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ABSTRACT

An analytical method is developed whereby a simple estimate can be obtained of the max-
imum dynamic response of light equipment attached to a structure subjected to ground mation.
The natural frequency of the equipment, modeled as a single-degree-of-freedom system, is con-
sidered to be close, or equal, to one of the natural frequencies of the N-degree-of-freedom
structure. This estimate provides a convenient, rational basis for the structural design of the
equipment and its installation.

The approach is based on the transient analysis of lightly damped tuned or slightly
detuned equipment-structure systems in which the mass of the equipment is much smaller than
that of the structure, It is assumed that the information available to the designer is a design
spectrum for the ground motion, fixed-base modal properties of the structure, and fixed-base
properties of the equipment. The results obtained are simple estimates of the maximum
acceleration and displacement of the equipment. The method can also be used to treat closely
spaced modes in structural systems, where the square root of the sum of squares procedure is
known to be invalid.

This analytical method has also been applied to untuned equipment-structure systems for
which the conventional floor spectrum method is mathematically valid. A closed-form solution
is obtained which permits an estimate of the maximum equipment response to be obtained
without the necessity of computing time histories, as required by the conventional floor spec-
trum method.
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1. INTRODUCTION

The design of equipment to withstapd dynamic loading is a neglected feature of structural
design. Equipment such as pumps, compressors, power generators, and piping systems is essen-
tial to lifeline systems and must be functional in the aftermath of a catastrophy such as a major
earthquake, tornado, aircraft crash, or explosion, yet is rarely designed with the same care as
the building within which it is housed. In addition, the cost of the equipment in many cases

may be many times that of the building, see for example [1].

A rational approach to one aspect of equipment design, that of lightly damped relatively
light equipment, is presented in this report. The model considered is an N-degree of freedom
structure to which is atfached a single-degree-of-freedom component. The frequency of the
latter can be higher than the fundamental frequency of the structure. In previous work [2], we
have described the response of such a system to steady-state ground shaking. Significant
interaction effects were shown to occur in the case of tuning, the situation in which the equip-
ment frequency is close or equal to one of the natural frequencies of the structure. If the
equipment frequency is not tuned to a structural frequency, the response is roughly the super-
position of the structural response and the equipment response with little interaction, in which
case the conventional floor spectrum method should be valid for transient problems. If, on the
other hand, the equipment frequency is tuned to a structural frequency, it was found that for
the combined system there are two closely spaced frequencies on either side of the tuning fre-
quency around which a band of high amplification appears, offering a substantial target for sym-
pathetic oscillation. The significant equipment-structure interaction in this case means that the
conventional floor specirum method, which ignores thatl interaction, will not be valid for the

transient analysis problem.

A typical result for the steady-state response of an equipment-structure system is shown
in Fig. 1, which is taken from [2]. The equipment is tuned to the third natural frequency of
the structure, and the curve shown is the ratio of equipment acceleration to input ground

acceleration considered as a function of the frequency of input, normalized with respect to the
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natural frequency of the equipment. The mass of the structure in this example is a thousand

times that of the equipment.

In this report the previous research is extended to transient analysis of the equipment-
structure interaction problem. The peak response of the equipment is estimated by utilizing a
design spectrum for a specified input to the structure, and ﬁxed-'t;ase dynamic properties of the
structure alone and of the equipment alone. By taking advantage of the mathematical structure
of the equations and of asymptotic methods made possible by the smallness of the equipment
mass in comparison with the structure mass, we obtain simple results that are valid for tuned,

nearly tuned, and untuned systems.

The rationale for using design spectrum methods is that they are inexpensive and to a cer-
tain extent incorporate the probabilistic nature of the problem, i.e., the uncertainty involved in
specifying the structural parameters and the earthquake or other input. These uncertainties are
accounted for in constructing a design spectrum and also in the way that the maximum values

in each mode are combined to predict the maximum for the entire system.

For light equipment and small damping, the results obtained can be implemented easily
and efficiently by a designer. A surprising feature of the analysis is its extreme simplicity;
namely, if the response spectrum for the ground motion is available, the response spectrum for

the equipment can be calculated merely by multiplying the former by an amplification factor.

This approach is in contrast to several earlier aﬁalyses of equipment response. A common
approach to the design of equipment is based on the floor spectrum method, in which the
equipment is treated as a singie-degree-of-freedom system subject to a base motion that is
taken to be that which the structure would experience at the attachment point in the absence of
equipment. Not only does this method neglect interaction, it has the further disadvantage of
requiring that an expensive time history analysis of the structure be conducted in order to
determine a basé motion. Approximate techniques that bypass associated computational prob-
lems have been proposed whereby floor response spectra are developed from ground spectra,

but these are ad hoc methods whose accuracy cannot be evaluated.
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An alternative approach is to consider an AN-+1-degree-of-freedom model for the
eguipment-structure system and subject it to time history analyses for a variety of specified
ground motion inputs. This method has disadvantages also; the equipment may have a natural
frequency somewhat higher than the fundamental frequency of the structure. Conventional
methods of dynamic analysis are designed to compute lower-mode response, a response that is
pertinent for structural design only. Thus, standard computer codes use implicit, uncondition-
ally stable, time-integration algorithms with some form of numerical dissipation to damp out
spurious participation from higher modes. Where equipment-structure interaction is important,

the use of such codes can mask significant response.

Because time history analysis can be extremely expensive, response spectra methods for
N+1-degree-of-freedom systems are frequently used, despite some uncertainty in the combina-
tion of peak modal values. The standard approach, in which the square root of the sum of the
squares is used, is known to be inaccurate for closely spaced modal frequencies that occur in
light equipment with a natural frequency close or equal to one of the natural frequencies of the
structure. Penzien and Chopra [3] have studied this problem and have proposed an ad hoc
method in which the response spectra of two-degree-of-freedom systems are numerically com-
puted and used. In that approach, the N modes of a structure are determined and to each
mode, considered as a single-degree-of-freedom system, the equipment is attached to yield N
two-degree-of-freedom systems. The maximum response of the equipment for each of these N
two-degree-of-freedom systems is obtained from the two-degree-of-freedom spectra previously
constructed and the maximum response of the entire system evaluated using the square root of
the sum of the squares of the maximum value for each. The analysis performed herein shows

that the method is unnecessarily complicated and in principle incorrect.
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2. MODAL ANALYSIS OF EQUIPMENT-STRUCTURE SYSTEMS

In this section we formulate the equations of motion governing the response of a general
N-degree-of-freedom structure to which is attached equipment modeled as a single-degree-of-

freedom oscillator (Fig. 2).

The equations of motion of the N-degree-of-freedom structural system take the form

N .\ . N
2 MU+ G U+ K, U) = }_j](qujag+K,,Rjug)+Fe,- , i=1,2,..,.N 2.1)
J=i i=

where M, C,

i7» and K; are the mass, damping, and stiffness matrices, respectively. The vector

R; is a vector of influence coeflicients introduced to couple the actual ground motion u, () to
the structure, and ¢; a vector whose components are zero at every degree of freedom except the
one to which the equipment is attached, denoted by the index r, where it takes unit value. The

term F'is the interaction force between the equipment and the structure.

The natural frequency @, and mode shape ®/ of the n" mode (n=1,2,..,N) are

obtained from the equations
N N
QXY M=% K;®7 , i=1,2,..,N (2.2)
J=1 J=1
If the damping is assumed to be small enough not to introduce coupling between the modes,
Eq. (2.1) becomes in modal coordinates

N
G+2B.Oa + 02 =Y OFF/M, , k=1,2,..N 2.3)
i=1

where

N N N N
Mk=zz®ik®;( T 2Bkﬂk=22¢’,k¢jkcu/Mk

i=1j=1 i=1j=1
and

N
i=1
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with M, the generalized mass and B, the fraction of critical damping for the k™ mode. The

Laplace transform of the structural response U,(¢) is given by

7o i=1
U=% (2.4)

with
— N _ —
E = E (C,-IR[p +K,~1R¢)Ug+ Fe,

where p is the Laplace transform parameter and a bar above a function denotes its Laplace

transform. The corresponding equation of motion for the equipment displacement u is

—mii = F=c(a—U)+k(u—U,) (2.5)
or, in Laplace transforms,

— ¥ — —;— = (Bop +d) (@-T) (2.6)

where m, ¢, and & are the mass, damping, and stiffness of the equipment, respectively, with 3
the fraction of critical damping. A relationship between u and U, is obtained from Eq. (2.6) in

the form

(p>+2Bwp+w)l = (2Bwp +w)U, 2.7

which, from Eq. (2.4), can be written as

_ N
Fe,‘ + 2 (C,-,R,p-l-K,r,R,) i—;g
I=1

M, [p2+23kﬂ kp+Q,3]

Y dibk

N
i=1

N
% (p42Ba p+u?) = QRwp+an?) 2
k=1

Since F=—mp?4, F can be eliminated. The final transformed equation for the equipment

response is then
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N mp*(2Rup+ed) Bk
u[(pP?+2Bwp+u+ 3, P 2Bapte) O D,
=1 Mk[p2+2ﬁknkp+n,3]

N N
QY OfY (CRp+K,R)
i=1 =1 _

=

2.8

= (2Bwp +w? > i,
k=1 Mk[p2+2BkQ kp-!-ﬂ,%]

The expression 3. ¥ K@ [ can be written as O[3 ¥ M,®f and, given the assumption of small
damping, 3 ¥, C;®f can be represented as 28, 3. ¥ M, ®F. Thus, the solution for u for the
multi-degree-of-freedom system takes the form

- N m®F(2Bwp+e?)
U |(p?+28wp+0d) +p* Y , (popte
k=1 M, [p2+2Bkap+ﬂ,%]

N N
®FY DL M,,R,[ZBkﬂ PO ,3] (2Bwp+o?)

N ;
— Z i=1 =1
k=1

2.9)
M [p+28.0,p+0 ]

Ug

The zeroes of the term in brackets on the left-hand side of the equation must be deter-
mined to _invert the Laplace transform by residue theory. These zeroes are the poles of the
transfer function for the equipment response. The case considered here is that {llustrated in Fig.
3, where the equipment frequency is close to a structural frequency, say (,. The two expres-
sions in the brackets on the left-hand side of Eq. (2.9) have been plotted separately, p was
replaced by i} and the graph of the second function and the negative of the first function in
the bracketed expression were then drawn. For simplicity, the undamped case
(8=B,= -+ - =B,=0) has been plotted. The plot for the first function is a simple quadratic
in Q, zero when =, the natural frequency of the equipment. The plot for the summation
is a complicated curve that reaches + oo when {} = Q, and k=1, 2,...,N, the natural frequencies
of the structure. Two such curves have been plotted, one for equipment of small mass, and

another for equipment of larger mass.

The wvalues of 1 at the intersections of these two curves locate the zeroes in the
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bracketed expression, where equipment-structure interaction is considered. When the equip-
ment mass is small, these poles, all of which are simple, appear near the natural frequencies of
the structure. Two closely spaced poles, referred to herein as tuning poles, are located near the
equipment frequency and the frequency of the structure to which the equipment is nearly
tuned, one below these frequencies and one above them as shown in the figure. These two
poles coalesce into a double pole when @ =, and m — 0. Thus, the contribution to the Sum‘
of the residues at all poles is dominated by the residues associated with the two tuning poles.
The contribution of the summation term to the residues at these two poles is dominated by the
term where k= n since the denominator of that term is nearly zero. Hence, in the region of

p=iw, Eq. (2.9) can be approximated by

m ] 2Bwptw?
M,/ @®Nt pM2B,0,p+0}

i {(p*+2Bwp +w?) + p?

_ (2Bwp+e)(2B,Q,p+0 )
p*H+2B,0,+0

i=11=

—_

N N
Ezd)fcbﬁﬂMiiRi/Mn] ag (210)

This expression is identical to that for a two-degree-of-freedom system, as shown in Fig. 4.

The equivalent expression for the system shown in that figure is

(2Bwp+m?)
pH+2BOp+0?

(28wp+0) QBQp+QY

prcy-rryanrs i LAt

4

# |[(p*+2Bwp+oe?) + piy

where vy = m/M is the mass ratio. When we compare this expression to Eq. (2.10), we see that

the effective mass ratio is

off m MM 2.12
YT M @) 212
and the effective ground motion
u = Clu, (2.13)
where
N N :

i=] j=1
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In the subsequent development, the contribution of the residues from the tuning poles
(which are near p=iw) will be obtained from an analysis of the equivalent two-degree-of-
freedom system defined by the above equations. The contributions at the other (¥ —1) poles
are straightforward and will be considered after the two-degree-of-freedom analysis has been
completed. Although it is not essential that an equivalent two-degree-of-freedom system be
considered, since it is only conceptual and intrdduces no further approximations beyond those
made in passing from Eq. (2.9) to Eq. (2.10), the following development will be for such a sys-
tem in order to simplify notation. We will use the notation of expression (2.11). Thus, B and
Q will refer to the structural quantities B, and £, and y and u, to y%/ and u¢”, as defined in

Egs. (2.12) and (2.13).
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3. ANALYSIS OF TRANSFER FUNCTION FOR NEARLY TUNED

TWO-DEGREE-OF-FREEDOM SYSTEM

The transformed equipment acceleration #(p) for the equivalent two-degree-of-freedom

system takes, from Eq. (2.11), the form
7= |vern®|F, ER)
where

N(p) = 2Bwp + w?) {26(1+§)wp + (1+§)2m2] {3.2)

and

D(p) = p4+mp3[2;3(1+y) +2B(I+§)l

+ m2p2[2 +y+ 26+ £2 +433(1+§)]

+ap28(140)T4 2814 + (1462 (3.3)

In the above £=(Q—w)/w, the detuning parameter. The following discussion concentrates on

equipment acceleration; results for equipment displacement can be easily developed.

The nature of the solution strongly depends on the location of the zerces of the denomi-
nator D(p). The roots of D(p) will be close to those of the system where y, 8, B, and £ are

taken to be zero because these parameters are small; that is,
P==tiw
To locate the poles of D(p), we replace p in Eq. (3.3) by

p=iw(l+8) (3.4)

where 8 is a small quantity. We retain only the plus sign since the roots will appear as complex

conjugates. Substitution of Eq, (3.4) into Eq. (3.3) yields the expression
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83

34 +14— 1280 +y) +2B(1+§)]

+14—y— 26— E2~48B(1+¢) — i{6ﬁ(l+'y) +6B(1+E)] 82

o2y =4 - 27— 88B1+E) - (280 +3y—26—£D) + 4B(1+§)”5

+—y—48B(1+8) - f[2;8(7—2§‘—-§2)]} =0 ' (3.5
When =0, B=0, and vy # 0, £ # 0, this equation can be easily solved, viz.,

A 1
_~ L s
5= ] ~1~2l§i(y+§2)

2 2 4
‘y+§2+§3+y§+-15—+—‘4L+—§4—

y £
Her TS =

Also, if y=0, £=0, and 8= 0, B # 0, then
5=(1—-gY%—1+iB , 1-BY —1+iB=iB, B
Throughout the analysis it will thus be assumed that 8, B, £, and v" are all of the same order,

say €, and the various approximations for & will be based on & of order e << 1. When the

parameters are not of the same order, the modifications required are obvious.

The solution of Eq. (3.5), where terms of order €? are retained, is

8+B

3 (3.6)

+i +

=&
8 zi

(N1

rfE

where here and throughout the remainder of the analysis the upper signs are taken together to

give one root and the lower the other. The quantities A and p are given by

) ) . th
A= :}7 [‘y+€2— (B~B)2] +4£2(ﬁ—8)2] +[v +§2—(B—B)2] 3.7
. 5 Y b
v [v+§2— (,3_3)2] +4§2(B—B)2] —[7+§2" (3-—3)2] (3.8)
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For 8 (0 and/or B 0, the imaginary part is always positive and oscillations are therefore
damped. Because this solution involves a large number of parameters, many special cases may

exist; those of particular interest are examined more fully in sections that foliow.

3.1 Undamped Tuned System

When 8=0, B=0, and ¢=90, the solution of Eq. (3.5), where terms of order €’ are

retained, is

1
8=i—l—[1:3’4—] (3.9)

The higher-order terms in & are retained since they will be used to derive results that we will

compare with results from the floor spectrum method. The expression for the roots pis then

Y h
p= fw:iwlfz—lliﬁ’—] (3.10)

These roots are indicated in the root locus diagram Fig. 5, where the corresponding complex
conjugate roots are also shown. The roots remain on the imaginary axis with the small spread

between them equal to y"w and lead to an undamped oscillatory solution.

3.2 Undamped Slighfly Detuned System

The roots in this case are

= i _1_ PAY /)
S ) + > (y+£9 (3.11)
which, in terms of p, are
p=io 1+% 2y 4+ (3.12)

(N.B. When y—0, these become p= = iw, £ i{}.)
These roots and the corresponding complex conjugate roots are indicated in Fig. 6. Again, an

undamped oscillatory solution results and the spread between the closely spaced roots is now
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given by (y +£)"w.

3.3 Damped Tuned System

A double root of the equation D{p) =0 can appear for £=0 if certain relationships exist
between the coefficients of the various powers of p in the expression for D(p) given by Eq.

(3.3) when £=0. These conditions are

B = (3.13)

and

v+28B = B2+ (1 +vy)*8? (3.14)

For nonzero vy, 8 must be zero (from Eq. (3.13)), and y = B? (from Eq. (3.14)).

The solution of Fq. (3.5) when £=0 and terms of order € are retained is

B+B %
Y-S B (.15

With this as a first approximation and using iteration, the solution of Eq, (3.5) where terms of
order €’ are retained is
%)

o= i 828+ Ly (g-yF[y - (-8 @+8-v/D

Y

+ 128y + (B+B) [7 - (,G—B)Z]] | (3.16)

The term y—(B8—B)? dominates in the radical when of order €%, and use of Eq. (3.15)

suffices to determine the roots 8, When y — 0, the two roots are
§=i8 and &=IiB
corresponding to the floor spectrum solution for the damped system. Since a double root can

occur only if 8=0, when y= (8—B)? is of the order € or higher, the complete expression

must be used. For y = (8—B)?, the roots are
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) A
5= BEBEBY" BTy (3.17)
2 2
When g =0, the roots are
B 1 .
b=zt (v—B% F (y—B? '/*(Bl—fz—) +iB(y—B2) (3.18)

For fixed B, the roots range from
&= i-gi—lz-'yv’ for y>> B2

to

2
6=fB-—%—, 0 for y—0

When y = B?, a double root occurs in Eq. (3.18) at
- B
8= 3
However, if the complete expression (3.5) is considered and 8 =0, y = B? are substituted, we
can show that the double root is given by
. B B
§=iT-3 (3.19)

The pattern of the roots in the p plane for 8=0 is shown in Fig. 7.

When y # (8—B)2, the solution depends on whether y > (3—B8)2 or y < (8—B)2 For

the former, the roots are given by Eq. (3.15). For the latter, they are, to lowest order,
i ¥
8=+ B+B+ [(;6‘~B)2—7] (3.20)

The roots in the p plane thus have the same imaginary value /w, but are equally spaced from
—w(B+B)/2 on a line paraliel to the real axis. Because both roots lie in the lefi-hand plane for

all nonzero values of 8, B, and v, the transient response of the damped system always decays,
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3.4 Damped Slightly Detuned System

Dae to the large number of parameters in this case, it is convenient to illustrate the form

of the solution by considering the special case 3= B8, Here

A= (y+£)”
and u =0, yielding
b= xZorehei 22 (3.21)
and
p=iw 1+% + %(wgz)‘/l —o g-;_q (3.22)

These roots are similar to those shown in Fig, 6, except that they are shifted to the left by

w(B+B)/2.
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4. INVERSION OF TRANSFORM SOLUTION FOR

TWO-DEGREE-OF-FREEDOM SYSTEM

The formal inversion of the transform expression (3.1) is

., 1 N(p) - .
i) = m.!: D_(]pJ)_ ug(p)e”dp (4.1)

where T' is a suitable Bromwich path. If #,(p) is taken to be 1, then the inversion directly
yields Green’s function ii;(t) for the solution, the essential component of the subsequent
analysis. The complete soiution for the equipment acceleration for given ground motion #, (¢}
will take the form

t

(0 = [ iige=r)ii,(r)dr (4.2)

0

Green’s function will be obtained by residue theory, since there are no branch cuts in the p
plane. The inversion of the transformed Green’s function for the general case will be obtained,
Eq. (3.6), for different ranges of the parameters v, 8, B, and £, corresponding to the special

cases discussed in the previous chapter.

To obtain the inversion, the denominator D {p) is written in the form
D(p) = (p—p) (p—p} (p—~p)) (p—Dp2)

where

- £ A|_ |88 »
n Iw1+2+2 w 3 +2
= £ A |BtB _u
D2 1m1+2 > w 3 5

and p, and p, are the complex conjugates of p; and p,. By evaluating the residues at each pole
and collecting complex conjugate terms in pairs, we obtain the resuft, correct to dominant

order,
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£
1+2

wi

e~ BBt/ [)\ sinh%-wt cos%—mt sin

g (1) = =2
G )\zﬂtz

£
l+2

wl

—X\ coshf;—mt sin%mt cos

w!

1+£

- Sinhﬂ—wtcosiwt €Oos 5

2 2

£
1+;:2

cut] ' 4.3)

—u cosh%mt sin%mr sin

Several special cases are considered in the following sections.

4.1 Undamped Tuned System
When 8=0, B=0, and £ =0, the solution where terms to the order €’ are retained is

3o

iig(t) = )

sinw? cosnt — % cosw! sinm? 4.4
Y

where

1 =7"/2

This function represents an undamped beat solution with the beat frequency n=7v"w/2 much

smaller than the tuning frequency o,

4,2 Undamped Slightly Detuned System

Green’s function, where terms to order € are retained, takes the form

1+£

) wtsinyi (4.5)

COs

ol = Gy

where now
n = (y+£9)"u/2

As for Eq. (4.4), this solution represents undamped beats.
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4.3 Damped Tuned System
When £ =0, three ranges of the parameters v, 8, and B must be investigated.

i) For y > {8—B)?, D(p) can be written in the form

D(p) = (p—iwtew) (p+iote,w) (p—ivtew) (p+intew)

where

€ = ﬁi@+5j[y—(ﬁ—3)z]%

2
) . 1/1

By evaluating the residues at each pole and collecting complex conjugate terms in pairs, we

obtain the result, correct to dominant order,

')
we~ BB 0o50 Sin['y— (B—-B)E] wt/2

[y—(ﬁ—B)Z] §

i (1) = — 4.6)
This function represents a damped beat solution, where the beat frequency, [y — (8—B)%"w/2,

is much smaller than the tuning frequency .

i) For y < (8—B)?, D{p) is written as before, the residues at each pole evaluated, and

pairs of conjugate terms collected, leading to a Green’s function of the form

3
me BBl oogu Sinh[(,B—B)z—y] wt/2

[(6—8)2—7]% “r

iig(1) = —

Since (8+B)?> (8—B)2~+ for nonzero values of B, B, and y, the term exp [—{(8+B)wt/2]
dominates the term sinh[(8—B)>—y]"wt/2. The solution can be interpreted as overdamped
beats by analogy to the concept of overdamped vibrations. For large wf, the solution is an

oscillation of frequency » damped by an exponential with factor

~% B+B~— [(ﬁ—B)z—y]%]wt
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iii) For y=(8—B)?, the result in Eq. (3.15) suggests a double pole, which, as already
shown, will not appear if 8 = 0. In fact, the more accurate location of the root yields

p= im—B—;—‘im -+ -L;-O-sz'yv’ (4.8)

We obtain the following result by evaluating the residues

we—(ﬁ+8)wr/2 COSwISin,B%'}’%wt/z (4 9)
ﬁl/z,yl/;' .

ﬁc(f) = —

As for Eq. (4.6), this solution represents damped beats. The beat period, of order e ¥, is very
long.
iv) When =0 and y = B?, a genuine double reot appears. Green’s function for the solu-

tion takes the form

—Ruwt/2

i (£) = = %wzte cosw? (4.10)

This case can be interpreted as critically damped beats.

4.4 Damped Slightly Detuned System

For a detuned damped system where 8= B, the Green’s function for the solution is

£
1-5-2

g (1) = —B+BYat/2giny t cos wt 4.11)

('Y +§2) 73
where

= (y+&)%/2
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5. APPLICATION TO EQUIPMENT MOUNTING DESIGN:

UNDAMPED TUNED SYSTEMS

The results obtained in the previous chapter for the response of various damped or
undamped, tuned or untuned systems are applicable to the design of equipment or equipment
mounting. The least complicated solution is that for the undamped tuned system; methods
developed for damped and tuned or detuned systems are extensions of the method devetoped
for this case. Equipment response can be more readily understood if the solution for the

former case is examined in detail before more general cases are developed.

The results given in Egs. (4.2) and (4.4) could in principle be used by a designer of
equipment mounting if a specified ground acceleration history were available to estimate the
forces that would develop in the equipment or its mounting. However, such information is not
readily available and the numerical evaluation of these integrals may be inconvenient during the
design process. Commonly, a designer begins with a design spectrum that may be specified by
a code or determined by averaging several possible inputs as, for example, in seismic design
[4], [5]. We ate thus interested in determining the extent to which Egs. (4.2) and (4.4) can be
used to obtain estimates of maximum acceleration when the information available is the
response spectrum of the ground motion #,. In the following sections a number of alternative

approaches are explored.

5.1 Floor Spectrum Analysis

When Green’s function obtained in Eq. (4.4) for the undamped tuned system is substi-
tuted into Eq. (4.2), the response is

{

i) = % f iy (1) g—yv’cosn(t—-r) sinw (t—7) — sinn (t—1) cosw (i—1) |dT {5.1)
Yo

where 1 =1v"w/2.

For small nt, this reduces to

ity =w f ti, (1) [%Sinw(f—f) —ow(t—1) COSw(f—T)ldT (5.2)
A .
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This result is independent of ¥ and could be obtained directly by means of the floor spectrum
analysis method whereby input to the structure is used to compute base motion at the equip-
ment, assuming the lat.ter to be absent, and equipment response is calculated with this motion
as input. Thus, the floor spectrum analysis, in which equipment-structure interaction is

neglected, is valid only for 5t << 1.

Since the floor spectrum result can be obtained from the bésic equations by setting y =0,
a double pole will appear in the tuned case. (For an untuned system only simple poles occur.)
This double pole leads to a term in f coswt? on inversion. Thus, the floor spectrum method can-
not be used to determine maximum displacement or acceleration for undamped tuned systems

since the response it yields grows without limit.

5.2 Modified Ground Motion Spectra
When ntis not much smaller than unity, the term in Eq. (5.1) multiplied by y" is negligi-
ble when compared with the other and it becomes

{

i () =—% { il, () sin (1—7) cosw (t—7) dr (5.3)

Equation (5.3) can be written as follows when the term cosw (r—7) is expanded.

%

t 2 ¢ 2
i{t)=— -9,72— cos{wi—d) “f [iig (r)coswf]sinv;(f—f) dq-] +[f [iig (T)sinm]sinn(t—r)df] ] (5.4)
Y 0 0 i
where

[iig (7)Sinw1’]sinn (t—7)dr
(5.5)

¢ = tan~!

o;—s‘& O%ﬂ

[iig (fr)coswr] sing(t—7)dr

The terms

7 f [iig(r) COSmT] sinm (t—~1)dr (5.6)
0
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and
n f [iig (7) sinwr] sinm (r—7)dr 5.7
0

can be interpreted as the acceleration response of an undamped single-degree-of-freedom sys-
tem with frequency m to the meodified ground input acceleration ,(z) coswt and i, (¢) sinw.
Since n << w, the term cos{wt—¢) is a rapidly oscillating function which achieves its maximum
a great many times more than do the integrals which are slowly oscillating functions. The
integrals are thus a slowly varying envelope of the more rapidly oscillating term. The maximum

of the product is accordingly very close to the maximum of the envelope.

Thus, one way of estimating equipment motion is to construct spectra for the modified

ground accelerations. Maximum acceleration would then be
] — 2 ¢ 2 s 2 v .
Umax = 7 SA (7?) + SA (’H) (58)

A similar expression can be obtained for displacement. In the above, the terms S5(n) and
§5(n) are undamped acceleration response spectra for the modified ground motions i, (¢) cosw?
and i, (¢) sinw?, respectively. In principle, then, if the time history i, (¢) is available, a design
technique can be developed by constructing low-frequency response spectra for the modified
ground motions. Usually, only the response spectrum of i, and not the ground motion itself
will be available. At present, the spectra for the modified ground motion cannot be computed
if the only information available is the spectrum of the actual ground motion. Thus, we will

develop an alternative approach in the following section.

5.3 Amplified Ground Motion Spectrum

The term sinn (z—7) is expanded, leading to

2
+

! PARY)
f i, (7)sinnr cosw(t—*r)drl ] (5.9)
0

¢
() =— *5{/7 sin(nt—é)[l_f iy (T)cosnT cosw (t—7)dr
0
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where

il
f ii, (7)sinm7 cosw (t—7)dt
9 = tan~" |2 (5.10)

!
f i, (v)cosnr cosw (r—7)d7
0

We are interested in situations where the ground motion has prescribed finite duration and for
those frequencies o where the maximum response of a single-degree-of-freedom oscillator, i.e.
the response spectrum, is achieved late in or after the termination of the ground motion.
These frequencies correspond to peaks in the response spectrum of a scismic ground motion.
Design spectra, reflecting the probabilistic motion of the input, correspond closely to the peaks
of actual spectra and thus presuppose late-occurring maxima. When ground motion is caused
by a blast, which is of short duration, it is likely that the maxima of equipment response will

occur long after the ground motion has ended.
Thus, for nt;=2mt,/T << 1, where ¢; is the duration of the ground motion and 7 is the
beat period of the system, the first integral in Eq. (5.9) can be approximated by
[

f iy (1) cosw (t—7)dr (5.11)
0

and the second neglected since sinnt will be bounded by n¢; << 1, and ii,=0 for # > ¢;. For

7ty << 1, then, we have

)
i (6) = =<2 sinmt [ ii, () cosw (t—r)dr (5.12)
Y 0

The term in the integral is a function that oscillates with frequency o, which is high compared
to m, and a maximum of that will nearly coincide with the maximum of sinns Thus, an esti-

mate of the maximum value of i (¢) is

f
Vi | = %maxl{ ii, (t) cosw (t—7) d | (5.13)
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If the displacement, pseudo-velocity, and pseudo-acceleration response spectra as functions of
frequency w and damping parameter 8 are denoted by Sp(w,B), Sy(w,B), and S (w,B),

respectively, then

14
max]| [ i, (r) cosw (1—r) dr|
0

is the undamped relative velocity response spectrum, which is very nearly the pseudo-velocity
response spectrum S, (w,0), for a single-degree-of-freedom system with frequency . Accord-

ingly, we obtain the following estimate of maximum acceleration

| | ypax = ;“’,— Silw, 0) (5.14)
Since Sp=Sy/w and S;=wS)
|4 | max = -SES‘;—O) (5.15)
and
|i# | max = if:ﬁ—o) (5.16)

If a designier is given only the response spectrum of the ground motion, the maximum displace-
ment and force in the equipment can be estimated by using these spectra amplified by the fac-
tor y~”. These remarks refer to the equivalent two-degree-of-freedom system:. Results for the

general system are obtained by utilizing the factors in Egs. (2.12), (2.13), and (2.14).

The simplicity of the result can be explained on physical grounds. In weakly coupled sys-
tems with the same frequency, the response of the system involves a perfect energy exchange
between each component at a beat frequency much lower than the natural frequency of each
component. The same phenomenon -- a classical beat phenomenon -- occurs here. The cou-

pling is weak because the ratio of equipment mass to structure mass is small.

When a structure is subjected to a ground motion, the velocity imparted to the structure

is mass-independent and determined only by the ground motion. Thus, if the same ground
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motion were applied directly to tuned equipment, the same velocity would be transmitted to it.
Kinetic energy, on the other hand, is proportional to the mass of the system excited; in equip-
ment, that energy would be much smaller than in a structure. However, if the equipment were
attached to a structure and the structure subjected to a ground motion, the kinetic energy
imparted to the latter would subsequently be wholly transmitted to the equipment, if tuned, and
the velocity imparted would be amplified by the reciprocal of the square root of the mass ratio.
Damping is clearly important in this process because the ‘energy transfer requires many
cycles and much of the kinetic energy in a.damped system could be dissipated before being
transmitted. The transient analysis of damped tuned and nearly tuned systems follows in the

next chapter.
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6. APPLICATION TO EQUIPMENT MOUNTING DESIGN:

DAMPED TUNED AND SLIGHTLY DETUNED SYSTEMS

The specified time history of a ground motion applied to a structure is often unavailable
except in the restricted form of a design spectrum. The procedures developed in the previous
chapter for undamped tuned systems enable a designer to utilize the design specirum for the

structure to estimate directly maximum values of the equipment acceleration and displacement.

Three approaches to the design problem were developed. These were the floor spectrum
method, the modified ground motion spectrum methed, and the amplified ground motion spec-
trum method. The floor spectrum method was demonstrated to be invalid for undamped tuned
systems, and the modified ground motion spectrum method, while valid, to be inconvenient.
The amplified ground motion spectrum was the most convenient to use in estimating the

response of light undamped equipment.

If for a damped tuned system, y << 1, then y is negligible if 488 >> y (Eq. (3.3)), and
equipment-structure interaction can be neglected. The floor spectrum method can, in principle,
be used to determine the response of the equipment for this case. However, this method
requires that time histories be computed, and the numerical time-integration algorithms avail-
able in structural dynamics computer programs are not known to be sufficiently accurate to cal-
culate the peak response of equipment, which occurs late in time, reliably. Furthermore, if
only the design spectrum and not the history of the ground motion is available, then the con-
ventional floor spectrum method cannot be used. Approximations to be used in the design of
equipment mounting for damped and slightly detuned systems will therefore be developed from

the amplified response spectrum method.

6.1 Undamped Slightly Detuned Systems

The acceleration response ii(1) to imposed ground acceleration i, (¢) is obtained from

Eqs. (4.2} and (4.5) in the form

l-i-é w(t—r)dr (6.1)

2

iy =— -(7—-:2—2)_]/2 { #, (1) sinn (t—7) cos
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where
m = (y+£E) " w/2

By expanding the term sinn{s—7) as was done in Eq. (5.9) and neglecting analogous

terms, we obtain an estimate of the maximum acceleration in the form

w1
2

(,)/4_‘52) %

s, .0

(6.2)

lulmax =

This solution remains valid for y << £2, prdvided that £ << 1. For such cases, the floor spec-
trum method is applicable, but cannot be used if the only information on the ground motion is
a design spectrum. The above solution is equally valid, and clearly more convenient. Provided
that the numerical computations employing the ground motion history are performed with suit-
able accuracy, the beat phenomenon between the two closely spaced frequencies o and
Q =w(14+£), which is the physical basis of the resull, will appear in the floor spectrum solution

in the slightly detuned case.

6.2 Damped Tuned Systems
Four sets of the parameters vy, 8, and B must be investigated for damped tuned systems.
Case 1: y > (8—B)?

The acceleration response i (z) to imposed ground acceleration iig(t) is given by

(1) = — 2 [ i, (r) BB 0086 (1~7) sinm (1) d (6.3)
7—(ﬂ*3)2] 0

where

n = [v— (B—B)Z]%w/Z
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When the term siny(1—r) is expanded

. t 2
(1) = = e cos(m—@)l[ f b, (1) e~ B2 0050, (1—7) cosmr dr
[y—(B—BV] 0

4

f iy (1) ¢~ BB o650 (17) sinmr dr
0

+

PAY
] (6.4)

where

ii, ()cosyr e~ BB 0o (t—7) dr
§ = tan"}{—

(6.5)

ii, (r)sinmr e~ BB o) (1—7) dr

oty |2ty

As in Section 5.3, we consider nt;=2m1,/T << 1, where ¢ is the duration of ground
motion and T is the beat period of the system. Then, in analogy to the undamped cases, the
first integral in Eq. (6.4) can be approximated by

I

f iy (7} e~ BB} 20054 (1—7) dr
0

and the second neglected. Thus, we take

. !
i(r) = — —LSml f i, (1) e~ C+BIU—2 o5 (1—7) dr (6.6)
[y—(B—B)z] 0

When the parameters v”, 8, and B are small, this result may be interpreted in the follow-

ing way: for ¢ > #;, the above expression can be written in the form

2 .
() = — EZILW e~ BB R cos (wi—ih)

where
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with

!
A= Jl iig (1) e BB 2 o5t it
0

—~

i, () et BTBIo 26001 di

A2= g

of—y

and

¢ = tan~! [AQ/AI]

The response indicated by the above is illustrated in Fig, 8. In the above, the terms R and
are constants independent of ¢ for ¢ > t;, and R cos{wt—¢) is a rapidly varying function of

time. The term

w2
27

is a slowly varying envelope curve whose maximum value must be determined. The maximum

value of this envelope curve is attained at time ¢*, expressed by

«_ _ 2m ‘
tanm ¢ B+B)o (6.7)
The value of ¢*is thus
t* = arctan[2n/w (B+B)1/n (6.8)

For lightly damped systems and light equipment, in general ¢* >> ¢;,. The values of sinnt and

expl—(8+B)wt/2] when the envelope achieves its maximum are

Sinﬂf* &= - T
[n2+ (B+B) w4

e—(ﬁ—?—B)wt*/Z = oK (69)
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where
x = (arctanl)/¢ (6.10)

¥
{= [y— (B—B)2] /(B+B) (6.11)
It follows that

‘i”max = |l.l.(t*)[= ———_w“__Vz'|Sin7)r*ievK
y—(8—B)*

,"l
. [e(‘”m"’“"/z[ f iiy (1) e~ BBl =)2 0050 (1%~ ) d7 | (6.12)
0

In order that this estimate of the peak acceleration be useful for design purposes, it is
necessary that the second factor in braces be interpreted in terms of a ground response spec-
trum. To this end, we recognize that the integral is, to the order of 8+B, the relative velocity
response history, evaluated at time ¢* of a lightly damped single-degree-of-freedom oscillator of
frequency w and damping factor (8+B8)/2 subjected to the ground acceleration i, (¢). At some
time ¢ during the ground motion or shortly after it ceases (so that 7 << t¥), the absolute value
of the relative velocity will attain its global maximum, denoted as |v(r)|. The relative velocity
response at r* denoted as v(r*), can be thought of as that which would occur in a single-
degree-of-freedom system (subjected to the ground acceleration i,{t)) as a consequence of free
vibration beginning at time (> t1) where the absolute value of the relative velocity of the oscil-
lator attains its first local maximum, |v(z)|, after the end of the earthquake. This instant of
time 7 is equal to 7 if 7 occurs after the end of the ground motion; otherwise, t>7 In any

event, f << r* Thus, we can write

Ly (t%)| = (v ()|~ B+BIU=D12goge (1) | (6.13)

where [v(0)| < |v(D)]. Tt then follows that
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f!ﬁ
()] = | [ i, (r) e~ @B D2 cogn (14 —1) 47|
0
= [v (1) |e~ B+BIe(=D/2 o506 (*~1) |

£ ;v(;) |e—(ﬁ+8)wr*(l—?/r*)/2

~ [V(E’)le-—(ﬁ-i-ﬁ‘)mt'ﬂ (6.14)

since #/t* << 1. From this we obtain the approximate result

l!‘
|y ()] == e BBl f by (r) e BB 2 ong4y (¢*—7) dT] (6.15
0

But, we recoghize that to the order of 8 and B, |v(7)| is very nearly the pseudo-velocity
response spectrum Sy(w, (8+8)/2) for a lightly damped single-degree-of-freedom oscillator of
frequency » and damping factor (8+8)/2 subjected to the ground acceleration i#,{(¢}. Thus, an

estimate of the maximum equipment acceleration is

il = o |sinn t* e“j Slw B+B
y—(e-BYY 2

With the value of sinn¢* from Eq. (6.9), we obtain the final estimate as

B+B

e “oSplw, ——
v 2

[ii | mpax = Cr4BB)" (6.16)

Recalling that
wSV = SA = wZSD

this estimate can be written in the alternative form

B+B
B 6.17)

|u(t)|max = o,

e—‘K
— S
(y+48B)" 4



231 -

and, similarly, for the displacement

B+B
2

[u(t)lmax = w, (6.18)

e s
(y+4pB)" °

Thus, given only ground spectra at various damping values, the designer can estimate the
maximum displacement and force in the equipment by using the spectra for a damping factor
equal to the average of those in the structure and equipment amplified by the factor
(y+4B8B)~"e™*. Note that if B+B is fixed, the maximum value of 488 and the minimum value
of (8—B)? are achieved when 8= B, yielding the smallest value of the amplification factor.
Thus, if total damping is fixed, it should optimally be shared equally by equipment and struc-

ture for this case.

Case 2: y < (8—B)?

In terms of the specified ground motion i, (#), the solution for i/ (¢) takes the form

I
(1) = = 2 [ 4y (r) =@ DU 20050 (1=1) sinbm (t—7)d7  (6.19)
o i

where
n=[@-87= w

which can be rewritten in a form analogous to that in Eq. (6.4) with the envelope now in the
form exp[—(8+B)wt/2]sinhns. When the envelope is analyzed as before for its maximum

value, time ¢ = ¢*is such that

sinhyt* = - 7
1;2+(B+B)2m2/4]

& = {arctanhf)/¢

%
(= |@-Br2-+] 16+m)
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Note that since arctan ix = i arctanh x, we may rewrite the above two equations in a form

identical to that of the preceding case, i.e.

w = (arctan)/{
73
t= |y -8 1e+m)

As in Case 1, we find that the amplification factor is (y+48B) e .

Case 3: y = (8—B)?

Here the solution takes the form

i
i) =-— —.237] i, (1) e~ B+B0 (=12 0050y (—7) sinm (r—7) d7
Y™ o

B

where now
n = B‘/z,y‘/zw/z

The envelope takes the form

e*(ﬁ‘f‘B)w(/Z Sin’l’) ¢

and time (* is given by

2y

tanm* = —20
ann B+B)w

(6.20)

This expression and the appropriate value for % yield the following term for the amplification

factor

e_K

—
[(B+B)2+B‘y]

where k= (arctanl}/{, { = [BV/ ('B+B)2]%'

The term By is of order €3 and may be neglected in comparison to (8-+B)2. Thus, the
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amplification factor is (8+B)'e*. Note, however, that because y=(8—B)2
(B+B)~'= (y+48B)~". Similarly, { is of order ¢” << 1, so that K=?n3(arctan§)/g= 1. Thus,

the expression for the amplification factor has the same form as was obtained for the two previ-

ous cases.

Case 4: y=B?, B=0
A true double root appears and the solution is a damped floor spectrum result

2

() = =5 i, (1) P2 (1=1) - cosa(1=7) 7 (6.21)
0

The envelope ¢ e~ 82!/? attains maximum at * given by w*=2/B, leading to an amplification

factor of e~!/B. However, because y= B?, =0, and x = 1, the amplification factor is again

e—K

{(y+48B)"

Thus, Eqs. (6.17) and (6.18) obtained for Case 1 are in fact correct for all combinations of vy,

B, and B, despite the difference in form of Green'’s function for each case.

6.3 Damped Slightly Detuned Systems

For a sightly detuned system, the response is considerably modified and is given by
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s
i) = ——2— [ ii (1) e~ B+Bl(=7)/2
(A2+,u2)‘£ ¢

X sinh%m {(t—7) cos—;-m (t—1) sin(H—%)w (t—7)
+ A coshg‘—w(r—r) sin%w(f—f) cos(1+%)w (r—7)

+u sinh%m (t-7) cos%m (t—7) cos(1+%)w (t—r)

+ wcosta (1=7) sinZa (1—7) sin(1+%)m(t—r) dr (6.22)

where A and g are defined in terms of £, y, 8, and B in Eqgs, (3.7) and (3.8). To reduce the
algebraic manipulation of this considerably more complicated expression, an illustrative case is

discussed below.

The example selected is based on the optimal use of damping for the conditions of Case

1, 8= B. For this damping, Eq. (6.22) then takes the form

I3
i) =— -(i)-f i, (7) e BHBalt-n)/2 Sin%w(t—'r) COS(1+—§2—)m(t—T)dT (6.23)
0

where
A= (y+£)%

When the term sin(A/2)w(¢—7) is expanded and we recall that for z >> ¢, the duration of the

ground motion, the integral containing sin(\/2}wr can be neglected, we obtain

() =- % e~ B+B /2 sin%wt R cos{we—y)

where

R=(4+43)" and ¢ =tan"(4,/4,)
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with

I3
A= f iig(t)e+(ﬁ+3)°”/2cos(1+~§~)mt dt
0

f
Ay = f iig(t)e+(ﬁ+3)“”/2 sin(1+%)mt dt
0

The slowly varying envelope function exp{—(8+B)wt/2] sin(A/2)wr reaches maximum at a time

t* such that

N A
sm?mt i S——
[A2+(B+B)2l
and‘
e~ BTBIr2 o px
where

k = (arctan)/{

= X/(B+B)

From this result and the argument used for the damped tuned cases, the estimated maximum

response value is

.. e o+ p+B
max = [} S ] 6.24
[l (y+£2+48B)" 1| 2 7 2 6.24)
and
- e wt{) B+B
;uimax (7+§2+433.3)v} SD 2 ’ 2 (625)
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For all cases considered a universal result applies: the appropriate response spectrum

evaluated at the average damping and average frequency of structure and equipment is multi-

plied by the amplification factor

e—K
(y+£2+48B)"

where

« = (arctan?)/{

1
{=|y+&2—(BE~-B)Y /(B+B)
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7. COMPLETE SOLUTION INCLUDING OTHER POLES

In previous chapters, we determined the contribution of the tuning poles to the response
of equipment-structure systems. These poles dominate response in the case of light equipment,
but contributions from the other peles can be easily computed. To do so, recall that the non-
tuning poles of Eq. (2.9) are close to their location for the structure alone, as indicated in Fig.

3. The poles for the m™ nontuned mode are

p=-—8,0, %iQ, 7.1

If we evaluate the residues and drop neg[igible terms, we obtain, to dominant order, the contri-

bution from the m™ structure poles as

¢ —B, 0 0
———O,e " "sinQd,t , mFEn (7.2)
1-(Q ,/w)?

and nondominant contributions of the same order from the tuning poles as

m
G

N
mEl T—(m/—ﬂ,)f we P%inert (7.3)
= m
mEn

where C)" is defined in Eq. (2.14). The complete solution for the response of the equipment

then takes the form

( N (& -B (-7}
i) =} ii,(r) — Qe TV sinQ, (t—7)
JO‘ f m2=l 1_(‘0' m/("’)2 " "

m=n

N cr
m2=1 1—((’.0/9 m)2

mEn

+ we Pl sing (t—1) + iig (t—) dr (7.4)

where ii;(¢) is the dominant contribution from the tuning poles given in its various forms in

Chapter 4.

The character of the two parts of the solution in Eq. (7.4) differs. The contributions from
the nontuning poles and the nondominant contributions from the tuning poles are conventional

and would attain their peaks during the ground excitation or shortly thereafter. The dominant
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response from the tuning poles, on the other hand, is controlled by the energy transfer from
the structure to the equipment through beating, which takes a relatively long time (Chapters 5
and 6). The latter contribution achieves maximum considerably later than the former. It is
pointless to add these contributions conventionally, such as by the square root of the sum of
squares, or by a similar rule. In fact, they should not be added at all, but treated as separate
maxima. The maximum response from the nondominant contributions can bée estimated by the

conventional square root of the sum of squares method.

Accordingly, the estimate of the maximum acceleration has two parts, namely, an early

peak given by

) IS B A (P B
N _ Q,, + —_— ) .
|”|max mz:\ﬁ 1—(~Qm/‘°)2 4 mr=m ,,,2:1 1"((0/9,”)2 AN B

m=n m#n

and a later peak, from the dominant contribution of the tuning poles, given by

o+Q, B+B,

| ¢’
2 72

(yeff+§2+4,83”))/2 A (7.6)

Iﬁ]max = IC’n

where «k=(arctanl)/¢{, and {=|y*’+¢2—(8—B,)}"/(8+B,). The detuning parameter is
£={(Q,~)/w, and y¥/ is given by Eq. (2.12). For light equipment and lightly damped closely
tuned systems, the second peak is likely to be more important. However, the early peak may
be the larger and both should therefore be evaluated.

The methods developed here can also be used to estimate the peak response of grossly
detuned systems, i.e., where the equipment frequency is far from all structural frequencies. For
light equipment, the structure poles are slightly shifted from their location for the structure

alone, namely

b= _BQO + "Qm 1.7

Additional poles due to the equipment occur at

p=—Bw =+ iw (7.8)
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as shown in Fig. 9 where the response of the completely undamped system is illustrated. The
residues at the structure poles are as before with the contributions from each m =1 to N set of
poles given by Eq. (7.2). The residues at the equipment poles, Eq. (7.8), contribute to Green’s
function in the form, similar to Eq. (7.3),

N Crm . (7 9)
E m we SiNw ¢ .

m=1
The derivation is standard and similar to the terms from the structure poles. The complete
response for the equipment in the grossly detuned case is thus given by

( N cr B Q, (-
i) = | i, ") — Qe 7" sinQ,,(t—1)
“!: ¢ [mz=1 1-(Q,/w)? !

N cr

+ -
m=1 1_(0-'/0,,”)2

meﬁ“'("ﬂsinm(t~r)]d‘r (7.10)

The square root of the sum of the squares procedure is used to obtain the estimate of the peak
response in the form

2
+

Y2

2
] S}(w,ﬂ)] (7.1D)

m

& S(Q,.B,)
1‘—(0”1/(1))2 A nsPm

N cr
m2=1 1_(‘1’/9 m)2

N
“Hmax = [ 2=1

This result can be used as an alternative to time history or modal analysis of the composite
N+1-degree-of-freedom system, or as an alternative to the standard floor spectrum analysis for
which time histories must be computed. Equation (7.10) is independent of the modal mass
ratios, representing, in fact, the general closed-form solution of the floor spectrum method, the
interpretation of which directly provides the simple estimate in Eq. (7.11). Indeed, the preced-
ing analysis, which led to Eq. (7.10), mathematically justifies the use of the floor spectrum
method for the grossly detuned system. All information needed for Eq. (7.11) is available
from the building design, the equipment frequency and damping, and the design spectrum; it

should thus be very convenient for practical design applications.

The methods developed for tuned poles can be used to determine the response of systems
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with closely spaced modes even if equipment is not considered. Of course, approximations
based on small mass ratio could not be used in this case, but the envelope of beating response
would be treated identically, Maximum response is not expected to differ significantly from
that of the other modes, except that it will occur at a much later time. It is the light equipment
mass that produces large amplification and the dominance of the late peak (Eq, (7.6)) over the

early peak (Eq. (7.5)).

The approach empioyed by Penzien and Chopra [3], whereby the single-degree-of-
freedom element representing the equipment is attached to each mode of the N-degree-of-
freedom structure, can lead to a correct approximation of Green's function for the equipment
response in the case of light equipment. Were this then used with response spectra, a correct
estimate of the peak equipment response could be constructed. However, the method actually
employed was to calculate the maximum response for each two-degree-of-freedom system thus
formed first, and these were then added by the square root of the sum of the squares. That
this ad hoc method can lead to a reasonable estimate of the peak equipment response in the
case of a tuned system is a consequence of the fact that the particular two-degree-of-freedom
system which is tuned dominates, as described earlier. This method is unnecessarily compli-
cated, requiring as it does the numerical computation of a vast catalogue of response spectra for

two-degree-of-freedom systems, and is in principle incorrect.
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8. APPLICATION TO SYSTEMS WITH CLOSELY SPACED MODES

The peak response of structural systems in which two or more modes are closely spaced in
frequency is difficult to estimate. The conventional square root of the sum of squares method
of adding modat contributions is incorrect for this case and several alternatives, more or less ad
hoc, have been proposed. The methods developed here for light tuned or nearly tuned equip-
ment can give insight into the problem although the simplifications due to small mass ratio can-

not be made.

In a general system with two closely spaced modes, Green’s function for the contribution,
ys(#), to the displacement response of any degree of freedom by the closely spaced pair is

given by
Yo =4 le_ﬁlwllsinwlt + Aze_ﬁzwzfsinmzt

where o= (1—€/2)ow, w;=(14+€/w, e << 1 , and w8, =w,B,=wP, say. The transient
acceleration response of that degree of freedom due to ground acceleration #, can be expressed

as

V(= —wzf i, (1) e‘B‘”(’ﬁT)IA Isin(l-%)w(t—r) +Azsin(1+—;:~)w(t—r)]d7
0

By expanding the sine functions and collecting terms, we obtain

V) = _wzj' iig(-r)e‘ﬁ‘”("’)[(/i 1+A)sinw (t—1) cosm (t~7) + (A~ A ,)cosw (t—1) Sinv)(t-T)]d'r
0

where 1 =we/2 is of low frequency compared to w. The terms (4, + A4,) and (4;— 4,) may,
in this case, be of the same order of magnitude, as opposed to the light equipment case in
which the first was zero and the second of order 1/e. Following the approach developed in
Chapter 6, the terms cosn(r—7) and sinn(r—r) are expanded and approximated for small e,

leading to
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;
J(t) = —wX(4,+ 4y COSntf iy () e Pl sing (t—7) dr
0

f
—w(4;~ A,) sinyt f il (r) e PV cosw (t—1) dr
0

For each of these terms we obtain the envelope of the response and its maximum and note that
when the envelope of one term achieves its peak value, the other is at a minimum; the peak of

the first is separated from that of the second. The results for each peak are as follows:

early peak:
|j;!max = w[A1+A2]SA (mnB)

later peak:

|y|max = ——Q)LV;]AI— AE[SA ((I),B)
[€2+4,82]

where « = (28/ e)arctén (e/28).

If y applies to eqqipment response, the early peak does not appear since A,=— A, and the
late peak is the result obtained previously. If, on the other hand, y applies to a structurai
degree of freedom in the case of light tuned equipment, then 4,= A4,, the second peak disap-

pears, and the first peak predominates. Aithough other late peaks will arise in the undamped

case, they are unimportant when damping is present.
When response spectra are used in design, the early peak as calculated above should be

combined with contributions from the other modes (using the square root of the sum of

squares method of combination), while the second peak should be taken entirely on its own.
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9. SUMMARY OF RESULTS

The purpose of the research presented herein was to develop results in an important area
for which few rational results have been available and for which not all basic physical
phenomena have been well understood., Practical methods have been developed for use in the

design of light equipment attached to structures subject to ground motion.

The results obtained incorporate information readily available to designers, namely the
fixed-base dynamic properties of the structure, the fixed-base dynamic properties of the equip-

ment, and the ground shock or seismic response spectra.
The estimates of the peak response of the equipment may be summarized as follows:
Tuned or Nearly Tuned Systems

early peak (occurs during earthguake)

lid )If (OB ik ¢ 232( )

u = — s + —_— ,

max = 1—(0”,/(0)2 48, By mz::l 1"(0)/9”,)2 o, B
m=n m=n

late peak (occurs after earthquake)

|Crle™
(y+¢2+48B,)"*

wt+ll, B+B,
2 72

|ii|max =

where

B8, w, B,, and Q, are the equipment and structural damping and frequencies, respec-
tively;

n is the structural mode to which the equipment is tuned or nearly tuned;

r is the structural degree of freedom to which the equipment is attached;

¢ = (Q,~w)/o = detuning parameter,

m mass of equipment _
M,/(®1)2  effective mass of structure in n™ mode

v =

mass ratio;
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Cr=ory N (®"M,R;)/M, = participation factors,

hj=1
R; is the vector of influence coefficients that couples ground motion to the structural

degrees of freedom;

@/ is the i component of the m™ mode shape;

M,; is the structural mass matrix;

M, =37"_ M;®"® is the generalized mass for the m™ mode;
k = {arctanl}/t; and

{=ly+&—-(B-B)T1Y(B+B,).

Untuned Systems

peak occurs during earthquake

= £ — 0]+ 3 —F o0 p)
max m=1‘ 1~(Qm/w)2 A4 i =, 1_(@/0’")2 FRLOR

In the above, S, is the acceleration design spectrum; other responses such as maximum

velocity or displacement can be obtained by using the appropriate design spectra.

The advantages of this approach are its simplicity and adaptability for practical appiication.
A great deal of computational effort is avoided since time history analyses need not be per-
formed. The equipment-structure need not be analyzed as an N+1-degree-of-freedom system
either by modal or matrix-time-marching methods, and errors in estimates of peak response
due to the possible unreliability of numerical time-integration schemes, or to uncertainty as to
the appropriate procedure for summing the contributions of the two closely spaced modes, are
thereby avoided. For tuned and nearly tuned systems it takes into account the important effect,

completely neglected in the floor spectrum method, of equipment-structure interaction.

The method advanced here does not require new information to be generated. Data avail-
able from the building design alone (M, R;, ©,. ®/, B,), the equipment alone (m, , B),
and the ground shock spectra (Sp or Sy or S,) are used. The estimates of peak response have

been obtained from a rational analysis. Furthermore, these are easily evaluated and
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conveniently used during the design process.
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"Earthquake Response of Gravity Dams Including Reservoir Interaction Effects,"” by
P. Chakrabarti and A. X. Chopra - 1972 {AD 762 330)A08

“Dynamic Properties of Pine Flat Dam," by D. Rea, C. Y. Liaw, and A. K. Chopra - 1972
(AD 763 928)A05

“Three Dimensional Analysis of Building Systems,” by E. L. Wilson and H. H. Dovey - 1972
{PB 222 438)R06

"Rate of Loading Effects on Uncracked and Repaired Reinforced Concrete Members," by
S. Mahin, V. V. Bertero, D. Rea and M, Atalay - 1972 (PR 224 520)A08

“Computer Program for Static and Dynamic Analysis of Linear Structural Systems," by
E. L. ¥flson, K.-J. Bathe, J. E. Peterson and H. H. Dovey - 1972 (PB 220 437)A04

"Literature Survey - Seismic Effects on Highway Bridges," by T. Iwasaki, J. Penzien,
and R. W. Clough - 1972 (PB 215 §13)A19

"SHAKE - A Computer Program for Earthquake Response Analysis of Horizontally Layered
Sites," by P. B. Schnabel and J. Lysmer - 1972 (PR 220 207)A06

"Optimal Seismic Design of Multistory Frames,” by V. V. Bertero and H. Kamil - 1973

"Analysis of the Slides in the San Fernando Dams during the Earthquake of February 9, 1971,"
by H. B. Seed, K. L. Lee, I. M. Idriss, and F. Makdisi - 1973 (PB 223 402}A14

"Computer Aided Ultimate Load Design of Unbraced Multistory Steel Frames,” by M. B. El-Hafez
and G. H. Powell - 1973 (PB 248 315)A09

"Experimental Investigation into the Seismic Behavior of Critical Regions of Reinforced
Concrete Components as Influenced by Moment and Shear," by M. Celebi and J. Penzien - 1973
(PB 215 884)A09

"Hysteretic Behavior of Epoxy-Repaired Reinforced Concrete Beams," by M. Celebi and
J. Penzien - 1973 (PB 239 56B8)A03

"General Purpose Computer Program for Ine1astic‘Dynamfc Response of Plane Structures,”
by A. Kanaan and G. H. Powell -~ 1973 {PB 221 260)A08

"A Computer Program for Earthquake Analysis of Gravity Dams Including Reservoir Interac-
tion," by P. Chakrabarti and A. XK. Chopra - 1973 {AD 766 271)A04

"Behavior of Reinforced Concrete Deep Beam-Column Subassemblages under Cyclic Loads,"
by 0. Kisth and J. G, Bouwkamp - 1973 (PR 246 117}A12

"Earthquake Analysis of Structure-Founation Systems,” by A. K. Vaish and A. K. Chopra -
1973 (AD 766 272)A07

“Deconvolution of Seismic Response for Linear Systems," by R. B. Reimer - 1973
(PB 227 179)A08

"SAP TV: A Structural Analysis Program for Static and Dynamic Response of Linear
Systems," by K.-J. Bathe, E. L. Wilson, and F. E. Peterson - 1973 (PB 221 967)A09

"Analytical Investigations of the Seismic Response of Long, Multiple Span Highway
Bridges," by W. S. Tseng and J. Penzien - 1973 (PB 227 816)Al10

"Farthquake Analysis of Multi-Story Buildings Including Foundation Interaction,” by
A. K. Chopra and J. A. Gutierrez - 1973 (PB 222 970)A03

YADAP: A Computer Program for Static and Dynamic Analysis of Arch Dams," by R. W. Clough,
J. M. Raphael, and 5. Mojtahedi - 1973 (PB 223 763)A09

“Cyclic Plastic Analysis of Structural Steel Joints,” by R. B. Pinkney and R. W. Clough -
1973 (PB 226 843)A08

"QUAD-4: A Computer Program for Evaluating the Seismic Response of Soil Structures by
Variable Damping Finite Element Procedures." by I. M. Idriss, J. Lysmer, R. Hwang, and
H. B. Seed - 1973 (PB 229 424)A05



EERC-4

EERC 73-17 “Dynamic Behavior of a MuTti-Story Pyramid Shaped Building,” by R. M. Stephen,
J. P. Hollings, and J. G. Bouwkamp - 1973 {PB 240 718)A06

EERC 73-18 “Effect of Different Types of Reinforcing on Seismic Behavior of Short Concrete Cotumns,”
by V. V. Bertero, J. Hollings, 0. Kustii, R. M, Stephen, and J. G. Bouwkamp - 1973

EERC 73-19 “Q0live View Medical Center Materials Studies, Phase I,” by B. Bresler and V. V. Bertero -
1973 (PB 235 986)A06

EERC 73-20 '"Linear and Nonlinear Sesismic Analysis Computer Programs for Long Multiple-Span Highway
Bridges," by W. S. Tseng and J. Penzien - 1973

EERC 73-21 “Constitutive Models for Cyclic Plastic Deformatioh of Engineering Materials," by
J. M. Kelly and P. P. Gillis - 1873 (PB 226 024)A03

EERC 73-22 “DRAIN-2D User's Guide," by G. H. Powell - 1973 (PB 227 016)A05
EERC 73-23 "“Earthquake Engineering at Berkeley - 1973 " 1973 {(PB 226 033)All
EERC 73-24 Unassigned

EERC 73-256 '"Earthquake Response of Ax1symmetmc Tower Structures Surrounded by Water," by C. Y. Liaw
and A. K. Chopra - 1973 (AD 773 052)A09

EERC 73-26 "Investigation of the Failures of the 0live View Stairtowers during the San Fernando
Earthquake and Their Implications on Seismic Design,” by V. V. Berterc and R. G. Collins -
1973 (PB 235 106}A13

EERC 73-27 "Further Studies on Seismis Behavior of Steel Beam-Column Subassemblages,” by V. V. Bertern,
H. Krawinkler, and E. P. Popov - 1973 (PB 234 172)A06

EERC 74-1  "Seismic Risk Analysis,” by C. S. COliveira - 1974 (PB 235 920)A06

EERC 74-2  "Settlement and Liquefaction of Sands uncer Multi-Directional Shaking,” by R. Pyke,
C. K. Chan, and H. B. Seed - 1974 i

EERE 74-3  "Optimum Design of Earthquake Resistant Shear Bu11d1ngs," by D. Ray. K. S. Pister, and
A. K. Chopra - 1974 (PB 231 172)A06

EERC 74-4  “LUSH - A Computer Program for Complex Response Analysis of Soil-Structure Systems," by
J. Lysmer, T. Udaka, H. B. Seed, and R. Hwang - 1974 (PR 236 796)A05

EERC 74-5 "Sensitivity Analysis for Hysteretic Dynamic Systéms: Applications to Earthquake
Engineering,” by D. Ray - 1974 (PB 233 213)A06

EERC 74-6 "Soil Structure Interaction Analyses for Evaluating Seismic Response,” by H. B. Seed,
J. Lysmer, and R. Hwang -~ 1974 (PB 236 519)A04

EERC 74-7 Unassigned

EERC 74-8 "Shaking Table Tests of a Steel Frame - A Progress Report," by R. W. Clough and D. Tang -
1974 (PB 240 869}A03

EERC 74-9 “Hysteretic Behavior of Reinforced Concrete F]exura] Members with Special Web Reinforce-
ment," by V. V. Bertero, E. P. Popov, and T. Y. Wang - 1974 (PB 236 797)A07

EERC 74-10 "Applications of Realiability-Based, Global Cost Gptimization to Design of Earthquake
Resistant Structures,” by E. Vitiello and K. S. Pister - 1974 (PB 237 231)A06

EERC 74-11 “"Liquefaction of Gravelly Soils under Cyclic Loading Conditions," by R. T. Wong,
H. B. Seed, and C. K. Chan - 1974 {PB 242 042)A03

EERC 74-12 ”Stte—Dependent Spectra for Farthquake-Resistant Des1gn," by H. B. Seed, C. Ugas, and
Jd. Lysmer - 1974 (PB 240 953)A03

EERC 74-13 "Earthquake Simulator Study of a Reinforced Concrete Frame," by P. Hidalgo and R. W. Clough -
1974 {PB 241 984)A13

EERC 74-14 “Nog?inear Earthquake Response of Concrete Gravity Dams,” by N. Pal - 1974 (AD/A 006
583)A06
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75-3

75-4

75-5

75-6

75-7

75-8

75-9

75-10

75-11

75-12
75-13

75-14

75-15

75-16

75-17

75-18

75-19

EERC 75-20

EERC

EERC

75-21

75-22

EERC-5

"Modeling and Identification in Nonlinear Structural Dynamics - 1. One Degree of Freedoﬁ
Models," by N. Distefano and A. Rath - 1974 {PB 241 548)A06

"Determination of Sejsmic Design Criteria for the Dumbarton Bridge Replacement Structure,
Vol. I: Descripticon, Theory and Analytical Modeling of Bridge and Parameters," by
F. Baron and S.-H. Pang - 1975 (PB 259 407)A15

“Determination of Seismic Design Criteria for the Dumbarton Bridge Replacement Structure,
Vol. IF: Numerical Studies and Establishment of Seismic Design Criteria," by F. Baron
and S.-H. Pang - 1975 (PB 259 408)A11 [For set of EERC 75-1 and 75-2 {PB 241 454)A09]

"Seismic Risk Analysis for a Site and a Metropolitan Area," by C. S. Oliveira - 1975
(PB 248 134)A09

"Analytical Investigations of Seismic Response of Short, Single or Multiple-Span
Highway Bridges," by M.-C. Chen and J. Penzien - 1975 (PB 241 454)A09

"An Evaluation of Scme Methods for Predicting Seismic Behavior of Reinforced Concrete
Buildings,” by S. A. Mahin and V. V. Bertero - 1975 (PB 246 306)A16

"Earthouake Simulator Story of a Steel Frame Structure, Vol. I: Experimental Results,”
by R. W. Clough and D, T. Tang - 1975 (PB 243 981}A13

“"Dynamic Properties of San Bernardino Intake Tower,” by D. Rea, .-Y Liaw and A. K. Chopra -
1975 (AD/A 008 406)A05

"Safsmic Studies of the Articulation for the Dumbarton Bridge Replacement Structure,
Vol. 1: Description, Theory and Analytical Modeling of Bridge Components,” by F. Baron
and R. E. Hamati - 1975 (PB 251 539)AQ7

"Seismic Studies of the Articulation for the Dumbarton Bridge Replacement Structure,
Vol. 2: Numerical Studies of Steel and Concrete Girder Alternates,” hy F. Baron and
R. E. Hamati - 1975 (PB 251 540)A10

"Static and Dynamic Analysis of Nonlinear Structures," by D. P. Mondkar and G. H., Powell -
1975 (PB 242 434)A08

“Hysteretic Behavior of Steel Columns," by E. P. Popov, V. V. Bertero, and S. Chandramouli -
1975 (PB 252 365)A11

"Earthquake Engineering Research Center Library Printed Catalog " - 1975 {PB 243 711)A26

"Three Dimensional Analysis of Building Systems (Extended Version)," by E. L. Wilsen,
J. P. Hollings, and H. H. Dovey - 1975 (PB 243 989)AC7

"Determination of Soil Liguefaction Characteristics by Large-Scale Laboratory Tests,”
by P. Da Alba, C. K. Chan, and H. B. Seed - 1975 (NUREG 0027)A08

"A Literature Survey - Compressive, Tensile, Bond and Shear Strength of Masonry," by
R. L. Mayes and R. W. Clough - 1975 {PB 246 292)A10

"Hysteretic Behavior of Ductile Moment-Resisting Reinforced Concrete Frame Components,“
by V. V. Bertero and E. P. Popov - 1975 (PB 246 388)R05

"Relationships Between Maximum Acceleration, Maximum Velocity, Distance from Source,
Local Site Conditions for Moderately Strong Earthquakes," by H. B. Seed, R. Murarka,
J. Lysmer, and I. M. Idriss - 1975 (PB 248 172)A03

"The Effects of Method of Sample Preparation on the Cyclic Stress-Strain Behavior of
Sands," by J. Mulilis, C. K. Chan, and H. B. Seed - 1975 (Summarized in EERC 75-28)

"The Seismic. Behavior of Critical Regions of Reinforced Concrete Components as Influenced
by Moment, Shear and Axial Force," by M. B. Atalay and J. Penzien - 1975 (PB 258 842)A11

"Dynamic Properties of an Eleven Story Masonry Building,” by R. M. Stephen, J. P. Hollings,
J. G. Bouwkamp, and D. Jurukovyski - 1975 {PB 246 945)A04

"State-of-the-Art in Seismic Strength of Masonry - An Evaluation and Review," by R. L. Mayes
and R. W. Clough - 1975 (PB 249 040)A07

"Frequency Dependent Stiffness Matrices for Viscoelastic Half-Plane Foundations,” by
A. K. Chopra, P. Chakrabarti, and G. Dasgupta - 1975 (PB 248 121}A07
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75-36
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75-38

75-39
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76-1

76-2

76-3

76-4
76-5

EERC-6

"Hysteretic Behavior of Reinforced Concrete Framed Walls,” by T. Y. Wang, V. V. Bertero,
and £E. P. Popov - 1975

"Testing Facility for Subassemblages of Frame-Wall Structural Systems," by V. V. Bertero,
E. P. Popov, and T. Endo - 1975

"Influence of Seismic History on the Liquefaction Characteristics of Sands," by H. B. Seed,
K. Mori, and C. K. Chan - 1975 (Summarized in EERC 75-28)

"The Generation and Dissipation of Pore Water Pressures during Soil Liquefaction,” by
H. B. Seed, P. P. Martin, and J. Lysmer - 1975 (PB 262 648)A03

"Identification of Research Needs for Improving Aseismic Design of Building Structures,”
by V. V. Bertero - 1975 (PB 248 136)A05

"Evaluation of Soil Liquefaction Potentia) during Earthquakes,” by H. B. Seed, I. Arango,
and C. K. Chan - 1975 (NUREG 0026)A13 :

"Representation of Irregular Stress Time Histories by Equivalent Uniform Stress Series in
Liquefaction Analyses,” by H. B. Seed, I. M. Idriss, F. Makdisi, and N. Banerjee - 1975
(PB 252 635)A03

"FLUSH - A Computer Program for Approximate 3-D Analysis of Soil-Structure Interaction
Problems," by J. Lysmer, T. Udaka, C.-F. Tsai, and H. B. Seed - 1975 (PB 259 332)A07

"ALUSH - A Computer Program for Seismic Response Analysis of Axisymmetric Soil-Structure
Systems," by E. Berger, J. Lysmer, and H. B. Seed - 1975

"TRIP and TRAVEL - Computer Programs for Soil-Structure Interaction Analysis with Hori-
zontally Travelling Waves," by T. Udaka, J. Lysmer, and H. B. Seed - 1975

"Predicting the Performance of Structures in Reg1ons of High Seismicity," by J. Penzien -
1975 (PB 248 130)A03

"Efficient Finite Element Analysis of Seismic Structure-Scil-Direction," by J. Lysmer,
H. B. Seed, T. Udaka, R. N. Hwang, and C.-F. Tsai < 1975 (PB 253 570)A03

"The Dynamic Behavior of a First Story Girder of a Three-Story Steel Frame Subjected to
Earthquake Loading," by R. W. Clough and L.-Y. Li < 1975 (PB 248 841)A05

"Earthquake Simulator Story of a Steel Frame Structure, Volume II - Apalytical Results,”
by D. T. Tang - 1975 (PB 252 926)A10

"ANSR-T General Purpose Computer Program for Analysis of Non-Linear Structural Response,”
by D. P. Mondkar and G. H. Powell - 1975 {PB 252 386)A08

"Nonlinear Response Spectra for Probabilistic Se1sm1c Design and Damage Assessment of
Reinforced Concrete Structures," by M. Murakami and J. Penzien - 1975 (PB 259 530)}A05

"Study of a Method of Feasible Directions for Optimal Elastic Design of Frame Structures
Subjected to Earthquake Loading," by N. D. Walker and K. S. Pister - 1975 (PB 247 781)A06

“An Alternative Representation of the Eiastic-Viscoelastic Analogy,” by G. Dasgupta and
J. L. Sackman - 1975 (PB 252 173)A03

"Effect of Multi-Directional Shaking on LIquefactIQn of Sands,” by H. B. Seed, R. Pyke,
and G. R. Martin - 1975 (PB 258 781}A03

"Strength and Ductility Evaluation of Existing Low-Rise Reinforced Concrete Buildings -
Screening Method," by T. Okada and B. Bresler - 1976 (PB 257 906)A11

"Experimental and Analytical Studies on the Hysteretic Behavior of Reinforced Concrete
Rec?angu]ar and T-Beams," by S.-Y. M, Ma, E. P. Popov, and V. V. Berterc - 1976 (PB 260
843}A12 .

"Dynamic Behavior of a Multistory Tr1angular«5haped Building," by J. Petrovski,
R. M. Stephen, E. Gartenbaum, and J. G. Bouwkamp - 1976

“Earthquake Induced Deformations of Earth Dams," by N. Serff and H. B. Seed - 1976

"Analysis and Design of Tube-Type Tall Building Structures," by H. de Clercq and
G. H. Powell - 1976 (PB 252 22Q)Al0
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76-24
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76-27
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EERC-7

"Time and Frequency Domain Analysis of Three-Dimensional Ground Motions,San Fernando
Earthquake,” by T. Kubo and J. Penzien - 1976 (PB 260 556)A11

YExpected Performance of Uniform Building Code Design Masonry Structures," by R. L. Mayes,
Y. Omote, 5. W. Chen, and R. W, Ciough - 1976

"Cyciic Shear Tests on Concrete Masonry Piers, Part I - Test Results," by R. L. Mayes,
Y. Omote, and R. W. Clough - 1976 (PB 264 424)A06

*A Substructure Method for Earthquake Analysis of Structure-Scil Interaction,” by
J. A. Gutierrez and A. K. Chopra - 1976 (PB 247 783)A08

"Stabiiization of Potentially Liquefiable San Deposits using Gravel Drain Systems," by
H. B. Seed and J. R. Booker - 1976 (PB 248 820)A04

“Influence of Design and Analysis Assumptions on Computed Inelastic Response of
Moderately Tall Frames,” by G. H. Powell and D. G. Row - 1976

“Sensitivity Analysis for Hysteretic Dynamic Systems: Theory and Applications,” by
D. Ray, K. S. Pister, and E. Polak - 1976 (PB 262 853)A04

“Coupied Lateral Torsional Response of Buildings to Ground Shaking,” by C. L. Kan and
A. K. Chopra - 1976 (PB 257 907)A09

“Seismic Analyses of the Banco de America," by V. V. Bertero, 5. A. Mahin, and
J. A. Hollings ~ 1976

"Reinforced Concrete Frame 2: Seismic Testing and Analytical Correlation," by R. W. Clough
and J. Gidwani - 1976 (PB 261 323)A08

“Cyclic Shear Tests on Masonry Piers, Part II - Analysis of Test Results,” by R. L. Mayes,
Y. Omote, and R. W. Clough - 1976

"Structural Steel Bracing Systems: Behavior under Cyclic Loading," by E. P. Popov,
K. Takanashi, and C. W. Roeder - 1976 (PB 260 715)A05

"Experimental Model Studies on Seismic Response of High Curved Overcrossings," by
D. Williams and W. G. Godden - 1976

"Effects of Non-Uniform Seismic Disturbances on the Dumbarton Bridge Replacement Structure,"
by F. Baron and R. E. Hamati - 1976

"Investigation of the Inelastic Characteristics of a Single Story Steel Structure using
System Identification and Shaking Table Experiments," by V. C. Matzen and H. D. McNiven -
1976 (PB 258 453)A07

"Capacity of Columns with Splice Imperfections," by E. P. Popov, R. M. Stephen and
R. Philbrick - 1976 (PB 260 378)A04

"Response of the Olive View Hospital Main Building during the San Fernando Earthquake,"
by S. A. Mahin, V. V. Berteroc, A. XK. Chopra, and R. Coilins," - 1976

"A Study on the Major Factors Influencing the Strength of Masonry Prisms," by
N. M. Mostaghel, R. L. Mayes, R, W. Clough, and S. W. Chen - 1976

"GADFLEA - A Computer Program for the Analysis of Pore Pressure Generation and Dissipa-
tion during Cyclic or Earthquake Loading,” by J. R. Booker, M. S. Rahman, and K. B, Seed -
1976 (PB 263 947)A04

"Rehabilitation of an Existing Building: A Case Study,” by B. Bresler and J. Axley - 1976

"Correlative Investigations on Theoretical and Experimental Dynamic Behavior of a Model
Bridge Structure,” by K. Kawashima and J. Penzien - 1976 (PB 263 388)All

"Farthquake Response of Coupled Shear Wall Buildings,” by T. Srichatrapimuk - 1976
{PB 265 157}A07

"Tensile Capacity of Partial Penetration Welds," by E. P. Popov and R. M. Stephen -
1976 (P3 262 899)A03

"Analysis and Design of Numerical Integration Methods in Structural Dynamics," by
H. M. Hilber - 1976 (PB 264 410)A06



EERC-8

EERC 76-30 "Contribution of a Floor System to the Dynamic Characteristics of Reinforced Concrete
Buildings," by L. E. Malik and V. V. Bertero - 1976

EERC 76-31 "The Effects of Seismic Disturbances on the Golden Gate Bridge,” by F. Baron, M. Arikan,
R. E. Hamati - 1976

EERC 76-32 "Infilled Frames in Earthquake-Resistant Construct1on," by R. E. Klingner and V. V. Bertero -
1976 (PB 265 §92)A13

UCB/EERC-77/01 "PLUSH - A Computer Program for Probabilistic Finite Element Analysis of Seismic Soil-
Structure Inperaction,” by M. P. Romo Organista, J. Lysmer, and H. B. Seed - 1977

UCB/EERC-77/02 "Seil-Structure Interaction Effects at the Humboldt Bay Power Plant in the Ferndale
Earthquake of June 7, 1975." by J, E. Vatera, H. B. Seed, [.-F. Tsai, and J. Lysmer -
1977 { B 265 795)A04

UCB/EERC-77/03 "Influence of Sample Disturbance on Sand Response to Cyclic Loading,” by K. Mori,
H. B. Seed, and C. X. Chan - 1977 (PB 267 352)A04

UCB/EERC-77/04 "Seismological Studies of Strong Motion Records," by 4. Shoja-Taheri - 1977 (PB 269
655)A10

UCB/EERC-77/05 "Testing Facility for Coupled Shear Walls," by L.-H. Lee, V. V. Bertero, and E. P. Popov -
1977

UCB/EERC-77/06 "Developing MethodoTogies for Evaluating the Earthquake Safety of Existing Buildings,"”
No. 1 - B. Bresler; No. 2 - B. Bresler, T. QOkada, and D. Zisling; No. 3 - T. Okada and
B. Bresler; No. 4 - V. V. Bertero and B. Bresler - 1977 (PB 267 354)A08

UCB/EERC-77/07 “A Literature Survey - Transverse Strength of Masonry Walls," by Y. Omote, R. L. Mayes,
S. W. Chen, and R. ¥. Clough - 1977

UCB/EERC-77/08 “DRAIN-TABS: A Computer Program for Inelastic Earthgquake Response of Three Dimensional
Buildings," by R. Guendelman-Israel and G. H. Powell - 1977

UCB/EERC-77/09 "SUBWALL: A Special Purpose Finite Element Cdmputer Program for Practical Elastic
Analysis and Design of Structural Walls with Substructure Option," by D. Q. Le.
H. Petersson, and E. P. Popov - 1977

UCB/EERC-77/10 “Experimental Evaluation of Seismic Design Methods for Broad Cylindrical Tanks," by
D. P. Clough - 1977 :

UCB/EERC-77/11 "Earthquake Engineering Research at Berkeley i 1976." - 1977

UCB/EERC-77/12 "Automated Design of Earthquake Resistant MuIt]story Steel Building Frames," by
N. D. Walker, Jr. - 1977

UCB/EERC-77/13 "Concrete Confined by Rectangular Hoops and Subjected to Axial Loads," by J. Vallenas.
V. V. Bertero, and E. P. Popov - 1977

UCB/EERC-77/14 "Seismic Strain Induced in the Ground during Earthquakes," by Y. Sugimura - 1977

UCB/EERC-77/15 “Bond Deterioration under Generalized LoadTng.“ by V. V. Bertero, E. P. Popov, and
S. Viwathanatepa - 1977

UCB/EERC-77/16 "Computer-Aided Optimum Design of Ductile Reiﬁforced Concrete Moment-Resisting
Frames." by S. W. Zagajeski and V. V. Bertero - 1977

UCB/EERC-77/17 "“Earthquake Simulatfon Testing of a Stepping Frame with Energy-Absorbing Devices,”
by J. M. Kelly and D. F. Tsztoo - 1977 :

UCB/EERC-77/18 “Inelastic Behavior of Eccentrically Braced Steel Frames under Cyclic Loadings," by
C. W. Roeder and E. P. Popov - 1977

UCB/EERC-77/19 "A Simplified Procedure for Estimating Earthquake-Induced Deformation in Dams and
Embankments," by F. I. Makdisi and H. B. Seed - 1977

UCB/EERC-77/20 "The Performance of Earth Dams during Farthquakes,” by H. B. Seed, F. I. Makdisi,
and P. de Alba - 1977



EERC-9

"Dynamic Plastic Analysis Using Stress Resultant Finite
Element Formulation,” by P. Lukkunaprasit and J. M., Kelly
- 1977

UCB/EERC-77/21

"Preliminary Experimental Study of Seismic Uplift of a
Steel Frame," by R. W. Clough and A. A, Huckelbridge - 1977

UCB/EERC~77/22

"Earthquake Simulator Tests of a Nine-Story Steel Frame with
Columns Allowed to Uplift," by A. A. Huckelbridge - 1977

UCB/EERC-77/23

H

YNonlinear Soil-Structure Interaction of Skew Highway Bridges,
by M.-C. Chen and J. Penzien - 1977

UCB/EERC-77/24

UCB/EERC-77/25 "Seismic Analysis of an Offshore Structure Supported on Pile

UCB/EERC-77/26
UCB/EERC~-77/27

UCB/EERC-77/28

UCB/EERC-77/29

UCB/EERC-77/30
UCB/EERC-78/01
UCB/EERC-78/02
UCB/EERC-78,/03

UCB/EERC-78/04

UCB/EERC-78/05

UCB/EERC-78/06

Foundations,” by D.D.-N. Liou - 1977

"Dynamic Stiffriess Matrices for Homogeneous Viscoelastic
Half-Planes," by G. Dasgupta and A. K. Chopra - 1977

"A Practical Soft Story Earthquake Isolation System," by
J. M. Kelly and J. M. Eidinger - 1977

"Seismic Safety of Existing Buildings and Incentives for
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