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ABSTRACT

The difference in ground motion along a lifeline, the incoherent motion,

is an essential component of the input. A long, straight, segmented pipe,

with each link attached to the ground via a spring and dashpot is subjected

to incoherent ground motion caused by a phase delay. The equations

governing the axial response of the system are developed. Modal

decomposition is used and closed form expressions are given for the natural

frequencies and mode shapes.

Examples are given showing the center joint displacement time history

when the lifeline is subjected to earthquake loading. Spectral techniques

can be used to bound the motion with the Interference Response (IR)

spectrum. This spectrum is the maximum difference in motion (response) of

two adjacent points which are excited by a difference in ground input.

It is seen that the IR spectrum is a useful tool in the dynamic analysis

of lifelines over a broad range of parameters.

Any opinions, findings, conclusions
or recommendations expressed in this
publication are those of the author(s)
and do not necessarily reflect the views
of the National Science Foundation.
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LIST OF SYMBOLS

A ~ cross-sectional area of pipe; also constant

B constant

c
B

boundary damping coefficient

c ground damping coefficient
g

c pipe-joint damping coefficientp

D k influence coefficient for center joint displacement in mode k, for
m

input at joint m, see Eq. (51)

E Young's modulus

thnatural frequency of k mode, Hz.

joint modal participation factor, see Eq. (38)

k = integer, mode number

k
B

boundary stiffness

k ground stiffness
g

k pipe-joint stiffness
p

L total length of pipe

i length of pipe segment; also, integer (mode number)

m mass of pipe segment and attached soil; also, integer (joint number)

N number of segments

P
k

= modal participation factor, see Eq. (31)

qk ~ k
th

generalized coordinate

r~
= . kth ddt . t t . . Eresponse ln mo e ue 0 lnpu a JOlnt m, see q. (49)

Sr' Sr = i~terference response spectrum, em, see Eq. (22)

[T], [T ] = tridiagonal matrices, diagonal terms (except corners)
c

diagonal terms = - 1

t = time, sec

tIl' t
NN

= corner terms of [T] given by Eq. (5)

2, off

X.
1

absolute displacement of i
th

segment, cm





(ZB] = matrix (1 x N) of boundary displacements, see Eq. (4)

z. = free field ground displacement at i
th

segment, cm
1

z = coherent ground displacement, cm

~x = difference in displacement oetween successive segments, center joint

displ.acemen1:;, cm

b.y ~x - b.z

~Z = difference in free field ground displacement between successive

successive segments, cm

0k~ = Kroneker delta

n
k

= relative generalized coordinate 'in kth mode, see Eqs. (28) and (39)

e = angle, radians

Ak = kth eigenvalue of (T]

~ fraction of critical damping

T = phase delay time between successive segments, sec

TL = phase delay time between ends of pipe, sec

(¢k] = k th eigenvector of [T)

¢.k = jth element of [¢k]
J

Q = circular frequency of (component of) the input

W =~m = circular frequency, sec-l
g

th -1w
k

= circular natural frequency of k mode of undamped system, sec

Subscripts

i, j, m = segment or joint number

k, ~ = mode number

g ground

p pipe-joint

Superscripts

k, ~ = mode number

iii -
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I INTRODUCTION

Highways, bridges, tunnels and pipelines are called lifelines. A

characteristic that distinguishes a lifeline from other structures is that

it extends (essentially parallel to the ground surface) over a distance

which is long compared to its other dimensions. The foundations, therefore,

are either at widely separated points (e.g., bridges) or they extend

continuously over long distances (pipes, tunnels). For this reason, in

considering the effects of ground shaking, we cannot assume a priori that

the motion at all points of ground contact is identical (i.e., that the

ground motion is coherent). The significance of this has been recognized by

other researchers concerned with lifelines, e.g., Newmark (Ref. [1]),

Christian (Ref. [2]) and Matsushima (Ref. [3]).

When the motion is no longer the same at all points, i.e., when it is

not coherent, the relative displacement of the points of contact produces

stresses in the structure, whereas identical (i.e., coherent) excitation at

continuous or closely spaced foundation points may result in primarily rigid

body displacement, with no significant strain. The analysis and design of

lifelines subjected to earthquake induced motion is, therefore, different

from that of buildings, where we customarily assume that the ground motion

over the entire foundation plane is coherent and that the relevant response

is the displacement relative to the ground. The seismic analysis of

buildings is well developed, e.g. Refs. [4] and [5]. When the structure may

be considered linear, modal analysis and the use of response spectra is the

most common procedure.

The important component of the ground input for lifelines is the

incoherent motion. The various sources of incoherent ground motion are

discussed by Weidlinger and Nelson (Refs. [6] and [7]). In the present

paper, the difference caused by a phase delay between adjacent foundation
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points will be the only source of non-coherent motion considered.

Failures of buried pipes subjected to ground shaking have been observed

in both the United States and Japan. Many of the failures occurred at

joints and involved pullout or crushing, Refs. [8] and [9]. In the present

paper, a long, straight, segmented pipe, with each link attached to the

ground through a ground spring and dashpot is subjected to a ground motion

which advances along the axis of the pipe at a constant velocity. The input

and the response are both restricted to the axial direction. The equations

which govern the motion of the system are developed. Modal decomposition is

used, and for specific boundary conditions, closed form expressions are

given for the natrual frequencies and mode shapes. While the present

analysis is for a discrete system, it obvously may be viewed as an

approximate solution for a continuous system as well.

Examples are given showing the center joint displacement time history

when the lifeline is subjected to earthquake type loading. Spectral

techniques can be used to bound the motion if the standard shock spectrum is

replaced by the Interference Response spectrum. This spectrum is the

maximum difference in motion (response) of two adjacent points which are

excited by a difference in ground inp¥t ~z(t). It is described more fully

and its properties are given by Weidlinger and Nelson (Refs. [6] and [7]).



pipe segments of length t is shown in Fig. 2.

- 3 -

II EQUATIONS OF MOTION

It is convenient to represent a lifeline as a multi-degree of freedom

discrete system. Consider the long, segmented pipe shown in Fig. 1, where

the rigid (or elastic) links are interconnected by elastic springs and

viscous dashpots. In addition, each segment is joined to the ground by

another spring dashpot combination. It is assumed that the properties are

uniform along the length of the pipe. A typical joint with two attached

The stiffness k represents
p

the effective stiffness of the weak elastomeric (or other caulking

material) joint plus any contribution of the stiff pipe segment, while c
p

is used to approximate the hysteresis in the joint. In the case of a

continuous pipe, t is the finite difference interval and k is the axial
p

stiffness of the element (i.e., k = EA/t). The mass m includes the ma~,s
p

of the pipe segment plus possible contributions :rom the surrounding soil

and the enclosed fluid. The soil stiffness k and damping c , as well as
g g

m, may only be found by solving the soil structure interaction problem.

This will not be done here, but it will be assumed that the values are

known and are constant, i.e., independent of frequency in the range of

interest. It is noted that in general c includes both radiation and
g

material damping.

The equation of motion of the typical i
th

link is given by

mx. + c x -
1. g i

c z. + k z.g 1. g 1.

where x. is the absolute motion of the i
th

link, and Zo is the free field
1. 1.

(1)

d t o th of the loth 1 0 kgraun ma lan at e center In • The two ends of the pipe

require special attention. The first link, Fig. 3, is assumed to be
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directly attached to the ground via boundary spring and dashpot kB and cB'

lfaxial motion along the pipe is considered, and if the pipe is attached to

a transverse pipe, then the transverse pipe moves with the ground so that z
o

is the motion of the ground at the pipe end. the equation of motion of the

first link is thus

..
+ (c

B
+ c + c )x

l
-

.
+ (k + k + k )x

l
- kmX

l
c x

2
x

2p g p B P g P

. + .
+ k

B
+ k= cB z c zl z zl0 g 0 g

.A similar expression may be written at the other end by letting xl -+ xN'

x2 -+ xN_l ' and Zo -+ zN+l' where N is the total number segments.

The system defined by Eqs. (1) and (2) is tridiagonal. It may be

written in matrix form as

m[xJ + {c [lJ + c [T J}[xJ + {k [lJ + k [TJ}[xJg pc· g p

where [I] is the identity matrix, and where [T ] and [T] are tridiagonal
c

matrices whose elements (except for the corners) are -1, 2 and -1. The

boundary matrix [zB J is a 1 x N matrix defined by

(2)

(3)

The two corner terms of [T] are

(4)

= 1 + kB/k
p

(5)

The two matrices [T ] and [TJ are identical, except cB/c replaces kB/k in
c p p

the two corner terms.

We note that the only off-diagonal terms in the system, Eq. (3), result

from [TJ and [T]. Consequently, the natural frequencies of free vibration
c



FIG. I LONG JOINTED PIPE SUPPORTED BY SPRINGS
AND DASHPOTS (AXIAL MOTION ONLY CONSIDERED)

Cg

I.

Cp

Cg

.1
FIG. 2 TWO UNDERGROUND PIPE SEGMENTS

CONNECTED BY JOINT
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of the undamped system are given by

2 k k
w

k
= -B. + ---.E. A (6)

m m k

where A
k

are the N eigenvalues of IT], i.e.,

where [¢k] is the eigenvector which corresponds to A
k

• If the eigenvectors

(or mode shapes) are assumed in the form

A cos j8k + B sin j8
k

then

where the 8
k

are the N roots of the equation

(7)

(8)

(9)

2
sin N8

k
+ (1 - kB/k

p
) sin (N - 1)8

k
= 0 (10)

The ¢.k are normalized for each mode k so that
J

N

I
j=l

1 ,k 1, 2, ..• , N (11)

We next write the solution to the system, Eq. (3), as the sum of the

modal contributions,

x. (t)
J

(12)

k
When the system is premultiplied by the transpose of the vector [¢ ], and

use is made of the orthogonality condition

N
\' ¢.k ", . .Q, 0
L J '+'J = k.Q,

j=l

(Ok.Q, is the Kroneker delta), one obtains the equation for the k
th

generalized coordinate, q (t)
k

(13)





kB r' kp r 2

m m
-e-

~JCp
?I

Zo

FIG.3 PIPE END CONDITION





- 8 -

c c k k k N
¢.k

..
+ (--.& + It J..) q + (--.& + It J..)q =-..8. Iqk z.m k m k m k m k m j=l J J

c N k· kB (¢ k ¢ k
C
B (¢ k ¢ k+--.& I ¢j z. +- z + zN+l) +- z + ~N+l) (14)

m j=l J m 1 0 N m 1 0 N

It is noted that if

c
B/c

p
(15)

then [T ] is identical to [T] and the modal damping term in Eq. (14) isc

exact. Otherwise, it is a good approximation.

Up to this point, except for the last comment, no mathematical

approximations have been made. To progress further, various special cases

must be examined in detail.

A. Pipe With Very Soft Joints

The simplest special case is that in which the joints are very soft.

Mathematically, this is the limiting case as kp/k + 0 and cplc + O. All N
g g

natural frequencies then coalesce into a single value*)

w=w=·~
k g \J-: ,k 1, 2, ..•• , N (16)

While the expressions for the normal modes, Eq. (8), are still valid, there

is no need to use a modal approach. Referring back to the equation of

motion of a typical link, Eq. (1), one sees that the equations are

completely uncoupled, i.e.,

x. + 2w ~
1. g g

x. + w 2 x.
1. g 1.

2::: W
g

z. + 2w ~
1. g g

~.
1.

(17)

*)This is true pvovided none of the A
k

are large, see Eq. (6). When

k
B

» k
p

' two values of A
k

will be large, but Eq. (16) will still apply

to the remaining N-2 frequencies.
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where

c
~ = --1L- (18)
"'g 2mw

g

We may write a similar expression for the adjacent link i + 1. Subtracting

the two equations, and denoting x i +1 - xi as ~x, and zi+l - zi as ~z

~x + 2w ~ ~x + w 2 ~x
g g g

2
= w I1z + 2~ Sg g g (19)

Equation (19) relates the relative displacement of two successive links to

the incoherent component of the input, ~z(t), over the length ~of a single

link. Letting

~y = ~x - ~z

Eq. (19) transforms into

(20)

~y + 2w ~ ~y + w 2 ~y =
g g g

A··- uZ (21)

The form of Eq. (21) is identical to that for the relative displacement ny

of a single degree of freedom oscillator of circular frequency w , damping
g

ratio ~ and input ground acceleration nz(t).
g

The physical quantity of interest is the maximum difference in

absolute displacement of adjacent links, MAX[nx(t)]. Since the polarity

and direction of propagation of the ground motion generally is unknown

a priori, usually one wishes the magnitude of nx(t) without regard to sign,

MAXI nx(t) I.

By analogy to the standard response spectrum, Weidlinger and Nelson

(Refs. [6] and [7]) defined the Interference Response spectrum as

where nx(t) is the solution to Eq. (19) when the input is nz(t). Rather

(22)
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than view $1 as associated with a particular incoherent motion 6z(t), which

is generally not available, it will be associated with the total seismic

motion z(t) of the earthquake and the interference interval~. In this

paper, only incoherent motion caused by a phase delay T will be considered,

so that the Interference Response spectrum may be written as 8 (w, ~, T).
I

Examples of Interference Response spectra, log-log plots of 8
1

versus

period, for several earthquake records are given in Refs. [6] and [7]. The

curves are parametric in the phase delay time T. Methods of estimating SI'

when the standard response spectra are available, are also suggested in

Refs. [6] and [7]. It should be noted that for the current case of a pipe

with very soft joints, the solution MAXI6x(t)I is immediately available, if

81 is known, by simply evaluating 81 at W = w
g

' ~ = ~g and the appropriate

delay time T.

B. Pipe Without Intermediate Support Or Bridge

The other extreme is the case where the lifeline is supported only at

the ends, such as a bridge.

and

In this case, k and c are both zero, so that
g g

(23)

(24)

The equation of motion for the k
th

generalized coordinate, Eq. (14), becomes

cB k k
+ - ('" ~ + '" . )m 't'l 0 't'N zN+l

Since the structure is sYmmetric, there will be sYmmetric and antisymmetric

modes. For the sYmmetric modes, ¢lk = ¢N
k

, so that the right hand side of

Eq. (25) can be written

(25)
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~ ep k (z +
cB ep k .

;N+1)zN+1) +- (z +
m 1 0 m 1 0

k k
kB<P1 cB<P1 .- -

= 2z + 2z , k symmetric (26)
m m

where z(t) is the coherent component of the input. For the antisymmetric

modes,

motion

k
ep =­
1

I::.z(t)

k<P
N

' so that the right hand side involves the incoherent

, k antisymmetric (27)

We introduce the relative coordinate

~---
2mWk

so that Eq. (27) becomes

¢ k I::.z
1

, k antisymmetric

(28)

(29)

The expression in the parentheses in the second term on the right hand side

of Eq. (29) will vanish under the same condition which was assumed to

justify modal damping, namely Eq. (15). Consequently, Eq. (29) may be

written

where

- P 1::.'2
k

, k antisymmetric (30)

, k antisymmetric (31)

this the modal participation factor for the k mode.
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We assume the critical quantity to be the relative displacement 6x

across the center joint, or the strain 6x/~ in the center for a continuous

system. In order for there to be a joint at exactly the center of the pipe,

N must be even. In that case, the contribution to the center joint

displacement of the symmetric modes is zero. The contribution to the center

joint displacement of the k
th

antisymmetric mode is

6x(k) (k) (k)
(¢N

(k) <p (k))q (t)xN - x
!!+1 !+l k

2 2 2 2

= 2<PN
(k)

qk(t) k antisymmetric,

2

Finally, the total center joint displacement will be the sum of all the

modal contributions

(32)

N
6x(t) = ~ - xN = I

- -+ 1 k antisym.2 2

(33)

In order to use spectral techniques, one observes that when the 62

term vanishes in Eq. (29), Eq. (27) becomes

which is similar to Eq. (19), except qk replaces 6x, and the incoherent

ground input is multiplied by the modal participation factor P
k

.

Consequently, the maximum absolute value of the k
th

generalized coordinate

is given by

where L is the total distance between support points. Recalling Eq. (32),

the contribution of the k
th

(antisymmetric) mode to the center joint

displacement is

(34)

(35)



MAXI6X(k)(t)! ~ 2¢!k P
k

Sr(W
k

, ~k' L)

2

or, in the case of incoherence due to a phase delay
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(36)

(37)

where the alternate form of the interference spectrum has been used (T
L

is

the delay time corresponding to L) and where

¢ k
N
2

, k antisYmmetric (38)

is a joint modal participation factor.

The final step is to "sum" all the modal contributions. Here, the

problem is completely analogous to that faced in the seismic analysis of

multi-degree of freedom buildings using the conventional response spectra.

If the peak modal responses all occurred simultaneously, then the direct

sum would be appropriate. For distinct and widely spaced natural

frequencies this is highly unlikely, and most authorities, e.g., Refs. [4],

[5] and [10], suggest using the square root of the sum of the sq~ares of the

modal contributions. The same approach could be used here.

C. Center Joint Displacement Of Long Continuously Supported Pipe

Returning to the general case, let us consider the quantity of interest

to be the relative displacement between two adjacent links near the center

of a long continuously supported, either buried or above ground, pipe. This

corresponds to the opening up or closing of the center joint. For very long

pipes, N » I, the end conditions will have a negligible effect on the motion

near the center, and thus, the Zo and zN+l terms on the right hand side of

Eq. (14) may be dropped. In addition, we introduce the relative

generalized coordinate



2w N
Clk - ~ l.

W J'=lk .
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(39)

The fraction of critical damping in the k
thwhere w is given by Eq. (16).

g

mode (with S given by Eq. (18» then becomes
g

~k = Sg
(l+A

k
cplc )

g
(40)

Equation (14), in terms of the relative coordinate, and dropping boundary

contributions, transforms into

w 2 N

nk + 2wksk nk + wk
2 nk = - ~ L ¢,k 2.

w· j=l J J
k

~
(1 + Ak c p/c )~ N k

+ 2w S 1 - g I ¢. ~.
g g (1 + A

k
kp/kg) j=l J J

In principle, Eq. (41) as is may be solved in the time domain if all the

z.(t) were given. However, it is worthwhile to simplify Eq. (41) further
J

by dropping the second term on the right hand side. There are three

instances when this is justified. First, if cp/cg = kp/kg the term is

identically zero. Second, for an above ground structure, the damping

S «1, so that the contribution of the term is small. Finally, for a
g

buried structure, both cp/c «1 and k p/k «1, while A < 4
g g k -

typically*). Consequently, the expression in the bracket will be small.

The sum of input ground accelerations may be written as

N
¢.k k .. (¢ k + ¢ k)I .. 2

2
) + (z2 2

3
)z. - <PI (zl -

j=l J J 1 2

m
¢.k +

N

<P.
k

+ + (2 z ) I +
.. I... - ... ZNm m+l j=l J j=l J

*)By Gerschgorin's theorem, 0 ~ Ak ~ 4, k = 1,2, ... , N-2

wh1.le kB/k . < A ·1··.' A < 2 + kB/k , for kB/k > 2.
P - N- N - P P

(41)

(42)
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Since the structure i q symmetric (including the boundary conditions) the

normal modes will be either symmetric or antisYmmetric.

For large values of N, the response near the center of the pipe should

not depend strongly on whether N is odd or even. For convenience, we choose

N as even, so that there is a joint at exactly the center of the pipe. In

that case, the contribution to the center joint displacement of the

symmetric modes is zero. For the antisymmetric modes

N

I
j=l

<P.
k _ 0

J
, k antisYmmetric (43)

Introducing the notation

6z.(t) - z.(t) - z'+l(t)
J J J .

Eq. (42) becomes

N N-l j

I <P j
k .. I 6'" ( I <P.

k
)z. - z.

j=l J j=l J i=l 1
, k antisymmetric

(44)

(45)

which may be inserted into Eq. (41), while a similar expression between the

ground displacements may be used in Eq. (39).

Consider 6z ~ 0, while all 6z.(t) - 0 for j ~ m. Dropping the z
m J

terms, Eq. (41) becomes

m

l
j=l

(46)

while

m

2-
j=l

(47)

The solution to Eqs. (46) and (47) is

qkm(t) == [w< .r ¢kJrkm(t)
w J=l J

k

(48)



where r
km

is the solution to
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(49)

Equation (49) is of the same form as that used to define the Interference

Response spectrum, i.e., Eq. (19), but the input is now ~z. The
m

th
contribution of ~z to the k mode center joint displacement is zero for

m

symmetric modes, and

~x (k) - x (k)
m - N

Z,m

(k) = 2th k
'l'N qkm

2

(50)

~x (k)
m

for antisymmetric modes. Combining Eqs. (48) and (50)

~
kw2 m J k2<PN ~2 I <P. r k (t) = D r k (t)

_ W j=l J m m m
2 k

where the quantity D k defined by the expression within the bracket, is
m '

the influence coefficient for center joint displacement, in mode k, for a

unit ground relative displacement across joint m. It should be noted

k
that the D depend only on the geometry and mechanical properties of the

m

system, via the eigenvalues and eigenvectors, and are independent of the

input ground motion.

In general, the ~z (t) are not known. In th~ case where the
m

incoherent ground displacement across a joint is due solely to a phase

delay T, all ~z will be the same, except for a phase delay, i. e. ,
m

~z (t) = ~z(t - (m-l) T)
m

where ~z without a subscript is the incoherent ground displacement across

the first joint. The resulting rkm(t) will also all be related by a

similar expression

(51)

(52)

(53)
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where rk(t) is the solution to Eq. (49) with input Az(t). Hence, the total

thk mode contribution to the center jo~nt d~~placement is

while the total joint displacement is the sum of the modal contributions

N
6x(t) = I 6x(k)(t)

k=l
, k == antisymmetric only (55)

At first, it would appear that spectral techniques could not be used

easily. For, in addition to the problem of adding modal contributions

which is always present in a multi-degree of freedom system, there is an

additional problem represented by Eq. (54). This is the fact that the

peak modal response due to the load across each joint will occur at a

different time. Consequently, it is uncertain how to combine them. In the

limiting case, when the load may be assumed to act simultaneously across

the entire *) pipeline.

MAX/f:,x(k)(t)/
N-l

S ( C) '. D
m

k
== I Wk , ""k' T L.

m==l
(56)

Finally, if, in addition, the modal frequencies and damping ratios all

coalesce to W and ~, respectively, then the total response will be

N

I
k==l

antisym.

(57)

k
By Eq. (6), this will only occur when p/k + 0, i.e., the pipe with very

g

soft joints discussed previously. Nevertheless, it will be shown

subsequently that the spectral approach has much wider applicability.

*)It can be shown that Eq. (56) is valid when NWkT « TI and N~T « TI where ~

is the circular frequency of the highest frequenCY component in the input

f:,z. This is done in Appendix C for a single, sinusoidal input.
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III NUMERICAL RESULTS FOR LONG SUPPORTED pIpES

Since the application of spectral techniqueq to the other special cases

discussed are straightforward, numerical time domain calculations were

restricted to that of the center joint displacement of a long continuously

supported pipe.

A. Mode Shapes And Influence Coefficients

The eigenvalues and eigenvectors of the system are particularly simple

when kB = k
p

' i.e., the end joints are identical to the intermediate ones.

In that case, by Eqs. (9) and (10)

kTI
2(1 - cos N+l) (58)

and

k -V 2 . jkTI (
¢j - N+l sm N+l 59)

while k = even are the antisymmetric modes. With the ¢.k given above, the
J

inner sum of Eq. (45) may be expressed in closed form (Ref. [11], No. 417),

j

I
i=l t"~ TI . (j+l)k TI~

. ik.TI _ V2. .8m N+l "2 8m N+l "2
sm N+l - N+l . k TI

sm N+l "2
(60)

(61)D k
m

k
4 2" - 1 . m+1 kTI . m kTI

N+1 (-1) sm(N+I T) sm(N+i T)
k kTI

1 + 2( p/kg) (1 - cos N+l)

Using No. 469 of Ref. [11], the sum of influence coefficients for a

while

particular mode may be found in closed form

k
2-,.1 . k TI

NIl D k = __2_(_-."..;1._)__c_os_(..;;.N;..;,+,.=.1....;2;;..)--,-_

m=l m 1 + 2(kp/k ) (1 _ cos kn)
g . N+l

(62)
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k
For vanishingly small values of p/kg, the double sum in Eq, (57) can be

shown to equal unity, i.e.,

N
I

k=2;4,6 ...
N-I
I D k = I

m
m=1

(63)

so that, formally, the current modal approach reduces to that of a pipe with

very soft joints discussed earlier. It should be mentioned that,

numerically, the double sum also equaled unity to the four decimal places

that were printed out for kp/kg r O. This suggests that Eq. (63) may be

true in general*).

The mode shapes and influence coefficients are plotted in Fig. 4 for

N = 20 and k = 4k. Only the even (antisymmetric) modes are plotted. The
g p

values of D k for the odd modes are, of course, all zero. The tick marks
m

represent the joints. It should be noted that the mode shapes represent

the axial displacement of each segment, even though they are plotted

transversely. Also shown on the figure are the corresponding values of

are plotted on the right.

These values are based on w = 2n/sec
g

would change the w
k

the circular frequencies.

(frequency = I Hz). Any other value of w
g

proportionately. The influence coefficients D k
m

marks the center joint.

Each element of D is constant across a joint. The triangle in the middle

It is observed that the D k are SYmmetric. The
m

d h
· k

magnitu es of teD generally are small near the ends.
m Moreover, the

largest value in any particular mode decreases as the mode number

increases. The sums of the influence coefficients for the various modes

are given in Fig. 4. They alternate in sign and decrease in magnitude as

*)It was subsequently shown in Appendix D that Eq. (63) is true in general,

at least for N +00, see Eq. (D-53).
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the mode number increases. The mode 2 value is almost 30 times that of

mode 20.

coefficients were computed numerically for other values

10k and N
p

example, a case was considered in which k
B

=

All time history calculations were made with kB = k
p

' However, this

is not an overly restrictive condition. Mode shapes and influence

k
of B/k. For

p

= 20. There were

two very high frequency modes. However, the mode shapes were non-zero only

near the boundar~es. Moreover, the influence coefficients for center joint

displacement were zero. The other 18 modes corresponded almost exactly to

the case of kB = kp ' but N = 18. Further details, and other examples, are

given in Appendix A.

B. Time Histories

In order to investigate if any further simplifications are justified,

time histories were computed for a variety of cases. A computer program,

SEGPIPE, was written which computes the total center joint displacement,

and the modal contributions to it, due to the identical incoherent ground

input ~z(t) at every joint, but with a constant time delay T between

successive joints. A total of 29 different calculations were made, only a

few of which will be presented. A summary of the various calculations may

be found in Appendix B. The first 23 runs used sinusoidal ground motion

z(t) with, either a single frequency, or with several in combination. Many

aspects of the results were thus more easily understood since analytical

approximations (say for small T) were available. These are described in

Appendix c. These analytical results also served as checks on the code.

In the undamped case, for ~ ~ wk ' beat phenomena were observed in the modal

responses where the input frequency ~ was close to a modal frequency. When

damping was included, a more complex response occurred, where at early
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times, the damped response was similar to but smaller than the undamped

result, while at later times a steady state would develop. Except for cases

in which wk ~ Q, the peak modal responses generally occurred during the

transient. It should be mentioned that with 5% of critical damping, it was

not possible to excite the highest mode to give the largest response, even

when the input frequency Q was made slightly larger than w
N

.

Among the quantities varied were the number of segments N, the ratio

kg/k , the phase delay T, and the damping as well as the input. Values of N
p

of 20, 22 and 40 were tried. The ratio kg/k controls the spread of the
p

natural frequencies. For k
B

= kp ' by Gerschgorin's theorem, 0 ~ Ak ~ 4, so

that by Eq. (6)

W =' r;;;; _< w
k

~ W • '1 + 4(kp /k ) (64)-g V~g/m g V g

kFor buried pipes, large values of g/k are anticipated. Calculations were
p

made with kg/k = 2, 4 and 10.
p

k
The results presented are all for g/k = 4,

p

so that the modal frequencies (assuming w = 2n/sec) are restricted to
g

All the results presented are for T = 0.020 sec. This could represent a

20 ft (6 m) pipe segment and a 1000 ft/sec (300 m/sec) propagation velocity.

For small values of T, the results are linear in T, see Appendix C.

Also considered was partial loading whereby only the joints near the

center were loaded. Leaving off the load near the ends had negligible

effect on the center joint response. Loading only the 3 or 5 center joints

of a 20 segment pipe actually resulted in slightly higher total responses

than loading the entire pipe. However, the individual modal responses

varied, with the higher modes contributing more in the partially loaded

case. These re'Sults suggest that the joint displacement is a local
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phenomenon with the situation more than a few segments away having little

effect. Thus, the number of links, the end conditions, and even the gradual

variation in 6z from point to point would not materially affect the results.

This is not surprising if one examines the sum of influence
N k

coefficients, of all modes at each joint, l. D
m

This sum
k=2,4, ...

represents the static solution,due to a unit input at joint m. It is

largest at the center joint, and its value falls off rapidly at either side.

Except for the few joints near the center (the actual number depends on

k
p/k

g
), the sum is essentially zero. The static continuous analog to the

current problem, see Appendix D, shows the strain decreasing exponentially

from the point of application of the load.

C. Response To Earthquake Input

While Eq. (49) was solved analytically for the various sinusoidal

loadings, this was no longer possible once actual earthquake records were

used as the input motion. Consequently, the program was revised so that

Eq. (49) was solved numerically for each mode, assuming the incoherent

ground acceleration 62 to be piecewise linear. Then Eq. (53) was used to

shift the time scale by the appropriate delay time for each node m.

The total center joint response, and the modal contributions of the

lowest five modes, for a 20 segment pipe subjected to the north-south

component of the EL CENTRO May 1940 record are shown in Fig. 5. The

calculation was continued to a final time of 20 seconds. The damping was

assumed to be 5% of critical for each mode*). The incoherent ground motion

across the center joint is shown in Fig. 5a. It is noted that 6z is zero

until the earthquake reaches the center joint. Readers familiar with

*) This assumption is not quite valid, since ~k should vary according to
Eq. (40).
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earthquake records will recognize the input as the velocity record times T*).

The total joint displacement reaches a maximum value of 1.87 em, r~presenting

an amplification of 2.85.

The first three modal contributions are larger than the total response.

However, the modes alternate in sign, as do theID (see Fig. 4), so that

all modes are required to reach the total. Nevertheless, the peak modal

responses do decrease as the mode number increases. The peak value of the

lowest mode not shown, mode 12, is 0.80 em, while that of mode 20 is merely

0.076 em. Except for a scale factor, the total response is most similar to

the mode 2 contribution, the largest contribution to the total.

The total center joint response of a 40 segment pipe is compared with

that of a 20 segment pipe, both with 5% of critical damping, in Fig. 6. The

corresponding incoherent ground motions across the center joint are shown in

Fig. 6a. **)The phase delay is the only difference in the two curves .

Except for the phase delay, the two total response curves are essentially

the same. Individual modal responses, of course, cannot be compared

directly. It is worth noting, however, that for N = 40, the mode 2 response

is larger than the total response and more than twice any other modal

contribution. Except for the amplitude, the total response is similar to

the mode 2 contribution. The center joint displacement for somewhat larger

damping, 10% of critical, for a 20 segment pipe is shown in Fig. 7. Except

*)For longer delay times this is not necessarily true, see the discussion

in Refs • [6J and I7J.

**). The time scale in each case starts when the traveling ground motion

crosses the center of the first segment.
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for the obvious decrease in the amplitude of the oscillations, the curve is

similar to those in fig. 6. Here, the amplification is only 2.0.

The response of 20 and 40 segment lightly damped systems (1% of critical

damping) are compared in Fig. 8. For early times, t < 8 sec, the two curves

follow one another with the appropriate phase delay. The amp~ification

during this time, and the peak value for N = 40, is 4.05. For N = 40, the

mode 2 contribution is again larger than the total response and more than

twice any other modal contribution. The peak total response occurs about

2.5 sec after the peak in the input. The situation for N = 20 is different

from that in any other case considered. The peak total response is larger

than that of any modal contribution, and occurs at later times, long after

the peak in the input ground motion. At the time of the peak, eight of the

ten modal contributions, the lowest seven plus mode 18, are all moving in the

same direction, and thus add to the total response. The largest modal

contribution to the peak, mode 8, is only 35% of the total.

If the input were zero for t > 8 sec, each mode would be experiencing

free vibrations with a slightly different frequency. If one waited long

enough, all the modes would be in phase, and contribute to the total. With

any appreciable damping, however, the resulting peak would be much smaller

than that observed during forced vibrations. For the longer pipe, N = 40,

interference caused by the accumulated phase delay from one end of the pipe

to the other leads to smaller responses in the higher modes*).

*)This statement is more easily understood by referring to Fig. 4b. If there

were a phase delay of TI radians between the quarter and three-quarter

points, the mode 4 response would be zero. Similarly, if the delay were TI

between modes 3 and 17, the mode 6 response would be only a third of that

with no phase delay.
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Consequently, even if the various modes were in phase, the resulting total

(at least up to 20 sec) is less than that observed during forced vibrations.

D. Interference Response Spectra

The Interference Response (IR) spectra for the EL CENTRO May 1940

north-south record for L ~ 0.02 sec and damping ratios of 1, 5 and 10% are

plotted in Fig. 9. The spectra are drawn to a linear scale and only a

limited frequency range, 0.7 to 1.5 Hz, is shown. The bounds to the natural

frequencies of the system, Eq. (65), are shown in the figure, as are the

lowest antisymmetric frequencies for N = 20 and 40, f 2 = 1.011 Hz and

1.003 Hz, respectively. Horizontal lines are drawn corresponding to the

peak values of the center joint relative displacement attained in the

various time history calculations. Dots mark the intersection of MAXI~x(t)1

and the appropriate f
2

. For 5% of critical damping, there were two

calculations, both with the same peak response. For 1% damping, the N = 20

peak value of 5.90 is off-scale for the reason discussed previously.

In all other cases, the peak response is within 1% of the corresponding

IR spectra at the lowest antisymmetric frequency. Moreover, even if the

lowest frequency were not known, the spectral value at the lower bound

frequency (1 Hz in this case) is an excellent approximation to the peak

response of the center joint. One additional earthquake record also was

used as input, and the results again agreed with the IR spectrum.

Consequently, it appears that the IR spectrum offers a useful technique for

evaluating the dynamic response of long segmented pipes.
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IV SUMMAR~ AND CONCLUSrONS

The equations wh~ch govern the dynamic axial response of a long

segmented pipe subjected to a traveling ground motion were developed. When

the jointed pipe is very soft relative to the ground, kp/kg « 1, the peak

joint response is given directly in terms of the Interference Response (IR)

spectrum.

When there is no intermediate support, modal decomposition can be used.

The natural frequencies will be distinct and separated and a modal

participation factor can be defined. Again, each modal response may be

obtained from the IR spectrum. The problem of combining the modal

contributions is similar to that in multi-degree of freedom buildings, and

the square root of the sum of the squares is probably the best approach.

Finally, the problem of a long supported pipe of non-negligible pipe/

joint stiffness was studied in detail. It was seen that, for reasonable

amounts of damping, the center joint response was predominantly a local

phenomenon, and was not affected by the end conditions, the number of links,

or variations in the ground input near the ends. Amplification ratios with

respect to the difference in ground displacement of from 2 to 4 were

obtained with damping ratios of from 10 to 1% of critical. Actual joint

opening (or closing) of 2 to 3 cm was found for pipes of various parameters

subjected to the EL CENTRO earthquake.

The most important conclusion is that the IR spectrum at the lower

bound frequency can be used directly to predict the response of pipes with

non-negligible values of kp/k. Certainly, for kp/k
g

as large as 1/4,. g

computed peak responses were within 1% of the IR spectrum at the lowest anti-

symmetric frequency. Thus, the Interference Response spectrum is a useful.

tool in the dynamic analysis of lifelines over a broad range of parameters.
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APPENDIX A

MODE SHAPES AND INFLUENCE COEFFICIENTS

In this appendix examples are given of the variation of the mode

~.k and influence coefficients D k with the ratio k Ik and the
J m -~ p

of links N. The eigenvalues and their associated mode shapes were

found numerically. The values of D k were obtained viam

D k
w2

~ k ~ k
m

~.k= ----&- ( ) \'
L.m w2 N !f+l j=l J

k 2 2

(A-l)

where 1 < m < N - 1. When N is even and k is restricted to antisymmetric modes,

the above reduces to that given by Eq. (51) in the text. For N odd, integer

arithmetic (truncation) yields N/2 + (N - 1)/2 and N/2 + 1 + (N + 1)/2.

Figure A-l compares the mode shapes and influence coefficients for

N = 12, and for k
B

= k
p

and k
B

= O. In the latter case, the lowest mode corresponds

to a rigid body displacement. The influence coefficients of all symmetric

(odd) modes are zero. The frequencies for the stiffer system on the left

are all slightly higher than the corresponding values for the free end pipe.

Also, the magnitude of the sum of the influence coefficients in each mode is

larger for the stiffer system. It is noted that the double sum of the influence

coefficients is unity, even for the case of k
B

= O.

Figure A-2 compares the mode shapes and influence coefficients for N = 20,

but with stiff boundary springs (k
B

= 10 k
p
)' with those for N = 18 and k

B
= kp '

The highest two modes for N = 20 affect only the links near the ends, the left

for mode 20 and the right for mode 19. The two frequencies are the same and

much larger than all the others. In both modes, the influence coefficients

for center joint displacement are all zero. For all other modes, the N = 20

frequencies are just below the corresponding values for N = 18. The mode shapes

are also very similar (some are plotted upside down). The influence coefficients
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for the lower modes, those which contribute the largest shares to the dynamic

response, again are very similar. The two ED's for mode 2 agree to 0.5%.

The relative difference between the two cases, in the ED's, grows as the

mode number increases, with the maximum difference reaching ~25%, but

only 1% of the mode 2 sum. Consequently, one can expect that the dynamic

response of the two systems would be virtually identical. Once again, note

the double sum of influence coefficients is (essentially) unity in both

cases.

The effect of the number of links, including whether N is odd or even,

on the mode shapes and influence coefficients is illustrated in Fig. A-3,

where those corresponding to N = 18, 19, and 20 are compared. All cases were

computed with k /k = 4 and k_ = k • For N = 19, the influence coefficientsg p --B P

apply to the ninth joint, marked with the triangle. As anticipated, the sum

of the influence coefficients in the odd modes are not zero for N 19. Never-

theless, for the lowest modes, the odd sums are much smaller than the adja-

cen t even,ones~ For example, the mode 1 value is only 7% of that of mode 2.

For the lowes t several modes, there is a general correspondence in

frequency, mode shape and influence coefficients for the three cases. For

the highest modes, there is also agreement when the mode number is counted

from the top, i.e. highest compare to highest, next highest with next highest,

etc. It is only in the middle modes, where for N = 19 the adjacent ED's are

comparable, that it is difficult to relate one case to the others. Neverthe-

less, based on the lower modes, restricting the discussion in the text to

N = even does not appear to be unduly restrictive. Again, the double sums

of influence coefficients are all (essentially) unity, even for N odd.
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APPENDIX B

SUMMARY OF SEGPIPE CALCULATIONS
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APPENDIX B - Summary of SEGPIPE Calculations

N
Run FUe Links k /k wk

T Load Damping Tfinalg p

1 20 10 1.0044-+1.1823 0.10 sinr6t 1.3 0 2.5

2 20 10 1.0044-+1.1823 0.10 sinr6t 1.3 0 12.5

3

4

20

20

10

2

1.0044-+1.1823 0.10

0.457-+0.7732 0.10

sinr6t

sinr6t

1.3

1.3

o

o

50

50

5

6

7

8

9

10

20

20

20

20

20

20

10

10

4

4

4

4

1. 0044-+1.1823

1. 0044-+1.1823

6.3526-+8.8734

6.3526-+8.8734

6.3526-+8.8734

6.3526-+8.8734

1
0.10 2"(l-cosQt)

10.025 Z(l-cosQt)

1
0.022"(1-cosQt)

1
0.02 2" (l-cosl1t)

1
0.02 2" (l-cosQt)

1
0.02 2" (l-cosr6t)

1.3

1.3

5.88

5.88

9.0

9.0

o

o

o

0.05

o

0.05

20

20

8

8

8

8



Joints Loaded

19

19

19

19

19

19

Purpose

First try.

Try to observe beat
developing.

Show complete Beat.

Try to spread natural
frequencies wk'

More realistic
(smooth) input than
Run 3.

Test linearized
result for "small" T.

- 43 -

Conclusions Run

Too shor t, QT
f

. 1< Tf • 1
lna

Beat observed. 2
Uncertain if max actually reached.

Two complete beats mode 2 (w
2
=1.004), 3

One complete beat mode 20 (w
20

=1.182)

Total response is only about 1/4 4
of input I1z.

More complex beating phenomena. 5

Error 0.65% for k=2, increases to 6
15% for k=20.

19 More realistic
numerical input, i.e.
f

k
'V 1 Hz.

Half beat mode 2, close to
resonance. Mode 2 response 'V20
times input.

7

19

19

19

Effect of Damping by
comparing to Run 7.

Attempt to excite
higher modes, Q>w •

n

Effect of Damping by
comparing to Run 9.

Total response -1/2 of undamped -7xb.z. 8
Also true for mode 2, effect on
higher modes smaller.

Tfina~ too short, since the mode 20 9

max shouid occur at t~25. Max modal
contribution is mode 16; mode 2 next.

Total response only 'V twice input 10
I1z and occurs during transient.
Largest modal contribution is mode
2. Observe steady state developing.
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SEGPIPE Ca1cu1ations- Continued

N
Run File Links k /k wk

Load Q Damping T
finalg p

1 7.7872 0 1611 SEGPIPE 20 4 6.3526+8.8734 0.02 l(l-cosQt)

12

13

14

15

SEGPIPD

SEGPU40

SEGPD40

(Noplots)

20

40

40

40

4

4

4

4

6.3526+8.8734

6.3016+8.8825

6.3016+8.8825

6.3016+8.8825

0.02

0.02

0.02

0.02

1
2(1-cosQt) 7.7872

1Z(l-cosQt) 7.7872

1
Z(l-cosQt) 7.7872

1Z(l-cosQ t) 7.7872

0.05

o

0.05

0.05

16

16

16

16



Joints Loaded Purpose

19 Baseline case when
input ~ between wlO &
w12 '

Conclusions

Total response ~48 x input ~z.

(Undamped case is unrealistic.)
Modes 10 & 12 are in phase at max.

- 45 -

~n

11

19 Effect of Damping by
comparing with Run 11.

39 Effect of Number of
links by comparing with
Run 11.

39 Effect of Damping by
comparing with Run 13.
Effect of Number of
links for damped system
by comparing with Run 12.

7 Effect of partial
loading by comparing
with Run 14.

Total response only ~3.6:x ~z.

Occurs during transient, but less
than 10% larger than the steady state.
Modes 10 & 12 response ~0.2 of
undamped values.

Results may be inconclusive since
T of mode 22 = 58 » 16 = T .
max final

Total response ~5.7 x ~z « that
for N=20. (However, max occurs near
T

f
.) Largest modal contribution is

mode 2 which is ~ total response.
Mode 22 is building up (~~z)@t=16.

Total response ~3.1 x input ~z~

All beats except 1st are negligible.
For higher modes (k>2) steady state
response « transient < ~z. Thus,
k=2 time history almost identical
to that of total response. For
different N, cannot compare indivi­
dual modal responses. Early transient
(peak for N=40) same as for N=20.
Later transient (peak for N=20) and
steady state smaller for N=40.
Hence, max total response ~.85 of
N=20.

Total response ~ same as fully loaded.
Mode 2 response smaller, higher modes
larger.

12

13

14

15
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SEGPIPE Calculations - Continued

Run File
N

Links k /k
g p

T Load Damping Tr~

--t-..-.-.-.-----------------------------------~~~- ~~~-~

16

17

18

S5GPD40

S3GPD40

SlGPD40

40

40

40

4

4

4

6.3016+8.8825 0.02

6.3016+8.8825 0.02

6.3016+8.8825 0.02

t(l-COSQt)

1
2"(l-cosQt)

1
2"(l-cos:IGt)

7.7872

7.7872

7.7872

0.05

0.05

0.05

16

16

16

3 1
19 SF3FD20 20 4 6.3526+8.8734 0.02 I 6'(l-cosQ. t) 5.88, 0.05 16

t=l 1 7.7872,
9,0

3 1
0.05 1620 SN3FD20 20 4 6.3526+8.8734 0.02 L"6(l-cOSQi t) 5.88,

t=1 7.7872,
9.0



joints Loaded

5

3

1

Purpose

Effect of partial loading
by comparing with Run 14.

Effect of partial loading
by comparing with Run 14.

Effect of partial loading
by comparing with Run 14.
Check analytical result for
small T.

- 47 -

Conclusions Run

Total response peak and steady 16
state larger than fully loaded
Run 14. Peak ~15% > Run 14 Peak.
Mode 2 still largest contribu-
tion, but only ~40% of fully
loaded case. 4
Mode 4~O (D. ~O for j~N/2).

Higher modesJgenerally > those of
Run 14. Many modes contribute
to total response.

Total response peak and steady 17
state both larger than fully
loaded Run 14. Peak ~20% > Run 14
Peak; Peak ~3.86 x ~z. Order of
modal contributions is 18, 14, 10,
2, 6, 22. Many modes contribute to
total response.

Peak total response 75% of Run 14, 18
2.3 ~z. Both occur during
transients. Steady state 83% of
peak and essentially same as that
of Run 14.. Order of modal contribu­
tions is 22, 18, 14,26,10,6, 2, 30.
Modes divisible by 4 « others.

4m(D
N

/ 2 are small). Mode 2

response increases with number of
joints loaded. Mode 4, full load
causes large transient; partial
load responses are small; mode 8
similar. Error in calculating
steady state modal contributions

(assuming ~T « 1) less than 1%.

Sh
(~= 0.08 « 1).

19

Ii

Effect of more realistic
loading. Establish new
Baseline.

Effect of not loading
end joints (~ boundary
conditions) •

No steady state since complicated
input. Peak total response ~3.28x6z

input peak. Mode 2 waveform largest
and similar in shape to total
response.

Negligible~

19

20



SEGPIPE Calculations - Continued

~ 48 -

Run

21

22

23

File

SF3J.i1D22

SF3FD40

CHKFILE

N
Links

22

40

40

k Jkg p

4

4

4

6.34 +8.88

6.30 + 8.88

6.30+8.88

T

0.02

0.02

0.02

Load

3 1
~ "6(l-COSS"2.t) 5.88,

i=l 1 7.79,
9.0

3 1I "6(l-COSS"2.t) 5.88,
i=l 1 7.79,

9.0

3 1L "6(l-cosS"2. t) 5.88,
i=l 1 7.79,

9.0

Damping

0.05

0.05

0.05

16

16

16
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Joints Loaded

21

39

39

Purpose

Effect of small variation
in number of links by
comparing with Run 19.

Effect of large variation
in number of links by
comparing wi th Runs 19 & 21.
Effect of more realistic
loading by comparing with
Run 14. .

Check revised code, i.e.
read ground motion from
file.

Conclusions

Total response very similar to
Run 19. Peak total response ~lS%

less than that of Run 19. (Perhaps
sensitive to whether or not N is
divisible by 4.) Lower modal
responses virtually identical.

Except for being ~lS% larger,
mode 2 response is the same as
the total response.
Other modes < ~40% of total.
Total response for N=40 & N=22
almost identical. Total response
for N=40 & N=20 similar except
N=40 ~20% smaller. With single
input frequency beat developed
shape with complicated load
different, but peaks of total
response within ~20%.

Note, peak response = SI(w2,~,T).

Total response almost identical.
Some modes,where the peak occurs
early, differ by 3% or 4% or more.

Run

21

22

23



Ca1culations- continued - 50 -SEGPIPE

N Input Ground
Run File Links k /k wk

T Hotian Camp Damping T<"-,
g P , ..

24 SGPLCNT 40 4 6.30 -+ 8 .88 0.02 EL CENTRO SOOE 0.05 20
Hay 1940

25 SGPVNT7 40 4 6.30 -+ 8 .88 0.02 14724 Ventura N78W
SAN FERNANDO
Feb. 1971

0.05 20

26 SGPLCN2

27 SGPLCN3

28 SGPLCN4

29 SGPLCN5

20

20

20

40

4

4

4

4

6.35-+8.87

6.35-+8.87

6.35-+ 8.87

6.30-+ 8.88

0.02 EL CENTRO
May 1940

0.02 EL CENTRO
May 1940

0.02 EL CENTRO
May 1940

0.02 EL CENTRO
Hay 1940

SOOE 0.05

SOOE 0.01

SOOE 0.10

SOOE 0.01

20

20

20

20



Joints Loaded

39

39

19

19

19

19

Purpose

Find response to real
earthquake.

Alternate earthquake
record.

Effect of N for real
earthquake by comparing
with Run 24.

Effect of small
damping by comparing
with Run 26.

Effect of larger
damping by comparing
with Run 26.

Effect of N for real
earthquake for small
damping by comparing
with Run 27.

- 51 -

Conclus ions Run

Mode 2 > twice any other modal con- 24
tribution and total response. Peak
total response occurs ~2.5 sec
after input peak. Amplification = 2.85.
Except for amplitude, total response
~ mode 2. Peak within 0.5% of 8

1
at W

2

Mode 2 > any other modal contri- 25
bution and total response. Peak total
response almost simultaneous with
input peak. Ampli~= 1.80. Peak
total within 0.2% of 8

1
at w

2
'

Except for phase shift, total 26
response almost identical.
Ampli£ = 2.85. Peak ~ within 1% of
of 81 at w

2
.

Total response peak > any modal 27
contribution. Total response
peak occurs much later than input
peak. Amplif.= 9.0 ! First 7 modes,
plus mode 18 contribute to peak.
Largest, mode 8, only 35% of total.
S1 at Wz only 1/2 of peak, but

~ early time peak.

Except for less amplification, 28
similar to Run 26. Amplif. = 2.0.
Peak within ~l% of S1 at w2 .

Except for amplification, similar 29
to Run 24, i.e. peak occurs ~2.5 sec
after input peak. Amplif. = 4.05.
Mode 2 > twice any other mode and
greater than total response.
For t < 8 sec, total response
similar to Run 27. Peak total
response within 0.5% of SIC w2 ).
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APPENDIX C

ANALYTIC SOLUTIONS FOR SINUSOIDAL TYPE INPUT

1. Undamped Case - Sinusoidal Input

Consider the solution rk(t) to Eq. (49) when

!Msin Qt

A

0 t < 0

L',z (t) sin nt 0 < t < T

- sin ~(t - T)] t > T

Without damping, Eq. (49) reduces to

Rest initial conditions are assumed

rk(O) == 0

~k(O) == 0

The solution for the three time domains are

(C-l)

(C-2)

(C-3)

rk(t) - 0 t < 0 (C-4a)

r
k

(t)
A

[sin Qt
~ ] 0== - - sin wkt < t < T (C-4b)2 2 wk -

1 - ~ /wk

r
k

(t) A
{sin Qt - sin net - T)

~
[sin wkt - sin "'k(t - Tllj== --2 2 wk1 - ~ /wk

2A [Sin Q
2
T cos Q(t - T/2)

~ WkT
"'k(t - T/2)J2 2

- -.- sin -- cos
1 - ~ /w w

k
2

k

t > T

Equation (53) may now be used in conjuctiori with Eqs. (C-4) to

(C-4c)

obtain rkm(t),which is then inserted into Eq. (54) to give the joint modal

response .6x(k) (t). The values of both r
k

and r
k

at the transition time t = T

Preceding page blank
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rk(T)
A [Sin Sh

st sin WkTJ==
I - st

2
/ w/ w

k

~k (T)
Ast

[cos QT - cos WkTJ==
I _ st2 /OJ 2

k

are small for small values of T, i.e.,

(C-Sa)

(C-5b)

stT « 'IT /2 and

Rather than three separate expressions, rkm(t) may be written as a single

approximate expression for small T, i. e. ,

(C-7)

where

t' = t - (m - I)T - T/2 (C-S)

this the time after the traveling wave has crossed the m joint. For

m ¥ N/2, the response at the symmetric point N - m is

( ) ASh H(t")
rk(N-m) t == 1 _ st2/OJ 2

k
where

(C-9)

t" = t - (N - m - l)T - T/2 (C-IO)

is the time after the signal has crossed the N - mth joint. Recalling

D k = D
N

\ the contribution of joints m and N - m to li.x(k) for t"> 0 is
m -m

AstT D k
m

N-l N
T -2-) cos stT (2 - m)

- cos

[COS Qt' + cos Qt" -

OJ (t - T N-l)
k 2

cos OJ t' - cos OJ t"Jk k

(C-ll)
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The largest arguments of the second cosine factors above occur when

m 1. For N » 1

N and N 1 (C-12)cos rtT(2" - 1) ~ 1 cos wkt(2" - 1) ~

if

NrtT « 7T and NU\T « 7T (C-13)

Physically, Eqs. (C-13) require that the total transit time from one end

of the pipe to the other be much smaller than half a period of any

component of the input, or of any natural frequency of the system. They

are, of course, much more restrictive conditions than Eqs. (C-6).

Assuming Eqs. (C-13) to be valid, Eq. (C-ll) may be written

approximately [not quite true for t < (N/2 - m)T] as
c

where

H(t )
c

4ArtT D k
m

rt + wk wk - rt
sin t sin 2 t

2 c c
(C-14)

N - 1
t

c
= t - T --2-

is the time after the traveling input wave has crossed the center joint.

Finally, the contribution from all joints m may be summed, and recalling

the symmetry in D k
m '

(C-15)

2ArtT (N-I Dk)L m
m=l

rt + w
ksin t sin

2 c
(C-16)

Equation (C-16) is sketched in Fig. C-l. The function in the brackets

starts at t = T(N - 1)/2 and then exhibits a beat phenomenon. The

apparent frequency is the average of rt and w
k

' while the enveloping

function reaches a peak every 27T/(W
k

- rt). As the input frequency rt
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approaches ~, the applitude increase, and also the duration required to

reach the peak increases as well. With regard to the last remark, it is

worth noting that the strong motion phase of a real earthquake does not

last more than several seconds, i.e., a few cycles of the dominant

frequency.

2. Undamped Case - Haversine Input

The incoherent input given by Eq. (C-l) corresponds to a ground

motion at a point, z(t) = A H(t) sin rtt. While this function is initially

zero, the corresponding initial velocity is Art f O. A discontinuous

ground velocity is unrealistic. A function z(t) which is initially zero,

and whose first derivative is also initially zero, is the haversine

function.

Let the incoherent motion be given by

a t ~ 0

6z(t) ! A/2(l
- cos rtt) 0 < t < T (C-17)

A/2[cos rt(t-T) - cos rtt] t 2: T

The solution to Eq. (C-2), subject to initial conditions Eq. (C-3), is

then

t < a (C-18a)

a < t < T (C-18b)

A rcos n( t - T) - cos nt -

m2Ic,,/) [cos '"k (t - T) - cos "\t ]1 t ~ T (C-18c)
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The values of r
k

and r
k

at the transition time t = ~ are smaller than the

corresponding values given by Eq. (C-5) for small T. (They are zero to a

higher order in ~.) Again, Dne may write a single approximate expression

for rkm(t) for small T

Mh R(t') [ sin ~t' - W~k sin wkt']
2(1 _ n2/w 2)

k

thand a similar one for N - m joint

(C-19)

~T( t) ----=---::-- H(t")rk(N-m) = 2 2
2 (1 - ~ /w )

k

[ sin Ot" - W: sin "\t"J (C-ZO)

where t' and t" are given by Eqs. (C-8) and (C-10), respectively. The

sum of the two 'terms, for til > 0, is

N
~T(- - m)

2
cos

which may be simplified if Eqs. (C-13) hold to

W T(!! - m)l
k Z J

t" > 0 (C-21)

A~ ~ + wk
r km + rk(N-m) = __-;T;:----:;- H(t ) M cos (2 t - 8)

1 _ ~2/w 2 c c
k

where the enveloping function M(t) is given by

l/Z

M(t)· [1 + 02 /"\2 - 20 /"\ cos(O - Wk)tc J

(C-22)

(C-Z3)

and where the variable phase angle is given by

n-w

][ (1
- rl/wk) k

-1 cos -2-. t c
8(t) = tan (C-24)

~-w

(1 + ~/Wk)
. k tSl.n -Z- c
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In the above, t is the time after the traveling input wave has crossed
c

the center joint, given by Eq. (C-15). Finally, recalling the symmetry in

Dm
k , Eq. (54) may be written as

N-l N-I k
nx(k)(t) = \ D k r (t) = 1 \ D

m
[r

km
+ r ]

L m km 2 L k(N-m)
m=l m=l

or, since Eq. (C-22) is independent of m,

(C-25)

[
~ +

cos 2 (C-26)

Equation (C-26) is plotted in Fig. C-2 for ~/wk= 0.8. The enveloping

functions ± M(t), given by Eq. (C-23), are shown as dashed lines. While

not a sine curve, the function is periodic with a beat period of

2TI/(W
k

- ~), the same as in the previous figure. The maximum and minimum

values of M are I ± ~/wk' respectively. Consequently, the peak modal

response is bounded by

MAXlnx(k)(t) I (C-27)

The period of the actual response function is only approximately 4n!(wk + ~),

since the phase angle changes by TI within a beat.

3. Haversine Input - Damping Included

When (small) damping is included, the solution for small T to Eq. (49)

with the incoherent ground motion given by Eq. (C-17), and subject to rest

initial conditions, Eq. (C-3), is
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SG 2
+ 2s (--)

k <.Uk

. (C-28)

The terms involving sin SGt' and cos SGt'

rkm(t)
A0:r/2 H(t')

[ (1 n
2

Y ( QrJ- <.Uk2 + 2Sk Wk .

SG2 2
(-1+ -- - 2s 2~)

S t'
2 k 2

(.E.-)
-<.u <.Uk <.Uk

<.Uk VI I; 2k k
sine

<.Uk 11 _ I; 2
k

k

+ [1 SG 2
(2Sk--+2

<.Uk

where t' is given by Eq. (C-8).

constitute the steady state solution, while those multiplied by the

decaying exponential term contribute to the transient solution only. It

is observed that setting Sk = 0 in Eq. (C-28) results in the equation

reducing to Eq. (C-19), derived assuming no damping. Also, when SG = <'uk'

but I;k ¥ 0, Eq. (C-28) becomes

( ) = ASGT H(t')r km t 2

1
+ zr- cos SG

k

{e-n<kt'[ .... 1
sin SG )1 S 2 t'

2Vl - 1; 2
k

k

t'J nt']0 I; 2 + sin SGt' 1- --. cos
k 21;k

, SG = <.Uk (C-Z9)

The peak amplification during the steady state response in that case is

~ 1
- -ZSk (C-30)

where the approximation holds for small damping I;k'
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For the general case, the amplification ratio for the steady state

solution to Eq. (C-28) is*)

Amp. Ratio (C-31)

At early times, for small damping, Eq. (C-28) involves terms with closely

spaced frequencies Q and w
k

viI - ~k2, and whose coefficients are

comparable. For example, for t' ~ 0, the coefficients of the two cosines

terms differ only in sign. Thus, at early times, beat phenomena, similar

to those illustrated in Figs. C-l and C-2, mark the response of a damped

system. The "mean" value of the envelope is given by the steady state

value, i.e., Eq. (C-31). As time progresses and the transient portion

decays, the difference between the envelope maximum and minimum values

decreases, until only the steady state portion remains. Finally, if

conditions Eq. (C-13) hold, Eq. (C-28) may be converted to the

th
contribution of the k mode to the center joint displacement,

N-l
by replacing t' with t , and multiplying the result by L D k

c m=l m

The effect of damping on the modal contributions is illustrated in

Figs. C-3 to C-5. The curves in the figures are the results of actual

SEGPIPE numerical calculations, in which conditions Eq. (C-13) are not

satisfied. Consequently, the magnitudes of the curves are somewhat

*)Equation (C-3J) differs from the amplification ratio for steady state

damped vibrations found in textbooks on vibrations. The second term in

the num....qror does not appear in textbo"ks. However, most texts have a

single sinusoidal input term, while Eq. (49) includes a second term,

2~k Q/W
k

times the first, and n/2 radians out of phase with it.
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lower, although the trends follow the equations developed in this

appendix. In the three figures, the solid line corresponds to 6x(k) in

the undamped case and the dot-dash line to the response 6x(k) in the damped

case. The dashed line represents 6z(t), the incoherent ground motion

across the center joint, i.e., Eq. (C-17). The mode S response curves in

Fig. C-3 are

W
8

= 7.2115,

Appendix B).

from SEGPIPE Runs 9 and 10, i.e., N = 20, T = 0.02, Q = 9.0,
19 8
l. D = - 1.2544 and ~k = 0 and 0.05, respectively (see

m:::l m
It is noted that while conditions Eq. (C-6) are satisfied

(QT = O.lS, WST = 0.144, both « rr/2), conditions Eqs. (C-12) and (C-13)

are not, i. e. ,

COs[QT (I - 1)] = cos(1.62) =

N
cos [WST(Z - l)J cos(1.30)

- 0.049

0.269

1- l}
i 1 (C-32 )

Consequently, while the solid curve is very similar to that shown in

Fig. C-2 since w
8

/Q = O.SO, the peak amplitude of 0.271 em is considerably

less than the 0.455 em computed via Eq. (C-27). Following Fig. C-2, the

response would start at (N - 1)T/2 = 0.19 sec, and the envelope would peak

at t = 1.947 and 5.460 sec, while minima would occur at t = 3.703 and

7.216 sec. The solid curve agrees with these values. The damped response

starts by following very closely the undamped response. However, by the

second beat, the amplitude of the beat is considerably reduced.

The trends are perhaps more clearly illustrated in Fig. C-4, where

the mode 6 responses with and without damping are shown for Q = 7.7872 and

W = 6.8491, corresponding to SEGPIPE Runs 11 and 12. Here the ratio
6

w6/Q = O. S8 is closer t.o unity so that there are more cycles per beat, and

greater amplification. The envelope in the undamped case, Eq. (C-23), reaches

its maxima at t = 3.539 and 10.237 sec. The Run 11 response maxima (actually

minima) occur at t = 3.64 and 10.08 sec. The magnitude of the computed value,
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- 0.5778 cm,is still less than the value MAXI6X(6)I = 0.8622 cm given by

Eq. (C-27). The damped response again begins by following the undamped

result, but soon deviates from it. By the end of the second beat a steady

state situation is reached. The value of the steady state response is

~ 0.23 cm. The ratio of the steady state response to the undamped peak is

0.40, not far from the 0.437 computed from Eqs. (C~27) and (C-3l). The

peak response in the damped case, however, is - 0.3507 cm and occurs

during the transient.

The final example, Fig. C-5, is from the same two calculations, but a

case very close to resonance, mode 10. Here the frequency ratio

WIO/~ = 0.9758. The peak undamped response based on Eq. (C-27) is 3.1484,

and would occur at t = 16.865 sec, just beyond the end of the calculation.

The computed minimum in Run 11 is - 1.9574 cm and occurs just before the

end of calculation. In this case, the damped response never builds up

beyond the steady state value of 0.4305 em. The ratio of the computed

steady state response to the undamped maximum is 0.220, very close to the

theoretical value of 0.218 for this case.
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APPENDIX D

CONTINUOUS PIPE SUBJECTED TO A

STATIC DISCONTINUOUS GROUND DISPLACEMENT

A good deal of insight concerning the dynamic response of segmented

pipes may be obtained from the simpler static continuous problem. Several

aspects of this relation are outlined in this appendix.

1. Physical Interpretation Of D k
m

The equation governing the static response of the system may be

obtained by dropping the [x] and [~] terms in Eq. (3), i.e.,

{k [I] + k [T]}[x] ~ k [z] + kB[ZB] (D-l)
g p g

Let us introduce the transformation

[x] (D-2)

where the constants A
k

will be shown to be related to the modal

participation factors, and the [¢k] are the eigenvectors of [T].

Premultiplying Eq. (D-I) by the transpose of [¢k] , and using the

orthogonality condition of the mode shape~ Eq. (13), the equation of

equilibrium Eq. (D-I) becomes

When there is no intermediate ground support, k 0, so that
g

k
B k T k

B (¢ k ¢ k
ZN+l)Ak

=-- [¢ ] [z:8] =-- 'z" +
k/'k k A I N

P k

For antisymmetric modes

(D-3)

(D-4)

A =
k (D-S)
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where Pk is given by Eq. (31)

Returning to the general case, for long pipes we may neglect the

boundary contribution. Using Eqs. (6) and (16), the constant A
k

becomes

k T
g [A,k] [z]

k + k A
k

'l'
g P

W 2 N

-iLl
W 2 j=l

k

(D-6)

Considering antisymmetric modes only, and using an identity relating

displacements similar to Eq. (45), one obtains

j

( l.
i=l

, k _antisymmetric (D-7)

, k antisymmetric

Taking all 6z.
J

W 2
A =-L

km 2w
k

0, except for 6z
m

m
I

i=l

1, Eq. (D-7) becomes

(D-8)

which is the static response in mode k due to a unit discontinuous ground

displacement across joint m. The corresponding center joint displacement

is the sum of all modal contributions, i.e.,

6x
m

N

2
k=l

(¢ k
N
2

=
N

I 2<p k
k=2,4,. !!

2

(D-9)

where (at this point) the antisymmetric modes have been assumed to be even.

Substituting Eq. (D-8) into Eq. (D-9)

N
2

k w m N
6x I 2<P

N
.:L I <P.

k I D k
2 -m ] mk=2,4, •

2
wk j=l k=L,4,.

where D k is defined by Eq. (51) in the text.m

Equation (D-lO) shows that the sum over all antisymmetric modes of

k
the influence coefficients D at a particular joint m is the static

m

response (center joint displacement) due to' a u.nit ground displacement

(D-lO)
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across joint m. It was observed that the sums Eq. (D-lO) dropped off

extremely rapidly away from the center and appeared to be independent of

N. For example, for kB = k
p

and kg = 4kp ' the values of the sums at the

center and adjacent joints were (to four decimal places)

0.7071, 0.1213, 0.0208, 0.0036, 0.0006, 0.0001 and 0.0000

for both N = 20 and N = 40.

CD-II)

For the special

analytically. Using

kcase of p/k
g

= 0 (and kB =

D k given by Eq. (61),
m

k ), the sum may be found
p

N k
I D =

mk=2,4, •

N k_l
I' 4 (_1)2
L. N+1

k=2,4, .

. (m+l kTI) . C m kTI)
Sln N+1 2 sm N+l 2

2 N/2
= N+1 I

k
2=1,2,.

Using No. 429 of Ref. [11],

k--1
C-1) 2 kTI

[cos (N+1) i - cos (2m+1) kIT]
(N+l) 2

CD-12)

~. D k = _2_ (_1)N/2 { __-,,-co-,,-s=--TIc..:../~2_ + cos(2m+l) I}
L m N+1 TI 2m+l TI

k=2,4,.· 2cos 2(N+1) 2cosC-N+1) 2

The first term in Eq. (D-13) is always zero; the second term is also

zero provided 2m + I 1 N + 1, or m # N/2. When m = N/2, recalling N is

even and, taking the limit

CD-13)

limit rCOSCN+I)eJ
e -+ TI/2 L 2cos e

so that

N+I [sin(N+I)1T/2J = N+lC_I )N!2
2 sin TI/2 2

CD-l4)

1 for m N
= --

1\j" 2

I D k = for k 0m p
k=2,4,.

#B0 for m
2

CD-IS)
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Again, when there is no interaction between links, the static joint

displacement follows exactly the corresponding incoherent free field ground

displacement across the joint.

Unfortunately, it was not possible to obtain an analytical expression
N

for ') D k when k ..J. 0 However. the observed numerical behavior.m - I .' ,
k=2,4,. - P

e.g., Eq. (D-II) did provide the motivation for the remainder of this

Appendix.

2. Static Solution For An Infinite Continuous Pipe

The geometry of the problem is shown in Fig. D-la. The uniform pipe is

continuously attached to the ground. There is a continuous ground spring so

that the frictional force per unit length is -k (u - z), where u is the pipe
s

(axial) ?isplacement ,and z is the free field ground displacement. This

frictional force is balanced by the change in the axial force EA du/dx in

the pipe. Consequently, the equation of equilibrium is

- k z
s

(D-16)

The ground motion is taken to correspond to Fig. D-Ib, i.e.,

z(x) =
- 00 < x < - b

- b < x < 00

(D-I?)

The location x = 0 is assumed to correspond to the center of the pipe, so

that b is a measure of the distance from the discontinuity to the response

point, the center. Let ul(x) represent the solution in the region x·~ - b,

and u2 (x) that in x ~ - b. The boundary conditions are that the displacement

remain finite at either end, i.e.,

u (_00)
1

. :::::: }



x<-bbl

x > -

and that the displacement and pipe force are continuous at x

u
l

(- b) u
2

(- b)

dUI b)
dUZ b)-(- = -(-

dx dx

The general solution in both regions are

uI(x) = cleSx + cze-
Sx + z /2

0

u2 (x) = c Sx + C4e-Sx z /2
3

e
0

where

13 = Jk/EA

-p,Le.,
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(D-19)

(D-20)

(D-2l)

Conditions Eq. (D-18) require C2 and C
3

both to be zero, while Eqs. (D-19)

are satisfied if

C -Sb + z /2Ie 0

= - (D-22)

Solving simultaneously for C
l

and C4 , Eqs. (D-20) become

z [1 _eS(x+b) ]ul(x)
0=-

2

z
[e-S(X+b) - 1]U z (x) 0=-

2

x < - b 1
x > - b (D-23)

The quantity of interest is the strain at x = 0

dU
2

dx (0)
SZo -Sb

= - -2- e (D-24)

Equation (D-24) shows that the strain decreases exponentially with the

distance to the discontinuous input, and that as the pipe stiffness to soil

stiffness decreases, the rate of decay increases.
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3. Static Solution For A Finite Continuous Pipe

The same differential equation applies in the case of a finite pipe as

in the previous case, Eq. (D-l6), and the same ground motion (except for

the limits), Eq. (D-17). The continuity conditions Eqs. (D-19) remain

valid, but boundary conditions Eqs. (D-18) are replaced by

ul (-L/2) :=: z(-L/2)

U z( L/2) = z ( L/2 ) (D-25)

The solution in the two regions are

-L/2 < x < - b t
-b < x < L/2 S (D-26)

where (:3 = v'ks/EA [Eq. (D-21)], and where the four constants are unrelated

to the previous set. Applying Eqs. (D-25),

u
l

(x) = Cl (sinh Sx + tanh S
2
L cosh Sx) + zo/2 -L/2 < x < - b

(:3L
u2 (x) = C

3
(sinh Sx - tanh :f cosh (:3x) - zo/2, -b < x < L/2

Finally, applying Eqs. (D-19)

}
(D-27)

z [1 -cosh (:3b (:3L tanh (:32L cosh SXl]ul (x) 0 (1 + tanh Sb) (sinh Sx +:=:- tanh 22 (:3L
tanh "2

z [1+ cosh Sb (:3L 6L
SX)]u

2
(x)= 0 (1 - (:3b) (sinh (:3x - (D-28)-2 6L tanh "2 tanh tanh -'2 cosh

tanh "2

Here, the displacement and strain at x o are

and

z
o

2 [1 - cosh Bb + sinh Bbtanh s; ] (D-29)

dU
2 (0)

dx

z S
o

::: - ----:;:--
BL

2tanh T
[COSh Sb - sinh Sb tanb S i ] (D-30)
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SLIt is noted that as L ~ 00, tanh ~ ~ 1 so that Eqs. (D-29) and

(D-3D) reduce to Eq. (D-23) evaluated at x::: 0, and Eq. (D-24).

To relate the present solution to the discrete system, one must identify

the pipe/joint stiffness as

k
p

EA/t (D-3l)

where t is the finite difference interval, and the-discrete ground stiffness

as

k = k t
g s

Consequently, the parameter 13, given by Eq. (D-2l) is

S = fk;=Jkg/t =1: Jkg/kVtt.. k 9. 9v p
p

For the many calculations in which kg/k was 4, 13 is 2/t. The distance b
p

from the center joint to the loaded joint may be written as

(D-32)

(D-33)

b
Nj.Q, ::: (- - m).Q,
2

(D-34)

while the total length of the pipe is

L NQ, (D-35)

Substituting Eqs. (D-33) to (D-35) into Eq. (D-3D), and using the notation of

the discrete system,

z.. r;;;:o V --g/kp
[cOSh] Jkg/kp - sinh j Jkg/kp

tanh(I Jkg/kp ~ (D-36)

When kg/k
p

4 and z
o

1,

1
:::

tanh N [COSh 2] - sinh 2] tanh NJ (D-37)
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The tanh function approaches one very rapidly. For example,

-9
tanh (5)~0.999909 and tanh (IO)= 1 - 4 x 10 . Thus, for N > 10, for all

practical purposes the pipe may be considered infinite. Consequently,

k
recalling Eq. (D-IO), for g/k = 4

p

6x
m (D-38)

independent of the number of links.

4. Static Finite Difference Solution For,An Infinite Pipe

The values given in Eq. (D-II) for the sum of the influence coefficients

over all the modes agree only very approximately with those computed

according to Eq. (D-38). In order to seek a better understanding of the

discrepancy, a closed form solution to the finite difference formulation of

the problem in Section 2 of this Appendix was obtained. The notation and the

free field ground displacement are shown in Fig. D-3. The pipe and ground

displacements are written as u+j and z+j to the right of the discontinuity,

and u . and Z . to the left. The governing differential equation, Eq. (D-16),
-J -J

in finite difference form is

(D-39)

where S is given by Eq. (D-2l) and where z.
J

Z • - Z /2 for j > O.
J 0

+ Z /2 for j < 0 and
o

For j <0 we assume a solution in the form

u.
J

j < 0 (D-40)

where C
l

and a are constants to be determined. We note that for u. to
J

approach z. = z /2 for j -+ - 00, lal must be greater than one, When Eq. (D-40)
J 0

is substituted into Eq. (D-39), the latter be~omes
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Letting the constant C
l

= 0 results in the trivial solution, u. = z /2.
J 0

Since a # 0, the only alternative is for the bracket to be zero, yielding

two possible solutions for a

(D-4l)

2
+ ((39-)

2
(D-42)

Since a > I, a
l

(the value with the + sign) is the appropriate choice for

j < O.

Alternatively, we could assume a solution for j > 0

, j > 0 (D-43)

Where lal < 1 for u. ~ - z /2 as j ~ + 00. This assumption again results
J 0

in Eq. (D-41), except C2 and a replace C
l

and a. Noting a < I, the

solutionto Eq.(D-42) with the minus sign, a2 , is the approprjate value for

j > O.

Equation (D-39) is next applied at j = - 1

Cl
-2

(2 + (32 .Q,2) C -1
+ C2

1a
l - a

l
a

2 = z
1 a

and at j + 1

C
1

-1
(2 + S2.Q,2)C 1 2a

1 - a2 + C2 a2 - z
2 0

Solving Eqs. (D-44) and (D-45) simultaneously, and noting Eq. (D-42), we

obtain

(D-44)

(D-45)

a
l

C = - z ---­
I 0 a

l
+ 1

(D-46)

The solution for j < 0 is thus



and for j > 0

[1+ al~ ] [- t+ 1 ]u. = 2 2 = - u
J 0 2 a

1
+ 1 0 j-l -j

(al+l)al

where use has been made of o,laZ = 1. Thus, not unexpectedly, the solution

is completely antisymmetric. Denoting the difference between the

displacements of two adjacent links as 6x., i.e.,
J
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(D-47)

(D-48)

then

u - u
-j-l -j

(D-49)

symmetric. When B~ = 2,

0,1 = 3 + 2/2 so that 6Xo

[ a - 1 ] 1 1
6x.

2 0 a: + 1 -- = 6x
J a j 0 a j

1 1

where Eq. (D-SO) applies for all values of j > O.

corresponding to k g/k
p

2 1[2 = 0.7071 z .
o 0

The 6x. are, of course,
J

4 [see Eq. (D-33)],

For 2 = 1, the values
a

(D-50)

for 6x. given by Eq. (D-SO) match identically the values of the sum of the
J

influence coefficients given in Eq. (D-ll).

Thus, Eq. (D-SO) may be used to represent the limiting case for large

N of the sum of the influence coefficients over all the modes, i.e.,

N
k

a - 1
limit I D

N
1 I

N-+oo k=2,4, . -- j 0,1 + 1 a j
2 1

where, using Eqs. (D-33) arid (D-42),

Finally, the limiting case of the double sum over all modes and all joints

of the influence coefficients may be written

(D-5l)

(D-S2)
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N N-l
D k 1 [flXO+ 2 I fix. ]limit I I =- - 1 (D-53)m z j=l JN-+oo k=2,4, . m=l 0

where Eq. (D-50) and the sum of a geometric series have been used. Thus.

Eq. (63) in the text has been proved in general. at least for N -+ 00.

The final step is to show that the finite difference solution approaches

the continuous solution as ~ -+ O. Writing the strain as

du _~ ~ Zo (0.1 - 1) 1
dx - ~ = - Jf 0.

1
+ 1 a

l
j

For small values of 13£. 0.
1

~ 1 + 13£. so that Eq. (D-54) becomes

(D-54)

z ( )
du ~ 0 13£
dx - T 2 + 13£ (D-55)

Letting b = j~ and ~= l/(S~). and tQking the limit as ~ -+ 00 (13£ -+ 0)

du limit Cd) -b/~

-= 2 +oS~ (1 + 13£)dx 13~ -+ 0

limit ( -d ) ~1 + 1/0 ~J -[3b=
~ 2 + ~/~-+00

Recognizing the limit of the bracket as the definition of e.

which is identical to Eq. (D-24).

(D-56)

(D-57)
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