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ABSTRACT

The structure under consideration is an elastic cylindrical

liquid storage tank attached to a rigid base slab. A fjnite element

analysis is presented for the free vibrations of the empty tank permitting

determination of natural frequencies and associated mode shapes. The

respo.nse of the empty tank to (a) several simple determ'inistic base

excitations as well as (b) artificial earthquake excitation is also

determined by fi.nite elements. Examples together with complete program

listings are offered.





BACKGROUND

The problem of free and forced vibrations of thin elastic shells

has been of interest to engineers for nearly a century. Most of the

significant contributions to this area have been summarized in the

1973 monograph by A.W. Leissa [1]. In [lJ the fundamentals of the various

shell theories are presented and distinctions between popular theories

examined, particularly with respect to curvature-displacement relations.

Distinctions between the various theories are further exemplified

through prese'ntati-o!1- of c.yl- i-n-d-ri-ca-l- s-n-e 1-1- na-tu-ra-l- freq-u-e-n-c-i-e-s- as-

determined by each of approximately ten commonly employed theories.

A limited number of treatments of cylindrical shells subject to

various dynamic loadings ha,s been reported by P.M. Ogibalov [2], H. Kraus

[3], G.B. Warburton [4], and P. Seide [5]. In general these investigations

are limited to determination of responses to harmonic excitations applied

normal to the shell surface or suddenly applied normal loads that remain'

constant with respect to time. Transient thermal effects are also

·investigated in [3]. The case of a shell subject to time-dependent edge

. loads is discussed in [3] and [5] and the principles outlined .for

determination 'of small responses governed by linearized. shell equations.

The particular case of a circular cylindrical shell subject to dynamically.

applied axial loading that increases linearly with respect to time has been

considered on the basis of finite amplitude response by A.P. Coppa and

W.A. Nash [6]. However, the techniques discussed in these works are not

considered practical for application to the case of an applied edge

loading that varies rapidly and in essentially a random fashion wi"th
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respect to time. From an analytical standpoint the case of time-dependent

edge loads gives rise to significant complications due to the fact that

the boundary conditions are inhomogenous. When a shell i.s subjected to

time-dependent edge displacements rather than time-dependent edge forces

the solution of the response problem becomes even more difficult.

The objective of the present investigation is to develop a computerized

approach for determination of small amplitude elastic responses of an

enlpty slab-supported cylindrical liquid storage tank subject toarbi trary

base excitation. It is assumed that the base slab supporting the tank is

rigid and that the tank does not separate from the slab during excitation.

This study will form the basis for a sUbsequ~nt investigation concerned

with response determination of the same s~orage tank when filled to an

arbitrary depth with liquid.
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ANALYSIS

The finite element method is essentially a variant of the Rayleigh

Ritz approach and usually involves the principle of minimum potential

energy. It has been shown to be effective in determination of shell

behavior for a variety of both static and dynamic loadings. For the

circular cylindrical tank with a vertical geometric axis under consideration

here it is attractive to employ a series of ring-shaped elements extending

from the base slab to the tank top, with each ring being bounded by a

horizontal plane normal to the she-ll ax-i-s-_ Both- i-n-~plane- as- well as

out-of-plane displacements and forces must be considered. These necessitate

knowledge of the strain-displacement relations as indicated by an adequate

shell theory. The theory employed here is that d,ue to L. Sanders [7],

and outlined in Appendix A.

The finite element method regards a complex structure as a finite

assemblage of discrete elements, where each such element is a continuous

structural member. This approach is thus, in essence, a discretization

scheme since it expresses the displacelnent at any point of the continuous

element in terms of a finite number of displacements at the boundaries

of the element. This is accomplished through use of suitable interpolation

functions. The points of intersection of these fictitious cuts in the

complex structure are termed nodes or joints. The displacements of these

nodes constitute the number of degrees of freedom of the system.

The equations of motion of an elastic system subject to external

driving forces may be wri-tten in terms of elastic restoring for.ces, inertial

forces, damping forces, and the applied forces. In the finite, element approach
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itis necessary to formulate the stiffness, mass, and danlping matrices

(denoted by K, M, and C respectively) for each element and then assemble

these so as to characterize the complete structure. The element kij of

the stiffness matrix represents the force required (or arising) at

coordinate ";11, due to a unit displacement of coordinate "jlt. The

element m
tj

of the mass matrix represents the inertial force corresponding

to coordinate "i ll due to a unit acceleration of coordinate "j". The

elements of the damping matrix are defined in an analogous manner.

However, damping is not treated in the present work.

The finite element method is particularly attractive for investigation

.of the response'of structures subject to displacements introduced at the

points of support of the structure. Details of this approach are given in'

Appendix B~ but in general the impo~tion of support displacements is

possible since one can partition the displacement vector U into certain

components Ub associated with known support displace~ents .. with all o.ther

components being associated with the remaining (nonsupported) notes. Thus,

the general equation of motion

Mx + C X+ Kx = F(t)

may be written in the partitioned form [8]

(1 )

(2)

where damping in (1) has been neglected and Ubt andUbt in (2) are known

support displacements and accelerations, respectively. All elements in

the top line of Equation (2) pertain to base node parameters. Thus. Kbb
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and Mbb denote forces at base nodes due to unit displacements at the

base nodes and the superscript T of course denotes matrix transpose.

Kb and Mb in the bottom row are coupling effects between the base nodes

and the other (non-base) nodes. 'All other elements in the bottom row

of Equation (2) pertain to non-base nodal parameters~ Thus K and M

represent stiffness and mas's matrices of all non-base nodes.

At anytime~ the displacement vectors of the non-base nodes can be

considered as ~ summation of two factors. The first vector Us is a

function of the instantaneous ground displacement, thus it can be called

static. The second vector Udl is a function of the. ground accelerattbn

history, thus it is termed'dynamic.

This approach furnishes ,a suitable method to reduce the equations of

motion to the familiar form of forced vibrations:

(3)

where {F} is a defined driving forces vector to be derived hereafter.

Thus:

. {U t } = {Us} + {Ud}

The equations of motion are

Mbb I M~ Ubt 1 Kbb +1 Kr.b--+ -r
. Mb I M Us + Ud . Kb I K

The equations of the off-base elements are

[Mb]{Ubt } + [M]{Us} + [M]{Ud} + [KbJ{Ubt } +

[K]{Us} + [K]{Ud} = 0

(4)

(6)

(5)

Now it. is attracti ve to d,efi ne Us as a disp1acement vector so that

when it is associated with the ground displacement vector Ubt the resulting

motion of the structure corresponds to no internal strain energy. This
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condition implies that

(7)

In othe~ words the vector {Us} is developed through rigid body.

di splacements consi stent with {U bt}. Thus from (7) ..

Us = -[K]-l[Kb] Ubt

This phenomena has also been demonstrated numerically and the resulting

static displacement Us is nothing but a series of Ubt or

{U} =s = .(8)

where N is the total number of elements and {Us;} is the displa~ement

vector of nod~ i ={Ubt} for all values of i ~nd {Ubt} is a (4 x 1) vector

, rePresenting the axia 1, tangenti a1, a'nd radfa 1 di spl acements as well

as the rotation of the gen~rator at the base.

Thus, the off-base, node equations yield

[M]{Ud} + [K]{Ud} = -[Mb]{Ubt} - [M]{Us}

[M]{Ud} + [K]{Ud} = -[[Mb] + [M][K]-l[Kb]]{Ubt} (9)

= [effective mass matrix] {Ubt}

= [Meff] {U bt}

./
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It should be pointed out that for most. practical tank dimensions

the driving forces developed due to the mass [M][K][Kb] are much larger

than those developed by [Mb]. This has been demonstrated numerically.-.The ground- acceleration vector Ubt will be proved to be equal to:
o

•• 1
Ug(t) -1

o

where Ug(t) is the ground acceleration amplitude at time t.

Since the base of the tank is excited by a ground displacement and

acceleration acting in its plane and in the constant d;r~c_t_i_~n_ e = 0_,

no axial acceleration component develops and the ground acceleration will

be completely defined by its amplitude 'valueUg(t):

(10)

The peak is an acceleration value independent of tirne- andf(t) is a

non-dimensiona1 function of time.

u(o,e,t) = 0

V(O,6,t) = -Ug(t) · sin 6 = -Peak f(t)· sin e

W(O,6,t) = +Ug(t) · cos e = +Peak · f(t) · cos 6

~~(O,6,t) = 0.0

(11 )

Since the excitation function is described in the previous form (11)

to be associated with m = 1, obviously only the first circumferential

harmonic will be excited, and thus the vibration of the tank can be

prescribed by super-position of certain contributions of different axial
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modes corresponding tom = 1 only (see Appendix AJassumed form of loads

and displacements)-

.j -~1
l oj

( 12')

Let · 0

{Peff} = Peak · [Meff] · -1
1

o

.-. the equations of motion reduce to

..
[M]{Udl + [K]{Ud} = {Peff} · f(t)

which is the desired form of forced vibration to which the modal analysis

techniq~e will be applied.

Modal Analysis Solutions
..

.. [M]£Ud} + [K]{Ud} = {Peff} · f( t)

Let
.. ..

{Ud } = [X]{A}

. fUd} = [X]{A}

... [X] is .the 'rectangular mode rnatrix formed as a s.et of mode

vectors (n x m) where

n = number of degrees of freedom of the non-base elements

m = nUlnber of modes considered in the analysis

{A} = mode participation factor vector = ~ x 1

... [M][X]{A} + [K][X]{A} = {Peff} · f(t)
.. ..

{A}= {A(t)} ~ {A} = {A(t)}

, : U (t)

f(t) = P~ak
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Premultiplyby [X]T; (mx n)

· [X]T[M][X]{Al + [X]T[K][X]fAl= [X]T{Peffl · f(t)

= {GP} • f(t)

Now, use the orthogonality condition:

{XnlT[M]{Xml = 0 m f n

ObviouSly the resulting matrix [X]T[M][X] = [GM] is a diagonal matrix

since the (generalized m x n mass matrix) nonvanishing terms are only

[Xn]T[M][Xn] = GM(n,n).

The s-amee-ol1€€pt holds~ foY' [X]T[K}[X}:oo- [65]:; diagonal matrtx where

.n.2 is the squared eigenvalue diagonal matrix = [n2][GM]:

2
wl

=

rnX'm

Thus GM, as well as GS ~an be considered as vectors,

GM(l,l)

GM(2,2)
GM(3,3)
GM(m,m)

GM(1,l) · i1
GM(2,2) · Ill~

GM(m,m) • Ill~

respectively.

Thus m independent equations res~lt:

GM (I , I) · A( I) + w( I) · w( I) + A(I) · GM (I , I) = G-P (I ). • f ( t)

where I refers to the mode number.

Thus:
.. 2 ~~
A(I) + III (1) • A,(I) =~ • f(t)
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which are the equations of m independent lumped masses each representing

the participation of the corresponding I-th mode.

Now, A(I) can be found using Duhamel Integration. to account for the

initial conditio'ns (just before the instant t), i.e. 'to consider the whole

acce1era ti on record imposed on the structure, vi z: ."

GP~I)A(I) = GM(I,I W

" w(I)

_ ,PIN(I)
- GM ( I , I) • w( I )

wherePIN(I) = (J: f(-r) sin w{t-or)d-r) ." GP(I)

A(I) = ~~g~I) f{t) - (w{I»2 • A(I) .

Now from the original equations of motion the displacement and

acceleration nodal vectors are determined:

{Ud} = [X]{A}

{Ud} = [X]{A}

The accuracy of the modal analysis approach depends on the number of

modes involved in the superposition. The latter depends on how close or

scarce the natural frequencies of the structure are spaced.

The accuracy of the method can be examined through the satisfaction

of 'the original external equilibrium equation:

For the structure considered it was found that the superposition of

four modes offered only a crude approximation since the external equilibrium

equation failed to be satisfied by as much as thirty percent. Use of eight

modes reduced the maximum discrepancy to about ten percent. It was worth



-11-'

th~ effort to cross-check the program by use of a coarse idealization

of the tank involving a limited number of degrees of freedom,i.e. a

limJted total number of natural modes. In that case the external

equilibrium equation was satisfied p,erfectly.

Re~ctions of the Base

From the equations of 'base vibrations:

T { 'Ubt } T { Ubt .} 1 l[MbbIMb]". -tr + [Kbbl Kb] . =1 FbJUs + d Us + Ud
Now, U~ and U~ were proved to be equal to

~ ¥

I I

.. I .. I
{Us} = {U bt} and {Us} = {Ubt}

I I

I ' I

I

where [I] is a(4 x 4) identity matrix, N/4 of which form the relating

matrix between the resulting static non-base node displacements and the

base node imposed displacements. Also N = number of non-base node degrees

of freedom and since M~ contains nonzero elements only in the first four

columns M~ · ~s can be expressed ~s
T ..

[Mb]'[I]iUbt}

where [M~]' is the 4 x 4 matrix including the nonzero elements
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but

.. .

Of course the most significant part of the base force is attributed

to the displacements of the non-base nodes, i.e. [Kb]T{Udl.
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COMPUTER IMPLEMENTATION

The expressions for displacements and forces arising because of

base exc"itation (as given in the previous section) are well-suited to

cornputer implementation. This is achieved through use of two main programs.

The first main program, see Page 0-4, is termed the free vibration

program. Its main tasks are:

Ca) To develop the element mass matrix for the typical ring

element. This is done in subroutine MASS, see page D-9~ using the final

e-xp~re-ssi-o-n- for- the m-ass integral which is carried' out by hand computation.

(b) To develop the ring element's stiffness m~trix in subroutine

STIFF, see page 0-10. This is obtained by numerical integration using

Gaussian integration numbers ~tored on a file under the designation GASN.

Thus, it is clear that prior to running the first main program it is

necessary to run the Gaussian integration program NIXW llsted on page 0-17.

(c) To as~emble the structural mass and stiffness matrices in

subroutine ASSTR, see page D-8.

(d) To apply the boundary conditions on the structural matrices

according to the given boundary conditions of the physical problem. This

is pr"focessed in subrouti ne BOUN, see page D-7.

(e) To extract the eigenvalues and natural modes. This is

accomplished in subroutine EGN, see page D-13, using the Cholesky

reduction method to obtain the first mode. Then, the orthogonality conditions

are utilized to obtain the higher modes.

(f) To develop the stress-displacement matrices indicating the three

orthogonal components of force per unit length of shell middle surface, i.e.
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the axial, tangential, and radial forces, as well as the bending moments

M and M and the twisting moment Me. These are shown in Figures 15 andzz ea z

16. These stress-displacement matrices are computed at six cross' section~,

nanle.1y at the top, bottom, and middle of the typical ring element at

both 6 = 0° and e = n/2. This is performed in subroutine STRMAT, see

page 0-6.

(g) To store on disc files the symmetric mass and stiffness matrices

in triangular fonn. Also, to store the modes and th~ corresponding

natural frequencies together with the stress-displacement matrices.

The second main program, page D-20, is the response program,

the major tasks of which are:

(a) To retrieve the stored data from the disc through the use of

control cards.

(b) To partition the original mass and stiffness matrices into the

required matrices used in the analysis. This is achieved through use of

subroutine EXTRACT, see page 0-29.

(c) To develop the effective mass matrix Meff discussed previously.

·This is done in subroutine EFFMASS, see page D-27.

(d) To apply modal analysis ,techniques by creating the generalized

mass and stiffness matrices in subroutine MODAN, see page D-28. This is

of course accomplished after retrieving the stored modes and associated

frequencies.

(e) To solve for the participation factor of the modes employed by

calculating/the Duhamel integral for each. This is carried out using either

of two subroutines. For the ground acceleration pulse in deterministic form

"Of a rectangle, one sine wave, or a triangle, the closed form solution is
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obtained for each prescribed value of time from subroutine INTE, see

page 0-30. For the ground motion in the form of the artificial earthquake

accelerogram available through the National Information Service - Earth

quake Engineering (PSEQGN) [11], numerical intergrationfor each mode is

carried out in subroutine INT, see page 0-26. The earthquake record is

stored on a disc file.

(f) To obtain the nodal displacements through superposition of the

modes and their participation factors, as well as the external reaction

developed at the base slab. Also, the stresses developed at the six cross

sections mentioned previously are computed in the main programRESP~ see

page D-21, for each time station.

(g) To carry out an external equilibrium check.

It is to.be noted that both of these main programs are written in

Fortran IV language and implemented on a CDC Cyber computer. Data input

to both main programs follow the scheme outlined in the following two

charts. It is to be noted that. several tanks can be investi.gatedin

the same computer run in which case the number of tanks being considered

is entered into Line 704. However, thi s number is unity :for the common

case of considering only one tank at a time, hence in that case unity';s.

entered in Line 704.



-16-

FIRST MAIN PROGRAM

DATA FEEDING

990 Read Boundary Conditions

Read number of axial
modes required

NMODE

Read number of elements
NELEM .

DO Loop over number of
boundary cases

00 808 IPR = 1,NBCAS

Do Loop over' number of prob1ems

DO 41 LLK = 1,NPROB

704

DO loop over number of
ci rcumferentia 1 hannoni cs requ i'red

DO 59 KS1 = 1,NSIN

114

111

112

401

431 Read circumferential harmonic
number NAT

501 Read number of different
boundary cases required

Read number of circumferential
113 harmonics required

NSIN -

B08 CONTINUE
59 CONTINUE
41 CONTINUE
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SECOND MAIN PROGRAM

DATA FEEDING

where

YES, ~ Stop)

TTOTAL = Total time under consideration

DT = Time increment

TO = Total time duration· of load application, used only

for closed form solution

R = Radius of tank

M = Number of natural modes used for response superposition

NLOAD = Load indication. For example this is RECPU fo~ recta~gular

pulse

or TRIPU for triangular pulse

or SINPU for sinusoidal pulse

or ARTEQ for artificial earthquake

PEAK '= MAX AMPLITUDE of ground acceleration or the value used

for normalization.
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997 TSTAR =

997 TEND =

997 TOT =

998 ISKIP =
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Indicates the method of solution required can be

CLOSD for closed form solution or NUMER for

numerical integration.

Initial time for which response is to be analyzed.

Final time for which response is to be analyzed.

Time interval between each two successive points under

consideration as for response.

Number of points to be skipped as for external equilibrium

check~ stress analysis and detailed printing between two

successively considered time stations.



EXAMPLES

I. Free Vibrations of Empty Storage Tank

Let us consider the slab-supported tank discussed in [9]. This

structure is 40 feet high and 60 feet in radius with a steel wall having

. thickness of one inch. First, let us determine the empty tank natural

frequencies for the case of the tank clamped at the base slab and free

at the top. The computer program of Appendix 0 'is utilized for this

frequency determination. To uti,lize the program one enters into Lines

111 ,- 11-2-,- 1-1-3,- 1-1-4,- 40-1-,- 43-1-,- 50-1-, a-nd- 9-90- o-f tRe- ma- i-n (}r-og-r-am on, P-age

0-4 the following data:

Line 111:

Line 112:

Line 113:

Line 114:

Line 401:

Li,ne 431:

UM =~ = densi~ of tank material = 0.733 x 10-3 1bosec2/in4

E1 = E = Young's modulus = 30 x 106 1b/in2

PX = nu = Poisson1s ratio = 0.3

R = tank radius = 720 inches

H = tank wall thickness = 1 inch

AL = tank altitude = 480 inches

NSIN = total number of circumferential wave patterns

that analyst desires to investigate = 1

NELEM = number of ring-shaped finite elements representing

the tank = 9

NMODE = number of axial waves under consideration = 36

(Printout indicates frequencies and displacements

for modes 1, 2~ ... 36)

NAT = number of circumferential waves in pattern under

consideration (i.e. "instantaneous" number of

circumferential waves) = 1. This number specifies

which one of those patterns listed under NSIN is
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Line 990:
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currently being investigated.

NBCAS = total number of cases involving different

sets of boundary conditions that analyst

desires to investigate = 1.

NBC = denotes boundary conditions at base and top of tank.

First, enter CL if base is clamped or SM if base

is simply supported. Next, enter CL if top is

clamped, or SM if it is simply supported, or FR

if it is free. Do not introduce a space between the

designations of these two boundary conditions.

This completes all necessary input to the computer program.

The program output is displayed as follows: From Subroutine EGN

on page D~13, line 108 INA represents the number of waves in the axial

direction and omega in line 6990 denotes the corresponding natural

frequency in Hz. These natural frequencies are as follows:

Mode

2

3

4

5

6

7

8

9

10

Frequency (Hz) Present workRef. [9]

34.04 34.08

43.87 43.91

44.58 44.64

45.10 45.19

45.80 45.92

47.97 47.13

·49.03

51.86

55.79

61 .91
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11 69.28

12 79.00

1'3 84.33

14 91'.45

15 107.07

16 111 . 14

17 126.17

18 147.94

19 168.62

20 205.18

21 210.55

22 325.09

23 351.53

24 48'6.49

25 572.91

26 649.62

27 823.44

28 , 826.61

29 1010.:55

30 1097.67

31 1178.23

32 1284.02

33 1396.31

34 1707.09

35· 1990.22

36 2169.27
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For each of the above natural frequencies the relative (normalized)

displacements u, v, and w together with the slope dw/dz are displayed

in the computer printout in the fonn of colunlns (with these headings)

immediately after printing of the natural frequency. In these displays

of displacements and slope the first (top) line represents tank

displacements and slope at the junction of the tank with the rigid· base

slab (base node) and the last (bottom) line represents the. corresponding

quantities at the tank top. As an example, the third (axial) mode values

are found to be:

u v w dw/dz

.00000000 . 0.00000000 0.00000000 0.00000000
-.00025816 -.00050568 .02571988 .00065707

.00114042 -.00070022 .04663320 .00005942
-.00208424 -.00034154 .03029001 -.00064278
-.00235623 .00037411 -.01117024 -.00084468
-.00174015 .00094758 -.04620948 -.00041509
-.00068429 .00095662 -.04882863 .00032133

.00003875 .00037045 -.01675913 .00083742
-.00011887 . -.00042156 .02879214 .00082998
-.00118237 -.00036095 .06570091 .00061867

Plots of u, v, W, and dw/dz for the first four axial mod~s appear in

Figures 2. thro~gh 5 inclusive.

II. Free Vibrations of Cylindrical Shells with Diverse Boundary Conditions

Let us compare the predictions of the present analysis with results

due to D.F. Vronay and B. L. Smith [10J. These investigators considered

a cylindrical shell of length 12 inches, radius 3 inches, thickness 0.010

inches, and having properties E = 29.6 x 106 1b/in2, v = 0.29, and p =

0.733 x 10-3 1b·sec2/in4. We seek to determine the natural frequencies

of this shell for four sets of boundary conditions, namely both ends clamped
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designated as C-C, one end clamped, the other simply supported designated

as C-55, both ends simply supported denoted as SS-SS,'and one end clamped

and the other free denoted by C-F. The computer progranl of Appendix 0

is utilized f'or this frequency determination. To empl~y this program

one ~nters into Lines 111, 112, 113, 114,401,431,501, and 990 of

Page D-4 the following data:

Line 111: UM = p =density of shell material = 0.733 x 10-3

1b'sec2/in4

El = E = Young's modulus = 29.6 x 106 lb/in2

PX =,nu = Poisson's ratio = 0.29

Line 112:' R = shell radius = 3 inches

H = shell wall thickness = 0.010 inches

AL = shell altitude = 12 inches

Line: 113: NSIN= total ,number of circumferential wave patterns

that analyst desires to i~vestigate = 5.

Line 1.14: ,NELEM ,= number of ring-shaped finite elements

representing the shell = 9.

Line 401: NMODE = number ofaxi al waves u'nder considerati-on= 4.' ,

Line 431: NAT = number of circumferential ,waves in pattern unde~

consideration = 1, 2, 3, 4, and 5 successively.

Line 501: NBCAS'= total number of cases involving different sets

I of boundary conditions, that ana lyst desi,res,' to

investigate = 4.

line 990: NBC = denotes boundary conditionS at~both ends of shell.

First, enter CL if first end is clamped or SM if

it is simply supported. Ne~t, enter CL if other
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end is clamped, or SM if i~ is simply supported,

or FR if it is free. Do not introduce a space

between the designations of these two boundary

conditions.

This completes all necessary input to the computer program.

The program output is displayed as follows: From Subroutine EGN on

Page D-13, line 108, INA represents the number of waves in the axial

direction and omega in line 6990 denotes the corresponding natural frequency

in Hz. These natural frequencies are indicated in the following table

in parentheses~ preceded by values found in [lO]~
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III. Cylindrical Tank Whose Base Slab is Subject to a Single

Rectangular Pulse Load

Let us consider again the tank of Ref. [9] where the tank wall is

rigidly clamped to the base slab and the tank top is freely supported.

The excitation is a rectangular pulse, as indicated in Figure 6. This

acceleration is applied in the direction e = 0°.

It is necessary to run the first main program as shown in Exampte I

prior to running the second main program which describes the input

excitation. Note that after the first main program has been run once

that it i·s filed, so itis not necessary to run it again for· each separate

base excitation being considered.

It is now necessary to enter into the second main program of Appendix

0, page 0-21, the following data characterizing base excitation:

Line 101:

Line 102:

Line 103:

Line 55:

TTOTAL = 1 second

DT = 0.001 second

TO = 0.1 second

R = 720 inches

M = 8 modes

NLOAD = RECPU

PEAK = 120 inches/second2

INDEX = ,CLOSD

·Also, an lIend ll card is required. This·completes all nec~ssary input

to the computer program. The printed computer output for the closed form

solution presents axial as well as radial components of shell middle surface

displacement (u and w respectively) together with slope dw/dz at e = 0°.

The tangential displacement v is also indicated ate = ~/2. An example of ~
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these responses is indicated below for t = 0.5 seconds after initiation

of the pulse. Eight modes were considered. There, the figures in the

top row correspond to the node at the base of the tank and the figures

in the bottom row co\~respond to the node at the tank top.

_~_,__~,-._.-tl.~-._._-------_._._ _ ..__._. --, ..v _ -.._ - --- - --..... .. t-t .__ ._-_.__.._-_. . 0WI n7·,-··_·-
·-.81t524]7E-G~ -.4674U953E-03 .182084g3£-02 .30~34876~-04
.~.11~984.49.(!E.~.J..-3-----.__~,~.• 92·Jb6075·E-n.3.-...--_.,,-,.~ .._·--.• .315 7242.1 t -.02 ----------.._....-. 263 862 9&~ -0.4.--
j-.28671131£~C3 -.11511467E-D2 .453S4J41E-02 .206S23Z0E-04 ,
'-. 39..2.5.S~1.Q,~r3 ~-l.J,..l1-i~lE-~ .·~S 27.~2-242~O.z ..-It?·2-4.·SJ·l-1~~·OL...-
-.50799044[-03 -.2.~95S41E-~2 .&186~J43E-02 .1]0111~4E-04
'~..6.1.2.3.1t.93-.3£.~-U.----_·---..2.3.2.05.1 91 E~n2----~-·_---.611541 7 C3 Eo ~02 -~---------~-.-22 S 4.~ 2 4 f F-1)4 ..--
-.69S42760E-C3 -_25174721£-02 .48646779E-Q2 -.11Z1q555E~04
~_Z.si.9E..33.4.f~-t.3-- ~66.3-.5.Z..42-E..!I".~2-------~.•. SZl. 60182E..-.O.2-- ...----.---.2fJ.20Z1.7:7E~·OJ.·-
-.82f88u53E-C3 -.27557380£-02 .62569511E-02 .18612571£-04

Att = O~5 seconds the external applied load is zero. The computer

display of the sum of inertia and internal forces at each node at t = 0.5

seconds indicated extremely good agreement with this zero value. For

this same pulse, the cor'responding results found by direct numerical

integration (replacing CLOSD in Line 55 by NUMER), (using eight modes)

of theequati ons of mqtion are:,
______.~.._...tL:1'";-____ ." '.' ,. v· W ~".._~-_.,,---~._.. t': t.f i 0-Z

-.93929171E-C·4 -. 52839J47£-~3 .21513162E-02 .33c.15542E-04
_~.,.-2..G. 5.1 rtl..Bal:~ ..!l-3~---o.---~ ..-lQ.4.3.60.~3 E- 02.---.-------.-. 3·5190g3 1 E- 0 2 ..- ..----~--.-. 27 5072.51£-0.4. .....·
-.32607S25~-C3 -.1~26?&09E-02 . .51559075E-02 .26867135E·04

~.S.3.0.5-.l.l.1.-~1·3 - .1')S-]-4L4G£~~~--...S-cJ7-1-9~o.6t~D2 .a6-z.s.~J.34f--·o.S-

:-.574Sq~12i-C3 -.232~2383E-n2 .66951Z75E-02 .15334656E-04
'~~~. 6S1-Z.aJ+8.j.s~.C3- - ...-2.&2-.441·13E.~-a·2 ..---._..._-- .•.-bo5 87 444t·-02 --_.__._-'- .•• 20·18·27 81(-04-j
'~.77856233E-C3 -.28s322geE-Q2 .563211SJE-02 -.71536281E-OS
--e....8-4Ji.3-0..ao.9.t:~-C.3 ~ ..302-3..09.5~E ....·0.2..·-----.---~.-...f, 2J .3 2S~,i .3.·E- 0 2-·----·--··....·20..9.5 Q082E- 0 4.-:-
-.9305359SE-~3 -.31284692E-02 .71307191E-02 .14g81571E~b4

Agreements- of ·tlies-'e·..·t·~i6- ·~cftil:fraoc·ffes--·-f6~r~ofn·e~f-·v~iTiJe-s~'--of·-fluie' -a-fe campara61 e

but omitted for brevity.

Again, for the sake of brevity no other numerical results are

tabulated 'here but instead Figure 7 indicates the time dependent behavior

of radial displacernent w at the tank top for e = 0°. Also, the bottom

traces in Figure 7 indicate the behavior of radial displacementw at node

6 (top of the central element) as well as axial displacement at that same
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node for a = 0°. These plots are for the first 1.00 second~ with

time origin taken at the instant of pulse application.

Significant forces and mo~entsper unit length of the shell

middle surfac.e are given .by the second main program and as an example

the values for t = 0.5 seconds :are given below. Here the first three

columns represent axial, tangenti~l, and in-plane shear forces respectively

at e =0°. The fourth column represents the bending mome~t Mzz~the

fifth column ,the tangential bending moment Mee and the sixth column

represents the twisting moment Me.

STRESSES AT THETA =0.0

AXIAL F.
' ,.'"

TANGT. F. IN-PLANE SHe AXIAL MT. TANGT. MT. TORSION

~.5..L.6.;W..C ~-~l5.....1.B o. "'Z.•.4.2.Z ~.Z.Z2B ..__.c..:~

-36.~9 ~S.3~ o. 2.765 .8360 C.
_._ 32.£4- -8.3 27 ....u4------~._"-_._.--.• 51 62 ~--.----..~ .17L, 1 ,--.-- -------l.. .•..-..:

-23.SQ 125.6 ~. 1.123 .3524 ~ •
..._~.1-~-.-72.. .1.t...1.-.-Z -O.--.-.----.-'--.-.-~ .• o132 ----.--~--------..,,-. 164 q------.-__--..C
-11.231f)~~5 O. 1.058 • ~374 G.

1. - 5 • 8 Q;3 1 5 6 • !t .a• 1 .•.S 67 .5La3. 1:...4-
r-9.J63 94.93 O. -2.407 -.7109 C•.
·_~..3...ll4.9 -1..filt--..8- D• ._~J...11_9. ._~.._. ~.... .1.11.3_~.__..a.:~_._~

5.49~ 141.5 O. .17q1 .7'&lE-Q1 c.

The corresponding values at e = 0° are

STRESSES AT THETA = 90.0 DEGREES

AXIAL F. TANGT. F. IN-PLANE SHe AXIAL r4T. TANGT. MT .. TORSION
.-

_4l!... 6.Z13E.~..c..4__---.2'01.4£......C..4---~-101 •.1 ...-~-....-...-.------. !'I.• 98 54E - 05. -. 2SS 6£ - 0 s....-----.1 756 [- 01
-.490BE-04 - .6010£-;4 -9B.63 • 366'3\::-l5 .1109B-05 .6360e-Jl.
~~433 05·0 4 .1··1-o.5~-O-.J -92......2.·1 - ... a.1..7E.£~r..J; ~-.231-1."~-.--.o.L_·.--..-S3.11E~J1-\
-.3125E-04 .1~67E-Jj -82.g4 .14g0E~C5 .~&75E-06 .3970E-Jl
-~.-2Q~11E...~J.)-~.-----."'1a aO.E.-'"'?d.3----"!.70.• 26-..-.-.-.-------.__ .. _.~. 8 912E-[ 6.-.-----__.. -.2 4S 3£ -() 6-... _... • 1«30 3E -il 1
-.1496(-04 ~2?37E-]3 -55.40 .1404[-05 .4477[-O~ .33q3E-J1
-~-•. 76..99£:.~05.---- -2tl15-E.~-C..1- ~.39 .64.. ._..__~_ .. • 24 77E -l. 5._. .._ 7& 7 2f -0 fL __. -. t <;) 40 E- J1-
-.1242£-04 .1260(-03 -25.96 -.J194E-PS -.Q432[-06 -.4240£-J1

..:!!.....5..1 06 F- 0 5 • 1 39J)..E.=..Q 3 :.ll.. z3 - ....5..4.06,= - C.6..--~J't~LZ.t.-- 0 b ...~AZ.9.£dL
.7288E-C5 .1957£-03 -6.7S5 .2376E-06 .~J68E-07 ~~5~9F-al
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IV. CylindrifalTank Whose Base Slab is Subject to Single

Sinusoidal Pulse Load

The tank of Example III is reconsidered here, for excitation in the

form of a single sinusoidal pulse, as indicated in Figure 8. This

acc'eleration is also applied in the direction e = 0°.

Again, the first main program has already been run, so it is

unnecessary to rU,n it again. For the base excitation under consideration

now, it ,is necessary to enter into the second main program of Appendix 0

the following data characterizing base excitation:

-L i -n-e -5-5: N-LOAD -= SI-N-PU

PEAK = 120 inches/second2

INDEX = CLOSD

This completes all necessary input to the computer program.

The printed computer output of displacements for t = 0.5 seconds

after initiation of the pulse is as follows:

........ ..".,... ......~.- - -' ...... -- ......~.. _ .. :"!"'- :.,.-...... -.................:~.-. - ...... ~--" •. ---- ..... ...~

.?uCJ1
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For this same pulse, the corresponding results found by direct numerical

integration of the equations of motion (replacing CLOSD in Line 55

by NUMER) are:

:-.--.--~-"':"-"--'-------'
TI~lE: .50CC]

~ ,._..- ---~--- _._.._-_ __ ' ~-"'.- -'" ~' '._ "" -.. ..,. _., ,.

L~_ ......,_~_ ...........,_, ....--u...,.....,~........._,--~_.- ..._.,-----_.-~ .._·.···_.._·· V _ ~j - .,. -.---.----.--~~. . fWI 07 .._-j

• 4. 51108 67:: - 0 S • 2 32 69174 f- ~ 4 - • 1 29 7Sl0 0 J=" - 0 3 -. 1 5 " 70'9 CJ 2 F... 05 >

--.-9.a.1.6-1-6.3-1.E.~6-5 -.-4'j·G-1.- '36 ~~~ E" 04-·_·_·__·~·_· __· -.145821 39 E..-O~·~·._---·~.2?8~422CE -t).fr
.147gJ719E-G4 .66589156£-64 -.2?Qq633~E-G] -.190431Z3f-05
.2 Q4.z.a~9.o.se -04 • 5S 3.6SJ.O-S..:H-~.C). ----•..£64J,5~O.&·f-· ..OJ .. 1-3J.lt.o~-O~f--..o.e..
.25543938E:-04 • 10141784£-03 -. 26~S8283E"'O3 -. 4120~1P3E-O e

-+-3c..S-as-8.tL6£~.O 4 ..-l:t-'+·f,.ZZ51 £~~ {) 3-.----.-----.-.~ .. 27.1. 71 Fie:; O\:· -0 3.--·~--.·--.3 72·S 05 i 2£.-06-·
.339S2210~-04 .1251115SE-t3 -.218~9401E-OJ -.Q42363S3E-Q6

__._31l-CSO.A.4..1£.!l!.n..4-- • 1-3.z5.8~J (J(-~~3.~-·.-----..~~.•.3093 6C35 1(-0 3-._.-~-_-........... .0 L,. 8.4 J 471E~ 0 6..
• 4111&894E-G4 .13690073£-03 -.21487833(-03 .22512543£-05

Again, agreements for other values of time are cornparable.

Figure 9 indicates the'tinle dependent behavior of radial displacement

w at the tank top for e = 0°. Also Figure 9 indicates the behavior of

radial displacement w at node 6 as well as axial displacement at that

same node.

v. Cylindrical Tank Whose Base Slab is Subject to Single

Triangular.. Pulse Load

This example considers dgain the same tank of Example III, but now

with the rigid base slab subject to excitation in the form of a single

triangul~r pulse, as indicated in~Figure 10. As in Example (II, this is

applied in the direction e = 0°.

The first main program need not be run again. For this particular

base excitation! it is necessary to enter into the second main program

of Appendix 0 the following data characterizing base excitation:

Line 55 NLOAD = TRIPU

PEAK = 120 inches/second2

INDEX = CLOSD
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This completes all necessary input to the computer program.

As in example IV, the printed computer output of displacements for

t =0.5 seconds after initiation 6f the pulse is as follows:

~". ..
TI r,,(=

..._---_..__ ._-_..:-;;-._-..._-""'_ ....._...~'., ..._;~ ... _._---_.-- ....---............~-~~-

For this same pul se, the corresponding resu 1ts ·found by direct numeri ca1

integration of the" equations of motion are:

...................... ..., ._, ..,.~ - __'. _> ~ ~, ;. -. .-r' __ -. -.. .-. __ ~' ., .., .. _

~_.~~._ .._. __ .,...! I ME-=·~ ··..·_--·-.·50 (,.oJ .

. _.~ --'.- -, tt--· \, W rl WI [t .,

.11776005£-04 .&1257601E-Q4 -.?660714bE-03 -.32106263£-05
.....z.!tl1..!iU2..-.E_-¥.,;04~ ...1.l100_05.S.E~.D_3_. __. __.~ ....31859217E~Q3 -.,_11 O~OD ...3.7(=..D...fL

" • 363411a4 E- 0 4 • i-7 81 5 72 eE-;) 3 - • 4 L+7 63 4':t r E. - 0 3 -. 32 4 T16 4 ? ! - 0 5
~4634~197E-04 .23130B7~E-J3 -.551&95Z9E-03 -.823Zg672E-06

-.-59S3·35·7-o6--04 ..--27915377 E-03···--·__ ·...--_·_- -. G3 4 2 "7Z9St: -0 3-··--·----·--~·---_·.25 56B314E - 05--
• 7114 692 3E- 04 • 3?0 094 88E- C., .- • "77D233q 3 E- 0 "3 -. 22 4 7781 L. E- 0 5
• 8 :1 f}, 27 ".30 E- 0 4 • 3 54 02(; 31 E- 0 3 - • CJ fiCJ 12 C2 2fi -0 ~ -. 31 55 Q5 83£ .; 0S

-;-q-S-aT3;o'ac--D7+ • '377f)"7895·f-~··:r---------~--.·g <3& 92 442£-03""-- -;-'1j81110g7E-''06'--
.110t+6927E-03 .3qg68319E-iJ3 -.8~3S3252E-O~ . .36478079£-05

As before, agreements :for other values of time are cOOlparable.

Figure· 11 indicates the time dependent behavior of radial displacement

w at the tank top for e = 0°. Figure 11 indicates the behavior of radial
r:i ,".'

displacement w at node 6 as well a~ axial displacement at that same node.

Comparison of the above results for Examples III, IV and V as obtained

by the finite element approach with results ,of direct numerical integration

lend confidence to use of the finite element program presented here for

arbitrary base excitation.
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VI. Cylindrical Tank Whose Base Slab is Subject to Artificial

Earthquake Excitation

The tank of [9] is employed again in this example. The tank wall

is rigidly clamped to the base slab and the top ;s freely supported.

The artificial earthquake accelerogram available through the National

Information Service - Earthquake Engineering - Coroputer Program Appli~ations

(PSEQGN) was considered to be'the exciting mechanism attingon the rigid

base slab in the horizontal direction along the line e = 0°.

The artificial earthquake record was imposed upon the base slab

'for five seconds and the tank response determined at 0.1 second intervals

during the time period t = 0 to t = 5 seconds using,time increments of

0.001 second. In using the artificial earthquake record the assigned

maximum ground acceleration was taken to be g/2 although the record

itself is normalized in terms of a unit value of g. The input to "the

ri.gid base was in terms of acceleration. The data cards employed,and

values assigned were as follows:

NLOAD = ARTEQ

PEAK = 384 inches/second2

INDEX (leave blank)

The time history of radial displacement at the,ta,nk top at 6 = 0°

during the time interval t = 4.0 to 4.5 seconds appears as shown in

Figufe 12. The axial, t~ngential, and in-plane, shearing stresses as well

a~ moments Mzz ' Mee , and Mze at e = 0° are tabulated below at the time

t = 4.3 seconds where the values in the top row correspond to base nodes

and values in the bOttOITI row correspond to nodes at the top of the tank.
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STRESSES AT IHETA=O.O

A~IAl F. TANGT. F. IN-Pli'"Nr:·s~t:·-_·--·j,iX'Iii ·HT. TAf\lc;r. "It. TORSI('JN

3":~--·-·----li5-..9.-------Q:------~-·-··--·-·--4-S;8Z -~ _----.·--13.15" o.
_3!l.t·~.2.. _.__. ,_.~.,175 e1 .--__. __ ._.0 ~ .__ -,21.1<1 ......_...__,~6 .3.8~1_··_._. f!..!.. ... __

285.9 -270.~ a. 1~.34 ~.2&1 o.
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A P PEN 0 I X A

RESUME OF SANDERS· SHELL THEORY

'The present investigation is baseq upon the shell theory due to

J.L. Sanders, Jr. [7J. A brief resume of these equations for a thin,

elastic, circular cylindrical shell follows.

Let us consider a right, circular cylindrical shell of radius a and

thickness h. Let the quantities, r, e, and z denote radial, circumferential,

and axial coordinates respectively of a point on the shell middle surface.

The corresponding displacement components are denotedby'w, v, and u, as

indicated in Figure 13. The force and moment resultants action on an

element of· the shell are depicted in Figures 14 and 15 ,respectively.

The equilibrium equations in terms of these force resultants are:

aNz aN 1 aM .~.
a az + az ~ 2a as = - aqz + apshu

a aN" + aN e + Q + 1 aM = _ aq + ap h~
az ae e 2 az ' e . s

aQz aQ e ..
N - a -' - - = aq -, apshwe az ae r

aMz aM
aQz =aaz+as

aM oMe
a Qe = a az + as-

(A-l)

where qr' qe ' and qz are applied forces per unit area of the shell

middle surface. in the radial, tangential, and axial directions respectively;

Ps denotes densit~ of the shell material, qnd

N = ! (Nze + Nez) + la (Mze - Mez )

M= ~ (Mze + Mez)



· A-2

By Sanders I 'theory, the curvatures are gi ven by

k =z

k =z

and the strain-displacement relations by

£ = I (l'!. + w)e a ae

=l.Y..+l~
£Z8 d"Z 2 de

(A-2)

(A-3)

Accordingly, the force and moment resultants may be expressed

in the forms

:-- . (l-v)
N = k -2-" £ze

(A-4)



(bending rigidity)

(extensional rigidity)

A-3

where 'V denotes' Poisson's ratio and

Eh
·k = 2

(l-v )

Eh3
0=---

12(1-i)

Substitution of Equations (A-2), (A-3), and (A-4) in (A-l) yields

the shell equations in terms of displacements:

2 ~2u 1 2 2 3 2 ~2v
a _0_ + ( 2-_

V )(1 + ~)~ + ~1 + \) ~ -(l-a)-a ] _._0_.

az2 4 de2 2 4 (}@(}l

.. aw aa2 . d2w a2 . a2 ..
+ au -- + --2--(1-v) 2 = - --k. q + --k Ps hu

az de az Z

2 2 2
~[.l + -1.(1-) 2) -ll+ a (l-v)(l +.9..rv2) LY...
2 v 4 v a aeaz 2 4 u az2

2 . 3 3
+ (l+i) ~+ aw _ a2[~+ a2(1._ ~)] a w

, ae2 ae ae3 2 2 az2ae

a2 a2 ..
= _.- q + -k Ps hvk e

, where

(A-5)



A-4

In the finite element analysis carried out here, the significant

forces and moments (per unit length of shell middle surface) that were

investigated are indicated in Figure 16 in their positive directions.

At the base of the cylindrical tank the external axial force must equal

the internal force Nz and similarly for Ne and Mz.

The equations (A-5) governing motion of the shell permit

.representation of the applied loads in the form

q = 1: qrn (z,t) cos me. z m z

q = L: qm (z,t) sin me (A-6)e m e

q = L: qrn (z,e) cos mer m r

while simultaneously the displacements may' be expressed as

u = L: um(z,t) cos me
m

v = r vrn {z,t) sin me
m

w = ~ wm (z,t) cos me
m

(A-7)

It is to be noted the m-th harmonic of displacement .is coupled only

to the m-th harmonic of loading.
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A P PEN 0 I X B

DEVELOPMENT OF MATRICES EMPLOYED IN FINITE ELEMENT ANALYSIS

For a specified harmonic m the displacement function vector {u}

assigned for the typical ring-shaped element is expressed, accordi~g

to Sanders' theory for any point (z,e) in terms of a generalized

displacement vector {urn} (a function of z only) as follows

u cos me 0 0 urn

v = {u} = [T I
] {u } = 0 sin me 0 vrn

(B-1)m

wJ 0 0 cos me l wmJ

where urn and wm are the axial and radial displacements at e = 0° and

vm is evaluated at e = n/2.

The displacement function is also expressed ina polynonlial form

in tenus of a generalized coordinate vector {Al whose length equals

the number of degrees of freedom per element:.

{u} = = [P] {A} (B~2)

The nodal displacement vector {oJ which constitutes the number of

degrees of freedom of the element can be employed to define the generalized

coordinate vector {Al by substituting in Equation (B-2) the nodal

coordinates. Thus, a square matrix C involving the dimensions of the

element results:



B-2

°u

°v
Ow

(j)

ow·
{oJ = = [C] {A} (B-3)

°u
~

°v
Ow CD

ow' I

{A} = [Cr 1un

{u} = [p][C]~1{5} = [N]{5}

(8-4)

(B-5)

where [N]' is the shape function matrix relating the displacements at

a general painton the element to the nodal displacements o(s).

By Sanders· theory, the compatibility equations are introduced

through the strain-displacement relations as follows:

{ c} = t;(] {u}

(8-6) .v

u

w

=[JJ

C Z.'

ce
czs

.Kz
Ke

I K
ze
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where~ isa differential operator matrix. Thus:

{£} = "~]{u}

= [;(] [T] {u
n1

}

= (rJr:iI{Um}

= [T]IiJ[N]{om}

= [T][B]{oll1}

where
"[8] = ~[N]

(B-7)

(B-8)

The differential operator matrix involves differentiation with

respect to both z and 8. Obyiously the deformation matrix [T] involves

functions of 8, i.e.

cos me

[T] = "cos rna

cos me

cos me

The differentiations with respect to e are performed on T and the result

is a new differential operator matrix l:ll which involves differentiation

with respect to z only.

Since [N], the shape function, is a function of z only it follows

that B is in terms" of z only and that was the purpose of the previous

modification. These operations are shown in the following matrix notations:

"(see B matrix development in Appendix C):



Lt] =

[T] =

a
az

o

lE-
a ae

o

o

cos me

sin me

o

[~J[T] = [T]IZJ

8-4

o

1 a
a ae

a
az

o

cos me

o

1
a

o

.a2

- ai
1 a2

- a2 ae 2

2 a2
- ---a azae

cos me

cos me

o

sin. me

cos me

cosme
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cos me

cosme

sin me
=

ros me

cos me

sin me

= [fJClJ

Stress-Strain Relationships

The stress vector is

a
az
o
m
a

o

o

m
.. 2a2

o
m
a
L
az
o

0

1
a



8-6

Nz 1

Ne v----
{a}=

Nze [D]{£} = Eh= 2
Mz·

(l-v )

Me

Mzs

v'

11

I 1-v.,
-2- ~'- .- -

- .... , h2 \/ h2 1
12 12

l\/h
2

h2 l . Kz
12 12

- 'h2~ oKe
24

where 0 is the elastic coefficient matrix involving E, H, and vJ f is

a transformation matrix involving functions of e only, and B is the

linear strain-displacement relationship that involves functions .of the

lineal axial dimension z only. Thus, the stress-generalized nodal

displacement (correspondirig to a specific harmonic m) matrix is

[D][T][B]

Derivation of the Element Stiffness Matrix K

1 J . TU =2 {£} {a} dv
vol

1 f T= 2 {£} {D}{£} dv
vol .

But since

then
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[K] = J . [B]T[f][D][f][B] dv
. vol

= h r: r:W[B]T[f]T[D][fJ[BJadBdZ

J
L T

= wha OrB] [D][B]dz

wnere L denotes shell length of the ring element.

In the computer program the element stiffness matrix was developed

by using its eleJnentary compone~t matrices and through linear integration

using the Gaussian integration method along the length of the element.

Derivation of the Element Mass Matrix M

·The elenlent mass matrix is developed by considering the expression

for the element kinetic energy, viz:

f
T a2

V ;. {u} P
s
-2 {u} dv

vol at

But

{u}= {N}{8} = [N][T']{&m}

. . 2 .
V =J ps{om}T[T,]T[N]T[N][T ' ] 4 om} dv

vol . at

= {O~} Ps J[T,]T[N]T[N][T'] dV{6m}

= {om}T[M]! 6m}

... [M]=ps J [T,]T[N]T[N][T ' ] dv
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J
L T

= psh~ 0 [N ][N] dz

The mass matrix element was evaluated by performing the matrix

multiplication [N]T[N] and by carrying out the integration along

the element length longhand. The final values are then substituded

into the computer program in subroutine MASS. This is carried

out in Appendix c.
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A PP END I X C

DETAILED DEVELOPMENT OF MATRICES

Derivation of theB. Matrix

We have

. rIJ [N] = [BJ

6x3 3x8 6x8

a
~z

o

m
a

o

o

.m

2a 2

o

m
a

a
az

o

o

1
a

o

2m a--
a az

•

z
z- [ 0 o. 0 [ 0 0 0

0 z 0 0 0 z
0 0- [ [

0 0 z _3z
2
+2z

3 2z2 z3
0 0 3z2 2z3 _z2 z32--+-"

L2 -cr T-
L
2L2 L3 L L
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d Z _-1
B11 = -az (1 - r) - L

1B = - -. 32 L'

837 = 838 = 9

8
43

= _ a2
2

(1 _ 3i + 2z
3)=L _ 12z

dZ L2 L3 . L2 L3

mzB,· = .... --34 a L

B41 = 0, 842 = 0

a2 2z2 z3 4 6
B = - -' (z - - + -) = - - ~
44 az2 L L2 L L2

B55 = 0

m2 _z2 z3
BS8 = i (-L- + L2)

3 1
B62 =2a (-r)

B
52

::: m
2

(1 - ~)
. a L



2
B ;:: 2rn(l _ 4~ + ~)
64 a L L2

2
B ;:: 2rn(-2z + ~)

, 68 aLL2

C-3

2
B ;:: 2rn(6z _ 6z )

67 a L~ ~

Derivation of the El~ent Shape Function Matrix N ;:: Pc-1

[P] =,

1

a

o

z

o

o

a

1

o

o

z

o

o

o
1

o 0

o 0

z

1 0 0 a a a 0 0

0 0 1 0 0 0 0 0

a 0 0 a 1 0' 0 0

[C] = a 0 0 0 0 1 0 0

0 L 0 0 0 0 0 0

0 0 1 L 0 0 0 a
0 0 0 0 1 L L2

L3

0 0 0 0 0 1 2L 2L2

L 0 a a a 0, 0 a
_L 2

0 0 0 L2 ,0 0 0

0 L3
0 0 0 o. 0 0

[Cr1 1 0 _L 2
0 0 0 L2 a '0

;:: L3
L30 0 0 0 0 0 0

0 0 0 L3
0 0 0 0

0 0 -3L -2L2 o· 0 3L '2-L
0 ,0 2 L 0 0 -2 L
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[N] = [p][Cr1

z
N11 = 1 - [

N12 = N13 = N14 =0

N16 = 0 = N17 = N18

. _ z
N15 - [

z
N15 = ["

N21 = 0

N23 = 0

N27 = 0

z
N22 = 1 - [

N24 = N25 = 0

N28 = 0

N31 = 0 N32 = 0

2z2. z3
N34 = z ~ --L-- + L2

N35 = N36 = 0

3z2 2z3
N37 =L2 - LJ

_z2 z3
N38 = -L- + L2

1 z 0 0 0 z
0 0 0- [ ["

[N] = 0 z 0 0 0 z
0 0- [ [

3z2 2z3 2z2 z3 3z2 2z3 _z2 z3
0 0 1--·+- 2--+- . a 0 -.-.---+-

L
2

L
3 L L2 L2 L3 L. L2
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Derivation of the Product Matrix~

z 0 0- [

0 z 0-r
3z2 2z3

0 0 --+-
L2 L3

2 3
0 0 2 _ 2z + £..

[N]* = L L2
z 0 0L

0 z a[

0 a 3z2 2z3

L2-zr
2 z3

a 0
_·z
-L-- L2

z 0 0, 0 z o· 0 0- [ L

0 z 0 0 0 z 0 o·• - [ L·

a a 3z2 '2z3 2z2 z3 a 0 ·3z2 2z3 _z2 z3
1--+-- 2--+---

L2-~
-+-

L2 L3 L2 L2 L L2

* .N24 = 0
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*'N 45 = N46 = 0

* 3z3 8z4 7z5 2z6
N47 =" L2 - lJ + l4 - l5
* _z3 3z4 3z5 z6

N48 = -L- + "L2 -L3 + L4

* * *
~56 = NS7 = NS8 = 0

'* z zN . = -( 1 - -). 62 L L

. * z 2N66 = ([)

*N35 =·N36 = 0

* 3Z2 2z3 9z4 . 12~5 4z6
N37 =-2- - T - 4 - -·-5- - -6-

LL L L L

* '~z2z3 3z4 5t5 2z6
N3B =-L- + L2 + LJ - L4 + l5
* 323 . az4 lZ5 .2z6

N74 =L2 =LJ + L4 ~ L5

* *, N75 = N76 =0

* 9z4 12z5 .. 4z6
Nn = L4 ~ ~ + L6
*-3z4 5z5 2z6

N78 =7 + l4 - l5
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L
Development of the Integral Matrix f

o
N7 dz

J
L * fL 2zz2 'z2 z3 1 L

O
N11 dz = (1 - -. + -)dz =, (z - - + -) = L(1 - 1 + -3) -

o L L2 L 3L2 - 3

J
L *

N15 dz =
o

f
"l *' fl z 2 L J *o N22 ~z = .0 (1 - [) = 3 = N11 dz

f
l. *L f· *

. 0 N26 dz = ~ = N15 dz

6 9 12 4
= L (1 - 3 + 1 + 5" - 6- ,+ 7)

I . 2 9 12 4= L(1 - - - - + -- - -)
4 5 6 I 7

'JL * 'JL.2 3 ,4 5· 6
N dz = (2- +~ +~ - ~ + ~) dz

o 38 ,,0'L L2 L3 L4 L5
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2 1 1 3 5 2
= L (- "3 - 4 + 5 - 6 + 7)

. 2 1 228 7 2
= L (- - - - - + - - - + -)

2 3 4 5 6 7

f
L * fL 2 4z3 6z4 4z5 . z6

N44 dz = (z - -L- + -2- = -3- + ,)
o 0 L L L

3 1 464 1
= L (3 - 4" + 5 - 6 + 7)

J
L * fL 3z2 az4 7z5 2z6

N47 dz = (2 - -3- + T = T) dz
o 0 L L L L

387 2
= L("3 - 5 + 6 - 7)

f
L * JL _z3. 3z4 3z5 z6

N48 dz =. (-L- + -2- - 3 + 4)
o 0 L L L

3 -1 3 3 1= L (-- + - - - + -)
456 7

rL * JL z z2 1 1 L
J NSl dz = (- - -:2) dz = L(- - -)= 7-

o 0 L L 236

L *, L z2 'L

J N55 = f' . 2" dz = "3
o 0 L

JO

L
N6*2 = r

L
~ _ z2 = h

oL L2 6

J
L *
o N73 =

J
L * L
o N66 dz = "3
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r
L * .JL 9z4 12z5 4z6 9 12 4N dz·=. (-.- - - + -.-) dz = L(- - - + -)

i o 77 0 L4 L5 L6 5 6 1

L
3

o

o

o

f~N*dZ = L

6

o

o

o

o

1
3

o

o

o

L
"6

o

o

o

o

'78L
210

llL2
2TO

o

o

54L
420

-13L2

420

o

o

11 L2

2TO

2L3

210

o

o

13L2

420

-3L2

420

L
6

o

a

o

L
3

o

o

o

o

L
6

o

o

o
L
3

o

o

o

o

54L
420

13L2

420

o

o

78L
210

-11L2
-210

o

o

-13L2

"li2O

-3L3
420

o

o

-11 L2 .
2i()

2L3

210





APPENDIX 0

FLOW CHART AND PROGRAM LISTINGS
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FLOW CHART OF THE FIRST MAIN PROGRAM

Input number of
problems

Do loop over number
of problems

Input material
properties-

Input number of
circumferential modes req~i~~d

Do loop over number
of circumferential modes

Read circumferential1

harmonic number

Form stress-displacement
matrices

I ';'\"Ji-~"1"'~~1,.~

Fann the element stiffness matrix l

Form the element mass matrix

Assembly of the unrestrained
shell matrices



D-2

Read number of boundary
cases required

Do loop over number
of boundary cases

Read boundary
conditions

Apply boundary conditions
on the unrestrained shell matrices

Obtain natural freq.uencies
and modes

3 ........-.--......-----....



.~

r;rr<TAPE5=GASt-J)
FTN.
LGO.

'SAVE(TAPE10:MOrES)
SAVE IT APE9=MODAL')

0-3



PP nC; PAM ~ (~ I~· ( r~N PUT ,-0 u'!'pTrT:1A·Ff~4~T~fp··E-5~··TAFE7·;;1··p~Io;·n-p-~~'J~P~e-2rr~5--~--~"~~~-

~ 0 n , ~E~'S T(1 N '1 ( 4 n", 4 1 , D. L
, ---30---rlTMEN-s)-OY5t--rA"ia). A M'A ~ t S .. e, --=--~--_..

? 0 n1M t= NS T0 ~'; nMc: G( 5'

f

701 FinRMATCjOIS)
702 ~nR~AT(8G10~4)

'---704 RFA n 701, NPRO·r\8-----..---------------------

lio no 41 LLK=l~NP~nB -
---- Fir:? TNT 1 ,-~------------ .----------------

1 r;npMAT(jH1)

,
111 R~An 702,UM:El,PX

PRT~'T 772
712 rnRMATC//,tOX,*-MATFR'YAL.' Q~rrP1=Rn~7\

RQr·NT 7 0'3 , lJ M, F1~ p X
7·03 Ft1RJ'itAr-r7773 x ,v.--rr~--t-1tr-~i:t-M-A-"Ti:ftj-A'H<Lr-.-:

A

=:-:*z;-,-1G~14-10!'f-."""4l't-,---...-.-----------
*~11~5x,*MonuLus or E~A~TfClTv=.,G10.4

,

... , 7/ , 5 X' ,.. Paf s'') n1\' RAI I 0 ~ '* • (, 1 t, • :z+ )

192 ~RINT 771 '
---t--1--2-'R'E An 7-o-~!--','"*A""1":'""L--------

7 71 FOR f"1 AT ( II /', lOx I, *S TRue T,', R~ L GJ:; aMET Ry•., I·'

17 0 P"RTN T '7 , ~ ",H , A[~

7 FOR MAT C2 x", * RA, DIU S=* I P 9 • 3 • 5 x, .. T~ I CKNES~ :, * " F6 • 3 I 5X , * RErG HT=* I, P 9 • 3 )
113 R~A~ 70t,~1S!N ' '. ...' .• '

f\JrqEE= f\llJNB ~H OF DFGR FE s nF F~R EEDc M
401 R~An 70t,NMODF

,f
e
c
c

23Q
NrREE:::ND~*NP

E,'N=AI /r, OAT(N~tEM)

NnF=NUMB~R oFnE~R~E n~ PRFEnOM PER NODE
NRAND=HALF BAND WrOTH

PQI "I l' 43 ,. Nr: LE~1
43 pngMAT!II,5 Y,* No:nERJ~n ~L~MFNTS=*~'3)

451 RFAn JOt,NAT
450 ANT='~.JA'"

cALL ~ TPM AT ( EL N~ R/I H~ A~J T
r

• p~ , ':1 )
501 Rr:AD 701,~JBCAS

R R r ~J T 5?~nr("""~A-wo-1S~'--.---
52 ~nRMAT(I/15x,~ NO. nF gnUNDARv CASES CCNSIDERED=*,I~)

---W5;....AO-~--+,"f-A'P~R~-·..,....1TI #Ntt8t-6,*As-~~---~-----------------------

504 IF ( I PR., • ~T: :l " GO TO Ani
5 2 0 CAt~ t ~\ S~ " R( NFL Et t " H. tit· 'f /'I ~ " , p x. R., E1:: ~.~ E· J Ef 1

o

NF"RFE 1 ='f\JF R~ F+ 1
WQ t TE C4) ( r'!F"l'TFf

570 WRIT~(4}«(D(I~J),J=1:N~R~E1"I~1~NFRfE)
RF~J fN D 4 ,------------------.....---

A01 cn~,li I ~IUF

ug
i l

'.'~~s

t2 990 Rr:A'1 911. f' 18C

IfI _---?__U-F nR~ AT( A~4L_.--~----
10 6 2 0 CAL L Bnu~'f ( NFRFE, NAT , n:NOi N8 C)
, N01=NO.1

, • 'A 5 3 WR r TE ( 7) C( D( I , J ) • J =i .,. Nn1 ) J I :: 1,; Nn)
BEWIND 7

._---------_.----_..-



so e CON TIN tJ F
59 CO'NT INtJF
41 CONT I NUF

...._-.--1.l~1J'""'.~ ..TN'rr'.'.' ..w.:,.~ •••_"'~., ••~'_·, '--'-,-~ ~..'" ,.. v. .. ' " » .. , .. ", ••~,~•..._ " " " .. " .•_ ',.,"~.

\2.

~H

10

~ .

0-5



SUBROUTINE STPMAT(AL,R,~,ANT,P,E)
......__ ._....."."._....._.~".... '-,·_-_..·..·"·-t:lSTONF~f·~;,e l ,TH1( , )',DBT'f6', 8',

4 FORMAT{/'I,10X,·~TRESS-DISPLACEM~NTS MATrICES.,I'

00 5 J=t,6, ,
3 FORMAT(6f~X,G10.4)}

THETAM=THETA:v.ANT
----~--~------~-At't-~~~AT-Xt~~l:-i~~-·~~~-----~~~----------------------------------~------,----------~.~----------------------------~-~ ..--~~

COSiN=COS{THETAM)

• T- !JoB

,
RIS,J)=Bf9,J)·COSIN

,
B ( 1 ,J) =B ( 1 , J ). • CO SIN

"-~--_·~--_·_·_--·'....Frr2-',~·,J r":: Err;? -, 'J-rIiJ:r:; crsI ff'

~ 3,J)=B(3~J)~SINE

,
• D'-r _.~ 8

,
DO 20 J=1,8,
no 2(' K=l,f.)

---~-----Z-U'--··'rrBT-rJ'-,-J-,·"NN'J.--:-D'HT'-(T,'J-,-"Nlr}-+O"1~l-rT-,-f{l-~n--("l(,-:rJ-"-".---- ...---.--~.~ . . .. c. ..__. .._... . ~ .-...•. -----....- ..---.- ...- ..

PRINT t,NN_.-.-·----l~m·rTT-{·c~·n·""' ..-r1'1j1fr··'rr·;J,'fT~11-·;:T=·I~;'~J:rr ..;r=~i~';~Wb)-·--~-m-.,~,·<M~·--_·'''~--· ------.~-----......"...,,-'..._-''''.......-..........._.._·........,N~~#:.n ....~"'.,•• ,.....

PR IN 1 2, { (0 eT (r, .J , NN) , J =j, 8 ) , I :: l , 6}
.,

(; 10 • i+) )

FETUFN



4 PRINT 55
''''~l'RI'NT "14

14 FOF't-1AT (11,.NATtJf~AL MODES AND Ff~[Q.• FOF<' A SlM'PLE ·S! 'CYL ••.)
"r;ratl' "PRINT 1Ul',"N'lfT' .._ ", , , >O , , __.c, .

985 NO=NFREE-6
-----.~crz=~n~="~l~." .., _--- _.._·, ~·_"""~~_.···~ ..-.,,~·."_..<,,·_ ,,·~._ ••., ~.,~..o~,_·_ o.x_,,••"'''~ ,,,,,.,., " " " ..

00 222 !::1,N02
995. 00 221 J=l-,l'rO---· ....·
221 O(I,J)=O(!+3,J+3)
222 ' "Oll,N·O+lJ':'O'-Clf·3·,NF'F.:Et+1)

1010 I=NO-ml-;--rr--rr72"3-...-J=-r;~O-".-,.."._.".· ......_..·._"..__.«.··_.~.-_ ..-.-_....~~..~..,., .._....__......,.~ ......_..,.........,. ...... '.......'.. ., .... "-,_...~.,",, ..." "·.ff· ...."·~W"" .._··~· ...._~".~.....¥.__~"N..._~.......,.~._.~._·... ._-,.."".:~"''''''..._ ......'_..'''''••;".~.,••__......._--'• ......-

221 O(I,J)=DtNFREE,J+3)
'1025 0'( NO ,NO +l')=D INFl\~[E,NFR Eft-I l"·

O(NO,NO)=O(NrREE,NFREEl
1030 R.ETlJRN
1015 END

800 SUPF' OlJTINE80UNfNFF?EF,NAr,rt,No,NBCJ 0-7
8n~ DIMENSION O{40,41l

REAn 911,N~C

911 FOR,MATCA'"
815 IF(NRC .EQ. 4f.JCLFR ) r.:O TO 1

--"·"'··~'·~~"-~Tf1trC·~··~·-;···rrr;-~li'Ff·ct-r;'t··'J"""-~·~~r;-rr-TU"-?-"'-"'"

825 IF(NBC .EQ.4HClSM ) GO TO ~

@10 IFCNBC .EQ~ 4HSMSMl GO TO ~

55' FOR MJ', T( 1 1-41)

1 PRIN'T5S
"PINT 11

··---·'·--r"I·~·-~·-FO·r"frA·T'('··r'l~'''··.~f\fA:T{JR-A·["'-"rroOTrE"S---A'f~tl'~'rREg', FOR."'·-'A .. ·.. ~··l-;..rFrEr·"·~·ljyt·-.l ..·~·-'"·_~_ ...,,-"-"~-·~-~"'_·,.~'-~,_K·~N" __"'''''.'_'''_''''__'-""

845 PRINT 1~1,NAT

101 FGRHAT!I,· FOR CIFCUHFERE~T~AL 4AkM. M=¥,I3,/l
855 NO=NFFfF-4
8 60' GO'r 0 '33

2 PRINT 55
:-·_-,·_·.._..·.._-~'·~~--p·RTNT-· ..~1· ..2.._····· .,'." .._-~...~«_."'-"._ .._...".... ,,....""

12 FORMAT(llj.NATURAL HODES AND F~EQ. FOR A CL~CL CVL •• ,
"'--''''"8'75 PRI'NT .'" 1 C1 ,.N'AT

88 0 NO=NF~: Er; - 8
33 no 177 r~1;NO

N01=NOtl
----.---~....w_.1rCf-~.777-."~~J';'.I."lfOI.!"." ...~!~':' ~.! ' ....... , .• " ...'"•••• ,,« ....• •••• -~•.,."••, ••"_."_ff•.~_.'"._··.·,

717 O(I,J)·=OCI+4,J+4)
_··'·~""-~glrO P'ETf'R'N

3 PRINTS5
...-.'.. " _, ". 'PRINT' "13

13 FOFMATCII,Jl-NATURAL ~:;~ODES AND FF:EQ. FOR 0 CL·-SIMPLEC·YL.''') .
-_.~'~~.~'T'~~------------~---~-----~--~'~-~---~------~~ ~ ~__~_.~~~_l~~

920 NO:NFREE-7 '
'N01=NO"'1
00 111 I=1,N01

'930 DOf12J=I",NO
112 OCI,J)=OfI+4,J+4)-.-'nT---n~l'1.;""N"rr'+I'l"=rrrr+'4.~'-'"N'FRrrv+'!~T'"'---'-""~""-'..__.. >~, •• _ " •• , ·_"••••• , ,,, ••• ,, _ .." M"'.~ ..~.•. ,""·.~."'~_ M.__ ·.~"''''' ,,__ _,,~__'''_.." ..''''._~.·..,w._ ,.. ~_...,,·._ ,~~-"-_.""""-""' "' .

94r; I=NO
-~··':9Sfr-·O'O 11'3J=l','NO'"''''

113 OCI1J)=D(NFREf,J+4l
'"'~~-·"-·q6n··--'..·O·( NO., NO ·+1'..)·-'~ttlNFREtj NF·Rtf,,+·tl-"·'- ". ,

OCNO,NO)=D(NFREE,NFREEl



11 70SURF0UTI NE AS<:: T'P (N t L t tv1 , t.J , lJ M, ANT , D X, F: ., x: 8 , 0, F)
1172 'OI~ENSION 0(41,1+1)
11 7 5 OTMFNSTON AMAS(8,b),Sr(~,8)

ii8r N8A~)D=f"

54 FOPMATfll,10X,4-----------------------.,/)
1 ~I"~"''''"'''''~C'Ar"T'-'" STTrr~~(lr;'Xlf;" ANl' ,f:)'x ,"f<';'$~T)" .. m,' , •• ", • " " .

on 4C I=1,a
DO 4('; J=i,e.

40 STCI,J)=STtI,J)·F
10 FORMATCB{5X,G1G.4»

1320 CALL MASS(UM,R,XR H,AMAS)
--~'~f7!Zlt'~'-"UU'~~~'l'U-o'" 'r=]~";~frEl'rl1' .._ " ~ """-"' .."- - ,..

1325 IN=(I-1).4
·1·3'3'O.'(102J II=1, NBAND
1340 00 20 JJ=1,II
'1350 . 'K=IN+II
1360 L=lN+J,J

~~-"'_...,~._. -~2~O·-~---n'··rK·,Ll··='n rK'··[·~J··+A·f.~"'A·S· (l'r', 'J]J"""'" ..
1380 no 30 JJ=1,NBAND
1~gn DO 30 II=i,JJ
1400 K=IN+II
141~ l=IN+JJ+1

30 O(K,L)=D(K,L'+ST(II,J.J)
--·..·~f-1J·,o·"·"··~-cn·frTocr·N· U-'F ".,_ ~._..".

1440 ~~~ETURN
·__ ···..··~1·45lr· f NP

0-8



D~9.
2860S ~J8 F: 0UTI Nf: MAS S ( f' H0 , R, AI ,H, A,
2!7n DIMENSION A(a,Al

C INITIALIZE MASS MATRIX
2890 DO 116 )=1,'8'
2900 00 116 I=i,a

..-"- 2grO----lfTI,J) =0.
116 CONTINUE

'~·'C' COf\ISTRlJ'CT'--'HASS Mil rr IX
PI=3.141S927

2950 CONST=P·PI·RRO·P
A(1,1)=A(2,2)=A(5,5)=A(6,6)=CONST~AL/3.'

-'-"-_·'-"---~~-~-"--A--P)'I1·=ATI··'5'·r~=~~A"""6~~;'71-=A-r2~;···b)'·'=·cnlrS"TA<~-~I""-F;'·.·"'~·v,.,,,,,~~,,,,~,~., ...._"--,..._._--:~ ..__."'_._,._....,..,..._----~"-~ ....."....._w_,_...w~__~

A(3,3'=Af1,7)=CON~T·13.4Al/3S.

'''' 299'0 'A'(4,3)::A(3·";:4l·=·C'ONST""lf~'''Al~'~¥2/210.

300n AC7,B)=A(8,7)=-AC4,3)
A 14 ,-4"'r'~=Il"~fB",'8') ," ='C"ON's"r'.'l\l," 1#3'11 0 5 •
A(7J3)=AC3,7)=CON~r4AL4q.170.

-,-~ff1lr~-"-~An+';-f1"-=-~"'r7, 41 =·CLfNS"1¥1·1'~~r"-A~[7',4·21r;'·"·' ~

A (11 , 3) =Af 3 , 8,) =-CON S T,f. 13 • ~ Al. ¥" 214 2D•
."A 'fa ,·41':'A"{ffrB ) ,=';:C'ON'ST~~rA[ '4. '3/14'0 •

S4 FORMAT(II,10X,·--------~-~------------------.,/)
-,··_·..·JD6~8'··" RETURf\, -c~...._'-,· .. -·_,···,··""

END



~31 00 . SUO F 0UTI NE S"T IFF ( H, AL , At~, :p I R, SUM) D- 10
, 1111 nIME NSTON X ( 20) , W( 2Cl , Ii ~ ( a, 3) , 8B( 5 , S), n},3( a, e) .,~n(8, 8 )

X ,sU~1 ( 8 t R.J .
3140 f<EAn(5) NI
3150 on 21 T:1,NI

2'1'" ""FE'Jrn'''"f5l'' ·)("{'r'J" WlVI')
PE\-IlttO t;

'3170 A=C.· $ A:=AL
31&0 00 12 I=1,NI
1190 X(J}=(~-Al/2••X(1)~(8+n)/2.

12 W(I)=(n~A)/2.·H(I)
"·""·""···:~-Zt~~~···_-~··1tO. ·t·!..·.. r·~t··;· ..8-·~ -..... .. .. , " ~. , " ,..'"

3220 00 1~J=1,8

3-230 StiM(I,J)=O.
13 CO t.1 TI f\,t UE

32~O CALL DMAT'~(4,p,nM)

3260 00 23 I=1,NI
,.... ··-3"'27n·..··-·"''''·_·c~ ..n·r·[· .... ·P;HAT~~{1l1· ,"P , .. n" H',"'X"(.Jl"','T1B')

3280 CALL M8TM(DM,8B~Oq,6,6,8)

"~r2g0' CALL. M8'TTMfBB,OB,PD,8,F,,8l
3~on 00 22 J=1,8
3310 00 22K=1,a

22 ~UM(J,~)=SUM(J,K)+W(I)~80(J,~)
,.~.,..~-~. "'''~''~~?'1'".,,~,w''''~'''·~lnrTjl'J (J E""~""-""'"" ,.

3340 CONST:R.3~14159?7.H/{1.-P.Pl

''''3350' DO 1 1=1,8
3360 no 1 J=i,a

1 S lJ til (I , J ) =SlJP ( I, J) • CON ST
54 FOPMATf/,20X,· ========~=================. II)

-~"-"~4'll1J"""-'-'"""'RtTlJR'N "., ..~"~.,,,,, ".~ ' , "'.." , ~ _~ _~ __ _ ~, _"".,"--_.;~.:_.. ,.'"',.~.,., ~." ..".""""'-" -..~ ,._..

3410 FNP



11

10

0.. 11

.: . ~, .
............. _~'>lo..............'~_,...................._ .................,.....,.........,;...,.,:tA·i.;._··-.~~~



0-12

, 6



0....13

86
76

6460

.6040
'6f!S'O

5500 SUflPOUTT NE EGN (0, Nn, NMOn.E, E, NqC)
-~~51U OIMFNSrON O(4n~41'

5520 nr~fNSION V1(40),V2C4;)
\wi C PRE-EI'~FNVAtlJt CHOLESKY R.EDUCTIONS

6010 INA::!
---~w'----~--~'~""''''''N~r'w=~+,!-,"~"""-,-,~,-,,,,,=-,,,,,....~~.,._ ...'"_ ... "*•.,..•.•",.~.".~,~- ••'> ...... - •.••.••• " .•~ ...

6 C :3 2 R.EA0 (7' ( ( 0 ( I , J) , J =1 , N0 1 ), 1=1 , NO)
REWINO?

00 76MA:=1,NO
0076 MAS=MA, NO

MA1=MA+1
-"w_'-'~~"--·"-"~~"--'_ .."-"-'--'''A'~I='R~n~+-r''w"", ..·_.,,__".......·_..·...__.. ·_...._.._ .._.··.,,·...... ·_M__·"· .•',N··

GAS'H=O (MA, MAS1)
"GISH=OCMA S, MA)
MA~H::1

79 IFCMA-MASH) 77,17,78
78 ~ASH=GASH-O{MASH,MA1)4D(MASH,MAS1)

......,-~-----'_· .._···_-_·_·_···"..·r;!·'SH·::-G!-Slf;;·rrT}rll;"'R'jrSmll-o"'rFrA"~" ;Fr~'SH~ l"'"
MASH=MASH+1

~150 GO TO 79
77 IF(MAS-MA) E;1,81,119
81" '''IFfGISH) 118,'82,82

118 GISH=O.
---s2-----rrT~~~S"F"l---~4-3·';-g].;o '~r4· ·· ..~""~o< ...~."" •. _ .."~~.~·._.~'."'n••_"."~., .•• ,'.

83 ~ASH:n.
,~.",-,~",-co8·4· O'lAGl=SQt<T'(GASH)

oI AG2= SQ.R T (GI S HI
'-'" ----6-2'30" ··· .. r-F (OI AG l';fE'Tl; ·O.l··; 0 .' T'O "85' .

119 O(MA,MAS1)=GASH/OIAG1
--·'~wmn:c-z·~f'~-;·l- .._..GO·_··T-O··.. '·-A·~-·~-··_·····_··

D(MASJMA):GISH/OIA~2

CONTINUE'
CONTI Nt.J€

iV C" FOPM' t.l/lJt
6100 00 87 MA=l,ND

.-~~ I D ··T.rO--~--g7~-P1\~:Rl,··.,.rrr·Mn_~.... '_.
MAS1=MAS.f.1
GASff=or'"1A5, MA)
MA~H=MA

'.. "91"··' M.~ 'SH=f1n:S'Ff,,'l"
63&0 IF(MAS-HAS~) 88,89,89

~-~~~~~--~~~~~~~-~A~~·~~·~ftr~~·~·!~~~A·S~11~.----~~--------~---~--_.-.~~~~.~------_.~.~.~-~'~~'-~

6·380 GO TO 91
8'8'-·" 'D' ff'i A,M ASfl=G-A'Sfr'Of~As,14ASll
87 CONTINl'r

',-, ·-C·.. · ···MlllT.IPl.I·CAT'IONTO GE'T {~lJ( E-1 4 Ut TE-l.UT')·"-
6420 DO 9? MA:1,NO

-~--~-~-~~~l·~~-~-~~~=------------~--~-~·~~----------~-----------~~~------------~.~~------~---~~

MAS1=HAS+1·
GASfr=!l~-"

00 93 MASH=MAS1,N01
.GA~H::GA-SH+nl~'A,lfA'SHl'.D fMA S, HA Sfl )

93 CONTINUE ,
n -.--,---"·--·n'~t.,M-~~·sn~:fbA-S·H~"~'·""<·"'··*···_···_..~~..: __ _.,.' .." , _., ~.M_ _ __..·..__•..._ ·.." ·~~~._~.·_ __'.-... ""-~_~ .._~.~_._ .••..w"~~..:._ _' -._,-.;....

'-' H 92 CONTINUE" .
10 ~10nE=NMO-or

., C PU 1.0 IN Vi Fr;'~OM 1 To NO ANn ITEf\:.ATIVf
~ 8 115 DO 9·4 !=l,NU

1 94 V1(!)=1 •
•~~ b ·-·-·----"-·-·--··..···-·-·-·-NUM·~r""'w ~....-~..;-.w~ •... ''''''''''.. ~.~_.,_ "'_J ..•.,_,.,_.. ,~._ _.•.,_~.. ,

~~() S 121. At AM2=O.
657n 00 95 I=l,~O

11=1+1



6600 DO 96 J=1,I
GASH=G'AS'H +V 1 (J). 0 (J,If)

96 CONTINUE
661" IF(T-Nn, 97,98,9~

97 00 99 J=I1,NO
-,w_~'''-~''''''''''''--~'''~.'-~'''~~''-'''''''N''·~·'-·bA'''Slf=-g''SA''.'·V:l' r J'"l."'O' r'r,'"J'+I~l" ""M"'"

gg CONTINUE
98 V2,CI)=f';ASH

AlAM2=ALAM2+GASH·GASH
QS CONTINUE

AlAMB=SQRTtALAM2)--,..-.".,.",.~-.~"",,--~-,- ---w-"""--STr;'s"O~=-rr-~ --- ' ~ , -_._-~._.._,~""-,,-,,-_ _,'~_h_.'''' .•·__ ·•

6720 DO 1P1I=1,NO '
Gac:'H=\12fIl/ALAMB
GAS=V1{I)-GASH
·SIGSQ~sItsn+GAS~GAS

V1(I)=GASH
""'-'--llrt-·.-.·-··.-.-'.·,-,t~..n-NT·"I·~t\JrTt'····-'--·~--"_ .. "..

ZT=1./1U,.··12
NU MI'T =NUMIT +1

6800 IF<SIGSQ-ZT) 1G2,1G2,1C<~

103 I FC NUMIT -150')12:1., 102,102
102 CONTINUE

'~-~"'-",I'--"-""'-'-'-'~"~"''''--''''~r''''r-f'lT''' "iI""li'~""'--'-"'='"'' ",.:.. ,,, •.

6,8'30 PFINT i04,NU~1IT

104 FOr>~1A'T(· NfO or TTERATIONs::-.·,13,1)
C 'Ta MULTIPLY (Uf-1).tU4 X)

I=N:O
9 GA.SH=Vl(It

0.... 14

10',
.10 (,

'6g20
105

IFfJ-!) 105,105,106
GA$4:::r·A S'H·-V2fJl"D(J, 1) ,-

J=~'·1
GO 'TO 107
V2(!)=G (1,1)

'-wi' ,

6950 IFf!) 108,108,1.0i
f08 PRI~rT CJ95,INA

wR I TF ( 1 0 , 3) (I NA)
":r FO'RMAT'f6IJ1--

c OMfGA IN CYCLE/SEC
'--6-9~8·0---'·-···-··CrMt ..G'·A-=SQ1<·lrI-;·~1~-A·[ ..trM··£r·l"·7~'2-.··'7"3·~··'r'·4i·5·9-2'7~"······-- ..-·""~~~~""~ ..,."..,~.-~.~...'"~~.....~~.~-~--,-.. .-......._--.------,...---.--.......-..:.__.... ·..-..

6990 PFINT 112,OMEGA
. WRI T-Fl1-0~j~'l'-fbMfG'A)
RES::O.O

.. ···PRIlfT12'
1 FORMAT (4E 14.8)

--~.N_-··~<--~--_rr_rfrrrc·--·;liE.·-·4·RC-[,nF"f(~')'.'NoG··(r·""To·-·~S~(TG·'·'W"'"-'''''""'" ._e.- ..... ,

WR.ITF (9) fNO)
'WRI TF(g) (C'f.t1·EGA1
WPITf(9) (V2(I), 1=1, NO)

500 IF(t.!PC .EQ·~'4HS}1$t1)~-O -To 40
IFCNBC .fQ. 4HClSM) ~O TO 30

~ 2 ,·~·_·_--·,_·,·~"--'-p~"'I<~~fT' ... "I·i·I·'~t~S·;·~CE-~ ..~·· ..R·E~·S"; ..R·ES..·'~·<,···, ,,······.····w.···_,

'-' ~ I WR. IT r (1 0 , 1) (R ES , F' ES, ~ ES , PES)
IQ p~ I NT 111-, (V2 (I) , 1=:1 , NO) ,

WRITr--C10,1) «V2f!l ,I=1,Nn·).)
IFlNBC .rQ~---4HClCl) PRINT 11.t,f~ES,RES,RES;PES

IFCNQC .~Q. 4HClCL) WRITE(1fJ,1) .(PES, ,RES,RES)
~ -~-_.__.._._~w_ -r;_o~'-fflT·rr ..·"7".0'4.tr-·"-..-~.,~v~.- ..-...... """'~"'" >0 ...• ,,, •• _. ".'.".•••..,' ." w".~"_ __~.,, ...:•• <--._w ._""_._.•_.- '_M~'__••_ _~••,.-- _•.- ••- __...

(~s . 30 PRINT 111,f?ES,J?~S,FES,F~ES

WRITFC1G,11CRES,RfS,RES,RESl
ND1=NO-1



WRI TF (10, 1) ( (V2 (I) • 1=1 , NO!) ) O~ 15
"-"Q'R'INT '111, RES,R,ES, RE SI'V 2'(NOI

WRITEC10,1)(RES.PES,PES,V2(Nn)
'(;0 TO '7040

. 40 PRINT 111,RES,RES,RES,V2(1)
--'---VlRTTt-(rtr,'~I't"RES ;"RtS','P:ES 'i·~2Tl'1·"l·····--····'''·''""· , .. " "",<•• "-, ""M·'"'''''~'_''~'''·''"''_'''·MW''''_''''._'''~''~'''' .~~_'~"~'-~'--'--_'_'_'__Q.'--"--_.._""-

N01=NO--l
PRTNT 111,CVZrrl,I=2,ND1)
;4RI TF (1 0 , 1 ) ( (V?( I) ,I ~ 2 , Nf' 1 ) )
DRINt 111., RES, PES, RES, \/2 (Nfl)
WR. r TE (1 0 , i) (RES., P f S, RES, V2 (N{J ) )

_._-g"---'g5-.--F'Ol<fif·n"·l-',.,-n"1r""-lfX'IA'[·~'~-f{"Cr;-='~-;-T""3'J' " "'h '~"""""'""~""" •. ,~ •• " ••-,. ••,.~,~ •• ,.~ ~'"'' ,0__.-. ,", ,•• .u__. ._~_, ~._._. ,._ ~.__;._" ", ~"~"-"'-''''''''-~.~'''

11 FORMAT(II,20X,25{2H~-)

1'2" "F"O'RMAl (30X'·~fOO t SHAPE'" ,'Ill5X, ~ U' , 20 X,'" V·, 2UX,· W., 2 (IX, 4n'Wlr~Z-·")'
111 FORMAT(4(SX,F16.8»

'--"'11'2' F'ORMAT (1I"1'OX,.NATUr At FPEQXfENCY=¥" E20. '101
2 FORMAT(BF16.8)

.-t--~--"'----~l"m;-TO-~'"Nr)(OI~"'flO~'E'''''~'-''-''''~'-·'_·,.·_W'_"",~·" .. _.", ..
7040 00 113 I=1~NO

.... 705-0 DO 113 J:T,'NO
J1=J+1

'111'" 0 (I, J 1) =n (T·,·J't) -A La MS.fVl"'fI ).V1'(Jl
6965 . INA=INA+1

,--~-_.-.---~'-'--'--R~()'"'E=~ot'-=I"'N"'-'"''''''''''''''''''"''''~'''"_""'__~"''''~'~__''_'_'''''_''~'''',"., ..,.''.",.... c<' '." .•. , .. · .... " .... ".·~o ... ,·~·~ ....""....~......."•••~•.• ,~.. ,;,,~~,* ••.,_.-_....,---_.•~--~, ...._.. _ ..._-,~~,",--.-- .....__.-:~" __"_-'.'_"'.""'''''~N''''''_''''_'''''-''''

7090 IF (MOOtl 114,114,115
..... --114 CON'TINllE

7110 RETURN
..··-71·2·0 . EN"D
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SAVE (T APE1·=GASN)
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, ,_.,_ ,,~ _-~._..~---- -,._--~------- -----------..
-- --.: -~.._.._----.--.---.- --.--:--~.--. ---1

1

_/-IJ( Q.GR.l\ M. NIX W(lNJ!..UJ .,0U'TPJJI., rl~J?f.1.l.......
DIMENSION X(6C),Wf6D)

"7 CO.MJI10..N...NI
PEAO 7Dl,NPR,NINT

1a2. £ 0 RHfA T( 8I 10 ) ·_~·_--_·~--- ···_·_.· ..._·_.~. ~_.·~_u_._

13 no 12 I=1,NPR
,.. ······ ..f\lI·:·N·INT ..

CALL GDATA(N'I,X,W)
.. P.R r.N~t~",,··Z.O·.i.-t Nt
WRITE(19CNI)

_______~.......D.....O-·......1......2 .....J=1. NI
PRINT 70Z,X(J),WeJ)

".7.0.2.....J;·-O..~t!Al'-L2.-t~4-X-~EZ~ .•-1..0lJ-
12 WRY TE(11 (X« J') ,W (J) )

·._.~--f...UD.... --.
SU8ROUTINE GOATA (NI,X,W)
oI ME blS I ON X (GQ J., W(.G..o.J~ "" _.__.~,,-_ .._-.,_.-
NR,: (N I +1) I 2

...- ..-X ..I =--0..•...
DX=-1./FlOAT(NI)

··,,·-..··C·Al.·t.··-·R-OOl.S·--....~·-X-'l_t,a.;( ..~-NR , ..W.)

DO 11 !=1,NP
':bIR-I+1

~""Ub]

"'wI :i

;-~-------o
w...

~ ~-, __.~ , __ ...

.K.=·NI -1+1
v --.." ~- " -~" -.- -.---- - - _.._ __._._-X-( J.l.-=-4l!'-W .(.JJ - :"..- __ _ .

11 X(t()=W(J)
.. ··-----·f),Q........·1-2.. ·,l-=l,.. N-R....

'J=NI-!+1
)' X- X( J) ." _ "..~-_._..,.,._._-~ -..--------....--.------
CALlFNSNS(XX,F,FP,2)

·..·_.._·-XX-=-t1-+~· 'XX:_~.X-X-).:.fJ;:~.'.f.R

W(J'l=2./XX
,. _-- ·:···· .. ·_..12 .. ~W.C··I.) ,:..W..(..J l.··

17 RETURN
END'
SUBROUTINE FNSNSfX,F,FP,IM) .

~. ".-~._ _ _-_ -1-3.$- -C.O'MMO-ti.""Ml ""
P1=O

. : ., : -- -- ------....:---.-'._..1
~
j

1=0.
i1 01=1

••¥'"-_ •......,.------,...~--....._~_ ...__.---...:--~~-.--"-'-,''~_._,-,--.~~

~
~

. ~

P2=P3
-..~ - - -"--_ --.- - -----I-=..L*1-- .

I F( I -Nr ) 11 , 1 2, 12

• .. 'J"

~-~- -« ••~."._.-:"""--:,,,,,,,,,,:,.,,,,,,,,,-,,,,,,,--.,,,,,,----,,,,,,,,,,,,--,,,,,-.~.-~,-~-,,,",----..--~-',.' ,·----.-~·1

"~
~:

12 E;:P2

._. """"'''--'''''--''-'--..--,,,.,",'' --_.
IF(IM~EQ.O)GO TO 17

......--.. -- -."--~-I-;:-NI:-._ .
FP=tAI·X·P2-AI'P1)/(X·X~1)

..........__ ,. - 1.l.- f!..E.tURN....~:-._,...---_ .. _.. -
END

_______..--.__<:ooiI-a;I........JB~R......· O....'~IT.......I~,.HR.l."' ....t e..lloo-I.-.-J _
12 DIMENSION RT(6r')

'". , I ......__.......2.3-O.......... L..O-=..O....-$.....J:~D;;Jl.
10 OM= 10 •

';"._-'--",' ._---""~

___...._.--1-.__', "....-"",~~-,

260 OX=DXX
00 20 "'1::1, NRT
K:O

..............._K..P...;.-O.... ,.... ...... .. ".'
21 00 5L JJ=1,'1C

.. O.D.... 3.'O.J:;::1. ,1.1..

.I S

.11

.I •
1--- ---a..Io...........~---J..A........::.........~""'""'"__



X=X1
IF(ABSCF1).LE.1.E-CQ' GO T0 36
IF(F1.LT.O.l l1=-1
IF(F1.GT,O.) L1=1

-.-.------------.---.-~' "-~--_f.f."...t-J~~..Q" 1:.) ~G..J----+.Q·"-·J-1-····,,·· .
F3=F1-Ftj
TF(l1.NE.tO) GO TO 41

31 XO=Xl
FO=Fl
L('=Ll

________. ----..~,_ .._---.,.._.._ ...-._.-_Xw1-=..x.u.+{l~ .. o'

30 CO~TINUE

PX=OM·PX
50 rONTINUE
32- K=K-+1

KP=KP+l
....... lFlKP.Gl.10J ~r:,o TO 36

OX=(X1-XOJ/10.

4--9 K=O-

IF(F~.EQ,O.) GO TO 49
------.....<-,-~"'----·-·--_·-·~4-f.._X_Q...·~.ij..§~-1+_t.f."·..3·v ~<''""<,,' -' " " ••_ .. _ ~-"--,,,.._._,•• ,, ~.. ,,••_,,.•.•_-_.-

IFrX.LE.XL .OR. X.r';E.X1) ~O TO 49
--CALL FNS NS lX, F,F P, !))

IF(ARS(F) .Lt.1.E-09) ~o TO 36
·r F CF • LT•.~ •. ).. .Lt=..... ·1
IFfF.r;T.O.l LL=1

---_.·-·---·-----·,--·-·-~4:--'r.w.g,rl.···i-).-·,.g·,-""l-,(\,-.. ·,3·,J."'..-·" ..
IFClL.NE.LO) GO TO 34

....--. ..-13-_·X o·:-){_..__·_· .. ·..·_··

FO=F
ttl.
ui LG=lL

~ ~ F3=Fl-Fry
~_.--'-....-'.--"----------~·4..g.-,~-J.··9,.·-,·"..,~~-" ..»--··,·-,~·-· ..,,'~·· ....... ,.,.. " -"'"'' ..,...,,,,, ..,,,,,-,,, ..,,.,,,,,.~ ....,,--~._*,,-~-~_ ..-._-~,,.- ..,-
~ 34 X1=X

'-' : .- ·,·-F 1=F
L1=lL

,·--·..Fl-=Fl-FtJ .,
35 XX=ARS(X1-XO'

~ -----...;...--.--~.,_ .._-_·-I~F_J._X.x,,,~b,.~ ...,1_._-i:-_.Q.~-.).. .. ,"c'O ....-I:.,Q....~~."_~"' .._, ..~...~.~.~._.~w. __,,,..,__,_.._

~ . I F (. K • L r.:- • 1UC·) GO TO J 2
:w g

...

GO·· ·TO··· 3&-

D~<i=1.

·G·g·--ro 21 ..
41 XX=X1-XO

,..--J-F {-A-BS(·XXl .t E·.·i. E-O 7)
IF(F3.FQ.O.)· GO TO 49

---- .__ __ __._-_.~ X- X..g..J::...f}'-I-~.;J. .. "··_··_..·_··,·_·_-~,,,,·· .. "'~·_·,. '",··, ,
00 40 II=1,100r:

·· ..-G·A·ll ·F NS NS (X, F·,F P, 1)
IF (FP.EQ.O.J GO TO 32

.. XA=-X·-J:" IFP
XX=ABS (xn -X)

TFCXX.lf.1.F-C7l GO TO 36
" r F{--XA. L £. XO.Of\,. XA.G:E. Xl) ~OlO ·32·

40 CONTINUF
16 n X={X·_f}Ol·4n .5

900 IF(DX.E0.0.> OX=DXX

1=X+DX
·OCl:::X
~T(NI'=X

42 PRJ NT 45 ,NI , X-
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·,~ ..~ 'Q'~"E S,'rM :' Or) 0 f) b, T;'0 0.. _
ACC~UN~,AOL70rO,AASSnDA.

tfE' Tl TAP F7 == Ace ,
8FT(TAPF12=~TqMAT)
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e...~T .C. TAP F.1 0 :. ~ ~•.T. "
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,~'h_'~"'~_·'"'''_''.'.'' ·-··~RnrfPAM·j:?·;SP(rNPUJ~OUrp.nT:;TAPI!I .• TAfJE2·,;rlFE3~TtPF4,-----~-2~--, ..--.-...
• 'APF7,TAPF8ITApE9,TAP~1n,'APE11,TAFF1?TAPE19'. '

'" "B'T'M~ N~ I n'N "orfl'(6:,"8 .f-J , j ~T~t(1?) , ST R? c· t'2) t. ~T R' (f-rO f,- STRPlt·6'·O"t·_~·· .. ,·· ...--~...,....,.._~,....,._.~._._.~ ....__.._-~-
erMFN~I~N STRC6(6)~ST~~P(~)
tJ rMF= ~ ~ I fj f\:J U~ ( 8 ) -------",,--.-..- ........-.-.--"----
SJ M'FNSI C'N 8MA~ S( :3 ~ I. 4 , '. RSl' F ( 3n, 4 ) I ~ MAS!=; ( :3 6 , 3 6 ) ,ST I f: ( 36, 3 6 )-,_ _,_.. ,.,,- , ,,, ,J Tf,rf:'fV~'l'f\'N" - -~,,- -., fF-fM t·~~-i-4·:l,..',~A-e"e-(-,-4-\-·,n-p ..t_3-6-+-f·+tf-~6~)-~-------

DIMENSION F"83(4)
··rrrM't=·f\J~.. llt-f\r·_·-A·j··r~~·~ ....4·'·· ·.'·PD1"~· ..t~4"1·

nJMENSTON GA(5001~.G~~50~1'
--......PJHI"""t':M~F~N+-f!!~""""I....,.o.....N,......1•......s.....T""fIIIJe,..m~~{-144-,-;4~· .......·)...;...f• ...e~~n~F'-rt·...,..~....,--·---..-,...-.,...------,----------------.~...---

¥ eTM~NSlnN BRM(4~4' ,
» _.__.' , ".... ..·'trlffFfi~-I'nlr-·,..6-ME"t..ttt-·,_..,.. }CC-s'~-';-'1'O'1' ',~M'tl n·, in ·-,:,-~-p--t·-1-·&·)..~--'A-·(l·e-l~j···H·N_t··t-ft_t-~-"R-~~-· .. '-

~lMFNSI~N OMED(10}~AD~~101,~Stln,10),~~tc10~10)~GSAl10)
¥ ·-'~-"-,,· .. -·······_··· .. · .. _·-···i~' j"'MF"N'sIM'~j""-"-'-- '--'-- _..- ....-... · ..·· ..o..n'n··t-3-6..·'·'··...F'..p·f··(·4 .. )..;i;"r"l??"C·-;f")--;·rB'r41'·"-·;"·rrr~fr4-)--··--'-----~- ..._-_.-

erMFNSlnN P1(36),P?(36~~pt36),P~XT(36'
~ r=~ •1 41 r; 9 -------,-,,---- ,----:-------............-------

102 Rr=An 4.R
··--'~·.. ···-··.. -·..···9·'9···-..r·n·R~fA'·,..··Cr:-I-O"·:··'4·"Y .-, .

ea F~RMAT(~OF10.4)
'twI ·-"----·"-_···--"'--·-·-'-'~·Ercr""'0'6' ·"l.rPFI1r=I';-·6-~-~''''_· "-.._.....'....,....-" ..-.... -.. ,.,,.

ar:~n(j2l (NN)
~6 SFAM (12 , ( .< MrS ( T, J, f\fN) ~. J·~),.,.-:r;ol-------

~ 1 snRM~AT(i/,*~ INDF)(c*_Y5) "
~-----?-r~#~~~·~~~~74+~-----~-------~------~-------_·--~--~---------~.

CAl L FXTRCT
W ~,_.~_ ,.. ,.~._ .._ ,. ·"·"~l;·~·-A· "-rrl"r-rff~'RE"F') _.. -. . -. " --,----., .. ,,--- - -._, ..

f\J=NF"REE--.4
~FLr:A!N/4

Nrn=NELFM"6
·-··-·----..·~·····_·· - ..·+,,···_ ·~fs·"t-·= ..~fT"r.,-:;· ..6"· _··· __ -... _ '"''- ,..- -" ,.

'.. MB''*' ·_-·---·-~··-·····-'_·_·--""·A-F"A'ri··('i·iY'(·r8·~'~··A,s-s ..{·t'~···:J··)··~"~J·-~·f~·4··",·~'r=I·,· ~l)

t M

er: An (j 15 «(. '51 1F' ( I I, ~J , , u=~T;-r=-r'-;l'\IT'-'

'-' ~ KBP
-~-~·~~,···--··-··~~··· ....·,·R·F··A·'f'-(·"i·'l'··,-'-·(-rS·fBR'i--I···~·,JL)·+.--:rf··1-··'·~-··~f··5··-;-··"":'1' """4"')'

3 FOR MAT ( Q ( 3 X'. Gj. '2 • 6 ,) ')
~ _··_..··_··_....·1"Q3-rfF~·Ar)· ·..·-8·~· ..M------·-'--_·_·_·- ..·".._·_...._.._·_· .. -_· .....---.-.--.... --.--... -..... ,

8 ~ORMAT(t2)

&IF An(11 'c (SMA S~ ( I , J ) , J =1 .. ~'-=r;f:rf
'wi t tv18R·----·--,··-..-..···· ..-·--..-'·-rfF·A"·n-..c.. :F:CY·-c-·c B·P"M·fl-~-j)- ~~":T=' f:-4..·f~' ..r=·I... ·4··f--······,..······ ..~-·_"-_ .._·--_·..··.- ....-----.-~-._- ....--'-~-_ .._-..._._..--.,.,-_...-'.~-~..-.-..--......-':.

t KS
~. ,.._-_·,··..·...···.. ·_....-..··· ..·S·F··A rFC:fl","c-r--rrST-f"( "r~-~Tr-~'-:T=1"~'" ~J-~-l·~·t·; 'N)'" ...... -..-.....--..-----.-.,..-----,.. ---...--.~--_._--_.-.--_ ..-----.-'-'---

• K

[)(') 10 J=1,M
AFAn(9)(ND)

·_·--·~C--·"---_·_"-·""··6-'MF'~-A·'''--f-~J-cYrT['''E-j''s"E:c.._ _ '-_ .
~ FAn ( 9 ) C0 ~1 F (J ) .> (

~ ~-"·--··-"--·'·'·-~~·_---R'F=Atr r9 )-'rx'rl:-J;'J1";"r::"f~-~rD-""-

1 0 CnNTI ~'lJ F
t, ~ r~ :: 2 ... ~ • 141. ~ ~

v ., [) n ? 0 I ~:1. 1M .
•o··.._.. ~'---'_·--·~-2· ..If-··'6'Mt=·(··r ,. =rr~~-r"r-1-·)··p·1"2"·
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