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DESIGN EARTHQUAKES I3ASED ON THE STATISTICS 
OF SOURCE, PATH AND SITE EFFECTS 

by 

Kenneth w. Campbell I 

SYNOPSIS 

A method is proposed in which strong earthquake motion and its unce~­
tainty can be predicted from statistical measures of source and propagation 
characteristics of a region. Three characteristics are used to represent 
earthquake strong motion: the shape of the power spectral density function, 
an energy related intensity parameter, and two time domain shaping factors. 
The risk associated with the estimation of these parameters can be computed 
from probability and statistical models. Design earthquake motion in the 
form of accelerograms and response spectra can easily be developed from 
these parameters for any desired level of risk. 

INTRODUCTION 

Earthquake risk models proposed to date have concentrated mainly on 
the random occurrence of earthquakes and have considered only in a preli­
minary way the uncertainties involved in predicting ground motion. HO\,i­

ever, several authors have pointed-out the importance of including these 
uncertainties in seismic risk studies (5, 10, 13). . 

. In on att~mpt to overcome this defici fmcy, this study dea-l S \lJi th st~­
tistically predicting ground motion at a site for an earthquake of a given 
magnitude and location. The risk associated with the prediction is defined 
as the probability that the ground motion will be exceeded at a site for 
the assumed event. 

Although much of this work is still in progress, the basic methodology 
and a brief discussion of the elements of the proposed seismic wave propa­
gation model are presented. Final results and applications will be pre­
sented in a later paper. 

SYSTEM MODEL 

The initiation and transmission of seismic energy in the earth's crust 
due to an earthquake is a very complex process. However, for engineering 
purposes it is ,convenient to model this process with a relatively simple 
model. Linear system theory has been used as a basis for such a model. 
The general 1 inear system equation used by Duke and r~al (6) is given by, 

(1) 

I Postgraduate Research Engineer, School of Engineering and Applied 
Science, University of California, Los Angeles. 
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where 
G is the Fourier transform of ground motion 
E is the Source Spectrum (Source effects term) 
W is the Regional transfer function (propagation effects term) 
X is the Local transfer function (site effects term) 
B stands for body waves 
S standS for surface waves 

Because of the great difficulty in separating the relative effects of 
body and surface waves in strong-motion records, Eq. (1) is simplified to 
the follciwing form for the purpose of this study, 

G = EWX (2) 

where E, Wand X are composit transfer functions. Since such a simple 
model is used to model such a complex process, it is essential that the un­
certainties in predicting G from E, Wand X be included. Thus, it is sug­
gested that the elements in Eq. (2) be treated as random variables. 

CHARACTERIZATION OF STRONG ~10TION (G) 

The characterization of strong motion should be simple enough to be 
easily computed, yet sophisticated enough so as to include the important 
properties of strong earthquake motion. Commonly used indices such as 
Modified Mercalli Intensity and maximum acceleration have been increasingly 
criticized for their lack of sensitivity to the duration and frequency dis­
tribution of strong motion and are not believed to represent adequately the 
potential dcstructiv2ncss of stro~g motion to man-mad~ structure~. 

The properties used in this study to characterize strong motion are 
comprehensive enough so that design motions, such as accelerograms and 
response spectra, can be easily generated from them. Saragoni and Hart 
(11) have suggested the following properties: the power spectral density 
function (PSD), an energy-related intensity parameter, and two time domain 
shaping factors. From these properties realistic artificial accelerograms 
can be easily constructed. These properties, then, are used here to 
characterize strong earthquake motion. They are easily computed from 
existing digitized acce1erograms. 

The PSD should be characterized by a small number of points for ease in 
computations. For this reason it was decided to smooth the PSD in the fre­
quency range 0.14 to 10 hz. (corresponding to periods of 0.1 - 7 sec.), then 
discretize the smoothed PSD at twenty points. To accomplish this, 10 reso­
lution bandwidths were selected to represent the general level of the PSD 
for given period ranges of structures, e.g. 0.1 - 0.12,0.12 - 0.14, etc., 
with these ranges generally increasing for longer periods. This is consis­
tent with the design philosophy proposed by Blume (3). 

The number of points used in the "boxcar" smoothing scheme was deter­
mined by the equation, 

N =~ 
Be 

(3) 

where T is the record length in seconds used to compute the Fourier trans­
form and Be is the resolution bandwidth in hertz. A comparison of the 
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smoothed and raw spectra for several records showed that the smoothed spec­
tra modeled the overall trends in the raw spectra quite well. The random­
ness in the raw spectra can be modeled from the observation that the devia­
tions between the smoothed and raw spectra divided by the amplitude of the 
smoothed spectra were found to be uniformly distributed about zero for all 
frequencies. 

SOURCE EFFECTS (E) 

The effects of the source have recently become a subject of great con­
cern in engineering seismology. The source displacement spectrum measured 
in the far field and plotted on a log-log scale has a distinctive shape that 
can be adequately described by a few parameters (2). This shape is charac­
terized by a flat response at low frequencies, whose amplitude is propor­
tional to seismic moment, and a constant decay rate at high frequencies. 
The transition between these trends is given by the corner frequency. 

Several recent dislocation models (1. 4. 7. 12) suggest the presence 
of multiple corner frequencies and fault propagation effects in the source 
spectrum. However, do to limited resolution of observed spectra, these 
effects are not commonly found and cannot be justifiably included in a 
study of this scope (16, 17). 

Regional differences have recently been shown to be important in modi­
fying the shape of source spectra for events of similar magnitudes (15,16). 
For instance, earthquakes originating along the California-Nevada border 
are characterized by significantly smaller seismic moments and higher cor­
ner frequencies than those earthquakes origin~ting in the Gulf of Califor­
nia. These regional differences VJOLlld seem significant enough to be 
included in the prediction of source parameters. 

PROPAGATION PATH EFFECTS (H) 

Propagation path effects is a term used to refer to the transmission 
of seismic energy from the source region to the vicinity of the site. The 
primary effects are associated itJith the loss of energy as the seismic v/aves 
propagate away from the source region. There are two types of damping that 
contribute to the loss of energy: geometric attenuation that results from 
the reduction in energy density as the wave front propagates away from the 
fault surface, and internal damping due to frictional heat losses. 

The distribution of seismic energy within the source region will have 
a significJnt effect on the attenuation with distance of strong earthquake 
motion, c· 0cially at near distances for larger earthquakes (9). There­
fore, a 0: ~agation pattern that takes into account this elongated pattern 
of energy release along a fault is necessary. This can probably be 
incorporated in the geometric attenuation term. 

A model commonly used to model the loss of energy due to internal 
damping is given by, 

A{w) = Ao(w} exp(-wr/2QV) (5) 

where A(w} is the spectrum at the source, w is circular frequency, r is 
distance from the source, Q is a material damping factor, and V is the 

3 



seismic velocity of the medium. 

SITE EFFECTS (X) 

Site effects is a term used to describe the modification of strong 
motion within the vicinity of the site. Several studies have shown that 
various types of site conditions have a significant effect on the recorded 
motion at a site. Most significant for this study are the studies of 
Hayashi et. al. (8) and Seed et. al. (14), which demonstrated differences 
in the shapes of earthquake response spectra for various site classes. 
These site classes consisted of sites grouped as to the firmness and depth 
of their overburden soils. 

Since the PSD spectrum covers a broad frequency range, those factors 
affecting the short period portion of the spectrum \'lOuld not be expected to 
be the same as the factors affecting the long period portion. Therefore, 
a site classification scheme should necessarily be flexible. For instance 
differences in the upper 50 feet or so of a soil deposit probably most 
significantly affect the short period portion of the spectrum, whereas, the 
depth to basement rock may be the controlling factor in the long period 
range. 

The final result would be a relatively comprehensive set of geotech­
nical classifications. Each classification would be represented byampli­
fication spectrum giving the expected increase in the discretized PSD at 
each frequency point over that of some reference group. 

CONCLUSION 

A basic methodology has been presented herein that briefly describes 
a model for predicting ground motion from the models of three important 
elements of the system: source, propagation and site effects. However, 
much more work is required to impliment the method. Models for each effect 
must be more fully developed and probability models must be incorporated in 
order to introduce uncertainty into the proc~dure. All available strong 
motion data will be used to formulate and calibrate these models. 

In its final form, the model can be used to develop design ground 
motions, for a specified level of risk, in the form of power spectral den­
sities, artificial accelerograms, and response spectra. When combined with 
a model of the random occurrence of earthquakes in space, time and magni­
tude (5) one would have available a means of predicting a comprehensive 
measure of strong motion, which takes into account all the uncertainties 
involved in modeling the occurrence and transmission of strong earthquake 
motion. 
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EFFECTS OF SITE ON GROUND MOTION IN THE SAN FERNANDO EARTHQUAKE 

I C. M. Duke, R. T. Eguchi, K. W. Campbell and A. W. Chow 

SYNOPSIS 

Basement and free field accelerograph stations that recorded the San 
Fernando, California earthquake of February 9, 1971 were compared with geolog­
ical and geophysical site data, particularly shear wave velocity profiles. 
Geophysical surveys were made at 47 accelerograph sites to determine the 
velocity profiles to about 70 feet in depth. 

Both peak particle velocity and Arias instrumental intensity were found 
to have statistically significant dependence upon the mean shear wave velocity 
and the rate at which it increased with depth. 

INTRODUCTION 

A relationship between local site conditions and ground motion has been 
reported for almost every large magnitude earthquake throughout the world. 
Measures of the ground motion aspect of this relationship have been until 
recently limited to the qualitative. However, in the 1971 San Fernando earth­
quake there were obtained a large number of strong motion accelerograms cor­
responding with a variety of local site conditions. Various authors have 
studied the peak indices of these instrumental data, but a clear cut relation 
between shaking and site conditions has continued to elude recognition. 

Attention therefore was transferred to quantitative dynamic representa­
tions of the site conditions, with the thought that such a representation might 
lead to better correlation than the largely static and qualitative representa­
tions used in the past, such as surface geology, good vs. bad soil, and depth 
of alluvium. 

One quantitative indicator of the dynamic character of a site is the pro­
file of seismic shear wave velocity as a function of depth down to approxi­
mately 70 feet. As will be shown, use of this representation facilitates a 
statistically significant correlation with certain indices of strong motion 
in the San Fernando earthquake. This correlation is the focus of this 
paper (1). 

Granted that strong earthquakes generate higher strain level shear veloc­
ities than those measured with geophysical seismic techniques, it is never­
theless possible that a correlation could exist. Use of the shear velocity 
profile would appear to bring in the influences of both body and surface wave 
responses at a site. Of course, other factors such as source mechanism, dir­
ectionality and deeper subsurface geology should also be expected to affect 
any correlation of site conditions with ground motion. 

I Department of Mechanics and Structures, University of California, Los 
Angeles, California. 
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Shallow refraction surveys (2,3) were made at or near to 47 stations which 
had recorded the San Fernando earthquake at or near to the ground surface. The 
accelerograph data were furnished by the U. S. Geological Survey after proces­
sing by California Institute of Technology (4). 

ANALYSIS 

The ground motion parameters used were the peak values of acceleration, 
velocity and displacement, and the value of Arias Intensity, designated A, V, 
D and I ,respectively. Arias intensity is a measure of the area under the 
power ~ectral density graph of acceleration (5). The values of A, V and D 
adopted for analysis were the highest peaks obtained from the corresponding 
time history plots, considering both horizontal records at the site. The I 
value used was the sum of the intensities in the two horizontal direction~.a 

The parameter of the shear wave velocity profile was obtained from the 
fact that shear wave propagation velocity, here called 6, increases w.itILa 
power, n of the depth, d: 

= = KdO•37 • 0.1 

The value of 0.37 for n was found (6) to represent very well the variat~ of 
Los Angeles area soils down to 100 feet or so of depth., and was tIie..re.fora 
used. This leaves K, a constant, as the site parameter. 

Examples of K values are shown in Figure 1. K was obtained for each site 
by least squares fitting of the results of refraction surveys, using the 
circled points and the origin, Figure 2. As will be shown, K values correlate 
rather well with certain ground motion indices for sites on soil, but do not 
correlate for rock outcrop sites. For rock sites the lithology of the rock 
may be used instead, but with only rough fitting. 

The first result is in Figure 3, showing peak velocity. It was found 
that the soil sites generally fell into one of two categories: those that 
experienced higher ground motion tended to have greater K values than sites 
that experienced lower ground motion. Numerical values of K shown on the 
figure correspond with the separations of the soil sites into two classifica­
tions. It is seen from the figure, as well as from the statistical coeffici­
ents in Table 1, that these separations of soil sites are quite pronounced when 
either V or I is the strong motion index. a 

The rock sites were classified as either sedimentary or basement complex 
(igneous and metamorphic), according to the surface geology. The correlations 
are less significant than for the soil sites. 

Peak acceleration and displacement did not reveal significant correlations 
for either soil or rock sites and therefore have been left out of this paper, 
except that the coefficients are given in Table 1. 

Encouraged by certain of these correlations for soils, the computation 
was made of multiple regressions of peak particle velocity on distance and K 
value, Figu~e 4~ This was also done for Arias intensity, Figure 5. Table 2 

8 



presents the statistical coefficients. These correlations in continuous 
rather than inequality form may be adaptable for engineering use. Figures 4 
and 5 apply for soil sites only. Again it was found that peak acceleration 
and displacement were only poorly correlated with K. 

APPLICATION 

As an example of practical use of the results, imagine a site on soil 
with established K, located at a known distance from an earthquake of magni­
tude 6.4 (e.g., the 1971 San Fernando Earthquake). Use the mUltiple regres­
sion of Figure 4 to establish the peak particle velocity of ground motion pre­
dicted for the site. 

Should one wish to have the output in terms of peak acceleration instead 
of peak velocity,use could be made of the tripartite logarithmic graph with. 
relative ground motion values of A = 1.Og, V = 48 in/sec. and D = 36 in. (7). 

Values of K for such an application may be determined from sh.ear wave 
velocity profiles, using either field or laboratory measurements ora simula~ 
tion procedure (6). 

The quality of the correlations presented would seem to warrant similar 
studies of future earthquakes that yield large amounts of instrumental data. 
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TABLE 1 

STATISTICAL COEFFICIENTS FOR FIGURE 3 

Index K Separation Correlation Coefficient 

Peak Velocity K S. 490 0.98 
K > 490 0.90 

Arias Intensity K S 490 0.87 
K > 490 0.91 

Peak Acceleration K S 450 0.62 
K > 450 0.89 

Peak Displacement K S 475 0.75 
K :> 475 0.52 

TABLE 2 

STATISTICAL COEFFICIENTS FOR FIGURES 4 AND 5 

Index 

Peak Velocity 

Arias Intensity 

Peak Acceleration 

Peak Displacement 

10 

Correlation Coefficient 

0.90 

0.86 

0.71 

0.59 
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SEISMICITY AND SITE EFFECTS 
ON EARTHQUAKE RISK 

by 

Ronald T. Eguchi I and Kenneth W. Campbell II 

SYNOPSIS 

An earthquake risk model that incorporates a bayesian estimate of 
seismicity and an amplification factor for local site conditions is devel­
oped and applied to the Los Angeles, California area. Recency of faulting 
is used as a criteria for assigning activity rates to faults with no "his­
toric" record of earthquake epicenters. Shear-wave ve10city profiles are 
used to characterize local site conditions. lOO-year expected peak velo­
cities are computed by combining the above models with probability and 
statistical models of earthquake occurrence. 

INTRODUCTION 

Decisions of the routing of aqueducts, transportation, and electric 
power transmission systems in seismically active regions should incorporate 
a consideration of the risk of seismic shaking along the various possible 
routes. In regions such as California, where the seismic regime and areal 
geology are comparatively well understood, it is useful for this purpose 
to display the seismic risk of the region on maps. This paper outlines a 
methodology for estimating these risks, and applies the method to a part 
of the Los Angeles area. Risk, as it is used throughout this paper, is 
defined as the probability that a ground motion index (such as peak velo­
city) will be exceeded within a certain period of time for a specified 
design life. 

The main features of the present paper are the utilization of a baye­
sian-type seismicity model and the incorporation of a quantitative site 
effects model. The formel~ represents an attempt to utilize geologic data, 
such as recency of faulting, to estimate the activity of major faults hav­
ing no "historic" earthquake epicenters associated with them. The site 
amplification model includes the effect of local site conditions on the 
intensity of seismic shak-ng. As a result, a site classification scheme, 
based on the utilization of shear-wave velocity profiles, is presented 
and is incorporated into the analysis of risk. 

I 

II 

SEISMICITY 

Since the historic record of earthquake occurrences in Southern 

Research Engineer, J.H. Wiggins Company, Redondo Beach, California, 
formerly Postgraduate Research Engineer, School of Engineering and 
Applied Science, University of California, Los Angeles. 

Postgraduate Research Engineer, School of Engineering and Applied 
Science, University of California, Los Angeles. 

Preceding page blank 
15 



California is of relatively short length and subject to large uncertainty 
(2), it was decided to use both historic seismicity data as well as region­
al tectonics to assess the activity of the major faults of the region. 

Thirty-five faults within a 200-kilometer radius of the study zone 
were selected as potential sources of future earthquakes, Fig. 1. The 
faults were grouped into three classifications based on their known 
recency of activity and, surface faulting (1): these being active (A), 
potentially active of high potential (HP), and potentially active of low 
potential (LP). A fourth group classified as inactive (IA) by the A.E.G. 
criteria was excluded from consideration. This classification is believed 
to give a reasonable indication of the relative amounts of seismic acti­
vity that can be expected in the future (4). 

The historical seismicity of the 200-kilometer region surrounding the 
site was determined from available catalogs of Southern California earth­
quakes occurring from 1812 through 1975. Based on this data, the recur­
rence curve for the region was found to be, 

LoglON = 5.34 - 1.OM (1) 

where N is the number of events per year occurring within the region having 
Richter magnitude M or greater. The San Jacinto Fault was the only fault 
for which enough historical data was available to establish a recurrence 
curve. This curve, established for a narrow zone surrounding a 266-kilo­
meter segment of the fault is given by, 

lo910N = 3.82 - 0.79M (2) 

The lack of adequate historical activity to establish recurrence 
curves for the remaining faults requires some sort of IIbayesianll assess­
ment of their activity rates. In this respect it was assumed that each 
fault classification could be characterized by a constant activity rate 
per unit length of fault. This, of course~ excludes the San Jacinto Fault 
whose activity is given by Eq. (2). Activ,e faults. were assigned an acti­
vity rate per unit length based on the historic seismicity of the region, 
Eq. (1), less the seismicity associated with the San Jacinto Fault. This 
conservatively assigns al- of the past historic activity to those known 
active faults. HP-type and LP-type faults were arbitrarily assigned 
activity rates per unit l~ngth of 1/2 and 1/6 times that of the active 
faults. The values of 1/2 and 1/6 represent preliminary estimates and 
should be revised accordingly as research warrants. The b-value, or 
slope of the recurrence curve, for each fault classification was given a 
value of -1.0 as established for the region as a whole. 

LOCAL SITE CONDITIONS 

An important concern to those estimating earthquake risk is' the effect 
of local site conditions on expected earthquake ground motions. In the 
past only limited correlations between qualitative site classifications and 
various instrumental indices have been found. Recently, however, a new 
classification system was introduced which uses a quantitative represen­
tation of site properties to characterize site effects (3). The tech­
nique consists of fitting parabolic functions through shear-wave velocity 
profiles using the following equation, 
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v = KdO. 37 
s (3) 

where Vs is shear wave propagation velocity (ft/sec); d is depth (ft); and 
K is a constant. Therefore, the dependence of velocity on depth can be 
established by the value of K. 

Using K to represent a measure of site properties, multiple regres­
sion (3) were performed, using ground motion index data provided by the 
1971 San Fernando earthquake. From this analysis, a strong correlation 
was found between peak particle velocity, V (cm/sec), and K. This rela­
tionship, as a function of hypocentral distance R in kilometers, is given 
below and in Fig. 2, 

(4) 

Correlations utilizing peak acceleration and peak displacement exhibited 
little dependence on K. In order to incQrporate magnitude into the 
analysis, Eq. (4) was multiplied byel.2tm-6.4). 

Equations similar to Eq. (4) were also established for two types of 
rock: Sedimentary and Basement Rock. These e~uations, however, do not 
incorporate K-values. 

PROBABILITY DISTRIBUTION 

The joint probability distribution utilized to represent the occur­
rence of earthquakes in time, magnitude and space was a Gumbel Type II 
extreme value distribution. This distribution, transformed to give the 
distribution of maximum annual peak velocity using Eq. (4), is given by, 

P(V>v) = l_e-t / T (5) 

where P(V>v) is the probability that peak velocity is exceeded (i.e. risk) 
in t years; t is the design life of the structure under consideration, 
and T is the return period. For specified values of risk, design life and 
return period, the design peak velocity can be computed by an iterative 
solution of Eq. (5). 

For the purpose of t~is study, the following parameters were used; 
T = 100 years, t = 50 years, and risk = 0.39. 

EXAMPLE 

To illustrate the methodology, an example is presented using a part 
of the Los Angeles area. The Basement and Sedimentary rock estimates of 
100-year peak velocities is given in Fig. 3. Geographically, the rock 
sites are located in the top portion of the study area. In general, the 
velocities exhibit little variation within each of the two rock groups. 

The soil site estimates of velocity in Fig. 3, however, have been 
computed using a reference K-value of 400. Becaus~ of this, ~he varia­
tion in values can be attributed totally to effectlve fault dlstances. 
Note that the largest value of velocities lie diagonally on a·~ine from. 
the lower right-hand corner to the upper left-hand corner of Flg. 3. ThlS 
trend is due to the presence of the Newport-Inglewood fault. 
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Since the 100-year velocities for the soil sites were computed using 
a reference K-value, a velocity coefficient is used to obtain the site­
dependent velocities. This coefficient, C , is computed from the following 
equation, v 

C = ( K/ 400) .37 
v (6) 

where K represents the soil parameter determined from the shear-wave velo­
city profile. The base'soil velocity, Vaoo is then multiplied by this 
coefficient to obtain the expected veloclty, Vk, for the site. 

By incorporating C , the site velocities, V , for the three sites are 
found to vary from 33 t~ 45 cm/sec. The origina~ base velocities, however, 
only span a 3 cm/sec range. The rock velocities range from 13 cm/sec for 
Basement Rock to 27 cm/sec for Sedimentary Rock. Therefore, for this 
example, K-value and rock type have a greater effect on the areal distri­
bution of velocity than does the seismicity of the region. 

CONCLUSION 

A method of computing the 100-year design ground motion for a site is 
presented and applied to a portion of the Los Angeles area. The important 
features of the method include 1) a bayesian assessment of fault activity 
rates and 2) a quantitative assessment of site effects. For the relatively 
small study area used in this paper, it was observed that site conditions 
had a much greater effect on the lOO-year velocities than did the regional 
seismicity. However, with the inclusion of a larger study area, the ef­
fect of seismicity would be expected to become more significant. 
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Figure 3. 100-Year Velocity Base Map for Central Los Angeles. 

TABLE 1 
COMPUTATION OF 100-YEAR PEAK VELOCITY 

SITE LOCATION K-VALUE 
V400 Cv 

Vk M.M.1. (em/sec) (em/sec) 

616 
A S. NORMANDIE, 603 39 1.15 45 IX 

l.A. 

435 
B OAKHURST, 429 41 1.02 42 IX 

BEVERLY HILLS 

1100 
C HIGHLAND, 231 40 0.83 33 VIII-IX 

HOLLYWOOD 
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THE INFLUENCE OF SOURCE PARAMETERS 
ON STRONG GROUND MOTION 

by 

N.A. LevyI and A.K. MalII 

SYNOPSIS 

Near field ground motions are calculated from a rapidly propagating 
vertical fault located in a homogeneous isotropic visco-elastic half space. 
A model of the source is constructed by retaining the essential kinematic 
features of the faulting prncess. Synthetic displacements and velocities 
are calculated by means of an efficient computer program. The influence 
of the rupture speed on the nature of the ground motion is investigated by 
varying the speed between the Rayleigh and the P wave speed of the medium. 
The differences in the nature of the motions produced by strike-slip and 
dip-slip faultings of equal seismic moments are studied. The relative 
magnitudes of the body waves and the_surface waves in near field motions 
are compared. An effort is made to determine the length of the fault 
segment which produces the significant strong motion at a given location 
near a very long fault. 

INTRODUCTION 

The problem of the calculation of near field ground motion from 
shallow earthquakes has received much attention in recent years. The 
major goal in these studies has been the prediction of displacement, 
velocity and acceleration of the ground at a given location under assumed 
mot~on at the source. 

In strong ground motion calculations, reasonable models of the earth­
quake source and the earth in the vicinity of the source must be con­
structed. Since the source has a strong influence on the near field 
motion, an accurate model of the source must necessarily be employed. 
Unfortunately, the mechanics of the earthquake source is not very well 
understood at the present time. It has been established, however, that 
almost all shallow earthquakes are caused by propagating ruptures along 
preexisting fault surfaces. Thus, a reasonable model of the source must, 
at least, be consistent with the theories of fracture. The model of the 
ground should, in principle, be a multilayered medium containing all the 
discontinuities in the physical properties. Since the free surface repre­
sents the strongest discontinuity in the earth's crust, a uniform half 
space may serve as a reasonable exploratory model of the ground. This 
should account for some of the major features (e.g. reflection, surface 
waves) expected to be present in the ground motion. In addition, the 
method of analysis must be flexible enough so that the significant results 
of current research on fault dynamics (such as the influence of ambient 
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tectonic stress, friction, etc.) may be included, as they become available. 
It should also be adaptable to multilayered media. 

All the models considered in the literature so far are over-simplified 
in t~at they ignore one or more of the essential ingredients described 
above, (see, e.g. [1] and [2] for a review of the earlier work). Some of 
these authors were able to obtain reasonable agreement between theoreti­
cally computed ground displacements and the displacements obtained by inte­
grating the near field accelerations recorded in two earthquakes (Parkfield 
1966, San Fernando 1971). Since the inversion procedure involved in the 
comparison is highly non-unique, it is difficult to determine the effec­
tiveness of their techniques for prediction purposes. 

In a recent paper [3] an alternative theoretical basis was presented 
by retaining all of the ingredients discussed above. The technique was 
applied to calculate the ground displacements in the vicinity of the fault 
in a simplified model of the 1966 Parkfield (California) earthquake. The 
agreement between the predicted and recorded motion was quite good. The 
results presented in the present paper are based on the theory developed 
in [3J and are of general interest in engineering seismology. 

RESULTS 

. We consider a vertical dip-slip or strike-slip fault of relatively 
small width and shallow depth - buried in a uniform half space (Fig. 1). 
The rupture is assumed to begin at the hypocenter H, spread rapidly 
through the width b and propagate unilaterally (to the right) along the 
rectangular fault surface. The slip across the rupture surface is assumed 
to vary nonuniformly between a zero value at the edge and a maximum value 
at the center. The maximum static offset in either dip-slip or strike­
slip case is D at the center of the rectangle (a x b) swept by the rupture 
surface. In the numerical calculations the source parameters were assigned 
the values, d = 3 km., a = 30 km., b = 6 km., D = 3 m. The medium was 
assumed to be homogeneous and isotropic with the properties c I = V3C2 = 5.6 
km/sec., cr = 2.9 km/sec., where cI' C2' cr are the velocities of the P, S 
and Rayleigh waves respectively. The damping properties of the medium were 
realized by assigning an imaginary part to the velocities with the attenua­
tion coefficients Qp = Qs = 50. The recording station was assumed to be 
located at a point halfway across the fault surface at a distance equal to 
the fault length. 

The influence of the variation of the rupture speed c (cr < c < cI) 
on the calculated displacement and velocity time histories are shown in 
Figures 2 and 3 respectively. The DC components of the ground motion were 
removed by a low frequency cut-off of .07 Hz. A high frequency cut-off of 
3 Hz was used for the displacements and 6 Hz for the velocities. No appre­
ciable energy was present beyond these frequencies. The time histories 
were shifted in time by assuming that the motion at the station was ini­
tiated by the P wave arrival. Only the displacement components perpendic­
ular to the fault surface are shown in the figures, the effect is similar 
in the other components. The major feature in these curves is the growth 
of the peak displacements and velocities with increasing rupture speed, 
especially in the dip-slip case. It should also be noted that in the 
strike-slip case, the peak velocity shows no significant increase except 
when the rupture speed is very close to the P wave speed. 
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In Figures 4a and 4b, the amplitudes of the body wave and Rayleigh 
wave displacement spectra are compared for a fixed rupture velocity of 2.9 
km/sec. The notable aspect of these curves is the predominance of body 
wave motion in the strike-slip case and Rayleigh wave motion in the dip­
slip case. This suggests that surface waves would be of considerable 
interest in earthquakes stemming from a rupture surface with a strong dip 
component. It should also be noted that the vertical displacement is of 
the same order for both strike-slip and dip-slip. One other somewhat 
unexpected feature is the relative peak in the parallel strike component 
at the higher frequencies. The fact that it appears in the 1 Hz region 
may have some bearing on the previous oscillatory behavior in the same 
component's time history (Figs. 2, 3). 

The possibility of simplifying near-field ground motion calculations 
was examined by computing displacement spectra from the strike-slip case 
by using only portions of the rupture surface, comparing these to the 
results obtained using the entire fault surface. The hypothetical record­
ing station was positioned half way along the fault, at a distance of a/2 
from the fault surface and contributions from symmetric portions of the 
fault surface with respect to the recording station were calculated. It is 
to be noted that the important features of the motion begin to emerge for 
the case where the fault segment length is equal to the station distance. 
The most pronounced change is observed in the perpendicular and vertical 
components, and can be attributed to the proportionately smaller contribu­
tion of the tangential dislocation for the shorter fault segments. The 
effect of successively larger fault segments appears as attenuation of the 
higher frequencies, as might be expected from the longer period motion 
generated from increasing fault size. The results for the nearer station 
located one quarter fault length in perpendicular distance were very simi­
lar (not shown). Only in this case the essential ground motion was estab­
lished when the portion of the fault used was equivalent to four station 
distances. This implies that such calculations depend strongly on loca­
tion of the observation point. Even though a simplification can be expec 
expected with a careful choice of fault segment, there seems to be no 
simple formula for this procedure. 
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SEPARATION OF BODY AND SURFACE WAVES 
IN STRONG GROUND MOTION RECORDS 

George C. Liang
I 

and C. Martin DukeII 

SYNOPSIS 

A methodl to separate body and surface waves in strong motion 
accelerograms is presented. This method incorporates a linear system 
model which accounts for the behavior of both body and surface waves. To 
demonstrate the method, Fourier spectra of the mainshock records from the 
1971 San Fernando earthquake are used. Spurious peaks occurred in many 
calculations due to divisions of Fourier spectra. A multi-station scheme 
which eliminates the spurious peak problem is presented. 

INTRODUCTION 

A number of strong motion accelerograms were collected from the 1971 
San Fernando earthquake. These records were digitized and corrected for 
errors by the California Institute of Technology. Among these records, 
three mainshock accelerograms at ground levels, that is 8244 Orion Avenue, 
15250 Ventura Blvd. and 1800 Century Park East, are used in this presenta­
tion. Fig. 1 illustrates the relative locations of these stations with 
respect to the epicenter. 

SYSTEM MODEL 

In order to understand fully the behavior of the ground during an 
earthquake, it is desirable to incorporate the source, the transmission 
path, and the local site geology simultaneously in the analysis. An 
approach may be made using linear system theory. This theory manipulates 
the accelerograms 'in the frequency domain by making use of the concept on 
transfer function2• A simple linear system mode13 which incorporates the 
characteristics of both body and surface wave is shown in Fig. 2. The 
symbols E, R, W, X, and G represent respectively the source functions, 
the radiation patterns, the path transfer functions, the local site char­
acteristics, and the ground motions; with the subscript b denoting body 
wave and s denoting surface wave. All the functions are in frequency 
domain •. These functions are related by the following two linear equations. 

E R W s s s X 
s 

(1) 

The computation of the radiation patterns Rb and Rs are obtainedl 

using a model of a double couple source in a semi-infinite medium. The 
path transfer functions Wb and Ws are modeled using damped spherical 
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equations for body waves and damped cylindrical spreading equations for 
surface waves.1,2 The modeling of the local site characteristics for the 
body waves, Xb is based on the Haskell-Thomson method4 with SH-waves propa­
gatin3 vertically through horizontal layers. Actual soil profiles for the 
sites are used for the modeling. The local site characteristics for sur­
face waves, Xs ' is not so well defined as yet. It is assigned unit ampli­
tude for all frequencies in this analysis. 

METHOD OF SEPARATION 

The method for separating body and surface waves makes use of two 
stations and one earthquake event. Base9 on the system model presented in 
Eq. (1) and Fig. 2, the following set of linear equations can be written. 

GsI + Gbl = GI 

Gs2 + ~2 = G2 (2) 

GsI I Gs2 = M 

Gbl I Gb2 = N 

where GsI ' Gs2 and ~2 are the body and surface wave components at sta­
tions 1 and 2. These are the unknowns in the above set of linear equa­
tions. GI and G2 are the Fourier transforms of the actual accelerograms 
recorded at the two sites, and M and N are known quantities which can be 
calculated from the equations shown below. 

R W X 
M = sl sl sl 

Rs2 Ws2 Xs2 
(3) 

A set of equations for calculating the body and surface wave contents 
for the two stations can be obtained by solving the set of linear equa­
tions in Eq. (2). These equations are shown below. 

M(NG2 ·- G1) 
Gsl = N-M 

G = N(GI -MG2) 
bl N - M 

where all the variables are functions of frequency. 

(4) 

Two sets of calculated body and surface wave spectra for station 
Orion are presented in Fig. 3 and 4. The station pairs used for the co~ 
putations are Orion and Ventura; and Orion and Century Park East. Fig. 5 
shows the psectrum for the recorded ground motion at Orion. 
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SPURIOUS PEAKS 

The separated body and surface wave spectra shown in Fig. 3 and 4 are 
not quite satisfactory due to the presence of spurious peaks. This is 
especially pronounced in Fig. 4. These spurious peaks tend to dominate 1 
the records, thus yielding undesirable inverse transform time histories. 

A multi-station procedure is used for eliminating t~ese spurious 
peaks. By making use of the separated body and surface wave spectra at 
the same station obtained from two independent sets of calculations, an 
acceptable set of separated body and surface wave spectra can be obtained. 
This is done by combining these sets of independently calculated spectra 
for the same components using different weighing factors. Fig. 6 shows the 
combined results for station Orion. Note that the spurious peaks are 
reduced quite significantly. 

RESULTS 

This presentation provides a method to separate body and surface wave 
contents in strong motion acce1erograms. The method requires Fourier 
transforms of the acce1erograms at two stations. In addition, the com­
plete transfer functions from the source to the site for both stations are 
also needed. Two sets of separated spectra for the body and surface wave 
contents are presented. A method for eliminating spurious peaks from the 
calculations is also examined. However, all these calculations provide 
only a preliminary evaluation on the separation technique. The reliability 
of these calculations is yet quite rough. In order to achieve be·tter reli­
ability, the modeling of .the transfer functions ought to be improved so 
that all the important influences on the seismic waves can be incorporated. 
Also, a better method for avoiding spurious peaks is needed. 
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Figure 3. The Separated Spectra for Orion, Orion and CPE Pair. 
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Figure 5. Spectrum of Recorded Ground Motion at 8244 Orion. 
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TRANSFER FUNCTIONS FOR SURFACE WAVES 

by 

A.K. Mall and C.M. DukeI 

SYNOPSIS 

An approximate technique is developed to calculate the surface wave 
transfer functions for propagation between two stations with different site " 
conditions. The technique is applied to Love waves propagating in a two 
dimensional single-layered model of the soil containing a discontinuous. 
change in the layer thickness. The displacement spectra produced by sudden 
dislocation near the free surface at two stations located on either side of 
the transitional zone are calculated and compared. The influence of the 
higher modes is sho~~ to be highly significant, especially at higher fre­
quencies. 

INTRODUCTION 

In most of the previous studies on the influence of local site condi­
tions on earthquake ground motion it has been implicitly assumed that no 
significant seismic energy is propagated along the sedimentary layers and 
that. the motion produced within the underlying bedrock can be adequately 
described by means of body waves with appropriate decay factors. It is 
difficult to justify the validity of these assumptions in shallow earth­
quakes where a significant amount of energy is trapped in the layers as 
surface waves. In order to improve the applicability of such studies the 
present authors are in the process of developing a linear system model 
which incorporates the transfer functions of both body and surface waves 
[1]. 

In an attempt to give a proper definition of the surface wave transfer 
functions and to understand the mechanics of energy transfer across transi­
tional regions we consider a single layered model of the earth containing a 
sudden change in layer thickness caused by a step change in the elevation 
of the interface. We study the propagation of Love waves in the model, 
with special emphasis at high frequencies. The technique can be extended 
to multilayered media and Rayleigh waves. 

In almost all of the previous studies on the propagation of surface 
waves in layers of varying thickness the influence of the higher modes have 
essentially been ignored. Since the higher modes become highly significant 
at high frequencies, the results of such studies cannot be directly used 
in earthquake engineering applications. We describe an alternate approx­
imate technique which is more accurate at higher frequencies. 

THEORY 

Let HI and H2 denote the layer thicknesses to the left and the right of the 
discontinuity. ~l, Bl are the shear modulus and the shear wave velocity of 
the layer while ~2' B2 are those for the basement complex. We introduce a 

Iprofessor, Department of Mechanics and Structures, University of 
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cartesian system (x,y) at the surface on the left side of the step at a 
distance d from it. The x axis is horizontal, to the right and y-axis 
vertically downward. 

At a given frequency w let NI, NZ denote the number of Love modes that 
can exist in the layers of thickness HI and HZ respectively. Then an inci­
dent Love wave with mode number ~, surface amplitude one and frequency w 
will give rise to NI reflected modes and NZ transmitted modes at, the step. 
Let A~m' Btn denote the surface amplitudes of the mth reflected mode and the 
nth transmitted mode. Then the spectral surface displacements to the left 
and the right of the discontinuity may be expressed in the form, 

o < x < d, CIa) 

ik~d + ikn(x-d) 
B~n e , x > d, (lb) 

where kt, km, kn denote the wave numbers of the incident, reflected and the 
transmitted modes and the phase shift of each wave has' been taken into 
account. The second expression (lb) in the right ,hand side gives the ampli­
tude and phase of the transmitted Love wave and will be called the modal 
transfer function for the tth mode. It is to be noted that although the 
incident wave amplitude is a constant (unity) the transmitted and reflected 
~laves have amplitudes which vary with x. 

The coefficients At~, Btn cannot be calculated exactly. It can be 
sho,vn, by using the orthogonality properties of the Love modes and the con­
tinuity of the displacement across x = 0, that, 

where 

R (H) = l°O~(y,H)[U (y,H)]Z'dy 
mOm 

~(y,H) = ~l' 0 < Y < H 

= ~Z' y > H 

(Z) 

Um(y,H) is the Love wave mode shape in the mth mode defined in [Z] and 
Vt(y) is the (unknown) displacement along the line x = 0, y > O. We cal­
culated Vt(y) approximately by utilizing a technique similar to that used 
in [3]. The details are omitted. We only note that the accuracy of the 
approximation increases with increasing frequency. 
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We now introduce a sudden strike slip dislocation of magnitude D on a 
small fault segment o~, oriented at angle e with the horizontal located at 
(O,h) in the layer. Then the Love wave spectral displacement produced at 
a site (x,O) is given by 

u(x,O,W) (3) 

where u~ is given in equation (1) and A~ can be found in [2]. 

NUMERICAL 'RESULTS 

The computations are carried out for the case, Sl = 1 km/sec., 
62 = 1.8 km/sec., ~2/~1 = 3.3, HI = 1 km., H2 = 1.3 km or, HI = 1.3 km, 
H2 = 1 km. 

In Fig~ 1 the amplitudes of the modal transfer functions given by (lb) 
are plotted for the case x = d. Each curve in Figs. (la) and (lb) repre­
sents the amplification of the ~th mode Love wave just after it crosses 
the discontinuity. The amplitude of a given mode approaches unity at very 
high frequencies. It is to be noted however that at any given frequency 
at least one mode is strongly affected by the step. The waves propagating 
from the thick end of the layer are more severely affected by the transi­
tion than those propagating from the thin side. 

The spectral amplitudes of the Love waves produced at two sites located 
on either side of the-step at a distance of 1 km from it are plotted in 
Figs. 2 and 3. The source parameters used in these computations are, 
d = 8 km, h = .25 km, and e = 45°. Only the incident waves are plotted for 
the site located to the left of the discontinuity since the reflection 
coefficients AZm have a relatively insignificant effect on the motion. It 
can be seen that in either case the spectral amplitudes at the two sites 
differ considerably especially at high frequencies. These difference can­
not be related to the contrast in the site properties in a simple manner. 
They are caused mainly by the transmission of and subsequent interference 
between the higher modes. 
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SHORT PERIOD SURFACE WAVES IN A LAYERED MEDIUM 

by 

D. NemaniI and A.K. MaIII 

SYNOPSIS 

In this paper we investigate some properties of surfaces waves at 
relatively short periods and small epicentral distances by means of exist- ' 
ing seismological techniques. We assume a single layered model of the 
earth and calculate the Love wave displacement spectra that would be pro­
duced by shallow earthquake sources located within the layer. The inter­
ference between the higher modes is shown to be a significant factor in 
producing complex ground motions. The amplification of the waves between 
the interface and the free surface is shown to have a highly anomalous 
behavior due to the presence of the higher modes. 

INTRODUCTION 

A majority of the studies on site effects have so far been carried 
out under the assumption that all of the energy released by the source 
travel as spherical body waves through bedrock and propagate vertically 
thereafter as plane waves through the layers. While this may be approxi­
mately true for deep focus earthquakes, there is strong evidence that in 
shallow earthquakes a large percentage of the energy is trapped in the 
layer and propagate horizontally as surface waves. The amplitudes of the 
surface waves decay less rapidly than those of body waves with epicentral 
distance and frequency. 

Thus it appears that in strong ground motion studies the contribution 
of the surface waves must be carefully assessed. Although a large body 
of seismological literature exists on the subject, most of the available 
results are applicable at long periods (> 10 sec.) and large epicentral 
distances (> 100 km). We are currently involved in a systematic study of 
surface waves at shorter periods (.1-10 sec.) and smaller epicentral dis­
tances (10-100 km). In this note we present a number of results based on 
our preliminary investigation of Love waves propagating in a single 
layered two dimensional medium. 

THEORY 

The theory of Love wave propagation is well established and can be 
found in standard seismological literature (see, e.g. [1]). We quote 
only the relevant results. 

The Love wave phase velocity c in a single layered medium of layer 
n 

thickness H is the real root of the equation, 
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where n is the mode number, 

w is the circular frequency, ~l' 61 are the shear modulus and the shear 
wave velocity in the layer and ~2' 62 are those in the half space. It 
can be shown that 61 S cn S 62 and that the higher modes appear at the 
cut off frequencies, 

(2) 

Taking the x-axis along the horizontal and y-axis vertically downward 
from the free surface, the displacement spectrum at any point within the 
layer may be expressed in the form, 

u(x,y,w) 
N(w) 

L 
n=O 

U (y,w)exp(iwx/c ) n n 
(3) 

where N(W) is the number of modes present at frequency w, and the mode­
shape functions U (y,w) with surface amplitude Sn are given by 

n 

u (y,w) ~ s cos(n1 y). 0 ~ y ~ H n n n 

S cos(nl H) exp{-nZ (y-H)}, y ~ H 
n n n 

(4) 

In order to calculate 8n we introduce a strike-slip dislocation of (small) 
length 8£ and dip angle e located at depth h« H) on the y axis. ~e 
assume that the dislocation has a time dependence f(t) so that the source 
(displacement) spectrum is F(w), the Fourier transform of f(t). It can be 
shown that for x > 0, 

8 = Zo£F(w) (P sine + i Q cos8)/R n n n n 
(5) 

where, 

p = nl cos(nl h), Q = n1
2 

c sinenl h)!w n n n n nn n 

The amplification of the surface waves between the interface and the free 
surface can be calculated from (3) through the relation 

A (x,w) = lu(x,o,W)/u(x,H,w)I s 
(6) 

It may be recalled, for comparison purposes that for plane shear waves with 
incident angle ¢ the amplification is given by 

AB(W) = 1/cos(V1H) 

. -2 -2 2 }l/Z where VI = w{6l -62 sin ¢ • 

(7) 

Thus resonance occurs at the frequencies, 
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0,1,2,.0. (8) 

NUMERICAL RESULTS 

The numerical results are presented for a model in which Sl = 1.0 
km/sec., 82/ 81 = 1.3, ~2/~1 = 3.3, and H = 1.3 km. The solution of (1) 
for these assumed values of the site parameter is plotted in Fig. 1. It 
can be seen that the phase velocity is mUltiple valued for w > 2.2 rad/ 
sec., and that the number of modes increases to 22 at w = 60 rad/sec. 

In order to calculate the spectral amplitudes we assume that the slip 
function is a step of magnitude D in time. Then F(w) = iD/w for W ~ O. 
We further assume that the source is either located near the interface 
(h = 1 km) or near the free surface (h = .25 km). The normalized spectral 
surface amplitudes lu(x,O,W)Sl/Dotl are plotted against frequency in 
Fig. 2, for two epicentral distances (x = 8 km, 15 km) in the case of the 
interface source (h = 1 km). The only common feature in the two curves 
is the large amplitude near w = 1.2 rad/sec., which is caused by the 
fundamental mode alone. The secondary peaks at higher frequencies are 
more important in earthquake engineering studies. The spectral amplitude 
at x = 8 km for the surface source (h = .25 km), exhibit more prominent 
secondary peaks (solid curve, Fig. 2) than that for the interface source 
(h = 1 km). The complexity of the spectra at high frequencies is caused 
by strong interference between the higher modes. Although the plots have 
been terminated at w = 20 rad/sec. similar pattern is repeated at higher 
frequencies. 

In order to further examine the influence of the site parameters on 
the surface motion the amplification factors As(x,w) for x = 8 km and 
15 km are plotted in Fig. 3 for a source depth of 1 km. The natural fre­
quencies of the layer are also identified in the figure. Comparison of 
the amplification CUl~es indicates that the surface wave motion at two 
stations with identical site properties may be considerably different. 
The peak amplitudes appear to be unrelated to the natural-frequencies of 
the layer. 

We note one additional feature of the spectra. The w-1 decay intro­
duced in the source function is not sufficient to cause significant reduc­
tions in the amplitudes at high frequencies. Even with the introduction 
of damping (Q !!It 50) and geometrical spreading (..., (wx)-1/2) factors the . 
velocity and acceleration spectra calculated from the plots in Fig. 3 will 
have unreasonably large amplitudes at high frequencies. Thus the spectrum 
of the source function must decay more strongly with frequency, indicating 
the nexessity o( including loss mechanisms· at trua source. 
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COLLAPSE ANALYSIS OF MULTISTORY BUILDINGS 

by 

Lawrence G. Se1naI 

INTROPUCTION 

After a building is noticeably damaged in an earthquake, the earth­
quake engineer needs to know if the building should be repaired. A method 
of static incremental analysis suitable for predicting the likelihood of 
collapse is needed. 

The objectives of this paper are to: 1) develop a method for large 
deflection quasi-static incremental analysis of ductile reinforced concrete 
frames, and 2) interpret the results of sta~ic collapse studies. The 
frames studied are loaded incrementally with static loads simulating 
earthquake-like load distributions. 

ANALYSIS PROCEDURE 

Quasi-static incremental displacement analysis which considers the 
decrease in story shear resistance after yield can be formulated either 
with tIle incremental displacements or incremental forces as the dependent 
variables. Examine the quasi-static equilibrium equation 

[K (u)J.{~u}. + [K (u)] .{~u}. = {~f}. c ~ ~ g ~ ~ ~ 
U) 

in which {~u}i' {~f}i = incremental displacement, force vector~; Kc(u), 
Kg(u) = conventional, geometric stiffness matrices dependent on disp1ace­
~ent history, U; i = increment number. 

Though arbitrarily choosing the incremental force, {~f}i, is mathe­
~tica11y sound, in actuality a meaningful collapse displacement history 
cannot be found this way. The choice of {~f}i becomes exceedingly diffi­
cult when the fundamental eigenvalue of [Kc(u) + K~(u)] becomes negative, 
as it normally does after a yield mechanism forms ~n the structure. If the 
incremental displacements, {~u}i' are chosen, then a straightforward multi­
plication can be used to find the incrementally applied loads. This 
approach is unsuitable in the present collapse analysis study because the 
incremental displacement history is unknown in mu1tidegree of freedom 
systems. 

A systematic calculation procedure which avoids guessing {~u}i or 
{~f}i can be formulated from principles of incremental work. In the 
procedure the shape of the load vector {~f}i and the incremental work are 
input quantities. The magnitude of the incremental load and incremental 
displacements are output from the analysis. 

Consider the following load and displacement relationships 

{~f}i = ~ai {~f} 

and {~u}i ~ai {~~}. 
~ 
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in which ~ai = unknown increme~tal scalar multiplier; {~f} = specified 
constant load shape vector; {~u}i = unknown scaled displacement vector. 
The same unknown scalar, ~ai' is used in Eqs. 2 and 3 because {~U}i 
and {~f}i are linearly related in Eq. 1. 

The accumulated load is found from the relation 

{f}'+l = {fl· + {6f}. 
J.; 1. 1. (4) 

in which {f}i+l' {f}i = accumulated loads for increments i+l and i. 

The incremental external work done by the accumulated load, {f}i, 
moving through the incremental displacemtnt {6u}i is given by 

~Wi = {i}l {6u}i (5) 

in which ~Wi = incremental external work. In the present paper 6Wi is a 
specified quantity whereas in usual equilibrium calculations 6Wi, is some­
times computed, as an afterthought, from Eq. 5. 

An incremental procedure can be devised using Eqs. 1 through 5, but 
some supportive data must be supplied. Before the incremental procedure 
is carried out the quantities 6Wi (i=l, ••• , number of increments) and {6f} 
must be specified. These are input data whose selection will be discussed 
in the Section, "Input Quantities." At the beginning of each increment the 
stiffness matrices Kc(u) and K (u) must be known. These matrices may be 
evaluated using known methods ~or representing uniaxial (1) and biaxial 
(2,3) behavior. Also known at t4e start of the increment is the accumulated 
load vector {f}i' 

Then the steps followed in each increment are: 
1. Substitute Eqs. 2 and 3 into Eq. 1 to obtain 

[[Kc(U)]i+ [Kg (U)]i]{6U}i = {6fL (6) 

Solve for {~}i using a convenient simultaneous equation solution 
procedure. 

2. Combine Eqs. 3 and 5 to obtain 

3. 
4. 

5. 

~Wi = 6ai {f}I{6u}i (7) 

~Wi is specified, {f}i is known from the previous increment, and 
{~U}iis known from Eq. 6. It follows that Eq. 7 may be modified 
to solve for the unknown scalar, 6ai, i.e. 

6W. 
1. 

l1a
i 

= T _ (8) 
{flo {6u}, 

1. 1. 

Using Eqs. 2 and 3 the unknowns {6f}i and {6u}i are computed. 
The accumulated load for the subsequent increment is found using 
Eq. 4. In a similar fashion the accumulated displacement can be 
found from 

{U}i+l = {U}i + {6u}i (9) 
in which {u}i+l' {u}i = accumulated displacement for increments 
i+l and i. 
The Kc(u) and Kg(u) are computed for the subsequent increment. 
Effects of joint coordinate translation on the Kc and Ku are 
represented in this step. 
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INPUT QUANTITIES 

Some basic understanding of the generalized force-deflection property 
of the structure is required for choice of ~W.. For the present study on 
collapse of multistory buildings the total wofk, W, can be found and the 
increments of work, ~W., can be selected if the distribution of earthquake 
loads, seismic coefficients, and maximum drifts are estimated in advance. 
This is not a restrictive requirement since the validity of the estimation 
can be tested by evaluating the yield shears and drifts obtained in the 
analysis. The magnitude of the ~W. values can be changed to study con­
vergence for the load, seismic coefficient, and drift estimations. 

Consider the generalized force-deflection relation shown in Fig. 1. 
The generalized force and displacement quantities are computed from the 
square root of the sum of force components squared. Two incremental work 
quantities ~W3 and LW30 for increments 3 and 30 are depicted as shaded 
bar areas. The LW3 is positive for loading while the ~W30 is negative for 
unloading or reversal. The LW3 has a larger magnitude than ~W30' 

Some properties of the present analysis method are demonstrated in 
Fig. 1. These properties are: 1) when [{f}I{f}i]l/2 approaches zero 
then LWi must be selected to approach zero; otherwise the resulting 
[{Lu}t{Lu}i]l/2 will be a large meaningless quantity; 2) LWi > 0 implies 
{f}I{Lu}i > 0 and ~Wi < 0 implies {f}I{Lu}i < O. 

In a collapse analysis of a multistory frame the incremental work is 
assumed to be positive for all increments. The collapse is signified 
when the generalized force, [{f}I{f}ill / 2, approaches zero. The LWi is 
chosen to approach zero as [{f}I{f}i] /2 goes to zero. 

APPLICATIONS 

Single bay portal frame planar studies are conducted in order to 
understand the characteristics of the present method. The properties and 
coordinate idealization of the frame are shown in Fig. 2. The reinforced 
concrete beam and columns are idealized using the moment-curvature charac­
teristics given in Ref. (1). Each of the elements is divided into three 
zones. An independent moment-curvature relation is represented in each of 
the zones. 

The vertical loads applied initially but don't enter into the incre­
mental work calculation. The magnitude of the vertical loads has a strong 
effect on the shear-drift relation (Fig. 3) of the frame. Four axial load 
levels related to the ideal axial short column capacity, Po' are used in 
the study. 

The incremental work, LW., is assumed to be linearly increasing from 
zero until the story shear re~ches a maximum. Then it is assumed to 
decrease linearly with each increment. The rate of decrease of incremental 
work per increment is found from the relation 

d (llW • ) [V. - V . ~ llW. ~ ~ l.maX l.lnax 
d(i) - i - imax v. (10) 

l.IIlax 

in which d(LWi)/d(i) = rate of change of incremental work per increment; 
!max = increment number when story shear is maximum; Vi' Vimax = story 
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shear at increment i, at maximum; ~W. = maximum incremental work value. 
Convergence of shear-drift relations1~~~ tested by comparing results of 
60 and 120 increment studies. The incremental load shape vector {~f} is 
indicated in Fig. 2. The upshot of these assumptions is that {6f}. is 
positive until the maximum shear is reached. Thereafter it is neg~tive. 
Meanwhile {f}. and {~u}. are positive for all of the increments. 

~ ~ 

Several aspects of the shear-drift relations (Fig. 3) are interesting: 
1) the initial slope; 2) the maximum value, and 3) the descending slope. 
The axial load 0.3Po caused maximum initial lateral stiffness and corres­
ponded to the "balanced" axial load. The maximum shear value also 
occurred for the 0.3Po axial load. The descending slope magnitudes were 
inversely related to the axial load levels. 

The collapse displacements for three axial load levels - 0.3Po, O.SPo, 
and 0.8~o - were found to. be 0.91 ft, 0.48 ft, and 0.23 ft respectively. 
The impending collapses were indicated by approach of the generalized 
force to zero. 

In Fig. 4 the critical vertical load is plotted against drift. As 
with the shear drift relations four axial load levels were used, and three 
properties of these curves are worthy of discussion. 

During the initial stages of loading the frame with column axial 
19ads at balanced condition has the highest critical vertical load. As 
the lateral load is increased there is a corresponding decrease in the 
critical vertical load; at this time the critical loads for different 
vertical load levels merge into a narrow band. When the lateral displace­
ment surpasses yield and the shear-drift relation is descending the crit­
ical vertical load is less than the applied vertical load. 

Throughout the displacement history the buckling mode shape corres­
ponds to a sway buckling mode. 

Multistory planar frame studies are performed to evaluate the adapt­
ability of the present method to large systems. The frame to be studied 
is shown in Fig. 5. For properties of materials, reinforced concrete 
element sizes, reinforcement detailing, and structural idealization 
please refer to Ref. (4). 

The incremental load shape vector {6f} which is intended to represent 
first mode earthquake loading is assumed to be linearly increasing with 
height. The vertical load is assumed to come from dead load. The incre­
mental work regime is generated using the same procedure that was used 
for the portal frame. 

Two studies simulating pinned and clamped columns at ground level 
were performed. The base story shear-drift relation is presented in 
Fig. 6. For the pinned case the yield mechanism is formed in the first 
story beams and column pins; in the clamped case yielding occurs at the 
base of the columns and in the first story beams. The base story shear 
capacity is approximately three times greater for the clamped case. Col­
lapse displacements were found to be 2.34 ft. for the clamped case and 
1.76 ft. for the pinned case. 
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CONCLUSIONS 

The collapse studies performed with the nonlinear incremental work 
procedure produced a number of interesting results from which the following 
conclusions are drawn: 

1. The shear-drift relation is a curvilinear function starting at 
zero, going rapidly to a peak, and then declining more gradually back to 
zero; the shape ~nd magnitude of the relation is influenced by material 
properties, geometry of the structure, detailing of reinforcement, load 
configuration, and history. 

2. The critical vertical load is· a variable quantity. It starts at 
a high initial value when the undamaged structure is subjected to small 
lateral loads. The initial value is influenced by the magnitude of the 
applied vertical load. After yield due to lateral load the critical 
vertical load is not influenced by the applied vertical load because the 
lateral loads are dominant. 

3. The incremental work procedure can be used to study problems of 
geometric and material instability. The method is ideally suited for pre­
dicting collapse displacements in earthquake damaged structures. 
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SOIL LIQUEFACTION IN 
CYCLIC CUBIC TEST APPARATUS 

by 

William E. WolfeI , Mokhtar AnnakiII and Kenneth L. LeeIII 

INTRODUCTION 

Although many studies have been made on soil liquefaction due 
to cyclic loading, the laboratory tests have always been limited to 
two directional plane or axisymmetric boundary conditions. In 
1967-68, Ko and Scott described a cube type of laboratory device 
which was capable of subjecting a test specimen to three directional 
type of normal static stresses (3,4,5). The study described herein 
used essentially the same equipment, but adapted for cyclic loading 
liquefaction tests on loose saturated sand. 

TEST APPARATUS AND SOIL CONDITIONS 

The cubic test apparatus (Fig. 1) consisted of an outer rigid 
box which held a 4 in cubic sample of soil bounded on all 6 sides 
by a thin rubber membrane. Thin steel dividers separated these 
membranes at the edges. Fluid pressure could be applied in the 3 
opposing chambers between the rigid box walls and the sample to 
create the four types of cyclic normal stress illustrated in Fig. 2. 
Shear stresses could not be applied to the boundary faces. 

Approximate cyclic strain measurements were made by noting the 
amount of water which flawed into or out of the three opposing cham~ 
bers. Internal pore water pressures were monitored by a thin tube 
which entered the sample through one corner. The excess pore pres­
sure data were used to define liquefaction failure. 

The soil tested was a clean uniform medium sub rounded quartz 
sand known locally as Monterey 20-30 sand, the same sand used by 
Peacock and Seed (10) (D50 = 0.62 mm, Cu = 1.2, €max = 0.85, 
€min = 0.53). The samples were prepared by wet raining after boil­
ing to saturate and then vibrated to the required density. All 
tests were performed at 5~~ relative density where initial lique­
faction and large cyclic strains occur almost simultaneously Q). 

All samples were isotropically consolidated to Uc = 15 psi. 
Symmetrical, uniform cyclic normal stresses were applied at 0.5 Hz. 
According to the reasoning of Seed and Lee (12), Series A, Band C 
tests should give the same results. Series D represents a cyclic 
plane stress test, impossible to simulate in the triaxial apparatus. 
The large surface area of the sample, and the large grain size 
caused concern that membrane penetration into the voids at the face 
might affect the results. This potential problem was partially 
investigated in Series E and F. Thin brass plates were glued to 

I Graduate Student, Engr., University of California, Los Angeles. 
II Staff Engineer, Woodward-Clyde Consultants, Chicago. 
III Professor, Engr., University of California, Los Angeles. 
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the rubber"membranes on the faces subjected to the stress pulsations 
to reduce the possible membrane penetration effect. For comparison 
purposes, two sets of cyclic triaxial tests, using 1.l.J.. and 2.8 in 
dia. samples, were also performed on this sand at the same density 
and confining pressures as for the cubic sample tests. 

The sample response in all series of tests was qualitatively 
the same as observed from ordinary cyclic triaxial tests on clean 
loose saturated sand. Transient and permanent pore pressures built 
up progressively with each cycle to the value of the confining 
pressure at which point large cyclic strains occurredo The cyclic 
stress level and the number of cycles required to produce this state 
of instability was taken as the cyclic strength or initial lique­
faction (12) for that test. In general, each test was stopped and 
the sample dismantled within 5 to 10 cycles after initial liquefac­
tion. For some samples, after the first test, the sample was recon­
solidated and retested. 

FIRST LOADING CYCLIC LIQUEFACTION TEST RESULTS 

The results of all first loading tests in the cube apparatus 
are shown in Fig. 3. The data indicate no difference between tests 
with or without plates. The combined data from all cyclic cube 
tests are shown to the same scale for comparison purposes in Fig. l.J..a. 
Data from all but the plane stress Series D tests lead to one fairly 
well defined curve. Data from Series D form another fairly well 
defined curve some l.J..~~ stronger than the other data. 

Initial liquefaction data points from the 1.l.J.. and 2.8 in diam. 
cyclic triaxial tests showed about the same amount of scatter as 
the data in anyone series of cyclic cubic tests. The best fit 
strength curves from these cyclic triaxial tests are shown by dashed 
lines in Fig. l.J..b. The 2.8 in diam. samples indicated a lower strength 
than the 1.l.J.. in mam. samples. The cube curves are somewhat steeper 
than the triaxial curves and intersect the triaxial strength curves. 
The Series D strength curve is located above both of the cyclic tri­
axial test curves except for very large numbers of cycles. 

No obvious explanation is available concerning the observed 
variations in cyclic strength with different test conditions. A 
number of experimental factors may affect the results. Green (2) 
has criticized the Ko-Scott cube apparatus because of the difficul­
ties at the edges and the corners, which restrict and impede large 
strains. However, since the pre-liquefaction strains were less 
than about 1%, the large strain difficiency in the apparatus would 
not be important. Furthermore, recent comprehensive studies using 
cyclic triaxial equipment have shown that significant differences 
in cyclic strength may be obtained from small variations in test 
procedure (6,9). Nevertheless, the data from all the series of 
tests, except Series D, were consistent within themselves. This 
consistency tends to confirm the hypothesis extended from that 
proposed by Seed and Lee (12) that these three types of tests should 
give the same results. Although the cube data do not fall directly 
on the triaxial curves, they are, for all but Series D, sufficiently 
close to suggest that differences might be due partly to minor 
experimental apparatus differences and partly to fundamental dif-
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ferences in stress patterns. 

The observation that Series D test results were significantly 
stronger than the other Series tests is demonstrated by a fairly 
large number of tests performed by the first two named writers over 
a period of about 1 year. Thus, the writers are led to conclude 
that the cyclic strength in plane stress conditions is significantly 
g~eater than in other forms of 3 directional loading. 

CYCLIC TESTS ON RECONSOLIDATED SAMPLES 

In 1970 Finn, Bransby and Pickering (1) published results of 
cyclic triaxial tests giving data for first loading liquefaction 
and for tests on the same samples after reconsolidation. They 
showed that if the first loading test was stopped before liquefaction 
occurred, involving cyclic strains less than ± 0.5% single amplitude, 
then on retesting after reconsolidation the sample would be stronger 
than measured during first loading tests. Data showing a similar 
beneficial effect from reconsolidation after previous non-liquefac­
tion cyclic loading were obtained by Lee and Focht (8). Seed et al 
(13) have also presented similar data from shaking table tests. 
In contrast, Finn et al (1), found that if the cyclic loading tri­
axial test was continued beyond initial liquefaction then reconsol­
idated, an identical cyclic test on the same specimen always caused 
liquefaction in the first or second cycle, regardless of how many 
stress cycles were required for liquefaction to occur on the first 
loading. This observation led Finn et al (1) to suggest that the 
severe reduction in cyclic strength in reliquefaction tests indi­
cated certain basic changes in the intergranular soil fabric. 

Similar results have also been observed by the writers with 
cyclic triaxial tests. Nevertheless, it was reasoned that this 
weakening effect must be only a laboratory phenomena and not appro­
priate for field conditions, otherwise any site whrh has experi 
enced liquefaction once in the past would reliquefy again at the 
beginning of every small earthquake. Historical data from Niigata, 
Japan (11) indicate that this is not the case. It was therefore 
reasoned that there must be some laboratory influence which produces 
such an apparent metastable structure after first liquefaction. 
Possibly this could be due to boundary effect, such as necked sam­
ples, which remain after reconsolidation. It could also be caused 
by internal change in the intergranular packing. 

Several reloading tests were performed on the cubic samples 
after they had first been liquefied. To insure seating after the 
first liquefaction, the consolidating sample was subjected to ~ 
stress pulses of the same intensity as the previous test, after 
which the drain line was closed and the second liquefaction test 
was performed as usual. During initial liquefaction the volume 
decreased by about 09~ to 1.1% corresponding to an average increase 
in relative density, Dr < 5%. No consolidation volume change was 
observed as a result of the ~ drained cycles. 

The results of the reliquefaction tests are shown in Fig. 5. 
There is a significant increase in cyclic strength in the relique­
faction tests as compared with the first loading tests. For 
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reference purposes, a dashed curve has been drawn to show the 
average strength increase to be expected from a linear increase in 
relative density of 5%, without any change in interparticle fabric. 

Qualitatively, it seems reasonable that if particles bear on 
each other through sharp asperities, or if large open voids develop 
during reconsolidation, the soil should be more prone to liquefac­
tion than if the particle contacts were on stronger flat faces and 
the void distribution was fairly uniform. Small amounts of cyclic 
loading under drained conditions would wear away sharp and very weak 
contacts leaving the soil in a more stable structure at essentially 
the same density. Vibratory compaction in the initial sample pre­
paration should also wear away asperity contacts and lead to a mere 
uniform density distribution than obtained originally by sedimenta­
tion from a fluid state. Since these studies were performed, add­
itional comprehensive data by Ladd (6) and Mulilis et al (9) have 
shown that the cyclic strength of sand may be influenced by as much 
as 100% by the type of compaction used to prepare test specimens. 

In the field, strong earthquake shaking is followed by less 
intense shaking as part of the same event or as aftershocks. This 
subsequent shaking should have the tendency of restabilizing the 
soil following an initial liquefaction so that it would not be as 
weak as suggested from laboratory tests performed on preliquefied 
samples without prior drained cyclic loading. 

CONCLUSIONS 

A limited study has been made on the cyclic liquefaction 
strength of one loose sand tested in a cubic apparatus and the 
data compared with data from cyclic triaxial tests. First lique­
faction results showed that for all but one of the few possible 
uniform symmetric normal cyclic stress patterns, the cyclic strengths 
were the same and were in reasonable agreement with the data from 
cyclic triaxial tests. For the one cyclic load pattern which 
simulated a plane stress condition, the cyclic strength was about· 
~~Io greater than for the other patterns. 

Although samples which have been liquefied and reconsolidated 
may have a very low resistance to cyclic loading, the reconsolidated 
cube samples were first subjected to a few cyclic stresses under 
drained conditions and the apparent metastable structures were 
destroyed. The samples exhibited greater strength than when first 
tested. These data along with other recent data suggest that inter­
particle soil fabric is of considerable importance in the cyclic 
strength of sands. Field evidence shows that pre-liquefied sand in 
the field is not as weak as suggested from the laboratory tests 
performed on pre-liquefied soil without prior drained cyclic sta­
bilization. However, questions still remain unanswered as to what 
laboratory sample preparation and testing methods are appropriate 
to simulated field conditions. 
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