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Abstract

This technical mémorandum develops the quasi-static governing equilibrium
equations for the axial response of buried pipelines subjected to earthquakes.

The formulation is general and includes such parameters as variable
elasticity, segment lengths and cross sections of pipes, variable joint stiff-
nesses, variable soil resistant characteristics and end conditions. Variations
of seismic wave form, propagation velocity and delay time can be incorporated

into the numerical procedure.
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Introduction

The response of buried pipelines during seismic shaking has been found to

(6,8,9,12,15,17)

be predominant in the axial direction of the pipeline . Pipe-

line damage caused by longitudinal earthquake excitation has been observed to

(3,4,5) (7,20,21)

be a major mode of failure

State of the art papers on buried

lifeline earthquake engineering have been published recently. The fundamental

behavior of underground piping systems has been studied by the investigators at

(2) (13,18)

Weidlinger Associates and at Rensselaer Polytechnic Institute To aid

the design of buried pipelines, both the static displacement approach(ll’l6) and

the dynamic interference response spectra approach(lo)

have been proposed.

The purpose of this technical memorandum is to develop a rigorous quasi-
static analysis model for the response of buried pipelines subjected to earth-
‘quake motion in the axial direction to supplement the simplified evaluation re=-
ported earlier(lg). Since the dynamic effects on the response behavior of buried
pipelines(6’8’12’l7) have been found to be negligible, the inertia and damping
terms in the dynamic equations of motion will be dropped. Because the input

ground motion is a function of time, the response will also be a function of

time. Thus, the analysis is called quasi-static.

Description of the General Model

A long buried piping system consisting of n-segments is shown in Fig. 1

where K ,, K

10 Ko - Ki’ .s Kn—l are spring constants at joints between pipe seg-

ments; KO, Kn are spring constants at the end supports; Xl’ XZ’ . X21~1’
X

.o XZn—l’ in are longitudinal displacements at the ends of pipe segments;

21’

.. i i t
XGl’ XGZ’ XGn-l are the corresponding ground displacements at the segmen

intersections in the same direction as the pipeline axis; XGO and XGn are the

L

ground movements at the ends; Ll’ L2, o Lo

. Ln are pipe lengths; and kl,



kz, ‘e ki’ . kn are soil resistant spring constants per unit length along the
pipe segments.

(1) S8train Energy in A Pipe Segment

Referring to Fig. 2, for a pipe segment subjected to two end forces and a
linearly distributed soil resistance force, the displacement function within a

segment is a cubical variation as:

3 3 Xy3-1
¢, (x) = [(1 - *39‘ —31 (n
i
L L, .
i i x
21
The strain function is: i q
X,,
24~-1
d
i dx L, L
i i
Z94
and the stress function is: _ \
X21—1
2 2
_ _ -3x 3x
ci(X) = E, e(x) = Ei[ T ——L_] (3)
i i
X931
The strain energy within a pipe segment i - )
Li
i _1 t _1 t
Upipe = 2 I o 5V =3 oy &y Ay I 4)
0

where oit is transpose of oi.
Substiruting Eqns. (2)‘and (3) into Eqn. (4) and integrating, one obtains

(

9E A, —9E.A, | 1
S TTiTd i i X
5L, 5L, 2i-1
1 1
i =1
Upipe 2 [XZi—l X2i] (5)
~-9E A, 9E.A,
1 1 1 1L X
5L, 5L, 21
] i i ] A

The sum of energies of all segments in the system is:



Total = i
pive — ,_, “pipe

1 £ .
=3 {X} [Kpipe] {X} (6)
where
t —
X}- = [Xl, X, oo X3 X, o Xp51 ¥ -+ Zopy x2n] (7)

1x2n

and [Kpipe] is a symmetrically tridiagonal matrix as shown below

EjA, -EA ]
Ly L,
“E;a; EiA .
L, L
; E,A,  -En,
L, L,
“EA,  Bahy o
L, L,
2
E.A. -E.A.
K ,]=.9_ 9 ii ii (8)
pipe ) L 1.
i i
-E_ A, E.A
1 1 1 O
T. T
1 1
L J
E A -F A
0 nmnn nn
L T
n n
-E A E A
nn e}
L L
- n n—i
2nx2n



(2) Strain Energy in A Joint Spring

Referring to Fig. 3, the spring elongation and spring force can be

expressed:
-y -
Do=(-1 11| # )
HXZi+lJ
(%0
F,=[- K K, 1 (10)
X914l

The strain energy within a spring is

i =-];F D
spring 2 i
i i 2i

(X1 Xppql (11)

N

i 1 Xoi+1

Two special cases are developed for the end supports.

For the beginning support, i = 0, it is assumed that XO = XGO' Thus,
K. K ]
start =4L [x X. ] 0 0 GO (12)
spring 2 GO 1
- K X
%o 0 1
For the end support, i = n, it is assumed that X2n+l ='XGn and
Kn —Kn X2n
end 1
= = , 13
spring 2 [XZn XGn] (13)
-K K X
n ! Gn

The total strain energy contained in all joint springs is as follows:



Total o +

spring io spring
1wt R z |
=3 {X} [Kspring] X} (14)
where
-t - i : I
I = [Xegd Xy Xy ve Koy g By v Xy Kop 1 X!
1 x 2(ut+l)
e - . . cd- . :
and [Kspring] is a symmeﬁrlcal tridiagonal matrix as follows
r_iol'Kg_ﬂ________m___M__*___l__
| 0 Kl —K1 l
I —K1 K1 0 ‘
| ¢
& . 1= 0 K, K | (15)
spring | i i l
| -K, K. 0
i i !
| . |
l 0 Kn—l —Kn*l ‘
‘ —Kn*l Kn-l 0 l
| 0K R,
—_ ;__.__.__.__.__ — . ——— — o _____iii; _.;T
L, ) "

(2n+2) (2n+2)

Using partitioning matrix manipulation, the total strain energy of all

joint springs may be expressed as follows:

Total

L Ly g2,
spring 2

0 GO 2 n Gn
t s t, =
08 By b Xggt TR T T,

1
+ 5 X} (Kepring! {x} (16)



where

{Kba} = [~ KO 00, .0] (17)
1x2n
= t
{Kbc} =[0.. ..0 -Kn] (18)
1x2n
and [Kspring] is a symmetrically tridiagonal matrix as:
KO 0
0 Kl ~K1
—Kl K1 0
0 K2 -K2
—K2 K2 0
L J
T = -
LKspring] 0 K, K (19)
-K K. 0
i i
-
0 Kn—l -Kn-l
FKn—l Kn—l 0
0 K
n
) 2nx2n

(3) Strain Energy of Soil Springs Along A Pipe Segment

Refarring to Fig. 4 for the soil resistant distribution, the soil spring

displacement and resistance per unit length can be expressed:

. . Xyio1 ™ Xgi-y)
e = (-5 &
i i
(Xpy = Xgy) |
X94-1
x bid X < X..
_ _Xy X __ Xy = 2 20
Q1 L.) T (1 I J I i 1 (20)
i i i i X
Gi-1
Lot




and

RGx) = [k, - f%a”

is:

1

Xyg-1

X5y

XGi—l

XGi

4

(21)

The strain energy produced by the soil resistance within a pipe segment

Substituting Eqns.

L,
_ i
1 Rt(x) v(x) dx

=L
soil 2

(20) and (21) into Eqn.

(22)

(22) and integrating, one

obtains:
[ kL, kL [-kL, -kL 17T ]
1 1 1 1 1 1 1 1 X
3 6 | 3 6 2i-1
k.L, k.L, '—k.L. -k L,
i~ i 4 ] i i i i X
6 3 | 6 3 21
i =-]-'X x.  Ix ol oo — o e ——— _—— -] 023
soil ~ 2'72i-1 “2i | “Gi-1 “Gi =
-k,L, =-k.,L, | k,L, k,L, :
1 1 1 1 1 1 1 1 X
3 3 : 3 5 Gi-1
-k L, -k,L | kL, k[IL,
1 1 L 1 1 1 1l 1 X
6 3 | 76 3 Gi

Using 2x2 partitioning matrices, Eqm.

(23) can be written as follows:

-

KL, kL - -
i1 X, .
soil ~ 21%2i-1 Xpil| 3 6 2i-1
k.L, k.L,
1 1 1 1 X
| % 5 | | T2
- L. kL. T - )
T 1 T 1 X
+31%g5 0 X! o
kL. kL.
i1 i1 X
2 3 ci |
[ k.L, kL. | -~ -
1 1 1 1 X
3 3 Gi-1
—[Xy; g %51 k.L. kL
1 1 1 1 X
6 3 L Gi

(24)



The sum of total strain energy of entire soil system

Total o 1 .
. = I soil
Soil .
i=1l
_ 1 t 1 t _ t
=5 R IR 1 X+ 5 X E R ) K - TR (R
(25)
where
t .
Xt = Mg XG1|XG1 o Fap D Xgr ot Xgaen | ¥ene1 Fen! 29
1x2n
and [Ksoil] is a symmetrically tridiagonal matrix as follows:
i 1 k. L ]
kil By
3 6
KLy Ry .
6 3
. ol Kl
3 6
kZLZ k2L2 0
6 3 .
[Ksoil] = k.L, k.L. (27)
0 ii i~
3 6
k.L k.L
14 i741 0
6 3
.
kL k L
0 nn nn
3 b
kL kL
n n nn
6 3
2nx2n

(4) Total Potential Energy of the Soil-Structure Interaction Syvstem

The total potential energy of the buried piping system is the sum of strain
energies of pipe segments, joint and soil resistant springs. Mathematically, it

is expressed as:



Total _ UTc.)talj+ UTotél + UTo?al (28)
system pipe spring soil

Substituting Eqns. (6), (16) and (25) into Egqn. (28), one obtains the potential

energy of the entire system as

Total 1 t
system 2 X plpe] x3
1 2 1 2
t3 % %0 T 75 2o

#° Ry X + (05 R} X

X3S K1

spring

1

t t
{X} | [Ksoill{X} + 5

{X.}

e o) ) - R T K)

[T P A

(29)

(5) Governing Equilibrium Equation of Buried Pipelines

(L

According to wvariational principle , the variation of total potential

energy of an equilibrium system is equal to zero, i.e.

UTotal
system _ .
a  {X}
SR Loy
+ + =
or 3 X) 7 ] 5 xp - 0 (30)
Carrying through the derivatives(lh) of Uz;ziim shown Eqn. (29), one obtains the

following equation of equilibrium of the system:

K . 1 {&X+([ _ . 1+ [Ksoil] {x}

plpe spring

= [K {x;} - {Kb } X - {ﬁbc} Xen (31

soil
After grouping from Eqn. (31), one obtains the following simplified equation:

[K 1 {x} = [K__..] {x;} (32)

systen soil

2nx2n 2nxl 2nx?n  2nxl



where beoth [K
system

as follows:

1 and

[Ksail] matrices are symmetrical tridiagonal matrices

k _ —
(9E1Al X Iy fs ¢ 9E A, . lel)
5L 3 o U3 L 6
1 1
('9E1A1 . lel) (9E1A1 N KLy R <
5L, 6 5L 3 1 1
. (9E2A2 . kL, ) K')EQEZAZ \ ksz)
1 5L 3 1°'5 L 6
2 2
[K ] = .
system . < <
24-1°24-2 24i-1,24i~1 21-1,24
Byi,2i-1 %0128 %oi2im
L J
— . "
aystem 9, A, kL,
= + + ; i
21-1,28-1 ~ 5 L 3 RK,_;3 lsisn (34a)
system system EiAi kiLi
- _ N . ,
KZi—l,Zi 2i,24-1 5 Li g lgign (34b)
system 9EiAi kiLi
Koi2i =3 L, t-5—+K; lgisn (34c)
KSYStEm - system = K 1 < iz n—1 (34d)
21,2441 © F2iH1,21 1
and

10

(33)



-
(lel . 5 :lel
3 0 6
lel lel 0
6 3
0 kZLZ kZLZ
3 6
kZLZ k2L2 0
6 3
K _..1= *
soil KL K L.
g L1 i'i
6
k.L kL,
i ii 0
3
| J
knLn
0 3
kL
n n
6
2nxZn
In generzal terms, the elements of [isoil] are defined as
. k,L
=so0il _=soil _ iTi | :
%21-1,20-1 T Kp1,00 T3 7 PEstsm
=soil . =soil - . _
Koi,2i41 = Foi31,24 = 0 Lsisn-l
k.L
zsoil - psoil - i1, .
B2i1,28 " Fpg,001 75 7 teis

except for the two ends which are as follows:

ﬁsoil = lel + X
11 3 0

=soil knLn

KZn,Zn -3 1 Kn

11

kL

k L
(nn

3

+K )
n

(35)

(36a)

(36b)

(36¢c)

(36d)

(36e)



(6) Ground Motiom Input

The solution of pipe motion {X} shown in Eqn. (32) depends on the inputs
of the ground motion'{XG}. Since {XG} is a function of time, the solution oft{X}
is also a function of time. Thus, the method proposed is called the '"Quasi-static'
model.

Assuming that the wave form of the traveling seismic excitation remains
constant over the entire length of the pipeline which is divided into n-segments,

the inputs of the time-space varying ground motions starting from the first support

are:
[ o t <0
X = (37a)
60 IA h(t) t 20
max
£-AT, < 0
X . = (37b)
Gl . B(e=8T)) t=AT, 3 0
0 t=AT, < 0
X, .= (37¢)
¢1 A h(t=AT.) t-AT, 2 0
max 1 1

where Amax is maximum ground displacement input in a record; h(t) is the displace-
ment time functien; ATi is the delay time of seismic wave traveling from the first

support to the end face of ith pipe segment considered, which can be expressed as

I
AT, = % L,/C. (38)
iy 13

and Cj is the traveling wave velocity of soil surrounding the pipe segment j.

Models For Special Cases

For wider applications of the quasi-static model to analyze buried lifeline

systems subjected to seismic excitations, two special case models; one for a long

12



buried pipeline system and the other for a rigid pipe segment system will be

developed.

(1) A Buried Continuous Pipeline System

For a long buried continuous pipeline system, there will be no joint springs.
In this case, XZi = X21+l‘= Xi+l is observed. 1In a n-segment pipeline system,

there will be n+l degrees of freedom as shown below:

t

{Xoontd = [xl, Xgs oo Xg e X xn+1] (39)
and 1x(n+1)
t —_—
{XG, cont} - [XGO’ XGl’ o XGi’ " XGn«l’ XGn] (40)
1x (n+1)
R .th B th
Observing the 2i and (2i+1) rows of Eqn., (32) as:
-9EA. KL A, kL,
+ : + -
i, 6 Yo ¥ G T TR T TN T
kL kL
=6 fei-1 T3 Fas (41)
and
% s (9Ei+lAi+l e T2 R, +"(f9Ei+lAi+l ki+lLi+l) .
i 24 SLrﬂ 3 i 2i+1 5 LH& ) 21i+2
_ il Siralin (42)
3 i 5 Gi+l
Letting X.. = X = X

21 = Fosa1 T Xiaad Tpsoy T X3 Fogyp T Xyyp 3nd adding Eqns. (41) and (42),
one obtains the governing equilibrium equation for a long buried continuocus pipe—

line system as:

13



(-gEiA-i + kiLi) ,9Ei‘°‘i + Eii1hii + kiLi‘ + ki+1Li+1)
5L, g X4+t (3 L, SL 3 3 X541
+ (_9E1+1Ai+1 + kiLi+l) ,

' i+2
> Liy 6 *
k.L k. .L

_titd 1 {417 1+1

=% Faio1 TR0y Y Ry li) B YT Xoi+1 (43)

Note that the above equation is good for any 1 < 1 $ n~-1 values.
The equilibrium of the two end supports are written as follows:

For the first row, it is

EA kL -
(911+11+K)X+(9E1A1+k11‘1)
5 L 3 0’ *1 51, 6 ~ %2

k.L k. L

et 1M
= 5T K Xy T Xy (44)

and the last row

—9EnAn knLn 9EnAn kth
5Ln + 6 ) Xn * (5 L + 3 + Kn) Xn+l

¢

knLn knLn
6 XGn--l + ¢ 3 t Kh> XGn (45)

For free end supports, KO in Eqn. (44) and Kn in Egn. (45) should be removed.
For fixed end support condition, Xl = XGO and Xn+1 = XGn’ one can write

(n-1), equations from Eqn. (43). Eqns. (44) and (45) become unnecessary in this

case.

(2) A Rigid Pipe Segmented System

For a rigid pipe segment system, it is observed that Xl = Xz, e XZiﬂl = XZi'
For an n~segment pipeline system, there will be n degrees of freedom as shown

below:

14



t
{xrigid} [xl, Xos oo Xg oo xn]

but there will be n+l ground displacements as

t

{XG,rigid

I =([X X . X X X 1

G0*> “G1’ GI’ *" "Gn-1’ “Gn

Observing (Zi~1)th and Zith rows of Eqns. (32) as

9EiAi L ~9E,A, kiLi
Kis1 %oy 0 v L pic el DD P L, =) Xy
kL. K L
-+ 1 X i <
3 ci-1 T T %o
and
~9EA KL 9L, KL
+ : -
T ) %y TG L, TR X oK g
kL kL
- +
5 fei-1 T3 ot
Letting XZi—l = X2i = Xq3 XZi—Z = Xi-l; X2i+l = Xi+1 and adding Eqns.

(46)

(47)

(48)

(49)

(48) and (49),

one obtains the equilibrium equation for a rigid pipe segment system as:

Ryop Koy Ty v Ry YR Xy TRy Xy
1 1
=2 Kby Rea-1 T3 R Keg 0)
Note that the above equation is good for any 2 £ i £ n~1 values.
For 1 = 1, XO = XGO’ the first row of the equilibrium equation is
+ -
(eyly + Ky + R Xy - Ky %
= (K. += kL)X, +=%kLX (51)
0 2 11 GO 2 1’1 GL

15



For i = n, X

L XGn,_the last row of the equilibrium equation is

K g Xt RL FE L FR) X
trix,  +dkL +rR) X (52)
2 nnGn-1 2 nn n’ Gn

Discussilons

Note that the quasi-static analysis model shown in Eqn. (32) can be solved
easily since the equation is basically a static one. If seismic inputs XGl(tl)’
XGZ(tz) +.. are given, the response of pipe segments Xl(t), Xz(t) ... are cal-
culated numerically. With this numerical procedure, various wave forms of input
and time lag can be incorporated without difficulty as long as we can define the
ground displacement variation in time and in space. Furthermore, in order to
evaluate the system including the possibility of soil resistance failure surround-
ing the pipe, an idealized elasto-plastic soil resistanqe curve as shown in
+Fig, 5 can also be easily incorporated.

After solving for displacements, the joint spring force Fi within the elastiec

soill resistance range can be found as:

start _

B TR B 003 B T Ryt (33)

The axial stress, Gi’ and strains, ei, in pipe i either in temnsion or compression
are then computed:

start start/ end end

5 = Fi Ai; o = Fi /Ai (54a)
start _ _start . .end _ _end
€ = F, /EiAi, € Fe /EiAi (54b)

These stresses and strains can be used to evaluate the vulnerability/service-
ability of the pipeline segments during an earthquake using a strength, ductility
or buckling criteriaclg).

The failure possibility of joint i, Di’ by pull-out or crushing for instance

16



is indicated by

X (55)

D = = .
(T F R =K~ By

1

Summary

This technical memorandum has developed all the necessary equations for the
quasi-static analysis of buried pipelines in axial motion. The formulation is
very general involving the following parameters:

. Piﬁe segments variable in either length or cross sectional area;

. Variable joint spring stiffnesses;

. Variable end conditions;

. Variable soil spring constants and with soil strength yield possibilities;

. Variable time delay of traveling waves

Note that a variation of soil properties may be taken into account by the
soil stiffness and/or traveling wave delay time. Since the solution will be per-
formed using a numerical procedure, th; variation of wave form can be easily
taken into account.

With the above development, a computer program can be written to include

all parameters for the general quasi-static seismic analysis of buried pipelines.
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FIG. 5 §SOIL RESISTANT CHARACTERISTICS






