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ABSTRACT

ANSR is a general purpose computer program for static and dynamic

analysis of nonlinear structures. This report documents the features and

organization of the current version of the program. The theoretical

formulations and solution schemes used in the program are described, and

details are given about the structure and organization of the auxiliary

program for adding new finite elements to the program. Several examples

are presented to illustrate the scope of ANSR. The user's manual for the

program is described.
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1. INTRODUCTION

1.1 OBJECTIVE

Because of the need for rational investigations of nonlinear

structures subjected to static and dynamic forces, a continuing study

has been undertaken with the long term objective of developing a general

purpose computer program for nonlinear structural analysis. This study

has progressed through two phases, namely (1) review and development of

theories, computational techniques and algorithms that can be applied

in nonlinear structural analysis, and (2) development of a preliminary

version of a general purpose computer code based on the studies in

phase (1).

The studies conducted under phase (1) have included the

following.

(a) Consistent formulation of the equations of motion, which

are applicable to any type and/or degree of nonlinearity.

(b) Finite element formulation of the nonlinear equations of

motion.

(c) Techniques for solution of the nonlinear equations of

motion.

(d) Constitutive plasticity laws for material behavior, and

algorithms for materal stress computations for path dependent plasticity

models.

The results and findings of these studies have been reported

in detail in [ 1 J. Based on these investigations, a preliminary

version of a general purpose compyter program has been completed. The

objectives of this report are to explain the concepts behind the program,

to document its features and organization, and to illustrate its use.



1.2 PROGRAM CONCEPTS

During recent yea rs a cons i derab1e amount of effort has been

invested in developing computer codes for nonlinear structural analysis

(see, for example, the survey paper by Marcal [ 2 ]). Most programs

have been developed for special purpose applications, and are limited

in scope. A few general purpose programs, notably MARC-CDC [ 3] and

ANSYS [ 4] are commercially available and are being used quite

extensively. The program NONSAP [ 5 ] is also being applied, but to a

more limited extent.

Although such programs exist, they do not satisfy all

practical needs, and do not necessarily apply the most effective and

efficient techniques for the solution of nonlinear problems. In view

of the practical importance of nonlinear analysis, and the large

amounts of computer time which are commonly required for such analysis,

it is believed that additional program development efforts are

warranted. The program described in this report is intended to form

the basis of a practical general purpose computer code which combines

broad scope and large capacity with computional efficiency. The program

structure has been designed, therefore, to satisfy the following

requi rements.

(a) Modularity: The program should be modular so that new

program capabilities, such as new finite elements, new constitutive laws,

etc., can be added by developing a few subroutines, without changes to

the existing program. This has been achieved by structuring the

program as a base program to which a number of auxiliary programs can be

added. Storage allocation and computations common to all finite elements

are performed within the base program, whereas computations associated
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with specific elements are carried out within the auxiliary programs.

(b) Computational efficiency: The program should incorporate

efficient computational algorithms, including efficient equation

solvers, stress computation algorithms, etc.

(c) Effective use of core and disc storage: The program

should be organized to make optimum use of the available core (high­

speed) storage, and to minimize the input/output cost for data transfer

to disc (low-speed) storage. This has been achieved by using dynamic

allocation of core storage and bUffering of data into large blocks

for transfer to disc storage.

(d) Solution Strategy: The program should include a

flexible solution strategy so that a wide range of nonlinear structural

systems can be analyzed. This is desirable because no single solution

scheme can be identified as optimal for all types of nonlinear behavior.

Flexibility has been achieved by implementing a strategy defined in

terms of a number of solution parameters. By assigning different values

to these parameters, a wide variety of solution schemes can be constructed.

1.3 PROGRAM FEATURES AND LIMITATIONS

1.3.1 Structural Idealization

(1) The structure to be analyzed is idealized as an

assemblage of discrete finite elements connected at nodes. The theory

and solution procedure are based on the finite element formulation of

the displacement method, with the nodal displacements as the field

vari ab1es.

(2) Each node may possess up to six displacement degrees of

freedom, as in a typical three dimensional frame analysis.
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(3) Provison is made for degrees of freedom to be deleted

or combined. This feature provides the program user with ample

flexibility i.n the idealization of the structure, and may permit the

size of the problem to be substantially reduced.

(4) The structure mass is assumed to be lumped at the nodes,

so that the mass matrix is diagonal. The program could be modified to

consider a coupled (consistent) mass matrix.

(5) Viscous damping effects may be included, if desired.

Damping effects proportional to mass, initial elastic stiffness and/or

tangent stiffness can be specified. These effects may be specified

to vary in magnitude from one group of elements to the next.

1.3.2 Static and Dynamic Loadings

(1) Loads are assumed to be applied only at the nodes.

Static and/or dynamic loads may be specified; however, static loads, if

any, must be applied prior to the dynamic loads.

(2) For static analysis, a number of static force patterns

must be specified. Static loads are then applied in a series of load

increments~ each load increment being specified as a linear combination

of the static force patterns. This feature permits nonproportional

loads to be applied. Each load increment can be specified to be applied

in a number of equal steps.

(3) The dynamic loading may consist of earthquake ground

accelerations, time dependent nodal loads, and prescribed initial values

of the nodal velocities and accelerations. These dynamic loadings can

be specified to act singly or in combination.

(4) Earthquake excitations are defined by time histories of

ground acceleration. Three different time histories may be specified,
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one for each of the X, Y and Z axes of the structure. For any given

axis, all support points are assumed to move identically and in phase.

The accelerations for any time history may be specified at equal time

intervals (as in an artificially generated earthquake record) or at

unequal time intervals (as in a measured earthquake record).

(5) Any number of time histories .of dynamic force may be

specified. As with the earthquake records, these time histories may be

specified to be at equal or unequal time intervals. Any dynamic force

record may be prescribed to act at a node or a group of nodes, either

as forces in the X, Y or Z directions, or as moments about the X, Y or

Z axes.

(6) Values of initial translation and/or rotational velocity

and acceleration may be specified at each node. Structures subjected

to impulsive loads can be analyzed by prescribing appropriate initial

velocities. For the case of static analysis followed by dynamic

analysis, the displacements at the start of the dynamic analysis are

assumed to be those at the end of the static analysis.

1.3.3 Finite Element Library

(1) The element library is very limited at the time of

writing. However, the program is organized to permit the addition of

new finite elements to the library with relative ease. The following

elements are available.

(a) Three dimensional truss element, which may yield in

tension and yield or buckle elastically in compression.

Large displacement effects may be included.

(b) Two dimensional 4-to-8 node finite element for plane

stress, plane strain and axisymmetric analysis. Large
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displacement effects may be included. The material may

be specified to be isotropic linearly elastic,

orthotropic linearly elastic or isotropic elastic­

perfectly plastic with the von Mises yield function.

(2) Nonl inearities are introduced at the element level only,

and may be due to large displacements, large- strains and/or nonlinear

materials. The programmer adding a new element may include any type

or degree of nonlinearity in the behavior of the element.

1.3.4 Solution Procedure

(1) The program incorporates a solution strategy defined

in terms of a number of control parameters. By assigning appropriate

values to these parameters, a wide variety of solution schemes,

including step-by-step, iterative and mixed schemes, may be constructed.

This permits the program user considerable flexibility in selecting

optimal schemes for particular types of nonlinear behavior.

(2) For static analysis, a different solution scheme may

be employed for each load increment. The use of this feature can reduce

the solution time for structures in which the response must be computed

more precisely for certain ranges of loading than for others. In such

cases, a sophisticated solution scheme with equilibrium iteration might

be used for the critical ranges of loading, whereas a simpler

step-by-step scheme without iteration might suffice for other loading

ranges.

(3) The dynamic response is computed by step-wise time

integration of the incremental equations of motion using Newmark1s

S-y-o operator. A variety of integration operators may be obtained

by assigning appropriate values to the parameters sand y. However,
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the most commonly used scheme wi 11 be the Ilconstant average

acceleration" scheme, with S = 1/4, y = 1/2 and cS = O. Viscous

damping effects may be introduced by specifying a positive value to

the parameter 8. In most cases, however, damping effects will be

introduced more explicitly, in mass dependent or stiffness dependent

form.

1.3.5 Other Features

(1) Data checking runs may be made prior to execution

runs. During data checking, the program reads and prints all input

. data, and also prints any generated data, but performs no substantial

analysis.

(2) In its current version the program requires that the

stiffness matrix be stored in core. This matrix is stored column-wise

in a compacted form omitting most zero elements. Because the

stiffness matrix is modified, rather than completely reformed, as the

tangent stiffness changes, it is also necessary to save a duplicate

stiffness matrix. The modification requires least numerical operations

if the duplicate stiffness matrix can be held in core. However, this

may not always be possible, and hence provision is made for the user

to specify whether the duplicate matrix should be stored in core or

on disc. Modifications for very large systems, using blocking and

out-of-core storage of the stiffness matrix, are planned for a future

version of the program.

(3) The element information is stored either in core or on

disc. When stored on disc, the information is blocked to minimize

input/output cost for data transfer between core and disc storages.

Thus, the number of finite elements are not limited by the availability
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of the core storage, except that the avai lable core storage must be

sufficient to fit information for at least one of the elements requiring

the largest number of data locations.

(4) During solution, the decomposition (triangularization)

of the structure stiffness matrix is carried out on only that part of

the updated stiffness matrix which follows the first modified coefficient.

Significant savings in solution time can sometimes be obtained by

numbering those nodes connecting nonlinear elements to be last, so that

the operations on the structure stiffness matrix are limited to the

end of the matrix.

(5) Because the structure stiffness matrix is stored in

compacted form, rather than in banded form, there will be relatively

small penalties in storage requirements and equation solving time if

there are local increases in the matrix bandwidth. Hence, if a few

nodes are to be added to a structure for which an input data deck has

already been prepared, the additional computational cost incurred by

numbering these nodes last may be less than the man-hour cost involved

in renumbering all of the nodes and preparing a new input data deck.

(6) At present no restart capability is included in the

program. Such a capability will be added in a future version.

1.4 REPORT LAYOUT

Chapter 2 of this report reviews the theory and

computational algorithms used in the program. In particular, the

nonlinear incremental equations of motion using the Lagrangian

description of deformation and their finite element formulation are

discussed, and computational techniques for the solution of the

nonlinear equations are presented. The solution strategy included in
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tne program is outlined in detail in Chapter 3. The structure and the

organization of the auxiliary program for adding new elements to the

program are explained in Chapter 4. The results for some example

structures which have been used for program verification are discussed

in Chapter 5, and concluding remarks are presented in Chapter 6.

Appendix A constitutes a detailed' user1s guide for the

program. Appendices 81 and 82 contain a brief description of the truss

element and two dimensional element, respectively.
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2. THEORETICAL FORMULATIONS

2.1 INTRODUCTION

In this chapter, the theoretical and computational techniques

used in the program are briefly reviewed. Firstly, the variational form

of the incremental equations of motion is stated and linearization of

these equations for computational purposes is discussed. Using isopara­

metric finite elements, a finite element formulation of the equations of

motions is obtained. Secondly, techniques including the st~p-by-step

and iterative procedures for the solution of the nonlinear equations are

discussed, and an acceleration scheme to improve convergence in constant

stiffness iteration is reviewed. Finally, an algorithm for the numerical

integration of the equations of motion using Newmark's S-y-8 operator

and optional iteration is described.

For a more detailed treatment of the subjects covered in this

chapter ~ reference may be made to [ 1 J.

2.2 EQUATIONS OF MOTION

2.2.1 Kinematics

The kinematics of deformation of a body can be described by the

three configurations indicated in Fig. 1, namely (a) configuration Co

at time t = 0, (b) configuration C1 at time t, and (c) neighboring

configuration C2 at time T = t + ~t. In the Lagrangian description, the

initial undeformed configuration Co is taken as the reference configuration.

and the conjugate pair consisting of the second (symmetric) Piola-Kirchhoff

stress and the Lagrangian strain are used to derive all relationships

[ 6 J.
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Systems of orthogonal curvilinear coordinates and corresponding

base vectors can be associated with each of the three configurations.

However, for the derivations herein, a cartesian system XI (I = 1, 2, 3)

in the reference configuration will be used. If this system is chosen

as the global coordinate system to describe the motion, the kinematics of

deformation is governed by the following relationships*.

2 U =
I

(1)

(2)

(3 )

Here 1 U and 2~ are the displacement vectors of a generic material

point ~, in configurations (1 and (2 respectively; ~ is the dis-

placement vector from (1 to (2;lE and 2E are the Lagrangian strain tensors- -
in (1 and (2 respectively; and (')I!J denotes differentiation of

the I th component of the undesignated variable with respect to XJ , viz.

uIIJ = auI/axJ .

The strain increment EIJ between configuration (1 and (2

can be obtained as

(4 )

and can be expressed in terms of the linear component, eIJ and the non­

linear component, nIJ as follows.

(5)

*In all relationships stated in this chapter, each index has the range 1
to 3 unless stated otherwise. The usual tensor summation convention on
a repeated index is implied.
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where

(6 )

and

(7)

2.2.2 Incremental Equations of Motion

The incremental equations of motion are obtained by applying

the Principle of Virtual Displacements to the two neighboring configurations

C1 and C2 . The virtual work relationships in these deformed con-

figurations are expressed with reference to the initial configuration Co'

The variational form of the nonlinear incremental equations is then

obtained by taking the difference between the two virtual work relation­

ships. A detailed derivation of the incremental equations may be found

in references [1,7,8 J.

The incremental equations written in cartesian component form

are as foll ows.

( 8)

in which Va is the volume of the body in Co; dV is the

differential volume in Co; Al and A2 are the surface areas

over which tractions are prescribed, and VI' V2 are volumes of the

body in C1 and C2 , respectively; corresponding differential

- - 1 1 2 2quantities are denoted by da, da, dv, dv; !' f. t, f are the

prescribed surface traction per unit area and body force per unit

12



volume in C1 and C2, respectively; 0p is the mass density in Co; u
..

and u are the increments in displacement and acceleration respectively;

IS is the second (symmetric) Piola-Kirchhoff (P-K) stress tensor in C1 ;

the increment in P-K stress between C1 and C2 is defined as

S = 2S - 1~; and 0(·) denotes variation on the undesignated variable.

Equations (8) are applicable to both large displacement, small

strain response and large displacement, large strain response. If changes

in the geometry of the body are neglected, the equations reduce to those

for small displacement response. Material nonlinearity can be included

by specifying an appropriate relationship between stress and strain.

Therefore, these equations can be used to study structural systems with

only geometric nonlinearity, only material nonlinearity, or combined

geometric and material nonlinearities.

2.2.3 Linearization of Equations of Motion

Equations (8) are nonlinear in the displacements, and must be

linearized for computational purposes. The linearization process must

account for three considerations, as follows.

(a) It must be assumed that the stress increment, SIJ' is

linearly related to the strain increment, EIJ . That is,

= (9)

in which C1JKL is the constitutive tensor. For finite strain increments

this will be true only for linearly elastic materials. For other types

of material, a linear relationship can be established only in terms of

stress rate and strain rate, so that this assumption is true only for

infinitesimal increments of strain.
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(b) Substitution of equation (9) into equation (8) results

in terms such as CIJKL (e KL onIJ + nKL oe IJ ) and CIJKL nKL onIJ' These

terms are functions of the unknown displacement increment, and hence

these terms must either be omitted or their effects must be approximated.

(c) If the prescribed surface tractions and body forces are

deformation dependent (for example, hydrostatic pressure loads), then

the integrals over the area A2 and volume V2 in configuration C2

can be evaluated only approximately.

The effect of using a linear approximation is that the external

vi rtual work of the surface tractions and body forces in confi gurati on

C1 will not generally be equal to the internal virtual work of the state

of stress in C1 • Corrections to compensate for this error must be made

to reduce departure of the computed response from the true response.

The form of the linearized equations, including the correction

for inequality of the virtual work, can be written as follows.

~[CIJKL eKL ae IJ + IS IJ anIJ + 0p aUK uKJdV
VA

( 10)

in which Ao and dA are the surface area with prescribed tractions

and the differential area, respectively, in Co; and l U is the

acceleration vector in C1 • All other terms have been defined earlier.

It is assumed that the surface tractions and body forces are not deformation-

dependent, their components being defined per unit area and volume in

the undeformed configuration Co'

14



2.3 FINITE ELEMENT FORMULATION

To obtain a finite element formulation, the integrals in

equation (10) are evaluated over the volume and area of the element.

Once the behavior of the element has been defined in terms of the nodal

values of the field variables (in this case nodal displacements), the

complete finite element model can be assembled by applying well-documented

procedures [ 9 J.

The characteristics of any finite element can be derived by

specifying appropriate approximations for the displacement field within

the element. These approximations can then be substituted into the

variational equation (10) and the strain-displacement relationships (6,7)

to obtain the discrete formulation.

2.3.1 Displacement Approximations

The displacement field within the element is approximated by

(11 )

where 1uI(~,t) are the components of displacement of the material point

X at time t in configuration C1; Nm(~) is the interpolation function

corresponding to node m of element e; and 1q~I(t) is the Ith

component of displacement at node m. The repeated index m is summed

over all nodes of the element.

The same interpolation functions are used to approximate

increments of displacement between configurations C1 and C2 . That is,

(12)

where uI and q~I are components of the displacement increments of

the material point X and the node m, respectively.

15



Equations (11) and (12) can both be rewritten in matrix form,

as

and

u = N. qe

( 13a)

(13b)

where Xr is the rth coordinate of the material point and X~r is the

rth coordinate of node m of element e.

2.3.3 Strain-Displacement Relationships

From equation (6), the linear part of the Lagrangian strain

increment can be written in matrix form as

e = IF· u- --a
(15)

where IF is the matrix of deformation gradients evaluated in the

current deformed configuration C1 and ~a is the vector of displace­

ment gradients.

Substituting the displacement approximation, equation (12), we

obtain the linear strain-displacement transformation in terms of the

16



nodal displacements. That is,

u = N • qe
-3 -3

Hence,

(16 )

or

e = 1F • N • qe
-3

( 17a)

(17b)

where ~3 is the matrix of derivatives of the interpolation functions

with respect to the coordinates XI (I = 1,2, 3).

Thedeformati on gradient matrix IE contains displacement

gradients in configuration C1 (i.e. terms such as l uIIJ ) which can

be obtained as follows:

because the same functions approximate both u and l U•

An explicit relationship such as that derived for linear strains

is not defined between nonlinear strains nIJ and nodal displacements.

However, the second integral on the left hand side of equation (10) can

be evaluated as follows. We can write

Tu • IS • U
-3 -3

(19)

where IS is the symmetric stress matrix containing Piola-Kirchhoff

stress components in the current configuration C1 , and the superscript

T denotes transposition. This equation follows from the fact that the

nonlinear strains are quadratic in the displacement gradients, as stated

in equation (7).
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Substituting equation (16) into equation (19) we have

Hence, taking a variation on nIJ we have

(21)

Equation (21) can be used to evaluate the integral in equation (10).

2.3.4 Element Matrices

Following typical finite element methodology, the element

matrices are obtained by evaluating each term in'the variational equation

(10) over the surface area A and volume V of the element in itse· e

undeformed configuration Co. The following relationships result.

(a) Consistent Mass Matrix.

Me = fop NT • N dV
Ve

(b) Linear Stiffness Matrix.

IKe = fl~T . C • 18 dV
-E

Ve

(c) Geometric Stiffness Matrix.

1~~ = f ~~ . IS • ~a dV
Ve

(d) Nodal Loads due to the State of Stress

1Re = f 1~T • IS dV

Ve

18
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(23)

(24)
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(26)

(e) Nodal Loads due to Applied Forces .

2pe = f ~T • 2~ dA +J~T • 2f dV-
A V

A e e
Here N is the matrix of interpolation functions relating di sp1acements

of the surface area over which tractions are prescribed to the nodal

displacements.

In most cases, the integrals in equations (22-26) must be

evaluated numerically. For nonlinear materials, the constitutive matrix

C is evaluated in the current configuration.

2.3.5 Discrete Incremental Equations

The discrete incremental equations of motion for an undamped

system are

M• q" + elK + lK ] • q = 2~ - (M_ • lq" + lR) (27)_ -E -G-

..
where q and q are the vectors of increments of nodal displacement and

acceleration, respectively; and lq is the vector of nodal accelerations

in the current configuration Cl .

The structure matrices ~,l~E and l~G and the vectors

2p, lR are obtained from the element matrices using well known assembly- -
procedures [ 9 J.

The equations of equilibrium for static analysis can be

obtained from equation (27) by omitting the terms containing

accelerations. Viscous effects may be included by modifying equation (27)

as follows.

(28)
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in which q and Iq are the vectors of velocity increment and

velocity in configuration CI,respectively; and Ic is a damping

matrix.

Because of the linearization, equation (27) or (28) will

yield only an approximate solution for the displacement increment

between configurations CI and C2 • In general, the structure

response will be computed by applying the load in small steps, and

in some cases equilibrium iterations may have to be carried out to

obtainresu I ts wi th a suffi cient degree of accuracy. The

selection of a scheme for the solution ~f these equations

constitutes an important part of the design of a general nonl inear

analysis computer program. Because no single solution scheme can

be identified as optimal for all types of nonlinear behavior, a

general strategy incorporating a variety of solutions schemes has

been implemented in the computer program.

2.4 SOLUTION TECHNIQUES

2.4.1 Classification

Most solution procedures for nonlinear analysis can be

classified as either step-by-step or iterative. Both procedures

have been widely used in static nonlinear analysis, and both are

applicable to dynamic nonlinear analysis in which the response is

computed by step-wise marching in time.
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2.4.2 Step-by-Step and Iterative Procedures

In the step-by-step solution procedure the load is

applied in several small steps and the structure is assumed to

respond linearly within each step, the response being obtained

without iteration. This procedure is simple to apply and has

been widely used, particularly for elasto-plastic problems.

However, unless the load steps are very small the computed response

may deviate appreciably from the true response, because equilibrium

is not satisfied exactly at any step. The accuracy of the computed

.response can be improved by applying equilibrium correction terms,

as was noted earlier.

Two types of iterative procedure are commonly used,

namely Newton-Raphson iteration and Constant Stiffness iteration.

In Newton-Raphson iteration the structure tangent stiffness matrix

is reformed at every iteration, and a disadvantage of this pro­

cedure is that a large amount of computational effort may be re­

quired to form and decompose the stiffness matrix. In Constant

Stiffness iteration the stiffness matrix is formed only once, usually

in configuration C1 • Constant stiffness iteration will typically

converge more slowly than Newton-Raphson iteration, and schemes to

accelerate convergence may be desirable. It may also be advantageous

to use mixed strategies incorporating a combination of Newton-Raphson

and Constant Stiffness iteration. Mixed iteration schemes are

considered later in this paper. Step-by-step and iterative

procedures are shown diagrammatically in Figs. 2 and 3.
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If we define a vector function f such that

f(~,~) = p [~. v + C • V+ R(v)] (29)

then the displacements 2q are the solution of the nonlinear equations

f(2 q, 2e) = O. Computational formulas for step-by-step and iterative

procedures can be obtained by considering a first order Taylor series

expansion of f(2~, 2~) about the known displacements lq, and assuming

2q = lq + q [1 , 7 J. Convergence in iterative procedures can be

checked by comparing the norm of the residual load vector f(2 q, 2~) in

any iteration with the norm of the vector 2p.

2.4.3 Acceleration Scheme

The principal advantage of Constant Stiffness iteration is

that the tangent stiffness matrix is not formed and inverted (decomposed)

at every iteration. Hence, this procedure is computationally

attractive for structures with a large number of degrees of freedom.

However, the procedure can be expected to converge more slowly than

Newton-Raphson iteration, and the use of a scheme to accelerate

convergence may be desirable.

The computer program includes the "alpha-constant" acceleration

scheme [ 11]. In this scheme the displacement increments during any

iteration are scaled in an attempt to obtain the same result as if

Newton-Raphson iteration were employed. The computational steps of the

scheme are given in Table 1. For each iteration the scheme requires two

steps of displacement computation (steps c, g), and two steps of residual

load computation (steps a, e). Computation of the residual load

involves state determination (i.e~ determination of the state of stress

given the state of strain), which requires the material characterization

and assumes particular significance for nonlinear materials with memory.

22



The scheme as implemented in the program differs from the one

indicated in Table 1, in that steps (a) through (d) and steps (e) through

(i) are performed every second iteration. Further, the scaling matrix is

reinitialized to a unit matrix if the iteration fails to converge within

a specified number of iterations or if an increase in residual load is

detected from one iteration to the next. These restrictions are

intended to prevent possible divergence.

The scheme can be expected to improve the rate of convergence

for moderately nonlinear structures in which the load-displacement

curve is of a softening type. However, for structures with stiffening

. load-displacement response, or for loadings which produce stress reversals,

the acceleration scheme has been found to be unreliable and should be

used with taution. The scheme can be used in both static and dynamic

analysis.

2.5 INTEGRATION OF EQUATIONS OF MOTION

2.5.1 Newmark's S-y-8 Operator

For integration of equation (28), the time domain is divided

into a number of time steps, and it is required to compute the displace­

ments, velocities and accelerations in configuration C2 (time T = t

+ 6t) given the previous deformation history from time 0 to time t.

An implicit, single step, two-parameter (S,y) family of integration

operators has been described by Newmark [12J, in which it is assumed

that the increments in velocity and acceleration are related to the

increment in displacement and the state of motion at time t. With

Newmark's operator, the equations of motion reduce to the following form.

K* . q = f*-t _ -t
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Here, the effective stiffness matrix ~t is given by

(31)

and the effective load fector f* is given by
-t

ft = f(~t'~) + ~. [s1t qt + 2~ ~tJ

(32)

In equations (30-32) quantities associated with configuration C1 are

denoted with the subscript t, and those associated with configuration

C2 with the subscript T. The tangent stiffness matrix ~t is equal

to l~E + l~G' From equation (29), the vector f(~t' ~T) is given by

A detailed derivation of equations (30-32) may be found elsewhere [ 1 J.

Newmark1s operator has been used extensively, and its stability

and accuracy characteristics in linear analysis have been documented

[13J. However. the stability limits may no longer be valid in non-

linear analysis. Moreover, the accuracy of the response in nonlinear

analysis will depend on the type of nonlinearity, the solution scheme,

and the iteration process, so that the accuracy and stability of the

operator for nonlinear analysis can be studied only by numerical

experimentation.

A number of operators can be obtained by specifying various

values of the parameters sand y. The "cons tant average acceleration"

operator with S = 1/4, y = 1/2 has been shown to be unconditionally

stable for linear analysis. It is possible to introduce artificial
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viscous effects by specifying a damping parameter 0 [ 13 J. In most

cases, however, viscous effects in structures will be introduced

explicitly through a damping matrix, ~t.

2.5.2 Integration Algorithm with Iteration

With Newmark's operator, an integration algorithm can be

designed in which iterations are performed within a time step to satisfy

equilibrium subject to a specified tolerance. The solution algorithm

is shown in Table 2. If the time step is sufficiently small, it may not

be necessary to reformulate the effective stiffness matrix ~t of

equation (31) at every time step, and it can be retained unchanged over

several steps.

2.5.3 Damping Matrix

The damping matrix for a typical finite element can be derived

by procedures analogous to those used for the element stiffness,

provided internal damping characteristics are specified. A possible form

for the damping matrix is

o c (34)

in which Sm' So and ST are proportionality factors; 0 is the

elastic constitutive tensor; and ~ is the tangent constitutive tensor

in configuration C1 • The first integral term in this equation defines

a mass proportional damping matrix, whereas the second and third terms

give damping matrices proportional to the initial elastic stiffness

and the current tangent stiffness matrices, respectively.
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3. COMPUTATIONAL STEPS

3.1 INTRODUCTION

In this chapter, the computational tasks involved in the

nonlinear analysis problem are discussed. An overall solution strategy

defined in terms of a number of control parameters is then outlined,

and significance of these parameters is discussed in detail. Several

solution schemes obtained by specifying different values to the control

parameters are also presented.

3.2 COMPUTATIONAL TASKS

The nonlinear analysis problem involves three major tasks

embedded in an overall solution strategy. These tasks are (a) lineari­

zation, (b) equation solution, and (c) state determination.

The evaluation of the tangent stiffness matrix in static

analysis, or of the effective stiffness matrix in dynamic analysis,

constitutes the linearization phase. The finite element formulation of

the stiffness matrices has been presented in Chapter 2, and the form of

the effective stiffness matrix using Newmark's operator for dynamic

analysis has been considered.

The computation of an effective load vector, and the solution

of a set of linear equations to determine a displacement increment

constitute the equation solution phase. Formulas for the load vectors

in static and. dynamic analysis have been presented. Techniques for

solving linear equations are well known and need not be discussed here.

A particularly efficient algorithm for a symmetric matrix decomposition

has been presented in [ )4 1 for in-core operation, and in [ 15 ]

for out-of-core operation. This algorithm has been incorporated in the

computer program.
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When the displacement increment is computed, it is necessary to

calculate the corresponding increments in stress and strain, and thus

obtain a new state. This is the state determination phase. The

relationships for computing strain increments from displacement

increments have been stated earlier in Chapter 2. The problem of

computing a stress increment from a given strain increment involves the

material constitutive relationship, and for materials with dependence

on strain history, the question of path dependence needs careful

cons i derat ion. For such materi a1s, a "true" 1oadi ng path can be

followed by using the step-by-step procedure with very small load steps .

. However, if an iterative procedure is used with large or moderately

large load steps, it may be important to distinguish between "path

dependent" and "path independent" state determinations.

3.2.1 Path Dependent and Path Independent State Determination

With path dependent state determination, the stresses are

updated at the end of each iteration, based on the strain increments

computed for that iteration. In contrast, with path independent state

determination the stress increment is computed for all strain increments

accumulated up to any iteration, and the stresses are updated only

after the iteration process has converged. For cases in which the

strains increase monotonically during iteration, the results with the

two types of state determination can be expected to be in close

agreement. However, if the strains do not increase monotonically, the

two methods may give significantly different results. Path dependent

state determination appears to be more consistent for Newton-Raphson

iteration, whereas for Constant Stiffness iteration it is more logical

to use path independent state determination.
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3.3 SOLUTION STRATEGY

In the general case, the nonlinear response will be computed by

a combination of the step-by-step and iterative procedures. Depending

on the degree of nonlinearity, equilibrium iterations mayor may not be

needed, and the tangent or effective dynamic stiffness matrix mayor may

not be reformulated in every step. Because of the large computational

effort typically required for decomposition of the tangent stiffness

matrix, it will usually be desirable to seek a strategy in which the

number of stiffness matrix reformulations is minimized. Nevertheless,

in some cases it may also be necessary to consider the computational

effort for the state determination calculations.

Basically, there are only two solution procedures included in

the computer program, namely (a) Newton-Raphson iteration and (b) Constant

Stiffness iteration; the step-by-step procedure is treated as a special

case of Newton-Raphson iteration. However, it is possible to obtain a

number of solution schemes by specifying different values to the control

parameters, as described in the following section.

3.3.1 Parameters of the Solution Strategy

The control parameters are as follows:

(a) Number of steps (NSTEP). For static analysis, this parameter is

the number of equal load steps. For dynamic analysis, it equals the

number of time steps.

(b) Type of iteration procedure (ITYP). This parameter takes a value

of zero for Newton-Raphson iteration and a value of one for constant

stiffness iteration. If a value greater than one is assigned, constant

stiffness iteration with the alpha-constant acceleration scheme will be

used. The value of the parameter is then used to control reinitia1ization
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of the scaling matrix (a matrix). Reinitialization to a unit matrix

is carried out if the number of iterations before convergence exceeds

the value of the parameter.

(c) Type of state determination (KPATH). This parameter controls the

state determination process for elasto-plastic materials. For Newton­

Raphson iteration, only path dependent state determination can be used,

and the parameter is ignored. For constant stiffness iteration the

parameter takes a value of zero for path independent and one for path

dependent state determination.

(d) Stiffness reformulation code (KRUSE). As noted in the preceding

section, if the load step or time step is sufficiently small, then the

tangent stiffness matrix may be kept constant over several steps. The

value of this parameter can be used to control the frequency of stiff­

ness reformulation. If the parameter is assigned a value of zero, then

the tangent stiffness matrix or the effective matrix from the

preceding step will be retained. If a value equal to n (n :: 1) is

specified, the stiffness matrix will be undated every n steps.

(e) Maximum number of iteration cycles within a step (MAXCYC). This

parameter specifies the number of stiffness updates (cycles of iteration)

permitted during constant stiffness iteration within a load step or

time step. Typically, for Newton-Raphson iteration, this parameter

will be assigned a value of one. However, with constant stiffness

iteration it may be expected that convergence will be slow and that the

stiffness may need to be updated occasionally. If convergence is not

attained within a specified number of iterations, the stiffness will

be updated, and a new "cycle!' of iteration, with a new constant stiff­

ness, will begin. If the solution does not converge after a specified
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number of iteration cycles, the solution will typically be terminated,

although continuation with the next load step may be specified through

use of the parameter IQUIT.

(f) Maximum number of iterations per cycle (MAXIT). This parameter

controls the maximum number of iterations permitted in each iteration

cycle.

(g) Fine convergence tolerance (TOlF). This parameter defines the

convergence tolerance in the last load step of any series for static

analysis. For dynamic analysis it specifies the convergence tolerance

to be used in certain time steps, the frequency of which is controlled

by the parameter NITF. The convergence criterion is based on residual

load in any iteration.

(h) Coarse convergence tolerance (TOl). This convergence tolerance is

used in all steps except the last in static analysis, and in all time

steps except those at the specified frequency in dynamic analysis. This

tolerance can be specified to be equal to the finer tolerance, TOlF,

if desired, but will commonly be larger.

(i) Stiffness reformulation tolerance (TOlK). In certain cases it may

be desirable to perform, in any load step, Newton-Raphson iterations

initially, but as the changes in stiffness become progressively smaller,

to retain the same stiffness and convert the solution procedure to

constant stiffness iteration. With Newton-Raphson iteration, if the

residual load vector at the end of any iteration satisfies this

tolerance criterion, the previous stiffness will be retained until

convergence.

(j) Frequency of time steps for fine convergence tolerance (NITF).

This parameter controls the time step interval in dynamic analysis, at
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which iteration will be performed to satisfy the fine convergence

tolerance, TOlF.

(k) limit on displacement increment (DISlIM). It may be desirable to

limit increments of displacement during any step of iteration. In most

structures, it is possible to identify a principal component of dis­

placement, which may be controlled using this parameter.

(1) Execution termination code (IQUIT). If convergence is not obtained

within the specified number of iteration "cycles" and iterations per

cycle, then it may be desirable to terminate execution to prevent waste

of computer time. This parameter is assigned a value of one to

terminate execution, or a value of zero to proceed to the next load

step or time step.

3.3.2 Solution Schemes

By assigning appropriate values to the parameters described in

the preceding section, it is possible to construct a variety of solution

schemes. The basic procedures and some of the mixed solution procedures

are identified in this section, and values of the parameters for these

schemes are suggested in Table 3. The tolerances are rather loosely

identified as "sma ll", "moderate" or "l arge". Specific values of these

tolerances will be influenced by the particular structure being analyzed.

Some solution schemes are as follows:

1. Step-by-step procedure (without iteration) with stiffness

reformulation every step.

2. Newton-Raphson iteration.

3. Constant stiffness iteration with stiffness reformulation

every step.

4. Constant stiffness iteration using initial elastic stiffness

throughout.
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5. Step-by-step procedure with stiffness reformulation every

step, but with constant stiffness iteration in the last load step for

static analysis, or at specified time step intervals for dynamic analysis.

6. Automatic stiffness reformulation procedure, in which the

stiffness is reformulated only if convergence is not obtained in a

specified number of constant stiffness iterations.

7. Mixed iteration procedure in which Newton-Raphson

iterations are followed by constant stiffness iterations.

All of these schemes can be used for either static or dynamic

analysis. A limit on the displacement increment in any iteration may

be specified, and for schemes with constant stiffness iteration the

alpha-constant acceleration scheme may be used. Different convergence

tolerances may be specified to obtain results more accurately in some

steps than in others.
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4. ADDITION OF ELEMENTS TO PROGRAM

4.1 INTRODUCTION

The computer program is organized so as to facilitate addition

of new elements to the existing element library of the program. For

this purpose, the program is divided into two parts, namely, (1) the

base program consisting of a series of subroutines performing specific

tasks required for static and dynamic analysis, and (2) a number of

auxiliary programs, each program consisting of a package of subroutines

required for a specific type of finite element in the element library.

The user wishing to add a new element to the library is mainly concerned

with the structure and organization of the auxiliary program, which will

be described in the subsequent sections. The organization of the base

program will not be described in this report; however, sufficient details

will be given to provide an understanding of the linkage and information

transmittal between the base program and the auxiliary program.

4.2 TRANSMITTAL OF INFORMATION

During input, the elements are arranged into groups, such that

all elements in any group are of the same type. Depending on the type

of element, the base program refers to the package of subroutines of

the aUXiliary program, at various phases of the computation. Information

is transmitted to or returned from the subroutines of the auxiliary

program through the argument lists and through labelled COMMON blocks.

For each element, a block of information is created, and is

continually updated. All information to be retained for any element

must be contained within this block. Because the core storage will

usually be inadequate to store the information blocks for all elements,
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this information must be retained on secondary storage, usually a disc

file, and retrieved from time to time. If each element information

block were to be individually transmitted to or retrieved from the

disc file each time it is required during computation, the number of

input-output operations would be excessive. Therefore, to reduce the

I/O cost, the base program automatically assembles IIsuperll blocks of

element information, each super block consisting of as many element

information blocks as can be fitted into the available core storage.

If the information for all elements can be held in core, there is no

need to use a disc file, and hence there is no I/O cost associated

with transmittal of element data to a disc.

The base program transfers the element information to a

subroutine in the auxiliary program through the array CaMS in the

argument list. The address assigned to the array CaMS in the base

program corresponds to the first word of information for the

corresponding element. To transfer the data from the CaMS array to

the element information block, the following FORTRAN statements must

appear at the beginning of each auxiliary subroutine.

COMMON/INFEL/IMEM, .

DIMENSION CaMS (1), COM (1)

EQUIVALENCE (IMEM, COM (1))

DO 100 J = 1, NINFC

100 COM (J) = COMS (J)

in which NINFC = number of words in the COMMON block INFEL. The contents

of the block INFEL will be described subsequently.

The data within the block INFEL will usually be updated during

computations in the subroutine, so that it is necessary to transmit the
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updated data back to the array COMS at the end of the subroutine. This

is achieved through the following FORTRAN statements.

DO 200 J = 1, NINFC

200 COMS (J) = COM (J)

It may be noted that in most cases only a part of the data is updated.

Hence, it may be more efficient to transfer the modified data selectively.

However, it can be expected that the computer time required to transfer

data from array COMS to the block INFEL, and vice versa, will be a

small proportion of the total execution time.

4.3 LABELLED COMMON BLOCKS

4.3.1 COMMON Blocks

The labelled COMMON blocks used in subroutines of the

auxiliary program are as follows.

(a) COMMON/TAPES/NIU, NOU, NT1, NT2, NT3, NT4, NT5, NTEMP

(b) COMMON/INFEL/IMEM, KST, LM( ... ), ...

(c) COW~ON/WORK/WORK (2000)

4.3.2 Input/Output Unit Block (/TAPES/)

This block contains disc file units assigned by the base

program. These should not be changed in any of the subroutines of the

auxiliary program. NIU is the input unit to read data and NOU is the

output unit to print data; whereas disc units NTl through NT5 are used

by the base program as scratch files for manipulation of data. Unit

NTEMP is a temporary storage/retrieval disc available to the programmer

during execution of the auxiliary program. If this unit is used in

any auxiliary subroutine, it must be positioned at its starting point

by the statement REWIND NTEMP before control is returned to the base program.
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4.3.3 Element Information Block (/INFEL/)

This block contains all data to be retained for any element.

The data can be arranged by the programmer in any desired order except

for the following restrictions.

(1) The first word of the block must be the element number.
The variable name IMEM is suggested.

(2) The second word must be the stiffness update code, as
explained subsequently. Variable name KST is
suggested.

(3) The third word must be the first word of the element
location matrix. The suggested variable name is LM.
The length of the vector LM equals the number of
degrees of freedom of the element.

The remaining data of the block INFEL can be arranged in any

desired order. This data will typically consist of element material

properties, nodal coordinates, strain-displacement transformation

matrices, current stiffness matrix, strains and stresses at

integration points, envelope values of stresses and strains, plastic

strains, etc.

4.3.4 Work Block (/WORK/)

This block provides a core area for use by the programmer. The

work area provided by this block can be used for storage and

manipulation of data during execution of any subroutine in the

auxiliary program. Because this area is also used for temporary data

storage by subroutines of the base program, it must not be used to

transfer data between auxiliary subroutines.

4.4 AUXILIARY PROGRAM

4.4.1 General

Each auxiliary program consists of a package of subroutines

required for a specific type of finite element. Each program consists
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of four main subroutines, as follows.

(a) INEL:

(b) STIF:

(c) RESP:

(d) OUT:

Input and initialization of element information.

Formation of element tangent stiffness in static
analysis, or of element effective stiffness in
dynamic analysis.

Computation of element deformations (strains) and
actions (stresses); determination of yield status;
updating of element information; computation of
equivalent nodal loads in equilibrium with the
current state of stress; computation of equivalent
damping loads; and printing of strain and stress
results. As will be explained subsequently, con­
trol is exercised by the base program to perform
selectively anyone or a combination of the above
operations.

Output of envelope values of element deformations
(strains) and actions (stresses) at specified
load increments in static analysis or at specified
time intervals in dynamic analysis.

Each of these four routines must be identified by a number

designating the element type, suffixed to the subroutine name. For

example, the names of subroutines for the element type 1 must be INEL1,

STIF1, RESPl and OUT1. The programmer can also write, if needed,

additional secondary subroutines which are referenced by anyone of the

four main subroutines. At the end of such a subroutine control will be

returned to a main subroutine, whereas at the end of a main subroutine

control will be returned to the base program. Information may be

transferred to and from secondary subroutines through argument lists,

through the WORK common block, or through other labelled COMMON blocks

created specifically for such information transfer.

Explanations of the tasks performed by each of the main sub­

routines, and the meanings of the variables of the argument lists, are

given in the following sections.

37



4.4.2 Subroutine 1NEL

This subroutine is referenced by the base program once for

each group of elements of the corresponding element type. For example,

subroutine 1NELl will be called once for each group of elements

containing elements of type 1.

The purpose of the subroutine is to read the input data for

all elements in the group, and to initialize the variables in the

element information block 1NFEL.

The subroutine requires labelled COMMON blocks TAPES and

1NFEL. The labelled COMMON block WORK may be used if desired. The

argument list is as follows.

LPAR: A vector of dimension 10, which upon entry contains up to
10 control parameters for each element group.

FLPAR: A vector of dimension 6 which upon entry contains up to 6
control parameters for each element group.

NDOF: Number of element degrees of freedom.

N1NFC: Number of words of information stored for each element in
the element group. This number equals the length of the
labelled COMMON block 1NFEL for elements of the type being
considered.

NJT: Total number of nodes in the structure. This value is assigned
by the base program.

NDKOD: An array of dimension (NJT x 6), which upon entry contains
the numbers of the structure degrees of freedom. That is,
NDKOD (1,1) thru NDKOD (1,6) contain the numbers of the
structure degrees of freedom corresponding to the X displacement,
Y displacement, Z displacement, X rotation, Y rotation and
Z rotation, respectively, at node I. These values are
generated by the base program, and must not be changed in
the auxiliary program.

X,Y,Z: Vectors of dimension NJT each, which upon entry contain nodal
coordinates. That is X(I), Y(I) and Z(I) contain the X, Y
and Z coordinates, respectively of node I. These values are
generated by the base program, and must not be changed in
the auxiliary program.

The title card of the subroutine, for example for element

type 1, must be as follows.
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SUBROUTINE INEL 1 (LPAR, FLPAR, NDOF, NINFC, NDKOD, X, Y,Z, NJT)

The values of the control parameters in vectors LPAR and

FLPAR are established within the base program by reading the first data

card of each element group using a (10I5, 6F5.0) format. The first

three control parameters in LPAR and the first two control parameters

in FLPAR are stored by the base program as control parameters for the

element group, and are used subsequently. These parameters must be

as follows.

LPAR(l): A number identifying the type of element in the group. For
example, if 4 is entered, the subroutines called for this
group will be INEL4, STIF4, RESP4 and OUT4. Presently, this
parameter can be assigned values 1 through 10.

LPAR(2): Number of elements in the group.

LPAR(3): Element number of the first element in the group.

FLPAR(l): Initial stiffness damping factor So'

FLPAR(2): Current tangent stiffness damping factor ST'

All other words in LPAR and FLPAR can be assigned values, as needed, by

the programmer. For example, in the currently developed two dimensional

variable node finite element, the remaining words in LPAR are the number

of material property sets, the number of nodes for each element in the

group, the integration order in local r-direction, the integration

order in local s-direction, the indicator for type of behavior (i .e.

plane stress, plane strain or axisymmetric), the number of plastic

strain increments for numerical integration during plastic loading, and

the order of Runge-Kutta integration for numerical integration during

plastic loading. These remaining control parameters are not retained

by the base program for subsequent use, so that they must be stored as

part of element information block INFEL if they are required later in

the program.
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All sUbsequent data for the elements are read within the

subroutine INEL, with the sequence and input formats to be decided by

the programmer.

The following steps must be performed within the

subroutin~.

(a) Set the values of the variables NDOF and NINFC.

(b) If desired, establish reference tables of material
properties, fixed end forces, initial stresses etc. for
later use in specifying properties for each element. The
WORK block may be used to store these tables temporarily.

(c) Specify properties of each element in the group. This
data will typically consist of node nu~bers, material
properties, the initial state of stress, an indicator
for inclusion of large displacement effects, etc. Any
reference tables established in (b) may be used.
Generation options may be incorporated, provided the
elements are generated in element number sequence and
information for only one element at a time is stored in
the COMMON block INFEL.

(d) For each element, the folloWing initialization operations
must be performed.
(1) Set up the element location matrix, LM, within the
COMMON block INFEL. This can be done with reference to
the numbers of the structure degrees of freedom contained
in the array NDKOD, and the element node numbers.
(2) Set IMEM to the element number within the group. Set
the stiffness update code KST to one (KST = 1).
(3) Set any status indicators established within the COMMON
block INFEL to appropriate values. Such indicators will
typically be used to indicate whether or not large displace­
ment effects are to be considered; to monitor yield status;
to control printing of stress-strain history results; etc.
(4) Compute and save, within the block INFEL, strain­
displacement transformation matrices for formation of
el~ment stiffness terms and for state determination
calculations to be carried out in the auxiliary routines
STIF and RESP, respectively. It should be noted that the
nodal coordinates X, Y, Z are not transferred by the base
program to the auxiliary routines STIF and RESP. However,
the programmer may retain the nodal coordinates for the
nodes to which the elements connects, as part of the INFEL
block, if desired.
(5) Call SUbroutine BAND with the statement

CALL BAND (LM, NDOF)
This permits the base program to establish information on the
profile of the structure stiffness matrix. This call must be
made subsequent to the setting up of the element location
matrix LM.
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(6) Call subroutine COMPACT with the statement
CALL COMPACT

This transfers data from the INFEL block to a disc file
assigned by the base program. This call must be made after
the element information in the block INFEL has been fully
initialized. It transfers the first NINFC words of the
block to the scratch file.

4.4.3 Subroutine STIF

This subroutine is referenced by the base program each time

a change in element stiffness is to be calculated, unless the solution

control parameters are such that the structure stiffness from a

previous step is to be retained. The subroutine is referenced in the

following situations .

. (a) For the first step in either a static analysis or a dynamic
analysis, the subroutine is referenced by the base program
once for each element. For static analysis, the load steps
are numbered sequentially in decreasing order by the base
program (ISTEP = 0, -1, -2, ... , etc.) whereas for dynami c
analysis the time steps are numbered sequentially in
increasing order (ISTEP = 1, 2, 3, ... , etc.). Thus, when
ISTEP = 0, the subroutine is called once for each element
to form the initial elastic stiffness; whereas when
ISTEP = 1, it is called once for each element to form the
effective stiffness matrix, which includes contributions
due to the inertial and/or damping matrix terms.

(b) The static solution control parameters or the dynamic
solution control parameters determine the frequency with
which the subroutine will be referenced. Situations will
arise when the solution control parameters specify no
reference to the subnoutine even when a stiffness change
is indicated for one or more elements. However, these
situations are dealt with in the base program.

As with the subroutine INEL1, the subroutine STIFl will be

called for elements of type 1. The purpose of the routine is to

compute a change in element stiffness, and transfer this change to the

base program for subsequent assembly into the structure stiffness matrix.

Because the structure stiffness matrix is not necessarily updated at

every load step, time step, or iteration 3 the change in the element

stiffness must reflect the change since the last update.
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The subroutine requires the labelled COMMON block INFEL. The

labelled COMMON block WORK may be used if desired. The argument list is

as follows.

rSTEP: Load step number, or time step number. This value is assigned
by the base program.

FK:

INDFK:

NDOF: See Section 4.4.2. This value is now assigned by the ba;;e
program.

NINFC: See Section 4.4.2. This value is now assigned by the base
program.

CDKO: Value of constant a4 60 to be used in computing the
contribution of the damping terms to the effective stiffness
matrix in dynamic analysis (See Table 2). This value is
assigned by the base program.

CDKT: Value of constant a46T to be used in computing the con­
tribution of the damping terms to the effective stiffness
matrix in dynamic analysis (See Table 2). This value is
assigned by the base program.

COMS: A vector of dimension NINFC, which upon entry contains the
element information. The address assigned to COMS in the
base program corresponds to the first word of information
for the element.

An array of dimension of at most (NDOF x NDOF), into which is
to be placed the change in the element stiffness matrix since
the last update. See explanation below.

Indicator to specify the storage arrangement of the element
stiffness matrix in the array FK. The programmer is required
to assign a value of zero or one to INDFK in this subroutine,
as explained in the following.

The element stiffness matrix can be stored in the array FK either (1) as

a square symmetric matrix of dimension (NDOF x NDOF) or (2) as a vector

in which the columns of the lower part of the symmetric stiffness matrix

are stacked together compactly. The number of words in the vector of

form (2) will be NDOF x (NDOF + 1)/2. The programmer is required to

assign, to INDFK, a value of zero if the element stiffness is stored as

in (1), or a value of one if the element stiffness is stored as in (2).

The base program uses INDFK in the assembly of the element stiffness

matrix into the structure stiffness matrix.
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The title card of the subroutine, for example for element

type 1, must be as follows.

SUBROUTINE STIF 1 (ISTEP, NDOF, NINFC, CDKO, CDKT, FK, INDFK)

The following steps must be performed within the subroutine.

(a) Transfer the data from the array CaMS to the element
information block INFEL. The procedure explained in Section
4.2 must be used.

(b) Set INDFK to zero or one, as appropriate.

(c) For static analysis (ISTEP50), compute the change in the
element tangent stiffness matrix. When ISTEP = 0, this
change equals the initial elastic stiffness matrix. For
dynamic analysis (ISTEP2 1), compute the change in the
element effective stiffness matrix. Store the change in
array FK, the storage scheme depending on the value assigned
to INDFK.

( d) Set the stiffness update code (KST) to zero.
other data in the COMMON block INFEL.

Update any

(e) Transfer the informatiDn in the block INFEL to the array CaMS.
The procedure explained in Section 4.2 must be used.

4.4.4 Subroutine RESP

This subroutine is referenced by the base program for each

element at each interation within a load step in static analysis, and

at each interation within a time step in dynamic analysis.

As with the subroutine INELI, the subroutine RESPI will be

called for elements of type 1.

The tasks to be performed in this subroutine are: (Tl) compute

the element deformations (strains) and actions (stresses); (12)

determine the change of status if any; (T3) compute equivalent nodal

loads in equilibrium with the current state of stress; (T4) compute

equivalent damping loads; (T5) accumulate envelope values of element

deformations (strains) and actions (stresses); (T6) update the element
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information; and (T7) print the strain and stress results. As explained

subsequently, the base program specifies, through the indicator KUPD, which of

the above tasks should be performed at any iteration in a load step or time step.

The subroutine requires the labelled COMMON blocks TAPES and INFEL.

The labelled COMMON block WORK may be used if desired. The argument list for

this routine is as follows.

NDOF:

NINFC:

MFST:

KPR:

COMS:

Q:

VEL:

ACC:

FE:

FD:

TIME:

See Section 4.4.2. This value is assigned by the base program.

See Section 4.4.2. This value is assigned by the base program.

Element number of the first element in the group. This value is
assigned by the base program, and equals the control parameter LPAR(3).
See Section 4.4.2.

Print indicator for element stress and strain results. This value
is assigned by the base program. KPR is set equal to zero if the
results are not to be printed, otherwise, it is set equal to the
element group number.

A vector of dimension NINFC, which upon entry contains the element
information. The address assigned to COMS in the base program corresponds
to the first word of information for the element.

A vector of dimension NDOF, which upon entry contains the increments
in the element nodal displacements.

A vector of dimension NDOF, which upon entry contains the element nodal
velocities.

A vector of dimension NDOF, which upon entry contains the element nodal
accelerations.

A vector of dimension NDOF, in which the nodal loads in equilibrium
with the current state of stress must be returned.

A vector of dimension NDOF, in which the damping loads at the element
nodes must be returned.

~ime, in seconds, at the current time step. This value is assigned
by the base program. In static analysis, TIME = 0.0.

DKO: Initial stiffness damping factor, Bo ' This value is assigned by the
base program.

44



DKT:

C7:

C8:

KUPD:

Tangent stiffness damping factor, ST. This value is assigned
by the base program.

Value of a constant to be used in computing the contribution
of damping to the effective load vector in dynamic analysis.
This equals (as-1) as shown in Table 2. This value is
assigned by the base program.

Value of constant a6 to be used in computing the
contribution of damping to the effective load vector in
dynamic analysis, as shown in Table 2. This value is
assigned by the base program.

An indicator controlling which task or combination of tasks
is to be performed in this routine, as explained subsequently.
The base program sets KUPD to a value of 1 through 4.

KITRN: An indicator specifying the form of the effective load
vector in dynamic analysis. This value is assigned by the
base program. If KITRN = 0, the effective load vector is
required to be computed as in step 4 of Table 2. If
KITRN = 1, the effective load vector is required to be
computed as in step 7 of Table 2.

The values of MFST and KPR should be used by the programmer to print the

element group number and an appropriate heading when the element stress

and strain results are printed. Additionally, the programer can print

selectively the results for certain elements within the group, with the

aid of appropriate indicator stored as part of the element information.

The indicator KUPD is required to be used as follows, in

performing the tasks (Tl) through (T7) specified earlier.

(1) KUPD = 1:

(2) KUPD = 2:

(3) KUPD = 3:

(4) KUPD = 4:

Perform tasks (Tl) through (T7)

Perform tasks (Tl) through (T4) and (T7)

Perform task (T7) only

Perform tasks (T3), (T4) and (T7)

The computation of damping stresses and equivalent nodal

loads due to damping is to be performed in dynamic analysis only

(i .e. when TIME> 0.0).

The title card of the subroutine, for example for element

type 1, must be as follows.
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SUBROUTINE RESPl (NDOF, NINFC, MFST, KPR, CaMS, Q, VEL, ACC,
FE, FD, TIME, DKO, DKT, C7, C8, KUPD,
KITRN)

The following steps must be performed within the subroutine

(a) Transfer the data from the array CaMS to the element
information block INFEL. The procedure explained in
Section 4.2 must be used.

(b) Perform the task (Tl) through (T7), depending on the value
of the indicator KUPD. If the el~ment changes its status
because of material yielding or unloading, set the stiffness
update code (KST) to one. If large displacement effects
are included for the element, KST must always be set to 1,
because there will be a continuous change in the element
geometry and hence in its stiffness. KST must be set prior
to updating the element information in the block INFEL
(i.e. prior to performing task (T6)).

(c) Transfer the information in the block INFEL to the array CaMS.
The procedure explained in Section 4.2 must be used. The
transfer of this information must be carried out only if
KUPD = 1.

4.4.5 Subroutine OUT

This subroutine is referenced by the base program for each

element at selected static load increments and at specified time step

interval s.

As with the subroutine INEL1, the subroutine OUTl will be

called for elements of type 1.

The purpose of this routine is to print the envelope values

of stresses, strains and the corresponding times at which these maxima

have occurred. The sequence and formats for printing these results are

to be decided by the programmer. If the programmer decides to omit

storing envelope values and corresponding times in the block INFEL, a

dummy OUT subroutine must be supplied.

The subroutine requires the labelled COMMON blocks TAPES and

INFEL. The labelled COMMON block WORK may be used if desired. The

argument list is as follows.
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NINFC:

MFST:

See Section 4.4.2. This value is assigned by the base program.

See Section 4.4.4. This value is assigned by the base program.

CaMS: A vector of dimension NINFC, which upon entry contains the
element information. The address assigned to CaMS in the
base program corresponds to the first word of information
for the element.

The title card of the subroutine, for example for element

type 1, must be as follows.

SUBROUTINE OUTl (CaMS, NINFC, MFST)

The following steps must be performed within the subroutine.

(a) Transfer the data from the array COMS to the element
information block INFEL. The procedure explained in
Section 4.2 must be used.

(b) Print an appropriate heading for the results if IMEM equals
MFST.

(c) Print the envelope results.

4.5 CONCLUDING REMARKS

The preceding sections describe the organization of the

auxiliary program, and the required transfers of information between

the base program and the auxiliary program. The auxiliary program is

structured so as to provide considerable flexibility to the programmer,

except for certain rules regarding arrangement of data in the element

information block and its transfer within the auxiliary subroutines.

Listings of two auxiliary programs, one for a three

dimensional truss element and the other for a two dimensional 4-to-8

node finite element can be studied to aid in understanding of the

organization of the auxiliary program.
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5. SAMPLE APPLICATIONS

The results of the analyses of a number nonlinear structures

are presented in this chapter. The main objective of these analyses

has been verification of the program features and the various solution

schemes implemented in the program. Wherever possible, the results

have been compared with experimental, analytical and/or numerical

results obtained by other investigators.

The structures analyzed include simple truss-bar systems

and more complex plane and axisymmetric finite element systems.

Structures with only geometric nonlineJrity, \>\Iith only material

nonlinearity, and with combined material and geometric nonlinearity

are included. Load-displacement relationships of both softening and

stiffening types have been considered, and responses under both static

and dynamic loadings have been computed. In most example analyses the

results have been obtained using more than one solution scheme.

5.1 TRUSS-SPRING PROBLEM - LARGE DISPLACEMENT ELASTIC STATIC RESPONSE

Figure 4 shows the load-displacement response of a simple,

geometrically nonlinear two-bar truss. The response was first obtained

under an apex load of up to 48 lbs. using a load step of 1 lb. and

Newton-Raphson iteration in each step. The solutions were repeated

with loads steps of 3 lbs. and 6 lbs., and identical responses were

obtained. In all cases convergence was fast, requiring an average

of two to three iterations per load step with a specified tolerance

of 0.01 lb. for the norm of the residual load vector. The Newton-Raphson

iteration procedure required totals of 99, 41 and 26 stiffness

formulations, and equal numbers of state determinations, for load steps

of 1 lb., 3 lbs. and 6 lbs., respectively.
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Excellent agreement between the present results and those

of Noor [16 ] and Stricklin et al [ 17 ] was obtained, as shown in

Fi g. 4. For the present study, the response was also computed

with constant stiffness iteration using the initial elastic stiffness,

a load step of 6 lbs. and the alpha-constant acceleration scheme.

Convergence was obtained in this case with an average of nine iterations

per step, and the response was indistinguishable from that obtained

with Newton-Raphson iteration. However, the process failed to converge

beyond a load of 42 lbs. within a limit of 20 iterations.

The results of the Newton-Raphson iteration and the constant

stiffness iteration with over-relaxation, using a load step of 6 lbs.,

are given in Table 4 and are compared with those of Stricklin and

Noor. As can be seen, the agreement is very close.

5.2 TWO-BAY PLANE TRUSS - LARGE DISPLACEMENT ELASTO-PLASTIC STATlC AND
DYNAMIC RESPONSE

A two-bay plane truss, as shown in Fig. 5 ,has been

analyzed considering both large and small displacements. In each case

the truss members were assigned an elasto-plastic constitutive

relationship of Ramberg-Osgood type, with the parameters indicated in

Fi g. 5 . This relationship was modelled by decomposing it into a

number of elastic-perfectly plastic components acting in parallel. The

response of the truss under both static and dynamic loadings has been

computed. The results are as follows.

(a) Static Response: Hgure 6 shows the vertical

displacement response obtained using a load step of 1 kip, and using

(1) for large displacements, constant stiffness iteration with

stiffness reformulation every step; (2) for large displacements,
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step-by-step with equilibrium correction and stiffness reformulation

every step but no iteration; (3) for small displacements, constant

stiffness iteration with stiffness reformulation whenever the

structure yields. For iteration the convergence tolerance was specified

to be 0.05 kip. Convergence was rapid, requiring an average of 4

iterations per step beyond a load of 6 kips, with almost linear behavior

below 6 kips. The number of stiffness reformulations in each of the

three cases were 11, 11 and 5, respectively, for 11 load steps.

With large displacement effects, the response shows very

close agreement with results obtained by Noor [ 16 J. As can be seen

from Fig. 6, the effect of large displacements on the e1asto-p1astic

response of the truss is small for the range of loading considered.

The solution at a load of 10 kips is compared with those of Goldberg

et a1 [ 18 J and Noor [ 16 J in Table 5. Again, the agreement is

close.

(b) Dynamic Response: The dynamic response of the truss

to a step load of 10 kips is shown in Fig. 7 A lumped mass

idealization was used, with the mass of each element lumped at the

element ends. Newmark's average constant acceleration method (s = 1/4,

y= 1/2, 0 = 0) was used, and the response was computed considering

both large displacements and material nonlinearity.

The response was computed using three different time steps,

namely, ~tl = 62 ~secs, ~t2 = 124 ~secs and ~t3 = 248 ~secs,

corresponding to ratios of To/laO, To/50 and To/25, respectively,

where To is the fundamental period of the elastic truss. The linear

response shown in Fig. 7 was computed using a time step of 124 ~secs

only. For the nonlinear analyses, step-by-step procedure with

equilibrium corrections was used, with the effective stiffness being
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reformed every step. With the time step of ~tl = 62 ~secs, the

residual loads at each step were small, so that the response can be

considered to be lIexact" for the purposes of comparison. The agreement

between the three response analyses can be seen to be close.

With the time step ~t3 = 248 ~secs, the analysis was

repeated with equilibrium iterations in each step. An average of

1.6 constant stiffness iterations per step were required. An indicated

in Fig. 7, this response closely matches that obtained with a time

step of 124 ~secs and no equilibrium iterations. Computationally,

the procedure with iteration and ~t3 = 248 ~secs required a total of

p 25 stiffness formulations and 40 state determinations, whereas

corresponding numbers for the procedure without iteration and

~t2 = 124 ~secs were 50 and 50, respectively. Hence, the solution

procedure with iteration proved to be computationally more efficient

in this case.

5.3 THICK CYLINDER UNDER INTERNAL PRESSURE - SMALL DISPLACEMENT
ELASTO-PLASTIC STATIC RESPONSE

An axially-restrained thick cylinder under internal

pressure is a classical example which provides a convenient means of

checking elasto-p1astic computations. Only small displacement effects

have been considered, and the material has been assumed to be elastic

perfectly plastic, with the von Mises yield criterion. The geometry
I

of the cylinder and the material parameters are'shown in Fig. 8 (a).

The finite element model of the cylinder is shown in Fig. 8 (b). Four

8-node axisymmetric finite elements were used through the thickness,

with 2 x 2 Gauss quadrature integration.

The response was computed for two different loading

sequences as follows:
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(a) Internal pressure increased monotonically in steps

of 0.5 lb/in2 until the plastic region extended through

3/4 of the thickness of the cylinder.

(b) Cyclic increments of pressure, namely,

P = 0.0 + 10.0 + 12.5 + 0.0 + -10.0 + -12.5 + 0.0

lbs/in 2 .

The outer surface radial displacements for monotonically

increasing pressure are shown in Fig. 9 The results obtained

with (a) Newton-Raphson iteration and (b) constant stiffness iteration

using the initial elastic stiffness are plotted. These results show

close agreement with an analytical solution given by Hodge and White
"

[ 19]. The Newton-Raphson iteration required an average of 1.6

iterations per step and a total of 17 stiffness formulations. The

constant stiffness iteration required an average of 7 iterations peT

step with only one stiffness formulation. In both cases the

iteration was carried out to a convergence tolerance of 0.01 lb/in2 .

Equilibrium iterations were required beyond a pressure of about

8 lbs/in 2 •

The distribution of stresses within the cylinder at a

pressure of 12.5 lbs/in 2 , when the plastic zone extended through half

of the thickness of the cylinder, is shown in Fig. 10. Again the

agreement between the results of the numerical solution and the results

of Hodge and White [19 ] is very close.

To obtain the response for cyclic pressure loading, the

constant stiffness iteration procedure using the initial elastic

stiffness was used. The results for the outer surface radial displace­

ments and stresses are shown in Figs. 11 and 12. Only the stress

52



distribution for the sequence of positive loading-unloading

(i .e. P = 0.0 + 10.0 + 12.5 + 0.0) are plotted, because the stresses

for negative loading-unloading were symmetrical with respect to the

initial state.

5.4 SHALLOW SPHERICAL CAP WITH APEX LOAD - LARGE DISPLACEMENT ELASTIC
STATIC AND DYNAMIC RESPONSE

The behavior of a spherical cap under concentrated apex load

has been studied for both static and dynamic loads. The geometry of

the shell and the material properties are shown in Fig. 13 . Only

geometric nonlinearity has been considered, and the material has been

assumed to be linearly elastic. The finite element model of the cap

consisted of ten 8-node axisymmetric elements, with 2 x 2 Gauss

integration. For the dynamic analysis a lumped mass idealization

was used and the integration was carried out using Newmark's average

constant acceleration method (6 = 1/4, y = 1/2, 8 = 0).

For the static analysis the effects of load step size and

iteration were studied. The results were compared with experimental

results and numerical solutions obtained by other investigators. For

the dynamic analysis, results were computed with different time steps

and the need for equilibrium iterations was studied.

(a) Static analysis: The relationship between apex load

and apex displacement is shown in Fig. 13. This response was

computed using two load step sizes, namely 1 lb. and 5 lbs., up to a

load of 100 lbs. For the load steps size of 1 lb., the simple step­

by-step procedure with equilibrium correction but without iteration

was used, with the stiffness reformed at each step. With the larger

load step of 5 lbs., the displacement was calculated using this same

step-by-step procedure and also using Newton-Raphson iteration.
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The behavior (shell parameter A = 6, A2 = /12(1-v)2 a2/(Rt))

as shown in Fig. 13 is highly nonlinear, with initial softening and

subsequent stiffening. The step-by-step procedure with a 1 lb. load

step yields results which are in close agreement with those of the

Newton-Raphson iteration using a 5 lb. load step. However, with the

5 lb. load step the step-by-step procedure showed considerable drift

from the true solution. The computational economy of the procedures

is indicated in Table 6

Figure 13 also shows a comparison with the numerical

results of Haisler et al [ 20 ] and the experimental studies of

Evan-Iwanovski et al [21 J. It should be noted, that the

experimental cap model had a shell parameter A = 6.23. The present

analysis also agrees fairly well with the finite difference solution

of Mescall [ 22 J.

(b) Dynamic analysis: The displacement response of the cap

subjected to a dynamic step load of 100 lbs. is shown in Fig. 14 .

The response was obtained using two different time steps,

namely, ~tl = 2 vsecs (approximately To/60) and ~t2 = 4 vsecs

(approximately To/30),where To is the fundamental period of the

cap. The following analyses were performed.

(1) Linear response (i .e. small displacement elastic

analysis) with time step ~tl'

(2) Linear response with time step ~t2'

(3) Nonlinear response using step-by-step procedure with

equilibrium correction but no iteration. The stiffness

was reformed every step, and the time step ~tl was used.

(4) Same as analysis (3), but with the time step ~t2'
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(5) Same as analysis (3), but with constant stiffness

iteration in each time step to a convergence tolerance

of 10 lbs. The results of this analysis are assumed to

be "exact" for the purposes of comparison.

The results are shown in Fi g. 14 for a time duration of 500 ]lsecs.

The linear responses obtained with the two time steps are

practically the same, except that some differences can be observed after

the third cycle of vibration. For the nonlinear response, with a time

step of 2 ]lsecs the difference between the response without iteration

(analysis (3)) and that with iteration (analysis (5)) is small up to a

duration of about 400 ]lsec; after which some amplitude decay and

period elongation for analysis (3) is observed. Analysis (4) yields

a response whi ch differs cons i derab ly from the "exact" response. Thi s

indicates a need to perform equilibrium iterations when larger time

steps are used.

Analysis (5) required an average of 4.1 iterations per step

to achieve convergence to the tolerance of 10% of the applied load.

Analysis (3) and (5) required equal numbers of stiffness formulations,

namely 250. Analysis (4) required 125 stiffness formulations but the

results were inaccurate.

5.5 SHALLOW ARCH WITH APEX LOAD - LARGE DISPLACEMENT ELASTIC STATIC
RESPONSE

The large displacement response of a shallow elastic arch

subjected to a concentrated apex load has been studied. The geometry

of the arch and the material properties are shown in Fig. 15.

The material was assumed to be elastic and isotropic. The finite

element model of the arch consisted of eight 8-node plane stress
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elements between the fixed end and the apex (i .e. symmetry was taken

into account), and 2 x 2 Gauss integration was used.

The purpose of this analysis was to estimate the buckling

load of the arch, and to compare the analysis with available

experimental results and analyses carried out by other investigators.

The effects of load step size and iteration were studied.

Figure 15 shows the displacement response with increasing

load. Two different load steps, namely 1 lb. and 5 lbs., were used.

Two different solution procedures ,,<Jere consi dered, namely (1) step-by­

step procedure with equilibrium correction but no iteration and (2)

constant stiffness iteration with stiffness reformed in each load step.

The results obtained are shown in Fig. 15 and compared with the

experimental results of Gjelsvik et al [ 23 ] and the numerical

results of Mallet et al [ 24 ]. The iteration procedure with a load

step of 5 lbs. failed to converge within 15 iterations and a tolerance

of 0.5 lbs. beyond a load of 30 lbs. With a load step of 1 lb., the

results without iteration and with iteration (tolerance = 0.1 lb.)

were almost identical. With a load step of 2.5 lbs. and iterations

(tolerance = 0.25 lb.) the results were again very close. However,

with a 5 lb. load step the results diverged from those of the other

procedures.

The computed results compare reasonably well with those of

Ma llet et a1 [ 24 ] and wi th experiment [ 23 ]. Dupui s et a1 [ 25 ]

have also analyzed the arch using 32 "degenerate" shell elements of the

type developed by Khojasteh-Bakht [ 26 ], with results showing

considerable deviation from experiment.
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5.6 CANTILEVER BEAM WITH UNIFORM LOAD - LARGE DISPLACEMENT ELASTIC
STATIC AND DYNAMIC RESPONSE

The response of a cantilever beam subjected to uniform

pressure has been computed, considering large displacement effects

but assuming the material to be linearly elastic. The cantilever

dimensions and material properties are given in Fig. 16 (a). The

finite element model of the cantilever is shown in Fig. 16 (b).

Five 8-node plane stress elements were used along the length, with

2 x 2 Gauss integration. A lumped mass idealization was used for the

dynamic analysis, with one fourth of the mass of each element lumped

at each of the four corner nodes. Newmark1s average constant

acceleration method (s = 1/4, y = 1/2, a = 0) was used for the dynamic

response.

The aim of the analysis was to study the effect of

equilibrium iterations, and in the case of static analysis to

compare the results with an analytical solution. In the dynamic

analysis, various ratios of time step to the initial elastic period

were investigated, and iterative schemes were explored.

(a) Static analysis: The computed tip displacement for

static loading is shown in Fig. 17 This response was calculated

using two solution schemes, namely (a) Newton-Raphson iteration, and

(b) the step-by-step procedure with equilibrium correction but no

iteration. In the step-by-step procedure the stiffness was reformed

every step. The total pressure of 10 lbs/in2 was applied in 20 equal

steps for the Newton-Raphson iteration, and in 100 steps for the

step-by-step procedure. The Newton-Raphson procedure required an

average of 3.5 iterations per step, and a total of 71, stiffness

formulations. Both results compare well with the analytical results

of Holden [ 27 J.
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(b) Dynamic analysis: The computed dynamic response of

the cantilever subjected to a step load is shown in Fig. 18.

The computations were carried out using two different

time steps, namely 6t 1 = 45 ~secs (= To/120) and 6t2 = 135 ~secs

(~ To/40), where To is the fundamental period of the cantilever.

The following analyses were considered:

(1) Small displacement analysis with 6t = ~t2 (i .e. linear

response) .

(2) Large displacement analysis using the step-by-step

procedure with equilibrium correction but no iteration.

Time steps of both ~tl and 6t2 were used, with the

stiffness being reformed every step.

(3) Same as analysis (2), but with constant stiffness

iteration within each time step to attain convergence

to a tolerance of 0 ..1 lb.

(4) Large displacement analysis using the iterative

procedure with "automatic" stiffness reformulation, and

a time step 6t2. In this procedure, constant stiffness

iterations were performed in any step using the

previously formed stiffness, and the stiffness was

reformed on ly if convergence was not obtai ned withi n

five iterations. The execution would have been

terminated if the procedure failed to converge within a

maximum of 3 cycles of 5 iterations each in any step.

The convergence tolerance was 0.1 lb.

Analysis (3) with the short time step 6tl will be assumed to be

"exact" for the purposes of comparison.
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The results of the analyses are shown in Fig. 18 for a

duration of 0.0135 sees. As is to be expected, the nonlinear response

is stiffer than the linear response. The results obtained with

analysis (4) are very close to those obtained with analysis (3) with a

time step of 135 ~secs, and are not plotted. With a time step of

45 ~secs, the results obtained with and without iteration are very

close, indicating that with such a small step equilibrium iterations

can be omitted. With a time step of 135 ~secs, the results with

iterati on are very close to the "exact" res ults, whereas the results

without iteration are grossly in error. This again emphasizes the

need for equilibrium iterations when larger time steps are used. The

results indicate that a time step of approximately To/40 is needed to

obtain accurate response.

The computational efficiency of the various procedures can

be assessed by comparing the numbers of stiffness reformulations, state

determinations and iterations per time step. These are presented in

Tabl e 7

Among the analyses giving accurate results, the "au tomatic"

stiffness formulation procedure,analysis (4), appears to be

computationally most efficient. This efficiency can be attributed to

the fact that the stiffness is reformed only when necessary, rather

than arbitrarily at every time step.

5.7 CLAMPED BEAM - LARGE DISPLACEMENT ELASTIC STATIC AND DYNAMIC RESPONSE

The behavior of a fixed beam subjected to a central

concentrated load has been studied. The geometry and material properties

are shown in Fig. 19. Only large displacement effects have been

considered, and the material was assumed to be linearly elastic.
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The dynami c response of thi s beam has been studi ed by McNama ra [ 28 J,

and a similar problem has been solved by Weeks [ 29 J.

The finite element model of the beam consisted of five

8-node plane stress elements in the half span, with 2 x 2 Gauss

integration. For the dynamic response a lumped mass idealization was

used and the integration was carried out using Newmark's operator

(13 = 1/4, y = 1/2, 0 = 0). In the studies by McNamara [ 28 ] the

beam half-span was modeled using five beam bending elements, whereas

Weeks [ 29 ] used a simpler model with approximate nonlinear effects.

The purpose of study has been to investigate the choice of

load and time steps to obtain accurate results for a structure having

a strongly stiffening response. The effects of equilibrium iteration

on the response were also studied.

(a) Static analysis: The variation of central displacement

with load is shown in Fig. 19 , for both linear and nonlinear response.

The highly stiffening behavior of the beam can be seen, the linear

displacement being several times larger than that obtained with a

nonlinear solution. The load was applied in steps of 10 lbs. up to

100 lbs., and then in steps of 100 lbs. up to a total load of 700 lbs.

Newton-Raphson iteration was used to obtain the response shown. An

average of 3 iterations per load step and a total of 47 stiffness

formulations were required to obtain convergence to a tolerance of

1 lb. For the same loading steps, using the step-by-step procedure

with equilibrium correction but no iteration, the results obtained

were very close to those obtained by Newton-Raphson iteration. The

computations were repeated with Newton-Raphson iteration using a

uniform load step of 100 lbs. and a limitation of 0.5 in. on the

displacement increment in any iteration. The results are shown in

60



Fig. 19, and are identical to those obtained with the variable

load steps. An average of 3.9 iterations were required per step,

with a total of 27 stiffness formulations. Newton-Raphson iteration

with 100 lb. load steps and without a displacement limit failed to

converge within 5 iterations in the first load step to the specified

tolerance of 1 lb. The displacement limit has the effect of scaling

down the load on any iteration, thereby preventing the solution from

departing too far from the true solution.

(b) Dynamic analysis: The response of the clamped beam

to a step load of 640 lbs. was also studied. As can be seen from

the static analysis, the linear displacement at a load of 640 lbs. is

several times larger than that with nonlinear effects. Therefore, it

would be expected that the beam subjected to a dynamic load will vibrate

with a period considerably shorter than the linear period of vibration.

This influences the choice of time step.

Figure 20 shows a comparison of the linear and nonlinear

responses of the beam. The linear responses were obtained with time

steps of ~t = 50 ~secs and ~t = 100 ~secs. The nonlinear response

was obtained with a time step ~t = 50 ~secs, using the step-by-step

procedure without equilibrium iteration, the stiffness being reformed

every step. The linear responses obtained with the two time steps are

almost identical, and the period of vibration compares well with the

value To Z 9056 ~secs obtained using a beam formula [ 30 J. On

the other hand, the period of the first cycle of nonlinear vibration

is seen to be approximately 2300 ~secs. The considerable difference

in the maximum displacements of the linear and nonlinear solutions can

also be noted.
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Figure 21 shows the nonlinear responses obtained using

various time steps and solution strategies for a duration of 5000 wsecs.

Three different time steps, namely ~tl = 100 wsecs, ~t2 = 50 wsecs,

and ~t3 = 25 j.lsecs were used, corresponding to ratios of approxilLitely

To/90, To/180 and To/360, respectively, in which To is the

fundamental period of the elastic beam. The following analyses were

performed.

(1) Nonlinear analysis using the step-by-step procedure with

equilibrium correction but no iteration, with a time

step ~tl' and stiffness reformulation every step.

(2)

(3)

(4)

Same as analysis (1) , but with a time step ~t2 .

Same as analysis (1) , but with a time step ~t3 .

Nonlinear analysis using iteration with II automati c"

stiffness reformulation and a time step of ~t2. The

solution algorithm in this analysis was the same as that

described in Section 5.6. Equilibrium iterations

were performed in each step to a convergence tolerance

of 64 lbs.

Analysis (3) is assumed to be "exact" for the purposes of comparison.

The response with ~t2:-:: 50 llsecs and without iteration (analysis (2))

is reasonably close to the "exact" response, except in some regions,

whereas analysis (1) yields a response with considerable differences,

again indicating a need for iteration to obtain accurate response. The

response of analysis (4) is close to the exact response.

Computationally, analyses (1), (2) and (3) required 50, 100

and 200 stiffness formulations, respectively, and the same numbers of

state determinations. Analysis (4) with the "au tomatic ll stiffness

reformulation required only 43 stiffness formulations, but 489 state

determi nati ons.
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McNamara [ 28 ] analyzed the beam using a central difference

operator with a time step of 5 ~secs, and obtained a maximum displacement

of 0.90 inch compared to 0.77 inch in the present analysis. The

nonlinear period of the first cycle as reported by McNamara was

2889 ~secs, compared with a period of 2300 ~secs of the present analysis.

The reasons for the discrepancies between these two investigations are

not clear and further study is necessary.

5.8 EIGHT-STORY SHEAR BUILDING - SMALL DISPLACEMENT ELASTO-PLASTIC
DYNAMIC RESPONSE

An eight-story shear building modelled as a spring-mass system

has been analyzed for dynamic response when subjected to the first six

seconds of an artificially generated ground motion. The system parameters

are shown in Fig. 22. The structure has alternating large and small masses,

so that high frequency oscillations occur in the higher modes. The

fundamental period, To of the elastic structure is 0.6 sees. Damping

proportional to the initial stiffness was specified. The dynamic response

was computed using Newmark's integration operator (6 = 1/4, y = 1/2, 0 = 0).

For this structure large inelastic excursions were expected. In

addition, because of the presence of the high frequency oscillations, it is

not computationally economical to select a time step which is less than the

shortest period of the structure.

The response was computed using four different time steps,

namely ~tl = 0.0025 (To/240), ~t2 = 0.005 (To/120), ~t3 = 0.01 (To/60),

and ~t4 = 0.02 (To/30). Three solution strategies were used, as follows:

(a) Step-by-step procedure with equilibrium correction,

and no iteration within any time step. The stiffness

was reformulated whenever the structure yielded or unloaded.
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(b) Step-by-step procedure with equilibrium iteration within

each time step, and using the initial elastic stiffness

throughout. A convergence tolerance of 0.1 kip was used.

(c) Same as strategy (b), but with a convergence tolerance of

0.5 kip.

Note that the convergence tolerances are both small fractions of the story

shears at yield. The results of the studies are presented in Table 8,

in terms of story ductility demands. The ductility demand for a story is

defined as the maximum story drift divided by the drift at yield. Measures

of the computational effort, particularly the numbers of stiffness

formulations are also tabulated.

Results using a strategy identical to strategy (a), with time

steps of Llt 1 , Llt2 and Llt 3 , have previously been obtained by Ghose [31].

Those with the time step Llt 1 will be assumed to be "exact" for

comparison.

As can be seen from Table 8, the ductilities computed with

strategy (a) and a time step Llt 3 are reasonably accurate compared to the

"exact" response. Using a time step Llt2 , the results with strategy (b)

are as accurate as those with strategy (a). However, strategy (b) is

computationally more efficient, as it requires only one stiffness

formulation and triangu1arization, compared to 125 for strategy (a). Only

an average of 1.7 iterations per step were required to achieve convergence

to the tolerance of 0.1 kip. With a time step of Llt4 = 0.02 sees, the

results were inaccurate for all the three strategies~indi~atingthatthis

time step is too large for accurate numerical integration. It may be

noted that iteration to the fine convergence tolerance does not appreciably

improve the results over iteration to the coarse tolerance.

Considering both accuracy and computational effort, strategy (b)

64



with a time step 6t2 = 0.005 secs was the best solution strategy among

those considered.

5.9 PRESTRESSED CABLE NET-STATIC RESPONSE

The static response of a plane prestressed cable net is shown in

Fig. 23. The overall geometry and elastic properties of the network are

indicated in Fig. 23(a). More detailed information for the network is

given by Argyris et ~ [32J. The interior cables are prestressed to a

load of about 2000 kgf., whereas the exterior cables carry a prestressing

force of nearly 18000 kgf. Because of the symmetry about the in-plane

axes only one quarter of the net was analyzed. The cables were modelled

using weightless three-dimensional truss elements.

The vertical displacement response of the net subjected to a

lateral load of 10000 kgf. at each node was computed using Newton-Raphson

iteration. The load was applied in 4 equal increments of 250 kgf. each

followed by 9 equal increments of 1000 kgf. each. An average of 3.0

iterations was required per step. The results of the present analysis

compare favorably with those of Argyris et ~ [32J. The final vertical

displacement at node 1 was 155.63 as compared with 162.95 cm reported by

Argyris.

5.10 PLANE STRAIN PUNCH PROBLEM - SMALL DISPLACEMENT ELASTO-PLASTIC
STATIC RESPONSE

The behavior of a solid plane strain specimen subjected to

indentation by a rigid punch has been studied. The material of the

specimen was assumed to be elastic-perfectly plastic and only small

displacement effects were included. The specimen dimensions and material

properties are given in Fig. 24. For the finite element model, higher

order (8-node) plane strain elements with 2x2 Gauss point integration

were used in the region of the specimen directly under the punch, where
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yielding of the material is expected. whereas lower order (7-node and 4-node)

elements were used in regions of the specimen away from the punch. Two

different types of analysis were carried out. namely an imposed load

analysis and an imposed displacement analysis. For the imposed load

analysis. the punch was modelled as a number of finite elements with a

very large value of Young's modulus. For the imposed displacement analysis.

displacements were imposed throuqh very stiff vertical springs. In both

cases friction at the interface was assumed to be zero.

Figure 24 shows a plot of mean pressure versus punch indentation

(both quantities are nondimensionalized). For the imposed displacements

case, the total punch indentation of 0.008 was applied in three ways.

namely (1) 16 equal steps of 0.0005 each. (2) 4 equal steps of 0.002 each.

and (3) a single step of 0.008. In each case the response was computed

using constant stiffness iterations with stiffness reformulation whenever

the structure yielded or unloaded and path independent state determination.

The results of the analysis with 16 equal steps are shown in Fig. 24.

Nearly identical results were obtained with 4 equal steps (these results

are not plotted). With the displacement applied in a single step very

similar results were also obtained. The analysis with 16 steps required

13 stiffness formulations. 24 state determinations and an average of 1.6

iterations per step with a convergence tolerance of 1% of the yield stress.

The corresponding numbers were 4, 26 and 6.5 for 4 equal steps, and 1,

25 and 25 for one step of imposed indentation. A larger convergence

tolerance, equal to 5% of the yield stress, was specified for the single

step case.

The analysis was also carried out usinq Newton-Raphson iteration

and 4 equal steps. In this analysis path dependent state determination

was used. However. the results obtained were totally incorrect. as shown
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in Fig. 24. Also. at the center of the most severely strained element a

horizontal strain of 0.00915 and an effective stress of 8.47 were computed

at the imposed displacement of 0.008. compared with a strain of 0.00979

and an effective stress of 13.0 (indicating yield) obtained using constant

stiffness iteration with path independent state determination. This

illustrates the need to use path independent state determination for

imposed displacement cases.

For the imposed load computations. the total pressure of 1.2 was

applied in 4 equal steps of 0.20 each followed by 10 equal steps of 0.04

each. The response was computed using Newton-Raphson iteration with path

dependent state determination. The results show very close agreement

with 16 steps of imposed displacement. This analysis required 18 stiffness

formulations. 25 state determinations. and an average of 2.6 iterations

per step beyond a pressure of about 0.92. up to which the response is

seen to be linear. Because the strains increase progressively for the

imposed loads. Newton-Raphson iteration with a path dependent state

determination yielded correct results. in contrast to the totally incorrect

results obtained with this solution scheme for the imposed displacements

case. In both analyses. collapse was obtained at a pressure of 1.2.

Essentially identical results were obtained by Nayak and Zienkiewicz [33J.

and the collapse load closely agrees with that predicted by a slip-line

solution of the problem [34J.

The yielded integration points for the imposed load case at a

pressure of 1.2 are shown in the left half of Fig. 25. Yielded zones are

shown for the imposed displacement case in the right half of this figure.

at displacements of 0.002. 0.005 and 0.008, respectively.
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6. CONCLUDING REMARKS

This report is intended to serve as a preliminary documentation

report for the computer program. It is necessary to note the theoretical

and computational formulations on which this program is based, and to

interpret the results of the computer analysis in accordance with those

formulations.

A number of new capabilities for the program are being developed.

These consist of addition of new finite elements, including a three

dimensional beam element, a three dimensional isoparametric solid element,

and a degenerate thick and thin shell element. Additional material

constitutive relationships, including elasto-p1astic isotropic and

kinematic hardening models, a parallel component model, and soil material

models will be developed. It is also planned to add a restart capability

to the program, and to include additional solution control parameters to

improve the range of available solution schemes.
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TABLE 1

Acceleration Scheme For Constant Stiffness Iteration

1. Given an initial guess lq and the tangent stiffness matrix K,

initialize

a
-0

= I-n

in which ~o is a diagonal scaling matrix and I-n i s a unit ma t r i x

of size n, n being equal to the number of degrees of freedom.

2 F th .th . t t . (,. 0 1 2 b f' t t' ) f. or e, , era ,on =" , ••.. , num er 0 , era ,ons per orm

the following steps:

(a) Compute fi = f (2qi , 2p) = residual load.

(b) Check convergence: if
. 2

Ilf'112/11 p112> tolerance, proceed

to next step; otherwise terminate iteration. 1I· 112 denotes

Euclidian vector norm.

(c) Compute ~qi = ~-l fi- -

(d) Update 2 iq =

(f) Check convergence: same as step (b).

(g) Compute oq i = K-
1

fi
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(h) Update a'+l' = a .. + t.qi,j/oqi,j
1,J 1,J

where j = 1,2, .... ,n (number of degrees of freedom).

(i) Update 2qi+l = 2qi + oqi
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TABLE 2

Step-by-Step Integrati on Algorithm With I!.r-~~~ti on

I. Basic Computation

1. Specify the parameters 8, y, time step 'L and convergence

tolerance TOl.

2. Compute the following constants

= 1
8C!'ltF

a = 1
2 8!'1t

= !'It(-1. _. 1)
28

3. Specify initial conditions

II. For Each Time Step

.
q. q and n
_0 _0 ,:C

4. Compute, if required, the effective stiffness matrix

~t and form the effective vector !t. That is

K* =-t

where T = t + !'It, ~t is the tangent stiffness matrix, and

= P
_T

..
(~ • qt + ~t • ~t + ~t)

5. Solve for q. That is q =
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6. Update state of motion. At time l = t + lit

.
~l

= ~t + al q a2 ~t - a3 ~t

.
§t +

.
~l

= a4 q - as ~t - a6 qt

~l
= qt + q

7. Compute residual load vector

A

f = f( q , p) = P - (M q + C q + R )
__ l _l _l - _l -l _l _l

in which R is the load vector in equilibrium with the current
_l

state of stress.

A

8. Convergence check: if Ilf11 2/IIP 112 ~ TOl, no equilibrium_ _ l

iteration is needed and repeat steps 4 through 8 for next time

step; otherwi se proceed as fo 11 ows. Here I [·112 denotes

Euclidean norm of the undesignated vector.

9. Initialize the diagonal scaling matrix ~ to a unit matrix I-n
(or any other value from previous process) of size n, where n

equals the number of structure degrees of freedom.

III. For Each Iteration Within the Time Step
-1 A

10. Compute lIq = [~tJ . f

11. Update the state of motion. That is
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q = q + a • ~q
_T _T - _

12. Compute residual load vector as in step 7.

13. Convergence check: if 1IfI12/1 IPI 12 < TOl, go to the next_ _T

time step; otherwise proceed as follows.

-1 A

14. Compute o~ = [~tJ .!

15. Update the scaling matrix 9. Thrt is

a. = a· + ~q./oq. (j = 1,2, ... , n)
J J J J

16. Update the state of motion. That is

qT = qT + a1 oq

. .
+

~T
= qT a4 oq

~T = ~T
+ oq
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TABLE 3. CONTROL PARAMETERS FOR SOME SOLUTION SCHEMES

Control SOLUTION SCHEME

Parameter 1 2 3 4 5 6 7

As As As As As As As
NSTEP appropriate appropriate appropriate appropriate appropriate appropri ate appropriate

ITYP 0 0 ::: 1 2: 1 1 1 0

Not Not Not
KPATH needed needed o or 1 o or 1 o or 1 o or 1 needed

KRUSE 1 1 1 0 1 0 1

MAXCYC 1 1 1 1 1 say, 3 1

As As As
MAX IT 1 appropriate appropriate large large say, 5 appropriate

TOlF large small small small sma II sma II small

sma 11 or small or small or small or sma II or
TOl large moderate moderate moderate large moderate moderate

TOlK large = TOlF large large large large moderate

As As As J\s As
NITF 1 appropriate appropriate appropriate = NSTEP appropriate appropriate

As As As As As As As
DISlH1 appropriate appropriate appropriate appropriate appropriate appropriate appropri ate

IQUIT 0 1 1 1 0 1 1
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TABLE 4. LARGE DISPLACEMENT ELASTIC STATIC RESPONSE OF TRUSS-SPRING PROBLEM - COMPARISON WITH

OTHER RESULTS

LOAD VERTICAL DISPLACEMENT, INCHES MEMBER FORCES, POUNDS

P PRESENT STUDY STRICKLIN NOOR PRESENT STUDY NOOR

POUNDS N-R ITER. CON. STIFF [17] [16J N-R ITER. CON. STI FF [16J

6 0.2354 0.2352 0.2354 0.2354 -207.6 -207.5 -207.2

! 12 0.9970 0.9956 1.0000 1.0000 -499.9 -499.9 -495.0

I 18 1.7646 1.7647 1.765 1.767 -207.6 -207.6 -204.0

24 2.0000 2.0000 2.0000 2.000 0.0 0.0 . 0.0

30 2.1617 2.1615 2.162 2.162 +174.7 +174.5 +171.0

36 2.2893 2.2893 2.289 2.289 +331.1 +331. 1 +323.3

42 2.3961 2.3959 - - +474.5 +474.3 -

48 2.4892 no +608.8 no
- - -

converg. converg.
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TABLE 5. LARGE DISPLACEMENT INELASTIC STATIC RESPONSE OF TWO BAY TRUSS--COMPARISON WITH
OTHER RESULTS, AT P = 10.0 KIPS

(a) MEMBER FORCES, KIPS

ME~1BER PRESENT STUDY GOLDBERG D8 J* NOOR [16 J**

1 +11 .27 +11 .26 +11 .28

2 + 6.19 + 6.18 + 6.19

3 - 6.30 - 6.31 - 6.31

4 -11 .20 -11.19 -11 .21

5 - 0.50 - 0.58 - 0.51

6 + 3.34 + 3.27 + 3.33

7 + 6.92 + 7.04 + 6.94

8 - 5.57 - 5.46 - 5:56

9 - 4.16 - 4.22 - 4.17

10 + 4.46 + 4.37 + 4.45

(b) DISPLACEMENT W, INCHES

* DISPLACEMENT METHOD ** MIXED (FORCE AND DISPLACEMENT) METHOD



TABLE 6. SPHERICAL CAP - COMPARISON OF COMPUTATIONAL EFFICIENCY

co
o

Procedure No. of Stiffness No. of State Average No. of
Formulations Determi na ti ons Iterations/Step

(1) Step-by-step
with equi 1i bri urn 100 100 No i terati on
correction,
Load step 1 lb.

(2) Step-by-step
with equilibrium 20 20 No i terati on
correcti on,
Load step 5 lbs.

(3) Newton-Raphson
iteration, 83 83 4.2

Load step 5 lbs.



00

TABLE 7. CANTILEVER BEAM - COMPARISON OF COMPUTATIONAL EFFI CI ENCY

Procedure No. of Stiffness No. of State Average No. of
Formulations Determi na ti ons Iterati ons/Step

(2) with lit = lIt l 300 300 No i terati on

*(2) with lit = lIt2 100 100 No i terati on

(3) with lit = lIt~ 300 753 2.5
classified "exact'

(3) with lit = II t 2 100 776 7.8

( 4) with II t - II t 2
71 529 5.3"Automati c II Sti ffness

formulation

* Procedure gives inaccurate response



TABLE 8 DYNAMIC RESPONSE OF 8-STORY SHEAR BUILDING--COMPARISON OF VARIOUS SOLUTION STRATEGIES

co
N

RESULTS FROM REFERENCE [31J RESULTS FROM PRESENT STUDY

lit = .0025 lit = .005 lit = .01 lit = .005 lit = .02 lit = .02 lit = .02

STORY DUCTILITY DUCT. ERROR DUCT. ERROR DUCT. ERROR DUCT. ERROR DUCT. ERROR DUCT. ERROR

8 2.87 2.72 -5.23 2.38 -17.07 2.95 + 2.79 2.68 - 6.62 2.56 -10.80 2.95 + 2.09

7 4.46 4.56 +2.24 4.78 + 7.17 4.27 - 4.26 3.84 -13.90 3.43 -23.09 3.08 -30.94

6 2.86 2.95 +3.15 2.79 - 2.45 3.21 +12.24 4.47 +56.29 2.08 -27.27 2.24 -21.68

5 3.50 3.46 -1.14 3.26 - 6.86 3.64 + 4.00 2.00 -42.86 2.26 -35.43 2.26 -35.43

4 2.75 2.88 +4.73 2.78 + 1.09 2.81 + 2.18 1.84 -33.09 2.28 -17.09 2.44 -11 .27

3 3.13 3.17 +1.28 3.02 - 3.51 3.08 - 1.60 2.49 -20.45 2.54 -18.85 2.51 -19.81

2 3.86 3.83 -0.78 3.77 - 2.33 3.96 + 2.59 4.43 +14.77 3.73 - 3.37 3.79 - 1.81

1 4.20 4.15 -1.19 4.09 - 2.62 4.19 - 0.24 4.95 +17.86 3.91 - 6.90 3.84 - 8.57

No. of Stiffness 131 125 112 1 85 1 1Formulations

No. of State 2400 1200 600 2043 300 1161 455Determinations

Average No. of - - - 1.7 - 3.9 1.5Iterati onsl step

Solution (a) (a) (a) (b) (a) (b) (c)Strategy
I

Error = [ (Ductility) lit - (Ductility) .0025 J x 100 I (Ductility) .0025
(a) Step-by-step, with equilibrium correction, no iteration.
(b) Step-by-step, with equilibrium iteration using initial elastic stiffness.

Convergence tolerance 0.1 kip.

(c) Same as (b), but Convergence Tolerance 0.5 kip.
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APPENDIX A

PROGRAM USER'S GUIDE

University of California
Berkeley

Division of Structural Engineering
and Structural Mechanics

Computer Programming Series

PROGRAM IDENTIFICATION

ANSR-I: General Purpose Computer Program for Analysis of
Nonlinear Structures. Version I, December 1975.

Developed by: D. P. Mondkar and G. H. Powell,
University of California, Berkeley

CONTENTS

A. Problem Initiation and Title

B. Node Informa t ion

Bl. Control Information
B2. Control Node Coordinates
B3. Coordination Generation
B4. Nodes with Zero Displacements
B5. Nodes with Equal Displacements
B6. Nodal Masses

c. Load Specifications

Cl. Control Card
C2. Static Load Patterns
C3. Ground Motion (Accelerations) Records
C4. Dynamic Force Records
C5. Dynamic Force Application
C6. Damping Specification

D. Output Specification

E. Element Specification

El. Three Dimensional Truss Elements
E2. Two Dimensional Finite Elements

F. Static Analysis Specification

G. Dynamic Analysis Specification

Gl. Dynamic Solution Procedure Card
G2. Initial Condition Specification

H. Data for New Problem

I. Termination Card

Al



A. PROBLEM INITIATION AND TITLE (A5, 3X, l8A4) - ONE CARD

Columns 1 - 5: Punch the word START

6 - 8: Blank

9 - 80: Problem title, to be printed with output.

A2



8. NODE INFORMATION

81. CONTROL INFORMATION (915) - One card

Columns 1 - 5: Total number of nodes.

6 - 10: Number of "con trol" nodes, for which
coordinates are specified directly
(NCNOD). See section B2.

11 - 15: Number of coordinate generation commands
(NODGC). See section 83.

16 - 20: Number of commands specifying nodes
with zero displacements (NDCON). See
section B4.

21 - 25: Number of commands specifying nodes
with equal displacements (NIDDOF).
See section B5.

26 - 30: Number of commands specifying nodal
masses (NMSGC). See section 86.

31 - 35: Number of element groups (NELGR, max. 20).
See secti on E.

40: Execution code (KEXEC) as follows.
(a) zero or blank: full execution.
(b) 1: data checking only
(c)-l: full execution, but only if

the structure stiffness and
element data can be held in
core.

45: Stiffness storage code (KSCHM), as
foll ows.
(a) zero or blank: duplicate stiffness

matrix held in core.
(b) 1: duplicate stiffness matrix

stored on scratch file.
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82. CONTROL NODE COORDINATES (I5, 3F10.O) ~ NCNOD cards

Columns 1 - 5: Node number, in any sequence.

6 - 15: X coordinate.

16 - 25: Y coordinate.

26 - 35: Z coordinate.
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B3. COORDINATE GENERATION (4I5, F10.0, 10I5) - NODGC cards

Co1umns 1 - 5: Node number at beginning of generation
line. This must either be a control
node, or must have been generated by a
previous generation command.

6 - 10: Node number at end of generation line.
This node must also have been specified
previously.

11 - 15: Number of nodes to be generated along
line. If the nodes to be generated
are listed in Columns 31 - 80, this
number may not exceed 10.

16 - 20: Node number difference between successive
generated nodes, and between first generated
node and node at beginning of generation
line. May be negative. Leave blank if
generated nodes are listed in Columns
31 - 80.

21 - 30: Spacing between nodes, as follows.
(a) zero or blank: generated nodes are

spaced uniformly along the genera­
tion line.

(b) less than 1.0: spacing between nodes
is this proportion of the length of
the generation line.

(c) 1.0 or larger: spacing between nodes
is equal to this distance.

31 - 80: Up to 10 fields, each I5. List nodes to
be generated, in sequence along generation
line. Required only if Columns 16 - 20
are blank.

Note: It is not necessary to provide coordinate generation commands for
nodes which are sequentially numbered between the beginning and end
nodes of any straight line, and which are equally spaced along that
line. After all generation commands have been executed, the
coordinates for each group of unspecified nodes are automatically
generated assuming sequential numbering and equal spacing along a
line joining the specified nodes immediately preceding and following
the group. That is, any generation command with a node number
difference of one and equal spacing is superfluous.
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B4. NODES WITH ZERO DISPLACEMENTS (15, 4X, 611, 1315) - NDCON cards

Columns 1 - 5: Node number, or number of fi rst node in
a series of nodes covered by this command.
See Note following for repetition of nodes.

10: Constraint code for X displacement, as
follows.
(a) zero or blank: displacement, not con­

trained to be zero.
(b) 1: displacement constrained to be zero.

11: Code for Y displacement.

12: Code for Z displacement.

13: Code for XX rotation.

14: Code for YY rotation.

15: Code for ZZ rotation.

16 - 20: Number of last node in series of nodes
covered by this command. Leave blank
or punch zero for a single code, or if
the nodes in the series are listed in
Columns 31 - 80.

21 - 25: Node number difference between successive
nodes in series. Leave blank for a single
node, or if the nodes in the series are
listed in Columns 31 - 80.

29 - 30: Number of nodes listed in Columns 31 - 80,
following. This list is considered only
if Columns 16 - 20 are blank or zero. Leave
blank for a single node.

31 - 80: Up to 10 fields, each 15. List second, etc.
nodes of series.

Note: If constraint codes are specified more than once for any node,
the last specified value is assumed. For plane or axisymmetric
problems, the first command should cover all nodes and should
constrain all except the relevant displacements. Additional
cards to modify the constraint codes at particular nodes should
then be added.
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B5. NODES WITH EQUAL DISPLACEMENTS (611, 4X, 1415) - NIDDOF cards

Columns 1: Equal displacement code for X displacement,
as follows.
(a) zero or blank: displacement not con­

trained to be identical.
(b) 1: displacement constrained to be

identical for all nodes in group.

2: Code for Y displacement.

3: Code for Z displacement.

4: Code for XX rotation.

5: Code for YY rotation.

6: Code for ZZ rotation.

7 - 10: Blank

11 - 15: Number of nodes in group.

16 - 80: Up to 13 fields, each 15. List nodes in
group. The first node must be the small­
est numbered node in the group. See Note
following.

Note: If the group has more than thirteen nodes, specify the remalnlng
nodes on additional equal displacement commands. The smallest
numbered node in the group must be the first node in the list
for all commands defining the group. Greater computational
efficiency may be obtained by constraining nodes to have equal
displacements. However, the effect of specifying equal displacements
may be to increase the band width of the structure stiffness matrix.
This may result in an increase in the required stiffness matrix
storage and/or the computational effort required to solve the
equations of motion. Equal displacements specifications should
therefore be used with caution. It should be noted that the
equation solver used in the program is less sensitive to local
increases in the stiffness matrix band width than a conventional
equation solver based on a banded storage scheme.
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B6. NODAL MASSES (15, 6F10.0, 215) - NMSGC cards

Columns 1 - 5: Node number, or number of first node
in a series of nodes covered by this
command.

6 - 15: Mass associated with X-displacement
degree of freedom.

16 - 25: Mass associated with V-displacement
degree of freedom.

26 - 35: Mass associated with Z-displacement
degree of freedom.

36 - 45: Mass associated with X-rotation
degree of freedom.

46 - 55: Mass associated with V-rotation
degree of freedom.

56 - 65: Mass associated with Z-rotation
degree of freedom.

66 - 70: Number of last node in series of nodes
covered by this command. Leave blank
for a single node.

71 - 75: Node number difference between successive
nodes in series. Leave blank for a single
node.

Note: The specification commands for lumped masses will generally permit
the user to input the nodal masses with only a few data cards. Any
node may, if desired, appear in more than one specification command.
In such cases the mass associated with any degree of freedom will be
the sum of the masses specified in separate commands. If certain
nodes are constrained to have an equal displacement, the mass
associated with this displacement will be the sum of the masses
specified for the individual nodes. If a mass is specified for any
degree of freedom that is constrained to be zero, it is ignored.
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C. LOAD SPECIFICATION

Cl. CONTROL CARD (815, 3F10.0) - One card

Columns 1 - 5: Code
(a)
(b)

(c)

for static and/or dynamic analysis, (KSTAT).
zero or blank: dynamic analysis only.
1: static analysis followed by dynamic

analysis.
-1: static analysis only.

6 - 10: Number of static force patterns to be specified
(NSPAT). See section C2. If blank or zero, no
static loads will be applied.

11 - 15: Number of static force application commands
(NSLGC). See Section F.

20: Code
(a)
(b)

for ground motion records (IGM), as follows.
zero or blank: no ground motion records.
1: ground motion records will be specified.

See Section C3.

21 - 25: Number of dynamic force records to be specified
(NDLR). See Section C4.

26 - 30: Largest number of points on any dynamic force
record. This number is used for storage
allocation.

31 - 35: Number of commands defining points of application
of dynamic force records (NDLGC). See Section C5.

36 - 40: Number of integration time steps to be considered
in dynamic analysis.

41 - 50: Integration time step, 6t.

51 - 60: Inteqration method parameter, 0, in Newmark's
S - y - 0 method.

61 - 70: Integration method parameter, S, in Newmark's
S - y - 0 method. If zero or blank, B is assumed
to be equal to 0.25 (1 + 0)2.
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C2. STATIC LOAD PATTERNS - NSPAT sets of cards as follows.

Each set consists of a control card followed by as many cards
as needed to define the nodal loads. Load patterns are assumed to
be input in numerical sequence.

C2(a) CONTROL CARD (15, 3X, l8A4)

Columns 1 - 5: Number of nodal load commands for this pattern
(NSLC).

9 - 80: Load pattern title, to be printed with output.

C2(b) NODAL LOADS (15, 6F10.0, 215) - NSLC cards

Columns 1 - 5: Node number, or number of first node in a series
of nodes covered by this command.

6 15: Load in X-direction, pos iti ve in pos itive direction
of X-axi s.

16 25: Load in V-direction, positive in positive direction
of V-axis.

26 35: Load in Z-direction, positi ve in positive direction
of Z-axis.

36 - 45: Moment about X-axis, pos i ti ve by right hand screw
rule.

46 - 55: t~oment about V-axis, pos iti ve by right hand screw
rule.

56 - 65: t~oment about Z-axis, positive by right hand screw
rule.

66 - 70: Number of last node in series. Leave blank for a
single node.

71 - 75: Node number difference between successive nodes
in series. Leave blank for a single node, or if
node number difference equals one.
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C3. GROUND MOTION (ACCELERATION) RECORDS.

Omit if IGM, Section Cl, is zero or blank. Accelerations
are assumed to be in acceleration units, not as multiples of
the acceleration due to gravity.

C3(a) CONTROL CARD (415, 6F10.0) - One card

Columns 1 - 5: Number of time points defining ground motion
record in X-direction (NIPX). Leave blank or
punch zero for no ground motion in this direction.

6 - 10: Number of time points defining ground motion
record in V-direction (NIPY). Leave blank or
punch zero for no ground motion in this direction.

11 - 15: Number of time points defining ground motion
record in Z-direction (NIPZ). Leave blank or
punch zero for no ground motion in this direction.

16 - 20: Print code, as follows
(a) zero or blank: records are not printed.
(b) 1: records are printed as input and scaled.
(c) -1: records are printed as input, scaled

and interpolated at time step intervals.

21 - 30: Input time interval for X-ground motion. If blank
or zero, both time and acceleration values must be
input; otherwise only acceleration values must be
input. the times being automatically determined.
See Section C3(b).

31 - 40: Input time interval for V-ground motion. If blank
or zero, both time and acceleration values must be
input; otherwise only acceleration values must be
input. See Section C3(c).

41 - 50: Input time interval for Z-ground motion. If blank
or zero, both time and acceleration values must be
input; otherwise only acceleration values must be
input. See Section C3(d).

51 - 60: Scale factor by which X-ground accelerations are to
be multiplied.

61 - 70: Scale factor by which V-ground accelerations are to
be multiplied.

71 - 80: Scale factor by which Z-ground accelerations are to
be multiplied.
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Columns

C3(b) X RECORD - One card followed by as many cards as needed.

Omit if NIPX is blank or zero.

(i) FIRST CARD (15A4, 5A4)

- 60: Record title, to be printed with output.

61 - 80: Input format to read NIPX points defining the
record. For example, if the format is 12F6.0,
punch (12F6.0).

(ii) FOLLOWING CARDS

As many cards as needed to specify NIPX input points,
with the format defined in columns 61 - 80 of the first
card. If both time and acceleration values are input, the
time must immediately precede the corresponding accleration.

C3(c) Y RECORD - One card followed by as many cards as needed.

Omit if NIPY is blank or zero.

(i) FIRST CARD (15A4, 5A4)

Columns - 60: Record title, to be printed with output.

61 - 80: Input format to read NIPY points defining the
record.

(ii) FOLLOWING CARDS

As many cards as needed to specify NIPY input points,
with the format defined in columns 61 - 80 of the first
card.

C3(d) Z RECORD - One card followed by as many cards as needed.

Omit if NIPZ is blank or zero.

(i) FIRST CARD (15A4, 5A4)

Columns - 60: Record title, to be printed with output.

61 - 80: Input format to read NIPZ points defining the
record.

(ii) FOLLOWING CARDS

As many cards as needed to specify NIPZ input points, with
the format defined in columns 61 - 80 of the first card.
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Note: The acceleration scale factor may be used to increase or decrease
the accelerations, or to convert from multiples of the acceleration
due to gravity to acceleration units.
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C4. DYNAi~IC FORCE RECORDS - NDLR sets of cards, as follows.

Each set consists of one card followed by as many cards as needed
to define the record. Records are assumed to be numbered in sequence
as input.

C4(a) FIRST CARD (215, 2F10.0, 8A4, 2X, 4A4)

Columns 1 - 5: Number of time points defining record (NIPT).

6 - 10: Print code, as follows.
(a) zero or blank: record is not printed.
(b) 1: record is printed as input and scaled.
(c) -1: record is printed as input and scaled

and as interpolated at time step intervals.

11 - 20: Input time interval. If blank or zero, both time
and force values must be input; otherwise only
force values.

21 - 30: Scale factor by which force values are to be
multiplied.

31 - 62: Record title, to be printed with output.

65 - 80: Input format to read points defining the record.

C4(b) FOLLOWING CARDS

As many cards as needed to specify NIPT input points, with
the format defined in columns 65 - 80 of the first card. If
both time and force values are input, the time must immediately
precede the corresponding force.
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C5. DYNAMIC FORCE APPLICATION (1615) - NDLGC Cards (See Section Cl)

Acceleration records, if specified, are applied automatically,
assuming all support points to move in phase. Force records are
applied as defined by the cards of this section.

Columns 1 - 5: Dynamic force record number.

10: Direction code, as follows.
(a) 1: X translation.
(b) 2: Y translation.
(c) 3: Z translation.
(d) 4: X rotation.
(e) 5: Y rotation.
(f) 6: Z rotation.

11 - 80: Up to 14 fields, each 15. List the nodes at which
the record is to be applied. Each node in the
list is subjected to the scaled force record.

Note: The dynamic forces as specified by the dynamic force record number
are applied in the positive direction defined by the direction
code. To apply forces in the negative direction, the scale factor
by which the force values are multiplied (Section C4) should be
negative.
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C6. DAMPING SPECIFICATION (3F10.0) - One Card

Omit if code for static and/or dynamic analysis, KSTAT (Section Cl)
eq ua 1s -1.

Columns - 10: Mass proportional damping factor, SM.

11 - 20: Tangent stiffness proportional damping factor, ST
See Note following.

21 - 30: Initial stiffness proportional damping factor, So
See Note following.

Note: If desired, it is possible to specify different values of the factors
ST and So for each element group. See Section E for explanation
of this option.
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D. OUTPUT SPECIFICATION

This set of cards consists of a control card followed by as many
cards as needed to specify node numbers for output. See Note following.

D(a) CONTROL CARD (1015, 7A4) - One card

Columns 1 - 5: Time interval for printout of nodal displacement,
velocity and acceleration time histories, expressed
as a multiple of the integration time step. Leave
blank or punch zero for no time history output or
if there is no dynamic analysis.

6 - 10: Time interval for printout of element action time
histories (stresses, forces, etc.) expressed as a
multiple of the integration time step. Leave blank
or punch zero for no time history output or if there
is no dynamic analysis.

11 - 15: Time interval for printout of intermediate envelopes
of nodal displacements and element actions, expressed
as a multiple of the integration time step. Leave
blank or punch zero for no intermediate envelope
output or if there is no dynamic analysis. Envelopes
are automatically output at the end of the dynamic
analysis.

16 - 20: Number of nodes for X-displacement, velocity and
acceleration output (NODSX). For output at all
nodes, punch -1.

21 - 25: Number of nodes for V-displacement, velocity and
acceleration output (NODSY). For output at all
nodes, punch -1.

26 - 30: Number of nodes for Z-displacement, velocity and
acceleration output (NODSZ). For output at all
nodes, punch -1.

31 - 35: Time interval for punched output of nodal displacement,
velocity and acceleration time histories, expressed
as a multiple of the integration time step. Leave
blank or punch zero for no punched output or if
there is no dynamic analysis.

36 - 40: Number of nodes for punched output of X-displacement,
velocity and acceleration response (NODXP). For
output at all nodes, punch -1.

41 - 45: Number of nodes for punched output of V-displacement,
velocity and acceleration response (NODYP). For
output at all nodes, punch -1.
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Column 46 - 50: Number of nodes for punched output of
Z-displacement, velocity and acceleration
response (NODZP). For output at all nodes,
punch -1.

51 - 78: Format for punched output. See Note following.

Note: Results for the same nodes and elements are printed
static and dynamic analyses, except that velocities
accelerations are not printed for static analyses.
output is provided only for dynamic analyses.

for both
and
Punched

Envelope values are printed for the dynamic analysis, and may
be printed at the end of each static load increment if so specified
on Card F(a). For punched output, the quantities output are node
number, direction (i.e. X, Y or Z), displacement, velocity, accel­
eration and time. The node number and direction must be output
in 15 and A5 format respectively; whereas other quantities may be
output in any desired format, specified between parentheses in
column 51 - 78, For example

(15, A5, 3E15.5, 15X, E10.4)

D(b) FOLLOWING CARDS - SIX SETS OF CARDS, AS FOLLOWS.

(1) List of nodes for X response printout (1615) - As many cards
as needed to specify NODSX number of nodes, sixteen to a
card. Omit if NODSX equals zero or -1.

(2) List of nodes for Y response printout (1615) - As many cards
as needed to specify NODSY number of nodes, sixteen to a
card. Omit if NODSY equals zero, or -1.

(3) List of nodes for Z response printout (1615) - As many cards
as needed to specify NODSZ number of nodes, sixteen to a
card. Omit if NODSZ equals zero, or -1.

(4) List of nodes for X response punched output (1615) - As many
cards as needed to specify NODXP number of nodes, sixteen to
a card. Omit if NODXP equals zero, or -1.

(5) List of nodes for Y response punched output (1615) - As many
cards as needed to specify NODYP number of nodes, sixteen to
a card. Omit if NODYP equals zero, or -1.

(6) List of nodes for Z response punched output (1615) - As many
cards as needed to specify NODZP number of nodes, sixteen to
a card. Omit if NODZP equals zero, or -1.
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E. ELEMENT SPECI FICATION

Elements must be divided into "groups'l. All elements in any
group must be of the same type. However, elements of the same
type may be divided into separate groups if desired.

Element groups may be input in any sequence. The total number
of element groups may not exceed 20. The elements in any group
must be numbered sequentially, the number of the first element in
the group being any convenient number.

El. THREE DIMENSIONAL TRUSS ELEMENTS

See Appendix Bl for description of element. Number of words
of information per element = 96.

El(a) CONTROL INFORMATION (1015, 6F5.0) - One card

Columns 5: Element group indicator. Punch 1 (to indicate
that the group consists of three dimensional
truss elements)

6 - 10: Number of elements in this group.

11 15: Element number of the first element in this
group. If blank or zero, assumed to be equal
to 1.

16 - 20: Number of material types. If blank or zero,
assumed to be equal to 1.

21 - 50: Blank (not used for this element type).

51 - 55: Initial stiffness damping factor So. If
blank or zero, So is assumed to be equal
to the system So value input in card C6.

56 - 60: Current tangent stiffness
S If blank or zero, S
bb equal to the system sf
card C6.

damping factor,
is assumed to
value input in

El(b) MATERIAL PROPERTY INFORMATION (I5,4F10.0) - One card for

5: Material number, in sequence starting with 1.1

each different material type.

Columns

6 - 15: Young's modulus of elasticity, E.

16 - 25: Strain hardening modulus as a proportion of
Young's modulus (i.e. the ratio Eh/E).
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Column 26 - 35: Yield stress in tension

36 45: Yield stress in compression, or elastic buckling
stress in compression (Input as a positive value)

El(c) ELEMENT GENERATION COMMANDS (415, 2F10.O, 415) - As many cards

as needed to generate all elements in this group.

Cards must be entered in order of increasing element number.
Cards for the first and last element must be included. See Note
for explanation of generation procedure.

Columns 1 - 5: Element number, or number of first element
in a sequentially numbered series of elements
to be generated by this card.

6 - 10: Node number at element end i.

11 15: Node number at element end j.

16 - 20: Material number. If blank or zero, assumed
to be equal to 1.

21 - 30: Cross sectional area.

31 - 40: Initial axial force on the element.

41 - 45: Node number increment for element generation.
If blank or zero assumed to be equal to 1.

50: Code for large displacement effects. Leave
blank or punch zero, for small displacement
effects. Punch 1 for large displacement
effects.

55: Time history output code. Leave blank or
punch zero for no time history output. Punch
1 if time history output is required.

60: Buckling code. Leave blank or punch zero if
element yields in compression without buckling.
Punch 1 if element buckles elastically in
compression.
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E2. TWO DIMENSIONAL FINITE ELEMENTS
See Appendix 82 for description of element. The number of words

of information per element varies with the number of nodes and the
integration order.

The element must lie in the XV plane.
E2(a) CONTROL INFORMATION (1015, 6F5.0) - One card

Columns 5: Element group indicator. Punch 3 (to indicate that
group consists of two dimensional finite elements).

6 - 10: Number of elements in this group.

11 15: Element number of the first element in this group. If
blank or zero, assumed to be equal to 1.

16 - 20: Number of material types. If blank or zero, assume to
be equal to 1.

21 - 25: Number of nodes for each element in group. If blank
or zero, assumed to be equal to 4. Must not exceed 8.

26 - 30: Integration order in r-direction. If blank or zero,
assumed to be equal to 2. Should not exceed 4

31 - 35: Integration order in s-direction. If blank or zero,
assumed to be equal to 2. Should not exceed 4.

36 - 40: Indicator for type of behavior: Punch 0 for Plane stress.
Punch 1 for Plane strain.
Punch 2 for Axisymmetric

Solid.

41 - 45: (For elasto-plastic material models only). Number of
plastic strain increments for numerical integration
during plastic loading. If blank or zero, assumed to
be equal to 20.

46 - 50: (For elasto-plastic material models only). Order of
Runge-Kutta integration for numerical integration
during plastic loading. If blank or zero, assumed
to be equal to 1 (i.e. simple Euler integration).
Must not exceed 4.

51 - 55: Initial stiffness damping factor So' If blank or
zero, So is assumed to be equal to the system So
value input in card C6.

56 - 60: Current tangent stiffness damping factor, ST' If
blank or zero, S1 is assumed to be equal to the
system ST value lnput in card C6.
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E2(b) MATERIAL PROPERTY INFORMATION - Two cards for each material type

(i) FIRST CARD (15, 4F10.0)

Columns 1 - 5: Materi al i denti fi cati on number

6 - 15: Young's Modulus of Elasticity, EA, along
material axis -A.

16 - 25: Poisson's Raio, ~AB

26 - 35: Yield stress, Sy

(ii) SECOND CARD (5F10.0)

Leave blank for isotropic elastic or elasto-plastic
materials. The data on this card will be ignored for any
element if the material behavior code for the element
specifies an isotropic material.

Columns 1 - 10: Young1s Modulus of Elasticity, EB, along
material axis -B.

11 - 20: Young1s Modulus of Elasticity, EC' along
material axis -C.

21 - 30: Poisson1s ratio, ~AC'

31 - 40: Poisson1s ratio, ~BC'

41 - 50: Shear modulus, GAB'

E2(c) ELEMENT GENERATION COMMANDS - (1015, F5.0, 15, 12, lX, 211, 3F5.0)

As many cards as needed to generate all elements in this group.

Cards must be entered in order of increasing element number.
Cards for the first and the last element must be included. See Note

for explanation of generation procedure.

Columns 1 - 5: Element number, or number of first element in a
sequentially numbered series of elements to be
generated by the card.
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Columns 6 - 10: Node number at node 1.

11 - 15: Node number at node 2.

16 - 20: Node number at node 3.

21 - 25: Node number at node 4.

26 - 30: Node number at node 5.

31 - 35: Node number at node 6.
Leave blank

36 - 40: Node number at node 7. if any node
is absent.

41 - 45: Node number at node 8.

46 - 50: Material number. If blank or
zero, assumed to be equal to 1.

51 - 55: Element thickness for plane stress
behavior. Leave blank for plane
strain or axisymmetric behavior.

56 - 60: Node number increment for element
generation: if blank or zero
assumed to be equal to 1.

62: Code for material behavior:
Punch 0 for elastic isotropic material.
Punch 1 for elastic orthotropic material.
Punch 2 for elasto-plastic isotropic material.

64: Code for
blank or
effects.
effects.

large displacement effects. Leave
punch zero, for small displacement
Punch 1 for large displacement

r-coordinate of "output" point.
r = 0.0

s-coordinate of "output" point.
s = 0.0

76 - 80: Angle ~ (degrees) which the material A-axis
makes with side connecting node 4 to node 1.
Leave blank for isotropic material.
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Note: In the element generation commands, the elements must be specified
in increasing numerical order. Cards may be provided for sequentially
numbered elements, in which case each card specifies one element and
the generation option is not used. Alternatively, the cards for a
group of elements may be omitted, in which case the data for the
missing group is generated as follows:

(1) All elements are assigned the same material number, cross
sectional area, code for large displacement effects, etc. as for
the element preceding the missing group of elements.

(2) The node numbers for each missing element are obtained by
adding the specified node number increment to the node numbers of
each preceding element. The node number increment is that specified
for the element oreceding the missing set of elements.
In the printout of the element data, generated data is prefixed by
an asterisk.
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F. STATIC ANALYSIS SPECIFICATION - NSLGC sets of cards (See Section Cl).

Each set consists of a solution procedure card followed by
one or more cards defining a linear combination of static force
patterns. Each set defines an increment of static load.

F(a).SOLUTION PROCEDURE CARD (815, 4F10.O) - One card

Columns 1 - 5: Number of equal steps in which load increment
is to be applied, positive if results envelopes
are not to be printed at the end of the increment,
otherwise negative.

6 - 10: Iteration type, as follows.
(a) zero or blank: Newton-Raphson iteration
(b) n: Constant stiffness iteration with

alpha-constant over-relaxation,
the alpha matrix being reinitialized
every n iterations.

15: Type of state determination calculation to be
used for constant stiffness iteration as
follows:
(a) zero or blank: path independent.
(b) 1: path dependent.
Path dependent state determination is
always used for Newton-Raphson iteration.

16 - 20: Stiffness reformation code, as follows.
(a) zero or blank: stiffness used in

preceding step is
retained.

(b) n: stiffness is reformed evey n
load steps.

25: Termination code, as follows.
(a) zero or blank: If the solution does

not converge within
the maximum number of
iterations for any load
step, the next load step
will be applied.

(b) 1: If the solution does not converge,
the execution will terminate.

26 -30: Print code, as follows.
(a) -1: results are not printed for this

increment.
(b) zero or blank: results are printed at

the end of the increment only.
(c) 1: results are printed after each load step.
(d) 2: results are printed eve~y iteration.

This option should be used for debugging
purposes only.
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Columns 31 - 35: Maximum number of cyles of iteration within
any load step.

36 - 40: Maximum number of iterations within any cycle.

41 - 50: Nodal force convergence tolerance to be used
in last step of load increment.

51 - 60: Nodal force convergence tolerance to be used
in all except last step of load increment.

61 - 70: Nodal force tolerance for change of stiffness
in Newton-Raphson iteration. If the unbalanced
force reduces below this tolerance, the stiff­
ness will not be reformed for the next iteration.

71 - 80: Maximum nodal displacement (translation or
rotation) increment permitted in any iteration
step. Leave blank for unlimited displacement.
Displacement limits should be specified only
with Newton-Raphson iteration.

F(b). FOLLOWING CARDS (8F10.0) - As many cards as needed

Columns 1 - 80: Up to eight fields, each F10.a. For each
static force pattern in turn, specify a
scale factor by which the pattern is to
be multiplied. The scaled patterns are
added together to produce the load incre­
ment.

Scale factors may be positive or negative.
Leave the corresponding field blank or
punch zero to ignore any force pattern.

A26



G. DYNAMIC ANALYSIS SPECIFICATION

Gl. DYNAMIC SOLUTION PROCEDURE CARD (715. 4F10.0. 15) - One card

Omit if KSTAT (Section C1) equals -1.

Columns 1 - 5: Iteration type. as follows.
(a) zero or blank: Newton-Raphson iteration.
(b) n > 0: Constant stiffness iteration with

alpha-constant over-relaxation, the
alpha matrix being reinitia1ized
every n iterations.

10: Type of state determination calculation to be
used for constant stiffness iteration. as
follows.
(a) zero or blank: path independent.
(b) 1: path dependent
Path dependent state determination is always
used for Newton-Raphson iteration.

15: Stiffness reformation code. as follows.
(a) zero or blank: stiffness used in preceding

time step is retained.
(b) n: stiffness is reformed every n time

steps.

20: Termination code, as follows.
(a) zero or blank: If the solution does not

converge within the maxi­
mum number of iterations
for any time step. the next
time step will be applied.

(b) 1: If the solution does not converge. the
execution will terminate.

21 - 25: Maximum number of cycles of iteration within
any time step.

26 - 30: Maximum number of iterations within any cycle.

31 - 35: Number of time steps between application of
lIfine" convergence tolerance. The "coarse"
tolerance is used at intermediate steps.

36 - 45: "Fine ll nodal force convergence tolerance.

46 - 55: "Coarse ll nodal force convergence tolerance.

56 - 65: Nodal force tolerance for change of stiffness
in Newton-Raphson iteration. If the unbalanced
force reduces below this tolerance. the stiff­
ness will not be reformed for the next iteration.
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Columns 66 - 75: Maximum nodal displacement (translation
or rotation) increment permitted in any
iteration step. Leave blank for unlimited
displacement.' Displacement limits should
be specified only with Newton-Raphson
iterati on.

76 - 80: Number of initial condition generation
commands (NICGC). See Section G2.

G2. INITIAL CONDITION SPECIFICATION (I5, 2F10.0, llI5) - NICGC cards

(See Section Gl).

Columns 1 - 5: Direction code, as follows.
(a) 1: X translation
(b) 2: Y translation
(c) 3: Z translation
(d) 4: X rotation
(e) 5: Y rotation
(f) 6: Z rotation

6 - 15: Initial velocity.

16 - 25: Initial acceleration.

26 - 80: Up to 11 fields, each I5. List up to 11
nodes having the same initial conditions.

A28



H. NEW PROBLEM

Data for a new problem may follow immediately starting with
Section A. Any number of structures may be analyzed in a single
computer run.

I. TERMINATION CARD (A4) - One card to terminate the complete data deck.

Columns 1 - 4: Punch the word STOP.
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APPENDIX 81

THREE DIMENSIONAL TRUSS ELEMENT

(a) General Characteristics

Truss elements may be arbitrarily oriented in space, but can

transmit axial load only (Fig. 81.1). Large displacement effects mayor

may not be included. When this effect is specified, it is included in

both static and dynamic analyses.

Two alternative modes of inelastic behavior may be specified,

namely (1) yielding in both tension and compression (Fig. Bl.2a) and

(2) yielding in tension with elastic buckling in compression (Fig. Bl.2b).

Strain hardening effects may be considered. It should be noted that the

inelastic behavior is specified in terms of stress and strain, rather

than axial force and axial deformation. For computations, a strain

hardening stress-strain relationship is decomposed into two components,

one linearly elastic and the other elastic-perfectly plastic. A truss bar

for linearly elastic behavior may be obtained by specifying a very high

value of the yield stress.

Initial axial forces in the truss elements can be specified.

These initial forces will typically be the forces in the elements under

static loading, as calculated by a separate analysis. For consistency,

these forces should be in equilibrium with the static load producing them,

but this is not essential as the computer program makes corrections for any

equilibrium unbalance resulting from the initial forces. Thus it is

possible to compute the displacements of a truss-bar structure with

specified initial forces.

(b) Output Results

For static analyses, the results may be output at each iteration,
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at each load step or at the end of each load increment. Results envelopes

(i.e. maximum positive and negative values) may be printed at the end of

each load increment. For dynamic analysis the time history results and

results envelopes may be printed at specified time step intervals. For

both static and dynamic analyses, the results are printed only for those

elements for which the results are requested, except that results

envelopes are printed for all elements.

The results output consists of the following:

(1) Element number.

(2) Node numbers at end i and end j.

(3) Yield code: zero indicates that the element is elastic,

and one indicates that it is yielding or buckling.

(4) Axial force, tension positive.

(5) Total axial deformation, elongation positive.

(6) Accumulated positive and negative plastic deformations

(elongation positive) up to the current load or time.

These deformations are computed by accumulating the plastic

extensions during all positive and negative plastic

excursions. For an element which buckles in compression

(Fig. Bl.2b), the accumulated negative plastic deformations

are printed as zero.

The results envelopes consist of the following output:

(1) Element number.

(2) Node numbers at end i and end j.

(3) Maximum positive and negative values of axial force, and

the corresponding times at which these peak values occur

(printed as zero in static analysis).
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(4) Maximum positive and negative values of total deformation,

and the corresponding times.

(5) Accumulated plastic deformations.
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APPENDIX 82

TWO DIMENSIONAL 4-TO-8 NODE ELEMENT

(a) General Characteristics

Two dimensional elements must lie in the X Y plane, and can have

from four to eight nodes. The local node numbering is shown in Fig. B2.1.

The element maps into a rectangular element in a local r-s coordinate

system, such that nodes 1 through 4 are located at the four corners and

nodes 5 through 8 are located at the midsides of the rectangle. The four

corner nodes must always be specified and anyone or more of the midside

nodes may be specified. Thus, the basic 4-node and higher order 5-to-8

node elements can be combined to produce a variety of finite element

discretizations.

Three different formulations, namely (1) plane stress, (2) plane

strain, and (3) axisymmetric solid elements are included. In the plane

strain formulation it is assumed that the element has a unit thickness,

whereas in the axiysmmetric formulation a unit radian segment (e = 1,

Fig. B2.1) is considered. The nodal loads for plane strain and axisymmetric

structures must be computed accordingly. The element matrices are computed

using Gauss quadrature integration. The integration order in the r-direction

and s-direction may be specified separately. Presently any integration

order up to 4 may be input in either direction; however, a 2x2 Gauss

quadrature integration is recommended for most cases.

Large displacement effects may be included, if desired. These

effects are included in both the static and dynamic analyses. The material

may be either (1) isotropic linearly elastic, (2) orthotropic linearly

elastic or (3) isotropic elastic-perfectly plastic with von Mises yield

function. For orthotropic material behavior, material properties are
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defined with respect to riqht handed rectangular coordinate axes A-B-C,

with the axes A, B lying in the plane of the element (Fig. B2.1).

(b) Results Output

For static analysis, the results may be output at each iteration,

at each load step or at the end of each load increment. Results envelopes

may be printed at the end of each load increment. For dynamic analysis,

time history results and results envelopes may be printed at specified

time step intervals. The results are output only for those elements for

which results are requested, except that results envelopes are printed for

all el ements.

The results output consists of the following.

(1) Element number.

(2) Yield code at "output" point and each Gauss point (if so

specified by the time history output code). Zero indicates

that the material is elastic, and one indicates that it is

yielding.

(3) Stress components (SIGll, SIG22, SIG12, and SIG33) at

"output" point, and at each Gauss point (if so specified

by the time history output code).

(4) Strain components (STRll, STR22, STR12 and STR33) at "output"

point, and at each Gauss point (if so specified by the

time history output code).

(5) Effective stress at "ou tput" point, and at each Gauss point

(if so specified by the time history output code). Here

the effective stress is defined as

EFFSIG = /1.5 * YSS

where YSS = (SIGll)2 + (SIG22)2 + (SIG33)2 + 2(SIG12)2
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The results envelopes consist of the following output.

(1) Element number.

(2) Maximum positive and negative values of the stress components

(SIGll, SIG22, SIG12 and SIG33) at "output" point and at

each Gauss point, and the corresponding times at which these

peak values occur. Times are printed as zero for static

analysis.

(3) Same as in (2) for the strain components.
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