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ABSTRACT

An analytical study is presented for the behavior of multi-story
framed structures subjected to the interaction of horizontal and
vertical components of an éarthquake.

Typical structures having three to ten stories and one to three
bays are studied on the basis of a lumped mass model with elastic,
elasto-plastic and bilinear material behavior. The studies include
the characteristics of energy absorption in the form of input energy,
kinetic energy, elastic strain energy, and dissipated strain and
damping energy; the reduction of plastic moment capacity of columns;
ductility and excursion ratios; and the P-delta effect as well as the
effect of two different Tumped mass models on the response parameters.

The response parameters selected to describe the investigative
resuits are: maximum horizontal floor displacements, maximum relative
floor dispiacements, maximum vertical displacements and accelerations
at the centers of girders, ductility and excursion ratios of girders
and columns, and the variation of input, stored and dissipated energy.
The energy evaluation is not only used to indicate the response
behavior of various structural systems but also to check the accuracy
of step-by-step numerical solutions by determining the maximum percent
error at every time increment.

Numerical results show that the inclusjon of the vertical ground
motion can significantly influence the response parameters. For exam-
ple, the ductility requirements of girders are remarkably increased.

A new concept of ductility ratio based on energy is proposed in this






work and has been compared with other ductility concepts of symmetric
bending and curyature. The proposed ductility evaluation has been
proved to be adyantageous over the other two in both qualitative and
quantitative measurements.

Other results may be simply summarized as: Structures having a
certain range of natural frequencies are sensitive to vertical earth-
quake motions. The reduction in plastic moment capacity of columns
can increase the influence of vertical earthquake motion on weak
column-strong girder systems. Although the consideration of damping
in an elastic or inelastic analysis results in a reduction in response
as expected, the general behavior of the significant influence of
vertical earthquake component on response parameters remains the
same as that of undamped systems.

The computer program has been comprehensively developed and can
be conveniently used by research workers and practitioners for seismic

analysis of large structures.
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I. INTRODUCTION

The increasing population density in regions of the world having
high seismicity has resulted in an increasing potential for catastrophic
structural damage due to earthquakes. The use of multi-story structures
as required to meet the needs for more space in high density areas can
be one of the major potential dangers.

The capacity of a muiti-story structure to absorb energy released
by earthquakes of significant magnitude will depend mainly on the
structure's ability to respond in a nonlinear manner without extreme
structural damage resulting in possible loss of lives. Large quantities
of energy will be required to be dissipated by plastic deformations.
1t is apparent that a comparison of the response behavior of structural
systems is essential for a satisfactory design of multi-story seismic
structures. To be able to determine this behavior by structural
analysis, it is necessary to have an adequate mathematical model as
well as adequate response parameters to describe the behavior suffi-
ciently.

A. SCOPE OF INVESTIGATION

In the analysis of multi-story frame structures subjected to
seismic loading it has been common practice to disregard the vertical
component of the ground motion. Cheng and Tseng have recently studied
the dynamic instability and response of structural systems subject
to pulsating axial loads, time dependent lateral forces, or foundation
movements.22 They have reported the significant effect of time-depen-
dent longitudinal excitations on the lateral displacements of various

elastic and inelastic structures. However, the effect of interaction



between horizontal and vertical earthquake components on a structural
response is yet to be explored. The purpose of this study is to
determine the behavior of various structural models subjected to a
combined loading of the horizontal and vertical earthquake components.
Besides considering the two components of an earthquake, the
following additional considerations are made to further exemplify the
actual structural conditions. Inelastic material behavior due to
bending is considered by employing a bilinear or elasto-plastic model.
The P-delta effect is included for the overturning effect produced
by the vertical loads. The AISC specifications are used for the
reduction in the plastic moment Mp due to axial loads in column members.
Also included is viscous damping to account for the friction between
structural surfaces and other parts of the structure during motion.
The response parameters empioyed in this study are:
(1) maximum horizontal floor displacements,
(2) maximum relative floor displacements,
(3) maximum vertical displacement and acceleration at the center
of girder members,
(4) ductility requirements of all members as determined by the
ductility and excursion ratios, and
(5) quantity of energy input, stored and dissipated by the
frame during the seismic loading.
The above response parameters were determined for the different loading
and material conditions where comparisons are warranted.
A computer program has been developed for this research and the
results presented herein are obtained by using the IBM 370/168 Computer

through the Computer Network of the University of Missouri. Different



from the previous study of consistant mass formu]ation,22’23 this

work considers a step-by-step analysis of a lumped mass system. The
acceleration, velocity and displacement at the beginning of a time
increment are used to obtain the corresponding results at the end of
the time increment. Continuation of this process over the total
earthquake record results in a compiete response history of the
structure.

A brief discussion as to contents of each chapter of this report
is given as follows. Each chapter provides theoretical studies and
numerical results to fulfill the purpose of this study.

Chapter II describes the seismic load and the associated velocities
and displacements. A spectrum analysis of the earthquéke records 1is |
included.

The fundamental behavior of a single-degree-of-freedom system is
given in Chapter III to establish basic concepts and to verify the
validity of the computer program based on different loading and response
conditions. The effect of vertical forces are included for the
single-degree-of-freedom system.

Complete formulation of a multi-degree system is derived in
Chapter IV. The general motion equation is formulated for a nonlinear
response for which the interaction between moment and axial Toad is
considered for reducing the plastic moment of columns. The enrergy
absorption and the ductility requirements are alsc included in this
chapter.

Chapter V presents the methods of numerical integration of

incremental motion equations.



Results of the elastic analysis of multi-story structures are
given in Chapter VI. The elastic response of a 3-story frame is
shown for revealing the effect of P-delta along with vertical earth-
quake component. Structures sensitive to vertical excitations and the
possible vertical frequencies controlling horizontal responses are
also discussed.

Chapter VII reports the response results of inelastic multi-story
structures. The effects of the inelastic action, structural modeis,
the Mp reduction and damping on the response parameters of individual
systems are studied.

Chapter VII reviews the work done and lists the conclusions
based on the results obtained in this work.

B. REVIEW OF LITERATURE

Efforts in the dynamic analysis of inelastic framed structures due

to seismic loading have increased since the advent of the high speed

8 39, Thomaides,4]

38 29

digital computer. Berg, Saul,

24

Clough, Bensuka and

3

Wilson,”" Saul, Fleming and Lee, 0 Guru and

31

Giberson, Goel,

Heidebrecht™ and Walpole and Shepherd45 are among early research
workers who have made contributions in the analysis of inelastic
structural systems. 1{ater Anderson and Bertero,z’3 Anderson and

22 and Cheng and OsterZ] are among those

Gupta,4 Cheng and Tseng
providing refined efforts in the analysis of inelastic structures.
The inclusion of the P-delta effect in the dynamic structural
analysis has been considered by Anderson and Bertero3 and others.
Sun, Berg and Hanson40 studied the effect of gravity loads on an

inelastic system consisting of a single story braced frame with



15,16

hinged joints. Cheng and Botkin investigated the P-delta effect

on the response behavior of tall buildings.

Inclusion of vertical loads on the girder nodes of multi-story
frames was early studied by Guru and Heidebrecht31 for determining
the influence of 1ive load on the structural response. Similarly,
Anderson and Berter02 included both the gravity loads and the ground
motion in their investigation. Cheng and Oster further reported on

the structural response due to vertical earthquake motions acting on

17

the masses lumped at the centers of the constituent girders. The

parametric instability of structural systems subject to axial concen-

trated uniform dynamic loads or time dependent vertical ground motions

14,5,12

was investigated by Cheng and others. The effect of parametric

earthquake motions on the ultimate capacity of framed structures was

also studied by Cheng and Oster.w’20

In the analysis of inelastic structures the ductility ratio has

been usually obtained by employing the total plastic joint rotation

divided by the yielding rotation. Clough, Bensuka and w11son,24

28,29 30 445 31

and Guru and Heidebrech
2,3

Giberson, Goel,”” Walpole and Shepher
used this definition in their anaiyses. Anderson and Bertero
proposed to determine the ductility requirement of a structure based
on curvature instead of end rotation. Cheng and Oster21 proposed

a new definition for the ductility ratio and the results are compared

with those obtained by using the previous definitions.



IT. SEISMIC LOADING

The type of earthquake loading used to actuate a multi-story
structure as analyzed in this study consists of the dynamic type of
ground motions. Though other types of ground motion may occur during
an earthquake such as a ground settiement, fault displacements in the
vicinity of the structure and landslides, the inertia forces proddced
as a result of ground accelerations are of concern here.

A. EARTHQUAKE_RECORDS

Onelof the horizontal components and the vertical component for
two earthquakes are considered in this study. They are:

1. 1940 ET Centro, California {May 18) North-South and Vertical

components; and

2. 1952 Taft, California (July 21) N 69°W and Vertical components.

Figures 2.1 through 2.4 show the variation in the Qround accelera-
tion of each of the above components of earthquake records. These
variations were obtained by plotting the digitized earthquake data with
At = 0.01 sec. for each earthquake record as obtained from its accelero-
gram. The accuracy of the response behavior of a mathematical struc-
tural model when using this type of data will be mainly based on the
accuracy of the accelerometer used to obtain the data and that of the
digitized‘data in representing an accelerogram.

B. GROUND VELOCITY AND DISPLACEMENT

The ground velocities and displacements associated with the above
ground accelerations are obtained by the integration of the ground
acceleration with the initial ground velocity and displacement set to

zero. The linear acceleration method is used here as formulated in
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Section V-A for 8 = 1/6 in Newmark's method of integration. The follow-
ing equations for the velocity and displacement of the ground in the
horizontal direction are obtained from this method. Similar relation-

ships can be written for the vertical ground motion.

. . QA ) . -
Ro(eat) = Sg(t) * -2 Thg(t) * Xg(reat)] (2.1)
2
. At - .
g(t+at) = *g(t) *(8t)Rg () '(_61’{2"9(1;) Xy (peat) ] (2.2)

where X s X s X = acceleration, velocity and
g(trat)” Tg(trat)” “g(trat) displacement of ground at time
t + At, ‘

X s X s X = acceleration, velocity and
g(t)> “g(t)* Tq(t) displacement of ground at time
t, and

At = time increment.

Figures 2.5 through 2.8 show the variation in ground velocity and
displacement based on Egs. 2.1 and 2.2 for the N-S and vertical compon-
ents of the 1940 £1 Centro earthquake. Similarly, Figs. 2.9 and 2.10
show the variation in ground velocity and displacement for the N 69°W
component of the 1952 Taft earthquake. The ground velocity in the
vertical direction for the same earthquake is shown in Fig. 2.11. An
overall shift in the base line is shown by the approximate improved
base line as indicated. The vertical ground displacements corresponding
to these velocities substantiate this shift by the corrections

shown in Fig. 2.12.
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9 made a correction to the shift of the base line

Berg and Housner
by adjusting the acceleration readings to meet certain restrictions.
They assumed that in the true time acceleration coordinates, the equa-
tion of the temporary base line would take the'form c0 + c1t + cztg.
The constraints €® © and Cy would have the values that would make the
mean square computed ground velocity a minimum. The results of the
corrected velocity by Berg and Housner are indicated by dotted lines
in each of the ground displacement curves for the two earthquakes.
Dotted 1ines are not shown where there is an insignificant amount of
difference in ground displacement, as for the N-S component of the
1940 E1 Centro earthquake. Correction was found Tess necessary for the
E1 Centro earthquake.

Other methods have been used to correct the baseline shift of an
accelerogram. In an earlier study Berg8 selected the improved axijs of
the accelerogram to be parallel to the horizontal base line appearing
on the record and then located the position such that if a zero initial
velocity were assumed, the computed velocity at the end of the punched
card accelerogram would alsc be zero. Berg and Thomaides]0 further
learned to minimize the mean square displacement to justify the initial
ground velocity, initial ground displacement and the adjusted location
of the zero axis of the accelerogram.

Based on the greater similarities in the response patterns for the
1940 E1 Centro earthquake record as shown in Figs. 2.5-2.12, the
original earthquake components for the E1 Centro earthquake were
used in this study more extensively. The same horizontal displacement

curve is realized for both the original and corrected data for the

N-S component as shown in Fig. 2.6. Also, the zero velocity in the
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vertical direction at the end of the original earthquake record as
shown in Fig. 2.7 satisfies the end condition of zero velocity for this
component. Berg8 found that while slight differences in ground
accelerations resulted in a substantial difference in computed ground
motion, their effect on structural response was negligible.

The velocities and displacements of the ground as determined from
Egs. 2.1 and 2.2 are used in calculating the quantities of energy.
Enérgy in the form of input, stored and dissipated is absorbed during
the earthquake excitation by the Tumped mass system. Horizontal and
vertical ground displacements are used to calculate the input energy
produced by the horizontal and vertical reactions at the supports.
Stored energy in the form of kinetic energy and dissipéted energy due
to damping are each a function of the absolute velocity of the lumped
mass system,

C. FREQUENCY SPECTRUM

To describe further the seismic Toading, an amplitude frequency
spectrum of an earthquake record can be obtained by a Fourier transform.
A correlation of these frequencies, making up the earthquake loading
that have the larger amplitudes, can be made with the natural fre-
quencies of a structural system.

The earthquake records used in this study are classified as
digitized nonperiodic signals since they consist of a sequence of
numbers in a random order of magnitude. A frequency analysis of this
signal consists of breaking up the signal into a set of sinusoids such
that, when these sinusoids are added, the original signal results. To
accomplish this signal breakdown for the earthquake records for this

study, the fast Fourier transform (FFT) is used.25’27’43
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The FFT is an iterative method which efficiently computes the
discrete Fourier transform (DFT) of an earthquake record or any time
series of data samples. The time series provided by these equally
spaced data points (Nyquist samples) completely represent the continuous.
waveform (earthquake accelerations) as long as this waveform is fre-
quency band-1imited and the samples are taken at a rate that is at
least twice the highest frequency present in the waveform.

The DFT is defined here in complex form as:

N"] Xk
Ao = 5 grexp(-2mirk/N), v = 0,...N-1 (2.3)

where Ar = rth coefficient of the DFT,
X, = kth sample of the time series,
= number of samples in time series, and
i=y-T.

The FFT sequentially combines progressively larger weighted sums of
data so as to produce the DFT coefficients, Ar’ as defined in Eq. 2.3.
In other words the FFT combines the DFT of the individual data samples
such that the occurrence times of these samples are taken into account
sequentially and applied to the DFT's of the progressively larger
mutually exclusive subgroups of data samples, which are combined to
ultimately produce the DFT of the complete serjes of data samples. The

inverse of the discrete Fourier transform (IDFT) is
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N-1
xk = 3 Ar exp(2mirk/N), k = 0,...N-T (2.4)
r=0

The amplitude frequency spectrums for the 1940 E1 Centro earthquake
components are determined using the above procedure as programmed in
Subroutine NLOGN by Robinson37. Figures 2.13 and 2.14 show the
resulting frequency spectrums for the N-S and vertical earthquake
components, respectively, for frequencies having the larger amplitudes
ranging from 0-17 Hz. The total frequency spectrum ranges from 0-50 Hz
with a fundamental frequency of 2.44(10)'2 Hz. The highest frequency
of 50 Hz is the folding frequency based on the At (At = 0.01 sec.).

The folding frequency and fundamental frequency are obtained from the
following egquations:

Folding frequency = Z(At) = 0102 = 50 Hz

|

Fundamental frequency = Nr%ff =-Eal§g = 2.44(10)‘2 Hz

where At = 0.01 sec = time increment of the digitized data,
N=2"= 212 = 4096 = number of data points, and
n = some positive number.

The minimum number for n is 12 based on the 30 seconds of earthquake
with At = 0.01 sec. (3000 data points). Zeros are added to the 3000

data points to obtain the 4096 data points required for n = 12. Fre~
quencies between 17 and 50 Hz are not included in Figs. 2.13 and 2.14

due to their insignificant magnitude.
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D. ORIGINAL RECORD BY FOURIER SUMMATION

The continuous form of the original earthquake record can be
obtained from the DFT as determined from Eq. 2.3. The expansion of
the DFT into a Fourier series provides a way of utilizing all or
portions of the frequency spectrum. To obtain the total original record

in a continuous form the Fourier series will be as follows.

Ne=1
f
%(t) = 2 rzo{a” cos(rugt) + b, sin(ruct)} (2.5)
where Nf = N/2 = number of data points divided by 2,

a, = real part of Ar’
br = imaginary part of Ar’
we = fundamental frequency of data,

t = time at which function is evaluated, and

r = DFT coefficient subscript.

The factor 2 is used in conjunction with the N since the DFT values
represent the folding values of the DFT. Another form of Eq. 2.5 is
more adaptable to a digital computer by containing only one trigono-
metric function. This can be used to sum just portions of the DFT.

N

X(t) =2 ) |A.] Cos(wit + ai) (2.6)
i=0
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where Nt = number of DFT values to be added,
[A;] = (2% + b2)!/% = absolute value of ith coefficient of DFT,
wy = rwe = frequency of ith coefficinet of DFT, and
oy = arctan(br/ar) = phase angle.

An example in the use of Eg. 2.6 is illustrated with the use of
a triangular impulse load shown in Fig. 2.15. This load decreases from
1000 units linearly to zero in 10 units of time (sec). The frequency
spectrum for this impulse was obtained based on 4096 data points at
0.01 sec time increment corresponding to the number of data points
and At used for the 30 second earthquake data frequency spectrum. The
resulting frequency spectrum is shown in Fig. 2.16 with frequencies
greater than 6 Hz having insignificant amplitudes.

A reproduction of the original impuise load is obtained by using
the inverse feature of subroutine NLOGN as given by Eq. 2.4. The
resulting inverse is shown in Fig. 2.15, the identical impulse load.
Also shown is the results of the Fourier series summation based on Eg.
2.6 and using the first 206 frequencies (0-5 Hz) from the frequency
spectrum out of the total of 2048 frequencies.

While Fig. 2.16 illustrates the use of the Fourier summation of
Eq. 2.6 for a given triangular impulse load, a similar approach can be
used on a random loading such as an earthquake record. A Fourier
summation of the frequencies for the N-S component of the 1940 E}
Centro earthquake as shown in Fig. 2.13 resuits in the record shown in
Fig. 2.17. The solid line is based on the 364 frequencies from the
frequency spectrum having amplitudes greater than 0.0005g. The smail

circles shown are corresponding to the maximum g's obtained from the
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total record. Except for a few of these points; most of the maximum
g-load values based on the total record are greater than the corres-
ponding maximum values based on the 364 frequencies having the largest

amp1itudes.
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ITI. DYNAMIC ANALYSIS OF A SINGLE-DEGREE-QF-FREEDOM SYSTEM

A. MOTION EQUATION

The motion equation for a single-degree-of-freedom system, later
to be generalized for multiple-degree-of-freedom systems using matrix
methods (Chapter IV), can best be realized from a free body diagram
(f.b.d.) shown in Fig. 3.1. Figure 3.1b shows the f.b.d. for a single
degree system (horizontal) that is being actuated by the horizontal
motion of the ground as shown in Fig. 3.la. Due to the movement of
the ground an inertia force equal to the product of the mass m and the
absolute acceleration of the mass, US, will act in the opposite direc-
tion of motion. Also, a spring force will be equal to the product of
the column stiffness K and the relative displacement X of the mass to
the ground. Positive direction of acceleration, velocity and displace-
ment is taken to the right. Using D'Alembert's principle, the motion

equation for the above single-degree-of-freedom system without damping

is
.y -
mig + Kxo =0 (3.1)
PR
where Ug xg Xg
Xg = acceleration of ground, and
RS = acceleration of mass relative to ground.

Equation 3.1 can then be written

mX, * Kxg = ~ - (3.2)
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Figure 3.1. Horizontal Ground Motion Acting on a
Single-Degree-of-Freedom System
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The term to the right of the equal sign represents the forcing function
acting on the system.

In addition to the horizontal motion of the ground, this study
considers a secondary effect due to the weight of the mass plus the
vertical motion of the ground during an earthquake. This secondary
effect is known as the P-delta effect. Assuming down as the positive
vertical direction as shown in Fig. 3.2a, the f.b.d. of a single mass
system can be illustrated by Fig. 3.2b where K = (W - myg)/L, defined
as the geometric stiffness determined from the f.b.d. of the supporting
column (Fig. 3.2c). The couple produced by vertical forces are in
equilibrium with the horizontal shears causing an additional force on
the mass in the horizontal direction. The vertical acceleration VS of
the mass m is equal to the vertical ground acceleration yg since axial
deformations are not considered in the column members. Based on the
f.b.d. of Fig. 3.2b including the P-delta effect, the motion equation
of Eq. 3.2 for time t is written as follows.

mis + (K - Ks)xS = -mﬁg (3.3)

where K = (W - myg)/L = geometric stiffness,
= column length,
yg = vertical ground acceleration,
W = mg, and
g = acceleration of gravity.

The incremental form of Eq. 3.3 is obtained by subtracting the

motion equation for time t from the motion equation for time t + At



mvg = myg

4
|

W
<i_—(|<-|<s)xs
m'yg-w

miige

-

m m
| b) £b.d. of mass
v IL *myq-wl )
(K-Kg)xg 5
u
L
'i‘_’ Xq (K~KJ)xq
v | —
. 8 ¥ imj - W
a) positive ground acceleration 9

c) f.b.d. of column
Figure 3.2. Horizontal Plus Vertical Ground Motien Acting
on a Single-Degree-of-Freedom System

28



29

kg DK - K pne) Ms(raat) ~ DK - Ko Kgqe) = % (3.4)

which can be reduced to

1t

mAX  + [K - ]AxS ~mAxg + AKst(t) {3.5)

Ks(t+at)

where Axs = Xs(t+At) - xs(t),

AXg = Xotpeat) ~ Xs(t)?

< <3 % and
AXg = Xg(eeat) T Xg(t)® "

AK, = Ks(t+At) - Ks(t)‘

Equation 3.5 is the motion equation in jncremental form for a single-
degree-of-freedom system when considering horizontal and vertical
components of an earthquake and including the P-delta effect. Damping
is not considered here but is included in the formulation for the
multi-degree-of-freedom system in Chapter IV.

Based on the initial values of acceleration, velocity and displace-
ment, a step-by-step numerical integration technique to be discussed in
Chapter V is used to solve for the acceleration, Qelocity and displace-
ment at the end of each time increment during an earthquake. Either
elastic, elasto-plastic or bilinear conditions can be assumed for the
overall response with the load-deflection relationship taken as constant
over each time increment (At).

B. COMPARISON OF P-DELTA EFFECT WITH KNOWN SOLUTION

To show the corractness of the formulation for the incremental
form of the motion equation when including the P-delta effect, a forced

undamped single-degree-of-freedom system of known solution will be used
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for comparison. The differential equation of motion for an undamped
system subjected to a sinusoidal load is easily formulated from the

f.b.d. of Fig. 3.3b:

mig + Kx = F sinfut + o) | (3.6)

where F = amplitude of load,

K = stiffness,

m = mass,
X. = acceleration of mass relative to ground,
Xg = displacement of mass relative to ground,
t = time,
o = phase angle,

w = forcing frequency.

The solution of this differential equétion is well known and is derived

1,13 Let the initial values

in several texts on structural dynamics.
of displacement, velocity and acceleration be zero, then the displace-

ment can be expressed as

_—EE————_-{p sin{wtta) -~ w Sin(pnt)] (3.7}
p -

where Py = natural frequency of the system.

When considering the P-delta effect as shown in Fig. 3.2, the
above equation for displacement needs to be ﬁodified in the following

manner.
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Figure 3.3. Horizontal Forcing Function Acting on a
Single-Degree-of-Freedom System
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t 7 b, SNt + 6) - Sin(pgt)] (3.8)

pS(K - K - my

where K_ = (W + F )/L = geometric stiffness due to constant vertical

v load,
W = weight of mass m,
Fv = vertical force,
= length of suppofting column and
P, = Jﬁ(f7?;77ﬁ'= natural frequency of system including vertical

load.

The system to be used for the comparison is shown in Fig. 3.4.
The natural frequency Pn of the structure is 1.0 Hz based on a mass m
of 0.31056 kip-sec?/ft (4.62 kg/s>/cm) and a total stiffness K of
12.326 kip/ft (180 N/mm). The vertical load of 100 kip (445 kN) varies
stepwise as shown in Fig. 3.5. The total stiffness (K - Ks) of the
structure varies from 4.993-18.326 kip/ft (73-267 N/mm) causing the
natural frequency Pe to vary from 0.64-1.22 Hz when the vertical force
F, goes from +100 kip (445 kN) to -100 kip (-445 kN). Both the hori-
zontal and vertical loads cease at t = 3.18 sec. when considering
vertical forces.

The displacement responses of the structure are shown in Fig. 3.5.
A plot of the displacement without considering the vertical forcing
function is included to show the effect the vertical force has on the
response. The horjzontal forcing function when considering only hori-
zontal Toading is terminated at 3.3 seconds. The curves shown are based

on calculations every 0.01 sec. as obtained from a computer solution.
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The response obtained using the Newmark Beta method and the
solution of the differential equation of motion are identical except
for a slight difference at a couple of po{nts as indicated by the
dotted Tines representing Newmark's method of integration.

C. COMPARISON OF RESPONSES WITH PREVIOUS RESULTS BASED ON MATERIAL
BEHAVIOR

Calculations are based on the integration of the motion equation
derived in Eq. 3.5 with consideration of elastic, elasto-plastic as
well as bilinear material behavior. A comparison will be made with
the response curves obtained by Thomaides4] for an undamped system
having a natural period of Tn = 1.2 sec. and subjected to the N-S
component of the 1940 E1 Centro earthquake. As shown in Fig. 3.6,
the mass of the shear building is lumped on the girder with a yield
level of qy = 0.24g which is the yielding spring force divided by the
mass of the system. Since Qy = ny, where K is the stiffness and xy

is the yield disp]aéemént, the yield displacement of the structural
bent becomes
X = qym/K = 0.28186 ft (0.0859m).

Y

Thus the moment-deflection relationship can be expressed as

M= —r—5~xy'= 132.12 kip-ft (179.12 kN-m)

35
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Figure 3.6. Shear Structure for Comparison, Tn = 1.20 sec.
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The moment-rotation relationship of a bilinear material is shown in

35 effect due to the reversal of the

Fig. 3.7 for which the Bauschinger
stress is considered.

The response curves obtained for the single-degree-of-freedom
system of Fig. 3.6 are shown in Figs. 3.8-3.10. Figure 3.8 gives the
elastic response and Fig. 3.9 shows the bilinear response based on a
strain hardening ratio of p = 0.05. The elasto-plastic response of the
above structure is shown in Fig. 3.10. The nonsymmetry of the two
nonlinear responses of Figs. 3.9 and 3.10 is due to the permanent
set occurring in the joints containing plastic hinges. Al1 three of
the response curves shown in Figs. 3.8-3.70 are the same as those
obtained by Thomaides?!.

D. EFFECT OF VERTICAL FORCES ON TOTAL RESPONSE OF A SINGLE-DEGREE-OF-

FREEDOM SYSTEM

The contribution of vertical forces to the total response of a
single-degree-of-freedom system can be studied by using the motion
equation shown in Eq. 3.5:

mAXg + LK = Ko pppg)di%g = -maXy + AKX (4 (3.9)

where the notations have been identified previously.
The coefficient of Axs represents the following equivalent stiffness:

Keq = K- Kg(gaat)

1261, )
5 7 W W) I (3.10)

i
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Figure 3.7. Bilinear Response Based on 2Mp Stress Range
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The natural frequency of the system is

P * VR 7 (3.11)

eq m.

Apparently, the natural frequency will vary continuously as a function
of the vertical motion.

Several examples will be used to illustrate the effect of vertical
loads on the displacement responses of the structure shown in Fig. 3.6
with different lumped masses and loading conditions.

The first example will illustrate the effect of interaction of
horizontal and vertical components of the 1940 E1 Centro earthquake on
the displacement of the structure having a natural period of Tn = 2.0
sec. (m = 9,494 kip—seczlft = 141.3 kg-sz/cm). The resulting hori- |
zontal displacement is shown in Fig. 3.11 with and without considering
the P-delta effect.

The increase in the response when considering the P-delta effect
can be explained from the frequency spectrum of the earthquake Tcading
used. The frequency spectrum of Fig. 2.13 which applies to the earth-
quake record used here is reproduced in Fig. 3.12 for frequency values
between 0.25 and 0.67 Hz. Note that the amplitude corresponding to
the natural period of Tn = 2.0 sec. is less than that corresponding
to the natural period of’TS = 2.186 sec. when considering the P-delta
effect.

A reduction in response due to considering the P-delta effect can
also be realized by having the system with a natural frequency of
T = 3.0 sec. where mass m = 21.36 kip-secZ/ft (317.9 kg-s/cm). The

n
inclusion of the P-delta effect causes the natural period to be higher



3

75

~30 [ -—P-delta

—No P-delta

| A A 1

&

P

c

@

£

@

T

s

Q

»

n -
0

Figure 3.11.

5

Horizontal Displacement of Single-Degree-of-Freedom

System, T

n

10 I5 20 25
Time (sec)

= 2.0 sec., 1940 E1 Centro (N-S)

41

(cm)



42

-deita
deita .

—No P
e P..
1

(‘u) jewaoo|dsig

5 20 25 30

10

(sec)

Time

Frequency Spectrum (0.25-0.67 Hz),
1940 E1 Centro Earthquake (N-S)

Figure 3.12.



43

(TS = 3.77 sec) resulting in a lower amplitude from the earthquake
frequency spectrum. Therefore, the horizontal displacement of the
mass when considering the P-delta effect would be expected to have a
lower response as shown in Fig. 3.13.

A second illustration will show the effect of interaction of hori-
zontal and vertical sinusoidal forces on the displacement response of
the system having a natural frequency of Pg = 1.02 Hz (m = 0.01
kip—seczlft = 14.88 kg—szlm). The hqfizonta] and vertical forces may

be respectively expressed as F, = Ah sin(mht + ah) and F, =

h
A, sin(mvt + av), where A = 600 1b (2.67 kN), w, = 15 Hz (30 7 rad/s},
a, =0, A, = 1500 1b (6.67 kN), w, = 1 Hz (2 7 rad/s) and a, = 0. The
vertical forcing frequency is the same as the natural frequency of the
system.

As shown in Fig. 3.14, the response based on a horizontal force
only is represented by the solid line while the dashed line_represents
the response due to the addition of the vertical forcing function. Al
loading on the mass is stopped at t = 6.0 sec. The horizontal forcfng
frequency of 15 Hz results in the high frequency displacement as
indicated by the spikes in the curves during the loading time of
t = 0~6 sec.

With the vertical forcing fréquency oy the same as the natural
frequency Pg s there will be a downward vertical force when the hori-
zontal displacement is positive and an upward vertical force when the
horizontal displacement is negative. Two significant changes are noted
when including the vertical force. First, theldownward vertical force

produces a somewhat larger response in the positive direction. Second,

an increase in the response period is realized over the 6.0 sec. of
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Figure 3.13. Horizontal Displacement of Single-Degree-of-Freedom
System, T, = 3.0 sec., 1940 E1 Centro (N-S)
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Toading. The tendency for the downward force to increase the response
period and the upward force to decrease the response period is indi-
cated in the response curves.

When the phase angle o = 180° (v rad) a different response is
obtained. Figure 3.15 shows the comparison of the response with and
without the vertical sinusoidal load. The upward force results in a
reduced response in the positive horizontal direction while an increase
in response is realized in the negative direction.

As shown in Ref. 22 on dynamic instability, the horizontal dis-
placement may increase exponentially when the vertical forcing fre-
quency eguals twice the natural fregquency. This example will study
the influence of phase angle on the dynamic stability case. Let
w, = 2 Hz (47 rad/s), and o = +90° (+%/2 rad) and the other loading
information be the same as given for Fig. 3.15. Figure 3.16 reveals
that while the positive phase angle causes an increase in the response
frequency the negative phase angle causes a decrease in the response
frequency. The increase in the response frequency based on the
a, = +90° {+n/2 rad) results in the downward force of the vertical
forcing function to be more effective in increasing the horizontal
response.

A third illustration will be used to show the effect of frequency
W, and phase angle o, of the vertical forcing function on the horizontal
response when the horizontal disp]aceﬁent is predominantly to one side
of its original position. This displacement history may be as a result
of a triangular impuise similar to the one shown in Fig. 2.15.

A triangular impulse load in the horizontal direction, having an

initial magnitude of FS = 160 1bs (711.7 N) and reducing to zero after
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6 seconds is used for this study. As indicated in Fig. 3.17, an
increase in the horizontal amplitude is realized when the vertical
frequency w, = 1.0 Hz (2r rad/s). The response curve based on no
vertical force is indicated by a solid line. A corresponding decrease
in amplitude is realized when the vertical frequency w, = 2.0 Hz

(4m rad/s). Whereas the critical forcing frequency in the vertical
direction for a symmetrical response is shown to be twice the natural
frequency, the critical forcing frequency for the unsymmetrical
response produced by the impuise load is egqual to the natural frequency
of the mass. After the impulse of 6 seconds the response becomes
~free vibration for which the vertical force having w, = 2 Hz (41 rad/s)
will cause a dynamic instability behavior.

Figure 3.18 illustrates the effect of the phase angle o, of the
vertical forcing function on the horizontal response. Again the
structural system is excited by the same horizontal and vertical loads
as given in the prevjous example. By introducing the phase angle
o, = +180° (+w rad), the amplitudes of the horizontal response become
less than that due to horizontal impulse only. An increase in the
amplitude of the vertical forcing function with the same phase angle
o, = +£180° (#m rad) results in a larger reduction in the amplitude
of the horizontal response. As shown in Fig. 3.18 an increase of the
vertical amplitude from 400 1b {1779 N) to 1200 1b (5338 N) results
in not only a reduction in the horizontal amplitude response but also

causes a change in the response frequency.
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IV. MATHEMATICAL FORMULATION OF A MULTI-DEGREE-OF-FREEDOM SYSTEM

The mathematical formulation of the motion equation of a multi-
degree-of-freedom system consists of generalizing the motion equation
for the single-degree-of-freedom system as performed previously in
Section III-A. The stiffness matrix of a typical member is given for
etastic, bilinear and elasto-plastic materials for which the reduction
of plastic moment is formulated from the current specifications of
AISC34. Since energy absorption is included in this study, the formu-
lation of the input, stored and dissipated energy is developed. Other
considerations include the P-delta effect, interaction between hori-
zontal and vertical earthquake components, viscous damping, and ductility

and excursion ratios.

A. MOTION EQUATION

The general differential equation of motion for a multi-degree-of-

freedom system may be expressed as follows:

[MI{x} + [CI{x} + ([K] - (K D{x} = —[M]{Rg} (4.1)

where [M] = mass matrix (NPxNP),

[C] = damping coefficient matrix (NPxNP),

[K] = stiffness matrix (NPxNP),
[KS] = geometric matrix (NPxNP),
{x} = acceleration vector (NPx1),
{x} = velocity vector (NPx1),

{x} = displacement vector (NPx1),

ground acceleration vector (NPx1},

%)
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NP = total number of degrees of freedom = NPR + NPV + NPH,
NPR = degrees of freedom in rotation,
NPV = degrees of freedom in vertical direction, and
NPH = degrees of freedom in horizontal direction.

The above motion equation in matrix form consists of the following
individual motion equations by row. The first NPR equations are the
motion equations applicable to the degrees of freedom in rotation.
Since rotational jnertia forces are negligibie, the first NPR rows of
matrices [M], [C], [K.] and {Xg} are zero. The next NPY rows are the
motion equations applicable to the degrees of freedom in the vertical
direction. - The Tast NPH rows are corresponding to the degrees of
freedom in the horizontal direction. The acceleration, velocity and

displacement vectors of a structural system can be generally written

in the form:
Xg ie Xg
{x} = {%,¢3 {%} = 4%, 5 {x} = ix,
S s S

if

where ie, Xe, Xg angular acceleration, velocity and rotation of a

nodal point;

Xv’ *v’ Xy = vertical acceleration, velocity and displacement of
a girder node; and
RS, Xss Xg = horizontal acceleration, velocity and displacement

of a floor level.
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1. Incremental Form of Motion Equation. The incremental form of

the motion equation can be obtained by considering the motion equations

for time t and t + At. These are

b, + [C1{}, + (0K - Tk ){xb, = ~M{xhy,  (4.2)

MIf%bypy * [C]{*}t+At *

N N Y L

Subtracting Eq. 4.2 from Eq. 4.3,

[M1{ax} + [Cc1{ax} + [K]{ax} -

where {ax} = {X} .. - {¥},
(03] = {%}ppy, - 15,
(05} = {x}ypy, - 1,
(05} = DR o *

K Jepapixbogar * [KIpdxby = {aF}  (4.4)

[MI{% )

Since [KS] = [K ]t+At + [K ]t [K ]t+At’ and Tetting [AKS] =

£KS]t+At -

[M1{ax} + [CI{ax} + ([K] -

[Ks]t’ Eq. 4.4 can be written

K Jpepe) (¢} = {0F} + [aK 3x},  (4.5)

Matrix condensation is used to reduce the number of equations to the

number of vertical and horizontal degrees of freedom. Taking the

first NPR equations, those related toc the rotational forces, incre-

mental rotations can be solved in terms of the incremental displace-

ments of the system.
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Mg
[K]1IK]2] Axv = 0.
Axs

where [Kn KIZJ are the first NPR rows of [K] related to moment-

rotation. Therefore,

= -1 Axy
{axg} = -[K;, 177K, 5] bx, (4.6)

Substituting Eq. 4.6 back into the last NPV + NPH equations of matrix

Eq. 4.5, the final incremental form becomes

[M]{iiv} ' [C]{ii:} : [K“]{iiv} - {or} + [AKS]{iV}t (4.7)

S S S
where K] = [Kyp] = 1K1 T3 17 05T = IR ey

Based on the initial values of acceleration, velocity and displacement,
a step-by-step numerical method discussed in Chapter V is used to
solve for the acceleration, velocity and displacement at the end of
each time increment during the action of the two components of an earth-
quake. Consequently, the end moments at each end of a member can then
be determined.

2. Mass Matrix. The mass matrix [M] in Eq. 4.7 is a diagonal

matrix with girder and floor masses on the diagonal. When a model
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without girder nodes is used, only the total méss for each floor is
contained in fhe mass matrix. When girder nodes are assumed, the first
Nf rows of the mass matrix will contain half of each floor mass on the
diagonal elements.

3. Damping Coefficient Matrix. The damping coefficient matrix

[C] in Eq. 4.7 is assumed linearly related to the mass and stiffness

matrices42 so that

(C] = afM] + 8[K] (4.8)

where o and 8 are constants depending on the type of damping used.
Letting X equal to the fraction of critical damping and P, be the
estimated fundamental frequency of the structural system in radians per
second, the value for o and B are given as follows:
1. Mass plus stiffness proportional damping
&= Ap (4.9a)

n

Mp, (4.9b)

i}

g

2. Mass proportional damping

o= 2)\pn (4.10a)
B =0 ' (4.10b)
3. Stiffness proportional damping
| a=0 (4.11a)
B = 2Mp, (4.11b)

The expressions for o and B8 are based on the uncoupled equations of
motion where displacements are expressed in terms of the normal modes

of the system.
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4, Geometric Stiffness Matrix. The geometric stiffness matrix

[Ks] used for the P-delta effect of a structural system may be derived
by generalizing the formulation ohtained for a single-degree-of-freedom

system as

(Fo} = [KIix} (8.12)

where {Fp} horizontal force acting at floor ltevels 1 to N due to

the P-delta effect,

{xs} = horizontal fleor displacements relative to the base, and

s2)  Keo 0

~Ks2 (K32+K53) 'Ks3

(Ks1+K

[k = . ' | (4.13)

Ks(n~1) (Ks(n~1)+Ksn) “Ken
0 ~K

K
sn sn

The individual elements in Eq. 4.13 may be expressed as

;f F
K.. =
st 55 5y
where Fj = yertical loads on floor j,
L. = length of columns below floor i, and

1

Nf total number of floors also denoted by n,
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When considering horizontal plus vertical earthquake motions the

expression for Fj can be written in terms of the floor mass m., the

J"
vertical ground acceleration yg and the acceleration of gravity g:

Fy= mj(-yg *+ g) (4.14)

B. NONLINEAR RESPONSE

The nonlinear response of a multi-story frame is realized as soon
as a point in the frame reaches the yield moment My of its cross-
section. A yield zone then developes at the member section due to
plastification which is the gradual increase of yielding from the outer
fiber towards the neutral axis of the section due to an increase in
moment. The section of the member acts as ifthinged yet is restrained
by the plastic moment Mp.

For this study an idealized elasto-plastic or bilinear moment-
rotation relationship is assumed. This simplification of the moment-
rotation relationship assumes the yield moment to be the same as the
plastic moment. The contained plastic flow during plastification as
indicated by the dashed lines of Fig. 4.1 is assumed to have a negii-
gible effect on the moment-rotation relationship assumed. The ratio
(shape factor) of the plastic moment Mp and the yield moment My for
wide flange sections ranges from 1.09 to 1.20 as determined from Z/S,
the plastic modulus divided by the section modulus of the member.

Thus the idealized moment-rotation relationship is based on an assumed
shape factor of 1.0.
For the study performed here the maximum moment a section can

carry will be based on the idealized moment-rotation relationship.
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a) Elasto-Plastic b) Bilinear

Figure 4.1,

Idealized Moment-Rotation Relationship
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The moment will be indicated by Mp and will be designated as the
plastic moment of the member.

Once a member node becomes plastic the stiffness matrix of the
total frame must be modified before the response parameters for the
next time increment are calculated. The stiffness matrix must again
be modified as soon as one or more nodes become plastic or return to
their elastic range.

The formulation of the stiffness matrix for a typical member will
be derived in the following articles. The method of Giberson45 is
used to describe the nonlinear response mechanism and the resulting
formulation.

1. Mechanical Equivalent. The equivalent mechanical system for

a bilinear response of a typical member node is shown in Fig. 4.2. The
system consists of a variable force acting on two parallel components,
one containing a spring and the other a spring in series with a coulomb
slider. An elasto-plastic system can be realized by the removal of

the lower spring.

The total stiffness of a typical bilinear model consists of an
elasto-plastic component (spring plus slider) in parallel with an
elastic component (spring only). The moment-rotation (force-displace-
ment) relationships for each of the parallel components are shown in
Fig. 4.3. Variables included in parentheses in Fig. 4.1 and 4.3 apply
to tﬁe mechanical system.

The slope of the initial elastic portion of the elasto-plastic
component is k1 while the slope of the elastic component is k. There-
fore,

k= kit k, (4.15)
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where k is the elastic stiffness of the member. Let k, = gk and

k2 = pk, then the elastic stiffness may be expressed as
k = qk + pk = k(p + q) (4.16)

Therefore, p + q = 1.

2. Moment-Rotation Equations. Consider a typical member i shown

in Fig. 4.4a containing two possibie bilinear hinges, one at each end.
The subscripts a (left} and b (right) are used for the member ends
{2i-1) and (21), respectively. The elastic and elasto-plastic beam
components are shown in Figs. 4.4b and 4.4c, respectively. The incre-
mental end rotations of the elasto-plastic component of Fig. 4.4c may

be obtained as follows:

1]
>
@

1
=
Q

Aw

2 a N (4.17a)

where Awa, Amb incremental end rotation of central beam of elasto-
plastic component,
Aea, Aeb = incremental end rotation of a member, and

Adt s Aab = incremental incurred plastic angle at the ends of
elasto-plastic component.

The total incremental end moment values are the sum of the end moment

values of the beam components.

AM AM

N 12t MMy {4.18a)

n

AMb AM]b + AMZb (4.18h)
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End 2i-1| .
Va Member |

End 2i

Elastic
Actual length is zero

a) Combined Components

b) Elastic Component

Central Beam q

Central Beam Mp

c) Elasto-Plastic Component

Figure 4.4. Two Component Model of Inelastic Member
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it

where AMa, AMy incremental bending moments at ends a and b,

AM1 s AM]b = incremental bending moments at the ends of the
a elasto-plastic component, and
AMZa’ AMZb = incremental bending moments at the ends of the

elastic component.

The change in end moments over a time increment At can be expressed
in terms of the change in member end rotations based on the state of
yield for the member during the time increment. Note that either
Awa, Awb or Aaa, Aab in Eqs. 4.17 will be zero depending on whether or
not the member node is in the plastic range. In Eqs. 4.18, MMy 4 and
AM]b will become zero once the node has become plastic. These and
other incremental conditions can be realized when one looks at the
four possible states of yield for a typical member,

a. Both ends a and b are in the elastic range:
Ay, =0 Aoy, = 0
b. End a is in plastic range, end b is in elastic range:
M, = MM, hw, =0 Aoy, = 0
c. End a is in the elastic range, end b is in the plastic range:
Ao, = 0 AMy - MMy, Awy = 0

d. Both ends a and b are in the plastic range:

AM

a AMza Ama = 0



65

The fundamental moment-rotation equations in incremental form are
derived from the slope-deflection relationships for the components.

For the elasto-plastic component in the elastic range,

MM, = gk(fo, + gt ) (4.19)

la

.
AM qk(Eﬂwa + Amb) (4.20)

1b

and for the elastic component,

1
MMy, = pk(ag, + §ﬂ8b) (4.21)

!

]
AMZb = pk(EﬂSa + Aeb) (4.22)

Substituting Eqs. 4.17 into Egs. 4.19 and 4.20 yields the incremental
moments of the elasto-plastic component in terms of the incremental
end rotations and plastic angles. The total incremental end moments

are obtained from Egs. 4.18 as follows:

i

M, = K[(86_ - qha)) + (A8, - qay)] (4.23a)

a

aMy k[%{aea - qAaa) + (Aeb - QAab)J. (4.23b)

The above incremental end moments can be expressed in terms of the
incremental end rotations alone for the different states of yield. The

resulting M-¢ relationships in incremental form are given as follows:



a. Both ends a and b are in the elastic range:

B 1

AM, k[Aea + EaebJ (4.
e

AM = kD506, + 26, ] (4

b. End a is in plastic range, end b in elastic range:

£

AM,

i

AMb

c. End a is in elastic range,'end b in plastic range:

I

AM

L= KL(T - %)Aea + %ﬂeb] (4

AMb

d. Both ends a and b are in the plastic range:

n

AMa

]

My,

Using Eqs. 4.24 through 4.27, the incremental rotations can be

expressed in terms of the incremental moments for each of the four

1
pk(Aea + §ﬂ8b) (4.

k[gﬂea + (1 ~-%)Aeb] (4.

1
pk(z06, + a8y ) (4.

1
pk(ao, + 716, ) (4.

pk(%ﬂea t08,) (4.
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243)

.24b)

25a)

25b)

.26a)

26b)

27a)

27b)

states of stress. These relationships are used later in the determina-

tion of energy absorption as well as ductility ratio.



67

a. Both ends a and b are in the elastic range:

_4 B

Aea = gi(AMa “éAMb) (4.28a)

Ao, = b+ oam) (4.28b)
b~ ARV, b :

b. End a is in the plastic range, end b in the elastic range:

A = cl +-l)AMa - 2y (4.29a)
a p 37k 3k™b )
—ZAMa + AAMb
Aeb = 3 (4,29b)

c. End a is in the elastic range, end b in the plastic range:

80, = — g (4.30a)
AM
C2 2 e 1™
Aﬁb §EAMa + (p *3 v (4.30b)

d. Both ends a and b are in the plastic range:

4aM_ - 20M

pe = -——i§§ﬂ;———- (4.31a)
~20M_ + 4AM,

poy = K (4.31b)

3. Stiffness of a Member. The derivation of the stiffness of a

member is derived here for each of the four states of yield as discussed
in the preyious section. Let the force-deformation relationships of a

typical member be shown in Fig. 4.5. Using the slope-deflection theory
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Va
a) End Forces

b) End Deformations

Figure 4.5. Forces and Deformations of a Typical Member
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will then yield the following incremental moment equations associated

with the elastic state of yield:

= 4EI(Ae + 0, ) - 6EI(Au + Au ) (4.32a)
M, = 4EI(—i\e + Aeb) - GEI(AU + Au ) (4.32b)
AV, = —'-i—%l(zxea + Aeb) + li—g—I(Aua + Aub) (4.32c)
AV = SEI(AG +Agy) * 1igI(Aua + Aup) (4.32d)

The above equations can also be obtained from the two component members
of Fig. 4.4. Ffor the elastic state of yield, oy o 7 0, and since
p+q =1, the sum of the end forces of the two components will give
the same results as shown in Eq. 4.32. Setting a = 4EI/L, b = 2EI/L,
c = 6EI/L2 and d = 12EI/L3, the stiffness matrix of a member for the

elastic state of yield will be:

m ) T I YAV
,AMa a b -¢c -c Aea
oM a -c =-ci|A6
{ by - { br (4.33)
Ay d diiAu
a Sym. a
uAVba - d-J LAubJ
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When eithef one or both ends of a member become plastic, modifi-
cation of the member stiffness is necessary. Assuming the left end
of the member i becomes plastic, the total incremental forces at each
end of the member are obtained from the two component members shown
in Fig. 4.4. The incremental moment at end a may be expressed as

AM_ = AM

a 1a + oM

2a (4.34)
The incremental moments AM]a and AMZa refer to the elasto-plastic and
elastic components, respectively. Slope-deflection theory is used to
derive the incremental moment equations based on the elastic stiffness

of each of the components as shown in Fig. 4.3. Therefore,

M, = qﬂ%l(Ama + %ﬂmb) - qéf%(Aua + Aub), and
MM, = piE-I-(Aea + —;-Aeb) - péfé—(aua *+ Auy)-
For this state of yield,
Aw = A0, - Ao (4.35a}
hwy = ABy (4.35b)
AM, . = 0 {4.35¢)

Ta
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Using AM?a = 0 yields
_ AET _ 1 6EI
O—qL(Aea Aoca+-2-A9b) L(Au +Au)
from which
Ao = A8 + A0 -—3-—(Au + Au, ) (4.36)
a a 2 b 2L a b .

Substituting Eqs. 4.35¢ and 4.36 into Eq. 4.34 gives the resulting
moment equation:
4E]1

_ 1
AMa =P (Aea + —2-A6b) -

6E1
L

p—o(bu, + Au ) (4.37)

The incremental moment at right end b may be similarly obtained

as:
Aty = MMy + My (4.38)
where AM, = qé%lﬂeb - qéf%(Aua + Aub)
MMy, = pf'r(%zx + 08y) - pQE—IZ(Aua + Au)
Finally, Eq. 4.38 becomes
w, = p%Lao 4 (%L 4 Ly (pBEL q%)(ﬁ\,ua + Auy) (4.39)
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The incremental shear at end a is

AV_ = AV, + AV

3 1a (4.40)

2a

-6E1 12EI

where AV] (Ae + A ) + (Au + Aub)
6E1 1 3
"E{ +ghey - priou, + sup)]
_ =6EI 12E1
AV, = p—EZ—(Ae + Aeb) + p~E3~{Aua + Aub)

Combining the above equations yields the results of Eq. 4.40 as

_nBEI

0, - (%L + g 12E1 , 9EI

-3-—E-I~)Ae R ey o) (4)

For the right end b, the shear in incremental form is

AV + AV (4.42)

b = AVqp * AV

where AV]b = AV]a and AVZb = AVZa as shown in Eq. 4.40. Consequently,

the final result of Eq. 4.42 becomes

12E1 9E1

6E1 I . _E?)Ae + (p——g— q——g)(Aua + duy) (4.43)
L

P——gﬂe L
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Setting e = 3EI/L, T = 3EI/L2 and g = 3EI/L3, the member stiffness
can be generated from Eqs. 4.37, 4.39, 4.41 and 4.43 as follows:

1 i - - )
AM, pa  pb pc pc {0,
AM patqe  -pc-qf  -pc-qf]|AB
§bl s { bt (4.44)
AVa pd+qg pd+qg| |Au
symm. a
LA\!b i pd+qgﬂAubJ

The stiffness matrix of a member with end b plastic and end a

elastic can be similarly obtained as:

(AMa7 (patge pb  -pc-gf -pc—qfﬂrAeaW

AMbL pa -pc -pc Aeb$

<AVa - pd+qg pd+qg WAua ‘ (4.45)
symm. :

kA‘JbJ i pd+qg“\AubJ

When both ends become plastic, only the elastic component is

considered and the stiffness of the member will be:

‘ 3 » . - 3
AMa a b c CTFAea
AM a -c -cl|AD
3 br =p -1 b}' (4.46)
AVa _ d d |{Au
symm. a
AV d || Au
L bJ . JL bJ
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4, Total Stiffness of a Structure. The total stiffness matrix

[K] for a structure containing plastic hinges is formulated in the

same manner as one containing no plastic hinges.44
T
(k1 = [AI[SI[A] (4.47)
where [A] = static equilibrium matrix
[S] = stiffness matrix of all members

Generation of [K] is accomplished by the computer program wfthout
generating the [S] matrix. The member lengths, moment of inertia of
their cross-sections and the elastic modulus of the structure in
conjunction with the static equilibrium matrix [A] are used to cal-
culate the elements in [K] based on the four states of stress discussed
in the previous article. The matrix [A] can be generated in the
program by providing a Timited amount of input data.

C. REDUCTION OF ALLOWABLE MOMENT IN COLUMNS

Due to the static and dynamic loads applied to a structure as
produced by the weight of the structure and earthquake loading, respec-
tively, the axial load in the columns of that structure may be such as
to reduce the moment carrying capacity of these members., The inter-
action formulas of AISC34, used for plastic design of members having
combined bending and axial Ioads,26 are used here to formulate a
reduction factor for the Mp values of each column when warranted by
the magnitude of the axial load. The interaction formulas are given

as follows:



whers P

<° = =

-
<

P cmM

cr

M

p

—

P .18
y 1.1 Mp y

P

axial load in column, kips;
1.7AF

a .
allowable axial stress, ksi;
gross area of cross section, 1n?;

MpC = permissible moment based on axial plus bending loads,
k-ft;

1.92AFé;

nPEK [1.92(K8, /1, )2];
[ b’ "b’ +?

actual unbraced length in the plane of bending, in.;
radius of gyration in the plane of bending;
effective length factor in plane of bending;
earthquake and wind factor = 4/3;
moduius of elasticity, ksi;
coefficient depending on whether braced or unbraced and
whether moment is caused by applied end moments or trans-
verse loading;
applied moment, k-ft;
M s

p

FyA; and

yield stress of materiail, ksi
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Pt T e P/P M < 1.0 (4.48)

<1.0 M < Mp,——-> 0.15) (4.49)
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Assuming all columns are braced in the weak direction results in
the above equation for Mm. To be conservative in the determination of
the Mp reduction factor, the values Cp = 0.85 and K = 1.0 are assumed.

Based on the above interaction formulas and the assumed conditions

of a member the following equations are derived for determining the

required reduction factor for Mp due to Targe axial compressive loads:

"he . P Py

i (- 50 - 5 (4.50)
p cr e m

M

EEE.= 1.18(1 ‘"g“) (g-> 0.15) (4.51)
P y

The smalier of the two reduction factors that is less than 1.0
is used in determining the reduced moment capacity.
D. ENERGY

There are two reasons for the formulation of energy. First, the
overall behavior of a structure can be determined using energy concepts.
This will indicate the ability of that structure to successfully respond
to a particular earthquake motion. If a structure is able to store
the total input energy as the result of an earthquake in the form of
elastic strain energy, the integrity of the structure is greater than
that for which part of the input energy must be dissipated by strain
energy as a result of permanent set. Also, the integrity of one struc-
ture would be greater than another if it were necessary to dissipate
less strain energy fTor the one structure when both are subjected to the

same earthquake motion.
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The second reason for the formulation of energy is to provide a
means of checking the accuracy of the step-by-step integration tech-

nique used. The law for the conservation of energy states in equation

form
Ei = ES + Ed 4 ' (4.52)
where Ei = total input energy up to a certain time,
E_ = total stored energy in the form of kinetic energy and

elastic strain energy at that time,
Ed = total dissipated energy in the form of strain energy due

to permanent set and energy dissipated due to damping up
to that time.

The above energy terms are formulated in the following articles.

1. Input Energy. The total input energy of a structure at the

end of a time increment as a result of support motion in both the
horizontal and vertical direction is obtained by summing the following
terms.
(1) the product of the average horizontal column shears, vave’
and the incremental horizontal ground displacements, Axg,
(2) the product of the average vertical column reactions, R

yave’
and the incremental vertical ground displacements, Ayg, and

(3) the product of the average horizontal force, {Fp}, for each
floor due to the P-delta effect and the corresponding incre-
mental values of the absolute horizontal floor displacements,
{Axs}ab'

In equation form, the input energy at the end of a time increment is
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.
of {8xs}p) (4.53)

t
B = L Wave(dxg) * Ryqyeltyg) + {F
where {Fp} is given in Eq. 4.12 and

{ax by = {laxg + Axg)}

2. Stored Energy Due to Elastic Strain. The amount of elastic

strain energy stored in a structure is the sum of the elastic strain
energy for each member. Since only bending deformations are considered,
the elastic strain energy must only be based on bending. The formula-
tion of the elastic strain enefgy for a typical member can either be
found from the basic equation of virtual work33 or from the moment-~
rotation curve for each end of the members. Both derivations will be
shown here for justification of the use of the moment-rotation rela-
tionships when considering a bilinear response.

The basic equation for the elastic Qtrain energy in a member due

te bending only is

L MZ
os j Eff'dx : (4.54)

0
For a typical member i the moment varies linearly across the length
of the member as shown in Fig. 4.6. The equation for the moment in

member 1 can be written in terms of x, the distance from the left end.
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Figure 4.6, Member Moment Diagram
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M. =M., . - XM

j 2i-1 L M

(4.55)

2i-1 7 Moy

Substitution of the expression for Mi’ Eq. 4.55, into Eq. 4.54 and
then performing the integration yields the following equation for the

elastic strain energy in member i:

L

b0 2
Eesi 5511{”21-1 - MagqMpy + Moy (4.56)

The same expression for the elastic strain energy due to bending
can be obtained from the moment-rotation curve for each end of member
i. The total elastic strain energy for member i is the work produced
by the end-moments going through their corresponding énd rotations.
This is equivalent to the area under the moment-rotation curve for

each end of member 1.

i._a

- Iy

Eesi = M2i-182i1 ¥ 3 (4.57)

2i%2i

The end moments in terms of rotations are known from slope-deflection

equations as

4E1, 2EI.

Mai1 7 T O2ia1 T O (4.582)
2E1 8E]

My, = —~ 0 +—2Lg (4.58b)
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Solving for rotations in terms of moment, Eqs. 4.58 can be written

L.
- 1
92i-1 7 eI, M2i-1 7 Mot (4.59)
%21 = GET L Mai-1 * M) (4.59b)

Substitution of Egqs. 4.59 into Eq. 4.57 results in the Eq. 4.56, the
same equation found based on the basic eduation for elastic strain
energy due to bending.

The total elastic strain energy for the structure is the sum of

the elastic strain energies for all the members.

L, |
1 2 2
6EI1(M21a1 = MyioaMyy T Myy) (4.60)

Eos = .
;

Ne~12

1

Since a step-by-step integration method is used, the incremental
form for the elastic strain energy is necessary. This formulation is
derived from the moment-rotation curve as shown in Fig. 4.7. The
change in elastic strain energy of a member over a time increment At
is the area under the moment-rotation curve for each end of the member
when the node at that end is in the elastic range. In equation form
this is

Mosi = Myio1)ayet®py * (M

esi A8y (4.61)

2i)ave
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Figure 4.7. Elastic Moment-Rotation Relationship
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if

where (M21"]) [(Mz.i_])t + (Mz‘i_])tq_At]/z

ave

1

Maidave = [Mai)y + (Mp1) 4y 1/2

ave

H

8855 7 = (L/6EI) [20My. 1 - AM,.]

A8 (L/ﬁEI)i[-AM21_1 + 2AM21]

21

The total increment of the elastic strain energy for the structure is

the sum of the elastic strain energjes for all the members.
N
*es 7 iZIE(M21-1)aVeA621—1 * (M1)ayel0;] (4.62)

3. Kinetic Energy. Kinetic energy is stored in the multi-story

structure by virtue of the velocities of the Tumped masses as a result
of the ground motion. The general equation for kinetic energy of a

mass m having a velocity v may be derived as32

kinetic energy = -]é-mv2 (4.63)

When dealing with both horizontal and vertical ground motion, the two

components of kinetic energy are obtained in the following form:

N N
yomo(x .+ xg)z + %-RZ] my (%, * yg)2 (4.64)
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where Nf = number of floors,
N_ = number of lumped masses,

m. = mass of jth floor,

J
m = lumped mass k,
5] = velocity in horizonta] direction relative to base of mass
at floor level j,
Xg = horizontal velocity of ground due to earthquake,
Rvk = vertical velocity of mass_k relative to the ground, and
yg = vertical velocity of ground due to earthquake.

4., Dissipated Energy Due to Damping. The equation for the

dissipated energy due to damping is found frdm the work produced by
the damping force going through the relative displacement of the mass.
For a one-degree-of-freedom system the damping force equals the damping
coefficient times the velocity of the mass. Therefore, the incremental

work dissipated due to damping is

de = CXS du = CXS(XS + Rg) dt (4.65a)
and
t L L) -
Wy = CJO xs(xS + xg) dt (4.65b)

which is the total energy dissipated by damping up to time t.
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When using the incremental approach for the analysis of multi-
story structures, the equation for the dissipated energy of a frame

due to damping will be:

Eqq ([C]T{*}ave)T{Gs}aveAt (4.66)

where [C]

damping coefficient matrix,

{X}ave = average relative velocity vector over At for each transla-
tion degree of freedom,

{us}ave = average absolute velocity over At for each translation
degree of freedom, and
At = time increment.

5. Dissipated Energy Due to Plastic Rotation. Energy is also

allowed to dissipate due to the permanent set caused by the plastic
rotation. The amount of energy dissipated for a member node due to
this mechanism is found from the moment-rotation curve as shown in

Fig. 4.8. For the elasto-plastic condition in Fig. 4.8a the dissipated
strain energy during a half cycle of rotation is equal to the area
under the curve OABC. Using the step-by-step method of analysis, this

is equivalent to

Nat
Egs = Z Mpaei (4.67}
i=]
where NAt = number of time increments in which the node of a member is
in plastic range,
Mp = plastic moment, and
AB. =

end rotation during time increment i.
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Figure 4.8. Inelastic Moment-Rotation Relationship
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When considering a bilinear response, the dissipated strain energy
during a half cycle is equal to the area under the curve OABC of

Fig. 4.8b which can be expressed in the following form:

t

: MaveiAei(1 - p) (4.68)

Eds -

o~

.i

where NAt = ngmper of time increments in which a joint is in the
bilinear range,
Mavei = average end moment during time increment i,
Aei = end rotation during time increment i, and
p = k2/k = strain hardening ratio.

Note, the above equation reduces to the equation for the dissipated
strain energy in a elasto-plastic response when p = 0 as given in
Eq. 4.67.

The above equations for the dissipated strain energy EdS (Eqs. 4.67
and 4.68) apply to one node of a member. To obtain the total dissipated
strain energy of a frame due to strain hardening, the equations are
applied to each node of all the constituent members.

6. Elastic Strain Energy For Bilinear Response. The total

elastic strain energy during a half cycte of rotation for a member

node having bilinear response characteristics is found from the area
BCC' of Fig. 4.8b. Introducing a new term, the bilinear strain energy,
Ebz’ defined by area OABC' of Fig. 4.8b, the elastic strain energy

during a half cycle of rotation is
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(4.69)

in which Ebz is the total strain energy, stored plus dissipated,
during the response of a structure due to earthquake loading. Note,
the above equation also applies to the elasto-plastic response of a
Joint as shown in Fig. 4.8a.

E. DUCTILITY AND EXCURSION RATIO

Three definitions of the ductility ratio for determining the
ductility requirement of earthquake structures are formulated in this
section. The corresponding excursion ratio is also formulated to
indicate the total plastic rotation or dissipated energy of each node
of structural members during the loading process.

The three definitions of the ductility ratio are based on sym-
metrical bending, curvature and strain energy; the ductility ratio
based on strain energy seems to have certajn advantages for the two-
dimensional Toading. A numerical comparison using the above three
definitions of the ductility ratio and corresponding excursion ratio
is made in Section VII-C.

1. Ductility Ratio Based on Symmetrical Bending. The traditional
45,29

definition of the ductility ratio Hy ts based on symmetrical
bending of a structural member. The half cycle of the moment-rotation
curve for either end of such a member is shown in Fig. 4.9 based on a
bilinear material response. Both ends of the member become plastic
when the end moment reaches the plastic moment, Mp. The ductility

ratio based on symmetrical bending is defined as the maximum absolute

nodal rotation Ielmax divided by the yield rotation By Using the
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notation of Fig. 4.8, M can be written as

[8] 6, ta
= max . 'Y =1 + %n. (4.70)

Hy 5 )
y y y

where o = plastic rotation. Since the yield rotation is based on
symmetrical bending, it can be expressed as ey = MpL/ﬁEI, where L is
the length of the member and EI is the member's flexural rigidity.

The excursion ratio € corresponding to the ductility ratio can
be defined as the total plastic rotation of a node of a member divided

by the yield rotation of the joint. Thus

Nu o
E'I = 'Z 6"— (4.71)
i=l "y
where Nu = total number of times the node becomes plastic,
a, = plastic rotation of the node during a half cycle of
v rotation i, and
ey = yield rotation of symmetric bending.

In terms of the ductility ratios the excursion ratio can be written as

N
U

ey = I Gyy -1
i=1

where i is the ductility ratio for the half cycle plastic rotation 1i.



When considering a typical moment-resisting frame subjected to
both horizontal and vertical components of an earthquake, symmetrical
bending is seldom present in any of the members. Therefore, the use
of the yield moment rotation based on symmetrical bending would only
normalize the total nodal rotation. An adequate indication of the
ductility requirement of the members would only be obtained if all
members had the same end moment retationship.

The yield rotation for a typical member is a function of its
yield moment, stiffness properties, and the moment cohditions at the
opposite end of the member. The general equation for the yield
rotation can be written as ey = CMpL/EI, where C is the coefficient
based on the moment condition at the opposite end of the member.
Table 4.1 1ists the value of C based on selected end moment conditions

for the opposite end.

Table 4.1. Value of C in g, = CM_L/EI Based on Different
Conditions of Opposite End of a Member

Moment at Opposite End
(clockwise positive) Value of C

M 1/6
p /

M /2 1/4

o/ /

0 1/3

p/ 5/

-M 1/2
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The coefficient C has a minimum value based on symmetrical bending.
Therefore, the use of the equation for ey based on symmetrical bending
will result in larger ductility and excursion ratio values for members
not subjected to symmetrical bending.

2. Ductility Ratio Based On Curvature. The second definition of
1,3

the ductility ratio is based on curvature. The ductility requirement

is defined in terms of Fig. 4.10 as follows:

by = g s =1+2 (4.73)

where ¢max = maximum curvature,

{

curvature at yield, and

<>
il

plastic curvature.

G-
{i

For members which contain symmetrical bending this equation for Mo is
the same as for My
For bilinear systems this ratio can be expressed in terms of the

moment value of Fig. 4.10 as follows:

M- M |
y, = 1+ -1 P (4.74)
2 pMp

where Mmax = maximum moment at the end of a member,

=
n

plastic moment of the member, and

rate of strain hardening.
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The excursion ratio €5 corresponding to the ductility ratjo based

on curvature can be defined as

Nu ¢ Nu
0
€, = ) == ) (uy; = 1) (4.75)
2 i=1 Yy i=l 21
where N}1 = total number of time the node of a member becomes plastic,
Up; = ductility ratio for the half cycle plastic rotation i.

The excursion ratio can also be expressed in terms of bending moment

or ductility ratio as:

H (Mmax i Mp _

m
i
Nt~ 22

(1 = 1) (4.76)

—
R=;
=
[y
ne~-1 =

1

A couple of advantages of the second definition for ductility over
the first can be noted. First, as mentioned above, the ductility
requirements based on curvature are applicable to nonsymmetrically
loaded members as well as ones loaded symmetrically. Also, when
analyzing bilinear systems, both the ductility and excursion ratios
using the second definition can be determined from calculated end-
moments.

3. Consideration of Stress Reversal. Before going to the third

definition of ductility, consideration will be made of the reversal of
the stress field occurring in flexural members as related to the
ductility ratio. When a member has a stress reversal, the Bauschinger

effect35 is present. This consists of the effect of straining a



95

material in tension beyond its yield point and then reversing the load
to obtain a lower yield point in compression than would be obtained if
not initially placed in tension. This reduction is the result of
residual stresses left in the material due to the tensile deformations.
The Bauschinger effect is applicable to flexural members due to the
stress reversals present above and below the neutral axis of the
member cross~section.

There are several methods one can use to take into consideration
the Bauschinger effect. The method used here and by most investigators
consists of 1imiting the stress range or the elastic unloading range
to 2Mp. This causes the total elastic range of the material to remain
constant. Figure 4.11 illustrates this method as applied to bilinear
systems. A constant 2Mp is present in elasto-plastic systems by
virtue of no strain hardening.

There are some questions as to the adaptability of the first two
definitions of the ductility ratio when the stress range of 2Mp is
used for bilinear systems. Figure 4.11 illustrates a situation which
may result in a misleading ductility ratio. In this situation the
first bilinear half cycle of rotation results in a large amount of
plastic rotation. With a 2Mp stress range, the second half cycle of
rotafion will have a low absolute magnitude for Mp; a corresponding
low value for ey will result. Even though the amount of plastic
rotation during the second half cycle of rotation is Jess than the
first, a larger ductility ratio will result in misleading values for
both half cycles of rotation.

The third definition of the ductility ratio is presented in an

attempt to obtain a more adequate measure of the ductility requirement
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of a structure when considering stress reversals as well as both
horizontal and vertical earthquake components.

4. Ductility Ratjo Based on Energy. So that an adequate deter-

mination can be made of the ductility requirement of a structure, the
definition for the ductility ratio should apply for all member end
conditions and loading corditions. The ductility ratic should reflect
the maximum necessary plastic rotation which a member must withstand
as related to its yield condition. The yield condition is a function
of the end condition of the member at the time of the plastic rotation.
When plastic rotation of the end of a member occurs, energy is
dissipated in the form of strain energy. For an elasto-plastic system
the amount of strain energy.dissipated during the plastic rotation is
directly proportional to the amount of rotation. This relationship
between plastic rotation and dissipated strain energy provides ways
of formulating the ductility ratio based on dissipated strain energy.
This third definition of ductility ratio can be stated as the ratio
of the dissipated strain energy of a member end to the total elastic
strain energy in the member plus one as

Eds

:]-{-
Etes

H3 (4.77)

where EdS = dissipated strain energy of a member end during half cycle
of joint rotation as shown in Fig. 4.12, and

Etes

total elastic strain energy in the member under
consideration.
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This third definjtion is similar to the previous definitijons in
that the ductility ratio is greater than one when plastic rotation
occurs. Also, since the dissipated strain energy is related to the
plastic rotation, any increase in the plastic rotation results in an
increase in the dissipated strain energy and a corresponding increase
in the ductility ratio. The total elastic strain enerqgy in a member
is a function of the work produced by the énd moments going through
the end rotations while in the elastic range. The elastic strain
energy of the total member is used so that the yield condition of the
member end in question is based on the end conditions of both ends of
the member. The elastic strain energy stored in a member by its end
moments is independent of the manner in which the end moments are
reached. Therefore, the above definition of ductility ratio is
especially applicable to structures excited by both horizontal and
vertical earthquake components wheré a nonlinear relationship of
end-moment and rotation is present.

A typical example of the moment-rotation curve for a joint in a
structure excited by both horizontal and vertical ground motions is
shown in Fig. 4.13. The single-bay frame contains a node at the
center of the girder where half of the total girder mass is assumed
concentrated. The nonlinearity of the response curve is the result of
the vertical component of the ground motion acting on the mass at the
center of the girder.

The maximum deviation a moment-rotation can have from the usual

g¢

1inear relationship is shown in Fig. 4.14 for an elasto-plastic system.

Parallelogram ABCD establishes the boundary to be discussed. Lines

OA and OB illustrate the linear paths for a member under symmetrical
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Figure 4.14. Moment-Rotation Boundary for One End of a Member
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bending and pure bending, respectively. Lines 0C and 0D correspond
to the negative paths of the same two bending conditioﬁs. Curve 0G
represents a typical curve comparable to the curve in Fig. 4.13 where
the moment-rotation relationship is nonlinear.

An example will be shown to illustrate that the elastic strain
energy in a member is independent of the manner in which the final
end moments are obtained. Assume the final bending condition of a
beam consists of symmetrical bending with an end moment of Mp as
indicated by point A of Fig. 4.74. This condition is assumed to be
reached by two different ways. First, let the member bending condition
be reached by symmetrical bending from the unloaded to loaded condition.
The moment-rotation curve for each end of the member for this way of
loading will be path OA of Fig. 4.14. Second, the moment at the right
end of the member is decreased to a negative Mp value while no moment
is applied to the Teft end; a rotation of -MpL/SEI and —MpL/GEI will
result at the right and left ends of the member, respectively. Now
with the simultaneous application of increasing moments of Mp and 2Mp
to the left and right ends of the member, respectively, the final
symmetrical bending case is realized. The moment-rotation paths are
also shown in Fig. 4.14. Dashed Tine OEA represents the left end
while dashed Tine OHA represents the right end of the member.

The resulting elastic strain energy for each of the ways of
increasing to the final symmetrical bending are found from the area
under the moment-rotation curves. These areas are shown in Fig. 4.15

for the second approach to the symmetrical bending condition.



103

dLysuol3e|ay 6-W UO paseg J3GUAK © JO ABUBUI ULRUJS DL1SRLT ‘Gl SnBLy

jaqua jo pul 4ybiy (q JOqWO jo pu3z ya (D

dn-T

139

39
uoy d

uoypjoy 1@
3

ibjoy 10N 0
3

‘

< 4 .QE < 3 Qz
JUBWON jUsWon




104

(1) Symmetrical increase in end moments

2

ML ME L
= 2l P vy = B
Ees1 = Aslger )My = gET

(2) Unsymmetrical increase in end moments

ML ML
Eog2 =0 # %“ﬁgT 2(EET)( M) HET)(M )
ML

i

Therefore, E = E which i1lustrates that the elastic strain

es] es’z?

energy in a member is independent of the manner in which the final
end moments are obtained. Apparently, the nonlinearity of the moment-
rotation curves, when considering both horizontal and vertical earth-
quake components in conjunction with girder nodes, does not invalidate
the third definition of the ductility ratio.
The advantages of the third definition for ductility ratio based
on energy can be stated as follows:
1. Definition is general and applies to nonsymmetrical bending.
2. Definition is independent of the moment-curvature relationship
assumed. ETlasto-plastic, bilinear as well as the Ramberg-
Osgood30 relationships can be used.
3. Definition is more adaptable when considering a bilinear
response with a ZMp elastic stress range.
4. No problem results when moment-rotation relationship is non-

linear due to inclusion of the vertical earthquake motion.
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5. Dissipated and elastic energy values used in definition are
easily determined from the area under the M-8 curve for the
step-by-step method of analysis.

6. Definition is proportional to the energy dissipated in a
node of a member due to plastic rotation;

The only disadvantage to the third definition of the ductility
ratio is that the actual nodal rotation in the plastic range cannot be
found directly from the ductility ratio for an elasto-plastic or
bilinear response.

The excursion ratio based on the third definition for the duc-
tility ratio is given below which indicates the total amount of energy

that is dissipated in a node of a member due to plastic rotation:

Nee o N
e3= L oga-= § (uy - 1) (4.78)
j=1 “tes] j=1

where N = total number of times joint becomes plastic during earth-
' quake excitation,
H3j = ductility ratio during half cycle j,

Edsj = dissipated strain energy during half cycle j, and

E

total elastic strain energy in member while end-moment is

tes]  maximum during half cycle j.

Section VII-C will shown numerical comparisons of the ductitity

and excursion ratios based on the above definitijons.
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V. NUMERICAL METHODS OF INTEGRATION OF INCREMENTAL MOTION EQUATION

Different techniques are available for the step-by-step integra-
tion of the motion equation as formulated in Chapter IV (Egs. 4.7).
These methods are utilized to solve some typical problems to verify
adequacy and possible running errors of the computer program. Also,
the stability of the solution as well as its accuracy are considered.

A. NEWMARK BETA METHOD

The main technique used here for the step-by-step integration of

the motion equation is Newmark's method.36

The velocity and displace~
ment at the end of any time increment is expressed in terms of the
displacement, velocity and acceleration at the beginning of the time
increment. The change in the acceleration during the time increment

At can be assumed to have djfferent forms of variation as determined

by the coefficient B. The Newmark equations are as foliows:

Reanr = Xp + (Rp + Xy, (08)/2 (5.1)

. u . 2
Xeape = Xy * K(01) + (5 - BIR,(a)% + gk, (at) (5.2)

where X X s X = acceleration, velocity and displacement
tHAt? AT TtiAt at the end of time increment At,

Xt, kt’ Xy = acceleration, velocity and displacement at
the beginning of time increment At, and

8 = coefficient controlling the change in
acceleration over the time increment At.



107

A valﬁe of B = 1/6 was found to proyvide the best accuracy in the
solution based on the earthquake loading. This value for g corresponds
to assuming a linear varijation in the acceleration over the time
period At.

The incremental form for the velocity and acceleration for a time

period At are derived from Eqs. 5.1 and 5.2.

1

A)‘(-‘:mAX'*'B (5.3)
M = —1 ax + A (5.4)
s(at)

-1, 1.,
where B = == %, + (1 - 45)xt(At)

S D I
A= BEy *¢ " 78 *t

The above incremental velocity and acceleration, Egs. 5.3 and
5.4, are substituted into the generalized motion matrix equation given
by Eq. 4.7. This results in a system of simultaneous equations con-

taining {Ax} as the only unknown term. In equation form,

{ix} = [k*]"'{ar} (5.5)
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71 = ] 1 "
where [K*] éEXZSE{M] + EETKET[C] + [K"]
{aR} = {aF} + [AK I{x}, - [MI{A} - [C]{B}

The corresponding change in velocity and acceleration for each

mass can be found from Eqs. 5.3 and 5.4, respectively,

| The Newmark Beta method of step-by-step integration provides an
adequate integration technique when dealing with constant interval
Tengths of time. The value of B can be cﬁanged to increase the accuracy
for any given loading and initial value conditions.

The stability 1imit derived by Newmark>? is the largest value of
(At)/T as based on B resulting in a stable solution. An unstable
solution results in oscillations without bounds and does not agree at
all with the exact solution. For a g of T/6ithe stability limit is
0.551. This limit corresponds to a natural period of T = 0.01815 sec
and a time interval of At = 0.01 sec. Therefore, mode and forcing
frequencies of 1/0.01815 = 55,1 Hz or greater may cause instability in
- the solution in the form of spurious increasing oscillations in the
response output.

The principle of the conservation of energy as discussed in
Section IV-D is used to indicate the degree to which the instability
condition occurs as well as the amount of roundoff errors introduced
in the integration process. Based on the principle of the conservation
of energy the total input energy equals the stored energy in the

structure plus the dissipated energy as given in Eq. 4.52. The
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accuracy of the integration process is indicated by the percent error

based on the following equation.

E., - (ES + Ed)

% Error, = — (100) (5.6)
¢ Es |
where Ei = total input energy up to time t,
E_ = total stored energy in the form of Kinetic energy and

5 elastic strain energy at time t, and

Ed = total dissipated energy in the form of strain energy due to
permanent set and energy dissipated due to damping to the
time t.

B. [FOURTH-ORDER RUNGE-KUTTA

The quartic Runge-Kutta method for the step-~by-step integration
of the motion equation is used in the early stages of this research to
verify the numerical solution by the Newmark Beta method. This
Runge-Kutta method is based on a Taylor's expansion truncated after
terms of the fourth order. Therefore, the per-step integration error
is Ats, since the terms céntaining At5 and higher are neglected in the
quartic formulation. The necessary equations of numerical integration .
when usfng this method are as follows for a single-degree-of—ffeedom

system:

Xpppt = X * (At))‘(t + (At)(A + B + D)/6 (5.7)
Kepnt = K¢ * (A+ 2B+ 2D +E)S6 (5.8)
. o ) N

Xigag =M [Ft+At - (K Ks)xt+At CXt+At] (5.9)



where A=

Xeeat® Xeaat? *teat

Xpo Xpo Xy

m

K

ks

Fo» F

t* CtHAt/2? Ft+At

i

]

1)

(At)m-][Ft - (K= Kxg = G,

(B [Fyyyesp = (K= K (xy + (AL)R,/2)

C(x, + A/2)],

(A [Fyaerp = (K = KD (X, + (80)%,/2

+

(At)A/4) - C()'(t + B/2)],

(at)m ' [F (K - K ) (x, + (8)%, + (At)B/2)

t+At

- C(x, + D)1,

acceleration, velocity and displacement at the
end of the time increment At,

= acceleration, velocity and displacement at the

beginning of the time period At,
mass, |
stiffness,

geometric stiffness,

damping coefficfent, and

forcing function for the beginning, middle and
end of time increment At.

The generalized matrix form of the above Runge-Kutta equations

are used for multiple-degree-of-freedom systems. Expressing Egs.

5.7-5.9 in matrix form yields

{xbeipe = {xbg + (a0){x}, + (at)({A} + {B} + {D})/6 (5.
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{Xbpppe = Kby + (A} +
g = [MJ-1({F}t+At

where {A} =

it

{E}

N e T
{R}t, {X}t’ {x}t =
[M] =

[K] =
[k 1 =

m

2{B} + 2{D} + {E})/6 (5.11)

- (1K - DD XYy = [} eyy)  (5-12)

(ae)tM1 ({F}, - (0K - [k D{x},
- [CH{xky),
A)MT ™ ([Pl o - (KD - IR,
+ (At){x},/2) - [CI({x}, + {A}/2)),
()M ({F} ag/p - (KD - IR DU,
+ (At){x}tlz + (At){A}/4)
- [C1Ux}, * {B}/2)),
Wt)IMT ™ ([P ppg - (KD - TR ({x}y
+ (at){x}, + (at){B}/2)
- [eI({sd, + {O1))s

acceleration, velocity and displacement
vectors at the end of time increment At,
acceleration, velocity and displacement
vectors at the beginning of time increment
At,

mass matrix,

stiffness matrix of system,

geometric stiffness matrix of system,
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damping coefficient matrix, and

112

{F}t, {F}t+At/2’ {F}t+At = forcing function vector for the beginning,

middle and end of time increment At.

Knowing the magnitudes of the displacement, velocity and accelera-

tion at the beginning of a time increment, the corresponding magnitudes

at the end of the time increment are found from the above equations.

When considering earthquake loading, the forcing function vector will

consist of the inertia forces for each mass in the system as:

where {F} = forcing function vector at time t,

M}

LN

H

mass matrix, and

!

ground acceleration vector at time t.

(5.13)

Linear interpolation is used to determine the forcing function

at the middle of a time increment.

The fourth-order Runge-Kutta method has been proved as a powerful

numerical method for earthquake analysis in Cheng's previous work
and is used in this research for checking the accuracy of other
numerical techniques.

C. WILSON'S 6-METHOD

The third step-by-step integration method considered in this
study is Wilson's 8-Method§’7 This method of integration provides
a means of eliminating the response to the higher modes as well as

producing an unconditionally stable solution. An unconditionally

22,13
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stable solution is one which is bounded for any time increment At.

By eliminating the higher mode responses where the (At)/Ti values are
large, (At/Ti > 0.01), the initial values at each time interval will
not have excessive errors and then cause inaccurate integration of
the response in the lower modes. The term Ti is the period of mode 1.
The advantage of this method is that one may use a larger At value
and still provide for an unconditionally stable solution. The decision
as to what At value will then be based on the degree of accuracy
desired without having to consider stability. Using this method,
consideration only of the natural frequencies of the structure and
the applied forcing freguencies is needed in determining the most
desirable At value. Since the higher modes contribute to a lesser
degree to the total response, the elimination of these higher modes
may not jeopardize the accuracy of the total response and still
provide for the desirable unconditionally stable solution.

The elimination of the higher mode responses is obtained in the
p-Method by causing amplitude decay and period elongation to these
higher mode responses. Wilson's 0-Method is a modification of the
Tinear acceleration method which is equivalent to Newmark's Beta method
with 8 = 1/6, as discussed previously. In Wilson's method the accelera~
tion is assumed to be linear during the time interval t = 8At, where
8 > 1.0. For 8 = 1 the method reduces to the linear acceleration

7 to

method. A magnitude of 6 = 1.4 was found by Bathe and Wilson
result in the best accuracy while still causing amplitude decay and
period elongation to occur in the higher mode responses. Wilson had
previously shown an unconditionally stable solution could be obtained

for 6 = 2.0.
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The incremental form of the general motion equation for a multi-

degree system based on a time increment of T is

[MI{ax}. + [CJ{Ax}T + [K"Hax}, = {F}t+T - [M]{x}t - [CJ{x}t

- [k }x}, (5.14)

]

where {aX} , {AX}T, {ax}. = incremental acceleration, velocity and
displacement over time period T,
{x}, {X}t, {x}t = acceleration, velocity and displacement at
time t, the beginning of the time increment,

[M] = mass matrix,
[cl = damping coefficient matrix,
L1 —_ T "'-I
{Fhipe = {Fy * 0({Flyp - {F1,) = projected value

of the forcing
function at time
t+T.

The projected value of the forcing function is obtained by the linear
extrapolation of the value at time t and t + At to the time t + T.

Using the linear acceleration approach the velocity and displace-
ment at timé t + t for a single-degree-of-freedom system is

Xppr = Ky ¥ (e + R)T/2 (5.15)

>
i

. 2. .
ter - %t ok, tT (xt+T + 2xt)/6 (5.16)



115

= acceleration, velocity and displacement of
mass at time t + T,

where Xt+T, Ripet Xppr

Rt, xt, Xy = acceleration, velocity and displacement of
mass at time t, and

8(At).

=
I

The incremental form of the velocity and acceleration for the

time period 1 are derived from Eqs. 5.15 and 5.16.

Ax =S ax+B (5.17)
T T T

AX = é»-Ax + A (5.18)
T T2 T '

where BT -3Xt - Txt/2 and

——'_f. ).(t - 3Xt.

x=
i

Thus the incremental velocity and acceleration vectors for a
multi-degree-of-freedom system can be simjlarly derived as shown in
Egs. 5.17 and 5.18. Using Eq. 5.14 will then yield the incremental

displacement over the time period T.
{ax}_ = [x*17'{am) (5.19)
where

[M] +

A |w

[k*1_ = [C1 + [K"] (5.20)

-—ilc‘i
N

{aR} = {Fh,, - MR}, + {A}) - [C1({x}, + {B},) - [K"1{x}, (5.21)
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The acceleration at time v corresponding to the above incremental
displacement of Eq. 5.1% can be expressed in the following form based
on the linear acceleration approach:

=&

(b = % {0x}, - 2 (), - 2fik, (5.22)

The acceleration, velocity and displacement at time t + At are

{RF e = (RE + (RE,, - {RE/6 (5.23)
PRbag = 3hg + QR0 + (R )/2 (5.24)
(Xbpeag = 20y + (00){x}, + (a0)2({R},,,, + 2(5},)/6 (5.25)

The values of the above acceleration, velocity and displacement
become the initial values for the next time increment.

The amplitude decay and period elongation behavior is illustrated
in Fig. 5.1 for an undamped single-degree-of-freedom mass having a
natural period of Tn = 1.2 sec. An initial displacement of one unit
is used to producelthe motion. When At is equal to 0.012 sec., condi-
tional stability is present, since the (At)/Tn value is small enough
as found by Bathe and w1lson7 to have no error in the integration
process as measured in terms of amplitude decay and period elongation.
The response curve follows the exact solution of x = cos pt where p is
the natural frequency of the single-degree-of-freedom mass. The same

response is obtained for any value of 6 > 1.0.
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Period Elongation and Amplitude Decay of Single Mass Using Wilson's 6-Method

Figure 5.1.
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When a At of 0.12 sec. is used, the accuracy of the integration
is reduced, and the amount of amplitude decay and period elongation |
increase with the value of 8. For any particular value of 8 greater
than 1.0 the amount of amplitude decay and period elongation increases
with the magnitude of the mode frequency havjng a (At)/Tn value

greater than approximateiy 0.07.
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VI. ELASTIC RESPONSE OF MULTI-STORY STRUCTURES TO VARIABLE LOADS

The purpose of this section is to relate resu]ts obtajned in the
analysis of linear mu?ti-stéry frames. Adequacy of the method used
in analyzing linear multi-story frames is shown by the analysis of a
two-degree-of-freadom system. The free vibration response of a
2-story shear building based on initial values of displacement and
velocity are determined and compared with the results obtained from
a modal analysis.

Multi-story structures are analyzed to show that some systems
are sensitive to the P-delta effect and vertical earthquake motion.
Studies include the correlation of the maximum floor displacement and
the frequency spectrum of the horizontal ground motion. A frequency
spectrum analysis is also included to determine the vertical frequenciés
most likely to affect the horizontal response of the structure.

A. COMPARISON OF STEP-BY-STEP INTEGRATION TECHNIQUES WITH THEORETICAL

RESULTS OF A TWO-DEGREE-OF-FREEDOM SYSTEM

To further verify the validity of the methods used in determining
the response of structural systems, the theoretical response of a
two-degree-of-freedom system will be compared with numerical solutions.
The system consists of a two-story, single bay shear building as shown
in Fig. 6.1. The mass of each girder and supporting columns, m and
My, are Jumped at the floor levels. The total column stiffness for
each floor level is K] and K,. The girders are taken as infinitely
rigid resulting in no rotation at the ends of the columns.

The set of motion equations for the two-degree-of freedom can be

written from the equivalent spring-mass model shown in Fig. 6.2.
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i
o

mi%y + Kpxg = Kz(_x2 - x]) =

! (6.1a)

1
o

mzxz + Kz(xz - xi) = (6.1b)

Assume that the mass and stiffness of the system are

= 100 kip-sec/ft (1488 kg-s/cm),

3
1
=
—
3
N
|

~
]

~
Ik

~
[

0.100 kip/ft {14.6 N/cm),
and that the initial conditions are given as:

X1(0) = 1 ft (30.5 cm), X](O) = 0, XZ(O) =0, iZ(G) = 0.

Then the motion equations can be expressed as

X1 0.276 cos 0.618t + 0.724 cos 1.618t (6.2a)

X5 0.447 cos 0.618t - 0.447 cos 1.618t (6.2b)
Equations 6.2a and 6.2b are derived in Ref. 13 in detail for

which the response curves are shown in Fig. 6.3. The same curves are

obtained using both Newmark's method and the 4th order Runge-Kutta

method in performing a step-by-step integration of the motion equations

of Eqs. 6.1a and 6.1b.



122

(wa)

SUOLILPUO) [RLILU] uo paseg Wa3sSAS 23ubag-om| Jo asuodssy °¢°9 dunbiy

(098) ow}

oe G¢e 0¢ Gl ol S o)
onll Aﬂjq#ﬂ-.4_~4_._144_d__q_d1
QN.I
ol -

o)

ol

02 100]4 PUZ
d00|4 isi

oL -

(wo 00 $Fx)

(wogp 0g £9'x)

1 0=

ou 6:%

v o
20-

0
vO
90
80
o'l

juswednidsiq

(43)



123

B. P-DELTA EFFECT ON DYNAMIC RESPONSE OF A LINEAR SYSTEM DUE TO AN
EARTHQUAKE

In Chapter III it is indicated that the change in response of a

single-degree-of-freedom system when considering the P-delta effect

is due to the change in natural frequency of the system. This c¢hange
in natural frequency results in a different correlation with the
horizontal frequency spectrum of the earthquake loading. For the
single-degree-of-freedom system the increase or decrease in response
depends on whether the amplitude of the frequency spectrum corresponding
to the natural frequency including P-delta is larger or smaller,
respectively, than the original amplitude.

| The P-delta effect for a multi-degree-of-freedom system will now
be studied to see if a similar conclusion can be made. The structure
to be studied is a three-story frame as shown in Fig. 6.4. This
structure has a total of 9 degrees of freedom, 6 degrees in rotation
and 3 degrees in translation. The mass of 1/2 of each girder and its
supporting column is Jumped at the top of each column.

The top floor response of the 3-story frame based on 30 seconds
of the 1940 ET1 Centro earthquake and having floor masses of my =
14.715 kip-secZ/ft (219.0 kg-s2/cm), my = 13.749 kip-sec?/ft (204.6
kg~52/cm) and my = 6.883 kip—secz/ft (102.4 kg-sZ/cm) is shown in
Fig. 6.5 with and without the P-delta effect included. These floor
masses result in a first mode natural pefiod ofTn = 2.426 sec. without
considering the P-delta effect and a natural period of TS = 2.7371 sec.
when considering the P-delta effect. As shown in Fig. 6.5 the maximum

floor displacement is realized when the P-delta effect is included.
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The maximum displacements of the top floor of the structure
shown in Fig. 6.4 are obtained for different natural frequencies which
are evaluated by multiplying each floor mass by equivalent factors.
Figure 6.6a shows the variation in the maximum responses with and
without the P-delta effect. The natural period, Tn’ shown in the
figure does not inciude the P-delta effect in the analysis. As
observed from these resultis the P-delta effect may not always be
critical and may cause the displacement response to be decreased or
increased as compared with the results of the associated structure
without consideration of the P-delta effect.

A comparison of the maximum displacements can be made with the
corresponding amplitudes of the horizontal frequency spectrum of the
earthquake used to cause the structure to deform. Figure 6.6b shows
the variation in amplitude corresponding to each period made up by
the 1940 E1 Centro earthquake’é N-S component as determined by the
fast Fourier transform discussed in Chapter II. Figure 6.6b is a plot
of just a portion of the frequency spectrum shown in Fig. 2.13 with
the abscissa being the period T instead of the frequency p where
T =1/p. The amplitudes for frequencies p = 0.25-1.25 Hz are shown
in Fig. 6.6b. These freqguencies correspond to the range of natural
frequencies far the structures being analyzed.

The three-story structure whose response curve is shown in Fig.
6.5 is used to illustrate the influence of natural frequency on
response. The displacements shown in Fig. 6.5 corresponding to
Ts = 2.731 (P-deita included) can be similarly obtained by changing
floor masses which will result in a fundamental period of Tn = 2.731

sec without the inclusion of the P-delta effect. The response curve
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for this structure based on the same earthquake loading is shown in
Fig. 6.7. Note the similarity in response curves corresponding to
these two natural periods.

A comparison of the frequency spectrum amplitudes of Fig. 6.6b
corresponding to the fundamental frequencies used above indicates a
net increase in amplitude from A = 0.0026g to A = 0.0040g9 when the
fundamental perjod increases from Tn = 2.426 sec to TS = 2.731 sec.
This increase in amplitude is reflected by the increase in the maximum
horizontal displacement of the top floor of the two systems. "In
other words, the change in fundamental period from Tn = 2.426 sec
to TS = 2.731 sec results in an increase in the maximum displacement
due to the increase in amplitude of the frequency spectrum of the
earthquake record used. This result is similar to the results obtained
for the single-degree-of-freedom system of Chapter III.

Comparing the curves of Figs. 6.6a and 6.6b indicates the maximum
horizontal displacement values for the top floor of a three-story
structure when subjected to earthquake ground mofions are dependent
on several factors. First, the ampiitude of the horizontal earthquake
frequency spectrum corresponding to the fundamental frequency of the
structure determines to a great extent the maximum horizontal displace-
ment. Second, the magnitude of the fundamental period as indicated
by Figs. 6.6a and 6.6b governs the magnitude of the maximum response.
In other words, for frequencies from the frequency spectrum having
the same amplitudes, structures having the lower of these natural

frequencies tend to have the larger maximum displacements.
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A reduction in the maximum horizontal displacement of the top
floor due to the inclusjon of the P-delta effect can be illustrated
by fhe response curves for a structure having a natural period of
Tn = 2.731 sec as based on no P-delta effect. Figure 6.8 shows the
comparison of maximum response associated with Tn = 2.73]1 sec and
Ts = 3.202 sec. The natural period, TS = 3.202 sec, of this structure
is based on inclusion of the P-delta effect. As shown in Fig. 6.6b
the amplitude associated with the natural period of Tn = 3.202 sec
is Tess than that corresponding to Tn = 2.731 sec.

C. EFFECT OF VERTICAL EARTHQUAKE MOTION ON DYNAMIC RESPONSE

The change in horizontal response of a multi-story structure
subjected to horizontal excitation, when the vertical ground motion
is included, is to be considered herein.

To reduce the coupling effect of the random motion in the vertical
direction with the horizontal excitation, horizontal response of the
multi-story structure will be excited by a triangular impulse load on
the top floor as shown in Fig. 6.9. The magnitude of the horizontal
load is Ft = 25 kip (111.2 kN) at t = 0 decreasing linearly to zero
after 10 seconds.

The structure used in this analysis is the same as shown in
Fig. 6.4. The floor masses M, m2 and m, are adjusted equally by a
magnification factor to obtain the desired fundamental frequencies.

The horizontal displacement of the three-story structure having
a fundamental frequency of Py = 3 Hz is shown in Fig. 6.10 based on
the horizontal impulse load only. The 12 second interval of earthquake

record is used so that a large scale of response curve can be obtained.
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The magnitude of this portion of the earthquake used is higher than
that of the remaining record. No significant change in the response
has been found when including the total earthquake record.

When including the vertical component of the 1940 E1 Centro
earthquake multiplied by a factor of 500, the horizontal displacement
of the top floor is changed. Figure 6.11 is based on the positive
vertical g-loads of the E1 Centro record being accelerations of the
ground in the upward direction while Fig. 6.12 is based on the same
positive vertical g-loads being accelerations of the ground in the
downward direction. The latter sign convention reflects the situation
actua]?y present in the 1940 E1 Centro earthquake's vertical component
as shown in Fig. 2.2.

Figure 6.13 shows the horizontal displacement of the top floor
due to the horizontal impulse load only. The fundamental frequency of
the structure is Py = 4.37 Hz. When including the same vertical
ground motion as in the previous example the response curves of Figs.
6.14 and 6.15 are obtained.

A vertical magnification factor of 141 is used to obtain the
response curve shown in Fig. 6.16, based on a structure having a
fundamental frequency of 1.22 Hz. These curves illustrate the type
of response pattern typical of most of the structures analyzed. An
exception is the response pattern obtained for the structure having
a fundamental frequency of Py = 1.22 Hz with a magnification factor
of 500 applied to the vertical earthquake component of the 1940
E1 Centro earthquake. The response curves for the first 12 seconds
based on this loading is shown in Figs. 6.17 and 6.18. As indicated

by the scale used the structure becomes unstable during the 10 seconds
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in which the impulse Toad is acting. The increase in horizontal
displacments of the structures having the lower fundamental frequencies
can be partially attributed to the coupling effect of the fundamental
frequency with the frequencies made up by the horizontal impulse load.
The frequency spectrum for the horizontal impulse used here is similar
to the one shown in Fig. 2.16 except the amplitude values are based

on 25 kip (111.2 kN) instead of the 1000 units as indicated in Fig.
2.15.

Additional structures having different fundamental frequencies
are analyzed to determine the effect of the varijable vertical loading
on the horizontal response. The responses shown in Figs. 6.10 through
6.18 represent typical results and displacement patterns. Extensive
analyses consist of structures having fundamental fregquencies ranging
from 1.2 Hz to 9.0 Hz. The effect of the variable vertical g-loads
on the horizontal response is found to be less prominent in structures
having the higher fundamental frequencies.

D. SENSITIVE STRUCTURES TO VERTICAL EARTHQUAKE EXCITATIONS

Two ranges of the fundamental frequency of a structure are found
to be sensitive to the application of vertical earthquake components
with the horizontal triangular impulse load as studied previousty.

The first range of the fundamental frequency is less than 3 Hz.
Structures having fundamental frequencies in this range are responding
to the frequencies of the impulse Toad. Amplitudes of the frequency
spectrum for the impulse load as shown in Fig. 2.16 increase rapidly
for values less than 3 Hz. Therefore, structures having this range
of fundamental frequency are more sensitive to the horizontal excita-

tion load than to the vertical motion.
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The second range of the fundamental frequency of a structure is
where the fundamental frequency is half the frequency from the vertical
frequency spectrum having the largest amplitude. For the 1940 E)
Centro earthquake the vertical frequency spectrum (Fig. 2.14) shows a
frequency of 8.936 Hz has the maximum amplitude. Therefore, a
structure having a fundamental frequency of half this value or 4.468 Hz
would be sensitive to the vertical component of the El Centro earth-
quake. Figures 6.14 and 6.15 illustrate the response of a structure
whose fundamental frequency is in the vicinity of the above frequency.

The maximum response of a structure having a fundamental frequency
in the sensitive region for vertical excitations is dependent on the
phase angles of the vertical excitations in that region. The assumed
positive directions for the vertical g-loads in Figs. 6.14 and 6.15
correspond to a difference in phase angle of 180° for each of the
sinusoidal loads making up the frequency spectrum for the vertical
loading. Therefore, the structure resulting in the maximum horizontal
displacement of the top floor may not necessarily have a fundamental
frequency value of half the frequency value from the vertical frequency
spectrum having the largest amplitude. The fundamental frequency
corresponding to the maximum response would be in the vicinity of the
sensitive value, its value being dependent on the variation of the
vertical frequency spectrum ampliitudes and thejr corresponding phase
angles. The effect of the phase angle of a vertical forcing function
is studied for a single-degree-of-freedom system and discussed in

Section III-E.
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The use of a sinusoidal forcing function in the horizontal direc-
tion instead of an impulse load results in a coupling of the horizontal
forcing frequency with the vertical forcing frequencies in the vicinity
of twice the horizontal forcing frequency. The extent to which the
vertical frequencies in this region will contribute to the increase or
decrease of the horizontal response will depend on their amplitude and
phase angle and the extent to which the horizontal forcing frequency
controls the response frequency. This coupling of the horizontal
forcing frequency with vertical frequencies will be in addition to the
coupling of the fundamental frequency of the structure with vertical
frequencies of twice their value as discussed in the previous
paragraph.

E. FREQUENCIES OF THE VERTICAL FREQUENCY SPECTRUM CONTROLLING THE

HORIZONTAL RESPONSE

Three ranges of frequency values from the vertical frequency
spectrum contribute substantially to the horjzontal response of a
multi-story structure when considering the vertical component of an
earthquake with a horizontal impuise load initiating the motion. These
ranges are: (1) Tow frequencies that are coupled with frequencies
making up the impulse loading, (2) frequencies near the fundamental
frequency of the structure, and (3) frequencies in the vicinity of
twice the fundamental frequency of the structure. High frequencies
not in the above ranges contribute negligibly to the total response
due to their Tow amplitudes.

Since contribution to the response of a multi-story structure

by vertical loads is a function of the combined earthquake record, the
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total response of a multi-story structuye should be based on the
total horizontal record plus the total vertical record or a Fourier
summation of all frequencies of the horizontal and vertical earthquake

components.



142

VIT. INELASTIC RESPONSE OF MULTI-STORY STRUCTURES
TO HORIZONTAL AND VERTICAL EARTHQUAKE LOADS

The behavior of inelastic structures will be studied with con-
sideration of damping, structural model, energy absorption, ductility
requirements and the interaction of horizontal and veriica1 earthquake
components. The response results will be obtained for various multi-
degree-of-freedom systems.

Damping, as formulated in Chapter IV, will be studied as it applies
to inelastic structures. The damping coefficient matrix [C] is a func-
tion of the fundamental frequency of the structure being analyzed. The
change in the fundamental frequency due to plastic hinges occurring in
the structure should theoretically necessitate a change in the damping
coeffictent matrix. The effect of using a constant fundamental fre-
quency based on no plastic hinges is studied in Section VII-A.

The structural model used in an analysis should provide a suffi-
cient means of exemplifying the actual conditions. When considering
vertical ground motions, the model should adequately show the effect of
this vertical component through its response parameters. The effect of
using different Tumped mass models is investigated in Section VII-B.

Three definitions of ductility are formulated in Section IV-C.

The adaptibility of each of these definitions in the determination of
the ductility requirement of an inelastic structure is studied in this
section. A compariscn is made of the ductility and excursion ratios

based on these definitions. The structural Model 2 containing girder

nodes is used to determine these ratios.
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Based on the above considerations of damping, structural models
and ductility ratios, the response parameters of several structures
are observed by studying maximum horizontal displacements of each
floor, maximum relative displacements between floors, maximum vertical
displacements of girder nodes, maximum vertical accelerations of girder
nodes, ductility and excursion ratios, and the amount of energy stored
and dissipated in the structures.

To further describe the inelastic behavior of multi-story struc-
tures, two additional studies are made. First, the effect of the
reducticn in the plastic moment on the response parameters is
determined. Second, the effect of structural damping on the response
parameters is shown.

A total of three different structures are analyzed in this
chapter. They consist of the 3-story, 1-bay frame, the 4-story,
3-bay frame, and the 10-story, 1-bay frame.

The 3-story, 1-bay framed structure designated as Frame A is
used to exemplify a small multi-story building. The frame is basically
a strong column-weak girder structure with the major portion of the
plastic rotations occurring in the girder‘members. The columns for
this structure are assumed elastic by increasing the plastic moment
capacity in the study pertaining to the definitions of ductility
(Section VII-C); however, they are considered elasto-plastic based on
actual Mp values in detérmining response parameters (Section VII-D).
The fundamental period of this frame is TS = 1.20 sec. including the

P-delta effect.
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The 4-story, 3-bay framed structure designated as Frame B has a
fundamental period of Tn = 2.01 sec. and represents a typical multi-
bay frame structure.

The 10-story, 1-bay framed structure designated as Frame C has
floor weights equal to 249.4 kip/fleor (1109 kN/floor) for which the
fundamental period is TS = 2.731 sec. Based on the results obtained
in Section VI-B pertaining to the frequency spectrum of the E1 Centro
earthquake, this fundamental period represents a critical value with
regard to the maximum top floor displacement. To limit the amount
of permanent set due to plastic deformation in the frame, the plastic
moment is increased by a factor of 2.5. A material yield stress of
36 ksi (248.4 MN/mz) and a modulus of elasticity of 30,000 ksi
(207,000 MN/n’) are assumed.

A. FUNDAMENTAL FREQUENCY IN DAMPING FORMULATION OF INELASTIC

STRUCTURES

When considering viscous damping of a structure it is necessary
to determine or estimate the fundamental frequency of the system. The
formulation of the damping coefficient [C] in Egs. 4.8-4.11 includes
the fundamental frequency Py The purpose of this section is to show
the effect of misestimating the fundamental frequency. Also included
is the effect of the change in the fundamental frequency due to a
member or members becoming plastic. In the study the damping formu-
lation is based on mass, stiffness or a combination of mass and
stiffness.

1. Effect of Misestimating Fundamental Frequency. The equation

for the damping coefficient [C] is given in Eq. 4.8 and is repeated

here.
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[C] = afM] + B[K] (7.1)

The constants a and B are a function of the fraction of critical
damping A being considered and the fundamental frequency Py of the
structural system. The equation for o and B are dependent on the
tyﬁe of damping formulation.

For mass proportional damping the constants, B = 0 and o = ZApn,
are given in Eqs. 4.10a and 4.10b. Therefore, the damping coefficient
[C] is directly proportional to the fundamental frequency Pp It is
apparent that an underestimation of the fundamental frequency for a
structure will result in a corresponding decrease in the damping of
the system and vice versa.

For stiffness proportional damping the constants, ¢« = 0 and
B = 2k/pn, are given in Eqs. 4.11a and 4.11b. Therefore, the damping

coefficient [C] is inversely proportional to the fundamental frequency

p..

n For this type of damping an underestimation of the fundamental

frequency for a structure will result in a corresponding increase in
the damping of the system and vice versa,

For damping proportional to a linear combination of mass and
stiffness, the constants, a = Apn and B = AMp,» are given in Egs.
4.9%a and 4.9b. Therefore, the damping coefficient will be neither
fully proportional nor inversely proportiona] to the natural freguency
Ppe

To illustrate the use of a misestimated fundamental frequency a

comparison is made in the response of a three-story frame with the

three different types of damping considered. The 3-story structure,
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Frame A of Fig. 7.1, is subjected to the N-S component of the 1940
E1 Centro earthquake. The P-delta effect and 5% critical damping are
considerad in this study.

Misestimated values of half and double the correct natural
frequency of 0.833 Hz are used for comparison. Table 7.1 gives a
tabular comparison of response parameters. The expected increase and
decrease in damping due to misestimated values of P> are reflected
in the maximum and minimum horizontal displacements of the top floor.
The change in the damping is also reflected by the change in the
maximum input energy per mass. Misestimation of the fundamental
frequency of the system causes only a change in the amount of damping
and does not result in an unstable solution as indicated by the small
percent errors based on the law of the conservation of energy.

The elastic response of the top floor of the three-story struc-
ture based on the N-S component of the 1940 E1 Centro earthquake and
5% damping is shown in Figs. 7.2 and 7.3. When a linear combination
of mass and damping is assumed on the basis of either double or half
the actual fundamental frequency, the difference in response is
~ shown in Fig. 7.2. The solid 1ine illustrates the response obtained
based on the correct value of Pp- An overall reduction of the
amplitude without a change in the response frequency is indicated.

For either mass or stiffness proportional damping, the response
curves are shown in Fig. 7.3. The response curve when using the
correct value of the fundamental frequency is shown as the solid line.
An overestimated value of P, (an) based on mass proportional damping
results in the same response as when underestimating Py (pn/Z) for

stiffness proportional damping. This response is represented by the
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Table 7.1. Linear Response of Frame A Using Different Damping
Formulation and Estimated Fundamental Frequency
(1940 E1 Centro, P-delta Included, 5% Damping)
Max. Input
Energy per Largest % .
Prgﬁﬁﬁt?ﬁna] Pest xn_1ax %min Unig Masg ErroE Based [;?Segi
. — in. in. . on Energy
Damping pact (cm) (cm) in éseg Eq. 5.6 Error
(em~/s")
0.5 6.126 -5.163 1052 0.6853 2.27
(15.56) (-13.11) (6787) v
Mass 1.0 4,808 -3.942 830 0.6205 2.27
(12.21) (-10.01) (5255)
2.0 3.541 -3.319 737 0.5199 2.27
(8.99) (-8.43) (4755)
0.5 3.584 -3.424 751 0.6581 27.83
(9.10) (-8.70) (4845)
Stiffness 1.0 4.702 -3.979 843 0.7116 2.27
(11.94) (-10.11) (5439)
2.0 5.929 -5.185 1065 0.7505 2.27
(15.06) (-13.17) (6871)
0.5 4,275 -3.807 799 0.5470 2.27
Mass (10.86) (-9.67) (5155)
Plus 1.0 4.700 -3.932 838 0.6157 2.27
Stiffness (11.94)  (-9.99) (5406)
2.0 4,256 -3.754 792 0.5332 2.27
(10.81) (-9.54) (5110)
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dashed 1ine and has the most reduction in amplitude due to damping.
Accordingly, an underestimated value of Py (pn/2) for mass proportional
damping results in the same response as when overestimating the value
of Pn (2pn) for stiffness proportional damping. This response is
represented by the curve (dash-dot) having the largest amplitude.

2. Effect of Change in Fundamental Frequency Due to Plastic

Deformations. Due to the relaxation of a structure when a member or

members become plastic, a corresponding decrease in the stiffness of
the structure occurs. This reduction in stiffness results in a
reduction in the fundamental frequency P during the short time a
member or members are plastic. When damping is included in an in-
elastic structural analysis, the natural frequency of the structure
during the times of plastic deformation should theoretically be
changed according to the actual stiffness. Table 7.2 gives a

tabular comparison of the elasto-plastic response for the same three-
story frame subjected to the N-S component of the 1940 E1 Centro
earthquake with 5% damping.

Mass proportional damping is the only one of the three types of
damping resulting in an error less than 1%. Due to the change in
stiffness during plastic deformations, the stiffness proportional
damping and the mass plus stiffness proportional damping result in
errors of 8.73% and 5.74%, respectively. The difference in response
between considering mass proportional damping and stiffness propor-
tional damping is shown in Fig. 7.4. The largest error in the |
stiffness proportional damping response occurs at t = 3.48 seconds.

A remarkable difference in response is noted at this time in Fig. 7.4.
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Table 7.2. Elasto-Plastic Response of Frame A Using Different
Damping Formulation (1940 E1 Centro, P-delta
Included, 5% Damping)

Max. Input
Energy per Largest % :
Prgygﬁt?gna1 Past X nax *min Unit Mass Error Based I;Tgeg:
ng in — in. in. . 2 2 on Energy Error
ping Pact  (cm) (cm) n éseg Eq. 5.6 -
{em“/s%)
Mass 1.0 2.370 -4.44(Q 1269 0.2975 1.85
(6.02) (-11.28) (8187)
Stiffness 1.0 3.924 -4.3563 1364 8.7343 3.48
(9.97) (-11.06) (8800)

Mass Plus 1.0 3.640 -4.358 1316 5.7415 4.24
Stiffness (9.25) {~11.07) (8490) :



153

(zZH €£€8°0 = :av ‘y awedq ¢sasuodssy diLiseld-o0lsel] Jo uositaedwo) p°/ d4nbir4
(o0s ) owy]
og ge 02 Gl ol G 0.
1 T T .S T oG-
: 10v-
- O.ml
IQ.NI
g W Lo
/ I
A 1
c/ \) 4 0
LV :
11
, loz
J I ] |
10¢
buidwpq |puotjiodold SSUSILS F
oI+ Buidwoq |puoijsodold SSDWN —— L

00 4

("ut) jusweon|dsig |DJUOZIAOH



154

Even though a change in the fundamental frequency occurs during
the presence of plastic hinges in a structure, the time duration of
the occurence is usually short compared with the total time of loading.
Since mass proporticnal damping of nonlinear structures results in
a low error level, this type of damping will result in the best
solution without recalculating the fundamental frequency each time a
member or members become plastic or return to their elastic range.
Since a reduction in the fundamental frequency of a structure results
from plastic deformations, the mass proportional damping will cause
a reduction in damping. This will consequently provide a more con-
servative analysis with a larger displacement response.

Therefore, mass proportional damping will be used in the deter-
mination of the behavior of nonlinear structures when damping is
considered.

B. BEHAVIOR COMPARISONS BASED ON STRUCTURAL MODEL

When inciuding the coupling of the horizontal and vertical earth-
quake motions in the analysis of structural systems, selection of an
appropriate model is important. The structural model should provide
a sufficient means for adapting the effects of these coupling motions.
The purpose of this section is to show the effect of the coupling
earthquake motions on two Tumped mass models. The response parameters
used for comparison are the maximum horizontal floor displacements,
maximum vertical floor displaceménts, energy absorptions, and ductility
and excursion ratios.

Model 1 is the traditional spring-mass system in which the mass
of each floor is lumped at nodes located at the intersection of column

and girders. The total floor mass for each floor consists of girder
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weight, superimposed mass, and the half weight of the columns located
above and below the floor level. Model 2 is similar to Model 1 except
part of the floor mass is lumped at an additional node at the center
of each girder. The mass lumped at the girder node is half the floor
mass distributed on the member.

1. 4-Story, 3-Bay Frame (Frame B). The first structure to be

analyzed using the two different models is the 4-story, 3-bay rigid
frame shown in Fig. 7.5. The 1940 E1 Centro earthquake is used to
provide the ground motion for this structure.

The P-delta effect and the reduction in the plastic moment
capacity are included for determining response parameters of the
structure. The P-delta effect as formulated in Article IV-A-4 results
from the structural weight as well as the vertical earthquake componént.
The reduction in the plastic moment capacity of columns due to axfa]l
loads is formulated in Section IV-C based on AISC specifications.

The top floor displacement of the structure is shown in Fig. 7.6
for the two models based on an elasto-plastic response. Viscous
damping of 3% critical is assumed. The difference in displacement can
be attributed to the larger amount of permanent set taking place in the
initial plastic rotations of the lower floor column joints of Model 2.

The effect of the vertical component on the energy absorption of
the two models in the elastic range is shown in Figs. 7.7 and 7.8.
Though the energy curves are the same for the two models when only
horizontal ground motion is considered, an increased amount of energy
is absorbed when the vertical ground motion is included. For the same

structure having elasto-plastic behavior, the energy absorption curves
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are shown in Figs. 7.9 and 7.10. One may observe that less energy is
absorbed into Model 2 with only the horizontal component acting;
however, with the addition of the vertical ground motion, the amount
of input and dissipated energy is larger for Model 2.

The ductility and excursion ratios of the columns and girders of
the two models for the elasto-plastic system are shown in Fig. 7.11.
The largest difference in the girder ductility ratio and corresponding
excursion ratio between the models occurs in the lower girders. This
- difference is more pronounced when the vertical earthguake component
is included. The third floor columns have the largest difference in
ductility and excursion ratjos. The inclusion of the vertical ground
motion results in the largest value for both ratios.

The maximum vertical displacement at the girder nodes for Medel 2,
when the vertical earthquake component is included, is shown in Fig.
7.12. These makimum displacements occur at the girder nodes of the |
center bay of the 3-bay structure. The vertical displacement of the
girder nodes without including the vertical earthquake motion, though
negligible, are found in the outer bays.

2. 10-Story, 1-Bay Frame (Frame C). The second structure to

be analyzed using the two different models is the 10-story, 1-bay rigid
frame as shown in Fig. 7.13. The 1940 E1 Centro earthquake is used tQ
provide the ground motion for this structure.

As in the previous example, the P-delta effect due to vertical
loads and the reduction in.the plastic moment of columns due to axial

loads are included for determining response parameters of the structure.
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For Frame C the difference in the horizontal displacement
of the top floor is found to be negligible between Model 1 and 2 when
all members remain elastic. A small difference in horizontal displace-
ment between the two models is realized for elasto-plastic systems with
or without damping (3%). The fact that this structure has strong
columns that have only plastic hinges developed at the supporting
base justifies these small differences in displacement.

The vertical displacement response at the girder centers is shown
in Fig. 7.14 based on Model 2 with the vertical ground motion included.
Due to symmetry of the structure about the center of the bay, no
vertical displacements result when considering only the horizontal
component of the earthquake.

The maximum relative horizontal floor displacement is indicated
by A/H, where A is the horizontal displacement of a floor relative to
the floor below and H is the vertical distance between these floors.
Figure 7.15 illustrates the difference in the maximum value of the
relative floor displacements for the two models based on different
response systems. These values reflect the small differences in the
maximum horizontal displacements stated above.

The ductility and excursion ratios for the girders of Models 1 and
2 are shown in Fig. 7.16. Model 2 results in the larger ductility and
excursion ratios for the floor girders having a more significant
ductility requirement. The inciusion of the vertical ground motion
results in an increase in the ductility requirement for the upper
floor girders.

As would be expected from the small difference in horizontal

displacement and the larger ductility ratios for floors 2 and 7, the
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difference in energy absorption between Model 1 and 2 is negligible
except for a slightly larger amount of strain energy being dissipated
for Model 2.

3. Conclusions of Model Study. Based on the results obtained in

the study of the Tumped mass models the following conclusions are made.

1) Model 2 provides a better simulation of a structural system
by allowing possible plastic hinges to occur at the center
of girders.

2) The inclusion of girder nodes of Model 2 provides a means for
a structuré] system'to respond to the energy produced by the
vertical ground motion.

3) Vertical ground motion affects the response parameters more
for Model 2 than Model 1 particularly on structures with
weakeyr columns.

4) Ductility requirements of girders are greater when vertical
ground motion is reacted by the Model 2 structure.

5) Vertical ground motion significantly affects all response

parameters.

- C. COMPARISON OF DUCTILITY AND EXCURSION RATIOS BASED ON DEFINITION
The purpose of this sectioh is to provide numerical examples for
comparison of the three definitions of the ductility and excursion
ratios as formulated in Section IV-E, Eqs. 4.70-4.78.
The equations for the three ductility ratio definitions are

repeated as follows.
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Based on symmetrical bending,

By =1+ g (7.2)
Y
Based on curvature,
M -
p, = 1+ MaX___ D (7.3)
2 pM
p
Based on strain energy,
E
dse
Uy = 1+ = (7.4)
3 Etese

The equation for the excursion ratio corresponding to each of these

definitions can be written as:

where Ei = excursion ratio corresponding to definition i,

u. . = ductility ratio based on definition i during the half
13 cycle of rotation j, and

N

. total number of times the node of a member becomes plastic

during earthquake excitation.

As shown in Eq. 7.3, the ductility ratio based on curvature is
expressed in terms of end moments. This equation is applicable to

bilinear systems and results in ductility ratios of infinity for a
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truly elasto-plastic system. The ductility ratio formulation for an
etasto-plastic system may be found in Ref. 1. For a numerical analysis
a small number of p = 0.00001 has been used satisfactorily in the |
computer program for elasto-plastic systems.

The ground acceleration records of the 1940 E1 Centro and the 1952
Taft earthquakes are used to produce the ground motion for this investi-
gation. Observations based on the resulting ductility and excursion
ratios are made.

1. 3-Story, 1-Bay Frame (Frame A). The first structure analyzed

is Frame A shown in Fig. 7.1. The N69°W component of the 1952 Taft
earthquake along with its vertical component is used to produce the
ground motion. To obtain a sufficient amount of plastic joint rotation,
a magnification factor of 2.0 and 3.0 is applied to the horizontal
and vertical earthquake components, respectively. Model 2 which
includes girder nodes is used so that the ductility effect of the
vertical earthquake component is realized. The P-delta effect is
included, and the initial conditions of the dynamic response at time
t = 0 are based on a static analysis. Both elasto-plastic (p =
0.00001) and bilinear (p = 0.05) response systems are considered.
Mass proportional damping is included with 5% of critical damping.

The variation in the ductility and excursion ratios for each
girder based on an elasto-plastic condition is shown in Figs., 7.17 and
7.18, respectively. Curves corresponding to the bilinear response
condition for the same structure are shown in Figs. 7.19 and 7.20.

The results are based on the definitidns of curvature, energy and
symmetrical bending due to the horizontal earthquake component as well

as the interaction of horizontal and vertical components.
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2. A4-Story, 3-Bay Frame (Frame B). The second structure analyzed

is the 4-story, 3-bay frame as shown in Fig. 7.5. The N-S component
of the 1940 E1 Centro earthquake along with its vertical component is
used to produce the ground motion without magnification factor. Re~
duction of the allowable bending moment Mp in each column is performed
based on the AISC specifications as formulated in Section IV-C. Model
2 with girder nodes is used so the influence of the vertical earthquake
component on ductility requirement can be observed. The P-delta
effect is included with no damping or initial static analysis. An
elasto-plastic response in Figs. 7.2)1 and 7.22 for the girders and
columns, respectively. As in the first structure, curves represent
the ratios with and without the vertical ground motion,

3. 10-Story, 1-Bay Frame (Frame C). The third structure analyzed

is Frame C as shown in Fig. 7.13 subjected to the N-S component of

the 1940 E1 Centro earthquake along with its vertical component. No
magnification factor is included in the loaging. Reduction of the
a]]oWab]e bending moment Mp in each column is considered on the basis
of the AISC specifications. Girder nodes are assumed with inclusion
of the P-delta effect. Initial moments in the structure due to static
loads are not included. The maximum ductility and excursion ratios
for .each girder of the e1asto—p]as£ic system are shown in Figs. 7.23
and 7.24 for each definition of ductility considered. Plastic hinges
only occur in the columns at the supports; consequently, the ductility
and excursion ratios are not shown.

4. OQObservations Based on Ductility Studies. The following

observations can be made from the comparisons of the ductility

definitions as illustrated in Figs. 7.i7 through 7.24.
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Figure 7.21. Elasto-Plastic Girder Ductility and Excursion Ratios
of Frame B, 1940 E1 Centro
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Figure 7.22. Elasto-Plastic Column Ductility and Excursion Ratios
of Frame B, 1940 E1 Centro
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1)

2)

3)

4)
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A similar pattern in the varijatijon of the girder ductility
ratios based on the three definitions is realized for the
structures studied, A qualitative determination of the
ductility requirements could be made by either of the three
definitions.

The ductility ratio based‘on symmetrical bending always yields
a higher ratio than that obtained on the basis of curvature
and energy. The ductility ratio based on energy seems higher
than that defined by curvature. |

Due to the Jower value of the ductility ratios for the 10-story
frame, the difference in the ductility definitions are not as
significant as in the other two frames, especially when the |
vertical ground motion is not included.

The use of the ductility ratic based on energy hrovides a
reasonable estimator of the ductility requirement of a
structure containing members having unsymmetrical bending and

a constant stress range.

Additional observations.can be made on the basis of the behavior

of individual structures.

1)

2)

The inclusion of the vertical earthquake component for Frames
A and B results in the girders of the upper floors to have an
increase in ductility requirement. This can be said of both
the elasto-plastic and bilinear response systems.

For Frame A, the inclusion of the vertical component causes a
reduction in the ductility ratio for the lower girders,

especially at the nodes adjacent to the columns.



5)

6)

7)
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An increase in the total plastic rotation of the Tower girder
nodes due to the inclusion of the vertical component is
revealed in the increase in the excursion ratios.

The largest amount of plastic rotation for Frame B occurs in
the Tower floor girders and the 1st and 3rd floor columns.

The effect of the inclusion of the vertical component is less
prominent for structures having strong columns such as Frame A.
The inclusion of the vertical earthquake component for Frame C
results in almost all definitions of ductility to have an
increase in their value.

The maximum ductility requirements for Frame C occur approxi-

mately at the quarter points in its height.

D. EFFECT OF INELASTIC ACTION ON RESPONSE PARAMETERS

The purpose of this section is to show the effect of both horizon-

tal and vertical ground motions on the response parameters of inelastic

systems having elasto-plastic and bilinear material characteristics.

The response parameters of the 3-story, 1-bay (Frame A), the 4-story,

3-bay (Frame B), and the 10-story, 1-bay (Frame C) framed structures

as shown in Figs. 7.1, 7.5 and 7.13, respectively, are used for

illustration.

For each of the structures analyzed the following response

parameters are included:

1)

2)

maximum horizontal displacement of each floor relative to the
ground,
maximum horizontal displacement of each floor relative to the

floor below,
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3) response history of top floor,
4) maximum vertical displacement of girder nodes relative to the
ground,
5) maximum vertical acceleration of girder nodes relative to the
ground, ’
6) ductility requirement of member nodes based on symmetrical
bending, and
7) energy in the form of input, stored and dissipated.
To further illustrate the effect of vertical ground motion on the
above response parameters, the following load conditions are considered:
1) The horizontal component of the earthquake is applied without
considering the P-delta effect.
2) The horizontal component of the éarthquake is applied with
inclusion of the P-delta effect due to structure's weight.
3) Both horizontal and vertical earthquake components are applied
with the P-delta included.
4) The 1940 ET1 Centro earthquake is used in the analyses.
The following damping formulation, structural model and ductility
ratio are selected for this investigation:
1) Mass proportional damping is used since it provides a very
Tow percent error based on Eq. 5.6 for the noniinear response.
2} Model 2 containiné girder nodes is used since it has been
shown to provide an excellent model when considering vertical
ground motijons. |
3) The ductility ratio based on symmetrical bending is used to
provide a qualitative comparison of the ductility requirement

of structural joints.
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The response parametérs of the individual structures are illustrated
first with comments as to the results obtained. A comparison of the
response parameters of the three structures are made after the response
parameters of each structure are obtained.

1. 3-Story, 1-Bay Frame (Frame A). In the analysis of Frame A,

damping is not considered and a reduction in the plastic moment Mp of
the columns is not included. An initial static analysis is baséd on
half the floor weight being concentrated at the girder node. The
effect of including the Mp reduction in column members for this frame
is discussed in Section VII-E.

A comparison of the maximum floor displacements for Frame A is
shown in Figs. 7.25 and 7.26. Elastic, elasto-plastic and bilinear
(p = 0.05) systems are compared for the loading conditions stated
above. Both the elasto-plastic and bilinear systems result in a
reduced horizontal displacement. The response history of the top
floor is shown in Fig. 7.27 for the elastic and elasto-plastic systems.

Figure 7.28 illustrates the difference in the top floor displace-
ment over the 30 second time period of the earthquake record with and
without including the initial static analysis. The response is
reduced when the initial static load is included in the analysis.

The maximum relative floor displacement is indicated in Figs.
7.29 and 7.30 by the term A/H where A is the floor displacement
relative to the floor below and H is the floor height between floors.
The same reduction in response is realized for the elasto-plastic and |
bilinear systems as indicated in the maximum floor displacements of

Fig. 7.25.
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Figure 7.27. Top Floor Displacement of Frame A, Elastic and
Elasto-Plastic Systems, 1940 E1 Centro
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The maximum vertical displacement of the girder nodes when including
vertical ground motion is shown in Fig. 7.31. Though the larger
horizontal displacements occur under elastic conditions, the larger
vertical displacements occur under the elasto-plastic conditions. As
shown in Fig. 7.32, the maximum vertical acceleration, when including
the vertical component of ground motion, occurs in the top floor far
all the response conditions. The behavior shown in Figs. 7.31 and
7.32 is consistent in that the larger displacements are associated
with the smaller accelerations. For the case of plastic hinges
developing in the lower members of the system, the ductility ratios
for the girder and column members are shown in Fig. 7.33, in which
the smé]] column ductility ratios indicate the frame having strong
columns. |

Figures 7.34 and 7.35 show the variation in the ductility ratio
between the ends and center of each girder member. Even though plastic
hinges occur at both locations, the ductility requiremeﬁt is greater
for the nodes adjacent to the columns.

2. 4-Story, 3-Bay Frame (Frame B). For the analysis of Frame B,

damping is not considered in the response analysis except in the
evaluation of energy. A reduction of the plastic moment Mp for all
column members is included. however, no static analysis is initially
performed.

The variation in the time history of the top floor displacement
for Frame B is shown in Fig. 7.36 for elastic, bilinear (p = 0.05)
and elasto-plastic systems. The nonsymmetrical response curves for
both the bilinear and elasto-plastic systems are due to the permanent

set in some of the columns.
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Figure 7.33. Maximum Ductility Ratios, Frame A, 1940 E1 Centro
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Figure 7.34. Maximum Girder Ductility Ratjos at Face of Column,
Frame A, 1940 E1 Centro
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Figure 7.35. Maximum Girder Ductility Ratios at Center of Span,
Frame A, 1940 E1 Centro
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The maximum floor displacement of each floor is illustrated in
Fig. 7.37 and the maximum relative floor displacement is shown in
Fig. 7.38. Only the maximum values of displacement, when considering
both horizontal and vertical components, are shown for the bilinear
system. A significant increase in the horizontal displacement is
noted for the elasto-plastic system above the 2nd floor.

The maximum vertical displacement and acceleration of the girder
nodes are shown in Figs. 7.39 and 7.40, respectively. These maximum
values are present in the inner girder nodes when both the horijzontal
and vertical components are included. When the vertical component is
not included in the analysis, the outer girder nodes have the larger
values. This is due to the unsymmetrical bending present in the outer
girder members even when no vertical load is included.

The ductility and excursion ratios for the girder members are
shown in Fig. 7.41 for the bilinear and elasto-plastic systems. All
the plastic hinges of girders occur in the first two floors adjacent
to columns. Similar variations for the two systems are apparent.
Inciusion of the vertical component of ground motion results generally
in an increase in the ductility requirement of the girder members.

The corresponding column ductility and excursion ratios are shown
in Fig. 7.42. Lless difference in the ductility requirements between
the two systems is apparent for the columns. Also, the inclusion of
the vertical component of ground motion results in an insignificant
change in the ductility requirement of the column members. The maximum
column ductility requirement occurs in the 3rd floor as previously

indicated by the relative floor displacements of Fig. 7.38.
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Figure 7.37. Maximum Floor Displacéments, Frame B, 1940 E1 Centro
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Figure 7.38. Maximum Relative Floor Displacements, Frame B,
1940 E1 Centro
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Figure 7.39. Maximum Vertical Displacement at Center of Girders,
Frame B, 1940 E1 Centre
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Frame B, 1940 E} Centro
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Figure 7.42. Maximum Column Ductility and Excursion Ratios,
Frame B, 1940 E1 Centro
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Five energy plots in terms of energy per unit mass are used to
‘compare the energy absorption for the different loading and response
conditions of Frame B.

Figure 7.43 shows the change in energy absorption when including
the P-delta effect. Though an increase in the amount of input and dis-
sipated strain energy is realized, the total stored energy remains
approximately the same. The stored energy is the difference between
the input and dissjpated energy.

An increase in both the input and dissipated strain energy is
realized in Fig. 7.44 when considering an elasto-plastic system. A
less amount of energy is dissipated by strain hardening when assuming
a bilinear behavior with p = 0.05. A slightly larger amount of stored
energy is indicated for the bilinear system.

To further illustrate the energy absorption of Frame B, 3% damping
is included for comparisons as shown in Figs. 7.45-7.47. Figure 7.45
shows the effect on energy absorption when the vertical component of
ground motion is included for an elastic system. Figure 7.46 illus-
trates the difference in energy absorption between an elastic and an
elasto-plastic response system when there is 3% damping. Even though
the total amount of input energy is the same at 30 seconds, the amount
of energy dissipated by damping is much greater for the elastic system.
The final energy plot in this section is shown in Fig. 7.47. The
effect of including the vertical ground motion component on an elasto-
plastic system is illustrated. An increase is realized in the total
input energy due to the vertical earthquake component.

3. 10-Story, 1-Bay Frame (Frame C). As in the other two example

structures, damping is not considered in comparing the significant
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response parameters of Frame C. Reduction of the plastic moment in
columns based on axial loads is included. An initial static analysis
is not considered.

The maximum horizontal floor displacement of each floor is shown
in Fig. 7.48 for the elastic, bilinear (p = 0.05) and elasto-plastic
response systems. The maximum values shown for the bilinear and
elasto-plastic systems are those due to both earthquake components.

The change in the response history for Frame C based on the total
earthquake record between the elastic and elasto-plastic response
systems is shown in Fig. 7.49. The symmetrical elasto-plastic response
curve indicates the structure to have strong columns.

The maximum relative floor displacement for the frame is shown in
Fig. 7.50 for the elastic, bilinear, and elasto-plastic systems.
Increased values of relative displacement occur at the approximate
quarter points in the structures height. The maximum vertical displace-
ment and acceleration of the girder nodes are shown in Figs. 7.51 and
7.52.

The girder ductility and excursion ratios of the structure are
shown in Figs. 7.53 and 7.54, respectively. The larger relative floor
displacements indicated in Fig. 7.50 arerefiected by the higher
ductility requirements for floors 2 and 7. Though plastic hinges do
occur in the 1st and 2nd floor columns of the frame during the ground
motion, the major part of the dissipated strain energy occurs in the
girder members. A1l the plastic hinges in the girder members occur
adjacent to the column face.

Figure 7.55 shows the compérison of energy absorpticn for an un-

damped elasto-plastic system with that of an undamped elastic system.
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Figure 7.48. Maximum Floor Displacement, Frame C, 1940 E1 Centro
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Observations Based on Response Parameter Studies. Based on

the response parameter studies of the three framed structures, Frames

A, B and C, the following overall observations can be made:

1)

2)

3)

5)

6)

Except when excessive plastic rotation in columns occurs as in
the case of Frame B, the maximum horizontal floor displace-
ments take place when assuming an elastic response condition.
The difference in the maximum horizontal floor displacements
for the elasto-plastic and bilinear systems is negligible

with the exception as stated in 1 above. This is because
Frames A and C have strong columns.

The reduction in the top floor displacement from the elastic
to the elasto-plastic condition is reflected in the amount

of input energy that is dissipated by inelastic strain.

The inclusion of the vertical earthquake component results in
an increase in the ductility requirement of gikder members.
The ductility requirenment of columns when including the
vertical earthquake component depends on whether the struc-
tural system has strong columns or not.

When the P~delta effect is included, there results an increase
in the input energy and dissipated strain energy.

Assuming a frame to be elasto-plastic results in more energy
being dissipated by plastic rotation than for a bilinear

system with p = 0.05.
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8} Even though the total amount of input energy is approximately
the same for damped elastic and elasto-plastic systems based
on the same earthquake loading, the amount of energy
dissipated by damping is much less in the elasto-plastic
system. The remainder is dissipated by inetlastic joint
rotations.

9) The amount of input energy is increased for an elasto-plastic
system when the vertical component of ground motion is
included. Though the variation in stored energy remains the
same, the dissipated strain energy increases when including
the vertical component.

E. EFFECT OF Mp REDUCTION ON RESPONSE PARAMETERS

The purpose of this section is to illustrate by example frames
fhe effect of the reduction of the plastic moment of columns on
structural response. Frames A and B are used for this illustration.
As in the previous study, the 1940 E1 Centro earthquake is used to
produce the necessary ground motion in the horizontal and vertical
directions. The structural Model 2 is used to fully reveal the effect
of the vertical component.

1. 3-Story, 1-Bay Frame (Frame A). The horizontal response in

the maximum horizontal and maximum relative floor displacements is
compared for the elasto-plastic and bilinear response conditions in
Fig. 7.56. The inclusion of the Mp reduction is characterized by an
increase in the maximum horizontal floor displacement as a result of
an increase in the maximum relative floor displacements of the lower

floovrs.
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The maximum positive and negative floor displacements are shown
in Fig. 7.57 for the two response systems. The curve associated with
the maximum positive displacement for the bilinear response system
of Fig. 7.57b is for all loading conditions. As indicated by the
maximum negative displacement for the elasto-plastic response, the
inclusion of the vertical earthquake component does not always result
in an increase in the horizontal response. The nonsymmetry of these
extreme displacements 1is due to plastic hinges occurring in the
support columns.

The difference in the vertical response of the girder nodes due
to the inclusion of the Mp reduction is considered negligibie based on
the maximum displacement and acceleration values of Fig. 7.58. However,
the vertical earthquake motion can significantly influence both dis-
placements and accelerations at girder nodes.

Only a slight increase in the ductility requirement of the lower
girder members is realized for the elasto-plastic system as shown in
Fig. 7.59a. Increases in the ductility requirement of lower column
members are realized for both the elasto-plastic and bilinear systems.

2. 4-Story, 3-Bay Frame (Frame B). For the analysis of this

structure, 3% viscous damping is assumed. A comparison of the response
parameters based on both horizontal and verfica] components is made
with and without assuming the Mp reduction due to axial loads.

Figure 7.60 shows the change in the maximum horizontal floor
displacement and the maximum relative floor displacement when including
the Mp reduction. The increase in the maximum top floor displacement

is reflected in the response shown in Fig. 7.61.
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The change in the vertical response of girder nodes is shown in
Fig. 7.62. The effect of the Mp reduction is more significant on
Frame B than on Frame A.

Ductility and excursion ratios for the girder and column members
of Frame B are shown in Fig. 7.63 with and without the Mp reduction.
A decrease in the ductility requirement of the lower girder members
and an increase in the ductility requirement of column members are
observed.

Figure 7.64 illustrates the increase in the input energy when
inc?udingrthe Mp reduction. Even though its inclusion reduce$ the
energy dissipated by damping, an increase in the dissipated strain
energy due to additional inelastic rotation is observed.

3. Conc]usiohs on the Effect of Mp Reduction. Based on the tWo

example frames studied the following conclusions are made concerning
the Mp reduction due to axial loads:

1) An increase in the horizontal response occurs for structures
containing columns of reduced Mp values.

2) The effect on the vertical response at girder nodes varies
for different frames. The Mp reduction combinéd with the
vertical earthquake motion can greatly influence the response
behavior,

3) An increase in the ductility requirement of columns is .
realized with a negligible difference for girders.

4) The amount of jnput energy increases due to the increased

amount of dissipated strain energy.
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F. EFFECT OF VISCOUS DAMPING ON RESPONSE PARAMETERS

This section is to show the effect that damping has on the
response parameters of multi-story structures when including the
vertical ground motion. Mass proportional damping at 3% of critical
is used in this study. The 4-story, 3-bay frame (Frame B) and the
10-story, 1-bay frame (Frame C) illustrate the response parameter

studies.

1. 4-Story, 3-Bay Frame (Frame B). The overall effect of damping
on the elastic and elasto-plastic response of Frame B is a reduction
in both the maximum floor displacement énd maximum relative floor
displacement as shown in Fig. 7.65. This reduction in elasto-plastic
response of the top floor is shown in Fig. 7.66 for the total time
history. A reduction in the vertical response is shown in Fig. 7.67
for the elastic and elasto-plastic conditions.

Ductility requirements are reduced for both the column aﬁd girder
members when including damping as shown in Fig. 7.68, except for the
3rd floor column ductility ratio. The maximum excursion ratic corres-
ponding to this floor is reduced for the damped case indicating less
total inelastic rotation.

Figure 7.69 illustrates the effect that damping has on the energy
consumption of the structural system of Frame B. Even though addi-
tional energy is dissipated due to damping, the reduced amount of dis-
sipated strain energy for the damped system results in a net reduction
in the total input enerqgy as compared to the undamped system.

2. 10-Story, 1-Bay Frame (Frame C). The same damping effect on

the horizontal and vertical response parameters is found for Frame C

as found for Frame B. Reduction in the maximum floor displatement,
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maximum relative floor displacement, top floor response, and the

maximum vertical displacement and acce]eration‘of the girder nodes 1is
shown in Figs. 7.70-7.72 for the elasto-plastic system. The 3%

damping results in a reduction of the inelastic rotations as illustrated
by the reduced ductility and excursion ratios of Fig. 7.73. Several |
‘plastic hinges which originally develop in the undamped system do not
occur when damping is included. A corresponding reduction in the

total input energy due to damping may be observed from Fig. 7.74.

3. Conclusions on the Effect of Damping. This study has clearly

shown that although the consideration of damping in an elastic or
inelastic analysis results in a reduction in the response as expected,
the general behavior of the significant'inf1uence of vertical earth-
quake motion on response parameters remains the same as previously

shown for undamped systems.
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VIIT. REVIEW AND CONCLUSIONS

An analytical study is presented herein for the behavior of
multi-story framed structures subjected to the interaction of hori-
zontal and vertical components of an earthquake.

The energy absorption of elastic and inelastic systems has been
considered in this research. The input energy is the result of the
work produced by the horizontal and vertical support reactions acting
through the corresponding support movements plus the horizontal floor
forces due to the P-delta effect acting through the absolute hori-
zontal floor displacements. The energy absorption is based on the
kinetic energy due to velocity of the lumped masses, e]astic‘strain
energy due to bending in the frame members, dissipated strain energy
due to the plastic rotations of the constituent members, and the
dissipation due to viscous damping.

Bending deformation has been considered in this work for various
elastic, elasto-plastic and bilinear structural systems. When con-
sidering the nonlinear moment-rotation relationship, a reduction in
the plastic moment due to axial compression is included on the basis
of the interaction formulation required by the AISC specifications.
Other considerations include the P-delta effect and the effect of two
different lumped mass models on response parameters.

The method of analysis as formulated in Chapter IV is chosen due
to its adaptibility to high speed digital computers and to the solutjon
of nonlinear motion equations. The equations of motion are derived
from a lumped mass system of the multi-story frame and are solved

using Newmark's method with B = 1/6 which is the same as the Tinear
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acceleration technique. The step-by-step approach lends itself td
this type of analysis.

The response parameters in this study are mainly used to emphasize
the deformation behavior of multi-story structures. Parameters include
maximum horizontal and vertical displacements, maximum relative floor
displacements, maximum vertical accelerations, ductility and excursion
ratios, and energy absorptions of various structural models.

Observations and conclusions have been made in various appropriate
chapters of this report. These observations and conclusions are based
on the structures analyzed, the earthquake loading used, the assump-
tions applied in the formulation of the mathematical model, and the
restrictions placed on the resulting response system. The assumptions
in formulation and the restrictions placed on the resulting response
are made in an attempt to simulate the realistic behavior of seismic
structures. A summary of the more important observations and conclu-
sions which are applicable to the objectives of this study is 1isted
as follows:

1) The inclusion of the P-delta effect along with vertical earth-
quake motion can significantly influence the displacement
response. The amount of change in response depends on the
relationship between the fundamental frequency of the frame
and the frequency spectrum of the earthquake loading.

2) The structures having a lumped mass at the center of each
girder is an excellent model for a framed structure to respond

to the energy produced by the vertical ground motion.
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Even though the inclusion of the vertical earthquake component
results in various changes in horizontal response according

to the parameters of the system, this vertical motion can
definitely cause an increase in the ductility requirement of
the girders of the structures studied, especially in the

upper floors.

4) The method used to integrate the motion equations in the step-

by-step approach provides an accurate solution to the analysis
of multi-story seismic frames. Newmark's method with g = 1/6
results in all errors less than 3% with the larger percent
errers in the analysis of the 10-story frame at nearﬁy the .
end of the earthquake record. The bulk of the errors is less
than 1%. ’

For the analysis of damped structures, it is important to

use an accurate fundamental frequency of the system for
determining damping coefficient. Mass proportional damping
has been shown to be an excellent damping formulation for
accurate solution of nonlinear systems, because the variation
in stiffness durfng a nonlinear response results in consider-
able error for other damping formulations expressed in terms
of stiffness.

The overall effect of damping is a reduction in the response
parameters of the system; however, the general behavior of the
significant influence of vertical earthquake motion on response

parameters remains the same as those of undamped systems.
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APPENDIX

DESCRIPTION OF INPUT DATA, FORTRAN IV LISTING OF PROGRAM, AND EXAMPLE
INPUT AND OUTPUT
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Input Data

Information as to the size of structures, behavior conditions,
loading conditions, type of analyses, and output format from the
program must be provided as part of the input data. The five control
cards following the heading card are used to provide this information.

" Possible Toads on the structure include initial static concentrated
nodal loads, horizontal variable loads and vertical variable loads.
The variable horizontal loading consists of either earthquake ground
accelerations, a sinusoidal load or a triangular impulse load. The
variable vertical loading consists of either earthquake ground
accelerations, a sinusoidal variation in g-loads or a triangular
impulse vériation in g-loads. The program is written such that
additional leading conditions can be added to the program without too
much difficulty.

Information as to member locations, member properties, magnitude
of Tumped masses, elements of statics matrices and material properties
are included in the structure information cards of X. A total of 11
possible card types are needed to provide this information.

I. Heading Card (20A4)

Columns 1-8, HDG, Contains information to be printed with
output
II. Structure Control Card (715)
| Columns 1-5, JN, No. assigned to structure analyzed
6-10, NP, Total number of degrees of freedom
11-15, NPR,  Number of lumped masses
16-20, NPH, Number of floor Ievels
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21-25, NM, Number of members
26-30,NSUPRT, Number of column supports
31-35, NCOL, Number of columns

III. Behavior Control Card (515,3F10.0)

Columns 1-5, IELPL, The number 1 for a bilinear response
Blank or O results in an elastic response

6-10, NCOND, Stress range condition

0, elastic range = ZMP

1, independent values for MP

=2, MP remains constant

11-15, IPDE, The number 1 causes the P-delta effect to be
included

16-20, MP, The number 1 causes the reduction of the
column MP values due to axial compression

21-25, IDAM, Damping conditibn

0, no damping

= 1, mass proportional damping

2, stiffness proportional damping
= 3, mass plus stiffness proportional damping
26-35,ALAMDA, Critical damping factor
36-45,APMEGA, Estimated fundamental frequency of structure
46-55, PVAL  Strain hardening ratio, p
IV. Lload Factors and Control Card (315, 3F10.0)

Columns 1-5, IVA, The number 1 indicates inclusion of vertical
loads
6-10, LPC, The number 1 causes the initial internal moments

to be determined based on concentrated loads
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11-15, LC, Loading condition number
= LCh + 10*LCV, where:
1

earthquake record

2 - sinusoidal load

3 - triangular impulse load
(vertical loads in g's)

16-25, BETAH, Factor to be applied to horizontal variable

1oad (= 1.0 if left blank)
26-35, BETAV, Factor to be applied to vertical variable

load (= 1.0 if left blank)

36-45, VGF, Factor to be applied to floor weights
| (

1.0 if left blank)
V. Analysis Control Card (3F10.0)

Columns 1-10, NMBM,  Control number for Beta in Newmark's Beta
Method.
=0, 8=1/6, 1inear acceleration
=1, 8
=2’B

1

1/12

n

1/4

11-21, UDT, Time increment, sec

22-31, TT0T, Tota] time‘of loading, sec
VI. Output Control Card (2F10.0, 715)

Columns 1-10, PRDT, Increment of time for which output data is
printed
11-20, PUDT, Increment of time for which output data is
punched and/or plotted
21-25,INPRIN, The number 1 wi]]lcause the print of the initial

stiffness matrices and moment-deformation matrix
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26-30, IPLPR, The number 1 will cause the print of ductility

31-35, KPU,

36-40, K1,
41-45, K2,
46-50, K3,

51-55, K4,

and excursion data at time of plastic
rotation
Control number for punched and/or plotted

output

]

0, No plot or punched output

= 1, Punched output only

2, Punched and/or plotted output

Control for output of displacement history of
top floor

Control for output of total input energy
history

Control for output of total dissipated strain
energy history

Control for output of total dissipated energy

due to damping

The controls K1-K4 for the above response parameters are based on the

following designations;

0 - No plot or punch of output

1 - Plots of output

2 - Plot of dissipated strain energy when
assigned to K3 and of dissipated energy
due to damping when assigned to K4

3 - Plot of input energy, total dissipated
energy and energy dissipated due to

damping when assigned to K2
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4 - Punches and plots of output

5 - Same as 2 with punched output included
6 - Same as 3 with punched output

7 - Punched output only

Static Loads (7F10.0)(Use only when LPC = 1 in Card IV}

Concentrated transverse loads are applied in the directions of

positive degree of freedom

PC(I), I = 1, NPS, where NPS = NP - NPR

VIII. Horizontal Variable Load Format depends on LC of Card IV

IX.

(Use only if LC > Q)
1. Earthguake Record (8F9.6)
Earthquake data is based on the time increment, UDT, and
the total time of record, TTPT, as given in Card V. Data
consists of the g-levels for time t = 0.0 to t = TT@T in
time increments of UDT
2. Sinusoidal Load on Top Floor (3F10.0)
Columns 1-10, AMEGP, Forcing frequency, Hz
11-20, AMAX, Amplitude, kips
21-30, PHASE, Phase angle, degrees
3. Triangular Impulse Load on Top Floor (2F10.0)
Columns 1-10, F1, Initial value of force, kips
11-20, TD, Time which force reduces to zero, sec

Vertical Variable Load Format depends on LC of Card IV

(Use only if LC > 10)
1. Earthquake Record (8F9.6)
Earthquake data is based on the time increment, UDT, and the total

time of record, TTPT as given in Card V. Data consists of the

g-levels for time t = 0.0 to t = TTAT in increments of UDT
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2. Sinuﬁoida1 Load
Columns 1-10, AMEGD, Forcing frequency, Hz
11-20, AMAX, Amplitude, g's
21-30, PHASE, Phase angle, degrees
3. Triangu]af Impulse Load (2F10.0)
Columns 1-10, F1, Initial value of load, g's
11-20, TD Time which force redﬁces to zero, sec.

X. Structure Information Cards

The following cards are used for providing the structural parameters:

Card T: Girder Members, IGIRD(I), I = 1, NGM(10I5)
This provides the girder member No.'s in the order of Tleft to
right for each span starting with the top floor. NGM = number of
girder members = NM - NCAL.

Card 2: Support Members, ISUPRT(I), I = 1, NSUPRT (10I5)

| This provides the support member No.'s in the order of left to

right. NSUPRT = number of support members as indicated in Card II.

Card 3: Member M, Values, VALMP(I), I = 1, NM(7F10.0)
The Plastic yield moment value for each member of increasing
numerical order is provided, kip ft. NM = number of members in
structure as indicated in Card II.

Card 4: Girder and Floor Masses, AMASS(I}, I = 1, NPS{7F10.0)
The girder masses fTollowed by the total mass of each floor are
provided in increasing numerical order of the displacement degrees
of freedom for the structure, kip-sec?/ft.
NPS = NP-NPR = NPV + NPH

More than 1 card can be used for each of the above structure information

cards.
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Card 5: Mass Magnification Factor, CMASS (F10.0)
Factor to be applied to-all the masses of the lumped mass system as
listed on previous card. {= 1 if left blank)
Card 6: Moment Statics Matrix (215, F10.0, 3I5)
The input of the moment statics matrix is accomplished by 1isting the
Tocation (Row I, Column J) and magnitude (AIJ) of each non-zero
element of the matrix AM(I,J).
Column 1-5, I, Row number of AM(I,J)
6-10, J, | Column number of AM(I,J)
11-20, AIJ, Values of non-zero element of AM(I,J)
The remaining input values for these cards are optional. They are
used to generate the AM{I,J) matrix so that more than one non-zero
element can be input per card.
21-25, NI, Number of non-zero elements included in this
card
26-30, IADD, Increment to be added to I in generation of
AM(1,J)
31-35, JADD, Increment to be added to J in generation of
AM(I,J)
The above input data for Card 6 is followed by ONE BLANK CARD.
Card 7: Shear Statics Matrix (215, F10.0. 3I5)
The input of the shear statics matrix is accomplished by listing the
Jocation (Row I, Column J) and magnitude (ARZ) of each non-zero
element of the matrix AV(I,J)
column I-5, I, Row number of AV(I,J)
6-10, J Column number of AV(I,J)
11-20, ARZ, Value of non-zero element of AV(I,J)



254

The remaining input values for these cards are optional. They are
used to generate the AV(I,J) matrix so that more than one non-zero
element can be input per card.
21-25, NI, Number of non-zero elements included in this
card
26-30, IADD, Increment to be added to I in generation of
AV(I,Jd) |
31-35, JADD, Increment'to be added to J in generation of
AV(I,J)
The above input data for Card 7 is followed by ONE BLANK CARD.
Card 8: Material Properties (2F10.0)
Cotumn 1-10, E, Modulus of elasticity of material used in
structure, ksi
| 11-20, Fy’ Yield stress of material used in structure, ksi
Card 9: Moment of Inertia of Member Cross-sections_(7F10.0)
XI(I), I = 1, NM, where NM = Number of members,
This provides the moment of inertia values for all members.
The cards myst be in member number sequence, in"

Card 10: Length of Members (7F10.0)

XL(I), I =1, NM, where NM = Number of members. This provides the
member Tengths in member number sequence, ft.

Card 11: Member Properties Pertaining to MP Reduction. Not used when
MP = 0. (I5, 3F10.0) One card per column member is provided in the
order of left to right for each floor starting with the top floor.
Column 1-5, ICPL{I), Column No.

6-15, A(I), Cross sectional area of member I, in?
16-25, UBL(I),Unbraced length bf member I, in.

26-35, R{(I), Radius of gyration of member I
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XI. End Cards
The following two cards shall be provided to either end program or
to continue to next set of data.

Card 1: End comment card or heading card for next set of data (20A4)

Card 2: Blank card or next set of data.
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