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1. INTRODUCT ION

1.1 Motivation Behind Study

Over the years observations of earthquake damage suggest that struc­

tures on large foundations respond to ground motion with less intensity

than do smaller structures. One of the first instrumented observations

of such response reduction was for the Hollywood Storage building and ad­

jacent P.E. lot. Response spectra for the Hollywood Storage building and

P.E. lot for the 1971 San Fernando earthquake and the 1952 Kern County

earthquake are shown in Figs. 1.1 and 1.2. While reduction for the earlier

earthquake is not as apparent, it should be noted that this was a smaller

and more distant earthquake than the San Fernando earthquake. One must

appreciate that the building and P.E. lot instruments are over 100 feet

apart and as discussed later even this clearly can lead to differences in

response. Peak recorded ground motions can be expected to vary over a

finite ground surface area. The reasons for this variation include the

complicated interrelationships of the geology, source mechanism, trans­

mission paths, and phasing, as well as random variation from point to point.

As such this comparison may be only indicative of the true difference be­

tween building and free-field response; even so it is the best available

from current data.

Although buildings also undergo rotational (horizontal torsion and

rocking) as well as translational motion, no field measurements yet exist

to permit cross-checking theory and observations. For purposes of simplicity

in this study only horizontal torsion was considered. One of the simplest
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approaches that has been put forth for examining building response in the

context of soil-structure interaction involving both translation and rotation

is analysing a traveling wave as it passes a building. The reduction in

point by point acceleration effects arising from free-field motion are ob­

viously affected by the building. It is this effect on building response

that is the subject of this study.

1.2 Early Work

The first paper that attempted to provide a rational explanation for

observed reductions in response of buildings as compared to nearby free­

field apparently was that by Yamahara in 1970 (Ref. I). Similarly, Scanlan

(Ref. 2) provides a general relationship between average acceleration over

the width of the foundation as a function of the wave length of the accelera­

tion pulse and the width of the foundation. Luco (Ref. 3) accomplished

essentially the same thing except that whereas Scanlan had used a rigid

block resting on a continuously distributed set of soil springs, Luco

utilized elastic half space theory to provide resistance.

A measure of the effect of an earthquake on a large building can be

obtained through calculations of a time-averaged acceleration over a transit

time. As a basis for visualizing the effects that occur and the general

techniques that are employed in making ,-averaging calculations, reference

is made to Fig. 1.3 in which is shown the concept of the wave transit time

(,), the average translational acceleration (~), and the average linear

acceleration at the edge of the foundation arising from rotation (~,/2) as

a wave propagates along the base of a building. The ,-averaging approach

(Ref. 4) does not require an assessment of the frequencies included in the



3

earthquake motion. Several individuals have investigated the traveling

wave problem (Refs. 5 through 9); while it has limitations, the technique

constitutes one systematic way for studying the response of structural

systems in the light of observed behavior.

1.3 Outline of Investigation

This investigation has been an attempt to establish the feasibility

of using the T-average traveling seismic wave procedure to study the

problems of combined motion (translation and rotation). It is not intended

to be an exhaustive study; however an attempt has been made to determine

reasonable upper bounds on the response for both translation and torsion.

In 1969 Newmark (Ref. 10) offered observations concerning torsion in

symmetrical buildings that could arise from earthquake ground motions and

pointed out the importance of accidental torsion. Concern with the effects

of torsion in buildings is not new; as early as 1938 Ayre (Refs. 11 and )2)

worked on the interconnection of translational and rotational motion and

cited several reasons for desiring symmetry (i .e., independence of horizon­

tal translation and rotation for translatory ground motion, and simpler

analysis in all cases). On the last page of his 1938 paper (Ref. 11) Ayre

states, " ... in designing to resist such phenomena as earthquakes, for

which there are relatively few engineering data, simplicity seems worth

striving for. 11 Today, more than forty years later, simplicity still seems

worth striving for.

A sketch of the general techniques employed in making T-averaging cal­

culations is shown in Fig. 1.3. For calculational purposes, at any point

in time some portion of the acceleration time history, treated as a shear
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wave propagating along the foundation, is positioned along one axis of the

building. As used herein, the transit time (T), is the time required for

a point on the wave to travel the length of the base of the structure

(i.e., the length of the base divided by the wave velocity). In effect,

for this simple representation of motion, at each increment in time the

acceleration time history is moved slightly ahead from its position at the

previous time increment, and the corresponding average translation and rota­

tion imparted to the building will be slightly different from those at the

previous time increment. As the wave traverses the building the foundation

attempts to conform to the shape of the wave. However, since the foundation

is assumed rigid it conforms to the ground motion in a straight line. By

using the principle of least square fitting of an acceleration record over

a transit time one may obtain a simple mathematical model which is consistent

with the assumed rigid conformity, and obtain time histories of average

translation and induced rotation.

The use of least square fitting is not restricted to a straight line

(i.e., the assumption of a rigid foundation) and indeed the averaging pro­

cedure can be applied whether or not the foundation is assumed to be rigid.

Response reduction would occur for a rigid foundation when compared to that

experienced by a point; nevertheless, in the case of a more re~listic

foundation with some degree of flexibility some reduction still would be

expected to occur. Response curves for a real building would fall somewhere

between those for a rigid foundation of the same size and a point in the

free-field.
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An analogy that may help in the visualization of the modification of

motions that occur is that of a boat on the ocean. A small boat undergoes

motions of much greater amplitude and higher frequency than does an ocean

liner. The latter undergoes a highly averaged, and therefore reduced,

response arising from the same wave motion. Even a rubber life raft of some

size but relatively little stiffness experiences lower amplitude motion

than does a particle on the water surface.

In the following chapters are detailed summaries of the theories used

to generate the ground motion to be input into the system, to combine

responses arising from translational and rotational motion in symmetric

structures by taking advantage of superposition, and to generate and un­

couple the equations of motion necessary for an eccentric structure (so

that the effects of coupled translation and rotation on the overall response

of a system may be studied).

1.4 Scope of Report

In an attempt to guide the reader through the discussion Figs. 1.4

through 1.6 have been presented as outlines of the procedures used herein.

A presentation of the chronological sequence of events during the course of

this investigation and the prime motivation which led the writer from one

phase of the study to the next is given in Fig. 1.4. Shown in Fig. 1.5 is

an outline of the responses computed for the superposition model and this

can be used to aid understanding of Chapters 2 and 3. Outlined in Fig. 1.6

is the formulation and execution of the coupled motion model; it is hoped

that this will depict the basis of the calculations in Chapters 4 and 5.
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The procedure employed to determine the ground motion quantities

utilized herein is briefly described in Chapter 2. Also in Chapter 2 there

is presented a description of the superposition model along with a list of

the various responses computed and the corresponding assumptions. Included

in Chapter 3 is a discussion of the results obtained using the superposition

model; in this discussion are explained the effects of translational

averaging and induced rotation on a simple system, the differences in the

results when total response is computed using the different combinational

techniques (whether a rigorous summation in time, the square root of the

sum of the squares of maximum individual responses, or the absolute sum

of maximum individual responses), and the importance of which ratio of

torsional to translational frequency is employed in the calculations.

A detailed derivation of equations of motion for a building having

only one axis of symmetry and a description of the responses to be computed

for this model is contained in Chapter 4. After a discussion of the re­

sults obtained for the coupled model comparisons of the results of the

superposition model and the coupled model are given in Chapter 5. Perhaps

the most important part of this investigation is the ability to ascertain,

from comparisons of the superposition model with the coupled model, the

importance of small eccentricities in the overall response of a structure

and to determine the effect that phasing of the ground motion has on a

structure with coupled degrees-of-freedom (translational and rotational).

The results of this study are also compared to current seismic building

code provisions. Finally, a summary of the important observations arising

from this study and attempts to formulate guidelines for use by those
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wishing to consider the problems of combining torsion and translation and/or

determining a reasonable method for computing induced torsion is given in

Chapter 6.
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FIGURE 1.1 HOLLYWOOD STORAGE BUILDING BASEMENT AND P.E. LOT,
SAN FERNANDO EARTHQUAKE, 9 FEBRUARY 1971 - 0600 PST,

COMPONENT SOUTH, DAMPING 5% OF CRITICAL
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FIGURE 1.2 HOLLYWOOD STORAGE BUilDING BASEMENT AND P.E. LOT,
KERN COUNTY EARTHQUAKE, 21 JULY 1952 - 0453 PDT,

COMPONENT SOUTH, DAMPING 5% OF CRITICAL
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Foundation

FIGURE 1.3 BASE TRANSLATION AND ROTATION ARISING
FROM TRAVELING SEISMIC WAVES
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STEPS IN PROCEDURE

CHAPTER 2
r-------------,

Generate Average Translational
Acceleration Time History

Generate Induced Rotational
Acceleration Time History

CHAPTER 3
1----- - -------1
1 Compute and Combine Responses
L ~in9 ":'"perposir:.Mode_l __J

CHAPTERS 4 and 5
r --------------------,
I Compute and Combine Responses I
I Using Coupled Motion Model IL J

STEPS IN LOGIC

Need to Include Torsional
Motion to Maintain Con­
sistency with Averaging
Concept.

Need to Address Problem
of Combined Response

Need to Investigate
Effects of Asymmetry
(Eliminate Assumed In­
dependence of Translation
and Rotation)

FIGURE 1.4 OUTLINE OF PROCEDURE
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PROCEDURE

1. COMPUTE RESPONSE ARISING FROM SEPARATE GROUND MOTION TIME HISTORIES

a. Average translation as a ·function of time and compute
response at f

x

b. Translation at edge of foundation arising from induced
rotation as a function of time and compute response at
fa = f x *(fa/fx ); where fa/f x = 1, 1.189, o~ 1.414

2. ASSUME STATISTICAL INDEPENDENCE OF TRANSLATION AND TRANSLATION
ARISING FROM ROTATION AND COMBINE RESPONSES AT EDGE OF BUILDING

a. Sum of absolute individual maximum responses

b. SRSS of individual maximum responses

c. Maximum time sum of the individual response time histories

FIGURE 1.5 OUTLINE FOR SUPERPOSITIQN MODEL
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PROCEDURE

1. GENERATE EQUATIONS OF MOTION FOR SIMPLE SYSTEM (FIG. 4.1)

2. EMPLOY CHUGHEY TECHNIQUE (REFS. 13 AND 14) TO GENERATE UNCOUPLED
EQUATIONS OF MOTION WITH EQUAL DAMPING IN EACH MODE

3. COMPUTE RESPONSE OF UNCOUPLED EQUATIONS FOR

a. Wave propagating in X direction

i. free-field motion
ii. averaged translation

iii. induced rotation
iv. averaged translation and induced rotation

b. Wave propagating in Y direction (limited study)

i. free-field motion
ii. averaged translation and induced rotation

4. DETERMINE COMBINED RESPONSE

a. Methods of combination

i. absolute sum
i i. SRSS

iii. sum in time

b. Locations of computed response (FIG. 5.1)

i. center of mass
ii. center of stiffness

iii. + X edge
iv. - X edge

FIG. 1.6 OUTLINE FOR COUPLED MOTION MODEL
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2. THEORY AND PROCEDURE: SUPERPOSITION MODEL

2.1 Ground Input

As illustrated in the preceding chapter (Fig. 1.3) the model to be

studied is that of a building whose foundation system is subjected to an

earthquake ground motion which is treated as a horizontally traveling plane

wave. At the same time the building system above is responding dynamically

to this ground input.

The earthquake acceleration time histories used in this report are the

California Institute of Technology corrected time histories (Ref. 15).

However, since for the averaging procedure employed it is desirable to have

an initial zero acceleration. a prefixed acceleration pulse developed by

Pecknold and Riddell (Ref. 16) was incorporated into the procedure. An

additional increment of zero acceleration also is added to the modified

acceleration time history such that the record starts and ends with T

seconds of zero acceleration (the significance of Twill be explained sub­

sequently). This transit time, T, is taken as the time it takes for a wave

to travel the length of a building (i .e., the length of the base divided by

the wave velocity). The reason for these modifications is that the averag­

ing technique employed in the calculations reported herein assumes that the

ground motion corresponding to recorded acceleration time histories propa­

gates as a plane wave which then passes a structure initially at rest. As

such this procedure is essentially a time averaging of an acceleration time

history over a transit time, T. At a given instant in time some portion of

the acceleration time history is positioned along an axis of the foundation

as shown in Fig. 2.1. As time progresses the acceleration time history

simply slides along the foundation such that at any time the accelerations
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imparted to the foundation are only slightly changed from those imparted at

a time ~t earlier. For a given positioning of the T interval on the accel-

eration time history the average translational acceleration can be computed

from the velocities corresponding to the beginning and end of the interval.

The average translational acceleration time history (assigned to the mid-

point of the foundation) can be generated according to Eq. 2. I given later.

Similarly, using the principle of least square fitting of an acceler-

ation time history over a time interval, T, between two points A and B,

where B = A + T, an expression for the slope of the fitted straight line,

with respect to the line representing the average acceleration in the inter-

val, can be derived. The following theoretical derivation for computing

translation and rotation is also given in Refs. 9 and 17 and is an outgrowth

of earlier studies by Newmark on torsion in symmetrical buildings (Ref. 10).

Given an acceleration time history modified at the beginning as just

discussed, P, and applying the principle of least squares to obtain the

average translational acceleration, ~, and the average slope of the fitted
..

line, a (which is related to the average rotational acceleration), one can

obtain the following relationships. At any point on the foundation the T-

..
averaging procedure models the input acceleration as ~ + ~t where ~ and a

are as defined above and t is the distance, in the time domain (i.e., the

distance divided by the velocity of wave propagation), between the midpoint

of the foundation and the point in question. The principle of least squares

requires that the square of the difference between this acceleration and the

corresponding acceleration, p, obtained from the free field acceleration

record summed over the width of the foundation be minimized. This can be

represented by the following continuous relationship:
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f: (~ + ~t - p)2 dt = minimum

Minimizing a function of two variables is achieved by setting the partial

derivatives with respect to each variable equal to zero (i.e.,

al .. al "
a</> = 0 and Cla.

and for a/aa = 0

0), which yields for a/a~ = 0

2 [J ~dt + J ~tdt - f pdt] = 0

.. 3
en 112

2 [f ~tdt + f ~t2dt - f ptdt] = 0

with the upper and lower limits on the integrals being B and A in all pre-

vious cases and those that follow in this section. By placing the origin

at the midpoint of the T interval one obtains a simplification of these two

equations in that f ~tdt = f </>tdt = 0 since A = - T/2 and B = T/2. One may

also note that the following relationships hold true:

f $dt = ~ {t(B) - t(A)} = ~T

f ~t2dt = ~ {} [t(B)3 - t(A)3]} =

f pdt = p(B) - p(A)

f ~tdt integrating by parts = T /2 [~(B) + ~(A)] - [p(B) - p(A)]

Substituting each of these into the above, one obtains

~=l{p(B)
T

.. 6 • ( )
a. = "2 {p B

T

- p(A)}

+ p(A)} g {p(B) - p(A)}
3

T

(2. I )

(2.2)

.
Note that in Eq. 2.2 as T + 0, using Taylor Series expansions for p and p,

~ + 'p' (0) as would be expected. It should be noted that ~, the slope of the

fitted acceleration curve, is the derivative of the acceleration with respect

to time and therefore has units of length/time3.
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2.2 Response Calculation

Elastic response spectra were computed from ground acceleration time

histories using the Z-transform method as presented by Stagner and Hart in

1970 (Ref. 18 and Appendix A). This procedure applies only to elastic

response but is fast and its accuracy is comparable to that of other

numerical integration techniques.

2.3 Response Combinations

With the generated time histories of averaged translational and rota­

tional inputs the response of a singLe-degree-of-freedom (SDF) system may

be computed and presented in the form of a response spectrum. The reason

for using response spectra for comparison purposes is that the range of

effects of the averaging procedure on the response of a SDF system is

readily portrayed over a wide range of frequencies in the light of existing

knowledge about the response of simple systems. This approach is in con­

trast to the limited information that would be readily available from a

rigorous, time consuming, and tedius study of the time histories to obtain

peak values, timing of peaks, frequency content, etc. Also, the more

valuable and familiar information to a designer is that information regard­

ing the response of a structure rather than that concerning the input to the

structure.

The two averaged time histories generated from the T-averaging proce­

dure (Eqs. 2.1 and 2.2) are input into the Z-transform method described

previously to compute the following responses (discussed in Chapter 3) in

an effort to determine the relative importance of translational and rota­

tional input on the overall response of a structure.



18



di rections (Ref. 10).
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In addition, if a more realistic resistance distri-

bution (e.g., corner columns or end walls and columns) pattern is assumed,

the theoretical ratio of torsional to translational frequencies is greater

than unity. In order to illustrate the effects of an increased ratio of

torsional to translational frequency four additional response quantities

were computed.

7. Response calculated from the aT/2 time history for a frequency

ratio of 1.414 (i.e., torsional frequency = 1.414 x translational

frequency in 1 above Figs. 3.28 and 3.29).

8. Response calculated from ~ for Wtranslation and aT/2 for

W t t' = 1.414wt 1 t' (simultaneously computed and com-ro a Ion rans a Ion

bined with respect to time).

9. Combined SRSS response (2 and 7 above).

10. Combined absolute sum response (2 and 7 above).

By comparing these four responses with the corresponding responses computed

in the first set (i.e., 3 through 6) one can obtain a bound on the import-

ance of a building's resistance distribution pattern on its response to

ground excitation.
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Curve

Direction of
Wave Propagation

FIGURE 2.1 BASE TRANSLATION AND ROTATION
ARISING FROM TRAVELING SEISMIC WAVES
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3. DISCUSSION OF RESULTS: SUPERPOSITION MODEL

3.1 Introduction

Studies of acceleration time histories and corresponding computed

responses for buildings suggest that the accelerations imparted to large

structures approach an average of the free-field motion over some transit

time related to building size. The Hollywood Storage building and adjacent

P. E. lot constitute one of the few sites where motions have been measured

in the basement of a bui lding and nearby in the free-field. The bui lding

itself is 51 feet in the N-S direction and 217.5 feet in the E-W direction

(Fig. 3.1). The building Js 150 feet high and is supported on piles. The base­

ment accelerograph is located in the S-W corner of the' b'ui lding. The free-'field

instrument is located 112 feet due West of the S-W corner of the building.

In Ref. 19 the shear wave velocity in the upper strata under the building

is shown as being approximately 1500 to 2000 fpsand this can be considered

as possibly the wave propagation velocity in the near surface zone. (Fig. 3.2).

Calculations were made for the Hollywood Storage P.E. lot records

for both the San Fernando and Kern County earthquakes for various transit

times for both horizontal components of motion (Figs. 3.3 and 3.4) using

the averaging technique described in Chapter 2. The spectrum for a transit

time of zero seconds is the unmodified free-field response spectrum for the

P.E. lot •. The other solid curves shown represent the averaged translational

response for various transit times. The response spectrum computed from

the Hollywood Storage building basement record for each earthquake is shown

by the dashed line in each figure. As noted previ'ously the instruments at

Hollywood Storage are over 100 feet apart; nonetheless, the calculations
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herein lead to the trend observed. It appears from initial studies that

either the longest dimension of the building or the mean or geometric

mean of the dimension controls the effective transit time insofar as the

reduction in response is concerned.

As a part of this study both horizontal components of earthquake

ground motions from five different sites (both soil and rock),.recorded

during four different events were used as input for the .-averaging pro­

cedure. For purposes of illustration one component from each of four sites

(3 earthquakes) is presented, these four components were selected as being

typical of the group studied. The other three records presented are the

Pacoima Dam record, also from the San Fernando earthquake, one of the

Cholame,Shandon array records from the 1966 Parkfield earthquake; and the

Taft Lincoln School record from the 1952 Kern County earthquake. These·

records represent the maximum recorded acceleration, the record closest

to associated fault motion, and a typical broad-banded spectrum earthquake,

respectively.

Although there are no bui Iding retords with which to compare, calcula­

tions were made with the acceleration time histories in addition to Hollywood

Storage in an effort to demonstrate the. effect for different time histories

from different geologic conditions and at various distances from the source

of the earthquake ground motion. It is hoped that this will minimize the

bias in the observations and conclusions of this study. The discussion

which follows is precisely as outlined in Chapter 2.

3.2 Response from Translation Only

As shown in previous work (Refs. 4, 9, 17) there is a significant

reduction in the upper frequency range for averaged translational response
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as compared to free-field response. This reduction occurs at frequencies

greater than Hz and is illustrated in Figs. 3.5 and 3.6 for the Hollywood

Storage P.E. lot, San Fernando earthquake record. The averaging that occurs

is directly proportional to building size as would be expected (i.e., as

the building gets larger the magnitude of response reduction also increases).

These trends hold true for each of the records presented (see also Figs. 3.7

th roug h 3. 12) .

3.3 Response at Edge from Rotation Alone

Torsional components of ground motion can be as important as the

translational components in determining the base input to be used for

design. The significance of torsional response increases with the size of

the building (greater T = blc values) and with increasing frequency, as

might be expected. In Figs. 3.13 and 3.14 the response at the building

edge arising from rotation alone is plotted and compared to free-field

response for the Hollywood Storage P.E. lot record. For both values of

Tthe rotational component can be seen to be important and in fact actually

exceeds the free-field translational response in some regions (5-9 Hz for

T = 0.08,2.5-6 Hz for T = 0.16). Once again the same trend, i.e., the

translational response arising from rotation is greater than the free-field

translational response, holds true for the other records studied.

In all of the above comparisons of rotationally induced translational

response with free-field translational response it has been tacitly assumed

that the torsional response of the system isat the same fundamental fre­

quency as the free-field or translational response. It has been found in

this model study that this assumption overemphasizes the importance of
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torsion in systems whose torsional frequency is greater than its translational

frequency (see also Ref. 9). A comparison of the rotational responses com­

puted for a ratio of torsional to translational frequency of unity and for

a ratio of 1.414 is shown in Fig. 3.21; as in all plots the frequency scale

refers to the translational frequency. One will note that, when considering

response in the acceleration controlled region of the spectrum (above 2 Hz),

the response computed assuming a frequency ratio of 1.414 is not as large

as that for a ratio of 1.0.

3.4 Combined Response

Of special importance in making design recommendations is the effect

of combined motion, or in other words the total or maximum response arising

from both translational and rotational effects. It has been shown that, in

the high frequency region, consideration of translational averaging would

lead to response reduction and consideration of torsional effects would lead

to some response amplifications. When considering combined motion one

would expect the effects of translational averaging and rotation to partially

offset each other, as indeed theydo at high frequencies. However, it has·

been found that in the mid-frequency (2-8 Hz) range the combined response is

somewhat greater than the normally computed free-field response (see

Figs. 3.22 through 3.29). There is, of course, some variation in the degree

and region of amplified response (above 1.5 Hz for L = 0.08, and 1-6 Hz

for L = 0.16) among the various records but the trend is unmistakable

(Ref. 9). For each of the records studied there is no significant deviation

from the trends observed for the Hollywood Storage P.E. lot (Figs. 3.20 and

3.21). Once again these comparisons aSSume a ratio of unity between tor­

sional and translational frequencies. In Figs. 3.30 and 3.31 are shown the
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combined response for a torsional to translational frequency ratio of 1.414.

It will be seen by comparing Fig. 3.31 with Fig. 3.25 that any amplifica­

tions, as compared to free-field response, are greatly reduced or eliminated

and that any reductions are increased.

There are several methods which may be used to combine translational

and torsional responses. The most conservative of these methods would be to

combine the absolute values of maximum response arising from each type of

motion. Alternately, one may wish to assume statistical independence of the

two effects and use the square root of the sum of the squares of the maxima.

Lastly, one may wish to take advantage of any phasing between ground motions

and compute a rigorous algebraic summation in the time domain of the re­

sponses arising from averaged translation and induced rotation.

Little difference is observed between the total response somputed by

the Square Root of the Sum of the Squares technique (SRSS) and that computed

using the algebraic summation in time. In Fig. 3.32 there is shown a

comparison of these two computations for L = 0.08 for one of the Pacoima Dam

records from the 1971 San Fernando earthquake. It can be seen that only

slight differences exist, as is true in all other cases studied. A com­

parison of the SRSS spectrum with the absolute summation of maximums for the

same record is contained in Fig. 3.33. In this case one notes a significant

difference in the two spectra, and as expected the summation of maximums

leads to the larger computed response.

Assuming a torsional to translational frequency ratio of unity, an

attempt was made (Ref. 9) to formulate a general procedure for constructing

a design spectrum which includes both translational averaging and torsion.
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As a result it was considered that a modification of a normal design spectrum

in the acceleration region would be sufficient to include the combined

effects. In a first attempt to indicate the notion of amplifying current

design spectra, the regions and amplifications found as a part of this study

are shown in Figs. 3.34 and 3.35. Transition zones were not shown since

they could not be accurately defined at the time. The amplification values

employed for the response spectra used for comparison purposes in Figs. 3.34

and 3.35 are taken from earlier studies by Hall, Mohraz and Newmark

(Ref. 20).

3~5 Special Considerations

Certain trends were observed during this study which hold for records

from different earthquakes and for sites on soil and rock. However, these

trends can only be considered qualitative at this time. When considering

the suggested trends shown in Figs. 3.34 and 3.35 (Ref. 9) one must also

remember that these are from a study including only one torsional to

translational frequency ratio, namely unity; unfortunately not enough

computations were made to do this for a ratio of 1.414. As demonstrated

in this chapter the frequency ratio is a very important parameter and for

some frequency ratios the amplifications indicated in Figs. 3.34 and 3.35

may we 11 be reduct ions. In fact it is suspected that the amp 1if icat ions

obtained for a frequency ratio of unity are the maximum that will occur

since in practice one will encounter structures whose frequency ratio is

greater than 1.
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S!,bsurfacc model.
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------
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'l'bi rd tOl'lilional
Ot,hcl'3

l.a7-1.67
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9.1

1.0,6.0

• l:j,)uroo: Cardor, 100-1.

FIGURE 3.2 SHEAR WAVE VELOCITY PROFILE AND BUILDING
FREQUENCIES, HOLLYWOOD STORAGE BUILDING

SOURCE (REF. 19)
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4. THEORY AND PROCEDURE: COUPLED MOTION MODEL

4.1 Introduction

One of the major limiting assumptions inherent in the superposition

model (Chapters 2 and 3) is that of independence of translational and rota-

tional motions of the system. The effects of eccentricity between centers

of mass and stiffness cannot be included in the superposition model. In

order to study the coupling aspects of the problem a new model was developed

and employed in the calculiations. A single story three degree-of-freedom

model with one axis of symmetry and some finite eccentricity between centers

of mass and stiffness is a logical progression from the symmetrical building

studied in previous chapters. For the ~ake of simplicity the mass is

treated as a rigid thin plate with coordinate origin at the center of stiff-

ness as shown in Fig. 4.1.

4.2 Undamped Equation of Motion

The Lagrangian equations of motion can be obtained from the kinetic and

potential energies of the system. For a thin rigid plate the kinetic energy

can be described by T

1 2
written as V =- k y2 y

2 1 2·2= -mv + - mp 6
2 cm 2 Z

+ 1 k x2 + 1 k 62
2 x 2 r

and the potential energy can be

where
1

·2 (' ') 2 12v = {x + y + e6} =
cm

and

velocity of center of mass

I Z 1/2
p = { - }Z m = radius of gyration

The Lagrangian equations of motion can then be derived as shown below. This

procedure is described in detail in many places (see Ref. 21) but basically

requires defining the Lagrangian function, L (where L = T - V) and then the
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t
action, A = t f I Ldt where we require the variation of A to be zero,

o
M=O. It then follows from Hamilton1s principle that the Euler equations

for the integral A are the differential equations of motion

-E.. l!:. - l!:. = 0 where q is a coordinate
dt aq aq

therefore

mx + k x = 0
x

and

my + mea + kyy = 0

and
.. 2.. h2 + b2

mey + me e + m( 12 ~ e + kra = 0

These equations can be written more conveniently in matrix notation as shown

in Eq. 4.1.

mOO k 0 0
x

o m me

x

..
y + o ky 0

x

y = 0 (4.1)

a o o k r a

where for a thin plate

J = 1
m
2 (b

2
+ h

2
)cm

J J +me
2=cs cm

J = 1
m
2 (b

2
+ h

2
+ l2e2)cs

4.3 Damping

It was decided to use equal small damping in each degree-of-freedom so

that none of the possible effects of coupled motion would be lost or mini-

mized. Following the example of Caughey (Ref. 13) we cant by transforming

to appropriate coordinates (i.e., allowing the mass matrix to become
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uncoupled) and by forcing the damping matrix to be proportional to the

frequencies, not only achieve equal damping in each mode but also obtain a

damped dynami c sys tem wi th class i ca1 normal modes, thereby uncoupl i ng the

equations of motion. In order to achieve the desired result we must obtain

equations of motion in the following form

I~ + 2S [ 00 ] ~ + [ 00
2

] ~ = 0

where S = critical damping ratio.

To achieve this from the current equation of motion,

first transform coordinates such that

q = CPE;

where cP is the matrix of eigenvalues normalized such that epTMCP = I.

(4.2)

then

Now choose

MCP~ + 2SCCP~ + kCP~ = 0

C = HCP [ 00 ] cpTM

then Mep~ + 2SMCP [00 cPTMCP~ + kCPE; = 0

and premultiply by cpT thereby obtaining Eq. 4.4 since cpT MCP = I and

cpTkCP = [ 00
2 ] from orthogonality of normal modes.

.. • 2 -
I~ + 2S [ 00 ] s + [w ] s = 0 (4.4)

4.4 Ground Input

The ground motion is input at the coordinate origin from the ,-averaged

time histories obtained in Chapter 2. Since a is in units of length/time3

and the coordinate is in radians we must first convert to angular accelera­

tion (radian/time2); this can be done easily by dividing a by the wave

velocity C. Also, because the average translational time history is applied
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to the center of mass rather than the coordinate center, the ground motion

input for the y direction must be modified such that y = <fl - e;;'/C ascs

shown in Fig. 4.2. It must also be remembered that the equation of motion

has been premultiplied by <flT; therefore the right hand side of the equation

of motion becomes
..

- mxcs
T .•

cI> - my
cs

- J ecs

For anyone case studied at least one of the three ground inputs is equal

to zero (i.e., one assumes a wave propagating as a plane wave in one of the

two principle directions; if it travels in the x direction x = 0, and ifcs

it travels in the y di rection x =~. and y = 0).cs cs

4.5 Response Computation

Since the equations of motion uncouple the response is computed using

the Z-transform procedure described in Appendix A. These responses are

then transformed back into the original coordinates using the normalized

matrix of eigenvalues (Eq. 4.3). Response quantities similar to those com­

puted for the superposition model (Chapter 2) are computed for the coupled

model. However, since the system is no longer symmetric, the computations

must be made at four locations (positive and negative x edges and centers

of mass and stiffness) instead of only two (center and edge) as before.

The maximum responses plotted may arise from the maximum response from

translational ground motion or the maximum response from rotational ground

motion, or it may arise from a combination of translation and rotation at

a point in time which mayor may not be related to either of the individual

maximums. It should be noted that the maximum response arises from the
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vector sum of the individual maximums since cases studied include responses

in the X direction arising from ground motion in the X direction, responses

n the Y direction arising from ground motion in the Y direction, and

responses in the Y di rection arising from ground motion in the 8 direction.

It should be noted that the responses computed and tabulated in

Chapter 5 were computed for a specific shear wave velocity, namely 500 fps.

The edge responses arising from rotational motion is dependent on the length

of the foundation and therefore on the wave velocity. However, the responses

computed for other shear wave velocities (1000 fps, 1500 fps, and 2000 fps)

were nearly identical to those responses presented in Chapter 5. This

similarity indicates that rotationally induced response at least at the

time of maximum overall response is not important relative to the

component of response arising from translation.
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FIGURE 4.1 COUPLED MOTION HODEL



FIGURE ~.2 GROUND INPUT FOR COUPLED HOTION HODEL
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5. DISCUSSION OF RESULTS: COUPLED MODEL

5.1 Introduction

The results presented in this chapter were obtained using a single

story three degree-of-freedom (2 translation, I rotation) model with one

axis of symnetry and allowance for some finite amount of eccentricity be­

tween centers of mass and stiffness as developed in Chapter 4. Because of

limitations in the studies that may be undertaken with the superposition

model it was decided to go to the more complex model described in order to

investigate a number of parameters. This model collapses onto the super­

position model if one forces the eccentricity to zero; therefore, to compare

the results of the coupled model with those of the superposition model one

need only examine the coupled model results for zero eccentricity.

Thus the intent of this chapter is to study to some limited extent a

number of parameters believed to be important in assessing the translational

and torsional responses arising fromwave passage by a structure. These

parameters were the eccentricity between centers of mass and stiffness as a

percent of the building dimension along the axis of symmetry, the ratio of

torsional to translational frequency for the structure, the aspect ratio of

the building (i.e., the ratio of the horizontal dimensions of the building),

and the ratio of stiffnesses in the two translational coordinate directions.

Also, discussion is included on the effect that coupling in the model has

on the results obtained. Finally, comparisons are made between the results

obtained in this study and those obtained using current seismic building

code procedures.
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Most of the data presented in this chapter is in the form of tables.

Because of the complexity of the problem being studied one can appreciate

the difficulties in presenting the data in a rational and logical manner.

There area multitude of possibly enlightening plots that may be made but

for the purposes of this discussion an attempt was made to present as few

plots as possible. It is hoped that these plots along with the data avaiJ-

able from the tables will permit the reader to obtain as much information

as he des ires.

5.2 Model Parameters Studied

In order to keep calculations and costs to a manageable level, only

Ithree basic frequencies (fx = 2~ k Im.= I, 3 and 5 Hz) were used in thex

response calculations. These frequencies were selected because they fell

in the region of great interest from a structural point of view and as

indicated by the results of the superposition model. It was hoped that,

by condensing the area of the spectrum studied, sufficient interpretation

could be accomplished to permit identification of important trends.

An attempt was made, with relatively few computations, to cover a

wide range of possible structures. Rectangular structures with aspect

ratios ranging from 1/2 to 2 (blh = aspect ratio, see Fig. 5.1), and

eccentricities ranging from 0% to 15% of the X dimension of the building

were studied. In all cases, calculations were made assuming equal X and Y

.stiffnesses and then assuming that stiffnesses were proportional to building

dimension (i .e., for h/b = 2 k Ik = 2). Calculations also were made fory x

two ratios of torsional to translational frequency; namely, unity and 1.414,

with the latter corresponding to a rrore real istic structure than the former

(see Ref. 10).
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In Table 5.1 are presented the model parameters for all of the models

studied and the corresponding simple frequencies for the various 'coordinates

(f = kim, f = k 1m and fa = ka/J). Note that the frequencies given inx x y y

the table are the frequencies for the case with zero eccentricity. The

shifts in frequency (i.e., shifts in eigenvalues) that arise from coupling

of the Y and a coordinates are dependent on the magnitude of the eccentri-

city in the" model. An example of the shifts in eigenvalues arising from

coupling of Y and a in the characteristic equation is given in Table 5.2

for one of the cases studied. Similar shifts occur for all cases with non-

zero eccentricity; however the degree of shift varies from case to case.

5.3 Eccentricity in Model

It generally would be expected that an eccentric building would have

higher response, at least on the periphery, than would a symmetric building.

A summary of the maximum responses computed at the edge of the building in

this study is presented in Tables 5.3 through 5.6. A review of the data

presented in these tables wi 11 reveal a surprising result. Intuition

normally would imply that response listed for an eccentricity of 15% would

be larger than that for an eccentricity of 10%, etc. The fact, over two-

thirds of the cases studied do not follow this logical sequence. However,

as can be seen in Tables 5.3 through 5.6, the differences in response

magnitudes are generally small. Approximately one-third of the calculations

at 1 and 5 Hz correspond to increasing response with increasing eccentricity,

and for calculations at 3 Hz one-third of the cases lead to definite trends

(split equally between the two extreme cases: 15 > 10 > 5 > 0 and

o > 5 > 10 > 15).
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This situation, i.e., absence of a logical trend, should not have been

unexpected, in 1ight of the 1imi ted studies made by Ayre (Ref. 12) wherein

he found that with only translational input the induced motion arising from

coupling of translation and rotation is more complex than for the symmetric

(uncoupled) case. The current model is much more complex than that of Ayre

since rotational input has been added which leads to additional translation

and rotation which may be in or out of phase with that arising from the

translational input. Illustration is made in Figs. 5.2 and 5.3 of the

nature of the results obtained at various eccentricities for the range of

frequencies studied. Irrespective of these problems there are real and

important trends that emerge from this type of study.

Although the results presented in Tables 5.3 through 5.6 are the

maximum responses at the positive X edge of the structure computed in the

time domain, i.e., the algebraic sum with respect to time, similar results

can be obtained from the maximum responses at the positive X edge computed

from the maximum individual Y and e components. .The trends obtained and

observations made for the two methods of computing maximum response will

not be identical nor should they be expected to be. The responses com­

puted and combined as the sum of the maximums (as opposed to the maximum

sum in the time domain) are given in Tables 5.7 through 5.10. It should be

noted that while there was no explicit time phasing present in this data

the responses computed still arise from the coupled motions. The maximum Y

response is both the Y arising from Y ground input and theY arising from

rotational ground input combined in the time domain. Similarly, the maxi­

mum e response is both the e arising from Y ground input and the e arising
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from e ground input. Thus it should be obvious that, ina coupled model it

becomes very difficult to truly separate the components of response.

5.4 Frequency Ratio

The importance of the assumed ratio of torsional to translational

frequency on the computed combined response at the edge of the building

was quite apparent in the results of the superposition model. It was

expected, based on the superposition model, that a frequency ratio of unity

would lead to greater computed responses than would a larger frequency

ratio. Furthermore, it was expected that the larger the frequency ratio

assumed the smaller the computed response at the edge of the building. A

review of the data in Tables 5.3 through 5.10 reveals that in well over

half of the cases studied an assumed frequency ratio of unity leads to

the larger computed response. It will be noted that the difference in

magnitudes of the computed responses in those unexpected cases (where a

frequency ratio of unity yields less than maximum response) is not large;

therefore, the trend observed for the superposition model can be considered

generally val id.

5.5 Building Aspect Ratio

As was noted in the derivation of the T-averaging procedure a building

with larger plan area can be expected to undergo lower overall response

than would a smaller bui Iding subjected to the same free-field input. An

examination of the data in Tables 5.3 through 5.10 will verify that in more

than two-thirds of the cases studied larger building plan areas lead to

lower response at the positive X edge of the building. This finding

suggests that torsion may not be as important as originally presumed.
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5.6 Stiffness Ratio

One would anticipate that a building with lower overall stiffness

would undergo larger total response and indeed, in over ninety percent

of the cases studied this is the case. Note that for all cases studied the

stiffness in the X direction changes only with frequency, that is, alII Hz

models have the same X stiffness. The stiffness ratios k /k in Tables 5.3
y x

through 5.10 refer to the ratio of stiffness in the Y direction to that in

the X di rection; therefore, a sti ffness ratio of 2 indicates greater overall

stiffness generally than a stiffness ratio of and a stiffness ratio of

1/2 indicates lower overall stiffness generally than a stiffness ratio of 1.

As was expected, largest response arise~ for a stiffness ratio of 1/2 and

smallest response arises for a stiffness ratio of 2.

5.7 Coupling of Response

It should be apparent by this point that the coupling among the

various response components plays an important role in the determination of

computed total responses. Phasing of the ground inputs, coupling of the Y

and e coordinates, and stiffness variations in the model all contribute to

some degree of unpredictability in the results obtained.

As noted earlier, the response maximums are computed in two ways.

First, a summation of all components of motion is made in the time domain

and then the maximum edge response obtained. Alternately, the individual

response components (~, Y and e) are computed, maximum response values found

and these maximums combined absolutely without respect to time. The latter

approach leads to larger computed responses (approximately 30% on the average).

This difference in magnitude arises from differences in time phasing of the

response components, i.e., maximum translation and maximum rotation do not
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normally occur simultaneously; however, in those cases when they do, the

two approaches lead to the same results (Tables 5.11 through 5.14).

For example, if one considers the responses arising from the Pacoima

Dam record for ten percent eccentricity, the algebraic summation of Y and

e with respect to time leads to a maximum response of 1.379 feet (Table 5.3),

the sum of absolute values of Y and e responses without respect to time leads

to a maximum response of 2.322 feet (Table 5.7), and the sum of responses

arising from Y and e individual ground motion, as discussed later, leads to

a maximum response of either 1.904 or 3.148 feet depending on whether the

responses are computed as the algebraic sum in the time domain or the sum

of absolute values of the Y and e components of motion.

This relatively wide range of possible maximum computed responses

arises in total from time phasing of both the ground motions and the Y and

e responses. Lowest maximum response is computed for the case when both

the phasing in ground motions and the phasing in the resulting response

components (i.e., 1.379 algebraic summation in time) .are included in the

calculations. If one allows phasing of ground motions to be included in

calculations but ignores phasing of response components (i.e., 2.322 sum of

absolute values) a larger maximum response will be computed. Still larger

computed maximum responses are obtained if neither phasing of ground

motions nor phasing of response components is included (i.e., 3.148). If

one includes phasing of response components but not phasing of ground

motion a response will be computed which is between the two extremes. The

relationship between the two intermediate responses is not uniform for all

cases studied. It is hoped that these comparisons clearly indicate the
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importance of time phasing of both ground motions and response components

on the responses computed.

With recognition of the fact that coupling between V and a motions

takes place, a brief study of the individual responses arising from each of

the two normally input ground motions (i.e., ~ and ~T/2 as derived in

Chapter 2) was made. In other words, for any given time history used two

additional case studies were completed: in one case L generated V ground

motion was input but a input was forced to zero, and in the other case T

generated a ground motion was input but V input was forced to zero. These

responses were compared to those obtained for simultaneous V and a ground

inputs. As can be seen in Fig. 5.4 through 5.7 the response arising from

a input alone is of the same order of magnitude as the response arising

from V input alone. One also can see that the maximum response computed at

the positive X edge for either V or a ground input in some cases is as great

for only one of the ground inputs as for both components.

5.8 Direction of Wave Propagation

Another consideration which influences any conclusions drawn about the

effect of coordinate coupling on the overall response of a system is that

of direction of wave propagation. The majority of the cases studied con­

sider a wave propagating in the X direction and therefore exciting the V

and a components of motion. However, if one considers a wave propagating

in the V direction all three components of motion are excited, X and a

directly and V because of v-a coupling in the model. One would expect the

latter case (X, V, and a response) to lead to greater response; however, in

most of the cases studied the opposite is true. As will be seen in Tables

5.3 through 5.10, the two responses :from waves:p'ropagating in the two
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directions are quite close for all four earthquake excitations. The

reasons for this tendency are not apparent.

5.9 Comparisons of Results for the Hollywood Storage Bui Iding

and P. E. Lot

Presented in Figs. S.8 through 5.11 are the zero percent eccentricity

responses computed for the south component of the 1971 San Fernando earth­

quake for the Hollywood Storage Building and P. E. Lot records. In each

figure the dashed I ine represents the response computed for the bui lding

basement record which, since it is located in the corner of the building,

includes both translational and rotational components of motion. One will

note that the responses computed using the T-average ground motions are the

same order of magnitude as those responses computed using the building

basement record.

5.10 Comparisons of Results with Building Code Procedures

One of the most interesting comparisons in a study of this type is

that with current building code procedures. A common approach used by

building codes (Refs. 22 through 24) to include so-called accidental torsion

arising from numerous effects, including ground rotation, is to compute

response from the free-field ground motion, to position the resulting

inertial force five percent of the building dimension away from the mass

center and compute additional response arising from the equivalent static

moment. As shown in Tables 5.15 through 5.18 there is a great deal of

scatter in the ratio of current results from this study (from a summation

in the time domain) to those from the above code procedure (using responses

with maximum computed without respect to time).
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It will be noted that two of the cases listed in the tables appear

clearly out of 1ine with other results; it was found that the ratio of

torsional to appropriate translational frequency (f) is less than unity
y

which is unrealistic for actual buildings. More specifically one will

observe that whereas the ratios of fe/fx = 1.0 and 1.189 respectively, since

the ratio of f/f = 1.414, one finds the ratio of fe/f to be either .707y x y

or .841 respectively; in all other cases this ratio is greater than or equal

to 1. Ignoring these two cases, one finds that the results of this study

are generally lower than code procedures (wi.th a range of 22 to 131 per cent

of the code values with less than 10% falling above code values) and aver-

age less than 70%. With realization thqt accidental torsion is intended to

include several factors: irregularities in building plan; unforeseen differ-

ences i,n computed and actual values of stiffness, yield strength, dead load

masses, etc.; unfavorable distributions of live load masses; and non-uniform

ground motion, many of which have not been studied in this report; on the

basis of the limited study herein it appears that a five percent accidental

eccentricity code value is reasonable.
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TABLE 5.2 EIGENVALUES FOR COUPLED MOTION MODEL
FOR ONE CASE STUDIED

HIB = 1/2, kY/kx = 1, f S/fx = 1.414

PERCENT EIGENVALUES FOR COUPLED SYSTEM
ECCENTRICITY (frequencies in Hz)

0 1 1 1.414

5 .989 1 1.447

10 .964 1 1.536

15 .937 1 1.664

0 3 3 4.243

5 2.967 3 4.341

10 2.892 3 4.607

15 2.811 3 4.993

0 5 5 7.071

5 4.945 5 7.235
10 4.820 5 7.679
15 4.685 5 8.322
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6. FINDINGS AND RECOMMENDATIONS

6.1 Introductory Remarks

The following is a short summary of the principle findings based on

the results of the foregoing studies. Several assumptions have been made

throughout the study which warrant additional consideration

• Only systematic motions over the base are taken into account.

The true motions are in large part random, and therefore cause

much lower torsional responses, but about the same translational

reducti on.

• Only horizontally propagated plane waves with vertical wave

fronts of motion are considered. Since only part of the motions

in an earthquake is of this type, the torsional responses may well

be exaggerated, but the translational reductions are not greatly

affec ted.

• Only rigid foundation systems are considered. This assumption

tends to exaggerate both the induced torsional responses and the

translational reductions computed.

6.2 Summary of Findings: Superposition Model

Briefly, the conclusions to be drawn from the results of the super­

position model are as follows:

• Translational averaging leads to significant response reductions

depending on T (i.e., width/wave velocity) when compared to

response computed from free-field records, at frequencies above

I Hz with little change in response for lower frequencies.
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• The response arising from rotation induced from a traveling wave

passing by a foundation is rrost important at frequencies above

I Hz.

• For a torsional to translational frequency ratio of unity the

reductions arising from translation are largely offset by induced

rotational response and in some cases the computed combined

response actually exceeds the computed free-field response.

• The use of frequency ratios greater than unity more closely simu-

lates real buildings and leads to response in the regions of

greatest interest which is less than that observed for a frequency

ratio of unity~ i.e., the amplifications noted above diminlsh.

6.3 Summary of Findings: Coupled Model

In general, the coupling of translational and rotational response leads

to increased scatter in the computed responses obtained and less certainty

in the types of trends noted for the superposition model. Briefly, the

following observations can be made.

• The coupHng of V and e coordinates no longer allows the separation

of translational and rotational effects noted previously.

• Throughout the frequency range under study (1-5 Hz) and for the

various other parameters investigated (building size, frequency

ratio, and stiffness ratio) there was no clear dominant trend of

translational or rotational effects.

• Altho~gh the trend is not as clear cut as for the superposition

model, it was observed that an increase in torsional to trans-

lational frequency ratio (fa/f x or fa/f y) generally leads to

lower computed edge responses.
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• There is a trend toward the behavior that would be expected with

respect to eccentricities; however, coupling of translational and

torsional responses and phasing between Y and e ground motions do

not allow exact predictions of response.

• The results of the study clearly suggest that symmetry is desir­

able if possible. In such cases it is easier to predict the

motions and they are in general more uniform throughout the

structure.

• As a result of the various approaches for computing effects

involving phasing of ground motion and/or phasing of response

components (Tables 5.11 through 5.14), one observes that the

techniques involving summation of maxima without respect to time

in all cases studied gave motions that were larger than if they

were summed with respect to time. This observation suggests that

the code approaches (i.e., no allowance for time phasing) are of

a conservative type.

6.4 Comparlsons with Building Code Procedures

For the most part the results obtained in this study fall (averaging

thirty percent) below those computed using a five percent accidental

eccentricity approach; however, there is a great deal of scatter in the

data ranging from an 80 percent reduction to a 31 percent increase of

response computed over the building code approach.

It should be noted that the code approach intent is to include acciden­

tal torsion from all sources, of which ground rotation is only one item.

As stated previously, based on the results of this study the 5 percent code

value for accidental eccentricity appears reasonable.
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6.5 Closing Remarks

This study has been an attempt to present a reasonable and systematic

method for determining explicitly the ground motion effects including both

translational averaging and induced rotation on a stiff structure of some

size. It should be noted that these studies were restricted to motions in

the horizontal plane. If one were to consider vertical motions additional

factors which should be considered include: (a) bearing pressures;

(b) lift-off; and, (c) need to define approximate shape function for vertical

deformations. If the behavior becomes nonlinear the computation effort

would become considerably greater than that presented herein.

In closing, the results of this study clearly indicate the need for

instrumentation aimed at obtaining a more detailed picture of the trans­

lation and rotation experienced by a building undergoing earthquake

excitation.
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APPENDIX A. Z-TRANSFORM METHOD

This procedure is a recursive relationship (Eq. A.2) in the time

domain for the elastic response of a single-degree-of-freedom oscillator

to arbitrary base motion. Stagner and Hart (Ref. 18) solved the following

differential equation of motion for a single-degree-of-freedom oscillator

subjected to ground motion,

(A.1)

where B is the critical damping ratio, w is the undamped natural frequency
n

of the oscillator and a(t) is the ground acceleration. From this they

derive the standard continuous Laplace transform S-plane representation of

the ground motion -- oscillator displacement response relationship, and

express this Laplace S-plane representation in terms of an equivalent

sampled function Z-plane frequency representation. Then recognizing the

parallelism between the Z-plane bilinear transform and finite difference

operators Stagner and Hart derived the following recursive relation in the

time domain for computing oscillator response,

x(J) = k~/BO {a(j) + 2a(j - 1) + a(j - 2) +

B
l

B
2

+'6 xU - 1) + '6 xU - 2)}
o a

where

K
l = tan (w t.tl2)/w

n n

K2 = tan (w M/2)
n

Bo + 2Bk2 + k2
2

B
l = 2 (k~ - 1)

B2 = - 2Sk2 + k
2
2

(A.2)



112

~t sampling rate (i.e., spacing of acceleration data points in the

time domain)

Calculations using this procedure give results that are very close to those

obtained using other numerical integration techniques; however, use of the

Z-transform method normally provides a substantial computational savings.
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