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PREFACE

This the first in a series of reports on a project under the general

title "Reliability Analysis of Soil Slopes During Earthquakes". This

study is sponsored by the Earthquake Hazard Mitigation Program of the

National Science Foundation (ASRA) under Grant No. ENV 77-16185. Dr.

Michael Gaus is the program manager of this project of which the first

author is the principal investigator.

Three reports of this series, although not issued simultaneously,

compose a unity in content. These are the following:

(1) Report No. CE-78-S entitled "A Probabilistic Model for

Seismic Slope Stability Analysis", June 1979.

(2) Report No. CE-78-6 entitled "Program RASSUEL - Reliability

Analysis of Soil Slopes Under Earthquake Loading",

December 1978.

(3) Report No. CE-79-l entitled "Probabilistic Seismic Stability

Analysis - A Case Study", July 1979.

The first of these reports presents the model and discusses its appli

cability and limitations. The second is a document pertaining to the

computer program "RASSUEL 1.1 that has been developed to perform the prob

abilistic seismic stability analysis; it provides a description of the

various functions and options available in the program as well as guide

lines for its use. Finally, the third report presents the results of a

case study involving the assessment of the safety of a natural slope loca-

iv



ted near Slingerlands, New York.

The authors wish to thank the National Science Foundation for

sponsoring this study. As a Monte Carlo simulation of .the failure of
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studies at Purdue University, he is indebted to Professors M.E. Harr
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help of Messrs. R. Dyvik and G. Nadeau is acknowledged. Appreciation
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ABSTRACT

The present work provides a model for probabilistic stability

analysis of earth slopes under earthquake loading. Significant uncer-

tainties associated with conventional pseudo-static methods of seismic

stability analysis are recognized and probabilistic tools are introduced

for their description and amelioration. In particular, the proposed method

of analysis accounts for (a) the variability of material strength param-

eters, (b) the uncertainty in the exact location of potential failure

surfaces, and (c) the uncertainty in the value of the maximum slope accel-

eration during an earthquake.

The soil material comprising the slope is assumed to be probabilis-

tically homogeneous with strength parameters (c and t=tan<jJ) being iden-

tically distributed random variables with given statistical values. Poten-

tial failure surfaces are considered to have an exponential shape (log-

spiral), defined with the aid of three random variables (two geometric

parameters and the frictional strength parameter).

The safety of the slope is measured in terms of its probability of

failure (Pf) rather than the customary factor of safety. The numerical

values of Pf are obtained through a Monte Carlo simulation of failure.

The seismic load is introduced into the analysis through the maximum

horizontal acceleration (a ) experienced by the slope during an earthquake •. max

This is assumed to be a random variable, the probability distribution of

which is found to depend on the earthquake magnitude, the type of earth-

quake source considered (i.e., point, line, or area source), the distance

xii



between the source and the site and a number of regional parameters.

In addition, for the purposes of this study, it is assumed that the

slope is rigid, and therefore, the maximum acceleration of the slope

mass is equal to that of the ground.

Two different attenuation relationships are employed to determine

the maximum horizontal ground acceleration and the corresponding results

are compared and discussed.

xiii





1. PROBABILISTIC SEISMIC STABILITY ANALYSIS

1.1 Introduction

Soil slopes, whether naturally formed or man-made (in the form of

earth dams, cuts, embankments, etc.), are among the most frequently encount-

ered geotechnical structures. Although much experience has already accumu-

lated about their design and performance, geotechnical engineers still

face considerable uncertainties when they analyze their stability. These

uncertainties reflect the slope's loading conditions, the ground water con-

ditions, the material parameters, the. location and shape of the potential

failure surface. the particular method used in the analysis, etc. The possi-

bility of an earthquake renders such analyses even more complicated.

Conventionally, the safety of soil slopes is measured in terms of a

"factor of safety (F )". In general, this factor is arbitrary in scales

since it merely reflects whether a structure is safe (F ~ 1), or unsafe
s

(F < 1). A factor of safety of two, for example, does not necessarilys

imply that the slope is twice as safe as one with a factor of safety of one.

It simply states that the former is safer than the latter. The confidence

with which one should view the factor of safety is also open to questioR.

The literature is filled with reports of structures which have failed with

factors of safety greater than one, and others, which have shown a remark-

able success with factors as low as 0.6 [23].

To overcome the shortcomings associated with the conventional analysis,

geotechnical engineers have suggested the use of more rational approaches

to design, based on probability theory and reliability analysis [e.g., 20,21,

1
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41, 51]. In particular, probabilistic slope stability analysis has

been pursued by Wu and Kraft [50], Matsuo and Kuroda [28J, Catalan

and Cornell [llJ, Vanmarcke [44] and Alonso [1], among others.

A probabilistic formulation of the slope stability problem is based

on the recognition that both the available resistance (R) and the driving

load (S) along a potential failure surface are random variables.

The difference between Rand S is also a random variable often called the

safety margin SM (i.e., 8M = R - S). Failure of the slope occurs when

its safety margin SM receives a negative value; i.e.,

"Failure" = [SM = R - S < OJ

The probability of the occurrence of this event is equal to the probability

of failure Pf of the slope. Thus,

Pf = P[Failure] = P[SM < 0]

where P[ ] denotes the. probability of the occurrence of the event in

brackets.

(1-1)

The complement of the probability of failure is called the reli~

ability R of the slope. Hence,

R = 1 - Pf (1-2)

If fR(R) and f
S

(S2 represent the probability density functions of the

resistance R and loading S, respectively, the expression for the probability

of failure becomes [20]

00

Pf = f FReS) fS(S) ciS
-co

where FRe ) is the cumulative distribution of the resistance R.

(1-3)
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In the case where the density functions of both the resistance

and the loading receive simple analytical expressions (e.g., uniform,

exponential, normal, lognormal, etc.), the probability of failure may

be determined by performing the integration indicated in Equation (1-3).

In Table 1 are given the analytical expressions for the probability of

failure Pf for some frequently employed empirical distributions for the

capacity of a structure C (its resistance) and the demand D (the

applied loading) [4]. If, on the other hand, the expressions for the

density functions for the resistance and loading are complicated (as

is often the case in actual geotechnical situations), the integration

indicated in Equation (l-3) is not easy to accomplish analytically. In

this case, solutions must be obta~ned numerically or-bY' using-some

simulation technique.
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1.2 Description of Failure Surfaces

The shape of the surface along which soil slopes fail is most fre

quently assumed to be of a planar or circular cylindrical form. Differ

ent shapes, however, have also been employed in the past. Collin [14]

introduced cycloidal surfaces to analyze the stability of soil slopes

while Rendulic [33] and Frohlich [18] assumed that slopes slide along

paths haVing the shape of a logarithmic spiral. The same mode of failure

was later employed by other investigators [e.g., 17]. Furthermore, the

sliding block type of failure has also been considered [10,30], especially

when well defined zones exist within the soil profile. Finally, irregu

lar shapes have been introduced by assuming failure surfaces to be composed

of line segments with inclinations to the horizontal following a Fibonacci

sequence [10].

In a stochastic description of the development and propagation of

failure surfaces inside slopes composed of particulate materials, it was

found [6 ] that the most probable failure path followed an exponential law.

More recently, a generalized limiting equilibrium method was applied by

Baker et al [8] to the evaluation of the stability of soil slopes using

the calculus of variations. In this formulation of the problem, the shape

of the failure surface and the distribution of the normal stress along

this surface were left as variables to be determined by the mathematical

(as opposed to trial and error) minimization of the factor of safety. It

was subsequently concluded that the most critical failure surface had the

form of ~ logarithmic spiral.
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In the present study, it is assumed that the failure s~rface, created

interior to a soil slope during an earthquake, has an exponential shape

(log spiral) expressed in the form (Figure 1)

r = r exp (-8t) (1-4)
0

where r = the radius of the spiral,

r = the initial radius (value of r for 8 = 0),
0

8 = t~ angle between rand r , ~d
0

t = tan¢, where ¢ = ~il strength parameter.

The location in the interior of the slope mass of a potential failure

surface, as given by Equation (1-4) and illustrated in Figure 1, depends

on the following three factors:

(1) the position along the slope boundary of the initiation

point (point A),

(2) the location of the center of the log spiral (point O)~ and

(3) the numerical value of the ~-parameter of soil strength.

In general, the point of initiation of the failure surface is not

known in advance. Studies on the development and propagation of failure

surfaces in elastic slopes have indicated that the most likely point for

the initiating of failure is the toe of the slope [34]. Failure surfaces

initiati0n at specified points on the ground surface (along the base of

the slope) have also been used [10]. In the present study, the assumption

is made that failure surfaces pass through the toe of the slope.
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The center of the log spiral may be expressed in polar coordinates

by means of two variables, hand e (Figure 1). Introducing h = r coseo 0 0 0 0

into Equation (1-4), the latter receives the form

h
or = -....,...;.....".-

cose
o

exp(-et) (1-5)

The uncertainty around the exact location of the center 0 of the log

spiral can be accounted by considering its polar coordinates hand
o

e to be random variables receiving values within specified intervals;o

i.e. ,

h . < h < h0,m1n - 0 - O,max

e . < e < e0, mn - 0 - o,max

where h . e . and h and e are the minimum and maximumo ,m1n, 0 ,m1n 0 ,max 0 , max

values that can be received by hand 8 , respectively. Taking advantage
o 0

of previous experience with log spiral failure surfaces [18,33], the

limiting values of hand 8 may be taken empirically to be h . = 0,o 0 0,m1n

h = 3h and e . = S'-n/3 e = S' where S' = n/2-S, and ho ,max 0,m1n ' o,max '

and e are the height and angle of the slope, respectively.

Furthermore, random variables ho and 80 are assumed to follow the gen

eral beta distribution expressed in the form [20J

f(x)
a S

= A (x-x'. ) x (x -x) x
x m1n max x .m1n

< x < x
max

(1-6)

where x represents h or 8 ,
o 0



9

x x are the minimum and maximum values of x
min' max

respectively,

are the parameters of the beta distribution,

i\
x

rCa +S +2)x x=--------
f(a +l)fCI3 +1)x x

1 , and

rc ) is the gamma function.

Parameters a and S of the beta distribution can be obtained in
x x

terms of the statistical values of x as follows [2D]:

a
x

":2
x

= -~-

v
(1 - x)-(l + x)

where

2
x . )
m~n

In the subsequent applications of Equation (~-6), it will be

also assumed that hand e are symmetric around their mean valueso 0

(Le., a = 13 ).
x x
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According to the procedure presented above, for a fixed value of

the strength parameter t (=tan~), the locations of the failure surface

depend only on the-values of the two geometric parameters hand e .o 0

As an example, in Figure 2 are shown failure surfaces corresponding to

characteristic values of hand e. The slope considered has a height
o 0

h = 30 ft and angle S = 30°, while the t parameter is taken equal to



(h ,6 )
a,max a

11

h=30'

FIGURE 2. FAILURE SURFACES FOR CHARACTERISTIC VALUES

OF THE CENTER COORDINATES hand e .
a 0
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1.3 Mean Failure Surface

Let 1', h , e and t, appearing in Equation (1-5), be denoted by y,
o 0

Xl' x
2

and x
3

' respectively. Equation (1-5) may then be rewritten as

exp(-8x
3

) (1-7)

in which xl' x
2

and x
3

are independent random variables.

If the mean values and standard deviations of random variables X.,
~

i = 1,2,3, are known, then an approximate expression for the mean value

y of function y can be obtained by using a method developed by Rosenblueth

[35]. To illustrate this method, consider first that y is a function of

a single variable x, the skewness coefficient of which is unknown or nil.

Rosenblueth -showed that y may be obtained as the average of two point esti-

mates of y(x): one for X = X + a and, another, for X = X - a ,where xx x

and cr are the mean value and standard deviation of x, respectively.
x

Thus, in the case of a function of one variable, y is approximately equal to

1
2

-
y = "2 I y. (x +a )

i=l ~ - x

Similarly, the mean value y of the function given by Equation (1-7)

is equal to

1 8 _
y =-8 I y.(x1±a , x2+a , x 3+ax )

i=l ~ Xl - x2 3

where the eight point estimates of y correspond to the eight

(1-8)

possible combinations of the v~alues x. = x. + a , i = 1,2,3. That is,
~ 1. - X.

1.

the first term in the summation on the RHS of Equation (1-8) is

Yl = y(x1+o , x 2+a , x3+a ), the second term is Y2 = y(xl+a , x2+a ,
Xl x2 x 3 Xl x2

x - a ), the third term is Y3x
3

= y(xl+a , x
2
-a , x 3+a ), and so on.

Xl x2 x3
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As an example, consider a slope of a height h = 20 ft. and angle

s = 45° (Figure 3). The material strength parameter t(=tan9) is

assumed to have a mean value t = 0.58 (~= 30°) and a coefficient of

variation Vt = 15%. In Table 2 are listed the mean values (~.), standard
~

deviations (a ) and the points of evaluation (;. + a ) of the randomx ~ - x.
i ~

variables x., i = 1,2,3. The center of the failure surface that corres
~

ponds to (xl + a ,xz + a ) is shown in Figure 3 as point 0++. Similarly,
xl x2

points ° ,0 ,and 0 have coordinates (xl+a ,x2-a ), (xl-a ,+ - - + -- xl Xz xl

x
2
+a ) and (xl-a ,xZ-a ), respectively. Two failure surfaces correspond

x2 xl x2
to each center depending on the value of the strength parameter x

3
: one,

for x
3

= x
3

+ a
x3

' and, another, for x = x - 0 • The mean failure sur-
3 3 x

3

face (with its angle at 0), obtained using Equation (1-8), is shown in

Figure 3.

If~on the other hand, in determining y the variations of xl' x2 and

x3 were neglected while their point estimates were taken to be equal to

their mean values, the corresponding expression for y would be

(l-8a)

Thus, for the case of the slope examined in the above example, y

would be reduced to

y =y(30,lS,0.S8) = 31.06 exp(-O.S88)

This expression for y is also shown in Figure 3 from which it can be

seen that y lies very close to the mean failure surface obtained using

Equation (1-8).
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TABLE 2. STATISTICAL VALUES AND POINTS OF EVALUATION

OF THE THREE RANDOM VARIABLES h ,e and t.
o 0

15

Points
Random Variable Mean Value Standard Deviation

xi x. cr x.+cr x.-cr
1. x. 1. xi 1. x.

1. 1.

xl (=h ) 30 10.50 40.50 19.5
0

(ft)

x2 (=6 ) 15 5.25 20.25 9.75
0

(degrees)

x3
(=t) 0.58 0.087 0.667 0.493
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1.4 Resisting and Driving Forces Along Failure Surfaces

The static forces acting on a differential element along the

failure surface are shown in Figure 4. The weight dW of a slice of

width dx is equal to

dW = y (z-w) dx+y wdx (1-9)
m s

where Ym = the total unit weight of the soil above the

water table,

Ys = the saturated unit weight,

z = the distance from the failure surface to

the slope boundary, and

w = the distance from the failure surface to

the water table.

The location of the water table is defined by the dimensionless

parameter r expressed as [9]
u

r
u

u= --;-'-""""--Y (z-w)+y wm s
(1-10)

where u is the pore water pressure at the failure surface (assumed hydro-

static), and z, w, y and yare defined in Equation (1-9). The distances m

w from the failure surface to the water table is found from Equation (1-10)

as

r u y + r (y _y ) z
w u m s

where Yw is the unit weight of the water.
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The normal and tangential (to the failure surface) components of the

weight dW are denoted by dN and dT , respectively, and are equal tow w

dN = dW cos 0
w

dT = dW sin 0
w

where 8 (Figure 4) is the slope of the failure surface.

In the present study, the additional load on the slope due to

an earthquake will be introduced in terms of the maximum value of the

(1-11)

acceleration a at the site of the slope. Furthermore, it will be assumed

that the magnitude of the vertical component (with an upward direction)

of the maximum acceleration is equal to two-thirds of that of the hori-

zontal component (with a direction away from the slope) [43]; and that

both act on the slope mass simultaneously. Thus, the angle £ between

the maximum acceleration a and the horizontal direction is equal to

Because of the uncertainties involved in determining the maximum

acceleration, the latter will be considered as a random variable the

statistical characteristics of which will be examined in detail in Section

2 of this report.

The components of the earthquake loading along the normal and tan-

gential direction of the failure surface are equal to

dN = dW • a' sin[ -(a. + 6)]eq
(1-12)

dT = dWeq a cos(a. + 6)
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By combining Equations (1-11) and (1-12), the values are found of the

total normal (dN) and tangential (dT) forces acting on the differential

segment of the failure surface; i.e.,

dN=dN +dNw eq
(1-13)

dT = dT + dT
w eq

If the resisting and driving forces along dL (Figure 4) are denoted

by dR and dS, respectively, one has

dS = dT

dR = dN • t + c • dL

where c and t are the two strength parameters of the soil material.

The failure surface given by Equation (1-5), may be expressed

in Cartesian coordinates as follows:

x = x(6) = r sinS + r exp(-8t)sin(8-8)
o 0 0 0

(1-14)

y = y(S) = r cos e
o 0

- rexp(-8t)cos(8-8 )
o 0

The length dL of a differential element along the failure surface is

equal to

1/2
dL = {(x' (8)]2 + [y' (8)]2} d8

where x'(6) and y'(8) are the derivatives of x(8) and y(8) with

respect to 8; i.e.,

(1-15)

X' (6)

y' (8)

= r exp(-8t)[cos(6-6) -tsin(8-e )]
o 0 0

= r exp(-8t)[+sin(8-8) + tcos(8-e )]
o 0 0

(1-16)
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Equations (1-15) and (1-16) are combined to yield

2 1/2
dL = dL(h ,6 ,t) = r exp(-6t)(1 + t) d6

00· 0

Consequently, the total length L of the failure surface is equal to

(1-17)

L
L = f dL

eH 2 1/2
= f r(l + t ) de (1-18)

o 0

where r is given by Equation (1-4), and eH is the upper limit of

angle 6 (Figure 1) and corresponds to the terminal point of the failure

surface along the slope boundary. After the integration indicated by

Equation (1-18) is performed, it is found that

L =
h

o
cose

o

1 1/2
(1 + :2) [exp(-eHt) + lJ

t
(1-19)

The total resisting and driving forces, Rand S, respectively,

can be found through an integration of Equations (1-14); i.e.,

L

R = f dR
o

L
S = J dS

o

(1-20)

The developments presented above were concerned with failure sur-

faces originating at the toe of the slope. It is possible, however, that

a discontinuity (e.g., a relic slip surface) already exisfedin the'in-

terior of the soil mass. Since its length Ld can be of any size between 0

and L, the probability density function of Ld can be assumed uniform in

the interval (O,L), where L is given by Equation (1-19). Along Ld the c-

parameter of strength is zero while t is assumed constant and equal to its mean
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value t. The option to account in this. manner for a possible initial

discontinuity is available in the computer program RA55UEL (see

Section 1.6)[5].

The integration of Equations (1-14) requires consideration of the

relative position along the failure surface of three characteristic

points. These are shown in Figure 5 Cas points I, C and 5). There are

six possible arrangements of the three points (Figure 6), if a failure

surface terminates at the boundary behind the crest of the slope; and

two arrangements, if the surface ends on the slope (i.e .• in this case,

there is no point C).
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1.5 Variability of Soil Strength Parameters

The uncertainty in the numerical values of soil strength may

be attributed to the following three reasons:

(a) The limited information about actual subsurface conditions,

(b) Measurement or "engineering" errors, and

(c) The inherent variability of soil itself.

The last is by far the most important cause of uncertainty. On the

basis of results obtained from a large number of tests on natural soils,

it was found (25) that the inherent variability of soil was so great that

the effects of test imprecision may be overwhelmed. Research studies

have been recently undertaken with an objective to quantify this un

certainty and describe the spatial variation of soil strength and strength

parameters (2,24,45].

To account for the variation in the numerical values of soil strength

parameters, geotechnical engineers have considered them to be random vari

ables and have proposed probabilistic models for their description. Thus,

Lumb [27] found that the two strength parameters (c and t) followed a nor

mal distribution. This conclusion was drawn from his study on a large

amount of test data from soils of the area of Hong Kong (namely, a soft

marine clay, a residual silty sand, an alluvial sandy clay and a residual

clayey silt). Additional studies of frequency distributions of soil

properties (io e. ,37, 40,etc. J came to support Lumb 1 S conclusion that

strength parameters are normal-like variates.
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In a more recent work, however, Lumb [26] found that the c-parameter

of strength followed more closely a beta rather than a normal distribu

tion, and that only its central portion could be approximated as a normal

variate. The use of the beta distribution for modelling soil strength

parameters was also suggested by Harr [20] who, recognizing the versatility

of the beta model, recommended its use to obtain approximations for many

geotechnical data sets whose measures must be positive and of a limited

range (in contrast to normal variates that receive values between _00 and

00).

In compliance with the above findings, the present study assumes

that strength parameters c and t (=tan¢) are random variables following

the beta (or, Pearson's type I) distribution, given by Equation (1-6).
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1.6 Probability of Failure

In Section 1.4, the resisting and driving forces along a potential

failure surface of a soil slope have been expressed as integrals of

functions containing a number of random variables (Equations 1-20).

As it was stated in the Introduction, use of a numerical scheme is necessary

in order to determine the probability of failure Pf of a structure if

its load and resistance are not simple analytical functions (such as those

appearing in Table 1). In this study, the numerical values of Pf are

determined through a Monte Carlo (19,36] simulation of failure. A flow

chart indicating the operations that led to the probability of failure

is given in Figure 7.

The Monte Carlo simulation of failure involves (a) the generation of

failure surfaces by selecting values of three random variables: two geo-

metric parameters (h and e ) and strength parameter t (=tan¢), and (b)
o 0

the calculation of the total resistance R and driving force S (acting

along the generate failure surface) by selecting values from two addi-

tional random variables: strength parameter c and slope's maximum horizon-

tal acceleration a . If this procedure is repeated N times and the
max

event "failure" (i. e., R < S) occurs M times, then the probability of

failure Pf is close to the relative frequency MIN, provided that N is

large enough (32]; i.e.,
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1. Expressions of resistance Rand loading S in tenus of the
random variables.

II. Probability density fUnctions of the following random variables:
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(a)

(b)

(c)

maximum ground acceleration (a )max

strength parameters (c and t)

geometric parameters (h , e )o 0

Select a random variable from each of the distributions

Calculate the values of the driving force Sand

resistance R letting the random variables take

the values found above

l~-

Repeat

N times

Check

R < S

OUTPUT

Yes M times

No N-M times

Probability of Failure
M

p =-
f N

FIGURE 7. FLOW CHART OF THE OPERATIONS INVOLVED IN DETERMINING

THE PROBABILITY OF FAILURE



The present probabilistic seismic stability analysis has been

incorporated into a computer program called RASSUEL. A description

of the program and its capabilities together with guidelines for its

use is given in a separate report [5]. The flow chart for program

RASSUEL is shown in Figure 8.

28



GENERATE TABLES OF CUMULATIVE DISTRIBUTIONS
FOR HO THETAO PHI AND C
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YES DRAW OPE GEOMETRY

.-- -l'""lSELECT VALUES FOR:. ACC,PHI,THETAO,HO,C
FROM CUMULATIVE DISTRIBUTIONS

STABILITY ANALYSIS
FOR SLOPE FAILURE.

FIND RANDS

PRINT K,HO,THETAO,PHI,C
. Ace L,SM,SF

NO

DRAW A SAMPLE OF FAILU
~~~~ SURFACES

CALCULATE MEAN VALUE AND COEFFICIENT
OF VARIATION FOR SM SF AND. L

YES SORT SM SF AND L

FIGURE 8. FLOW CHART FOR PROGRAM 'RASSUEL'



2. STATISTICAL DESCRIPTION OF SEISMIC PARAMETERS

2.1 Introduction

From an engineering point of view, one is interested in one or

more parameters that reflect ground motion characteristics rather than

in the details of an earthquake record. Examples of such parameters

are the maximum value of the ground acceleration, velocity or displace-

ment, the spectral ordinates, the duration of the earthquake, etc. In

the model presented in the previous section, the effect of an earthquake

on the stability of soil slopes was introduced through the maximum value

of the horizontal acceleration (a ) experienced at the site of the slope •. max

There are many factors which affect the numerical values of a and
max

they may be divided into three categories [22]; namely, (a) source factors

(e.g., location and dimension of source, stress conditions at the source,

radiation pattern, etc.), (b) travel path (e.g., geometric spreading of

waves, energy absorption, inhomogeneities of medium, etc.), and (c) local

conditions (e.g., subsurface conditions, topographic variations, etc.).

Although considerable research effort is underway aiming at an improved

description of each significant factor, the available information is uti-

lized in the current·state~of-the-artthrough a limited number of repre-

sentative parameters from each category.· Thus, the earthquake magnitude is

employed to represent the source factors, the distance between source

and site of interest reflects the travel path and local conditions are

accounted through a number of regional parameters. In addition, the

maximum acceleration of the slope mass is assumed to be identical to

that of the ground (rigid 1.iody assumption).

30
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Many relationships have been proposed over the years to provide

the maximum horizontal ground acceleration (a
max

) as a function of the

earthquake magnitude (m),the distance (R) between source and site, and

the regional parameters. Idriss (22], in his presentation of the state-

of-the-art of ground motions, made reference to thirty-two such re1a-

tionships that cover the period between 1956 and 1978. Predicted values

of a are different for different relationships; and this disagreementmax

in the results is often quite large, especially for sites close to the

earthquake source.

In view of the inherent uncertainties in available attenuation rela-

tionships, any prediction for the maximum ground acceleration must be

based on a statistical formulation of the problem. Thus, in the present

study, a will be considered as a random variable and its frequency andmax

cumulative distributions will be derived. The dependence of the latter

on regional and other parameters will be also investigated. Finally, as

one of the objectives of this study is to provide a stability analysis

for soil slopes located in the seismic environment of the State of New

York, regional parameters will receive values pertinent to this part of

the country.



2.2 Earthquake Magnitude

The empirical formula most commonly employed to yield the number

of earthquakes n' exceeding a certain magnitude m is Richter's log
m

linear relationship [16] expressed in the form

log n = a - bm
m

where a and b are regional constants.

The natural logarithm of n can be obtained from Equation (2-1) as
m

In nm = (lnlO)(lognm) = (lnlO)(a-bm)

from which one has than n is equal to
m

n = exp[(lnlO) (a-bm)] = exp(a'lnlO)exp(-bm'lnlO)
m

or,

where B = b lnlO.

For Equation (2-2) to gain engineering significance, lower and

upper limits for magnitude m have to be imposed. Thus, if mo and ml

denote the lower and upper limits of m, respectively, Equation (2-2)

becomes

32

(2-1)

(2-2)

logn = a -b(m-m) ,
m ' 0

(2-3)
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From Equation (2-2), one has that the expected number of earthquakes

(n ) with magnitude greater than the assumed lower bound (m ) is equal
m 0

o
to

n
m

o
= lOa exp(-Sm )

o (2-4)

The ratio of n over n signifies the probability with which the
m mo

earthquake magnitude M is greater than m [42]; i.e.,

P[M > m]
n m'

=-
nmo

a= 10 exp (-13m)

10aexp(-Sm )
o

= exp [-13 (m-m
o
)] , m

o
< m. (2-5)

The cumulative density function F(m) of the earthquake magnitude m is

equal to

F(m) = P[M ~ m] = 1 - P[M > m]

Introducing Equation (2-5) into the above expression, it is found that

F(m) = 1 - exp[-S(m-m )]
o

A normalizing factor is required so that F(m) becomes unity when m

receives its maximum value ml , If this factor is denoted by k, from

Equation (2-6) one has

(2-6)

or,
-1k = {l - exp[-S(m -m )]}I 0

(2-7)

Thus, F(m) may be written as



F(m) =F{l-exp[ -S(m-m
o
)]} ,

1

where k is given in Equation (2-7).

m < m
o

34

(2-8)

The probability density function f(m) of the magnitude m can be

found by forming the derivative of Equation (2-8) with respect to m.

Thus, one has

where k is given in Equation (2-7).

(2-9)

In the case of New York State, the lower and upper limits of the mag-

nitude m have been found [31] to be equal to 2.0 and 6.3, respectively.

For the Northeastern United States, the values of the S parameter varies

between 1. 35 and 1. 54 [31]. In Table 3 are given the values of the S

parameter for various seismic regions of the United States, while the

world-wide range of values for S is between 1.61 and 2.88 [46].

The mean value and variance of the earthquake magnitude m are given

by the following expressions:

00

m = f mfCm) dm
_00

00

Var(m) = f (m-m)2f(m)dm
_00

(2-10)

where f(m) is the probability density function of m, given by Equation
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TABLE 3. VALUES OF I3-PARAMETER FOR YARIOUS SEISMIC REGIONS (after [46])

SEISMIC REGION 13 COMMENTS

Southern New England 2.19(+0.12) 1800-1959; 135 events

New Jersey 2.17

Central Mississippi River 2.00 (+0 .25) 1833-1972 ; 250,000 km2
Valley

North and Central America 2.26 1963-1968

Southern California 1.94 1934-1963 ; 10,126 events
296,000 km2

California 2.07
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(2-9). Substituting the latter into Equations (2-10) and perform-

ing the indicated integrations, it is found that

(2-11)

Var(m)

In Figures 9 and 10 are shown the probability density function and

cumulative distribution of m, respectively, for a value of the 8-parameter

equal to 1.35, 1.5, and 2.5.

In Appendix A are given the expressions for the probability density

function and ,cumulative distribution of the earthquake magnitude for the

case of a log-quadratic frequency-magnitude relationship. Such a relation-

ship appears to best represent available seismic data for New York State

and it is studied in detail in the third report of this series, RPI

Report No. CE-78-7.
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2.3 Maximum Horizontal Ground Acceleration

The most frequently used attenuation relationships are expressed

in the following form [16]:

where a is the maximum acceleration ( in cm/sec), m is the earth-
max

(2-12)

quake magnitude, R is the distance between source and site (in kID) and

b
l

,b
2

,b
3

and b4 are regional parameters. Values that have been proposed

for these parameters are listed in Table 4.

Comparisons made between observed and computed values of ground

motion parameters have indicated that their ratio follows closely a log-

normally* distributed random va:riable~Denoting the latter by E: and

introducing -it· into Equation (2-12), one has

The logarithm of E: has been found to have a mean value equal to zero

(lns=O) and a standard deviation Cal ) between 0.5 and 1.0 [29,31]ns

(2-13)

In general, three types of earthquake sources can be distinguished,

namely, (a) a point source, (b) a line (or, fault) source, and (c) an

area source. "These are shown schematically in Figure 11.

A point source represeLLts the fundamental case in seismic risk

analysis. A line source is used for the seismic description of a region

where a fault has been clearly identified. When this is not the case,

*A variable is log-normally distributed, if its natural logarithm is
normally distributed.



TABLE 4. VALUES OF THE COEFFICIENTS OF THE ATTENUATION

RELATIONSHIP

COEFFICIENT

b1
b 2 b3 b 4

Referenc.e

·1960 0.8 2.0 0.0 50

1260 0.8 2.0 0.0 31,42

1350 0.58 1.52 0.0 31,42

*1100 0.5 1.32 25.0 31,42

1230 0.8 2.n 0.0 31

2000 0.8 2.0 0.0 31

* 1.1.83 1.15 1.0 0.0 16,31

1200 0.8 2.0 0.0 29

*Values suggested for the Northeast United States

40
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or when the data and other information available are very limited, a

description of the earthquake source as an area source may be consider

ed. In the case where the source is located at a distance from the

site greater than two times the focal depth h, the shape of the source

is not important [lSI. Thus,the shape for the area source is assumed

to be circular with its center on the site,and earthquake occurrences are

taken as uniformly distributed over this area. As a result, any earth

quake that may occur outside the defined circular area is considered

to have a negligible effect on the slope.

In Appendix B are given the analytical expressions of the prob

ability distributions of the maximum acceleration for the three types

(i.e., point, line and area) of earthquake source.
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2.4 Probability Distribution of the Maximum Horizontal Ground

Acceleration (Point Source)

From Equation (2-10), one has that a = a (m) is a monotonicmax max

function of magnitude m, the probability density function of which

is given by Equation (2-9). Using the concept of transformation of

variables [20), the distribution of a can be obtained asmax

da (m)
max

f (m)
f(a ) = __m_"__

max

dm

where a substituted for m in f (m), and
m~ m

(2-14)

da (m)
max I is the absolute
dm

value of the derivative of a with respect to m. The latter is foundmax

from Equation (2-12) to be equal to

da (m) b m -b3

I max t = b b 2 (R+b4) =b2
a

~ 12e max

Combining Equations (Z-9), (2-14) and (2-15), it is found that

f(a ) = k • _1_ exp(-(3(m-m )]
max b

Z
a 0max

(2-15)

Solving Equation (2-12) for m and substituting into the above expression,

one has that the probability density function of the maximum horizontal

ground acceleration is equal to

f(a )
max

1 1-- exp[-t3(- P.n
a bmax 2

a
max _ m )]

b (R+b ) -b3 0
1 4

(2-16)
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The range of variation of a can be found by introducing the lowermax

and upper limits of magnitude m into Equation (2-12). Thus~

b m -b b m -b
b

1
e 2 o(R+b

4
) 3 < a < b e 2 l(R+b) 3 (2-17)

-max-1 4

The two attenuation relationships that have been suggested for

the Northeastern United States (Table 4) are as follows:

a = 1100 eO. 5m(R+25)-1.32
max

a = 1.183 e1.15~-1.0
max

(Case 1)

(Case 2)

(2-18)

(2-19)

where m is a random variable the frequency distribution of which is

given by Equation (2-9).

In Figures 12 and 13 are shown the frequency and cumulative distri-

butions of a found using Equation (2-18) (Case 1) and in Figures 14
max

and 15 are shown the same quantities that correspond to Equation (2-19)

(Case 2).

When the error term s is considered, the expressions of the atten-

uation relationships given by Equations (2-18) and (2-l9)~ become

a = 1100 eO. 5m(R+25)-1. 32smax
(Case 1)

(Case 2)

(2-20)

(2-21)

where s is log-normally distributed with median and standard devia-

tion equal to 1.0 and 0.5, respectively.
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In Figures 16 and 17 are shown the frequency and cumulative ais-

tribution of a that correspond to Equation (2-20) (Case 1) while inmax

Figures 18 and 19 are shown the same quantities that correspond to

Equation (2-2l) (Case 2).
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2.5 Statistical Values of Maximum Horizontal Ground Acceleration (Point

Source)

The exact values of the mean a and variance Var(a ) of themax max

maximum horizontal acceleration are equal to

a = fa f(a ) damax max max max

(2-22)

Var(a ) = f(a. -a ) f(a ) da
max max max max max

where f(a ) is given by Equation (2-16), and the limits of the integrationsmax

are given by Equation (2-17).

A convenient and yet accurate way to obtain the statistical values

of a is to apply the Monte Carlo technique using Equation (2-12).
max

This procedure involves the selection of a large number of values for

the random variable m from its cumulative distribution F(m) , given by

Equation (2-8). These values are then substituted into Equation (2-18)

and the corresponding values of a are collected and analyzed statisticallymax

to obtain a and Var(a ).max max

An estimate of a and Var(a ) can also be obtained through a
max max

Taylor series expansion of the function a (m) around the value a (m),max max

where m is the mean value of the magnitude. Thus,

aa
Var(a ) = ( max)2 Var(m)

max am

a == a (m)
max max

2-
3 amax
---:2:-- Var(m)

3m
(2-23)
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where a in the derivatives denotes that the latter are evaluated at

the mean value m of magnitude m.

After the derivatives of a are obtained from Equation (2-12) and intro-
max

duced into Equations (2-23), the latter become

1 2
[1 + 2 b2 Var(m)]

(2-24)

Var(a )
max

where the mean value m and the variance Var(m) of magnitude m are given

by Equations (2-11).

In Table 5 are listed the mean value a , standard deviation S
max amax

and coefficient of variation V of the maximum horizontal ground accel-
amax

eration for a point source and for the two attenuation relationships, given

by Equations (2-18) and (2-19), respectively.

In Figures 20 and 21 is shown the expected value of the maximum accel-

eration as a function of distance R for the two attenuation relationships.

For comparison purposes; in the-same figures are shown the results for

the case where a more critical range of variation for the magnitude m is

assumed (Le. ,4.0 < m ::.. 8.0),
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The influence of the S-parameter (see Equation 2-9) on the expected

value a of the maximum ground horizontal ground acceleration is shownmax

in Figures 22 and 23. Figure 22 corresponds to Equation (2-18) while

Figure 23 to Equation (2-19).
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3. DISCUSSION

In a conventional seismic or static stabtlity analysis. the safety

of a soil slope-is measured by means of a factor of safety FS. Material

and seismic parameters entering the expression for FS are convention-

ally treated as single-valued quantities. Ho~ever, soil properties

(e.g., c and ¢) and ground motion parameters (i.e., a ) are gener
max

ally random variables, the variability of which lend themselves to

a probabilistic formulation of the stability problem. A pseudo-

static, probabilistic model, as employed in the present work, is

capable of accounting for (a) the variability in the numerical values

of the material strength parameters, (b) the uncertainty in the loca-

tion of the failure surface inside the soil slope, and (c) the uncer-

tainty in the exact value of the seismic load.

The soil material comprising the slope was assumed to be statis-

tically homogeneous with strength parameters c and t (=tan¢) along

potential failure surfaces being identically distributed random vari

ables with given mean values (c,t) and coefficients of variation (V ,c

Vt ). Following results found by previous investigators, the prob

ability distributions of c and t were assumed to follow the beta (or,

Pearson's type I) model.

Potential failure surfaces were taken to be of a log-spiral

type and were defined with the aid of three random variables: strength

parameter t and two geometric parameters hand e. The statisticalo 0
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values and bounds of hand e were determined empirically, takinga a

advantage of previous experience with log-spiral types of surfaces.

Thus, generated failure surfaces were within a realistic range (Figure

2). In Section 1.3, a procedure was presented for an approximate

determination of the most probable (mean) failure surface. For the slope

considered in the illustrative example (Figure 3), it was found that, by

neglecting the variances of the three random variables (h ,6 ,t), the
a 0

corresponding failure surface (see Equation l-8a) lay very close to the

mean surface.

The safety of the slope was measured in this study in terms of its

probability of failure Pf' the numerical values of which were obtained

through a Monte Carlo simulation of failure. In Figure 7 was given

the flow-chart of the operations followed during the simulation. After

values of the random variables were selected from their distributions,

the resisting (R) and driving (S) forces were calculated and compared.

Thus, failure corresponded to the case wherein R was exceeded by S (R < S).

This procedure was repeated a large number of times and the probability

of failure Pf was obtained as the ratio of the number of counted fail

ures M over the total number of repetitions N(Pf=M!N). Implied in this

method was a frequency interpretation of the probability (Pf) of a

random event ("failure") in a specified random experiment (generation

of a failure surface and comparison of the resulting values of Rand S).

In his discussion on the precision of the frequency interpretation of prob-

ability, Papoulis [32, p. 4] stated: "This interpretation is obviously

imprecise; however, it cannot be essentially improved ... probability,

like any physical theory is related to physical phemomena only in

inexact terms. Nevertheless, the theory is an exact discipline



developed logically from clearly defined axioms, and when it is

applied to real problems) it worksH
• Furthermore, as in the developed

procedure the selection of failure surfaces was limited to those pass

ing through the toe) the resulting value of the probability of failure

may be considered as an upper bound.

It should be noted that this study did not attempt a "system"

approach to the reliability of slopes. Such an approach, in which

the slope is considered as a series system with infinite components

(potential failure surfaces), has been pursued in the past by Catalan

and Cornell [llJ who provided an approximate formulation of slope

stability by transforming the slope reliability problem into a level~

crossing one. The authors remarked that "the conceptulization of a slope

as a series system with infinitely many distinct, but ce5rrela:ted modes

was not found to be the -most fruitfulapproach l
'.

In the present analysis) the resistance R developed along a poten

tial failure surface was assumed to be constant during the earthquake

loading. This is a reasonable assumption for a wide variety of soils)

particularly cohesive ones [3]. The proposed approach is not: direct

ly applicable to the analysis of soil slopes when the material's

strength decreases during the cyclic loading. This could be, for ex

ample, the case of liquefaetion of saturated sands or sensitive clays

[ 3 J • The applicability and limitation of the above assumption has

been also recognized by other researchers of the subject: "Because

64
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of these difficulties, it is not at the present time possible to make

an accurate determination of the behavior of soils (cohesion1ess soils

and sensitive clays) which are susceptible to liquefaction-like

phenomena ••• Fortunately, not all soils are susceptible to such

phenomena. For many soils, the resistance to shear is largely unaffect

ed by repeated cycles of loading" [48].

The seismic load was introduced into the present analysis through

the maximum acceleration experienced by the slope mass during an earth

quake. The maximum horizontal acceleration of the slope was taken to

be identical to that of the ground (rigid body assumption). Furthermore,

it was assumed that the magnitude of the vertical component (with an

upward direction) of the maximum acceleration was equal to two-thirds of

that of the horizontal component (with a direction away from the slope)

[43]; and that both components--acted on the slope mass simultaneously.

Three types of factors have an affect on ground motion parameters,

in general, and maximum ground acceleration, in particular. These are

(a) source related factors, (b) travel path related factors, and (c) factors

reflecting site conditions. The current state-of-the-art is limited to

considering only a few representatives from each type [22]. Thus, in

the present study, source factors were accounted through the earthquake

magnitud~ travel path factors th~ough the distance between source and

site, and local factors through a number of regional parameters.
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Comparisons between observed and computed values of the maximum

horizontal acceleration have indicated that their ratio (the "error

term e: 1f
) follows closely a log-normal distribution. When the "error

term e" was included in the present study, the two attenuation

relationships received the expressions given in Equations (2-20)(Case

1) and (2-2l)(Case 2). The frequency and cumulative distributions of

a were obtained for a median and standard deviation of e: equal to
max

1.0 and 0.5, respectively. These are shown in Figures 16 and 17 for

Case 1 and in Figures 18 and 19 for Case 2.

Three types of earthquake sources were considered (Figure 11);

namely, (a) a point source, (b) a line (or, fault) source, and (c) an

area source. A point source (Figure lla) constitutes the fundamental

type of earthquake source. A line source (Figure lIb) is used if a

fault has been clearly identified in a certain region, or if a string

of earthquakes occurred over a period of time along a well defined line.

An area source (Figure llc) is used when the earthquakes that have

occurred at a certain site are almost uniformly distributed over an area,

or when there is very limited seismic data and other information [16J.

In the case of a point source, the frequency f(a ) and cumulativemax

F(a ) distributions of the maximum horizontal acceleration a weremax max

derived from the distribution of the magnitude by a transformation of

variables (Section 2.4). The expressions for f(a ) and F(a ) formax max

the line and area sources were given in Appendix B. In Appendix B were
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also given the expressions for f(a ) and F(a ) for the case of amax max

log-quadratic frequency-magnitude relationship (for point source).

The statistical values of the maximum horizontal acceleration

were found through a Monte Carlo simulation for the two attenuation

relationships used, given by Equations (2-18)(Case 1) and (2-19) (Case 2),

and for a range of values for the distance R (point source). The results

were listed in Table 5, from which it can be seen that the expected

values of a were always higher in Case 1 than in Case 2. The oppositemax

was true for the coefficient of variation V of a In Table 5a maxmax
were also listed the estimates for the statistical values of a thatmax

were obtained through a Taylor series expansion (see Equations 2-23).

From a comparison of the results, it can be seen that the expected values

of a for the two cases were very similar while the values of the
max

standard deviations found through the Taylor series expansion were much

lower.

In order to examine the importance of the limits (mo,ml ) of the

magnitude m on the expected value of the maximum horizontal acceleration,

the latter was determined for two sets of limiting values of m: one,

for m
o

= 2.0, ~ = 6.3 (pertinent to New York State), and, another, for

m
o

= 4.0 and 1tJ. = 8.0. The ~results are shown in Figures ,20 (Case 1) and

21 (Case 2), from which it~can be seen that for the more critical range

of maognitude, ~ the expected values of a are considerably higher.max
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The magnitude of an earthquake was considered as random variable

the frequency and cumulative distributions of which were derived in

Section 2.2 and were given by Equation (2-7) and (2-8), respectively.

These expressions correspond to a log-linear frequency-magnitude rela-

tionship. The case of a log-quadratic frequency-magnitude relationship

was also examined and the results were presented in Appendix A.

A reasonable range of variation for the earthquake magnitude m in

New York State has been found [31] to be between mo = 2.0 and ~ = 6.3

(2.0 ~ m ~ 6.3). The same range of variation for m was also adopted in

the present study. The influence of the S-parameter (see Equation 2-2)

on the frequency f(m) distributions of magnitude m was examined for three

values of S; namely, e = 1.35, 1.5 and 2.5. The results were sho~~ in

Figures 9 and 10, from which one has that f(m) and F(m) are not affected

much when B varies between 1.35 and 1.50 (a range that corresponds to

the Northeastern United States [31]). A value of e = 2.50, however,

resulted to considerable differences in the two distributions.

Two different attenuation relationships that have been proposed for

the Northeastern United States were used to obtain the maximum horizontal

ground acceleration a as a function of the earthquake magnitude, the
max

distance between the source and the site and a number of regional param-

eters. These were given by Equations- (2-18) (Case 1) and (2-19) (Case 2).

The frequency and cumulative distributions of a that correspond to
max



each of the two attenuation relationships are shown in Figures 12 and

13 (Case 1) and 14 and 15 (Case 2), respectively.

Finally, the influence of the 8-parameter (see Equation 2-2) on

the expected value a of a was also examined and the results were
max max

shown in Figures 23 (Case 1) and 24 (Case 2). It can be seen that,

for both cases, a smaller value of the 8-parameter resulted to a higher

value of a •
max
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4. SUMMARY

A model was developed to determine the reliability of earth

slopes subjected to earthquake loading. The material comprising the

slope was assumed to be probabilistically homogeneous with strength

parameters being random variables following a beta distribution.

Potential failure surfaces were considered to be of an exponential

shape (log spiral) and were defined with the aid of three random

variables: two geometric and one strength parameters. The seismic

load was introduced through the maximum acceleration (a ) experimax

enced by the slope during an earthquake. The statistical character-

istics of a were determined by exploring the dependence of the lattermax

on such factors as the earthquake magnitude~ the type of earthquake

source and the location-of-the slope. The measure used·to assess the

reliability of a sail slope. was its probability of failure the numerical

values of which weredetetmiried.through a Monte Carlo simulation.
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APPENDIX A: DISTRIBUTION OF EARTHQUAKE }~GNITUDE FOR A LOG
QUADRATIC FREQUENCY-~GNITUDE RELATIONSHIP

A general quadratic relationship between the logarithm of the

number of earthquakes n exceeding a certain magnitude m and the magnitude
m

m can be written in the following form:

2In(n ) = a + bm + emm

where a, b, and e are regional· parameters.

From Equation (A-I), one has

2n = exp(a + bm + em ).
m

If mo and ml denote the lower and upper limit of m, respectively,

Equation (A-I) may be written as

(A-I)

(A-2)

In(n ) =
m

2a + b (m-m ) + c (m-m) ,
o 0

(A-3)

From Equation (A-2), one has that the expected number of earth-

quakes (n ) with magnitude greater than the assumed lower bound (m )m 0
o

is equal to

2
n = exp (a + bm + cm )
moo

o
(A-4)



signifies the probability with whichThe ratio of n over nm m
o

the earthquake magnitude is greater than m [42]; i.e.,
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P[M > m]
n

m=-
n

m
o

2
= exp(a+bm+cm )

2
exp(a+bm +cm )o 0

2 2
= exp[b(m'-m )+c(m -m )] ,m > m

o 0 - 0
(A-5)

The cumulative density function F(m) of the earthquake magnitude m is

equal to

F(m) = P[M ~m] = 1 - P[M > m]

Introducing Equation (A-5) in the above expression, one has

F(m)
2 2

= 1 - exp[b(m-m )+c(m -m )]
o 0

(A-6)

The normalizing factor k can be determined from the condition F(~) = 1;

i.e.,

F(~) = k{l - exp[b(ml-m )+c(m2_m2)]} = 1
.L 0 1 0

or, (A-7)

Thus, the cumulative density function for the earthquake magnitude is

equal to

2 2exp[b(m-m) + c(m -m )]} ,
o 0

m < m
o

m < m < m
0- - 1

m
l

< m

(A-8)
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where k is given by Equation (A-7). The probability density function

f(m) can again be formed by taking the derivative of F(m) with respect

tom, i.e.,

f(m) = -k(b-2cm)exp[b(m-m )+c(m2_m2)], m < m < m..
o 0 0 .L

(A-9)



APPENDIX B: MAXIMUM ACCELERATION FOR THREE TYPES OF

EARTHQUAKE SOURCES

(a) Point Source

For an attenuation relationship expressed in the form

the corresponding probability density function f(a ) and range... ofyari-max ..

ation of amax were given by Equations (2-16) and (2-17), respectively.

The cumulative distribution F(a ) of a (i.e., the probability with
max max

which a receives values smaller than or equal to a certain value) canmax

be obtained through a integration of Equation (2-16). Thus,

b
a (R+b

4
) 3

1 max }F(a ) = k{l-exp[ -13(':- 1n _c...- -m )]
max b

2
b1 0

If the upper limit of the earthquake magnitude (m1) is unrestricted

(i.e., m
i

= 00), Equation (B-1) receives the form

(B-1)

b 13
3

-~

F(a ) = 1 -(R+b4)max exp(Sm )
o (B-2)

In the case of tne log~quadratic frequency~magnitude relationship

presented in Appendix A, the cumulative distribution of a is equal
max

to

F(a) = k{l-exp[b(G-m )+c(G2_m2)]}max 0 0

where k is given by Equation (A-7) , and

b
( .. ) 3

1
:a.·. - R+bq:

G In max= bb2 1

78

(B-3)
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The frequency distribution of a can be found by forming the derivative
max

of Equation (B-3) with respect to amax ; i.e.,

f(a )max = -~! (2cG+b)exp[b(G-m )+c(CZ_m2)]
b

Z
a 0 0max

(B-4)

(b) Line Source

In the case of the line source, for the log-linear frequency-magnitude

relationship and e = 90° (Figure lIb), the cumulative distribution F(a )max

of the maximum acceleration a has the form
max

where

-13
bZ

a
F(a ) = 1-[ (I-k)+kexp$m )( mbax) • I]
m~ 0 1

(B-5)

r
o

(
I = )

D

ZR (R) dR, and

R,r ,D and ~ are shown in Figure lIb.
o

The probability density function of a can be found by forming the
max

derivative of Equation (B-5) with respect to amax; thus,



f(a ) =max

s-(- + 1)
b2

80

(B-6)

An alternative formulation of the line source, convenient for use

is a Monte Carlo simulation scheme, is as follows:

Assuming that the earthquake has the same likelihood of occurrence

at each point along the fault, a random number (RAN) can be used to

determine the position of the source along the fault. Thus, for

x = RAN • Q" O<x<Q,

where Q, is the length of the fault, the distance z between the center

of the line and the simulated earthquake (Figure llb) is equal to

Q,
z = (x - Q,/2), - 2 ~ z

Q,
< -2

Applying the cosine law, it is found that the distance R from the site

to the simulated earthquake is equal to

2 2 1/2R = [z + D - 2zDcos(8)]

(c) Area Source

In the case of a log-linear frequency-magnitude relationship,

(B-7)

the probability with which the maximum acceleration A receives valuesmax

larger than a is equal to [42]
max



P[A > a ]max max

where

2 S/b2 -Sib
= (l-k) + ----- k[exp(Sm )]b

l
Ha 2

d2_h2 0 max
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(B-8)

h [l-(d/h) ]H = ~-----'-"-=::'->";~~------'-

b
3- 13-2b2

b,h are defined in Figure llc, and

The cumulative distribution F(a ) of a can be obtained asmax max

the complement of Equation (B-8), i.e.,

F(a ) = l-[(l-k)+ 2
max d2_hZ

(B-9)

The frequency distribution f(a ) can be found from Equationmax

(B-9) by forming the derivative of F(a ) with respect to a ,or
max max

f(a ) = 2k
'max d2_h2

. L . b f3 /bZ • H • -( S/b2+1)
exp(Sm) • a

b
2

0 max (B-IO)

A simpler formulation of the area source (equivalent to the one

used in the case of the IinesQurce) 'can be achieved 'by considering

the circular area as consisting of uniformly distributed point sources

with a varying radius R. The value of R must be chosen so that the
p p

following expression is true:



or,
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or, (B-ll)

where R = the distance from the site to the point source (a randomp

variable),

RS = the radius of the area source, and

PJrn = a random number between 0 and 1.

From Equation (B-ll), one has that R is equal to
p

(B-12)


