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EARTHQUt,,KE DAMAGE PROBAB ILITY MATRICES 

by 

Robert V. Whitman I , John W. Reed II and Sheu-Tien Hong II ! 

SYNOPSIS 

A format is presented for organizing and portraying statistical 
data concerning damage to buildings caused by earthquake. This format 
uses 9 categories of damage, identified both by subjective word descrip~ 
tions and by ratio of damage cost to building replacement cost. The 
form of such statistical damage information is illustrated by data col
lected for damage caused by the 1971 San Fernando earthquake, and the 
trends brought out by these data are discussed. 

INTRODUCTION 

In any systematic analysis of earthquake risk or optimum seismic 
protection (1, 5, 6), it is necessary to express the degree of damage 
that will be experienced by a set of buildings when these buildings are 
exposed to different intensities of ground shaking. Even similar 
buildings will respond somewhat differently to a given ground shaking. 
Moreover, minor details in the pattern of ground motion can signifi
cantly influence the response of a building, and these details vary 
among ground motions all having the same nominal intensity. Hence the 
degree of damage must be expressed in probaba1istic terms. Fig. 1 
shows the form of the dama~e probability matrix (DPM) used in this study. 
Each number in the matrix 1S the probability that a building will expe
rience a particular level of damage as the result of a particular inten
sity. The probabilities in each column must sum to unity or to 100%. 

Two general approaches may be used to develop DPMs. One approach 
is to compile statistics empirically from experiences during actual 
earthquakes. This first approach relates damage directly to some mea
sure of intensity. Alternatively, the response (and damage) of build
ings to various ground motions may be predicted by theoretical dynamic 
analysis. 

This paper presents empirical DPMs compiled from a survey of ddm
age to buildings, having 5 or more stories, shaken by the San Fernando 
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earthquake of 9 February 1971. 

DAMAGE STATES 

To describe and categorize the damage that a building might expe
rience, a set of damage states has been developed. This scale of damage, 
shown in Figs. 1 and 3, runs from a to 8. Each damage state is identi
fied by: (a) a subjective description of physical damage, and (b) an ob
jective ratio of repair cost to replacement cost. The relationship be
tween the two identifiers has been developed from experience during the 
San Fernando earthquake, but is believed to have general applicability. 
While the DPMs presented in this paper are based upon actual repair costs; 
for other earthquakes, only the more qualitative damage information may 
be available. More specific and detailed damage descriptions have been 
developed, but must vary for different classes of buildings based upon 
the details of construction. 

It must be emphasized that the cost ratios in Fig. 1 are primarily 
a means for identifying a damage state, and in general are not the true 
cost of a particular level of damage. Replacement cost at the time of 
the earthquake has been used since it is a more-or-less definite quantity 
and independent of changable factors such as assessing practice, market 
conditions and inflation. For certain types of risk studies, the ratio 
of repair cost to market value might be a more meaningful statistic; such 
a conversion can always be made by the user of the DPMs. More importantly, 
there may be important monetary, human and social costs in addition to 
the direct repair cost: injuries and death, loss of income, etc. Such 
associated costs, while linked to the damage state, vary depending upon 
the value attaChed to human and social losses. 

A probability damage matrix is a set of probability mass functions 
for damage, given the intensity. As is true for most probability mass 
functions, it ;s difficult to evaluate with confidence each number in a 
column of a damage probability matrix. For some applications, it may suf
fice to use mean dama~ ratios (MDRs): that is, for each intensity, 
evaluate only the expected value of damage. If only repair costs were 
of interest, then the MDR as a function of intensity (plus possibly some 
measure of the variance from this mean) would provide essentially all of 
the information needed for risk studies. However, associated costs usu
ally will be determined by the likelihood that high damage states will 
occur, and hence it usually is necessary to assume the specific probabil
ities for these higher states. However, MDR is at least a useful indica
tion of the relative damage to different types of buildings during dif
ferent earthquakes. 

SAN FERNANDO EARTHQUAKE DAMAGE SURVEY 

The ideal way to prepare damage statistics is to start with a com
plete list of buildings, together with their pertinent characteristics, 
and then determine the nature, and actual cost of repair, of damage. 
Buildings that were strongly shaken but had little or no damage are of as 
much interest as heavily damaged buildings, since they indicate a measure 



of success in earthquake resistent design. 

The MIT survey of damage caused by the San Fernando earthquake spe
cifically covered buildings having 5 or more stories. There were several 
reasons for these restrictions: (a) others were studying damage to low 
residential buildings, and (b) there was a desire to focus upon buildings 
in which engineering design plays an important role. No list of such 
buildings was available at the start of the survey; hence it was necessary 
to piece together a list from various sources. 

It was determined that there were approximately 1600 such buildings 
within area of the map in Fig. 2. About 40% of these bufldings were built 
prior to 1933 when building codes did not specifically require earthquake 
resistant design. Another 56% were built since 1947 under modern code 
provisions. Ignoring the relatively few tall buildings constructed during 
the Depression and World War II (1933 - 1947), the distribution of these 
buildings according to age, height and intensity zone is given in Table 1. 
Thus far in the study, intensity of ground shaking has been represented 
by the modified Mercalli U1M) scale. Most of the buildings were within 
the zone of MM VII, where the measured peak horizontal ground accelerations 
ranged from about O.lg to about 0.2g. (In a subsequent stage of the study, 
a more quantitative measure of the intensity of ground shaking will be 
used.) This final list undoubtedly still is not entirely correct, con
taining some structures that do not belong and omitting some that belong. 
However, this list gives a very adequate picture of the number and type 
of buildings shaken by the earthquake. 

While considerable information was already avai1 9ble concerning 
buildings with considerable damage (2, 4), it became necessary to utilize 
a questionnaire to obtain statistics concerning less-damaged buildings. 
A sample, one-page questionnaire was developed, asking owners for data on 
building characteristics, total repair cost, and breakdown by type of dam
age (structural, partitions, mechanical, etc.). About 1240 questionnaires 
were sent, with a covering letter from the Building Owners and Managers 
Association (BOMA). Unanswered questionnaires were followed up by tele
phone and visits. By these questionnaires, plus lesser amounts of infor
mation from other sources, damage costs were assembled for about 370 
buildings. Table 2 gives the breakdown of these buildings by age, inten
sity zone and height (omitting the few buildings built between 1933 - 1947). 

All of the data concerning building characteristics and damage cost 
was digitized for storing and processing by computer. DPMs and MDRs can 
be generated by the computer for different building types, different ages 
of buildings, different assumptions concerning boundaries between inten
sity zones, different methods for relating replacement cost to building 
characteristics, etc. The results presented in the following section are 
based upon the intensity zones in Fig. 2; buildings in areas where the in
tensity clearly exceeded VIII are excluded from the survey. In construc
ting DPMs, buildings were assigned to damage states on the basis of damage 
ratio, using the best estimate for damage cost and the best estimate of 
replacement cost. Where possible, replacement cost was evaluated as the 
permit value inflated to the date of the San Fernando earthquake. Alter-
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natively, replacement cost was evaluated from building area times an aver
age building cost per unit area. MDRs were computed by averaging the 
actual, individual damage ratios. 

DAMAGE MATRICES AND DAMAGE RATIOS FOR 
SAN FERNANDO EARTHQUAKE 

The damage that occurred in MM VII of the San Fernando earthquake is 
summarized in Table 3 in the form of damage probabilities. Buildings have 
been divided into several different categories according to date of con
struction, height and type of construction (concrete or steel). The re
sults do show clearly that buildings designed under modern codes did fare 
better than the older buildings. The apparent erratic behavior of the 
probabilities in any column may be due in part to the range of damage 
ratios used for each damage state. 

Since data was obtained for fewer buildings in intensity MM VI and 
VIII, it is less meaningful to construct DPMs for different building 
heights and type of construction. Table 4 presents results when all build
ings in an age group are lumped together. The expected increase in damage 
with increasing intensity is very evident. The damage WQS very small in 
MM VI. (Note that modern buildings actually had more damage than old 
buildings in this zone.) In MM VIII, the damage, especially to concrete 
buildings, was quite significant. 

These trends emerge even more clearly when the mean damage ratios 
(MDRs) are examined. A few other observations may be made from study of 
the MDRs: 

1. For the newer buildings in MM VII, the MDR decreases as the story 
height increases above the 8 to 13 story range (see Fig. 4). This 
may represent confirmation of the frequently heard belief that 
the current code is more conservative for very tall buildings than 
for short buildings. Alternatively, it may simply mean that more 
attention is paid to the design details of unusually tall build
ings. 

2. For the older steel buildings in MM VII (and also in MM VI although 
the data are not shown), the damage to steel buildings may indicate 
an adverse matching between the periods of the older, taller 
buildings and the predominant period of the ground motion at these 
moderate distances from an epicenter. 

3. Considering all post-1947 buildings, the MDR attenuates more rap
idly with distance for 5 to 7 stories than for 8 to 13 stories 
(see Fig. 5). These trends undoubtedly are related to differences 
in the rate of attenuation of high and low frequency components 
of the ground motion. 

4. Considering all buildings, concrete buildings in zone VIr were 
slightly more damaged than steel buildings. (However, in their 
specific groups this pattern might reverse.) The difference was 
marked in zone VIII: MDR = 16% for concrete vs. 0.4% for steel. 

Since there were many buildings in each sample category, it is believed 



thqt these trend~ are a realistic picture of actual behqvior, 

Information concerning ~he breakdown of total damage cost was also 
documented. For buildings in intensity zone VI, the damage was approxi ... 
mately 5% structural, 5% elevators and 90% partitions and finish. For 
newer buildings in zone VII, these numbers were approximately 20% struc
tural, 5% mechanical. 10% elevators and 65% partitions and finish. In 
zone VIII, even though the total dollars spent for repairs increased, the 
percentage of these repairs spent on structural damage decreased. 

Many of the trends noted above have already been observed by others 
based on limited data (4). This detailed and extensive study of damage 
caused by the San Fernando earthquake has served to document these trends 
in probabilistic terms. 

STUDIES OF OTHER EARTHQUAKES 

Damage probability matrices are also being generated for other earth
quakes for which adequate records of both damage and non-damage are avail
able or can be reconstructed. Since actual damage costs are usually not 
available, it has been necessary to use subjective descriptions of damage. 
The effort of compiling these DPMs, and comparing them with those for the 
San Fernando earthquake, is still in progress. 

CONCLUSIONS 

A methodology has been described for compiling and presenting stat
istics concerning damage to different types of buildings as result of 
earthquakes having different intensities. Statistics from the 1971 San 
Fernando earthquake have been presented, and the trends suggested by these 
statistics have been noted. While the data available today are adequate, 
when supplemented by theoretical studies, for initial estimates of earth
quake risk, it will be important to document additional data of this type 
during future major earthquakes. 
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Table 1 Table 2 

NUMBER OF HIGH-RISE BUILDINGS 
SHAKEN BY EARTHQUAKE 

NUMBER OF BUILDINGS WITH DOCUMENTATION 
OF BUILDING VALUES AND DAMAGE COSTS 

MM I n tens it~ MM Intensit~ 

No. Pre- 1933 Post-1947 No, Pre-1933 Post-1947 

S to ry V I V I I V I I I VI VII VII I Story VI VII VI VII VI II ----- ----- --- -----
5-7 36 346 0 117 321 20 5-7 10 33 14 41 14 

8-13 21 236 0 79 231 6 8-13 9 78 28 70 4 

14-18 2 8 0 36 37 0 14-18 0 2 12 19 0 

19+ 0 2 0 12 41 0 19+ 0 3 26 0 ----- ---- --- -----
Total 57 592 0 244 630 26 Total 19 114 57 156 18 

Table 3 

DAMAGE PROBABILITIES (%) AND MEAN DAMAGE RATIOS (%) FOR 

INTENSITY VII ZONE OF SAN FERNANDO EARTHQUAKE 

Date Const. Pre-1933 Post-1947. 

No. Stories 5-7 8-13 5-7 8-13 14-18 19+ 

Type of Const. Co St Co St Co St Co St St St 

Damage State 
a 16 18 16 6 21 24 27 44 43 21 

1 16 9 12 13 26 28 33 31 43 54 

2 26 46 28 53 16 38 32 6 0 25 

3 21 27 14 16 26 5 8 16 14 0 

4 11 0 21 0 11 5 0 3 0 0 

5 . 0 0 7 9 0 0 0 0 0 0 

6 10 0 2 3 0 0 0 0 0 0 

7 0 0 0 0 0 0 0 0 0 0 

MDR - % 4.4 1.1 2.7 2.5 1.1 6.6 4.3 5.2 4.3 2.4 

No. Bldgs. 19 11 43 32 19 21 37 32 . 14 24 
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Ta,ble 4 

DAMAGE PROBABILITIES (%) AND MEAN DAMAGE RATIOS (%) 
FOR ALL BUILDINGS IN VARIOUS INTENSITY ZONES 

OF SAN FERNANDO EARTHQUAKE 

Date Const. Pre-193~ Post 1947 
Intensity VI V IT! VI VII VII --- I 

Damage State 
0 90 h4 79 33 6 

1 10 2 18 34 17 

2 0 35 3 20 39 

3 0 8 0 10 11 

4 0 1 0 3 5 
5 0 6 0 a 11 

6 a 4 0 a 6 

7 a 9 0 a 5 

MDR - % 0.03 2.8 0.05 0.5 7. 5 

No. B1dgs. 19 1 4 57 156 18 

DAMAGE STRUCTURAL NON-STRUCTUR L DAMAGE INTENSITY OF EARTHQUAKE 
STATE DAMAGE DAMAGE RATIO (,/,) V VI VII VIII IX 

------

0 None None 0.-0..0.5 X X X X X 

1 None Minor 0..0.5-0..3 X X X X X 

2 None Localized 0. 3-1. 25 X X X X X 

3 Not noticeable Wldesprea b 125-3.5 X X X X X 

4 Minor Substantia 3.5-75 X X X X X 

5 Sub s tantial Extensive 75-20. X X X X X 

6 Major Nearly tote I 20.-65 X X X X X 

7 Building Condemned 100. X X X X X 

8 Co Ilapse 10.0. X X X X X 

Fig. 1 Format For Damage Probab 1 ity Matrix 
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Fig. 1 - View of Parque Centra Buildings, November 1972. 
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8 - GENERAL CONCLUSIONS 

The seismic studies of Parque Central 44-story apartment buildings 
in Caracas performed by a multidisciplinary team 0 f advisors co
ordinated by the Venezuelan engineers in charge of the structural design 
afforded an excellent opportunity for exchange of information and ex
perience in the field of Earthquake Engineering. Thus ,useful results 
were obtained for the design and construction of these large reinforced 
concrete shear -wall buildings. 

REFERENCES 

(1) - ABENANTE, F. and M. BREWER: "Recomendaciones sobre los Es
pectros de Disei10 Derivados del Trabajo: Contribuci6n al Analisis 
Sismico de Estructuras". Caracas, 197CJ. 

(2) - SEED, H. B., R. V. WHITMAN, H. DEZFULIAN, R. DOBRY and 1. M. 
IDRISS: "Soil Conditions and Building Damage in ] 967 Caracas Ean!]. 
quake n. J. Soil Meeh., Proc. ASCE, vol. 98, No. SM8, pp. 787 -806,1972. 

(3) - BORGES, J. F., J. GRASES and A. RAVARA: "Behaviour of Tall 
Buildings During the Caracas Earthquake of 1967". Proc. IV W CEE, 
Santiago de Chile, 1969. 

(4) - RAVARA,A., I. PEREIRA, C.OLIVEIRA, andP.LOURTIE: "Estu
dos Estruturais dos Ediffcios de Parque Central - 2 Q. Relat6rio: An~ 
lise Dinamica dos Ediffcios de Apartamentos". LNEC Report, 
Lisbon, 1971 . 

(5) - RAVARA, A., C. OLIVEIRA and P. LOURTIE: "Estudos Estruturais 
dos Ediffcios de parque Central - 1 Q. Relat6rio: Ensaios Sismicos 
de Paredes Transversa is". LNEr: Report, Lisbon, 1971. 

(6) - Pl~PARONl, M. and S. HOLOMA: "A Model Study of Coupling Beams 
for the Parque Central Buildings". Tech. Comm. 24, Int. ConL 
Planning anci Desi gn of Tall Buildi ngs, ASCE - IABSE, 1972. 

(7) - CASTOLDI, A.: "Espcrienze Statiche e Dinamiche su un Modello del 
Grattacielo Parque Central". ISMFS l:Zeport No. 827, Bergamo, 1971. 

(8) - WHITMAN, R. V .: !lDyn8 mic Soil-Structure Interaction n. Invited 
Discussion, Tech. Comm. 6, Int. Conf. Planning and Design of Tal] 
BUildings, ASCE-IAI3SE, 1972. 

(9) - RAV ARA, A. and J. PEREIRA: "Estudos Estruturais dos Ediffcios 
de parque Central - 3Q. Relotorio: Observa(Jio do Conlportamento 
Din5mico dos Ediffcios de Apartamentos':LNEC Rcport,Lisbon,1972, 



\ 

Modal analysis techniques and step-by-step numerical integration 
(4) were used in the study of linear a nd non -linear seismic responses. 
Torsion due to the phase-lag propagat ion of the seismic waves was also 
studied (4). It was concluded that tprsion could increase s e ism i c 
stresses in the transverse extreme v. aIls by about 20%. 

Table II presents values of natura 1 frequencies, as predicted in the 
analytical and experimental studies, nd as measured after completi.on 
of the structure, in June 1972 (9). 

TABLE II - Predicted and mee sured natural frequencies. 

Type of Vibration Natural frequency, Hz 
Dynat f1ic Elastic 

movement mode 
analy ~is model tests 

Measured 

Transverse 1st 0.5~ 0.54 0.58 
translation 2nd 1. 9f4 l. 88 l. 88 

Longitudinal 1st 1.1~ 0.66 0.87 
translation 2nd 4.00 2.12 2.44 

Torsion 1st - 0.59 0.42 

Maximum horizontal displacement s of 15 to 20 cm (transverse) Clnd 
of 5 to 7 cm (longitudinal) were obti. ined at the top of the structure 
just below the penthouse. 

The penthouse steel structure WflS subjected to a careful dynamic 
analysis since it was foreseen that v. hip lash effects could occur. 

7 - SEISMIC DESIGN CRITERIA 

The results obtained in the' dYlamic analysis of the structure, 
performed in close coordination with t ~e structural engineers of Dell)re, 
C. A. led to the following basic criteria. 

The transverse shear walls were designed for a triangular dis
tribution of seismic coefficients corresponding to a base shear of 14% 
of permanent loading. The axial seismic forces acting on the columns 
were reduced so as to resist the 0\ erturning moments given by the 
dynamic analysis. 

The longitudinal frames and sl ear walls were designed using 
seismic coefficients varying linearly from 0.08 at the base to 0.16 at 
the top. 

The pentho'use was designed for [l seismic coefficient of about 0.50. 
These load distributions are in t ood agreement with the results of 

the dynamic analysis. 
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concrete. The latter sol\1tion was chosen owing to its good' cracking 
pattern and higher ductility. 

The models showed a relatively early loss of rigidity in the ltl~tel 
beams. This fact required a reexamination of the structural analysis 
schemes, a .proper reduction in the lintel rigidities being taken into 
account. 

The confirmed reliability of the lintel performance was a basis for 
further redesigns of the buildings, including a substantial increase in 
the number of door openings. 

6 - DYNAMIC LINEAR AND NON - LINEAR ANALYSES 

The seismic response of the structure to translational and torsional 
oscillations was investigated by experimental and analytical studies. 
Tests on an elastic model of the whole building to a 1 :40 scale were 
carried out at the ISMES in Bergamo (7). These tests, fully described 
in another paper presented at this Conference, we r e particularly useful 
for studying torsional frequencies and modes and the coupling between 
translational and torsional vibrations, due to a slight building asymmetry. 

In the analytical studies (4) the following problems had to be 
considered in detail. 

In the structural idealization the pseudo-frame approach (Fig. 7) 
proved accurate enough. It was complemented by finite element analysis 
for studying the longitudinal structure in the transition zone between 
frame and shear wall. 

The influence of soil deformability upon the dynamic response was 
studied by including a foundation rocking spring in the pseudo-frame 
idealizatiorl. The values of the spring constant were estimated by using 
the elastic theory together with typical values of in-situ shear wave 
velocities for the soils of Caracas (1) and also dynamic tests in a 
nearby building (4). The range of spring. constants c over edt h e 
uncertainties inherent in such estimates (8). The reSUlting s p r i n g 
constants corresponded to values' of subgrade modulus from 10 to 100 
N/cm3. Since inclusion of rocking decreases the stresses but increases 
the displacements in the structure, the 'largest estimated rocking spring 
constant was used for computing stresses, while the smallest estimated 
value W[1S used for determining total motion at the top of the structure. 

It was concluded from the dynamic analYSis that the soil-structure 
interaction could be disregarded in the longitudinal direction; in the 
transverse direction it was quite important, reducing seismic stresses 
near the base of the structure by about 20%. 

Measurements during and after construction confirmed the reaSOl] 
ableness of the foundation design studies. The measured static settle
ments were, as predicted, smaller than 8cm, while the measured 
dyna mic foundmion motion corresponded to a subgrade modulus of 60 
to 100 N/cm3 (9). A viscous damping of 0.05 for the first and second 
modes was assumed in all the calculations. 
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As a result of the studies mentione most of the dynamic analysis 
of the stl ucture used as input an envelo e of the three spectra proposed, 
with an intensity reduced to the LNEC spectrum, the variance and the 
maximum values of the ground acceler tion being given by: 

-2 f 2 a = S (f) df = 1 50 gal 

a ::: 3 VI 750 O. 13 g max 

1) 

2) 

At this level of acceleration tural. behaviour is non -linear. 

5 - DUCTILITY ASSESSMENT 

Static rupture tests on reinforced concrete models (5, 6) we r e 
carried out to determine the ductilit of the t ran s v e r s e walls 
and lintels. Two models having the sam- geometry but different amounts 
of reinforcement were used .in both stu ies. 

5.1 - Shear wall model tests 

The 1:20 models of the lower portio} of the transverse walls (Fig. 4) 
were subj ected to cycles of vertical and horizontal forces combined so 
as to correspond to increasing values f seismic coefficients. In Modell 
most of the reinforcement was unifor ly distributed as a double mesh, 
the total ratio of vertical reinforceme;~ being about 1%. In Model 2 
the reinforcement was distributed as a double mesh with aditional bars 
and hoops placed at the extremes of th shear walls. The total ratio of 
reinforcement in this model was 2%. 

The main conclusions of the tests were: in the elastic range both 
models exhibited cantilever behaviour; yielding started for seismic 
coefficients of 0.20; cracking develop d at the base and around the 
corners of the openings and progresse uniformly in both models; the 
structural behaviour after 'yielding wa little affected by cracking; 
rupture occurred in Modell due to tel sion in the base for a seismic 
coefficient of 0.36; and in Model 2 du to compression of the concrete 
at the base for a seismic coefficient 0 about 0.50. 

By extrapolating the test results to he prototypes an overall ductility 
factor of 1. 5 to 2.0 was ascribed to th transverse shear wa lls, within 
the limits of practical interest for the seismic intensity considered. 

5.2 - Lintel model tests 

The lintels designed was based n the testing of two reinforced 
concrete models, scaled to 1:2. The su rounding slabs were also taken 
into account in these models, in whic two consecutive door openings 
were reproduced. The models were te, ted vertically, 

One model was reinforced with c ossed bars and another with an 
embedded I-beam, together with hrpS placed on the surrounding 

5 -



1 s for the soil. 
LNEC suggested an acceleration power spectrum with a constant 

density of 350 gal2 Hz- 1 in the frequency range of 0 to 5 Hz. The 
maximum intensity assessed to the zone of Palos Grandes during 1967 
earthquake was little above this value (3). 

For the comparison of the three types of ground motion it was 
necessary to derive relationships between power and response spectra 
of acceleration. This was done at the LNEC (4) by means of a formul 
ation and a computer program that plots acceleration response spectra 
produced by any type of power spectra of acceleration. Fig. 3 presents 
the three response' spectra. It is seen from the figure that Whitman's 
spectrum exceeds the other two for periods near 1 s, since this was the 
value estimated by that author for the fundamental period of the soil at 
Parque Central. The incidence of this value on the seismic design of 
the structure is critical because it is about the same as the fundamental 
period of the building in the longitudinal direction. It was thus decided 
to perform measurements of soil vibrations in several zones of Caracas, 
in order to relate the predominant period of the soil and the depth of 
alluvium. These measurements were performed in June 1970 (4), us in g 
displacement meters to record ambient and pile-driving vibrations, the 
main results being presented in Table 1. 

TABLE I - Predominant soil periods in Caracas. 

Test Site Depth of Frequency (Hz) Period (s) 
Deposit (m) measured corrected corrected 

Palos Grandes - 230 1.0 to 1.5 O. 7 to 1.0 1.0 to 1.5 

Parque 
- 120 1. 5 to 3.0 1.0 to 2.0 0.5 to 1. 0 del Este 

parque . 
- 70 2.5 to 5.0 1.5 to 3.5 0.3 to O. 7 Central 

Caurimare o (rock) 5.5 to 7.5 3.5 to 5.0 0.2toO.3 

The "measured 11 values were corrected by a 50% 'increase of the 
period, in order to extrapolate microtremors to large amp lit u d e 
vibrations. The value of this correction factor was selected on the basis 
of previous studies on the 1967 Caracas earthquake, particularly those 
concerning the Palos Grandes zone (1). . 

The soil measurement results were in· some way confirmed by 
dynamic tests of a tall building located at Parque Central. T his building, 
with fundamental periods of about 1 s was but little affected by the 
1967 earthquake. " 

j.. 



3 - SOIL CONDITIONS AND FOUNDA ION CHOICE 

The Valley of Caracas is underlai by intermingled cohesive and 
cohesionless soils laid down both in iver flood plains and in alluvial 
fans emanating from the steep moun ains bounding the Valley. The 
pattern of these deposits is erratic; a any depth at any site either clay 
or sand is equally likely. The depth of these soils also varies greatly 
over the Valley, with a maximum de th of over 300 m. At Parque 
Central, the depth to bedrock ranges b tween 40 and 100 m. 

The soils within the top 10m gen rally are too loose or too soft 
to support heavy loads directly at round surface, and most tall 
buildings ir Caracas are supported upon piles with a length of 10 to 20 m. 
However, bellow 10 m the soils beco e denser and firmer, suggesting 
the possibility that the Parque Centra apartment buildings could be 
supported by rigid mats founded at t' at depth. Such a foundation had 
another potentially important advantag in connection with this unusual 
building: the action of a mat foundatio during earthquakes is better 
understood than is the action of a pile foundation. 

Detailed studies were made to det rmine the feasibility of a mat 
foundation. AnalysiS of static settleme ts and of resistance to over
turning indicated that a mat would b adequate and safe if it had a 
width of about 30 m with a static baring stress of about 35 N/cm2. 
Soil exploration showed that the site c uld be dewatered economically 
by means of deep wells, and that ther' was no danger that dewatering 
would cause damage to nearby buildin s. Thus a mat foundation placed 
in a deep excavation was feasible. 

At the same time, other factors 1so indicated the desirability of 
deep excavJ.tion and of widening the lower part of the structure. 
Excavation of the entire site provide desirable underground parking 
space. Widening the lower part of the tructure was desirable from the 
structural viewpoint and provided uSef 1 commercial. and office space. 
Hence, the final solution was a mat 3 m wide founded 12 m below 
ground surface. 

4 - INTENSITY OF GROUND MOTION -FOR DESIGN 

At an early stage of the proj ect three types of seismic spectra 
were independently proposed by cons lting engineers Abenante and 
Brewer, by Whitman and by the LNEC. All spectra were related to the 
seismic intensity of the 1967 Carac sea r t 11 qua k e, the i r m a in 
characteristics being as follows: 

Abenante and Brewer (1) assumed a seismic intensity similar to the 
1967 earthquake and determined a re ponse spectrum for soft soils 
using Esteva and Rosenblueth propa ation expression for a Richter 
magnitude 7, an epicentral distance of 50 km,and a focus depth of 20 km. 

Whitm::l11's response spectrum was based on a seismic intensity of 
about twice the 1967 earthquake (2) and on a predominant period of 

'S" 



What makes these studies particularly interesting from Earthquake 
Engineering point of view are the following points: 

i) The proj ect was started not so long after the city had suffered 
a severe earthquake (29th July 1967), wit h local codes still un d e r 
discussion. 

ii) The construction methods selected were developed in non -seismic 
countries, mostly in France, and there was no previously k now n 
experience in the full shear-wall type of construction either in the 
heights r~ached or in the lateral load requirements for design. 

iii) There was no important previous local experience or trained 
personnel in this type of industrialized construction. 

A multidisciplinary local group wad assembled in a brief time and 
an international group of advisors was formed, once the initial ideas 
proposed by the developer, Delpre, C. A., a private firm, were accepted 
by Centro Simon Bolivar, the government institution in charge, who is 
at the same time the land owner and the body in charge for cit y 
renewal. This paper tries to retrace the main experiences gathered 
during the project stage, m 0 s t of them resulting from interactions 
between geographically separated groups. 

In terms of rebtive influence on the final solution, one co u I d 
establish a scale of relevance by listtng the m a indecisions which 
conformed the finally chosen structural solution as follows: 

i) Rejection of systems based on prefabricated panels in favour of 
cast-in -place type of construction, using a side sliding tunnel formwork. 

ii) Comercial use for the lower stories and office use for the 
intermediate stories, instead of totally separated types of buildings. 

iii) Influence of the type of soils on the intensity of ground motion. 
iv) Assessment of ductility factors. 
v) Type of foundation. 

2 - GENERAL DESCRIPTION OF THE STRUCTURE 

The structure of the apartment buildings consists in transverse 
shear walls spaced 5. 70 m and two 10.1gitudinal shear walls along the 
central corridor as shown schematically in Fig. 2. The building height 
is about 125 m. Floors are 16 cm thick reinforced concrete slabs. 

The total permanent load considered in the dynamic a n a I y sis 
ammounts to about 66, 000 t, including 25% of the live load according 
to the Venezuelan seismic code. 

At the lower six stories longitudinal shear walls are replaced by 
frames and large openings in the transverse walls increase the overall 
ductility of the structure. 

The buildings are directly founded on the ground by means 0 f 
a ribbed mat (Fig. 2). 

Concrete with a characteristic compressive strength 3500 N /cm2 
(5000 psi) and reinforcing steel with a characteristic 0.2 proof-stress 
42000 N/cm2 (60000 psi) were normally used. 

2 



SEISMIC STUDIES OF PARQ E CENTRAL BUILDINGS 

by 

I II 
~.Paparoni , J.Ferry Borges, ar}II and Robert V. WhitmanIV 

Synopsis 

Comprehensive seis mic studies ere made in connexion with the· 
design of a group of 13 apartment and 0 f f ice buildings, 44 and 62 
stories high, included in Parque Central project in Caracas, Venezuela. 
Not only were many different aspe ts 0 f the ex pee ted seis;nic 
response studied in detail, but in ad ition these studies were closely 
co-ordinated with the progress of pIa ming and design. 

The sUJjects were: intensity of g ound motion for design; relation 
of earthquake response to foundation design; dynamic soil-structure 
interaction; linear and non -linear ana ysis of the seis mic response for 
translational and torsional vibration ; elastic model tests; tests of 
reinforced concrete models for ductilit assessment; and the observation 
of structural behaviour during constr ction. 

This paper describes the methods that were used during the different 
stages of the structural design regardi g the planning and the coordination 
of the research involved, gives a brief account of the maj or results 
obtained in the analytical and exper mental studies, and outlines the 
progress of design as a consequence of these results. 

1 - INTRODUCTION 

The Parque Central Development in Caracas, Venezuela, comprises 
an occupation area of approximately 130, 000 m2 encompassing a total 
of 11 residential buildings (44 storie ), 2 office towers (62 stories) and 
severaL other minor buildings for a grand total· of 1,200, 000 m2 of 
enclosed space. 

The development is now comple ing its first phase, totallill b 4 
finished apartment buildings, and two nder construction (Fig. 1). The 
present paper deals with the studie connected with the apartment 
buildings, the ones relating to the 0 ficc towers being now under way. 

I - DELPRE, C. A. Ingcnieros Constructores, Caracas. 
II - Associate Director, Laborat6rio Nacional de Engenharia Civil, 

(LNEC), Lisbon. 
III - Head of the Applied D y n a J i c san d Applied ~athematics 

Divisions, LNEC. 
IV - Professor of Civil Engineering nd Head of the Structures Division 

of the Dept. of Civil Engineerin , M. 1. T., Cambridge, Mass. 
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and strai.ns and overestimated accelerations. The agreement between both 
methods was Iiluch hetter when the nature of the damping in the individual 
springs was considered as hysteretic than when it was taken as viscous. 
The assumption of normal modes and the us~ of weighted modal damping 
seemed to introduce very little error in the cases studied. 

Differences between both solutions increased again with the level of 
excitation and were larger for the variable than for the uniform profile. 
Over all, however, response spectra for the motion of the top mass and 
ratios of response spectra were comparable as illustrated by Figs. 15 to 
22. 

CONCLUSroN~ 

The iterative method traditionally u~ed in soil amplification analy
ses cannot entirely reproduce the behavior of a nonlinear system. In gen
eral, for a characteristic strain of 2/3 pf the maximum strain, it under
estimates displacements (and strains), an~ it overestimates accelerations. 
The departures from the exact solution ar~ not, however, of a large magni
tude,and for moderate levels of excitatiop and a range of initial natural 
periods of 0.25 to 1 or even 2 seconds, r~sulting design spectra a~e rea
sonably close to the exact ones. Because of all the other uncertainties 
involved in usual analyses, use of this procedure within this range seems 
entirely appropriate. For multidegree of freedom systems it is better to 
assume the damping in each component to b~ of a hysteretic rather than of 
a viscous nature. 
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period of 0.5 seconds. It can be seen that the iterative procedure, with 
a factor of 2/3 for the characteristic strain, consistently underestim
ates the maximum strain (or displacement). The ratio of maximum displace
ments obtained by both procedures is shown in Fig. 8 for all systems. The 
exact solutions are 14% to 50% higher than the approximate results, the 
discrepancy increasing with the ductility ratio A (and therefore with the 
level of excitation and the system response). 

Similar plots were obtained for the maximum acceleration. Fig. 9 
shows the ratios of the exact to the approximate results for all systems. 
For accelerations, the iterative procedure overestimates the response, 
the exact value being from 80% to 100% of the approximate answer. There 
is not, however, a clear trend as a function of the ductility A. 

.. The combined effect is better illustrated by plotting fmax/fy (or 
Mumax/fy) versus xmax/Xy for both approaches (Fig. 10). In the exact case 
the resulting curve is simply given by the Ramberg-Osgood relationship and 
approximates closely a straight line in a log-log plot for moderate to 
large values of A. Results from the iterative approach also fall essen
tially on a straight line, parallel to the exact one and somewhat higher 
and to the left. 

While displacements are underestimated and accelerations overestima
ted by the iterative procedure, the values of natural period and damping 
derived from the exact response compare reasonably well with those re
sulting from the last cycle of iteration, except for long initial natural 
periods, where the estimating procedure is itself suspect (6); This 
would suggest that the discrepancies are not due to lack of convergence 
to an appropriate equivalent linear system, but rather to the impossibil
ity of reproducing all aspects of the nonlinear response by a linear model, 
especially when only a few cycles of response will occur. 

What is more important, response spectra and ratios of response spec
tra (for 2% damping) as shown in Figs. 11 to 14 for a system with an ini
tial period of 0.5 seconds, are very similar. The differences increase 
again with period and level of excitation but, in view of the need to 
smooth these spectra for design purposes, it can be concluded in general 
that the approximate method gives adequate results in the calculation of 
response spectra. 

Variations in the value of the strain factor that defines the char
acteristic strain, from 0.5 to 1, were also investigated. While values 
somewhat larger than 2/3 seemed to improve the agreement in several cases, 
there was no consistent trend and it would seem that this factor itself 
should be a function of the system characteristics and the level of exci
tation. The introduction of this refinement may not be justified consid
ering all the uncertainties involved in the estimation of soil properties 
and the selection of appropriate motions. 

MULTIDEGREE OF FREEDOM SYSTEMS 

Results for the multidegree of freedom systems confirmed the trends 
already reported. The iterative procedure underestimated displacements 



:Figs. 3 and 5 show ranges of variation of modulus and damping as 
functions of strain, which have been suggested as representative of typi
cal soils (2). These ranges are indicativ of the amount of scatter in 
experimental data. Similar curves were th oretically derived for Ramberg
Osgood systems with different values of a nd r. Although a perfect 
match with any of the bounding curves, or n average curve, was not possi
ble, it was found that values of a of the rder of 0.05 and values of r 
from 2 to 2.5 provided reasonable agreemen in the overall trends. Values 
of a = 0.05 and r = 2 were selected for th study and the corresponding 
modulus and damping curves are shown in Fi s. 4 and 6. 

ORGANIZATION OF THE STUDY 

The "initial natural period" of a sys em was defined as that period 
derived from the initial stiffness of the amberg-Osgood relation. A set 
of single degree of freedom systems, with °nitial natural periods of 0.25, 
0.5, 1 and 2 seconds and Ramberg-Osgood re ationships with r = 2 and a = 
0.05, were first analyzed under a base mo ion corresponding to the N69W 
component of the Taft record of the 1952 K rn County earthquake, scaled 
to different intensities. For each system, and each intensity of motion, 
the dynamic response was computed by direc integration in the time do
main of the nonlinear equations of motion, using the fourth order Runge
Kutta method. The analysis was then repea ed using the iterative proced
ure, assuming at each cycle a linear model with stiffness and damping co
efficients obtained from the curves of Fig. 5 and 6, and a characteristic 
strain equal to 2/3 of the maximum strain eached in the previous cycle. 

Comparison of results included time hOstories and maximum values of 
both accelerations and displacements, resp nse spectra for the motion of 
the system, and ratios of the response spe tra for the motion of the mass 
and to that for the input motion. In addi ion a predominant period and 
a damping ratio were obtained from the motOon of the mass in the exact 
analysis (4). These values were compared a the corresponding ones re
sulting from the last cycle of the iterati e procedure (when a tolerance 
of 1% in the maximum strain had been reach d). 

The same basic approach was applied t a set of two close-coupled 
multidegree of freedom systems, each one wOth nine masses and springs. 
The first system had a uniform initial stOffness with depth, while the 
second one had stiffness increasing with t e square root of depth. In 
these cases the iterative linear analyses ere performed in the time do
main, assuming normal modes and modal dampi gs computed by a weighting 
formula (5), and in the frequency domain wOthout any assumption as to the 
existence of normal modes. For each of th se two cases two different 
hypotheses were tried: the damping in each spring was made viscous or 
linearly hysteretic. 

For each system the variation of maxi 
intensity was plotted, using the dimension 
MUG/fy, where xmax is the maximum displace 
peak ground acceleration, Xy and fy are th 
defined earlier. Figure 7 shows a typical 

DOM SYSTEMS 

urn displacement with earthquake 
ess variables A = xmfJ.x/Xy and 
ent, M is the mass, uG is the 

Ramberg-Osgood parameters 
plot for an initial natural 



Osgood relationship described in the following section, and the solution 
was carried out by direct numerical integration in the time domain. In 
the other set of analyses the iterative linear viscoelastic procedure was 
followed, the spring and dashpot constants being related to the strain 
levels directly from the Ramberg-Osgood formula. Thus, the same funda
mental stress-strain relation obtained for both sets of results; the dif
ferences lay in the way the solutions were computed. 

SELECTION OF PARA}lliTERS FOR THE RAMBERG-OSGOOD MODEL 

The constitutive relations of soil are too complicated to be fully 
described by a single equation. Several nonlinear models, from elasto
plastic to multilinear, hyperbolic, or Ramberg-Osgood relationships, have 
been often used, however, to approximate the stress-strain behavior of 
soil. For the purposes of this study, since the same characteristics will 
be used for both sets of analysis, the exact reproduction of any particu
lar soil is not important. It is, however, desirable to have overall var
iations for moduli and damping ratios, as functions of strain, similar to 
those of most soils. 

Ramberg-Osgood models have been extensively studied by Jennings (3). 
The corresponding load deflection relationship is of the form 

where 

x-x. 
1 

cx 
y 

= 
P-Pi 

cp 
y 

p-p. r 
+ ac--l ) 

cPy 

x is the shear distortion of the spring 
. 

P is the force developed in the spring 

x is a shear distortion constant, characteristic of the spring 
y 

Py is a force constant, characteristic of the spring 

xiPi are the distortion and force representing the most recent point 
at which there was a load reversal 

a is a positive constant, characteristic of the spring 

r is a positive number, odd and integer in the original formulation. 
With proper handling of the sign of P-P./cPy it can be however 
any positive real number. 1 

c = I for virgin loading path 
2 for unloading or reloading. 

c has again a value of 1 if during unloading or reloading the 
virgin curve is reached. 

Fig. I shows the general form of the load-deflection paths as defined 
by the above equation. With proper selection of the parameters a and r, 
a wide variety of physical behaviors can be reproduced, from that of a 
linear elastic to that of an elastic - perfectly plastic material. For a 
cyclic loading with a fixed amplitude of strain, a unique hysteresis loop 
is defined and a value of secant modulus and damping ratio can be ob
tained as illustrated in Fig. 2. 



A COMPARlSON OF LINEAR AN~) EXACT NONLINEAR 
ANALYSES OF SOIL 'LIFICATION 

by 

I V C 1 I II d Ch·· III •• onstantopou os, J.M. Roesse an J.T. r1st1an 

SYNOPSIS 

The effect of soil properties on th 
tions is usually studied by an iterative 
vestigate the validity of this approach 
fication were made using a Ramberg-Osgoo 
The same profiles were also studied by t 
iations of stiffness and damping derived 
model. Comparison of the results of the 
response spectra are quite similar for t 
eering interest. There is, however, evi 
tends to underestimate the displacements 
tions. 

amplification of earthquake mo
viscoelastic analysis. To in

irect calculations of soil ampli-
model for the soil properties. 

e iterative technique using var
from the same Ramberg-Osgood 
two techniques shows that the 
e range of frequencies of engin
ence that the iterative approach 
and to overestimate the accelera-

INTRODUCT ON 

Experimental data show that the str 
at the level of strains that might be in 
quakes are nonlinear (1). On the other 
practical methods of analysis for soil a 
tions requires the soil to be linearly v 
simulating nonlinear behavior with a lin 
traditionally by obtaining the secant mo 
soil as functions of the strain level in 
ear viscoelastic analyses are then carri 
Ius and damping ratio being changed in s 
spond to the levels of strain computed. 

Obviously numerous questions arise 
proach. While the process appears to co 
lems, it is not clear how the characteri 
of the modulus and damping is to be chos 
than a harmonic steady state condition. 
between 60 and 70% of the maximum strain 
how closely the motion calculated by the 
the motion predicted by an exact nonline 

In order to investigate some of the 
to examine the behavior of a particular 
The soil was modelled as a series of lum 
In one set of analyses the springs were 

ss-strain relationships for soils 
uced by moderate to strong earth
and, the great majority of the 
plification of earthquake mo
scoelastic. The difficulty of 
ar analysiS has been overcome 
uli and damping ratios of the 
a cyclic loading test. The lin-
d out iteratively, values of modu
ccessive cycles until they corre-

s to the validity of this ap
verge for most practical prob
tic strain that defines the value 
n for a transient motion rather 
One common procedure is to use 

A more fundamental question is 
iterative procedure resembles 
r analysis. 

e questions the authors undertook 
onlinear model for soil behavior. 
ed masses, springs, and dashpots. 
efined by the nonlinear Ramberg-
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d) It would seem that for single-degree· of-freedom systems, a variation 
of the C coefficient as suggested by the 1 niform Building Code will not 
provide the same ductility requirements £1 r different periods. While 
flexible systems designed this way are li ely to remain elastic, stiff 
systems and particularly those with perio s between 0.1 and 0.5 seconds 
may require very large ductilities. A va iation of C inversely propor
tional to the period for T > T (To funct on of ~ and B) would agree bet
ter with the constant ductilit~ curves ob ained in this study (1). 

e) Extrapolation of the previous conclu ion to actual structures (multi
degree-of-freedom systems) must be done th care, since higher modes are 
likely to be important for flexible build ngs, whereas stiff buildings 
may entail a larger value of the K factor. Even so, analysis of differ
ent buildings seems to confirm the same 0 erall trend. Flexible struc
tures designed by the Uniform Building Co e for zone 3 remain often elas
tic under an earthquake motion of the inte sity of the 1940 El Centro, 
whereas stiff buildings require often substantial yielding. 
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to motion intensity and yield force (related through the variable 
Mu IF. max y 

3. RESULTS AND CONCLUSIONS 

From the previous set of curves it was possible to obtain for any sys
tem the approximate value of M~m x/.Fy which would produce a given ductil
ity ~, and then make plots of Fy7MUmax versus critical natural period T, 
for different ductility levels and a specified fraction of critical damp
ing S. Figs. I to 4 show these plots for elasto-plastic, bilinear, tri
linear and stiffness degrading springs with S = 0.05 (based on the aver
age of the various motions). Considering on the other hand a design shear 
given by a formula of the type 

Vdes 

and a factor of safety F.S. 

F 
.. y 

Mu 
max 

CZKW = CZKMg 

= F /V
d 

,one would obtain 
y es 

= CK (~) ·(F.S.) 
u 

max 

The corresponding curves for Z = 1 (zone 3) and u = 0.32g (a mo
tion of the intensity of the 1940 E1 Centro earthquake~a~S component), 
values of K of 0.67, 0.80, 1. and 1.33, and a variation of C with natural 
period as suggested by the Uniform Building Code, are also plotted for com
parison in figs. 1 to 4, for a safety factor of 2. Alternatively one 
could derive expressions for C as a function of the natural period, the 
initial damping, and the desired ductility level for specified values of 
K and of the factor of safety (1). 

Results of this study tend to indicate that: 

a) As already suggested by various authors (3), (4), (5), ductility re
quirements for different types of springs with comparable overall force 
deformation characteristics, are indeed very similar. This conclusion is 
also valid for several slightly different models of stiffness degrading 
springs but may require a proper definition of the ductility factor (as 
for the case of the trilinear spring or Ramberg-Osgood models). 

b) Results for springs with stiffness and strength degradation showed on 
the other hand a much faster increase in ductility requirements as a func
tion of motion intensity, leading rapidly to complete failure and suggest
ing that structural components with these characteristics should be de
signed to remain elastic. The results were, however, very sensitive to 
assumed values of the degradation parameters. 

c) Analyses were also performed including gravity effects (6). Conclu
sion a) did not apply to this case. On the contrary, the overall behavior 
seemed to be extremely sensitive to the variation of stiffness (whether a 
sharp, sudden, change as in e1asto-plastic systems, or a smooth transition 
as in Ramberg-Osgood models). 



DUCTILITY REQUIREMENTS FOB SOME NONLINEAR SYSTEMS 
SUBJECTED TO THQUAKES 

by 
I II S.A. Anagnostopou10s J.M. Roesset 

SYNOPS S 

Following the lines of previous wor 
Newmark (2), a collection of nonlinear 0 
different force deformation relationship 
quake records, characteristic of motions 
ous intensity levels. Some results of t 
ing the yield force necessary to limit r 
level, as a function of the elastic natu 
motion. These forces are compared to th 
from application of the Uniform Building 
cations of this comparison are discussed 

, notably that of Ve1etsos and 
e-degree-of-freedom systems with 
were analyzed under five earth

on firm ground, scaled to vari
ese analyses are presented, show
quired ductility to any desired 
a1 period and the intensity of 
values that would be obtained 

Code for zone 3, and the imp1i-

1. INTROD CTlON 

The work described in this paper wa 
research project on optimum seismic desi 
published experimental results a set of 
force deformation relationships were se1 
story behavior of various structural com 
to assess the sensitivity of the results 
ticu1ar) to the models and variations in 
studied included elasto-p1astic and bi1i 
havior of unbraced steel frames, stiffne 
braced steel frames or reinforced concre 
ness degrading springs for infi11ed fram 
ing B in the elastic range of 0, 5, 10 a 
system (independently and in addition to 
in the ine1asti~ range). 

conducted as part of an ongoing 
n criteria for buildings. From 
on1inear springs with different 
cted as representing the inter
onents (1), and it was desired 
(ductility requirements in par
their basic parameters. Systems 
ear springs representing the be
s degrading models representing 
e frames and strength and stiff
s. Fractions of critical damp
d 20% were considered for each 
the loss of energy by hysteresis 

2. GENERAL CONS DERATIONS 

For each type of spring, systems wi h initial natural periods of 0.1, 
0.25, 0.5, 1, 2 and 4 seconds were studi d. Each one of these systems 
(with a given natural period and fractio of critical damping) was then 
subjected to base motions corresponding 0 the acce1erograms of the NS and 
EW components of the 1940 E1 Centro eart quake, the NW and SE components 
of Taft (1952) and the SW component of a ympia (1949). In order to com
pare and average results these records re scaled so as to have for any 
run the same peak acceleration, the same value of Housner's intensity or 
the same value of Arias' intensity. It as found that this third proced
ure yielded the smallest variation from one motion to another, although 
results obtained by the second procedur were very similar. An average and 
an envelope curve were then obtained fo each system relating ductility 
factor ~ (defined as the ratio of the m strain to the yield strain) 
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permanent set for the different springs, a d special flags indicating 
failure of any component. It is intended n the future to relate these 
quantities to some measure of damage in or er to obtain an indication of 
possible economic loss as a function of earthquake intensity for a par
ticular design. 

The program was tested in the elastic range by comparing results to 
those obtained from a general and more acc rate program for linear dynam
ic analysis of complete buildings developed some years ago at M.I.T. 
Agreement was in all cases extremely satisfactory. 

Several buildings were analyzed in the inelastic range for motions 
of varying intensity. For similar structures, values and distribution of 
ductilities (1) were comparable to those reported by Clough (2). Results 
for a l3-story steel-frame building, an II-story concrete-frame struc
ture and a l7-story concrete-frame and shear-wall building are sho~~ in 
figs. 1 to 3. Analysis of a five-story building with a rather large ec
centricity confirmed the fact reported by other researchers that dynamic 
torsional effects cannot be accounted for by im~)osing a set of static 
forces with the same eccentricity. In fact for the building considered 
it was the frame farthest from the center of mass which had largest dy
namic forces in the elastic range, contrary to what a static analysis 
would predict. The distribution of forces among the frames changes con
siderably along the height of the building as some of the elements start 
to yield, as shown in fig. 4. 

While more work is necessary to refine and validate the selection of 
the spring type and characteristics for various structural components, it 
would seem at present that the proposed model provides an economic and 
reasonably accurate procedure to estimate overall behavior and ductility 
requirements for a wide class of practical buildings. The model is not 
applicable to structures where axial effects are important, but LaTona's 
work (5) seems to indicate that more complicated models may be ,equally 
suspect in this case. The computer program is now being used for a more 
complete set of parametric studies of buildings designed by different 
criteria. 
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procedure was thus intended, not to give detailed information on any par
ticular member or joint, but rather to provide average overall ductility 
requirements for the various components in each story. 

From published experimental results a set of eight different nonlin
ear springs was implemented to reproduce the inters tory behavior of vari
ous structural and nonstructural components such as masonry partitions or 
isolated block walls, unbraced, braced or infilled steel frames, open, 
infilled or partially infilled concrete frames, and shear walls or eleva
tor boxes. Partitions, isolated block walls, and frames, are then assumed 
to act as close-coupled systems, whereas a far-coupled system is used for 
shear walls or boxes. The program will automatically generate, if so de
sired, the set of springs corresponding to a given component, determining 
the characteristics of each spring from the properties of columns, gir
ders, bracing and panels. The user has, however, the option to select 
himself and to specify directly any set of springs. In addition, the 
shear capacity of each component is determined and compared at each step 
to the actual shear force to detect the possibility of brittle failures. 

The model assumes that each floor has a slab which can act as a rig-' 
id diaphragm, leading thus to a system with three degrees of freedom per 
floor, (two displacements and a torsional rotation). The program computes 
the shear forces that have to be transmitted by the diaphragm and could 
therefore detect possible cracking or failure of the slab, but this option 
is not implemented at present. 

One of the main limitations of the model is in the fact that axial 
deformation of the columns is neglected in order to obtain the simplified 
shear type behavior for the frames. This restricts its applicability to 
buildings with moderate slenderness ratios, but a large number of prac
tical structures fall within this range. 

The resulting differential equations of motion are written in matrix 
form as .. 

MU + CU + F(U) = E 

where M is a diagonal mass-inertia matrix, C a damping matrix that will 
yield any desired modal dampings in the elastic range, F a vector of 
spring forces (nonlinear function of displacements), and E the vector of 
excitation forces for the two principal directions. These equations are 
solved numerically by using a simple step-by-step integration procedure 
known as the "constant velocity" method (6). Extensive testing showed 
this method to give results comparable in accuracy, and often better, than 
those obtained using more complex procedures (1). 

Finally, the effect of gravity loads on the deformed geometry of the 
building (P-6 effect) is also included, if desired by the user. 

3. RESULTS AND CONCLUSIONS 

Results of the program include selectively for each floor or element 
time histories as well as average and maximum values of accelerations, 
displacements, forces and deformations, plus maximum ductility factors and 



NON-LINEAR DYNAMIC ANALYSIS OF BUILDINGS 
WITH TORSIONAL EFFECTS 

by 

S.A. Anagnostopoulos I , J.M. RoessetII and J.M. BiggsIII 

SYNOPSIS 

The nonlinear dynamic response of complete buildings can be investi
gated using a simplified mathematical model. The masses, lumped at the 
floor levels, are connected with shear and bending springs whose charac
teristics are estimated from the properties of various structural and non
structural components. The shear springs, forming close-coupled systems, 
approximate the behavior of frames for which axial shortening of the col
umns is not important, while the bending springs, leading to far-coupled 
systems, are used for shear walls and boxes. Three degrees of freedom 
are considered per floor. Results include time histories as well as max
imum and average effects. 

1. INTRODUCTION 

While a large number of computer programs have been developed in the 
last few years for the dynamic analysis of complete buildings in the lin
ear elastic range (including braced and unbraced frames, shear walls, 
boxes, shear panels etc.) most of the research done on the inelastic dy
namic response of buildings has been limited to the study of simple multi
story plane frames (2), (3), (4), (5), or to combinations of frames and 
shear walls interacting without torsion (2). 

Even with models where the spreading of yielding and inelastic axial 
effects are neglected, analysis of a complete building by these methods 
becomes economically prohibitive for design purposes. Furthermore, most 
of these studies ignore the possibility of brittle or shear failures, be
ing primarily intended for ductile frames. In this paper a simplified 
model, which incorporates space behavior and includes such factors as 
stiffness and/or strength degradation, nonstructural elements and possi
bility of brittle failures, is outlined, and results from the analysis of 
several buildings are discussed. 

2. GENERAL CONSIDERATIONS 

The mathematical model and the corresponding computer program were 
developed as part of an ongoing research project on optimum seismic de
sign criteria for buildings (1). The main objective was to be able to 
reproduce the overall behavior of a building in the linear and nonlinear 
ranges at low computational costs, and to use this information for a gross 
estimate of damage in several types of buildings as a function of the de
sign strategy and the intensity of the earthquake motion. The analysis 
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of the aftershocks to the total rlSK. It is anticipated, however, that 
a more realistic two-dimensional spatial assumption for aftershock lo
cations in future analytical models will demonstrate further influences 
of parameters on the contributions of aftershocks. 
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these relationships the empirical laws from Utsu(3) are used. Mainshock 
characteristics as well as the attenuation "law" with an error term have 
been taken from Cornell(l). Based upon these assumptions, the probability 
Pa that the maximum seismic intensity experienced at a site in a time span 
of T years, caused either by a main- or an aftershock, will exceed a units 
can be computed(4). 

An analytical model has been derived for the simplest case, where it 
is assumed that both the main- and the aftershock epicenters lie on the 
same "line" fault. Because of this simplistic assumption, the results 
cannot yet be generalized with confidence, however they provide new in
sights and understanding. Future efforts will include models with spatial 
assumptions that reflect more accurately the real world situation. 

Example: Numerical results from an analytical model where main- and 
aftershocks occur only on a fault line are presented in Figures 2 and 3 
for a fault-site configuration as shown in Figure 1. After dividing the 
fault line into many (up to 3000) smaller pieces, the risks associated 
with each of these pieces were computed and the total risk was obtained 
by addition, which is valid for the small risk levels involved. In this 
example the parameters in the modified Omori law were chosen such that 
the expected number of aftershocks greater than magnitude 4.5 in a time 
period of 10 years is equal to the expected number of mainshocks greater 
than magnitude 4.5 in 10 years; both were assumed to be 0.5. Figure 2 
shows the seismic risk at the site for different upper bounds on the main
shock magnitude and for different distances d if the mean main- and 
aftershock rates are added and treated simply as a mean mainshock rate, 
i.e., aftershocks being assumed equivalent to mainshocks (equivalent event 
model). If mainshocks alone are taken into account (mainshock model), 
the risks in this example are approximately half of the ones shown in 
Figure 2. These risks were obtained by the analytical model described in 
Cornell(l) Because the mainshock magnitudes are truncated at an upper 
bound, there is also an effective upper bound on the seismic intensity at 
the site which depends on the upper bound on the mainshock magnitude and 
the distance d. In Figure 3 the risks from Figure 2 are compared with 
the ones obtained from the described analytical model for main- and after
shocks. It can be observed that, except for very small ground accelera
tions, simply treating main- and aftershocks as equivalent independent 
events gives conservative risk estimates, the results being especially 
conservative if the level of the ground acceleration is near the upper 
bound on the ground acceleration at the site. On the other hand, simply 
treating mainshocks alone as significant events in evaluating the seismic 
risk yields too low risk estimates. Independent of upper bounds on the 
magnitudes of mainshocks, the relative contribution of aftershocks to the 
risk at the site decreased with increasing ground acceleration, as indi
cated by the dashed lines. However, for a fixed level of ground acceler
ation, the absolute contributions are smaller for smaller upper bounds. 

The most significant parameters that influence the relative contri
bution of the aftershocks have been found to be the ratio of the expected 
number 6f mainshocks to the expected number of aftershocks, and the upper 
bound on the mainshock magnitude. Other parameters, such as d, affected 
the absolute risk levels but not significantly the relative contribution 



AFTERSHOCKS IN ENGINEERING SEISMIC RISK ANALYSIS 

by 

Hans A. Merz I , C. Allin Cornell
II 

SYNOPSIS 

The influence of spatially distributed aftershocks on calculated 
seismic risks is investigated. The conclusions are that to ignore after
shocks is unconservative and that to treat all events as mainshocks is 
conservative. 

The purpose of seismic risk analysis as defined here is to assess 
the probability Pa that the maximum seismic intensity experienced at a 
structural site in a time period of T years will exceed a units (e.g., 
O.2g). Seismic risk analysis has been studied by the se;ior author(l) , 
by Esteva(2) and by others for several years; reported analyses account 
for uncertainty in the times, locations and magnitudes of mainshocks as 
well as uncertainty in the attenuation "laws" (correlations) which esti
mate site intensity as a function of event magnitude and distance. In 
several historical events it has been noted that certain sites located at 
some distance from the mainshock epicenter have experienced more severe 
shaking during the temporally and spatially distributed aftershock se
quence than during the larger mainshock itself. The cause is apparently 
the closer proximity of a particular aftershock to the site. This study 
is aimed at evaluating this "additional aftershock risk" and at deter
mining under what conditions it might prove important (e.g., be of the 
same order as the risk due to mainshocks). The results are compared with 
a simple method that does not distinguish between main- and aftershocks, 
but treats both as mainshock events, and with a simple method t~at con
siders only mainshocks as significant events in determining the seismic 
risk. 

Seismologists such as Omori, Utsu, Aki and Vere-Jones have studied 
and modeled aftershock sequences in time. Utsu(3) has, in addition, in
vestigated the correlation between mainshock magnitude and the form and 
extent of the areal region around the mainshock epicenter in which after
shocks might occur. In our analysis, the temporal characteristics of 
aftershocks are represented as seismologists have done before, as a non
homogeneous Poisson process in time, triggered by a mainshock and with 
parameters dependent on the mainshock magnitude. Specifically, the modi
fied Omori law is used to account for the decay of the rate of aftershock 
events in time, and the mainshock magnitude is assumed to be the upper 
bound on the magnitudes of the aftershocks. Furthermore, the aftershocks 
are assumed here to occur at random spatially in a region whose location 
and extent depend upon the (rando~mainshock location and magnitude. For 
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from which a response spectrum is constructed; and (ii) by an extension 
of the response spectrum method utilizing only the peak modal responses 
of the structure (5). Both procedures have the same deficiencies previ
ously attributed to time-history and response spectra-based analyses of 
multi-degree structures, undoubtedly amplified by extending them to two 
systems in series. Most of these deficiencies are not shared by the di
rect random vibration approach. 

The validity of the proposed method was tested by making a compari
son between the predicted median floor response spectra and the average 
of four (4) floor response spectra curves, each computed by using a time
history analysis based on a single sample function of the site ground 
motion process. A conunon spectral density function provided the input to 
both the artificial motion generation routine and to the probabilistic 
dynamic analysis. The comparison was made for two different multi-degree
of-freedom representations of the primary structure. The modal parameters 
of Structures I and II are listed in Figs. 4 and 5, respectively. These 
figures also show that the agreement between the spectra obtained by the 
two methods is quite satisfactory over the entire range of equipment per
iods considered. 
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ment (1). Gz(w,t) indicates how the mean square of z(t) is distributed 
over different frequencies at different times, i.e., how the frequency 
content of the equipment response varies with time. In Reference 1, ex
act analytical expressions are obtained for G(w,t). Integration over all 
frequencies of this function yields an algebraic expression for the time
dependent mean square value o~(t). Other spectral moments are also com
puted and used in (i) a quantitative study of the variation in time of 
the narrowness of the frequency content of the equipment response, and 
(ii) an approximate evaluation of the probability distribution of the 
floor response spectra, i.e., a plot of the maximum value of the equip
ment response as a function of ne for a given value of se' All results 
depend in a relatively simple way on the building's natural periods, modal 
damping ratios and participation factors, the ground motion statistics 
and the equipment period and damping ratio. The median maximum response 
is expressed as r °x(s) , in which s = motion dura~i?n, and r = a factor 
which depends upon the spectral moments Ai(t) = I w~G(w,t)dw, i = 0, I, 2. 
Note that Ao(t) = o~(t). An important related fSnction is q(t) = 
II-Af(t)!Ao (t)A2(t)]l/2: it is unitless measure of the narrowness of the 
frequency content of z(t) at time t, and ranges between 0 and 1 (3,4). 

RESULTS AND APPLICATIONS 

Time Dependent Spectra and Mean Square Values 

Some typical time-dependent spectral densities and mean square value 
functions are shown in Figs. 2 through 5. The parameters employed in the 
study are the frequency ratio rl~ (ratio of structural frequency to equip
ment frequency), the time variable net and the two damping ratios Sl and 
(€. In this particular computation both the structure and the equipment 
are treated as single-degree-of-freedom systems. The time-dependent power 
spectral density, Gz(w,t) for different values of the parameters appear in 
Fig. 2. The shape of the spectrum during the initial stages (i.e. for low 
values of net) is similar to that of a wide-band process. It becomes nar
rower and more peaked at the resonant frequencies when time increases. 
This time-dependent nature of the power spectrum influences the computa
tion of the distribution of the maximum response, through q(t). When the 
frequency ratio r 1e = nl/~ is very close to 1, a strong amplification of 
the response spectral density due to resonance phenomenon is observed. 
This indicates that most of the energy is distributed around these two 
frequencies. 

Fig. 3 shows how the mean square response, Aa (t), varies with time. 
It indicates that the time-dependent nature of the equipment response is 
important. In particular, the transient growth of the equipment response 
is quite sensitive to (i) the duration of the excitation, (ii) the fre
quency of the structure and the equipment, (iii) the damping ratios S. 
and ~. J 

Floor Response Spectra 

Floor response spectra are currently generated in one of the follow
ing two ways: (i) by a time-history analysis of the structure which pro
duces the detailed motion of the point at which the equipment is mounted 



PROBABILISTIC SEISMIC ANALYSIS OF LIGijT EQUIPMENT 
WITHIN BUILDINGS 

by 
I II M.K. Chakravorty and E.H. Vanmar,cke 

SYNOPSIS 

Major buildings often provide support for relatively light secondary 
systems (equipment) whose continued performance during earthquakes is es
sential to safety. Presented in this paper is a nonstationary random vi
bration analysis which yields the statistical properties of the equipment 
displacement relative to the motion of the structure at the point at 
which the equipment is attached. It is assumed that the results of a 
classical modal analysis of the structure are available, and that the 
equipment can be modeled as a linear one-degree oscillator. The method 
presented herein in fact generates the probability distribution of so
called floor response spectra. 

ANALYSIS 

It is common to separate the seismic analysis of secondary systems 
(equipment) from that of the primary system (a building) and to view the 
structural response acceleration at a particular point A (see Fig. 1) as 
input for the dynamic analysis of equipment supported at that point. Thus 
we consider a multi-degree-of-freedom structure with an attached single
degree~of-freedom viscously damped oscillator. representing equipment. The 
entire system is excited by a ground motion U(t), which is represented by 
a suddenly applied weakly stationary Gaussian process whose spectral den
sity and duration are specified. It is assumed that a classical modal 
analysis of the structure is possible and that the effect of the equipment 
vibration on the structure (i.e., interaction effect) is negligible. The 
structural response, yet), at the point of attachment can be,expressed in 
terms of the normal modes ¢ and the modal coordinates nj(t), j=l to n, 
Le., yet) F L: ¢jnj (t). Ea~h component nj (t) represents the output of a 
single-degree-of.,..freedom system characten.zed by its modal frequencyJ4j 
and modal damping Sj, and is exposed to a modal forcing function -fju(t), 
where rj is the participation factor of the jth mode. The dynamic be
havior of the equipment displacement, z(t), relative to its point of sup
port, w~tldepend upon the equipment natural frequency ~e and damping se, 
and on X(t), the absolute acceleration of the equipment support. The lat
ter can be expressed in terms of the impulse response functions of the 
individual structural modes (1). 

The time-dependent (or evolutionary) spectral density (2) Gz(w,t) 
which characterizes the equipment response z(t) can be derived from an ex
pression of the nonstationary mean square response, 0~(t), of the equip-
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Fig. 6 The State Probabilities for Structure No.2 (whose 
properties are given below) • 
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The results of a Markov analysis of the response to Gaussian white 
noise of three ~ravity-affected hysteretic systems whose properties are 
listed on F~g. 7 are presented in Figures 6 and 7. Fig. 6 shows the state 
probabilities Pi(t) as a function of the duration t of stationary motion 
for structure No.2. The failure probability is Pl(t) + P13(t). The 
white noise intensity is adjusted so that the r.m.s. response ° of the x 
associated linear system is equal to~, i.e., r = a/ox = 1. The solid 
lines in Fig. 7 give the expected number of cycles (expected time divided 
by natural period) to failure for the three structures, as a function of 
the ratio r = a/ox (note that Ox is a measure of the excitation intensity). 
Husid(l) used both recorded earthquakes and artificial stationary motions 
with Tajimi-type spectral density to develop an empirical relationship for 
the expected number of cycles to failure of systems of the type shown in 
Fig. 1. Husid's best estimates are represented by the dotted lines in 
Fig. 7. For purposes of comparison, an "equivalent" white noise excita
tion was considered by substituting Go by G (Wn ) in Eq. 7. The comparison 
appears to be quite satisfactory. 

CONCLUSION 

The approach outlined in this paper leads to a set of ne'lv approximate 
analytical results for the statistical properties of several important 
inelastic response measures for elasto-plastic systems undergoing steady 
earthquake-like random motion. The probability distributions of the peak 
inelastic deformation and of the time required for the inelastic deforma
tion to cross a specified value, are expressed in terms of the yield 
level, the ground motion spectral characteristics and the properties 
(period and d&~ping ratio) of the associated linear system. These results 
can be used to predict earthquake resp'onse of E-P systems 'vhen the asso
ciated linear system response, particularly ox' is in an approximate 
steady state during the intense part of the ground motion. An equivalent 
duration, s, of stationary associated linear system response needs to be 
used. 

A continuous-time Markov model is also described which is used to 
study the response of bilinear hysteretic systems affected by gravity. 
Results for the expected numoer of cycles to failure are compared 'vith 
those obtained by Husid, and they ate found to be in reasonably good 
agreement. 
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There is a finite probability, P[Ms=O], that no plastic action will occur. 
By taking d=O in Eq. 13, one finds this probability to be about exp{-vas} 
when Vas«l; it becomes negligibly small for large values of Vas. Notice 
that Eq. 13 has the form of a Type I Extreme Value Distribution(13). A 
characteristic value of Ms ' found by setting P[Ms ~ d] = e-l , equals 
Mt = 0 In(eVaS - 1). Recall that 0 = 0x/2r and that Va is given by Eq. 6. 

Time to First Crossing of a Given Level of Plastic Deformation 

The probability distribution of the time, Td' to first crossing of a 
given level of plastic deformation is intimately related to the distri
bution of Ms' One can write 

P[T
d 

> s] = P[M
s 

~ d] (14) 

It suffices to view the expression for P[Ms ~ d] in Eq .. -13 as a function 
of s, with d as a knmvu parameter. 

ANALYSIS OF BILINEAR HYSTERETIC SYSTEMS 

The basic model which views the total inelastic deformation D(t) as 
a cumulative process with increments made at random I1pointsl1 in time, 
continues to hold ,,,hen the force-deformation relationship is not of the 
elasto-plastic type. But the statistical properties of the sizes of the 
increments and of the time intervals between these I1points" nOl" vary 
depending upon the state of the system, i.e., the level of inelastic de
formation at ,"hich the system operates. In particular, at any given time 
t, they depend upon the values of the positive and negative yield levels 
corresponding to the plastic deformation D(t). (For E-P systems these 
yield levels remain constant regardless of the value of D(t).) As an 
example, Fig. la shows the force-displacement diagram of a simple frame 
with rigid girder and colurans for ,"hich gravity loads have the effect of 
making the second slope k2 negative(l). During the process of drift 
accumulation the smallest yield level ranges from zero (at D(t) = dm) to 
a (at D(t) = 0). ' 

The particular kind of I1memoryl1 and the state-dependent nature of the 
cumulative damage suggest a Markov process continuous in both state and 
time to be a suitable stochastic model. It is computationally convenient, 
however, to discretize the range of possible permanent deformations. 
Fig. 6 shmls the displacement axis divided into 13 states~ with states 1 
and 13 signifying collapse; state 7 is the initial state. In this case, 
the pr~bability of being in state i at time t is Pi(t), i = I to 13, and 
PI(t) + PI3(t) is the probability of collapse. These probabilities depend 
upon: (i) the probabilities of trans~tion from one state to another given 
the occurrence of a clump of yield level crossings, and (ii) for each 
state, the average value of the exponentially distributed time between 
clumps of yield level crossings. The first set of parameters, the transi
tion probabilities, can be evaluated using an argument similar to that 
which earlier led to the distribution of the plastic set increment D. The 
mean times bet,,,een clumps have the form of V;l, ,"ith Va given by Eq. 6. 
Hodifications are requirl'd, lJo\'Jeve:r, to account for the un2qual and some
'times very low yield levels (l!.) • 



E[D(s)] Jl sE[D.]=O a 1 
(8) 

Var[D(s)] =)1 s' (Var[D.] + E2 [D.]) = 2)1 s 02 (9) a 1, 1 a 

The moment-generating function and the probability density function of 
D(s) can also be obtained(lO). If interest focuses on the case when 
considerable plastic action occurs, the Central Limit Theorem could be 
invoked to rationalize adopting the assumption that D(s) has a Gaussian 
distribution. 

Ductility Factor 

If plastic action occurs during the time interval (O,s) then the 
ductility factor F (a random variable!) can be expressed as follows 

1 Ms 
F = - ( Max ID(t) I) + 1 = - + 1 (10) 

a a O:;;:t:;;:s 

where Ms is the peak inelastic deformation. If no plastic action occurs, 
it equals the ratio of the maximum elastic deformation to the yield 
displacement. Eq. 9 can be used "unconditionally" when the probability 
of no plastic action is negligibly small. 

Peak Inelastic Deformation 

The peak inelastic deformation is the absolute maximum value of D(t) 
in the time interval 0 to s. Its probability distribution can be approxi
m~ted by viewing the crossings, at positive slope, by ID(t) I,of a fixed 
threshold d,as anonstationary Poisson process with mean rate Vd(t). The 
peak inelastic deformation Ns will be less than or equal to d if no 
crossing of the level d occurs in (O,s)., Hence, 

s 
P[M :;;: d] = exp{- J Vd(t)dt} 
sO, 

(11) 

Vd(t) is proportional to )1a' the mean rate of occurrence of jumps in the 
process D(t), Le., Vd(-t) = )1aPd\"t), where PaCt) is the probability that 
a plastic set contribution at time t results in an upcrossing of the level 
d. If such a contribution, D, is positive then an upcrossing 'vill occur 
if D < -d-D(t) and D( t) ~ -d. We have 

d 
Pd(t) = 2_~ P[D > d-x]f'D(t) (x)dx ~ 

-d/o 
e (12) 

The expression on the right side of Eq. 12 is approximately valid only if 
Jlat < d/~. It results from inserting P[D > d-x] = (1/2)exp{-(d-x)/6} 
into the integrand, expanding exp{x/6}, and replacing the upper limit d 
by 00. Finally, inserting Eq. 12 into Eq. 11 yields an approximate ex
pression for the probability distribution of the peak inelastic deforma
tion 

P[H 
s 

:;;:d] 
s -d/o ]J t 

exp{-UJ e e a dt} 
riO 

(13) 



3.25 in increments of 0.25. The white noise intensity is chosen so that 
ax' the r.m.s. response of the associated linear system, equals 0.04 in. 
Fig. 5a shows that there is good agreement between the sample averages 
(denoted by m) of the time between clumps of yield level crossings and 
the elastic inter-clump times ~~l (see Eq. 6). Also shown in Fig. Sa is 
a plot of (2Va)-l, va being the mean rate of threshold up-crossings (see 
Eq. 5). Estimates of the standard deviation (denoted by s) of the time 
between clumps are very close to the corresponding sample means. This 
does suggest that the adoption of an exponential distribution (for ,.,hich 
mean and standard deviation are theoretically identical) is reasonable. 
Other tests, described in Refs. 8 and 10, for different E-P systems sub
jected to excitation with both white and non-whi,te spectra,lead to the 
same conclusion. 

Karnopp and Scharton(ll) derived a simple approximate expression for 
0, the average amount of inelastic deformation (in absolute value) re
sulting from a single isolated crossing of the yield level a, i.e., 
o = ai/2a ::: ax /2r.: This result follows from the argument ~hat all the 
kinetic energy, mX2/2 (where m is the mass of the system; X is the impact 
velocity), ,,,ill be released by yielding action. The average value of the 
kinetic energy at impact is approximately equal to mw;a~/2 = kla~/2. The 
expected plastic deformation, 0, may be obtained from the energy equation, 
FyO ::: kl ai/ 2 , \"here Fy denotes the yield force. (see Fig. lb). Typical 
sample values, obtained by numerical simulation(8,10), of the mean and 
standard deviation of IDil, the absolute value of the total plastic set 
during a clump of yield level crossings, are plotted in Fig. Sb. The 
smooth curve in Fig. 5b corresponds to Karnopp and Scharton's esti~ate O. 
The fact that the sample means and standard deviations are nearly equal 
suggests that the probability distribution of IDil is also approximately 
exponential (with mean value 0). Furthermore, the contributions Di are 
e~ually likely to be positive or negative, and their probability density 

. function· is symmetrical with respect to zero. Therefore, the mean and 
variance of Di \vill be approx;i.mately equal to 0 and 20 2 , respectively. 

ELASTO-PLASTIC SYSTEM RESPONSE MEASURES 

Plastic Drift or Permanent Set 

The total deformation D(s) developed during s seconds of "steady" 
(constant ax and ~a) elasto-plastic (E-P) response is viewed as the sum 
of individual (positive and negative) contributions Di, i ::: 1,2, ••• ,N(s). 
Each contribution results from a single clump of yield level crossings. 
On the basis of the theoretical arguments, backed up by computer simula
tion, presented in the preceding section)we assume that the random number 
of contributions N(s) has a Poisson distribution with mean ~as. Also, 
successive contributions Dl, n2, etc., are assumed to be mutually inde
pendent of the clump occurrence process N(t). They are identically dis
tributed, with a common probability density function 
fn(d) = (2o)-lexp(-ldl/o), _00 , d ,+00 which is symmetrical about d=O. 
Recall that 0 = ai/2a. 

Under these assumptions, the expected value and the variance ~f 
D(s) = E Dl"' ,,,here i goes from 0 to a random number NCs), bccoi:ll! (1...) 

i 



A well-known result in random vibration analysis, due to 
S. O. Rice(7) is that the mean Va of crossings with positive slope of a 
level X=~ by a stationary Gaussian process X(t), is 

(5) 

in which Vo (A2/AO)1/2/2rr = the mean rate of zero crossings with posi
tive slope. Also, the mean rate of excursions outside the range (a,-a) 
equals 2va • Finally, the average number, ~a' of "clumps" per time unit 
is approximately 

~ = 2v /E[N] = 2vO<l - exp{-/rr/2'rq}) exp{-r2/2} (6) 
a a a 

If the excitation is a Gaussian white noise, then GX(w) 
then(5,6) 

7TG 
o 

4l,;w~ 
Vo = 

1 -w 
27T n 

if 1;; small 

(7) 

The factor q is plotted as a function of the damping ratio l;; in Fig. 4. 
It may be noted that the parameters Ao, Vo and q are relatively easily 
obtainable for an arbitrary spectral density function GX(w). 

THE BASIC HODEL 

In the previous section it has been argued that for simple elastic 
systems .the crossings of a relatively high threshold level are likely to 
occur in clumps ,,,hen the viscous damping ratio 1;; is small. Yield level 
crossings of the elasto-plastic response also tend to occur in clumps. 
For elastic systems, the average rate at which clumps of crossings of the 
level ~ occur equals ~a and the average time between clumps is l/~a' 
The larger the mean clump size, E[NaJ, the larger the average time between 
successive clumps. For E-P systems, l/~a is approximately equal to the 
average time betHeen clumps of inelastic excursions. It is useful to 
treat these cll. ps as "points in time" at \"hich inelastic action occurs, 
i.e., at '''hich the permanent set D(t) jumps to a different value. In 
fact, the total plastic deformation D(s) developed in the time interval 
o to s, may be thought of as a sum of individual contributions Di , 
i= 1,2, .•. ,N(s), each of Hhich is the result of a single clump of yield 
level crossings, i.e., Des) = ~ Di • N(s) is the randomnumoer of contri
butions during the time interv~l (O,s). For relatively high yield levels 
the time bet\vcen clumps may be expected to have an exponential distribu
tion with mean l/~. The ap~roximate validity of this hypothesis was 
checked by Yariev(S1 through analysis of E-P system respon~e to simulated 
white noise and Tajimi-filtered white noise(9). Some typical results are 
shmvn in Fig. 5 for a white noise excited E-P system characterized by an 
initial natural period = 0.2 sec., a viscous damping ratio = 0.02, and a 
yield displacement ~ = r0x ' where r is allowed to vary between 1.5 and 

! 



A sample function of the process X(t) is shown in Fig. 2b. It is ob
tained by subtracting the plastic set, sho'\vn in Fig. 2c, from the total 
E-P response, seen in Fig. 2a. The permanent set D(t) remains constant 
when the absolute value of X(t) is smaller than the yield level a. Each 
time Set) exceeds the yield displacement, however, inelastic action is 
known to occur. The total permanent set developed in the time interval 
o to t is the sum of a number of individual contributions, each associ
ated with a single crossing of IX(t) I =~. Much can be learned about the 
sizes of these contributions and about the length of the time intervals 
between yield level crossings by examining the response of the associated 
linear system shown in Fig. Ie. In particular, it will be useful to 
focus attention on the excursions of X(t) outside the range (a,-a). 

SOME PERTINENT RESULTS FOR SIMPLE LINEAR SYSTEMS 

Let the linear elastic system shown in Fig. Ie be subjected to a 
stochastic support motion uo(t). The response quantity of interest is 
the relative displacement x = u-uo and the equation of motion is given 
byEq. 2. Assume that the support motion can be modeled as a zero-mean 
'stationary random process characterized by a wide-band spectral density 
function G(w) and an equivalent duration s. The (one-sided) spectral 
density function GxCw) of the relative displacement may then be simply 
expressed in terms of the input spectrum G(w) and the transfer function 
of the system. We have(5) . 

(3) 

A typical sample function of the response of a lightly damped linear 
structure to' '\vide-band random excitation is shown in Fig. 3.. It has the 
appearance of a modulated sinusoid with a ,period equal to the structure's 
natural period . Focu'sing attention on a pair of fixed relatively high 
threshold levels x = ±a, it is of interest to observe that the peaks of 
X(t) whose ';'alues are outside of ,the range (a,-a) tend to occur in groups 
or I1clumps", Le., successive peak values of X(t) tend to be significantly 
correlated. 

In Fig. 3, Na denotes the rand()m number of consecutive peaks whose 
values lie outside the range (a,-a). The senior writer has recently 
shown(6) that degree of correlation among successive peaks importantly 
depends on a factor q = (1 - Af/AOA2)1/2, where Ai = fooWiGx(W)dW = ith 
moment of the spectral density function GxCw). 0 

It can be shown that q lies between 0 and 1 and that it is a measure of 
the spread of GxCw) about a center frequency. It is well-known that 
AO = o~, i.e., the area under the pO'\vE!r spectr~'U )equals the variance of 
X(t). For stationary Gaussian processes, the expected value of Na takes 
approximately the following form(6) 

/.--:-:-0 }-l E[N ] = (1 - exp{-vn/2 rq ) 
a 

(4) 

where r = a/ox = the threshold level normalized with respect to the stan
dard deviation of X(t). E[ Nal is referred to as the _a_v_c_r_a-'os.;...e_c_l_t._'8_' p,--_s_i_z_Q. 
Note that for large values of rq, E[Nal ~ 1 and for rq « 1, 



times when no plastic action occurs, i.e., between response excursions 
into the inelastic domain, the inelastic system behaves like an elastic 
oscillator. The total displacement then consists of (i) an oscillatory 
zero-mean linear elastic component, and (ii) an inelastic deformation, d, 
which remains constant as long as the elastic motion docs not cross over 
into the domain bounded by the positive and negative yield levels (which 
may be different for different levels of plastic deformation, d). Of 
course, for elasto-plastic (E-P) systems, the positive and negative yield 
levels have the s.'~lle absolute value and do not depend on the level of 
inelastic deformation, d. 

The inelastic response is modeled as a continuous-time random pro
cess with as "state" variable the plastic deformation, d. Changes or 
transitions from one value of d to another can occur only at times when 
the elastic response component exceeds the yield level. The transi-
tion probabilities (derived from linear probabilistic aqalysis) are state
dependent, except in the case of E-P systems. They can be expressed in 
terms of the characteristics of the ground motion (intensity, parameters 
of the power spectrum) and of an associated linear system (period and 

'damping ratio) decribed below. It is convenient to analyze E-P system 
response first, and then to extend the results of this analysis to 
bi+inear systems. 

THE ASSOCIATED LINEAR SYSTEM 

Let yet) represent the displace,nent response of an E-P structure 
(Fig. lb) ''lith a yield level Y=~ to a random excitation tio(t). At the 
start of the motion and until yet) crosses the yield level for the first 
time, the response of the E-P system is identical to that of an associated 
linear system, such as that shm'ln in Fig. lc. It is characterized by a 
spring with stiffness kl and by a dashpot with damping coefficient c. 
Problems surrounding the onset of plastic deformation are equivalent to a 
first-crossing problem for the associated linear oscillator. Also, before 
plastic deformations occur, the inelastic response yet) is described by 
the linear differential equation 

(1) 

where wn = (kl /m)1/2 is the undamped natural frequency and ~ = c/2mWn is 
the damping ratio. In between yield level crossings, the E-P system also 
behaves like a linear oscillator. Suppose that at some known time t, the 
most recent yield level crossing brought the total plastic deformation up 
to the value D(t) = d. The total displacement at t \vill then consist of 
a permanent set d and a linear elastic component X(t), i.e.; 
yet) = d + X(t). The process D(t) changes rather abruptly when plastic 
action occurs. For d = 0, i.e., before any plastic yield occurred, we 
have yet) = X(t). The differential equation describing the elastic part, 

,X(t), of the total displacement of the E-P system/in betw~en plastic 
excursions, has the form 

x + 2~w x + w2x = -u (t) 
n n 0 

(2) 



PROBAEILISTIC SEISHIC RESPONSE OF 
SIMPLE INELASTIC SYSTEMS 

by 

I .• II 
E. H. Vanmarcke and D. Veneziano 

SYNOPSIS 

The ~aper presents a probabilistic dynamic analysis of the relative 
displaceluent response to earthquake-like excitation of simple elasto
plastic systems and of bilinear hysteretic systems affected by gravity. 
Nonlinear response measures are expressed in terms of the statistics of· 
the response of an associated linear oscillator which is characterized by 
the initial properties of the hysteretic system. For elasto-plastic 
systems ,nmv approximate analytical results are present.oo for the proba
bility distribution of the plastic drift, the ductility factor and the 
time to first exceedance of a specified level of plastic deformation. A 
Markov model is proposed to study the response of bilinear hysteretic 
systems. For gravity-affected systems, results are presented for the prob
ability of collapse and for the expected number of cycles to failure. 
These results are compared with those obtained by Husid(l). 

INTRODUCTION 

For many strt!..ctural and mechanical systems it is permissible to alloH 
for plastic deformation during severe but infrequent random vibratory 
motions such as those due to earthquakes. To take advantage of their 
plastic capacity often provides an efficient means of absorbing energy and 
limiting the oscillation· amplitudes. A problem of considerable interest 
in the safety analysis of structures during strong-motion earthqu2,kes, 
therefore, is to determine tho probability distri"ution of important 
measmoes of inelastic behavior, e.g., the dactility factor and the time to 
collapse. The type of force-deformation relationship considered in this 
paper is a bilinear hysteretic system ch~racterized by the initial stiff
ness kl,o the slope ratio k2/kl' and the yield displacement as shown in 
Figure 1. The effect of gravity on the inelastic response measures is 
given particular attention. 

Several investigators (Refs. 1, 2, 3, among others) obtained response 
statistics of simple nonlinear hysteretic systems through time history 
analyses, using real and. computer-generated ground motions. Other ,omrk 
(e.g., Ref. 4) in Hhich it is attempted to obtain rigorous random vibra
tion solutions, attests to the fact that the mathematical complexity of 
the problem is formidable. 

The approach outlin8d in this paper is based on the idea that, at 

I Assistant Professor of Civil Engineering, Hassachusetts Institute of 
Technology, Cambridge, Massachusetts, USA. 



III 

I GI 
~ 
CIO .., GI • .., 

~ III 

• ... 
.u 

tIC • .!i ~ ~ ~ 
~ 1 ~ 
~ 

11-1 .., 
0 c; 

~ " r : 
I.Iol 
~ 
'1:J ... 

~ I ~ 1 

1. SELECT 
BUILDING SYSTEM 

FOR STUDY 

~------i~ ____ -I2... ASSUME 
DESIGN STRATEGY 

rJl 
Q) 
~ 
.u 

~ • .-4 
0 rJl 

Q) g 
00 .u 
~ ~ 

• .-4 ... 
Q) ... ~ QI 

> ::I 
0 t:r 
t..) ..c 

.u ... 
tIS 
QI 

Figure 2: Flow Diagram for General Methodology 

, 



i 

Model A 

• 
MATRICES 

['00 
POI 

P02] 
P - 0 PII P12 

0 0 I 

roo cd 
C

f
] C" 0 cil cf 

0 0 0 

SOLUTION 

C .. o 
COO+A(POICd+P02Cf+POIC2) 

S+A(POI+P02) 

C .. 
1 (COO+API2cf)/(O+API2) 

C -.2 
o 

Model C 

• 

MATRICES 

roo POI T] p.. 0 1 

0 0 

roo 
C

f cn C - 0 0 

0 0 

SOLUTION 

. COO+A(POlcf+P02cf') 
c -o O+A(P01+P02 ) 
C .. C .. 0 
1 2 

Model B 

['00 
POI 

P
02

] P -P02 POO POl 

POI P02 POO 

roo 
cd 

c
f 

] C - C cOO cd f 

cd c
f cOo 

SOLUTION 

C ., C .. C -Q I ·2 
1 I [cOo+ (POlcd+P02cf)] 

Model D 

s 

MATRICES 

[POO POI P02
] 

P - . Pgl POO P02 
0 1 

roo cd cf 
] 

C - C~ cOO c
f 

0 0 

SOLUTION 

C - C -
COO+A(POlcd+P02cf) 

6+AP02 o 1 

c .. 0 
2 

Filure 1: Some Three State Models of Seismic Performance of Buildings 

, 



REFERENCES 

1. Cornell, C. A., "Engineering Seismic Risk Analysis," Bull. Seismo. 
Soc. Amer., Vol. 58, No.5, 1968. 

2. Esteva, 1., "Bases para la Formulacion de Decisiones de Diseno 
Sismico," Doctoral Thesis, Univ. Nac. Auto. de Mexico, 1968. 

3. Molchan, G. M., Keilis-Borok, V. I. and Vi1kovich, G. V., "Seismicity 
and Principal Seismic Effects," Geophys. J. R. Astro. Soc., Vol. 21, 
323-335, 1970. 

4. Cornell, C. A., "Probabilistic Analysis of Damage to Structures under 
Seismic Loads,1I Chapter 27 in Dynamic Waves in Civil Engineering, 
edited by D. A. Howells, et al., John Wiley & Sons, 1971. 

5. Bellman, R. and Dreyfus, S. E., Applied Dynamic Programming, 
Princeton University Press, Princeton, New Jersey, 1962. 

6. Howard, R. A., Dynamic Programming and Markov Processes, Wiley, 
New York, New York, 1960. 

7. Jewell, \-1. S., IIMarkov-Renewal Programming, I: Formulation, Finite 
Return Models, II: Infinite Return Models, Example," Operations 
Research, Vol. 11, 1963. 

8. Vanmarcke, E. H., "First-Passage and Other Failure Criteria in Narrow
Band Random Vibration: A Discrete-State Approach," M. 1. T. Department 
of Civil Engineering Research Report R69-68, October 1969. 

9. Shah, H. C. and Vagliente, V. N., "Forecasting the Risk Inherent in 
Earthquake Resistant Design," Proc. of Conf. on Microzonation, 
Vol. II, 693-718, Seattle, Washington, November 1972. 

10. Vanmarcke, E. H. and Diaz-Padilla, J., "Markov Decision Models in 
Seismic Design," M.I.T. Department of Civil Eniineering Research 
Report R7l-20, December 1971 •. 

11. Whitman, R. V., Cornell, C. A., Vanmarcke, E. H. and Reed, J. W., 
"Optimum Seismic Protection and Building Damage Statistics," M.I.T. 
Department of Civil Engineering Research Report R72-l7, March 1972. 

12. Whitman, R. V., Reed, J. W. and Hong, S.-T., "Earthquake Damage 
Probability Matrices," Proc. 5th World Conf. Eq. Eng., Rome, Italy, 
June 1973. 

13. de Neufville, R. and Stafford, J. H., Systems Analysis for Engineers 
and Managers, McGraw-Hill Book Company, 1971. 

It 

, 



the increase in the initial cost due to special provisions for earthquake 
protection. If all losses can be expressed in monetary terms, then a 
reasonable design objective is to minimize the total expected cost, 
Ao + CO, In regions of low or moderate seismicity, other design consid
erations, e.g., functional requirements or resistance again~t wind, may 
enable one to design buildings for sufficiently low seismic risk levels 
without adding to the initial cost. -

The methodology is quite general imd can be applied to many types of 
buildings and other engineered facilities. Figure 2 outlines, by means 
of a flow chart, the methodology as it is used in a study at M.I.T. which 
focuses upon seismic design criteria for a class of tall buildings to be 
constfucted in Boston, Massachusetts. The alternative design strategies 
considered correspond to the four seismic zones (0, 1, 2 and 3) of the 
Unifo~ Building Code. The repair policy adopted is one whereby all 
damaged buildings are repaired and all unserviceable buildings are re
placed i~ediately following each earthquake. Hence, Eq. 5 can be used 
to evaluate average future losses. Reference 12 gives the categorization 
of levels of damage. These levels of damage are described both by words 
and by the average damage costs ci - diA, in which A - replacement cost, 
and di • ratio, to replacement cost, of physical damage to the building 
and ~tS contents. Damage probability matrices are es~i~ated for each 
particular building and its contents. Damage probability matrices are 
.,ti_ated for each particular building system and each design strategy. 
Two approaches ar~followed in assembling these matrices; (1) actual 
observed damage (and non-damage) during past earthquakes is correlated 
w~th ground motion intensity(12), and (ii) theoretical predictions of 
dynam+c response are used to irrterpret and extrapolate from the empirical 
information concerning damage and non-damage. The initial cost, in this 
.~udy, is a function of the design strategy. It is expressed as the 
e~tracost to design for, say, Zone 2 requirements as compared to making 
no provision for earthquake resistance. 

CONCLUSION 

A methodology based on Markov decision theory has been presented 
which evaluates the future performance of buildings under earthquakes 
and determines optimum seismic design levels and repair policies. To 
apply the analysis to a particular locat~on, a suitable $et of damage 
.tates, intensity categories and decision alternatives must be specified, 
and ~he corresponding probabilities and cost factors must be estimated. 
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Laplace transformations can be used to obtain closed-form solutions. At 
large values of t, however, Ci(t) asymptotically approaches an upper 
bound Ci = lim Ci(t). These long-range expected values are of consider
able t~ practical interest in earthquake engineering since 
the operational lifetimes of constructed facilities are often long and 
seldom predetermined. It is clear that when t~, the time derivative 
dCi(t)/dt + 0, and therefore the costs Gi can be determined from a simple 
system of m linear equations: 

i = O,l, ••• ,m-l (3) 

Generally only the expected total future loss Co will be of interest 
(since the building system always starts in state 0), except when the 
decision at hand involves questions of maintenance or condemnation of 
buildings. 

To find Co for the three state models discussed earlier requires 
solving a set of three simultaneous linear equations. The resulting 
expressions are given in Figure 1. (For details, see Reference 10.) 
From these it is relatively easy to construct the expressions for Co 
corresponding to several important multi-state models. For example, in 
the multi-state extension of Model B (instant~neous rep'air and replace
ment), there are m-l damage states in addition to the "no damage" state 0, 
• transition probabilities POi' and m transition costs cOi = ci (where 
cOO • Co = 0). The resulting value for the total expected future loss 
Co is: 

C .. o (4) 

It is further worth noting that if the damage costs ci are uncertain, it 
is theoretically correct to replace them by their respective average 
values. Inserting Eq. 1 into Eq. 4 yields 

C .. o 
m-I 

in which cYk = I Po' I ci = the mean damage ratio(12) times the buiId-
i-O 1 Yk 

ing replacement cost), given the intensity is Yk. In addition to 
direct repair costs, important human and social costs must be considered 
in evaluating the effects of strong earthquakes. These associated costs 
can be analyzed by the same method, and might be measured, for example, 
in numbEr of lives lost. The conversion to equivaleijt monetary losses 
is possible only by placing a monetary value on life l12). 

OPTIMUM SEISMIC DESIGN 

The approach just outlined combines information about earthquake 
risks and consequences to obtain the average values, CO, of the discounted 
future loss due to earthquakes for a building or for a class of buildings. 
The other major component in optimum seismic design is represented by AO' 



constitute the elements of the damage pr~bability matrices whose 
evaluation forms the topic of another paper at this conference(12). 

LOSSES AND REWARDS 

For any m-state model of a building an mXm cost matrix C ~ [cij] can 
be constructed. The element Cij' i ; j~ represents the loss sustained 
(or benefit received) if the building system makes a transition from 
.tate i to state j. The quantity cii is the cost per unit time when the 
.ystem occupies state i. (Note that cii and Cij' i f j, do not have the 
.ame dimensions. 

Figure 1 lists the C matrices for Models A throughD. For example, 
for Model A, the elements cOl = Cd and c02 = cf are the costs associated 
with damage and failure, respectively. cll covers operating costs (minus 
benefits) per unit time; it could also represent the premium for insur
ance against earthquakes. c22 is the annual cost of operating a damaged 
.tructure. Diagonal elements can be put equal to zero if one is only 
interested in estimating future losses resulting from actual earthquake 
damage. 

It is realized that modifications to this format are needed when 
losses associated with transitions cannot be expressed in monetary value. 
Multi-attributed losses must then be considered, and a different "cost" 
matrix may be needed for each attribute. 

EXPECTED FUTURE LOSSES: BASIC RELATIONS 

We define the following quantities: 

Ci(t) z the expected discounted total loss due to earthquakes during 
the time interval 0 to t if the system starts in state i. 

o = the discount rate: a unit quantity of money received after 
a very short time interval ~t is now worth 1 - o~t. 

APik cik a the mean loss rate of the system-when it 
occupies state i. 

It is very important in decision making involving constructed 
facilities to discount future losses. The choice of an appr9priate dis
count factor raises complex issues(13), however, and this question will 
not be further pursued here. 

The expected future losses Ci(t) are governed by a set of ordinary 
differential equations(6,7): 

dCi(t) 

dt 

m-l 
= qi + A L Pij c. (t) - (O+A) C

i 
(t) 

j=O J 

i 01\ 0,1, ••• ,m-l 

l.r 

(2) 

,. 



Note that it is symmetrical with respect to states 0 and 1. Repair
able damage is sustained when the transition 0+1 or 1+0 occurs and 
transitions 0+0 and 1+1 imply no damage. But the transitions 0+2 
and 1+2 signify that the system got trapped in the failure state. 

It is important and rather easy to construct multi-state extensions 
of the models just presented. For Model~ A and B, for example, while 
preserving the respective "no repair" and ",iunnediate repair" policies, 
additional intermediate damage states ~an be considered. In other situa
tion~, it will be appropriate to deal in a single model with both types 
of damage, one which is repaired and another which cannot be or is not 
repaired. 

In an M.I.T. study aimed at evaluating tall building seismic design 
strategies(ll), the model adopted is a direct extension of Model B: 
building performance is evaluated in terms of nine damage states ranging 
frOli. "undamaged" to "collapse", and repair or replacement are assumed to 
be instantaneous. 

CONDITIONAL AND MARGINAL TRANSITION PROBABILITIES 

For any m-state model of a building system the uncertain effect of a 
single earthquake with known intensity Yk can pe summarized in terms of 
an mXm matrix PYk=[PijIYk] of conditional one-step transition probabil
ities. The element PiilYk can be interpreted as the fraction of (nom
inally identical) builaings expected to move from state i to state j 
during an earthquake causing an intensity Yk at the site. The marginal 
one-step transition probability Pij is the average of PijiYk wi~h respect 
to Yk' Le., 

n 

Pi' = l Pijl q 
J k=O Yk Yk 

(1) 

It equals the probability of transition from state i to state j under an 
earthquake with site intensity ~ YO. The mXm matrix of marginal transi
tion probabilities is denoted by P = [Pij]' 

All quantities of interest, e.g .• the probability that the system 
will be in a given state at some specified future time, can be shown to 
depend directly on the marginal transition probabilities Pij ( 8 ) . In 
other words. the conditional probabilities PijlYk are only needed to con
struct the matrix P = [Pij] for a given site. building system and design 
strategy. 

Figure I shows the P matrices for Models A through D. Note that only 
three elements (Pal' P02 and P12) can be chosen independently in Models 
A and D. Also, the probability of failure will differ depending on the 
state the building occupies just prior to the earthquake; in particular, 
the ratio P12/P02 must exceed one. In Models Band C, only the proba
bilities of transition out of state 0 (Pal' P02 and POO = 1 ~ POI - P02) 
are needed. The same conclusion holds for the multi-state extensions of 
Models Band C: only the probabilities POi' i = O,l ••.•• m-l. are needed. 
The corresponding conditional probabilities are POiIYk' and they 



use A to denote AyO in what follows. 

STATES AND TRANSITIONS 

To model the uncertain effect of various levels of earthquake ground 
motion, a structure or a building system is idealized by a finite number 
of states. Between earthquake occurren~es, the system always occupies 
one and only one state. Transitions from Qne state to another may take 
place during or immediately following ~n earthquake. Any particular his
tory of seismic effects can be represented by a list of successive states 
starting with state 0, e.g., 0+0+0~2~2 •••• This particular sequence in
dicates that 4 seismic events occurred: the first two left the building 
in its original state, the third caused a "jump" from state ° to state 2, 
tpe building remained in state 2 through the fourth earthquake, and so on. 
Many different multi-state models of building behavior are possible. The 
cPoice will depend on the building system under study, on the repair and 
replacement policy considered, and on the level of accuracy sought. The 
only theoretical restriction is that all transitions must be so defined 
that every possible sample history can be represented and interpreted in 
an unambiguous way in terms of a sequence of successive states. 

Figure 1 shows a few of the possible three-state reprrBentations of 
the behavior of a constructed facility during earthquakes( ). In these 
so-called transition diagrams, the states are labeled 0, 1 and 2, and the 
arrows indicate the direction in which transitions can take place. One 
always starts in state 0 and makes a transition when an earthquake occurs. 
Each transition diagram corresponds to a different rep~ir and replacement 
policy, as explained below. 

Model A: Structure Deteriorates. No Replacement Upon Failure 
This model represents a simple deterioration process: the struc

ture can be serviceable (state 0), damaged, left unrepaired,but still 
serviceable (state 1), or completely unserviceable (state 2). When 
state 2 is reached, the structure is not replaced (or, at least, 
repfacement is not considered in the analysis). 

Model B: Immediate Repair or Replacement 
This transition diagram is symmetrical with respect to the three 

states. It indicates that whichever state is occupied at a given 
instant, there are exactly two paths, labeled d (for damage) and f 
(for failure), out of that state, and a loop labeled s (for survival) 
which signifies return to that state. The sample history ~2~1~ 
indicates that the system failed three time~ during successive earth
~ua~es and was replaced (by a nominally iden.ticai one) each time. 

Model C: Two modes of Failure. No Replacement Upon Failure 
This model is appropriate when there are two ways in which a 

building may become unserviceable. For example, an earthquake may 
cause (i) enough structural damage that the building is declared 
unsafe, or (ii) actual collapse of the building. 

Model D: Immediate Damage 'Repair. No Replacement Upon Failure 
This transition diagram combines elements of both Models A and B. 
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tool for analyzing the performance of structures for which several levels 
of unserviceability (e.g., minor nonstructural damage, minor structural 
and major nonstructural damage, collapse) can be identified. Intermediate 
damage states may contribute to the total losses either directly, in terms 
of repair costs, or indirectly, by causing a change in the risk of col
lapse during subsequent strong-motion shaking. For example, the natural 
period of a building may significantly increase as a result of a moderate 
earthquake. This may have the beneficial effect of moving the structural 
period out of the range of predominant'frequencies in the ground motion at 
the site, but it may also have the opposite effect. 

One of the most useful properties of a Markov model is that it pro
vides a relatively simple framework for quantifying a building's perfor
mance in terms of economic loss. This aspect of the theory of discrete 
.tate Markov processes has received wide attention in the field of control 
theory and operations research(5,6,7). Basically, the buiiding (or class 
of structures) is visualized to accumulate a series of benefits and costs 
as it proceeds through various states of damage. The method allows all 
future benefits and losses to be discounted. The total expected cost 
which forms the basis for design decisions is the algebraic sum of the 
discounted losses and benefits and the cost of construction. Alternative 
designs or design strategies can then be evaluated by comparing their to
tal expected costs, and the optimum design or design strategy is one which 
minimizes total expected cost. The use of Markov models to represent 
earthquake damage was first proposed by Vanmarcke(8). An application to 
structures in the-San Francisco Bay Area has recently been described by 
Shah and Vagliente(9). 

EARTHQUAKE OCCURRENCE CHARACTERISTICS 

Methods of seismic risk analysis(1-3) allow one to ~ke reasonable 
estimates for the probability of exceeding a given. site intensity say, 
MMI scale in anyone year, by appropriate analysis of local historical 
records. and of geological information. It is generally assumed that 
within a given seismically active area, strong earthquakes occur indepen
dently according to a Poisson process, and that earthquake occurrences 
and sizes in non-overlapping seismically active areas are independent. 
Under further mild assumptions relative to the laws governing intensity 
attenuation it can be shown that earthquakes causing a site intensity in 
excess of a high level y also follow a Poisson process with average annual 
occurrence rate Ay • This mean rate Ay, viewed as a function of the 
threshold intensity y, defines the risk-versus-intensity curve which char
acterizes the site seismicity. 

It is often appropriate to discretize the intensities. If Yo denotes 
the intensity below which associated building damage is negligibly small, 
one may choose to evaluate Ay for a discrete set of y values, i.e., 
Y - YO'Y1"··'Yn' Of particular interest in subsequent analysis are the 
related quantities qYk - (AYk+l - Ayk)/AyQ , k = 0,1, .•. n-1 in which 
qYk c the probability that the site intens1ty equals Yk given·an event in 
which it is at least YO' Also, qn = AYn/AyO ~ the probability that the 
site intensity is at least Yn given that it is at least yO' Note that 

n n t qk K 1 and AYk = AyO ~ qj. It will be notational1y convenient to 
keO j=k 

\~ 



METHODOLOGY FOR OPTIMUM SEISMIC DESIGN 

by 

I II III IV E. H. Vanmarcke , C. A. Cornell ,R. V. Whitman ~d J. W. Reed 

SYNOPSIS . . 
The paper introduces a method based on Markov decision theory to 

describe the effects and evaluate the performance of building systems 
subjected to strong-motion earthquakes. The effect of a single earth
quake is described in terms of (i) a matrix of probabilities of transition 
from one state of system serviceability to another, and (ii) a matrix of 
associated losses and benefits. Average discounted future costs are com
puted for various multi-state models of a building. Throughout the paper 
reference is/made to a major study in which this methodology is applied 
to the evaluation of seismic design criteria for tall buildings in U.S. 
eastern metropolitan areas. 

INTRODUCTION 

In seismic design of buildings a fundamental trade~off between costly 
higher protection levels and higher risks of various levels of social and 
economic losses must be made. A rational formulation of seismic design 
decisions requires combining the uncertainties and the values and losses 
involved. The uncertainties entering into the computation of expected 
future losses due to earthquakes are of two types: first, the uncertain
ty in the occurrence characteristics oJ earthquakes of various intensi
ties, secondly, the uncertainty in the effect each earthquake has on the 
puilding or the class of buildings being studied. 

Methods of evaluation of seismic risk which aim at obtai)ing 
intensity-versus-return period curves have been developed(l-3. They 
basically rest on the assumption that the times between successive ex
ceedances of relatively high intensity levels at a given site are inde
pendent and exponentially distributed. The effect on structures of earth
quakes witb various intensities is more difficult to model. A number of 
recent papers (2,3,4) consider damage models in which the effects of 
successive earthquakes are stochastically independent. It is well-known, 
however, that previous damage may significantly influence future behavior. 
The model studied here allows the incremental damage at any stage to be 
stochastically dependent on the damage to date. It provides an excellent 
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o No Damage 
1 Minor non-structural damage-~a few walls and partitions cracked, inci

dental mechanical and electrical damage 
2 Localized non-structural damage--more extensive cracking (but still not 

widespread); possibly damage to elevators and/or other mechanical elec
trical components 

3 Widespread non-structural damage--possibly a few beams and columns 
cracked, although not noticeable 

4 Minor structural damage--obv;ous cracking or yielding in a few struc
tural members; substantial non-structural damage with widespread crack
ing 

5 Substantial structural damage requiring repair or replacement of some 
structural members; associated extensive non-structural damage 

6 Major structural damage requiring repair or replacement of many struc
tural members; associated non-structural damage requiring repairs to 
major portion of interior; building vacated during repairs 

7 Building Condemned 
8 Coll apse 

FIG. 3 DESCRIPTION OF DAMAGE STATES 
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