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ABSTRACT

This report presents an analytical study of the seismic response

characteristics of an offshore structure supported on pile foundations.

To allow the basic modeling of the structure-foundation system~ a simple

mathematical model of pile foundation based on the three-dimensional

theory of elasticity is developed. The earthquake surface ground motion

is prescribed in the time domain~ the solution of the system is carried

out in the frequency domain~ and the desired response quantities are

transformed back to the time domain. Foundation-structure interaction

effects are examined by comparing response quantities obtained for models

with and without foundation flexibility. The interaction effects are

found to be quite significant.
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1. INTRODUCTION

Man's ever-increasing need for more and cheaper energy has

resulted in various ways of tapping new energy sources, while the tech

niques used in extracting traditional energy sources have greatly im

proved. Oil operations have recently been extended into the continental

shelf. Fixed offshore structures were constructed first off the coast

of Louisiana in 20 feet of water and then in progressively deeper water.

With the new oil discoveries in the North Sea and other areas around the

world, the importance of offshore structures should keep increasing.

The majority of offshore structures has been and almost certainly

will continue to be land-connected. Although foundations for land

connected offshore structures, like those on land, can be divided into

many different categories, pile foundations are used for the support of

a large number of the permanent offshore structures in areas where the

soil deposits exhibit low bearing capacity and medium to high compress

i bi 1i ty.

The problems resulting from earthquake forces on offshore struc

tures supported on pile foundations are complex and extensive. Consider

ati on must be given to the fact that these structures are ei ther par

tially or totally immersed in water and will therefore exhibit different

dynamic characteristics .than if they were located in air. The structures

will also interact during earthquake shaking with the pile foundation

and soil below and adjacent to them. A great deal has been published on

fluid-structure interaction of offshore structures. Numerical procedures

for carrying out dynamic analysis of the complete offshore structure

foundation system are similar to those for determining the dynamic
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response of other types of structures, and these procedures have been

reported in the literature. However, present knowledge and understand

ing of the dynamic behavior of a pile foundation is far from complete,

although it has been the subject of considerable interest and research

in recent years. Since the actions of structure, pile, and soil during

earthquakes are interdependent, the behavior of these structures cannot

be realistically predicted if the complete structure-foundation system

has not been modeled accurately. Therefore, it is important to give

full consideration to the problem of defining an appropriate mathematical

model for pile foundations.

1. 1 Revtew o·f Past ~Jork

Early analytical solutions for piles have been obtained along two

principal lines (1) using a discrete model with lumped masses, springs

and dashpots and (2) using a continuous model and the theory of elasticity.

A discrete model was first used by Penzien et a1. (1) With this model,

the nonlinearity of the surrounding soil deposit can be relatively easily

introduced by specifying arbitrary force deformation characteristics for

the spring. However, it encounters the difficulty of defining equivalent

soil masses and fictitious dash pots to simulate radiation damping. A

simplified discrete model was employed by Sugimura(2) to study the dynamic

behavior of long pile foundations. A group of slender piles was found

to be more effective than a few large-diameter piles in resisting load

applied at the top of piles when the soil deposits contain layers with

extremely different dynamic properties. Yamamoto and Seki(3) used the

same model to study the dynamic interaction of soil-pile-multistory

building systems.

The continuous model treats the pile as a flexural bar buried in
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elastic, isotropic, and homogeneous layers. It has the advantage that

it can automatically incorporate in the formulation the mass density of

soil and pile, as well as the effect of radiation damping. It is, how-

ever, restricted to linear soil behavior. An important step in using a

continuous model is the determination of the soil reaction to the dynamic

motion of an embedded pile. Baranov(4) derived formulas for evaluating

these reactions for cases that can be viewed as plane strain. Novak(5)

studied the formulas and applied them to stiffnesses of piles under

dynamic surface loads.

The most versatile approach is the finite element method. It can

readily handle nonhomogeneity and nonlinearity. The method has been

used extensively to model difficult boundary condition problems in

mechanics. With the recent invention of a semi-analytical energy trans

mitting boundary element by Kausel(6), the effect of the far field can

be reasonably reproduced; so that the field of application of this method

has been greatly expanded. However, it does have some limitations. The

displacement field of the boundary element is based on the exact displace

ment functions, whereas the field in the vertical direction is based on

low order polynomial functions. Hence the method is more suitable for

problems where waves are propagated mainly in the horizontal direction.

Besides, determination of the stiffness matrix of the boundary element

requires the solution of a quadratic eigen value problem at each discrete

frequency. If directly applied to the pile problem, the solution quickly

becomes unnecessarily expensive.

Blaney et al. (7) used a discrete model based on finite elements

to study the response of a pile embedded in a horizontally stratified

soil deposit, where the properties vary with depth but remain constant



4

in horizontal planes. They also compared the lateral stiffness of the

soil surrounding the pile with the lateral stiffness suggested by Penzien

for the static case, and by Novak for steady state harmonic motion with

various frequencies. Although the cases studied are not exactly the

same, the comparison with Penzien's results can be judged as favorable.

Good agreement with Novak's values is also found to exist in the high

frequency range. However, in the low frequency range, which is of

special interest in earthquake engineering, there are substantial differ

ences. A comparison of the continuous model and the discrete model has

also been presented by Flores(8).

The reliability of the results of analytical methods will depend

upon the ability to select, at least approximately, the soil parameters,

whatever method is used for the analysis. Hence the importance of experi

menta1 studies where soil characteri sti cs are eval uated becomes apparent.

Soil parameters required for the analysis of piles in clay have been

evaluated by Matlock(9), Brown and COyle(lO); parameters required for

the analysis of piles in sand by Reese et al.(ll), Wright and Coyle(12).

While there is some theoretical basis for determining these parameters,

the real behavior of soil around a pile usually does not yield to a

complete analysis. Therefore, a considerable amount of empiricism is

involved in the process. Moreover, the 50;1 parameters obtained at a

particular experimental site are usually not applicable to other locations.

The dynamic behavior of piles was studied by Kubo and Sato(13) using a

large-size shaking table.

Field earthquake observations of a building supported on long

piles extending through soft alluvial deposits were conducted by

Sugimura(l4). He found that the ground and piles behave identically

with each other except ;n the vicinity of the pile cap. A discrete
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model similar to that used by Penzien was employed to obtain analytical

results. The analytical model was able to simulate fairly well the

actual behavior of pile foundations during earthquakes. However, these

findings are not conclusive, since the earthquake under observation

were comparatively weak earthquakes

In this study, a simple, relatively inexpensive model of pile

foundation is developed. The new model is based on the discrete model

used by Penzien and the three-dimensional theory of elasticity. Radiation

damping is included in the new model. It may prove useful as an alterna

tive to obtaining the dynamic stiffness matrix of pile foundation by

three-dimensional finite element discretization method.

1.2 Scope of Investigation

The basic numerical procedure for carrying out the seismic

analysis of fixed offshore structures in the frequency-domain is

described in Chapter 2. Three-dimensional effects of strong motion

earthquake excitations are included in the formulation of the equations

of motion. In Chapter 3, the dynamic behavior of pile foundations sub

jected to surface loadings is investigated. In Chapter 4, the dynamic

responses of an offshore structure supported on pile foundations sub

jected to a recorded strong motion earthquake are obtained. The effects

of interaction between the structure and its pile foundations are

examined. Finally, the conclusions obtained from this investigation

are summarized in Chapter 5.
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2. METHOD'OF ANALYSIS

Pile-supported offshore structures are constructed in areas where

the soil is relatively soft and the sea conditions are usually rough and

frequently in regions of high seismicity. Since these conditions develop

high dynamic forces in the structure-foundation system, it is important

that such forces be predicted realistically for design purposes. Hence,

the complete structure-foundation system must be modeled accurately,

hydrodynamic forces must be considered properly, and a reliable numerical

procedure must be used. -The basic numerical procedure for determining

the dynamic responses of fixed offshore structures was previously pre

sented by Penzien and Tseng(15, 16). For completeness, their procedure

is summarized here.

2.1 Formulation of Equations of Motion

An offshore structure is a continuous structure with an infinite

number of degrees' of freedom. For a dynamic analysis, it is convenient

and usually adequate to model such a structure as a lumped mass system

consisting of discrete masses located at selected nodal points and its

foundation as a set of frequency dependent springs and dashpots. Figure

2.1 shows such an idealized model of an offshore structure. Complete

dynamic analysis of this model requires consideration of various forces

the structure must resist during its lifetime. Among the forces, those

due to waves and strong motion earthquakes are of prime importance. For

steady state motion of frequency w, the dynamic equations of motion for

this system with n nodal points can be expressed in matrix form as

(2.1)
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in which [m] is the diagonal matrix of masses lumped at nodal points

(including effective water masses contained inside structural members),

[c(w)] and [k(w)] are the total foundation-structure damping and stiff-

ness matrices (including material and radiation damping and structure

and foundati on sti ffness, respecti ve ly). The vector n~t} represents the

total structure accelerations measured from a fixed reference; vectors

{r} and {r} represent the velocities and displacements, respectively,

measured relative to its moving base. Vector {pw(t)} consists of

hydrodynamic forcing functions. Six degrees of freedom are assigned to

each nodal point, namely, translational displacements in the two horizon

tal directions and in the vertical direction, and the three rotational

displacements. Thus, each vector in Eq. (2.1) has N components (N =6n)

to represent each of the N degrees of freedom, and each matrix is of

order N x N.

The force vector {pw(t)} can be estimated by proper use of the

equation developed by Morison et al. (17) The Morison equation was

originally developed to estimate the forces exerted by waves on circular

cylinders. For a vertical cylinder with its axis normal to the direction

of the wave, the horizontal component of force per unit length of the

cylinder is given by

(2.2)

with

(2.3)

and

(2.4)
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where 0 is the diameter of the cylinder, p is the density of sea water,

KO and KMare, respectively, the drag and inertia coefficients, and

~(t) and v(t) are, respectively, the horizontal components of fluid

particle velocity and acceleration at the point under consideration.

The Morison equation states that the hydrodynamic force exerted

on a vertical cylinder consists of two components. One component is

the drag force which is proportional to the square of the fluid particle

velocity. The other component is the inertia f~rce which is proportional

to the fluid particle acceleration. The appropriate use of the Morison

equation depends primarily on the choice of values of the drag and in

ertia coefficients. These empirical coefficients are estimated from

laboratory and field investigations(18, 19). Although they may vary

considerably for oscillating structures and may be frequency dependent

(20), they are normally considered to have values in the ranges 1.4 $ KM
$ 2.0 and 0.5 ~ KO $ 0.7.

I

With the effect of fluid structure interaction included, the

hydrodynamic forces exerted on the structure, according to the Morison

equation, can be expressed as

{Pw} = p(~ - l)[V]{Uw - rt } + p[V]{Uw} +

pKO[A]{](uw - rt)l(uw - rt )} (2.5)

where vectors {Uw} and {Uw} represent, respectively, the water particle

velocities and accelerations at the instantaneous deflected positions

of the nodal points, diagonal matrices [V] and [A] represent, respective

ly, the effective volumes and effective drag areas of the structural

model.
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The first term on the right hand side of Eq. (2.5) represents the

hydrodynami c inerti a forces exerted on the structure due to added mass

based on the relative acceleration between the lumped masses and their

surrounding fluid. The second term represents the inertia forces in-

duced by the mass of the fluid di.splaced by the structure. The last

term represents the hydrodynamic drag forces exerted on the structure.

When Eq. (2.5) is substituted into Eq. (2.1), the equations of

motion become

[m]{rt } + [c(w) ]H-} + [k(w) ]{r} = p(KM- 1) [V]Ww - rt }

+ p[V]{Uw} + pKO[A]{I(uw - rt)I(uw - rt )} . (2.6)

In Eq. (2.6), the fluid particle velocities and accelerations

should be those at the instantaneous deflected positions of the structure.

However, for low frequency components of the input forces, the wave

particle velocities {uw} and accelerations {Uw} may be evaluated at the

original undeflected coordinate positions of the nodal points with rea

sonable accuracy(2l).

Since the structural damping and the foundation damping in the

complete structure-foundation system are quite different, it is more

practical and accurate to consider the structure and the foundation as

two substructures of the complete system. Matrices [c(w)] and [k(w)]

can then be decomposed as

[c(w)] = [2] + [c(w)]

[k(w)] = [k] + [k(w)]

(2.7)

(2.8)

where [c] and [kJ represent the structural damping and stiffness matri ces ~
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respectively; [c(w)] and [k(w)] represent the foundation damping and

stiffness matrices, respectively. Matrix [k] can be formulated by the

standard finite element method. The formulation of the structural

damping matrix [c] will be discussed in Section 2.3. Both [c(w)] and

[k(w)] contain non-zero elements only at those degrees of freedom which

are located at the interface of the structure and the foundation. If

subscript "b" denotes quantities related to the base degrees of freedom

and "s" those related to degrees of freedom above the base, then matrices

[t(w)] and [k(w)] can be partitioned into the following forms

(2.9)

(2.10)

[cbb(w)] and [kbb(w)] together define the relationship between

forces and displacements of the foundation subsystem, therefore they can

be obtained together by experimental or analytical methods. Let the
,

foundation subsystem be excited by steady state harmonic forces and

moments having a frequency w. The resulting displacements and rotations

will also have the same frequency w, although they will not, in general,

be in phase with the applied forces and moments. The relationship

between forces and displacements of the foundation subsystem can be ex

pressed as

(2.11)

with
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(2.12)

where {rb} and {Pb} are, respectively, the displacement and force vectors

at the base degrees of freedom of the structure. [x(w)] is the impedance

matrix of the foundation subsystem, and is alternatively called the

dynamic foundation stiffness matrix or the subgrade stiffness matrix.

The procedure to determine the elements of the dynamic foundation

matrices for pile foundations, which constitutes an important part of

this investigation, will be discussed in the next chapter.

The vector {rt } representing total structural displacements from

a fixed reference can be separated into two parts as

(2.13)

(2.14)

where {r} is the vector of displacements with respect to the moving base,

{ug(t)} is a vector containing the three translational components of the

free-field seismic base displacement, and [b ] is the influence coeffi-x
cient matrix. Let the i th component of {ug(t)} represent the trans-'

lationa1 seismic base displacement in a certain direction, then the cor

responding i th vector of matrix [bx] will contain n components equal to

unity representing the n translational components in that direction and

5ncomponents equal to zero representing all the other displacement

components.

Substituting Eq. (2.13) into Eq. (2.6) and rearranging gives

[m]{F} + [c(w)]{r} + [k(w)]{r} = -[m][bx]{Ug} + pKM[V]{uw}

+ pKO[A]{I(uw - tt)l(uw - rt )}

where
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Em] = [m] + (~- l)[V] (2.15)

2.2 Linearization of Equations of Motion

Let {p(t)} denote the entire force vector on the right hand side

of Eq. (2.14), i.e., let

{p(t)} = -[m][bx]{Ug} + pKM[V]{Uw} +

pKO[A]{I(uw - rt)l(uw - r t )} (2.16)

Waves generaged by a sudden impulse such as an underwater earth-

quake, landslide, or volcano are known as tidal waves or tsunamis. Once

started, these waves travel great distances at high velocity with little

loss of energy. Although on entering shallow water they are able to rise

to great height to smash and inundate shore areas, their height in deep

. water is only a few feet. Tsunamis have periods of more than 15 minutes

and wavelengths of several hundred mi1es(18), whereas the most destruc

tive earthquakes recorded usually have durations less than one minute(22).

The probability that a strong motion earthquake occurs concurrently with

strong wave excitations generated by wind is very small. It is reason

able therefore to assume a state of quiescent sea (u =U = 0) whenw w
only the seismic responses of the structure are considered. Hence, Eq.

(2.16) can be reduced to

(2.17)

For earthquake excitation alone, the first term on the right hand

side of Eq. (2.17) dominates the response with a relatively small damp

ing effect coming from the nonlinear drag term(2l). In this case, the

drag term can be linearized using a technique(23) as reported by Penzien
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and Malhotra(21) that first replaces the nonlinear vector {Irtlrt } by a

linear vector [a]{rt} + {b} and then minimizes the error introduced by

this approximation in the mean square sense. Term ai' the i th element

of the diagonal matrix [a], is given as

a. =, (2.18)

in which r~ is the i th element of the displacement vector {r;}, and

E[ ] denotes the time average. Term bi' which is the i th element of

vector {b}, can be obtained through the relation

(2. 19)

With the nonlinear term replaced by the equivalent linear term, Eq.

(2.17) can now be written as

(2.20)

Now the first term on the right hand side of Eq. (2.20) dominates

the response under earthquake conditions. If the earthquake excitation

is assumed to be a zero mean Gaussian process, the linearized output of

the total velocity vector {rt } is also a zero mean Gaussian process, i.e.,

the probability density function for r{ is

1
. t
r·

exp [-- (_'_)2]
2 cr·tr i

(2.21)

in which cr·t ;s the standard deviation of r~. With p(r~) known, th.er i
expected values of the terms shown in Eqs. (2.18) and (2.19) can be
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calculated giving

ai = 1.59crr~
1

b. = 0
1

(2.22)

(2.23)

Since every element of the vector {b} is zero, the term associat-

ed with it will vanish from the linearized equations of motion, which

now become

(2.24)

Values of the elements of {ri } and [a] can only be calculated

from .the solution of Eq. (2.24), therefore an iterative procedure is

necessary for the solution of the linearized equations of motion. For

tunately, the rate of convergence for the iteration process is fast and

only very few cycles are needed. When the total damping in the overall

structure-foundaton system is not well known, one can often justify

simply increasing the assumed material damping ratios to account for

hydrodynamic damping; thus permitting the elimination of the hydrodynamic

drag terms completely from the equations of motion. In this case, the

equations of motion become

(2.25)

2.3 Coordinate Transformation of Equations of Motton

In Eq. (2.25), matrices [c( )] and [k( )J representing respective-

ly the foundation-structure damping and stiffness coefficients are, in

general, frequency dependent. Rather than working directly in the time

domain, it is easier to take a frequency expansion of all the time-
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dependent quantities of the equations of motion and solve it in the

frequency domain. Frequency domain solutions, however, require the

solution of a large number of simultaneous algebraic equations over

a wide frequency range. This is not only time consuming but also re-

quires a large amount of storage to save the entire set of solutions

for future transformation back to the time domain. Therefore, it is

desirable to reduce the total number of degrees of freedom in the equa

tions of motion considerably before performing the frequency expansion.

For large systems that possess classical normal modes, it is

well known that using the mode superposition method allows great numer-

ical simplification. In the modal coordinates, the equations of motion

become uncoupled; and even more important, the earthquake responses of

most structures can be adequately expressed by retaining only the first

few modes of vibration. When structure-foundation interaction is con-

sidered, the complete structure-foundation system does not possess

normal modes in the classical sense because of the presence of the fre

quency dependent matrices [c{w)] and [k{w)] in the equations of motion.

Therefore, the mode superposition method cannot be used directly. A

modified coordinate transformation method developed by Gutierrez(24)

and possessing the same .features as the classical mode superposition

method is used in this study to reduce the number of degrees of freedom

in the equations of motion. The number of degrees of freedom is reduced

by introducing a set of generalized coordinates: normal modes of the

associated structure supported on a fixed base plus the base degrees of

freedom.

The structural stiffness matrix [k] can be partitioned into the

following form
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(2.26)

where matrix [kss ] is the stiffness matrix of the fixed base structure,

matrix [ksb ] is the coupling stiffness matrix expressing the forces

developed in the degrees of freedom above the base of the fixed base

structure caused by pseudostatic displacements of the base degrees of

freedom and matrix [kbb ] is the stiffness matrix of the base degrees of

freedom.

The displacement vector {r} can be separated into two parts

(2.27)

where {ri} represents the pseudostatic displacements of the degrees of

freedom above the base, and {r~} represents the dynamic response dis

placements of the degrees of freedom above the base when the pseudo

static displacement components are excluded.

The pseudostatic displacement vector {ri} can be computed from

the static equilibrium condition

or

{rq} = [L]{rb}s

where

-[k ]
_1 _

[L] = [ksb ]ss

(2.28)

(2.29)

(2.30)
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The displacement vector {r~} can be adequately described by a

combination o'f the first few modes of the structure supported on a

fixed base, or

(2.31)

where vector {z} is the normal coordinate vector and the matrix [~] re

presents the mode shapes of vibration of the associated structure support

ed on a rigid foundation. The matrix [~] usually contains many fewer

columns than rows and its jth column vector is the solution of the eigen-

va1ue problem

(2.32)

where the diagonal matrix [mss ] is the mass matrix of the associated

fixed base structure and wj is its jth natural frequency of vibration.

Combining Eqs. (2.27), (2.29) and (2.32) gives

where I is the identity matrix. For clarity, introduce

(2.33)

{v} = (2.34)

and

[ O~ LI][B] = (2.35)
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Equation (2.33) now becomes

{r} = [BHY} . (2.36)

If Eq. (2.25) is pre-multiplied by [B]~ then converted to general

ized coordinates using Eq. (2.34), the equations of motion become

where

[M*]{Y} + [C*(w)]{Y} + [K*(w)]{Y} = {P*(t)} ,

[M*] = [B]T[m][B]

[C*(w)] = [B]T[c(w)][B]

[K*(w)] = [B]T[k(w)][B]

(2.37)

(2.38)

(2.39)

(2.40)

(2.41 )

in which [M*] , [C*(w)] and [K*(w)] represent, respectively, the general-

ized mass, damping and stiffness matrices, and {P*(t)} represents the

generalized force vector.

Now [c] which represents the structural damping matrix of the free

free structure, is not yet defined. To determine this matrix, one must

rely considerably upon experimental evidence and engineering judgement.

A suitable method for evaluating [c] is to use the dynamic properties of

the fixed base structure along with the pseudostatic influence matrix

defined by Eq. (2.30). The structural damping matrix can be partitioned

into the following form

[

C_-ss
[c] =

Cbs

(2.42)
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where Cess] is the damping matrix for the fixed base structure and can

be generated using the relation(25)

(2.43)

where Mis the number of normal modes of the fixed base structure to be

considered, and ;j and Mj are the damping ratio and generalized mass,

respectively, of the jth normal mode. The matrices [csb] and [cbb] can

be generated using the relations(15)

[Csb ] =-[css][L]

[cbb] = [L]T[Css][L]

(2.44)

(2.45)

2.4 Solution of Equations of Motion

After the matrices [M*], [C*(w)], and [K*(w)] and the vector

{P*(t)} are determined, Eq. (2.37) can be solved by transforming to the

frequency domain. Then

[-w2 [M*] + iw[C*(w)] + [K*(w)]]{Y(w)} = {P*(w)} (2.46)

Where {Y(w)} and (P*(w)} are the direct Fourier transforms of {Y (t)} and

{P*(t)}, respectively, and where w is the variable circular frequency.

Equation (2.46) can be solved simultaneously for the discrete values of

w giving the frequency responses {Y(w)}. The time histories of response

{Y(t)} can then be obtained by the inverse Fourier transform of {Y(w)}.

In this solution process, the direct and inverse Fourier transforms can

be obtained very accurately and efficiently using the Fast Fourier Trans

form (FFT) algorithm developed by Cooley and Tukey(26, 27).
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The nodal point displacements {rs(t)} and {rb(t)} are then ob

tained using the transformation given in Eq. (2.33). The stresses

{Tp(t)} in element p at any instant of time are related to the displace

ments {rp(t)} for that element by means of a stress transformation

matrix [SpJ as

(2.47)
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3. MATHEMATICAL MODELING OF PILE FOUNDATION

3.1 Concept of Lateral Soil Modulus

The classical theories of earth pressures are not reliable for

determining lateral resistance of single piles. They assume mobilization

of active and passive pressures, which do not occur except at complete

failure. Satisfactory methods of determining lateral resistances of

single or groups of piles must be applicable to small deflections. In

some cases, the governing design criterion is the permissible lateral

deflection; in other cases, it is the maximum load that the pile can

take without overstress.

Figure 3.1 shows a sketch of a single pile with oscillating loads

applied at its top and the spring-dashpot mechanisms that represent the

characteristics of the surrounding soil. The deflection of the pile in

the lateral direction can be computed by numerical solution of the

fourth-order equation of motion

4 2 5
E I~ + m~ + E I C -l-Y + Ep(Z, y, oY)y = 0 , (3.1)

p Paz 4 Pat 2 p p Paz 4 at at

in which EpI p is the flexural rigidity of the pile, mp is the mass of

the pile per unit length, cp is the damping coefficient of the pile, and

Eh is the lateral soil modulus.

In the above equation Eh collectively represents the character

istics of the reaction of the soil to lateral pile displacement, and can

be obtained from the so-called p-y curve. This p-y curve can be obtain

ed by observing the behavior of the soil in a thin stratum at a depth

Zl below the surface of the ground, as shown in Figure 3.2a. Figure 3.2b
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shows the earth pressure distribution around the pile after the pile is

driven into the soil and before harmonic surface loadings 'are applied,

assuming that there is no bending of the pile during driving. Under

these conditions, the free body cut through the soil and pile along the

planes indicated in Figure 3.2a is in equilibrium. If the center of the

pile is deflected a distance y, as shown in Figure 3.2c, a change in

soil pressure will be generated in the form in the figure. Integration

of the soil pressure and shear around the pile segment would yield an

unbalanced force p per unit length of the pile. Here, the shears on

the outside wall of the pile parallel to the longitudinal axis of the

pile are assumed to be small in relation to the internal shear developed

in the pile, and can thus be neglected.

The lateral soil modulus at depth zl is the slope of the secant

of the corresponding p-y curve, as shown in Figure 3.3. The value of the

modulus is not a direct property of the soil, but is a fitting function

to correlate pile behavior with soil properties, as reflected by the p-y

curve. It can be expected to be a function of depth, diameter of pile,

and rate of loading. Among the soil properties that affect the value

of the lateral soil modulus, the shear strength is the dominant parameter.

While there is not a proportional relationship between p-y curves and

shear strength of the soil, weaker p-y curves certainly result from

weaker soil.

Many clays are normally consolidated, or nearly so, and will have

increasing shear strength with depth. For over-consolidated clay the

shear strength is approximately constant with depth, as in the case of

overconsolidation of the soil caused by glaciation. However, if the

overconsolidation was caused by desiccation, the shear strength may
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decrease with depth. Figure 3.4 shows the shear strength distributions

with depth for four different soil conditions (28).

The concept of the p-y curve, first developed by McClelland and

Focht(29) implies that the behavior of the soil at a particular depth

is independent of the soil behavior at all other depths. This assumption,

of course, is not strictly true. However, it has been found by experi

ment that, for the patterns of the pile deflections which can occur in

practice, the soil reaction at a point is dependent essentially on the

pile deflection in the immediate vicinity of that point and not on the

pile deflection some distance above or below the point(9, 11).

3.2 Elastic Lateral Soil Modulus

Although many researchers(30, 31) have attempted to construct the

p-y curves, and hence the lateral rsoil modulus, for different soils

using field or laboratory determined soil parameters, no definite com

prehensive method has yet been established. Accuracy depends heavily upon

the engineer's experience in assigning values to empirical terms. More-

over, the driving of piles into the soil medium remolds and compresses

the soil, thus greatly changing its properties. The presence of piles

destroys the continuity of the soil; the piles in effect acting as rein

forcing bars in the soil. Furthennore, in practice, a pile often pene

trates various strata, each having a different soil modulus.

Even if the soil medium is modeled as an isotropic, elastic half-

space, only approximate methods of investigation are available for deter

minlng the responses of a pile, since the three-dimensional elasticity

problem of a load applied to an elastic medium by an embedded rod has

not been solved theoretically.
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3.2.1 Degenerated Two-Dimensional Approximation

For a general three-dimensional, homogeneous, isotropic, elastic
Tsolid, the displacement vector, {u} = {urueuz} , satisfies the following

equation of motion

(3.2)

in which V is the divergence, V2 is the Laplace operator, Ps is the mass

density of the soil, V·{u} is the dilatation, and A and G are the Lame

constants, respectively.

The main difficulty encountered in solving the above displacement

equation of motion is that the displacement components ur ' ue' Uz ate

coupled in the second term of the equation. The coupling of displace-

ment components always exists, no matter which geometric coordinate

system is employed. To simplify the solution, it is necessary to either

make some basic assumptions or introduce a number of potentials and then

to transform the equation into a space in which it is more easily solved.

The degenerated two-dimensional approximation method employs both ideas.

Using Helmholtz1s theorem, the displacement vector function can

be written in terms of a scalar point function <j> and a vector point
Tfunction {W} = {W1W2W3} as

{u} = V<j> + Vx{w} (3.3)

Since V'(Vx{u}) =0, by substituting Eq. (3.3) into Eq. (3.2) the

equation of motion can be reduced to
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Equation (3.4) is satisfied if ~ and {~} separately satisfy

(3.5)

(3.6)

where VL = velocity of the dilatational wave

(3.7)

and Vs = velocity of the rotational wave

(3.8)

The original displacement equation of motion is thus transformed

into two uncoupled equations, for which the dependent variables are ~

and the three components of the vector function {~}.

The following assumptions were first made by Baranov(4) for the

study of the behavior of embedded foundation. The soil medium is assumed

to be composed of a set of independent, infinitesimal ~ horizontal elastic

layers that extend to infinity and can only transmit plane-strain waves.

The cross-section of the pile is assumed to be circular and to have per-

feet contact with the soil before and during the application of the

oscillating surface loads. With these assumptions" the vertical dis-

placement component is equal to zero everywhere in the soil layer and

in the pile segment, and the other two horizontal displacement components

can be completely described by the dependent variables ~ and ~l' with

~2 = 1/13 =o.
The condition of compatibility at the interface of the soil and
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pile segment can be written as

Iur(B,e,t)I= IY case Ie
iwt

ue(B,e,t) -y sine (3.9)

where w represents the angular frequency of the oscillating surface

loads, B is the outside radius of the pile, and e is measured counter

clockwise from the Y axis.

Equations (3.3), (3.5) and (3.6) can be written as

'dl/J 1 al/J i
-+--
'dr r ae

=

ue r ae 'dr (3.10)

where

( 2 2)- ( ) _ 1 ( 2 'd a K2 2 a2 )- - 0iJ + K l/J 1 r,e - r2 r ar + r ar + r + a8 2 l/J 1 -

~(r,e) = ~(r,8,t)e-iwt

- () ( ) -iwtl/J 1 r,8 =l/J 1 r,8,t e

(3.11)

I

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

The general solutions to Eqs. (3.11) and (3.12) are obtained by
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separation of variables in the forms

.~ = E (An cosne + B sinne)[E H(l)(h ) + H(2)(h )]
n=O n n n r n r

WI = E (en cosn8 + On sinne)[F H(l)(kr ) + H(2)(k )]
n=O n n n r

(3.17)

(3.18)

where H~l) and H~2) represent Hankel functions of the first and second

kind of order n, and where An' Bn, en' On' En' and Fn are integration

constants whose values depend upon the boundary conditions.

The displacement ur is an even function of e, and the displace

ment ue is an odd function. At the interface of the soil layer and the

pile segment, that is at r = B, both displacements satisfy Eq. (3.9),

and as r approaches infinity both displacements vanish. After applying

all boundary conditions, Eqs. (3.17) and (3.18) reduce to

~ = A cose H(2)(h )
1 1 r

$ = 0 cose H(2)(k )
1 1 1 r

with constants A and 0 satisfying the following relations
1 1

A Q_rH(2)(hB)] + 0 ~(2)(KB) =y
I~ 1 18 1

(3.19)

(3.20)

(3.21)

(3.22)

The stress components crr and Tre are related to the potentials ¢

and WI through the differential equations
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_ Z 82,,,_ 8 1 ath
L - -Gk w - 2G[~ - -- (-~)]r8 1 ar2 ar r ae

(3.23)

(3.24)

The net horizontal soil-pile interaction force p in the positive

y direction is then equal to the integral

(3.25)

The lateral soil modulus can be obtained by dividing the integrat

ed value of the above equation by ye iwt . The result is

(3.26)

where s = ratio of shear wave velocity to dilatational wave velocity

h fl - 2\)J ~=k = L2(1-\)) . (3.27)

The lateral soil modulus, as expressed by Eq. (3.26), is a result

from two-dimensional elasticity theory. It is indeed a function of pile

diameter, rate of loading (through hand k) and shear modulus of the soil

and distance from the surface of soil medium (through G). As the plane

strain waves generated by the pile movement propagate radially outward,

they encounter an increasing volume of soil, thus the energy density in

each wave decreases with distance from the pile. The outward transmission

of energy is usually called geometric damping or radiation damping, and

;s properly taken into account by the imaginary part of the lateral soil

modulus.
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3.2.2 Three-Dimensional Static Approximation

Sezawa(32) derived general solutions for the wave equation,

i.e., Eqs. (3.5) and (3.6). His solutions have been rearranged by

Kanai(33) into the following integral forms:

u =r

S Jm(qr) -Sz l iwt
+ Cmj(2 ar e ~ cosm6e (3.28a)

where

(3.28b)

(3.28c)

(3.29)

hand k are defined by Eqs. (3.13) and (3.14), and Jm(gr) is Besse1's

function of order m. In Eg. (3.28), terms with constants Am are related

to dilatational waves and terms with constants Bm or Cmare related to

rotational waves. These constants are determined by the appropriate

boundary conditions. The associated stresses are given as

~
CX) l 2 2cr = G dqi: . A -29 + k e-o.2

z . 0 m m h2 + 2C ~ e-azl J (qr)cosm6e iwt
m h2 ~ m

(3.30a)
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m(q 2 + 02) Jm(qr) Oz l ,. t
+ em -- k2 j.) - r e-j.») sinmee W

(3.30b)

(3.30c)

All the integrals in Eqs. (3.28) and (3.30) are improper integrals

with Bessel functions or derivatives of Bessel functions as the integrand.

Except for a few special cases, their integration requires the use of

Fourier1s double integral theorem(34)which is mathematically difficult.

For the static cases, that is when w approaches zero, the degree of dif

ficulty is much less than for the dynamic cases. The three-dimensional

elasticity problem of a static load applied to a point inside an elastic

half-space, which is one of the static cases, has been solved theoretically

by Mindlin(35). The Mindlin equation, which gives the x component of dis-

placement as produced by a single concentrated force P located at any

arbitrary point (O,O,c) within an isotropic half-space and acting in the

x direction, is

( ) _ P(O,O,c)
ux x,y,z - l6~(1-v)G j 3 - 4v + _1 + 2cz + 4(1-v)(1-2v)

Rl R2 R2 3' RZ + z + c

(3.31 )

in which v is Poisson's ratio, c is the z distance of the load below the
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surface xyboundary plane, and

R 2 =x2 + y2 + (z _ C)2
1

The Mindlin equation permits one to characterize completely an

elastic half-space. Penzien (1) used this equation to obtain a three-

dimensional approximate static soil modulus. The horizontal interaction

force between soil and pile is assumed to be uniformly distributed along

the length of the pile within each hei ght interval 2h, but the magnitude

of the interaction force varies from one interval to the next. The

general expression for the weighted average deflection at the outside

pile radius B, caused by a uniformly distributed interaction force over

the height of one interval, is obtained by substituting the intensity of

the interaction force p(O,O;c ± h) between points (c - h) and (c + h)

for the concentrated load P(O,O,c) in Eq. (3.31) and integrating with

respect to c over this interval. The static modulus is then taken as the

ratio of intensity p and the weighted average deflection at the outside

pile radius. For Poisson's ratio v equal to 0.5, the lateral soil modulus

obtained is

lc-h+zsinh- B

. -1 c + h + z . -1 c ,- h + z+ slnh . B - slnh B

+ -L [B 2 (C + h) - 2B 2 z + (c + h)z2 + Z3

38
2

I 82 + (c +h+ Z)2

B2(c - h) - 2B2z + (c - h)Z2 +
IB2 + (c - h + Z)2



_ ~[ z - (c + h)
3 IB 2 + (c + h _ Z)2

z - (c - h) ]
IB 2 + (c - h - Z)2
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(3.32)

Figure 3.5 shows the variation of average static lateral soil

modulus with slenderness ratio LIB of pile.

3.3 Elastic Vertical Soil Modulus

The dynamic responses of the pile pertinent to the vertical motion

of the pile head can be obtained using the same assumptions for the soil

as in the lateral case. The damped equation of motion of the pile in

the vertical direction is

(3.33)

in which w is the vertical displacement of the pile, Ap is the area of

the pile's cross-section, Cv is the damping coefficient in the vertical

direction. Ev' the counterpart of Eh, defines the vertical soil reaction

acting at height z on a pile element dz, and is called the vertical soil

modul us.

The vertical soil modulus obtained from the two-dimensional theory

of elasticity, based on the assumption that the cross-section of the pile

is circular and the pile has perfect contact with the soil before and

during the application of the oscillating surface load, is

(3.34)
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Like the lateral soil modulus, Ev can also be estimated from the

three-dimensional theory of elasticity by assuming that the vertical

interaction force between soil and pile is uniformly distributed along

the length of the pile within each height interval 2h, but that the magni

tude of the interaction force varies from one interval to the next. For

Poisson's ratio equal to 0.5, the vertical soil modulus for a pile segment

between the elevations (c - h) and (c + h) is then

E =8~El 2 sinh- l c + h - z 2 sinh- l c - h - zv 3 B - B

-
+ ~ sinh- l c + ~ + z _ 2 sinh- l c - ~ + z

+ c - h - Z

/B 2 + (c - h - z) 2

c + h + z

c + h - z

c - h + z

Figure 3.6 shows the variation of average static vertical soil

modulus with slenderness ratio of the pile.

3.4 Inelastic Soil Moduli

Although the soil moduli evaluated by assuming that the soil is

composed of a set of ideal elastic plane-strain layers can account for

the geometric distribution of elastic-wave energy, they do preclude the
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loss of energy caused by the inelastic behavior of the real soil, as

reflected in the nonlinear p-y curves. When the soil is set in vibration

by the movement of the pile, some of the elastic energy is always con

verted into heat, and plastic behavior may take place. The various

mechanisms by which non-radiating energy is lost are collectively termed

internal friction.

The internal friction can be measured by the specific damping

capacity, defined by the ratio of the energy dissipated in taking a

specimen through a stress cycle to the elastic energy stored in the

specimen when the strain is a maximum. In terms of the p-y curve, specif

ic damping capacity represents the ratio of the area enclosed by the

hysteresis loop to the total area under thep-y curve when y is a maximum.

A simple method to account for the energy loss due to internal

friction is to model the soil medium as an isotropic viscoelastic

soil which has the same specific damping capacity as the real soil. The

problem is then transformed from one in linear elasticity to one in linear

viscoelasticity. The identification of a problem in linear elasticity

with one in linear viscoelasticity is guided by the correspondence

principle(36). The soil modulus for a linear viscoelastic medium can be

obtained by simply replacing the real shear modulus G by a complex shear

modulus G* composed of real and imaginary components, each of which is a

function of frequency, as

(3.36)

in which Gl(w) is the elastic component and G2(w) is the viscous

component.

Fora Voigt solid, the stress is the sum of two terms, one
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proportional to the strain and the other proportional to the rate of

change of strain, and the displacement equation of motion is similar to

Eq. (3.2) but with the operator A + A~(~t) in place of A, and G+ G~(~t)

takes the place of G. Since four constants A, A~, G and G~ must be used

for a Voigt solid, simplifying assumptions have often been made about

relations between them in order to treat the problem. Since deformations

involve dilatation as well as shear, it is logical to specify that the

ratio of G~ to G equals the ratio of K~ = A~'+ jG~ to compressibility

K= A + ~(37). K~ is known as the dilatational viscosity, G~ being the

shear viscosity. In this case, Eq. (3.36) becomes

G~

G*(w) = G( 1 + i~)

3.5 DynamicStiffnesses afa Single Pile

3.5.1 Method of Calculation

(3.37)

After the lateral and vertical soil modu]i, which define the inter-

action forces between soil and pile, are obtained, one needs to solve

Eqs. (J.1) and (3.33) in order to evaluate the impedance functions at

the head of a single pile. The impedance functions of a pile can be de

fined as the transfer functions describing the ratios between the dynamic

complex response displacements on the head of the pile and its surface

harmoni cexciti n9 force.

The steady-state solution to Eq. (3.1) can be written as

y(z, t) =y(z)eiwt

where complex amplitude is

(3.38)

(3.39)
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Substituting Eq. (3.38) into Eq. (3.1) yields an ordinary differ

ential equation

(3.40)

In the same way, the steady-state solution to Eq. (3.33) can be

written as

w(z, t) = w(z)eiwt

Substituting Eq. (3.41) into Eq. (3.33) yields

-ApEp(l +iBvw)d:~~Z) + w(z)(Ev .. mpw2
) = 0

(3.41)

(3.42)

Solutions of Eqs. (3.40) and (3.42) are straightforward, if the

soil moduli are constant with respect to z. Their general solutions are

the combination of sine and cosine functions, in the case of Eq. (3.42),

plus hyperbolic sine and hyperbolic cosine functions, in the case of

Eq. (3.40) .. The dynamic stiffness of the pile can be determined as the

end force producing unit displacement of the pile head. This unit dis

placement and the other end conditions represent the boundary conditions

. from which the integration constants can be established.

In this study, Eqs. (3.40) and (3.42) are discretized by finite

element method~ The masses of the pile are lumped at n selected points

along the length of the pile. The interaction effects between soil medium

and pile are simulated by boundary springs. The spring constants are cal

culated using Eqs. (3.32), (3.35) and (3.48). A two-dimensional beam element

with three degrees of freedom at each end ;s used to formulate the stiff

nesses of a pile segment between two neighboring control points. The
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total stiffness and mass matrices are then assembled and combined to-

gether to form the total dynamic stiffness matrix. Finally, a well

established static-condensation subroutine is used to obtain the dynamic

stiffness matrix at the head of a single pile.

3.5.2 Tip Conditions

End conditions theoretically constitute part of the boundary

conditions in the determination of dynamic pile stiffnesses. At the

embedded end, the movement of the pile generates reactions from the soil

lying below the level of the tip. It is necessary to determine the de

gree of fixity at the tip in order to evaluate correctly the responses

of the pile.

For a pile subjected to lateral movement, a study by Novak(5)

shows that the pile stiffnesses and damping are almost the same for a

fixed tip and a pinned tip when the length of the pile is larger than

abouttwenty-fi ve times its radius. The infl uence of the ti p condition

appears less than is the case with static loads(38, 39). This conclusion

is in general agreement with results of lateral load tests performed by

the Bureau of Reclamation(40), which concludes that increase in length

does not improve lateral resistance if the pile is embedded enough to

prevent movement in the lower portion.

For a pile subjected to vertical movement, the reaction of the

soil at the tip has been described approximately bY,NOvak(54) as the

reaction of an elastic half-space to the vertical motion of a surface

supported rigid circular disk having the same radius as the pile. Using

this kind of approximation, the continuity of displacements across the

imaginary horizontal plane which is at the same level as the pile tip is

not guaranteed.

For the static case, the degree of fixity at the tip can be
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approximated by, again, using the Mindlin equation. The Mindlin equation,

which gives the vertical component of displacement produced by a single

concentrated force Q located at an arbitrary point (O,O,c) within an iso

tropic half-space and acting in the vertical direction is

u (x y z) = Q(O,O,c) [3-4V. + 8(1-v)2 - (3-4v) + (Z-C)2
z " 161TG (l-v) Rl Rz R

l
3

(3.43)

where

Equation (3.43) is singular at the loading point, but this diffi

culty can be avoided by assuming that the vertical reaction of the soil

below the level of the pile tip is uniformly distributed over the tip

area. After changing Eq. (3.43) from Cartesian coordinates into cylindri

cal coordinates and setting z and c equal to the length of the pile, the

vertical displacement at the center of the pile tip caused by a uniformly

distributed reaction force is obtained by substituting the intensity of

the reaction force q for the concentrated load Q and integrating with

respect to r from ° to the outside pile radius .8. The result is

-
82

9 1w(O,O,L) - 8G(1-v) (3-4v)8 + [8(1-v)2

(3.44)
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where L is the length of the pile. The stiffness constant is then taken

as the ratio of the total reaction force over the tip area to the approxi

mate deflection at the center of the pile tip as expressed by Eq. (3.44).

3.6 A Suggested Procedure in the Study of Pile Behavior

The soil moduli based on two-dimensional elasticity theory, ex

pressed by Eqs. (3.26) and (3.34), involve calculation of Hankel functions.

To make the solutions accessible to practicing engineers, Novak(S) has trans

formed these solutions into a dimensionless form and fitted the solutions

by polynomials for a few different values of Poisson's ratio. His results

for lateral soil modul us are presented as curves of parameter S versus

dimensionless frequency a, where S and a are defined as

(3.45)

(3.46)

The S versus a curve for a Poisson's ratio of 0.25 is reproduced

in Figure 3.7. S consists of both real and imaginary parts. The real

part, which accounts for the stiffness and inertia effects of the soil

medium surrounding the pile, levels off at high frequency; while the im-

aginary part, which accounts for the radiation damping effect, is almost

a linear function of frequency. The biggest shortcoming in Figure 3.7

is that both the real and imaginary parts of S start from zero at zero

frequency. This means that there is no interaction between pile and soil

medium for the static case if Baranov's approximation is employed. For

offshore structures, for which responses in the low frequency range are,

in general, more important than responses in the high frequency range,

this shortcoming is intolerable.
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Although approximate static soil moduli based on three~dimensional

elasticity theory, expressed by Eqs. (3.32) and (3.35) are more suitable

for the study of the behavior of piles used in the foundation of offshore

structures, they alone do not account for the inertia and radiational

damping effects of the soil medium.

3.6. 1 A Proposed Procedure

As pointed out in Subsection 3.2.2, the calculation of the soil

moduli using three-dimensional elasticity theory involved complicated

infinite integrals for the dynamic case, but approximate solutions are

available for the static case. It is desirable therefore to extend the

solution for the static case to the dynamic case by making certain assump

tions which will yield satisfactory solutions for engineering applications

while by-passing the difficult mathematics.

In general, the lateral soil modulus can be written as

(3.47)

in which z is the vertical distance from the surface of the soil, B is

the outside radius of the pile, G is the shear modulus of the soil, v is

the Poisson's ratio of the soil, w is the angular frequency at which the

foundation is excited, and Ehl and Eh2 are the real and imaginary parts

of the lateral soil modulus, respectively.

It is proposed here to separate the dynamic soil modulus into two

factors so that

(3.48)

where Eh(z,B,G,v,O) is the static lateral soil modulus based on elasticity

theory and Fh(w) is a frequency-dependent shape function. Approximate
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value of the static lateral soil modulus Eh(z,B,G,v,O) can be obtained

by using the Mindlin equation. For pile foundation of offshore struc-

ture, it is reasonable to use a Poisson's ratio v of 0.5, because of the

presence of the sea water above. Thus, the static lateral soil modulus

can be calculated by using Eq. (3.32).

The frequency-dependent shape function Fh(w) can be constructed

using the numerical solution of the dynamic Lamb's problem. It's value

equals 1 when w equals 0. So, in essence, Eq. (3.48) is an asymptotic

solution. For the static case, the equation gives the same lateral

soil modulus as that obtained by the static three-dimensional approx

imationmethod. The procedure for constructing Fh(w) will be stated

in detail in Subsection 3.6.3

After the stati c 1atera1 soil modul us and the frequency depen

dent shape function have been obtained, Eq. (3.48) can then be sub

stituted into Eq. (3.40), which, in turn, can be discretized by

numerical method to obtain the dynamic stiffnesses of a single pile.

The method of discretization of Eq. (3.40) is already mentioned in

Subsection 3.5.1.

Like the lateral soil modulus, the vertical soil modulus can be

separated into the product of the static vertical soil modulus and a

frequency-dependent function Fv(w). For Poisson's ratio equals 0.5,

the vertical soil modulus can be calculated by using Eq. (3.35). The

value of Fv{w) also equal 1, whenw equals O. Again~ fv(w) can be

constructed using the numerical solution of the dynamic Lamb's problem.

After the vertical soil modulus is obtained, it is substituted into

Eq. (3.42), which is then discretized to obtain the dynamic stiffness

of a single pile in the vertical direction.
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For a given pile in a given s6il medium, the lateral soil modulus

Eh is a function of two parameters: z and w. The lateral soil modulus

can be visualized as a complex-valued surface in the space with Eh, z

and w as its rectangular coordinates. Eq. (3.48) separates the dynamic

lateral soil modulus into the product of two functions of one para

meters. It is similar to the method of separation of variables com

monly employed in the solution of partial differential equation. All

it says is that the complex-valued surface can be constructed from two

orthogonal functions of a single variable.

Theoretically, approximate value of the dynamic lateral soil

modulus can be obtained by using the solution of the Lamb1s problem

directly. The problem of a single harmonic force acting at an interior

point of a homogeneous half-space is called the Lamb1s problem. How

ever, since the closed-form solution of the Lamb1s problem is currently

not available, one has to use numerical solution. Eq. (3.48) is one

way of calculating the dynamic lateral soil modulus by numerical method.

It is desirable since the approximate static lateral soil modulus

obtained by using the Mindlin equation has a closed boom, as given by

Eq. (3.32). The Mindlin equation gives the solution of the static

case of the Lamb's problem. Therefore, the procedure for calculating

the dynamic lateral soil modulus mentioned above can be viewed as an

indirect use of the numerical solution of the Lamb's problem. For the

Lamb's problem, the only important boundary condition is the stress

free boundary condition, which will be examined both intuitively and

numerically in the next two Subsections.

The basic assumption underlying the proposed procedure is that

the force-displacement relationship of the interaction effect between

the pole and the soil medium will assume the same shape with respect to



44

to frequency regardless of which position of this effect is in con

s i derati on.

3.6.2 Examination of the Procedure

Measurement of the applicability of the proposed procedure is

tantamount to measurement of the importance of the stree-free surface

boundary condition upon the response of a uniform elastic half-space to

the application of a harmonic concentrated force at a certain depth H

below the surface.

A procedure, whi ch separates the force-di spl acement rel ationshi p

at the point where the external force is applied into the product of a

frequency dependent function and a function of other material and geo

metric properties, is unsuitable for finite systems such as a beam or a

string of finite length and having any prescribed boundary conditions.

For a finite system, resonance at discrete points along the frequency

axis is possible. If a finite system is forced to vibrate near two

different resonant frequencies, it will, in general, assume two entirely

different vibration shapes. If an external harmonic force happens to be

placed near one of the nodes of a vibration mode, the response of the

system ;s very sensitive to the exact location of the force applied

around the natural vibration frequency of that mode. It is therefore

impossible to separate the force-displacement relationship at the point

where the force is applied into the proposed form. But for an infinite

system where resonance is not possible, such as an elastic half-space or

elastic full-space, the procedure proposed in much better than for the

finite system.

From Mindlin~s solution of the problem of a static force acting

inside an elastic half-space, it can be shown that except when the force
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is applied near the free surface, the relationship between the force and

the average displacement along a horizontal circle with the loading point

as its center is not sensitive to change in the location of the applied

force. In other words, only in the immediate vicinity of the loading

point does ~he displacement have a significant magnitude and the stress

free boundary condition of the elastic half-space have little effect.

The problem of a single force acting at an interior point of a

homogeneous half-space is usually called Lamb's problem. We consider

the dynamic version of Lamb's problem in the time domain instead of in

the frequency domain, and designate the shortest time for waves to reach

the surface from the loading point inside the elastic half-space as t l .

With a finite wave speed there always exists a finite boundary surface,

at any finite time t < t l , which is yet uninfluenced by the loading

initiated at t = O. In other words, the response of the elastic ha1f

space is exactly like an infinite medium with the same material pro

perties during this time interval. For t > t l , only one ray, which

impinges the stress-free boundary at right angles, will reflect directly

back to the buried wave source. All other rays, no matter if they are

incident rotational waves or incident dilatational waves, will reflect

and travel away from the surface point directly above the loaded point

after impinging on the stress-free surface(42). In actual application

to the pile problem, the region where Eq. (3.48) is violated is within

one to two pile diameters from the surface of soil medium. Because of

the presence of the sea water, the soil properties in that region can

be expected to differ significantly from that of the rest of the soil

medium. So the influence of the stress-free boundary condition is,

intuitively, not significant.
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3.6.3 Frequency-Dependent Shape Functions

The real measure of the applicability of the proposed procedure

is to compare it with results obtained by three-dimensional elasticity

theory. Numerical solutions of the dynamic Lamb's problem have been

obtained by Kida et al. (43) The homogeneous elastic half-space is first

divided' into two regions: One region is an elastic layer with the

stress-free surface of the elastic half-space as its upper boundary and

a plane which contains the point where the external harmonic force is

applied and is parallel to the half-space surface as its lower boundary;

and the other a region which encloses the rest of the elastic half

space. Displacement fields like those expressed by Eq. (3.28) are pre

scribed for both regions. The unknown constants are then evaluated by

matching displacements and stresses across the interface of the two

elastic regions.

In cylindrical coordinates (r,e,z), the horizontal displacement

component which is produced by a single concentrated, horizontal,

harmonic force Pe iwt acting at any arbitrary point (O,O,zf) within an

isotropic half-space can be expressed as

Pweiwt. .
u (r,e,z) = GV Ull + lf2l + (f12 + lf22 ) cos2e], (3.49)

s

in which f ll , f12 , f2l , f 22 are frequency-dependent displacement functions.

For most of the cases, the displacement function 'f22 is negligible when

compared with the values of the other three displacement functions.

All the high order terms with respect to' e have been neglected in Eq.

(3.49). The displacement functions are more easily expressed in terms

of dimensionless parameters c, cf and a, which are defined as
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C = wz
Vs

c
f =

wZ fv;-
a wr= Vs

(3.50)

(3.51 )

(3.52)

Figures 3.8,3.9 and 3.10 show f11 , f lZ ' and f21 for cases where

c =cf ' v =0.5 and a equals 0.1,0.2,0.4, respectively. It is

apparent that all three di spl acement functions converge hori zontally

as c exceeds 1.0. This indjcates strongly that the stress-free boundary

condition indeed does not play an important role in the response of the

isotropic half-space when the external force is applied away from that

surface. Hence, the proposed procedure appears to be feasible for

engineering applications.

When the value ofa is small and the value of c is reasonably

large, the horizontal displacement component in Eq. (3.49) for cases

where c = cf can be adequately approximated by

Pe
iwt

[ ]u (r, a, c =cf ) = 3ZTIGr (6 + 2cosZa) - i5a . (3.53)

To actually apply the procedure, it is necessary to have a

reasonably accurate frequency-dependent shape function Fh(w). This

can be achieved by first graphing the complex displacement fll + HZl
against a, with C = cf kept large, 10 say. The resulting complex

function fll + ifZl is then normalized such that its value at a = 0 is

one. The inverse function of the normalized complex function f l1 + if21
versus a is a good shape function. Figure 3.11 presents the shape
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function obtained in this way for Poisson's ratio of 0.5 and for values

of a in the range from a to 2.0.

This procedure can also be used to evaluate the vertical responses

of a single pile. For this, one needs a frequency-dependent function

Fv(w) which is the counterpart of Fh(w) in the vertical direction. Fv(w)

can be obtained in exactly the same way as Fh(w). In cylindrical coor

dinates, the vertical displacement component produced by a single con-

t t d t ' 1 h . f Q iwt t' t b't ' tcen ra ever lca armonlC orce e ac lng a an ar 1 rary pOln

(O,O,zf) within an isotropic half-space can be expressed as

(3.54)

Figure 3,12 presents curves of Fl and F2 for three different

cases where c =cf and Poisson1s ratio v = 0.5, In the low frequency

range, the vertical displacement can be adequately approximated by

w (r,e, c
_ Qe iwt

= cf ) - 321TGr (4 - i5a) . (3.55)

Fi gure 3.11 presents the vertical shape function for the case

where Poisson's ratio equals 0.5 and a ranges from a to 1.5.

The degree of approximation involved in deriving the soil modulus

by the proposed procedure is less than that by the degenerated two

dimensional theory of elasticity, In the degenerated two-dimensional

approximation, the important parameter z is eliminated in the early

stage of developement as mentioned in Section 3.2. The stress-free

boundary condition is completely ignored. Therefore, the soil modulus

so obtained is independent of parameter z. Whereas the soil modulus

obtained by the proposed procedure will vary with parameter z the same
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way the static soil modulus varies. The stiffnesses of the pile founda

tion for an example offshore structure obtained by the two different

approximation methods are given in Figures 4.3 to 4.6. Comparisons of

the results of the two methods are included in Chapter 4.

3.7 Dynamic Stiffnesses of a Pile Group

3.7.1 Pile Group Without Pile-Cap

Both theory and tests have shown that the total bearing value of

a group of friction piles, particularly in clay, may be less than the

product of the bearing value of an individual pile multiplied by the

number of piles in the group(44,45,46,47). The reduction in value per

pile depends on the size and shape of the pile group and on the size,

shape, spacing, and length of the piles. No reduction due to grouping

occurs when the piles are end-bearing piles; however, for groups which

partake of both actions, only that portion taken in friction is reduced.

For offshore structures, several lI efficient fOntlulae" are in use

for assigning reductions to the carrying capacity of piles in a group.

Some of these were established before the actions as explained by soil

mechanics were unde,rstood and have been incorporated in building codes.

This fact, together with the desire to keep footings as small as possible

and the wish not to increase footing sizes for one type of pile over

those required for another, have resulted in the general use of the

specified minimum spacings as the maximums.

For offshore structures, the factors considered in designing pile

foundations are generally different from those considered when designing

pile foundations for onshore structures. In general, there is no need

to limit either the size of the footing or the size of the piles. Pile~

used in the foundations of offshore structures are generally quite long
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and unifonn1yspaced. It is not uncommon to find these piles exceeding

150 feet in length and spaced 5 diameters apart.

To calculate the total dynamic stiffness matrix of the pile group

where there is no reduction of carrying capacity due to grouping, it is

advantageous to choose the centroid of the pile group in the horizontal

plane as the reference point. Then the dynamic stiffness coefficients

are defined as forces that must act at the centroid to produce a sole

unit displacement at the reference point. From this definition, the

dynamic stiffness coefficients of the pile group are

Khh = ~ k~h
1

Kvv = I ke
i vv

K = I ke + I ke 2x.rr . rr . vv 1
1 1

Khr = I ke (3.56)
i hr

in which k~h' k~v' k~r are the dynamic stiffness coefficients defined at

the head of an element pile for the horizontal, vertical and rocking

motions, respectively; k~r is the coupling term between horizontal and

rocking motions; Xi is the horizontal distance parallel to the plane of

action from the center of the cross-section of i th element pile to the

centroid of the pile group; khh , kvv ' krr are the dynamic stiffness

coefficients of the pile group for the horizontal, vertical and rocking

motions. The summations are to be taken over all piles in the group.

3.7.2 Group Effect of Laterally Loaded Piles

When piles within a group are spaced less than five diameters .

apart, 1i ke those in most onshore pil e foundations, interacti on effects
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between individual piles become prominent and can no longer be neglected.

Because of these interaction effects between piles within a group, the

actual dynamic stiffness coefficients at the reference point of the pile

group will be less than those calculated by Eq. (3.56). Each dynamic

stiffness coefficient of a pile group as expressed by Eq. (3.56) has to

be multiplied by a reduction factor in order to obtain the actual dynamic

stiffness coefficient. The reduction factors are, in general, not unique.

For laterally loaded pile groups, the reduction factor, which is

normally called the group efficiency, can be obtained by using Eq. (3.53).

Equation (3.53) gives, approximately, the horizontal component of dis-

placement which is parallel and is produced by a single, concentrated,

horizontal, harmonic force applied at a certain depth below the surface

of a uniform, elastic half-space. When the frequency of the applied

concentrated force is small, i.e., when the applied force is close to

the static force, the imaginary part of Eq. (3.53) can be neglected,

yielding

P(O,O,c
f

)
= 32~Gr (6 + 2cos2e) . (3.57)

The above equation can also be obtained independently from the

Mi ndl in equati on (Eq. (3.31)), thereby gi vi ng a cross check between the

numerical solution and the closed-form static solution. Equation (3.57)

can be rearranged as

(3.58)

The function (8cOS26 + 4sin2e) expresses the trace of an ellipse

whose major axis is twice as long as its minor axis. Therefore, the

displacement field as expressed by Eq. (3.58) depends upon the direction

as we.ll as the di stance from the 1oadi ng pos ition.
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Consider now the detennination of the group efficiency for a

laterally loaded pile group consisting of Mindividual piles. By apply

ing asingle~ concentrated horizontal force at a certain depth of one of

the intended pile axes within the pile group and using Eq. (3.58), one

can obtain the horizontal displacements of all the other unloaded pile

axes at the same level as the applied force. The displacements are

denoted by urs ' where r refers to the pile axis being loaded,

S =1,2, ..... M, and r ~s. The horizontal displacement at the loaded

pile axis, urr ' can be approximated by taking the weighted average of

the displacement around the outside radius of the pile. By moving the

concentrated horizontal load to each of the Mintended pile axes within

. the pile group, one can obtain M x M displacement functions. The group

efficiency for the laterally loaded pile group can now be approximated

by

z; =

M
L u

r=l rr
M r1
I L Ursr=l s=l

(3.59)

3.7.3 Pile Group With Pile-Cap

To calculate the total dynamic stiffness matrix of a pile group

with a pile-cap, the stiffness and damping contributions from the pile

cap should be considered. After they have been determined, the remain

ing procedure does not differ from that required for the case of a pile

group without a pile cap. One simple method is to take the dynamic

stiffnesses of the pile-cap as that for a rigid', massless plate resting

on an elastic h.alf-space. One major assumption in calculating the

impedance functions of a rigid, massless plate resting on an elastic

half-space has been that the ri'gid foundation is welded to the supporting
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ground~ that there is no slip between the foundation and the soil

medium. Whether the dynamic stiffnesses of a pile group with a pile

cap will equal the stiffnesses of the pile group plus the stiffnesses

of the pile-cap on a homogeneous half space is also questionable. It is

not attempted here to elaborate on the justification of these assumptions.

The dynamic stiffnesses of the pile-cap are completely neglected in

this investigation.



Z

F
IG

.
3

.2
a

(
J
l

N

r
I

.
.

Y

p

y

21

F
IG

.
3

.2
b

EA
R

TH
PR

E
SS

U
R

E
D

IS
T

R
IB

U
T

IO
N

P
R

IO
R

TO
LA

TE
R

A
L

M
O

V
EM

EN
T

Y,
V

z*

F
IG

.
3

.1
M

O
D

EL
O

F
P

IL
E

A
N

D
S

O
IL

..
.

p

F
IG

.
3

.3
D

E
F

IN
IT

IO
N

O
F

L
A

T
E

R
A

L
S

O
IL

M
O

D
U

LU
S

F
IG

.
3

.2
c

EA
R

TH
PR

E
SS

U
R

E
D

IS
T

R
IB

U
T

IO
N

A
FT

E
R

LA
TE

R
A

L
M

O
V

EM
EN

T



53
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PRESENT
SURFACE
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a.. I- ------------
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0 w
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!
0
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FIG. 3.4 GENERALIZED SHEAR STRENGTH PROFILES: (a) NORMALLY CONSOLIDATED
CLAY; (b) NORMAL PROFILE MODIFIED BY RAPID DEPOSITION OF NEW
SEDIMENT; (c) NORMAL PROFILE MODIFIED BY EROSION; (d) NORMAL
PROFILE MODIFIED BY DESICCATION AND SHRINKAGE ABOVE THE WATER
TABLE. (AFTER McCLELLAND)
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u(r,z,8)=::s e iwt [fll+if21+(fI2+if22) COS28]

:: 6r e iwt [0.06 - 0.05 oi + 0.02 cos 28]
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4. EXAMPLE PROBLEM SOLUTION

To study the interaction effects between an offshore structure

and its pile foundation during strong motion earthquakes, a problem is

analyzed in this chapter as an example. The modeling method described

in Chapter 3 ;s used to calculate the dynamic stiffness matrices of the

pi le foundations. These foundati on stiffnesses are obtained for two

di fferent soi 1 conditions. The dynami c responses of the complete struc

ture-foundation system subjected to a recorded strong motion earthquake

are obtained. The effects of interaction are examined by comparing

these responses with responses obtained for the same structure supported

on rigid foundations.

4.1 The Mathematical Model

4.1.1 Structural System

The example offshore structure, shown in Figure 4.1, is a steel

structure consisting of four main vertical legs with cross-bracing members

connected to these legs at 7 different levels. The height from sea floor

to the upmost bracing level is 551.5 feet. The width from centerline of

the main legs at the upmost bracing level is 185 feet. The width at the

lowest bracing level is 250 feet. The still water depth is 460 feet.

All members in the main structural system are tubular; member sizes are

given in Table 4.1. The modulus of elasticity of the steel is 4.32 x

10 9 psf.

The N-S component of the ground acceleration recorded at the 1940

El Centro, California, Earthquake is used as the prescribed excitation.

The orientation of this earthquake excitation is assumed along the X-axis



64

and coincides with an axis of structural plan symmetry. Thus, the problem

can be treated as two-dimensional in the x-v plane.

A mathematical model is selected to simulate the most relevant

features of the response of the structure when subjected to strong motion

earthquakes. The formulation of equations of motion of the structure is

discussed in Section 2.1. The idealized structure, shown in Figure 4.2,

has 16 nodal points. Each nodal point, in the two dimensional case, has

three degrees 0- freedom--two translational and rotational. Altogether,

there are 48 degrees of freedom in the structure model. Six of them,

associated with two lowest nodal points, are contact degrees of freedom.

The verti ca1 members are allowed to have both axi a1 deformati on and

flexural deformation. The level bracing assemblies are idealized as

comparatively rigid diagrams. Although further simplification of the

structure model that will reduce the total number of degrees of freedom

is possible, it is not made in order to test the general features of

the computer program. The total structural stiffness matrix is given

in Appendix A. All the mass of the main vertical legs and cross-bracing

members are lumped at the nodal points. The nodal masses are augmented

by the so-called added mass of the surrounding water as indicated by Eq.

(2.15) and the mass of the deck structure. The inertia coefficient used

in the calculation of the vertical masses is taken as 2.0. The unit

weight of the water is assumed equal to 62.4 pcf. The weight of the

deck structure is 55,000 kips. The total diagona1 mass matrix is also

given in Appendix A.

Since the outside diaweter of the main vertical legs of the struc

ture, 30 feet, is large in comparison with the wave height normally

expected for earthquake excitations, the structure can be classified as

a large volume structure (60) . It is, therefore, reasonable to neglect
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the hydrodynamic damping effects. The structural damping matrix is

calculated assuming Rayleigh damping. Because the complete structure-

foundation system does not posses normal modes in the classical sense,

as discussed in Section 2.3, the damping matrix is calculated using the

properties of the associated undamped fixed base structure. The Rayleigh

damping mass and stiffness coefficients are assigned so that the damping

ratios of the first two modes are equal to 0.05. The damping matrix

can also be calculated using Eqs. (2.43), (2.44) and (2.45).

4.1.2 Pile Foundation

The foundations of the example offshore structure are made of

steel pipe piles. Each foundation contains 8 piles. The piles are

clustered around the perimeter of each main vertical leg of the struc-

ture. After having been driven, they are grouted into the pile sleeves.

The piles are so designed that their friction holding capacity within

the sub-strata is sufficient to support the weight of the deck and their

cross-sectional resistance counteracts the horizontal forces to which

the upper parts of the structure are subjected.

The outside diameter of the piles used is 72 inches and the wall

thicKness is 2.5 inches. The depth of penetration of the piles is 200 feet.

Using the linear theory of a homogeneous, isotropic, elastic half

space, the stiffness of the pile foundations is calculated for two differ-

ent soil conditions. A Poisson1s ratio of 0.5 is assumed for both soils.

The characteristic shear wave velocities of the foundation soils are

760 ft./sec. and 1140 ft./sec., corresponding respectively to soil shear

moduli of 2 x 106 psf and 4.5 x 106 psf. From now on, the pile foundation

embedded in soil with characteristic shear wave velocity equal to 760

ft./sec. is referred to as Foundation A and the one embedded in soil with
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characteristic shear wave velocity equal to 1140 ft./sec. is referred to

as Foundati on B.

The vertical stiffness at zero frequency of a single pile in

Foundation A is found to be 2.34 x 105 kips/ft. Multiplying this stiff

ness by the number of piles in the pile foundation and the estimated

pile-group efficiency, a static vertical stiffness equal to 1.28 x 106

kips/ft. is obtained for Foundation A. The dynamic vertical stiffness

of Foundation A versus frequency in the range of 0 to 10 cps is shown

in Fi gure 4.3 together with the dynami c verti ca1 stiffness of Foundati on

A based on two-dimensional elasticity theory.

The static stiffness of a single pile in Foundation A is estimated
. 4

to be 7.6 x 10 kips/ft. and the static rotational stiffness is found

to be 9.10 x 106 kip-ft./rad. The frequency-dependent lateral stiff-

nesses, rotational stiffness and the coupling stiffness of Foundation A

based on both two- and three-dimensional elasticity theory are given in

Figures 4.4, 4.5 and 4.6. Their values at zero frequency are 5.56 x 105

kips/ft., 2.57 x 108 kip-ft./rad. and 3.14 x 106 kips/rad., respectively.

By comparing the curves in Figure 4.3, one can clearly see that

there is considerable difference between the results based on the two

different theories. The stiffness based on the three-dimensional theory

of elasticity has an almost constant real part and a linear imaginary

part in the frequency range of practical interest. The imaginary part

is small in comparison with the real part. The imaginary part of the

stiffness based on two-dimensional elasticity theory is also linear in

shape but its value is much higher than that based on three-dimensional

theory. Around 3 cps, the two real parts are equal; below that, the real

part based on two-dimensional theory is smaller; above that, larger. The

curves in Figures 4.4 through 4.6 also show a similar trend.
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The vertical stiffness at zero frequency of Foundation B is

estimated to be 1.02 x 106 kips/ft. and the static rotational stiffness

is found to be 3.62 x 108 kip-ft./rad.

The real part of any stiffness function of a single pile should

start from its static value at zero frequency. In the low frequency

range, it should be a decreasing function of frequency due to the inertia

effect of the soil medium. From Figures 4.3 to 4.8, one can clearly see

that the stiffnesses based on the degenerated two-dimensional theory of

elasticity fail to observe that two rules. The reason is, as already

mentioned in Section 3.6, the~e is no interaction forces between pile

and soil medium at zero frequency in the two-dimensional approximation.

At 1 cps, which is close to the resonance frequency of the first mode

of the example structure, the real part of the vertical stiffness

obtained by two-dimensional approximation is only about 70 percent of

its static value. So, it is better to use the stiffnesses obtained by

the three-dimensional theory of elasticity.

4.2 Results of Analysis

The numerical procedure described in Chapter 2 is used to carry

out the dynamic elastic analysis of the model offshore structure supported

on both Foundatton A and Foundation B. The seismic responses of the

model structure supported on rigid foundations are also obtained. The

results of all dynamic analysis are based on the combined effects of the

fi rst 3 modes of vi brati on of the fi xed-base structure and the mati ons

of the 6 contact degrees of freedom.

4.2.1 Mode Shapes and Natural Periods of Vibration

Mode shapes and natural periods of vibration of all modes of

vibration for the associated fixed-base structure are obtained. The
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first three mode shapes are shown in Figure 4.7 and the first ten

natural periods of vibration are given in Table 4.2.

4.2.2 Lateral Deflections and Accelerations

Figure 4.8 shows the lateral deflections at the upmost cross

bracing level caused by the prescribed earthquake excitation of the

structure on Foundation A. Figure 4.9 shows the lateral deflection

response at the same level of the structure on Foundation B. Figure 4.10

shows the 1atera1 defl ecti on response of the structure on a ri gi d

foundation.

Under dynamic conditions, the lateral level displacements change

continuously and their maximum values usually occur at different times.

To summarize the maximum dynamic displacement response of the structure,

the maximum dynamic displacements for all the cross-bracing levels are

jointed together to obtain an envelope of maximum lateral displacements.

The envelopes for each of the three different foundations are presented

in Fi gure 4.11.

Comparisons of the curves in Figures 4.8 through 4.11 indicate

that the dynamic responses are si gni fi cantly di fferent for model s with

and without foundation flexibility. The structure-sail-pile interaction

effects are quite prominent. The maximum lateral displacement at the

upmost cross-bracing level of the rigid-base structure model is 0.86

feetwhi'ch ts about 3.2 times that of the model supported on Foundation

A. The maximum lateral deflections of the structure model supported on

Foundation B are, in general, about 20 percent higher than the maximum

deflections of the model supported on Foundation A.

To examine further the interaction effects between the structure

and its foundation, the maximum lateral acceleration envelopes are also

plotted and presented in Figure 4.12. The lateral acceleration time
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histories at the lowest cross-bracing level, which is only 10 feet above

the sea floor, are given for the three foundations in Figures 4.13,4.14

and 4.15. The maximum lateral acceleration envelope of the rigid-base

model is quite similar to the mode shape of vibration of its first

normal mode, whereas the envelopes of the two models with foundation

flexibility are quite different. The large contributions of the second

and the third modes to the lateral accelerations of the models with

foundation flexibillty are quite apparent when subjected to the pre

scribed earthquake excitation.

4.2.3 Maximum Leg Axial Forces

Because of the large distance between the two main vertical legs,

which is 250 feet wide at the lowest cross-bracing level, the maximum

axial forces developed in the legs at a certain elevation form a couple

which is considerably larger than the leg bending moments developed at

the same elevation. The couples formed by the maximum axial forces in

the main legs are almost equal to the maximum dynamic overturning moments.

The envelopes of the maximum axial forces in the main legs of the three

different structure-foundation models are shown in Figure 4.16. These

envelopes show that the maximum dynamic overturning moments of the rigid

base model are considerably larger than those of models with foundation

flexibility. The maximum dynamic overturning moments developed in the

structure model supported on Foundation B are about 40 percent higher

than those developed in the model supported on Foundation A below cross

bracing levelS.

4.3 Discussion of the Results of the Example Problem

A. The real parts of the stiffnesses of the pile foundation cal

culated by the two-dimensional theory of elasticity are smaller than those
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calculated by the method described in Chapter 3, around the first natural

frequency of vibration of the rigid-base structure, while the imaginary

parts are considerably larger. The discrepancies between the stiff

nesses based on the two different methods will be larger if the diameter

of the piles used in the foundation is reduced or the characteristic

shear wave velocity is increased.

B. The stiffnesses of the pile foundation calculated by the three-

dimensional theory of elasticity will have a constant real and a linear

imaginary part in the frequency range of practical interest. The imagin

ary parts are small in comparison with their associated real parts. This

indicates that for pile foundations consisting of pipe piles of large

diameter, like those used in the example structure, the radiation damp

ing in the foundation system is small. For pile foundations made of

piles of small diameter, however, the radiation damping may be larger.

C. Comparisons of the dynamic responses of the models with and
I

without foundation flexibility indicate that the effects of structure-

foundation interaction are quite prominent for the example structure.

Interaction effects are important because the ratio of structure stiff

ness to foundation stiffness is large for the particular offshore struc-

ture. The contributions of the second and third modes of vibration are

more apparent when the foundation flexibility is included in the model.

The reason for causing the difference in the responses of the three

different structure-foundation models would be more clear if enough

members of the complex frequency response functions are output and

plotted. Unfortunately, due to the negligance of the author, this has

not been done. From the lateral displacement responses at the first

cross-bracing level, as shown in Figures 4.8 to 4.10, the first periods

of vibration of the three model s can be estimated. The estimated first
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periods of vibration do not differ much. So, one possible explanation

is that the inclusion of the radiation damping in the foundation model

will increase the damping ratio of the total structure-foundation

system.

D. A reduction in the foundation stiffness increases the

structure-foundation interaction effects. Correct estimation of the

foundation stiffness is quite important if the dynamic responses of the

structure are to be correctly predicted. This, in turn, depends upon a

correct estimation of the properties of the soil strata in which the

piles are embedded.





Table 4.1 Details of Tower Members

71

Member Diameter Thickness

Main Vertical

Level 1 - 2 30'0" 0.0. 8"

2 - 3 30'0" O. O. 8"

3 - 4 30'0" 0.0. gil

4 - 5 30'0" 0.0. 10"
5 - 6 30'0" 0.0. 11"

6 - 7 30'0" 0.0. 12"

Horizontals

Up to level 5
I

72" 0.0. 2"

Below level 5
,

72" 0.0. 3",

Diagonals

Up to level 5 72" 0.0. 2"

Below level 5 72" O. O. 3"

Foundation

Piles 72" O. O. 2~"
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Table 4.2 Natural Periods of Vibration
of the Fixed-Base Structure

Mode Period of Vibration (sec)

1 0.988

2 0.272

3 0.138

4 0.124

5 0.102

6 0.087

7 0.076

8 0.046

9 0.043

lQ 0.029
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5. CONCLUSIONS

This study has led to the following principal conclusions:

(1) The procedure suggested in Chapter 3 for computing the dynamic

stiffnesses of pile foundations by-passes the expensive and difficult

solution of integral equations involved in a more rigorous approach, yet

gives results within engineering accuracy. It can be used to study the

dynamic response of piles embedded in a soil medium where the energy

attenuation due to wave radiation is an important factor.

(2) In this study, the soil medium is modeled as an isotropic~

elastic half-space; therefore, the mechanism of dissipative attenuation

in the ground is not taken into consideration. To account for this, the

soil medium can be assumed to be an isotropic viscoelastic half-space

which has the same specific damping capacity as the real soil. By simply

replacing the shear modulus (a real value) of the soil by a complex shear

modulus~ the stiffnesses of piles embedded in an isotropic viscoelastic

half-space can be obtained using the same suggested procedure.

(3) In the low frequency range which is of practical interest in

earthquake engineering, the pile foundation stiffnesses calculated have

a constant real part and a linear imaginary part. The imaginary parts

are small in comparison with their associated real parts. This indicates

that for pile foundations consisting of pipe piles of large diameter,

like those used in the example structure in Chapter 4, the radiation damp

ing in the foundation system is small and for most purposes negligible.

The earthquake responses of an offshore structure can be evaluated in



88

the time domain if only the frequency independent real parts of the

stiffnesses of its pile foundations are used. Such practical treatment

will result in considerable saving of computer time and should be used

in the preliminary analysis of any structural system supported on pile

foundations.

(4) Study of the dynamic response characteristics of the example

pile supported offshore structure indicates that the effects of structure

foundation interaction are quite prominent. The contributions of the

second mode and the third mode of vibration also become more apparent if

the foundation flexibility is included in the mathematical model. The

interaction effects between pile foundation and structure are prominent

for the particular offshore structure because its ratio of structure to

foundation stiffnesses is large. The interaction effects will increase

if the foundation stiffness is reduced. Therefore, correct estimation of

the foundation stiffness is very important if the dynamic responses of

the structure are to be correctly predicted.

(5) Since the reasonableness of the results of the analytical

solutions of pile foundations depends significantly upon the ability to

select the soil parameters, present efforts spent in determining the soil

parameters should be continued. More field observations of the dynamic

responses of piles and pile supported buildings during strong motion earth

quakes should also be conducted. Furthermore, and analytical model of

pile foundations should be refined continuously to keep up with new find

ings through fiel d investigati onS.
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APPENDIX A

STRUCTURAL STIFFNESS AND MASS MATRICES OF EXAMPLE PROBLEM

1. Structural Stiffness Matrix

The structural stiffness matrix [k] may be written in partitioned

form according to the definition of Eq. (2.26). Since the stiffness

matrix is symmetric, only [kss ]' [ksb] and [kbb ] need to be generated

and stored. The submatrix [kss ] can always be arranged as a sYmmetric

band matrix. In many cases, the maximum semi-bandwidth is much smaller

than its order. In this case, a special band algorithm which performs

Gaussian elimination can be used to advantage. Let matrix [d] be the

banded form of submatrix [kss ]'

For the example problem, [kbb ] is

BASE STIFFNESS MATRIX

.491E+13

.292E+12
-.246E+14
O.
O.
O.

.292E+12 -.246E+14

.568E+l1 -.148E+13
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O. O.
O. O.
O. O.

o.
O.
O.

.491E+13
-.292E+12
-.246E+14

o.
O.
O.
-.292E+12

.568E+ll

.148E+13

0,
O.
O.
-.246E+14

.148E+13

.165E+15

and [d] equals
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COUPLING STIFFNESS MATRIX

O. O. O. O. O. O.
O. O. O. O. O. O.
O. O. O. O. O. O.
O. O. O. O. O. O.
O. O. O. O. O. O.
O. O. O. O. O. O.
O. O. O. O. O. O.
O. O. O. O. O. O.
O. O. O. O. O. O.
O. O. O. O. O. O.
O. O. O. O. O. O.
O. O. O. O. O. O.
O. O. O. O. O. O.
O. O. O. O. O. O.
O. O. O. O. O. O.
O. O. O. O. G. O.
O. O. O. O. O. O.
O. O. O. O. O. O.
O. O. O. O. O. O.
O. O. O. O. O. O.
O. O. O. O. O. O.
O. O. O. O. O. O.
O. O. O. O. O. O.
o. O. O. O. O. O.
O. O. O. O. O. O.
O. O. O. O. O. 0,
O. O. O. O. O. O.
0, O. O. O. O. O.
O. O. O. O. O. 0,
O. O. O. O. O. O.
0, O. o. O. O. O.
O. O. O. O. O. O.
O. O. O. O. O. O.
O. O. O. O. O. O.
O. O. O. O. 0. O.
O. O. O. O. O. O.
-.491E+13 -.292E+12 .246£+14 O. O. O.
-.292E+12 -. 568E+11 .148£+13 O. O. O.
-.246£+14 -.148E+13 .824£+14 O. O. O.
O. O. O. -.491£+13 .292E+12 .246£+14
O. O. O. .292£+12 -.568£+11 - .148£+13
O. O. O. -.246£+14 .148£+13 .824£+14

It should be noted that the large numbers which appear in

the above matrices are contributed by the comparatively rigid

diaphragms. The units of the stiffness matrices are lb/ft. and lb-ft./rad.
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2. Mass Matrix

Since the example offshore structure is modeled as a lumped mass

system, all the off-diagonal elements in the total mass matrix [m] are

zero. The diagonal elements of the total mass matrix can be convenient-

ly stored as one-dimensional array, giving

DIAGONAL MASS MATRIX

. 374E+06 .202E+05 O. .874E+06 .202E+05 O. . 642E+05 .642E+05 O•

.642E+05 .642E+05 O. •221 E+06 .104E+06 O• •221E+06 .104E+06 O.

.262E+06 .121E+06 O. •262E+06 ,121 E+06 O• •277E+06 .135E+06 O.

. 277E+06 .135E+06 O. •296E+06 ,152E+06 O• .296E+06 .162E+06 O.

.177E+06 .906E+05 O. •177E+06 .906E+06 O• ,709E+04 .709E+04 O.

.709E+04 •709E+04 0,

The unit of the mass matrix is lb-sec 2 jft.
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