ ∑

J a Λ MJ

MJ MJ

Φ Φ

ϕ ϕ ϕ ϕ R  (3.122) 

Thus, the inertia force distribution ( ) ( )k k N= ∈s MJ R  can be expanded as 

 
C CP PT ( ) P P P T ( )

( ) ( ) ( ) ( )P
P

1 1 1 1

( )2 Re
N N k kN N

k k k k i i i i i i
i i

i i i ii ia a
λ λ

= = = =

⎛ ⎞
= = + = +⎜ ⎟

⎝ ⎠
∑ ∑ ∑ ∑M MJ M MJs MJ s s ϕ ϕ ϕ ϕ  

  (3.123) 
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Therefore, the contribution of the ith complex mode to the vector ( ) ( )k k=s MJ  is 

 
T ( )

( ) 2 Re
k

k Ni i i
i

ia
λ⎛ ⎞

= ∈⎜ ⎟
⎝ ⎠

M MJs ϕ ϕ R  (3.124) 

and the contribution of the ith over-damped mode to the vector ( ) ( )k k=s MJ  is 

 
P P P T ( )

( )P
P

( ) k
k Ni i i

i
ia

λ= ∈M MJs ϕ ϕ R  (3.125) 

The resulting static base shear force along k direction due to ( )k
is  is defined as the ith 

effective modal mass, ( )effˆ k
im ,  associated with the ith complex mode (including its 

conjugate counterpart). That is, 

 

( )

( )st ( )eff
b

( ) ( ) T ( )

1

2Τ ( )

ˆ

( )

2Re

k k
i i

N
k k k
ji i

j

k
i i

i

V m

s

a
λ

=

=

= =

⎛ ⎞
⎜ ⎟= ∈
⎜ ⎟
⎝ ⎠

∑ J s

MJϕ
R

 (3.126) 

Also, the resulting static base shear force along the k direction due to ( )Pk
is  is defined as 

the ith effective modal mass, ( )Peffˆ k
im , associated with the ith over-damped mode 

 

( )Pst ( )Peff
b

( )P ( ) T ( )P

1

2P P T ( )

P

ˆ

( )

( )

k k
i i

N
k k k
ji i

j

k
i i

i

V m

s

a
λ

=

=

= =

⎡ ⎤⎣ ⎦= ∈

∑ J s

MJϕ
R

 (3.127) 

Similarly, the sum of all general effective modal masses in the k direction is equal to the 

total unrestrained mass acting in the k direction as 

 ( ) ( ) T ( )( )k k kMΣ = J M J  (3.128) 
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Substituting Equation (3.123) into Equation (3.128) gives 

 

C P

C P

( ) ( ) T ( ) ( ) T ( )P

1 1

( )eff ( )Peff

1 1

( ) ( )

ˆ ˆ

N N
k k k k k

i i
i i
N N

k k
i i

i i

M

m m

Σ
= =

= =

= +

= +

∑ ∑

∑ ∑

J s J s
 (3.129) 

The proof is shown. Note that the ( )effˆ k
im  and ( )Peffˆ k

im , formulated in methods 1 and  2, 

may be positive or negative and are independent of how the mode shapes are normalized.  

This indicates that the summation of the effective modal mass over modes may or may 

not be monotonic, although the summation contributed from all modes converges to the 

total mass of the system. In this study, the effective modal mass expressions derived in 

both methods are considered as indicators to determine the number of modes required in 

the superposition. The participating mass percentage rule used in classically damped 

systems still applies in the 3-D arbitrarily damped linear MDOF systems. Table 3.1 gives 

a summary of the expressions of the effective modal mass acting along the k direction 

derived by methods 1 and  2, including the special case where classical damping is 

observed. 

Table 3.1  Summary of the expressions of the effective modal mass 

Effective 
Modal 
Mass 

3-D Arbitrarily Damped Systems Classically 
Damped 
Systems Method 1 Method 2 

( )effˆ k
im , 

under-
damped 
Mode 

( )( )T ( ) T ( )

2 Re
k k

i i

i iaλ

⎛ ⎞
⎜ ⎟−
⎜ ⎟
⎝ ⎠

KJ MJϕ ϕ ( )2Τ ( )

2 Re
k

i i

ia
λ⎛ ⎞

⎜ ⎟
⎜ ⎟
⎝ ⎠

MJϕ

( )2T ( )

T

k
i

i i

φ MJ
φ Mφ

 ( )Peffˆ k
im , 

over-
damped  
Mode 

P T ( ) P T ( )

P P

( ) ( )k k
i i

i iaλ
⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦−

J MJϕ Κ ϕ
 

2P P T ( )

P

( ) k
i i

ia
λ ⎡ ⎤⎣ ⎦MJϕ

 

 

In parallel with the definition of classically damped systems, the effective modal mass 

ratios for a 3-D arbitrarily damped system, ( )
m

k
iR  and ( )P

m
k
iR , are defined as follows 
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 ( ) ( )eff ( )
m Σˆ /k k k

i iR m M=  (3.130) 

 ( )P ( )Peff ( )
m Σˆ /k k k

i iR m M=  (3.131) 

Based on Equations (3.120) and (3.129), the following equation can be easily derived 

 
C P

( ) ( )P
m m

1 1
1

N N
k k
i i

i i
R R

= =

+ =∑ ∑  (3.132) 

3.6 Reduction to Classically Under-Damped Structures 

The formulation above is applicable to all linear systems regardless of the damping 

distribution. For a structure satisfying the Caughey criterion 1 1− −=CM K KM C  

(Caughey and O’Kelly, 1965) with an under-damped assumption (i.e., 

C P 0N N and N= = ), its mode shapes iϕ  are real-valued and are consistent with its 

respective undamped system. Consequently, Equation (2.17) can be reduced to 

 ( ) ( )T
d2 2 j2i i i i i i i i i ia m mλ λ ξ ω ω= + = + =M Cϕ ϕ  (3.133) 

where T
i i im = ∈Mϕ ϕ R  is the ith modal mass. Revisiting Equation (2.34), the residual 

matrices become 

 
T T T

R I

d

Re     and    Im
2

N N N Ni i i i i i
i i

i i i ia a mω
× ×⎛ ⎞ ⎛ ⎞

= = ∈ = = − ∈⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

R 0 Rϕ ϕ ϕ ϕ ϕ ϕR R  (3.134) 

Substituting Equation (3.134) into the displacement coefficient vectors as shown in 

Equations (3.15) and (3.16),  respectively, gives 

 3
D

N
i

×= ∈A 0 R  (3.135) 

 
T

I 3
D 2 Ni i

i di i i i
im

ω ×= − = = ∈MJB R MJ Γϕ ϕ ϕ R  (3.136) 
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where T 1 3
i i im ×= ∈Γ MJϕ R  is the ith modal participation factor vector defined for 

classically damped structures. As a result, the displacement response vector ( , )t θu  

shown in Equation (3.43) reduces to 

 
1

( , ) ( )
N

i i i
i

t tθ
=

=∑u Γ Tqϕ  (3.137) 

With the same conditions and approaches used for deriving Equation (3.137), the 

structural velocity ( , )t θu  and absolute acceleration vectors A ( , )t θu  can be obtained as  

 
1

( , ) ( )
N

i i i
i

t tθ
=

=∑u Γ Tqϕ  (3.138) 

 2
A

1
( , ) 2 ( ) ( )

N

i i i i i i i
i

t t tθ ξ ω ω
=

⎡ ⎤= +⎣ ⎦∑u Γ T q qϕ  (3.139) 

It may be observed from Equation (3.139) that the structural absolute acceleration of a 

classical under-damped system is the summation of the absolute acceleration response of 

a series of SDOF systems multiplied with their corresponding modal participation factors 

and mode shapes. 

3.7 Response Expressed in Terms of Seismic Incidence θ  

To show the incident angle θ  in the expression explicitly, Equation (3.61) is expanded 

after considering Equations (3.2), (3.30) and (3.37) as 

C

C

(1) (2) (1) (2) (3)
0 0 1 0 2 0 2 0 1 0 3

1

(1) (2) (1) (2) (3)
0 1 0 2 0 2 0 1 0 3

1

P(
0

( , ) A cos ( ) A cos ( ) A sin ( ) A sin ( ) A ( )

B cos ( ) cos ( ) sin ( ) sin ( ) ( )B B B B

+ A

N

i i i i i i i i i i
i
N

i i i i i i i i i i
i

i

r t q t q t q t q t q t

q t q t q t q t q t

θ θ θ θ θ

θ θ θ θ

=

=

⎡ ⎤= + − + +⎣ ⎦

+ ⎡ ⎤+ − + +⎣ ⎦

∑

∑
P

1) P P(2) P P(1) P P(2) P P(3) P
1 0 2 0 2 0 1 0 3

1
cos ( ) A cos ( ) A sin ( ) A sin ( ) A ( )

N

i i i i i i i i i
i

q t q t q t q t q tθ θ θ θ
=

⎡ ⎤+ − + +⎣ ⎦∑
  (3.140) 

In the following derivation, it is convenient to rewrite Equation (3.140) in the following 

form. 
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C P

C P

C

(1)(1) P(1) P
0 10 0 1 0 1

1 1

(2)(2) P(2) P
0 20 2 0 2

1 1

(1)(1) P(1) P
0 20 2 0 2

1

( )( , ) A ( ) B A ( ) cos

( )A ( ) B A ( ) cos

( )A ( ) B A

N N

i ii i i i
i i
N N

i ii i i i
i i
N

i ii i i i
i

q tr t q t q t

q tq t q t

q tq t q

θ θ

θ

= =

= =

=

⎧ ⎫
⎡ ⎤ ⎡ ⎤= + +⎨ ⎬⎣ ⎦ ⎣ ⎦

⎩ ⎭
⎧ ⎫

⎡ ⎤ ⎡ ⎤+ + +⎨ ⎬⎣ ⎦ ⎣ ⎦
⎩ ⎭

⎡ ⎤− + +⎣ ⎦

∑ ∑

∑ ∑

∑
P

C P

C P

1

(2)(2) P(2) P
0 10 1 0 1

1 1

(3)(3) P(3) P
0 30 3 0 3

1 1

( ) sin

( )A ( ) B A ( ) sin

( )A ( ) B A ( )

N

i
N N

i ii i i i
i i
N N

i ii i i i
i i

t

q tq t q t

q tq t q t

θ

θ

=

= =

= =

⎧ ⎫
⎡ ⎤⎨ ⎬⎣ ⎦

⎩ ⎭
⎧ ⎫

⎡ ⎤ ⎡ ⎤+ + +⎨ ⎬⎣ ⎦ ⎣ ⎦
⎩ ⎭
⎧ ⎫

⎡ ⎤ ⎡ ⎤+ + +⎨ ⎬⎣ ⎦ ⎣ ⎦
⎩ ⎭

∑

∑ ∑

∑ ∑

 (3.141) 

Further, the first term on the right side of Equation (3.141) is defined as 1x ( ) cosr t θ . 

1x ( )r t  can be interpreted as the response resulting from the ground acceleration 1u ( )g t  

applied in the X-direction. By analogy, the remaining four terms on the right side of 

Equation (3.141) can be defined as 2y ( ) cosr t θ , 2x ( )sinr t θ , 1y ( )sinr t θ  and 3z ( )r t , 

respectively. 2y ( )r t  represents the response due to the ground acceleration 2u ( )g t  applied 

in the Y-direction, 2x ( )r t  represents the response due to the ground acceleration 2u ( )g t  

applied in the X-direction and 1y ( )r t  is the response due to the ground acceleration 1u ( )g t  

applied in the Y-direction while 3z ( )r t  is the response due to the ground acceleration 

3u ( )g t  applied in the Z-direction. Hence, Equation (3.141) can also be expressed as 

 0 1x 2y 1y 2x 3z,( ) ( ) ( ) cos ( ) ( ) sin ( )r r r r r rt t t t t tθ θ θ⎡ ⎤ ⎡ ⎤+= + − +⎣ ⎦ ⎣ ⎦  (3.142) 

As shown in Chapter 5, this expression is convenient for determining the peak response 

within the entire response history when all possible angle θ  are considered (Lopez and 

Torres, 1997). 
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CHAPTER 4 

DEVELOPMENT OF THE RESPONSE SPECTRUM METHOD 

4.1 Introduction 

In general, there is no need to know the complete response history of a structure for 

design purposes. Instead, the peak value of the response parameters is the primary 

concern. In earthquake engineering, the response spectrum method is commonly used as 

an alternative approach to response history analysis for determining the maximum values 

of the seismic responses of classically damped structures. In this method, the modal peak 

responses are obtained using a prescribed response spectrum. These modal maxima are 

then appropriately combined to estimate the peak values of the responses of interest. This 

chapter presents a general modal combination rule for the response spectrum method 

targeted for 3-D arbitrarily damped linear structures. The derivation is based on the 

theory of the general modal response history analysis developed in Chapter 3, relying on 

the fact that the strong phase of the ground motion is approximately stationary and a set 

of orthogonal axes exist along which the three ground motion components can be 

considered as mutually uncorrelated. As noted in Chapter 3, over-critically damped 

modes may develop, such as for a building with added seismic response modification 

devices. To account for the over-critically damped modes when the seismic inputs are 

described in terms of response spectra, a new over-damped mode response spectrum is 

introduced. It follows a similar concept as the conventional response spectrum and is able 

to describe the peak modal response of the over-damped modes. The mutual 

interrelationships between the modal displacement response and the modal velocity 

response as well as the over-damped modal response among each mode are considered in 

this general modal combination rule. This rule is also applicable to response quantities 

other than nodal displacements by taking advantage of the unified form presented in 

Chapter 3. In this study, the rule is referred to as the General-Complete-Quadratic-

Combination-3 (GCQC3) rule. In addition, to aid in practical engineering applications, a 

transformation procedure to construct an over-damped mode response spectrum 

consistent with the given 5% design response spectrum is established. The adequacy of 

this transformation procedure is validated. 



62 
 

4.2 Current Directional Combination Rules for Multi-component 
Excitation 

Multi-component ground motions should be considered in seismic analysis and design. 

Most design codes specify that the contributions from each ground motion component are 

combined through percentage rules or Square-Root-of-Sum-of-Squares (SRSS) rule. 

AASHTO (2004) and Caltrans (2004) have accepted the 30% rule to be used in 

directional combinations, while the SRSS rule and the 40% rule are suggested by other 

codes and guidelines (Nutt, 1996; MCEER, 2003). The 2003 edition of the International 

Building Code (IBC, 2003) requires the use of the SRSS rule or 30% rule. Another 

commonly used rule is the CQC3 rule (Semby and Der Kiureghian, 1985), which 

considers the correlations between each ground component. Among these combination 

rules, the choice of the critical seismic input direction is not specified and is left to the 

designers. These rules are described in the following subsections. 

4.2.1 SRSS Rule 

The estimate of the peak response R  can be calculated by the square-root-of-sum-of-

squares rule as:  

 2 2 2
x y zR R R R= + +  (4.1) 

where kR  is the contribution to the response quantity R  from the kth component of 

ground motion ( {x, y, z})k = . The basic assumption of this rule is the response quantities 

xR , yR  and zR  are statistically independent. 

4.2.2 Percentage Rule 

The percentage rule is considered to have originated from the work of Newmark (1975) 

and Rosenblueth and Contreras (1977). The total response R  is approximated by the sum 

of 100% of the response due to the input in one direction and a certain percentage, α , of 

the responses to the inputs in the other two directions. As a result, the following three 

cases must be considered. The combination that gives the largest value is adopted for 

design. 
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x y z

x y z

x y z

R R R R
R R R R
R R R R

α α
α α
α α

= + +

= + +

= + +

 (4.2) 

where 30% 40%orα = . 

Newmark (1975) used the percentage rule with 40%α =  as an alternative to the SRSS 

rule. He explained that this method would be slightly conservative for most cases 

compared to the SRSS rule and would be adequate as its degree of conservatism is 

relatively small. Rosenblueth and Contreras (1977) suggested 30%α =  for regular 

structures and 50%α =  for special structures in order to minimize errors. Note that the 

percentage rules have no theoretical basis. 

4.2.3 CQC3 Rule 

Semby and Der Kiureghian (1985) proposed the CQC3 combination rule to consider the 

multi-component excitation effects. The detailed formulation and features of CQC3 are 

not addressed in this section as it is a special case of the general modal combination rule 

developed in this study, as shown in Section4.4.3. 

4.3 Ground Motion Model 

Basically, earthquake-induced ground motion is described by a vector process consisting 

of three translational orthogonal components. Penzien and Watabe (1975) have shown 

that a set of orthogonal axes exist, along which ground motion components can be 

considered as uncorrelated, and whose orientation remains reasonably stable during the 

strong ground motion phase. These axes are called the principal axes of the ground 

motion. It was observed that the major principal axis lies on the horizontal plane and is 

directed toward the epicenter, the intermediate axis is perpendicular to the major axis 

within the horizontal plane, and the minor axis is nearly vertical. Thus, based on their 

study, the transformation, which is a rotation about the vertical axis, between the 

components along the principal axes, T
g g1 g2 g3( ) [ ( ) ( ) ( )]t u t u t u t=u , and those along 

the structure reference axes, T
g gx gy gz' ( ) [ ' ( ) ' ( ) ' ( )]t u t u t u t=u , can be expressed as 
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 g g' ( ) ( )t t=u Tu  (4.3) 

T  is the coordinate transformation matrix defined in Chapter 2. The correlation matrix 

for the components of ground motion along the reference axes of a structure can be 

written as 

 
g g

T T T
' ' g g g gE ' ' E⎡ ⎤ ⎡ ⎤= =⎣ ⎦ ⎣ ⎦u uR u u T u u T  (4.4) 

in which 

 
g1 g1

T
g g g2 g2

g3 g3

E ( ) ( ) 0 0
E ( ) ( ) 0 E ( ) ( ) 0

0 0 E ( ) ( )

u t u t
t t u t u t

u t u t

⎡ ⎤⎡ ⎤⎣ ⎦⎢ ⎥⎡ ⎤ ⎡ ⎤= ⎢ ⎥⎣ ⎦⎣ ⎦
⎢ ⎥⎡ ⎤⎣ ⎦⎣ ⎦

u u  (4.5) 

is a diagonal matrix since the three components of ground motion, along with their 

respective principal axes, are uncorrelated. 

Each element in Equation (4.4), representing the cross correlation between each ground 

motion component along the structure reference axes, can be written as 

2 2
gx gx g1 g1 g2 g2

2 2
gy gy g1 g1 g2 g2

gx gy g1 g1

E ' ( ) ' ( ) E ( ) ( ) cos E ( ) ( ) sin

E ' ( ) ' ( ) E ( ) ( ) sin E ( ) ( ) cos

E ' ( ) ' ( ) E ( ) ( )

u t u t u t u t u t u t

u t u t u t u t u t u t

u t u t u t u t

θ θ

θ θ

⎡ ⎤ ⎡ ⎤ ⎡ ⎤= +⎣ ⎦ ⎣ ⎦ ⎣ ⎦
⎡ ⎤ ⎡ ⎤ ⎡ ⎤= +⎣ ⎦ ⎣ ⎦ ⎣ ⎦

⎡ ⎤ ⎡ ⎤= −⎣ ⎦ ⎣ ⎦{ }g2 g2

gz gz g3 g3

gx gz g3 g1 g3 g2 g2 g3

E ( ) ( ) sin cos

E ' ( ) ' ( ) E ( ) ( )

E ' ( ) ' ( ) E ' ( ) ' ( ) E ' ( ) ' ( ) E ' ( ) ' ( ) 0

u t u t

u t u t u t u t

u t u t u t u t u t u t u t u t

θ θ⎡ ⎤⎣ ⎦

⎡ ⎤ ⎡ ⎤=⎣ ⎦ ⎣ ⎦
⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤= = = =⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦

 (4.6) 

4.4 General Modal Combination Rule for Multi-component Excitation 

A general modal combination rule for multidirectional excitation, based on the general 

modal response history analysis derived in Chapter 3, is formulated in this section to 

estimate the peak response using the response spectrum. Derivation of the modal 

combination rule follows the theory of random vibration and Penzien’s ground motion 

model. 
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4.4.1 Definition of Vector Operation Symbols 

Before developing the formulation, it is useful to define a number of vector operators for 

convenience. They are: 

i  : Vector multiplication. For example, assuming that a , b  and c  have the same 

dimension, =c a bi  means that each element in vector c  is the product of the 

corresponding element in a  and b . 

1/ 2{}i  or {}  : Taking the square root of each element in the vector {} individually. 

2{}i  : Taking the square of the element in the vector {} individually. 

max{}  : Representing the peak response of each response history in the vector {}. 

4.4.2 Modal Response to Stationary Excitation 

Consider the input ground acceleration vector g ( )tu  as a zero-mean wide-band stationary 

vector process. Based on the theory of random vibration, the responses of a linear 

structure subjected to a stationary process vector are also stationary. For the following 

derivations, it is convenient to revisit the following expressions shown in Chapter 3. 

 g0
( ) ( ) ( )d

t

ki i kq t h t uτ τ τ= −∫  (4.7) 

 P P
g0

( ) ( ) ( )d
t

ki i kq t h t uτ τ τ= −∫  (4.8) 

 j
2 2

1( j ) ( ) e d
j2

t
i i

i i i

H s h t tωω
ω ξ ω ω ω

+∞

−∞
= = = −

− + +∫  (4.9) 

 V 2 2

j( j ) j ( j )
j2i i

i i i

H s H ωω ω ω
ω ξ ω ω ω

= = = −
− + +

 (4.10) 

 P
P

1( j )
ji

i

H s ω
ω ω

= = −
+

 (4.11) 

In Equations (4.7) and (4.8), 1,2,3k = .  
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4.4.2.1 Displacement-Displacement Covariance 

The displacement covariance produced by modes i and j subjected to ground acceleration 

g ( )ku t  and g ( )lu t , respectively, are now examined. The covariance can be written as 

 1 2 g 1 g 2 1 20 0
E ( ) ( ) ( ) ( ) E ( ) ( ) d d

t t

ki lj i j k lq t q t h h u t u tτ τ τ τ τ τ⎡ ⎤ ⎡ ⎤= − −⎣ ⎦ ⎣ ⎦∫ ∫  (4.12) 

in which , 1, 2,3k l = . Knowing that ground excitation ( )gku t  or ( )glu t  commences from 

zero at the time instant 0t =  (i.e. g ( ) 0ku t =  or g ( ) 0lu t =  when 0t ≤ ), it is reasonable to 

extend the lower limit of the integration to negative infinity as 

 1 2 g 1 g 2 1 2E ( ) ( ) ( ) ( ) E ( ) ( ) d d
t t

ki lj i j k lq t q t h h u t u tτ τ τ τ τ τ
−∞ −∞

⎡ ⎤ ⎡ ⎤= − −⎣ ⎦ ⎣ ⎦∫ ∫  (4.13) 

Now, suppose that the all ground motion components are white noise processes with zero 

mean, described by a constant power spectral density 0S . It follows that the term 

g 1 g 2E ( ) ( )k lu t u tτ τ⎡ ⎤− −⎣ ⎦ becomes (Semby and Der Kiureghian, 1985; Zhou et al., 2004) 

 
0 1 2

g 1 g 2

2π ( )
E ( ) ( )

0
k l

S k l
u t u t

k l

τ τ
τ τ

δ − =⎧⎪⎡ ⎤− − = ⎨⎣ ⎦ ≠⎪⎩
 (4.14) 

where ( )τδ  is the Dirac function and is defined as follows. 

 {     0( ) 0       0  
ττ τ

∞ =δ = ≠  (4.15) 

and ( )d 1τ τ
+∞

−∞
δ =∫  (4.16) 

In light of the inverse of Fourier transform, the Dirac function also can be expressed as 

 j1( ) e d
2π

ωττ ω
+∞ −

−∞
δ = ∫  (4.17) 

or 1 2j ( )
1 2

1( ) e d
2π

ω τ ττ τ ω
+∞ − −

−∞
δ − = ∫  (4.18) 
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Substituting Equations (4.14) and (4.18) into Equation (4.13) and setting the upper 

integral limit to infinity to retain the steady state response, Equation (4.13) becomes 

 ( )1 2j j
0 1 1 2 2( ) e d ( ) e d dE ( ) ( )

0
i j

ki lj
S h h k lq q

k l

ωτ ωττ τ τ τ ω
+∞ +∞ ∞−

−∞ −∞ −∞

⎧⎪ =⎡ ⎤∞ ∞ = ⎨⎣ ⎦
≠⎪⎩

∫ ∫ ∫  (4.19) 

Making use of Equation (4.9), Equation (4.19) may be written as 

 ( )DD 0 ( j ) ( j )dE ( ) ( )
0

kl i j
i j ki lj

S H H k lR q q
k l

ω ω ω
+∞

−∞
⎧⎪ − =⎡ ⎤= ∞ ∞ = ⎨⎣ ⎦ ≠⎪⎩
∫  (4.20) 

Define DD
i jρ  as 

 DD
Re ( j ) ( j )d

( j ) ( j )d ( j ) ( j )d

i j

i j

i i j j

H H

H H H H

ω ω ω
ρ

ω ω ω ω ω ω

+∞

−∞

+∞ +∞

−∞ −∞

−
=

− −

∫

∫ ∫
 (4.21) 

Substituting Equation (4.9) into Equation (4.21) and using contour integration in the 

complex plane yields 

 
3/ 2

DD
C2 2 2 2 2 2

8 ( )
,     ( = ,  , 1, 2,..., )

(1 ) 4 (1 ) 4( )
i j i j i j i j

i j i j i j
i j i j i j i j i j i j

i j N
ξ ξ γ ξ ξ γ

ρ γ ω ω
γ ξ ξ γ γ ξ ξ γ

+
= =

− + + + +
 

  (4.22) 

is the well-known displacement correlation coefficient originally derived for the CQC 

rule (Der Kiureghian, 1981). As a result, Equation (4.20) can be written as 

 
DD0

( )DD
π

2
0

kl i j
i j i j i j i j

S k l
R

k l

ρ
ω ω ω ω ξ ξ

⎧ =⎪= ⎨
⎪⎩ ≠

 (4.23) 

Let i j=  in Equation (4.23), the ith modal displacement variance can be obtained as 

 
0

( )DD 3

π
2

0

kl
ii i i

S k lR
k l

ξ ω
⎧⎪ == ⎨
⎪⎩ ≠

 (4.24) 
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Consequently, Equation (4.23) can be simplified as 

 

( )DD ( )DD DD

( )DD

C

,
     

0 ( , 1, 2,..., )

kk ll
ii j j i j

kl
i j

R R k l
R

k l i j N

ρ⎧ =
⎪= ⎨

≠ =⎪
⎩

 (4.25) 

4.4.2.2 Velocity-Velocity Covariance 

Following similar procedures as the derivation modal displacement response covariance 
( )DDkl
i jR , the modal velocity response covariance ( )VVkl

i jR  can also be derived as (Zhou et 

al., 2004) 

 

( )VV

2
0

VV0

( )DD ( )DD VV

C

E ( ) ( )

( j ) ( j )d
0

π
2

0

,      ( , 1, 2,..., )
0

kl
i j ki lj

i j

i j
i j i j

kk ll
i j ii j j i j

R q q

S H H k l
k l

S k l

k l

R R k l i j N
k l

ω ω ω ω

ρ
ω ω ξ ξ

ω ω ρ

+∞

−∞

⎡ ⎤= ∞ ∞⎣ ⎦
⎧⎪ − == ⎨

≠⎪⎩
⎧ =⎪= ⎨
⎪ ≠⎩
⎧ == =⎨ ≠⎩

∫

 (4.26) 

where  

 

2
VV

2 2

3/ 2

C2 2 2 2 2 2

Re ( j ) ( j )d

( j ) ( j )d ( j ) ( j )d

8 ( )
,     ( = ,  , 1, 2,..., )

(1 ) 4 (1 ) 4( )

i j
i j

i i j j

i j i i j j i j
i j i j

i j i j i j i j i j i j

H H

H H H H

i j N

ω ω ω ω
ρ

ω ω ω ω ω ω ω ω

ξ ξ ξ γ ξ γ
γ ω ω

γ ξ ξ γ γ ξ ξ γ

∞

−∞
∞ ∞

−∞ −∞

−
=

− −

+
= =

− + + + +

∫
∫ ∫  

  (4.27) 

is the modal velocity correlation coefficient. A new parameter ijμ  is introduced and 

defined as 
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VV

CDD ,      ( , 1, 2,..., )i j i j i j
ij

i j j i i j

i j N
ρ ξ ξ γ

μ
ρ ξ ξ γ

+
= = =

+
 (4.28) 

The modal velocity covariance ( )VVkl
i jR  can now be written as 

 
( )DD ( )DD DD

( )VV
C,      ( , 1, 2,..., )

0

kk ll
kl i j ij i i j j i j

i j
R R k lR i j N

k l
ω ω μ ρ⎧ == =⎨ ≠⎩

 (4.29) 

4.4.2.3 Velocity-Displacement Covariance 

Following the same steps as described above, the covariance of response produced by the 

ith modal velocity and jth modal displacement is found to be (Zhou et al., 2004) 

 

( )VD

0

VD0

( )DD ( )DD VD

E ( ) ( )

j ( j ) ( j )d
0

2
0

,      ( , 1, 2,..., )
0

kl
i j ki lj

i j

i j
j i j i j

kk ll
i i i j j i j

C

R q q

S H H k l
k l

S k l

k l

R R k l i j N
k l

ω ω ω ω

π ρ
ω ω ω ξ ξ

ω ρ

∞

−∞

⎡ ⎤= ∞ ∞⎣ ⎦
⎧⎪ − == ⎨

≠⎪⎩
⎧ =⎪= ⎨
⎪ ≠⎩
⎧ == =⎨ ≠⎩

∫

 (4.30) 

where 

 

VD

2

2 1/ 2

C2 2 2 2 2 2

Re j ( j ) ( j )d

( j ) ( j )d ( j ) ( j )d

4 (1 )
,     ( = ,  , 1, 2,..., )

(1 ) 4 (1 ) 4( )

i j

i j

i i j j

i j i j i j
i j i j

i j i j i j i j i j i j

H H

H H H H

i j N

ω ω ω ω
ρ

ω ω ω ω ω ω ω

ξ ξ γ γ
γ ω ω

γ ξ ξ γ γ ξ ξ γ

+∞

−∞

+∞ +∞

−∞ −∞

−
=

− −

−
= =

− + + + +

∫

∫ ∫  

  (4.31) 

is the modal velocity-displacement correlation coefficient. Another new parameter ijυ  is 

introduced and defined as 
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VD 2

CDD

1
,      ( , 1, 2,..., )

2 ( )
i j i j

ij
i j i j j i i j

i j N
ρ γ

υ
ρ γ ξ ξ γ

−
= = =

+
 (4.32) 

Now, Equation (4.30) may be written as 

 
( )DD ( )DD DD

( )VD ,      ( , 1, 2,..., )
0

kk ll
kl i ij ii j j i j

i j C
R R k lR i j N

k l
ωυ ρ⎧ == =⎨ ≠⎩

 (4.33) 

Note that when i j= , the variance of the modal velocity response ( )VVkk
iiR  and the 

covariance of the modal velocity and modal displacement response ( )VDkk
i jR  becomes 

 ( )VV 2 ( )DD0π
2

kk kk
ii i i i

i i

SR Rω
ω ξ

= =  (4.34) 

and ( )VD 0kk
iiR =  (4.35) 

It is clear from Equations (4.34) and (4.35) that for an SDOF system, the velocity 

variance and displacement variance are related by the squares of its natural circular 

frequency, and the modal displacement and velocity response are orthogonal with each 

other under the white noise excitation assumption. It may also be observed from 

Equations (4.26) and (4.30) that the velocity covariance ( )VVkk
i jR  and the velocity-

displacement covariance ( )VDkk
i jR  can simply be expressed in terms of the modal 

displacement variance ( )DDkk
iiR . They are connected by the two correlation coefficients 

VV
i jρ  and VD

i jρ . The presence of ( )VVkl
i jR  and ( )VDkl

i jR  is due to the non-classical damping 

effect, where vibration phase differences exist among each DOF. 

4.4.2.4 Covariance Among Over-damped Modal Responses 

To examine the covariance associated with over-damped modes (i.e., over-damped modal 

response), the over-damped modal response covariance term is considered as follows 
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( )PP P P

P P
0

P

E ( ) ( )

( j ) ( j )d ,      ( , 1, 2,... )
0

kl
i j ki lj

i j

R q t q t

S H H k l i j N
k l

ω ω ω
+∞

−∞

⎡ ⎤= ⎣ ⎦
⎧⎪ − == =⎨

≠⎪⎩
∫  (4.36) 

Substitution of Equation (4.11) into Equation (4.36) and manipulation with contour 

integration in complex plane leads to 

 
0

( )PP P P
P

2π
,      ( , 1, 2,... )

0

kl
i j i j

S k lR i j N
k l

ω ω
⎧ =⎪= =+⎨
⎪ ≠⎩

 (4.37) 

Similarly, considering the over-damped modal response variance by letting i j=  leads to 

 
0

( )PP P
P

π
,      ( , 1, 2,... )

0

kk
ii i

S k lR i j N
k l

ω
⎧⎪ == =⎨
⎪ ≠⎩

 (4.38) 

Thus, Equation (4.37) can be rewritten as 

 
( )PP ( )PP PP

( )PP
P,      ( , 1, 2,... )

0

kk ll
kl ii j j i j

i j
R R k lR i j N

k l
ρ⎧ == =⎨ ≠⎩

 (4.39) 

in which 
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i i j j

i j

i j

H H

H H H H

i j N

ω ω ω
ρ

ω ω ω ω ω ω

ω ω
ω ω

+∞

−∞

+∞ +∞

−∞ −∞

−
=

− −

= =
+

∫

∫ ∫  (4.40) 

is a newly derived correlation coefficient that accounts for the relationship between each  

over-damped modal response. 
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4.4.2.5 Displacement Over-damped Covariance 

Similarly, the modal displacement and over-damped modal response covariance term can 

be obtained as 

 

( )DP P

P
0

0
2 P P 2

( )DD ( )PP DP

C P
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( j ) ( j )d
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2π
2 ( )
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∫

 (4.41) 

where 
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P P
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( j ) ( j )d ( j ) ( j )d

2 2
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H H

H H H H
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ω ω ω
ρ
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ω ξ ω ω
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+∞

−∞

+∞ +∞

−∞ −∞

−
=

− −

= = =
+ +

∫

∫ ∫  (4.42) 

is the correlation coefficient which accounts for the correlation between the modal 

displacements and the over-damped modal response. 

4.4.2.6 Velocity Over-damped Covariance 

By analogy, the modal velocity and over-damped modal response covariance term 
PE ( ) ( )ki ljq t q t⎡ ⎤⎣ ⎦  will be of the form 
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2 P P 2

( )DD ( )PP P DP
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∫

 

  (4.43) 

Note that Equations (4.39), (4.41) and (4.43) are new relationships established in this 

study to consider the presence of the over-damped modes. 

4.4.3 Complete Quadratic Combination of Modal Responses 

Consider a response 0 ( )r t  which has contributions from all N modes as shown by 

 C P

T
0 0

T T T P P
0 0 0

1 1

( ) ( )

( ) ( ) ( )
N N

i i i i i i
i i

r t t

t t t
= =

=

⎡ ⎤= + +⎣ ⎦∑ ∑

d u

d A Tq d B Tq d A Tq
 (4.44) 

The corresponding covariance or mean square response of 0 ( )r t , is then given by 
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  (4.45) 

Now, considering the modal covariance shown in Equations (4.25), (4.29), (4.33), (4.39), 

(4.41) and (4.43) into Equation (4.45) leads to a matrix form as 
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  (4.46) 

In Equation (4.46), DD ( )DD[ ]kk
i iidiag R=R  and 1,2,3k = , and ( )DDkk

iiR  is variance of the ith 
modal displacement response subjected to excitation component k. PP ( )PP[ ]kk

i iidiag R=R  
and ( )PPkk

iiR  is variance of the ith over-damped modal response subjected to excitation 
component k.  

It has been shown in Davenport (1964) and Vanmarcke (1972) that the maximum modal 

response over a specified duration is proportional to its root mean square, i.e., 

 
( )DD

max

P P ( )PP
max

( )

( )

kk
i ki i ii

kk
i ki i i i

q t S p R

q t S p R

= =

= =
 (4.47) 

in which kiS  is the spectral displacement associated with mode i under kth excitation 

component and P
kiS  is the spectral over-damped response associated with the over-

damped mode i under kth excitation component. The numerical value of ip , in general, 

does not differ greatly in magnitude from mode to mode. Thus, in engineering practice, it 

is reasonable to assign the same value to ip  for each mode and for the combined 

responses. This assumption is also assumed to be applicable to the over-damped mode 

case. Thus, one can express maximum values of modal response through their 

corresponding response spectral values for the specified excitation component. The 

diagonal matrices are defined as diag[ ]i kiS=S  and P Pdiag[ ]i kiS=S , 1, 2,3k = , and the 
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maximum value of the response 0 max
( )r t , denoted as 0R , can be expressed as in the 

following matrix form 

 
( )

2 T
0

T DD VV VD VP DP PP

=

= + + + + +

R d Zd

d Z Z Z Z Z Z d
 (4.48) 

where 

 DD VV VD VP DP PP= + + + + +Z Z Z Z Z Z Z  (4.49) 

 
C C

DD DD T T T
0 0

1 1

N N

i j i i j j
i j

ρ
= =

=∑∑Z B TS S T B  (4.50) 

 
C C

VV DD T T T
0 0

1 1

N N

i j i j i j i i j j
i j

ρ μ ω ω
= =

=∑∑Z A TS S T A  (4.51) 

 
C C

VD DD T T T DD T T T
0 0 0 0

1 1

N N

i j i j i i i j j i j ji j j j i i
i j

ρ υ ω ρ υ ω
= =

⎡ ⎤= +⎣ ⎦∑∑Z A TS S T B B TS S T A  (4.52) 

 ( ) ( )
C P T TVP DP P T P P P T T T

0 0 0 0
1 1

N N
P

i j j i i j j j j i i
i j

ρ ω
= =

⎡ ⎤= +⎢ ⎥⎣ ⎦∑∑Z A TS S T A A TS S T A  (4.53) 

 ( ) ( )
C P T TDP DP P T P P P T T T

0 0 0 0
1 1

N N

i j i i j j j j i i
i j

ρ
= =

⎡ ⎤= +⎢ ⎥⎣ ⎦∑∑Z B TS S T A A TS S T B  (4.54) 

 ( ) ( )
P P T TPP PP P P P T P

0 0
1 1

N N

i j i i j j
i j

ρ
= =

=∑∑Z A TS S T A  (4.55) 

Equation (4.48) is referred to as the General Complete Quadratic Combination rule for 

three-component excitations, denoted as GCQC3. In addition, in order to express the 

incident angle variable θ  explicitly, the transformation matrix T is considered and 

diag[ ]k kiS=S , P Pdiag[ ]k kiS=S , diag[ ]iω=ω  and P diag[ ]P
iω=ω . DD DD[ ]i jρ=ρ , 

DP DP[ ]i jρ=ρ , PP PP[ ]i jρ=ρ , [ ]ijμ=μ , [ ]ijυ=υ , ( ) ( )
0 0[ ]k k

i=B B , ( ) ( )
0 0[ ]k k

i=A A  and 

P( ) P( )
0 0[ ]k k

i=A A . Equation (4.48) is rewritten in a different matrix form as 
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 ( )22 T 2 T
0 0 1 2 3max

( ) sin sin cosr t θ θ θ= = + + =R d V V V d d Vd  (4.56) 

where 

 

( ) ( )
( ) ( )

( ) ( ) ( )
( ) ( ) ( )

T T( ) DD T ( ) ( ) DD T T ( )
0 0 0 0

T T( ) DD T ( ) ( ) DD T ( )
0 0 0 0

T T T( ) P DP P P( ) P( ) P P DP T ( )
1 0 0 0 0

T T T( ) DP P P( ) P( ) P DP T ( )
0 0 0 0

P( )
0

( )

( ) ( )

k k k k
k k k k

k k k k
k k k k

k k k k
k k k k

k k k k
k k k k

k
k

+ •

+ • + •

= + +

+ +

+

B S ρ S B A S ω μ ρ ω S A

A S ω υ ρ S B B S ω υ ρ S A

V A S ω ρ S A A S ω ρ S A

B S ρ S A A S ρ S B

A S ( ) ( )

3

1

T TP PP P P( )
0

k

k
k

=

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎣ ⎦

∑

ρ S A

 (4.57) 

 

( ) ( )
( ) ( )

( ) ( ) ( )
( ) ( )

T T( ) DD T ( ) ( ) DD T T ( )
0 0 0 0

T T( ) DD T ( ) ( ) DD T ( )
0 0 0 0

2 2 T T T( ) P DP P P( ) P( ) P P DP T ( )
2 0 0 0 0

1 1
T T( ) DP P P( ) P( ) P DP

0 0 0

( )

( ) ( )

( 1)

k k k k
l l l l

k k k k
l l l l

k l k k k k
l l l l

k l
k k k

l l l

+

= =

+ •

+ • + •

= − − + +

+ +

∑∑

B S ρ S B A S ω μ ρ ω S A

A S ω υ ρ S B B S ω υ ρ S A

V A S ω ρ S A A S ω ρ S A

B S ρ S A A S ρ ( )
( ) ( )

TT ( )
0

T TP( ) P PP P P( )
0 0

k
l

k k
l l

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥+
⎣ ⎦

S B

A S ρ S A

 

  (4.58) 

 

( ) ( )
( ) ( )

( ) ( )
( )

T T(1) DD T (2) (2) DD T (1)
0 0 0 0

T T(1) DD T T (2) (2) DD T T (1)
0 0 0 0

T T(1) DD T (2) (1) DD T (2)
0 0 0 0

T(2) DD T (1) (2) DD T (1
0 0 0 0

3

( ) ( )

( ) ( )

( ) ( )

( 1)

k k k k

k k k k

k k k k

k k k k

k

+

+ • + •

+ • + •

+ • + •

= − −

B S ρ S B B S ρ S B

A S ω μ ρ ω S A A S ω μ ρ ω S A

A S ω υ ρ S B B S ω υ ρ S A

A S ω υ ρ S B B S ω υ ρ S A

V

( )
( ) ( ) ( )
( ) ( ) ( )

( ) ( ) ( )
( ) ( ) ( )

T)

T T T(1) P DP P P(2) P(1) P P DP T (2)
0 0 0 0

T T T(2) P DP P P(1) P(2) P P DP T (1)
0 0 0 0

T T T(1) DP P P(2) P(1) P P DP T (2)
0 0 0 0

T T T(2) DP P P(1) P(2) P P DP T (1)
0 0 0 0

P(1) P
0

k k k k

k k k k

k k k k

k k k k

k

+ +

+ +

+ +

+ +

A S ω ρ S A A S ω ρ S A

A S ω ρ S A A S ω ρ S A

B S ρ S A A S ω ρ S B

B S ρ S A A S ω ρ S B

A S ρ ( ) ( ) ( )

2

1

T T TPP T P(2) P(2) P PP P P(1)
0 0 0

k

k k k

=

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥+
⎣ ⎦

∑

S A A S ρ S A

 

  (4.59) 
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 2
1 2 3sin sin cosθ θ θ= + +V V V V  (4.60) 

Equation (4.56) can be expanded alternatively as 

 ( ) ( ) ( )2 2 2 2 2 2 2 2
0 1 2 2 1 1 2 3cos sin 2 sin cosx y x y xy xyR R R R R R Rθ θ θ θ= + + + + − +R  (4.61) 

in which 

 

C C

C P

P P

2 DD (1) (1) (1) (1) (1) (1)
0 0 0 0 0 0

1 1

DP (1) P(1) (1) P(1) P
0 0 0 0

1 1

PP P(1) P(1) P P
0 0

1 1

A A B B 2 A B

2 A A B A

A A

N N

kx i j i j i j i j i j i j i i j ki kj
i j

N N
P

i j j i j i j ki kj
i j

N N

i j i j ki kj
i j

R S S

S S

S S

ρ μ ω ω υ ω

ρ ω

ρ

= =

= =

= =

⎡ ⎤= + +⎣ ⎦

⎡ ⎤+ +⎣ ⎦

+

∑∑

∑∑

∑∑

 (4.62) 

 

C C

C P

P P

2 DD (2) (2) (2) (2) (2) (2)
0 0 0 0 0 0

1 1

DP (2) P(2) (2) P(2) P
0 0 0 0

1 1

PP P(2) P(2) P P
0 0

1 1

A A B B 2 A B

2 A A B A

A A

N N

ky i j i j i j i j i j i j i i j ki kj
i j

N N
P

i j j i j i j ki kj
i j

N N

i j i j ki kj
i j

R S S

S S

S S

ρ μ ω ω υ ω

ρ ω

ρ

= =

= =

= =

⎡ ⎤= + +⎣ ⎦

⎡ ⎤+ +⎣ ⎦

+

∑∑

∑∑

∑∑

 (4.63) 

 

( )

( )

C C

C P

DD (1) (2) (1) (2) (1) (2) (2) (1)
0 0 0 0 0 0 0 0

1 1

DP (1) P(2) (2) P(1) (1) P(2) (2) P(1) P
0 0 0 0 0 0 0 0

1 1

PP P(1) P
0 0

A A B B A B A B

2 A A A A B A B A

A A

N N

kxy i j i j i j i j i j i j i i j i j ki kj
i j

N N
P

i j j i j i j i j i j ki kj
i j

i j i j

R S S

S S

ρ μ ω ω υ ω

ρ ω

ρ

= =

= =

⎡ ⎤= + + +⎣ ⎦

⎡ ⎤+ + + +⎣ ⎦

+

∑∑

∑∑
P P

(2) P P

1 1

N N

ki kj
i j

S S
= =
∑∑

(4.64) 

and 
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C C

C P

P P

2 DD (3) (3) (3) (3) (3) (3)
3 0 0 0 0 0 0 3 3

1 1

DP (3) P(3) (3) P(3) P
0 0 0 0 3 3

1 1

PP P(3) P(3) P P
0 0 3 3

1 1

A A B B 2 A B

2 A A B A

A A

N N

i j ij i j i j i j ij i i j i j
i j

N N
P

i j j i j i j i j
i j

N N

i j i j i j
i j

R S S

S S

S S

ρ μ ω ω υ ω

ρ ω

ρ

= =

= =

= =

⎡ ⎤= + +⎣ ⎦

⎡ ⎤+ +⎣ ⎦

+

∑∑

∑∑

∑∑

 (4.65) 

kxR  and kyR  are the peak responses when the spectrum akS  acts along the structure 

reference axes X and Y, respectively. kxyR  is a cross term considering the effect of the  

cross relation between responses kxR  and kyR  on the total response. The term-by-term 

expression of Equation (4.61) represented in a tabulated format is given in Table 4.1. In 

Table 4.1, the sum of Row 1, T DDd Z d , represents the responses contributed from the 

modal displacements; the sum of Row 2, T VVd Z d ,  represents the contributions of modal 

velocities; the sum of Row 3, T VDd Z d , shows the contribution and the effect of the cross 

relation between modal displacement and modal velocity; the sum of Row 4, T VPd Z d , 

accounts for the effect of the cross relation between modal velocity and over-damped 

modal response; the sum of Row 5, T DPd Z d , is used for the influence of the cross relation 

between modal displacement and over-damped modal response, and the sum of the last 

row, T PPd Z d , represents the responses contributed from over-damped modal responses. 

The sum of columns 1 and 4, 2 2 2 2
1 1( cos sin )x yR Rθ θ+ , stands for the response resulting 

from excitation component 1. The sum of columns 2 and 3, 2 2 2 2
2 2( sin cos )x yR Rθ θ+ , 

stands for the response resulting from excitation component 2. The sum of column 6, 2
3R , 

stands for the response due to excitation component 3. The sum of column 5, 

1 22( )sin cosxy xyR R θ θ− , is used to account for the cross relation between responses due 

to excitation components 1 and 2. Thus, it is clear from Table 4.1 that the new GCQC3 

not only considers the correlations between modal responses but also the correlations 

between excitation components. 
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4.4.4 Identical Horizontal Response Spectra 

In most design codes, only one response spectrum is specified for a given site while the 

direction of the ground motion is not specified. Therefore, it is common in practice to 

assume that the two horizontal orthogonal components have identical spectral shapes but 

different intensities. This intensity ratio is represented by γ  as 

 ( )2

1

0 1i

i

S
S

γ γ= ≤ ≤  (4.66) 

Based on this assumption, the following relationships can be established: 2 2 2
2 1y yR Rγ= , 

2 2 2
2 1x xR Rγ= , and 2

2 1xy xyR Rγ= . Using the expressions in Equation (4.61), it is simplified 

as 

 
2 2 2 2 2 2 2 2 2 2 2
0 1 1 1 1 1 3( ) cos ( )sin 2(1 ) sin cosx y x y xyR R R R R Rγ θ γ θ γ θ θ= + + + + − +R  (4.67) 

It can be found that when using identical response spectrum in both horizontal directions, 

i.e. 1γ = , the response quantity is independent of the incident angle θ  and the 

correlations between excitation components disappear. This finding was also pointed out 

in a number of studies (Wilson et al., 1995; Lopez and Torres, 1997). 

4.4.5 Uniformly Distributed Incident Angle 

In most instances, it is reasonable to assume that the seismic incident angle θ  is 

uniformly distributed among [0, 2 ]π . Hence, the probability density function of θ , ( )f θ , 

is 

 1( ) , 0 2
2

f θ θ π
π

= ≤ ≤  (4.68) 

Thus, the mean value of 2
0R , 2

0R , can be determined by 

 
22 2

0 00
( )df

π
θ θ= ∫R R  (4.69) 
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If the response 2
0R  is represented by Equation (4.56), Equation (4.69) becomes 

 2 T
0 1 2

1
2

⎛ ⎞= +⎜ ⎟
⎝ ⎠

R d V V d  (4.70) 

If Equation (4.61) is used to represent the response 2
0R , Equation (4.69) becomes 

 ( )2 2 2 2 2 2
0 1 2 2 1 3

1
2 x y x yR R R R R= + + + +R  (4.71) 

Note that the terms, 3V  and ( )1 22 xy xyR R− , which represent the correlation between the 

excitation components along the structure reference axes, disappear after the integration 

over θ . When the two horizontal response spectra are related by an intensity ratio γ  

shown in Equation (4.66), Equation (4.71) is simplified to 

 ( )( )2 2 2 2 2
0 1 1 3

1 1
2 x yR R Rγ= + + +R  (4.72) 

Equation (4.72) is useful in practical applications since only one response spectrum is 

specified in the design codes, and the principal directions of the seismic input is usually 

unknown and can be considered as uniformly distributed (Semby and Der Kiureghian, 

1985). 

4.4.6 GSRSS3 

When the frequencies of the contributing modes are well separated, the cross terms in 

Equation (4.61) are negligible. Equation (4.61) can still be represented as 

 ( ) ( ) ( )2 2 2 2 2 2 2 2
0 1 2 2 1 1 2 3max
( ) cos sin 2 sin cosx y x y xy xyr t R R R R R R Rθ θ θ θ= + + + + − +    (4.7

However, 2
kxR , 2

kyR , kxyR  and 2
3R , respectively, now reduce to 

 ( )
C P 22 2 (1) 2 (1) 2 2 P(1) P

0 0 0
1 1

(A ) (B ) A
N N

kx i i i ki i ki
i i

R S Sω
= =

⎡ ⎤= + +⎣ ⎦∑ ∑  (4.74) 
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C P 22 2 (2) 2 (2) 2 2 P(2) P
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1 1

(A ) (B ) A
N N

ky i i i ki i ki
i i

R S Sω
= =

⎡ ⎤= + +⎣ ⎦∑ ∑  (4.75) 

 ( )
C P 22 (1) (2) (1) (2) 2 P(1) P(2) P

0 0 0 0 0 0
1 1

A A B B A A
N N

kxy i i i i i ki i i ki
i i

R S Sω
= =

⎡ ⎤= + +⎣ ⎦∑ ∑  (4.76) 

 ( )
C P 22 2 (3) 2 (3) 2 2 P(3) P

3 0 0 3 0 3
1 1

(A ) (B ) A
N N

i i i i i i
i i

R S Sω
= =

⎡ ⎤= + +⎣ ⎦∑ ∑  (4.77) 

Equation (4.73) combined with Equations (4.74) to (4.77) is referred to as the General 

Square-Root-Sum-of-Squares rule for three-component excitations (GSRSS3). 

4.4.7 Investigation of the Correlation Factors 

The correlation coefficients DD
i jρ , VV

i jρ , VD
i jρ , DP

i jρ  and PP
i jρ  for response to white noise 

input are presented in Figures 4.1 to 4.5, respectively. Each correlation coefficient was 

plotted against the ratio i jω ω  for certain representatives of damping. Figure 4.1 (a) 

compares the DD
i jρ  variations for different levels of damping, in which the modal 

damping ratios of the ith and jth mode are the same; whereas Figure 4.1 (b) compares the 
DD
i jρ  variations when the ith and jth modal damping ratios are not equal. It is observed 

that DD
i jρ  becomes smaller as the two modal frequencies iω  and jω  move apart. This is 

particular true for small damping values. However, the DD
i jρ  does not diminish rapidly 

when one of the modal damping is significantly large. This implies that heavily damped 

modes may have strong interaction with other modes. Similar results can also be found 

for the velocity correlation coefficient VV
i jρ  shown in Figure 4.2. Figure 4.3 shows the 

variations of the velocity-displacement correlation coefficient VD
i jρ . It can be seen that the 

variation of VD
i jρ  is quite different from the displacement correlation coefficient DD

i jρ . It 

has a negative value when the ratio i jω ω  is greater than unity. This negative correlation 

exists between complex modal displacement and complex modal velocity. When i jω ω  

is equal to unity, VD
i jρ  is zero. This result is reasonable since the complex modal 

displacement and velocity belonging to the same mode are independent under the white 
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noise input assumption. The value of VD
i jρ  is significant when i jω ω  is less than unity, 

indicating that the correlation between modal velocity and displacement should not be 

neglected. Figure 4.4 shows the variation of DP
i jρ  with respect to the ratio P

i jω ω . It is 

found that the values of DP
i jρ  are significant, especially at large damping levels. Also, 

DP
i jρ  grows as the ratio P

i jω ω  approaches two and decreases slowly beyond that value. 

Figure 4.5 shows that the variation of PP
i jρ  is not related to the damping ratio and remains 

a significant component across the range of the ratio P P
i jω ω . The results shown in 

Figures 4.1 to 4.5 suggest that over-damped modes may have strong contributions to the 

structural responses and should be considered in the combination rule. 

4.4.8 Reduction to Classically Under-Damped Systems 

A MDOF structure that is a classically under-damped system is considered next. Any of 

its responses expressed by Equation (4.61) can be simplified as 

 ( ) ( ) ( )2 2 2 2 2 2 2 2
0 1 2 2 1 1 2 3max
( ) cos sin 2 sin cosx y x y xy xyr t R R R R R R Rθ θ θ θ= + + + + − + (4.78) 

in which 

 2 DD (1) (1)
0 0

1 1

B B
N N

kx i j i j ki kj
i j

R S Sρ
= =

=∑∑  (4.79) 

, 2 DD (2) (2)
0 0

1 1

B B
N N

ky i j i j ki kj
i j

R S Sρ
= =

=∑∑  (4.80) 

, DD (1) (2)
0 0

1 1

B B
N N

kxy i j i j ki kj
i j

R S Sρ
= =

=∑∑  (4.81) 

and 2 DD (3) (3)
3 0 0 3 3

1 1

B B
N N

i j i j i j
i j

R S Sρ
= =

=∑∑  (4.82) 
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Figure 4.1  Correlation coefficient DD

i jρ  for responses to white noise excitations 
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Figure 4.2  Correlation coefficient VV

i jρ  for responses to white noise excitations 
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Figure 4.3  Correlation coefficient VD

i jρ  for responses to white noise excitations 
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Figure 4.4  Correlation coefficient DP

i jρ  for responses to white noise excitations 
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Figure 4.5  Correlation coefficient PP

i jρ  for responses to white noise excitations 
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4.4.8.1 Planar Frame subjected to Single Direction Excitation 

When a structure is a two-dimensional frame subjected to a single direction excitation, 

the peak displacement response vector 
max

( )tu , the peak velocity response vector 

max
( )tu  and the peak absolute acceleration vector A max

( )tu  can be estimated by 

 DD
max

1 1

( ) Γ Γ
N N

i j i j i j i j
i j

t S Sρ
= =

= ∑∑u iϕ ϕ  (4.83) 

 DD
max

1 1

( ) Γ Γ
N N

i j i j i j i j i j i j
i j

t S Sμ ρ ω ω
= =

= ∑∑u iϕ ϕ  (4.84) 

 DD 2 2
A max

1 1

( ) Γ Γ
N N

i j i j i j i j i j i j
i j

t S Sσ ρ ω ω
= =

= ∑∑u iϕ ϕ  (4.85) 

where 

 2

1 4 4

4 ( ) (2 )
,      ( , 1, 2,..., )

( )

i j i j i j i j i

j i j i j i j i j i j i i j

i j j i i j

i j N

σ μ ξ ξ υ ξ

ξ γ ξ ξ γ ξ ξ γ ξ γ
γ ξ ξ γ

= + +

+ + + −
= =

+
 (4.86) 

iϕ  is the ith undamped mode shape, T T
i i iΓi = MJ Mϕ ϕ ϕ  is the ith modal participation 

factor and iS  is the spectral displacement of mode i. Note that Equation (4.83) coincides 

with the conventional CQC rule, as expected. Equations (4.84) and (4.85) are newly 

established formulae to evaluate the peak velocity and peak absolute acceleration of 

classically damped structures, respectively. As is well known, the pseudo velocity PViS  

and the pseudo acceleration spectra PAiS  associated with the ith mode can be written as 

PVi i iS Sω=  and 2
PAi i iS Sω= , respectively. Thus, Equations (4.84) and (4.85) may be 

expressed as 

 DD
PV PVmax

1 1

( ) Γ Γ
N N

i j i j i j i j i j
i j

t S Sμ ρ
= =

= ∑∑u iϕ ϕ  (4.87) 
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 DD
A PA PAmax

1 1

( ) Γ Γ
N N

i j i j i j i j i j
i j

t S Sσ ρ
= =

= ∑∑u iϕ ϕ  (4.88) 

It is seen that, when using the pseudo velocity spectra to estimate the true peak velocity, 

the results should be modified by the factor i jμ  in the combination rule. Also, when 

using the pseudo acceleration spectra to estimate the true peak absolute acceleration, the 

results should be modified by the factor ijσ  in the combination rule. These important 

features offer improved estimates on the true relative velocity and true absolute 

acceleration of classically damped structures and should be very useful in earthquake 

engineering applications. 

4.4.8.2 Under-damped SDOF System 

Further, if the system is an under-damped SDOF system, the estimation of the peak 

absolute acceleration, AS , can be approximated by customizing Equation (4.88) as 

 2
A PA1 4S Sξ= +  (4.89) 

This formulation provides an efficient and reasonable transformation between the pseudo 

acceleration and peak absolute acceleration. This relationship was also earlier derived by 

Song et al. (2007a). The applicability and accuracy of Equation (4.89) was also examined 

in their study. The result shows that when the damping ratio is less than 40% or so, 

Equation (4.89) provides excellent estimates. 

Furthermore, Equation (4.89) is equivalent to the formula proposed by Tsopelas et al. 

(1997), which predicts the maximum acceleration based on a given pseudo acceleration. 

It was developed under the assumption that during the cycle of maximum response, the 

SDOF system undergoes a harmonic motion with the natural frequency of the SDOF. The 

equation of this method takes the form of  

 A 1 2 PA( 2 )S f f Sξ= +  (4.90) 
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where 1 1
1 2cos[tan (2 )]  and  sin[tan (2 )]f fξ ξ− −= = . The physical meaning of this 

equation is defined in Tsopelas et al. (1997). If 1tan (2 )θ ξ−= , then 1 cosf θ= , 2 sinf θ=  

and 2 tanξ θ= . The square of 1 2( 2 )f fξ+  is manipulated as follows. 

 

2 2
1 2

2 2 2

2 2 2 2

2 2 2 2

( 2 ) (cos 2 sin )
                     = cos 4 cos sin 4 (1 cos )
                     = cos 2 tan cos sin 4 tan cos
                     = cos 2sin 4 sin
                     =1+

f fξ θ ξ θ
θ ξ θ θ ξ θ
θ θ θ θ ξ θ θ
θ θ ξ θ

+ = +
+ + −
+ + −
+ + −

24ξ

 (4.91) 

Equation (4.91) shows that Equations (4.89) and (4.90) are identical, while Equation 

(4.89) is easier to use in the engineering applications. 

4.5 Over-damped Mode Response Spectrum (Song et al., 2008) 

Because the peak over-damped modal responses are not available when performing 

response spectrum analysis in engineering practice, it is necessary to predict them from 

the prescribed 5% pseudo-acceleration response spectrum. Thus, a new ‘over-damped 

mode’ response spectrum is introduced in this study. The over-damped mode response 

spectrum follows a similar definition as the conventional response spectrum used in 

earthquake engineering. The objective of the over-damped mode response spectrum is to 

account for the peak over-damped modal response of structures that have over-damped 

modes. The interpretation of the over-damped mode response spectrum and an approach 

that is able to convert a given conventional response spectrum to an over-damped mode 

response spectrum are described in this section. Validation of the adequacy of the 

proposed over-damped mode response spectrum conversion approach is also given. 

4.5.1 The Concept 

Before discussing the over-damped mode response spectrum, it is helpful to briefly 

review the concept of the conventional response spectrum. Consider a SDOF under-

damped system subjected to a ground motion g ( )x t . The equation of motion can be 

written as 
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 2
g( ) 2 ( ) ( ) ( )n nq t q t q t x tξω ω+ + = −  (4.92) 

where ( )q t , ( )q t  and ( )q t  are the relative displacement, velocity and acceleration, 

respectively; ξ  is the damping ratio and nω  is the natural circular frequency of the SDOF 

system. The conventional response spectrum is constructed by performing a series of 

linear response history analysis to a SDOF system under a given ground acceleration 

g ( )x t . The response spectrum is a plot of the peak values of a response quantity as a 

function of natural vibration period nT  (or corresponding natural circular frequency nω ). 

Each plot is for a SDOF system having a fixed damping ratio ξ , and a number of such 

plots for different values of ξ  are included to account for the effect of viscous damping 

encountered in real structures (Chopra, 2005).  

The response of an over-damped mode is characterized by the following linear first order 

differential equation 

 P P P
g( ) ( ) ( )q t q t x tω+ = −  (4.93) 

where P ( )q t  is the  over-damped modal response and P ( )q t  is the time derivative of 

P ( )q t , and Pω  is the “over-damped modal natural frequency” (rad/sec ) corresponding to 

the real eigenvalues, solutions of the eigen equation. Similar to the concept of 

conventional response spectrum, the over-damped mode response spectrum is defined as 

a plot of the peak over-damped mode responses P ( )q t , as a function of the over-damped 

modal frequency Pω  or the over-damped modal period P P2T π ω=  under a given 

ground acceleration via Equation (4.93). Unlike the conventional response spectrum, 

there is only one parameter, Pω , influencing the response. The procedure to construct the 

over-damped mode response spectrum is illustrated in Figure 4.6, and it consists of the 

following three steps: (1) select the ground motion to be considered (as seen in Figure 4.6 

(a)); (2) determine the peak over-damped modal responses represented by Equation (4.93) 

using the selected ground motion for different over-damped modal frequencies (see 
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Figure 4.6 (b)); and (3) the peak over-damped modal response obtained offers a point on 

the over-damped mode response spectrum as shown in Figure 4.6 (c). 
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Figure 4.6. Generation of the over-damped mode response spectrum 
 

4.5.2 Construction of Over-damped Mode Response Spectrum Consistent with 5% 
Displacement Response Spectrum 

The construction of the over-damped mode response spectrum relies on the availability of 

the ground acceleration history. However, when using the response spectrum approach, 

site response spectrum specified in design provisions is used rather than the ground 

acceleration histories. Therefore, the over-damped mode response spectrum cannot be 

directly generated due to the unavailability of ground acceleration records. In this study, 

an approach based on the theory of random vibration is developed to address this issue, 

by assuming that the ground excitation can be considered as a wide-banded stationary 

Gaussian process. In this approach, the input excitation and responses are represented in 

terms of their respective power spectral density (PSD) functions. For a linear system, the 
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PSD of a response is the product of the response transmittance function and the PSD of 

the input process. Further, most structural responses can be characterized by their 

corresponding response PSD functions. For example, the root mean square (RMS) of a 

response process is the area under its PSD (Der Kiureghian, 1980). In addition, it has 

been shown in Davenport (1964) and Vanmarcke (1972) that the peak value of a response 

process can be related to its root mean square by a proportional factor. From the above 

considerations, the following procedure is established. First, the ground motion PSD 

mapped from a given 5% damping displacement spectrum can be established, which is 

independent of the characteristics of the SDOF systems. Second, this ground motion PSD 

is used as a base to predict the over-damped mode response spectrum. This proposed 

approach is based on the work by Song et al. (2007a) to construct the real velocity 

spectrum from the given 5% response spectrum. The detailed procedures are described in 

the following subsections. 

4.5.2.1 Response Spectrum Consistent PSD 
g
( )xG ω  

A reasonable estimate of ground motion PSD, ( )
gxG ω , consistent with a given 5% 

displacement spectrum, was proposed by Song et al. (2007a) as follows. 

 ( ) ( )
( )g

2 3

2

0.1 ,5%
,5% π

d
x

S
G

ω ω
ω

α ω
=  (4.94) 

where ( ,5%)dS ω  represents the given 5% displacement response spectrum as a function 

of ω . ( ,5%)α ω  is a factor that relates the standard deviation or root mean square (RMS) 

( )σ ω  of its response process to its peak response as 

 ( ,5%) ( ,5%) ( )dS ω α ω σ ω= ×  (4.95) 

Values of ( ,5%)α ω  determined numerically by using a group of artificial white noise 

processes can be found in Song et al. (2007a). The applicability of Equation (4.94), along 

with the white-noise-determined ( ,5%)α ω , has been shown to be appropriate when used 

to estimate the real spectral velocities (Song et al., 2007a). This response spectrum 
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consistent PSD ( )
gxG ω  will be used to develop the over-damped mode response 

spectrum described in the next subsection. 

4.5.2.2 Procedures 

From the over-damped mode equation of motion given by Equation (4.93), it is easy to 

obtain the over-damped modal frequency response function, P P( ) 1 ( j )H ω ω ω= − + . 

Under the wide-band stationary input process assumption, the PSD, Pq
G , of the over-

damped modal response can be related to ground motion PSD 
g
( )xG ω  via the frequency 

response function, P ( )H ω , as 

 P g

2P ( ) ( )xq
G H Gω ω= ×  (4.96) 

Then, the standard deviation or RMS, Pq
σ , of the over-damped modal response may be 

obtained through 

 
P P

g

2

0

2P

0

( )d

( ) ( )d

q q

x

G

H G

σ ω ω

ω ω ω

∞

∞

=

=

∫

∫
 (4.97) 

Further, the peak value of the over-damped modal response P ( )q t  can also be related to 

its RMS Pq
σ  by a different proportional factor P( )η ω  

 P
P P P

max
( ) ( ) ( )

q
q t η ω σ ω= ×  (4.98) 

where P( )η ω  is a proportional factor by which the standard deviation must be multiplied 

to account for the expected peak over-damped modal response. The derivation of P( )η ω  

is provided in the following subsection. 
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4.5.2.3 η  Factor Determination 

Based on the definition of η , it may be determined numerically by investigating the ratio 

between peak value and RMS of the response solved from Equation (4.93) while 

considering the excitation g ( )x t  as an  artificially generated white noise process for each 

over-damped modal frequency Pω  of interest. The generated white noise has a duration 

of eleven seconds and a 0.005 sec time increment. A total of 15,000 response history 

analyses via Equation (4.93) were performed (corresponding to 150 over-damped modal 

frequencies Pω  logarithmically spaced between 0.1 Hz and 30 Hz and 100 artificially 

generated white noise inputs). Mean peak over-damped modal response and its RMS 

were obtained for each over-damped modal frequency Pω . The η  factor was then 

determined based on the ratio of these two values. The resulting η  factors are tabulated 

in Table 4.3 while Figure 4.7 shows the plot of η  as a function of the over-damped 

modal frequency Pω  and the over-damped modal period PT . These η  factors are termed 

as white-noise-determined η  factors. Note that η  factors are readily available in advance 

of the construction of the over-damped mode response spectrum and do not favor any 

ground motion records. Finally, the procedure to construct the over-damped mode 

response spectrum is illustrated schematically in Figure 4.8. 
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Figure 4.7. Variation of η  factor for the over-damped response 
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Table 4.2.  White-noise-determined η  factor for over-damped modal response 
 

Pω  η  Pω  η  Pω  η  Pω  η  Pω  η  Pω  η  Pω  η  

0.63  2.55  1.46  2.81  3.39  3.04  7.86  3.28  18.25 3.41  42.36 3.50  98.33  3.43  
0.65  2.56  1.52  2.82  3.52  3.05  8.17  3.28  18.96 3.41  44.01 3.50  102.1  3.42  
0.68  2.57  1.57  2.83  3.66  3.07  8.49  3.29  19.70 3.42  45.73 3.50  106.1  3.41  
0.70  2.59  1.64  2.84  3.80  3.08  8.82  3.30  20.47 3.43  47.51 3.51  110.2  3.41  
0.73  2.60  1.70  2.85  3.95  3.10  9.16  3.31  21.27 3.43  49.37 3.51  114.6  3.40  
0.76  2.61  1.77  2.86  4.10  3.11  9.52  3.32  22.10 3.44  51.29 3.51  119.0  3.39  
0.79  2.62  1.84  2.87  4.26  3.13  9.89  3.32  22.96 3.44  53.29 3.51  123.7  3.38  
0.82  2.64  1.91  2.88  4.43  3.14  10.28 3.33  23.85 3.44  55.37 3.51  128.5  3.36  
0.85  2.65  1.98  2.89  4.60  3.15  10.68 3.34  24.78 3.44  57.53 3.51  133.5  3.35  
0.89  2.66  2.06  2.90  4.78  3.16  11.09 3.34  25.75 3.44  59.78 3.51  138.7  3.34  
0.92  2.67  2.14  2.91  4.97  3.17  11.53 3.35  26.76 3.45  62.11 3.51  144.1  3.32  
0.96  2.69  2.22  2.92  5.16  3.18  11.98 3.36  27.80 3.45  64.54 3.51  149.8  3.31  
0.99  2.70  2.31  2.93  5.36  3.19  12.44 3.36  28.89 3.46  67.05 3.50  155.6  3.29  
1.03  2.71  2.40  2.94  5.57  3.20  12.93 3.37  30.01 3.46  69.67 3.50  161.7  3.28  
1.07  2.72  2.49  2.95  5.79  3.21  13.43 3.37  31.18 3.47  72.39 3.49  168.0  3.27  
1.12  2.73  2.59  2.96  6.01  3.22  13.96 3.38  32.40 3.47  75.22 3.49  174.6  3.25  
1.16  2.74  2.69  2.97  6.25  3.23  14.50 3.38  33.67 3.47  78.15 3.48  181.4  3.24  
1.20  2.75  2.80  2.99  6.49  3.24  15.07 3.39  34.98 3.48  81.20 3.48  188.5  3.22  
1.25  2.76  2.91  2.99  6.74  3.25  15.66 3.39  36.34 3.48  84.37 3.47    
1.30  2.77  3.02  3.00  7.01  3.25  16.27 3.39  37.76 3.48  87.66 3.46    
1.35  2.78  3.14  3.01  7.28  3.26  16.90 3.40  39.24 3.49  91.08 3.45    
1.40  2.79  3.26  3.03  7.56  3.27  17.56 3.40  40.77 3.49  94.64 3.44    

Pω = over-damped modal frequency (rad/sec) 
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Figure 4.8  Over-damped response spectrum conversion procedures 
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4.5.3 Validation of the Over-damped Mode Response Spectrum 

In order to demonstrate the accuracy and applicability of the proposed approach to 

convert the given 5% displacement response spectrum to the over-damped mode response 

spectrum, the exact mean over-damped mode response spectrum and the estimated over-

damped mode response spectrum constructed according to the proposed procedures were 

compared using real earthquake events. Two far-field ground motion ensembles are used 

in this study. The first, ensemble A, is the ensemble used by Vamvatsikos and Cornell 

(2004). Detailed information about the records is tabulated in Table 4.3. These records 

are selected to have large magnitudes of 6.5 to 6.9 and moderate distances from the fault 

recorded on firm soil. Near-fault data are excluded. The second, ensemble B, is a set 

containing 50 far-field ground motions used by ATC (2007) to study the earthquake 

ground motion records scaling method targeted at performance-based design. Detailed 

information about the records in this ensemble is tabulated in Table 4.4. In the second 

ensemble, the records are selected based on magnitudes between 6.3 and 7.3, distances 

from the fault between 21Km to 50Km, and site conditions characterized by soil type C 

and D. To be consistent with the amount of records used in ensemble A, only the first 20 

records from ensemble B are used. In this study, all records are scaled to have PGA equal 

to 0.4g. Figure 4.9 shows the mean 5% displacement response spectra for both ensembles. 

The mean exact over-damped mode spectra were constructed by performing a series of 

response history analysis per over-damped mode equation of motion shown in Equation 

(4.93) for each record. The over-damped modal period was chosen to be identical to those 

used in the determination of η . The resulting mean peak over-damped modal response 

was plotted against the over-damped modal period PT  shown as a solid line in Figure 

4.10. The construction of the over-damped modal response follows these proposed 

procedures. The resulting over-damped mode response spectra converted from the 5% 

displacement spectra are indicated by the dotted line in Figure 4.10. It is observed that the 

over-damped mode response spectrum constructed by the proposed procedures is in close 

agreement with the exact values for both ensembles. This consistency suggests the 

applicability of the proposed procedures. 
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Table 4.3  Far-field ground motions used by Vamvatsikos and Cornell (2004) 
No Event Station φ° 1 

1 Loma Prieta, 1989 Agnews State Hospital 090 
2 Imperial Valley, 1979 Plaster City  135 
3 Loma Prieta, 1989 Hollister Diff. Array 255 
4 Loma Prieta, 1989 Anderson Dam Downstrm 270 
5 Loma Prieta, 1989 Coyote Lake Dam Downstrm 285 
6 Imperial Valley, 1979 Cucapah 085 
7 Loma Prieta, 1989 Sunnyvale Colton Ave 270 
8 Imperial Valley, 1979 El Centro Array #13 140 
9 Imperial Valley, 1979 Westmoreland Fire Station 090 

10 Loma Prieta, 1989 Hollister South & Pine 000 
11 Loma Prieta, 1989 Sunnyvale Colton Ave 360 
12 Superstition Hills, 1987 Wildlife Liquefaction Array 090 
13 Imperial Valley, 1979 Chihuahua 282 
14 Imperial Valley, 1979 El Centro Array #13 230 
15 Imperial Valley, 1979 Westmoreland Fire Station 180 
16 Loma Prieta, 1989 WAHO 000 
17 Superstition Hills, 1987 Wildlife Liquefaction Array 360 
18 Imperial Valley, 1979 Plaster City 045 
19 Loma Prieta, 1989 Hollister Diff. Array 165 
20 Loma Prieta, 1989 WAHO 090 

1. component 
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Table 4.4  Far-field ground motions used in ATC-58 

Designation Event Station M 1 r 1 

FF1, FF2 Cape Mendocino 04/25/92 18:06 89509 Eureka—Myrtle & West 7.1 44.6 
FF3, FF4 Cape Mendocino 04/25/92 18:06 89486 Fortuna—Fortuna Blvd 7.1 23.6 
FF5, FF6 Coalinga 1983/05/02 23:42 36410 Parkfield—Cholame 3W 6.4 43.9 
FF7, FF8 Coalinga 1983/05/02 23:42 36444 Parkfield—Fault Zone 10 6.4 30.4 
FF9, FF10 Coalinga 1983/05/02 23:42 36408 Parkfield—Fault Zone 3 6.4 36.4 
FF11, FF12 Coalinga 1983/05/02 23:42 36439 Parkfield—Gold Hill 3E 6.4 29.2 
FF13, FF14 Imperial Valley 10/15/79 23:16 5052 Plaster City 6.5 31.7 
FF15, FF16 Imperial Valley 10/15/79 23:16 724 Niland Fire Station 6.5 35.9 
FF17, FF18 Imperial Valley 10/15/79 23:16 6605 Delta 6.5 43.6 
FF19, FF20 Imperial Valley 10/15/79 23:16 5066 Coachella Canal #4 6.5 49.3 
FF21, FF22 Landers 06/28/92 11:58 22074Yermo Fire Station 7.3 24.9 
FF23, FF24 Landers 06/28/92 11:58 12025 Palm Springs Airport 7.3 37.5 
FF25, FF26 Landers 06/28/92 11:58 12149 Desert Hot Springs 7.3 23.2 
FF27, FF28 Loma Prieta 10/18/89 00:05 47524 Hollister—South & Pine 6.9 28.8 
FF29, FF30 Loma Prieta 10/18/89 00:05 47179 Salinas—John &Work 6.9 32.6 
FF31, FF32 Loma Prieta 10/18/89 00:05 1002 APEEL 2—Redwood City 6.9 47.9 
FF33, FF34 Northridge 01/17/94 12:31 14368 Downey—Co Maint Bldg 6.7 47.6 
FF35, FF36 Northridge 01/17/94 12:31 24271 Lake Hughes #1 6.7 36.3 
FF37, FF38 Northridge 01/17/94 12:31 14403 LA—116th St School 6.7 41.9 
FF39, FF40 San Fernando 02/09/71 14:00 125 Lake Hughes #1 6.6 25.8 
FF41, FF42 San Fernando 02/09/71 14:00 262 Palmdale Fire Station 6.6 25.4 
FF43, FF44 San Fernando 02/09/71 14:00 289 Whittier Narrows Dam 6.6 45.1 
FF45, FF46 San Fernando 02/09/71 14:00 135 LA—Hollywood Stor Lot 6.6 21.2 
FF47, FF48 Superstition Hills (A) 11/24/87 05:14 5210Wildlife Liquef. Array 6.3 24.7 
FF49, FF50 Superstition Hills (B) 11/24/87 13:16 5210Wildlife Liquef. Array 6.7 24.4 

1. M  = moment magnitude; r = closest site-to-fault-rupture distance                   (Courtesy of Y.N.Huang) 
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Figure 4.9  Mean 5% damping displacement response spectrum (a) ensemble A (b) 

ensemble B 
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Figure 4.10  Comparisons of exact and estimated over-damped mode response 
spectrum (a) ensemble A (b) ensemble B 
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CHAPTER 5 

SPATIALLY COMBINED RESPONSES TO MULTI-COMPONENT 

SEISMIC EXCITATIONS 

5.1 Introduction 

Spatially combined responses are those whose directions do not coincide with any 

specified reference axes of a structure. Examples include the peak resultant base shear 

forces seen in foundation systems and the maximum traveling distance of the isolators in 

base-isolated structures within the horizontal plane. During an earthquake, the direction 

and magnitude of the spatially combined responses temporarily fluctuate in a 3-

dimensional (3-D) space. For these cases, approaches that can determine the critical 

responses of the spatially combined responses with a minimum amount of computational 

effort are desirable. In earthquake engineering, the seismic responses of a structure are 

determined by either the response history analysis method or the response spectrum 

method. These two methods have been extended to be suitable for structures with non-

classical damping and over-critically damped modes as shown in the previous two 

chapters. They are ideal for estimating the critical response of a single response quantity 

specified in a given direction. For spatially combined responses, which are a combination 

of at most three orthogonal components, relevant methods to determine the critical 

responses have not yet been addressed. In general, the three orthogonal components 

contributing to the spatially combined response are correlated and the direction of the 

critical combination of the responses may not coincide with any given structure reference 

axes. In addition, during an earthquake, the direction and magnitude of the spatially 

combined responses fluctuate in the 3-D space as time advances. Traditionally in design 

practice, the critical response has been calculated by using the square root of the sum of 

the squares of the individual peak responses along the three orthogonal directions. This 

approach, in principle, leads to overly conservative results as the responses specified in 

the three orthogonal directions are unlikely to reach their respective maxima at the same 

time instant. As a result, it is desirable to develop methods to facilitate the identification 

of the critical responses of the spatially combined responses in the 3-D physical space 
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without examining all possible seismic inclinations and all direction vectors that a 

spatially combined response might take in the space domain.  

In this chapter, the approaches using the response history analysis and response spectrum 

method to determine the critical response of a single response quantity to three-

component excitation are first reviewed. These two approaches and their corresponding 

response expressions are then used to develop a method to account for the spatially 

combined responses. The development of the response history approach that predicts the 

critical spatially combined response is identical to the one established by Song et al. 

(2007b). As shown later, it is instructive to review this procedure as it provides insight 

into the development of the response spectrum approach and enhances the integrity of 

this topic. The mathematical formulation for the response spectrum approach follows 

research previously derived by Gupta and Singh (1977) and Menun and Der Kiureghian 

(2000), in which an envelope that bounds the response vectors is established. Their work 

is introduced in Section 5.3.2 by customizing it to spatially combined responses. In 

addition to the mathematical formulations for the development of the two proposed 

approaches, the geometrical relationships between the contributing response components 

and the resulting spatially combined responses varying in the space with time are 

explained in a graphical manner to provide a physical interpretation of the formulations. 

It is found that, for the case when the seismic inclination is specified, closed-form 

solutions to the critical responses are available. For the case when the seismic inclination 

is not available in advance, the closed-form solutions to find the critical spatially 

combined response are not available and numerical calculations have to be employed. 

However, the computational effort needed to find the solutions numerically is much less 

than examining all possible seismic inclinations and all potential directions along which 

the responses reach their maxima. The accuracy and application of the response spectrum 

approach for arbitrarily damped 3-D structures is evaluated in the application example 

given in Chapter 6. 
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5.2 Critical Value of Responses Specified in a Given Direction 

In this section, the critical response value among all possible seismic inclination angles 

for responses specified in a given direction are determined, which are often along one of 

the predefined structure reference axes. The results presented in this section form a basis 

for the development of the approaches, which are presented in Section 5.3, to determine 

the critical response values of the spatially combined responses. Two approaches, in 

terms of response history analysis and response spectrum method, are discussed. 

Consider a response quantity 0r  of an arbitrarily damped linear MDOF structure as 

described in Chapter 3. This response 0r  can be expressed as a linear combination of the 

nodal displacements, velocities or absolute accelerations, depending upon what types of 

responses are of interest. It is also seen that the form of any response 0r  is unified 

regardless of the types of the response quantities by taking advantage of the unified form 

presented in Chapter 3. The determination of the critical values of a single response 

expression in terms of the response history analysis and response spectrum method are 

discussed in Sections 5.2.1 and 5.2.2, respectively. 

5.2.1 Excitation Histories as Inputs 

When excitation histories are used as input excitations, the response 0 ( , )r t θ  can be 

expressed according to Equation (3.142), which is generalized for the case when the 

seismic direction of the ground motion inclines in the horizontal plane at an angle θ . 

That is, 

 0 1x 2y 1y 2x 3z,( ) ( ) ( ) cos ( ) ( ) sin ( )r r r r r rt t t t t tθ θ θ⎡ ⎤ ⎡ ⎤+= + − +⎣ ⎦ ⎣ ⎦  (5.1) 

The definitions of the terms 1x ( )r t , 2y ( )r t , 1y ( )r t  and 2x ( )r t  are given in Section 3.7. The 

dependence of the response 0 ( , )r t θ  on θ  is shown explicitly in Equation (5.1). The peak 

response among the entire oscillation process can be easily determined when the seismic 

incident angle θ  is known in advance. However, in general, this angle is uncertain. In 

such cases, designing a structure with the most critical responses is suggested in order to 

improve the design safety margin for critical infrastructure. Thus, it is desirable to 
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develop an approach to determine the critical responses that avoids computations for all 

possible values of θ . 

Next, Equation (5.1) is rewritten for a specific time instant, such as *t , as 

 
* * * *

0 0 0 3z
* * *

0 3z

( ) ( )( ) cos sin ( )
( ) cos( ) ( )

c s

norm

r r t r t rt t
r t r t

θ θ
φθ

+= +
= + +

 (5.2) 

where 

 * * *
0 1x 2y( ) ( ) ( )cr t r rt t= +  (5.3) 

 * * *
0 1y 2x( ) ( ) ( )sr t r rt t= −   (5.4) 

 
2 2* * *

0 0 0( ) 0( ) ( )norm c sr t r t r t⎡ ⎤ ⎡ ⎤= ≥+⎣ ⎦ ⎣ ⎦  (5.5) 

and the phase angle *φ  can be determined for each time instant by solving 

 
*

* 0
*

0

( )tan
( )

s

c

r t
r t

φ −=  (5.6) 

It is clear from Equation (5.2) that the variation of the response *
0 ( )r t  with respect to θ  

at time instant *t follows a sinusoidal pattern as shown in Figure 5.1. The bold line in the 

figure indicates the variation of the term *
0 ( ) cos( )normr t θ φ+  and the upper dotted line 

represents the variation of *
0 ( )r t  with positive *

3z ( )r t  and the lower dotted line stands for 

the variation of *
0 ( )r t  with negative *

3z ( )r t . As seen in the figure, the maximum value of 

the response *
0 ( , )r t θ , denoted as *( )mr t , as θ  varies from 00  to 0360  can be written as 

 * * *
0 3( ) ( ) ( )norm

m zr t r t r t= +  (5.7) 

It is easy to find that the value of the seismic incident angle resulting in the maximum 

response, *( )mr t , at time instant *t , denoted as *
crθ  , is independent of the response *

3z ( )r t  

and is obtained by solving * *cos( ) 1crθ φ+ = . The result is 
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*

* * 1 0
*

0

( )tan
( )

s

cr c

r t
r t

θ φ −= − =  (5.8) 

By carrying out the steps addressed between Equations (5.2) and (5.8) recursively for 

each time step, the entire history defining the maximum response at each time step among 

all incident angles can be established. As a result, the peak value of this history can be 

easily located, which is the critical value of response 0 ,( )r t θ .  

*
0 ( )r t

*
0 ( )normr t

*
3 ( )zr t

*
0 ( )normr t

*
3 ( )zr t

 
 
 

Figure 5.1  Variation of *
0 ( )r t  at time instant *t  as θ  varies 

 

5.2.2 Response Spectra as Inputs 

When the seismic excitations are described in terms of the response spectra, the peak 

response 2
0 max
( )r t  can be determined by Equation (4.56) shown in Chapter 4 as 

 

( )

222 T
0 0 0max max

T

T 2
1 2 3

( , ) ( , )

sin sin cos

R r t tθ θ

θ θ θ

= =

=

= + +

d u

d Vd

d V V V d

 (5.9) 

The definitions of d , 1V , 2V  and 3V  are given in Section 4.4.3. When the seismic 

incident angle θ  is given in advance, Equation (5.9) is ready to be used to obtain the peak 
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responses. For the cases in which the θ  is not specified, it would be necessary to identify 

the peak value as θ  varies. The value of crθ  that maximizes the response 2
0 max
( , )r t θ  can 

be found by solving  

 ( )
2

0 T T 2 2max
2 3

( , )
2 sin cos cos sin 0

d r t
d
θ

θ θ θ θ
θ

= + − =d V d d V d  (5.10) 

such that 

 
22

0 T Tmax
2 32

( , )
2 cos 2 2 sin 2 0

d r t
d

θ
θ θ

θ
= − <d V d d V d  (5.11) 

The solution satisfying both Equations (5.10) and (5.11) is 

 
T

3
T

2

tan 2 crθ = − d V d
d V d

 (5.12) 

or 

 
T T

3 2sin 2    and   cos 2cr crW W
θ θ= = −d V d d V d  (5.13) 

where 

 ( ) ( )
1/ 22 2T T

2 3W ⎡ ⎤= +⎢ ⎥⎣ ⎦
d V d d V d  (5.14) 

Note that the critical angle is not influenced by the vertical excitation as the response 

matrix 1V , which contains the responses contributed from the vertical excitation, is not 

involved in determining the critical angle crθ  as shown in Equation (5.12).  

Substituting Equation (5.13) into Equation (5.9) gives 

 
TT

2 T 3 32 2 2
0 1 2 2 2

R
W W

⎛ ⎞
= + + +⎜ ⎟

⎝ ⎠

V d V dV V d V dd V d  (5.15) 
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Equation (5.15) defines the most critical response that could happen among all seismic 

incident angle ' sθ . This is an explicit formula which is convenient for design purposes, 

as it avoids computation of the critical angles (Menun and Der Kiureghian, 2000). 

5.3 Critical Value of the Spatially Combined Responses 

Figure 5.2 illustrates the concept of the spatially combined responses. It is seen that the 

nodal displacement or velocity of nodes 1 and 2 in the space domain can be fully 

described by their three respective orthogonal components. The responses of nodes 1 and 

2 varying in the 3-D space are referred to as the spatially combined responses.  These 

types of responses may be important in certain cases related to the design of structures 

with added dampers. For instance, the relative displacement or velocity between nodes 1 

and 2 is a critical response that has to be considered when a damper is inserted between 

nodes 1 and 2. The approaches described in the previous section are ideal for the 

determination of the critical values of the responses specified in a given direction (i.e., 

one of the orthogonal components shown in Figure 5.2). However, due to the complexity 

of the structures, the most critical responses may not occur along any of the given 

directions of its reference axes. Furthermore, the direction of the spatially combined 

response changes temporally over the entire sphere of space. This section presents two 

approaches on how to determine the most critical responses of the spatially combined 

responses for seismic inputs described in terms of acceleration histories and response 

spectra, respectively. 

5.3.1 Response History Approach  

Let 0 ( , )xr t θ , 0 ( , )yr t θ  and 0 ( , )zr t θ  represent the components of the response at a certain 

location along a set of structure reference axes X, Y and Z, respectively. They can be 

expressed in a vector form through Equation (5.2) as follows. Let 
T

0 0 0 0( , ) [ ( , ) ( , ) ( , )]x y zt r t r t r tθ θ θ θ=r  denote the spatially combined response consisting 

of the time-varying responses 0 ( , )xr t θ , 0 ( , )yr t θ  and 0 ( , )zr t θ  at a certain location of the 

structure. Consequently, the spatially combined response 0 ( , )t θr  can be written in the 

form of a matrix as 
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Figure 5.2  Concept of spatially combined responses 
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⎧ ⎫⎪ ⎪= =⎨ ⎬
⎪ ⎪⎩ ⎭

r LΘ  (5.16) 

where [ ]1 2 3=L L L L  and [ ]Tcos sin 1θ θ=Θ . The three elements of L  are 

T

1 0 0 0( ) ( ) ( )c c c
x y zr t r t r t⎡ ⎤= ⎣ ⎦L , 

T

2 0 0 0( ) ( ) ( )s s s
x y zr t r t r t⎡ ⎤= ⎣ ⎦L  and 

T0 0 0
3 3 3 3( ) ( ) ( )x y z

z z zr t r t r t⎡ ⎤= ⎣ ⎦L . The norm of the spatially combined response 0 ( , )t θr , 

which is the magnitude of the spatially combined response 0 ( , )t θr , is defined by 

 2 T T
0 ( , )t θ =r Θ L LΘ  (5.17) 

The term TL L  is defined as the response process matrix. When the seismic inclination 

angle is specified in advance (i.e., Θ  is known), the peak response of the spatially 

combined response 0 ( , )t θr  can be easily obtained. It is evident that the magnitude of the 

spatially combined response 0 ( , )t θr  is a function of the seismic incident angle θ . For the 
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cases where the seismic inclination angle θ  is not given, in principle, it is necessary to 

consider all possible values that θ  can take to obtain the most critical response value. In 

the following, a rapid transformation approach is established to determine the critical 

response when the seismic inclination angle θ  is not known, which requires only a few 

computations instead of performing response analyses for all possible θ s. 

For a certain time instant *t , Equation (5.17) can be expanded as 

 [ ] 11 12 132*
0 21 22 23

31 32 33

cos
( , ) cos sin 1 sin

1

l l l
t l l l

l l l

θ
θ θ θ θ

⎡ ⎤ ⎡ ⎤
= ⎢ ⎥ ⎢ ⎥

⎢ ⎥ ⎢ ⎥⎣ ⎦⎣ ⎦
r  (5.18) 

where T
11 1 1l = L L , T

22 2 2l = L L , T
33 3 3l = L L , T

12 21 1 2l l= = L L , T
13 31 1 3l l= = L L  and 

T
23 32 2 3l l= = L L  for the time instant *t . The value of θ  that maximizes the spatially 

combined response at time instant *t  can be found by solving 

 ( )
2*

0
22 11 12 13 23

( , )
sin 2 2 cos 2 2 sin 2 cos 0

d t
l l l l l

d
θ

θ θ θ θ
θ

= − + − + =
r

 (5.19) 

Equation (5.19) is a fourth-order polynomial and has no closed-form solution for θ  

(Song et al., 2007b). Thus, numerical algorithms are required to obtain the solutions. 

These four roots are then substituted into Equation (5.18) to determine the corresponding 

responses. The maximum response is the peak response. Repeating this procedure for 

each time step gives the complete history defining the maximum spatially combined 

response at each time step. The peak response of the spatially combined response, 0 ( , )t θr  

for uncertain θ , can then be determined. 

5.3.1.1 Special Case: No Vertical Excitation 

When the vertical excitation is not considered, which is commonly assumed in design 

practice, a convenient closed-form solution for the critical spatially combined responses 

with uncertain θ  can be derived. Under this assumption, the norm of the spatially 

combined response *
0 ( , )t θr  shown in Equation (5.18) can be reduced to 
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 [ ]2* T
0

cos( , ) cos sin sint θθ θ θ θ
⎡ ⎤= ⎢ ⎥⎣ ⎦

r L L  (5.20) 

in which the response process matrix TL L  is also reduced to 

 T 11 12

21 22

l l
l l
⎡ ⎤= ⎢ ⎥⎣ ⎦

L L  (5.21) 

The value of θ  resulting in the maximum *
0 ( , )t θr  is obtained by solving 

 ( )
2*

0
22 11 12

( , )
sin 2 2 cos 2 0

d t
l l l

d
θ

θ θ
θ

= − + =
r

 (5.22) 

such that  

 ( )
22 *

0
22 11 122

( , )
2 cos 2 4 sin 2 0

d t
l l l

d
θ

θ θ
θ

= − − − <
r

 (5.23) 

Substituting the solution satisfying Equations (5.22) and (5.23) into Equation (5.20) gives 

the critical response. The result is 

 
1/ 22* * * *2* 2 *11 22 11 22

0 12max

( ) ( ) ( ) ( )( , ) ( )
2 2

l t l t l t l tt l tθ
⎡ ⎤⎛ ⎞+ −= + +⎢ ⎥⎜ ⎟
⎢ ⎥⎝ ⎠⎣ ⎦

r  (5.24) 

Equation (5.24) is a closed-form solution defining the critical response for each time step. 

Furthermore, it is the larger eigenvalue of the response matrix TL L . Using Equation 

(5.24) for each time step generates the maximum response history, from which the most 

critical one can be easily determined. 

5.3.2 Response Spectrum Approach (Menun and Der Kiureghian, 2000) 

To determine the peak value of the spatially combined responses as the inputs are 

described in terms of the response spectra, the spatially combined response 0 ( , )t θr  

shown in Equation (5.16) in another form is expressed as 
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0 T

0 0 0

0

( , )
( , ) ( , ) ( , )

( , )

x

y

z

r t
t r t t

r t

θ
θ θ θ

θ
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⎪ ⎪⎩ ⎭

r D u  (5.25) 

where x y z⎡ ⎤= ⎣ ⎦D d d d  is a transformation matrix which transforms the system 

spatially combined response 0 ( , )t θu  into three individual components at a certain 

location referenced to axes X, Y and Z, respectively. That is, T
0 0( , ) ( , )x xr t tθ θ= d u , 

T
0 0( , ) ( , )y yr t tθ θ= d u  and T

0 0( , ) ( , )z zr t tθ θ= d u . To obtain the peak value of the response 

combined from the three components, the idea is to examine the maximum value of the 

spatially combined response 0 ( , )t θr  projected on each possible direction in the space 

domain. Consider the projection of the spatially combined response 0 ( , )t θr  onto a unit 

vector n  in the 3-D space domain 

 T T T
0n 0 0( , ) ( , ) ( , )r t t tθ θ θ= =n r n D u  (5.26) 

n  consists of three elements cosα , cosβ  and cosγ , in which α , β  and γ  are the 

angles between the unit vector  n  and the reference axes X, Y and Z, respectively. Note 

that the magnitude of the unit vector n  is expressed as 

 2 2 2cos cos cos 1α β γ= + + =n . (5.27) 

According to Equation (5.9), it is found that the peak value of the projection of the 

spatially combined response 0 ( )tr  on the unit vector n , 0n 0n max
( , )R r t θ= , can be 

estimated by the response spectrum method as 

 

( )2 T T 2
0n 1 2 3

T T

T

sin sin cosR θ θ θ= + +

=
=

n D V V V Dn

n D V Dn
n R n

 (5.28) 

In Equation (5.28), the following term is introduced 

 T=R D V D   (5.29) 
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which is defined as the response spectrum-based response matrix for spatially combined 

response 0 ( , )t θr . It can easily be verified that R  is a 3 3×  symmetric matrix, which 

gives the correlations between the response processes in the spatially combined response 

0 ( , )t θr . To determine the peak value of 0nR , basically, it is necessary to carry out the 

calculation for each  possible unit vector n . However, if the seismic incidence θ  is 

known in advance, a convenient method can be found to determine the peak response 

without carrying out repetitive computations. It is addressed below. 

Equation (5.27) indicates that when the unit vector n  varies in the 3-D space domain, it is 

actually equivalent to a 3-D real vector set with a unit Euclidian norm. The trace of these 

unit vectors is a unit sphere. Due to this condition, the peak value of 2
0nR  can be 

determined from the eigenvalues of the response matrix R . Since R  is a 3 3×  symmetric 

matrix, it has three real eigenvalues. Denote the , 1, 2,3ii iiλ = , as the eigenvalues of the 

R ; the corresponding unit vectors are  , 1, 2,3ii ii =n . Examining the context of the eigen 

analysis, the following relationship must hold. 

 ii ii iiλ=Rn n  (5.30) 

Comparing Equations (5.28) and (5.30), it is found that the peak value of the projection 

of R  onto iin  is 

 2 T T
0nii ii ii ii ii ii iiR λ λ= = =n R n n n  (5.31) 

Equation (5.31) shows that the all eigenvalues are non-negative as 2
0n 0

ii
R ≥ . Among the 

three eigenvalues, the largest one gives the peak response of the spatially combined 

response 0 ( , )t θr  in the 3-D space within the entire vibration duration and its 

corresponding unit vector is the direction along which the magnitude of the spatially 

combined response reaches its maximum. Following the preceding procedure, the peak 

response of the spatially combined response can be easily obtained using the response 

spectrum method when the seismic incidence is specified in advance. 
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In the subsequent section, a special case of a two-component spatially combined response 

is examined in an attempt to provide physical insight into the above formulation in a 

graphical way, in which a closed-form solution can be found. 

5.3.2.1 Special Case: Two-component Spatially Combined Response 

Consider the case where the spatially combined response 0 ( , )t θr  only consists of two 

components. For example,  

 { } T0
0 0

0

( , )( , ) ( , )( , )
x

y

r tt tr t
θθ θθ= =r D u  (5.32) 

in which x y⎡ ⎤= ⎣ ⎦D d d . In such a case, the direction of the spatially combined response 

0 ( , )t θr  is confined to the plane X-Y. As a result, the unit vector n  becomes 

[ ]Tcos sinα α=n , in which the α  is the angle formed by axis X and vector n . Figure 

5.3 shows the geometrical relationship of the spatially combined response and the unit 

vector n . The projection of the spatially combined response 0 ( , )t θr  on the unit vector n  

is also shown in Figure 5.3 and can be written as 

 [ ] { }TT 0
0n 0

0

( , )( , ) ( , ) cos sin ( , )
x

y

r tr t t r t
θθ θ α α θ= =n r  (5.33) 

Note that the magnitude of this projection varies temporally. Based on Equation (5.29), 

the response spectrum-based response matrix R  reduces to 

 

T

T T

T T
x x x y

y x y y

=

⎡ ⎤
= ⎢ ⎥
⎣ ⎦

R D V D

d Vd d Vd
d Vd d Vd

 (5.34) 

Note that T T
x y y x=d Vd d Vd . As a result, Equation (5.28) can be written as 

 
T T

2 T
T T0n
x x x y

y x y y
R

⎡ ⎤
= ⎢ ⎥

⎣ ⎦

d Vd d Vdn nd Vd d Vd  (5.35) 
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Figure 5.3  Projection of the two-component spatially combined response 
 

Equation (5.35) defines the peak response of the spatially combined response with two 

components along the projection direction n . By varying n , an envelope that bounds the 

response of the spatially combined response 0 ( , )r t θ  can be established, and this envelope 

is in fact an ellipse (Menun and Der Kireghian, 2000). Figure 5.4 illustrates the concept 

of the generation of the response elliptical bounding envelope for the two-component 

spatially combined response. 

Similar to the spatially combined response with three response components, the most 

critical case in which the spatially combined response reaches it maximum response can 

be obtained by finding the eigenvalues of the response spectrum-based matrix R . There 

are two eigenvalues of matrix R . The value of the larger one is denoted as aλ  and can be 

obtained by 

 ( )
1 22T T T T

2T

2 2
x x y y x x y y

a x yλ
⎡ ⎤⎛ ⎞+ −
⎢ ⎥= + −⎜ ⎟⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦

d Vd d Vd d Vd d Vd
d Vd  (5.36) 
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Figure 5.4  Response elliptical envelope for two-component spatially combined 
response 

 

The square root of the aλ  gives the maximum value of the spatially combined response 
within the entire duration when the seismic incidence θ  is specified. 

5.3.2.2 Unknown Seismic Incidence 

When θ  is unknown, the peak response of the spatially combined response is not only 

function of n  but also the seismic incidence θ . That is, it is necessary to consider all 

possible values of θ . For a given direction n , the value of θ  resulting in the maximum 

value of the magnitude of the spatially combined response can be found by solving 

(Menun and Der Kiureghian, 2000) 

 ( )
2

T T T T0n
2 3sin 2 cos 2 0dR d

d d
θ θ

θ θ
= = + =n D V Dn n D V V Dn  (5.37) 

such that 

 ( )
2 2 2

T T T T0n
2 32 2 2 cos 2 2 sin 2 0d R d

d d
θ θ

θ θ
= = − <n D V Dn n D V V Dn  (5.38) 
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As a result, the value of θ  should satisfy 

 
T T

3sin 2
Q

θ = n D V Dn  and 
T T

2cos 2
Q

θ −= n D V Dn  (5.39) 

where 

 ( ) ( )
1 22 2T T T T

3 2Q ⎡ ⎤= +⎢ ⎥⎣ ⎦
n D V Dn n D V Dn  (5.40) 

Substituting Equation (5.39) into Equation (5.28), results in 

 2 T
0n FR = n R n  (5.41) 

where 

 
T TT T

T 32
1 2 3

1 11
2 2F Q Q

⎡ ⎤⎛ ⎞
= + + +⎢ ⎥⎜ ⎟

⎝ ⎠⎣ ⎦

n D V Dnn D V DnR D V V V  (5.42) 

Equation (5.41) gives the maximum magnitude of the spatially combined response, 0 ( )tr , 

along direction n  within all possible seismic incidences. Note that Equations (5.28) and 

(5.41) are similar. However, the maximum value of 2
0nR  among all n  cannot be 

determined by the eigenvalues of the matrix FR  since the matrix FR  is a function of n . 

Thus, it would be necessary to examine all possible directions that n  can take to obtain 

the maximum response when the seismic incidence θ  is not specified. However, in 

engineering practice, it is reasonable to assume that the direction of the responses such as 

relative deformation or velocity between two nodes is the direction formed by two nodes 

as the dimension of the responses is small compared to the dimension of the structure. In 

such cases, the direction of the unit vector n  is known in advance. As a result, the peak 

response can be determined by the larger eigenvalue of the response matrix FR . 
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CHAPTER 6 

APPLICATION EXAMPLE 

6.1 Introduction 

In Chapters 3 and 4, seismic response analysis approaches for 3-D arbitrarily damped 

linear structures using both the ground motion history and the response spectrum as the 

input excitations through modal analysis are given. In this chapter, the applications of 

these two methods are demonstrated and the accuracy of the GCQC3 rule developed in 

Chapter 4 is assessed by comparing the results to the “exact” results obtained by the 

response history analyses for an example 3-D multistory building with added linear 

viscous dampers. Also, the effects of using the classical damping assumption and 

ignoring the over-damped modes in the analysis results are examined. The accuracy of 

the response spectrum method developed in Chapter 5 to predict the peak response of a 

spatially combined response is also evaluated by comparing the response envelopes of the 

floor accelerations obtained by the developed method to those obtained by the response 

history analyses. First, the configurations of the example building frame and the ground 

motions considered are described, followed by an evaluation of the two analysis 

procedures. Note that the procedure developed in Chapter 4 for the response spectrum 

method is based on random vibration theory and assumes that the peak proportional 

factors are involved. The ground motion is assumed to have a strong stationary phase 

with broad frequency content and a duration several times longer than the fundamental 

period of the structure. These assumptions will affect the accuracy of the response 

spectrum method when dealing with real earthquakes. The comparison of the estimated 

and exact responses is made within a statistical framework. Further, in order to evaluate 

the errors caused by the combination rule itself and the classical damping assumption, the 

estimated modal maximum responses are replaced by the exact modal maxima. These 

exact modal maxima and exact peak responses are determined by the response history 

analysis. 
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6.2 Description of the Example Building 

A mid-rise 6-story asymmetric steel building is considered in the following analyses.  

Figure 6.1 shows a typical floor plan of the building. The seismic resistance system 

consists of four special steel moment frames, denoted as Frames 1, 2, 3 and 4, 

respectively, located on the perimeter of the building as indicated by the bold lines in  

Figure 6.1. In accordance with engineering practice, the corner columns are not 

considered in the seismic resistance moment frames. Each of the floors is assumed to be 

rigid and has three degrees-of-freedom: two horizontal translational (along X-axis and Y-

axis) and one rotational (about Z-axis). Therefore, a total of 18 degrees-of-freedom will 

be considered in constructing the equations of motion of this example building. The 

eccentricity, caused by the asymmetric configuration, and the rotational degrees-of-

freedom are used to consider the coupling effects among the two orthogonal horizontal 

directions. Frames 2, 3 and 4 are adopted from “Example No.5: frame 6S-75” in Ramirez 

et al. (2000), which is designed to meet the 1997 NEHRP Recommended Provisions for 

Seismic Regular for New Buildings and other Structures (FEMA, 1997), assuming that 

the building will be enhanced by viscous dampers and is located at a site with a design 

spectrum characterized by parameters 1 0.6DS = , 1.0DSS =  and 0.6secST =  per NEHRP 

(1997). As a result, Frames 2, 3 and 4 are three-bay special moment frames. In order to 

meet the dimension along the Frame 1 direction, the above three-bay frame is expanded 

to be a five-bay frame while the sections of the additional beams and columns remain 

unchanged. All frame beams and columns are oriented such that the strong axes are 

perpendicular to the plane of the frame. Each frame is equipped with linear viscous 

dampers to improve the seismic performance of the building. Frame 1 has no damper in 

the first floor in order to provide open space. The rest of the stories are equipped with 

linear viscous dampers. Frames 2 and 3 have three linear viscous dampers concentrated in 

the first story, respectively. Frame 4 has linear viscous dampers installed from the first to 

the fourth story. This damper distribution is selected because it is representative of 

damper distributions that are commonly encountered when performing damper 

configuration optimization. This damper distribution results in a highly non-classically 

damped structure with certain over-critically damped modes. The inherent damping ratios 

of this building are assumed to be 2% for all modes. 
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In summary, the beam and column sizes and configurations as well as the damper 

properties for Frames 1 to 4 are shown in Figures 6.2 to 6.5, respectively. The reactive 

masses of each story are listed in Table 6.1.  

Using the mass, stiffness and damping matrices, the modal properties of this building are 

determined by eigenvalue analysis programmed in MATLAB by using both the forced 

classical damping assumption and the state space approach.  

Table 6.2 summarizes the modal periods and damping ratios. The data listed in this table 

are sorted in an ascending order according to the modal period. Table 6.2 shows that 

there are 14 over-damped modes, marked in bold face. It is observed that the damping 

ratios obtained by the forced classical damping assumption are significantly different 

from those exact damping ratios determined from the state space approach. In particular, 

using the forced damping assumption overestimates the damping ratios and the presence 

of the over-damped modes are not identified correctly. 

 
Table 6.1  Reactive mass of the example building 

 
Story Reactive mass (Kg) 

1 380,750 
2 380,750 
3 380,750 
4 380,750 
5 380,750 
6 205,740 
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Figure 6.1  Planar view of the example six-story steel moment frame building 
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Figure 6.2  Details of Frame 1 of the example building 

 

 

 
 

Figure 6.3  Details of Frame 2 of the example building 
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Figure 6.4  Details of Frame 3 of the example building 
 

 

 
 

Figure 6.5  Details of Frame 4 of the example building 
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Table 6.2. Modal periods and damping ratio of the example building 
 

Mode 

Period (sec) 1,2,3 Damping ratio (%) 

Undamped 
frame 

Damped 
frame Undamped 

frame 
Damped frame 

Exact CDA Exact CDA 
1 2.33 3.17 2.36 2 NA 17.68 
2 1.23 2.20 1.31 2 13.65 34.24 
3 0.89 1.88 0.98 2 NA 41.02 
4 0.89 1.13 0.99 2 12.48 44.33 
5 0.57 1.04 0.74 2 NA 63.81 
6 0.47 0.78 0.81 2 34.30 81.17 
7 0.45 0.77 0.49 2 17.99 42.09 
8 0.38 0.74 0.51 2 NA 67.15 
9 0.34 0.60 NA 2 NA NA 

10 0.31 0.50 NA 2 41.69 NA 
11 0.30 0.46 NA 2 NA NA 
12 0.24 0.42 0.29 2 NA 56.02 
13 0.22 0.41 NA 2 7.92 NA 
14 0.20 0.39 NA 2 10.51 NA 
15 0.17 0.32 NA 2 12.40 NA 
16 0.16 0.28 NA 2 97.11 NA 
17 0.15 0.26 NA 2 8.42 NA 
18 0.12 0.22 NA 2 2.43 NA 
19 NA 0.22 NA NA NA NA 
20 NA 0.10 NA NA NA NA 
21 NA 0.07 NA NA NA NA 
22 NA 0.05 NA NA NA NA 
23 NA 0.04 NA NA NA NA 
24 NA 0.03 NA NA NA NA 
25 NA 0.02 NA NA NA NA 

1. NA=Not Available 
2. Exact=2N dimensional eigenvalue analysis 
3. CDA= Classical damping assumption 

 

6.3 Ground Motion Records 
The ground motion ensemble B (referred to Table 4.4) used in Section 4.3.5 to verify the 

accuracy of the transformed over-damped mode response spectrum is used. It consists of 

25 pairs of far-field ground motion. For each of these pairs of records, the odd component 

is applied along the X-axis while the even component is applied along the Y-axis to 

conduct the response analysis. The vertical components of the ground motions are not 
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included in the analyses. For response spectrum analysis, in addition to the excitations 

applied along the two orthogonal reference axes X and Y, a number of selected 

orientations of the principal axes of the ground motion, defined by the angle θ  ranging 

from 0 to 2π , are considered to study the effect of the seismic incidences. In this study, 

all odd records are scaled to have Peak Ground Acceleration (PGA) equal to 0.4g and the 

even records are scaled to have PGA with 0.3g. Mean peak responses resulting from 

these 25 pairs of ground motions are presented for comparison. 

6.4 Modal Response History Analysis 

The application of the proposed general modal response history analysis presented in 

Chapter 3 is demonstrated in this section, including an investigation of the effects of 

using the forced classical damping assumption and the response contributions from the  

over-damped modes. The following three approaches are used to compare the analytical 

assumptions from the viewpoint of structural responses: 

(1) Using the general modal response history analysis shown in Equation (3.60). This 

set is referred to as “Exact”; 

(2) Using the forced classical damping assumption while excluding the over-damped 

modes. This set is referred to as “CDA” (Classical Damping Assumption); 

(3) Ignoring the contribution of the over-damped modes in the analysis, i.e., considering 

the first two terms in Equation (3.60) only. This set is referred to as “EOM” 

(Exclude Over-damped Mode). 

6.4.1 Responses of Each Story 

Peak responses of each story, i.e., referenced to the 18 DOFs of the example building, are 

obtained for each ground motion pair based on the above three analytical approaches. 

Their mean values are presented in Table 6.3, 6.4 and 6.5 for peak displacement, peak 

velocity and peak total acceleration, respectively. The mean results obtained from the 

first approach are considered to be the “exact” results. The data listed in Table 6.3, 6.4 

and 6.5 are also plotted in Figure 6.6, 6.7and 6.8, accordingly for comparisons. In these 

three figures, the vertical axis is the result of the mean responses from the response 

history analysis and the horizontal axis represents the mean responses calculated by the 
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three approaches. The diagonal line in each figure serves as a reference line. The symbols 

located below the reference line are conservative results whereas those above it are 

underestimated. It is apparent that the results from the first approach lie on the reference 

line since the results from this approach are considered to be the “exact” solutions. Figure 

6.9 presents the estimation errors arising from the forced classical damping assumption 

and ignorring the over-damped modes. 

Table 6.3  Results of mean peak displacement responses of defined degree-of-
freedoms of the example building using ground motion records as inputs 

Level 
of 

story 

Response quantities 
Displacement along X-

axis (mm)1,2,3 
Displacement along Y-

axis (mm) 
Rotation about Z-axis 

(10-3 rad) 
Exact CDA EOM Exact CDA EOM Exact CDA EOM 

1 17 14 15 12 17 11 0.32 0.03 0.40 
2 30 26 26 33 31 30 0.30 0.06 0.32 
3 52 42 49 66 50 63 0.31 0.09 0.32 
4 70 55 67 94 64 92 0.32 0.12 0.32 
5 88 68 85 126 77 123 0.51 0.16 0.50 
6 95 72 93 139 81 136 0.71 0.17 0.70 

 
Table 6.4  Results of mean peak velocity responses of defined degree-of-freedoms of 

the example building using ground motion records as inputs 

Level 
of 

story 

Response quantities 
Velocity along X-axis 

(mm/sec)1,2,3 
Velocity along Y-axis 

(mm/sec) 
Rotational Velocity 

about Z-axis  
(10-3 rad/sec) 

Exact CDA EOM Exact CDA EOM Exact CDA EOM 
1 116 99 110 63 105 70 2.18 0.11 2.34 
2 204 185 210 222 192 226 2.05 0.18 2.04 
3 358 302 374 433 303 436 2.32 0.31 2.35 
4 482 394 497 579 382 587 1.98 0.42 2.00 
5 606 487 610 748 454 755 2.75 0.56 2.77 
6 660 521 654 844 485 849 4.37 0.62 4.43 

 
Table 6.5  Results of mean peak total acceleration responses of defined degree-of-

freedoms of the example building using ground motion records as inputs 
Level 

of 
story 

Response quantities 
Total acceleration along 

X-axis (g)1,2,3 
Total acceleration along 

Y-axis (g) 
Rotational acceleration 
about Z-axis (rad/sec2) 

Exact CDA EOM Exact CDA EOM Exact CDA EOM 
1 0.35 0.10 0.12 0.27 0.12 0.04 0.025 0.001 0.026 
2 0.34 0.17 0.23 0.28 0.19 0.26 0.021 0.001 0.022 
3 0.36 0.28 0.37 0.33 0.23 0.35 0.022 0.002 0.022 
4 0.40 0.36 0.44 0.35 0.25 0.35 0.021 0.002 0.021 
5 0.46 0.44 0.46 0.48 0.26 0.48 0.020 0.003 0.020 
6 0.49 0.48 0.49 0.59 0.31 0.59 0.037 0.004 0.036 

1. Exact=General modal analysis including effects of over-damped modes  
2. CDA= Classical damping assumption while over-damped modes excluded 
3. EOM= General modal analysis excluding over-damped  modes 
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Figure 6.6  Comparisons of story responses along X-axis by response history 

analysis 
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Figure 6.7  Comparisons of story responses along Y-axis by response history 

analysis 
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Figure 6.8  Comparisons of story responses about Z-axis by response history 

analysis 
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6.4.2 Responses of Each Frame 

Response estimates of each frame based on the three approaches are presented in Table 

6.6 to Table 6.9. Four response quantities are included in the tables, which are (a) peak 

interstory drift; (b) peak interstory velocity; (c) story shear force at the time of maximum 

interstory drift; and (d) maximum story shear force (which includes the damping force as 

appropriate). Figure 6.10 to Figure 6.13 compare the results obtained from these three 

approaches for the four response quantities. The associated estimation errors resulting 

from the forced classical damping assumption and ignorring the over-damped modes are 

presented in Figure 6.14 to 6.17. 

6.4.3 Discussion 

By evaluating Table 6.3 to 6.9 and Figure 6.6 to 6.17, it is found that using the forced 

classical damping assumption results in inaccurate seismic response estimates for all the 

responses considered. Most results determined from the forced classical damping 

assumption are underestimated. This phenomenon becomes more significant for floor 

acceleration responses. For certain response quantities, the error can be more than 100%. 

The source of the errors can be attributed to inaccurate calculation of the modal damping 

ratios and modal periods determined under the classical damping assumption. It is also 

found that the effect of the over-damped modes is not significant in the response 

calculations for this example. The exception is that the floor accelerations in the lower 

stories are considerably underestimated. This may result in errors in seismic demand 

estimates of nonstructural components. 

From the above comparisons, it may be concluded that the over-damped modes should be 

considered in order to obtain more accurate structural response estimates. This is 

particular true for floor accelerations. Further, using the forced classical damping 

assumption may lead to large inaccuracies when a structure is heavily non-classically 

damped and has over-critically damped modes. 
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Figure 6.10  Comparisons of interstory drifts per frame by response history 

analysis 
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Figure 6.11  Comparisons of interstory velocities per frame by response history 

analysis 
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Figure 6.12  Comparisons of story shear forces at max. drifts per frame by 

response history analysis 
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Figure 6.13  Comparisons of maximum story shear forces per frame by response 

history analysis 
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Figure 6.14  Estimation errors of the story drift per frame by response history 
analysis 
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Figure 6.15  Estimation errors of the inter story velocity per frame by response 
history analysis 
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Figure 6.16  Estimation errors of the story shear force at max. inter story drift per 
frame by response history analysis 
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Figure 6.17  Estimation errors of the maximum story shear force per frame by 
response history analysis 
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6.5 Response Spectrum Analysis 

In this section, the accuracy and applicability of the generalized response spectrum 

method, i.e., the GCQC3 combination rule, are assessed. As in the modal response 

history analyses, the effect of assuming forced classical damping and ignorring the over-

damped modes are also examined. The mean response history results are considered to be 

the exact results and are used to examine the accuracy of the GCQC3 rule. As a result, 

three sets of results are obtained and compared with the exact results. These three sets of 

analysis approaches are described as follows: 

(4) Results of the first set are obtained based on the newly developed GCQC3 rule, 

defined by Equations (4.48), (4.56) or (4.61). The state space approach is used to 

derive the mode shapes, modal periods and modal damping ratios. These modal 

properties are then used to generate the correlation coefficients and peak modal 

responses required in the GCQC3 rule. The contributions from the over-damped 

modes are considered when they are present. 

(5) Results of the second set are based on the modal properties obtained under the 

forced classical damping assumption. Similar to the GCQC3 rule, these properties 

are used to generate the data required in the modal combination rule. The over-

damped modes are not considered. This method is often used for the design and 

analysis of structures with added damping devices. This rule is referred to as the 

forced CDA (forced Classical Damping Assumption). 

(6) Results of the third set are identical to the GCQC3 rule except that it does not 

consider the over-damped modes in the modal combination process. This 

consideration is aimed to examine the effects of the over-damped modes on the 

response estimates. This rule is referred to as the EOM (Exclude Over-damped 

Modes). 

In addition, the effect of the seismic incidence θ  and the correlation between the two 

orthogonal ground motion components on the response estimates are also investigated. 

The procedure proposed in Chapter 5 is also evaluated by examining the floor 

acceleration estimates to determine if they can be used to predict the peak value of a 

spatially combined response using the response spectrum method. 
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6.5.1 Responses of Each Story 

In evaluating the results obtained from these three rules, only those from the case with 

seismic incidence 0θ =  are presented for comparison. This is because the purpose of the 

comparison is to examine the accuracy of the GCQC3 rule itself and the effect of 

classical damping assumption as well as the influence of the over-damped modes.  

Peak responses of each story obtained by the three rules are listed in Table 6.10 to 6.12. 

Their respective “exact” solutions, obtained from the mean response history analyses, are 

also included. Figure 6.18 to 6.20 compare the results obtained by these three rules to the 

exact results. It is apparent that CDA underestimates the response values for all response 

quantities while GCQC3 significantly reduces the scatter of the data along the diagonal 

reference line and provides excellent estimates. The associated estimation errors are 

presented in Figure 6.21. 

6.5.2 Responses of Each Seismic Frame 

Similar to the evaluation of the responses of each story, only the results of seismic 

incidence 0θ =  are presented for comparisons. As noted earlier, the peak modal 

responses required in each modal combination rule were obtained by performing the 

response history analysis using the respective modal properties. The response estimates 

obtained using the three rules along with their corresponding exact solutions are tabulated 

in Table 6.13 to 6.16 for the four frames, respectively. The response quantities included 

are the same as those considered in Section 6.4.2. A comparison of the results obtained 

from the three rules to the exact results are presented in Figure 6.22 to 6.25 for the four 

response quantities, respectively. Figure 6.26 to 6.29 show the associated estimation 

errors. 
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Table 6.13. Results of mean peak responses of frame 1 of the example building using 
response spectra as inputs 

 

Response 
Quantity St

or
y Frame 1 

Exact GCQC3 CDA EOM 

 1 22 22 14 22 
Story 2 12 13 12 11 
Drift 3 21 20 16 20 
(mm) 4 16 15 13 16 

 5 14 14 12 14 
 6 6 5 4 6 
 1 155 156 94 153 

Interstory 2 78 76 79 87 
Velocity 3 147 138 106 150 
(mm/sec) 4 124 110 83 107 

 5 107 100 83 96 
 6 50 47 34 50 
 1 4131 4043 2561 4012 

Story Shear at 2 2450 2516 2381 2135 
Max. Drift 3 2661 2567 2067 2538 

(KN) 4 2047 1935 1604 2018 
 5 1169 1127 1037 1175 
 6 480 452 375 490 
 1 4131 4043 2561 4012 

Max. General  2 4377 4193 4231 4228 
Story Shear 3 3447 3280 2592 3347 

(KN) 4 2753 2527 2023 2561 
 5 1882 1738 1517 1703 
 6 846 769 583 775 

1. Exact=Modal response analysis including effects of over-damped modes  
2. GCQC3=General complete quadratic combination rule including over-damped modes 
3. CDA= Classical damping assumption while over-damped modes excluded 
4. EOM= General modal analysis excluding over-damped modes 
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Table 6.14. Results of mean peak responses of frame 2 of the example building using 
response spectra as inputs 

 

Response 
Quantity St

or
y Frame 2 

Exact GCQC3 CDA EOM 

 1 11 12 18 11 
Story 2 26 27 15 27 
Drift 3 38 38 19 38 
(mm) 4 32 32 14 32 

 5 40 37 14 37 
 6 17 15 5 15 
 1 58 63 106 70 

Interstory 2 201 203 80 205 
Velocity 3 262 241 96 241 
(mm/sec) 4 228 207 75 209 

 5 308 277 80 277 
 6 150 130 60 130 
 1 1225 1368 1974 1218 

Story Shear at 2 3098 3222 1792 3259 
Max. Drift 3 2878 2933 1493 2950 

(KN) 4 2487 2476 1100 2485 
 5 1981 1846 677 1851 
 6 831 746 248 748 
 1 3768 4019 6689 4132 

Max. General  2 3098 3222 1792 3259 
Story Shear 3 2878 2933 1493 2950 

(KN) 4 2487 2476 1100 2485 
 5 1981 1846 677 1851 
 6 831 746 248 748 

1. Exact=Modal response analysis including effects of over-damped modes  
2. GCQC3=General complete quadratic combination rule including over-damped modes 
3. CDA= Classical damping assumption while over-damped modes excluded 
4. EOM= General modal analysis excluding over-damped modes 
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Table 6.15. Results of mean peak responses of frame 3 of the example building using 
response spectra as inputs 

 

Response 
Quantity St

or
y Frame 3 

Exact GCQC3 CDA EOM 

 1 11 11 13 7 
Story 2 15 15 12 14 
Drift 3 25 24 16 24 
(mm) 4 21 20 13 20 

 5 27 24 13 25 
 6 12 11 5 11 
 1 76 74 92 70 

Interstory 2 116 123 79 137 
Velocity 3 186 174 109 177 
(mm/sec) 4 156 142 86 141 

 5 202 177 87 174 
 6 110 95 35 96 
 1 1219 1178 1497 755 

Story Shear at 2 1860 1826 1408 1703 
Max. Drift 3 1880 1843 1244 1864 

(KN) 4 1596 1545 978 1569 
 5 1348 1208 638 1230 
 6 622 540 233 550 
 1 4864 4629 5745 4191 

Max. General  2 1860 1826 1408 1703 
Story Shear 3 1880 1843 1244 1864 

(KN) 4 1596 1545 978 1569 
 5 1348 1208 638 1230 
 6 622 540 233 550 

1. Exact=Modal response analysis including effects of over-damped modes  
2. GCQC3=General complete quadratic combination rule including over-damped modes 
3. CDA= Classical damping assumption while over-damped modes excluded 
4. EOM= General modal analysis excluding over-damped modes 
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Table 6.16. Results of mean peak responses of frame 4 of the example building using 
response spectra as inputs 

 

Response 
Quantity St

or
y Frame 4 

Exact GCQC3 CDA EOM 

 1 14 14 14 15 
Story 2 18 19 12 19 
Drift 3 24 25 17 26 
(mm) 4 20 20 13 20 

 5 32 29 13 29 
 6 15 14 5 14 
 1 82 82 90 94 

Interstory 2 125 141 75 149 
Velocity 3 164 170 101 165 
(mm/sec) 4 134 128 80 132 

 5 288 254 85 254 
 6 168 158 50 158 
 1 1504 1599 1581 1661 

Story Shear at 2 2159 2244 1473 2309 
Max. Drift 3 1847 1897 1283 1970 

(KN) 4 1504 1516 991 1516 
 5 1620 1461 641 1471 
 6 763 703 239 705 
 1 2796 2883 3074 2901 

Max. General  2 2791 2924 1776 3037 
Story Shear 3 2388 2422 1561 2452 

(KN) 4 1920 1895 1217 1914 
 5 1620 1461 641 1471 
 6 763 703 239 705 

1. Exact=Modal response analysis including effects of over-damped modes  
2. GCQC3=General complete quadratic combination rule including over-damped modes 
3. CDA= Classical damping assumption while over-damped modes excluded 
4. EOM= General modal analysis excluding over-damped modes 
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Figure 6.18  Comparisons of story responses along X-axis by response spectrum 

method 
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Figure 6.19  Comparisons of story responses along Y-axis by response spectrum 

method 
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Figure 6.20  Comparisons of story responses about Z-axis by response spectrum 

method 
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Figure 6.22  Comparisons of interstory drifts per frame by response spectrum 

method 
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Figure 6.23  Comparisons of interstory velocities per frame by response spectrum 

method 
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Figure 6.24  Comparisons of story shear forces at max. drifts per frame by 

response spectrum method 
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Figure 6.25  Comparisons of maximum story shear forces per frame by response 

spectrum method 
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Figure 6.26  Estimation errors of the story drift per frame by response spectrum 

method 
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Figure 6.27  Estimation errors of the inter story velocity per frame by response 

spectrum method 
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Figure 6.28  Estimation errors of the story shear force at max. inter story drift per 

frame by response spectrum method 
 



162 
 

-100 -50 0 50 100
Error (%)

2

4

6

1

3

5

St
or

y

Frame 1

-100 -50 0 50 100
Error (%)

2

4

6

1

3

5
St

or
y

Frame 2

-100 -50 0 50 100
Error (%)

2

4

6

1

3

5

St
or

y

Frame 3

-100 -50 0 50 100
Error (%)

2

4

6

1

3

5

St
or

y

GCQC3
CDA
EOM

Frame 4

 
Figure 6.29  Estimation errors of the maximum story shear force per frame by 

response spectrum method 
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6.5.3 Discussion 

By comparing all the response estimates obtained from the three approaches, it is shown 

that the GCQC3 rule provides excellent estimates for all response quantities overall. 

However, using the classical damping assumption (CDA) considerably underestimates 

the peak responses. The errors for some response quantities can be larger than 100%. 

Similar to the observation made in the response history analysis, the EOM is not able to 

predict the floor acceleration accurately as shown in Figure 6.18 and 6.19. 

In general, these results show that the GCQC3 rule, which considers the over-damped 

modes, can estimate the peak response accurately. It is found that the peak floor 

accelerations are significantly affected by the over-damped modes. The responses 

estimated by using the forced classical damping assumption deviate substantially from 

the exact values. Most of the responses were underestimated. This is understandable 

because the modal properties calculated by the forced classical damping assumption are 

significantly different from the exact values computed by the state space approach. This 

implies that the utility of the forced classical damping assumption should be further 

examined in the design and analysis of structures with added damping devices, especially 

for complex and irregular structures. 

6.5.4 Effect of Seismic Incidence 

In most cases, the seismic incident angle, i.e., the direction of the principal axes of the 

ground motion, remains unknown in the design process. It is clear from Equation (4.61) 

that the calculated peak responses of the structure change when the incident angle 

changes. To be conservative, the structure should be designed using the most critical 

value. In the following, the variations of seismic responses with respect to the seismic 

incident angle are examined The peak displacement, velocity and total acceleration 

responses for each story are plotted against incident angle θ  in Figure 6.30 to 6.38. Note 

that the value of θ  that causes the most critical response depends on the response 

quantities being considered. In other words, the values will not be the same for all 

response quantities. Therefore, using the critical values in the design causes tremendous 

calculations for design engineers and is therefore not preferred. Also, the design will not 

be economical in a statistical sense. To consider this issue, it is reasonable to assume that 
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the incident angle θ  is uniformly distributed among 0 to 2π  and, as a result, the 

response can be calculated by Equation (4.71). The responses shown in Figure 6.30 to 

Figure 6.38 using a uniform distribution of θ  are indicated by the dashed lines. One of 

the advantages of using the uniformly distributed θ  is that the effect between the ground 

motion components disappears. 

6.5.5 Peak Floor Acceleration Bounding Envelope 

In this section, the accuracy of the procedure to predict the peak response of a spatially 

combined response developed in Chapter 5 is evaluated. The floor accelerations at each 

story are examined. Figure 6.39 compares the response envelopes according to the 

procedure proposed in Section 5.3.2.1 to the response envelopes simulated from the 

response history analyses. From Figure 6.39, excellent agreement between these two 

response envelopes can be observed, suggesting the adequacy of the proposed procedure. 
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Figure 6.30  Story displacement response variation along X-axis with respect to θ  
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Figure 6.31  Story displacement response variation along Y-axis with respect to θ  
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Figure 6.32  Story displacement response variation about Z-axis with respect to θ  
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Figure 6.33  Story velocity response variation along X-axis with respect to θ  
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Figure 6.34  Story velocity response variation along Y-axis with respect to θ  
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Figure 6.35  Story velocity response variation about Z-axis with respect to θ  
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Figure 6.36  Story total acceleration response variation along X-axis with respect 
to θ  
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Figure 6.37  Story total acceleration y response variation along Y-axis with respect 
to θ  
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Figure 6.38  Story total acceleration response variation about Z-axis with respect 
to θ  
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Figure 6.39  Comparison of the response envelopes for the example building 
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CHAPTER 7 

SUMMARY, CONCLUSIONS AND FUTURE RESEARCH 

7.1 Summary 

Large, unusual and complex structures with earthquake response control devices may 

exhibit highly non-classical damping and may develop over-damped modes.  This 

phenomenon can be further magnified under multi-directional seismic loadings. However, 

there is a gap in current knowledge about how to properly handle these uncertainties. This 

study is aimed at dealing with these issues using a modal analysis approach. 

In this study, a general modal response history analysis method is developed first. This 

method extends complex modal analysis to structures with over-damped modes. A 

unified form that is able to express most response quantities of a given system, including 

velocities and absolute accelerations, is established. This unified form is obtained by 

several modal properties found in this study. Also, on the basis of the general modal 

response history analysis and the fundamental concept of stationary random process as 

well as the existence of the principal axes of ground motions, two general modal 

combination rules for the response spectrum method are formulated to deal with the non-

classical damping and over-critically damped modes. This first rule is referred to as the 

‘General-Complete-Quadratic-Combination-3’ (GCQC3) rule in this study while the 

second is the ‘General Square-Root-of-Sum-of Squares-3 (GSRSS3), in which the modal 

correlations are ignored. Further, an over-damped mode response spectrum is introduced 

to account for the peak modal responses of the over-damped modes. In addition to the 

displacement correlation coefficient given in the conventional CQC3 rule, new 

correlation coefficients to account for the cross correlations between modal displacement, 

modal velocity and the over-damped modal responses are also provided. The applicability 

of the general modal response history analysis method is demonstrated by a numerical 

example. Also, the errors in structural response estimations arising from the classical 

damping assumption are identified, and the effect of the over-damped modes on certain 

response quantities is observed. The accuracy of the GCQC3 rule is also evaluated 

through the example by comparing it to the mean response history results. This GCQC3 
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rule retains the conceptual simplicity of the CQC rule and offers an efficient and accurate 

estimation of the peak responses of structures with added damping devices. To enable the 

new rule to be applicable in earthquake engineering practice, a conversion procedure to 

construct an over-damped mode response spectrum compatible with the given 5% 

standard design response spectrum is established. Its accuracy is also validated. This 

ensures the applicability of the GCQC3 rule in engineering practice. An example 

evaluation shows that MDOF systems with added dampers should be modeled as non-

classically damped systems and the over-damped modes should be included in the 

analysis to achieve more reliable estimates. In addition, a general real-valued modal 

coordinate transformation matrix which can decouple the equations of motion of 

arbitrarily damped structures is found during the process of theoretical formulation. A 

rigorous proof of the modal decoupling process by using this general modal coordinate 

transformation is given. 

7.2 Conclusions 

In this report, a comprehensive modal analysis approach for seismically excited 

arbitrarily damped 3-D structures is developed. The following key conclusions can be 

drawn from the theoretical formulation work: 

(1) The over-damped modes are allowed in the formulation. Their real eigenvalues 

and eigenvectors are treated individually instead of grouped into pairs.  

(2) Equation of motion of arbitrarily damped structures can be decoupled in a 

physical space using the general modal coordinate transformation matrix 

established in this study. 

(3) Through the formulation presented in this study, the 3-D coupling and 

orthogonal effect as well as the non-synchronization motions between DOFs 

and the over-damped modes can be quantified and explained both 

mathematically and physically. 

(4) Complex algebra operations are only required when solving the eigenvalue 

problems. 
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(5) A unified form is available to express most response quantities in the modal 

analysis approach. This unified form only requires three sets of modal 

responses ( )i tq , ( )i tq  and P ( )i tq . 

(6) The GCQC3 and GSRSS3 modal combination rules are applicable to estimate 

the velocity-related and absolute acceleration-related response quantities due to 

the establishment of the unified form. For example, the absolute acceleration of 

a single-degree-of-freedom system can be approximated more accurately by 

this rule instead of using the corresponding pseudo values. 

(7) A conversion procedure to construct an over-damped mode response spectrum 

compatible with the 5% design response spectrum is established to enable the 

GCQC3/GSRSS3 rule to be applicable for use in earthquake engineering 

practice. 

(8) From the example demonstration, it is found that the over-damped modes may 

have significant influence on the absolute acceleration-related response 

quantities. In general, the responses are under estimated if the over-damped 

modes are not properly considered. 

7.3 Future Research 

The formulation and application in this study are limited to linear systems. Further 

research should be performed to consider the inelastic behavior of a system. It is believed 

that the analysis procedure along with the use of equivalent linear approaches may be a 

reasonable approach for nonlinear analysis of systems with added dampers.  

Possible future research work and topics are: 

(1) Development of a computer software system which incorporates all the 

proposed procedures to handle the effect of non-classical damping and the 

over-damped modes when the modal analysis approach is employed. 
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(2) Principles of modal truncation of large scale arbitrarily damped 

systems/structures should be established to minimize the computation effort 

without losing the estimation accuracy. 

(3) Research the nonlinear behavior of structures that are supplemented with 

nonlinear damping devices and subjected to 3-D earthquake excitations.  Based 

the results of such research, a linear equivalent MDOF model that can more 

accurately represent 3-D nonlinear structures may be developed.  With this 

equivalent method, new design principles and guidelines based on the linear 

modal analysis approach for the structure-damper system may be established. 

(4) The effectiveness of supplemental dampers installed in real structures has not 

been demonstrated under large, very strong earthquakes, particularly when the 

structure experiences large deformation. Therefore, full scale experiments on 

structures with supplemental dampers should be conducted to validate the 

theory and observe the behavior of structure-damper systems that are subjected 

to large nonlinear deformations. 

(5) Develop design principles, methods and technology transfer materials, 

especially based on “equivalent linear approaches,” for structural engineers to 

aid in the design of supplemental damping.  
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