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ABSTRACT

An analytical study is presented for the behavior of multi-story

framed structures subjected to the interaction of horizontal and

vertical components of an earthquake.

Typical structures having three to ten stories and one to three

bays are studied on the basis of a lumped mass model with elastic,

elasto-plastic and bilinear material behavior. The studies include

the characteristics of energy absorption in the form of input energy,

kinetic energy, elastic strain energy, and dissipated strain and

damping energy; the reduction of plastic moment capacity of columns;

ductility and excursion ratios; and the P-delta effect as well as the

effect of two different lumped mass models on the response parameters.

The response parameters selected to describe the investigative

results are: maximum horizontal floor displacements, maximum relative

floor displacements, maximum vertical displacements and accelerations

at the centers of girders, ductility and excursion ratios of girders

and columns, and the variation of input, stored and dissipated energy.

The energy evaluation is not only used to indicate the response

behavior of various structural systems but also to check the accuracy

of step-by-step numerical solutions by determining the maximum percent

error at every time increment.

Numerical results show that the inclusion of the vertical ground

motion can significantly influence the response parameters. For exam­

ple, the ductility requirements of girders are remarkably increased.

A new concept of ductility ratio based on energy is proposed in this
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work and has been compared with other ductility concepts of symmetric

bending and curvature. The proposed ductility evaluation has been

proved to be advantageous over the other two in both qualitative and

quantitative measurements.

Other results may be simply summarized as: Structures having a

certain range of natural frequencies are sensitive to vertical earth­

quake motions. The reduction in plastic moment capacity of columns

can increase the influence of vertical earthquake motion on weak

column-strong girder systems. Although the consideration of damping

in an elastic or inelastic analysis results in a reduction in response

as expected, the general behavior of the significant influence of

vertical earthquake component on response parameters remains the

same as that of undamped systems.

The computer program has been comprehensively developed and can

be conveniently used by research workers and practitioners for seismic

analysis of large structures.
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bracing and loading of a member

= coefficient of ey = CMpL/EI based on the moment
condition at opposite end of the member

= damping coefficient matrix

= moment-deformation relationship term = l2EI/L3

= discrete Fourier transform

= intermediate matrix in Runge-Kutta integration
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= moment-deformation relationship term = 3EI/L

= modulus of elasticity

= bilinear strain energy
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I. INTRODUCTION

The increasing population density in regions of the world having

high seismicity has resulted in an increasing potential for catastrophic

structural damage due to earthquakes. The use of multi-story structures

as required to meet the needs for more space in high density areas can

be one of the major potential dangers.

The capacity of a multi-story structure to absorb energy released

by earthquakes of significant magnitude will depend mainly on the

structure1s ability to respond in a nonlinear manner without extreme

structural damage resulting in possible loss of lives. Large quantities

of energy will be required to be dissipated by plastic deformations.

It is apparent that a comparison of the response behavior of structural

systems is essential for a satisfactory design of multi-story seismic

structures. To be able to determine this behavior by structural

analysis, it is necessary to have an adequate mathematical model as

well as adequate response parameters to describe the behavior suffi­

ciently.

A. SCOPE OF INVESTIGATION

In the analysis of multi-story frame structures subjected to

seismic loading it has been common practice to disregard the vertical

component of the ground motion. Cheng and Tseng have recently studied

the dynamic instability and response of structural systems subject

to pulsating axial loads, time dependent lateral forces,or foundation

movements. 22 They have reported the significant effect of time-depen­

dent longitudinal excitations on the lateral displacements of various

elastic and inelastic structures. However, the effect of interaction
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between horizontal and vertical earthquake components on a structural

response is yet to be explored. The purpose of this study is to

determine the behavior of various structural models subjected to a

combined loading of the horizontal and vertical earthquake components.

Besides considering the two components of an earthquake, the

following additional considerations are made to further exemplify the

actual structural conditions. Inelastic material behavior due to

bending is considered by employing a bilinear or elasto-p1astic model.

The P-delta effect is included for the overturning effect produced

by the vertical loads. The AISC specifications are used for the

reduction in the plastic moment M due to axial loads in column members.
p

Also included is viscous damping to account for the friction between

structural surfaces and other parts of the structure during motion.

The response parameters employed in this study are:

(1) maximum horizontal floor displacements,

(2) maximum relative floor displacements,

(3) maximum vertical displacement and acceleration at the center

of girder members,

(4) ductility requirements of all members as determined by the

ductility and excursion ratios, and

(5) quantity of energy input, stored and dissipated by the

frame during the seismic loading.

The above response parameters were determined for the different loading

and material conditions where comparisons are warranted.

A computer program has been developed for this research and the

results presented herein are obtained by using the IBM 370/168 Computer

through the Computer Network of the University of Missouri. Different
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from the previous study of consistant mass formulation,22,23 this

work considers a step-by-step analysis of a lumped mass system. The

acceleration, velocity and displacement at the beginning of a time

increment are used to obtain the corresponding results at the end of

the time increment. Continuation of this process over the total

earthquake record results in a complete response history of the

structure.

A brief discussion as to contents of each chapter of this report

is given as follows. Each chapter provides theoretical studies and

numerical results to fulfill the purpose of this study.

Chapter II describes the seismic load and the associated velocities

and displacements. A spectrum analysis of the earthquake records is

included.

The fundamental behavior of a single-degree-of-freedom system is

given in Chapter III to establish basic concepts and to verify the

validity of the computer program based on different loading and response

conditions. The effect of vertical forces are included for the

single-degree-of-freedom system.

Complete formulation of a multi-degree system is derived in

Chapter IV. The general motion equation is formulated for a nonlinear

response for which the interaction between moment and axial load is

considered for reducing the plastic moment of columns. The energy

absorption and the ductility requirements are also included in this

chapter.

Chapter V presents the methods of numerical integration of

incremental motion equations.



Results of the elastic analysis of multi-story structures are

given in Chapter VI. The elastic response of a 3-story frame is

shown for revealing the effect of P-delta along with vertical earth-

quake component. Structures sensitive to vertical excitations and the

possible vertical frequencies controlling horizontal responses are

also discussed.

Chapter VII reports the response results of inelastic multi-story

structures. The effects of the inelastic action, structural models,

the Mp reduction and damping on the response parameters of individual

systems are studied.

Chapter VIr reviews the work done and lists the conclusions

based on the results obtained in this work.

B. REVIEW OF LITERATURE

Efforts in the dynamic analysis of inelastic framed structures due

to seismic loading have increased since the advent of the high speed

digital computer. Berg,8 Saul ,39, Thomaides,4l Clough, Bensuka and

Wilson,24 Saul, Fleming and Lee,38 GiberSon,29 Goel,30 Guru and

Heidebrecht3l and Walpole and Shepherd45 are among early research

workers who have made contributions in the analysis of inelastic

structural systems. Later Anderson and Bertero,2,3 Anderson and

Gupta,4 Cheng and Tseng22 and Cheng and Oster2l are among those

providing refined efforts in the analysis of inelastic structures.

The inclusion of the P-delta effect in the dynamic structural

analysis has been considered by Anderson and Berter03 and others.

Sun, Berg and Hanson40 studied the effect of gravity loads on an

inelastic system consisting of a single story braced frame with

4
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hinged joints. Cheng and Botkin15 ,16 investigated the P-delta effect

on the response behavior of tall buildings.

Inclusion of vertical loads on the girder nodes of multi-story

frames was early studied by Guru and Heidebrecht3l for determining

the influence of live load on the structural response. Similarly,

Anderson and Berter02 included both the gravity loads and the ground

motion in their investigation. Cheng and Oster further reported on

the structural response due to vertical earthquake motions acting on

the masses lumped at the centers of the constituent girders. l ? The

parametric instability of structural systems subject to axial concen­

trated uniform dynamic loads or time dependent vertical ground motions

was investigated by Cheng and others. 14 ,S,12 The effect of parametric

earthquake motions on the ultimate capacity of framed structures was
19 20also studied by Cheng and Oster. '

In the analysis of inelastic structures the ductility ratio has

been usually obtained by employing the total plastic joint rotation

divided by the yielding rotation. Clough, Bensuka and Wilson,24

Giberson,28,29 Goel,30 Walpole and Shepherd4S and Guru and Heidebrecht31

used this definition in their ana1yses. Anderson and Berter02,3

proposed to determine the ductility requirement of a structure based

on curvature instead of end rotation. Cheng and Oster2l proposed

a new definition for the ductility ratio and the results are compared

with those obtained by using the previous definitions.
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II. SEISMIC LOADING

The type of earthquake loading used to actuate a multi-story

structure as analyzed in this study consists of the dynamic type of

ground motions. Though other types of ground motion may occur during

an earthquake such as a ground settlement, fault displacements in the

vicinity of the structure and landslides, the inertia forces produced

as a result of ground accelerations are of concern here.

A. EARTHQUAKE RECORDS

One of the horizontal components and the vertical component for

two earthquakes are considered in this study. They are:

1. 1940 El Centro, California (May 18) North-South and Vertical

components; and

2. 1952 Taft, California (July 21) N 69°W and Vertical components.

Figures 2.1 through 2.4 show the variation in the ground accelera­

tion of each of the above components of earthquake records. These

variations were obtained by plotting the digitized earthquake data with

~t = 0.01 sec. for each earthquake record as obtained from its accelero­

gram. The accuracy of the response behavior of a mathematical struc­

tural model when using this type of data will be mainly based on the

accuracy of the accelerometer used to obtain the data and that of the

digitized data in representing an accelerogram.

B. GROUND VELOCITY AND DISPLACEMENT

The ground velocities and displacements associated with the above

ground accelerations are obtained by the integration of the ground

acceleration with the initial ground velocity and displacement set to

zero. The linear acceleration method is used here as formulated in
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Section V-A for 8 = 1/6 in Newmark's method of integration. The follow­

ing equations for the velocity and displacement of the ground in the

horizontal direction are obtained from this method. Similar relation-

ships can be written for the vertical ground motion.

. . .0..U[.. .. ]
Xg(t+~t) = xg(t) + 2 xg(t) + Xg(t+~t)

2
Xg(t+~t) = xg(t) + (~t)Xg(t) + (~~) [2xg(t) + Xg(t+~t)]

(2.1)

(2.2)

where ~g(t+~t)' Xg(t+~t)' Xg(t+~t) = acceleration, velocity and
displacement of ground at time
t + ~t,

acceleration, velocity and
displacement of ground at time
t, and

~t = time increment.

Figures 2.5 through 2.8 show the variation in ground velocity and

displacement based on Eqs. 2.1 and 2.2 for the N-S and vertical compon­

ents of the 1940 El Centro earthquake. Similarly, Figs. 2.9 and 2.10

show the variation in ground velocity and displacement for the N 69°W

component of the 1952 Taft earthquake. The ground velocity in the

vertical direction for the same earthquake is shown in Fig. 2.11. An

overall shift in the base line is shown by the approximate improved

base line as indicated. The vertical ground displacements corresponding

to these velocities substantiate this shift by the corrections

shown in Fig. 2. 12.
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Berg and Housner9 made a correction to the shift of the base line

by adjusting the acceleration readings to meet certain restrictions.

They assumed that in the true time acceleration coordinates, the equa­

tion of the temporary base line would take the form Co + clt + c2t~.

The constraints cO' cl and c2 would have the values that would make the

mean square computed ground velocity a minimum. The results of the

corrected velocity by Berg and Hausner are indicated by dotted lines

in each of the ground displacement curves for the two earthquakes.

Dotted lines are not shown where there is an insignificant amount of

difference in ground displacement, as for the N-$ component of the

1940 El Centro earthquake. Correction was found less necessary for the

E1 Centro earthquake.

Other methods have been used to correct the baseline shift of an

accelerogram. In an earlier study Berg8 selected the improved axis of

the accelerogram to be parallel to the horizontal base line appearing

on the record and then located the position such that if a zero initial

velocity were assumed, the computed velocity at the end of the punched

card accelerogram would also be zero. Berg and Thomaides lO further

learned to minimize the mean square displacement to justify the initial

ground velocity, initial ground displacement and the adjusted location

of the zero axis of the accelerogram.

Based on the greater similarities in the response patterns for the

1940 El Centro earthquake record as shown in Figs. 2.5-2.12, the

original earthquake components for the El Centro earthquake were

used in this study more extensively. The same horizontal displacement

curve is realized for both the original and corrected data for the

N-S component as shown in Fig. 2.6. Also, the zero velocity in the
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vertical direction at the end of the original earthquake record as

shown in Fig. 2.7 satisfies the end condition of zero velocity for this

component. Berg8 found that while slight differences in ground

accelerations resulted in a substantial difference in computed ground

motion, their effect on structural response was negligible.

The velocities and displacements of the ground as determined from

Eqs. 2.1 and 2.2 are used in calculating the quantities of energy.

Energy in the form of input, stored and dissipated is absorbed during

the earthquake excitation by the lumped mass system. Horizontal and

vertical ground displacements are used to calculate the input energy

produced by the horizontal and vertical reactions at the supports.

Stored energy in the form of kinetic energy and dissipated energy due

to damping are each a function of the absolute velocity of the lumped

mass system.

C. FREQUENCY SPECTRUM

To describe further the seismic loading, an amplitude frequency

spectrum of an earthquake record can be obtained by a Fourier transform.

A correlation of these frequencies, making up the earthquake loading

that have the larger amplitudes, can be made with the natural fre-

quencies of a structural system.

The earthquake records used in this study are classified as

digitized nonperiodic signals since they consist of a sequence of

numbers in a random order of magnitude. A frequency analysis of this

signal consists of breaking up the signal into a set of sinusoids such

that, when these sinusoids are added, the original signal results. To

accomplish this signal breakdown for the earthquake records for this

study, the fast Fourier transform (FFT) is used. 25 ,27,43
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The FFT is an iterative method which efficiently computes the

discrete Fourier transform (OFT) of an earthquake record or any time

series of data samples. The time series provided by these equally

spaced data points (Nyquist samples) completely represent the continuous

waveform (earthquake accelerations) as long as this waveform is fre­

quency band-limited and the samples are taken at a rate that is at

least twice the highest frequency present in the waveform.

The OFT is defined here in complex form as:

N-l XkAr = I w-,exp(-2nirk/N), r = O, ... N-l
k=O

where Ar = rth coefficient of the OFT,

Xk = kth sample of the time series,

N = number of samples in time series, and

i = ;:T.

(2.3)

The FFT sequentially combines progressively larger weighted sums of

data so as to produce the OFT coefficients, A , as defined in Eq. 2.3.
r

In other words the FFT combines the OFT of the individual data samples

such that the occurrence times of these samples are taken into account

sequentially and applied to the OFT's of the progressively larger

mutually exclusive subgroups of data samples, which are combined to

ultimately produce the OFT of the complete series of data samples. The

inverse of the discrete Fourier transform (10FT) is



N-l
Xk = L Ar exp(2TIirk/N), k = O, ... N-l

r=O

17

(2.4)

The amplitude frequency spectrums for the 1940 El Centro earthquake

components are determined using the above procedure as programmed in

Subroutine NLOGN by Robinson37 . Figures 2.13 and 2.14 show the

resulting frequency spectrums for the N-S and vertical earthquake

components, respectively, for frequencies having the larger amplitudes

ranging from 0-17 Hz. The total frequency spectrum ranges from 0-50 Hz

with a fundamental frequency of 2.44(10)-2 Hz. The highest frequency

of 50 Hz is the folding frequency based on the ~t (~t = 0.01 sec.).

The folding frequency and fundamental frequency are obtained from the

following equations:

Folding frequency = 1 - 1 - 50 Hz
2(~t) - 0.02 -

1 1 (-2Fundamental frequency = N(Et) = 40.96 = 2.44 10) Hz

where ~t = 0.01 sec = time increment of the digitized data,

N -- 2n -- 212 -- 4 b f d . d096 = num er 0 ata pOlnts, an

n = some positive number.

The minimum number for n is 12 based on the 30 seconds of earthquake

with ~t = 0.01 sec. (3000 data points). Zeros are added to the 3000

data points to obtain the 4096 data points required for n = 12. Fre­

quencies between 17 and 50 Hz are not included in Figs. 2.13 and 2.14

due to their insignificant magnitude.
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O. ORIGINAL RECORD BY FOURIER SUMMATION

The continuous form of the original earthquake record can be

obtained from the OFT as determined from Eq. 2.3. The expansion of

the OFT into a Fourier series provides a way of utilizing all or

portions of the frequency spectrum. To obtain the total original record

in a continuous form the Fourier series will be as follows.

Nrl

x(t) = 2 L {ar cos(rwft ) + br sin(rwft)}
r=O

where Nf = N/2 = number of data points divided by 2,

ar = real part of Ar ,

br = imaginary part of Ar ,

wf = fundamental frequency of data,

t = time at which function is evaluated, and

r = OFT coefficient subscript.

(2.5)

The factor 2 is used in conjunction with the Nf since the OFT values

represent the folding values of the OFT. Another form of Eq. 2.5 is

more adaptable to a digital computer by containing only one trigono-

metric function. This can be used to sum just portions of the OFT.

Nt
x(t) = 2 L IA. I cos(w.t + ai )

;=0 1 1
(2.6)
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where Nt = number of DFT values to be added,

IAil = (a~ + b~)1/2 = absolute value of ith coefficient of DFT,

wi = rWf =frequency of ith coefficinet of OFT, and

ai = arctan(br/ar ) = phase angle.

An example in the use of Eq. 2.6 is illustrated with the use of

a triangular impulse load shown in Fig. 2.15. This load decreases from

1000 units linearly to zero in 10 units of time (sec). The frequency

spectrum for this impulse was obtained based on 4096 data points at

0.01 sec time increment corresponding to the number of data points

and ~t used for the 30 second earthquake data frequency spectrum. The

resulting frequency spectrum is shown in Fig. 2.16 with frequencies

greater than 6 Hz having insignificant amplitudes.

A reproduction of the original impulse load is obtained by using

the inverse feature of subroutine NLOGN as given by Eq. 2.4. The

resulting inverse is shown in Fig. 2.15, the identical impulse load.

Also shown is the results of the Fourier series summation based on Eq.

2.6 and using the first 206 frequencies (0-5 Hz) from the frequency

spectrum out of the total of 2048 frequencies.

While Fig. 2.16 illustrates the use of the Fourier summation of

Eq. 2.6 for a given triangular impulse load, a similar approach can be

used on a random loading such as an earthquake record. A Fourier

summation of the frequencies for the N-S component of the 1940 El

Centro earthquake as shown in Fig. 2.13 results in the record shown in

Fig. 2.17. The solid line is based on the 364 frequencies from the

frequency spectrum having amplitudes greater than 0.0005g. The small

circles shown are corresponding to the maximum g's obtained from the
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total record. Except for a few of these points, most of the maximum

g-load values based on the total record are greater than the corres­

ponding maximum values based on the 364 frequencies having the largest

amplitudes.
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III. DYNAMIC ANALYSIS OF A SINGLE-DEGREE-OF-FREEDOM SYSTEM

A. MOTION EQUATION

The motion equation for a sing1e-degree-of-freedom system, later

to be generalized for mu1tip1e-degree-of-freedom systems using matrix

methods (Chapter IV), can best be realized from a free body diagram

(f.b.d.) shown in Fig. 3.1. Figure 3.1b shows the f.b.d. for a single

degree system (horizontal) that is being actuated by the horizontal

motion of the ground as shown in Fig. 3.1a. Due to the movement of

the ground an inertia force equal to the product of the mass m and the

absolute acceleration of the mass, Us' will act in the opposite direc­

tion of motion. Also, a spring force will be equal to the product of

the column stiffness Kand the relative displacement Xs of the mass to

the ground. Positive direction of acceleration, velocity and disp1ace-

ment is taken to the right. Using D'A1embert ' s principle, the motion

equation for the above single-degree-of-freedom system without damping

is

mu + Kx = 0s s

where Us =xg + xs '

x = acceleration of ground, and
g

Xs = acceleration of mass relative to ground.

Equation 3.1 can then be written

.. + Kxmxs s = -mxg.

(3.1)

(3.2)
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Kxs·...I----

b) f. b.d. of mass
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..
----... Xg

a) positive ground acceleration

Figure 3.1. Horizontal Ground Motion Acting on a
Sing1e-Degree-of-Freedom System
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The term to the right of the equal sign represents the forcing function

acting on the system.

In addition to the horizontal motion of the ground, this study

considers a secondary effect due to the weight of the mass plus the

vertical motion of the ground during an earthquake. This secondary

effect is known as the P-delta effect. Assuming down as the positive

vertical direction as shown in Fig. 3.2a, the f.b.d. of a single mass

system can be illustrated by Fig. 3.2b where Ks = (W - myg)/L, defined

as the geometric stiffness determined from the f.b.d. of the supporting

column (Fig. 3.2c). The couple produced by vertical forces are in

equilibrium with the horizontal shears causing an additional force on

the mass in the horizontal direction. The vertical acceleration Vs of

the mass m is equal to the vertical ground acceleration Yg since axial

deformations are not considered in the column members. Based on the

f.b.d. of Fig. 3.2b including the P-delta effect, the motion equation

of Eq. 3.2 for time t is written as follows.

mx + (K - K)x = -mxs s s 9

where K = (W - my )/L = geometric stiffness,s g

L = column length,

Y
9

= vertical ground acceleration,

W= mg, and

g = acceleration of gravity.

(3.3)

The incremental form of Eq. 3.3 is obtained by subtracting the

motion equation for time t from the motion equation for time t + ~t
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~ '(K-Ks)xs

+my-Wg
C) f. b. d. of column

Horizontal Plus Vertical Ground Motion Acting
on a Single-Degree-of-Freedom System

m

Figure 3.2.

+ xg
Yg

a) positive ground acceleration



which can be reduced to

where ~xs = xs(t+~t) xs(t)'

~xs = xs(t+~t) - xs(t)'

~Xg = Xg(t+~t) - Xg(t)~ and

~Ks = Ks(t+~t) - Ks(t)·

-m~x9
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(3.4)

(3.5)

Equation 3.5 is the motion equation in incremental form for a single­

degree-of-freedom system when considering horizontal and vertical

components of an earthquake and including the P-delta effect. Damping

is not considered here but is included in the formulation for the

multi-degree-of-freedom system in Chapter IV.

Based on the initial values of acceleration, velocity and displace-

ment, a step-by-step numerical integration technique to be discussed in

Chapter V is used to solve for the acceleration, velocity and displace­

ment at the end of each time increment during an earthquake. Either

elastic, elasto-plastic or bilinear conditions can be assumed for the

overall response with the load-deflection relationship taken as constant

over each time increment (~t).

B. COMPARISON OF P-DELTA EFFECT WITH KNOWN SOLUTION

To show the correctness of the formulat40n for the incremental

form of the motion equation when including the P-delta effect, a forced

undamped single-degree-of-freedom system of known solution will be used
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for comparison. The differential equation of motion for an undamped

system subjected to a sinusoidal load is easily formulated from the

f.b.d. of Fig. 3.3b:

mX + Kx = F sin(wt + a)s s

where F = amplitude of load,

K = stiffness,

m = mass,

Xs = acceleration of mass relative to ground,

Xs = displacement of mass relative to ground,

t = time,

a. = phase angle,

w = forcing frequency.

(3.6)

The solution of this differential equation is well known and is derived

in several texts on structural dynamics. 1l ,l3 Let the initial values

of displacement, velocity and acceleration be zero, then the displace-

ment can be expressed as

F 2 [p sin(wt+a.) - w sin(Pnt)]
p (K - mw) n
n

where Pn = natural frequency of the system.

(3.7)

When considering the P-delta effect as shown in Fig. 3.2, the

above equation for displacement needs to be modified in the following

manner.
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KXs"4-

b) f.b.d. of mass

r--- xso r--m-...... Fs(t)=F sin(wt + a)

I
I
I
I
I

a) positive forcing function

.FS(t>=
• sin(wt+a)

Figure 3.3. Horizontal Forcing Function Acting on a
Single-Degree-of-Freedom System
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(3.8)

where Ks = (W + Fv)/L = geometric stiffness due to constant vertical
load,

W= weight of mass m,

Fv = vertical force,

L = length of supporting column and

Ps = I(K - K )/m = natural frequency of system including vertical
s load.

The system to be used for the comparison is shown in Fig. 3.4.

The natural frequency Pn of the structure is 1.0 Hz based on a mass m

of 0.31056 kip-sec2/ft (4.62 kg/s2/cm) and a total stiffness Kof

12.326 kip/ft (180 N/mm). The vertical load of 100 kip (445 kN) varies

stepwise as shown in Fig. 3.5. The total stiffness (K - Ks ) of the

structure varies from 4.993-18.326 kip/ft (73-267 N/mm) causing the

natural frequency Ps to vary from 0.64-1.22 Hz when the vertical force

Fv goes from +100 kip (445 kN) to -100 kip (-445 kN). Both the hori­

zontal and vertical loads cease at t = 3.18 sec. when considering

vertical forces.

The displacement responses of the structure are shown in Fig. 3.5.

A plot of the displacement without considering the vertical forcing

function is included to show the effect the vertical force has on the

response. The horizontal forcing function when considering only hori­

zontal loading is terminated at 3.3 seconds. The curves shown are based

on calculations every 0.01 sec. as obtained from a computer solution.
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Figure 3.4. Simple Bent with Variable Horizontal Load
and Constant Vertical Load
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The response obtained using the Newmark Beta method and the

solution of the differential equation of motion are identical except

for a slight difference at a couple of points as indicated by the

dotted lines representing Newmark's method of integration.

C. COMPARISON OF RESPONSES WITH PREVIOUS RESULTS BASED ON MATERIAL

BEHAVIOR

Calculations are based on the integration of the motion equation

derived in Eg. 3.5 with consideration of elastic, elasto-plastic as

well as bilinear material behavior. A comparison will be made with

the response curves obtained by Thomaides41 for an undamped system

having a natural period of Tn = 1.2 sec. and subjected to the N-S

component of the 1940 El Centro earthquake. As shown in Fig. 3.6,

the mass of the shear building is lumped on the girder with a yield

level of q = 0.24g which is the yielding spring force divided by the
y

mass of the system. Since Q = Kx , where K is the stiffness and xyy y

is the yield displacement, the yield displacement of the structural

bent becomes

x = q m/K = 0.28186 ft (0.0859m).y y

Thus the moment-deflection relationship can be expressed as

6EI
Mp = L2c xy = 132.12 kip-ft (179.12 kN-m)

35
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Figure 3.6. Shear Structure for Comparison, Tn = 1.20 sec.
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The moment-rotation relationship of a b'ilinear material is shown in

Fig. 3.7 for which the Bauschinger35 effect due to tne reversal of the

stress is considered.

The response curves obtained for the single-degree-of-freedom

system of Fig. 3.6 are shown in Figs. 3.8-3.10. Figure 3.8 gives the

elastic response and Fig. 3.9 shows the bilinear response based on a

strain hardening ratio of p = 0.05. The elasto-plastic response of the

above structure is shown in Fig. 3.10. The nonsymmetry of the two

nonlinear responses of Figs. 3.9 and 3.10 is due to the permanent

set occurring in the joints containing plastic hinges. All three of

the response curves shown in Figs. 3.8-3.10 are the same as those

obtained by Thomaides 41 .

D. EFFECT OF VERTICAL FORCES ON TOTAL RESPONSE OF A SINGLE-DEGREE-OF­

FREEDOM SYSTEM

The contribution of vertical forces to the total response of a

single-degree-of-freedom system can be studied by using the motion

equation shown in Eq. 3.5:

(3.9)

where the notations have been identified previously.

The coefficient of ~xs represents the following equivalent stiffness:

(3.10)



Figure 3.7.

Moment

2Mp

Rotation

Bi 1i near Response Based on 2r~ Stress Rangep

38



39

20 ...

40

20

30

25

25

. 40

20-0 e
u
~

-20

--40
• •

10 15 20
Time (sec)

10 15 20
Time (sec)

Elastic Response of Fig. 3.6, Tn = 1.20 sec.

5

5

-20

-40
~_""'__"""_----_""'_-"'_.....J

30

-1'-4-lW-W-~If1+Jl-Hf"*Ht~W-W~-M+~~~~I-+I-t~oeu-

Figure 3.8.
20-.

t:

- 10..
; 0
•ua-10
.!!
Q -20

o

-c.-- 10 ~

i 0 t-f-\l.t"'\-ftfj1\. f\.~.f\"'t1/ltHfH-i~"tfI~"+I~+4/tt+H-+tf-H+4tH.J+.kI.+U4~.w.w.&.u
i V'JV~~~~~\
Q. -10 ~

•.-o -20 ...._ .......~_..... ......._.....lL--_~__~
o

-

Bilinear Response of Fig. 3.6, Tn = 1.20 sec.

40

i20-: e
t-+-w-t+I~Htti..-w-~Hd-l-\lHl....~.l+Vf.~~-lU+liJHA.~1I-"-II0 u

Figure 3.9.
20

Figure 3.10.

c= 10..
i 0
E
Q)

g -10 -20
i._ -40o -20 ....._--&.__......_--1__.......__.....- ....

o 5 10 15 20 25 30
Time (••c)

E1asto-P1astic Response of Fig. 3.6, Tn = 1.20 sec.



40

The natural frequency of the system is

(3.1l)

Apparently, the natural frequency will vary continuously as a function

of the vertical motion.

Several examples will be used to illustrate the effect of vertical

loads on the displacement responses of the structure shown in Fig. 3.6

with different lumped masses and loading conditions.

The first example will illustrate the effect of interaction of

horizontal and vertical components of the 1940 El Centro earthquake on

the displacement of the structure having a natural period of Tn = 2.0

sec. (m = 9.494 kiP-sec2/ft = 141.3 kg-s 2/cm). The resulting hori-

zontal displacement is shown in Fig. 3.11 with and without considering

the P-delta effect.

The increase in the response when considering the P-delta effect

can be explained from the frequency spectrum of the earthquake loading

used. The frequency spectrum of Fig. 2.13 which applies to the earth­

quake record used here is reproduced in Fig. 3.12 for frequency values

between 0.25 and 0.67 Hz. Note that the amplitude corresponding to

the natural period of Tn = 2.0 sec. is less than that corresponding

to the natural period of Is = 2.186 sec. when considering the P-delta

effect.

A reduction in response due to considering the P-delta effect can

also be realized by having the system with a natural fre~uency of

T = 3.0 sec. where mass m = 21.36 kip-sec2/ft (317.9 kg-s2/cm). Then .

inclusion of the P-delta effect causes the natural period to be higher
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(Ts = 3.77 sec) resulting in a lower amplitude from the earthquake

frequency spectrum. Therefore, the horizontal displacement of the

mass when considering the P-delta effect would be e~pected to have a

lower response as shown in Fig. 3.13.

A second illustration will show the effect of interaction of hori-

zontal and vertical sinusoidal forces on the displacement response of

the system having a natural frequency of Ps = 1.02 Hz (m = 0.01

kip-sec2/ft = 14.88 kg-s2/m). The horizontal and vertical forces may

be respectively expressed as Fh =Ah sin(wht + ah) and Fv =

Av sin(wvt + av)' where Ah =600 lb (2.67 kN), wh =15 Hz (30 TI rad/s),

ah = 0, Av = 1500 Ib (6.67 kN), Wv = 1 Hz (2 TI rad/s) and av = O. The

vertical forcing frequency is the same as the natural frequency of the

system.

As shown in Fig. 3.14, the response based on a horizontal force

only is represented by the solid line while the dashed line_represents

the response due to the addition of the vertical forcing function. All

loading on the mass is stopped at t = 6.0 sec. The horizontal forcing

frequency of 15 Hz results in the high frequency displacement as

indicated by the spikes in the curves during the loading time of

t = 0-6 sec.

With the vertical forcing frequency Wv the same as the natural

frequency Ps' there will be a downward vertical force when the hori­

zontal displacement is positive and an upward vertical force when the

horizontal displacement is negative. Two significant changes are noted

when including the vertical force. First, the downward vertical force

produces a somewhat larger response in the positive direction. Second,

an increase in the response period is realized over the 6.0 sec. of
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loading. The tendency for the downward force to increase the response

period and the upward force to decrease the response period is indi­

cated in the response curves.

When the phase angle av = 1800 (rr rad) a different response is

obtained. Figure 3.15 shows the comparison of the response with and

without the vertical sinusoidal load. The upward force results in a

reduced response in the positive horizontal direction while an increase

in response is realized in the negative direction.

As shown in Ref. 22 on dynamic instability, the horizontal dis­

placement may increase exponentially when the vertical forcing fre­

quency equals twice the natural frequency. This example will study

the influence of phase angle on the dynamic stability case. Let

Wv = 2 Hz (4rr rad/s), and a = ±90° (±rr/2 rad) and the other loading

information be the same as given for Fig. 3.15. Figure 3.16 reveals

that while the positive phase angle causes an increase in the response

frequency the negative phase angle causes a decrease in the response

frequency. The increase in the response frequency based on the

a =+90 0 (+rr/2 rad) results in the downward force of the verticalv
forcing function to be more effective in increasing the horizontal

response.

A third illustration will be used to show the effect of frequency

wand phase angle a of the vertical forcing function on the horizontalv v

response when the horizontal displacement is predominantly to one side

of its original position. This displacement history may be as a result

of a triangular impulse similar to the one shown in Fig. 2.15.

A triangular impulse load in the horizontal direction, having an

initial magnitude of Fs = 160 Ibs (711.7 N) and reducing to zero after



0
.1

2
5

-
N

o
V

er
ti

ca
l

L
o

ad
V

er
ti

ca
l

L
o

a
d

In
cl

u
d

ed
-

4

- -
o

E o

-
I

3

-I
-I

-1
-2

ri
2

,...
..

,
,

, , ,
1

I
\

I
,
/

~ -
--
-
-

-
-

-
-
-

J
-
-
-
-

~
,~

I

~
•

S(
,..

I
,

'
r"

,
•

,
I

I
I

I
t
:

\
I

I
I

:
,

•
I
'

II
r

,
I

I
"

.
'

1
,

I
r

I
I

I
•

,
.

'
I

I
"

I
I

~
~
:

:
:

:,
I·

I
:

I
I

I
(

:'
•

I
I

•
•

I
J

'
I

I
I

I
I

I
I

I
\~

\,
,
I

I
I
'

\
I

•
'
"

o

0
.0

5
0

0
.0

2
5

0
.0

7
5

0
.1

0
0

­c Q
) E G
) o o C
i-

0
.0

2
5

I-
en- -.... -

I
,,--

--
.
'
,

,
I

I
I

•
I

,
I

r
,

I
,

,
I
,

,
I

I
:

,
1

;
:

:
V

O
-
0
.
0
5
0
~

:
!
'

I
I

Fr
ee

~
-0

.0
2

5
:

V
ib

ra
tiO

"-
l-

3
o

_
N

_
5

-0
.1

0
0

l!-
_

_
_

.
-
L

-
-

-
-

::J
:

-

7
6

I
!

I
I

!
I

I
-0

.1
2

5
b

I
2

3
4

5
T

im
e

(s
ec

)
Fi

gu
re

3.
15

.
R

es
po

ns
e

o
f

S
in

gl
e

M
as

s
SU

bj
ec

te
d

to
S

in
us

oi
da

l
Lo

ad
s

in
th

e
H

or
iz

on
ta

l
an

d
V

er
ti

ca
l

D
ir

ec
ti

on
s

(a
v

F
0)

.;:
:.

'J



- E (
) -

-5

o515 1
0

I ,
;1

-
1

0
I

I ...

4

-
\ ,. , • • I

I
I

,
I

I
•

,
I

,
,

I
,

,
\

I

I
I

I
,

,
I

;
,

I
,

I
,

I
•

,
I

,
•

I
\

I
I

,
I

t- . I I • I
\

•
I I

I
.

I
,

I ..

3
2

!
I

I
I

I
"-

1
5

5

0
.5

0
.4

0
.3

- - -
0

.2
- -c:

0.
1

$ E G
)

(
)

0
0 Q

.
en C

-0
.1

-
O

ly
=+

TT
/2

~
-0

.2
t--

-
-
Q

y
=

-I
T

/2
c: 0 N 'i
:

-0
.3

0 z
-0

.4

-0
.5

0
T

im
e

(s
e

c
)

Fi
gu

re
3.

16
.

R
es

po
ns

e
of

S
in

gl
e

M
as

s
Su

bj
ec

te
d

to
Si

nu
so

id
al

Lo
ad

s
in

th
e

H
or

iz
on

ta
l

an
d

V
er

ti
ca

l
D

ir
ec

ti
on

s
(w

v
=

2P
n)

~ ex
>



49

6 seconds is used for this study. As indicated in Fig. 3.17, an

increase in the horizontal amplitude is realized when the vertical

frequency Wv = 1.0 Hz (2n rad/s). The response curve based on no

vertical force is indicated by a solid line. A corresponding decrease

in amplitude is realized when the vertical frequency Wv = 2.0 Hz

(4n rad/s). Whereas the critical forcing frequency in the vertical

direction for a symmetrical response is shown to be twice the natural

frequency, the critical forcing frequency for the unsymmetrical

response produced by the impulse load is equal to the natural frequency

of the mass. After the impulse of 6 seconds the response becomes

free vibration for which the vertical force having Wv = 2 Hz (4n rad/s)

will cause a dynamic instability behavior.

Figure 3.18 illustrates the effect of the phase angle Uv of the

vertical forcing function on the horizontal response. Again the

structural system is excited by the same horizontal and vertical loads

as given in the previous example. By introducing the phase angle

Uv = ±180° (±n rad), the amplitudes of the horizontal response become

less than that due to horizontal impulse only. An increase in the

amplitude of the vertical forcing function with the same phase angle

Uv = ±180° (±TI rad) results in a larger reduction in the amplitude

of the horizontal response. As shown in Fig. 3.18 an increase of the

vertical amplitude from 400 lb (1779 N) to 1200 lb (5338 N) results

in not only a reduction in the horizontal amplitude response but also

causes a change in the response frequency.
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IV. MATHEMATICAL FORMULATION OF A MULTI-DEGREE-OF-FREEDOM SYSTEM

The mathematical formulation of the motion equation of a multi­

degree-of-freedom system consists of generalizing the motion equation

for the single-degree-of-freedom system as performed previously in

Section III-A. The stiffness matrix of a typical member is given for

elastic, bilinear and elasto-plastic materials for which the reduction

of plastic moment is formulated from the current specifications of

AISC34 . Since energy absorption is included in this study, the formu­

lation of the input, stored and dissipated energy is developed. Other

considerations include the P-delta effect, interaction between hori-

zontal and vertical earthquake components, viscous damping, and ductility

and excursion ratios.

A. MOTION EQUATION

The general differential equation of motion for a multi-degree-of­

freedom system may be expressed as follows:

[M]{x} + [C]{x} + ([K] - [Ks]){X} = -[M]{x }g
(4.1)

where [M] = mass matrix (NPxNP),

[C] = damping coefficient matrix (NPxNP),

[K] = stiffness matrix (NPxNP),

[KsJ = geometric matrix (NPxNP),

{x} = acceleration vector (NPxl),

{x} = velocity vector (NPxl),

{x} = displacement vector (NPxl),

{xg} = ground acceleration vector (NPxl),
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NP = total number of degrees of freedom = NPR + NPV + NPH,

NPR = degrees of freedom in rotation,

NPV = degrees of freedom in vertical direction, and

NPH = degrees of freedom in horizontal direction.

The above motion equation in matrix form consists of the following

individual motion equations by row. The first NPR equations are the

motion equations applicable to the degrees of freedom in rotation.

Since rotational inertia forces are negligible, the first NPR rows of

matrices [M], [C], [Ks] and {xgl are zero. The next NPV rows are the

motion equations applicable to the degrees of freedom in the vertical

direction. The last NPH rows are corresponding to the degrees of

freedom in the horizontal direction. The acceleration, velocity and

displacement vectors of a structural system can be generally written

in the form:

angular acceleration, velocity and rotation of a
nodal point;

Xv' xv' x = vertical acceleration, velocity and displacement of
v a girder node; and

= horizontal acceleration, velocity and displacement
of a floor level.
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1. Incremental Form of Motion Equation. The incremental form of

the motion equation can be obtained by considering the motion equations

for time t and t + ~t. These are

Subtracting Eq. 4.2 from Eq. 4.3,

where {~x} = {x}t+~t - {x}t

{~x} = {x}t+~t - {x}t

{~x} = {x}t+~t - {x}t

{~F} = -[MJ{Xg}t+~t + [MJ{xg}t

Since [Ks]t = [Ks]t+~t + [KsJ t - [Ks]t+~t' and letting [~Ks] =

[Ks]t+~t - [Ks]t' Eq. 4.4 can be written

Matrix condensation is used to reduce the number of equations to the

number of vertical and horizontal degrees of freedom. Taking the

first NPR equations, those related to the rotational forces, incre-

mental rotations can be solved in terms of the incremental disp1ace-

ments of the system.
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where [Kll K12J are the first NPR rows of [K] related to moment­

rotation. Therefore,

(4.6)

Substituting Eq. 4.6 back into the last NPV + NPH equations of matrix

Eq. 4.5, the final incremental form becomes

(4.7)

where [K"]

Based on the initial values of acceleration, velocity and displacement,

a step-by-step numerical method discussed in Chapter V is used to

solve for the acceleration, velocity and displacement at the end of

each time increment during the action of the two components of an earth­

quake. Consequently, the end moments at each end of a member can then

be determined.

2. Mass Matrix. The mass matrix [M] in Eq. 4.7 is a diagonal

matrix with girder and floor masses on the diagonal. When a model
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without girder nodes is used, only the total mass for each floor is

contained in the mass matrix. When girder nodes are assumed, the first

Nf rows of the mass matrix will contain half of each floor mass on the

diagonal elements.

3. Damping Coefficient Matrix. The damping coefficient matrix

[C] in Eq. 4.7 is assumed linearly related to the mass and stiffness

t · 42 hma rlces so t at

[C] =a[M] + S[K] (4.8)

where a and S are constants depending on the type of damping used.

Letting A equal to the fraction of critical damping and p be the
n

estimated fundamental frequency of the structural system in radians per

second, the value for a and Bare given as follows:

1. Mass plus stiffness proportional damping

a = APn

B = A/Pn

2. Mass proportional damping

a = 2Apn
B = 0

3. Stiffness proportional damping

a = 0

(4.9a)

(4.9b)

(4.10a)

(4.10b)

(4.l1a)

(4.l1b)

The expressions for a and B are based on the uncoupled equations of

motion where displacements are expressed in terms of the normal modes

of the system.
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4. Geometric Stiffness Matrix. The geometric stiffness matrix

[Ks] used for the P-delta effect of a structural system may be derived

by generalizing the formulation obtained for a single-degree-of-freedom

system as

(4.12)

where {Fp} = horizontal force acting at floor levels 1 to Nf due to
the P-delta effect~

{xsl = horizontal floor displacements relative to the base~ and

(K
S
1+Ks2 ) -Ks2 0

-Ks2 (Ks2+Ks3 ) -Ks3

[K ] = (4.13)s

Ks(n-l) (Ks(n-l)+Ksn ) -Ksn
0 -K Ksn sn

The individual elements in Eq. 4.13 may be expressed as

where Fj = vertical loads on floor j~

L. = length of columns below floor i~ and
1

Nf = total number of floors also denoted by n.
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When considering horizontal plus vertical earthquake motions the

expression for Fj can be written in terms of the floor mass mj , the

vertical ground acceleration Yg and the acceleration of gravity g:

B. NONLINEAR RESPONSE

F. =m.(-y + g)
J J g

(4.14)

The nonlinear response of a multi-story frame is realized as soon

as a point in the frame reaches the yield moment My of its cross­

section. A yield zone then developes at the member section due to

plastification which is the gradual increase of yielding from the outer

fiber towards the neutral axis of the section due to an increase in

moment. The section of the member acts as if hinged yet is restrained

by the plastic moment Mp'

For this study an idealized elasto-plastic or bilinear moment-

rotation relationship is assumed. This simplification of the moment­

rotation relationship assumes the yield moment to be the same as the

plastic moment. The contalned plastic flow during p1astification as

indicated by the dashed lines of Fig. 4.1 is assumed to have a negli­

gible effect on the moment-rotation relationship assumed. The ratio

(shape factor) of the plastic moment M and the yield moment M forp y

wide flange sections ranges from 1.09 to 1.20 as determined from liS,

the plastic modulus divided by the section modulus of the member.

Thus the idealized moment-rotation relationship is based on an assumed

shape factor of 1.0.

For the study performed here the maximum moment a section can

carry will be based on the idealized moment-rotation relationship.
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Figure 4.1. Idealized Moment-Rotation Relationship



60

The moment will be indicated by Mp and will be designated as the

plastic moment of the member.

Once a member node becomes plastic the stiffness matrix of the

total frame must be modified before the response parameters for the

next time increment are calculated. The stiffness matrix must again

be modified as soon as one or more nodes become plastic or return to

their elastic range.

The formulation of the stiffness matrix for a typical member will

be derived in the following articles. The method of Giberson45 is

used to describe the nonlinear response mechanism and the resulting

formulation.

1. Mechanical Equivalent. The equivalent mechanical system for

a bilinear response of a typical member node is shown in Fig. 4.2. The

system consists of a variable force acting on two parallel components,

one containing a spring and the other a spring in series with a coulomb

slider. An elasto-plastic system can be realized by the removal of

the lower spring.

The total stiffness of a typical bilinear model consists of an

elasto-plastic component (spring plus slider) in parallel with an

elastic component (spring only). The moment-rotation (force-displace­

ment) relationships for each of the parallel components are shown in

Fig. 4.3. Variables included in parentheses in Fig. 4.1 and 4.3 apply

to the mechanical system.

The slope of the initial elastic portion of the elasto-p1astic

component is k1 while the slope of the elastic component is k2. There­

fore,

(4.15)
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where k is the elastic stiffness of the member. Let kl = qk and

k2 = pk, then the elastic stiffness may be expressed as

k = qk + pk = k(p + q) (4.16)

Therefore, p + q = 1.

2. Moment-Rotation Equations. Consider a typical member i shown

in Fig. 4.4a containing two possible bilinear hinges, one at each end.

The subscripts a (left) and b (right) are used for the member ends

(2i-l) and (2i), respectively. The elastic and elasto-plastic beam

components are shown in Figs. 4.4b and 4.4c, respectively. The incre­

mental end rotations of the elasto-plastic component of Fig. 4.4c may

be obtained as follows:

(4.l7a)

(4.17b)

where nwa, nw = incremental end rotation of central beam of elasto­
b plastic component,

naa , nab = incremental end rotation of a member, and

naa , na = incremental incurred plastic angle at the ends of
b elasto-plastic component.

The total incremental end moment values are the sum of the end moment

values of the beam components.

(4.1Ba)

(4.1Bb)
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End 2i
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Figure 4.4. Two Component Model of Inelastic Member
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where ~Ma' ~Mb = incremental bending moments at ends a and b,

~Mla' ~lb = incremental bending moments at the ends of the
elasto-plastic component, and

= incremental bending moments at the ends of the
elastic component.

The change in end moments over a time increment ~t can be expressed

in terms of the change in member end rotations based on the state of

yield for the member during the time increment. Note that either

~wa' ~wb or ~aa' ~ab in Eqs. 4.17 will be zero depending on whether or

not the member node is in the plastic range. In Eqs. 4.18, ~Mla and

~Mlb will become zero once the node has become plastic. These and

other incremental conditions can be realized when one looks at the

four possible states of yield for a typical member.

a. Both ends a and b are in the elastic range:

b. End a is in plastic range, end b is in elastic range:

c. End a is in the elastic range, end b is in the plastic range:

d. Both ends a and b are in the plastic range:

~w = 0a

tow = 0b
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The fundamental moment-rotation equations in incremental form are

derived from the slope-deflection relationships for the components.

For the elasto-plastic component in the elastic range,

(4.19)

(4.20)

and for the elastic component,

(4.21)

(4.22)

Substituting Eqs. 4.17 into Eqs. 4.19 and 4.20 yields the incremental

moments of the elasto-plastic component in terms of the incremental

end rotations and plastic angles. The total incremental end moments

are obtained from Eqs. 4.18 as follows:

(4.23a)

(4.23b)

The above incremental end moments can be expressed in terms of the

incremental end rotations alone for the different states of yield. The

resulting M-8 relationships in incremental form are given as follows:
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a. Both ends a and b are in the elastic range:

(4.24a)

(4.24b)

b. End a is in plastic range~ end b in elastic range:

(4.25a)

(4.25b)

c. End a is in elastic range~ end b in plastic range:

(4.26a)

(4.26b)

d. Both ends a and b are in the plastic range:

(4.27a)

(4.27b)

Using Eqs. 4.24 through 4.27, the incremental rotations can be

expressed in terms of the incremental moments for each of the four

states of stress. These relationships are used later in the determina­

tion of energy absorption as well as ductility ratio.



67

a. Both ends a and b are in the elastic range:

(4.28a)

(4.28b)

b. End a is in the plastic range, end b in the elastic range:

(4.29a)

(4.29b)

c. End a is in the elastic range, end b in the plastic range:

(4.30a)

(4.30b)

d. Both ends a and b are in the plastic range:

(4.3la)

(4.3lb)

3. Stiffness of a Member. The derivation of the stiffness of a

member is derived here for each of the four states of yield as discussed

in the previous section. Let the force-deformation relationships of a

typical member be shown in Fig. 4.5. Using the slope-deflection theory
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will then yield the following incremental moment equations associated

with the elastic state of yield:

~M : 4EI(~e + ~e ) - 6EI(AU + ~u )
a La 2b 7 a b (4.32a)

(4.32b)

(4.32c)

(4.32d)

The above equations can also be obtained from the two component members

of Fig. 4.4. For the elastic state of yield, aa = ab = 0, and since

p + q = 1, the sum of the end forces of the two components will give

the same results as shown in Eq. 4.32. Setting a =4EI/L, b = 2EI/L,

c = 6EI/L2 and d = l2EI/L3, the stiffness matrix of a member for the

elastic state of yield will be:

AMa a b -c -c Aea

AMb a -c -c Ae b= (4.33)
AVa d d AUasymm.
AVb d ~ub
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When either one or both ends of a member become plastic, modifi­

cation of the member stiffness is necessary. Assuming the left end

of the member i becomes plastic, the total incremental forces at each

end of the member are obtained from the two component members shown

in Fig. 4.4. The incremental moment at end a may be expressed as

(4.34)

The incremental moments ~Mla and ~M2a refer to the elasto-plastic and

elastic components, respectively. Slope-deflection theory is used to

derive the incremental moment equations based on the elastic stiffness

of each of the components as shown in Fig. 4.3. Therefore,

For this state of yield,

~M = 0la

(4.35a)

(4.35b)

(4.35c)
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Using 6M1a = 0 yields

from which

(4.36)

Substituting Eqs. 4.35c and 4.36 into Eq. 4.34 gives the resulting

moment equation:

(4.37)

The incremental moment at right end b may be similarly obtained

as:

where bM = q3EI~e - q3EI(bU + bu )
lb L b ~ a b

bM = p4EI(~e + be ) - p6E~(bU + bu )
2b L 2 a b Lab

Finally, Eq. 4.38 becomes

(4.38)

(4.39)
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The incremental shear at end a is

~v = p-6~I(~e 1+ ~e ) + p12§I(~u + ~u )
2a Lab Lab

Combining the above equations yields the results of Eq. 4.40 as

~v =-~e - (p6E~ + q3EI)~e + (p12§I + q9E~)(~u + ~u )
a r L~- a L L2 b L Lab

For the right end b, the shear in incremental form is

(4.40)

(4.41)

(4.42)

where ~Vlb = ~Vla and ~V2b = ~V2a as shown in Eq. 4.40. Consequently,

the final result of Eq. 4.42 becomes

~V =-~e - (p6E~ + q3EI)~e + (p12§I + q9E§)(~u + ~u )
b ,... L~- a L ? b L Lab

(4.43)



Setting e = 3EI/L, f = 3EI/L2 and g = 3EI/L3, the member stiffness

can be generated from Eqs. 4.37, 4.39, 4.41 and 4.43 as follows:

73

flMa pa pb -pc -pc flea

flMb pa+qe -pc-qf -pc-qf flO b (4.44)=
6.Va pd+qg pd+qg flUasymm.
flV b pd+qg flub

The stiffness matrix of a member with end b plastic and end a

elastic can be similarly obtained as:

flMa pa+qe pb -pc-qf -pc-qf flOa
flMb pa -pc -pc fl8 b
flV = pd+qg pd+qg (4.45)flua sylTlT1. a
flV b pd+qg flub

When both ends become plastic, only the elastic component is

considered and the stiffness of the member will be:

flM a b -c -c fl8aa
l'lMb a -c -c fl8 b= P (4.46)
flVa d d 6.u

symm. a
flV b d flUb)
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4. Total Stiffness of a Structure. The total stiffness matrix

[K] for a structure containing plastic hinges is formulated in the

same manner as one containing no plastic hinges. 44

[K] = [A][S][A]T

where [A] = static equilibrium matrix

[S] = stiffness matrix of all members

(4.47)

Generation of [K] is accomplished by the computer program without

generating the [S] matrix. The member lengths, moment of inertia of

their cross-sections and the elastic modulus of the structure in

conjunction with the static equilibrium matrix [A] are used to cal­

culate the elements in [K] based on the four states of stress discussed

in the previous article. The matrix [A] can be generated in the

program by providing a limited amount of input data.

C. REDUCTION OF ALLOWABLE MOMENT IN COLUMNS

Due to the static and dynamic loads applied to a structure as

produced by the weight of the structure and earthquake loading, respec­

tively, the axial load in the columns of that structure may be such as

to reduce the moment carrying capacity of these members. The inter­

action formulas of AISC34 , used for plastic design of members having

combined bending and axial 10ads,26 are used here to formulate a

reduction factor for the M values of each column when warranted by
p

the magnitude of the axial load. The interaction formulas are given

as follows:
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P
(M < M 'V- > 0.15)

p y

(4.48)

(4.49)

where P = axial load in column, kips;

P = 1.7AF ;cr a
F = allowable axial stress, ksi;a

A = gross area of cross section, in~;

M= M = permissible moment based on axial plus bending loads,
pc k-ft;

Pe = 1. 92AF~ ;

F~ = n2EK1[1.92(Ktb/rb)2];

t b = actual unbraced length in the plane of bending, in.;

r b = radius of gyration in the plane of bending;

K = effective length factor in plane of bending;

K1 = earthquake and wind factor = 4/3;

E = modulus of elasticity, ksi;

c = coefficient depending on whether braced or unbraced and
m whether moment is caused by applied end moments or trans­

verse loading;

M= applied moment, k-ft;

M = M •m p'

P = F A' andy y'

Fy =yield stress of material, ksi
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Assuming all columns are braced in the weak direction results in

the above equation for Mm. To be conservative in the determination of

the Mp reduction factor, the values cm = 0.85 and K= 1.0 are assumed.

Based on the above interaction formulas and the assumed conditions

of a member the following equations are derived for determining the

required reduction factor for Mp due to large axial compressive loads:

MpC -- P1.18(1 - p)
Mp Y

P(p > 0.15)
y

(4.50)

(4.5l)

The smaller of the two reduction factors that is less than 1.0

is used in determining the reduced moment capacity.

D. ENERGY

There are two reasons for the formulation of energy. First, the

overall behavior of a structure can be determined using energy concepts.

This will indicate the ability of that structure to successfully respond

to a particular earthquake motion. If a structure is able to store

the total input energy as the result of an earthquake in the form of

elastic strain energy, the integrity of the structure is greater than

that for which part of the input energy must be dissipated by strain

energy as a result of permanent set. Also, the integrity of one struc­

turewould be greater than another if it were necessary to dissipate

less strain energy for the one structure when both are subjected to the

same earthquake motion.
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The second reason for the formulation of energy is to provide a

means of checking the accuracy of the step-by-step integration tech­

nique used. The law for the conservation of energy states in equation

form

(4.52)

where Ei = total input energy up to a certain time,

Es = total stored energy in the form of kinetic energy and
elastic strain energy at that time,

Ed = total dissipated energy in the form of strain energy due
to permanent set and energy dissipated due to damping up
to that time.

The above energy terms are formulated in the following articles.

1. Input Energy. The total input energy of a structure at the

end of a time increment as a result of support motion in both the

horizontal and vertical direction is obtained by summing the following

terms.

(1) the product of the average horizontal column shears, Vave '

and the incremental horizontal ground displacements, 6Xg,

(2) the product of the average vertical column reactions, Ryave '

and the incremental vertical ground displacements, 6Yg, and

(3) the product of the average horizontal force, {Fp}' for each

floor due to the P-delta effect and the corresponding incre­

mental values of the absolute horizontal floor displacements,

{6Xs}ab·

In equation form, the input energy at the end of a time increment is
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(4.53)

where {Fp} is given in Eq. 4.12 and

2. Stored Energy Due to Elastic Strain. The amount of elastic

strain energy stored in a structure is the sum of the elastic strain

energy for each member. Since only bending deformations are considered,

the elastic strain energy must only be based on bending. The formula­

tion of the elastic strain energy for a typical member can either be

found from the basic equation of virtual work33 or from the moment­

rotation curve for each end of the members. Both derivations will be

shown here for justification of the use of the moment-rotation rela-

tionships when considering a bilinear response.

The basic equation for the elastic strain energy in a member due

to bending only is

(4.54)

For a typical member i the moment varies linearly across the length

of the member as shown in Fig. 4.6. The equation for the moment in

member i can be written in terms of x, the distance from the left end.
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Figure 4.6. Member Moment Diagram



80

(4.55)

Substitution of the expression for M.) Eq. 4.55) into Eq. 4.54 and
1

then performing the integration yields the following equation for the

elastic strain energy in member i:

(4.56)

The same expression for the elastic strain energy due to bending

can be obtained from the moment-rotation curve for each end of member

i. The total elastic strain energy for member i is the work produced

by the end-moments going through their corresponding end rotations.

This is equivalent to the area under the moment-rotation curve for

each end of member i.

(4.57)

The end moments in terms of rotations are known from slope-deflection

equations as

4EI. 2EI.
M2i - l =~ 82i - l +~ 82i

1 1

2EI. 4EI.
M - 1 e + 1 e2i - -L-.- 2i-l ~ 2i

1 1

(4.58a)

(4.58b)
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Solving for rotations in terms of moment, Eqs. 4.58 can be written

L.
e2i -1 = 6E~.[2M2i-l - M2i J (4.59a)

1

L.
82i

. 1 [ + 2M2i _1J (4.59b)= 6EI. -M2i - l
1

Substitution of Eqs. 4.59 into Eq. 4.57 results in the Eq. 4.56, the

same equation found based on the basic equation for elastic strain

energy due to bending.

The total elastic strain energy for the structure is the sum of

the elastic strain energies for all the members.

(4.60)

Since a step-by-step integration method is used, the incremental

form for the elastic strain energy is necessary. This formulation is

derived from the moment-rotation curve as shown in Fig. 4.7. The

change in elastic strain energy of a member over a time increment 6t

is the area under the moment-rotation curve for each end of the member

when the node at that end is in the elastic range. In equation form

this is

(4.61)
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where (M2i - l )ave = [(M2i - l )t + (M2i-l)t+6tJ/2

(M2i )ave = [(M2i )t + (M2i )t+6t]/2

= (L/6EI)i[26M2i _l - 6M2i ]

= (L/6EI).[-~M2· 1 + 2~M2']
1 1- 1

The total increment of the elastic strain energy for the structure is

the sum of the elastic strain energies for all the members.

N

6Ees = i~1[(M2i-l)ave6e2i-l + (M2i)ave~e2i] (4.62)

3. Kinetic Energy. Kinetic energy is stored in the multi-story

structure by virtue of the velocities of the lumped masses as a result

of the ground motion. The general equation for kinetic energy of a

mass m having a velocity v may be derived a5 32

k · t' 1 21ne 1C energy = 2 mv (4.63)

When dealing with both horizontal and vertical ground motion, the two

components of kinetic energy are obtained in the following form:

N
f

N

Ek = 21 I m.(~ . + * )2 +! r
m
mk(~ k + J )2

j=l J SJ g k=l v g
(4.64)
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where Nf = number of floors,

N = number of lumped masses,m

m. =mass of jth floor,
J

mk = lumped mass k,

x . = velocity in horizontal direction relative to base of mass
SJ at floor level j,

x = horizontal velocity of ground due to earthquake,g
xVk = vertical velocity of mass k relative to the ground, and

5'g = vertical velocity of ground due to earthquake.

4. Dissipated Energy Due to Damping. The equation for the

dissipated energy due to damping is found from the work produced by

the damping force going through the relative displacement of the mass.

For a one-degree-of-freedom system the damping force equals the damping

coefficient times the velocity of the mass. Therefore, the incremental

work dissipated due to damping is

= CX du = Cx (x + x ) dts ssg

and

Wd = eft x (x + x ) dt
ass g

which is the total energy dissipated by damping up to time t.

(4.65a)

(4.65b)
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When using the incremental approach for the analysis of multi­

story structures, the equation for the dissipated energy of a frame

due to damping will be:

(4.66)

where [C] = damping coefficient matrix,

{x}ave = average relative velocity vector over ~t for each transla­
tion degree of freedom,

{ns}ave = average absolute velocity over ~t for each translation
degree of freedom, and

~t = time increment.

5. Dissipated Energy Due to Plastic Rotation. Energy is also

allowed to dissipate due to the permanent set caused by the plastic

rotation. The amount of energy dissipated for a member node due to

this mechanism is found from the moment-rotation curve as shown in

Fig. 4.8. For the elasto-plastic condition in Fig. 4.8a the dissipated

strain energy during a half cycle of rotation is equal to the area

under the curve OABC. Using the step-by-step method of analysis, this

is equivalent to

N~t
Eds = I M~e.

i=l p 1
(4.67)

where N~t = number of time increments in which the node of a member is
in plastic range,

Mp = plastic moment, and

~e. = end rotation during time increment i.
1
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Figure 4.8. Inelastic Moment-Rotation Relationship
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When considering a bilinear response, the dissipated strain energy

during a half cycle is equal to the area under the curve OABC of

Fig. 4.8b which can be expressed in the following form:

where N6t =

N6t
= L M .68.(1 - p)

i=l ave, ,

number of time increments in which a joint is in the
bilinear range,

M . = average end moment during time increment i,ave,
68. = end rotation during time increment i, and,

p = k2/k = strain hardening ratio.

(4.68)

Note, the above equation reduces to the equation for the dissipated

strain energy in a elasto-plastic response when p = a as given in

Eq. 4.67.

The above equations for the dissipated strain energy Eds (Eqs. 4.67

and 4.68) apply to one node of a member. To obtain the total dissipated

strain energy of a frame due to strain hardening, the equations are

applied to each node of all the constituent members.

6. Elastic Strain Energy For Bilinear Response. The total

elastic strain energy during a half cycle of rotation for a member

node having bilinear response characteristics is found from the area

BCC' of Fig. 4.8b. Introducing a new term, the bilinear strain energy,

Eb~' defined by area OABCI of Fig. 4.8b, the elastic strain energy

during a half cycle of rotation is
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(4.69)

in which Eb~ is the total strain energy, stored plus dissipated,

during the response of a structure due to e~rthquake loading. Note,

the above equation also applies to the elasto-plastic response of a

joint as shown in Fig. 4.8a.

E. DUCTILITY AND EXCURSION RATIO

Three definitions of the ductility ratio for determining the

ductility requirement of earthquake structures are formulated in this

section. The corresponding excursion ratio is also formulated to

indicate the total plastic rotation or dissipated energy of each node

of structural members during the loading process.

The three definitions of the ductility ratio are based on sym-

metrical bending, curvature and strain energy; the ductility ratio

based on strain energy seems to have certain advantages for the two-

dimensional loading. A numerical comparison using the above three

definitions of the ductility ratio and corresponding excursion ratio

is made in Section VII-C.

1. Ductility Ratio Based on Symmetrical Bending. The traditional

definition45 ,29 of the ductility ratio ~l is based on symmetrical

bending of a structural member. The half cycle of the moment-rotation

curve for either end of such a member is shown in Fig. 4.9 based on a

bilinear material response. Both ends of the member become plastic

when the end moment reaches the plastic moment, Mp. The ductility

ratio based on symmetrical bending ;s defined as the maximum absolute

nodal rotation 181max divided by the yield rotation 8y. Using the
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Figure 4.9. Moment-Rotation, Ductility Based
on Symmetrical Bending



90

notation of Fig. 4.8, ~l can be written as

+fLey
(4.70)

where a = plastic rotation. Since the yield rotation is based on

symmetrical bending, it can be expressed as e = ML/6EI, where L isy p

the length of the member and EI is the member's flexural rigidity.

The excursion ratio E l corresponding to the ductility ratio can

be defined as the total plastic rotation of a node of a member divided

by the yield rotation of the joint. Thus

N
]J a·

= I -'El . 1 e
1= y

where N = total number of times the node becomes plastic,
~

a. = plastic rotation of the node during a half cycle of
, rotation i, and

ey = yield rotation of symmetric bending.

(4.71)

In terms of the ductility ratios the excursion ratio can be written as

where ~li is the ductility ratio for the half cycle plastic rotation i.
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When considering a typical moment-resisting frame subjected to

both horizontal and vertical components of an earthquake, symmetrical

bending is seldom present in any of the members. Therefore, the use

of the yield moment rotation based on symmetrical bending would only

normalize the total nodal rotation. An adequate indication of the

ductility requirement of the members would only be obtained if all

members had the same end moment relationship.

The yield rotation for a typical member is a function of its

yield moment, stiffness properties, and the moment conditions at the

opposite end of the member. The general equation for the yield

rotation can be written as e = CM L/EI, where C is the coefficienty p

based on the moment condition at the opposite end of the member.

Table 4.1 lists the value of C based on selected end moment conditions

for the opposite end.

Table 4.1. Value of C in By = CMpL/EI Based on Different
Conditions of Opposite End of a Member

Moment at Opposite End
(clockwise positive) Value of C

1/6

1/4

1/3

5/12

1/2
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The coefficient C has a minimum value based on symmetrical bending.

Therefore, the use of the equation for 8y based on symmetrical bending

will result in larger ductility and excursion ratio values for members

not subjected to symmetrical bending.

2. Ductility Ratio Based On Curvature. The second definition of

the ductility ratio is based on curvature. l ,3 The ductility requirement

is defined in terms of Fig. 4.10 as follows:

(4.73)

where ~ = maximum curvature,max
~ = curvature at yield, andy

~ = plastic curvature.
o

For members which contain symmetrical bending this equation for ~2 is

the same as for ~l'

For bilinear systems this ratio can be expressed in terms of the

moment value of Fig. 4.10 as follows:

M - M
~ = 1 + max p
2 pMp

where Mmax = maximum moment at the end of a member,

M = plastic moment of the member, and
p
p = rate of strain hardening_

(4.74)
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Figure 4.10. Moment-Rotation, Ductility
Based on Curvature
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The excursion ratio E2 corresponding to the ductility ratio based

on curvature can be defined as

(4.75)

where N = total number of time the node of a member becomes plastic,
~

~2i = ductility ratio for the half cycle plastic rotation i.

The excursion ratio can also be expressed in terms of bending moment

or ductility ratio as:

E =2 (4.76)

A couple of advantages of the second definition for ductility over

the first can be noted. First, as mentioned above, the ductility

requirements based on curvature are applicable to nonsymmetrically

loaded members as well as ones loaded symmetrically. Also, when

analyzing bilinear systems, both the ductility and excursion ratios

using the second definition can be determined from calculated end-

moments.

3. Consideration of Stress Reversal. Before going to the third

definition of ductility, consideration will be made of the reversal of

the stress field occurring in flexural members as related to the

ductility ratio. When a member has a stress reversal, the Bauschinger

effect35 is present. This consists of the effect of straining a
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material in tension beyond its yield point and then reversing the load

to obtain a lower yield point in compression than would be obtained if

not initially placed in tension. This reduction is the result of

residual stresses left in the material due to the tensile deformations.

The Bauschinger effect is applicable to flexural members due to the

stress reversals present above and below the neutral axis of the

member cross-section.

There are several methods one can use to take into consideration

the Bauschinger effect. The method used here and by most investigators

consists of limiting the stress range or the elastic unloading range

to 2M. This causes the total elastic range of the material to remainp

constant. Figure 4.11 illustrates this method as applied to bilinear

systems. A constant 2M is present in elasto-plastic systems byp

virtue of no strain hardening.

There are some questions as to the adaptability of the first two

definitions of the ductility ratio when the stress range of 2M is
p

used for bilinear systems. Figure 4.11 illustrates a situation which

may result in a misleading ductility ratio. In this situation the

first bilinear half cycle of rotation results in a large amount of

plastic rotation. With a 2Mp stress range, the second half cycle of

rotation will have a low absolute magnitude for Mp; a corresponding

low value for 8y will result. Even though the amount of plastic

rotation during the second half cycle of rotation is less than the

first, a larger ductility ratio will result in misleading values for

both half cycles of rotation.

The third definition of the ductility ratio is presented in an

attempt to obtain a more adequate measure of the ductility requirement
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of a structure when considering stress reversals as well as both

horizontal and vertical earthquake components.

4. Ductility Ratio Based on Energy. So that an adequate deter­

mination can be made of the ductility requirement of a structure, the

definition for the ductility ratio should apply for all member end

conditions and loading conditions. The ductility ratio should reflect

the maximum necessary plastic rotation which a member must withstand

as related to its yield condition. The yield condition isa function

of the end condition of the member at the time of the plastic rotation.

When plastic rotation of the end of a member occurs, energy is

dissipated in the form of strain energy. For an elasto-plastic system

the amount of strain energy,dissipated during the plastic rotation is

directly proportional to the amount of rotation. This relationship

between plastic rotation and dissipated strain energy provides ways

of formulating the ductility ratio based on dissipated strain energy.

This third definition of ductility ratio can be stated as the ratio

of the dissipated strain energy of a member end to the total elastic

strain energy in the member plus one as

]J3 = (4.77)

where Eds = dissipated strain energy of a member end during half cycle
of joint rotation as shown in Fig. 4.12, and

= total elastic strain energy in the member under
consideration.
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This third definition is similar to the previous definitions in

that the ductility ratio is greater than one when plastic rotation

occurs. Also, since the dissipated strain energy is related to the

plastic rotation, any increase in the plastic rotation results in an

increase in the dissipated strain energy and a corresponding increase

in the ductility ratio. The total elastic strain energy in a member

is a function of the work produced by the end moments going through

the end rotations while in the elastic range. The elastic strain

energy of the total member is used so that the yield condition of the

member end in question is based on the end conditions of both ends of

the member. The elastic strain energy stored in a member by its end

moments is independent of the manner in which the end moments are

reached. Therefore, the above definition of ductility ratio is

especially applicable to structures excited by both horizontal and

vertical earthquake components where a nonlinear relationship of

end-moment and rotation is present.

A typical example of the moment-rotation curve for a joint in a

structure excited by both horizontal and vertical ground motions is

shown in Fig. 4.13. The single-bay frame contains a node at the

center of the girder where half of the total girder mass is assumed

concentrated. The nonlinearity of the response curve is the result of

the vertical component of the ground motion acting on the mass at the

center of the girder.

The maximum deviation a moment-rotation can have from the usual

linear relationship is shown in Fig. 4.14 for an elasto-plastic system.

Parallelogram ABeD establishes the boundary to be discussed. Lines

OA and OB illustrate the linear paths for a member under symmetrical
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Figure 4.14. Moment-Rotation Boundary for One End of a Member
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bending and pure bending, respectively. Lines DC and OD correspond

to the negative paths of the same two bending conditions. Curve OG

represents a typical curve comparable to the curve in Fig. 4.13 where

the moment-rotation relationship is nonlinear.

An example will be shown to illustrate that the elastic strain

energy in a member is independent of the manner in which the final

end moments are obtained. Assume the final bending condition of a

beam consists of symmetrical bending with an end moment of Mp as

indicated by point A of Fig. 4.14. This condition is assumed to be

reached by two different ways. First, let the member bending condition

be reached by symmetrical bending from the unloaded to loaded condition.

The moment-rotation curve for each end of the member for this way of

loading will be path OA of Fig. 4.14. Second, the moment at the right

end of the member is decreased to a negative M value while no momentp

is applied to the left end; a rotation of -M L/3EI and -M L/6EI will
p p

result at the right and left ends of the member, respectively. Now

with the simultaneous application of increasing moments of M and 2Mp p

to the left and right ends of the member, respectively, the final

symmetrical bending case is realized. The moment-rotation paths are

also shown in Fig. 4.14. Dashed line OEA represents the left end

while dashed line OHA represents the right end of the member.

The resulting elastic strain energy for each of the ways of

increasing to the final symmetrical bending are found from the area

under the moment-rotation curves. These areas are shown in Fig. 4.15

for the second approach to the symmetrical bending condition.
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(l) Symmetrical increase in end moments

(2) Unsymmetrical increase in end moments

Therefore, Eesl = Ees2 ' which i11ustrates that the elastic strain

energy in a member is independent of the manner in which the final

end moments are obtained. Apparently, the nonlinearity of the moment­

rotation curves, when considering both horizontal and vertical earth­

quake components in conjunction with girder nodes, does not invalidate

the third definition of the ductility ratio.

The advantages of the third definition for ductility ratio based

on energy can be stated as follows:

1. Definition is general and applies to nonsYmmetrical bending.

2. Definition is independent of the moment-curvature relationship

assumed. Elasto-plastic, bilinear as well as the Ramberg­

Osgood30 relationships can be used.

3. Definition is more adaptable when considering a bilinear

response with a 2M elastic stress range.p

4. No problem results when moment-rotation relationship is non-

linear due to inclusion of the vertical earthquake motion.
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5. Dissipated and elastic energy values used in definition are

easily determined from the area under the M-e curve for the

step-by-step method of analysis.

6. Definition is proportional to the energy dissipated in a

node of a member due to plastic rotation.

The only disadvantage to the third definition of the ductility

ratio is that the actual nodal rotation in the plastic range cannot be

found directly from the ductility ratio for an elasto-plastic or

bilinear response.

The excursion ratio based on the third definition for the duc-

ti1ity ratio is given below which indicates the total amount of energy

that is dissipated in a node of a member due to plastic rotation:

N
= ~ Edsj =

E3 I E .
j=l tesJ

N

I~ (~3.J· - 1)
j=l

(4.78)

where N = total number of times joint becomes plastic during earth­
~ quake excitation,

= ductility ratio during half cycle j,

= dissipated strain energy during half cycle j, and

= total elastic strain energy in member while end-moment is
maximum during half cycle j.

Section VII-C will shown numerical comparisons of the ductility

and excursion ratios based on the above definitions.
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V. NUMERICAL METHODS OF INTEGRATION OF INCREMENTAL MOTION EQUATION

Different techniques are available for the step-by-step integra­

tion of the motion equation as formulated in Chapter IV (Eqs. 4.7).

These methods are utilized to solve some typical problems to verify

adequacy and possible running errors of the computer program. Also,

the stability of the solution as well as its accuracy are considered.

A. NEWMARK BETA METHOD

The main technique used here for the step-by-step integration of

the motion equation is Newmark's method. 36 The velocity and displace­

ment at the end of any time increment is expressed in terms of the

displacement, velocity and acceleration at the beginning of the time

increment. The change in the acceleration during the time increment

~t can be assumed to have different forms of variation as determined

by the coefficient S. The Newmark equations are as follows:

where Xt+~t' Xt+~t' Xt+~t = acceleration, velocity and displacement
at the end of time increment 6t,

Xt , xt ' xt = acceleration, velocity and displacement at
the beginning of time increment ~t, and

S = coefficient controlling the change in
acceleration over the time increment ~t.
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A value of B =1/6 was found to provide the best accuracy in the

solution based on the earthquake loading. This value for 6 corresponds

to assuming a linear variation in the acceleration over the time

period ~t.

The incremental form for the velocity and acceleration for a time

period ~t are derived from Eqs. 5.1 and 5.2.

(5.3)

(5.4)

The above incremental velocity and acceleration, Eqs. 5.3 and

5.4, are substituted into the generalized motion matrix equation given

by Eq. 4.7. This results in a system of simultaneous equations con­

taining {6X} as the only unknown term. In equation form,

(5.5)



where [K*]

{fiR}

= 1 [M] + 1 [C] + [K"J
B(6t)2 2B(At)

= {flF} + [flKsJ{X}t - [M]{A} - [CJ{B}
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The corresponding change in velocity and acceleration for each

mass can be found from Eqs. 5.3 and 5.4, respectively.

The Newmark Beta method of step-by-step integration provides an

adequate integration technique when dealing with constant interval

lengths of time. The value of B can be changed to increase the accuracy

for any given loading and initial value conditions.

The stability limit derived by Newmark36 is the largest value of

(flt)/T as based on S resulting in a stable solution. An unstable

solution results in oscillations without bounds and does not agree at

all with the exact solution. For a B of 1/6 the stability limit is

0.551. This limit corresponds to a natural period of T = 0.01815 sec

and a time interval of At = 0.01 sec. Therefore, mode and forcing

frequencies of 1/0.01815 = 55.1 Hz or greater may cause instability in

the solution in the form of spurious increasing oscillations in the

response output.

The principle of the conservation of energy as discussed in

Section IV-D is used to indicate the degree to which the instability

condition occurs as well as the amount of roundoff errors introduced

in the integration process. Based on the principle of the conservation

of energy the total input energy equals the stored energy in the

structure plus the dissipated energy as given in Eq. 4.52. The
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accuracy of the integration process is indicated by the percent error

based on the following equation.

(5.6)

where E. = total input energy up to time t,
1

Es = total stored energy in the form of kinetic energy and
elastic strain energy at time t, and

Ed = total dissipated energy in the form of strain energy due to
permanent set and energy dissipated due to damping to the
time t.

B. FOURTH-ORDER RUNGE-KUTTA

The quartic Runge-Kutta method for the step-by-step integration

of the motion equation is used in the early stages of this research to

verify the numerical solution by the Newmark Beta method. This

Runge-Kutta method is based on a Taylor's expansion truncated after

terms of the fourth order. Therefore, the per-step integration error

is ~t5, since the terms containing ~t5 and higher are neglected in the

quartic formulation. The necessary equations of numerical integration

when using this method are as follows for a single-degree-of-freedom

system:

~t+~t = xt + (A + 2B + 2D + E)/6

(5.7)

(5.8)

(5.9)



where A = (At}m-l[Ft - (K - Ks}xt - CXt]'

B = (At}m-l[Ft+At/2 - (K - Ks}(xt + (At}xt /2)

- C(x
t

+ A/2)],

D = (At)m-l[Ft+At/2 - (K - Ks}(xt + (At}x t /2
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+ (At}A/4) - C(Xt + B/2)],

E = (At}m-l[Ft+At - (K - Ks)(xt + (At)Xt + (At}B/2)

- C(X t + D)],

Xt+At , xt+At ' Xt+At = acceleration, velocity and displacement at the
end of the time increment At,

Xt , Xt ' Xt = acceleration, velocity and displacement at the
beginning of the time period At,

m = mass,

K = stiffness,

Ks = geometric stiffness,

C = damping coefficient, and

Ft , Ft+At/ 2, Ft+At = forcing function for the beginning, middle and
end of time increment At.

The generalized matrix form of the above Runge-Kutta equations

are used for multiple-degree-of-freedom systems. Expressing Eqs.

5.7-5.9 in matrix form yields

{X}t+At = {x}t + (At){X}t + (At}({A} + {B} + {D}}/6 (5.10)
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where {A} = (~t)[MJ-l({F}t - ([K] - [KS]){X}t

- [C]{x}t)'

{B}= (~t)[Mrl({F}t+~t/2 - ([K] - [KsJH{x}t

+ (~t){x}t/2) - [C]({x}t + {A}/2)),

{D} = (~t)[MJ-l({F}t+~t/2 - ([K] - [Ks])({X}t

+ (~t){x}t/2 + (~t){A}/4)

- [C]({x}t + {B}/2)),

{E}= (~t)[M]-l({F}t+~t - ([K] - [KS])({X}t

+ (~t){x}t + (~t){B}/2)

- [C]({X}t + {D})),

{X}t+~t' {~}t+~t' {X}t+~t = acceleration, velocity and displacement
vectors at the end of time increment ~t,

{~}t' {~}t' {x}t = acceleration, velocity and displacement
vectors at the beginning of time increment
~t,

[M] =mass matrix,

[K] = stiffness matrix of system,

[Ks] = geometric stiffness matrix of system,
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[C] = damping coefficient matrix, and

{F}t' {F}t+~t/2' {F}t+~t = f~rcing function ve~tor.for the beginning,
mlddle and end of tlme lncrement ~t.

Knowing the magnitudes of the displacement, velocity and accelera­

tion at the beginning of a time increment, the corresponding magnitudes

at the end of the time increment are found from the above equations.

When considering earthquake loading, the forcing function vector will

consist of the inertia forces for each mass in the system as:

(5.13)

where {F}t = forcing function vector at time t,

[M] =mass matrix, and

{Xg}t = ground acceleration vector at time t.

Linear interpolation is used to determine the forcing function

at the middle of a time increment.

The fourth-order Runge-Kutta method has been proved as a powerful

numerical method for earthquake analysis in Cheng's previous work22 ,13

and is used in this research for checking the accuracy of other

numerical techniques.

C. WILSON'S e-METHOD

The third step-by-step integration method considered in this

study is Wilson's e-Method?'? This method of integration provides

a means of eliminating the response to the higher modes as well as

producing an unconditionally stable solution. An unconditionally
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stable solution is one which is bounded for any time increment ~t.

By eliminating the higher mode responses where the (~t)/T. values are
1

large, (~t/T. > 0.01), the initial values at each time interval will
1

not have excessive errors and then cause inaccurate integration of

the response in the lower modes. The term T. is the period of mode i.
1

The advantage of this method is that one may use a larger ~t value

and still provide for an unconditionally stable solution. The decision

as to what ~t value will then be based on the degree of accuracy

desired without having to consider stability. Using this method,

consideration only of the natural frequencies of the structure and

the applied forcing frequencies is needed in determining the most

desirable ~t value. Since the higher modes contribute to a lesser

degree to the total response, the elimination of these higher modes

may not jeopardize the accuracy of the total response and still

provide for the desirable unconditionally stable solution.

The elimination of the higher mode responses is obtained in the

a-Method by causing amplitude decay and period elongation to these

higher mode responses. Wi1son 1 s 8-Method is a modification of the

linear acceleration method which is equivalent to Newmark1s Beta method

with S = 1/6, as discussed previously. In Wi1son 1s method the acce1era-

tion is assumed to be linear during the time interval T = e~t, where

a ~ 1.0. For a = 1 the method reduces to the linear acceleration

method. A magnitude of a = 1.4 was found by Bathe and Wilson? to

result in the best accuracy while still causing amplitude decay and

period elongation to occur in the higher mode responses. Wilson had

previously shown an unconditionally stable solution could be obtained

for e = 2.0.



114

The incremental form of the general motion equation for a multi­

degree system based on a time increment of T is

(5.14)

where {~~} , {~x} , {~x} = incremental acceleration, velocity and
T T T displacement over time period T,

{x}t' {x}t' {x}t = acceleration, velocity and displacement at
time t, the beginning of the time increment,

[M] = mass matrix,

[e] = damping coefficient matrix,

[K"] = [K22] - [K12]T[Kllrl[K12] - [KsJ, and

{F}t+T ={F}t + e({F}t+~t - {F}t) =projected value
of the forcing
function at time
NT.

The projected value of the forcing function is obtained by the linear

extrapolation of the value at time t and t + ~t to the time t + T.

Using the linear acceleration approach the velocity and displace-

ment at time t + T for a single-degree-of-freedom system is

(5.15)

(5.16)
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where ~t+T' xt +T' xt + = acceleration, velocity and displacement of
T mass at time t + T,

Xt , xt ' xt = acceleration, velocity and displacement of
mass at time t, and

T = e(l:It).

The incremental form of the velocity and acceleration for the

time period T are derived from Eqs. 5.15 and 5.16.

l:Ix = l l:Ix + BT T T

.. 6 Al:Ix = -l:Ix +
T 2 T

T

Thus the incremental velocity and acceleration vectors for a

(5.17)

(5.18)

multi-degree-of-freedom system can be similarly derived as shown in

Eqs. 5.17 and 5.18. Using Eq. 5.14 will then yield the incremental

displacement over the time period T.

where

[K*] =L [M] + 1 [C] + [K II
]

T 2 T
T

(5.19)

(5.20)
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The acceleration at time T corresponding to the above incremental

displacement of Eq. 5.19 can be expressed in the following form based

on the linear acceleration approach:

{x} =~ {~x} - ~ {x} - 2{x}t+T 2 T T t t
T

The acceleration, velocity and displacement at time t + ~t are

The values of the above acceleration, velocity and displacement

become the initial values for the next time increment.

(5.22)

(5.23)

(5.24)

(5.25)

The amplitude decay and period elongation behavior is illustrated

in Fig. 5.1 for an undamped single-degree-of-freedom mass having a

natural period of T = 1.2 sec. An initial displacement of one unit
n

is used to produce the motion. When ~t is equal to 0.012 sec., condi-

tional stability is present, since the (~t}/T value is small enough
n

as found by Bathe and Wilson? to have no error in the integration

process as measured in terms of amplitude decay and period elongation.

The response curve follows the exact solution of x = cos pt where p is

the natural frequency of the single-degree-of-freedom mass. The same

response is obtained for any value of e ? 1.0.
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When a &t of 0.12 sec. is used, the accuracy of the integration

is reduced, and the amount of amplitude decay and period elongation

increase with the value of e. For any particular value of e greater

than 1.0 the amount of amplitude decay and period elongation increases

with the magnitude of the mode frequency having a (~t)/T value
n

greater than approximately 0.01.
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VI. ELASTIC RESPONSE OF MULTI-STORY STRUCTURES TO VARIABLE LOADS

The purpose of this section is to relate results obtained in the

analysis of linear multi-story frames. Adequacy of the method used

in analyzing linear multi-story frames is shown by the analysis of a

two-degree-of-freedom system. The free vibration response of a

2-story shear building based on initial values of displacement and

velocity are determined and compared with the results obtained from

a modal analysis.

Multi-story structures are analyzed to show that some systems

are sensitive to the P-delta effect and vertical earthquake motion.

Studies include the correlation of the maximum floor displacement and

the frequency spectrum of the horizontal ground motion. A frequency

spectrum analysis is also included to determine the vertical frequencies

most likely to affect the horizontal response of the structure.

A. COMPARISON OF STEP-BY-STEP INTEGRATION TECHNIQUES WITH THEORETICAL

RESULTS OF A TWO-DEGREE-OF-FREEDOM SYSTEM

To further verify the validity of the methods used in determining

the response of structural systems, the theoretical response of a

two-degree-of-freedom system will be compared with numerical solutions.

The system consists of a two-story, single bay shear building as shown

in Fig. 6.1. The mass of each girder and supporting columns, ml and

m2, are lumped at the floor levels. The total column stiffness for

each floor level is Kl and K2. The girders are taken as infinitely

rigid resulting in no rotation at the ends of the columns.

The set of motion equations for the two-degree-of freedom can be

written from the equivalent spring-mass model shown in Fig. 6.2.



\............--.... X2~.-.......-...-.._,..y...._------~

Figure 6.1. Two-Degree System
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Figure 6.2. Spring-Mass Model for Two-Degree System
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(6.1a)

(6.1b)

Assume that the mass and stiffness of the system are

m = m1 = m2 = 100 kip-sec2/ft (1488 kg-s 2/cm),

K = K1 = K2 = 0.100 kip/ft (14.6 N/cm),

and that the initial conditions are given as:

Xl(O) = 1 ft (30.5 em), ~l(O) = 0, x2(O) = 0,

Then the motion equations can be expressed as

xl = 0.276 cos 0.618t + 0.724 cos 1.618t

x2 = 0.447 cos 0~618t - 0.447 cos 1.618t

(6.2a)

(6.2b)

Equations 6.2a and 6.2b are derived in Ref. 13 in detail for

which the response curves are shown in Fig. 6.3. The same curves are

obtained using both Newmark1s method and the 4th order Runge-Kutta

method in performing a step-by-step integration of the mution equations

of Eqs. 6.1a and 6.1b.
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B. P-DELTA EFFECT ON DYNAMIC RESPONSE OF ALINEAR SYSTEM DUE TO A~

EARTHQUAKE

In Chapter III it is indicated that the change in response of a

single-degree-of-freedom system when considering the P-delta effect

is due to the change in natural frequency of the system. This change

in natural frequency results in a different correlation with the

horizontal frequency spectrum of the earthquake loading. For the

single-degree-of-freedom system the increase or decrease in response

depends on whether the amplitude of the frequency spectrum corresponding

to the natural frequency including P-delta is larger or smaller,

respectively, than the original amplitude.

The P-delta effect for a multi-degree-of-freedom system will now

be studied to see if a similar conclusion can be made. The structure

to be studied is a three-story frame as shown in Fig. 6.4. This

structure has a total of 9 degrees of freedom, 6 degrees in rotation

and 3 degrees in translation. The mass of 1/2 of each girder and its

supporting column is lumped at the top of each column.

The top floor response of the 3-story frame based on 30 seconds

of the 1940 E1 Centro earthquake and having floor masses of ml =

14.715 kip-sec2/ft (219.0 kg-s2/cm), m2 = 13.749 kip-sec2/ft (204.6

kg-s 2/cm) and m3 = 6.883 kip-sec2/ft (102.4 kg-s 2/cm) is shown in

Fig. 6.5 with and without the P-delta effect included. These floor

masses result in a first mode natural period of Tn = 2.426 sec. without

considering the P-delta effect and a natural period of T = 2.731 sec.s
when considering the P-de1ta effect. As shown in Fig. 6.5 the maximum

floor displacement is realized when the P-delta effect is included.
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The maximum displacements of the top floor of the structure

shown in Fig. 6.4 are obtained for different natural frequencies which

are evaluated by multiplying each floor mass by equivalent factors.

Figure 6.6a shows the variation in the maximum responses with and

without the P-delta effect. The natural period, Tn' shown in the

figure does not include the P-delta effect in the analysis. As

observed from these results the P-delta effect may not always be

critical and may cause the displacement response to be decreased or

increased as compared with the results of the associated structure

without consideration of the P-delta effect.

A comparison of the maximum displ~cements can be made with the

corresponding amplitudes of the horizontal frequency spectrum of the

earthquake used to cause the structure to deform. Figure 6.6b shows

the variation in amplitude corresponding to each period made up by

the 1940 El Centro earthquake's N-S component as determined by the

fast Fourier transform discussed in Chapter II. Figure 6.6b is a plot

of just a portion of the frequency spectrum shown in Fig. 2.13 with

the abscissa being the period T instead of the frequency p where

T = lip. The amplitudes for frequencies p = 0.25-1.25 Hz are shown

in Fig. 6.6b. These frequencies correspond to the range of natural

frequencies for the structures being analyzed.

The three-story structure whose response curve is shown in Fig.

6.5 is used to illustrate the influence of natural frequency on

response. The displacements shown in Fig. 6.5 corresponding to

Ts = 2.731 (P-delta included) can be similarly obtained by changing

floor masses which will result in a fundamental period of Tn = 2.731

sec without the inclusion of the P-delta effect. The response curve
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for this structure based on the same earthquake loading is shown in

Fig. 6.7. Note the similarity in response curves corresponding to

these two natural periods.

A comparison of the frequency spectrum amplitudes of Fig. 6.6b

corresponding to the fundamental frequencies used above indicates a

net increase in amplitude from A = 0.0026g to A = 0.0040g when the

fundamental period increases from Tn = 2.426 sec to Ts = 2.731 sec.

This increase in amplitude is reflected by the increase in the maximum

horizontal displacement of the top floor of the two systems. In

other words, the change in fundamental period from T = 2.426 sec
n

to Ts = 2.731 sec results in an increase in the maximum displacement

due to the increase in amplitude of the frequency spectrum of the

earthquake record used. This result is similar to the results obtained

for the sing1e-degree-of-freedom system of Chapter III.

Comparing the curves of Figs. 6.6a and 6.6b indicates the maximum

horizontal displacement values for the top floor of a three-story

structure when subjected to earthquake ground motions are dependent

on several factors. First, the amplitude of the horizontal earthquake

frequency spectrum corresponding to the fundamental frequency of the

structure determines to a great extent the maximum horizontal displace-

ment. Second, the magnitude of the fundamental period as indicated

by Figs. 6.6a and 6.6b governs the magnitude of the maximum response.

In other words, for frequencies from the frequency spectrum having

the same amplitudes, structures having the lower of these natural

frequencies tend to have the larger maximum displacements.
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A reduction in the maximum horizontal displacement of the top

floor due to the inclusion of the P-de1ta effect can be illustrated

by the response curves for a structul"e having a natural period of

Tn = 2.731 sec as based on no P-de1ta effect. Figure 6.8 shows the

comparison of maximum response associated with Tn = 2.731 sec and

Ts = 3.202 sec. The natural period, Ts = 3.202 sec, of this structure

is based on inclusion of the P-de1ta effect. As shown in Fig. 6.6b

the amplitude associated with the natural period of Tn = 3.202 sec

is less than that corresponding to Tn = 2.731 sec.

c. EFFECT OF VERTICAL EARTHQUAKE MOTION ON DYNAMIC RESPONSE

The change in horizontal response of a multi-story structure

subjected to horizontal excitation, when the vertical ground motion

is included, is to be considered herein.

To reduce the coupling effect of the random motion in the vertical

direction with the horizontal excitation, horizontal response of the

multi-story structure will be excited by a triangular impulse load on

the top floor as shown in Fig. 6.9. The magnitude of the horizontal

load is Ft = 25 kip (111.2 kN) at t = 0 decreasing linearly to zero

after 10 seconds.

The structure used in this analysis is the same as shown in

Fig. 6.4. The floor masses ml , H12 and m3 are adjusted equally by a

magnification factor to obtain the desired fundamental frequencies.

The horizontal displacement of the three-story structure having

a fundamental frequency of Pn = 3 Hz is shown in Fig. 6.10 based on

the horizontal impulse load only. The 12 s~cond interval of earthquake

record is used so that a large scale of response curve can be obtained.
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The magnitude of this portion of the earthquake used is higher than

that of the remaining record. No significant change in the response

has been found when including the total earthquake record.

When including the vertical component of the 1940 E1 Centro

earthquake multiplied by a factor of 500, the horizontal displacement

of the top floor is changed. Figure 6.11 is based on the positive

vertical g-loads of the E1 Centro record being accelerations of the

ground in the upward direction while Fig. 6.12 is based on the same

positive vertical g-loads being accelerations of the ground in the

downward direction. The latter sign convention reflects the situation

actually present in the 1940 E1 Centro earthquake's vertical component

as shown in Fig. 2.2.

Figure 6.13 shows the horizontal displacement of the top floor

due to the horizontal impulse load only. The fundamental frequency of

the structure is p = 4.37 Hz. When including the same verticaln
ground motion as in the previous example the response curves of Figs.

6.14 and 6.15 are obtained.

A vertical magnification factor of 141 is used to obtain the

response curve shown in Fig. 6.16, based on a structure having a

fundamental frequency of 1.22 Hz. These curves illustrate the type

of response pattern typical of most of the structures analyzed. An

exception is the response pattern obtained for the structure having

a fundamental frequency of Pn = 1.22 Hz with a magnification factor

of 500 applied to the vertical earthquake component of the 1940

E1 Centro earthquake. The response curves for the first 12 seconds

based on this loading is shown in Figs. 6.17 and 6.18. As indicated

by the scale used the structure becomes unstable during the 10 seconds
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in which the impulse load is acting. The increase in horizontal

disp1acments of the structures having the lower fundamental frequencies

can be partially attributed to the coupling effect of the fundamental

frequency with the frequencies made up by the horizontal impulse load.

The frequency spectrum for the horizontal impulse used here is similar

to the one shown in Fig. 2.16 except the amplitude values are based

On 25 kip (111.2 kN) instead of the 1000 units as indicated in Fig.

2.15.

Additional structures having different fundamental frequencies

are analyzed to determine the effect of the variable vertical loading

on the horizontal response. The responses shown in Figs. 6.10 through

6.18 represent typical results and displacement patterns. Extensive

analyses consist of structures having fundamental frequencies ranging

from 1.2 Hz to 9.0 Hz. The effect of the variable vertical g-loads

on the horizontal response is found to be less prominent in structures

having the higher fundamental frequencies.

D. SENSITIVE STRUCTURES TO VERTICAL EARTHQUAKE EXCITATIONS

Two ranges of the fundamental frequency of a structure are found

to be sensitive to the application of vertical earthquake components

with the horizontal triangular impulse load as studied previously.

The first range of the fundamental frequency is less than 3 Hz.

Structures having fundamental frequencies in this range are responding

to the frequencies of the impulse load. Amplitudes of the frequency

spectrum for the impulse load as shown in Fig. 2.16 increase rapidly

for values less than 3 Hz. Therefore, structures having this range

of fundamental frequency are more sensitive to the horizontal excita­

tion load than to the vertical motion.
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The second range of the fundamental frequency of a structure is

where the fundamental frequency is half the frequency from the vertical

frequency spectrum having the largest amplitude. For the 1940 El

Centro earthquake the vertical frequency spectrum (Fig. 2.14) shows a

frequency of 8.936 Hz has the maximum amplitude. Therefore, a

structure having a fundamental frequency of half this value or 4.468 Hz

would be sensitive to the vertical component of the E1 Centro earth­

quake. Figures 6.14 and 6.15 illustrate the response of a structure

whose fundamental frequency is in the vicinity of the above frequency.

The maximum response of a structure having a fundamental frequency

in the sensitive region for vertical excitations is dependent on the

phase angles of the vertical excitations in that region. The assumed

positive directions for the vertical g-loads in Figs. 6.14 and 6.15

correspond to a difference in phase angle of 1800 for each of the

sinusoidal loads making up the frequency spectrum for the vertical

loading. Therefore, the structure resulting in the maximum horizontal

displacement of the top floor may not necessarily have a fundamental

frequency value of half the frequency value from the vertical frequency

spectrum having the largest amplitude. The fundamental frequency

corresponding to the maximum response would be in the vicinity of the

sensitive value, its value being dependent on the variation of the

vertical frequency spectrum amplitudes and their corresponding phase

angles. The effect of the phase angle of a vertical forcing function

is studied for a single-degree-of-freedom system and discussed in

Section III-E.
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The use of a sinusoidal forcing function in the horizontal direc­

tion instead of an impulse load results in a coupling of the horizontal

forcing frequency with the vertical forcing frequencies in the vicinity

of twice the horizontal forcing frequency. The extent to which the

vertical frequencies in this region will contribute to the increase or

decrease of the horizontal response will depend on their amplitude and

phase angle and the extent to which the horizontal forcing frequency

controls the response frequency. This coupling of the horizontal

forcing frequency with vertical frequencies will be in addition to the

coupling of the fundamental frequency of the structure with vertical

frequencies of twice their value as discussed in the previous

paragraph.

E. FREQUENCIES OF THE VERTICAL FREQUENCY SPECTRUM CONTROLLING THE

HORIZONTAL RESPONSE

Three ranges of frequency values from the vertical frequency

spectrum contribute substantially to the horizontal response of a

multi-story structure when considering the vertical component of an

earthquake with a horizontal impulse load initiating the motion. These

ranges are: (1) low frequencies that are coupled with frequencies

making up the impulse loading, (2) frequencies near the fundamental

frequency of the structure, and (3) frequencies in the vicinity of

twice the fundamental frequency of the structure. High frequencies

not in the above ranges contribute negligibly to the total response

due to their low amplitudes.

Since contribution to the response of a multi-story structure

by vertical loads is a function of the combined earthquake record, the
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total response of a multi-story structure should be based on the

total horizontal record plus the total vertical record or a Fourier

summation of all frequencies of the horizontal and vertical earthquake

components.
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VII. INELASTIC RESPONSE OF MULTI-STORY STRUCTURES

TO HORIZONTAL AND VERTICAL EARTHQUAKE LOADS

The behavior of inelastic structures will be studied with con­

sideration of damping, structural model, energy absorption, ductility

requirements and the interaction of horizontal and vertical earthquake

components. The response results will be obtained for various multi­

degree-of-freedom systems.

Damping, as formulated in Chapter IV, will be studied as it applies

to inelastic structures. The damping coefficient matrix [C] is a func­

tion of the fundamental frequency of the structure being analyzed. The

change in the fundamental frequency due to plastic hinges occurring in

the structure should theoretically necessitate a change in the damping

coeffictent matrix. The effect of using a constant fundamental fre­

quency based on no plastic hinges is studied in Section VII-A.

The structural model used in an analysis should provide a suffi­

cient means of exemplifying the actual conditions. When considering

vertical ground motions, the model should adequately show the effect of

this vertical component through its response parameters. The effect of

using different lumped mass models is investigated in Section VII-B.

Three definitions of ductility are formulated in Section IV-C.

The adaptibility of each of these definitions in the determination of

the ductility requirement of an inelastic structure is studied in this

section. A comparison is made of the ductility and excursion ratios

based on these definitions. The structural Model 2 containing girder

nodes is used to determine these ratios.
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Based on the above considerations of damping, structural models

and ductility ratios, the response parameters of several structures

are observed by studying maximum horizontal displacements of each

floor, maximum relative displacements between floors, maximum vertical

displacements of girder nodes, maximum vertical acceleratio~ of girder

nodes, ductility and excursion ratios, and the amount of energy stored

and dissipated in the structures.

To further describe the inelastic behavior of multi-story struc-

tures, two additional studi.es are made. First, the effect of the

reduction in the plastic moment on the response parameters is

determined. Second, the effect of structural damping on the response

parameters is shown.

A total of three different structures are analyzed in this

chapter. They consist of the 3-story, l-bay frame, the 4-story,

3-bay frame, and the 10-story, l-bay frame.

The 3-story, l-bay framed structure designated as Frame A is

used to exemplify a small multi-story building. The frame is basically

a strong column-weak girder structure with the major portion of the

plastic rotations occurring in the girder members. The columns for

this structure are assumed elastic by increasing the plastic moment

capacity in the study pertaining to the definitions of ductility

(Section VII-C); however, they are considered elasto-plastic based on

actual M values in determining response parameters (Section VII-D).
p

The fundamental period of this frame is Ts = 1.20 sec. including the

P-delta effect.
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The 4-story, 3-bay framed structure designated as Frame B has a

fundamental period of T = 2.01 sec. and represents a typical multi­
n

bay frame structure.

The 10-story, l-bay framed structure designated as Frame C has

floor weights equal to 249.4 kip/floor (1109 kN/floor) for which the

fundamental period is Ts = 2.731 sec. Based on the results obtained

in Section VI-B pertaining to the frequency spectrum of the El Centro

earthquake, this fundamental period represents a critical value with

regard to the maximum top floor displacement. To limit the amount

of permanent set due to plastic deformation in the frame, the plastic

moment is increased by a factor of 2.5. A material yield stress of

36 ksi (248.4 MN/m2) and a modulus of elasticity of 30,000 ksi

(207,000 MN/m2) are assumed.

A. FUNDAMENTAL FREQUENCY IN DAMPING FORMULATION OF INELASTIC

STRUCTURES

When considering viscous damping of a structure it is necessary

to determine or estimate the fundamental frequency of the system. The

formulation of the damping coefficient [C] in Eqs.4.8-4.11 includes

the fundamental frequency Pn. The purpose of this section is to show

the effect of misestimating the fundamental frequency. Also included

is the effect of the change in the fundamental frequency due to a

member or members becoming plastic. In the study the damping formu-

lation is based on mass, stiffness or a combination of mass and

stiffness.

1. Effect of Misestimating Fundamental Frequency. The equation

for the damping coefficient [C] is given in Eq. 4.8 and is repeated

here.



[C] = arM] + S[K]

The constants a and S are a function of the fraction of critical
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(7.1)

damping A being considered and the fundamental frequency Pn of the

structural system. The equation for a and S are dependent on the

type of damping formulation.

For mass proportional damping the constants, S = 0 and a = 2APn'

are given in Eqs. 4.10a and 4.10b. Therefore, the damping coefficient

[C] is directly proportional to the fundamental frequency Pn. It is

apparent that an underestimation of the fundamental frequency for a

structure will result in a corresponding decrease in the damping of

the system and vice versa.

For stiffness proportional damping the constants, a = 0 and

B = 2A/Pn' are given in Eqs. 4.11a and 4.11b. Therefore, the damping

coefficient [C] is inversely proportional to the fundamental frequency

Pn. For this type of damping an underestimation of the fundamental

frequency for a structure will result in a corresponding increase in

the damping of the system and vice versa.

For damping proportional to a linear combination of mass and

stiffness, the constants, a = APn and B = A/Pn' are given in Eqs.

4.9a and 4.9b. Therefore, the damping coefficient will be neither

fully proportional nor inversely proportional to the natural frequency

To illustrate the use of a misestimated fundamental frequency a

comparison is made in the response of a three-story frame with the

three different types of damping considered. The 3-story structure,
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Frame A of Fig. 7.1, is subjected to the N-S component of the 1940

El Centro earthquake. The P-delta effect and 5% critical damping are

considered in this study.

Misestimated values of half and double the correct natural

frequency of 0.833 Hz are used for comparison. Table 7.1 gives a

tabular comparison of response parameters. The expected increase and

decrease in damping due to misestimated values of Pn' are reflected

in the maximum and minimum horizontal displacements of the top floor.

The change in the damping is also reflected by the change in the

maximum input energy per mass. Misestimation of the fundamental

frequency of the system causes only a change in the amount of damping

and does not result in an unstable solution as indicated by the small

percent errors based on the law of the conservation of energy.

The elastic response of the top floor of the three-story struc­

ture based on the N-S component of the 1940 El Centro earthquake and

5% damping is shown in Figs. 7.2 and 7.3. When a linear combination

of mass and damping is assumed on the basis of either double or half

the actual fundamental frequency, the difference in response is

shown in Fig. 7.2. The solid line illustrates the response obtained

based on the correct value of p. An overall reduction of the
n

amplitude without a change in the response frequency is indicated.

For either mass or stiffness proportional damping, the response

curves are shown in Fig. 7.3. The response curve when using the

correct value of the fundamental frequency is shown as the solid line.

An overestimated value of Pn (2Pn) based on mass proportional damping

results in the same response as when underestimating Pn (Pn/2) for

stiffness proportional damping. This response is represented by the
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Figure 7.1. 3-Story, 1-Bay Frame (Frame A)
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Table 7.l. Linear Response of Frame A Using Different Damping
Formulation and Estimated Fundamental Frequency
(1940 E1 Centro, P-delta Included, 5% Damping)

Max. Input
Type of xmax x . Energy per Largest % Time of

Proportional Pest mln Unit Mass Error Based Largestin. in. . 2/ 2 on EnergyDamping Pact (em) (em) ln sec Eq. 5.6 Error
2 2(em /s )

0.5 6.126 -5.163 1052 0.6853 2.27
(15.56) (-13.11) (6787)

Mass 1.0 4.808 -3.942 830 0.6205 2.27
(12.21) (-10.01) (5255)

2.0 3.541 -3.319 737 0.5199 2.27
(8.99) (-8.43) (4755)

0.5 3.584 -3.424 751 0.6581 27.83
(9.10) (-8.70) (4845)

Stiffness 1.0 4.702 -3.979 843 0.7116 2.27
(11. 94) (-10.11) (5439)

2.0 5.929 -5.185 1065 0.7505 2.27
(15.06) (-13.17) (6871)

0.5 4.275 -3.807 799 0.5470 2.27
Mass (10.86) (-9.67) (5155 )
Plus 1.0 4.700 -3.932 838 0.6157 2.27
Stiffness (11. 94) (-9.99) (5406)

2.0 4.256 -3.754 792 0.5332 2.27
(10.81) (-9.54) (5110)
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-- pn for mass or stiffness

- - - Pn /2 for mass, 2 pn for stiffness
- - - - - 2pn for mass, Pn /2 for stiffness
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Figure 7.3. Mass and Stiffness Proportional Damping, Top Floor
Displacement, Frame A (p = 0.833 Hz)
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dashed line and has the most reduction in amplitude due to damping.

Accordingly, an underestimated value of Pn (Pn/2) for mass proportional

damping results in the same response as when overestimating the value

of Pn (2Pn) for stiffness proportional damping. This response is

represented by the curve (dash-dot) having the largest amplitude.

2. Effect of Change in Fundamental Frequency Due to Plastic

Deformations. Due to the relaxation of a structure when a member or

members become plastic, a corresponding decrease in the stiffness of

the structure occurs. This reduction in stiffness results in a

reduction in the fundamental frequency p during the short time a
n

member or members are plastic. When damping is included in an in-

elastic structural analysis, the natural frequency of the structure

during the times of plastic deformation should theoretically be

changed according to the actual stiffness. Table 7.2 gives a

tabular comparison of the elasto-plastic response for the same three­

story frame subjected to the N-S component of the 1940 El Centro

earthquake with 5% damping.

Mass proportional damping is the only one of the three types of

damping resulting in an error less than 1%. Due to the change in

stiffness during plastic deformations, the stiffness proportional

damping and the mass plus stiffness proportional damping result in

errors of 8.73% and 5.74%, respectively. The difference in response

between considering mass proportional damping and stiffness propor­

tional damping is shown in Fig. 7.4. The largest error in the

stiffness proportional damping response occurs at t = 3.48 seconds.

A remarkable difference in response is noted at this time in Fig. 7.4.
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Table 7.2. E1asto-Plastic Response of Frame A Using Different
Damping Formulation (1940 El Centro, P-delta
Included, 5% Damping)

Max. Input

Type of x x . Energy per Largest % Time of
Proportional Pest max mln Unit Mass Error Based Largestin. in. in2jsec2 on Energy

Damping Pact (em) (em) Eq. 5.6 Error
(cm2js 2)

Mass 1.0 2.370 -4.440 1269 0.2975 1.85
(6.02) (-11. 28) (8187)

Stiffness 1.0 3.924 -4.353 1364 8.7343 3.48
(9.97) (-11.06) (8800)

Mass Plus 1.0 3.640 -4.358 1316 5.7415 4.24
Stiffness (9.25) (-11.07) (8490)
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Even though a change in the fundamental frequency occurs during

the presence of plastic hinges in a structure, the time duration of

the occurence is usually short compared with the total time of loading.

Since mass proportional damping of nonlinear structures results in

a low error level, this type of damping will result in the best

solution without recalculating the fundamental frequency each time a

member or members become plastic or return to their elastic range.

Since a reduction in the fundamental frequency of a structure results

from plastic deformations, the mass proportional damping will cause

a reduction in damping. This will consequently provide a more con­

servative analysis with a larger displacement response.

Therefore, mass proportional damping will be used in the deter­

mination of the behavior of nonlinear structures when damping is

considered.

B. BEHAVIOR COMPARISONS BASED ON STRUCTURAL MODEL

When including the coupling of the horizontal and vertical earth­

quake motions in the analysis of structural systems, selection of an

appropriate model is important. The structural model should provide

a sufficient means for adapting the effects of these coupling motirins.

The purpose of this section is to show the effect of the coupling

earthquake motions on two lumped mass models. The response parameters

used for comparison are the maximum horizontal floor displacements,

maximum vertical floor displacements, energy absorptions, and ductility

and excursion ratios.

Model 1 is the traditional spring-mass system in which the mass

of each floor is lumped at nodes located at the intersection of column

and girders. The total floor mass for each floor consists of girder
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weight, superimposed mass, and the half weight of the columns located

above and below the floor level. Model 2 is similar to Modell except

part of the floor mass is lumped at an additional node at the center

of each girder. The mass lumped at the girder node is half the floor

mass distributed on the member.

1. 4-Story, 3-Bay Frame (Frame B). The first structure to be

analyzed using the two different models is the 4-story, 3-bay rigid

frame shown in Fig. 7.5. The 1940 El Centro earthquake is used to

provide the ground motion for this structure.

The P-delta effect and the reduction in the plastic moment

capacity are included for determining response parameters of the

structure. The P-delta effect as formulated in Article IV-A-4 results

from the structural weight as well as the vertical earthquake component.

The reduction in the plastic moment capacity of columns due to axial

loads is formulated in Section IV-C based on AISC specifications.

The top floor displacement of the structure is shown in Fig. 7.6

for the two models based on an elasto-plastic response. Viscous

damping of 3% critical is assumed. The difference in displacement can

be attributed to the larger amount of permanent set taking place in the

initial plastic rotations of the lower floor column joints of Model 2.

The effect of the vertical component on the energy absorption of

the two models in the elastic range is shown in Figs. 7.7 and 7.8.

Though the energy curves are the same for the two models when only

horizontal ground motion is considered, an increased amount of energy

is absorbed when the vertical ground motion is included. For the same

structure having elasto-plastic behavior, the energy absorption curves
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are shown in Figs. 7.9 and 7.10. One may observe that less energy is

absorbed into Model 2 with only the horizontal component acting;

however, with the addition of the vertical ground motion, the amount

of input and dissipated energy is larger for Model 2.

The ductility and excursion ratios of the columns and girders of

the two models for the elasto-plastic system are shown in Fig. 7.11.

The largest difference in the girder ductility ratio and corresponding

excursion ratio between the models occurs in the lower girders. This

difference is more pronounced when the vertical earthquake component

is included. The third floor columns have the largest difference in

ductility and excursion ratios. The inclusion of the vertical ground

motion results in the largest value for both ratios.

The maximum vertical displacement at the girder nodes for Model 2,

when the vertical earthquake component is included, is shown in Fig.

7.12. These maximum displacements occur at the girder nodes of the

center bay of the 3-bay structure. The vertical displacement of the

girder nodes without including the vertical earthquake motion, though

negligible, are found in the outer bays.

2. 10-Story, l-Bay Frame (Frame C). The second structure to

be analyzed using the two different models is the 10-story, l-bay rigid

frame as shown in Fig. 7.13. The 1940 El Centro earthquake is used to

provide the ground motion for this structure.

As in the previous example, the P-delta effect due to vertical

loads and the reduction in the plastic moment of columns due to axial

loads are included for determining response parameters of the structure.
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For Frame C the difference in the horizontal displacement

of the top floor is found to be negligible between Modell and 2 when

all members remain elastic. A small difference in horizontal displace­

ment between the two models is realized for elasto-plastic systems with

or without damping (3%). The fact that this structure has strong

columns that have only plastic hinges developed at the supporting

base justifies these small differences in displacement.

The vertical displacement response at the girder centers is shown

in Fig. 7.14 based on Model 2 with the vertical ground motion included.

Due to symmetry of the structure about the center of the bay, no

vertical displacements result when considering only the horizontal

component of the earthquake.

The maximum relative horizontal floor displacement is indicated

by ~/H, where ~ is the horizontal displacement of a floor relative to

the floor below and H is the vertical distance between these floors.

Figure 7.15 illustrates the difference in the maximum value of the

relative floor displacements for the two models based on different

response systems. These values reflect the small differences in the

maximum horizontal displacements stated above.

The ductility and excursion ratios for the girders of Models 1 and

2 are shown in Fig. 7.16. Model 2 results in the larger ductility and

excursion ratios for the floor girders having a more significant

ductility requirement. The inclusion of the vertical ground motion

results in an increase in the ductility requirement for the upper

floor girders.

As would be expected from the small difference in horizontal

displacement and the larger ductility ratios for floors 2 and 7, the
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difference in energy absorption between Modell and 2 is negligible

except for a slightly larger amount of strain energy being dissipated

for Model 2.

3. Conclusions of Model Study. Based on the results obtained in

the study of the lumped mass models the following conclusions are made.

1) Model 2 provides a better simulation of a structural system

by allowing possible plastic hinges to occur at the center

of girders.

2) The inclusion of girder nodes of Model 2 provides a means for

a structural system to respond to the energy produced by the

vertical ground motion.

3) Vertical ground motion affects the response parameters more

for Model 2 than Model 1 particularly on structures with

weaker columns.

4) Ductility requirements of girders are greater when vertical

ground motion is reacted by the Model 2 structure.

5) Vertical ground motion significantly affects all response

parameters.

C. COMPARISON OF DUCTILITY AND EXCURSION RATIOS BASED ON DEFINITION

The purpose of this section is to provide numerical exampl~s for

comparison of the three definitions of the ductility and excursion

ratios as formulated in Section IV-E t Eqs. 4.70-4.78.

The equations for the three ductility ratio definitions are

repeated as follows.
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Based on symmetrical bending,

11 = 1 +~
~l 0

Y

Based on curvature,

M - M
l.I = 1 + max p

2 pMp

Based on strain energy,

E
1.1 = 1 + dse
3 Etese

The equation for the excursion ratio corresponding to each of these

definitions can be written as:

~1.1
E:,' - L (1.1" - 1)

j=l 'J

where E. = excursion ratio corresponding to definition i,,

(7.2)

(7.3)

(7.4)

(7.5)

1.1 ••
'J

= ductility ratio based on definition i during the half
cycle of rotation j, and

N = total number of times the node of a member becomes plastic
1.1 during earthquake excitation.

As shown in Eq. 7.3, the ductility ratio based on curvature is

expressed in terms of end moments. This equation is applicable to

bilinear systems and results in ductility ratios of infinity for a
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truly elasto-plastic system. The ductility ratio formulation for an

elasto-plastic system may be found in Ref. 1. For a numerical analysis

a small number of p = 0.00001 has been used satisfactorily in the

computer program for elasto-plastic systems.

The ground acceleration records of the 1940 El Centro and the 1952

Taft earthquakes are used to produce the ground motion for this investi­

gation. Observations based on the resulting ductility and excursion

ratios are made.

1. 3~Story, l-Bay Frame (Frame A). The first structure analyzed

is Frame A shown in Fig. 7.1. The N69°W component of the 1952 Taft

earthquake along with its vertical component is used to produce the

ground motion. To obtain a sufficient amount of plastic joint rotation,

a magnification factor of 2.0 and 3.0 is applied to the horizontal

and vertical earthquake components, respectively. Model 2 which

includes girder nodes is used so that the ductility effect of the

vertical earthquake component is realized. The P-delta effect is

included, and the initial conditions of the dynamic response at time

t = a are based on a static analysis. Both elasto-plastic (p =

0.00001) and bilinear (p = 0.05) response systems are considered.

Mass proportional damping is included with 5% of critical damping.

The variation in the ductility and excursion ratios for each

girder based on an elasto-plastic condition is shown in Figs. 7.17 and

7.18, respectively. Curves corresponding to the bilinear response

condition for the same structure are shown in Figs. 7.19 and 7.20.

The results are based on the definitions of curvature, energy and

symmetrical bending due to the horizontal earthquake component as well

as the interaction of horizontal and vertical components.
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Figure 7.19. Bilinear Ductility Ratios for Girders
of Frame A, 1952 Taft
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2. 4-Story, 3-Bay Frame (Frame B). The second structure analyzed

is the 4-story, 3-bay frame as shown in Fig. 7.5. The N-S component

of the 1940 El Centro earthquake along with its vertical component is

used to produce the ground motion without magnification factor. Re­

duction of the allowable bending moment Mp in each column is performed

based on the AISC specifications as formulated in Section IV-C. Model

2 with girder nodes is used so the influence of the vertical earthquake

component on ductility requirement can be observed. The P-delta

effect is included with no damping or initial static analysis. An

elasto-plastic response in Figs. 7.21 and 7.22 for the girders and

columns, respectively. As in the first structure, curves represent

the ratios with and without the vertical ground motion.

3. 10-Story, l-Bay Frame (Frame C). The third structure analyzed

is Frame C as shown in Fig. 7.13 subjected to the N-S component of

the 1940 El Centro earthquake along with its vertical component. No

magnification factor is included in the loading. Reduction of the

allowable bending moment M in each column is considered on the basisp

of the AISC specifications. Girder nodes are assumed with inclusion

of the P-delta effect. Initial moments in the structure due to static

loads are not included. The maximum ductility and excursion ratios

for each girder of the elasto-plastic system are shown in Figs. 7.23

and 7.24 for each definition of ductility considered. Plastic hinges

only occur in the columns at the supports; consequently, the ductility

and excursion ratios are not shown.

4. Observations Based on Ductility Studies. The following

observations can be made from the comparisons of the ductility

definitions as illustrated in Figs. 7.17 through 7.24.
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1) A similar pattern in the variation of the girder ductility

ratios based on the three definitions is realized for the

structures studied. A qualitative determination of the

ductility requirements could be made by either of the three

definitions.

2) The ductility ratio based on symmetrical bending always yields

a higher ratio than that obtained on the basis of curvature

and energy. The ductility ratio based on energy seems higher

than that defined by curvature.

3) Due to the lower value of the ductility ratios for the 10-story

frame, the difference in the ductility definitions are not as

si gnifi cant as in the other two frames, especially when the

vertical ground motion is not included.

4) The use of the ductility ratio based on energy provides a

reasonable estimator of the ductility requirement of a

structure containing members having unsymmetrical bending and

a constant stress ~an~e.

Additional observations can be made on the basis of the behavior

of individual structures.

1) The inclusion of the vertical earthquake component for Frames

A and B results in the girders of the upper floors to have an

increase in ductility requirement. This can be said of both

the elasto-plastic and bilinear response systems.

2) For Frame A, the inclusion of the vertical component causes a

reduction in the ductility ratio for the lower girders,

especially at the nodes adjacent to the columns.
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3) An increase in the total plastic rotation of the lower girder

nodes due to the inclusion of the vertical component is

revealed in the increase in the excursion ratios.

4) The largest amount of plastic rotation for Frame B occurs in

the lower floor girders and the 1st and 3rd floor columns.

5) The effect of the inclusion of the vertical component is less

prominent for structures having strong columns such as Frame A.

6) The inclusion of the vertical earthquake component for Frame C

results in almost all definitions of ductility to have an

increase in their value.

7) The maximum ductility requirements for Frame C occur approxi­

mately at the quarter points in its height.

D. EFFECT OF INELASTIC ACTION ON RESPONSE PARAMETERS

The purpose of this section is to show the effect of both horizon­

tal and vertical ground motions on the response parameters of inelastic

systems having elasto-plastic and bilinear material characteristics.

The response parameters of the 3-story, l-bay (Frame A), the 4-story,

3-bay (Frame B), and the la-story, l-bay (Frame C) framed structures

as shown in Figs. 7.1,7.5 and 7.13, respectively, are used for

illustration.

For each of the structures analyzed the following response

parameters are included:

1) maximum horizontal displacement of each floor relative to the

ground,

2) maximum horizontal displ~cement of each floor relative to the

floor below,



182

3) response history of top floor,

4) maximum vertical displacement of girder nodes relative to the

ground,

5) maximum vertical acceleration of girder nodes relative to the

ground,

6) ductility requirement of member nodes based on symmetrical

bending, and

7) energy in the form of input, stored and dissipated.

To further illustrate the effect of vertical ground motion on the

above response parameters, the following load conditions are considered:

1) The horizontal component of the earthquake is applied without

considering the P-delta effect.

2) The horizontal component of the earthquake is applied with

inclusion of the P-delta effect due to structure1s weight.

3) Both horizontal and vertical earthquake components are applied

with the P-delta included.

4) The 1940 El Centro earthquake is used in the analyses.

The following damping formulation, structural model and ductility

ratio are selected for this investigation:

1) Mass proportional damping is used since it provides a very

low percent error based on Eq. 5.6 for the nonlinear response.

2) Model 2 containing girder nodes ;s used since it has been

shown to provide an excellent model when considering vertical

ground motions.

3) The ductility ratio based on symmetrical bending is used to

provide a qualitative comparison of the ductility requirement

of structural joints.
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The response parameters of the individual structures are illustrated

first with comments as to the results obtained. A comparison of the

response parameters of the three structures are made after the response

parameters of each structure are obtained.

1. 3-Story, l-Bay Frame (Frame A). In the analysis of Frame A,

damping is not considered and a reduction in the plastic moment M of
p

the columns is not included. An initial static analysis is based on

half the floor weight being concentrated at the girder node. The

effect of including the M reduction in column members for this frame
p

is discussed in Section VII-E.

A comparison of the maximum floor displacements for Frame A is

shown in Figs. 7.25 and 7.26. Elastic, elasto-plastic and bilinear

(p = 0.05) systems are compared for the loading conditions stated

above. Both the elasto-plastic and bilinear systems result in a

reduced horizontal displacement. The response history of the top

floor is shown in Fig. 7.27 for the elastic and elasto-plastic systems.

Figure 7.28 illustrates the difference in the top floor displace­

ment over the 30 second time period of the earthquake record with and

without including the initial static analysis. The response is

reduced when the initial static load is included in the analysis.

The maximum relative floor displacement is indicated in Figs.

7.29 and 7.30 by the term ~/H where ~ is the floor displacement

relative to the floor below and H is the floor height between floors.

The same reduction in response is realized for the elasto-plastic and

bilinear systems as indicated in the maximum floor displacements of

Fig. 7.25.
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The maximum vertical displacement of the girder nodes when including

vertical ground motion is shown in Fig. 7.31. Though the larger

horizontal displacements occur under elastic conditions, the larger

vertical displacements occur under the e1asto-p1astic conditions. As

shown in Fig. 7.32, the maximum vertical acceleration, when including

the vertical component of ground motion, occurs in the top floor for

all the response conditions. The behavior shown in Figs. 7.31 and

7.32 is consistent in that the larger displacements are associated

with the smaller accelerations. For the case of plastic hinges

developing in the lower members of the system, the ductility ratios

for the girder and column members are shown in Fig. 7.33, in which

the small column ductility ratios indicate the frame having strong

columns.

Figures 7.34 and 7.35 show the variation in the ductility ratio

between the ends and center of each girder member. Even though plastic

hinges occur at both l~cations, the ductility requirement is greater

for the nodes adjacent to the columns.

2. 4-Story, 3-Bay Frame (Frame B). For the analysis of Frame B,

damping is not considered in the response analysis except in the

evaluation of energy. A reduction of the plastic moment Mp for all

column members is included. however, no static analysis is initially

performed.

The variation in the time history of the top floor displacement

for Frame B is shown in Fig. 7.36 for elastic, bilinear (p = 0.05)

and e1asto-p1astic systems. The nonsymmetrica1 response curves for

both the bilinear and e1asto-p1astic systems are due to the permanent

set in some of the columns.
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The maximum floor displacement of each floor is illustrated in

Fig. 7.37 and the maximum relative floor displacement is shown in

Fig. 7.38. Only the maximum values of displacement, when considering

both horizontal and vertical components, are shown for the bilinear

system. A significant increase in the horizontal displacement is

noted for the elasto-plastic system above the 2nd floor.

The maximum vertical displacement and acceleration of the girder

nodes are shown in Figs. 7.39 and 7.40, respectively. These maximum

values are present in the inner girder nodes when both the horizontal

and vertical components are included. When the vertical component is

not included in the analysis, the outer girder nodes have the larger

values. This is due to the unsymmetrical bending present in the outer

girder members even when no vertical load is included.

The ductility and excursion ratios for the girder members are

shown in Fig. 7.41 for the bilinear and elasto-plastic systems. All

the plastic hinges of girders occur in the first two floors adjacent

to columns. Similar variations for the two systems are apparent.

Inclusion of the vertical component of ground motion results generally

in an increase in the ductility requirement of the girder members.

The corresponding column ductility and excursion ratios are shown

in Fig. 7.42. Less difference in the ductility requirements between

the two systems is apparent for the columns. Also, the inclusion of

the vertical component of ground motion results in an insignificant

change in the ductility requirement of the column members. The maximum

column ductility requirement occurs in the 3rd floor as previously

indicated by the relative floor displacements of Fig. 7.38.
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Five energy plots in terms of energy per unit mass are used to

compare the energy absorption for the different loading and response

conditions of Frame B.

Figure 7.43 shows the change in energy absorption when including

the P-delta effect. Though an increase in the amount of input and dis­

sipated strain energy is realized, the total stored energy remains

approximately the same. The stored energy is the difference between

the input and dissipated energy.

An increase in both the input and dissipated strain energy is

realized in Fig. 7.44 when considering an elasto-plastic system. A

less amount of energy is dissipated by strain hardening when assuming

a bilinear behavior with p = 0.05. A slightly larger amount of stored

energy is indicated for the bilinear system.

To further illustrate the energy absorption of Frame B, 3% damping

is included for comparisons as shown in Figs. 7.45-7.47. Figure 7.45

shows the effect on energy absorption when the vertical component of

ground motion is included for an elastic system. Figure 7.46 illus­

trates the difference in energy absorption between an elastic and an

elasto-plastic response system when there is 3% damping. Even though

the total amount of input energy is the same at 30 seconds, the amount

of energy dissipated by damping is much greater for the elastic system.

The final energy plot in this section is shown in Fig. 7.47. The

effect of including the vertical ground motion component on an elasto­

plastic system is illustrated. An increase is realized in the total

input energy due to the vertical earthquake component.

3. 10-Story, l-Bay Frame (Frame C). As in the other two example

structures, damping is not considered in comparing the significant
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response parameters of Frame C. Reduction of the plastic moment in

columns based on axial loads is included. An initial static analysis

is not considered.

The maximum horizontal floor displacement of each floor is shown

in Fig. 7.48 for the elastic, bilinear (p = 0.05) and elasto-plastic

response systems. The maximum values shown for the bilinear and

elasto-plastic systems are those due to both earthquake components.

The change in the response history for Frame C based on the total

earthquake record between the elastic and e1asto-plastic response

systems is shown in Fig. 7.49. The symmetrical e1asto-plastic response

curve indicates the structure to have strong columns.

The maximum relative floor displacement for the frame is shown in

Fig. 7.50 for the elastic, bilinear, and elasto-plastic systems.

Increased values of relative displacement occur at the approximate

quarter points in the structures height. The maximum vertical displace­

ment and acceleration of the girder nodes are shown in Figs. 7.51 and

7.52.

The girder ductility and excursion ratios of the structure are

shown in Figs. 7.53 and 7.54, respectively. The larger relative floor

displacements indicated in Fig. 7.50 are reflected by the higher

ductility requirements for floors 2 and 7. Though plastic hinges do

occur in the 1st and 2nd floor columns of the frame during the ground

motion, the major part of the dissipated strain energy occurs in the

girder members. All the plastic hinges in the girder members occur

adjacent to the column face.

Figure 7.55 shows the comparison of energy absorption for an un­

damped elasto-plastic system with that of an undamped elastic system.
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4. Observations Based on Response Parameter Studies. Based on

the response parameter studies of the three framed structures, Frames

A, Band C, the following overall observations can be made:

1) Except when excessive plastic rotation in columns occurs as in

the case of Frame B, the maximum horizontal floor displace­

ments take place when assuming an elastic response condition.

2) The difference in the maximum horizontal floor displacements

for the elasto-plastic and bilinear systems is negligible

with the exception as stated in 1 above. This is because

Frames A and C have strong columns.

3) The reduction in the top floor displacement from the elastic

to the elasto-plastic condition is reflected in the amount

of input energy that is dissipated by inelastic strain.

4} The inclusion of the vertical earthquake component results in

an increase in the ductility requirement of girder members.

5} The ductility requirement of columns when including the

vertical earthquake component depends on whether the struc­

tural system has strong columns or not.

6) When the P-delta effect is included, there results an increase

in the input energy and dissipated strain energy.

7) Assuming a frame to be elasto-plastic results in more energy

being dissipated by plastic rotation than for a bilinear

system with p = 0.05.
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8) Even though the total amount of input energy is approximately

the same for damped elastic and elasto-plastic systems based

on the same earthquake loading, the amount of energy

dissipated by damping is much less in the elasto-plastic

system. The remainder is dissipated by inelastic joint

rotations.

9) The amount of input energy is increased for an elasto-plastic

system when the vertical component of ground motion is

included. Though the variation in stored energy remains the

same, the dissipated strain energy increases when including

the vertical component.

E. EFFECT OF Mp REDUCTION ON RESPONSE PARAMETERS

The purpose of this section is to illustrate by example frames

the effect of the reduction of the plastic moment of columns on

structural response. Frames A and B are used for this illustration.

As in the previous study, the 1940 El Centro earthquake is used to

produce the necessary ground motion in the horizontal and vertical

directions. The structural Model 2 is used to fully reveal the effect

of the vertical component.

1. 3-Story, l-Bay Frame (Frame A). The horizontal response in

the maximum horizontal and maximum relative floor displacements is

compared for the elasto-plastic and bilinear response conditions in

Fig. 7.56. The inclusion of the Mp reduction is characterized by an

increase in the maximum horizontal floor displacement as a result of

an increase in the maximum relative floor displacements of the lower

floors.
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The maximum positive and negative floor displacements are shown

in Fig. 7.57 for the two response systems. The curve associated with

the maximum positive displacement for the bilinear response system

of Fig. 7.57b is for all loading conditions. As indicated by the

maximum negative displacement for the elasto-plastic response, the

inclusion of the vertical earthquake component does not always result

in an increase in the horizontal response. The nonsymmetry of these

extreme displacements is due to plastic hinges occurring in the

support columns.

The difference in the vertical response of the girder nodes due

to the inclusion of the Mp reduction is considered negligible based on

the maximum displacement and acceleration values of Fig. 7.58. However,

the vertical earthquake motion can significantly influence both dis-

placements and accelerations at girder nodes.

Only a slight increase in the ductility requirement of the lower

girder members is realized for the elasto-plastic system as shown in

Fig. 7.59a. Increases in the ductility requirement of lower column

members are realized for both the elasto-plastic and bilinear systems.

2. 4-Story, 3-Bay Frame (Frame B). For the analysis of this

structure, 3% viscous damping is assumed. A comparison of the response

parameters based on both horizontal and vertical components is made

with and without assuming the M reduction due to axial loads.
p

Figure 7.60 shows the change in the maximum horizontal floor

displacement and the maximum relative floor displacement when including

the Mp reduction. The increase in the maximum top floor displacement

is reflected in the response shown in Fig. 7.61.
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The change in the vertical response of girder nodes is shown in

Fig. 7.62. The effect of the Mp reduction is more significant on

Frame 8 than on Frame A.

Ductility and excursion ratios for the girder and column members

of Frame 8 are shown in Fig. 7.63 with and without the Mp reduction.

A decrease in the ductility requirement of the lower girder members

and an increase in the ductility requirement of column members are

observed.

Figure 7.64 illustrates the increase in the input energy when

including the M reduction. Even though its inclusion reduces thep

energy dissipated by damping, an increase in the dissipated strain

energy due to additional inelastic rotation is observed.

3. Conclusions on the Effect of Mp Reduction. Based on the two

example frames studied the following conclusions are made concerning

the Mp reduction due to axial loads:

1) An increase in the horizontal response occurs for structures

containing columns of reduced Mp values.

2) The effect on the vertical response at girder nodes varies

for different frames. The Mp reduction combined with the

vertical earthquake motion can greatly influence the response

behavior.

3) An increase in the ductility requirement of columns is

realized with a negligible difference for girders.

4) The amount of input energy increases due to the increased

amount of dissipated strain energy.
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F. EFFECT OF VISCOUS DAMPING ON RESPONSE PARAMETERS

This section is to show the effect that damping has on the

response parameters of multi-story structures when including the

vertical ground motion. Mass proportional damping at 3% of critical

is used in this study. The 4-story, 3-bay frame (Frame B) and the

lO-story, l-bay frame (Frame C) illustrate the response parameter

studies.

1. 4-Story, 3-Bay Frame (Frame B). The overall effect of damping

on the elastic and elasto-plastic response of Frame B is a reduction

in both the maximum floor displacement and maximum relative floor

displacement as shown in Fig. 7.65. This reduction in elasto-plastic

response of the top floor is shown in Fig. 7.66 for the total time

history. A reduction in the vertical response is shown in Fig. 7.67

for the elastic and elasto-plastic conditions.

Ductility requirements are reduced for both the column and girder

members when including damping as shown in Fig. 7.68, except for the

3rd floor column ductility ratio. The maximum excursion ratio corres­

ponding to this floor is reduced for the damped case indicating less

total inelastic rotation.

Figure 7.69 illustrates the effect that damping has on the energy

consumption of the structural system of Frame B. Even though addi­

tional energy is dissipated due to damping, the reduced amount of dis­

sipated strain energy for the damped system results in a net reduction

in the total input energy as compared to the undamped system.

2. lO-Story, l-Bay Frame (Frame C). The same damping effect on

the horizontal and vertical response parameters is found for Frame C

as found for Frame B. Reduction in the maximum floor displacement,
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maximum relative floor displacement, top floor response, and the

maximum vertical displacement and acceleration of the girder nodes is

shown in Figs. 7.70-7.72 for the elasto-plastic system. The 3%

damping results in a reduction of the inelastic rotations as illustrated

by the reduced ductility and excursion ratios of Fig. 7.73. Several

plastic hinges which originally develop in the undamped system do not

occur when damping is included. A corresponding reduction in the

total input energy due to damping may be observed from Fig. 7.74.

3. Conclusions on the Effect of Damping. This study has clearly

shown that although the consideration of damping in an elastic or

inelastic analysis results in a reduction in the response as expected,

the general behavior of the significant influence of vertical earth­

quake motion on response parameters remains the same as previously

shown for undamped systems.



233

0

10
9

8

CD 7
>
CD 6
..J

5...
0 40

I.L. 3
2
I

0

(em)
10 20 30 40 50 60 70

--- 3% Damping
-- No Damping

5 10 15 20 25 30
Displacement (In.)

a) Maximum Floor Displacement

---3% Damping
--No Damping

10
9

8
CD 7
>
cu 6
..J

5...
0 40-I.L. 3

2
I

0 0.0 I 0.02 0.03
6/H

b) Maximum Relative Floor Displacement

Figure 7.70. Effect of Damping on Maximum Horizontal Response, Frame
C, E1asto-P1astic System, 1940 E1 Centro, N-S Plus
Vertical



-
N

o
D

am
pi

ng
_..

-
3

%
D

am
pi

ng
~

8
0

3
0

~
- c

2
0

A
~

A
IU

6
0

- -
..

4
0

10
r

""
'\

f I
2

0
...

-
c

0
E

Q
)

0
E

u -
Q

)
~(

-2
0

u
-

10
'"

J
\,

0 -
V

V
l4

0
c
.

.
~

-2
0

0
-6

0
-3

0
I

I
I

I
I

0
5

10
15

2
0

25
3

0
T

im
e

(s
ec

)

F
ig

ur
e

7.
71

.
E

ff
ec

t
of

D
am

pi
ng

on
D

is
pl

ac
em

en
t

of
To

p
F

lo
or

,
Fr

am
e

C,
E

la
st

o-
P

la
st

ic
Sy

st
em

,
19

40
E1

C
en

tr
o,

N
-S

Pl
us

V
er

ti
ca

l

N W +::
>



238

VIII. REVIEW AND CONCLUSIONS

An analytical study is presented herein for the behavior of

multi-story framed structures subjected to the interaction of hori­

zontal and vertical components of an earthquake.

The energy absorption of elastic and inelastic systems has been

considered in this research. The input energy is the result of the

work produced by the horizontal and vertical support reactions acting

through the corresponding support movements plus the horizontal floor

forces due to the P-delta effect acting through the absolute hori­

zontal floor displacements. The energy absorption is based on the

kinetic energy due to velocity of the lumped masses, elastic strain

energy due to bending in the frame members, dissipated strain energy

due to the plastic rotations of the constituent members, and the

dissipation due to viscous damping.

Bending deformation has been considered in this work for various

elastic, elasto-plastic and bilinear structural systems. When con­

sidering the nonlinear moment-rotation relationship, a reduction in

the plastic moment due to axial compression is included on the basis

of the interaction formulation required by the AISC specifications.

Other considerations include the P-delta effect and the effect of two

different lumped mass models on response parameters.

The method of analysis as formulated in Chapter IV is chosen due

to its adaptibility to high speed digital computers and to the solution

of nonlinear motion equations. The equations of motion are derived

from a lumped mass system of the multi-story frame and are solved

using Newmark's metnod with 6 = 1/6 which is the same as the linear
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acceleration technique. The step-by-step approach lends itself to

this type of analysis.

The response parameters in this study are mainly used to emphasize

the deformation behavior of multi-story structures. Parameters include

maximum horizontal and vertical displacements, maximum relative floor

displacements, maximum vertical accelerations, ductility and excursion

ratios, and energy absorptions of various structural models.

Observations and conclusions have been made in various appropriate

chapters of this report. These observations and conclusions are based

on the structures analyzed, the earthquake loading used, the assump­

tions applied in the formulation of the mathematical model, and the

restrictions placed on the resulting response system. The assumptions

in formulation and the restrictions placed on the resulting response

are made in an attempt to simulate the realistic behavior of seismic

structures. A summary of the more important observations and conclu­

sions which are applicable to the objectives of this study is listed

as follows:

1) The inclusion of the P-delta effect along with vertical earth­

quake motion can significantly influence the displacement

response. The amount of change in response depends on the

relationship between the fundamental frequency of the frame

and the frequency spectrum of the earthquake loading.

2) The structures having a lumped mass at the center of each

girder is an excellent model for a framed structure to respond

to the energy produced by the vertical ground motion.
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3) Even though the inclusion of the vertical earthquake component

results in various changes in horizontal response according

to the parameters of the system, this vertical motion can

definitely cause an increase in the ductility requirement of

the girders of the structures studied, especially in the

upper floors.

4) The method used to integrate the motion equations in the step­

by-step approach provides an accurate solution to the analysis

of multi-story seismic frames. Newmark's method with B = 1/6

results in all errors less than 3% with the larger percent

errors in the analysis of the 10-story frame at nearly the

end of the earthquake record. The bulk of the errors is less

than 1%.

5) For the analysis of damped structures, it is important to

use an accurate fundamental frequency of the system for

determining damping coefficient. Mass proportional damping

has been shown to be an excellent damping formulation for

accurate solution of nonlinear systems, because the variation

in stiffness during a nonlinear response results in consider­

able error for other damping formulations expressed in terms

of stiffness.

6) The overall effect of damping is a reduction in the response

parameters of the system; however, the general behavior of the

significant influence of vertical earthquake motion on response

parameters remains the same as those of undamped systems.
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APPENDIX

DESCRIPTION OF INPUT DATA, FORTRAN IV LISTING OF PROGRAM, AND EXAMPLE

INPUT AND OUTPUT
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Contains information to be printed with

output

Structure Control Card (715)

Columns 1-5, IN, No. assigned to ~tructure analyzed

6-10, NP, Total number of degrees of freedom

11-15, NPR, Number of lumped masses

16-20, NPH, Number of floor levels

II.

Input Data

Information as to the size of structures, behavior conditions,

loading conditions, type of analyses, and output format from the

program must be provided as part of the input data. The five control

cards following the heading card are used to provide this information.

Possible loads on the structure include initial static concentrated

nodal loads, horizontal variable loads and vertical variable loads.

The variable horizontal loading consists of either earthquake ground

accelerations, a sinusoidal load or a triangular impulse load. The

variable vertical loading consists of either earthquake ground

accelerations, a sinusoidal variation in g-loads or a triangular

impulse variation in g-loads. The program is written such that

additional loading conditions can be added to the program without too

much difficulty.

Information as to member locations, member properties, magnitude

of lumped masses, elements of statics matrices and material properties

are included in the structure information cards of X. A total of 11

possible card types are needed to provide this information.

I. Heading Card (20A4)

Columns 1-8, HOG,



21-25, NM, Number of members

248

26-30,NSUPRT, Number of column supports

31-35, NCOl, Number of columns

III. Behavior Control Card (515,3F10.0)

Columns 1-5, IElPl, The number 1 for a bilinear response

Blank or a results in an elastic response

6-10, NCOND, Stress range condition

= 0, elastic range = 2Mp

= 1, independent values for Mp

= 2, Mp remains constant

11-15, lPDE, The number 1 causes the P-delta effect to be

included

16-20, MP, The number 1 causes the reduction of the

column Mp values due to axial compression

21-25, lOAM, Damping condition

= 0, no damping

= 1, mass proportional damping

= 2, stiffness proportional damping

= 3, mass plus stiffness proportional damping

26-35,AlAMDA, Critical damping factor

36-45,A~MEGA, Estimated fundamental frequency of structure

46-55, PVAl Strain hardening ratio, p

IV. Load Factors and Control Card (315, 3F10.O)

Columns 1-5, IVA,

6-10, LPC,

The number 1 indicates inclusion of vertical

loads

The number 1 causes the initial internal moments

to be determined based on concentrated loads



11-15, LC,
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Loading condition number

= LCh + 10*LCv' where:

1 - earthquake record

2 - sinusoidal load

3 - triangular impulse load

(vertical loads in gls)

16-25, BETAH, Factor to be applied to horizontal variable

load (=1.0 if left blank)

26-35, BETAV, Factor to be applied to vertical variable

load (= 1.0 if left blank)

36-45, VGF, Factor to be applied to floor weights

(= 1.0 if left blank)

V. Analysis Control Card (3Fl 0.0)

Columns 1-10, NMBM, Control number for Beta in Newmark1s Beta

Method.

0, S = 1/6, linear acceleration

= 1; S = 1/12

= 2, S = 1/4

11-21, UOT, Time increment, sec

22-31, TTOT, Total time of loading, sec

VI. Output Control Card (2F10.0, 715)

Columns 1-10, PROT, Increment of time for which output data is

printed

11-20, PUOT, Increment of time for which output data is

punched and/or plotted

2l-25,INPRIN, The number 1 will cause the print of the initial

stiffness matrices and moment-deformation matrix
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26-30, IPLPR, The number 1 will cause the print of ductility

and ~xcursion data at time of plastic

rotation

31-35, KPU, Control number for punched and/or plotted

output

= 0, No plot or punched output

= 1, Punched output only

= 2, Punched and/or plotted output

36-40, Kl, Control for output of displacement history of

top floor

41-45, K2, Control for output of total input energy

history

46-50, K3, Control for output of total dissipated strain

energy history

51-55, K4, Control for output of total dissipated energy

due to damping

The controls Kl-K4 for the above response parameters are based on the

following designations;

o - No plot or punch of output

1 - Plots of output

2 - Plot of dissipated strain energy when

assigned to K3 and of dissipated energy

due to damping when assigned to K4

3 - Plot of input energy, total dissipated

energy and energy dissipated due to

damping when assigned to K2
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4 - Punches and plots of output

5 - Same as 2 with punched output included

6 - Same as 3 with punched output

7 - Punched output only

VII. Static Loads (7F10.0)(Use only when LPC = 1 in Card IV)

Concentrated transverse loads are applied in the directions of

positive degree of freedom

PC(I), I = 1, NPS, where NPS = NP - NPR

VIII. Horizontal Variable Load Format depends on LC of Card IV

(Use only if LC > 0)

1. Earthquake Record (8F9.6)

Earthquake data is based on the time increment, UOT, and

the total time of record, TT0T, as given in Card V. Data

consists of the g-levels for time t = 0.0 to t = TT0T in

time increments of UOT

2. Sinusoidal Load on Top Floor (3F10.0)

Columns 1-10, AMEG0, Forcing frequency, Hz

11-20, AMAX, Amplitude, kips

21~30, PHASE, Phase angle, degrees

3. Triangular Impulse Load on Top Floor (2F10.0)

Columns 1-10, Fl, Initial value of force, kips

11-20, TO, Time which force reduces to zero, sec

IX. Vertical Variable Load Format depends on LC of Card IV

(Use only if LC > 10)

1. Earthquake Record (8F9.6)

Earthquake data is based on the time increment, UOT, and the total

time of record, TT0T as given in Card V. Data consists of the

g-levels for time t = 0.0 to t = TT0T in increments of UOT
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2. Sinusoidal Load

Columns 1-10, AMEG0, Forcing frequency, Hz

11-20, AMAX, Amplitude, gls

21-30, PHASE, Phase angle, degrees

3. Triangular Impulse Load (2F10.0)

Columns 1-10, Fl, Initial value of load, gls

11-20, TO Time which force reduces to zero, sec.

X. Structure Information Cards

The following cards are used for providing the structural parameters:

Card 1: Girder Members, IGIRO(I), I = 1, NGM(10I5)

This provides the girder member No.'s in the order of left to

right for each span starting with the top floor. NGM = number of

girder members = NM - NC0L.

Card 2: Support Members, ISUPRT(I), 1= 1, NSUPRT (1015)

This provides the support member No. 's in the order of left to

right. NSUPRT = number of support members as indicated in Card II.

Card 3: Member Mp Values, VALMP(I), I = 1, NM(7F10.0)

The Plastic yield moment value for each member of increasing

numerical order is provided, kip ft. NM = number of members in

structure as indicated in Card II.

Card 4: Girder and Floor Masses, AMASS(I), I = 1, NPS(7F10.O)

The girder masses followed by the total mass of each floor are

provided in increasing numerical order of the displacement degrees

of freedom for the structure, kip-sec 2 /ft.

NPS = NP-NPR = NPV + NPH

More than 1 card can be used for each of the above structure information

cards.
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Card 5: Mass Magnification Factor, CMASS (F10.0)

Factor to be applied to ~ll the masses of the lumped mass system as

listed on previous card. (= 1 if left blank)

Card 6: Moment Statics Matrix (215, F10.0, 315)

The input of the moment statics matrix is accomplished by listing the

location (Row I, Column J) and magnitude (AIJ) of each non-zero

element of the matrix AM(I,J).

Co1umn 1- 5, I, Row number of AM(I,J)

6-10, J, Column number of AM(I,J)

11-20, AIJ, Values of non-zero element of AM(I,J)

The remaining input values for these cards are optional. They are

used to generate the AM(I,J) matrix so that more than one non-zero

element can be input per card.

21-25, NI, Number of non-zero elements included in this

card

26-30, IADD, Increment to be added to I in generation of

AM(I,J)

31-35, JADD, Increment to be added to J in generation of

AM (I ,J)

The above input data for Card 6 is followed by ONE BLANK CARD.

Card 7: Shear Statics Matrix (215, F10.0. 315)

The input of the shear statics matrix is accomplished by listing the

location (Row I, Column J) and magnitude (ARZ) of each non-zero

element of the matrix AV(I,J)

Co1umn 1-5 , I, Row number of AV(I,J)

6-10, J Column number of AV(I,J)

11-20, ARZ, Value of non-zero element of AV(I,J)
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The remaining input values for these cards are optional. They are

used to generate the AV(I,~) matrix so that more than one non-zero

element can be input per card.

21-25, NI, Number of non-zero elements included in this

card

26-30, IADD, Increment to be added to I in generation of

AV(I,J)

31-35, JADD, Increment to be added to J in generation of

AV(I,J)

The above input data for Card 7 is followed by ONE BLANK CARD.

Card 8: Material Properties (2F10.0)

Column 1-10, E, Modulus of elasticity of material used in

structure, ksi

11-20, Fy ' Yield stress of material used in structure, ksi

Card 9: Moment of Inertia of Member Cross-sections (7F10.0)

XI(I), I = 1, NM, where NM = Number of members.

This provides the moment of inertia values for all members.

The cards must be in member number sequence, in 4

Card 10: Length of Members (7F10.0)

XL(I), I = 1, NM, where NM = Number of members. This provides the

member lengths in member number sequence, ft.

Card 11: Member Properties Pertaining to Mp Reduction. Not used when

MP = O. (15, 3F10.0) One card per column member is provided in the

order of left to right for each floor starting with the top floor.

Column 1-5, IC0L(I), Column No.

6-15, A(I), Cross sectional area of member I, in 2

16-25, UBL(I),Unbraced length of member I, in.

26-35, R(I), Radius of gyration of member I
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XI. End Cards

The following two cards shall be provided to either end program or

to continue to next set of data.

Card 1: End comment card or heading card for next set of data (20A4)

Card 2: Blank card or next set of data.
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o " 1

SUPPO~T COLUMNS
I 10

VALUE OF PLASTIC ~'1"'~NT FO, EA(-i "'Ic'.H\£R
O.3Q1000E+03 2 0.342000[+03 3 O.342000Ef-03 4 J.34'5000E+-03 5 o. '34'i)JJE"+:)3 b O.306)00E+03
O.345000E+03 8 O~ 345000E+03 q o. ~06vOOE+0"3 10 O.390JUJE+J3 11 o~ 34ZJ!J()EtJ3 12 :).'342QOJE+03

FLOOR ~AS.SES CD~S 1DE:~ En lU"lPE) AT GI Rf)-:P t~oa;;: s
GUWER "'lASSES FO" FLro={S 1 THR J ,

I O.28R625E+Ol ? O.26C 86IE+OI 0.l35101F ... Ol
FLoOR MASSES FOR Fl'lQRS I T,-;/{l) 3

" O.5112'50E+Ol 5 u.,'5'3'HZtE+,)l. t)~21')102E...Ql

THE ~ATR IX A~-"-L()CATI'1NS 'WT SHO'.... I>< ARE lERJ
ROW I COlS 2 THRU 1 I. I. O. O. J. I.
ROW 2 COLS 4 THRU q I. I. D. J. O. I.
ROW 3 COLS • THRU II I. O. ) . >1. O• \.
OOW 4 eOlS 12 THRU 11 1. J. Cl~ J. O. I.
ROW 5 COtS IO THRU 15 I. o. O. o. o. I.
ROW b eOlS 8 THRU U I. O. O. J. O. I.
ROW 1 COLS 14 Tl-IRU 21 I. O. o. o. O. O. I. I.
OOW e COLS Ib THRU Z3 I. o. ) . ,1 .. ~. O. I. \.
OOW 0 COLS I' THi<:U 24 1. o. O. o. o. O. l.

THE "1A.n IX A\J---lOCATIGN$ '\jOT SHl)l'iN b.l<:E It:R.~
OOW t COL S 8 THR U I 1 I • O. o. O. D. -1.
Oow 2 ::OlS 10 THRU 15 1. o. o. J .. o. - t.
ROW 3- COlS P lHl<:U 17 1. O. J. J. O. -I.
OOW 4 COlS 2 THRU 21 1. -1~ :J. O. O. D. o. O. o. o. O. O. O. J. D. O. D. J. I. -I.
OO~ 5 COLS 4 THPU 23 1. -1. \}. o. o. o. o. o. O. o. o. O. J. O. O. o. o. O. 1. -1.
ROW 6 ceLS 6 THRtJ,24 1. o. o~ o. O. D. O. O. O. o. O. J. o. O. D. O. o. D. I.

t:= o. )\)'c::+l)'5 fY-= 16.00

THE CROSS-SECT IOfICAL AREA CF cr\..uM."i ~~~R.ERS~ 1~~2

3 2.61Q9997E+OI 12 2.6199Q97E+Ol 2.6199991E+Jl II 2~6tqqqqE.+::n 2.9399994E+Ol
10 2.93QQQQ4E+Ol

THE UNBRAC ED LENGTH OF COliJ"IN 'lE"l8f R S t IN.
3 1.. 2000000E+02 12 1.20000001;'+02 1~2000000E+-02 II 1.2QG(')JQ()E+02 1.80QOOOoE+02

Reproduced from
best available copy_
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La I .. 8000000E+v?'

THE RAGI us OF GYR A Tt 0'\ OF C('I..U~N "IF. "Ir-r:ll 5, IN ..
4. 5S00J02~+uO II 4.550.:::1002.;;'+ )1 r.. bQ99997E+OO3 4.550000?E+OO J? 4.55000u?E+OJ

10 4.6099997 E+-CO

THE Sllf.f-~ESS OF ME~9ERS
1.. 12'1t664(:"'04- 1.lZQl&64E+-04 1"'ScA3332=+04 5 1.5QB3BlE+041 A.4027773>:"'03• 1.3354164f+Q4 1.5JP 1332£+04- 1.50B3B?Et04 1. B54164E+JIt. I~ 8.4011113E+03

it l.12Q16b4E+04- 12 1.lZQ1664E+Q4
END "'O~e"lTS TO I1ISPLAc!:~~rH R<:lll.rlC'~:SHIP

J .:J 0.0 0.0 ~. 0
'O~ \ Q.lbB1.E+05 0.0 0 .. 0 0.0 0.0 0.0

0.0 0.0 "'0.3161F+C4 0.0 Q .0
\D~ O.3361E+05 0.0 0.0 J.o 0.0 0.0 J.O O.J 0.0 0.0

0.0 0.0 -Q.3361E+G4 0.0 0.0
J .. :)\OW O.4S17E"'05 O.225!j.E+OS 0.0 0.0 0.0 0.0 J.o 0.0 0.0

0.0 0.0 O.f.>175C+04 -0.b115E+J4 0.0
OOW O.2258c+05 0.4517tH'"; 0.0 0.0 0.0 0.0 1.C1 0.0 0.0 0.0

0.0 0.0 O.b775F+04 -O.6775F+04 o. a
\OW 0.0 U.4517E+05 ,).Zl58':+lJ'i 0.0 0.0 0.0 J.J 0.0 0.0 0.0

0.0 0.0 O.ll O.6775H04 -O.677~E+04

OOW • 0.0 J.2?SBE+05 0.4')17":+tJ5 J.O 0.0 J.O J. J 0.) 0.0 0.0
0.0 0.0 0.8 0.67 75E +04 -O.677"iH04

OOW T O.6033E+05 0.0 Q.O O. Cl 0.0 0.1Q17E+05 J.O 0.0 0.0 -O.9J50E+O,"
0.0 0.0 .J.,) J .0 w.O

-ow e a.3anE ..os 0.0 o. J 0.0 0.0 D.f,OBE"05 0.0 0.0 0.0 -a.Qo50E+04
0.0 0.0 0.0 0.0 0.0

oow • 0.0 O.603~f:+05 0.0 0.0 O.30l7E+OS 0.0 0.0 0.0 0.0 0.0
-Q .. Q050E+04 0.0 0.0 0.0 0.0

OOW 10 0.0 0 .. 3Dl 7:: +05 0.0 J .0 0.60nE+u5 0.0 0.0 0.0 0.0 0.0
-Q.'l05Q't:+04 0.0 0.0 o. a 0.0

-ow 11 0.0 0.0 a.~342f+C5 0.2671[::-"05 0.0 '(J.O J.O , .0 0.0 0.0
0.0 -i).l:1012E+l:4 o. Q 0.0 0.0

-ow 12 0.0 rJ.O 0.26 7lE +05 a.S342f:+05 0.0 0.0 J. :) '.0 0.0 0.0
0.0 -0.8012~+O4 0.0 0.0 0.0

.RO.... 13 0.0 0.0 0.0 0.0 0.0 0.6033E+O' J. 3) l ?E+O'; 0.0 0.0 0.'050E+04
0.0 0.0 0.0 0.0 0.0

-ow \4 0.0 0.0 0.0 0.0 0.0 ).3JI7E+05 J.&J33~+05 0.0 0.0 o. '050E+0~
0.0 0.0 0.0 0.0 0.0

ROW 15 0.0 0.0 0.0 0.0 O.6J'33f+US 0.0 0.0 . O. ,J17E+05 0.0 0.0'
a.. 9050E+04 0.0 Q.O 0.0 0.0

ROW ro 0.0 0.0 0.0 0.0 0.30171;+05 0.0 J. ~ O.&033E+05 0.0 0.0
O.Q050E+04 0.0 0.0 0.0 0.0

.OW 11 0.0 0.0 0.0 0.5342£ .05 0.0 0.0 0.0 0.0 Q.2b71E+05 0.0
0.0 O.?Ol2"E +04 0.0 0.0 0.0

\Ow IB 0.0 0.0 J. u r) .. 2671E+QS 0.0 0.0 0.0 0.0 0 ... 5342E +05 0.0
0.0 O.. l:!012E+04 J.O 0.0 c.o

'OW I' 0.0 0.0 "3.0 0.0 0.0 0.0 J.16BIE+u5 0.0 0.0 0.0
0.0 0,0 -0.336 tE+04 0.0 0.0

.O~ zo 0.0 0.0 0.0 O. a 0.0 0.0 J. nblE+05 0.0 0.0 0.0
0.0 0.') -0 .. 3361[+04 0.0 J.O

OOW 21 0.0 0.0 0.0 0.0 0.0 0.0 J.4517E+O' Q.2158E+OS 0.0 0.0
0.0 0.0 0.0775E+J4 -O.6715E+04 0.0

OOw 22 0.0 0.0 0.0 0.0 0.0 0.0 3.2258E+J5 :).4'il H"oS 0.0 0.0
0.0 0.0 O.b71sE+04 -0. 6115E + 04 0.0

OO~ 23 0.0 0.0 0.0 J. a J.J 0.0 0.0 ':I.4511E"'OS O.2258E+Q5 0.0
0.0 0.0 0 .. 0 O,,677SE+04 -O.6775E+04

ROW 24 0.0 0.0 o. a 0.0 0.0 0.0 O. J J.2258E"05 O.4517E-t-OS 0.0
0.0 0.0 0.0 O.. 6775E+04 -O.6775E+04

OOW PiOEL T8.~TlFFNESS 'AT8~~
A.S reOR,M[l) IN PROGRAIoI, K2 o. a 0.0 0.0o. a

ROW 2 0.0 0.0 0.0 0.0 0.0 0.0

ROW 3 0.0 0.0 0.0 oJ~O 0.0 0.0

OOW 4 0.0 0.0 0.0 O.113't>10E+Ol -0.809923E":)0 0.0

'OW 0.0 0.0 0.0 -0. R09:j23E+OO O.IOBOl2E+Jl -O.27:l2:J2!:+OJ

ROW 0.0 0.0 0.0 0.0 -O.27QZ02E+30 O.21D2;)2E+OD

7 -0.2\6\E-02

O.0005( EOOOO

O.8671E-09

4:::EL.
Q...H6337E+Ol

AC.tEl •
-J .. 3S310~E+OO

TD5E= 0 .. 0

O.4899E-lJ

VEL.

·<:1.276337E+Ol

EOO= o. (}

NQ. MI)"4~'H K ,". I-l.G'l't'Ctll ~

• ).1:)795"'03 0 5 :J.S965E+02 0
9 -).1 'H5E-t-03 0 10 -Q .. 2370E+Q3 0

14 O.. 199BE.03 ) 15 0 ... 2370E+03 a
19 -J.3~31="u2 0 20 -0.726JE+02 0
2. -3.9)~7E.:)2 Q

K
o
o
o
o
a

VERTICAl=
YGT= 3.0

RA~(,E

'olO"1£\lT
O.1271E+01

-O.26 .... QE+03
O.264QE+03
O.. QQb1F."02

-O .. 8Q6SE+02

0.1354':-02

PLASTIC
K NO.
o 3
o 8
o 13
o I"o 23

0.0 0.0 O.. 3017E+05 D.O 0.0 0.0
0.0 Q.3017E-+05 0.0 0.0 0.0 0.0
J.261lE+o5 0.0 0.0 0.0 0.0 0.0
O.106E\E:+Qb 0.0 0.0 0.0 O. a O.2~lle+05
J.O O.1207E+06 0.0 JoJ .').3Jl1E+05 0.0
0.0 0.0 O.l207E+06 O.1017E.05 0.0 O. a
0.0 0.0 0.30t 1E+05 o. l.3<HE+06 0.2Z58E-f.OS 0.0
0.0 0.3011[+05 0.0 'J. 2 2~AE "'05 0.l5J7E+06 O.Z2;8E+05
a.'l&TlE+Os. 0.0 0.0 0.0 O.2158E+05 D.99,SE+05

O. 3414E .04 -O.6775E+04 0.0
J. 67 7SE +04 0.0 -O.6115E-+04
0.0 O.6115E.04 -O.6115E+Ot.,

D. a
O.2l5flr+05
0.9R58E-f.05
0.2& HE +05
0.0
0.0
0.0
0.0
0.0

n'1E= 0.0 NUM8ER OF Tll'iES STrFFN~SS HAS BEEN (.AlCUlAiEO- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -' - - - - - - - - .. - - - - '- - -
LOADING H~R t lVHAl= O.35310SE+OO

XG= 0.0 xGT= J.O YG;: 0.0----------------------------
ENERGY EIE= O.346472E+Ol eLSE:::; C.346470E+Ol EKE= 0.0-----------------------------------------
HORIZONTAL FLOOR DISPL. t vF.L MoW ACCFL. REL-'\TIVE T] BASE..

NO. QISPL. vEL.. ACCEL. ~J. DISPL.
.. -0.383b07E-01 0.] -O.353105E+OO,. -O.5!:l3794E-07 :I.a
6 -0.552'14E-Ol 0 .. ') -00353IJ5E+00

VERTICAL OISPL., VEL". AND AeCEl .. OF ~aDAL POINTS ON GIRDERS RELATIvE TQ BASE.
NO. 01 $PL. VEL. ACCEL. "4 oJ. Dl srl. VEL ..

1 0.36417BE-Ol O.J 0.21&331£+0\ 2 O.30S4,)~E-Ol
3 O.20340JE-Ol Q .. J O.2763J7E+Ol

JOINT ROTATIONS
1 O.2161E-02 O.130'lE-C2
8 -O.130BE-02 -O.1354E-02------- -----------------

JOINT MOMENTS. K-=O, ELA-SHe RV~GE, K<:o2,
NO. MOMENT K NIJ. "10"'ENT

1 O.363iE+02 0 2 O.72b3E+02
6 O.Q067E .. 02 0 7 -O.lQ98E+03

\t -O.'lOb1'E:+02 0 12 -0.1268f+03
16 0.1975E+030 t7 O.t268E+01
21 -O.ll71E+03 0 22 -O.1079E .. 03

Jl1ATR IX SKI INPR,NPR I
Ra~ \. Q.\?,'HE ..O& O.2258f+05
ROW Z 0.2258E+05 0.l5 HE+06
ItOW 3 0.0 O.22S8E-f.OS
A:()W 4 0.0 0.0
ROW 5' 0.0 0.30111':+05
ROW b a.30t1E.. 05 0.0
ROW 1 0.0 0.0
R.OW 8 0 .. 0 0.0
OO~ • 0.0 0.0

"lATRIX SK2fNPR.,NPSJ
"'OW 1 -O.90SDE"04 0.0 0.0
'tow 2: 0 .. 0 -O.9050E+04 0.0
It; ow 3 0.0 0.0 -0.8.n~€".Q4
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a8~ 8:8 8:8 8:8 8:8 8:8 8:8
ROW 0.0 0.0 o.J J.O 0.0 o.~

~g~
O.Qi,)'5oJE+04 \) .. 0 0 .. 0 J.3414E+J4 -O.fJ77~E.04 0.0
0.0 J.905\)[ +0 ... 0.0 Q.6775i::+04 0.0 -O.6775E+:14

Rnw 0.0 o 'Or) J. '30121'+04 0.0 O.6775E+04 -J.6775U04

"14,H IX $K3{ NPS./'.iPSI
0.0 0.0 0.0 \J.OROW 1 O.3620E+04 J.O

'OW 2: 0.0 O.36l:V:+04 0.0 0.0 0.0 0.0
ROW 3 0.0 0.0 O.3?05E+C4 J .. 'J 0.0 0.0
'OW 4 0.0 0.0 ,).J J.16u6t+04 -O.J710E+J4 0.0
'OW ., 0.0 0.0 0.0 -J.2 71 Of +04 O.'i420E+04 -0.2710::+04
ROW 0 0.0 ;) .0 0.0 J .0 -O.?710F+04 0.2710E"-'4

M4.TR IX sryP(NPR,NPSl
-J.lq~,)f-Ol u.S33lF-Ol -0.7?2b=-02'OW 1 O.6674f-Ol -O.101Of-OI 0.2101'-01

ROW 2 -0.1036£-01 o. ""381E -01 -J.1214f-Ol -O.4904F-Ol O.447'JE:-02 J .. 3q68~-J 1
ROW 3 0.2313E-02 -;).1461f-Cl J.:)1024[-01 O.1299E-Ul -C.130be~-;)1 O.6li98E·Ol
ROW • -0.7565E-09 CJ.1J2o~-O'! -O.2 1,?lf-07 -v.64·1E-,n 0.'.034=-J1 -0 .. 3449t-Ol

'OW 5 O.10')4E-09 -0.1 '.11 r::-J7 ~).%o'S::-'ll'! J. 2'd2~:-OI -O.223S!""-02 -O.I'i.%E-OI
'OW .0 0.0 -t). 2875£--0 1 -0. V512f-O<"J J.Q2Q;'l!:-02 -0.2'l9,H--01 O.3613::-U2
ROW 7 -O.6614E-Ol 0.1036[-01 -O.21')1~-V2 -0.1"60=-01 O.':l3?Ii:-;)1 -:).1226E<>2
ROW a O.1036F-Ol -o.f, 3R IF-Ol J. 12 '14F -0 1 -0.4'104(-01 0.4475[-02 o. 39b8E -01
ROW q -O.2173E-02 ~.141>2f-Ol -J.8424(-01 L1299E-OI -;J.!:)068E-Jl O.681!iE-OI

"4ATR IX AK S
-0. 'B')3f t-C2 -n.167A::-Ql 0.48 '31F-03 0.0'OW 1 0.1156~+06 J.lq 75;::+0 3

ROw 7 O.1975E+01 ,).1644[+06 J.2H2'::+03 J.;'R83E-03 -O.1'J7RF-03 -0.2441E-03
<OW 3 -0.3~03E ... 02 O.2142E+01 0.B2'-l2f +OS -O.1221't:-03 o. 4'3 ~ 31; - 0, 0.0
• OW • -0.2289E-03 -().?441[-O1 -J.IJ68F-03 J.3491t+06 -u.22')4E+J4 J.4tHI4E+-03
ROW 5 0.5188E-03 -0. 7629f -U4 G.O -].2254(+-04 0.32141:+06 -O.I:J6A::+-'J4
ROW 0 J.152bE-04 O.152Of-'J3 O.2441E-03 0.4QS41::+03 -O.lno8E+04- o. ltd3i:+-06

TI\tE= 0.500__ ~U~~~~_O~ ~I~':~ ~T~F~~:~S~ ~A~ ~E~N_C~l~U~A':E9 __ 1 _

LQADING iE"lRIZ]NTAL= 0.547110E+00 Vfr<TIC~L= -:).167846E"'01
_X~=_O:.2~~~3~E:()~ _X~T: 2.~5~1~0~-~1_ ~G: ~.~q~I~J~-~2_ :::G~=_O.:2~7~6~':-:)l _

EN~R~Y__E~E: ~.~8~5~~~"'~1_ ~t~F: ~.~4~2~O~+~I_ ~K~=_O;3~[~6~E~J~ _E~D: ~.~ T~S~=... O;O__

HaRIlQ~TAL FLf10R. DISPL. t IISL. ANi) AC(EL. RELATIvE TO ~ASi=:.
NO. DrSPl. VEL. ACCFL. 'l:J. OISPL. VEL.. ~CCEl.

4 -O.941370E-02 O.60791·4~-07 -O.'H55J5E+-OO 5 -J.147451E-Ol J.1177RJE-.Jl -J.IJ3347E+JO
b -Q.1131QoE-Ol Q.17<)tllE-01 -0.149'!l4QE-01

VERTICAL OISPL., VEL. ANC ACCE!.. or -':OO"-L PJINTS fJ~ GIJ<I)ERS QElATIV[ TJ ~AS'::.
NO. DISPl. VEL. ACC'::t.'O. OISPL. VEL. ACCEl.

1 O.321851E-Ol -0.447816[-01 0.':>62?51E+Ol 2 0.241439E-:)1 J.~:lf~~343E-al J.821291E+01
3 0.158617E-Ol J.6l0361E+OO 0.8R1SI4E+Ol

O.04Z6l: EHOR

JOI NT ROT ATI ON S
1 O.1438E-02 J.7101E-03
R -0.1294E-,n -J.ll>31!:-02--------- --------

JOINT "'C"!ENTS. 1(=0, ELASru: RA"lf,E, 1<=2,
NO. ....OMENT K N.'J. ~J"'\£~1"

1 0 .. 5581E+02 J 2 0.70;91E+02
6 0.7')60E+02 0 1 -0.lQ1lE+-03

0.<)3251:'-03

PLASTIC RA"lGf
K NO. ....n'1~'IT
o 3 O.llllE+03o g -0.233')'::+-03

Noel. ....)"1:. 'IT K
4 J.1JJ7E+03 0
9 -J.I713E+03 0

J.2ft6bE-03

'IJ. "IJ~E'H K
5 0.105lJE+02 0

10 -O.1883E+03 0

U -8:mS~~8~
21 -0 .. 1026E ... 03

H -s::mg~~8~ 8 l~ 8: mS~~8~ 3
2? -0.17G6E+02 0 21 -O.6780E+OZ 0

l~ -3:Hmm 8 16 -8:mm8~
24 ·-J.6539E+J2 J

** ** ***It<****" *' **'~*"" **. "'* *' **'" '" *' **' .. "'** _***.* *. '" '" *'.* *' **. *' .. *'. _. -. _.. "' •• ** _ _* ****.*"':*"'." * **••*
TIME- 1.000 NUMBE~ OF TI~ES STIFfNESS HAS !3EEN CALCULATE') 1-------------------------------------------------

LOADING ~,lPIlJNfAl= -O.251B97E+Jl 'IEF<.TICAL= -J.34-g573E+01
XG= 0 .. 784132E-01 XGT.",-O.17b89QE+QO YG=-O.24118lE-Ol YGT", J.141115i;; ... OO----------------------------------- -------

ENERGY EIE= O.461B13E+Ol elSE= O.360733E+Ol EKE'= O.101311E+01 ::11)= 0.0 rOSE= 0.0-----------------------------_._-----------
HORIlO~TAL FLOO~ OISPL., VEL. AND ACCEl. RELAl"tVE T) BASE.

NO. OISPL. v'El. ACCEl. ~i.J. OISPL. VEL. ACCH.
It O.230654E-Ol 0 .. Z74?19~+Ja 0.191391E""01' 5 O.361294E-Ol 0.4J9702=+J::> J.IB5093E+Ol
6 0.437891E-Ol 0.'1'11:)930':+00 O.145290EH10

-0.037U ER~OR

7 -O.8704E-03

O.138731E-Ol
0.0
0.ft9b53lE-OI
G.. 1211b4E-02
O.J
0.52\998E-Ol

0.137146E+00
0.0
J.10Q5'BE+OO
O.205786E-Ol
O. a
O.9685lt2E-01
O.161510E+OO

-O.5994E-03

!:XCU~::

EXCUR==
EXCUQ,-==
EXCUR==
ExCU~==
EXCUR==
EXCUR::

EXCU~==

EXCUR==
EXCUR.==
EXC"J~::

EX:UR=
EXCU~=

MO~HlT

0.78 30E+02
-Q.2569E+03

O.25b9E+03
-0 .. l068E+03

ACCEL.
J .. 129322E+Ol

'J.
5

10
15
20

-O.3342E-03

.4411Q1E-)2
J.1131l5E+Jl
O.10JJJJE+-Jl
O.ll'}Q5:)'E:+Ol
0.'H9421E+-JJ
0.1 JJ;)JOE+Ol
o. t:)9b95E+-01
u.l161HE+-.n

-:).2021E-D3

A~O ACCEL. OF ~ODAL POINTS O'l GIRDERS QfLATIVE TO BASE.
VEL. AC::El. 'lO. DISPl. VEL.

0 .. 2744',5E;'+-00 0.363657::"'01 2 Ll.338657E-Ol J.317454E+OO
O.243647E+CO 0.154238E+02

VERTICAL DISPL., VEL.
NO. Of SPl.

1 0.359080E-Ol
3 O.1l2242E-r)l

JOINT ROTATIONS
1 0.3268E-02 2 O.2412E-02 O.9410E-03_ ! _-~ .. ~7~3:-~1 __ .~ _-~.~3~4~-~3_ _ _ _

JOINT "laMENTS. K=O, EL~ST!C RA"lGE, 1(=2, PlASrrC RA"lGE
~Q. ,",O"lENT K N). MJ"'F'H K NO. "10ME'H NO. M]"1=:'>lf

1 -O.2261E+02 0 2 O.32ilE+02 0 3 0.1l36~+03 4 J.9424::+:J2
6 0.4508E+02 0 7 -0.1459E+03 0 8 -0.26?5~+03 9 -J.I725E+-03

11 -O .. 4508E+-OZ 0 12 -0.7561F+02 0 13 O.2b2SE+01 14 u.25+!tE+j3
16 0.2421E+-03 0 11 0.75631:+02 0 1~ 0.1756E+02 19 -:).9215E+-02
21 -0.1476E+03 0 22 -O.1471F+01 0 23 -0.94331';+-02 24 -J.1751lE+-02

HOTE, AT TIME:: 1.04 SEC. THE FOllOl'd~G "'E"I8F:R ENOS BECAME PLASTIC' 10 13 14 15
THE FOLLOWING ADDITIONAL rNF-lr:J.4ATI'J·~ APPLIES TO PLASTIC Hf\l:;ES

10 ~p MAX.= O.345000E+Q3 >o1p I-lll\,].=-D.345DODE+O) J')lNl RJTArlQ~= -O.4CJ22~9E-a2
THE FOLLOWING ADDITIONAL rNF')~"'ATI'1"l APPLIES T') PLAS1"IC HI'l'>ES

15 MP MAX.= O.34-S0DU€+-03 MP MIN.=-J.34500JE+03 J'JINT "tOTATIJ'l= O.378403E-;)7-
10 DSEAB= 0.140543F-Ol SESEAB= O.t:)1305E+Ol E/olU= 0.101387E+01 1U:~AX"" O.1013g1E+Ol

YMQ"1=-O.145000E+01 JEL·~P=-O.228687E+-Ol EMU= 0.100JOJE+Jl OJ:"'AX= 0.1JOOJ)E+Jl
ALPHA= O.1912f'.9E-03 ALPHAT= 0.IS9Ze8E-03 EMU= O.104965E+Ol JU:"1AX= 0.10!tq~5E+'J1

15 DS'EA.'O=-Q.1S713&E:-02 S[SC:A~= 0.1?<:l6R7E+01 ~""U= O.993198E+-')J DJ:'-1AX= O.. 99818oE+-DO
YMOM= O.345QOOE+-03 DEL"'P= O.228687E .. J1 E'"'u= 0.100000E+Ol DU:"'AX= O.l:JJJJJEt-:H

ALPHA= 0.200141E-03 ALPHAT= O.. 20014lE-03 E/olU= 0.10525JE+01 ~U::IolAX= 0.10525)E+-'Jl
NOTE, AT TIME= 1.0& SEC. Tfle Filll\1wI"4G "IEIolBfR E'lOS REr'JRNEJ TQ T\.fEIR ELASTIC ~A'4GE II,} 15

THE FOLLOWING ADDITIONAL INF'1P"IATION APPLIES T'1 PLASTIC HI~GES
8 MP MAX.= 0.34500.)E+03 "lP "11"l.=-0.345000f+-Ol JOINT ~OrArIO~= -0.&OD:H4E-02

T'HE FOllOWING AQOlTHlNAl I"lf1Q.MATH''i A?PLIES TI) PLASTIC Hl'i'jES
13 /,,:P MAX .. = O.34srOJE+03 "IP MIN.=-0.34S00JE+03 JJINT ~OTAIID"l= O.360098E-02

TH"E FOLLOWING AODITIONAl P~f'W""lATr'J'4 APPLIES T] PLASTIC HI'li,ES
lit MP IoIIAX,.= O.34500JE+03 "'P "1IN.=-,1.34500JE+03 JJINT RlJTATIO'l=

8 OSEAB= O.12!l6?3:::+0·) 5ESEAP,= O.Q23261E ... OO EMU= O.113715E+Jl OJ:: "'lAX
YMQ"1=-O.14SvOOE+01 0~L"!P=-().54I162E .. Ol E~U= 0.100JOOF+Ol OU:"'<\X

o.LPH!.= 0 .. 41763H.-03 t.lPHAT= O."11637E-03 E!".U= O.lI0:)5'>E+01 QUC~AX
13 DSE4B=-O.216125~-OI SESE'A3= O.134180E ... Ol E!'lU= 0.919421E+JO DJCIoIAX

YfIIO"l= O.345000E+03 OEL"1:J= 0.541162E+-01 E"'U= O.IOOJOJE+J1 DJ:"'4X
ALPHA= O.369224f-03 AL::l'l-iAT= O.369224E-03 E~U= 0.109b85E+Ol DU(IolAX

14 DSEAB= O.216115E+-00 SESEA~= 0.134130E+Jl fMU= 0.116151E+Ol [}U:"1AX



312

Am~; 8:m2m:8l Af~h~i; 8:tmm~8~ 't~8; 8:immt81 R~Em; 8:mmml
NOTE, AT TI~E= 1.07 SF-C. THE Fi)Ll).·o/ING ~·EMP.ER ENOS RETJRN[D Tn fHEIR ELASTTC a~r.!:= 3 13 14

NOTE, AT TI~E= 1.2J SEC. TIi!: FJLLS..... IN(, ~E-',H3ER E~WS Bf::A"'E PLASTIC 14

NOTh AT TIME= 1.21 S!:C. THr l=CLLC~wINr, ,.... EM[1tl( E"lJS AFCAMf PLASTIC 16

fiOTE, A.T TlMf= 1.23 S'tC. 'fH[ ":L'llDwl"~-:; 1.,I't!-\fI't? ::-!>l!)S ?FCA~'E PLASTIC 10 IS
THE FOLLO",ING ADDITIONAL I'~FJ~\1ATIO'~ hPPLIES TO PLASTIC H!\l:;ES

10 ~p MAX.= 0.34'J00}~+ul ~p MIN.=-J.145000f+O' J~INT ROTATln~= -O.S67869E~:)2
THE FOLLOWING ADorTInNAl r"lF-'H."','1TIG~ t.PPLlES Pl PLl\STlC f-I!",jr,ES

15 ",p /oiAX.= 0.34500;)':+~1 .... P .... [N.=-O.34500JF+03 Ji1INT .R!)TUlrJ'l= .1.354057E-02
THE FOLLOWING ADOITION4.L p{~'1q"lATln'l llPPUES T1 Pll\STIC Hi'lGES

16 MP MAX.= J.34510)f:+Q' ~~P MIN .. =-O.345000E+Ol JJI~JT ~iJTArl]\l-= a.506~54E-02
10 OSEA8-= O.31'iZl7E-01 SESF.!.A= 0.9756'14E+00 f~_U= 0.10'3Z31F+ul JU::"l,u-= J .. LJ3231f+01

Y,",[1"l=-O. 34'500J£+03 J[L~~P.::-O.750806E+Ol E:1'\U= O.IJOJJJI:+Ol DJ::"'AX= O.IIJ.JOOJf+JI
ALPHA= O.IIfl,151!:-03 ALP4AT= O.3076l9E-03 POW= 0.IJ3104E+OI OUC"1AX= O.1041165E+Jl

15 OSEAB-= O.Q74I1Q9f-02 SESEAf',= 0.1510J5E+Ol E"':J= O.l00631E-t-:)1 DJ:"1AX= O.IJC>637E+JI
Y"'O"'= O.345CO::JE:+03 OEl"'[)= 0.750800E+01 EI-lU= O.100JJJE+Ol DJC"lAX= O.10:)JJJE+Ol

ALPHA= O.H4903JE-U4 ALP4AT= O.285044E-03 E"IU= O.ID22Z7E+01 DU::'ol~X= J .. IOS25Jf+Ol
16 OSEAB= O.l46Zl'lE+OCl SfSFAP.= 0.1'J3G05E+Ol Elo1U= 0.116092(+ClI f)U::\1AX= O.116J92Et-JI

YI40"l= O.3450[})f+Cl DEL~P= 0.205886E+o2 (I'olU-= 0.I07J76E+Ol au::,\ll,x= J.lJ707!JE+01
ALPHA= O.73u77Ji:-Ol ALDHAT= O.73077:JE-03 EMU= 0.119109E+)l :JiJ::"l4X= O.119169E+Ol

NOTE, a.T ntolE= 1.25 SEC. THE' FOlLC','l'tIN(, "IEIo'lf'JEf'. t'WS ~ETU?_N~) TD T'1flR. ELASnC =tll,~GE 10 15 10

NOTE, 4T TIME= 1.26 SEC. Tl-t~ FOLLOloif"lG "'EMAE~ ENOS f\F.CM·\E PLASTIC A 13
THE FOLLOWII'iG ADDITIONAL [~F1R"lATI':V~ APPLl[S Tl PLASTIC HI'lGES

10\ ,",P Io4AX .. = 0 .. 34500,JF+Ol ~P .... I"J.:-Q.34500JE+03 J:Jlt-.lT ;l.OTATIJ\j= 0.707S9SE-J2
14 DSEAA= 0.54~6q.')E+OJ S€SI:A(\= 0.. 170(l']t\E+ot f'1LJ= O.. 132214E+Ol I)U::~,U:= G.132.2.1H+Ol

YMOM= 0.'34500,)E+03 iJF.L'-,D= O.114700F+02 E"IJ= O.12123Jf+01 )U::"lA)(= J.12123JE+Jl
ALPHA= 0.158002E-02 ALPH.\T= 0.226664E-02 E'1I)= 0.141447E+Ol DUS~AX= 0 .. 141447E+Ol

NOTE, AT TIIolE= 1.28 SEC. THF I:QLL:wIN:; \1E~BER END') tlfTURNED TO T'1EI~ ELASTIC ~A'lGE 14
THE FOllOWING AODITIt'1~AL INFJ:R"lATIC"l APPLIES f') PLASTIC HI\lGES

8 MP "'AX.= 0.345000£+03 "1p ~IN.=-O.34500::>E+03 J31NT RJrATIJ'l= -O.666017E-02
TIiE FOllOWING ADDlTFlNAl INF1~."'HI')"" llPPl1E') T') PLASTIC H!'lGES

13 ,",p MAX.= 0.345000£+01 Mp MI~ .. =-J.345000f+o3 J]INT RClTATIJ'l= a.3571?OE-02
8 DSEAB= O.4'jQ560€-OI SES~flP,= 0.974192E+OO EMU= 0.104717E+Ol D~::~ll,x= J.113715E+Dl

YMQM=-0.345000E+Jl IJEL\4P=-0 .. 5QI406E+01 FloIU= O.1000UuE+01 DU:'4AX= ':>.lOoOOJ:+Jl
ALPHA= O.2352Q7E-03 ALPYAT= 0.652934E-03 EMU= 0.106172£+01 i)U::'1AX= 0.11,')9551:+01

13 OS£A.B= 0.433~!t-ZI2-0l SESEAB-::: O.lb3Q<)lE+Ql EMU: O.H)2151E+Ol I)J:"\b.';(= 0.102,)'IE+01
YMOhl= 0.34500aE+01 DfL"'P-= 0.591357E+Ol E"IU= 0.100)::IOE+Ol DJ:"IAX= O.I:::1)JOO:+Ol

ALPHA= 0.201>445E-03 ALPHAT= 0.575669E-03 EMU-= 0.105!t15J:+Jl )J:~AX= 0.1J9&85E+Ol
NOTE, AT TI.ME: 1.29 SEC THE FOLln~I~G "'1EMBE~ ENDS RETURNE) TO THUG: ELASTIC HNGE 8 13

NOTE, AT Tt~F= 1.43 SEC~ THF FOLU1 .... !NG ME~8ER ENOS REr:~,..~ PL4.Srrc: 10 14 15
THE FOLLOWING ADOITI'JNAL I'lFi)G:.'o1ATIO~ llPPLIES Tn PLASTIC HI'IGES

10 ,hlp MAX.= 0.3!+5000!:+03 ~P "II'l.=-0.34500'JE+03 JOINT ~DTll,TIO~= -O.562748E-D2
THE fOLLOWING ADDITIONAL I!>lF1R'"1ATIIJ'l APPLIES TO PLASTIC HI'IIGES

15 ,hlP MAX.= 0.3!o.5000E+03 "lD "1P.... =-O.3450JOE+o3 J(lINT R:JTATIJ\l= J.430547E-02
10 DSEA8= 0.12:01186£+00 SE<;!:AC= O.1191107E+OO E,""'J= 0.1l2134E+J1 D,):'1AX-= O.1l213H+Ol

YMf;M=--O.345000E+Ol f1ELMP=-O.l ?1741E+J2 E."'U= o.100JOJE'+J1 f)J:~AX= O.100JJOE+Jl
ALPHA=- O.3723R'SF-03 ALDYAl"= O.o800Z4E-03 EMU= 0.10Q7&RE+Ol >JU::'16,X= O.10176'3E+Ol

15 OSEAB= O.118779F+oa SESEAI3= 0.141216E+Ol EMU= O.10$411E+Jl 1:.J::\1AX=- J.IU:l411E+Jl
YMO"1= 0.345000=:-+03 DEl\1P= O.121741E+02 EMU= 0.100000E+Ol ,)c.J::~l\x= 0.10JJOJE+Ol

ALPHA= 0.4011251E-03 ALDHAT= 0.694Z95E-03 E"'u= 0.11:1735E ... \.>1 JJ:"1AX= 0.11J735E+Jl
NOTE .. AT TIME: 1.46 SEC. THE frLL'lloll"lG "IEY·B,:R E"l.OS R.ET\jRNE] 10 Tl-ifB ElASnc ~4.""~:: \0 \5

fiOTE, AT TI~E= 1.46 SEC. THE !=-']LlO.4ING '1E"I8Eft ':NDS BECA"IE PLASTIC 8 13
THE fOLLOWING ADDITIONAL I'lFrJRMATICN APPLIES TJ PLASTIC H{'HiFS

8 ~P "1AX.= u.34500JE+03 Io1P MI~.=-O.345000E=-+u3 JQINT ~JraTIJ~= -O.1l2432E-02

EXSUR= O.46179aE-01
EXCU~= 0.0
EXCUR-= 0.806980E-Ol
EXCU~=> 0.758314E-02
EXCU~= 0.0
EXCUR= 3.747709E-Ol
EXCU~= 0.160921E+OO
EXCU~= O.701645E-Ol
EXCUR-= 0.191!)Q4E+OO

EXC.UR= 0.464252'E-+OO
EXCUR= O.212296E+OO
EXCUR;-= O.594562E+OO

EXCJI=t= 0.184319E+OO
EXCUR= 0.3
EXCUR= 0.171215E+OO
EXCU=t-= O.500aBZE-Ol
EXCUR= 0.0
EXCJ~= 0.151009E+OO

EXCUR: 0.167516E+00
EX[:U~= 0.0
EXCUR= 0.118381E+OO
EXCUR= 0.916886E-Ol
EXCUR= J.J
EXCUR= 0.182124E+OO

EXCU~= 0.278994E+00 1
!:XCUR: J.O 2.
r:XCU::\= 0.251868E+OO 3
EXC.UR= Q.627390E-Ol 1
EXCUR= 0.0 2
EXCu~= 0.176605E+00 3

EXCUR= O.789193E+OO
EXCUR:= 0.424591E+00
EXCUR= 0.Q95708E+00

O.3Z14E-02

K
a
o
o
o

-O.1811E-02

MOMENT
0.9603J:+Q2

-J.2696E+0"3
0.26116E+03

-0.1912E"'03

"4J.,
\ 0\,
ZD

TvSE= 0 .. 2l3510E+Ol

-0.·%1~E-03

N"J ..

­9\­
19
24

+03
+03
+03+0>
+0>

RA"'lGE
"Ir\!ol.!::''-'

O.l1HZ-0.3528
O.35Z=l
0.7158

-0.6718

PLhSTIC
K NC\.
o 3
o 8
o 13
o 18
o 2>

TIM€:= 1.S00 NU~·fl,fQ. Of TlM~S STlFcNESS HAS B>=EN CALClJlATfD = 14 • _

LO~*~O~\~';O~E;O; ~ ,; T;-~. ~o;~~~f*: '~G; ;~!I;8;>;-~\ ~ ~G ~=~j; *~~~E=j·;
ENERGY EIE= O.l'5lllJ.:+O:? BlSE-= O.R401102F.+Jl fK€= O.731b14E+Ol EDJ= ~.:J

H~IZO~TAl-FLOQq-OrSPl:.-VEL~~~a ~CCtL.-REL~TTVE TJ-e.hSE.- - - - - - -

N2· o.8118~rj~':Ol -o.nXiI7E-Ol -J.3~~~~lE+ol 'l~. O.13~~~j~;JJ J.14X~ii€+oo -o.3~~5~~E+Ol
6 O.14Q404E+OO 0.10617-9':+00 -O.533'34AE+OO

VEPTICAL DISPl .. VEL • .\NO ACCEL. CF ~D,l.H POPHS 0'1 GIP~:3:S RELll,6n~L:J 8ASE. VEL ACCEL.

~~. 0.5l~t~~~':Ol -J. 71~§12;:-01 -U.b~~~~~f+Ol 2 O.372021E-J1 -J.413232E+JJ -J.313A80E+ol
3 O.7li8043f-·J2 0.546312:+00 O.16')394E+02

JOINT ROTATIO~IS
1 o. 7~23E-02 0.3R4flE-02
8 O.4908E-01 ').29591'::-03

JOINT ~O;ENTS.- K-=;.-El.1STlr::-I<~'l;'F: K=2.
NO. ~O'4ENT )( t,n. ~O"lF'~1

1 -O.11l1E+Q3 0 2 -O.4101E+02
6 O.2136E+02 0 7 -0.7512E+02

11 -O.213bE+02 0 12 -O.5fl31E+02
16 O.2854E+03 0 17 0.'5631F+02
2\ -O.1'ib8E-+03 'J Z~ -0.2UJ3E+0':\

MAXll;\Uto'. RELll.T1VE FLOOR D[5Pl:\Cf~E"'TS
1 0.8911E-01 ? J.46JJf-01 O.Z383E-uI

Reproduced from
best available copy.



MAXIMUM POSITIVE AND ~~GATII/E ACCELERATIONS DURING FIRST 1.50 SECONO$

O.1557E+02 -O.1511E+02 ? O.2174E+02 -Q.lQ67E+02 3 O.Z86bE+02 -O.2bbZe+o2
O.l386E+Ol -O .. 6104E+Ol 6 0.3194£+01 -O.4934E+Ol
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4 0.4511£+01 -a.5197Hal

MAX ['"IUI4 paSt Tt VE A"'D tIE(,ATIIJE E"a fo\OMHHS O'JRPIG FIIl.'S! 1.50 SfCJNOS

1 O.1610E+02 -O.1799E"'03 2 a.tOBlE+03 -0.7798E+02 3 O.1822E+03 a. J 4 O.lb17E+03 -0.3550E+02
5 O.1411E+03 0 .. 0 6 O.lb32E+03 o. a 7 0 .. lQ39E +02 -a.2756E+03 a 0.0 -O.3528E+03
9 0.0 -O.2691E+03 10 0.0 -0.3572E+03 11 0.0 -a.16ll!:+J] 12 0.0 -O.235SE+03

13 O.352BE+03 0.0 " o. 3565E +03 0.0 15 O.3S72E+03 0.0 l' a.1656E+03 0.0
11 O.2358E+OJ o. a 18 O.1814E+Ol 0.0 19 O.8535E+Ol -O.2473E+03 20 0.0 -a.2G30E+03
21 0.0 -O.1958E+03 Z2 0.0 -O.Z374E+OJ 23 0.0 -J.148lE+03 24 0.0 -0.1814E+03

THE MAxrMU'" INPuT ENERGY FOR THI S JOP IS O.157112E+02, FOUND P~ESENT AT TI "1!: 1.500

DUCTILITY AND EXCURSION RATIns BASfa IN E"lERGY

"'AXIMUM DUCTilITY RJ\TIllS <)R EACH fNrJ OF MEMBER S

L 0.0 2 0.0 3 0.0 4 J.O
8 O.1l31E+Ol 9 0.0 10 O.1l21E+Ol II 0.0

15 O.1084E+ol l' J.llblf+Ol 11 J.O LR 0.0
Z2 0.0 23 o. a 24 0.0

EXCURSION RATiOS FOR EACH E~lf) OF ME~BERS

1 0.0 2 ). a 3 0.0 4 0.0
8 O.27QQE+OO q 0.0 10 0.1615f: +00 11 0.0

L5 O.9169E-Ol 16 O.lb09E+oa 17 0.0 18 0.0
22 0.0 23 o. a 24 0.0

DUCTllITY AND EXCU~S[O"'l ~ATIOS BASEO ON CU~'JATURE

5 0.0 • 0.0 1 0 ••
12 a .J L3 0.1:l30e"':H .. O.. 1323E+Ol
19 0.0 lO 0.0 21 0.3

5 0.0 • 0.0 7 0.0
12 0.0 13 0.6214E-01 14 0.7892 E"'OO
19 0.0 20 0.0 21 0.0

FJQ. EACH ENC' OF /o1E/o1AERS"'AXIMUM DUCTILITY 'lATIOS

1 0.0 2
8 0.1000E"01 ')

15 O.lOOOE+Ol 16
22 0.0 21

0.0
J.O
Q.I071E+Ol
0.0

3 0.0
10 0.1000E+01
II 0.0
24 0.0

4
II
18

0.0
J.O
o. a

5
12
19

0.0
0.0
0.0

•13
20

0.0
O.lOODe+Ol
0.0

1
14
II

0.0
0.1212E+Ol
0.0

exCURSION PATIOS FOR EACH END OF "'EM~FRS

I 0.0 2 0.0 3 0.0 4 J.O 5 0.0 • 0.0 1 0.0
8 0.0 9 0.0 10 0.0 tl ).0 12 0.0 13 0.0 .. O."'2't!lE+OO

15 0.0 16 0.7076E-Ol 17 0.0 18 0.0 19 0.0 20 0.0 21 0.0
22 0.0 23 o. a 24 0.0

Due TIL I TV AND EXCURSIJN RA TI oS PASEO rN SYMMETRICAL 8ENDING

MAX IMUM OUC TI LI TV RATIOS F1R EA:I~ END OF "'E~BEl)S

L 0.0 2 0.0 3 0.0 4 0.0 5 0.0 6 0.0 1 0 ••
8 O.1l10E"Jl q 0.0 10 O.109RE+Ol 11 J. a 12 0.0 13 D.I097E+Ol 14 O.lU,.E+Ol

15 0.1107E+0 1 .16 'J. II 92E+Ol 17 0.0 18 0.0 19 0.0 20 0.0 21 0.0
22 0.0 Z1 o. a 24 0.0

EXCURS ION RAT I as FOR EACH E"o OF ~EMBERS

1 0.0 2 0.0 3 0.0 4 0.0 5 0.0 • 0.0 1 0.0
8 O.2SlCJE+OO 9 0.0 \0 0. n84£+00 lL D.D 12 0.0 13 O.17b&E+OO 14 O.9951E+OO

15 O.1821E+OO 16 O.1911E+00 17 0.0 L8 0.0 19 0.0 20 0.0 21 0.0
22 0.0 23 J.O 24 O. D

LARGEST ERROR IN ENERGY= 0.66951 AT T IME= Q.970 SEC. AT TH I S TIME EI E" O.28S0'36E+OI




