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ABSTRACT

In this thesis, two problems are investigated which commonly
arise in the study of the response of randomly excited discrete
dynamical systems.

First examined is the problem of obtaining the nonstationary
stochastic response of a nonlinear system subject to deterministi-
cally modulated stationary Gaussian random excitation. An
extension of the generalized method of equivalent linearization is
used to obtain an approximation to this response. The accuracy
of this approximate technique is investigated by means of
Monte Carleo simulation.

Attention is then turned to the first passage problem for the
stationary response of a lightly damped linear oscillator excited
by white noise. A method is developed to generate approximate
values for the limiting decay rate of the corresponding first
passage probability density. This method is extended so that an
approximate first passage probability distribution may be calcu-
lated when the oscillator response is nonstationary. The accuracy
of this approximate distribution is examined.

As a practical application, it is indicated how this technique
may be used to determine an earthquake-like random process
which generates a response spectrum consistent with given data.
The accuracy and range of validity of the procedure are indicated

by a simulation study.
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The approximate solution of the first passage problem is
combined with thé equivalent linearization technique to yield a
procedure for computing approximate first passage probabilities
of a weakly nonlinear oscillator. The errors introduced by this

procedure are investigated.
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CHAPTER I

Introduction

The destructive effects of strong ground shaking are a matter
of significant concern in all seismically active regions of the globe.
In such regions, the importance of incorporating seismic considera-
tions into engineering design criteria is generally well recognized.

The analytical tools employed in the design of structures and
equipment to withstand earthquake motions range from the very
simple to the highly sophisticated. Building codes commonly
recommend an ‘equivalent'' static analysis for estimating the earth-
quake response of a structure. (See, for example, reference [37].)
Though easily applied and computationally economical, the éccuracy
of such an approach may prove inadequate in the presence of severe
design constraints. Among the most accurate methods for deter-
mining the response of a system to seismic excitation is that of
numerical integration of the equations of motion. Time histories
of the system response to several characteristic earthquake
accelerograms are generated, from which the design adequacy may
be surmised. This method is also one of the most costly, so
that it is often used only as a check of the final design configura-
tion of the most important structures.

The use of linear response\ spectra represents a compromise
between these two approaches. The displacement response
spectrum is a representation of maximum response displacement

attained by a single-degree-of-freedom linear oscillator excited



by a particular earthquake. Velocity and acceleration response
spectra are defined analogously. For a given damping ratio, the
maximum response is plotted as a function of the natural frequency
or Period of the oscillator.

For a multidegree-of-freedom linear system, response spec-
trum information may be used to determine the maximum response
magnitude of any particular mode of the system. The modal con-
tributions to the maximum response of the system may then be
combined by any of several methods [38]. Depending on the
method used, an upper bound or a most probable value for the
maximum response will be obtained.

When it is not possible to disregard the nonlinearities of a
dynamical system, the information contained in a linear response
spectrum is not strictly applicable. Though this fact has long been
recognized, response spectra are still quite often the only data
provided as seismic design criteria.

An approach for circumventing this difficulty is proposed herein.
Essentially, two separate elements are involved. The first of these is
to determine a random process that generates response spectra consis-
tent with the data provided, and that has sample functions reasonably
similar to actual earthquake excitation. To find such a process, it is
necessary to have the capability of computing the probability that the
response of a randomly excited linear oscillator will remain below the
corresponding response spectrum value. In the study of stochastic
processesv, the calculation of such probabilities falls into the category

of "first passage'!' problems.



-3-

The second element of the suggested approach is to determine
the stochastic response of the nonlinear system excited by the
appropriate artificial earthquake process. Thisg, and the first
passage problem for the nonstationary response of a linear
oscillator comprise the two basic analytical problems involved in
the use of linear response spectrum data to estimate the seismic
response of a nonlinear system.

It is the objective of this thesis to develop approximate
methods for solving these two problems. The earthquake meodel
chosen is a stationary Gaussian random process multiplied by a
modulating envelope function. This model is considered to be
relatively realistic [19, 32-35], yet it is simple enough to remain
analytically tractable in the problems to be examined.

The stochastic response of a nonlinear multidegree-of-freedom
system subject to deterministically modulated stationary Gaussian
noise is considered in Chapter II. This problem is of considerable
practical importance in a number of fields. Ience, it is treated
first, and without special reference to the particular application
in mind.

An extension of the generalized method of equivalent linear-
ization is used to develop a set of nonlinear integral-differential
equations for the elements of the covariance matrix of the
response. The existence of solutions to these equations is dis-
cussed and a numerical example is performed so as to indicate
the degree of accuracy and efficiency that may be expected from

the method,



In Chapter III, the {first passage problem for the stationary
response of a linear oscillator excited by stationary white noise is
examined., A semi-empirical technique is developed to calculate
the approximate distribution of the time to first excursion across a
symmetric double barrier. This method is then extended to the
case of nonstationary oscillator response to modulated stationary
Gaussian noise with non-white spectral density. A procedure for
using this method to obtain an artificial earthquake process that
is consistent with given response spectrum data is then discussed.
Finally, it is demonstrated how the techniques developed in
Chapters II and III may be combined to obtain first passage proba-
bilities for a weakly nonlinear oscillator. A number of simulation
studies throughout Chapter III serve to indicate the range of validity
and degree of accuracy of the methods discussed.

The numerical examples chosen in this investigation are
intended to illustrate the basic principles involved in the analyses
performed. As a consequence, the examples are relatively simple
and do not necessarily reflect the actual problems arising from a
specific engineering application. However, it is felt that these
examples do represent non-trivial problems and hence demonstrate

the usefulness of the approximate methods developed.



CHAPTER II

The Nonstationary Response of a Nonlinear System Subject
to Deterministically Modulated Stationary Gaussian Noise

2.1 Introduction

In many situations of engineering interest, a dynamical sys-
tem is subject to excitation of a random nature, and the system
response can only be described probabilistically., In such cases,
it is often adequate to model the input as a stationary Gaussian
process multiplied by a deterministic modulating time function.

If the system is linear, it is well-known that the response

to such excitation will itself be a Gaussian process [1] which is
completely specified, in the stochastic sense, by its mean value
vector and its cross~correlation matrix. For the linear case,
these two functions may be expressed explicitly and hence, the
theory for this special case is complete.

If the system is nonlinear, the problem is considerably more
complicated and the general theory is not sufficiently well devel-
oped to obtain exact statistical response characteristics for most
cases.

When the excitation is a white noise process, the problem
may be formulated in terms of a Fokker-Planck-Kolmogorov
equation for the transition probability density of the response
process. Although explicit solutions to this equation are rare for
nonlinear systems, this formulation does serve to unify the theory

for the white noise case. A paper by Caughey [21] provides an

exhaustive review of the cases for which exact solutions to the
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Fokker -Planck-Kolmogorov equation have been found.

When exact response statistics cannot be explicitly obtained,
one must generally rely on approximate techniques. When the
excitation is of constant intensity in time, {(i.e., the modulating
function is a constant), one may be interested in the stationary
system response. Iwan and Yang [ 3] have developed an equiv-
alent linearization technique for obtaining the approximate station-
ary response of multidegree-of-freedom nonlinear systems subject
to stationary Gaussian noise of arbitrary spectral density. With
the additional restriction that the nonlinear terms in the egquations
of motion must be small, Crandall (4] obtains an approximate
solution to the same problem by means of classical perturbation
techniques.

When the nonstationary response of the system is of interest,
one must resort to slightly more sophisticated methods. Iwan and
Spanos [5] have developed a technique for finding the apprbx—
imate envelope response statistics of a narrow-band single-degree-
of-freedom nonlinear oscillator subject to unmodulated white noise
as it approaches steady-state from =zero initial conditions. This
method first uses equivalent linearization and the narrow-banded-
ness of the response to derive an approximate first-order differ-
ential equation for the envelope response. The associated Fokker-
Planck-Kolmogorov equation is then solved by eigenfunction
expansion for the transition probability density of the envelope
response. The problem of the response of a multidegree-of-

frecedom system to modulated stationary Gaussian white noise was
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approached by Kaul and Penzien 6] within the context of a
particular type of nonlinear system. Without stating all of the
assumptions, a time-varying equivalent linear system is found,
and the associated Fokker-FPlanck-Kolmogorov equation is formu-
lated. This is then used to obtain a Liapunov-type matrix dif-
ferential equation for the covariance response of the equivalent
linear system.

In this chapter, an equivalent linearization technique is used
to develop a method for finding the approximate transient co-
variance response of a multidegree-of-freedom nonlinear system
subject to deterministically modulated stationary Gaussian noise
of arbitrarily specified spectral density. The simplifications that
arise in certain special cases are noted, and the accuracy of the
method is then checked by means of Monte-Carlo simulation.

2.2 Derivation and Solution of the Equations Governing the
Parameters of the Equivalent Linear System

2.2.1 Review of the Generalized Method of Equivalent Lineariza-
tion - Stationary Response

The equations of motion for a discrete n-degrece-of-freedom

dynamical system may be written in the general form
Mx + h(x,x) = £t) : (2. 1)

where () = (d/dt). M is the n X n mass matrix, and x, h, and {
are n-vectors, x representing generalized displacements. hi(:ﬁ,:}g_)

is the total internal generalized force associated with the ith degree

of freedom for 1 =i = n, and f(t) is the external generalized force
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vector, a function of time.
Suppose that a time-independent linear system with the same
mass matrix as (2.1) is subjected to the same generalized force

vector f(z) as in (2.1). That is
Mg, + Ck, + Kx; = {(f) (2.2)

where C and K are the stiffness and damping matrices, respec-

tively, and %) is the generalized displacement vector of the linear

system. Due to the wealth of theory on the response of linear
systems, it is assumed that (2.2) may be solved explicitly for

any given M, C, and K matrices, and f(t) specified. It is clear

that generally x and x; will differ. However, if one could choose
C and K in such a way as to minimize some measure of the dif-

ference between the two systems, then x would be a candidate

1
for an approximate solution to (2.1)

This is the essence of equivalent linearization techniques,
and the aforementioned minimization is accomplished in the
following way. 'The solution of (2.2), -:’El(t)’ is expressed explicit-

ly as a function of M, C, K, and t, and then substituted into the

left-hand side of (2.1) in place of x(t) to obtain
ME; + blx,, %) = Lt) + d(t) (2.3)

In this representation, it is clear that £(t) + d(t) is the input to
the nonlinear system that would be necessary to cause its

response to be El(t)'
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The difference between the nonlinear system (2.1) and the
linear system (2.2) is defined to be G(H_cl(t)“), where [I “ denotes a
vector norm, and ((:) is an averaging operator, the choice of
which is generally dictated by the physical situation. Since
G(IL@_(t)”) is an explicit function of the elements of C and K, it may

be minimized with respect to these in the usual fashion, i.e.,

oG(flaml)
6(!.. =
iy
Vi’j 5 i4,j = 1,...,n (2.4)

seal) -
bkij

At this point it should be remarked that in order to remain
consistent with the assumption that C and K are constant in time,
the averaging operator should possess the property that G(“El(t)“)
is time independent. The interested reader is referred to (51
and [7] for a detailed discussion of this and other properties of
this operator.

The expression in {2.4) constitutes a set of 2n simultaneous
equations, linear in' cij and kij' Spanos has derived necessary
and sufficient conditions for the existence and unigueness of
solutions to these equations [8]. When a solution does exist, the
resulting C and K matrices may be inserted into (2.2) and this

set of differential equations are then referred to as an equivalent

linear system, the solution of which may be found by standard
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techniques applicable to autonomous linear systems.

In the next section, an equivalent 1inearizé,tion technique
will be formulated in application to the stochastic response of a
nonlinear system. In many aspects, it is similar to the
generalized method of equivalent linearization just described;
however, a significant difference results from allowing the
equivalent linear system to be time-varying., The usefulness of
time-varying equivalent linear systems for nonlinear problems
with deterininistic excitation is questionable since the solution of
the equivalent linear system may require as much computational
effort as would a numerical solution to the original nonlinear
system of equations. However, for the stochastic problem it
will be shown that its introduction produces a considerable
savings in the computational effort required to obtain response
statistics in comparison with other applicable techniques that
are currently available.

2.2.2 The Equivalent Linear System for Nonstationary Response
of a Nonlinear System

As described in (2.2.1), the strategy of equivalent lineariza-
tion is to replace the nonlinear system with some member of a
class of linear systems, the corresponding solutions of which are
known. The member of the class which is chosen is one which
minimizes some average measure of the equation difference. The
solution to the linear system is then taken as an approximate

solution to the original nonlinear system of equations.
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It should be pointed out that the minimization of the equation
difference with respect to the linear parameters does not
necessarily guarantee that a minimization of the solution difference
has been achieved, and this may be considered a drawback of
averaging methods. However, it is evident that, for a system
with sufficiently small nonlinear terms, the approximate solution
obtained by equivalent linearization will become asymptotic to the
exact solution with decreasing nonlinearity.

For cases of steady-state response to periodic excitation and
stationary random response, equation difference averaging is
performed with respect to time, and the equivalent linear system
is assumed to be time invariant. This procedure could also he
applied to the nonstationary stochastic response of a nonlinear
system by again assuming that the equivalent linear system is
time invariant and integrating over some fixed interval of time.
However, there are several observations which suggest that more
accurate approximate solutions might be obtained if the class of
systems to be considered as candidates for the equivalent linear
system were permitted to vary with time.

For example, it is well known that the equivalent linear
stiffness for the stationary response of a damped duffing oscilla-
tor is a monotonically increasing or decreasing function of the
variance of the response, depending on whether the coefficient of
the cubic term is positive or negative. For nonstationary

response, the wvariance will change with time. Since the

statistical response varies with time, and the effective system
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parameters depend upon the response, it is only reasonable to
propose that the system parameters should also be allowed to
change with time.

With this somewhat heuristic justification, the class of linear
systems from which the equivalent linear system will be chosen
will be treated as time varying. However, the explicit dependence
of the equivalent linear parameters is on the response statistics
rather than on time. In order to emphasize this functional
dependence, a special notation is introduced. Let S(t) represent
some statistical description of the response of the equivalent linear

system at time t. Then, an expression of the form

B [5(t)]

denotes that the quantity B, which may be a scalar or a matrix,

is an explicit function of the statistics of the response of the

equivalent linear system, which are in turn functions of time.
With the foregoing discussion in mind, consider once again

the nonlinear dynamical system described by
Mz + h(x, %) = £(t) (2.1)
with the initial conditions

x(t

i

o) =
, (2.5)
x(t

[
<
=)

o’

There is no loss of generality in assuming tg = 0, and this will
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be done henceforth. Let f(t) represent a random process with an

infinite number of sample functions ki(t). The sample functions

k5(1:) of the response process x(t) then obey

M% + b(% ") = Few (2.6)
Bx0) = x,
5 k = 1,2,
ko) = Yo

The desired response statistics are, in general, non-
stationary. For reasons already discussed, therefore, let the

proposed equivalent linear system have the form

M% + 5] + B0 % = M) (2. 7)
*x(0) = x,

; k= 1,2,.
520) = ¥,

Let the vector k,@ be the difference between the left-hand
side of equation (2.8) and that of equation (2.7). Written ex-
plicitly, then k,@, is given by

lswy] = clswl™s + 8f3m]%s - ns %) (2. 8)

==

A measure of this equation difference is given by the square of

the Euclidean norm of k_§_ denoted by

2 T
Fsll, = Fa *s (2.9)

T

T
in which kf@_ denotes the transpose of the vector kf)-.
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Let Lo, 7] be the time interval during which the transient
response of (2.1) is of interest, where T is required to be a
constant. Turthermore, let § be a scalar random wvariable

defined by

kg

]
B(k) = %Of o)t

k_@_{t) dt (2.10)
then, p(k) is the (temporal) average value of the instantaneous

equation difference corresponding to k_g(t).

For an ensemble of M samples, the ensemble error €

M
may be defined as
M
e. =1 ké(t)T Ks () at (2.11)
MM g R |
k=1
Hence,
Lo S, Tk
E[pl = Lim — 3 / “8t) “b)at
Mmoo 0
k=1
(2.12
. 1
= Lim =€
Moo T M
where the assumption is made that the limit exists. It is apparent

that E[ﬁj provides a measure of the total equation difference
resulting from replacing the original nonlinear system (2.6} by the
linear system (2.7).

The equivalent linear system will be defined as that system
which causes E[B] to attain its minimum wvalue. Thus, it is

desired to find the time-varying matrices CIS(t)}] and B[S (t)]
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such that

E[p]lec g = minimum vC[s1)].8 [Set)] (2.13)

Using (2. 10) and the properties of the expectation operator, equation

(2.13) may be written as

T 2
/E [1@_{C[S(t)],ﬁ[5(t)],t} I, ]dt - minimum ¥C[5(6)], 8[5(t)]
0 (2. 14)
Expression (2.14) is the statement of a calculus of variations
problem where the functional does not depend upon the derivatives
of the varying functions, and the integration limits are not

variable. The appropriate Euler equations for this problem are

ox(iscs,nl; ]

Oci, = 0
! (2.15)
2
om[lacs,0l, |
ob. =0
ij

It should be pointed cut that equations (2.15) are independent of the
time interval [0,T] over which the minimization is to be performed.
Using (2.9) and inverting the order of differentiation and ex-

pectation, (2.15) becomes



=
o

12 Yol
wE
(o]
N
1

o

(2.16)

=
4
o
|
;e
11
(]

ij m=1
From (2.8), the components of 8§ are given by
n
) = -
m Z(ijxj + bmjxj) h_ (2.17)
j=1

Therefore,

(2.18)

thus (2.16) is equivalent to

i
aga.z)
1

Elsc =
1)

0 ;i j=1l,...,n

aa,z)
E bl =0 ; i,j=l,...,n

1

(2.19)

Performing the differentiation in (2.19) vyields



=17~

06,
5 o= ok, ;o i=1, s 0
c.. j
1
08,
5 L= ox, yj=1, , 1
ij J

Substituting from (2.21) and (2.17) into (2.20) yields

-

=
N
FamnS
.O
g
3
—+
B
3
"
2
S
e
i
1l
<

m=1

Rewriting (2.22) in matrix notation

b

~ %

Elhy] = Blyx"] T i isl,...,n

3 3k

— 1.,:

where

n
E Z(cim:‘:erbimxm)-hi x| =0 5 ij=l,.
m=1

i,j=1,.

(2.20)

(2.21)

(2.22)

Y

(2.23)

(2.24)
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and
bi* = ith row vector of the 8(t) matrix
[ ith row vector of the C{t) matrix

Equivalently, (2.23) may be written in the form

E[xh’w] = Elxx’ ][8, C]T (2.25)

Expression (2.25) represents an equations linear in bij and
Cij’ the elements of the B and C matrices, respectively. In [7]
and [8], a set of equations are derived which are nearly identical
to (2.25), the difference being that the expectation operator E[],
which may be time-dependent, is replaced by a general time-
invariant averaging operator (G(-). The assumption of the time-
invariance of G, however, is not essential for several of the

results derived in [8], and some of these results will be mentioned

here.
Note that the expectation operator has the properties
E[a(t) + b(t)] = E[a(t)] + E[b(t)] (2.26)
and
E[a®w] >0 5 Vaw) #o0 2.27)

It is proven in [8] for an averaging operator possessing the
properties (2.26) and (2.27), that if a solution to (2.25) for (8,C]

exists, the corresponding value of E[Q_TE] is an absolute (global)

“ minimum. There may be more than one such solution, but no
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one of these will be any better (or worse), in the sense of the
minimization criterion (2.13), than any other.

Furthermore, it is pointed out in (8] that equations of the
form of (2.25) will have a unigue solution only if E[)L;CT] is non-
singular. When E[XXT] is singular, the existence of a solution
is not guaranteed, and when a solution does exist, it is not unique.

There is a well-known result of probability theory which
states that the covariance matrix of the probability distribution of
an N-dimensional vector y is singular if and only if there exists

a set of constants {ai; 1 £ i 5N} such that
Pr[alyl Fo Hagyy G o] =1 (2.28)

where Prl- ] denotes the probability of occurrence of the situation

described inside the brackets. For a proof of this result, see
Feller L16] 1In words, (2.28) says that, with probability one, at
least one of the elements of y is expressible as a deterministic
linear combination of the rest of the elements. In terms of the
response of a dynamical system, (2.28) can be true only if the
governing equations of motion contain a redundant equation, or if
an uncoupled degree of freedom is subject to deterministic ex-
citation only. In such cases, the probability distribution of the
response process y is said to be degenerate in an N-dimensional
space. If is always possible, in this event, to eliminate from the
equations of motion the equation or equations irrelevent to the non-

deterministic response of the system, thereby creating a
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non-degenerate response process in a space of lower dimension.
Without sacrifice of generality, therefore, one may require
the nonlinear system wunder comnsideration to have a non-degenerate
response process. If this requirement is imposed, then the co-
variance matrix E[XXT] will never be singular so that a unique

solution to (2.25) for (g, c] always exists.

2.2.3 Special Case of Gaussian Disiributed Excitation

In the study of random vibrations, much attention is given
to sources of stochastic excitation that have a Gaussian probability
density. There are several good reasons for this, not the least
of which is that a number of important natural sources of random
excitation, including strong-motion earthquakes, exhibit, at least
approximately, a Gaussian distribution [9-12]. The excitation
from such natural sources may often be considered as the
resultant sum of many independent addtitive random effects, so
that modeling such excitation as a Gaussian process is consistent
with the central limit theorem. Further, the response of a linear
system to Gaussian excitation is also a Gaussian process, which
permits the distribution of the response prbcess to be completely
described statistically by its mean value vector and its covariance
matrix.

In the context of equivalent linearization, there is an added
attraction to restricting the random input to Gaussian processes.
For the case of a jointly Gaussian vector process y(t) with mean

0, Atalik and Utku have found an explicit solution to (2.25).
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This solution is given by

(2.29)

To make use of this solution form, it is necessary to assume
that h(y) is sufficiently smooth that the partial derivatives in (2.29)
exist. Atalik and Utku apply this solution to the case where y{t) is
stationary, but the assumption of stationarity is not used in the
derivation of the solution (2.29). It is therefore applicable to the
nonstationary process y(t) in (2.25).

So that advan;cage may be taken of the solution from (2.29),

only systems of the following form will be considered
Mx + hix, %) = 5(t)r(t) (2.30)

where r(t) is a stationary Gaussian random process with zero mean
and power spectral density S(w), and :é‘(t) is a deterministic
modulating vector function of time. It will also be required that
hi be an odd function of its arguments for i=1,...,n, and zero

initial conditions will be imposed, 1i.e.

and (2.31)
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It is clear from symmetry considerations that the oddness of

h and the zero initial conditions will ensure that the mean value of

the response process is zero. Thus,

Elxt)] = o
and Yy 2 0 (2.32)

sfiew] -

Although the requirement that h be odd does restrict somewhat the

o

class of nonlinearities that can be analyzed, it should be pointed
out that this property is quite commonly found in actual non-
linearities arising in engineering applications. Further, the zero
‘initial conditions reflect the most commonly assumed initial
situation for engineering applications.

The equivalent linear system for (2.30) will be

Mx + G[S(t)j X + B[S(t)]gg E(t)r(t) (2.33)

I

where C and B are given by equation (2.29).

It will be noted that the use of (2.29) in (2.33) generates a
set of stochastic differential equations with coefficient matrices that
are functions of the statics of the response process, which are, at
this point, unknown. In order to transform (2.33) into an equation
containing only the statistical parameters of the response process,
it is necessary to make use of some results of the theory of linear

stochastic differential equations.
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2.3 Some Results of the Theory of Linear Stochastic Differential
Equations '

2.3.1 A Generalized Form of a Result Obtained by Caughey and
Stumpf L12 ]

In reference [12], the response of a single-degree-of-
freedom damped harmonic oscillator subject to stationary Gaussian
random noise is considered. The oscillator is given arbitrarily
specified initial conditions, and a solution is then obtained for the
mean value and the wvariance of the response as a function of time.
The following is a straightforward extension of this result to
include time-varying multidegree-of-freedom linear systems subject
to deterministically modulated stationary Gaussian random excita-
tion.

Consider a set of N time-varying linear differential equations

y o= Alt)y + S(t)r(t) y(0) = ¢ (2.34)

where A(t) is an N X N deterministic matrix continuous in time,
r(t) is 2 stationary Gaussian random process with zero mean and
power spectral density S(w), O{t) is a deterministic modulating
N-vector time function, and y is the N-vector response process.
Let Y(t) be the fundamental solution matrix associated with (2. 34),
defined by

Y(t) = A(t) Y(t)
and (2. 35)

Y{(0) =1

where I is the N X N identity matrix. Then, the solution to
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(2. 34) may be written

‘ t i ‘
y&) = Y(t)e + Y(t) / Y l(s)O(s)x(s)ds (2.36)
b

Taking expectations on both sides of (2. 36), and noting that

Y and E are deterministic,

t
E[ym ] = ¥tie + v / v (s)8s) Efx(s) ] as  (2.37)

By assumption,

E[r(s)] = 0 (2. 38)

which leads to

E[yt)] = vit)e

Hence, for zero initial conditions, It is clear that
E[_Y(t)] =0 Yt = 0 (2.40)

This confirms an earlier statement, and the zero start will be the
case of interest henceforth.

It is necessary to know the covariance matrix E [IXT]
in -order to completely define the probability density of the
response, p(y), at a given value of time for a Gaussian random
process. The cross-correlation matrix E[X(tl)-‘ZT(tz)J may be

obtained in a straightforward fashion. Using (2.36) gives
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t
1
y_(tl)XT(tz) [ Y(tl)of Y_l(sl)i(sl)r(sl)dsl}

T

t
2
. ‘Y(tz){ Y‘l(sz),e_(sz)r(sz)elgZ }

I

t
1
l Y(tl)_of Y’l(sl),e_(sl)r(sl)dsll

t
T
' [{ r(sz)f_T(sz) Y—1 (sz)dsz . YT(sZ)l,

(2. 41)

or

ylt )y (t,) =

2 T

t'l
Y(tl)’ofo Y“I(sl)g(sl)gT(sz)Y“l (sz)r(sl)r(sz)dszdsl}YT(sz)

(2.42)

Taking expectations gives

e[y )

t, t
1 2 T
Y(tl){of Of ¥ (s 8085 (s,0 7 Y (8,0 B x(s ) )x(s )] dszdsl]YT(sz)

(2.43)

The autocorrelation function R of the random process r(t) is

given by



-26-

R(sl,sz) = E[r(sl)r‘(sz)], . _ {2.44)

By assumption, r(t) is a stationary process, so R(sl,sz) can only
be a function of the difference between sy and S5s and not on the

actual values themselves. That is

R(sl,sz) = R(sl— SZ) = R(s) (2.45)
where '

(2.46)

Using the fact that the autocorrelation function of a stationary
process and the power spectral density of the process are Fourier

transform pairs, R(s) may be written

R(s) = J S(w)e®Sdw (2.47)

From (2.46), it is obvious that

. iws, -iws
Jlws _ oL, 2 (2.48)

Thus,

© i(,us1 -iws2
J siw)e e duw (2.49)
_co

E[r(sl)r(sz)]
Substituting (2.49) into (2.43) yields

E[yt)y )] =/ Pt E @ ) S dw (2.50)
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where

t . .
Flw,t) = Y(t)/ Y (s) s) e ®%ds (2.51)
4

and _E‘f" denotes the complex conjugate of E.

The covariance matrix Q(t) is given by

Qt) = E [X(t)XT(t)] (2.52)

Letting tl = tZ =t in (2.50) gives

Q) = J/ FltHE Hw,t)Sw) dw (2.53)

It is of interest to note that the N-vector quantity F(w,t) as

defined in (2.51) satisfies the differential equation

F = ABF + 8(t) ™" (2. 54)

with the initial condition

FO =0 (2.55)

Thus, F(w,t) has an immediate physical significance. It is simply
the response of the linear system of equations (2. 34), except that
the excitation r{t} is now harmonic and deterministic rather than
random.

Once Q(t) is found, the probability density p{y(t)) may be
written explicitly. For a jointly Gaussian distributed N-vector
variable y, with mean 0 and covariance matrix Q, the probability

density will be given by
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e [(Zw)Ndlet(Q):l - (-%XTQF1X> o

wjH

2.3.2 Simplifications Resulting from Gaussian White Noise
Excitation

Consider the special case where the power spectral density

S(w) is a constant in . That is

Sw) = S Vw, = < @ <o (2.57)

0 H

The autocorrelation of the process r(t) corresponding to (2.57) is

given by the inverse Fourier transform of S(w). Using (2.47)

R(s) = 8, v 98 aw = 2m 8, 8(s) ' (2.58)

where &(s) is the Dirac delta function. Recalling the definition

(2.44) of R(s}), (2.58) may be written as
E[r(sl)r(sz)] = 2r8; 8(sy - 5,) | (2.59)

Substituting from (2.59) into (2.43), then yields

Elyt )y )]

£, t
1 5
= (2mSg)¥(t,) Of{ Y’1(sl)e(sl)eT(sz)Y‘lT(sz)a(sl-sz)dszdsl YT(tZ)
' (2.60)

From a well-known property of the Dirac delta function, the

inner integral may be expressed as
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£

S Y M8 8 (s,) Y T (s,)8(s -5,)ds, = Y (s )8(s,)8 (s Y T (s )
0

(2.61)
Letting ty = té = tin (2.60) and (2.61) yields
Q(t) = 21S,¥(t) Git) vT(t) (2.62)
where
E T -1T
G(t) ®= /Y (s)8(s)8 " (s)Y " “(s)ds (2.63)
0

Expressions (2.62) and (2.63) constitute an explicit representa-
tion of Q(t) and may be evaluated for any value of t once the
fundamental solution matrix Y(t) is known. It is also possible to
solve for Q(t) directly without first computing Y(t), which may
prove convenient in some applications. This may be accomplished
as follows.

Differentiating both sides of (2.62), one obtains
Q = znso("fGYT+Yc'3YT + vavT) (2.64)
Substituting from (2.37) for Y and using (2.63), (2.64) becomes

o = ZwSO(AYGYT v y[vleefy 1T)vT 4 va YTAT)
(2.65)

Simplifying this, and using (2.62) yields

Ay = amer) + [Amaw) ]’ + 2rS,8meT ) (2.66)
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where the fact that Q(t) is symmetrical has been used. The
Liapunov type matrix differential equation (2.66) must be solved

with the initial condition
Q) =0 (2.67)

It should be remarked that equation (2.66) can be derived in
a somewhat less direct fashion from the Fokker-Planck-Kolmogorov
equation that governs the transition probability density of the
response process y. In the absence of other criteria, the choice
of derivations was here made in favor of the more intuitive
approach.

It is appropriate at this point, to remark on the relative
merits of using (2.66) versus (2.62) and (2.63) for the purpose of
computing Q(t). Expressions (2.62) and (2.63) involve the
fundamental solution matrix Y(t), which is obtained by solving a
system of N2 first order time-varying differential equations.
Further, (2.63) requires the evaluation of the integrals of
N(N + 1)/2 time functions. Alternatively, (2.66) involves only the
solution of N(N + 1)/2 first order time-varying differential equations,
generating Q(t) directly. In the most general case, one must
expect that any of the above procedures would have to be performed
numerically, in which case, the use of (2.66) is considerably less
time consuming. Howevef, in the‘ special case that Y{t) may be
expressed explicitly, the use of (2.62) and (2.63) may be more

expedient.
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2.3.3 Re'marks on the Use of the Resuylts

Throughout sections (2. 3.1) and (2. 3.2), the matrix A has
been written as an explicit function of time. Due to the fashion in
which the results from these two sections will be used, it is of
importance to consider whether expressions (2.53) and (2.51) for
the covariance matrix Q{t) are still valid if the matrix A(t) is
replaced by the implicitly time-varying matrix A[S(t)]‘ |

Upon examination of the foregoing analysis, it is apparent that
the validity of these expressions depends critically upon the exis-
tence of the fundamental solution matrix Y(t). Once the existence of
such a matrix is established, all the results in (2.3,1) and (2.3.2)
follow. .

When the A matrix contains functional dependence upon S(t),

Y(t) must satisfy the equations

{((t) = A [S(t)] Y
and (2.68)

Y(0) = I

It is a well-known result from the theory of ordinary differential
equations that if A is continuous in time, then a unique solution to
(2.68) exists. (See, for instance, reference L17]). Therefore, if
3(t) is such that, given any arbitrarily small positive constant €,
and any value of t in the interval of interest [O, T ], there exists

a positive constant V such that

Iaij[S(t+V)] - aij[S(t):” < € Voo ISLISN . (2.69)
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then a unique solution to (2.68) for Y(t) exists.

Since S(t) depends upon the solution of the equivalent linear
system, there is no way to know a_ priori whether A[S(t)]
satisfies (2.69) or not. Therefore, when applying the results of
(2.3.1) and (2.3.2) to an equivalent linear system, it will be
initially assumed that A [S(t)] is continuous in time. This being
the case, the equations governing Q(t) in (2.3.1) and (2.3.2) will
be valid. As will be discussed in section {2.4), this will lead to
a set of nonlinear equations for Q(t). For the case of Gauesian
excitation, knowing Q(t) is equivalent to knowing S{t), and hence,
A I:S(t)] . If a solution to these nonlinear equations exists such
that A [S(t)] is indeed continuous in time, it will be taken as the
approximate solution for Q(t). If no such solution exists, then the
initial assumption of the continuity of A[S(t)jwas incorrect, and
the method is not applicable.

The applicability of the method will depend upon the nature of
the nonlinear function h(y). It may be possible to determine the
most general class of such functions for which the method applies;
however, such a task seems formidable, and deviates from the |
objectives of this thesis. ' In practice, the final check on the
continuity of A[S(t)] should serve as an adequate criterion for

determining whether or not the method is applicable,

2.4 A Method for Generating Approximate Statistics for Nonlinear
Systems

At this point, all the results necessary for finding a set of

approximate statistics for the response of a multidegree-of-freedom
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system under Gaussian excitation have been developed. All that
remains is to tie these results together so as to define a clear
procedure for generating these statistics.

Recall that statistical characteristics are sought for the non-

linear problem defined by (2. 30) and (2.31) as

ME + hix %) = 8(t) r(t) (2. 30)
%(0) = 0
- - (2.31)
k(0) = 0

The proposed equivalent linear system is given by (2. 35) and

(2.33) as
ME + C[8t)]x + B[5w)]x = 8@)r@) (2. 35)
x(0) = 0
~ (2. 33)
x(0) = 0

It should be pointed out that (2.30) and (2.33) were formulated as
second order differential equations only because this form makes
the application to dynamical systems more readily apparent. For
the purpose of conciseness, let these now be rewritten as first

order equations. Thus (2.30) and (2. 31) become
¥ o= hiy) + S r(t) (2.70)

y(0) = 0 (2.71)
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where
x
y = (2.72)
X
0
Bt) = -~ (2.73)
M 1é(t)
o hWl{x Q
hiy) = (- (2.74)
0 0 X -1z

M "h(x %)

In (2.74), I denotes the n X n identity matrix. The equivalent

linear system described by (2.33) and (2.31) hecomes

v = A[S®)]y + 8ty r() (2. 75)
y(0) = 0 (2.76)
where
] In
AlBw)] = (2.77)

-Mmrelse)]  -mle[sw]

As shown in section (2.22), the elements of the C[S(t)] and

B[S(t)] matrices must satisfy (2.25),

e[eh%w] = [wx][e.c] (2.25)

Since the input excitation to the linear system (2.75) is a Gaussian
random process, the response X(t) will also be a Gaussian process.
IHence, the solution for C and B given by equations (2.29) is

applicable. Rewriting (2.29) in 2N-space notation, gives
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bhi
aij = E 5?;] 3 i,j=1,...,2n (2.78)

where (aij) are the elements of the A matrix.

It has been established that the mean value of the response
process will be O for the duration of the response so only the co-
variance matrix E[y_XT] must be found in order to determine the
probability density of the response process at each instant. Using

the notation of (2.3.1),

o = 2[yty (0] (2.52)
and Q(t) is given by
Q) = f}z‘(w,t)gﬂq(w,t)sw)dw (2.53)
where F(w,t) satisfies
Flw,t) = ALS®)]Ewt) + o) &F (2.54)
Fw,0) = 0 (2. 55)

For the special situation when r(t) is a white noise process,

a simpler method for determining Q(t) is to solve equation (Z2.66)

Q = A[S®)]Q + (A[S(t)]Q)T + 245, 8(t) 8 (¢) (2.66)
with the initial condition

Q) = 0 (2.67)
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Using the fact that y is a jointly Gaussian distributed vector,

the elements of A may be expressed in terms of Q as

oh, °° = oh,
aj; = E 5}—,; = {...(Zn)...:{ —b-}—j—p(y_)dyl...dyzn i,j=1,...,2n

(2.79)

oy - ! e (-

[(Zﬁ)zn det (Q)]

ol

Since each element of A is an explicit function of the elements of
Q, equation (2.66) is a set of 4n” nonlinear ordinary differential
equations which must be solved with the initial condition (2.67).
Due to the symmetry of Q, only n(Zn + 1) of the equations are
distinct.

In the more general case of non-white excitation, equation
(2.54) must be solved simultaneously with equation {2.53) to
generate Q(t). In appendix A, a discussion is given concerning
an approach to the solution of (2.53) and (2. 54) using numerical
techniques.

To summarize, the problem of finding approximaté response
statistics for the nonlinear system described by (2.30) and (2. 31)
has been reduced to the solution of the equations given by (2.53),
(2.54), and (2.55). For the special case of modulated white noise
excitation, (2.66) and (2.67) provide a more tractable formulation.

The usefulness of the approximate technique hinges on two

important considerations. First is the effort required to solve
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the appropriate nonlinear equations (i.e., (2.53), (2.54), and (2.55))
produced by equivalent linearization. With sufficient time and
effort, accurate response statistics may be obtained by simulation
of the original nonlinear system (2.30) and (2.31) on a digital or
analog computer. If the effort requifed to obtain the approximate
solution through equivalent linearization is not comsiderably less,
then it is not really justifiable. Since there is no general method
to determine a priori just how large an ensemble of time history
simulations will be necessary to produce accurate statistics, this
question is rather difficult to answer analytically. However,
experience has shown that, in terms of computer time, the analyt-
ical solution tends to be much less time-consuming. It is not
uncommon for the ratio of the time required for a simulation
solution to that required for the analytic solution to be greater
than 100.

The second consideration relating to the usefulness of the
approximate method concerns the accuracy of the solutions obtained.
Establishing useful analytical bounds for the error incurred by
equivalent linearization techniques has proven to be a most difficult
problem. Though some preliminary efforts have been made along
these lines [14, 15], there are currently no analytical techniques
for generating such bounds. As a consequence, the usual proce-
dure for checking the accuracy of these methods is to compare the
approximate solution with the numerically generated ''exact' solution
for a few specific cases. Obviously, one cannot draw general

conclusions about the accuracy from this type of procedure, and
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this would seem to be a major drawback of averaging techniques
in general. However, due to the widespread usage of equivalent
linearization methods, there exists a fairly large body of results
from a variety of applications, the precision of which have been
checked either by experiment or numerical simulation, usually

with favorable conclusions. In fact, even for quite severely non-
linear systems, the approximate solutions produced by equivalent

linearization are often adequate for engineering applications.

2.5 Numerical Example - Duffing Oscillator

As an application of the techniques described in the previous
sections, consider the example of a Duffing oscillator subject to

modulated Gaussian white noise. The equation of motion is

3

m¥ 4+ c¥ 4 k(¥ + €¥%) - Bywit) ;  m,c,k>0, €20  (2.80)

where w(t) is Gaussian white noise with spectral density SO' The
parameter € is a measure of the degree of nonlinearity of the
system (2.80). When €= 0, the system is linear, and one may

find the theoretically exact statistical solution.

Let U‘lfm be defined as

i}

max Tt ; 0<t=T (2.81)

¢m

(e[¢*w] )%} )

€=0

where [0, 7] is the interval during which the response of (2.80) is
of interest. Then, a dimensionless form of (2.80) may be

obtained by introducing the variable x defined as



x = ;11'—— (2.82)
fm
Equation (2.80) may then be written as
£ 4 2lwgk + wllx + €x0) = () w(t) (2.83)

where
e, 2
€ = Eo-lllm R
5 = ¢ ,
m(]_qjm
=K
Wo = m °’
and
g _ C
2nkm
To remain consistent with previous sections, (2.83) will be
converted to the form of two first order equations. Let y be
defined by
Yl s
= 1. (2. 84)
X

* Then {(2.83) may be represented as

¥ = hiy) + S(t)w(t) (2.85)

where



(2. 86)
h(y) = -2Cwy, - wlly, + €y,°)
PAES 0’2 0 1 1
and
8(t) =0
' (2.87)
O,(t) = 8(t)

The equivalent linear system for (2.85) will have the form

¥ = A[5(t)]y + S(t)wit) (2. 88)

Since y is assumed to be Gaussian, the elements of A are given

by equation (2.78). Evaluating these elements by means of (2.78)

‘and (2.86) gives

0 1

| | (2. 89)
Wl aef7])

The covariance matrix Q(t) may be represented explicitly as

2
911 Y12 E[Vll] [y, v,]
Q = = (2.90)
2
91 Y22 elv,v1] £l ]
Hence, from (2.90), (2.89) may be written as
0 1
(2.91)

2 28w
—wo(l + 3€q11) 0
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Since the excitation in this example is modulated white noise,
the covariance matrix satisfies the Liapunov-type differential

equation (2.66). Applying equation (2.66) yields

a1 T %952

S 2

912 = 922 ° [woq11(1 t3€qpy) Zgwoqlz] (2.92)
q,, = -2 wl (1 + 3€q,,) + 20w,q + 278 62@)

22 o 912 11 0922 0

From {2.90), it is obvious that 451 = 92
When f(t) is a constant, the stationary response may be found
by letting q.lj =0, for i=1,2andj =1,2in (2.92). Letting 8(t)

equal unity, (2.92) then reduces to

dyp = 0
2
A5 - woqll(l + 3€q11) = 0 (2.93)
'rrSO
« Y92 7 zzwo

For this particular example, the exact covariance matrix
corresponding to stationary response may be found by solving the
stationary part of the associated Fokker-Planck-Kolmogorov
equation as described in reference [2]. 1t will be noted that the

expressions for q;, and q,, in (2.93) are actually exact in this
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case. Solving for 4 yields

= E%? [v/l + 6Tr

ESO
3
Qwo

991 -1 (2.94)

This result was also obtained by Iwan and Yang [3]. The standard

deviation of displacement o is defined by

. = J/q (2.95)

In reference [3], it is observed that, even for arbitrarily large
nonlinearity, the value of Oy given by (2.94) and (2.95) deviates
from the exact value by less than 7.5%.
L.etting € approach zero, (2.94) reduces to
TFSO

= —— (2.96)

q
11 3

which is the exact solution for the linear case.

To determine the nonstationary response of (2.83), it is
necessary to solve the differential equations given by (2.92) with
zero initial conditions. It is apparent that this cannot be done
analytically for nonzero €, The solutions to (2.94) presented
herein were obtained numerically. The numerical method used
was a fourth-order Adams-Moulton predictor-caorrector scheme
for solving initial value problems.

Because an important application of this approximate technique

is to earthquake engineering, the modulating function °(t) was chosen
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so as to resemble the 'envelope'' of a typical strong-motion ground
acceleration record. Specific forms for such envelope functions
have been suggested by a number of authors. (See, for instance

(18, 19]). TFor the present example, the form chosen was

o(t) = te Y% (2.97)

where v is a free parameter which may be interpreted physically
as the reciprocal of the titne required for the excitation to build
up to its maximurn intensity. In this example, ¥ was chosen so

that

= 1
Wy 107
For a linear system with a natural frequency of 2.0 Hz, this
simulates roughly the envelope behavior of the North-South
component of the Helena, Montana earthquake of October 31, 1935
[21].

As a check on the accuracy of the equivalent linearization
technique, a Monte-Carlo simulation study of equation (2.83) was
also performed. The white noise process w(t) was approximated
by a model similar to that employed in reference [20]. m brief,
an ensemble of m sample functions of a white noise proc‘ess were
generated over an interval [0, T1. The interval was divided into
n equal subintervals of duration At. For each sample function,

a sequence of n + 1 normally distributed numbers Gl’ o "Gn

+1

was generated. The members of this sequence were then assigned
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to ordinates at equally spaced intervals according to the.rule
wity + jAt) = Gj (2.98)

where to is a random variable with uniform density over the initial
subinterval L-At, 01, and density zero elsewhere. It was assumed
that

w(tg) = 0 | {2.99)

and that w varies linearly over each subinterval.

This procedure may be repeated m times to obtain an’
ensemble of m sample functions. If each ordinate Gj is then
multiplied by the constant (2« SO/At)%, the power spectral density

S{w) of the new process so generated is given by

6-8 cos (WwAt) + 2 cos (2 wAt)

S(w) = 8
{w At)4

0 (2.100)
For ( approaching zero with constant At, S(Q) approéches Sg-

As mentioned in reference L 20], this expression for S(w) remains
within 5% of SO for wAt <0.57, and within 10% for @At < 0.‘76.
Thus, if At is made sufficiently small, the sinﬁulated process may
be made to have a power spectral density which approximates that
of a white noise process to within a given error tolerance out to
any desired frequency. In this study, At was set equal.to T/ldO,
where

T = 2m/w, (2.101)
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That is, T is the natural undamped period of the oscillator (2.83)
when € = 0. |

The ensemble size m was 200 for this simulation study. For
nonzero values of €, equation (2.83) was solved numerically using
the previously mentioned predictor-corrector scheme. The 200
time histories so obtained for each € value were then used to
compute the time dependent covariance matrix E[X(t)XT(t)] .

In figures 2.1 through 2.5, the elements of the covariance
matrix are plotted as a function of dimensionless time t/T for
values of € ranging from zero up to 1.0. The simulation results
for the off-diagonal element, Elxv ] = q,,, were not plotted.

This is due to the fact that it is considerably more costly to
obtain accurate values for Elxv] by simulation than it is to obtain
comparably accurate values of E[xzj or E[vz:l .

The reason for this becomes apparent when one realizes that

El xv] is proportional to the derivative of Elx%] . Specifically,

it is recognized that

2
é%ﬁj = 2E[xv] (2.102)

where v = dx/dt. Whereas an ensemble of m time histories may
produce acceptable accuracy in the E[xzj function, to make this

" function smooth enough for its time derivative to be accurate

would require a much larger ensemble. In an attempt 1:6 determine
how large an ensemble would be needed to obtain convergence of the

Elxv] function, an ensemble of 2000 time histories was obtained
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for the linear case (€ = 0.0). Although the E[xz] function so
produced was considerably smoother than that obtained with the
ensemble of 200, its derivative still fluctuated chaotically enough
to indicate that E[xv ] had not yet converged. The cost of
increasing the ensemble size still another order of magnitude was
prohibitive, even for the linear case, so dependable simulation
results for Elxv] remain unavailable.

Examining figures 2.1 - 2.5, it is apparent that the correlation
between the simulation results and the approximate analytical
solutions is very good, even for the case where € = 1.0, which
represents a moderately large nonlinearity. It is observed that
the approximate solutions have the slight tendency to err on the
nonconservative side, but these errors are relatively small, and
would not be significant in most engineering applications.

As a final remark, it is of interest to compare the relative
amounts of computational effort required to obtain the simulation
results versus that for the analytical solution. For a single non-
zero value of €, the CPU time required to produce 200 simulated
time histories using an IBM 370/158 was approximately 40 minutes.
To obtain the corresponding covariance response by the approxi-
mate analysis, using the same computer, required about 20
seconds of CPU time. It is concluded that, for the type of system
in this example, the approximate analysis performed herein is

quite accurate and highly economical.
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CHAPTER 1T

The First Passage Problem for a Linear Oscillator

3.1 Introduction

In the study of the response of dynamical systems to random
excitation, a classical problem is to determine the probability that
the value of some response variable remains below a given thresh-
old throughout a specified time interval. The probability distribu-
tion of the time required for the variable to first exceed the
threshpld is referred to as the first passage probability distribution.
Knowledge of this distribution is of great practical importance in
many engineering problems.

For an arbitrarily specified stochastic process, there is no
generally applicable procedure for finding the first passage distri-
bution or density, so a more restrictive specification of the
problem must be made in order to proceed toward a solution. One
of the simplest configurations of interest in the study of random
vibrations is that of a linear oscillator subject to stationary

Gaussian white noise. - The equation of motion is

X+ 20wk + wix = wit) (3.1)

where [ is the fraction of critical damping, and Wy is the un-
damped natural frequency.

Let W(T) be the probability that the magnitude of x remains
less than the threshold level b throughout the interval [0, T],

where b is a positive constant. W is therefore defined as

£
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W(T) = Pr[[x(t)lmax< b;0 <t < T] (3.2)

where Prl- ] denotes the probability that the bracketed expression
is true. Rather than attempt to solve directly for W(T}, it is

common to seek a solution for p(T} where

p(T) = —%V% (3.3)

Note that p(T)dT is then just the probability that first passage
occurs during the interval (T, T + dT]. The quantity p(T) is
called the first crossing probability density. To date, an exact
analytical solution for p(T) has not been found.

When the first pagsage problem is formulated as in {3.2),
b is referred to as a type-D barrier. Often, it is desired to
know the probability distribution of time to the first crossing of
b by the wvariable x rather than le In such situations, b is
called a type-B barrier. A third type of barrier arises when one

considers a threshold level for the envelope process a(t), where

‘2
3t = xt g Ao (3.4)
w 2
0
In this case first passage occurs when a first exceeds b. The

level b is then known as a type-E barrier. Note that 32 is pro-
portional to the total energy of the linear system (3.1). For
future reference, when the variable of interest is below the

specified threshold level, it is said to be in the ''safe region''.
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Likewise, when it is above this level it is said to be in the
"unsafe region''. This terminology obviously stems from applica-
tions where first passage represents failure or possible failure.
Although these terms are not really appropriate for all applications,
when interpreted literally, their meaning in the context of first
passage problems seems to be rather universally understood, and
hence, they will be used herein.

It is clear that there could be more varieties of threshold
levels, however only the aforementioned three types will be
considered herein. Of these, most attention will be given to the
type-D barrier as it is of perhaps the greatest importance in
earthquake engineering applications.

The first passage probability density for all of the barrier
types will be dependent upon the initial conditions imposed upon
equation (3.1). However, it has been observed by Crandall and
others that the effects of the initial conditions on this density tend
to die out as T becomes large compared with the natural period
of the oscillator [22]. Specifically, it has been observed
experimentally that W(T) eventually approaches a decaying

exponential of the form

W(T) ~ ¢ 4T (3. 5)

regardless of the initial conditions [23].
In many applications, the mean time to first passage is

substantially greater than the interval during which the effects of
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the initial conditions are important. Hence, (3.5) is often
employved as an approximation for W(T). The parameter «a is
called the limiting decay state of the first crossing density.
Much of the effort in this chapter will be directed toward deter-
mining this decay rate. Since the value of @ is unaffected by
the initial conditions on (3.1), these conditions will often be left
unspecified.

3.2 Problem Formulation in Terms of Transition Probability
Density

It is well known that the response of a linear oscillator
excited by white noise is a two-dimensional Markov process L24].
By this it is meant that, given only the state (x,x) at time tys
the future probability distribution P, (x, ic,tz), where t, > ty, will
be the same as if the entire time history [x(t), 5«:(1:)] over the
interval [0 < ¢ Stl] were given. Thus, for a Markov process,
once the present state is known, the states at all previous times
become irrelevant to the future probability distribution. This
property is quite important to the exact formulation of the first
passage problem.

Referring to the type-D barriers, where the safe region is
defined by [x; |x] < bl, consider the two-dimensional phase
space associated with the response of equation (3.1). Letting
v = x, the ordered pair Lx(t), v(t)] trace out trajectories in the
phase space as t varies. Suppose that, at time tl’ a trajectory,
which has not yet left the safe region, is at (Xl' vl). Let (XZ’VZ)
also be in the safe region and let q(xl,vllxz,v2 ; At)dx dv be the
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infinitesimal probability of the trajectory reaching the differential
element of area dx - dv centered at (XZ’VZ) at time 1:1 + At with-
out leaving the safe region, given that it was at (xl,vl) at time
tl. For obwvious reasons, ¢ is called the conditicnal transition
probability density. It is apparent that knowledge of q would
provide sufficient information to solve the first passage problem.

Specifically, if the oscillator had initial conditions (xg,v,) at

time t = 0, one could write

® b
wW(t) = f_/ q(xo,volx,v;t)dxdv (3.6)
Yo

A direct result of the Markovian nature of the response
process [x(t), v(t)] is that the conditional transition probability

density satisfies the Smoluchowsky integral equation given by [24]

@ b
q(xo,volx,v;t) = //q(xo,vol ;{,\Ar;‘l: - At) q(x,vl ;C,V;At)dgcd{\r
- Th
(3. 7)
By standard techniques [24], one may derive from {3.7) a Fokker-

Planck-Kolmogorov equation which governs g. This is given by

- 2
0q 0 o 2 07g
5 T e g |(2Cegv ¢ w)a) + Boge 38

where SO is the spectral density of W(t).

Equation (3.8} must be solved with the initial condition

8(x (3.9)
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and with the boundary conditions

Q(XO,VOIb,V;'t) = 0 3 CoLw <y =0
Yt =20
q(xo,vol-b,v;t) =0 : 0 £y <o
(3.10)

The boundary conditions (3.10) are required since it is obvious
that no trajectory could cross +b with a negative velocity or -b
with a positive velocity without having been outside the safe region.
Figure 3.1 shows the phase plane with the safe region and the
boundary conditions (3.10) indicated.

Though expressions (3.8), (3.9), and (3.10) constitute a
precise formulation of the first passage problem, a solution to
these equations has not been found, to date. One of the difficui-
ties in effecting a solution becomes apparent when an attempt is
made to separate variables in (3.8). Using the (x,v,t) coordinates,
in which the boundary conditions are simple, only the time part of
¢ separates out. This does, however, provide for an interesting
observation.

Attempting a solution of the form

qg = T{)F(x,v) (3.11)
one obtains from (3.8)
F F T, F
T _ X s v 2, "V Vv _
T -V-—F- + ZQ(,oO(l + v F) + wo X T + ‘H‘SO T -A
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Though little can be said about the ''spatial! eigenfunctions F(x,v),

the form of the temporal eigenfunctions can be readily obtained.

From (3.12), one may write

ALt
Tit) = e J (3.
where hj > 0; j=1,2,..., since q may not grow unbounded as
t = = Hence, q may be written
® -ALt
q = ZFj(x,v)e J (3.
j=1

Integrating (3. 14} over the safe domain vyields

® At
W) = D Ae i (3.
j=t J
whete
o
A = m/{ Fy(x, v)dx dv (3.

Let the eigenvalues be ordered such that
< <
?\1 7\2 e (3

As t increases, one would expect the principal eigenvalue to

eventually dominate in {3.15). Thus, for large time,

_hlt

Wi{t) ~ Ale (3.

13)

15)

16)

.17)

18)
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Letting A1 = 1 and 7\1 = a, this becomes identical with expression
(3.5). In addition to the experimental observations, therefore,
there is some theoretical justification for using (3.5) as an
approximation for W(t).

As a final note on theoretically exact formulations of the
first passage problem, it is of some interest that if one considers
a first order linear system instead of the harmonic oscillator

(3.1), the problem may be solved exactly. A detailed discussion

of this problem is given in reference L25].

3.3 Discussion of Some Currently Available Approximate Solutions

In the absence of an exact analytical solution to the first
passage problem for the harmonic oscillator (3.1), numerous
approximate solutions to the problem have been proposed. Of
these, the most accurate s.chemes generally involve solving
approximately for the conditional transition probability density
governing first passage.

An obvious approach of this sort, though not especially
elegant, would be to attempt numerical solution of (3.8) utilizing
modern numerical analysis techniques. Aﬁ interesting variation
of this idea is based on a discretized version of the Smoluchowsky
integral equation (3.7). This so-called ''diffusion of probability"
method has been employed by Crandall, et al. [23], to obtain
approximately the limiting decay rate « for a number of damping
values over a range of barrier levels[23]. TFor a sufficiently

fine discretization, this procedure generates values of o that agree
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well with those obtained by Monte-Carle simulation.

For type-D thresholds, the best approximations for o
currently available have been obtained by Mark [26]. Mark
considers the case of the lightly damped oscillator (£ << 1). The
observation is made that, for small enough damping, the sample
functions of x(t) have an approximately sinusocidal appearance.

The magnitudes of the peaks of these guasi-sinusoidal sample
functions are treated as a one-dimensional, continuous-state,
discrete time Markov process. The approximation that is made
is that the peaks are separated by intervals of exactly At ='rr/wo,
an assumption which will become increasingly valid as the damping
decreases. A conditional transition probability density function
f)(aolﬁl;At) for the magnitude of a peak 51, given the value of the
preceding peak 30, is then derived. This leads to an integral
equation, similar to the Smoluchowski equation, which is solved
numerically.

For type-E barriers, an approximate analytical solution,
which is accurate for small damping, was presented by Helstrom
in 1959 [27]. For a lightly damped oscillator, it may be shown
[28] that the envelope process a(t) defined by (3.4) satisfies

approximately the differential equation

. 2
3+ €w0(5 -%-) = i (3.19)
a V2w,

where o is the variance of the stationary response of x in (3.1).



62 -

The process described by equation (3.19) is a first order Markov
process, and hence, the transition probability density q(ﬁola;t)

satisfies the Fokker-Planck-Kolmogorov equation

2 2 |
g—% = Qwo -Q;- (3— o-_:)q + o? ——Clbnz (3.20}
da a da »

where a(aola;t)da is the probability that the envelope which starts
at 30 initially reaches the differential element centered at a a time

t later without having left the safe region (& <b). The initial

condition
q(aola;O) = 8(a - ao) (3.21)
and the boundary condition
a@ylbst) = 0 Tt > 0 (3.22)

must be imposed on (3.20). Helstrom obtains the lLaplace trans-
form of q in terms of confluent hypergeometric functions, and
presents a series solution for g itself.

It has been suggested L1] that, when the damping is small,
the limiting decay rate for a type-E barrier ap should serve as a
good approximation to the limiting rate for a type-D barrier -
The reasoning behind this is fairly straightforward. An E crossing
indicates that the total energy of the system is sufficient to exit
from the type-D safe region if there were no dissipation and no

external force on the oscillator. I the damping is sufficiently

small, the dissipation Will be small and the oscillator response
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will be narrow-band. Thus, the probability of an E crossing
being immediately followed by a D crossing will be near unity.
However, experiments have shown that for damping ratios as
low as 0.01, the approximation is not especially good [22].
Further, the deviation of an from o increases with increasing
barrier level b. Roberts [29] has recently presented some
analytical evidence to suggest that for barrier levels b in the
range {0 < b = 5¢} reasonable correclation between ap and ap
may be expected provided C = 10_3. Such a restriction on {

will often prove too severe for practical applications. IHence,
this approximation will not be employed herein.

In order to apply either of the approximate analytical
solutions discussed thus far, it is necessary to perform a
substantial amount of numerical computation. The strictly
numerical schemes, such as Monte Carlo simulation and diffysion
of probability, require even more computational effort.

There does exist a number of approximate analytic solutions
for the limiting decay rate which, although not as accurate as
those already mentioned, are simpler and require much less effort
to implement. Of these, the simplest involves the assumption that
the barrier crossings are statistically independent events. This
will be approximately true when the barrier level b is large
compared with o so that the average interval between successive
up-crossings of b becomes very long. If this assumption were

correct, the times at which such up-crossings occur would

constitute a Poisson process, and the intervals between
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up-crossings would be exponentially distributed.
For a stationary random process with probability density

pl(x,:':), the average rate of up-crossing of the level x = b,

denoted by \’b is given by [11]
v, :{kpl(b,:i)dii (3.23)

For the case of the stationary oscillator response, Py is given by

2 - 2

0y - b ifx X __
pl(x,x) = 5 eXp [—z( >+ = 2)] (3.24)
27?(.000' o wocr

Performing the integration in (3,23) yields
43 2
_ _0 1b
Vb = 3o eXp [—2_-0"2 ] {3.25)

The rate of down-crossings of -b will be the same as Vg due
to the symmetry of pl(x, x). Thus, the average of the number of
crossings out of the safe region per unit time is just ZVb for
type-D barriers. This gives the Poisson process average rate, so
that

ap = 2vy (3.26)

Let T represent the length of the interval between two successive
crossings out of the safe region. Then, the probability distribu-

tion of T is given by
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PeLT <T] = W(T) = e (3.27)

For barrier levels of practical interest, this approximation is
often highly conservative, in the sense that it predicts average
first-passage times much shorter than actually occur. For very
high barrier levels, however, the approximation becomes ciuite
good, and in fact, (3.26) becomes asymptotic to the actual
limiting decay rate as b » ® [30]. The Poisson average crossing
rate va provides a convenient normalizing factor for other
estimates of the limiting decay rate. Hence, such estimates are
often presented in the non-dimensionalized form a/2V, .

For type-E barriers, an analogous estimate for ap may be
found by assuming that the up-crossings of b by the ecnvelope
process a are independent. This leads to a different Poisson
average rate by the same procedure used to obtain Vv, for

b
D-crossings. In this case, Py is given by [22]

- - a2 ~2
p,(a,2) = —2—e -%<3— + 9—) (3.28)
1 ® «/2;0'2{3 o l: 0'2 (32

where

2
s 2woll - —L {1 Lap-! 2041 - (2
0 1 - 2 m 1 - 2¢2

(3.29)

One finds that the average frequency n, of up-crossings of the

level b by a is given by
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B, = ~1—‘E—123 exp [—%p—;] {3.30)
N o

Vanmarcke [31] has proposed a modification of this latter
scheme to obtain improved approximations to an and an from o, .
The stationary envelope response a is treated as a two state,
continuous time, Markov process in which state 0 corresponds to
a2 < b, and state 1 corresponds to 2 > b. The intervals TO and
T, spent in states 0 and 1, respectively, are assumed to be
independent random wvariables with exponential distributions. This

leads to the approximation

2 -1
ag = n.b(l - exp [%%]) (3-31)
a

Vanmarcke [31] estimates the fraction of E-crossings that are
immediately followed by a D-crossing on the basis of a physical

argument. This generates the estimate

(3.32)

As mentioned earlier, the approximate methods which are
based on solving approximately for the transition probability density
of first passage are quite accurate for a lightly damped oscillator.

The accuracy of the other methods varies with damping and barrier
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level. Generally, as the barrier le;vel increases, these simpler
methods tend to give more accurate results. Figure 3.2 shows a
comparison of the accuracy typical of the methods discussed for
type-D barriers. Vanmarcke's method (C) is clearly more
accurate than the Poisson process approximation (A), and predicts
the correct qualitative behavior of o with variation in barrier
level. For this reason, Vanmarcke's method may be considered

the best simple approximation currently available.

3.4 A Semi-Empirical Approach

The object of this section is to develop an approximate
method for generating the limiting decay rate for a type-D barrier
that displays good accuracy for barrier levels in the range of
engineering interest, while, at the same time, avoids excessive
computational effort. In what follows, it will be assumed that the
oscillator is lightly damped so that the r'esponse trajectories appear
quasi-sinusoidal over one natural period of the oscillator. It will
also be assumed that the oscillator has attained its stationary
response distribution.

It is widely agreed that the basic reason the Poisson process
approximation for an break:;, down for low barrier levels is that
the crossings out of the safe region are, in fact, not statistically
independent events. Since the envelope varies slowly, when a
peak occurs above the threshold level, the probability is higher
than usual that the next peak will also be above the threshold.

Thus, D-crossings tend to occur together in clumps. For
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decreasing damping ratio or barrier level, the tendency toward
clumping will increase.

If allowance were made for the clumping tendency, one might
expect a more accurate estimate for g to result. Before showing
how this may be done, it is necessary to define some terms.

The clump size cs will be defined as the number of successive
peaks that occur outside the safe region with no intervening peak
inside the safe region. Since it has been assumed that the

response is quasi-sinuoidal, successive D-crossings in a clump

will be separated by an interval of approximately 1/2 VO, where

VO = wO/ZTT §3.33)
Therefore, it is reasonable to define the clump duration T1 as
T, = cs/zvo (3. 34)

Following the end of a clump will be an interval in which the
oscillator response will remain in the safe region. Let the length
of this interwval, between the end of one clump and the beginning
of the next, be denoted TO. The surn of the seguential intervals
Tq and Tl will be the len'gth of the interval between the beginning
of one clump aﬁd the beginning of the next. During this time,

¢s D-crossings will have occurred, so that the quantity

will represent the average number of D-crossings per unit time.



-70 -

If the response process is ergodic, this will be the same as va,
since Vy, was defined as the expected number of up-crossings of
the +b level per unit time.

It will be assumed that

E c8s :IN E [cs] (3.35)
[TO Y [Ty + T, ]
Hence,
Bl + 1,1 = E;g}:] (3.36)

Taking expectations in (3. 34) yields

el ] = EZESS] (3.37)
0
Subtracting (3.37) from (3.36) then gives
AV
ElT,] = %%(1 - VE") (3. 38)

It is assumed that 'I‘O has an exponential distribution of the
form of (3.5). Explicitly, this is written
W(Ty) = e (3.39)
From (3.39), it therefore follows that

Elr,] = (3.40)

Hence, (3.37), (3.38), and (3.40) imply
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-1

AV AY v

- __b___(L(l ) V_b) (3.41)
E[Tl] 0

The problem has thus been reduced to the determination of

E[le. Let the probability distribution of T1 be denoted PT (t)
1

where

' PTl(t) = Pr[Tl>t] (3.42)

To determine the detailed structure of PT would be very difficult,

1

However, it is possible to surmise the qualitative behavior of

PT (t) (particularly for large t} from physical considerations.
1

Consider the conditional probability

P n+1
i = n+1 n TA2Yq
P(n+1ln) = PT[T1>ET‘]T1>-'2'T} = (n‘ )
0 0 b
n2zv
0
(3.43)

where P LA|B] is the probability that A is true given that B is

true. It is apparent that ﬁ(n+1[n) represents the probability that
a clump, which already contains n D-crossings, will continue for
at least one more D-crossing. The probability that a clump will

contain exactly n D-crossings is given by

pPrlcs=n] = P (-ﬂ-) . P (Eil-> (3. 44)
T\ 2% TR 2%

Dividing both sides of (3.44) by PTl(Z%) yields
0
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l‘:') Les= ; . ”
Pressak U L Baeiln (5.45)
" ).

v
2V

Therefore, one obtains

Prlcs =n)

P n
T o
\(5¥;)

Pn+lln) = 1 - (3.46)

The fact that clumps of D-crossings are more probable than

isolated D-crossings may be interpreted as meaning that Prlcs=n]

n
v
2%

is an increasing function of n for small enough n. Since P, (—-——)
!

is a monotone decreasing function of n, it is therefore certain,
from (3.46), that %(n+lln) will vary with n for sufficiently near 1.
As n becomes large one would expect 15(114-1111) to lose its
dependence on n. That is, as the time from the beginning of a
clump becomes large, the probability that the clump will continue
becomes less and less influenced by the time of the initial
D-crossing. Thus ﬁ’(n+1ln) should approach a constant value as

n+= @, Let this limiting value be denoted by P* where

‘ n+l
A PTl(‘?‘”o)

% = ILim P(n+lln) = Lim 7N (3.47)
=

The probability density of Tl’ Py (t) is defined as
' 1
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dPT (t)

pTl(t) = -——g—t-L— (3.48)

Suppose Py (t) were of the form B exp (-ft). Then PT (t) would
1 1

Lol
be exp (-pt), and P(n+1[n) would he a constant for all n. However,
this would not provide for the dependence of P upon n for n near 1.
To allow for this dependence, let P (t) be approximated by some

1
member of the class of densities fp(t) given by .

p

£() = L tP exp (<Bt) ; P2 O0,t20 (3. 49)

°N

where CN is the normalizing constant. For P> 0, fp increases
initially but eventually decays toward zero as t—=+ =, This is the

same qualitative behavior that would be expected of P {t).
1

The probability distribution Fp (t) associated with fp {t) has

the form

F-1

p-2
Fp(t) = C%B exp (~ft) {tp . Pt + plp-1)t + :l (3.50)

B p?
Hence, it may be easily shown that

(n+l)
Fp 2'\’0

Lim T/ o\ - ©XP (- -2-%-) (3.51)
P(‘z‘:‘v—) 0

0

Since PT (t) is being approximated by Fp (t), equations (3.51) and
1



74 .
and (3.47) imply that

Py = exp(z—‘vﬁ> (3.52)
0

Forallp >0, fp and Fp will exhibit qualitative behavior consis-

tent with what is known of the behavior of P and PT ,
1 1

respectively. However, p has been left undetermined. If is
proposed to determine the optimum value of p empirically as
follows,

Let py, (t) be approximated by fp(t). Then E[Tl:l may be
1

evaluated in the usual fashion as
elT,] = ﬁg—l (3.53)

If P* could be evaluated analytically, | B would be determined by
equation (3.52). Equations (3.53) and (3.41) would then relate
a to p. Available data on limiting decay rates could hence be
used to determine the most consistent value of p.

To implement this scheme, it is necessary to find P,
Toward this end, let q(xO[ X4 ;‘t)d.x1 be the probability that a
trajectory, which starts at X reaches the differential element of
measure dxl centered at x

1 @ time t later. Therefore q is the

transition probability density of x. Let w4 be defined as

wy, = wyd 1 - ¢? (3. 54)

Then w/wd will be one half of a damped natural oscillator "period'.
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For t = 'rr/wd, q is given by L12]

lxplxsn/wg) = —L— exp [_-é—(’f—:—-i—*:)z] (3.55)
Jon o’ v
where
1.2 ™So
(@) = -2—‘2-0:;-3—[1 - exp (-2mluwg/uy) ] (3. 56)
and
W= -xy exp (- lwy/w,) (3.57)

Suppose the oscillator is at a peak during a clump in which
k D-crossings have already occurreti. Let pk(r) be the conditional
probability density of such peéks, given that r 2b., That is,
pk(r) = 0 for r <b. Due to the narrow-bandedness of the response,
it will be assumed that any two successive ‘peaks will be separated
by an interval of Tr/wd, and that x changes sign during this interval.

With this assumption, pk+l(r) may be expressed as

Py (r) = hkbfpk(X)q(-Xl?;w/wd)dx i rZhb

(3.58)
= 0 ' H r<b

The first argument of q is -x rather than +x to account for the
assumed sign change of x, since r is always positive, The factor

?&k will be determined from the condition
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bfpkﬂ(r)dr =1 (3.59)

Imposing this condition leads to

lrk = f/pk(x)q(—xlr;n/wd)dxdr (3.60)
b b

The quantity on the right of equation (3.60) will be recognized
as the probability that the clump will continue for at least one
more D-crossing given that k D-crossings have already occurred.

Hence, from equation {3.43),

7C11€ = %(kﬂlk) (3.61)

As k=w, P~ P&, and pk(r) approaches a stationary density p,(r}.

This stationary density must therefore satisfy

Polr) = 'é*;b/pw(X)q(-Xlr;rr/wd)dx (3.62)

The integral equation (3.62) does not seem to be amenable to
exact, closed-form analytical solution. However, the precise
form of p, is not really of interest here. It is necessary only to
determine the eigenvalue —13,1-; . There exist several methods for
determining approximate ecigenvalues for integral equations of the
form of (3.62). These include Galerkin's method, the collocation
method, and Picard iteration. Of these methods, it was felt that

Picard iteration was the easiest to implement for this particular
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problem.
In Picard iteration, a function fo(r) is chosen to approximate
the eigenfunction p_(r). A series of functions fi(r) are then

generated using the regenerative scheme
o]
£4(0) = k.i{fi(X)q(-XIr;w/wd)dx (3.63)

When the functions fi(r) and f_i+1(r) become ''sufficiently close'' over
the range b = r < ®, the iteration is stopped. The eigenfunction is
then approximated by fi+1(r), and the principal eigenvalue is
approximated by ?\i. If the initial guess £0 is a good approximation
t0 Py, this method should converge very rapidly.

Consider the oscillator in stationary response with probability

density Pg where

2
1 1x
p.(x) = exp (-3 =5 3.64
i NZT o (20'2> ( :

Let it be given that at time tys X(tl) Z b, then the probability

density of x becomes P, where

p(x)
P (%) = 4/ ; x=D
/Ps(u)du
b » (3.65)
pix) = 0 ; x <b

It is proposed that pc(x) provides a reasonable approximation to
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Poi{x). Therefore, let fO(X) = pc(x). After some tedious algebra,

fl(x) may be evaluated from equation (3.62}. This yields

C
fl(x) exp l:—%;%xz] - Zerfc l:(b - c3x)«/ cZ/Z] (3.66)
A ) [ wc b
0 —2—2— s erfc [ﬂ a-]

1 exp (—wao/wl)

where

[¢]
it

1 - CI +c1
2 7 T2 2
o {1 - cl)
(3.67)
CZ
c = 1
3 2 4
1 - Cl + <y
c. = 1
4 ~ 2 4
1 -~ cI +c1

To continue the iteration procedure, numerical integration
methods would be required to evaluate fi(x) for i # 2. This would
be a very time-consuming procedure, which would only be
warranted if the accuracy of the first order approximation were
found to be inadequate.

Thus, for the present investigation, P* will be approximated

by P_ where

P o= = (3.68)
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Equation (3.59) requires that
S fxdx = 1 (3.69)
b

Hence, one obtains

2 fyx)
S dx = P (3. 70)
b A ¢
0
f,(x)
Due to the complicated form of N , an exact evaluation of
0

Pc cannot be performed analytically. Consequently, it must be
evaluated either numerically or by some approximate analytical
method. One such method is suggested by the shape of the curve
fl(r)/?\o. Tet the mean value of peak magnitude associated with
£,{x)/%0 be denoted Elfrj. In the neighborhood of El[r], £1(r)/ %y
strongly resembles a Gaussian density. Therefore, it will be
undertaken to approximate (3.66) with the Gaussian density which
has the same mean value and standard deviation as fl(r)/KO. Let

this Gaussian density be denoted fG(r), and let PCG be given by

P :b/fG(r)dr (3.71)

To obtain an indication of how closely PCG approximates PC’
these two quantities were evaluated for { ranging from 0.001 to

0.08. These comparisons are shown in figure 3.3. As can be
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seen from the figure, B~ is extremely close to F, except for the case

where § = 0.001. Even then, the approximation seems to be quite good.

It should be mentioned that when P* is very close to zero or
very ciose to 1, the approximations used for P* (i.e., PCG or PC)
are not really adequate. The reason for this is that, near these
two extremes, the limiting decay rate « is very sensitive to small

changes in P%. This can be seen by solving for o in terms of P%,

From equations (3.52), (3.53), and (3.41), one obtains

-1
o] 1 vb
e = o 1 (P%) (1 o (3.72)
va 1+p VO
N d ’ 1
As P* approaches zero, the derivative IDF Lon (P¥)] = g becomes

very large, and a small inaccuracy in the evaluation of P¥ can
drastically affect the resulting value of @, Further, as P+ — 1,
~n Pk~ 1 - Pk, so that the difference 1 - P*% becomes important.
A small percentage change in P#% will then create a large percent-
age change in /2(P*) g0, once again a becomes sensitive to small
inaccuracies in P,

For small damping (C £ 1), the situation where P* = 0 will
only occur when the barrier level is large. For such levels,
the value for « given by equation (3.72) tends to err on the high
5e— which is

ZVb

greater than unity, it is disregarded, and « is set equal to 2vy

side. Therefore, when (3.72) gives a wvalue for

since va is the limit o approaches for large b.
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The situation where P%* = 1 will occur when the damping is
extremely small (C < .005), since the correlation between the
values of two consecutive peaks is then very high.

From the available data [23], it was determined that letting
p =1 (3.73)

produces the most consistent results for damping ratios in the
b

range 0.01 = { = 0.10, and barrier levels in the range 1 = = = 5,
For p significantly less than 1, « tends to be overly conservative
(i.e., too large), Conversely, if p is significantly larger than unity,

the corresponding values of « tend to underestimate the first crossing

rate.

o
FALS

b/¢ is displayed for two values of damping. For comparison,

with barrier level

In figures 3.4 and 3.5, the variation of

simulation results and the corresponding values from Vanmarcke's
two -state Markov process approximation are also presented. The
present analysis is seen to correspond well with the simulation

results.

3.5 Application of Approximate Solution to Earthquake Engineering

3.5.1 Extension of Results to Nonstationary Response

The random processes involved in earthquake engineering
are, in general, nonstationary. Therefore, the usefulness of an
approximate method for generating first passage probabilities will
be greatly enhanced if the method may be extended to such

processes. Corotis [31] has extended, by analogy, Vanmarcke's
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approximate solution to include nonstationary response processes,
with favorable results. This approach will also be taken herein,

Let x represent the response of a linear oscillator, initially
at rest, subject to deterministically modulated stationary Gaussian
white noise. The response is then governed by

20 = 8 (t)wlt)

X + zléwox + @

(3.74)

x(0) = 0 , =x(0) =0

where 9(t) is the modulating function. Let SO be the spectral
density of w(t). The Fourier transform of the autocorrelation of
the excitation will then be ez(1:)80. This may be thought of as a
time dependent intensity or ''spectral density'.

Let the nonstationary probability density of the response be

denoted by P This density will have the general form

_ 1 [ 1. TA-1
p(xx,t) = exp | “EX Q “(t)x (3.75)
2/ Detlot)] ]
where
xX
x E{’ ] (3.76)
X
and
oW = (a0 = Efxwx’ ] (3.77)

Suppose P, varies slowly enough in time so that, over an

interval of a single oscillator period t,t + am » P, may be

®q
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considered as approximately stationary. Then it would be
reasonable to assume that the first D-crossings during this interval
will occur with approximately the same frequency as if p, were
truly stationary. If this is assumed, an expression for the
instantaneous first crossing rate af{t) may be derived in a fashion
entirely analogous to the derivation of the limiting decay rate given
by equation (3.72). For the nonstationary case, this expression

takes the form

a(t) -1 Vpt) B
Rl S Ipx)1(1 - (3.78)

Except for the time dependence of a, Vb, and P%, this expression
is identical to (3.72).
As in the stationary case, v, is given by equation (3.23).

However, the probability density in the integrand must be replaced

by pr(x, %), Thus Vb(t) may be expressed as

V(1) = {icpr(b,ic,t)d;'; (3. 79)
Let
3)=(9,500) = 27l (3. 80)

Substituting from (3.75) into (3.79) then vields

2 b
NDet(Q) | exp (-%‘Cpubz) - bt?lz«./ exp (ﬁ'gl?..)erfc 12

ks
v =
b® = Toq 222 911

et gt

/295,
(3.81)
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It should be mentioned that, as in the case of stationary
response, one method for obtaining approximate first crossing
probabilities is to assume that the D-crossings occur according to
a Poisson process. In the case of nonstationary response,
however, the Polsson process is inhomogeneous, with time-
dependent rate va(t).

The procedure to obtain P*(t) is similar to that followed in
section 3.4 to determine the corresponding quantity P¥%. However,
since the excitation intensity is now ez(t)SO, expression (3.55) for

the transition probability density g must be replaced by

, 2
(x lx; m/w ) = S S— Xp (-L E’S._“_J:L) {3.82
4o e N T 8(t) © [ : o"e(t) )

where o and p’ are given in equations (3.56) and (3.57), respec-
tively.

With \Jb(t) and P*({t) thus specified, equation (3.78) may be
used to obtain approximate first passage probabilities for non-
stationary response. The fraction of trajectories which realize a
first D-crossing during the interval [t,t + At] is a(t) At + O(At?).
By definition, this is just the probability of first crossing during
this infinitesimal interval. Recalling definition (3.2) of W{(t), the
first passage probabilifty, one may write
)2

a{t)At = W(t) - Wt + At) + & (At (3.83)

Regarding {3.80) yields
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Wt + ittl = W) L oe) + BAL) (3. 84)

Taking limits as At = 0 then gives

aw .85
s o(t) (3.85)
It is required that
W) =1 (3.86)
Hence, it is obvious that -
t :
W(t) = exp {/a(s)ds] (3.87)
0

From (3.3) then, the first passage probability density p(t) is

t
pt) = alt) exp [-/a(s)ds] (3.88)
0

3.5.2 Numerical Example - Calculation of First Passage
Probability Density

To obtain an indication of the accuracy of this extension,

an example was performed in which

8t) =1 ; Vt=0 (3.89)

The three independent elements of the covariance matrix Q may
be attained by solving equation (2.66). In this case, they are

given by



s o Lo
E[xz(t)] = 03 1 - exp(—ZQth){ 1 5 + wosmL‘mdt‘
Zgwo 1-¢ d
Czu%f
L-- 5 cos det
R wd ]
™S
E[x(t)x(t) 1 = —g exp (- 2C wot) sin2 wdt
w
d
2 _ TTSO - { 1 gwo . \
Elx (t)] = ST w() 1 - exp (Zgwot) - 1;2' wd stwdt
Ezwoz
~ cos 2wt
| \ wdz d J
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(3.90)

(3.91)

-

(3.92)

Figures 3.6 through 3.8 show the first passage probability

density p(t) as a function of t/T where T is the undamped natural

oscillator period.

performed numerically, using Simpson's rule.

simulation results from reference [23] are also shown,

The integration in equation (3.88) was

For comparison,

Als

o

displayed is the approximation to first passage density resulting

from the Poisson process assumption.

The accuracy of the

present approximation is clearly far superior to the latter.

Tt is

interesting to note that the Poisson process assumption produces

more accurate results for the more heavily damped case.

This

is to be expected since the correlation between D-crossings drops

off as the damping increases.
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Fig. 3.6 First Passage Probability Density versus Time.
Zero Start, £ = 0.04 and b =2.50.
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Fig, 3.7 First Passage Probability Density versus Time.
Zero Start, C = 0.08 and b = 2. 5¢.
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Fig. 3.8 First Passage Probability Density versus Time.
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3.5.3 Applications Involving Response Spectrum Data

The practice of specifying the effects of seismic excitation by
means of ''design'' response spectra has become increasingly common
in recent years. When using response spectrum data for design
purposes, a major difficulty arises if the system subject to the
seismic excitation is nonlinear, since a response spectrum generally
gives information about the maximum response of linear systems
only. In such cases, it is desirable to "invert' the response
spectrum, that is, to find a class of earthquake-like excitation time
histories which produce the given design spectrum over some given
range of frequencies [ W, wu]. These time histories may then be
taken as possible inputs to the nonlinear system,

To approach this problem analytically, it is necessary to have
an appropriate model for earthquake excitations. A relatively
realistic model of this sort consists of a zero-mean stationary
Gaussian random process multiplied by a deterministic envelope
function. The appropriate spectral density S(w) of the stationary
process is usually inferred from site conditions and possibly rec-
ords of previous ground acceleration time histories [IO, 19,32-35].
This model will serve to indicate the principle of the method to be
described. However, it should be mentioned that this method could
be adapted to accommodate more sophisticated models such as those
described in references [9] and [361.

A linear oscillator subject to this artificial earthquake excita-

fion will satisfy the equation
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£+ 2lwgk + wlx = €0l (3.93)

where ©(t) is the envelope function and g(t) is a stationary Gaussian
random process with spectral density function S(w). It will be
assumed that the oscillator starts from rest. Let T be the earth-
quake duration. Hence, for t< 0 and t> ', 9(t) = 0. Let

l

oscillator due to this excitation. Then, |xm(wo, Q)l must occur

xm(wo, E)l represent the maximum displacement magnitude of the

during the interval [0, 7] where

T o= 7 4 w/wg (3.94)

For a single sample function of the excitation, lxm(wO’g)! will
be a deterministic function of { and Wwqg. For a constant value of
damping {, the associated displacement response spectrum SDQ(“’O)

will then be precisely defined as

SDp(wg) = lx (wo O 5w, = wy <y (3.95)

£

However, the excitation is not just a single function of time, but
rather an entire ensemble of possible time functions. Therefore,
lxm(wo, E)‘ is actually a random variable, so that a probabilistic
interpretation of response spectrum information is needed.

In accordance with the probabilistic nature of fxm(w 0’ E)] , it
will be required that a reliability level Pg be specified in addition

to the damping ratio and natural frequency.
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Then, the response spectrum SDg(wO, Ps) will be defined as

the displacement magnitudes such that

Prlx_(wy 0| < sD (wyPs)] = Ps 5 w, = wy = w,
(3.96)

With this interpretation of response spectra, and with an
earthquake model specified, it is possible to state more precisely
the problem at hand. Given a response spectrum SDQ(LUO’ Ps},
where { and Ps are specified constants, it is desired to find an
envelope function 9(t) and a spectral density function S(w) such that
the response of the oscillator (3.93) satisfies equation (3.96).

To obtain realistic artificial earthquake excitation, 9(t) should
resemble actual earthquake envelopes. Let it also be required
that 9(t) be smoothly varying during the interval of excitation
o, ], Other than these restrictions, the choice of O(t) may be
made arbitrarily. Suggestions for actual envelope shapes may be
found in references [19, 32-35]. Once an appropriate choice for
9(t) has been made, the problem is reduced to finding the
corresponding spectral density function.

To determine S{w), let equation {(3.93) be rewritten in the

wvector form

b
H

Ax + S(t)glt)e,

(3.97)
x(0) = 0

X
%z{.}v (3.98)
X

where



0 ]
A = , (3.99)
—woz -2 éwo
and
0
e, = ‘1} (3. 100)

Since x is Gaussian with mean 0, the covariance matrix Q will

determine the probability density of the response. Let F(w,t) be

the solution to the equation

EF = AF + ¢,%(t) exp (iwt)

(3.101)
rO) = 0
Then, as shown in section (2.31), Q(t) may be expressed as
hot e
o) =/ Flwt)F T (w,t)S(w)dw (3.102)
-

When § << 1, all the components of the matrix F(w,t) ]j"_:"T(w,t)
are sharply peaked at the resonant frequency w = We- In this case,

it may be shown that L1z2]

Qt) ~ S(wy) / Flw,t) F 7 w,t) dw (3.103)

provided S(w) has no sharp peaks and is a smoothly varying
function of win the neighborhood of w = Wy
The approximation to Q(t) given in {3.103) is the exact ex-

pression for the covariance matrix that would result if g(t), in
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equation (3.93), represented white noise with constant spectral
density SO = S(wo). Hence, for each value of W, 2 good approxima -
tion to the stochastic respomse of (3.93) may be obtained by replacing
g(t) with white noise of spectral density S(wo) provided C is suffi-
ciently small. Since response spectra are usually constructed only
for lightly damped systems, this will not be a severe practical
restriction.

Since the methods for approximating first passage probabilities
described in section (3.5.1) are designed for a lightly damped
oscillator excited by modulated Gaussian white noise, they may now
be applied to this problem. The appropriate expression for W{(t) is
given in equation (3.87), where W(t) is the probability that le will
not exceed b during the interval [ 0,t]. In this application, the
interval during which the maximum response must occur is Lo, 7].

It has been specified, in equation (3.96), that the probability that
ix‘ will not exceed SDg(wO, Ps) is equal to Ps, Hence, for each
value of “y in the range [wﬁ,wu], the threshold level b will be set

equal to SDC,(wO’ Ps), and the condition
W(T) = Ps (3.104)

will be imposed.

For a given envelope function 9(t), increasing the spectral
density S0 will cause W{T) to decrease, and 'vice versa. Hence,
for a given value of Wys it is a simple matter fo vary the value of
SO until equation (3.104) is satisfied to within some tolerance.

When the agreement between W(7T) and Ps is sufficiently close,
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SD is taken as the value of S(w Repeating this procedure for

0)'
many different values of Wo in the range [wﬂ, wu] will thus
generate, pointwise, the desired spectral deﬁsity of g(t) appropriate
to the given response spectrum and reliability value. Recall that
an assumption essential to implementing the above procedure was
that S{w) varies smoothly with , and has no sharp peaks. Once
S{w) has been found, therefore, this assumption must be checked.
It is noted that, once an appropriate envelope function O(t) is
chosen and the corresponding spectral density S(w) is determined,
the method described in Chapter II may be applied to determine
analytically the approximate response of a nonlinear system to
such artificial earthquake excitation. By this procedure, therefore,

a response spectrum may actually be used to estimate nonlinear

response statistics.

3.5.4 MNumerical FExample - Response Spectrum Prediction

The practicality of the procedure described thus far will
depend heavily upon how accurately the approximate method of
section (3.5.1) can predict W(T). To check this accuracy, a
simulation study of equation (3.93) was pei‘formed. The excitation
used in this study was the same as that used in the simulation

study of section (2.5). The equation of motion simulated was thus

X+ 20wk + wix = Gyt exp (-YOWE) ; 0S¢ =T

(3.105)

where C is a dimensionless constant, and w(t) is the nearly-white
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noise process described in section (2.5). The spectral density S(w)
of \;r(t) is approximately equal to a constant S0 over the range of
values of Wg studied. The earthquake duré.tion 7 was taken to be
4/Y. At t = 4/¥%, the envelope function CYt exp (-vt) has decayed
to approximately 20% of its maximum value. Typical values of T
may be in the range of 10 to 30 seconds, depending on the severity
of the earthquake.

Since (3.105) is a linear equation and the excitation consists of
many piecewise linear segments, the theoretically exact solution may
be found for each member of the ensemble of excitation time
histories.

Nine values of Wy and three values of damping were considered.
For each combination of { and ®q» 250 time histories were simulated,
and the maximum value of |x| was recorded for each time history.

These maxima were then arranged in the increasing order
[l el ] 250

Tor any level b such that lxrn'] <pb< IXmIZSO’ an integer n may be

found such that

[l % b < x|

h m' n+l (3. 106)

Then, corresponding to the level b, Ps was taken to be

Ps = >50 (3.107)
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By this procedure, response spectra corresponding to Ps .
values of 0.5, 0.7, and 0.9 were computed for { = 0.02. Also
computed were the spectra corresponding to Ps = 0.5 for £ = 0.04
and & = 0.001.

The analytical approximate technique described in this section
was used to generate the corresponding theoretical response spectra.
These results are compared in figures 3.9 and 3.10. The

response spectra are plotted as a dimensionless pseudovelocity

PSVY

cVs,™
where PSV is the usual pseudovelocity given by

PSV = wOSD (3.108)

The horizontal axis in these figures is the dimensionless frequency
' F where

wo .

Figure 3.9 shows that the approximate analytical spectra
corresponding to § = 0.02 are in good agreement with the simula-

tion results over the range
7
TF = 10

for all the values of Ps considered. In all cases, however, there

is a noticeable discrepancy at TF = 5, the lowest frequency
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considered in these response spectra. This is almost surely
attributable to the fact that, at this frequency, the earthquake
envelope exhibits relatively large changes over one natural
oscillator period. IHence, the response probability density also
changes rapidly over a cycle, which violates one of the assumptions
of section (3.5.1).

Figure 3.10 shows the variation of response spectrum level
with § for Ps = 0.5. It is seen that the theoretical and simulation
results agree well for { = 0.04 and { = 0.02, when TF = 10. For
= 0.001, however, it is apparent that the approximate analytical
curve is relatively undependable. It is roughly 30% below the
simulation results at the low-frequency end of the spectrum, and
about the same percentage above at the high-frequency end, As
discussed in section (3.4), appreciable error of this sort is always
to be expected for exceedingly small damping ratios due to the

resulting sensitivity of o to small inaccuracies in the evaluation of

P,

3.6 First Passage Probabilities for a Nonlinear Oscillator

Consider a nonlinear oscillator Subject to modulated Gaussian

white noise, with equation of motion
%+ 2Cwgk + wix + €h(xk) = O(t)w(t) (3.110)

If this system is lightly damped and if the nonlinearity parameter
€ is sufficiently small, the response trajectories of (3.110) will

often be quasi-sinusoidal in appearance provided 9(t) does not vary
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too rapidly in time. When this is the case, the methods of
Chapter II may be used to create a relatively simple extension of
the procedure described in section (3.5.1) to determine approximate
first passage probabilities for the system (3.110).

The equivalent linear system for equation (3.110) may be

written
x = AlS@®mlx + S(t)ywlt) (3.111)
where
X
x = { } , (3.112)
- b'S
0
b)) = { } . (3.113)
S(t)
and
0 1
Alswl = o
_(cug + EE[%]) -(Zgwo + GE[&—{])
(3. 114)

Hence, the covariance matrix Q(t) may be obtained by ‘solving the
corresponding matrix differential equation (2.66). The nonstationary
probability density of the response pr(x, x,t) will then be given by
equation (3.75), and Vb, the rate of up-crossings of the level b,
will he given by equation {3.81). |

Observing the form of equation (3.114), it is natural to define
the instantaneous equivalent 'matural’’ frequency w, and damping

ratio Qe by
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2 = 2 dh
“e "31 % Wo GE[&?
(3.115)
= _ Oh
dewe —azz = 2§w0 + EE[a*;
Equations (3.12) imply
€L
=2
2 2h
= 3.116
@, (wo + em[ 3L ) (3.116)
and
1 € _[oh
Qe = E;(gwo‘L ZE[&;]) (3.117)

Following section (3.5.1), suppose that p varies slowly in
r
time so that it is nearly stationary over an interval of a single

oscillator ''period! ]:t,t + %Ir- :I . Then, over such an interwval,

w, and Ce will be nearly coistant, and the system (3.110) will
behave approximately like an autonomous linear oscillator with
natural frequency «_ and damping ratio Qe.

From this, a procedure analogous to that of section (3.5.1)
follows directly, In the derivation of P¥{t), the transition
probability density q(xo |x; w/wd)will still be given by equation (3.82),

except that ¢ and }L, must now be redefined as

o=

, ™S '
o = [;z—u:—g (]_ - exp (—ngewe/wd))il (3.118)
- e €

7

W = X, exp (-wgewe/wd) (3.119) |
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where Wy is given by

(3.120)

P#{t) may hence be derived by the procedure of section (3.4).

Thus, equation (3.78) generates a«(t) and the first passage

probability may be found using equation (3.87).

To check the accuracy of this method, an example was

performed with the cubic hardening system used in the simulation

study of section (2.5). The equation of motion for this system is

'

X + ZEwO:': + woz (x + €x3) =

In this case
and

As in section (3.5), ¥y was chosen so that

10w

“y

and the duration it of the excitation was

The damping ratio § was 2%.

t exp (-vt)wit)

(3.121)

(3.122)

(3.123)
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The same simulated time histories that were gene;‘ated for
the example of section (2.5) were used in this study to obtain the
probability distributions of the maximum displacement [xm[ corre-
sponding to each value of €. The ensemble size M was 200 for
each € value.

In analogy to the response spectrum notation, let SD(E, Ps)
represent the displacement magnitude which is exceeded by (1 - Ps)M
of the time histories in the ensemble having nonlinearity parameter
€. Thé value of SD(€, Ps) was obtained from the simulatibn
results for € values ranging from 0 to 1.0, and Ps values of 0.5,
0.7, and 0.9. The corresponding values of SD were also computed
by means of the approximate analytical method of this section.

It is noted that there are actually two independent sources of
possible error inherent in this analytical technique. The approxima-
tions made to generate first passage probabilities of a linear
oscillator provide one source, while the substitution of an equivalent
linear system for the original nonlinear oscillator introduces another.
The accuracy of the approximate first passage probabilities for the
linear case has already been investigated in section (3.5.4). Hence,
it would be desirable to uncouple the errors observed in section
(3.5.4) from the new errors introduced by equivalent linearization.

To do _this, let A( E,Ps) be defined as

SD( €, Ps) - SD(0, Ps)

A€, Ps) = SD(0,Bs) (3.124)
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Thus, A represents the relative change observed in SD as € varies

from zero to €. Note that
A{0,Ps) = 0 (3.125)

Thus, a comparison of the value of A obtained by simulation with
that resulting from the approximate analysis should give a better
indication of the magnitude of the errors attributable to the
equivalent linearization approximation than would a direct comparison
of actual SD values.

Figure 3.11 shows A( €, Ps) plotted as a function of € for the
three values of Ps. The approximate analytical results show the
correct qualitative behavior and are in reasonably good agreement
with the values obtained by simulation. [t is noted, however, that
the discrepancies appear to grow as Ps increases. This tendency
is probably attributable to the detailed shape of the peaks of the
nonlinear oscillator response. The response resembles a sine
wave with slowly varying amplitude and phase, except that the
largest amplitude peaks are somewhat ''flattened' as a result of
the stiffening restoring force. This flattening tends to reduce the
value of the absolute maximum excursion more severely than it
does the mean square displacement. The equivalent linearization
method replaces the actual oscillator with a system that exhibits
more nearly sinusoidal trajectories, but which attains very nearly
the same mean square displacement as the original oscillator. As
a result, when one attempts to determine a displacement level

corresponding to a value of Ps near unity, that is, a level which
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is exceeded infrequently, the approximate analytical technique will

generally predict a slightly higher level than is actually observed.
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Fig. 3.11 Relative Change in Maximum Response versus
Nonlinearity Parameter. Duffing Oscillator, & =0.02.
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CHAPTER IV

Summary and Conclusions

Considered in Chapter I is the problem of estimating the seismic
respc;nse of a nonlinear dynamical system when the description of the
input excitation is provided in the form of response spectra. A solution
approach is proposed which breaks this problem down into two distinct

parts:

(1) ¥ind a random process that is amenable to analytical
description which has reasonably earthquake-like
sample functions, and which generates response
spectra consistent with the data provided.

{(2) Develop an analytical method to determine the
stochastic response of the nonlinear system when

it is excited by such a random process.

It is suggested that earthquake excitations may reasonably be
modeled by a stationary Gaussian random process, with appropriate
spectral density, multiplied by a judiciously chosen envelope function.
With this model, problem (1) reduces to finding an envelope function
and spectral density which generate 2 process that meets the
requirements stated in (1). It is recognized that this requires a
solution to the first passage problem for the nonstationary response
of a linear oscillator. |

Problem (2) becomes that of determining the nonstationary

response of a nonlinear system excited by deterministically
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modulated stationary Gaussian noise of arbitrarily specified spectral
density. This problem is considered in Chapter II. To obtain an
approximate solution, a method is proposed which is based on the
concept of equivalent linearization. The equivalent linear system
is treated conceptually as a time-varying system, though it is
pointed out that the equivalent parameters are explicitly solution-
dependent rather than time-dependent. This leads to a set of
nonlinear integral-differential equations for the covariance matrix
of the response. In the special case of white noise excitation,
the problem reduces to the solution of a set of nonlineaf
differential equations.

In the last section of Chapter II, the method is illustrated by
means of a specific example. The response of a Duffing oscillator
to modulated white noise is considered. The method is used to
compute the time history of the covariance matrix elements. The
diagonal elements exhibit excellent agreement with the corresponding
results of a Monte-Carlo simulation study. Although there are
currently no analytical methods for generating useful error bounds
for this approximate method, the evidence accumulated to date
indicates that accuracy acceptable to engineering applications may
generally be expected.

In Chapter III, the first passage problem for a linear oscillator
excited by white noise is considered. The special case of the
stationary response process is first considered. An approximate
expression is developed for the limiting decay of the first passage

probability density in terms of the expected ''clump duration''.
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The probability distribution of clump durations is considered, and
its qualitative behavior is surmised from physical considerations.
It is undertaken to approximate this distribution with some member
of a class of distributions which exhibit the proper qualitative
behavior. The expected clump duration is then found to depend
upon two undetermined quantities, one of which is considered a
constant, to be evaluated empirically. The only other unknown is
a conditional probability which is shown to be related to the eigen—
value of an integral equation having a non-symmetric kernel,
Picard iteration is employed to determine the eigenvalue approx-
imately.

This method is then extended to include the nonstationary
response of a linear oscillator subject to modulated stationary
Gaussian white noise. It is pointed out that, if the excitation is
not white, the method may still be applied provided the spectral
density of the excitation is sufficiently well-behaved.

The simulation studies described in Chapter III indicate that
the method for generating limiting decay rates is relatively
accurate provided the oscillator damping is not excessively small
or the barrier level extremely high. The extension to nonstationary
response demands the additional restriction that the response
probability density may not change too extensively over a natural
period of the oscillator. However, when the response density is
slowly varying, and the damping ratio is a few percent, this
analysis appears to predict first passage probabilities with

accuracy sufficient for most applications.
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The final section of Chapter III indicates how the equivalent
linearization technique of Chapter II may be used to extend the
approximate solution of the first passage problem to the response
of a weakly nonlinear oscillator. A numerical example is per-
formed with a hardening Duffing oscillator. The distribution of the
maximum oscillator excursion is obtained both by the approximate
analysis and from simuylation results. The distributions obtained
by these two methods are in good agreement over the range of
exceedence probability investigated. It is noted, however, that the
approximate analysis tends to be more in error as the exceedence
probability becomes small. This tendency is interpreted as the
effect of the deviation of the large-amplitude nonlinear oscillator
peaks from sinusoidal appearance.

The principal motivation for using the approximate analytical
methods described in this thesis is the savings in computational
effort afforded. [Indeed, the computer time required to obtain
dependable results from a simulation study was generally several
orders of magnitude greater than that which was required to obtain
the corresponding approximate analytical rgsult. Because of the
generally favorable indications of these simulation studies, it is
concluded that the approximate techniques developed in Chapters
II and III constitute substantial progress toward a solution of the

original problem posed in Chapter I.
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APPENDIX A

Efficiency Considerations in the Numerical Evaluation of
the Covariance Matrix
As shown in the text, when a nonlinear system is excited by
modulated stationary Gaussian noise of arbitrarily specified spectral
density S(W), the covariance matrix is approximately described by

the equation
Qt) = /Fle,tF L(wt)Sw)dw (A1)

where F(w,t) satisfies

ﬁ-[g(m,t)] = ALlS@) IF(w,t) + 8(t) exp (iwt) (A2)
Fw,0) = 0 (A3)

The matrix ALS(t)] depends explicitly on the elements of Q as
indicated by equations (2.79) and (2.56). Hence, numerical evalua-
tion of the improper integral of equation (Al) would be a very costly
numerical procedure since equation (A2) must be solved numerically
over the range of w for which S{w) % 0. Furthermore, the elements
of F(w,t) tend to oscillate quite rapidly as t becomes large, thereby
requiring more and more evaluations of F(w,t) as t increases in
order to obtain accurate numerical values for the elements of Q(t).
The purpose of this appendix is to derive a differential equa-
tion for Q(t) which is more amenable to numerical solution than

equations (Al), (A2), and (A3).
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Let g(w,t) be defined as
5
Glw,t) = [Sw)l1*Flw.t) (A4)
Then equation (Al) implies
o) = /GG Twt)dw (AS5)

Clearly, G(w,t) must satisfy

o

2 lgw,n] = Alsm) 16w + 80 [S(w) 1® exp (iwt)
(A6)

Taking the complex conjugate transpose of equation {A6) yields

dt[G T] = AT BT“)[SW)] exp (-iwt) (A7)

where the arguments of G and A have been deleted for convenience.

Noting that
Flee™] - f£[e]e™ + et (A8)

equations {(A6) and (A7) lead to

e 3 x *
ai[g T] A[glg”] ¥ [QQ_%T]AT + [8()]® exp (i) §1) G

<+

L
[S(w)]® exp (-iwt) a0 (A9)

Integrating both sides of equation (A9) with respect to «w over the
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interval (-®, ®) and using equations (A4) and (A5) yields

19 = aq + ao)t +2weTm + emete (A10)
where
3t) = / S(w) exp (-iwt) Elw,t)dw (A11)

Let the fundamental solution matrix Y(t) be defined by

d
= Lyl = aAlswlyw

(A12)
Y(0) = I
Then, from equations (A2) and (A3), F(Ww,t) may be expressed
51
Fw,t) = Y(t) /Y '(s)8(s) exp (iws)ds (A13)
o]

Substituting from equation (Al3) into equation (All), and reversing

the order of integration vyields

t -~}

i) = vY)/ [/S(w) exp [iw(s—t)]dw:{Y'l(s)E(s)ds
0 -]

(A14)

It will be recognized that

/ S(w) exp Liw(s -t) Jdw = R(s -t) (A15)
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where R is the autocorrelation funcftion of the excitation. Hence,

&(t) may be expressed as
t o1
E(t) = Y(t)/Y- (s) 8(s)R(s -t)ds (A16)
0

Equation (A10) may now be solved simultaneously with equations
(A12) and (Al6) to generate Q(t). The integration in equation (Al6)
must generally be performed numerically at each time step in the
differential equation (A10). Thus, considerable cornputational effort
will still be required to obtain Q(t); however, the procedure will
not be as costly using this formulation as it would if the integra-
ticn over the frequency domain in equation {Al) were attempted

directly.






