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ABSTRACT

The structure under consideration is an elastic cylindrical
liquid storage tank attached to a rigid base slab. A finite element
analysis is presented for the free vibrations of the empty tank permitting
determination of natural frequencies énd associated mode shapes; The
response of the empty tank to (a) several simp1e deterministic base
excitations as well as (b) artificial earthquake excitation is also
determined by finite eléments. Examplies tbgether with complete program

listings are offered.






BACKGROUND

The prob1em'of freé and forced vibrations of thin elastic shells
has been of interest to engineers for nearly a century. Most of the
significant contributions to this area have been summarized in the
1973 monograph by A.W. Leissa [1]. In [1] the fundamentals of the various
shell theories are presented and distinctions between popular theories
examined, particularly with respect to curvatufe-disp]acement relations.
Distinctions between the various theories are further exemplified
determined by each of approximately ten commonly employed theories.

A Timited number of treatments of cylindrical shells subject to
various dynamic loadings has been reported by P.M. Ogibaiov [2], H. Kraus
[3], G.B. Warburton [4], and P. Seide [5]. In general these investigations
are limited to determination of responses to harmonic excitations applied
normal to the shell surface or suddenly applied normal loads that remain
| constant with respect to time. Transient thermal effects are also
investigated in [3]. The case of a shell subject to time-dependent edge
loads is discussed in [3] and [5] and the principles outlined for
determination of small responses governed by linearized shell equations.
The particular case of a circular cylindrical shell subject to dynamically
applied axial loading that increases linearly with respect to time has beén
considered on the basis of finite amplitude response by A.P. Coppa and
W.A. Nash [6]. However, the techniques discussed in these works are not
considered practical for application to the case of an applied edge

loading that varies rapidly and in essentially a random fashion with



respect to time. From an analytical standpoint the case of time-dependent
edge loads gives rise to significant complications due to the fact that
the boundarylconditions are inhomogenous. When a shell is subjected to
timé-dependentledge displacements rather than time-dependent edge forces
the solution of the response problem becomes even more difficult.

The objective of the present investigation is to develop a computerized
approach for determination of small amplitude elastic responses of én
empty slab-supported cylindrical liquid storage tank subje;t to arbitréry
base excitation. It is assumed that the base slab supporting the tank is
rigid and that the tank does not separate from the siab during excitation.
This study will form the basis for a subsequent investigation concerned
with kesponse determination of the same storage tank when filled to an

arbitrary depth with Tiquid.



ANALYSIS

The finite element method is essentially a variant of the Rayleigh-
Ritz approach and usually involves the principle of minimum potential
energy. It has been shown to be effective in determination of shell
behavior for a variety of both static and dynamic loadings. For the
circular cylindrical tank with a vertical geometric axis under consideration
here it is attractive to employ a series of ring-shaped e]ements extending
from the base slab to the tank top, with each ring being bounded by a
horizontal plane nérmal to the shell axis. Both in-plane as well as
oput-of-plane displacements and forces must be considered. These necessitate
knowledge of the strain-displacement relations as indicated by an adequate
shell theory. The theory employed here is that due to L. Sanders (71,
and outlined in Appendix A.

The finite element method regards a complex structure as a finite
assemblage of discrete eléments, where each such element is a continuous
structural member. This approach is thus, in essence, a discretization
scheme since it expresses the displacement at any point of the continuous
element in terms of a finite number of displacements at the boundaries
of the element. This is accomplished through use of suitable interpolation |
functions. The points of intersection of these fictitious cuts in the
complex structure are termed nodes or joints. The displacements of these
nodes constitute the number of degrees of freedom of the system.

The equations of motion of an elastic system subject to external
driving forces may be written in terms of elastic restoring forces, inertial

forces, damping forces, and the applied forces. In the finite element approach



it is necessary to formulate the stiffness, mass, and damping matrices
(denoted by K, M, and C respectively) for each element and then assemble
these s0 as to characterize the complete structure. The element kij of
the stiffness matrix represents the force required {or arising) at
coordinate "i" due to a unit displacement of coordinate "j". The

element m. of the mass matrix represents the inertial force corresponding

j
to coordinate "i" due to a unit acceleration of coordinate "j". The
elements of the damping matrix are defined in an analogous manner.

However, damping is not treated in the present work.

The finite element method is particularly attractive for investigation
of the response of structures subject to displacements introduced at the
points of sUpport of the structure. Details of this approach are given in
Appendix B, but in general the imposition of support displacements is
possible since one can partition the displacement vector U into certain
components Ub associated with known support displacements with all other

components being associated with the remaining (nonsupported) notes. Thus,

the general equation of motion

Mx+CXx+Kx=F(t) (1)

may be written in the partitioned form [8]

T . T
Moy | My Upt + Koo T Ky 1 Upt Pl
by L LR P L QS L P

where damping in (1) has been neglected and Uy and ﬁbt in (2) are known
support displacements and accelerations, respectively. A1l elements in

the top line of Equation (2) pertain to base node parameters. Thus, Kbb
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and Mbb denote forces at base nodes due to unit displacements at the
base nodes and the superscript T of course denotes matrix transpose.

Kb and Mb iﬁ the bottom row are coupling effects between the base nodes
and the other (non-base) nodes. "All other elements in the bottom row
of Equation (2) pertain to non-base nodal parameters. Thus K and M
represent stiffness and mass matrices of all non-base nodes.

At any time, the displacement vectors of the non-base nodes can be
considered as a summation of two factors. The first vector US is a
function of the instantaneous ground displacement, thus it can be called
static. The second vector Uy is a function of the ground acceleration
history, thus it is termed dynamic.

This approach furnishes a suitable method to reduce the equations of

motion to the familiar form of forced vibrations:

[M] {Uyt + [K]{Ud} = F (3)
where {F} is a defined driving forces vector to be derived hereafter.
Thus:

(U3 = {U} + {Uy} (4)
The equations of motion are

T " T ‘
Mot U, | K K u F
bb b bt bb b t_ -
T B e e

The equations of the off-base elements are
(M 1{U, 3 + [MICUGY + [MILUG) + [K U} +
[KI{U Y + [KI{U4d = 0 | (6)
Now it is attractive to define US as a displacement vector so that
when it is associated with the ground displacement vector Ubt the resuiting

motion of the structure corresponds to no internal strain energy. This



condition implies that
[K, U} + [KIUGY = 0 (7)

In other words the vector {Us} is developed through rigid body.

displacements consistent with {Ug,}. Thus from (7)
- -1
Ug = -[K] [Kb] Upt

This phenomena has also been demonstrated numerically and the resulting

static displacement US is nothing but a series of Ubt or

Ugy Ubé\\

Usz Upt

U} - Uz »= Uyt (8)

L)

where N is the total number of elements and {Usi} is the displacement

vector of node i = {Ubt} for all values of i and {Ubf} is a (4 x 1) vector
representing the akfal, tangential, and radial dispiacements as well
as the rotation of the generator at the base.
Thus,‘the off-base node equations yie1d
-[MpI (U} - [MICU)
LMD + DMICKT T K 10, (9)

[effective mass matrix] {Ubt}

1l

MUy + [KIMUg)
IMIUG + [KIHUg)

= Wepel Upe!



It should be pointed out that for most practical tank dimensions
the driving forces developed due to the mass [M][K][Kb] are much larger
than those developed by [Mb]. This has been demanstrated numerically.

The ground acceleration vector Ubt will be proved to be equal to:
0

e -1

Uy
0

i

where Ug(t) is the ground acceleration amplitude at time t.

Since the base of the tank is excited by a ground displacement and
acceleration acting in its plane and in the constant direction ¢ = 0,
no axial acceleration component develops and the ground acceleration will

be completely defined by its amplitude value ﬂg(t):

Ug(t) = peak - f(t) | (10)
The peak is an acceleration value independent of time and f(t) is a
non-dimensional function of time.

The associated'base-node displacement vector Ubt is derived by use

of Fig. 1, viz:

It

u(o,a,t) = 0

v(o,8,t) = —ﬂg(t) - sin 8 = -Peak - f(t) * sin o
. (1)

1

w(0,6,t) = +Ug(t) " cos o = +Peak * f(t) * cos o
W -
—B—Z_(O’B’t) = 0.0

Since the excitation function is described in the previous form (11)
to be associated with m = 1, obviously only the first circumferential
harmonic will be excited, and thus the vibration of the tank can be

prescribed by super-position of certain contributions of different axial



modes corresponding'to m = 1 only (see Appendix A,assumed form of loads

and displacements).

{ -1 .
Gy (t) = Peak * F(t) - ]ql (12)
0 )
Let | ' 0
1
)

.". the equations of motion reduce to
[M]{Ud} + [KJ{Ud} = {Pagg! f(t)

which is the desired form of forced vibration to which the modal analysis

technique will be applied.

Moda] Analysis Solutions

[MIUg} + [KIWUg) = [Pped = F(t)
Let » |
U3 = [XICA)
{Ug} = [X1{A}
.". [X] is the rectangular mode matrix formed as a set of mode
vectors {n x m) where
| n = numbér of degrees of freedom of the non-base elements
m = number of modes considered in the analysis
{A} = mode participation factor vector =m x 1
o MIDXTOAY + (KIIXICAY = {P e} - F(t)
{A}E {A(t)) ¢ {A} = {A(t)}

U (t)
flt) = s




Premultiply by [X]T; (m x n) |
o IO RS + DXITOKIDXDEAY= DTGP ppd - F(E)
= {GP} * f(t)
Now, use the orthogonality condition:
Tew -
(X} IMI{X} = 0 m#n

Obviously the resulting matrix [X]T[M][X] = [6M] is a diagonal matrix
since the (generalized m x n mass matrix) nonvanishing terms are only
[Xn]T[M][X ] = GM(n,n).

he same concept holds for [X}T[K]EX] = {GS] = diagonal matrix where

_(12 is the squared eigenvalue diagonal matrix = [QZJ[GM]:
" 2 "
(D'l ‘ »
[92] = mg ‘
2
w3
2
“n
- “mxm

Thus GM, as well as GS can be considered as vectors,

L 3 GM“I ]) "GM(],]) . w% ]
) _
GM(2,2) and GM(2,2) - o5 respectively.
GM(3,3) . 2
GM(m ,m) SHlmm) - -

Thus m independent equations result:

GM(I,1) - A(I) +@(I) - (1) * A(I) - 6M(1,I) = GP(I) - £(t)
where I refers to the mode number.
Thus:

AL+ ) - A = EHL - f(e)
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which are the equations of m independent lumped masses each representing.
the participation of the corresponding I-th mode.

Now, A(I) can be found using Duhamel Integration to account for the
initial conditions (just before the instant t), i.e. to consider the whole

acceleration record imposed on the structure, viz:

t
A = gty Jo F(x) - sin at-)ds

_ PIN(I)
T GM(LLT) T WD)

t
where PIN(I) = (J £(7) sin w(t-1)dc) ~ GP(I)
(o]

“LOA(I) = %%{%%Tj-f(t) - (w(I))2  A(I)

Now from the original equations of motion the displacement and

acceleration nodal vectors are determined:

{Ugt [X](A}

[X]{A}

{Ug}

The accuracy of the modal analysis approach depends on the number of
modes involved in the superposition. The latter depends on how close or
scarce the natural frequencies of the structure are spaced.

The accuracy of the method can be examined through the satisfaction

of the original external equilibrium equation:
[MHUGY + [KHUGE = (P g} + F(2)

For the structure considered it was found that the superposition of
four modes offered only a crude approximation since the external equilibrium
equation failed to be satisfied by as much as thirty percenf. Use of eight

modes reduced the maximum discrepancy to about ten percent. It was worth
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the effort to cross-check the program by use of a coarse idealization
of the tank involving a limited number of degrees of freedom, i.e. a
Timited total number of natural modes. In that case the external

equilibrium equation was satisfied perfectly.

Reactions of the Base

From the equations of base vibrations:

U u
T bt T bt _
[Mbb'MbJ{-m:}+ [Kppl kg “{F b}

] | Us t Uy

Now, U  and U$ were proved to be equal to )
rI I
- I . ' I

{Ug = _ WUy} and =1 _ 1 {Up}

1 1
1 1
I

L -

where [I] is a(4 x 4) id;nt{;y matrix, N/4 of whichqform the re1atjng
matrix between the resulting static non-base node displacements and the
base node imposed displacements. Also N = number of non-base node degrees
of freedom and since Mg contains nonzero elements only in the first four
columns Mg . ﬂs can be expressed as

[y 1" (1300, )

where [ME]' is the 4 x 4 matrix including the nonzero elements
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Tl . T , .. Tl T -

but  [Kyp + KL 11U, = 0
R, =M+ M T1¢0, .3+ [T + TR T
b bb b bt” ~ tbI*"d b4+ d
0f course the most significant part of the base force is attributed

to the displacements of the non-base nodes, i.e. [Kb]T{Ud}.
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COMPUTER IMPLEMENTATION

The expressioné for displacements and forces arising because of
base excitation (as given in the previous section) are well-suited to
computer implementation. This is achieved through use of two main programs.
The first main program, see Page D-4, is termed the free vibration
program. Its main tasks are:

{(a) To develop the element mass matrix for the typical ring
element. This is done in subroutine MASS, see page D-9, using the final
expression for the mass integral which is carried out by hand computation.

(b) To develop the ring element's stiffness matrix in subroutine
STIFF, see page D-10. This is obtained by numerical intégration using
Gaussian integration numbers stored on a file under the designation GASN.
Thus, it is clear that prior to running the first main program‘it is
necessary to run the Gaussian integration program NIXW 1isted on page D-17.

(c) To assemble the structural mass and stiffness matrices in
subroutine ASSTR, see page D-8.

(d) To apply the boundary conditions on the structural matrices
according to the given boundary conditions of the physical problem. This
is processed in subroutine BOUN, see page D-7.

(e) To extract the eigenvalues and natural modes. This is
accomplished in subroutine EGN, see page D-13, using the Cholesky
reduction method to obtain the first mode. Then, the orthogonality conditions
are utilized to obtain the higher modes.

(f) To develop the stress-displacement matrices indicating the three

orthogonal components of force per unit length of shell middle surface, i.e.
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the axial, tangential, and radial forces, as well as the bending moments
MZZ and Mee and the twisting moment Mez' These are shoWn in Figures 15 and
16. These stress-displacement matrices are computed at six cross sections,
namely at the top, bottom, and middle of the typical ring element at

both 6 = 0° and 8 = n/2. This is performed in subroutine STRMAT, see

page D-6. |

{(g) To store on disc files the symmetric mass and étiffness matrices
in triangular form. Also, to store the modes and the corresponding
natural frequencies together with the stress-displacement matrices.

The second main program, page D-20, is the response program,
the major tasks of which are:

(a) To retrieve the stored data from the disc through the use of
control cards.

(b) To partition the original mass and stiffness matrices into the
required matrices used in the analysis. This is achieved through use of
éubroutine EXTRACT, see page D-29.

(¢) To devé]op the effective mass matrix Meff discussed previously.
This is done in subroutine EFFMASS, see page D-27.

(d) »To apply modal analysis techniques by creatingbthe.generalized
mass and stiffness matrices in subroutine MODAN, see page D—28; This is
of course accomplished after retrieving the stored modes and associated
frequencies.

(e) .To solve for the participation factor of the modes employed by
calculating .the Duhamel integral for each. This is carried out using either
of two subroutines. For the ground acceleration pulse in deterministic form

of a rectangle, one sine wave, or a triangle, the closed form solution is
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obtained for each prescribed value of time from subroutine INTE, see |
page D-30. For the ground motion in thé form of the artificial earthquake
accelerogram available through the National Information Service - Earth-
quake Engineering (PSEQGN) [11], numerical 1ntergration.for each mode is
cafried out in subroutine INT, see page D-26. The earthquake record is
stored on a disc file.

(f) To obtain the nodal displacements through superposition of the
modes and their participation factors, as well as the external reaction
developed at the base slab. Also, the stresses developed at the six c¢ross
sections mentioned previously are computed in the main program RESP, see
page D-21, for each time station.

(g) To carry out an external equilibrium check.

It is to be noted that both of these main programs are written in
Fortran IV language and implemented on a CDC Cyber computer. Data input
to both main programs follow the scheme outlined in the following two
charts. It is to‘be noted that several tanks can be investigated in
the same computer run in which case the number of tanks‘being considered
is entered into Line 704. However, this number is unity for the common
case of considering only one tank at a time, hence in that case unity is

entered in Line 704.




-16-

FIRST MAIN PROGRAM

DATA FEEDING

Start
]

Read number of
704 Problems ,/"j

A Do Loop over number of problems
DO 41 LLK = T,NPROB

|
111 Read UM, E1, PX

I
112 Read R, H, AL
Read number of c1rcumferent1a1
113 harmonics required
NSIN

114 | Read number of e]ements
NELEM

401 Read number of axial ,/,J

modes required
NMODE
I

. DO Toop over number of
. circumferential harmonics required
_ DO 59 KS1 = T1,NSIN

[

Read circumferential harmonic
number NAT

1

501 Read number of different
boundary cases required

DO Loop over number of
_ : boundary cases
DO 808 IPR = 1,NBCAS
© 990 ;’

Read Boundary Conditions

- 508 CONTINUE |
—~c 59 CONTINUE
- 41 CONTINUE

( Stop )
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SECOND MAIN PROGRAM
DATA FEEDING

102 | R

55| Loan, peak, 1noex_J

TF(NLOAD.EQ.
END)

101 | TTOTAL,DT, TO I
'

997 [rsTAR,TEND, TOT A
—

998 ISKIP J

TTOTAL = Total time under consideration
DT = Time increment
T0 = Total time duration-of Toad application, used only

for closed form solution

R = Radius of tank

M = Number of natural modes used for response superposition
NLOAD = Load indication. For example this is RECPU for rectangular
pulse »

or TRIPU for trianguiar pulse
or SINPU for sinusoidal pulse
or ARTEQ for artificial earthquake
PEAK = MAX AMPLITUDE of ground acceleration or the value used

for normalization.



55

997
997
997

998

INDEX

TSTAR
TEND
TDT

ISKIP

i
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Indicates the method of solution required can be

CLOSD for closed form solution or NUMER for

numerical integration.

Initial time for which response is to be analyzed.

Final time for which response is to be analyzed.

Time interval between each two successive points under
consideration as for response.

Number of points to be skipped as for external equilibrium
check, stress analysis and detailed printing between two

successively considered time stations.
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EXAMPLES

I. Free Vibrations of Empty Storage Tank

Let us consider the slab-supported tank discussed in [9]. This
structure is 40 feet high and 60 feet in radius with a steel wall having
-thickness of one inch. First, let us determine the empty tank natural
frequencies for the case of the tank clamped at the base slab and free
at the top. The computer program of Appendix [ is utilized for this
frequency determination. To utilize the program one enters into Lines
117, 112, 1135 114, 401, 431, 501, and 990 of the main program on Page

D-4 the following data:

Line 111: UM = P = density of tank material = 0.733 x 107> 1b-sec®/in?
El = E = Young's modulus = 30 x 108 1b/in?
PX = nu = Poisson's ratio = 0.3
Line 112: R = tank radius = 720 inches
H = tank wall thickness = 1 inch
AL = tank altitude = 480 inches
Line 113: NSIN = total number of circumferential wave patterns
that analyst desires to investigate = 1
Line 114: NELEM = nuimber of ring-shaped finite elements representing
the tank = 9 |
Line 401: NMODE = number of axial waves under consideration = 36
(Printout indicates frequencies and displacements .
for modes 1, 2, ... 36)
Line 437: NAT = number of circumferential waves in pattern under

consideration (i.e. "instantaneous" number of
circumferential waves) = 1. This number specifies

which one of those patterns listed under NSIN is



Line 501:

Line 990:

-20 -

currently being investigated.
NBCAS = total number of cases involving different
sets of boundary conditions that anaiyst
desires to investigate = 1.
MBC = denotes boundary conditions at base and top of tank.
First, enter CL if base is clamped or SM if base
is simply supported. Next, enter CL if top is
clamped, or SM if it is simply supported, or FR
if it is free. Do not introduce a space between the

designations of these two boundary conditions.

This completes all necessary input to the computer program.

The program output is displayed as follows: From Subroutine EGN

on page D-13, 1ine 108 INA represents the number of waves in the axial

direction and omega in line 6990 denotes the corresponding natural

frequency in Hz.

Mode

10

These natural frequencies are as follows:

Frequency (Hz)

Ref. [9] Present work
34.04 34.08
43.87 43.91
44 .58 44,64
45.10 45.19
45.80 45.92
47.97 47.13

- 49,03
- 51.86
- 55.79

- 61.91



n
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30

- 31

32
33
34
35
36

21~

- 69.28

- 79.
- 84.

- 107.

- 126.

- 147

- ' 205.
- 210.
- 325.

- 351

- 186.
- 572.
- | 649.
- g
- 826.
- 1010.
- 1097.
- 1178.
- 1284.
- 1396.

- 1707

- 1990.
- 2169.

00
33

.45

07

14

17

.94
- 168.

62
18
55
09

.53

49
91
62
44
61
55
67
23
02
31

.09

22
27
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For each of the above natural frequencies the relative {normalized)
displacements Q, v, and w together with the slope dw/dz are displayed
in the computer printout in the form of columns (with these headings)
immediately after printing of the natural frequency. In these displays
of displacements and slope the first (top) line represents tank
displacements and slope at the junction of the tank with the rigid base
slab (base node) and the last (bottom) line represents the corresponding
quantities at the tank top. As an example, the third (axial) mode va]ués

are found to be:

u v W dw/dz
. 00000000 0.00000000 0.00000000 0.00000000
-.00025316 -. 00050568 .02571988 .00065707
.00114042 -.00070022 .04663320 .00005942
-.00208424 -.00034154 .03029001 -.00064278
-.00235623 .00037411 -.01117024 -.00084468
-.00174015 .00094758 -.04620948 -.00041509
-.00068429 . 00095662 -.04882863 .00032133
.00003875 .00037045 -.01675913 .00083742
-.00011887 - -.00042156 .02879214 .00082998

-.00118237 -.00036095 .06570091 .00061867

Plots of u, v, w, and dw/dz for the first four axial modes appear in

Figures 2 through 5 inclusive.

I1. Free Vibrations of Cylindrical Shells with Diverse Boundary Conditions

Let us compare the predictions of the present analysis with results
due to D.F. Vronay and B. L. Smith [10]. These investigators considered
a cylindrical shell of length 12 inches, radius 3 inches, thickness 0.010
inches, and having properties E = 29.6 x 106 1b/1n2, v = 0.29, and p =
0.733 x 1073

1b-sec2/in4. We seek to determine the natural frequencies

of this shell for four sets of boundary conditions, namely both ends clamped
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designated as C~C, one end clamped, the other simply supported designated

as C-SS, both ends simply supported denoted as SS-SS, and one end c¢lamped

and the other free denoted by C-F. The computer program of Appendix D

is utilized for this frequency determination. To empioy this program

one enters into Lines 111, 112, 113, 114, 401, 431, 501, and 990 of

Page D-4 the following data:

Line 111

Line

Line
Line

Line

Line

Line

Line

112:

13;

114:

401:
431:

501:

990;

UM = p = density of shell material = 0.733 x 1073
1b-sec2/in4 |

E] = £ = Young's modulus = 29.6 x ]06 1b/in2~ |

PX = nu = Poisson's ratio = 0.29

R = shell radius = 3 inches

H = shell wall thickness = 0.010 inches

AL = shell altitude = 12 inches

NSIN = total number of circumferential wave'patterns

that analyst desires to investigate = 5.

"NELEM = number of ring-shaped finite elements

representing the shell = 9,

NMODE = number of axial waves under consideration = 4.

NAT = number of circumferential waves in pattern undér
consideration = 1, 2, 3, 4, and 5 successively.
NBCAS = total number of cases involving different sets
, of boundary conditions that analyst desires to
investigate = 4.
NBC = denotes boundary éonditions at both ends of shell.
First, enter CL if first end is clamped or SM if

it is simply supported. Next, enter CL if other
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end is clamped, or SM if it is simply supported,
or FR if it is free. DO not introduce a space
between the designations of these two boundafy
conditions.

This completes all necessary input to the computer program.

The program cutput is displayed as follows: From Subroutine EGN on

Page D-13, line 108, INA represents the number of waves in the axial

direction and omega in line 6990 denotes the corresponding natural frequency

in Hz. These natural frequencies are indicated in the following table

in parentheses, preceded by vaiues found in [10].
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I11. Cylindrical Tank Whose Base Slab is Subject to a Single

" Rectangular Pulse Load

Let us consider again the tank of Ref. [9] where the tank wall is
rigidly clamped to the base slab and the tank top is freely supported.

The excitation is a rectangular pulse, as indicated in Figure 6. This
acceleration is applied in the direction 8 = 0°.

It is necessary to run the first main program as shown in Example I
prior to running the second main program which describes the input
excitation. Note that after the first main program has been run once
that it is filed, so it is not necessary to ruﬁ it again for each separate
base excitation being considered.

‘It is now necessary to enter into thé second main program of Appendix

D, page D-21, the foliowing data characterizing base excitation:

Line 101: TTOTAL 1 second

DT = 0.001 second
TO = 0.1 second
Line 102: R = 720 inches
Line 103: M = 8 modes
Line 55: NLOAD = RECPU
| PEAK = 120 inches/second2
INDEX = CLOSD

Also, an "end" card is required. This completes all necessary input
to the computer program. The printed computer output for the closed form
solution presents axial as well as radial components of shell middle surface
displacement (u and w respectively) together with slope dw/dz at o = Q°.

The tangential displacement v is also indicated at o = n/2. An example of .
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these responses is indicated below for t = 0.5 seconds after initiation
of the‘pulse. Eight modes were considered. There, the figures in the
top row correspond to the node at the base of the tank and the figures

in the bottom row correspond to the node at the tank top.

hl M e e W e e WA T e
e BL1EB24ITESTL ~ s UBTLUASIE-(] +182084933E-02 .3533&8?65-0% ‘
mel79BLL80F L3 m O23500 75 AT e ¢ SABTRLTIE 0 e 263B820pY-04L ..
e 2ERTIL31E-13 ~,13511Up67E~02 e BBIBLILIFD? «20E6Z32Z0E-D4
= 30I588165=03 32334861 g S 2622 2 Hn B 2 L 2 2U5F T L B
-a50723048 03 -~s2.5955L1E-N2 «B1REFIL3E-G2 J170111 74E-00
‘=61 73493303 .o 232085191202 e aB1IGULTOE =02 e 22T UB2LEE L
-«63642760E-C3 ~. 251747 21E~02 JUBBLETTYE~E2 -,13219585E<04
= PELI8RZ3KE-T3 o 2BBISTL2ZE~UD o G SPLEDTRZE-BZ e 20202LT7E-OL -

~a 82688053803 -, 27597380&£-02 52569511002

L 186125T1E~Db

At t = 0.5 seconds the external applied load is zero. The computer
display of the sum of inertia and internal forces at each node at € = 0.5
seconds indicated éxtremely good agreement with this zero value. For
this same pulse, the corresponding resu]ts found by direct numerical
integration (replacing CLOSD in Line 55 by NUMER), {using eight modes)

of the equations of motion are:

0 e Ve e DM e MDY
'.93929171E~(4 - 5233934L47E-23 v2iB13162E~-02 «3J0LE542E~ G0
e 2LS 0T BBE =3 e e, iRe3E33E-02 W 35190%31E-02 - L 27507751c~04 .
-e 32007525703 -.16262608€~02 2515890 75E-02 «P?RRBT71I5F+Du
2l B3050L 175w 3 =y 10074 TLGE-02 e e 8 Q7L YIBEE S L B6TB33I3HE~DG
f--57&892125-f3 -y 232R2383E-272 WBEQ51275c 02 v 1533L6ERE-DG
fm BC1784B17=03 = 2E2HLL18E 0 e s BT BTULLE 0P ey 201827 B1E -0
- PTB562332-03 -.2B532290(-02 a 56321763602 -.71536281-85
e BLEIFEDIE-NZ = 3022LGBAE32 . LB2J325%35~02 20485088 PE-D4. -
«e93053598F=u3 -, 31284692E~02 «7L307102E=-02 «14931571E=-by

Agreements of these two appraoches Tor other values of time are comparable
but omitted for brevity.

Again, for the sake of brevity no other numerical results are
tabulated here but instead Figure 7 indicates the time dependent behavior
of radial displacement w at the tank top for & = 0°. Also, the bottom
traces in Figure 7 indicate the behavior of radial displacement w at node

6 {top of the central element) as well as axial displacement at that same
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node for 8 = 0°. These plots are for the first 1.00 seconds with

time origin taken at the instant of pulse application.

Significant forces and moments per unit length of the shell

middle surfacé are given by the second main program and as an example

the values for t = 0.5 seconds are given below. Here the first three

columns represent axial, tangential, and in-plane shear forces respectively

at 6 = 0°. The fourth column represents the bending moment Mzz’ the

fifth column the tangential bending moment Mee and the sixth column

represents the twisting moment Me'

STRESSES AT THETA = 0.0

AXIAL F. TANGT. F. IN-PLANE SH. AXIAL MT. TANGT. MT. TORSION
-tq . A% =31 5.48 a -7 427 =2,228 “
‘35199 (15‘33 ' 0. 20765 8360 Ce
=32, 64 33,27 Ga e BIBZ i e a LT e L 4
'?—3.5& 12%.6 ql 10123 -352"‘ Lo
N B i 1617 O e me T3 medBug (e
" =11.23 169,5 0. WG58 « 3374 e
-1 166,04 Oe 1,887 J5.I8% L
: =9, 353 T 94,93 0. -2 47 -, 7109 .,
=3 849 148 D =119 a1413 Oue.
54493 147,5 Ge L1791 fTIBLE=-DL C.
The corresponding values at ¢ = 0° are
STRESSES AT THETA = 90.0 DEGREES
AXIAL F. TANGT. F. IN-PLANE SH. AXIAL MT. TANGT. MT. TORSION
e BTLIE~C 4 2o 2QLUE-Ll e =Bl el . = GASLE~(S. = ZB56E-05. . =, 17568E~01
“HI9BE~O4  JED10E-7u -82.,63 «3BBIE=LE «11088-G5S JOBEOE-TL
2 b 3I3DED L 1105E=0.3 =92 .74 o L TR = JZ3VE=DE L B3F1E-}i-
~,3425E-04 W1BBTE=34 -32, 94 LG S0E~CS LbZ5F =06 «2970€~31
e BBLTE 0 ea LBBOESGI  ~TDL26. . =g 8YT2E~(E =g U IE =06 . W 180IEmDL
- 149BE-04 +2237E-L3 55,40 P lL0LE-05 LLTTE~DH «3393E-21
e 7BUDE DG L 207SEen3 . 38,64 2LTTE-LS W TET2E~06B. .~ E960E-31
~elZL2E~0Yy s 1260E-073 25,66 ~.31GLE~TS - OL3EE=06 — LELOE~T]
PP N LN 13803 =413,73 = Sh EREE=CR 3L 77 =0F Agﬂzu:,u,_
7288505 L 1957E=-03 ~6. 755 »2376E~056 T W9IBBE-(7

cL549F-01
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IV. Cylindrical Tank Whose Base Slab is Subject to Single

Sinusgidal Pu]se_Load

fhe tank of Example III is reconsidered here, for excitation in the
form of & single sinusoidal puise, as indicated in Figure 8. This
acceleration is also applied in the direction o = 0°.

Again, the first main program has already been run, so it is
unnecessary to run it again. For“the base excitation under consideration

now, it .is necessary to enter into the second main program of Appendix D

the following data characterizing base excitation:

Line 55: NLOAD = SINPU

PEAK = 120 inches/second2

INDEX

CLOSD
This completes all necessary input to the computer program.

The printed computer output of displacements for t = 0.5 seconds

after initiation of the pulse is as follows:

- e o ——
e Nt e e

TIME= «B0C32 ]
f ‘ Mo e ML CH LT
- - 2 863, . - -t ~e16221379E~06
. 41928E=15 W 21108633E-04 < 12699475 #3 ’
vagéiaiasas-niw_ﬂ_ CM1414SLSE-GL =g 1279D7SBEL3 4 691B6850E gé
13451 16LE-TL «BDLUL1915E-ON -, 202437BE~T? -._1873769;- :
185210535-!C.&,.._--—W_‘——--.?7‘66'—3905:"Clp e . =2 4285013825 «0 3 — g 1‘51@"@ -
f‘?35§8h99E'Uh + 318647 31LE-04 -,2370182%-L 3 g 71B2LT7LLE 0B
L L22520.883E-CL A03Z6LHTED3 o 2Il 4 0B 2L EeEF ey 27392 3T E T
31118018§-Ek L11311563E-073 -, 257516LT7E~L 3 - 530795 CSE~QE
L 34775136E=04 {11970903E-03— = 22783631 8E n5 3w T2220160E-05-

T «37363903E-04 »12361491€-03 -.18973398F-03 +18415839E-05



For this same pulse, the corresponding results found by direct numerical

integration of the equations of motion (replacing CLOSD in Line 55

by NUMER) are:

TINE= a50CC3
SR & NSO [ ¥ IUUUTEURERUINRNIY i * ¥ & o SO
+LO91IBBATE-0E «232H81T74E~L Y -.1297%100F-03 -15L709%28-05"
H«Q&iﬁxﬁ315ﬂ&5v4~u~w‘~fh$619613E-Q&»nw~-m»,-.1#5621395-01»wm*-w-.2?89h2205-06
«156793719E~04 . + 65539156804 -2 P209H339E~03 ~,1930463123F~05
e 2DL70S0SE=Bb L E85I6G083 = o EBLE5A0 HEALIe—— LB 4 D2 DO =5
425543938504 »1014L178LE~D3 -, 26R5BB283E~03 - 4120517 3E~-08
—3CBBEEREE~00 L el UB 2T L3 =g 2747 HE0E 03— e 372505: 1zE~-06
0332552230 z-04 e12511155E-C3 - 27849LOTE~CS -e342303536-06
e IBRLSQLLIE=C A o ed3258930 @03 =, 33935957 E~0 3 BUELILTIE-DE.
+511168945-04 « 136309 73£-03 ~e21UBTBIIEDT »22512543E-05

Again; agreements for other values of time are comparable.

Figure 9 indicates the time dependent behavior of radial displacement
w at the tank top for 8 = 0°. Also Figure 9 indicates the behavior of
radial displacement w at node 6 as well as axial displacement at that

same node.

V. Cylindrical Tank Whose Base Slab is Subject to Single

Triangular Pulse lLoad

-

This example considers ugain the same tank of Example III, but now
with the rigid base slab squebt to excitation in the form of a single
triangular pulse, as indicated in Figure 10. As in Example [11, this is
applied in the direction 8 = 0°.

The first main program need not be run again. For this particular
base excitation, it is necessary to enter into the second main program
of Appendix D the following data characterizing base excitation:

Line 55  NLOAD

TRIPU

i

PEAK = 120 inches/second2

it

INDEX = CLOSD
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This completes all necessary input to the computer program.

As in example IV, the printed computer output of displacements for

0.5 seconds after initiation of the pulse is as follows
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For this same pulse, the corresponding results found by direct numerical

integration of the equations of motion are:
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As before, agreements for other values of time are comparab]e.-

Figure 11 indicates the time dependent behavior of radial displacement

w at the tank top for o

0°.

Figurc i1 indicates the behavior of radial

displacement w at node 6 as well as axial displacement at that same node.

Comparison of the above results for Examples III, IV and V as obtained

by the finite element approach with results of direct numerical integration

lend confidence to use of the finite element program presented here for

arbitrary base excitation.
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VI. Cylindrical Tank Whose Base Slab is Subject to Artificial

Earthquake Excitation

The tank of [9] is employed again in this example. The tank wall
is rigidly clamped to the base slab and the top is freely supported.
The artificial earthquake accelerogram available through the National
Information Service - Earthquake Engineering - Computer Program Applications
(PSEQGN) was considered to be the exciting mechanism acting on the rigid
base slab in the horizontal direction along the line ¢ = 0°.

The artificial earthquake record was imposed upon the base slab
" for five seconds and the tank response determined at 0.1 second intervals
during the time period t = 0 to t = 5 seconds using time increments of
0.0071 second. In using the artificial earthquake record the assigned
max imum grouhd acceleration was taken to be g/2 although the record
itself is normalized in terms of a unit value of g. The input to the
rigid base was in terms of acceleration. The data cards employed - and

values assigned were as follows:

]

Line 55 NLOAD = ARTEQ

1]

PEAK = 384 inches/second2
INDEX  {leave b]ank) |
The time history of radial displacement at the tank top at ¢ = 0°
during the time interval t = 4.0 to 4.5 seconds appears as shown in
" Figure 12. The axial, tangential, and in-plane shearing stresses as well

as moments M M_., and Mze at 8 = 0° afe tabulated below at the time

zz*® "eb

t = 4.3 seconds where the values in the top row CGrrespond to base nodes

and values in the bottom row correspond to nodes at the top of the tank.
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STRESSES AT THETA=0.0

ACIRL F, TANGT. F. IN-PLANE SH. AYTAL HT. TANG T MT. TORSION
IS, 115.9 3. - 45,82 13.75 0.

391.2 ~175.1 o De . =21419 =5.387 N,
T288.8  -270.3 . 14, 34 T3 a.

200.8 ~738.1 L. _ =beGBE -1.589 0.

138-9 ~1078, B '11l33 “3:529 0-

12246 =1087. 9. . 7.53% 2.132 f, )
T83.085 <1214, 0. ~5e56T ~24113 6. . .

36033 '120‘}3 5_. ‘3-‘5257_“ »"19253 0o - -
"T33.53 0 =1104, 0. 84183 2.326 0.

*1‘!.53 -1258, - [P 3y B8BE -4.3509 0.

Corresponding values at o = 90° at t = 4.3 seconds are tabulated below:

. v o
STRESSES AT THETA=91,.2 NEGREES

AXIAL F. TANGT. F. IN-PLANE SH. AXTAL NT, TANGT, MT, TORSION
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. «2668E=-03 . ~,Q793E-07_ _ 683.3__ . _=s0518Z-05 =4 2108E-05 =«63816
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FIGURE 1
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FIGURE 13

l N Membrane Stress Resultants
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Bending and Torsional Stress Resultants
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APPENDIX A
RESUME OF SANDERS' SHELL THEORY

‘The present investigation is based upon the shetl theory due to
J.L. Sanders, Jr. [7]. A brief resume of these equations for a thin,
elastic, circular cylindrical shell follows.

Let us consfder a right, circular cylindrical shell of radius a and
thickness h. Let the quantities, r, 0, and z denote radial, circumferential,
and axjal coordinates respectively of a point on the sheil middle surface.
The corresponding displacement components are denoted by w, v, and u, as
1nd1éated in Figure 13. The force and moment resultants action on an
element of the shell are depicted in Figures 14 and 15 respectively.

The equilibrium equations in terms of these force resultants are:

aN = o
_z 3N 1 oM _ - -
357 Yoz " 23 e ag, * apghu
— BN —
oN , e 1M _ "
a5zt 38 Tt g7 = 7 a9, * aphv
aQZ BQG
Yo =23z 35 T A - ansh (A-1)
aM -
Tz, M
a Qz - a7 30
= oM
LM, "0
aQ,=a7+5

where 9> g > and q, are applied forces per unit area of the shel]l
middle surface in thé radial, tangential, and axial directions respectively;

pg denotes density of the shell material, and

N

i

1
(Nze * Nez) * EE'(Mze - Mez)

M. +M )

M= z8 62



By Sanders' theory, the curvatures are given by

A-2

o W
k, = - =%
z aZ2
k = = l_ﬁ(éf____él
az 362 a0
(- 29 .3 v 1 au
Zz da 9296

and the strain-displacement relations by

T}
z 5z
T ,ov
= L (21 4
g =3 (gt W

€206 T 9z T 2 99

(A-2)

(A-3)

Accordingly, the force and moment resultants may be expressed

in the forms

Ng =_k[se + ve ]
N = k(léy)eze

M, = Dk, + vk,]
Mg = D[ke + k]



where 27 denotes Poisson’'s ratio and

k = 5 (extensional rigidity)
(1-v%)
Eh° L
D= ——- (bending rigidity)
12(1-v°)

Substitution of Equations (A-2), (A-3), and (A-4) in (A-1) yields

the shell equations in terms of displacements:

n a2 2 .2 2
2 9"y 1-v a 37U, ap 3 24 3V
e R AU R A A R
z , 30 _
2 2 2 2
ow ac o W a a
+ aa — + (1-v) = -~ r—q_+ 7 p_ hu
3z 2 86232 k 7z k 's
é_[] 3 - _3_(-' ) 2] 32U + d (] \)),'-l +_g_ 2) 2_2_\!_
? VT itV d ey A N 222
¥ (-H_ 2) oV oW 2[3 LU aZ(i _ E)J 33W
aez 36 5 3 2 2 azzae
2 2
_a a
B PR N
ay U4 Ayl AU v 2[?3!_+ a2(§-- %1 2%y
oz 2 sz02 90 207 220 a2t
2 2 '
4 _a -
+t WtV =[~<~qr~-ﬁ-ps hw
where
o =1 7
4 4 4
4 - 4 d'w 2 3w 3w
Vw = a A + 2a 7 7 + A



In the finite element analysis carried out here, the significant
fdrces and moments (per unit length of shell middle surface) that were
investigated are indicated in Figure 16 in their positive directions.
At the base of the cylindrical tank the external axial force must equal
the internal force N, and similarly for Ne and Mz'

The equations (A-5) governing motion of the shell permit

representation of the applied loads in the form

_ m
q, = g q, (z,t) cos mo
Gy = 2 qg (z,t) sin ms (A-6)
m
q.= £ q" (z,68) cos mo
r m ¥ ’

while simultaneously the displacements may be expressed as

U=z um(z,t) €OS mo
m
v = é Vi (z,t) sin mo (A-7)

w= ©w. (z,t) cos me
oom

It is to be noted the m-th harmonic of displacement is coupled only

to the m-th harmonic of loading.



B-1

APPENDIX B
DEVELOPMENT OF MATRICES EMPLOYED IN FINITE ELEMENT ANALYSIS

For a specified harmonic m the displacement function vector {u}
assigned for the typical ring-shaped element is expressed, according
to Sanders' theory for any point {z,8) in terms of a generalized

displacement vector {um} {a function of z only} as follows

r -
u ‘ cos me 0 0 Uy
v = {u} =T} {u,} = 0 sin mé 0 v (B-1)
W 0 0  cos mé wmj

L : Jd

where Un and W, are the axial and radial displacements at & = 0° and
vV, is evaluated at o = =/2.

The displacement function is also expressed in a polynomial form
in terms of a generalized coqrdinate vector {A} whose length equals

the number of degrees of freedom per element:
u

{ul =« v = [P] {A} | : (B-2)
W
The nodal displacement vector {&} which constitutes the number of
degrees of freedom of the element can be employed to define the generalized
coordinate vector {A} by substituting in Equation (B-2) the nodal

coordinates. Thus, a square matrix C involving the dimensions of the

element results:
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(s} = \ S - [C]A) ~ (B-3)

Ay = [e] sy | | . (B-4)

wl = (P11 Vesr = [N]Ls) (B-5)

where [N] is the shape function matrix relating the displacements at
a general point on the element to the nodal displacements s(e).
By Sanders' theory, the compatibiiity equations are introduced

through the strain-displacement relations as follows:

{e} = [LJ{u}
Z ;
u
3]
z0 )
= v (B-6)
Z
8 .
W




where & is a differential operator matrix. Thus:

{e} = £l{u}

1]

BT g}

[T ]{u,} (8.7)

it

[TIZINIs,

(1081, }

where

1]

8] = LLIIN] | (8-8)
The differential operator matrix involves differentiation with
respect to both z and 6. Obviously the deformation matrix [T] involves

functions of 6, i.e.
[ cos me ]
[T] = : cos mo

cOs mo

cos me |

The differentiations with respect to o are performed on T and the result
is a new differential operator matrix {£] which involves differentiation
with respect to z only. o |

Since [N], the shape function, is a function of z only if follows
that B is in terms of z only and that was the purpose of the previous
modification. These operations are shown in the following matrix notations:

(see B matrix development in Appendix C):



L]

(1] =

— 8 ‘1
- 0 0
13 ]
0 Y Y
dla a
CREY: 3z 0
2
0 0 B 5
oz 2
0 1 3 _1 am
L2 90 22 5o2
J1la 35 2
i 2a2 58 2a 8z a azae_l
.COS me
sin moé
ces mo
COS meé
lcos mo6
0 sin mo
cos mo

[ I0T] = [T1L7)

cos mo
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- J
{cos me)az 0 0
0 (cos mo)™ l-(cos ma)
a a
B osin me (sin me)L 0
a 3z
N 3
0 0 -(cos me)-—ji
3z
m mé
0 5 COS mo —5 cO0s m@
2 pd
a a
_E? sin mé %{sin me)%z- gm(sin me)%z
2a
coSs mé l 9 0
oz
m
COS mo ' 0 3
: _n 2
_ sin me 3 7
COS mg 0 0
Cos Mo . n
. 0 2
sin mg a
-m 3 8
2a2 2a 3z
= [T

Stress-Strain Relationships

The stress vector is

’o; O - o
no

= N
N N

o
na

S}
3

|

o
[~=gle%]
N
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T 1 v 1
v 1|
|
7 — -
th, | wl
1-v%) 12 12
v n?
12 12
1h2(1-v)
24
= [DILTIBILs,)

where D is the elastic coefficient matrix involving E, H, and v, T is
a transformation matrix involving functions of 6 only, and B is the
Tinear strain-displacement relationship that involves functions of the
lineal axial dimension z only. Thus, the stress-generalized nodal

displaceﬁent (corresponding to a specific harmonic m) matrix is
[DILTILB]

Derivation of the Element Stiffness Matrix K

[t
1
o —

f (Y {o} dv
vol

fl

POf—

J {e} {D}e} dv
vol

But since

tey! = 6 3B [TY
then
U:

rof—

RS GRUTCTTGIERREY
VO
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{am}TJVO] (61 LFIDICTICE] dvls, )

.
(8,3 [KIts )}

PO

it

K] j 81" CTI0ICTICR] dv
_ - “vol

L 25 - _ _
h [ J (817 (F17[DIITI0B Jadsdz

0’0

L
= rha J [817[D1[B]dz
(&)

where L denotes shell length of the ring element.
In the computer program the element stiffness matrix was developed
by using its elementary component matrices and through linear integration

using the Gaussian integration method along the length of the element.

Derivation of the Element Mass Matrix M

" The element mass matrix is developed by considering the expression
for the element kinetic energy, viz:
2
v = [ Wy oy 2o (u) av
vol ot
But

{u} = {N}s} = [N][T']{am}

-
i

: 2
T TraT )
p {6 FIT'TINI[N][T'] ©={6_} dv
fvo] som at2 m

togd o | [T NTINICT T avis)

T .
Lo [MIC8,}

M1 = og [ LT'ITONITENICT' D v
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L
. pshnjo [NTI[NT dz

The mass matrix element was evaluated by performing the matrix
multiplication [N]T[N] and by carrying out the integration along

the element length longhand. The final values are then substituded

into the computer program in subroutine MASS. This is carried

out in Appendix C.
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APPENDIX ¢
DETAILED DEVELOPMENT OF MATRICES

Derivation of the B. Matrix

We have
[£1 [N] = [B]
6x3 3x8 6x8
3
5‘{ 0 G
m 1
0 Y i
m d
2 2z 0
2 L)
0 0 - 5
9z
0 m_ mﬁ
a2 2
m__ 3 8. Zma
2a2 2a sz a 3z
Z
-7 0 0 0 -E 0 0 0
z Z
0 1 - 2 0 0 0 C | 0 0
: 2 5.3 2 .3 n?2 5.3 2 .3
: 327,22 2z2°. z 3z" 2z° -z 2
0 0 2S5t 2-=45- () 0 =L £ £
Rt | 23 T2




11
5 12
21
24
26
28
31

34

M
44
45
48
51
Bsg
57

61

63 " a

1 .
Bis = > Byg = Byz = Byg
2 3 |
1y 38,20
823 a"(1 - Ef_+ L3
Byg = 0
B ml(g.gi_ 213)
27 L2 E3—
1 o
T Bz = Byy
l 1
L By = Byg =
52 322 223 6
A Ly i
2z L L L
;@.2_(.?3%_2._ 223)=_i+13£
822 L :3_ L2 L
2
m r4 m
no( -3 Bey = Mo (1 -
2 L 53 2
0 Bep = 0o Z
56 = 42 L
ﬁ(i2_+£)
202
31
7 (D)
m_ .z _ 3
(T Bes = 57



2
= 2mey _ 4z, 3%
Beg =3 (1 - * 2
- Zm(-ZZ 322)
63 a 'L L2

B

C-3

2
B = bz _ 62

67  a LZ [3"

Derivation of the Element Shape Function Matrix N = Pc~

[p] = 0

o o o

(€] =

o

oo

il

-1
(1! = L,

—

—

o o o QO

c o o

0 0 0
z 0 0
0 1 z
0 o 0
0 0 0
0 10
0 0
0 0 0
L 0 0
0 1L

0o 1
0 0 0
0 12 0
0 0 0
0 0 L
0 0 0
L3 0 0

22 0 o
L 0 0

o O o o o o

2L

e o O O o

o O o o o o




[N] =

[N] = [P1Lc]!

Nz = 0 M3~
_z _
Nys = Nyg
Nojp = 0 Nop =
No3 = 0 Nog =
Nyy = 0 Nog =
N3y = 0 Ny =
2 3
_ . 2z z
Nyg =2 =T %3
L
Nyg = Ngg = 0
W23zt 2
37 L2 :3_—
2 3
Ngg = T+ 57
L
Z
1T - T 0 0
Z
0 1- 2 0
3z
0 0 ]-—2—+

C-4

N

o < N

i

O N O
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Derivation of the Product Matrix [N]* = [N 1{N]
P " ——
1 --E 0 0
z
0 0 1-5 g
L L
2 .3
27 z
. 0 0 2 - -"’L—"+——
[N]* = L
f— 0 0
Z
0 [ 0
322 213
0 0 73
L L
2 .3
-2 Z
0 0 N
2
b d
i
Z z _
1-f 0 0 0 i 0 0 0
0 -4 0 0 o f 0 0
‘ 322'223 222 23 322 223 -22 23
0 0 I-Ztgremty 0 0 S-S
LS L L L L L L
* ] oz 2 * . * _ *
Nyp = Q0 12 5 Njz = Ny = 0
*® _ £ é * * * -
* * _ 2.2 * _ &
Nag = 0 oo = (- D) Nog =0 Mpg =0
* _ * g- .Z. * _ l
N5 = 0 Nog =101 - D) Ny7= Nag
- ‘ 2 3 o4 5 6
* ¥ * 6z 4z 9z 122 4z
Nay = Ngp =0 N 1 - + + - +
31 7 N3p 33 2 34 5
3 .8 5 6
- L= L L L
oo,z a8 et a8
44 YA R







N* =_g_2_+_zj_+324_525+226
83 CrEt 3
O O
g~ T 7 38
*) _ * _
Ngg = Ngg = 0
4 5 _6
* z 2z z
Nop = 5o + L
88 L IT L
| n
Development of the Integral Matrix J N dz
0
L L 2 ' 3
JN;M= U-%+%m-u-%+£¢=
0 ‘0 L 3L
Lo« Lo, 2 2 3 1 1
Nog dz = | (5 - S5kdz = (5-- =) =Lz - %
Jo 18 J, L@ I~ 2" 3
tox & z\2 _ L *
W odz= | (1 -3 =T=JN dz
j, 22 Iy L 3 11
0 gk d
Noe 42 = 5 = J N5 d2
‘0
Lo ot 62° 425 9% 127° 450
N3z dz = | (1 - S+ ==+ 5 - =S+ 5
Jo 0 L L L L L
- 6 9 _12 .4
=L -3+ 1+ 5-5+7
Low b 322 228 ort 122°  4gf
Nyg dz = | (S- "5 - 5+ - g) dz
0 . o L L L L
Sy .2_9,12_ 14
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L L 2 .3 4 5
[Woe- [ cfeg.uu a,
o} 0 L L L L
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 APPENDIX D

FLOW CHART AND PROGRAM L{ISTI‘NGSA






FLOW CHART OF THE FIRST MAIN PROGRAM _ |

( start )

Input number of
~ problems

®

- //,- Do loop over number
= ‘\\\ of problems
l L vk
/” Input material
properties
|
//, Input shetll
dimensions
l
Input number of ’
circumferential modes required
: | B
Do loop over number ™
> e p >

‘\\ of circumferential modes

Read circumferential’
harmonic number

[ )

Form stress-displacement
matrices

l

Form the element stiffness Maff?XT
I [ |

Form the element mass matrix

T T

Assembly of the unrestrained
shell matrices
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///Read number of boundary
cases required

|

//, Do Toop over number ::>
i
N\

of boundary cases

Read boundary
conditions

i

‘Apply boundary conditions
on the unrestrained shell matrices

Obtain natural frequencies
and modes

Print out the
results -

CONTINUE

|

-~
()—< CONTINUE
O—

CONTINUE

END



et

GET(TAPES=GASM)

FTN.
LGO.

‘SAVELTAPELG=MODES)

SAVE{TAPE9=MODAL)

- T - ‘
I
t
H
'
i




20

PENGRAM MAJN(INPUT,OUTEOT, TAPES, TAFES , TAFET, TA;

NIMEMSTON Nedn, 41\

PELE; YRPES, TAPESY ™

D=l

36
70

NIMENSTON S€T(g,89,AMASIE, &)

NIMENSTON NMEGIS)

701
702

FARMAT(1078)
FORMAT(8610.4)

704
110

RFEAD 701.MPR03
no 41 LiK=1,NPROB

1

RRINT 1
ECRMAT(1HY)

111

READ 702,UM.EL1,PX
RRIMT 772

) ”“'“”7U3”?WWWKT(/7””Y“1 ﬁﬂNfTT?‘ﬁFWSﬂtLtﬁﬂﬁﬁﬁﬁ1AL~*,U1U 4
: ahuLlusS OF ELASTICITY=«,610,4

772

LE I 5X1"‘

FORMAT(/7/4 10X+ MATFRTAL
PRINT 703,uM,F1,FX

AROPFRTIES, /3

F 2l DK, ¥ ”OIS\ON RATIU=%

162

PRINT 771

PR LR

112
771

BREETITeT RS AT

FORMAT(/// 1GX.*STPbFTURAL GRCMETRY %, /)

1740
5

PRTNT I,H o Kﬂ

FORHAT(?Y fPADIUS *,Fg.2.5X, *+THICKNESS2*sF6, S-EX.*HEIGHT“*-FQ 32

3
114

FEAP—7ot s e
READ 701,NeLEM

NP=NELEM+1
ANF =4

2310

NFREC=NDF*NP
EILN=al /F DAT(NELEM)

MDF=NUMBER OF DEGRFE OF
MRAND=HALF BAND WIDTH

FRFENDOM PER NGDE

401

NFREFNUMRER aF DFGREES 0F FFREEDCM

RFAD 703 ,NMOLE

A3

PRINT 43,NElEM
ENRMAT(//,5¥ * NO,

NF RINR FLEMENTS=,13)

BRINT 51,NMOD=.NGIN

51 FNRMAT(//s5%X,12>% AY1AL MNOFS TN RE COA“IDEPE“ FORw. 12,

439

Gx CIRCUMFERENTIAL NO,Sx./9

nn 59 K§1=1,4s1IN

437
450

RFEAD 701, NAT
ANTzMNAT

501

call STH

READ 701,NBCAS

FATEC T I AT P S

PRYNT 52, MECAS

NF pNUMDARY CASES CONSIDERED=#,]12)

50 FHPMAT(//,sy.* NG
5GP R G PR HBCAS
504 IF(IPR.,GT. 1) G To 8n1
ST T S St T E e e T P R B B D
NFREE1=NFREF+1

57¢C

WETTETEI (IR FEE)
WRITE(a)y (¢D(l,d)sd=1 . NFRREY

)rr=1;NFRFE)

RO1

HFWIND 4
CONTINYF

A
211

REAN G214 ,MBC
FARMAT{A4)

620

CALL BOUN(NFREE,NAT,B NG:NR

NO1=ND+1

ch

53

WRITECZYC(D(T,Jd) s J=1aNAL )

REWIND 7

I“lnNﬂ)

691
692

no 91-1:1;40
nn 91 41

91
709

n<!.J)-o.
CALL EONED,NO,NMONE, B4, N80




e o~ W w5 A S

808 CONTINUF
" 58  CONTINUF

41 CONTINUF.

TTTTQUTTEND
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SUBLOUTTME STPMAT (AL, RsHyANT P, F) D-§
"'ﬁT‘MFNSTON PUG,8) g DML, 20 4BET(6y€46) . S
4 MTU‘//,‘L(}X, ‘“"‘r&"‘? -UISPLACIMINTS MATEIGEL*, /Y
DPINT L I
MPT=1.,570749%

HAU =AU 7S
CALL DMAT)’(”W ,ﬂ"”

TN0E T=1s6 T : —meen
Do 5 J=i,6

g "TW (TyUYE ﬂ?c R LI o T R = B e o

2 :l?"MT(Fa!ﬁ}( £10 . L;‘))

IRTTNNELYE ) -
IF‘(NN o[»‘}.w 43 TH{:ZT&:“M“ ‘

e e B LY T THE T RE R . e ot e

IFUNN «EN. 1)y X=0,0 ‘

e e T T e BT Y T E T
TE(NN JE0, 5) X=AL
CTEUMN JED, BY X=war
THETAM=THETARANT

e AU R AT X CAL 5B ANT T X5 R e e i . S

COSTN=COS(THETAM)
g o E G L Ty
¥ T- *E

B(L, 1=B{1,J)7COSIN
M JYERLR, SYEROSIN - e e e et e e
) Bl3sJdY=R {3, JI¥ITNE

SR IV ERULT TR ACT N ' -
B(G, ) =B15, ) *COSTN

g U BUE JYSRTE, JYESTNE e e e e

% N¥EFT %R
Oy 20 TEYYE
00 2L J=1,.8

TRT{T ¢ JyNNY=TT
B 280 KFilsH

T BT U Ty Ty NN R ET AT  Jy NY F TR R IR Y T

WRITECZDY TNNG .

PRIMNT 14NN

R T Y T UV ET UL Uy RN T T Yy TET, /Y
PRINT 2,((“”7(? g ,M‘e), J= 1: J3 y.L 3 63
TR OR VAT U /g LR NNEY TR /YT o o
. ? !’OWAT{M ‘J(’ ri Q??
FETUF N

END - e

[
et
0

9




800  SUPLOUTINE BOUNCNFREE, NATS [1s NOsNBC) D-7
895 DIMENSION D (40,41 -
PEAT 911,NRC
911 FORMAT(AN)
815 TFINRC ,EQ. &MCLFR } 70 TO 1 |
A IT TR B T RLTL T T e e
825 IF(NBL .EQ. 4HCLSM ) GO TO 3
830 TF(NBC .EQ. 4HSMSM) GO TO &
55 FORMAT (1+1)
1 PRINT 55
eRINT 11 -
LT FOFMAT (77 ¥ NATURGL FONES AND FREQ, FOR A DL=FFEF TYL¥Y
845 PRINT 1°1,NAT
101 FORMAT!/, * FOR JIFCUMFERENTTAL YAKM. M=¥,T3,/) .
855 NO=NFFEE=b

860 GJ 7O 23 - : e
2 PRINT 55 '
T e s -

12 FORMAT{//,*NATURAL MODES AND FREQL. FOR A CL-CL CYL.™)
B7S PRIMT 104 ,NAT o
880 NO=NFREF-R
33 Do 777 T—l,NO
NO1=NO+14 : '
: e i A o a1 5 S
Y NI, J)—D(I+h,d+&! '

w0 RETORN o S
3 PRINT 55

PRINT 13 : B S
13 FOFMAT(//,*NATURAL MODES AMD FREQ, FOR A CL~SIMPLE CYLW¥) :
—— T PRTNT 1T NAT e e e S S
920  NO=NFREE-7 ‘
NO1=NO-1
DO 111 T=1,NO1 _

930 DO 112 J=1,NO e . e i
112 D(1,J)=NII ¢4, +4) o
T TUT MO $ 1Y ST UT # NFREE g4y o oo e . R
gus  I=NO : _ ‘ 3
~g5¢ D0 113 J=I,NO : S e

113 D(I,J)=DINFREE 4 J+4)
960 D(NO,NO+1)Y=D(NFREE, NFREC+1}
D (ND, NO) =DUNFREE, NFREF)

98b  KETUWN o
4 PRINT ©B5
PRINT 14 D : : | .
1h  FORMAT (77, *NATURAL MODF¢ AND FRLQ. FOR A SIMPLE SIMPLE CYL.¥) _ _
987 PRINT 171,NAT = e . T T i

985 NO=MFFEE=H ‘ ‘
O ENGE . R — e
po 222 I=1,N0O2 ' ‘
995 DO 221 J=1,NO R e e e e e i e
221 NMTI, DN =0(1+3,0+3)
222  DIT4NO+1Y=DUI+3,NFREE+1)
16410 I=NO
—IOTE D0 2R3 SR NG e
223 DAUI,J)=DINFREE,J+3)
1025 DINO,NO+1)=DINFREE,NFRET#1Y
DINOs NO) =DINFREEs NFREE)
1830 EETUPN
1035  END




1170 SURFOQUTINE ASSTRINELEMyH, UMy ANT ,PX 0 X8, {1, ) D-8 1
1172 DIMENSION D47, 41) ‘ - l
1175  OTMENSTON AMAS (S 5),\I(% 3) | .
1187  NRAND=A i
54 FOFPMAT(//410XyRmmmmcmcmeccmc e e ¥y /) ‘ g
LT TTCATT O STTIFFIHS XA, ANT» PX s R, ST - - S Ty mem{
nn 4t I=t ] 8 }
DO 41 J=1,8 - C
40 ST(I,J) =STUI,d)*F ‘ \ :
16 FORMAT(RISY, G40 o4)) '
1320 CALL MASS(UMyE 4XRyH, AMAS)
LT TUT T NEL BN L o N |
13225 IN=(I-1)*L :
TEIIN N0 20 IT=4i.NBAND !
1340 00 28 JJd=1,11 -
350 ReTNAIT R
1360 L=1N+dJ ‘ ,
TRTTTTIURGIY EN L LY AMAS (TI s J J) . T e e
1385 DO 30 JJ=1,NBAND
1793 DO 39 IT=1,JJ
1400 K=IN+IT
1640 L=IN+JJ+1
30 D(K,L) =D, LI+ST(IT,J0)
gy DN VINGE : e R
1440 RETURN | | |
fieg  END | . S S B—




2660 SUBLQUTINF MASS{EMWO, R, Al yH, M) : D-9
- 2870 DIMENSTON A(8,R)
C INTTIALIZE MASS MATRIX

2891 DO 116 J=1,8 L s

29430 DO 116 I=1,8

2911 AT, J)=0.
116 CONTINUE
T CONSTRUCT MASS MATPIX
' PI=2.4415927
2950 [CONST=RP¥PI¥RHD*V
AC1,1)=A(2,2)=A(5,5)=A(6,6) =CONST*aL/3,

By IVERTT B EATR 2V EATZ, B sCORSTY ALY, 7
BL343Y=B0T7,7)=CONST*13,*AL /35,
29910 BlGs3)=A(3,4)=CONST*L1.¥AL**2/210,
3gon A{738)=A(By7)==A(kL,3)
A4, 4)=A(8,8)=CONST*AL*¥3/145,
A7 ,3)=AL3,7)=CONST¥AL*Q,/7(.

TR AVG Y EA(TSEYECONS TR I3V AL AL YR, T
A(R,3)1=A(3,8)=~CONTT*12, %Al ¥* 27427,
A8 LYERTL, R) =~CONST¥AL*¥3/1410,
54 FORMAT(/7310Xy¥=cnvremmruatoaccnmancnncacaca¥, /)
U368 RETURN -~ ¢ : ' c
: END




3100 SURENUTINE STIFF(HsAL s AM,P,R,SUM) o D-10
311N DIMENSTON X(20),W{27}3NM{3,8) ,BR(8y8) yNB(8,2),AN(8,4) '
X ,SUML8,R)
I140  RFAN(5) NI
3450 DO 21 T=1,NI
TP FTEADIGY XUTY LW T
PEWIMD 5
7470 A=G. & R=AL
31480 no 12 I=1,NI.
219N X(TY=(P=pY /2,%X (1)+ (R40) /12,
12 HLIY=(R=RQ) /2,¥W(T)
3zan No 12 J=i,38
32130 SUM{T,J)=1,
13 CONTINUE
TG0 CALL DMATX(H,P,NM)
3260 DN 23 1=1,NI
CUFPTITTUUCRLL RMATY AL LY, A8, XYY, 0Ty
3280 CALL MBTM(DM,B8,03,646y7)
3290 CALL MBYTM(RP,D8,PD,395,8)
380 no 22 J4=1,8
3311 DO 22 K=1,6
22 SUMCJ,¥)Y=SUMIJ,K) #H (TIFED{J,%)
e N GRTTNUE 71
3340 CONST=p¥3,1415977*H/ 11 ,-p¥p)
3350 Do 1 I=1,8
3360 ne 1 J=1i,8
B | SUM(T, J)=SUPIT, J)*CONST o
54 F'OFMAT(/,?DX,* ::-:::.‘::::‘::z:::'::-:-:::::::::¥’//) '

T RETURN e e e e
3410 FNE




3430
TTILGD
IL50
3460
347D

SURPQUTINE MRTIM(DN,R,0R,Ls Ms NY
DIMENSTON D{RyB),0B(ByF) 4NRIB,E)
D0 25 J=14N

DO 25 T=1,{

neE(l, Jy=0,

343"
25
3500
3510
T
3530

3558

3560
3570
358N
26

G RETUR R BTSSR

3610

D0 25 K=1,M

DB{1yJ)=0B(I;J) +D(T,KI*¥R(K, D)
PETURN /

END

SURPOUTINE MBTTMl, 8, DByl yMyN)

UTWEW?TUN”UTH?FT}HTFY@TTUHT%;%Y“WWM“”W“““””w“”

0O 26 J=1yN

oo 26 I=1,L

DP(T,J)=G.

DO 26 K=i,M

NRLTIs ) =NBIT, N4+DK,IY*B K, J)

END

&
o -




TTTRURyEY=BUT, EY R EM2 /R

SHRFOQUTTNE PMATX (HyP, DM}

DINENSTON OM(R,8)

no 27 731;6

no 27 J=1,6

HMIT Y0,

H2=H%¥H
DM{1,1)=0M{2,2) =1,
OME4,2)=0M12,1)=P
OML{2,3)={1.-P)Y /2.

DML, 4)=0OM(5,5)=H2/12,
TR, WY =DM,y =P¥HZ L, T T T
NMIRH,6Y=H2*¥11,-P) /24,

FETURN

EM

SURROUTINE BMATX(A. 3%y AMy X4 R)
MIVMENSION BCB,8) ©
X2=X**D

X3=X**3

ALZ=AL*%2

AL 3=AL #*3

AMP=AM* %2
ppepRE

PO 29 Tzi,6

D0 29 J=i,8

B{(T,J)=0,

CONTINHE

R(1,1)=R(3,2}==1,/AL
BT, S)Y =BT, R 1L /AL
BUPy2)TAME (L, =X/AL) 1K ]
BU2,3)={14=3*X2/AL 242, %X3/AL 3} /R
B2yY=X*{1.=2¥X/AL+X2FAL2) /P

RE2,6)=AMEX 7R /AL
B(2;7)=X2*(S.IALE-Z.*X/AL?)/&
B2, =XE¥ (-1 /AL ex ALY IE
B(3,1)==R(2,2) [
RI7,5)==012,6) #

BLLy3)=(Ba=12.¥X/ALY /HL?

Bliyh) =(Ba=6.¥X/ALY 781
AL, 7) ==B(hy3) \
CBUlU,8Y=17 -6, ¥X /0Ly 7 ALY
R(5,21=8(2,2) IR )
RI%,3)=8(2,3)*AM2/% |
RU5,L)=B(2,4) *AMZ/P |
B(5,6Y=B{2,6) /F g
B(S,7)=R U2, 7)*AM2/F |

R{By 1) =AM¥ (1. ~X/ALY /2, /12
Bl6,2Y ==, /2. /F/AL
R Ds3) =12 ¥AM¥X¥ (41, ,-Y/ALYI/R/BL2
BUFg L} =2 FAMT (1 =L, *X/BL+ T ¥XZFAL2) /R
R{beSY=AM¥X/2. /P27 AL

TBAIRYBY SXVIZVIR/AT
R(Fe7)z==B(5,3)
BUGh s 8)Y =mZ ¥ AMYXR (2, =3, *X/7A8L)Y/F7AL
FETURN
END

D-12

S R




5500

SURPQUTTNE EGN(D NIy NMODEFyNRE)

D-13

8540 DIMFNSION D(40,41)
5520 DIYMENSION Vi(4B),v2(42)
I PRE~EIRFNVALUE CHOLESKY REDUCTIONS
6010 INA=1
NIY{SRD+1 T
6032 READUTY{LD(I .0 yJ=1,0ND1 ) 3T=1,hD)
O REWIND 7T
B04D DO 76 MA=1,ND
BNS5N DO 76 MAS=MA, N
‘ MAL1=MA+1
RS RN e
GASH=D(MA, MAS1)
GISH=D(MAS, MA)
MASH=1
79 IF{MA=MASH) 77,77,73
78  CASM=GASH-D(MASH»MA1) *D(MASH» MASL)
TRYTSHEGYSH=W A, HASHY¥DTHAS ,MASHY ~ 77 7 0
MASH=MASH+1
R1G8 GO TO 79
77 IF(MAS-MA)} 81,811,119
81 TF(GISH) 118,82,82
1 1 R G I S H = U *
TR TEUGASHY 8%, 84,8, T
83 CASH=R,
84  DIAGL=SART(GASH)
DIAG2=SART(GISH)
TEP230  IF(DYAGILVED.DLY 50 Tn A5
119  DU(MA, MAS1)=GASH/DIAR1
RS T T IFIDTAGZLERL .Y RO T AR T
D(MAS,MA) =GISH/DTAG?
BR CONTINUE '
76  CONTINUE
c FOFM UJUL ,
6300 DO B7 MA=1,ND _ -
AT B RS SRR I e e e
' MAS1=MAS+{ .
GASH=D (MAS MA)
. MASH=MA.
91 " MASH=MASH+1
6360 IF (MAS-MASH) B88,RG,RY4
TG T T R A HERASHSTTUM A S MA SHY ¥ TTMASH< 1, MAS Y
6380 Ge To 91
CTTTB8T U DUMAYZMASTIYEGASH/D(MAS,HNASY)
87 CONT INUF _
T MULTIPLICATION 7O GET (U¥ULE-1*ULTE=-1%*UT)
6420 DO 97 MA=1,ND
B TT D097 FRSEMA RO e e e
MASL=MAS+1
GA N H= G »
6461 N0 93 MASH=MAS1,NDi
o GASH=GASH+NI{MA, MASHY*D{MAS, MASH)
93 CONTINUFE
_ e —eee— L L
92 CONTITNUE
MDNE=NMODE
c PU 1,0 IN V1 FROM 1 TD NN AND ITERATIVF
115 DO 94 T=1,ND
94 Vi{Iy=1,
RUMTYT=1 - -
1214 Al AM2=3,
6571 GO 85 T=1,ND

1i=141



S

'’

(ot

6600 N0 96 .U=1,1
' CASH=GASH+VLID 2D (I I N
96 CONTINUE
663N IF(T-NNY 97,98,98
37 D0 99 J=I1,ND
e S e L e (TR LTS T
99 CONT TNUE ’
38 Y2 (IY=rRASH
AL AMZ= ALAM2+GA%H*GA°H
99 CONTINUE
, ALAMB=SQRT {ALAMR)
m— R et A - | I B -
6720 DO 4ni I=41,ND
- GB?H:VE(I)/AL&MB
GAS=v1{I)-GASH
STIGSH=SIBSN4GASRRAS
VE{T}=0GASH
e G R TRITE e e
IT=1./710,%%17
NOMIT=NUMIT +1
6800 IF(SIGSQ=-ZT) 102,162,103
19 IF(NUMIT-150) 121,102,102
112 CONTINUE
R e e s .
68130 PHINT 104, NUMIT
104  FOrMATI(® NN BF TTERATIONS=%,13,7)
c TO MULTIPLY {UF=-1)%{UXX)
AT I=ND ' o
109 GASH=VL1(I)
LN T, .
107 IF(J=-T) 1085,105,10F
186 GASH=CASH-Y2 (Y *D (), 1)
NENES |
69720 GO TO 107
135 V21I)=6ASH/DII, I)
——M T St e e -
6950 IF(T) 108,168,103
T4nN8  PRIMT QQS,INA
WRITF(10,3) (INA)
3 FORMAT!6731
c DMEGA IN CYCLE/SES
A FYi] OMEGA=SARY (1. 7ALAMEY 72,73, 1415927 N
539" PFINT 112,0MEGA
C O WRITF(10,1) TOMEGA)
RES:GOﬂ
TUPRINT 12
1 FORMAT(4LE14,8)
TFFRT NEY GHELF® w07y =gy
WRITFI9) IND)
WRITE{(9) {OMEGAY
WETTE(Q)Y (Y2(TY,I=1,ND)
0B TF(NEC JEQ, GHSMSM) 50 TO 49
IF INEC Q. LHCLSM) GO TO 30
TTTTTTTTRRINT {1 RESYEES, R WESTT T
WRITF{1D0,1)Y (RFS,FES, “»Q F&S)
PRPINY 114,(V20TY,3=4,M0)
w&xrrtiﬁ,ii((V?zxv,1=1,wn)3
TFINBC .FQ. 4HCLCL) PRIMT 141,RES,RES,RESPES
IFINRD .50, 4HCLTL) HWRITE(LL,1) (FES,E ES,FRES,RES)
YO 7L NLL b)) PR IE st ATt LT =
30 PRINT 111,RES,PFS,LES,RES

WRITF(1G,1) (RESHRESSFRESSFER)
NDi=ND=-1



TTT9gs FORMAT U7/, 1TX, FAXIAL RO =¥, T

WRITF(10,4Y (4y2(I),I=1,N0L))

"PRINT 111,RES,RES,RES, V2 {ND)

WRITE(L1D,1) (RES;FPES,FESH,V2INNDY)
GG TO 74040
PRINT 111,RES,REG,RES, VZ2(1)

WRITT T, ITVTRES FES,, RES, V2Toyy -

ND1=ND=1
PRINT 111,(V2(I),1=2,N01)
MRITF (10, 1) ({VP (1) ,I=2,NN1))
ORINT 1115RES,FES,RES, V2 (ND)
WRITE (1U,1) (RES ,FES,RES,V2(ND))

2OX>BV¥, 20X MW, 20X FON/LTR)

11 FORMAT(//420X42512H==})
12 FORMAT (30X»¥* MODE SHAPE¥,/,15X»%*U¥,
111 FORPMAT(L{S5X,Fi648})
112 FORMAT(/Z7,1TD¥y ®NATUFAL FFREGUENCY=%,E£20.10)
2 FORMAT(8F16.8)
T T CHANGING T TOUNEX T MeRE T T
7048 DO 113 I=1,ND
41 DO 113 J=T,4ND
Ji=Jd+i
113 DUT 3 1) =D(T 4y J1Y ~ALAMBEYL{TY* VL .Y
G665 INA=INA+1
MOTE=MODE=-1
7490 IF(MODEY 11b,114,115
T 0 CONTINUE T
7140 RETURN.
7120 0 END




. D-16

FTN. ' : '

LGO. . (COMPUTER CONTROL CARDS)

SAVE(TAPEL1=GASN) 4 R
n -




PAINTED 1N U. S, A,
N "

4

704

PROGEAM NIXW(INPUT,QUTPUT,TAPEL)
DIMENSION X (&L),WL60)
COMMON NI

FEAD 701 4NPRGyNINT
EORMATLAILO0)

13

N0 12 I=1,NPF

NI=NINT .

CALL GDATA(NI,X W
PRINT 7014NI . -

CWRITE (1Y (NI)

D0 12..4=1aN1

702

12

PRINT TO2 X (D, WD

-EQRMATL20UX4E20440))

NRITF(i)(X(J),H(J))
: - END.

SURROUTINE GDATA (NT,XsW)
DIMENSION XAE03, W(63).

NE=(NI+1) /2
XTI =Be- .
ODX=1, /FLOQT(NII
e GALL - ROBTS - A XL s DXy N 5 WY
DG 411 I=1,NP
JuoMPRwT +1

K=NT=T+1
e X LT Y ==W D)

11

XKD =W ()
N0 12 T=1,NR

JENI-T+1
XX=X{J)

Az

17

CALL FNSNSIXX4F sFP,2)
,,,,, XX=L1e=XXKXX)EFPEFD
WL =24 7XX
TS SETTNEN e

RETURN
END

FORM N2 4118

SUBROUTINE FNSENSIX» F;FP’IM}
- LOMMON. NY. . . - S

P1=0
-3 T°F DU

I=0
A1=1

i2

P3= ((2-*AI+1.)*X*P2-AI‘P1)/(AI+1.l

Pi=P2.
P2=P3

o TET AL

IF(I-NY) 11,12,12
F=p>

-

IFtIMEQ. 0G0 TO 17
—AX=NT i
Fp= (AI*X‘PZ AI‘Pl)I(X*X-i)

RETURN .

END
SUBRQUTINE EOOTS (X1 ,0XXNET 42T

et

3

- 230

260

OIMENSION RTLET)
Lg=p_% FO=0,

DM=10,

D=0
OX=LiXX

N0 20 MT=z1,NRT

[ U T SRR

21

K=
e KB s e
DO 56 Jd= 1:1@

DO 30 J=1,11

AL [l Y YT I V] ~a ~ron




ird 2.3 A,

PRINTZD

N ity

Foa

[ Y T I Y

31

x=x1
TF(ABS(FiY LBl
IF(F1,LTeCW) Li—-l
IF(F1.6T.04) LI=1

=09} GO In 36

CD=18

e TFAJVEGe L) B TO Rl e
F3=F1-F1
TFCLLWNFuL3) G0 TO 41
Xd=X1
FO=F1
La=Ly
e XA XG AL

3n

51
32

e Yo S A A AN G m G AN AF 3 e
X.ﬁt.XI) rO T0 &9

CONTINUE
RY=DM¥OX

CONTINUE

K=K+1

IF{F?,EQ.8.) GC TQ 43

TEIXaLESXL +OR.
- GALL FNSNSIXsFsFP»0}

IF(ARS(F) (LF,1,E-U9) RO TIC 36
TJF(FLTede) Ll=wl e
IFIF.AT,04Y LL=1
Il e NE b 2B G - TR BT
IF(LL.NF LY GO TO 34
- RB X BN e U
Fi=F
0=k e e
F3=F1-Fn
Tl o W o T 1 NS
3n X1=X
Fi=F I
Li=LL
- F2=F1-FB
35 XX=ARS(X1=-X0}
ool A S - JT-E e 2 WO o R o . -
IF(KLLF,10EY GO TO 372
#9 K=
KP KP+1
FFIKP GTL10) 3 TH 36
DX={X1=-X8) /10,
s - -
Dk=1,
- 56 -0 21
41 XX=X1-Xn
- - TF LARS(XX) s Egt e E~07} GO TO-36 - - -
IF(F3.F0aGe) GO TO 49
WLV P W1 e T e e
NN o4f, ITI=1,1000
~GALL FNSNS((XyF,FP,1) —
IF (FPL,EQ.0,.) GO TO 32
S XAEX-E/EP e e —
XX=ABS{XA=X)
V \t‘n e st o st et b e C e
TE(XX.LE, 1-F L?) GO TO 36
TF{XAWLEXD 20R. X2.,GF.,X1) RO TO 32 - - ~
40 COMTINUF
3 DX= (X =BDY*E .5 - e
890 IFADX.ENGY DX=D0XX
X1=X4+DX ‘
Dh=¥
FTINTY =X
42 BRINT 45aNIGX e




LONTTINUE

20

D-19

PETURN
ENR

hid

~

)

VS 0 NI G3AN G

) )

S1IP1 "GN WHEOF

) )

)




e
T UERGRES,MPONC00,TO00,
ACCBUNT, AOL70NN, AASSDDA,
CGETU{TARF724ACC)
BET(TAPF12=STAMAT)

BETITARFO=MOLAL )

BET(TAPFL10=MATY o
FTN, T
_LGO., . - -
o
z
g
I
e - -
1
"
)
9 .
: - —
!
4
5
4 e o e et i et g
3



0-21

BROGPAM RﬁﬁP(TNPUT oUTRUTS TAPﬁijTAFEQ YAFE3:TAPF4-
+TAPF7,TAPFR, TAPEY TAPEYN, TAPE?i.TﬁPFi? TAPELS) o
CBIMENSIAN DTB(6,8.6)1,8TR1ILL?),S TRP(121.STR(EQY, RTRP (GO Y-

BIMENSION STRON(6),STRAP(A)

PRINTES INU. S AL

FORM N, 14718

*““"InwwmﬂﬂTWrwﬂTﬂhﬂbﬂﬁ*?ﬂrTﬂﬁ*“"

AR B IS B  § o Sl

PIMENSION BMASS(3a&.4%, PSTF(S& 4),SMARSERE,26),5TIF(36,36)

CHIMENSION
NIMENSTON FB3(4)

DIMFENSTON A1 (38, 4, PDTQf45
DIMENSTON GA(BC01Y.GY ;%gﬂi)

EFFMERE 4 RATEH4SPEF 3613436 —

DIMENSION pRM(4,4)

THIVMENSTON nMEtiv).xc36 Ty, eMeln, 1n}“PPt1&),Af1&¥“PTNtT&7 -RERDEABY——
RIMFEN& ] ON oMEhfio) ADn¢1oo GSe1n, 10,001 ¢10,10),0634¢10)
T CUBR A YL FRLCAY L FEP AL FRIEY L FEETAY

CBIMFNSION o
DIMENSION P1(36),P0(36Y.PL36).PFXT(36)

RPIz3,14159
102 RFAN 4,R

B FNRMAT(FIO0,4Y

B8 FNRMAT(10F1(0.4)

At &6 NFEEW=z{,s 7 o .

REAN(TIZ) (NN

I
i

t

8¢ REAT{IZY((MTB{T T, NN); JE1,0Y, 127,09
1 BARMAT(/ /2w INDFyzw, 15)

B B RMAT (B B iB Ty dees e
CAl L EXTRCT
TRHEANCLLYUNERERY 0
N=NFRFE -4

NETFREN/Z
_NTR=NELEMse
NST=NTA46 ’

¥ MB .
REAPMCITYCCEMASS (T, ), d=1,4),1=1,M)
* M
REAN(11Y((SHASOll .0+ 51, 0Y, 151 1Y
¥ MBR e .
REan(iiy (ipgrMT, N, J=f 8y  1=1. &)
» KE
T T T RE AR LY CUTRETECTL Y, LAY, 131Ny -
" K o ,
EFAh(Tl)(( STIFULa ) o d=zT M) w =l ,yNJ}
¥ KBR

TREAN(I1YC(STRACI, DYV JET 4, T, )
3 _FORMAT(O9(3Xx,612,063)

103 RFAD E,M
B FORMAT(12)

B0 10 J=1.M

_BREAD(9Y (NDY

DMERA IN CYOLE/SEC

READ(9) (OMF(J))

TREANCOY(NCTY Y, =1L Ny
{0 CONTINGE

..a

TTPE T FITIATES
pn 2¢ I=1,M

CPDEMECD) =OMPCTYRRT2

OMEBA NOW TN RaD, /qFC
e

B0 15 Jri,4

STRA(T, Jy=8TRR (I, N+BSTF(J, 1)

15 BRM(I, ) =FERMLT, D) +RMASS U, ])

RO 77 J=1.M
RCRREDI=0.0




PRINTED it UL §. A,

77

D-22

BMED(d)E OMF(J)*QOPTfi..QC@U(J\*QCQr( R
CALL MOPAN(SMASS, OpME, ¥, AM N, MLETIF,GS)
KR4

CALL FEFMASS(STIF, aMpale BATF, RNAQG N, Np FFFM 21,STRR, PUF)

L
io1

READ &, MLNAD,PEAK, THDFY

"READ 4,TTOTAL LDT,TN

RADUR= Tn/DT*j 0p01
NTIMEETTDTA[/”T*l nng¥

FOR APTIFIPIAL LN Rtrnpﬂ PEAK=G

IF(NLOATY JFD, qHENn 3 GO THagagTTTTT
IFCINDEX JFEN. SHCLASDY ©C TO 1004

IF(NLOAD (NF, SHARTFQY RO TD S6
BROUND Arrr|rPAT10N VA UES SHOLLT EF
ACC.S ARE M TEPMS OF @ - '
REANC7,RBI(CACTY, 121, ,NTIMR)

NCRMALTZED

56

MTEP. S ARE TN TERVS N FFETS ™
REAN(A,AB)Y(BY (1), T=1,NTIMF)

BACE REPRESENT THF PERK VRLUESS
IFONLOAR 60, BHRFpPU LA, INDEX
IF(NLOAD F@, SHTRTPY 4, INDFX
IF(NLOAD EO, 5HSTINPU INDEX

YFR. SEMLMER) GO TD 1011

6.
RN

o
W B

SENUMER) GO TO 1013

SENEMER) G0 TO-1 012 -

TOTT

1014

in12.

[ERMARENEN Y ISt B i | nN”U”’

BACII=1,0

Gn TO 1nn4
NHDRZNDIR/Z2#1.0001

DO 1015 [=1,NHDR
BALIY=FIOATLI =10 /FL QAT (MHDRE -

FORM 4D, Fa1:Y

1415

LY

1013

1017

NHN1=NHNR+1
RO 1016 L=NHDL,NDUR.

Ga(1)=1,0~- FLOAT(I&NHDW\/FLDATCNHDQ 1y
Gn TO 1n0A4

BN 1017 [=1,N"
ﬂA(!)ﬁSVN(PI*FLDAT(Y-T!/FLOAT(NWUQ-l))

1604

112

CIF (NLOAD

PRINT =555

IFINLOAD (RN, SHREEPUA PRTNT 112,TC

1R, TN

SHTBBUS FRINT
114 ,10

F(NLAOAT F0, sHSTHPyY PRENT

JED,

CIFNLOATR T ,rﬁ GHARTEQS PRTNT 1=, TTOTAI

EORMAT(/,10%, *TANV 'S FX¥CITFED

nyY 4 PF#TAhCULAR PULSE GROUND acC. AP

113

QFLTFD PR+, ™ *QPL;*./ﬂ
manAr</.1nx *TANK 1S FYCTTFD
QBT TEL FHRELS, 5, *SFC % e /9

BY

A TRTANFULAR PULuE GPOUND AGP..

114 EORMAT (/. 10X, *TMNK s
TRLTFD FAR%,G15,5,%SFC,
115 FOPMAT(/,qu,~7ANK g

FYCTTFD hY 4 %INPQCIDAL PULGE GROUND AGC.

AP

AP‘

R i

FchTﬁo HY Ah ARTIFIClAL E.GQ.

APPLIED FORw,G

3 ] R B Y o DR P
RRINT 70,PEAK
CTWHTRORMAT (/S5 Xk MAX,
0 *« IN. /QFP/QEF* /)
FORMAT (1H)
IF(INDEX LEQ, SHARTFQ

5586

CRAUNT ACCFLERATION VALUE=w%, Ggas — o e

"ng. TNDEY LFEn, SHAUMERY PRINT 1005

in06

FORMAT(//, 10X, « NUMFR
IFCINDEY LEQ, BHCLOSD

1005

_BACC(1)=0,0
BACC(P)z=PRAK

BACC(Z)= DPEAK

FORMAT(//,20%,«CLNSED

o2l SOLITTON 0F TAFMEL TNTEGRAL «. /3
Y PRTRT 10N6 _
FORM SOLUTION=. /)

gACC(d4)=0D

S B0 B0 I=1aN
RFF(IY=D .0

BN B0 J=1.NB




PRINTED 16 L. 8. A,

B0 60 I=1.M
BRP()=0.0
DN &0 J=1.N

C B0 REF (D) =PEF(TY+RFFH (T, Ty #BAGC() ' ' S e

&1 HP(!)“EP(T)+X(J117*VFF(i)
4 EORMAT(4(BY,G1In.4%)

PEAT 4,TSTAR. TEND.TDT e e e o oo e et

READ @99, I8KIP

°¢q .F:mpMAT( r7’ o P EE - P - O e e e e

JuMP =l

JTUREF] -
NSTARSTSTAR/NT+1.001

RHENTETE Nn/DT* 4 R oot [ o e .- e 4t e St A1 i 1 1k 7. T 4 Tt 1 T 4 1 B

NNT=TDT/DT

NPT = INENT«NETART/NDT+F

****iwt**t**t**w*****#,*,i»i-i*-A-**i*u****wg**********t*t************‘

t******n******.******+.w*l****r*¢**a*************t***wwt**w*vw**i*

4Pptrs=0.0

P40 CTTTILENSTAR NERD O NDT
ITUHANZ I TURN#1

THTIME=ITIR - T T T
TaFLOATCITIMEY DT

TN AN TN B HARTFY TR, INDFEY THHCLOSDY

ARANGE ISP, TNTH TN, S
BDIST=GY(ITIMEY *12.0

CUPEINCYATT IR TR HAR TR TORTENDEY R RN UMER Y
AL TNT(GA .PTN. P, T, ITINF NT,M,0ME, PEAK, DMED, RCRDo

* CALL INTﬁ(T}TO}OMF}NEnhL M. GP, pxw}

110 A(T)WPIN(I)/(yNjI.T)*DMFL(I))

Be 11 T=1,M

WA EETN
TEELN

BN 120 Jz1,M 7
120 D =U{+XTayd*xA(d)

]
|
|

FOooM NO. 14113
) s

HRDIS=AMAX1 (HRDIS, ARS (i (N=13))
CIFCTTURN NF, gUMPy gf o TCo1n0n

o 11t T~1.
191 APD( D) =GP (I *GACITIMEY /BME] L]} m DMEP(I)*ONFD(I)*A(!)

T CHANGE RATE TO RCPRESENT THE ACTUAL VALUFS

RACCT=PFAK«GA(TTIME)

AOTSTITERUTS (A 0.0
BN1S(2)=-RNIST  $  ANIS{3I)IaRDIST

BN 121 1=1,N
upneIy=0.0

nn 121 Js=t1,M
131 unnct)-znv<1)+xf1-J)*hnn(J)

gACO(1Y=RANC(4y=0.1N
BACT(?)=-RACCT

BACH ()= BACGET
FB4=MBT=UDN

~EaBERETH
FEZ= (MBE&MRT #1)+

RACC
TR TRATFRRT v r—v&rrts

no 125 1=1.4

CRRE (DY R e e e S —

FER4(I)=0.0

BN 126 J=1,4

126 PR?(I)_FR?(T}+RQTF( s Tywy€dn

FRYI(I) = FRi(I)+QMA§q(J.73*UUﬂ(J)
FRI(I)= FPT(I)*RBM(Y,J)*nAﬁLfJ)

TTRR4A(T Y= ?94(!)+qTBﬁfI,Ia*BWIQ(1)




FORK HO. 14153

R N N T I Y

PSRRI =(FRI(TI+FR201)+PRI(TIIZ (3, 1413G%R)

AR AWk kW kA IRk ok F gk CHECK e X2 L.

DN 401 T1=1,N

D-24 _

% *****fﬁ**t**********i**#*i*****&********i****1*********t*******#**

R

401 RFEXT(I)=PEF(I)+BALTTIHRY
L MxUND=PY
KelU=P2 v
CHEDK .., P1#P2=PEXT
Bn.402 T=1,N
A1(1)=0,0

RPE1I=0.0
JRey=0,0
nn 403 J=1,
. R1tI)= P1(7)+§MAS (1sJ3¥+11DRCD)
403 Py P?(T)+°TTF(T.J)*H(J5 '

402 B(1y=P1(1)+P2(T)

B S0 T=T, NqT
STRPICIY=0,

TUTERG STROTY=DL T

UVt1)*Uﬁ(?)-ch3)-n=(4)u0.a
ol %01 NELET, MELEM e T
fin 502 J=3,AR

TN EL— T E e TS rsHE G
T 502 UYE(J)sUCINELE?y*de gy

BA 503 I=1,6

STRAO(1Yy=STRCP(!)
STRT(T)=STRI(T+6
$TR2(1)=8TR2(1+6 _

e et e
" u:n

PAINTED 1N U. 9. AL
i !

BO 503 J=1,8
sTpfotlﬁ_qIPCﬁ(!)*DTB?I.J TywllZ(J)
%rnrp(])-ancP(I}+nTBll.J §Y+11E ¢ )
CSTRA(I)I=STR2(ID+DTRT. .44 UECJ)
BTR2(1+A)=QTR2(I+A)+DTRII,J, 5V CJ)
STR1(I)=STRICII+*DTR(I, J 13 *UECJ)

503 gTR!(1*6)~§TR1(I+6)*DTH(1 Jiy2yvxle ()
An 504 J=1,12

NNz (NE( - 1!*6+J

B TRPIINN)E= QTRPT(NN)*GTR?(J)
504 STu(NN)= qTR(NM)*f?gl(Jh

Bp1 ONNTINUF

— T IIUr CORTINUE

Bh ®g6 1=7,N70
lgW“’I‘I"‘?TPPHI)M

LALL PRINCT, QAC”T BHIQT PIN A AUF l,UDD FE,P1,P2,P, PEXT STR,

ETETRET NS T NG My

JUMP= JUMP+1SKIP

* _*******f********i******t****twitt*t*-ii*i*tw*r********i*****fi*i*i

RRINT 507.,HRDIS

n TO 55

507 ENRMAT(//.10%s #MAX. RADTAL DIGPLACEMENT AT TANK TOP=z«,G15,5,*IN +)

2990 OQONTIMUE

END
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‘“suunourrmF'pprNtT.pAcnfLemisT.PrN.A;AhninTUUD;Fg;PI%P?###PE*ﬁ%STﬁ}“*f“f

* STREIL,NGT N,

BIMENS] PN %TR(&Q) STREPIEEMILALLIND, ADD(10} PINMLG) S PB4y —

DIMFNS [ ON 91(?5),=9t36)-pf66>. FXT(I6). U(36a.uun(?ér

-

+ W

7 ﬁHHT"'F\Il/UX. 71/”"")-/-1"Xl"T I"’r""lFJ.U.'Tan

RRINT 9

1819 RRINT 7,7

RPINT 2, (PIN(I),I21.M3
"HEINT ? RTTY, TELV MY
ARINT 2, (ADDC(TY, 129, M4

INTED 1N U. 5. A

PR

TEEE CEORMET (7T AR ROUNT DYSPLacEMERT
115 FORMAT(/.iDX.*PROHND AFPELEPATIWN

FETNT ITa,TILN=Y

114 BORMAT(/, 10X, *RADIAL H1ePL, AT TANK T0F=m+,G15,5.+IN,%)

TRRTNT G
BRINT 17

R GTS TS TN

=*.Gi5 5.*IN-/9FC/SEC*)

T FORM NO. 14113

|

HRINT 171, (U(I)11=11N3
BRINT 9
YT BRORMAT (7Y

111 ENRMAT(4(5%X.G146.8))
CAYTRORMAT (/L IBY, F R, 70X, byw, 20X, e, 2NV R T DTy

112 PNRMAT(/, 5%, *EXTERNAL

CEMERALIZEN FCOROFS AT RASEw,/)

BRINT 449D

113 FARMAT (10X, »AXTAL rnarp* 7x,*TANGT
it v+ 40" (-3 S L v 3w Bt

RRINT 113 v )
TRRTNT 111, (FBCTY, I=1,4)
600 FNRMAT(12(1%;810.4))

FORCE+, 7X, *RADIAL FORCE#*57X,

WETNT Y

404 RORMAT(30X, *GFNERAIITFD INFPT!AL FGRCES F1 AT NON-BASE NODES*;/)_

T TRRINT 404

CRRINT 600, (P1C(13,1=1,N)
PRINT O

405 ENRMAT (30X, *GENERA} 17En INTFRNAL FORCES F2 AT NON=BASE NODES+./)

BRINT 405

RRINT 600, (P2(1)sl=1,M)

406 FORMAT(REX,w Pi+Pow, /%
BRINT 9

BEINT 4086~ .
RRINT &00,(P(TY »I=1,My

gHINT Y

4p7 ENRMAT(ZgX. *GFNFWnIT7tD EYTCRNAL FFRCCQ AT NON‘BASE NODFS*-/’

A -1 Lk G (A

BPINT 9

RRINT 600, ( PFXT(I’-I=1-N‘,wmq.ﬂ

519 FEOPMAT(AX, «AXIAL F.*,7X *TANGT, F.%,5%X, «IN-PLANE SM,*,5Xa

G AN TAL T MT R, DX ¥ TANGT

507 FORMAT(//,40x, STRESSES AT THETA=0.0 +4/)

TREPTNT R
'.PPINT 509

CPRTNT RIES (STR I =1 NEP) s

MY o™y TRy ¥ TOPSTITN® 7Y

S0g ranAT(//.xax,. STRESSES AT THETA= qD n nFGREEQ* /)

H?‘([N' - UG
PRINT 500

CRPINT SO5, (STRPTCTY I THT NGT) R

605 ﬁnRMAT(ﬁ(“x Gin 4))
THETURN T
Enn




S SRR OUTINE INTOACT L L EING P TINELNTL DT M, OME PERK OMER S RCRDY
BTMERS [N frraﬂﬂi).u‘v(J&¥ OME (201, CREN(16),RERDCI0),PEIOD
< T T pUMENSTON SINE(TOYLEXFLTY T
y
| D018 Jz1,H
= BIN(J1=0.0
0010 IT=1,NT .
TAzFLOAT(TTISDT
SINF( ) =SIN/OMEDN (I *(TIME=TA))
EXPO(IYSEXP (= RCRB Y+ IMF () (T THESTAY)
10 PINCDIZPIN( I #AnTEIT)wEXPT () #GTNF ()
15 BIN(JYEP () *P LI wilT :
RETURN
END
¢ e
P
o
SO
i2 -
.' — e e e
)




D-27 ‘
CSUARAUTINF EFFHASS (G717, 8N, BETF, RMASSLNLNB, A2, AL, STBR,BUF)
DIMFNSTNN UA(4),UF(<61
DIMFNSION "SM{T45367 RETF (6,4, RMASE (36,49 4 A2 367 4}aSTIF{3& o
DIMFNSTON §T( 6,361 ‘
T ENSTN AT 76:‘?) .
BIMENSION STBR(4,4), BUT €4)
BUNE2)==1.1D T Hu“r*)=1 0 _
R BARMAT (1 2 t1¥, Gritatyy - T T e e
BN & I=1.N
IV EA
5 5 qr(I.J) QTIF(I 5)
e R SEALL-TNVERSTAN-SHRPOUTINE FUR STIF -
OAIL INVMT(STIFN,N.3ALNET?
TETTTTTTUUHERE STIF IS THE TMYERSINON OF THE PRTGINAL MWTRIK‘“

1=7,N
DN 10 J=1,NR
e R Y = G
BO 10 K=1,N _ |
CETRLCTL, Y EATET, Iy STIF (T +RSTR K, Yy
) vﬁﬂ 20 I=1,N
¥ AIEM R=T K3
o Bn 20 J=1,NR '
R
B0 20 K=z1,N
Y KUYy JYER T IV ESH T RY R AR Uy
ARINT &
SRR EATTIRTY
PBn 30 I=1,N
— BT LINA o S
30 B2(1,d)= A7(I,J)-BMAHQ€¥ Ja

T THATIY=UANCAYED . T
UA(3)=+1.0 ;3 unceszulln
no 40 1=z1,M
CUFTI=0.10

BN 40 J=1.ND
40 UF(!)"UF(I)*A?(I,))*UA(I)
S TA L1 B 5 % VR
UF(liy=n,
BA "0 J=1,NF
50 UF(T1)= UF(I)*BMAQS(Y Jﬁ*UAlJ)
TR ST2%ekRT ¥al KR )
BO °0 I=1,N
Bn o0 J=i,N
90 STIF(I,dy=8T(1,J)
RETURN

|
i

PRINTED INU. 5. KA. -
'

i
b
|
i

FORM ND, 14113




FORM NS, (4118

TQURPOUTINE MO AU (SMASE ANE X AN, N, M,
DIMENSTINAN GS(1n.10).64¢10. 1ﬂ> X386, ﬂo\ ONr(iG).\M(aé 103

DIMENSTON aTIFr36,36),8MA%8F34A,T6)

15 FNRMAT( BX,15)

D-28

STYF,TSY

no 10 I?inN
DO 10 J=1.M

XMeT,Jd1=0.,0
AN 10 K=1,N

PRIMTED IN U. S. A,

10 XM(I,.Jy=¥ “(Tnl>ﬂ€MA° ETOKIEX (K, 0D
{ OM=XTeMwrX
Bn 23 =1
Bﬁ 20 d=d IM
FM('I ): .0
B0 20 K=1,N
20 GMIT.J)=0MT s JVEX TR e 1Y ¥ MK, U
nn o o3n 1=1,N
pno3g J=i1aM
¥MET,JdY=0 D
B 3T T, N " e
B0 XM, d)=¥MLT, Y+STIFR (T, RY*X(K, )

o411
pn 49 J=1.M

ﬁ

gS¢1, y=0,n
no 49 K=1.,M

40 BS(l. )=BS(L,Jy+X K, IY4YMIK, D)
 RETURNM

END




pnoﬁTTwF“tyTﬁcT """""""
PIMF SION D40 ,410

D-29

RELTC Tt e S NP REEL

RE AT LY THEREFY
NFRFEL=NFREF 41

BrWIND 10

]-r{) ,i ﬁ'—f;‘: j,;h;Fz ELng et e o e e et = < e e

Bnoo40 J=1

10

FCT TV ETTT, )
WRITE(11) (NFREE)

PRINTED (M A5 8 A,

FOnM N R4t S

TETTE TR

WRTTE(LIY ((NCI, JdYali=154), 25, NFREE)

THRTTE (A

WHITE M

NH:TEtif)((ﬁ(I J),; 5 WFREEY, 125, NFRtFu

REAN (LD (NFRER)

D EEEE VO IINES W SIS &3 W I

LN SRR VRS ITIN R IR 3 IPREL AN Sk I IR R P R b S

an 2o I— 1sNFPRFF

20

AT PN JE P NP RERT
BOT,J=-1)=D(1,0)

B 30 O, NFRFE
nn 306 I=1,J

S 1A BN B B O RS
.

*

4]

Bod, Dm0

WRTTE KR

TETTEYTES
WRITE K

FNFRES T

*

WETTECTT YOI T O s T8 NFREE YT

WRTTE KER

="y

MEREE

ARTTE T O S Iy te

BFWIND 11

Fn

A
3

Y

KETURM
ENTS
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SURROUTINE

TNTETT T
DIMENSION P(1C), OMFL 19).PTV 1ﬁ

PN

F, A NUTTA Y, ML P PN e

TH=Y0/2.
TE¢NLOAT LE0, SHRFePUY Q0 70 40

PRINTED 1H U. S A,

FORM NO. 14173

FFERLOAD (FG, sHTRIPUY RC TN 20
IENLOAD (BN, gHSTINPUY £0 TO 30

RRInMT 1

1 FENRMAT(* TYRE oF LOAD INVALIED®)
S1nP ‘

0 tFeY JLT. TCY) ol To 11

Bn 21 I=1.M )
29 PIMCIY=sRIIVAOMEI DI« (COS(OMECTY*{T=TO) )= CAS{OMECII*T))

RETURM

13 bn 2y 1
31 BIN(TY=
RETHRN

=1,
POT /O“F({)*(j.-FGQEﬂ4¢(75*T))

AU O N WU =0 I R I
LECT LLT. TO Y GO TH 23

N 32 TELW _ e
o ORIMOIY =R (I /OME T /NMELTY/THe (2, v SIN(ONE(IY*(T=-THI)=SIN(OMECTY

T T=TU Y Y=STNTEMELTYHT ) e
RETURN

TZER 62 TE1L ,
42 PINCII=P (1) /0MECI) /THE(T=SIN(OMF(TY*T) /ONE(1))

RETURN
v Din /2 1z1.M

£E2 PINCIY=P (T /0MF LI /THY(TO »T+2, «SINLCMECIY X (T-TH) ) /OME (T =S TN(OME
Qe *TY/NMECTY)

FRETURN
X0 _Pls3.141%8

EECT LLT, Tﬂ) 60 To 13
Do 23 1=1

] p;N(1)=,r(1)*01*70/t0MFt1)rTO GHE(T I+ TR [P I+ (SINTORECTINTT=TOY T+
G o+SINEOME{1Y*TY)

RETHRM
<3 pn 23 I=1.,

F3 RINCIIzP (] )*TP/<LMpt1)*TC*ﬁML<1)*Tn-bzwpl)*coM:c1)*?9*51N(vrw11701
0 «PI«CIN(DMELTYFT )

RETURN
ENR




PRINTED (1 U, 8. A,

FQRM 5, 4113

"~ ~ W

TEMPzAES (AR, 1)

T EURROLTING TNVMTCAUNA, NE, FOTN, TEUTY D=3

010 DIMENSION ACITIM.INTMY LAREL(50)
L B -5 o -
EQRG  ND 21 J1=1uNR
TT TABEUTITI=IT
POEO  Np 291 J1=z1,MP
171 TEMPETD

QRO N0 1P1 JP=ll.MR

N M) N N A N o S S I i L a it e RC R T -

T thiL=JZ
121 CONTINUF
o S A 18 10 1 NS S e e i I 5 S B T
£150 B0 141 42=1,NC
EFEG TTEVMPTACIL,IPY
E460 AL1,JP)=AE1RTIG,J2)
{41 ACTBIG, J2Y = TP
8160 T=LASEL (J1) -
oA g EC Ty e b Retthir e - —
8200 LABEL(IRINY=!
5910 NELTE=TELT T N
201 TEMP=A(JL,J1)
el TRLTEDE L T A I JIY
E2ED  ACJ1,J1)31.0
2/ P 4L J2=T 4 N
221 A(JL1,J2)=A0J1,J2) /TEAP
2L B o M B M b 2
8300 IF(J?,F0,.J1) 02 Ta 2384
BS5 1 e/ 007, JL)
8320 A¢J?,J1)=9.9
BIE0 DO 241 JZ=1,MN0
241 A{UD,JB)=ALI2, U3V TEMpaAE U1, 130
SE1  CONTINIE
204  CONTINUE
Ini NYT=NFg1
£I80 N0 391 Ji=z1.M1
8360 N0 321 JP=Ji.N9
8490 IFC(LABRFLOJPY. NELJ1Y G0 10 321
TTTTTRALYT T TR O RN Y Ty 3 -
R4z "D TH 344
321 TONTINOR
241 nNn 361 J3=1,N2
350 TEMPEATIR T - -
RAGD  A(J3,J1)=aCyT,d2)
T61 A(JI,IZy=TENP
RABY  LAREL(J?Y=zLUAREL(J1)
91 CONTINUR -
EONT RETURH
&5{5 FND i o -







