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1. INTRODUCTION

There are many methods available for the direct integration of the

equations of motion of lumped parameter structural systems or continuous

systems. Furthermore, several procedures have recently been developed for

analyzing the stability and accuracy of direct integration schemes which

are governed by linear integration operators [1,2,3].

At the present time (1978), all dynamic analyses of complex non-linear

structural systems must be performed using step-by-step integration tech-

niques. Within each time step, the structural properties of the system are

assumed to be constant, which is equivalent to using a linear integration

operator for each step. Accordingly, the conclusions derived from the

analysis of linear operators still apply when these operators are used for

the study of non-linear systems. More research is needed to develop the

concept of non-linear operators and procedures, and to study their properties

accordingly.

The nature of the equations governing the dynamic response of a

physical system depends on the mathematical representation of this system.

If the physical system is modeled as a visco-elastic continuum, the equation

of motion is the well-known wave equation. For a one-dimensional problem

Iproject Engineer, Engineering and Ouvrages D'Art, Clamart, France.

2professor of Civil Engineering, University of California, Berkeley, CA.



this equation is

where

G is the shear modulus of the material,

n is the viscosity,

P is the mass density,

u(y,t) is the relative particle displacement,

pet) is the load at time t.

The method of characteristics has been successfully used (4) to solve

equation (1) with non-linear soil models.

The second approach is to discretize the physical system into a

( 1)

2

multi-degree-of-freedom system. For such a representation, the equation

of motion is

MU + Cu + Ku = R

where

M is the mass matrix,

C is the damping matrix,

K is the stiffness matrix,

u, u, u are displacement, velocity, and acceleration vectors,

respectively, and

R is the load vector.

(2)

This second approach has been selected to set up a non-linear method for

the dynamic analysis of ground response.

The two features of this method are:
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1. The step-by-step integration algorithm used to solve equation (2),

referred to subsequently as Argyris' 3rd order inertia method

[5,6,7].

2. The non-linear material model simulating soil behavior under

dynamic loading, referred to as the Davidenkov model [8, 9] .

2. THE DISCRETIZEDSYSTEM

2.1 Linear Operator

The simplest discretization of a continuum is the one-degree-of-

freedom oscillator, as shown in Fig. lao The role played by this oscillator

in linear structural dynamics is most important. Even the most sophisticated

multi-degree-of-freedom systems may be considered as a superposition of

particular simple damped oscillators.

The equation of motion of the simple damped oscillator is

MU + Cu + Ku = pet)

with the same notations as used above.

( 3)

The use of a step-by-step integration algorithm to solve the equation

of motion (3) is equivalent to the application of a linear operator on the

unknown quantities of this system. The equation of motion is a second

order equation; therefore, the problem is fully described with two initial

conditions, e.g., displacement and velocity. A step-by-step integration

in the time domain consists of forming a linear operator [L], such as

( 4)

where

ul and ul are the displacement
and velocity, respectively, at
the end of the time step;
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Fig. I SYSTEM REPRESENTATION.



5

Uo and Uo are the displacement
and velocity, respectively, at
the beginning of the time step.

2.2 stability and Accuracy of a Linear Operator

Stability and accuracy are the two criteria which must be fulfilled

for any method of integration.

1. Stability.--The stability of a method is directly related to the

magnitude of the eigenvalues of its associated operators [2J.

Stability is ensured only if the magnitude of the eigenvalues

(also called spectral radius) is less than or equal to unity.

2. Accuracy.--In order to check on the accuracy of a given method,

a reference solution is needed. As several authors have

observed [1, 7], two types of error may occur:

- a mathematical damping, leading ultimately to the

extinction of the response;

- an increase in the period of oscillation of the response

of the system.

The most straightforward solution which gives access to easy reference

for checking the accuracy of different methods of integration is the free

motion of an undamped linear oscillator. Furthermore, it is important to

derive first the exact linear operator for the simple undamped oscillator.

It has been shown [9] that all the linear operators associated with the

various existing methods of direct integration approximate to a certain

degree the exact operator which is derived below.

2.3 The Undamped Linear Oscillator

The equation of motion of the undamped linear oscillator in free oscil-

lation is
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( 5)

where u is the displacement coordinate and each dot above u denotes one

order of differentiation with respect to timeiw is the natural frequency

of the oscillator.

Let u l = u at time t l = to + ~t, and Uo = u at time to. It can be

shown that displacement and velocity at time t l are related to the same

at time to by the equation

= [cosw~t

-wsinw~t

1 . A ] [ ]
W-SUlwut u o

cosw~t U
o

( 6)

It is convenient to define the quantity

e = w~t ( 7)

which when substituted into equation (6) yields the exact linear operator

appearing in equation (4):

[L]
o [

cose

-wsine

s~neJ

cose
( 8)

The eigenvalues of [L]O are

, tie
1\ = e (9)

where e = w~t .

Hence, the spectral radius is exactly IAI 1.

It may be noted:

1. The fact that the spectral radius is unity implies that the free

motion of such an oscillator is stable and undamped.

2. The fact that the eigenvalues have an imaginary part implies that
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the motion is oscillatory, and it can be added that the frequency

of oscillation is

e
w = ,c,t (10)

This result is of special importance for the study of the period elongations

generated by any particular method of integration.

3. CUBIC INERTIA INTEGRATION METHOD (ARGYRISf

The method presented herein was developed by J. H. Argyris, P. C. Dunne,

and T. Angelopoulos [6,7J.

3.1 Basic Approach and Integration Algorithm

The basic assumption is that the relative inertia force, R = Mu, is

considered to vary as a cubic function of time within the time step of inte-

gration. Four constants are needed to determine uniquely that cubic.

It is natural to use the values of R at the beginning and the end of the

time steps as well as the values of its first time derivative at both ends

of the time step. Hence,

(11)

where HOO ' Hlo ' Hal' and HII are the Hermitian polynomials of third order,

i.e. ,

HOO = 1 - 3s 2 + 2s 3, HIO = (s - 2s 2 + s3),c,t
(12)

Hal = 3s2 _ 2s 3 HII = (_s2 + s3),c,t

and t = s,c,t, a < s < 1.

By two successive integrations with respect to time of the equation

MU R, it is possible to solve for the increments of relative velocity and



relative displacement within the time step.
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Mflli

M.6.u

where

(13)

(14)

{

flu =

flu =

Equations (13) and (14) are the basic relations of the cubic inertia inte-

gration algorithm.

3.2 Application to the Simple Undamped Oscillator

Consider the oscillator shown in Fig. la for which the equation of

motion is

where

Since R =Mu by definition, one can express Rand R at both ends of the

time steps as

RO
- = -w 2u
M 0

(15)

2·-w uo
2 •-w u

1

By substituting the relations (15) into (13) and (14), one derives



[ 3 2 18' ] [: + 20 8 - :01w 2 ~l] =

- w8 1 12 8 u12

where

8 = w~t.

The linear relation (16) is of the form

[A] {y} 1 = [B) {y} 0

or

{Y}l = [L] {y} 0

and

9

[L]
1

1 2 1 84
1 + 15 8 + 240

(17)

The eigenvalues of [L] are roots of the quadratic characteristic equation:

It can be shown [9] from equation (18) that

det [L] = 1

and that a necessary and sufficient condition for roots of the form

A = R e±i¢ is that

That is,

(19)

(20)



Then, according to equation (19), R =1.

Accordingly, it may be concluded that:

1. Equation (19) shows that no artificial damping is introduced by

the cubic inertia method of Argyris.

2. The method is stable only for time steps which satisfy the

relation e2 < 10, i.e.,

wllt <
2 'IT 0.50.

3. The period elongation is given by

10

PE = (~- 1) x 100

in %

(21)

where tan¢ =
e ..J(1

1 4
720 e )

(22)

Table 1 shows how the period elongations from the cubic inertia

method compare to the linear acceleration method [2]. It is

also shown in graphic form in Fig. 2.

For llt/T = 0.2, PE = 0.16% by the cubic inertia method compared

with PE = 6.0% by the linear acceleration method. Therefore, it

appears that even for relatively large values of the time step,

the period elongation associated with [Ll is kept to a minimum.

4. For small values of e, it can be shown that the operator [Ll,

defined by equation (17), approximates the exact operator, [Ll
O

'

derived in equation (8). By dividing the coefficients of the

matrix of equation (17) by the polynomial 1 + ~5 e2 + 2~0 e4
,

one finds



Table 1. Period Elongations, PE% = 100 (8/ep - 1), for
Different Time-Stepping Algorithms Applied
to Simple Undamped Oscillator

Linear
Inertia Inertia

~t/T = 8/271" 3rd Order 5th Order
Acceleration

(Argyris) (Argyris)

0.01 0.016 0.000 0.000

0.02 0.066 0.000 0.000

0.05 0.408 0.001 0.000

0.10 1.60 O.Oll 0.000

0.20 5.91 0.159 0.002

0.30 11. 7 0.722 0.020

0.40 17.5 1. 93 0.099

0.50 20.0 2.18 0.133

11
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e2 e4 e6 1 e3 e5 e7
1-- +-- wce -"6+ 120 + 72002 24 1440

[L] ~

e3 e5 82 e4 e6
-wce -- + 144) 1-- +

6 2 24 1440

Similarly, for small values of e, the exact linear operator of

the simple undamped oscillator may be written

e2 e4 e6 1 e3 e5 8 7

1--+-- -
720 wce - ""6 + 120 - 5040 )2 24

[L] ~
0

e2 e5 8 2 84 e6
-wce -- + 120 ) 1-- + --

6 2 24 720

The error operator is defined as

where

13

_e 5

-w 720

1 17
w 50400

87

Therefore, the operator, [L], approximates the exact operator,

[L]O' up to the fourth order inclusive in e.

Consequently, the cubic inertia method was chosen to study the dynamic

response of non-linear discretized systems representing horizontal soil

layers. Indeed, as far as undamped simple oscillators are concerned, the

cubic inertia method has a better accuracy than the linear acceleration

method for the same time step. Furthermore, for multi-degree-of-freedom

systems the mass matrix is the only matrix which needs to be inverted in

that procedure.
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3.3 Implicit Formulation of the Cubic Inertia Method

In this section the method is studied in connection with a finite

element approach to solving the problem of the dynamic response of hori

zontally layered soil deposits.

The finite element model consists of constant strain one-dimensional

eiements with masses lumped at the nodes. The procedure has been program

med using an implicit formulation of the time-stepping cubic inertia

algorithm into a computer program named MASH (~artin/seed ~alysis of Shear

waves in ~orizontally layered deposits). The structure of the program MASH

and its user's manual are presented in Section 5.

An implicit formulation of the time-stepping algorithm was found to

be most advantageous when used with non-linear materials. As shown by

Argyris et al., the convergence speed in the iterative procedure is a

function of the ratio of the time increment to the period of the elements,

and also a function of the viscosity of the materials of the deposit. Two

studies were made to determine the optimum value of the ratio ~t/T to be

used in practice and the optimum spatial discretization of a profile into

finite elements:

1. a study of the iteration matrix associated with a simple damped

oscillator,

2. a study of the accuracy of the computed response of a deposit

of visco-linear material with a natural frequency of 2.5 cps to

harmonic excitations with frequencies ranging between 1 cps and

10 cps.

3.3.1 Convergence and Iteration Matrix

With the usual notations, the equation of motion of a simple damped

oscillator is



mu+cu+ku = p (23)

15

The basic equations of the cubic inertia algorithm have been expressed

previously as:

AU·!::.t + !::.t R + 6 R - ~ •
L.I 12m (6Ro 0 1 tRl) (24)

(25)

.
The implicit algorithm consists of assuming values for Rl and Rl

in

equations (24) and (25) and computing a new set of values for R
l

and R
l by

using equation ( 23) and its first time derivative.

The expressions for u
l

and u
l

are obtained from equations (24) and

(25) as follows:

!::.t R !::.t 2 •
u

l 12m Rl
+ F

2m 1 0

36t2 !::.t 3 •
+ Gu

l
= 20m Rl - 30m Rl 0

(26)

( 27)

And the new expressions for R
l

and R
l

are obtained then by equation (23):

Defining w2 = kim, 2w8 = elm and e

rewritten as

[::J · [AJ [~J + IB}

( 28)

(29)

w!::.t, equations (28) and (29) may be

( 30)

where [AJ is the iteration matrix and {B} a known load vector.
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The expression for the iteration matrix [AJ is

1
- w(- 8 +

2
[A] [

~
12

=

I (l 8 3 + .!. 1382)
W 30 6

28) ]

_ (_3 82 + eB)
20

( 31)

For an undamped system, the spectral radius of this iteration matrix is

(32)

This value agrees with the findings of Argyris et al. [61 and corresponds

to a stability limit of 82 = 15.5 for the implicit as compared to the

8 2 = 10.0 limit found for the explictt algorithm in equation (20). This

implies that when the ratio 6t/T is less than one-half, the spectral radius

of equation (32) is less than 0.65, which insures a rapid convergence of

the implicit iterative procedure.

Figure 3 shows that the introduction of viscosity into a simple

oscillator increases the spectral radius of the iteration matrix. In the

figure the variation of IAI A is plotted at fixed ratios of 6t/T versus the

normalized viscosity n/GT where T is the natural period of the oscillator.

The figure shows that for the time step ratio 6t/T = 0.2, the implicit

algorithm defined by equations (24) and (25) is convergent only if the

viscosity satisfies the relation n/GT < 0.4.

It has been shown [9] that the curves of Fig. 3 did apply approxi-

mately to multi-degree-of-freedom systems provided the period T is replaced

by the minimum natural period for the discretized sytem whose expression is

T..
m~n

=
nh
v

s
( 33)

where v is the shear wave velocity within each element and h the height of
s

the element.
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Let N be the number of equal size elements in the profile shown in

Fig. 3 and S the fraction of critical viscous damping in that profile.

It can be shown that the convergence criterion may be roughly approxi-

mated by:

~ < 0.2
T. SNmJ.n

for viscously damped systems.

(34)

As an example, the maximum possible time step ratio to analyze a lOa-element

profile with S = 5% is approximately ~t/T. = 0.04.mJ.n

Argyris et al. have determined a termination criterion for the itera-

tions and computed the corresponding errors on the computed acceleration,

velocity, and displacement. The termination criterion is written as

l 'd' II' n+1 . n II < •Euc J. J.an Norm JR
I

- R
l

S ( 35)

Argyris et ale showed that the norms of the error vectors on acceleration,

velocity and displacement may also be written as functions of E:

Error (u) < ~t II M- I II S

Error (ti) < 6.~211 M-III s

( 36)

where I IM- 1 II is the norm of the inverse of the mass matrix.

In practice, 11M- I I I ~ ~ where h is the height of an element and p the
ph

density of the material. Using equation (33); an upper bound to the error

vector on accelerations is obtained as:



Error (u) <~~ €
T. 6pv

m1.n s
(37)

19

If v = 1000. ft/sec and y = 110 lbs/cu ft, the inequality (37) leads to the
s

dimensionless relationship

"

Error (£) < 10- 2 L1t E:
g T

(38)

When using L1t/T = 0.2 and E: = 0.1, an upper bound on the norm of the error

of accelerations is

..
Error (£) < 2 * 10-1+

g

This level of accuracy was considered to be sufficient to analyze the

( 39)

dynamic response of horizontal soil deposits; furthermore, inmost cases

convergence in terms of the inequality (35) was achieved in less than three

iterations.

3.3.2 Element Size and Transmissibility

As shown by Lysmer and Romo [10], the spatial discretization of a

profile into a string of elements affects the transmissibility properties

of the system. They pointed out that a controlling factor was the ratio

of the wavelength of excitation, A, to the height of the element, h.

Results of a study by Martin [9] of the transmissibility properties of a

profile with 2.5 cps natural frequency and 7.8% of critical viscous damping

are shown in Tables 2 and 3. It can be seen in Table 2 that the response

was accurate, i.e., had errors less than 3% for values of the ratio A/h

larger than eight. The response to 10 cps excitation corresponded to A/h = 4

and in effect was largely damped, which corroborated earlier findings by

Lysmer and Romo on the transmissibility of elements with lumped masses.
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The surface amplification for a 10 cps harmonic excitation at the

base of the same profile was also obtained with both 8 and 20 elements in

the profile. The results are compiled in Table 3.

It appeared that only large values of the ratio of wavelength to

element height, e.g., A/h = 20 could reduce the error on computed amplifi-

cation to less than 4%.

Incidentally, the effects of viscosity on the convergence of the

iteration matrix (see Fig. 3) were confirmed by this analysis. Element

periods, T . , were computed from equation (33), and convergence of the
m~n

method was reached only for those time steps, ~t, which satisfied the

requirements set forth in Fig. 3 and equation (34).

4.1 A NON-LINEAR SOIL MODEL

The shape of the stress-strain curves in soils under cyclic loading

conditions reflects the soil non-linearity and the mechanisms of energy

loss. It has been observed [13,14, 15, 16] that damping in soils is inde-

pendent of the rate of loading and thus it cannot be exactly accounted for

by viscosity effects.

Among the non-linear models with rate independent damping following

Masing's rules, the Ramberg-Osgood model has received much attention in the

field of structural mechanics [11,12]. In terms of finite element analyses

however, it has the disadvantage of expressing strains as functions of

stresses. A non-linear model better suited to these types of analyses is

the Davidenkov model [8, 9] where stresses are expressed as functions of

strains.
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4.1 Basic Equations of the Davidenkov Model

There are two basic equations, one for loading and another for ~.-

loading:

Loading G [l-F(Y-Y. )JmJ.n

Unloading I dT
~ d'Y = G [ 1 - F (Ymax - Y) ]

(40)

F is defined on the positive interval including zero; G is the shear modulus

for low strains and for each reversal of the direction of loading.

Martin [9) has shown that the secant modulus G* defined in Fig. 4

corresponding to the strain amplitude 'Y
a

could be written as

G*('Y) = G • [l-H('Y»)
a a

with

H (y) = ~ 1 F (2n) dn

o

(41)

(42)

In practice, the secant modulus is a soil property easy to determine in

laboratory tests. Therefore, it is the function H('Y) which must be deter-

mined by running a series of cyclic tests at different strains levels.

Once the function H('Y) is known, the function F is obtained by differentiat-

ing equation (42):

F(2'Y) = H('Y) + "1 ~~'Y) (43)

By integrating the basic equations (40), the stress-strain relationships for

loading and unloading are obtained as:

"1-"1 .
Loading ~ T - T = G['Y-'Y . )[l-H ( ml.n) ]

min mJ.n 2

"1 -Y
(44)

Unloading ~ T - T =-G['Y - "1] [1- H (max )]
max max 2



(a) Hysteresis Associated With Plastic Strain Damping,

Masi ng' s Hypothesis.

(b) Typi cal Dynamic Stiffn ess vs. Strai n Level

Relationship.

Fig. 4
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The damping loss ratio, S is by definition [9] expressed as:

1 b.w8 =-
47T W

(45)

where b.w is the damping energy, i.e. the area within the hysteresis loop

shown in Fig. 4 and W the equivalent linear ~trainenergy defined as

w (46)

The damping energy at the strain amplitude y can be computed with equations
a

(44) as:

[G*(n) - G*(Y )] ndn
a

(47)

and the damping loss ratio at the strain amplitude Y may be expressed as
a

I"
o

2[G*(n) - G*(Y )] ndn
a

G* (y ). Y 2
a a

(48)

4.2 A Davidenkov Model for Soils

Martin has proposed to define the function H(Y) in equation (41) as:

H(Y) ( 49)

where A, Band yare three parameters which can be determined by measuring
o

in the laboratory the variation of the secant modulus with cyclic strain

amplitude and by obtaining the best fit between the laboratory curve and

the model curve.
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4.2.1 Sands

It was found that the best set of parameters in terms of reproducing

the curve proposed by Seed and Idriss is given by

A = 0.9, B = 0.413 and y = 3.16 x 10- 2 %
o

(50)

The comparison between the experimental curves and the Davidenkov model is

shown in Fig. 5. Although the agreement between the modulus curves is

excellent, the Davidenkov model tends to overestimate the amount of damping

with respect to experimental findings for strain amplitudes larger than

about 0.1%. The values of A = 0.9 and B = 0.413 are to be compared to

A = 1.0 and B = 0.5 which define the hyperbolic stress-strain model used

by Finn et al. for which

Y/Yo
H (y) = ---;.,-

1 + y/y
o

The agreement in the values of A and B attributed to both models make them

very similar.

4.2.2 Clays

It was more difficult to achieve a good agreement in the case of

clays. The best compromise was found to be given by the parameters:

A = 0.2, B 0.5 and y = 0.5%
o

(51)

Furthermore, the ratio of shear modulus at low strain, G, to undrained

shear strength, S , was fixed at
u

G
- = 2500
S

u
(52)

The comparison between the experimental and the model curves is shown in

Figure 6.
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5. MASH--ANALYSIS OF SHEAR WAVES IN

HORIZONTALLY LAYERED DEPOSITS

5.1 Description

The computer program MASH is designed to solve the dynamic response

of a deposit of horizontal soil layers. The deposit is discretized into a

string of one-dimensional constant strain elements. The equations of

motion are integrated with respect to time by the cubic inertia method.

The soil material may be either visco-elastic or non-linear and modelled

into the Davidenkov system discussed in Section 4.

The equations of motion at any level i in the profile have the form

.. ...
M. u. + T. - T. 1 = -M. Q

1 1 1 1- 1 b

where M. is the amount of mass lumped at level i,
1

T. is the stress in element i just below level i,
1.

T. 1 is the stress in element i-I just above level i,
1.-

..
is the acceleration relative to the base, andu.

1

..
is base acceleration.

~
the

( 1)

An implicit formulation of the cubic inertia method is used to inte-

grate the equations of motion within a succession of time intervals, ~t.

Within each time interval, the computation steps are:

a. Assume a value of the inertia force vector {R} and of its first

time derivative {R} at the end of the time interval, say {R}l and

{R}l' respectively. The program assumes

{FJ1 = {R}0

{R}1 = {R} 0 + tit {R} 0

( 2)

(3)
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b. Compute full and full from the basic equations of the algorithm

(see Section 3.3.1, equations 24 and 25).

c. Compute the strain and the strain rate in each element at the end

of the time interval.

d. Compute the stress in each element assuming that the tangent stiff-

ness is a constant soil property during the time interval. Accord-

ing ~o the notations of Fig. 7,

T = T + G • Y
sec (4)

where the value T has been determined at the end of the previoussec

time interval.

e. Use equation (1) for each element to compute the new values of {R}l

and {R}l. If the convergence criterion defined in Section 3.3.1,

equation (35), is not satisfied, another iteration is necessary.

In that case, go back to step b and proceed down to step e.

When convergence has been reached, the stress is adjusted in order

to account for the non-linearity of the material, but the strain is

kept unchanged. This adjustment is shown graphically in Fig. 7.

Then, by using equation (1), the final values of {R}l and {R}l are

computed. It was shown in Section 3.3.1 that it was sufficient to

use S = 10% in equation (35). When using this value, it was found

that convergence was reached with less than four cycles of

iterations in most cases.

5.2 Structure of the Program

The program MASH consists of a main program, 30 subroutines, and 2

function subprograms.
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Stress

Strain

T=Tsec + Gy

Fig.7 LINEARIZATION BY MASH OF THE STRESS-STRAIN
RELATIONSHIP DURING EACH TIME STEP,
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MASH, the main program, includes the user's manual in the form of

comment cards. Also it fixes arbitrarily the value of the constant ITMAX,

i.e. the maximum number of iterations in the implicit formulation of the

cubic inertia method. (It should be set from 5 to 10.)

MASTER reads the constants of the problem necessary to set up the

dynamic storage.

ADJUST contains the system subroutines LOCF and MEM which return the

central memory location of a specified variable and adjust the size of

central memory to the minimum required to run the problem, respectively.

SOILIN is the tree of the program. It calls the different operations

in sequence.

UNIT reads the system of units in which the data are input and in

which the results are given. The computations within the program are done

in dimensionless units.

PROPY reads the soil properties of the profile and prints out all

data characteristic of the profile. The natural frequencies at low strain

of each element are printed in order for the user to evaluate the dis

cretization of the profile. Indeed, best efficiency in terms of computing

time is achieved when all the elements in the profile have approximately

the same frequency, because the time step of the analysis is a fraction

of the smallest period in the system. The ratio of the time step of the

analysis to the smallest period in the system is arbitrarily set at 20%

(RATIO = 0.2). It is possible to stop the execution at this stage by set

ting SWITCH = 2 in the input data.

~mss sets up the lumped mass matrix.

OPTION reads the output options selected for the analysis.
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EARQK reads the digitized record of the base acceleration time history

and computes its Fourier spectrum. If SWITCH = 0, it does generate and

punch out for later use the record of the first time derivative of the accel

eration time history. If SWITCH = I, it reads that record from input data.

XMX computes the absolute maximum value in an array.

LIQUIN reads output data from APOLLO concerning the pore pressure

buildup during the earthquake. The use of this program is optional (set

LIQFN = 1).

ITR is part of the solution block. It computes the response at each

time step by using the implicit formulation of the algorithm of the cubic

inertia method.

ERRORS checks whether the convergence criterion is satisfied after

each iteration. The parameter (Section 3.3.1, equation 35) is set at

€ = 0.1.

STIFF computes the stresses and rigidity of the material as functions

of strains according to the equations of the Davidenkov model.

REVERS computes the maximum (or minimum) strain at reversal of load

ing within any element. The procedure is shown in graphic form in Fig. 8.

Fm~CTION FF is the function F(Y) of the Davidenkov model.

FUNCTION HF is the function H(y) of the Davidenkov model (see

Section 4.2) .

RECIN stores the acceleration time histories for later filtering (if

requested) and the optional output on tapes.

RENEW computes the reduction factor on shear modulus at low strain as

pore pressures increase with time.

PROUT prints out the maxima of accelerations, stresses and strains

within each element.
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FILTER retrieves the acceleration time histories of each element

from tapes and filters them. Also, it sends the optional output accelera

tion time histories to be processed.

RECOUT retrieves the optional output information from tapes and

sends it to be processed.

RESULT processes the optional output information.

PLT and PLOTX are used for printer-plotting optional output.

PCH is used to punch optional output on cards.

FFT, RFFT, and RFSN are the Fast Fourier transform programs.

SPECTR, SETUP, DRCTSP, CMPMAX and DrVORD are the Response Spectra

generation programs.

The subprograms of MASH are listed in Table 4 with a description of

the relationship between the programs.



Table 4. Calling Sequence for Subprograms of MASH
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Section
Program Calls Called by

Input Solution Output

SMASH x MASTER MASH
MASTER x SOILIN MASTER
ADJUST x MASTER
SOILIN x x x UNIT,PROPY,MASS,OPTION,

EARQK,LIQUIN,ITR,RECIN,
RENEW, PROUT, FILTER,
RECOUT

UNIT x SOILIN
PROPY x SOILIN
MASS x SOILIN
OPTION x SOILIN
EARQK x XMX,RFFT, RFSN, PLOTX SOILIN
LIQUIN x SOILIN
ITR x ERRORS, STIFF, REVERS SOILIN
ERRORS x ITR
REVERS x ITR
STIFF x FF,HF ITR
FF x STIFF
HF x STIFF
RECIN x SOILIN
RENEW x SOILIN
PROUT x SOILIN
FILTER x RFFT,RFSN,XMX,RESULT SOILIN
RECOUT x RESULT SOILIN
RESULT x PLT,PCH,SPECTR FILTER,RECOUT
PLT x PLOTX RESULT
PCH x RESULT
PLOTX x PLT,EARQK
SPECTR x RFFT, SETUP, XMX RESULT
SETUP x DRCTSP,PLOTM,DIVORD SPECTR
DRCTSP x RFSN,CMPMAX SETUP
CMPMAX x DRCTSP
DIVORD x SETUP
RFFT, RFSN , FFT x I x EARQK, FILTER,

SPECTR,DRCTSP
XMX EARQK,FILTER,

SPECTR
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5.3 User's Manual

Input Data

1. Job Identification Card (2I5,I3,I2,I5,10A6)

1-5 NTS Number of different soil layers in the profile.

6-10 NELM Number of elements in the profile.

13 RESP Switch for computation of response spectra
= 1 Two response spectra cards are read
= 0 No computation of response spectra.

15 LIQFN Switch for liquefaction study
= 1 Effective Stress Analysis--there is allowance

for pore pressure change and a liquefaction
card is read

= 0 Total Stress Analysis--Hydrostatic condition.

16-20 NOUT Number of elements for which optional output is
requested (either time histories or response spectra).

21-80 IDENT Profile and Job Identification.

2. Response Spectra Cards (Two Cards) --Only if RESP = 1, otherwise skip.

2.1 Control Card No.1 (6I5)

5 KAV

10 KFR

11-15 NSTP

20 NO

switch for computation of response spectra
o Absolute Spectral Accelerations are computed

only
= 1 Relative spectral velocities are computed only
= 2 Both absolute spectral accelerations and

relative spectral velocities are computed.'

switch for frequencies used in computations
= 0 4 steps from 0.25 cps to 0.50 cps

5 steps from 0.50 cps to 1.0 cps
9 steps from 1.0 cps to 10.0 cps

= 1 8 steps from 0.25 cps to 0.50 cps
10 steps from 0.50 cps to 1.0 cps
18 steps from 1.0 cps to 10.0 cps

= 2 30 steps from 0.2 cps to 0.5 cps
20 steps from 0.5 cps to 1.0 cps
38 steps from 1.0 cps to 20.0 cps

= 3 Logarithmic steps increasing from frequency FS
to frequency FE, with NSTP steps per log cycle.

Number of steps per log cycle if KFR = 3, otherwise
blank--It is recommended to use NSTP =20 when KFR = 3
has been selected.

Number of fractions of critical damping used in the
computations of spectra--NO must be less than or
equal to 5.
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30

KPL

KPU

switch for printed-plotted output
= 0 No printer-plotted output
= 1 Printer-plotted output of all the computed

spectra.

Switch for punched output
= 0 No punched output
= 1 Punched output of all the computed spectra.

37

2.2 control Card No.2 (8FIO.0)

1-10 FS Lowest frequency (cps) for which response is computed.

11-20 FE Highest frequency (cps) for which response is computed.
Note--FS and FE are required only if KFR = 3, other
wise leave blank.

21-70 DD(ND) Fractions of critical damping used for response spectra
computations--ND values.

3. Effective stress Analysis Card (2I5) --Only if LIQFN = 1, otherwise
skip.

1-5 NTL

6-10 NDTL

Number of lines where a reduction factor time history
of the shear modulus at low strain is given.

Number of values in stiffness degradation histories.

4. Time Domain Integration Card (2I5,2FIO.0)

1-5 NV

6-10 NDT

11-20 DT

21-30 FMAX

Number of acceleration values in the base motion
record.

Number of time steps necessary to cover the motion
duration (the program automatically adds trailing
zeros to achieve NDT = 2**N) .

Time step of the base motion record (sees.)

Filter frequency (cps) for acceleration response--If
FMAX blank, all frequencies are kept in the response.

5. unit System Card (10A6,2FIO.0)

1-60 IDT Identification of the chosen unit system (e.g., SI,
CGS, British, etc. )

61-70 GW unit weight of water as expressed in the chosen
unit system.

71-80 GR Acceleration of gravity as expressed in the chosen
unit system.
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6. Profile Constants Card (8FI0.0)

1-10 SKO

11-20 WT

21-30 SAT

31-40 BETA

Coefficient of earth pressure at rest.

Depth of water table.

Depth of saturation line (5 =100%) .

Average fraction of critical viscous damping for
the whole profile.

7. Soil Cards (3I5,F5.0,6FIO.0) Total of NTS Cards

1-5 K

6-10 TYPE

11-15 N

16-20 VIS

21-30 DY

31-40 FACT

41-50 A

51-60 B

61-70 WO

71-80 TH

Soil number (the soil layers must be numbered in
increasing order, starting with 1 at the surface) .

1 = Clays or modulus independent of depth
2 = sands or modulus proportional to the square root

of depth

Number of elements per soil layer.

Coefficient of viscosity of the soil material--no
effect if BETA is given a non-zero value.

Total unit weight of the soil.

Modulus Factor
Type = 1, FACT is the undrained shear strength of

clays
Type = 2, FACT represents the effect of denseness

FACT = l+(DR - 75) * 0.01.

First nonlinear parameter
Standard Sands A .9

Clays A = .2

Second nonlinear parameter
Standard Sands B = .413

Clays B = .5

Reference strain for nonlinear model
Standard Sands WO = 3.16E-4

Clays WO = 5.00E-3

Thickness of soil layer.

8. Optional Output Cards--If NOUT = 0, Skip

8.1 Card No. 1 (16I5)

KEY (I) (I = 1, NOUT) --Numbers of the elements for which
optional output is requested (time histories or
response spectra) .
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8.2 Card No. 2 (16I5)

KEY (I+NOUT) (1= 1,NOUT) Optional output requested in a con
densed form for an element. In a field I5, from
left to right:
First column = Stress
Second column = Strain
Third column = Relative displacement
Fourth column = relative velocity
Fifth column = absolute acceleration
Code = 0 No action taken

1 Printer-plot only
2 punch only
3 printer-plot and punch

8.3 Card No.3 (16I5) Only if RESP=l, otherwise skip

KEY(i+2*NOUT) (i = 1,NOUT) Switch for computation of response
spectra in an element
= 0 No spectra computation
= 1 Computation of response spectra is performed

in this element.

9. Base Motion Control Card (I5,F5.0,FIO.0,10A6)

6-10 FMAX

11-20 AMAX

21-80 IDNT

= 0 Only base motion is read (NV values)--its
first time derivative record is generated and
punched (NOT values).

= 1 Both the base motion and the record of its
first time derivative are read (NV values in
each record) •

= 2 Stop execution before reading motion--This
option should be used to set up the discretized
model of the profile and check it out.

Filter frequency for base motion (cps).

Maximum acceleration at the base of the profile.

Base motion identification.

10. Acceleration Cards (8F9.6,I7)--Total of NCARDS

1-72 EQK

73-79 N

Acceleration values, u (t).
g

Card number (Cards must be in sequence) .
Note--NCARDS = (NV - 1) 18 + 1.

11. First Time Derivative Cards (8F9.6,I7) - Total of NCARDS if
SWITCH = 1, otherwise skip.

1-12 EQKD

73-79 N

dU (t)/dt
g

Card Number (cards must be in sequence) .
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12. Effective Stress Analysis Cards--on1y if LIQFN = I, otherwise skip

12.1 Card No.1 (10A6)

1-80 IDENT Identification from APOLLO run.

12.2 Card No. 2 (10A6)

1-80 lOT Header for time values at which information
is given.

12.3 Card No.3 (8F10.0)

TIMLIQ Time in seconds at which information is
given--NDTL" values.

12.4 Card No. 4 (10A6)

1-80 IDW Header for water table rise values.

12.5 Card No. 5 (8FIO.0)

RISE Water table rise with time--NDTL values.

12.6 Set of Stiffness Degradation History--NTL sets

Card No.1 (3A6,I5,3X,lA6,F8.l,3X,4A6,F13.3).
Identification card from APOLLO for each line
where reduction factor time history is applied.

Card No. 2 (10A6) Header.

Card No. 3 (8F10.0) Reduction factor time histories for the
corresponding line--NDTL values.

NOTE--The entire set of effective stress analysis cards can be
obtained from APOLLO by requesting the punched output of the
effective stress ratio time histories at different levels in the
profile.
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5.4 Example Problem

In order to illustrate the use of the program, an effective stress

analysis of the ground response of the soil profiles shown in Fig. 9 was

performed for a 1.6 second earthquake motion scaled to O.lg maximum

acceleration.

The profile was divided into 2 soil layers and 11 elements. Soil

No. land Soil No. 2 are identical; the purpose of artificially layering

the soil profile was to have elements with approximately the same natural

frequency. The A, Band y -parameters of the non-linear soil model were
o

chosen as A = 1.0, B = 0.5 and y = 0.75% which represents the hyperbolic
o

model developed by Finn et al. 1977; furthermore, an amount of 2% of criti-

cal viscous damping was introduced in the soil profile.

The input data required to solve this problem and the output may be

found in Appendix A.

5.5 Run Time

On the CDC 6400 computer, run time to solve the equations of motion

in the time domain is approximately 5 seconds of central processor per

layer and per thousand time steps.

These time increments are generally smaller L~an the time step in

which the base motion is digitized--the total number of steps is printed

in the output.

variable additional time should be included in this estimate to

account for processing the input-output options of the case under study.
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