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ABSTRACT 

An analytical study is presented for investigating the effect 

of interacting three dimensional ground motions on the response 

behavior of elastic and inelastic building systems. The structures 

can be subjected to simultaneous input of static loads and multi

component earthquake motions that are applied in any direction 

of the structural plane for which the P-6 effect of the second

order moment, which results from the gravity load and the vertical 

ground motion, is considered. 

·The building systems may have elevator cores, floor diaphragms, 

and shear walls of reinforced concrete as well as steel beams, 

columns, and bracings. The material behavior of the steel members 

is based on the Ramberg-Osgood hysteresis loop from which the 

stiffness coefficients are derived for loading and load reversal 

with the Bauschinger effect. Takeda's model for the stiffness 

degrading technique is employed for the reinforced concrete ele

ments. The system stiffness and geometric matrices, and the 

numerical integration procedures are developed with regard to 

the building characteristics that each floor has degrees of free

dom associated with the axial displacements of the columns and 

one torsional and two transverse displacements at the mass center. 

Thus, computation efficiency can be achieved by eliminating struc

tural joint rotations from floor to floor with only the displace

ments associated with the lumped masses left for the motion 

equation. 

The yielding surface of a steel member is based on the non

linear interactions for both strength and stability. The modified 
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plastic moments and the axial yielding forces are reduced according 

to von Mises yield criterion. Although the reinforced concrete 

shear walls and shear panels are considered as plane elements, 

the yielding surface of reinforced concrete columns is also 

discussed. 

The mathematical formulations include the seismic input energy, 

kinetic energy, energy dissipated by damping, and the dissipated 

strain energy as well as the stored strain energy. These energies 

are used to study the serviceability of the structures and to check 

the accuracy of the numerical solutions. The ductility factors 

and excursion ratios are derived on the basis of three definitions: 

rotation, variable strain energy, and hybrid strain energy. The 

strong and weak points of each definition are discussed. 

A computer program, INRES8-30, which has been comprehensively 

developed, can be conveniently used by research workers and prac

titioners. A total of 26 numerical examples have been investigated 

for various low-rise and high-rise building systems subjected to 

various loading cases of interacting ground motions. The response 

parameters of main interest are 1) transverse, vertical, and tor

sional movements, 2) internal moments and their associated rotations, 

3) energy absorption characteristics, 4) ductility factors and the 

excursion ratios, and 5) the effect of different earthquakes and 

that of plastic models on the response. 

Numerical results show that interacting horizontal components 

can significantly increase the axial forces and moments of columns and 

the moment of beams. The amount of the influence depends on the 

geometric condition of the structural plane and elevation. A 

iii 



vertical ground motion decidedly increases axial forces but only 

slightly increases the moments of columns. Coupling ground motions 

have a strong influence on the magnitude and direction of the axial 

forces of bracing members. Interacting ground motions can increase 

the lateral displacements and thus cause significant permanent 

deformations for a structure having an unsymmetric rigidity or an 

unsymmetric mass center. Vertical displacements can be influenced 

by horizontal components but are mainly due to vertical ground 

motion. The ductilities and excursions of beams and columns that 

result from three-dimensional motion are much greater than those 

induced by one horizontal component. The ductilities of columns 

are demanded more at the quarter floor level from the top. ~~hen 

a structure has a shear wall, the wall requires more ductilities 

than any of the other columns. The critical region of the wall 

is at the first floor. Large ductilities and permanent deforma

tions induced by an interacting ground motion exhibit severe local 

damages and thus diminish the serviceability of a structure. 

iv 
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t~px,t.1py = plastic moment capacity in x- and y-directions, 

f1 M = reduced plastic moment capacity in x- and y-directions rpx' rpy 

respectively, 

M M = reduced ultimate moment capacity in x- and y-directions rux' ruy 
respecti vely, 

M M = ultimate moment capacity in x- and y-directions ucx, ucy 
respectively, 

N = geometric member mass, 

P = axial force, 

P = acceleration vector; geometric load vector, 

P buckling force, cr 
Pry = reduced axial yield force, 

P u = 1.7 AF a' 

Py axial yield force, 

P = effective acceleration vector, 

Q = torsional stiffness coefficient; stiffness coefficient 

parameter, 

r = Ramberg-Osgood hysteresis parameter; radius of gyration, 

r = frame displacement vector, 



xxxii 

. 
r,r,r = displacement, vel oci ty and acceleration vectors 

relative to ground, 

r = 
~g 

ground acceleration vector, 

rg 
= global displacement vector, 

r effective displacement vector, = 

R = stiffness coeffi c i ent parameter, 

R = frame load vector, 

R' = condensed frame load vector, 

Rg 
= global load vector, 

S = stiffness coefficient parameter; stiffness coefficient; 

shear force due to P-6 effect, 

S = element stiffness matrix. 

t = time. 

t f = fl ange thickness of WF section, 

t w web thickness of WF section, 

T = tors i on; rigid zone at top of column element, 

T = panel transformation matrix, 

u = lateral displacement in major axis. 
. 

u.u,ii = ground displacement. vel oci ty and acceleration 

respectively, 

U = stiffness coefficient parameter; returning point of 

concrete moment-rotation curve. 

u* returning point of concrete moment-rotation curve, 

v = lateral displacement in minor axis; deflection; 

absolute velocity. 

v = shear force; column axial force at the base of a 

structure. 



/:,Vg 
::: ground acceleration in vertical direction, 

/:,Vx 
::: ground acceleration in x-direction, 

.. 
/:,Vy 

::: ground acceleration in y-direction, 

w ::: axial deformation, 

W = stiffness coefficient parameter, 

X ::: ground displacement in column major axis, 

/:,X ::: x distance from reference coordinates to mass center, 

y = ground displacement in column minor axis, 

/:,y ::: y distance from reference coordinates to mass center, 

/:,Y ::: yield deflection at tip of the cantilever, 

Z = ground displacement in column axial direction, 

a damping constant; hinge rotation, 

B ::: coordinate transformation angle from reference coordi-

nates to mass center; damping constant, 

W ::: natural frequency, 

y ::: shearing strain, 

A ::: damping ratio, 

/:, ::: incremental form, 

C ::: strain, 

Cl excursion ratio based on rotation, 

c2 ::: excursion ratio based on variable strain energy, 

c3 ::: excursion ratio based on hybrid strain energy, 

¢ curvature, 

B = end-rotation of a member; global rotation; angle from 

column weak axis to x-axis in global, 

By = yield rotation 

cantilever, 

Mp/6EI; yield rotation at tip of a 

xxxiii 



o = axial deformation, 

° = stress, 

0y = yielding stress, 

ocr = buckling stress, 

Subscripts 

T = end rotation, 

Ty = yielding shear stress, 

lJ l 
= ductil ity ratio based on rotati on, 

]12 = ductil ity rati 0 based on variable strain energy, 

]13 = ductil i ty ratio based on hybrid strain energy. 

a = axial force, 

b beam element, 

c = column element, 

d = returning moment, 

f = reference coord ina te, 

9 = geometrics, 

i = end-I of a member, 

j = end-J of a member, 

s>., = 1 a tera 1 displacement. 

m = story level; midpoint 

~1 = moment. 

between 

n = story level; point at time t, 

o = at returning point, 

t and t + 2L'1t, 

p = plastic capacity; shear panel element. 

t = torsion, 

T = transpose of matrix, 

xxxiv 

and 



xxxv 

u = major 1 a tera 1 displacement, 

v = mi nor lateral displacement; vertical displacement, 

x = gl oba 1 x-direction; major axis, 

xi = major axis at end- Ii, 

xj = major axis at end-J, 

xii = major axis at end-I (reversal at end-I), 

xji = major axis at end-J (reversal at end- I) , 

xij major axis at end-I (reversal at end-J) , 

xjj major axis at end-J (reversal at end-J), 

y = global V-direction; minor axis, 

yi = minor axis at end- I, 

yj = minor axis at end-J, 

yi i = mi nor axis at end-I (reversal at end 1), 

yji = minor axis at end-J (reversal at end 1), 

yi j = mi nor axis at end-I (reversal at end-J), 

yjj = minor axis at end-J (reversal at end-J), 

z = global Z-direction, and 

= origin at returning point. 





1. INTRODUCTION 

A. SCOPE OF INVESTIGATION 

The purpose of the study for which this report has been prepared 

was to investigate the effect of two horizontal and one vertical 

interacting ground motions on the response behavior of elastic and 

inelastic three-dimensional structural systems. Determinations were 

made as to whether an inelastic structural system will exhibit unstable 

behavior in terms of the large deflections and ductility require-

ments resulting from multicomponent earthquake motions. The earth

quake motions could be applied in any direction to a structural plan 

whose shape was not necessarily rectangular. Although the structures 

considered were mainly for building systems having elevator cores, 

floor diaphragms, shear walls, and steel beams and columns, as well as 

bracing members, some of the response studies of space frameworks 

have been included in this report. The building systems were subjected 

to the simultaneous input of static loads and earthquake excitations 

for which the P-6 effect of the second-order moment resulting from a 

gravity load and vertical initial forces acting on columns was con

sidered. The material behavior of the steel members was based on 

the Ramberg-Osgood hysteresis loop for which the loading, reversal of 

loading, and Bauschinger effect were included in the stiffness deriva

tion. The hysteresis system for the reinforced concrete elements was 

based on either the simplified Takeda's rules or the extended Takeda 

model. The von Mises' yield condition was used to determine the inter

action between the yielding axial force and the plastic torsional 

capacity. The influence of the interacting axial force with bending 

moments on the flexural capacity of a cross section was based on the 



approximate yielding surface resulting from both the theoretical and 

experimental work that has been done on steel wide flange sections. 

Because the shear walls and flexural shear panels mainly have moments 

about their major axes, these members were treated as plane elements 

for which the moments about the minor axes were not considered. 
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A computer program, which was identified as INRESB-30 (~elastic 

analysis of REinforced concrete and ~teel ~uilding systems for 

3-Dimensional ground motions) was developed for the research, and the 

results presented herein were obtained by using an IBM 370/168 computer 

through the computer network of the University of Missouri. To obtain 

computation efficiency, the structural joint rotations were eliminated 

from floor to floor, and, only the displacements associated with the 

lumped masses were left for the motion equation. The structural 

joint rotations and member forces were then found by using backward 

substitution after the motion equation had been numerically integrated. 

The numerical integration was based on the incremental form of using 

either the step-by-step method or the midpoint inprovement method. The 

response parameters were observed for different building systems with 

various structural planes and different heights that were subjected to 

one-, two-, and three-dimensional ground motions. For each time step, 

the law of energy conservation was observed to ensure that the differ

ence between the seismic input energy and the output energy of kinetic, 

strain, and dissipate was within tolerance limits. The response 

parameters were mainly observed for the following results: 

1. Comparative studies of the internal moments and axial forces 

of the individual constituent members. 



2. Comparative studies of relative displacements in horizontal, 

vertical, and torsional rotation at various floor levels. 

3. Comparative studies of the ductility factors and excursion 

ratios with emphasis being placed on an evaluation of the results 

produced by the traditional definition and the new definitions pro

posed for the research. 

4. Comparative studies of the seismic input energy, stored 

energy, and the dissipated energy resulting from inelastic deforma

tions and damping. 

A brief discussion of the contents of each chapter of this report 

is given below. 
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Chapter II describes the characteristics of the structural model, 

formulation of the system stiffness, and the general solution procedures 

for static loads and earthquake motions. 

The formulation of the stiffness matrices and geometric stiffness 

matrices of steel members is given in Chapter III, which also includes 

the simplified Takeda's hysteresis model and the extended Takeda model 

for reinforced concrete elements. 

Chapter IV contains the criteria of the yielding surface that are 

used for considering the effect of the axial force which interacts with 

biaxial bending on the cross-sectional moment capacity. 

Chapter V includes the definitions of ductility factors and 

excursion ratios. A new definition of ductility that is based on 

strain energy absorption is proposed in the chapter. 

The numerical procedures and the flow charts for the INRES8-3D 

computer program are presented in Capter VI. A program list, input 

instructions for users, and sample examples are given in Ref. 1. 
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Chapter VII includes the numerical response studies of various 

elastic and inelastic structures. 

The work is reviewed in Chapter VIII, and the conclusions based on 

the results of the work are included. 

B. LITERATURE REVIEW 

Because the literature on the dynamic analysis of inelastic plane 

structures is voluminous, the review is logically confined to studies of 

the effect of interacting horizontal and vertical time-dependent forces 

on plane structures and to the analyses of three-dimensional dynamic 

building systems. Other pertinent references are cited in the appro-

pri a te chapters. 

The effect of a static gravity load on the dynamic response of 

1 t h b t d · d b b f' t' t 2-4 pane s ructures as een s u le y anum er 0 lnves 19a ors. 

They generally recognized that a gravity load can significantly 

increase plastic drift. The effect that a harmonic axial force has on 

the instability behavior of an elastic member or a structural system 

was investigated early by Bolotin5 and Barney and Jaeger. 6 Cheng and 

Tseng later studied the dynamic instability behavior of elastic and 

elastoplastic plane frameworks subjected to combined axial pulsating 

loads and lateral forces or ground motions.? Cheng and Oster further 

examined the effect of interacting earthquake motions (one horizontal 

and one vertical) on the response behavior of plane structural systems 

of elastoplastic and bilinear hysteresis models. 8,9 The general 

observations of the above studies?-9 are that whereas longitudinal 

harmonic forces can definitely excite a structure to a point of dynamic 

instability when the natural frequency of any mode is equal to a 

certain amount of the longitudinal forcing frequency, a vertical 



earthquake motion can sometimes excite a structure to have larger 

amplitude. The occurrence of a rapid increase in the amplitude of 

elastic systems depends on the natural frequency of the structure and 

on the dominant frequency of the frequency spectra associated with 

horizontal and vertical earthquakes. For inelastic systems~ the rapid 

increase of amplitude cannot be easily determined, because the struc-

tural characteristics constantly change; however, the inclusion of 

vertical earthquakes can result in a significant increase in the 

ductility requirements for some members of a structural system. 

The dynamic analysis of three-dimensional structures can be 

d · . d d . t f k 10-13 d b ·1 d· t 14- 19 lVl e ln 0 space ramewor s an Ul lng sys ems. 

References 10-13 mainly emphasize the various aspects of deriving 

force-displacement relationships, numerical procedures, and yielding 

criteria. Methods of analyzing tied buildings for static loads, 

buckling loads, and time-dependent forces are proposed in References 

14-17. The ETAB computer program18 was devised for the purpose of 

solving elastic linear building problems for which a horizontal earth-

quake component can be applied in any direction to the structural 

plane, but no interacting ground motions nor the P-6 effect are 

included. DRAIN-TAB19 is basically used to analyze two-dimensional 

inelastic frames, which are tied by floor diaphragms. Thus, the 

yielding criteria for individual columns are based on one-dimensional 

bending and axial forces. 

The research reported on herein extends previous work8,13,15-18 

undertaken for the study of three-dimensional seismic building systems. 

A sophisticated computer program was developed and can be used by both 

practitioners and researchers. Part of the research results has 

5 



w-~ . already been presented elsewhere. ThlS report documents some of 

the detailed work and numerical results. 



II. STRUCTURAL MODEL AND METHOD OF ANALYSIS 

A. STRUCTURAL MODEL AND ITS CHARACTERISTICS 

The typical three-dimensional structural model is shown in Fig. 1. 

The plane view is sketched in Fig. 2. The characteristics of and the 

general considerations for the model are as follows: 

1. The structure consists of steel columns, beams, and bracings 

as well as floor diaphragms, shear walls, and flexural shear panels. 

7 

The floor plan does not need to be rectangular. It can be oriented in 

any direction, and the reference coordinates, x and y, do not have to 

coincide with the directions of the horizontal ground motions. However, 

the floor levels must be horizontal, and the columns, shear walls, and 

panels must be vertical. 

2. The floor and roof diaphragms are idealized as laminae having 

infinite rigidity in their own planes but flexibility out of them. The 

diaphragms can be thin, cast-in-place, concrete slabs on open web steel 

joists or cold formed steel-deck panels with concrete placed on them. 

Composite steel concrete beams can be modeled in the analysis, but the 

solutions are approximate if the beam elements deform beyond the 

elastic limit. Because of the rigidity, each floor can have three 

common degrees of freedom: two translations and one rotation. However, 

the individual columns can have axial deformations and be able to bend 

about strong and weak axes. 

3. The structure can be subjected to static vertical loads on 

beams and joints and lateral loads at the floor levels as well as to 

three-dimensional interacting ground motions. The mass at each floor 

produces two transverse and one rotational inertial force as well as 

vertical inertial forces at each column. The dead load of all the 
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Fig. 2. Plane View of Fig. 1 
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floor masses and their inertial forces, which result from vertical 

ground motion, induce an overturning moment, which is included in the 

analysis as the second-order moment of the P-6 effect. 

4. The bracing members are axially-loaded members either in 

tension or compression. The beams may have torsion and bending about 

the horizontal axes but cannot have axial deformation nor bending about 

the vertical axis, because the floor is perfectly rigid in its own 

plane. However, the columns can have torsional, axial, and bending 

deformations (about both major and minor axes). The torsional and 

translational displacements of the columns and shear walls as well as 

translational displacements of the shear panels at each floor can be 

transformed to three common degrees of freedom. Hence, the computer 

storage requirements can be reduced, and the computation efficiency can 

be remarkably increased. 

5. The Ramberg-Osgood hystersis loops are employed to derive the 

stiffnesses of the steel members. The simplified Takeda model and the 

extended Takeda model are used as one of two options for reinforced 

concrete members. The effect of the interacting biaxial bending, 

axial load, and torsion on the yielding surface is considered for the 

columns. The torsional plastic capacity is determined by using the 

Von Mises ' yield condition from which the axial yielding stress is 

constantly modified. The shear walls and panels are basically treated 

as plane elements on which the significant moments are only those that 

exist about the major axis. The moments about the minor axis are 

negligible. In the inelastic analysis, the displacements and internal 

forces occasioned by the static loads, if any, are the initial condi

tions for dynamic analysis. The static response, however, must be in 

10 



the elastic limit. The finite length of the rigid structural joints is 

considered in the system stiffness formulation. 

B. METHOD OF ANALYSIS 

1. Stiffness Condensation. Because the lumped masses at each 

floor are associated with the floor displacements of two translations 

and one rotation as well as with the axial deformations of the columns, 

the rotational degrees of freedom at the structural joints can be 

condensed in the motion equation for the purpose of increasing the 

computation efficiency. The reduction of degree~ of freedom is 

similar to stiffness condensation and is performed through a process of 

forward eliminations of the structural stiffness matrix, story-by-story, 

from the top of the building. Thus, during the dynamic response 

analysis, the displacements associated with the rigid-body motion of 

the floor displacements as well as the vertical column displacements 

are calculated first, then the joint rotations and member-end forces 

are obtained by using backward substitution. 

For a typical frame of stories, m and n, such as is shown in 

Fig. 3, the force-displacement relationships can be expressed in terms 

of the stiffness matrix, ~, and the geometric stiffness matrix or the 

second-order matrix, ~, as indicated in Eq. 2.1: 

f f 
R = (~ - ~)~ (2. 1 ) 

In this equation, ~f is the load vector, and rf is the displacement 

vector. The superscript, f, represents the reference coordinates. 

The detailed form of Eq. 2.1 becomes 

11 
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I 

Rf 
I 

r~ K K K Km9, a I a a a 1 I m mm 1 mn mv I 
- - ___ 1 __ - ____________ I -----r--------

Rf K K n nn nv Kn9, a a a r~ 
Rf 

= 
/ 

(2.2) 
K Kv 9, a a v vv v 

Rf 
9, Symm K9,9, Symm. G9,9, / 9, 

in which the subscripts m and n of rf and rf denote the joint rotations 
~m _n 

. f at floor levels m and n; r represents the axial displacements of the -v 
columns, and ~~ is associated with the rigid-body motions of the 

translations and rotations of the structure. It is apparent that the 

beams at level m contribute stiffness to K ,K ,and K ,other -mm --my -vv 
constituent members contribute to all the other stiffness submatrices. 

As shown in Chapter III. the second-order matrix has only the sub-

matrix, Q9,9,' associated with the lateral floor-displacements. The 
f load vector, R , represents the fixed-end moments at the joints that 

~m 

result from the static vertical loads, which act on the beams at level 

m plus the forces from the previous elimination. Rf is zero at this 
~n 

f f stage. The forces ~v and ~9, not only act in column axial and floor 

lateral directions respectively, they also include forces resulting 

from the joint-rotation elimination. Let the matrix partition in 

Eq. 2.2 be expressed as 

a a f r m 
= -------- ------ (2.3) 

0 GH 
rf 

from which 
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and 

Let 

f -1 f f 
~m = 1$.11 (~ - 1$.1 2 ~ ) 

Rf K K- l Rf -
_ - -21 -11 _m 

(2.4) 

(2.5) 

(2.6) 

This indicates that R,f not only represents the applied forces but also 

the sway gffects occasioned by stiffness condensation. The sway 

effects. however. are only influenced by the stiffness matrix.~. The 

elimination process for joint-rotations can be performed on ~ from 

floor to floor without using~. As shown in Eqs. 2.2 and 2.6, after 

the joint rotations are eliminated for floor, m, then the subscript n 

becomes m for a new floor below, which will then be represented by n. 

Thus, after the elimination is completed for the joint rotations at all 

the story levels except the ground level, one is left with a vertical 

and lateral stiffness, which is then combined with the second-order 

matrix to yield the system matrix in the reference coordinates. 

(2.7) 

It is apparent that the processes of elimination and backsubstitution 

are performed through a Gaussian elimination technique in the computer 

program, INRES8-3D. 

14 
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2. Reference Coordinates vs. Global Coordinates. In order to have 

a diagonal mass matrix for simplifying the dynamic analysis. the global 

coordinates of the system must be chosen at the mass centers of the 

different floors through which earthquake motions are assumed to be 

acting. Thus. the displacements (two lateral and one rotational) at 

the mass center of each story segment and the vertical displacements at 

the column-ends (not including the ground level) can be considered to 

be the global coordinates. The relationship between the reference 

coordinates and the global coordinates of n floor levels may be 

established as 

(2.8) 

in which the superscript g signifies the global coordinates, I is the 

identity matrix corresponding to the vertical displacements of columns, 

and 

All 

AI = AI2 

Aln 

For any floor shown in Fig. 4 of a system having n floors, 

cosS sinS 

Ali = -sinS cosS 

o o 

(-f:..y cosS + f:..x sinS) 

(f:..x cosS + f:..y sinS) 

i. 

(2.9) 

(2.10) 
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Fig. 4. Reference Coordinates and Global Coordinates 

16 



The system stiffness matrix, fe, and the second-order matrix, ~, 

in the global coordinates become 

K' 
vI)., 

17 

(2.11) 

and 

(2.12) 

Of course, the force vectors, ~~ and ~~, in Eq. 2.7 must be transformed 

in the global coordinates to 

(2.13) 

3. Solution Procedure for Static Loads and Multicomponent Ground 

Moti ons. 

a. Solution for Static Loads. By using Eqs. 2.11-2.13, one can 

first find the global displacements, rg, through any method in vogue and 

then calculate the displacements associated with the reference coordi-

nates from Eq. 2.8. In solving the local displacements, the displace-

ments at the foundation are first set to zero. Knowing the reference 

displacements, one can find the rotations in the reference coordinates, 

and at the same time, compute the internal forces. The computation is 

carried out floor by floor. 

b. Step-by-Step Integrations. Let the incremental dynamic 

motion equation including the P-6 effect be expressed in global 

coordinates as 
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. 
M6r + C6r + (K - K )6r = - M6r -e -g _ -- _g (2.14) 

in which 

M = diagonal mass matrix, 

c = damping matrix, 

~ = structural s tiffnes s matrix, 

fg = geometric stiffness matrix, 

6r = incrementa 1 displacement vector, 
. 

6r = incrementa 1 velocity vector, 

6r = incremental acceleration vector, and 

~~g = ground acceleration vector including the vertical (~Vg) 

and horizontal (~vx' 6Vy) components. 

The geometric stiffness matrix has the following form: 

K = (g + V )K' 
--g - g-g 

in which K' includes the masses, which induce the axial forces, -g 

(2.15) 

(Mg + Mv ), that act on the individual columns. Because the difference 
- g 

of v between time intervals is small, the second-order term of ~K is 
g --g 

not considered. 8 

The damping matrix is expressed in terms of a combination of the 

mass matrix, M, and the stiffness matrix, K = K - K , as - -e --g 

c = aM + [3.!5. 

which can be used in any of the following ways: 

1. mass plus stiffness proportional damping 

a :Aw, [3 = A/w 

(2.16) 

(2.17a) 
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in which A is the fraction of critical damping to be assumed, and w is 

the estimated fundamental frequency in radian per second. 

2. mass proportional damping 

a = 2AW, s = 0 (2. l7b) 

3. stiffness proportional damping 

a = 0, S = 2A/w (2.l7c) 

The solution of Eq. 2.14 can be obtained by using step-by-step 

integration,25 which is actually based on the linear acceleration 

technique26 as shown in Fig. 5 for which the mathematical expressions 

may be wri Hen as 

r(t) = At3 + Bt2 + Ct + 0 (2.18) 

r(t) = 3At2 + 2Bt + C (2.19) 

f(t) = 6At + 2B. (2.20) 

• 1 •• At t = 0, r n_l = 0, r n_l = C, and B = 2 r n_l • At t = 6,6 is the time 

interval of 6t, then A = (f - f 1)/(66t). By substituting A, B, C n n-

and 0 for their equivalent parts in Eqs. 2.18-2.20 for each time-step 

of 6t, one can obtain 

6r 6 
An = - 6r-

6t2 ( 2. 21 ) 

and 

. 3 
Bn 6r = - 6r -6t (2.22) 
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in whi ch 

A 6 ° + 3r n = /:" t r n- 1 n- 1 (2.23) 

and 

Bn = 3ro + /:"t •• 
n-l 2 r n-l • (2.24 ) 

By substituting Eq. 2.16 and Eqs. 2.21-2.24 (expressed in vector form) 

for their equivalent parts in Eq. 2.14, one can obtain 

Now use /:"P = - M/:"r in Eq. 2.25. This equation can now be arranged ----g 

as follows: 

(1+ At3S)f/:"~ + (_6_+ 3a)M/:"r _ SKB _ (_6_+ 3a)( 1 )SMB 
D- /:"t 2 /:"t - - --n /:"t2 /:"t 1+ ~8 --n 

.6t 

= /:"P + M(A + aB ) _ (_6 __ + 3a)( 1 )8MB 
- - -n -n /:"t2 /:;,t 1+ ~ --n 

/:"t 

(2.26) 

By employing the following notations in the above equation, 

(2.27) 

we have 

K/:"r = /:"P (2.28) - -

in which 



and 

- 1 !J.r = -6r - SB , 
- cl - -n 

!J.P = M(-!J.r + A + c3B ). - - _g -n _n 

From Eq. 2.28 
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(2.29 ) 

(2.30) 

(2.31 ) 

(2.32) 

The incremental displacements, velocities, and accelerations can be 

obtained from Eqs. 2.30, 2.21, and 2.22 so that 

!J.r = cl!J.r + clSB , 
'V ..... -n (2.33) 

• 3 
!J.~ = ~~ - ~n' (2.34) 

and 

A ·r· 6.A A 
'-I = ---.ru r - . 

!J.tL - -n 
(2.35) 

Note that Eq. 2.28 has an identical form to static loading. Thus, 

the numerical procedures of solving static problems as discussed in 

Section 3a can also be used for earthquake motions. 

The numerical procedures for each time interval are summarized as 

follows: 

(1) Calculate the damping constant according to Eqs. 2.17 and 

then find co' cl ' c2' and c3 from Eq. 2.27. 



( 2) 

(3) 

Establish the initial structural matrices of K , K , and M. 
~ -g -

Form the "effective" stiffness matrix, K, which is then 

triangularized for backsubstitution. 

(4) Form A and B on the basis of Eqs. 2.23 and 2.24 in vector 
~n ~n 

form. 

(5) Form the "effective" incremental earthquake load, fl.P, of 

Eq. 2.31. 

(6) Solve for the Ileffective ll incremental displacements, fl.r, of 

Eq. 2.32. 

(7) Calculate the incremental displacements, velocities, and 

accelerations at time, t, by using Eqs. 2.33-2.35. 

(8) Repeat steps 3 through 7 with a new ~ if it is changed, for 

the next time increment. 

c. Improved Step-by-Step Integration. Integration that is based 

on the linear acceleration method is accurate if the time step is small 

compared with the longest natural period of a system. If the time 

step is long compared with the longest period, the method yields an 

unstable solution and fails to produce realistic results. Early 

studies on the method indicated that the time interval should be less 

23 

than 10 percent of the longest period. To avoid excessive computing 

time for using a small time step and to eliminate the instability 

behavior, an improved step-by-step integration method was introduced. 8,25 

This method is based on the midpoint approximation of linear 
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acceleration solutions at nand n-l. The time interval for the improved 

method is 2.6t. 

The derivation of the improved integration method can also be based 

on Eqs. 2.18-2.20 and Fig. 5 for which .6 is now used as 2.6t. In a 

manner similar to the linear acceleration method, we can use the 

initial conditions at t = 0 and t = 2.6t to find the integration con-

stants in Eqs. 2.18-2.20. These constants are then substituted back 

into the equations for the incremental accelerations and velocities at 

n. Thus, the results given in Eqs. 2.21-2.35 can be directly used for 

the improvement method. However,.6t should be replaced by 2.6t in these 

equations. Apparently, nand n-l correspond to t and t - 2.6t 

respecti vely. 

Knowing the displacements, velocities, and accelerations at n-l 

and n (or t - 2.6t and t), one can find the solution at midpoint, m of 

Fig. 6. The use of Eqs. 2.18-2.20 respectively yields Eqs. 2.36-2.38 

at midpoint m as follows: 

2 
+ .6t (f 5f ) 

. 
.6 t, r = r + + r 

-m ~n-l 12 -n -n-l -n-l (2.36) 

. . + .6t (r + 3f 1)' r = r 
-m -n-l 4 ~n -n- (2.37) 

and 

1 (.. .. ) + .. r=-r-r r -m 2 -n _n-l -n-l' (2.38) 

Again, nand n-l in the above correspond to t and t - 2.6t respectively. 

The incremental form of Eqs. 2.36-2.38 for the time intervals of t m 

and t -.6 t becomes m 
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Fig. 6. Improved Step-by-Step Integration Model 
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2 
A _!::.t (A" 6")· Dr t At - ---12 Dr 1 + r 1 + r 1 !::.t, 
~m, m-u ~n- -n- -n- (2.39) 

(2.40) 

and 

A'r' 1 A" D t At = -2 ur 1· -m, m -u -n- (2.41 ) 

The subscript m, t -!::.t signifies the increment between t and t -!::.t. m m m 
Use Eqs. 2.37 and 2.38 as the initial conditions for the next time step 

!::. = 2!::.t and then repeat the process of displacement, velocities, and 

accelerations as outlined in Eqs. 2.28-2.35. Equations 2.39-2.41 are 

used to find the incremental forces of the constituent members. 

The numerical studies in this work show that for a structure 

subject to one or two components of horizontal ground motions the time 

steps for the improvement method can be several times larger than that 

requ i red for the 1 i near acce 1 era ti on method. However, when the 

structure is subject to three-dimensional ground motions, both methods 

require almost the same time interval (smaller than that normally needed 

for linear acceleration method) in order to yield accurate axial forces 

in columns. A larger time-step can be used in the improvement method, 

which only yields accurate moments but not axial forces. It is 

apparent that the vertical components of both the El Centro, 1940, and 

Taft, 1952, earthquakes are sensitive to the time-step size. It should 

be noted that because of the midpoint approximation the improvement 

method cannot be used to check the conservation of energy, that is, 

the total seismic input energy obtained by using the method will not 



be equal to the total strain energy, kinetic energy, plus the total 

dissipated energy. However, the linear acceleration method can provide 

the conservation of energy for checking correctness of the computer 

output for each time step. Both the linear acceleration method and the 

improvement method are available in the computer program, INRESB-3D. 
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III. STIFFNESS AND GEOMETRIC STIFFNESS MATRICES OF INDIVIDUAL ELEMENTS 

A. RAMBERG-OSGOOD MODEL 

Experimental analysis indicates that the load-displacement (Qr 

moment-curvature) relationship for structural members, structural steel 

in particular, has an elastic branch, which is followed by a transition 

curve that leads to a plastic branch. When the displacement (or 

curvature) is reversed, the transition becomes more gradual because of 

the Bauschinger effect. Such a relationship can be expressed quite 

closely by the Ramberg-Osgood model. The experimental studies include 

the behavior of single steel members of different cross-sectional 

properties 27 and that of non-slipping weld connections of a typical 

8 WF 20 steel section. 28 Early work on the Ramberg-Osgood model may be 

found elsewhere. 29 ,30 The original expression of the Ramberg-Osgood 

stress-strain curve is 31 

r 
a + K(~) S = r E 

in which s is the strain, E the Young's modulus, and K and rare 

constants. Let a be the yielding stress and a be K(o /E)r-l for y - y 

determining the secant yield strength. Then Eq. 3.1 becomes 

(3.1) 

(3.2) 

in which ~ and r are positive constants chosen to fit the stress-strain 

curve of the structural material. Following Eq. 3.2, one may express 

the moment-curvature relationship (M-~) as follows: 

28 



M I M I r-l ¢ = -(1 + a - ) 
El Mp (3.3) 

in which ¢ is the curvature, M the bending moment, I the moment of 

inertia of a cross section, and Mp the plastic moment capacity whose 

associated yielding moment is My = Ct1p' C is the ratio of the elastic 

section modulus to the plastic section modulus. Although Eqs. 3.2 and 

3.3 are for the same material, ~ and r should be different values for 

these two equations. Equation 3.3 is graphically represented in Fig. 7 

for various values of r. The graph also includes as two limiting cases 

the elastic (a = 0, r = 1) and the elasto-plastic (a > 0, r = 00) 

relations. 

A general description of the moment-curvature relationship of the 

Ramberg-Osgood model may be found in Fig. 8. As shown in the figure, 

immediately after the load is applied, the moment-curvature follows the 

skeleton curve from ° to N (or from ° to N' ). The load is then 

released, and finally in the opposite direction, the moment-curvature 

follows the branch curve from N to N' . The point N is treated as the 

origin of the branch curve, which is identical in shape to the 

skeleton curve. In the process of load reversal, the moment-curvature 

relationship is linear for a range of moments designated as MI. 
y 

Because of the Bouschinger effect, the magnitude of M' is less than or 
y 

at most equal to 2M. The curvature associated with the branch curve 
y 

may be expressed as 

(3.4) 

29 
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Employment of Eq. 3.3 in the above yields 

M-M M-M r-l 
cp = CPo + E"f( 1 + a 12M 0 I ) . 

p 
(3.5) 

Equations 3.3 and 3.5 are used to derive the bending stiffness 

coefficients as shown in Appendix A. 

When a member is subjected to an axial force, P, which can be 

either tension or compression, the tensile load cannot be more than the 

yielding capacity, P , and the compression should be limited by the 
y 

critical load of buckling capacity, Per. The loading and its reversal 

are sketched in Fig. 9. Because the Ramberg-Osgood model is an 

increasing function, the analysis yields a greater flexibility of the 

member and does not provide collapse conditions. From Fig. 9, one may 

express the skeleton curves for tension and compression in Eqs. 3.6 

and 3.7 respectively as follows: 

PL I P ,r-l 
E = -(1 + a -, ) 

AE P Y 

and· 

PL I P I r-l 
E = AE ( 1 + a -P - ) • 

cr 

For the branch curve, 

liP - Po I r-
1 

) 
E = EO + AE(P - Po)(l + a P + P 

y cr 

(3.6) 

(3.7) 

(3.8) 

31 
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in which P is the product of the yielding stress, ° , and the cross-
y y 

sectional area, A; Po is the point at which the load release begins, 

and Pcr is a result of the critical stress, ocr' multiplied by the 

cross-sectional area. The critical stress may be determined by using 32 

i 2 
for KL < J 2n

2
E ocr = ° 

_ -L(KL) , 
y 4n2E r r 0y 

(3.9) 

and 

= iE for KL > j2.iE . ocr 
(KL/r)2 ' r - ° y 

(3.10) 

Equations 3.6, 3.7, and 3.8 are used to derive the longitudinal 

stiffness in Appendix A. 

The Ramberg-Osgood torsional hysteresis loop is sketched in 

Fig. 10 for which the skeleton curve and branch curve can be respec-

tively expressed by Eqs. 3.11 and 3.12: 

y = ~~ (1 + al~ Ir-l
) 

z p 
(3.11) 

T - T r-l 
+ a I 2T 0 I ) 

p 
(3.12) 

in which y is the torsional deformation, T the torque, G the shear 

modulus, ~ the polar moment of inertia, and Tp the plastic torsional 

capacity of a given section. For the typical wide flange cross section 

shown in Fig. 11, T may be expressed as33 
p 
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2 tf t
2 

t 
T = [t (b ) + -'!i(d + -'!i) t t 2] P Ty f f - "3 2 3 - f w • (3.13) 

By neglecting t f /3 and tw/3, one obtains 

which is employed in the computer program, INRESB-3D. The magnitude of 

the shearing yield stress, T , is based on the von Mises' yield 
y 

criterion and has the following form: 

T = g;;. Y \j uy' J 
(3.15) 

The elastic limit is defined as Ty = T I /h; h is the thickness (short y z 
dimension) of the plate element (web or flange). 

Equations 3.11 and 12 are also used for deriving the torsional 

stiffness coefficients. 

When a structure is subject to earthquake motions, any of the 

end-forces of the constituent members may reverse its direction 

independently to other forces. Thus, the stiffness coefficients for the 

typical structural elements of beams, columns, and bracings should be 

derived for both skeleton and branch curves. For the branch curve, 

careful consideration must be given to the reversal of individual 

forces, such as the moments about both the major and minor axes of a 

cross section and the axial force and torsion on that section. 

1. Stiffness of Columns in ~lember-End Deformations. A typical 

column is shown in Fig. 12 in which I and J are the points of interest 

for the beams and columns. Because the beams and columns always have a 
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certain depth that forms a great amount of rigidity at the intersecting 

points defined as rigid zones T and B, the forces for engineering 

design should be obtained at the member-ends that are signified by i 

and j respectively and correspond to the tops and bottoms of the column 

elements. The force-deformation relationship of the column element, 

ij, may be expressed as 

37 

F = S e 
-c -c-c (3.16) 

for which the detailed form is 

Ft Q ez 

Fi A C ei 
x x 

Fj C AI ej 
x x 

= (3.17) 
Fa H wa 

Fi 
y B D ei 

y 

F
j D BI ej • y y 

An examination of Eq. 3.17 and Fig. 12 indicates that the torsional 

twist, ez ' and the axial displacement, wa' of the member, ij, are 

relative deformations between two ends, and that the bending rotations, 

ei , ei , ej , and ej
, (about the x and y axes) are measured from the x y x y 

chord to the tangents. The chord is defined as the line that connects 

two ends of a member, whether the member is displaced or not. The 

detailed derivation of the stiffness coefficients is shown in Appendix A 

from which the results have been taken to be used in Eq. 3.17 in 

accordance with the loading behavior of the skeleton curve and branch 

curve. 



and 

a. Skeleton Curve. 

6EI (2+2W .+Q .W .) 
A = . X Xl XJ XJ 

2 L[(2+2W .+W .Q .)(6+R .+R .)-(3+U .+U .S .) J Xl XJ XJ Xl XJ Xl XJ XJ 

6 EI (1 +G . W . +G . W . ) 
C = X Xl Xl XJ XJ 

2 L[(2+2W .+W .Q .)(6+R .+R .)-(3+U .+U .S .) J Xl XJ XJ Xl XJ Xl XJ XJ 

6EI (2+2W .+Q .W .) 
AI = X XJ Xl Xl 

L[(2+2W .+W .Q .)(6+R ·+R .)-(3+U .+U .S .)2J Xl XJ XJ Xl XJ Xl XJ XJ 

H = AE 
. LT 

6EI (2+2W .+Q .W .) 
. 8 = Y yl YJ YJ 

2 L[(2+2W .+W .Q .)(6+R .+R .)-(3+U .+U .S .) J 
yl YJ YJ yl YJ Y' YJ YJ 

6EI (l+G .W .+G .W .) 
o = y Yl yl YJ YJ 

2 L[(2+2W .+W .Q .)(6+R .+R .)-(3+U .+U .S .) J 
yl YJ YJ yl YJ yl YJ YJ 

6EI (2+2W .+Q .W .) 
81 = Y YJ yl yl 

L[(2+2W .+W .Q .)(6+R .+R .)-(3+U .+U .S .)2J yl YJ YJ yl YJ yl YJ YJ 

The notations in Eqs. 3.18-3.25 are: 

r-l 
= 6a \MXi I 

Rx i ( 1 +M ./M .) M-:-
XJ Xl X1P 

= 6a \~Ir-l 
Ry; (l+M .1M .) M. 

YJ yl ylp 

38 

(3.18) 

(3.19) 

(3.20) 

(3.21 ) 

(3.22) 

(3.23) 

(3.24) 

(3.25) 

(3.26a) 

(3.26b) 
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6a I Mxj I 
r-l 

R . = 
XJ (1+M .7~~ .) M-:- (3.26c) 

Xl XJ XJP 

6a 1
M

. I 
r-l 

R . = 
(l+My/My) M~~p YJ (3.26d) 

6a 1M . I 
r-l 

U . = Xl (r+l)(l+M ./M .)2 M:~p (3.26e) 
XJ Xl 

6a ( . I 
r-l 

U . = yl (r+l)(l+M ./M .)2 M~~p (3.26f) 
YJ yl 

6a 1M . I 
r-l 

U . = 
XJ (r+l)(l+M ./M .)2 M:~p (3. 269) 

Xl XJ 

6a 1M . I 
r-l 

U . = ~ 
YJ ( r+ 1 )( 1 +M . 1M. ) 2 N.. I (3.26h) 

yl YJ YJP 

6a 1M . I 
r-l 

W . Xl 
Xl M. -M-I 

(r+l)(r+2)(1+ ~)3 X;pl 
(3.26;) 

r~ . Xl 

6a 1M . I 
r-l 

W . = yl 
(r+1)(r+2)(1+ MYj )3 ~;p (3. 26j ) 

~1 . yl 



6a I~I Wxj = 
M , 3 M . 

(r+l)(r+2)(1+~) xJP 
M . 

XJ 

6a I~I W . = 
YJ M . 3 M . 

(r+l )(r+2)(1+~) YJP 

M . 
S . = r + (r+l )(~) Xl M . Xl 

M . 
S . yl = r + (r+ 1 )( -.U ) M . yl 

M . 
S . = r + (r+ 1 ) (M X 1) 

XJ XJ 

M . 
S . = r + (r+ 1 )( ~) 

YJ YJ 

M . 
Gxi = r + (r+2)(MX~) 

Xl 

M . 
G . = r + (r+2)(~) yl M . yl 

M . 
G . = r + (r+2)(MX1 ) 

XJ xj 

~~ . 
YJ 
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r-l 

(3.26k) 

r-l 

(3.269-) 

(3.26m) 

(3.26n) 

(3.26p) 

(3.26q) 

(3. 26r) 

(3.265) 

(3.26t) 



G . 
YJ 

M . 
r + (r+2) (~) 

YJ 

f>'l • M • 2 
= r(r+l) + 2r(r+2)(MX~) + (r+l)(r+2)(MX~) 

Xl Xl 

M . M . 2 
Qyi = r(r+l) + 2r(r+2)(MY~) + (r+l)(r+2)(MY~) 

yl yl 

M . M . 2 
Qxj = r(r+l) +2r( r+2) (M Xl) + ( r+ 1 ) ( r+2) (M x ~ ) 

XJ XJ 

M . M . 2 
= r(r+l) +2r(r+2)(~) + (r+l)(r+2)(~) 

T = 1 + arl~ I
r
-
l 

p 

I I 
r-l 

V = 1 + ar i 
p 

YJ YJ 

b. Branch Curve. The load reversal can be divided into six 
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(3.26u) 

(3. 26v) 

(3.26w) 

(3.26x) 

(3.26y) 

(3.26z) 

(3.26za) 

conditions, each of whi ch can occur independently. As demonstrated in 

Appendix A, the stiffness coefficients associated with the branch curve 

are almost identical to those associated with the skeleton curve given 

in Eqs. 3.18 through 3.25 except that some inelastic parameters of 

Eqs. 3.26 must be modified for each condition. These necessary 

modifications are as follows: 
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b.l. Moment Reversal in x-direction at End-i. In Eqs. 3.26a, e, 

i, m, r, and v, the moments of MX1·' M ., and M. should be respectively xJ Xl p 

replaced by M . ·d' r1 ··d' and MX'l·p' which are defined as x 11 XJ 1 

M xiid = M . - M xii Xl (3.27) 

M xjid = M . - M xji XJ (3.28) 

and 

M~ip = 2M . • 
X1P (3.29) 

b.2. Moment Reversal in y-direction at End-i. In Eqs. 3.26b, f, 

j, n, s, and w, the moments of M ., M ., and M. should be respectively yl YJ ylp 
replaced by M .. d' M .·d' and M'. , which are defined as Yll YJl Y1P 

and 

2M . • yl P 

M .. 
YJ 1 

(3.30) 

(3.31 ) 

(3.32) 

b.3. Moment Reversal in x-direction at End-j. The moments of 

M ., M ., and M. in Eqs. 3.26c, g, k~ p, t, and x should be respec-Xl XJ XJ P 

tively replaced by M . ·d' M . ·d' and MX'J·p' which are defined as Xl J XJ J 

M •• 
X1J (3.33) 

M ··d ~1. XJJ XJ 
M •. 

XJJ (3.34) 
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and 

M '" = 2M " • 
XJ P XJ P 

(3.35) 

b.4. Moment Reversal in y-direction at End-j. The moments of 

M "' M "' and M" in Eqs. 3.26d, h, ~, q, u, and y must be respectively y1 YJ YJP 
replaced by M ""d' M ""d' and M'" , which are defined as . y1J YJJ YJP 

(3.36) 

(3.37) 

and 

~1'" = 2M " . 
YJP YJP 

(3.38) 

b.5. Axial Force Reversal. Replace P and Pp in Eq. 3.26z with pi 

and P~ respectively for which 

pi = P - Po (3.39) 

and 

pi = P + P . 
P Y cr (3.40) 

b.6. Torsional Moment Reversal. Replace T and Tp in Eq. 3.26za 

with T' and T' respectively for which p 

T'= T - T o 
(3.41 ) 
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and 

TI = 
P 

(3.42) 

2. Stiffness of Columns in Reference Coordinates. For a system 

analysis, the member-deformations, ~c' of Eq. 3.16 must be expressed in 

terms of the displacements at the intersecting points of the rigid 

zones (I and J of Fig. 12), which are then transformed to the displace-

ments corresponding to the reference coordinates as shown in Fig. 13. 

The displacements, rf, associated with the reference coordinates 
~ 

include the joint displacements of e~, e;, and r: as well as the floor 

displacements of rfx' rf, and ref. The relationship between e and rf y ~c ~ 

may be expressed as 

e = B /. 
~c 

(3.43) 

By employing the notations in Figs. 12a and 13 in Eq. 3.43, ~ and f r 

become 

o 0 0 0 0 0 0 -1 0 0 0 

c s f (1+ fls -(1+ f)c 0 
c s n B -~ 0 rr -r-r-r rs L 

c s n T Tc c s n ( B) ( B 
[[ L 

-s -L o - - - - - - 1+ - s - 1+ -) c 0 L L L L L L 
B = (3.44) 

o 0 0 0 0 0 0 0 0 0 -1 

scm ( T (1+ f)s 0 
s c m ~ ~ 0 - [r - r 1 + r)c r-r L L L 

scm T T 0 s c m 
(1+ f)c (1+ ~)s 0 -rr-r rc -s r-[ [ L 

and 



)( 

COLUMN TOP END 
BEAM END I ---

r~ 

~-R~~-E-PO-I-N-T------------------~ 

y 

Fig. 13. Reference Coordinates and Column End Deformations 
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In Eqs. 3.44 and 3.45, I and J refer to the top and bottom of the 

column, m = - ys - xc, n = - yc + xs, c = cosy, and s = siny for which 

the angle y and coordinates x and yare shown in Fig. 13. 

The forces at the member-ends may be found by using Eqs. 3.16 and 

3.43 as follows: 

in which F may have the following dimensions: _c 

F = [ F F i Fj Fa F i Fj P P ] T • 
_c t x x Y Y x Y 

The last two rows of Eqs. 3.47 are the results of equilibrium 

conditions as indicated in Eq. 3.48: 

p = 
x 

F i + Fj 
x x 

L 

(3.46) 

(3.47) 

(3.48) 

The column stiffness in the reference coordinates may be expressed 

as 

(3.49) 

in which 

(3.50) 
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and 

(3.51) 

3. Geometric Stiffness of Columns in Member-End Deformations and 

Reference Coordinates. The geometric stiffness matrix of columns is 

based on the second-order moment resulting from the axial force times 

the transverse member-end displacements; the moment is then resisted by 

shears, which form the geometric stiffness matrix or the second-order 

matrix. 34 ,35 Figure 12b shows the shears, NIL, that result from the 

axial force, N, times the displacement of ui (x-direction) and vi 

(y-direction) from which one has 

pi N 0 N 0 i 
u L L u 

pi a N 0 N vi 
v - [ L = (3.52) 

pj N a N a uj 
u [ - [ 

pj 0 N 0 N v
j 

v I L 

or 

p 
-c 

=s d. 
~ -c 

(3.53) 

Note that the displacements at the member ends of ui , vi, uj , and vj 

are respectively identical to uI , vI, uJ , and vJ and are designated as 

the displacements at the intersecting points of rigid zones. The axial 

force, N, includes the gravity load and the inertial force that result 

from vertical ground motions. In a manner similar to that of the 

stiffness derivation, the relationship between member-end deformations 
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and the reference coordinates may be expressed as 

(3.54) 

in whi ch 

s -c mOO 0 0 0 0 0 0 0 

c s n 0 0 0 0 0 0 000 
~= o 0 0 0 0 0 s -c mOO 0 

(3.55) 

000 0 0 0 c s n 0 0 0 

d f. . . E 3 45 an r 1S glven 1n q. . • 

The force-displacement relationship expressed in the reference 

coordinates for the geometric stiffness of an individual column is 

(3.56) 

in whi ch 

K" = B T S B, (3.57) 
~ -g-g-g 

and Ff is identical to Eq. 3.51. The detailed form ofK" becomes 
-c ~ 
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N 0 N(ms+nc) o 0 0 N 0 N(ms+nc) 000 - L - L L L 

N N(mc-ns) 000 0 N N( ns-mc) 000 - L L [ L 

N(m2+n2) 000 N(ms+nc) N(ns-mc) N(m2+n2) 000 L L L L 

000 0 0 0 000 

o 0 0 0 0 000 

0 0 0 0 000 (3.57a) 

N 0 N(ms+nc) 000 - [ L 

N N(mc-ns) 000 - L L 

N(m 2+n 2) 000 L 

ymmetric 000 

o 0 

0 

The above equation further illustrates that ~~ in Eq. 2.2 includes only 

the forces I I I FJ F~' a nd rvl~ at the reference point for each of F , F , ~18' x Y x' 

floor, and that no forces are associated with r , r , and 
~m ~n 

r in ~ of 
~v 

that equation. 

4. Stiffness of Beams in Member-End Deformations and Reference 

Coordinates. A typical beam is shown in Fig. 13 in which the member ends 

are identified by i and j, the ends in the rigid zones are signified by 

I and J, and the rigid zone length is defined as a and b. Because of 

the rigid floor diaphragm, the member-end deformations are only the 

torsional twist, et , and the bending deformations of ei and ej about 

the axis parallel to the floor (the major axis of the cross section). 



No axial deformation nor the bending deformations about the axis 

perpendicular to the floor plane are considered. Note that 8. and 8. 
1 J 

are the relative angles measured from the chord to the tangents. The 

chord may have relative displacements occasioned by the column axial 

deformations at end-I and end-J of the beam. The force-displacement 

relationship at i and j may be expressed as 
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~b = ~ ~b (3.58) 

or 

Mt Q 0 0 8t 

M. 
1 

0 A C 8 i (3.59) 

M. 0 C AI 8. . 
J J 

The stiffness coefficients of Q, A, AI, and C are identical to the 

coefficients for the column members given in Eqs. 3.17-3.20 and 3.25·for 

both skeleton and branch curves. 

The relationship between the member-end deformations and the 

reference coordinates is 

in which 

f 
~b = !!n ~b 

-c -s a 

(1+ ~)s -(1+ ~)c f 
c 

a rs 
s a 
a 1 - t= - [ 

~ - -!2.c 1 (1+ ~)s -(1+ ~)c 1 
L L L L L L 

(3.60) 

(3.61) 
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and 

(3.62) 

in which the subscripts I and J refer to the beam ends as shown in 

Fig. 13. Thus, elx' ely' and r 1z are respectively identical to e~, 

e;, and r: at end-I of the beam in that figure. 

By expressing the forces and displacements in reference coordi-

nates, one obtains 

f T f 
~b = ~ ~ ~ ~b (3.63) 

in which 

(3.64) 

Because the floor is rigid in its plane and the beams are oriented 

in the horizontal direction, no P-6 effect of the second-order moment 

on the beams is considered. 

5. Stiffness of Bracings in Member-End Deformations and Reference 

Coordinates. The bracing element is a two-force member for which the 

axial stiffness can be expressed in the following standard form: 

F = He a • (3.65) 

In this equation, the stiffness coefficient H is given in Eqs. 3.21, 

3.36z, 3.39, and 3.40 for both the loading and the reversal of loading. 

The transformation of the axial deformation, e, to the reference 

coordinates can be obtained first by transforming e to the horizontal 

and vertical displacements at the member-ends of r~, r~, r~, and r~ 



52 

and then transforming the member-end deformations to the reference 

coordinates, r:. r~ and r~ are associated with the vertical displace

ments of columns at the upper floor level, I, and the lower floor level, 

J, as shown in Fig. 14. Thus, 

e = B rf (3.66) -=-a ~a 

in which 

~ [clc CiS -cld s I -clc -CiS cld -SIJ (3.67) 

and 

f [rfI /1 fI fI rfJ /J fJ fJJT 
~a 

= re rz re x y x y r z • (3.68) 

Other notations are c l = cosa and s' = sina. The term a designates an 

angle measured from the lower floor level to the member axis along the 

vertical plane. 

The stiffness matrix in the reference coordinates is 

Ff = BT H B rf 
~a -a -=-a -a 

(3.69) 

in which 

Ff [ FI FI MI FI FJ FJ ~1J FJJ T _a x y e z x y e z • (3.70) 

Because the bracings are used mainly to resist lateral forces, the 

bracing members are not considered to share the P-6 effect caused by 

the axial forces that act directly on the col umns. 
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Fig. 14. Horizontal Plane of Diagonal Bracing 



B. MOMENT-ROTATION CHARACTERISTICS OF REINFORCED CONCRETE ELEMENTS 

The reinforced concrete elements employed in this work are mainly 

the shear walls and shear panels shown in Fig. 1. These two elements 

can be treated as flexural elements that are subject to bending moments 

and axial forces. 18 ,36 The plasticity models of general flexural 

members can be modeled in different ways. They can be modeled as 

parallel elements with multilinear relationships and as lumped plas-

ticity models consisting of two separate nonlinear hinge elements that 

connect both ends of an elastic member. These two plasticity models 

were thoroughly examined in a recent review paper. 37 The separate-

nonlinear hinge model shown in Fig. 15 was employed in this particular 

study. In the figure, the member, ij, is elastic and connects the 

nodes i and j. The zero-length hinge elements connect node i, ii, j, 

and jl; il and jl are at the edges of the rigid zones. Nodes i and j 

are parts of the member-element, because they can be condensed out 

before the element stiffness is assembled into the system stiffness 

matrix. Figure 15 is identical to Fig. 12a. The hysteresis behavior 

of the reinforced concrete element is actually based on the nonlinear 

spring stiffness of the hinges for which the simplified Takeda model 

and the extended Takeda model 38-40 were used. 

Simplified Takeda Model--The original Takeda model has 16 hyster

esis rules, which are very complicated and difficult to apply. Otani, 

by reducing the number of rules to 11, simplified the Takeda model. 

These rules were developed from experiments on reinforced concrete 

beam-columns for which the failure mode must be dominantly flexure. 

The 11 rules are used to determine the moment-rotation relations for 

various combinations of small and large amplitudes under three loading 

54 
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Fig. 15. Reinforced Concrete Element with Nonlinear Rotational Spring 



conditions: loading, unloading, and load reversal. Four typical 

combinations are sketched in Figs. 16-19 to illustrate the rules. In 

these figures, the numbers in the circles are rule numbers; the 

unloading points on the positive moment side and the negative moment 

side are respectively labelled U and U*. 

Figure 16 shows the large amplitudes for both the positive and 

negative moments. That is, the unloading points on,the positive side, 

i+1Um' and the unloading points on the negative side i+1U~, are always 

greater than iUm and iU~ respectively. The subscript, i, signifies the 

unloading sequence. 

Figure 17 illustrates the case of small amplitudes of load rever

sal for both positive and negative moments. The unloading points on 

the positive side, Uj , and on the negative side, Uj' are always smaller 

than iUm and iU~ respectively. The subscript, j, refers to the unload

ing points with small amplitudes. 

Figure 18 shows that the unloading points on the positive moment 

side, U., are always less than .U , and the unloading points on the 
J 1 m 

negative side, i+1U~, are always greater than iU~. 

Figure 19 is just the reverse of Fig. 18 in that the unloading 

points on the positive side, i+1Um' are always greater than iUm. The 

unloading points on the negative side, U~, are less-than .U*. 
J 1 m 

The hinge stiffnesses are defined by the slopes of the moment-

rotation relationships shown in Figs. 16-19. These stiffnesses are 

then governed by the following 11 rules. In these rules, five differ

ent stiffnesses are used. They are Ko = slope (0, lUm OR 0, lU~), 

Kl = slope (lU , .U OR lU*, .U*), K2 = slope (X , .U OR X , .U*), mlm mlm Olm Olm 
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K3 = 

K5 = 

Rule 

slope (Xl' iUm OR Xl' . U*), K4 = slope (X 2, Ui(max)), and 1 m 
slope (X3, Ui(max)). 

number 1: Elastic condition (Figs. 16-19) 

1.1 Loading condition 

1.1.1 F < lU ; stay on rule number 1 with hinge stiffness - m 
equal to slope Ko' 

1.1.2 F > lUm; go to rule number 2 with hinge stiffness 

equal to slope Kl • 

1.2 Unloading condition 

Stay on rule number 1 with hinge stiffness equal to slope Ko' 

1.3 Load reversal condition 

Stay on rule number 1 with hinge stiffness equal to slope Ko' 

Rule number 2: Loading condition after lUm or lU~ (Figs. 16-19) 

2.1 Loading condition 

Stay on rule number 2 with hinge stiffness equal to slope Kl • 

2.2 Unloading condition 

Go to rule number 3 with hinge stiffness equal to slope Ko' 

Rule number 3: Unloading after point .U or .U* (Figs. 16-19) 
1 m 1 m 

3.1 Loading condition 

3.1.1 F < .U ; -1m stay on rule number 3 with hinge stiffness 

equal to slope Ko' 

F > . U ; go to rule number 2 with hinge stiffness 1 m 3.1 .2 

equal to slope Kl • 

3.2 Unloading condition 

Stay on rule number 3 with hinge stiffness equal to slope K • 
o 

3.3 Load reversal condition 

Go to rule number 4 with hinge stiffness equal to slope K2" 
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Rul e number 4: Loading toward point .U and .U* (Figs. 16-19). 
1 m 1 m 

4.1 Loading condition 

4.2 

4.1 .1 

4.1.2 

F < .U ; stay on rule number 4 with hinge stiffness 
- 1 m 

equal to slope K2• 

F > .U ; go to rule number 2 with hinge stiffness 
1 m 

equal to slope Kl • 

Unloading condition before .U 
1 m 

Go to rule number 5 with hinge stiffness equal to slope Ko' 

Rule number 5: Unloading from point Uj after rule number 4 (Fig. 18) 

5.1 Loading condition 

5.1.1 

5.1.2 

F < U.; stay on rule number 5 with hinge stiffness 
- J 

equal to slope Ko. 

F > U.; go to rule number 4 with hinge stiffness 
J 

equal to slope K2• 

5.2 Unloading condition 

Stay on rule number 5 with hinge stiffness equal to slope Ko. 

5.3 Load reversal condition 

Go to rule number 6 with hinge stiffness equal to slope K3• 

Rul e number 6: Loading toward point .U* (Fig. 17). 
1 m 

6.1 Loadi ng condi ti on 

6.1. 1 

6. 1 .2 

F < .U*· stay on rule number 6 with hinge stiffness 
- 1 m' 

equal to slope K3. 

F > .U*· goes to rule number 2 with hinge stiffness 
1 m' 

equal to slope Kl , 

6.2 Unloading condition before iU~ 

Go to rule number 7 with hinge stiffness equal to slope Ko' 
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Rule number 7: Unloading from point U~ after rule number 6 (Fig. 17). 
J 

7.1 Loadi ng conditi on 

7 • 1 .1 

7.1 .2 

F < U~; stay on rule number 7 with hinge stiffness 
- J 

equal to slope K • 
. 0 

F > U~; go to rule number 6 with hinge stiffness 
J. 

equal to slope K3• 

7.2 Unloading condition 

Stay on rule number 7 with hinge stiffness equal to slope Ko. 

7.3 Load reversal condition 

Go to rule number 8 with hinge stiffness equal to slope K4. 

Rule number 8: Loading toward point Uj(max) (Fig. 17). 

8.1 Loading condition 
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8.1.1 F < U.(max); stay on rule number 8 with hinge stiffness 
- J 

8.1. 2 

equal to slope K4• 

F > U.(max); go to rule number 4 with hinge stiffness 
J 

equal to slope K2• 

8.2 Unloading condition 

Go to rule number 9 with hinge stiffness equal to Ko. 

Rule number 9: Unloading from point Uj after rule number 8 (Fig. 17) 

9.1 Loading condition 

9.1 .1 

9.1.2 

F < U.; stay on rule number 9 with hinge stiffness 
- J 

equal to slope Ko. 

F > U.; go to rule number 8 with hinge stiffness 
J 

equal to slope K4• 

9.2 Unloading condition 

Stay on rule number 9 with hinge stiffness equal to slope Ko. 



9.3 Load reversal condition 

Go to rule number 10 with hinge stiffness equal to slope K5. 

Rule number 10: Loading toward Uj(max) (Fig. 17). 

10.1 Loading condition 

10.1.1 F < U.(max); stay on rule number 10 with hinge 
- J 

stiffness equal to slope K5• 
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10.1.2 F > Uj(max); go to rule number 6 with hinge stiffness 

equal to slope K3" 

10.2 Unloading condition 

Go to rule number 11 with hinge stiffness equal to slope Ko' 

Rule number 11: Unloading from point Uj after rule number 10 (Fig. 17). 

11.1 Loading condition 

11.1.1 

11.1.2 

F < U~; stay on rule number 11 with hinge stiffness 
- J 

equal to slope Ko' 

F > U~; go to rule number 10 with hinge stiffness 
J 

equal to slope K5• 

11.2 Unloading condition 

Stay on rule number 11 with hinge stiffness equal to Ko. 

11.3 Load reversal condition 

Go to rule number 3 with hinge stiffness equal to slope K4. 

Rules 1 through 4 are basic rules; the other rules are introduced 

to fit the moment-rotation relations of small amplitudes. If rules 1 

through 4 were used for both large and small amplitudes, the moment

rotation curves would appear as shown in Fig. 20. In the figure, ~3, 

~3, and ~4 are respectively identical to rules 3,4, and 3 that are 

labelled as ~l, ~l, and ~2; the new rule is of number ~, which 

was introduced to fit the path. For convenience, (2)3, ~3, and (2)4 
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are signified by rules 5, 6, and 7 respectively, and rules 9, 10, and 

11 are employed in the similar manner. The positive or negative yield 

moment of a cross section for stiffness, Ko' is the resisting moment 

when reinforced steel reaches its yield point. 

Extended Takeda Model--Based on the engineering judgement of the 

behavior of small and large amplitude oscillations, the simplified 

Takeda model can be modified by reducing the unloading stiffness and 

increasing the loading stiffness as shown in Figs. 21 and 22 

respectively. 

The reduced unloading stiffness, KRU ' can be controlled by the 

parameter a and the maximum permanent set, Pm. Point M in Fig. 21 is 

the recovery point when the original unloading slope is used. Point N 

is the new recovery point for the reduced unloading slope, which is an 

aPm distance from point M. The parameter, a, varies from ze~ to 0.4. 

The reduced unloading slope cannot be less than the following 

reloading slope, KRU(min), if one is to avoid the negative area in the 

hysteresis loop. This reduced unloading stiffness is applied to rule 

number 3 only. 

The increased loading stiffness, K1L , can be defined by the 

parameter S and the maximum hinge rotation, Rm. Point Un in Fig. 22 is 

the new leading point for the increased loading slope, which is a SR m 
distance from point U. The value of 8 may be used from zero to 0.6. m 

In a case where Xl is less than Xo' the increased loading slope 

from Xl to U~ can be excessively large and may possibly be negative if 

point Xl lies on the left of point U~. In order to correct this 

situation, a new point, U~n' may be defined for the leading point of 
2 the increased loading slope, KIL , as 
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u* u* = u* u* [Xo -
n mn m n Xo 

~l ] N (3.71) 
00 

in wh i ch 

N = index to control the location of point U* . mn 
N equals 1: u* wi 11 mn be between U* and U* n m in the same proporti on 

as Xl is pos iti oned between X and X 
0 00 

N 1 ess than 1 : U* mn will be close to U*. m 
N grea ter than 1 : U* will mn be close to U*. n 

In any case, the increased loading slope will never be larger than the 

reduced unloading slope. This increased loading stiffness applies only 

to rules 4 and 6 of the 11 rules. 

Properties of Members--The properties of reinforced concrete are 

not unique because the concrete material is nonhomogeneous and the 

reinforced steel area is variable. The properties obtained from 

experiments on an individual member can provide good source material, 

but if test data are not available, a reasonable approximation can be 

employed. 

If experimental data are available, one may find the effective 

flexural stiffness by using the following equation: 

in which 

F L (1-13/2) 

EI = 618 -MIL) 
y 

EI = effective flexural stiffness of the elastic element, 

F = yield moment, 
y 

L = length of the cantilever shown in Fig. 23a, 

(3.72) 
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Fig. 23. Relationship Between t·1ember and Rotational Spring 

(a) Cantilever, (b) Simple Beam, (c) Strain Hardening 

of Spri ng 
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8y = rotation at the tip of the cantilever at yield, 

~y = deflection at the tip of the cantilever at yield, 

S = 3FI/L 2ii.G 

A = effecti ve shear area with respect to the axis of bendi ng 

under consideration, and 

G = shear modulus. 

Analogously, Eq. 3.72 is derived from the fact that the deformation of 

the cantilever in Fig. 23 is identical to that of a half-span beam. 

When the cantilever yields at end-A, the rotation at end-B is 
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F L S 
el = m(l- 2)· (3.73 ) 

From the deformed configuration, 

(3.74) 

Thus, Eq. 3.72 is obtained by using the equality between Eqs. 3.73 and 

3.74. 

If experimental data are not available, EI can be approximated as 

the E1 of a cracked section. 

Properties of Springs--When a cantilever yields, an incremental 

angle, ~e, develops at end-A, thus the moment of the spring is 

K ~e = F • o y (3.75) 

From Fig. 23a, one thus obtains 

M 
M = L - e (3.76) 
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in which 

F L (1 +6) 
e = -'y'----=-:=--

3EI (3.77) 

Thus, the initial spring stiffness becomes 

3EI F L y (3.78) 

The strain hardening ratio p shown in Fig. 23c is formulated by 

observing the ultimate loading stage, P , at which the incremental 
u 

moment after yield is 

L'lF = P L - P L, 
u y 

which is equal to the incremental moment of the spring, because 

From Fig. 23a, one obtains 

in whi ch 

AS' = L'lU - L'lY e' 
L'1 L-

, _ L'lFL(l 0) e - 3E1 +jJ. 

(3.79) 

(3.80) 

(3.81 ) 

(3.82) 

Substitution of Eqs. 3.79,81, and 82 into Eq. 3.80 yields the desired 

result as follows: 
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P 
3EI(P L-F )L 

u Y 
K [(6U-6Y)3EI-(P -F )(1+S)L2] . 

(3.83) 
o u y 

If experimental data are not available, a large number of 108EI 

can be used as the initial spring stiffness. On this assumption, the 

hinge will be rigid up to the yield stage. A strain hardening ratio 

can then be obtained from 

108EI (1-P)L + 3EI(1+S) 
3Elp(1+S) (3.84) 

in which p is an input datum. A computer can generate Ko = 108EI and 

Pa when the input for Ko is zero. 

1. Sh·ear-Wall as a Beam-Column. The typical element of a shear 

wall is shown in Fig. 15. It consists of an elastic member, one 

nonlinear rotational spring at each end, and two rigid-zones outside 

the springs. Let the flexibility coefficient of the spring be f as an 

inverse of the stiffness, K, then the rotations measured from the 

chord, ij, to the tangents of the rigid zones can be expressed as 

eli L +l. L Fi 3EI(1+6) - -(1-213) 
K' 6EI 

(3.85) 
e ,j L L +l. Fj 

- 6EI(1-2S) 3EI(1-S) 
KJ 

The inverse of Eq. 3.85 yields 

(3.86) 



in which A = Cl EI/L, AI = C2 EI/L, and C = C3 EI/L; the coefficients 

of Cl , C2, and C3 include the spring constants. For a prismatic 

member without rotational spring stiffnesses and shear deformation, 
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Cl = C2 = 4 and C3 = 2. Observation of the similarity between Figs. 12a 

and 15 yields the stiffness matrix of Fig. 15 at ends il and jl as shown 

below 

Q ez 

A C eli 
x 

C AI e lj 
x 

(3.87) 
H wa 

B 0 eli 
y 

0 BI e lj 
y 

in which Q = GJ/L, H = AE/L, B = BI = 4Ely/L, and 0 = 2Ely/L. AE should 

be the effective axial stiffness, and GJ and EI can be small numbers y 

arbitrarily chosen, because the primary resistance of a shear-wall 

element is the axial force and the bending about its major axis. The 

angles eli and e lj are actually equal to ei and ej respectively. Thus, y y y y 

the stiffness matrix and the geometric stiffness matrix in the reference 

coordinates derived in Sections A-2 and A-3 of this chapter can be 

directly used for the shear wall element. 

2. Flexural Shear Panels. A diagram for infill shear panels, 

which may be used for an elevator core, is shown in Fig. 24. The 

shear wall elements discussed in the previous section cannot be used 

for this case, because the column lines of the shear-wall elements are 



DUMMY COLUMN LINE 

DUMMY COLUMN LINE 
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at the centei of each wall. This condition models the elevator core in 

four independent columns. A typical model of a shear panel is shown in 

Fig. 25. This example is subject to flexural angles, eli and e lj , at 

both ends and a relative axial displacement, wa' along the center line, 

m-m, of the element. The angles, eli and e lj , are the same as those in 

Fig. 15; however, no rigid zone is considered for shear panels. The 

angles, eli and e lj , and the displacement, wa ' are first transformed to 

deformations at the left and right ends of the panel. These are then 

transformed to the reference coordinates. 

a. Stiffness of Flexural Shear Panel in Member-End Deformations 

and Reference Coordinates. A flexural shear panel is treated as a 

plane beam-column for which only the axial stiffness and the bending 

stiffness about the major axis are considered. From Fig. 25, one 

obta ins either 

Fi A C 0 el i 
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Fj C AI 0 elj (3.88) 

Fa 0 0 H wa 

or 

F = S e 
~p --p ~p 

(3.89) 

in which A, C, AI, and H are identical to those given in Eqs. 3.86 and 

3.87. 

The transformation of the member-end deformation to the left and 

right ends of the panel may be expressed as 

e = b r 
~p ~p ~p 

(3.90) 
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in whi ch 

1 1 1 1 
0 0 h ,Q, ,Q, - h 

b 
1 

0 0 
1 1 1 

= h - h -
-p ,Q, ,Q, (3.91 ) 

0 1 1 
0 1 1 

2 2 - 2 - 2 

and 

[u. T r = W,Q,i w u. w,Q,j wrj ] • -p 1 ri J 
(3.92) 

Expressing ~p in terms of the reference coordinates ~;, according to 

Fig. 26, yields 

Then, 

in which 

and 

r = a /. 
-p tJ-P 

c 
h 

b a = c 
-p-p h 

0 

f 

s 
h 

s 
h 

0 

fI r = [rfI r -p x y 

0 

fI 
re 

(3.93) 

(3.94) 

d 1 c s d 
0 0 h ,Q, 9.- - h - h-h 

d 
0 0 

c s d (3.95) h - h - h-h 9.- 9.-

1 1 
0 0 0 

1 
2 2 - 2 - 2 ' 

/1 /I rfJ /J fJ fJ fJ]T (3.96) z9.- zr x y r e r z9.- r zr • 
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REFERENCE COORDINATES 

Fig. 26. Flexural Shear Panel and Reference Coordinates 
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Thus, the panel stiffness in the reference coordinates is 

Ff = K f r 
~p --p ~p 

(3.97) 

in whi ch 

~ (~~)T ~(!?p ~), (3.98) 

and 

Ff = [F1 FI MI FI FI FJ FJ MJ FJ FJ ] 
P x Y e zSl, zr x y e zSl, zr (3.99) 

b. Geometric Stiffness of Flexural Shear Panel in Member-End 

Deformations and Reference Coordi nates. The geometri c stiffness of the 

flexural panel may be formulated on the basis of Fig. 25. The shears 

required to balance the moments resulting from the axial force, N, 

times the lateral displacements, ui and uj ' can be expressed as 

or 

p = S d. 
~p ---gp ~p 

~ {U
i
} 

N u. 
- - J h 

Transformation of the lateral displacements yields 

in whi ch 

d = T r 
~p - ~p 

(3.100) 

(3.101) 

(3.102) 
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[: 
0 0 0 0 

: J. T = 
a 0 a 

(3.103) 

Expressing d in terms of f and using Eq. 3.93 yields r 
-p -p 

d = T a f r 
-p - -p -p (3.104) 

in which 

T a "[ c 
s -d 0 0 0 0 a 0 

:J. - -p 0 a a a a c s -d a 
(3.105) 

The fi nal geometric stiffness is then 

Ff = K f r -p ~p -p 
(3.106) 

in which 

(3.107) 

The vectors rf and Ff are identical to Eqs. 3.96 and 3.99 respectively. 
-p -p 

The detail for ~p may be expressed as 
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Ne 2 Nes Nde 0 0 Ne 2 Nes Ned 0 0 - -h- - -h- -h- -h- -h- - -h-

Ns 2 Nsd 
0 0 Nes Ns 2 Nsd 0 0 - -h- -h- -h- -h- - -h-

Nd 2 
0 0 Ned Nsd Nd 2 

0 0 - -h- - -h- - -h- -h-

0 0 0 0 0 0 0 

0 0 0 0 0 0 

Ne 2 (3.108) 
Nes Ned 0 a - -h- - -h- -h-

Ns 2 Nsd a a - -h- -h-

Nd2 
0 0 - -h-

Symm. 0 0 

o . 



IV. YIELD CONDITIONS AND INTERACTION RELATIONS 

A. YIELD CRITERIA 

The values of the bending, axial, and torsional capacities of a 

member dependent upon the interaction among the internal forces at the 

cross section. Studies of the interaction relations of a steel beam

column under biaxial loading have been made by Morries and Fenves4l and 

h ' ,42-44 h Chen and 1S assoc1ates among ot ers. They derived interaction 

equations in closed form for various steel sections. These equations 

can be used directly in structural analyses in order to avoid the 

excessive labor of searching for an optimum plastic state. Some 

researchers, however, have employed the yield criteria in their struc-

tural analyses in which they assumed plastic functions for various 

elliptic, hyperbolic, or other forms that were expressed in terms of 

the internal forces and plastic capacities of a cross section. A 

plastic state is searched for by converging the plasti~ function to 

satisfy the desired yield criteria during each incremental step of 

structural analysis. From the computational point of view, the inter-

action equations are more efficient than the yield functions used 

directly in a structural analysis that deals with many constituent 

members. 

A yield condition can be formulated in terms of either stresses or 

forces. The approach based on stresses is best suited for finite 

element analysis. The yield condition for framed structures is most 

conveniently formulated in terms of either force components or 

normalized (dimensionless) force components. Expressed in terms of 

forces, a yield condition is an equation that defines the combination 
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of force components necessary to initiate inelastic deformation at a 

cross section. In formulating a yield condition, the parameters are 

associated with the force components, which contribute to the strain 

energy of the deformed structure. In general, the deformations result-

ing from transverse shears are usually small for framed members having 

large slenderness ratios. 45 The shear deformations are normally not 

included in the yield conditions. 

Morris and Fenves41 considered various possible locations of the 

neutral axes of a cross section subjected to St. Venant torsion and 

biaxial bending and then developed many interaction equations corres

ponding to the neutral axes considered for each of several different' 

steel sections. They assumed that the torsional shear stress, T, is 

constant over a cross section but in the opposite direction for each 

side of every plate element of the section. This assumption leads to 

the following relationship between the torsional moment, T, and the 

shear stress, T: 

P 
T = I 

i =1 

2 

[~) 2 T. 

In this equation, w. and t. represent respectively the width and 
1 1 

(4.1) 

thickness of each of p plate elements. Similarly, the plastic torsion, 

Tp ' expressed in terms of the shearing yield stress, Ty ' is 

T I [Wi ti 2) T 
P i=l 2 y. (4.2) 
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From Eqs. 4.1 and 4.2, 

Let 

T 

T m =
T 
Y 

(4.3) 

(4.4) 

then on the basis of the von Mises yield criterion, one may find the 

maximum normal stress, cr, which can occur at a cross section having a 

torsion, T. Thus, 

in which cr is the normal yield stress. The result implies that the 
y 

effect of torsional moment can be taken into account in axial force and 

bending moments by reducing their magnitudes by a factor of ~ . 
The interaction equations presented by Morris and Fenves require 

quite a lot of computation effort in system analysis, because there are 

many possible neutral axes that have to be evaluated for each member. 

In this research, the interaction between combined moments and axial 

loads is based on Chen's recent work,44 whereas the torsional effect 

on the moments and axial forces is based on the results obtained by 

Morris and Fenves. 
42 Santathadaporn and Chen started using lower- and upper-bound 

techniques to find the approximate equations for the reduction of the 

moment capacity occasioned by biaxial bending and axial forces. 

However, the results are somewhat lengthy for practical engineering 
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practice. Atsuta and Chen43 later proposed a superposition technique 

for finding an exact solution and presented a number of interaction 

curves for typical steel sections. In view of the inconvenience of 

using graphical results, Tebedge and Chen44 used the graphic results of 

some typical steel sections and then developed nonlinear interaction 

equations applicable to short and long columns. The interaction equa

tions were selected for this study for the following reasons: 1) The 

interaction equations have the similar expressions as those used around 

the world in most official steel design codes. 2) The equations 

include the effect of strength and the effect of stability. 3) The 

interacting equation of the stability consideration can be used 

directly for both short and long reinforced concrete columns if the 

appropriate values of the exponents are employed in the equation. 

B. INTERACTION EQUATIONS 

Two sets of interaction equations were developed for checking the 

strength and stability of a member. Strength is usually critical at 

braced points, whereas stability is checked for the location between 

braced points. 

1. Check for Strength. The interaction equation has been devised 

for checking the strength of short columns. It is: 

_x_+-L=l 
[ 

M jet (M jet 
Mpcx [MpCY 

(4.6) 

in which M and M are the applied moments about the major and minor x y 

axes respectively, and Mpcx and MpCY are the modified plastic moments 
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that include the effect of the axial compressive force, P. Let p = P/Py' 

then 



and 

= 1.18(1-p)M < M px - px 

MpCY = 1.19[(1-p2)]M < M py - py 

The exponent, a, is a numerical factor whose value depends on the 

(4.7) 

(4.8) 

shape of a particular cross section and on the magnitude of the axial 

load. The variation of a can be approximately expressed by 

(4.9) 

in which ~n is the natural logarithm. 

2. Check for Stability. The following equation is used to check 

for stability between the braced points of long columns: 

C MaC M a 
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(~J + [~J < 1.0 
Mucx Mucy 

(4.10) 

in which 

Cmx ' Cmy = equivalent moment factors used in the AISC Specifi

cation46 interaction formula, i.e., 

Ml 
Cm = 0.6 + 0.4 ~ ~ 0.4 

2 
(4.11) 

in which Ml/M2 is the ratio of the smaller to larger moments at the 

ends of that portion of the member unbraced in the plane of bending 

under consideration. The ratio Ml/M2 is positive when the member is 



bent in a single curvature and negative when it is bent in a reverse 

curvature. If r-'l and ~12 are not properly identified, em is used as 

unity. 

Mx' My = the greater of the moments applied at one or the other 

end of a beam column; 
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(4. 1 2a) 

and 

s = 1, (4.12b) 

or 

s = 1.4 + p (simplified form to replace Eqs.4.12a 

and b) (4.12c) 

in which bf and d are the flange width and depth of the W or I section 

respectively. 

M M = ultimate moment capacities about the x- and y-axis ucx' ucy 
respectively, when there is zero moment about the 

other axis, but P is not necessary to be zero; i.e., 

P P 
t~ (1 - -) ( 1 - -) 
m Pu Pex 

(4.13) 

and. 

P P 
= Mpy(l- p)(l--p-) 

u ey 
(4.14) 

in which 
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Pu = 1.7 AFa in which 1.7 is the load factor and A is the cross

sectional area, in2. The allowable stress, Fa(ksi), has the 

following form: 

(KL/r)2] 0v KL F = [1- ---"- when - < C 
a 2C2 F • S. ' r - c 

C 

1 2 7f2 E 
2 ' 

23(R) 
r 

when ~L > Cc 

j27f2E 

° ' y 

L = actual unbraced 1 ength between floors, in., 

Lb = actual unbraced 1 ength in the plane of bending, 

rb = radius of gyrati on in the plane of bending, in. , 

r = the least radius gyration of the cross section, 

Kb = effective length factor in plane of bending, 

K = effective length factor of the member, 

E = modulus of elasticity, ksi, 

p = ° A and y y' 

(4.15) 

(4.16) 

(4.17) 

(4.18) 

(4.19) 

in. , 



M = maximum moment that can be resisted by the member in strong m 
axis bending in the absence of an axial load and weak axis 

bending moment. In lieu of a more precise calculation, Mm 

may be taken as 

L -
(r)lay 
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Mm = [ 1 .07 - y M < M 
3160 px - px (4.20) 

Note that the values of the exponents, a and S, determined from 

Eqs. 4.9 and 4.12 are close to each other when p ~ 0.6. A comparison 

of the results obtained by using the interaction equations with the 

exact results is given in Figs. 27 and 28. 

3. Procedures of Reducing Plastic Capacities. At any time step 

in the structural analysis, a reduction of plastic moments, M , must p 

be made to include the influence of the compressive axial force based 

on Eqs. 4.7 and 4.8 for strength and Eqs. 4.13 and 4.14 for stability. 

These modified plastic moments, M and M ,must then be reduced pc uc 
because of the torsional effect in the amount of ~ shown in 

Eq. 4.5. The torsional influence should also be applied to the axial 

force to change its capacity. The final reduced moments, M ,and the rp 

axial force, Pr , are employed in the stiffness coefficients for the 

next time step in the analysis. Because the stiffness coefficients 

are derived on the basis of the Ramberg-Osgood hysteresis with strain-

hardening that is not considered in the interaction equations, the 

internal actions at some loading stage can be greater than the plastic 

capacities at that stage, which must be approximately reduced in 

order to fit the interaction equations. 
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The procedure of finding the reduced plastic capacity of a short 

column at any time step can be described as follows: 

(1) The Torsional Effect.--Compare the actual torsion, T, with the 

torsional capacity, Tp' of a member. If T is greater than Tp' the 

cross section, according to von Mises yield condition, cannot resist 

any normal stress. In order to avoid numerical difficulties in the 

computer program, the following reduced plastic capacities have to be 

used in the stiffness coefficients without any further checks in 

steps (2) or (3): 

~1rpx = 0.1 tvl px (4.21 ) 

M = 0.1 M rpy py (4.22) 

and 

P = O. 1 P • ry y (4.23) 

The beam stiffness coefficients include M only. If T is less than rpx 

Tp' then the bending moment of a beam becomes 

(4.24) 

and the axial force of a column should be 

(4.25) 

(2) The Axial Force Effect.--Compare the actual axial load, P, 

with the reduced axial capacity, Pry' If P is greater than Pry' let 

p = PIP = 0.9. If P is less than P ,then find p. Calculate ry ry 



The plastic moments are also calculated to include the current axial 

force as 

Mpcx = 1.18 (l-p)Mpx 

and 

(3) The Biaxial Bending Effect.--The reduced plastic moments are 

evaluated according to Eq. 4.6. Check My if it is greater or less than 

~1pcy If M > M ,then reduce My gradually unti 1 it is somewhat 1 ess y - pcy 

than M for which the reduced plastic moment in the x-direction can pcy 

be evaluated by using 
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= M pcx (4.26) 

in which M is the reduced moment. If M < M ,then M is obtained y y pcy rpx 

from Eq. 4.26. The reduced plastic moment about the y-axis can be 

determi ned in a manner similar to that discussed above, i.e., 

M pcy (4.27) 

The procedure of finding the reduced plastic capacity of a long 

column is similar to that used for short columns: 



(1) The Torsional Effect is the same as for short columns. 

(2) The Axial Force Effect is similar to the short column 

analysis except that the exponent, B, given in Eq. 4.12 for Eq. 4.10 

should be evaluated for the current value of p. 

The ultimate moment capacities can be modified from Eqs. 4.13 

and 4.14 as 

P P 
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Mrux M (1- ~)(l- ~) 
m Pu Pex 

(4.28) 

and 

P P 
= Mpy (1- -r)( 1- r). 

u ey 
(4.29) 

(3) The Biaxial Bending Effect is similar to the procedure used 

for short columns. The reduced plastic moments can be obtained from 

Eq. 4.10, as 

M B CmyMl'r Mrux 
_ ucx 

1-- C
mx t~UCY 

(4.30) 

and 

M l_(~mxMr Mruy =~ Cmy ucx 
( 4.31 ) 

It has been observed from some numerical examples in Chapter VII 

that for a strain hardening of r = 20, the interaction equations do not 

yield unity but a quantity in the neighborhood of 1.15. However, when 

r = 80, as in an elastoplastic case, the interaction equations yield 



approximate unity as expected. Note that the values of a and S 

determined from Eqs. 4.9 and 4.12c are very close to each other for a 

value of p ~ 0.6. The interaction equation, Eq. 4.10 (Cm = 1) can be 

used with reasonable accuracy for short columns when the axial 

compression is confined by the parameter, p ~ 0.6. 47 

4. Interaction for Reinforced Concrete Columns. The interaction 

equation for reinforced concrete columns was proposed by Bresler. 48 

Chen's interaction equation of Eq. 4.10 has been proven to be appli

cable to both short and long reinforced concrete columns. 49 In using 

Eq. 4.10, M is the ultimate moment capacity about the y-axis at a ucx 

given ultimate axial load when MUCY is zero, and ~lucy is the ultimate 
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moment capacity at the same gi ven ul tima te axi all oad when t1 is zero. ucx 
The exponent, S, is included in the function of several parameters, 

such as in the strength of concrete and steel, the ratio of the rein-

forcement to .the column cross section, and the magnitude of ultimate 

axial load. Different values of S from Ref. 48 are given in Table I. 

In this table, P is ultimate axial load, A is the total area of 
s 

reinforced steel, a and b are the dimensions of the cross section 

(20 in. x 20 in. or 0.508 m x 0.508 m). The concrete strain, E', is c 
taken at 0.002, when the concrete stress is klf~. The concrete crushed 

strain, EO' is used as 0.003. The yield stress of steel is signified 

by f , and L/a represents the slenderness ratio. 
y 

The shear walls and shear panels used in this work are derived as 

beam-column elements for which the interaction of the biaxial bending 

and the axial force is not considered. Because the main internal force 

of these walls is the moment about the major axis, the interaction is 

neglected. 



TABLE I. EXPONENT B FOR INTERACTION EQUATION FOR REINFORCED CONCRETE 

COLUMNS, 1 ksi = 6.895 N/mn2 

B 

L/a 

P/f' ab k f' f A/ab 0 10 20 c 1 c y 
(ksi) ( ks i) 

1.0 4.2 60 0.0325 1.70 2.00 

0.5 1.30 1.40 1.50 

0.1 1.40 1.50 1.70 

0.5 3.0 60 0.0325 1.25 1.25 1.35 

4.2 1.30 1.40 1.50 

5.0 1.35 1.35 1.55 

0.5 4.2 40 0.0325 1.40 1. 70 1.60 

60 1.30 1.40 1.50 

80 1.20 1.25 1 .45 

0.5 4.2 60 0.0125 1 .40 1.60 1.30 

0.0325 1.30 1.40 1.50 

0.0833 1. 1 0 1.20 1.25 
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v. ENERGY AND DUCTILITY FORMULATION 

A. ENERGY 

There are at least two reasons for the formulation of energy. 

First, the serviceability of a structure can be studied by observing 

both the seismic input energy and the energy stored in and dissipated 

from the structure. Second, the accuracy of the step-by-step integra

tion results can be checked by using the law of conservation of energy. 

The conservation of energy requires that the total seismic energy put 

into a structure at a certain time must be equal to the total strain 

energy, damping energy, and the kinetic energy of the system at that 

time. The mathematical expression for this concept is 

( 5. 1 ) 

in which 

EIE = total seismic input energy. 

ETSE = total strain energy including the dissipated strain energy, 

EpSE ' occasioned by the permanent set and the elastic strain 

e ne rgy, E ES E ' 

EDD = dissipated energy occasioned by damping, and 

EKE = kinetic energy. 

The above individual items of energy are formulated in this chapter, 

which also includes the formulation of ductility factors and excursion 

ratios. 

1. Input Energy. The total amount of energy resulting from the 

support motions in two horizontal directions and one vertical direction 

that is put into a structure at the end of a particular time increment 

can be obtained by summing the follo\'Jing terms, 
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(1 ) the product of the average horizontal column shears, Hand x 
Hy ' in the x- and y-direction and their corresponding incre-

mental horizontal ground displacements, lIXe and lIYe , 

(2) the product of the average vertical column reactions, V, and 

the incremental vertical ground displacements, lIZ e , and 

(3) the product of the average horizontal floor forces occasioned 

by the P-delta effect and the corresponding incremental values 

of the absolute horizontal floor displacements as well as by 

the product of the average torsional moments at the floor 

resulting from the P-delta effect and their associated 

incremental floor rotations. 

Because it is not necessary for the directions of horizontal ground 

displacements to coincide with the directions of shears at the supports, 

the horizontal ground displacement, lIU x and lIUy ' can be transferred to 

the local major and minor axes, lIXe and lIY e , of the individual members 

as follows: 

lIX lIUx cose - lIUy sine (5.2) e 

lIY = e llu sine + x llUy cose (5.3) 

6Z = llUz (5.4) e 

in which II signifies incremental forms, e is the angle between the 

minor axis of the column and the earthquake component in the x-direction, 

(clockwise is negative as shown in Fig. 4), and llZe is the vertical 

displacement at the column support that is identical to the vertical 

ground displacement, 6U z ' 



The displacements 6U • 6U • and 6U can be determined respectively x y z 

from the earthquake accelerations of ux' U , and u by using either the y z 
step-by-step integration or the improved integration method. Let U 

represent earthquake accelerations in the X-, y-, or z-direction, then 

the incremental displacement, 6U, and the velocity, U, can be obtained 

from Eqs. 2.18-2.20 on the basis of the linear acceleration method as 

follows: 

2 
• At lit (2" + 'u'

t
) lIU t ,t-lIt Ut _lItD + --6-- ut - llt (5.5) 

(5.6) 

Similarly, from Eqs. 2.36 and 2.37 for the improved step-by-step 

method, 

2 
• At lit (5" .. ) 6U t t -lit = Ut _2l1tD + ~ ~t-2l1t + ut m' m 

(5.7) 

(5.8) 

By substituting Eq. 5.5 or 5.7 into Eqs. 5.2-5.4, one may express the 

input energy as described previously. 

(1) Due to horizontal ground displacements 

(5.9) 

(2) Due to vertical ground displacement 
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(5.10) 
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(3) Due to P-~ effect 

(5.11) 

in which H represents the horizontal shears, V the axial forces, Sand 

M the floor forces and the floor torsional moments, respectively, 

resulting from the second-order moment occasioned by the P-~ effect of 

K r, ~r the floor displacements, NC the number of column lines, and NS 
-'9~ 

the number of floors of the structure. 

The total seismic input energy is the summation of Eqs. 5.9-5.11. 

This is expressed by 

(5.12) 

2. Total Strain Energy. The total strain energy, ETSE ' includes 

the dissipated strain energy, ETPS ' and the elastic strain energy, EESE. 

Figure 29 shows the relations between ETSE ' ETPS ' and EESE for a 

general force, F, and its associated deformation, e. From the incre-

mental analysis point of view, the total strain energy is the area of 

OAC, which is the summation of the small area DEFG resulting from Fav 

times ~e. Because typical elements of columns, beams, and other 

members have different deformations as discussed in Chapter IV, the 

following strain energy equations are derived according to the deforma-

tion characteristics of individual elements. 
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Fig. 29. Relationship Between Elastic and Dissipated Strain Energies 
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(1) Column or shear-wall elements 

(S.13) 

in which Nl = NS(NC), N2 = 4(Nl), P and 0 are the axial force and 

displacement, T and 8T are the torsional moment and twisting angle, and 

M and 8M represent the bending moment and bending deformation. 

(2) Beam elements 

in which N3 2(NB)(NS), N4 = NB(NS), and NB is the number of bays of 

a system. 

(3) Shear-panel elements 

in which NS = total number of panels, and N6 = 2(NS). 

(4) Bracing elements 

in which N7 is the total number of bracing members. 

From Eqs. S.13-S.16, the total strain energy is 

(S.lS) 

(S.16) 
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(5.17) 

3. Kinetic Energy. The kinetic energy can be expressed in terms 

of mass and its velocity as 

(5.18) 

in which M is the mass at each floor for both x- and y-directions, M z 

the mass lumped at each column associated with the vertical motions, 

J the torsional mass at each floor, r the velocity in global coordi

nates, and u the ground velocity from Eq. 5.6 or 5.8. 

4. Dissipated Energy Occasioned by Damping. The equation for the 

dissipation energy occasioned by damping is found from the work pro-

duced by the damping force going through the absolute displacement of 

the mass. The incremental expression of the damping energy for a 

structural system is 

(5.19) 



in which A, F, and M respectively represent the vertical forces of 

columns, the transverse forces at floors, and the torsional moments at 

floors resulting from the damping effect of ~~. v represents the 

absolute velocities associated with the forces, A, F, and M. 

5. Dissipated Strain Energy Occasioned by Permanent Set. The 

dissipated strain energy occasioned by permanent set is the area DAB of 

Fig. 29 for a half-cycle response. For each time step, the incremental 

dissipated strain energy is the area DEHJ, which may be represented by 

the product of F and ~el. The actual incremental deformation is ~e, av 
which can be related to ~el by using 
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(5.20) 

Thus, the dissipated strain energy may be expressed in the similar 

manner as shown in Eqs. 5.13-5.16 as follows: 

(1) Columns or shear-wall elements 

( 5. 21 ) 

(2) Beam elements 

(5.22) 
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(3) Shear panel elements 

(5.23) 

(4) Bracing elements 

(5.24) 

Apparently the dissipated energy occasioned by permanent set is 

(5.25) 

and the total dissipated energy = EDD + ETPS • 

B. DUCTILITY FACTOR AND EXCURSION RATIO 

The ductility factor, which is commonly used as the maximum 

required deformation of a structure, is generally defined as the 

deformation in a region of a system (or an overall response of system) 

that is divided by the corresponding deformation present when yield 

occurs. The excursion ratio is used as an index of the total severity 

of the inelastic deformation during a response history. The excursion 

is normally expressed in terms of a summation of ductility factors. If 

the ductility factors are used to describe the deformations of indi-

vidual regions, they are normally measured on the basis of rotations, 

curvatures, or strains. -The difficulties of applying the ductilities 

of curvature to a structure subjected to interacting ground motions 



were described in Reference 8 in which a new ductility definition of 

variable energy absorption was introduced. In this work, the ductility 

factors for rotation and variable energy were also used, and a new 

definition based on hybrid energy was proposed. 

1. Ductility Based on Rotation. A cycle of the moment-rotation 

curve for either end of a member is shown in Fig. 30. The ductility 

factor is defined as the maximum absolute nodal rotation, lel max ' 

divided by the yield rotation, e. Use of the notation in Fig. 30 
Y 

gives the following ductility: 
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( 5.26 ) 

in which the yield rotation is based on the antisymmetrical bending of 

a member when its two ends are subjected to the plastic moment, ~.1p; thus, 

e = MpL/6EI in which L is the length of the member, and EI is the y . 

member's flexural rigidity. The angle, a, is measured from the first 

yield at which the member stiffness coefficients pass beyond the 

elastic 1 imit. 

The excursion ratio, El' corresponding to the ductility ratio can 

be defined as the total plastic rotation of a node of a member divided 

by the yield rotation of the joint. In terms of ductility 

in which ~li is the ductility factor for the half cycle plastic 

rotation, i, and N is the total number of times the node becomes 
~ 

inelastic. 
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Theoretically, the ductility should be calculated according to the 

information in Fig. 31 in which ~l = 1 + al/Sl , and ~2 = 1 + a2/S2• 

However, when 62 is small, then ~2 can be unrealistically large. Jhat 

is why a constant e is used. y 

2. Ductility Based on Variable Strain Energy. When inelastic 

rotation at the end of a member occurs, the dissipated strain begins to 

accumulate. For a perfectly elastoplastic system, the amount of strain 

energy dissipated during the plastic rotation is directly proportional 

to the amount of rotation. This relationship between the inelastic 
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deformation and the dissipated strain energy provides ways of formulating 

the ductility factor. This definition of ductility can be expressed asS 

~ = 2 (5.28) 

in wh i ch 

EDSE = dissipated strain energy of a member end during a half 

cycle of deformation, e, and its associated force, F, as 

shown in Fig. 32, and 

ESEE = total elastic strain energy at both ends of the member. 

The excursion ratio may be expressed in a manner similar to that 

of Eq. 5.27. In terms of Eq. 5.2S, 

(5.29) 

The numerical procedures in the computer program have three steps: 

(1) Calculate the dissipated strain energy EDSEl at a joint of a 

member during a half-cycle response. (2) When the load reverses, 
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Fig. 32. Ductility Based on Variable Energy and Hybrid Energy 

Fig. 33. Possible Loop for Ductility Based on Variable Energy 



calculate ESEEl for both ends of a member and, then find ~2 and E2• 

(3) For the next half-cycle, set EDSEl equal to zero and calculate 

EDSE2 and ESEE2 for the next ~2 and E2• 

3. Ductility Based on Hybrid Strain Energy. This is a new 

definition, which is similar to the variable strain energy except that 
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the strain energy, ESEE ' is replaced by a constant strain eneruy, ECSE • 

The constant strain results from the antisymmetric bending of Mp at both 
2 ends of a member, thus ECSE = MpL/6EI. The purpose of using this new 

definition is that the three-dimensional ground motion can sometimes 

force a moment to have a low magnitude with a long duration of deforma

tion as shown in Fig. 33. As shown in the figure, EDSE2 is apparently 

large and ESEE2 small, thus an excessive ductility can result. This 

complicated force-deformation relationship is due to a combined influ-

ence of the Bauschinger effect, strain hardening, and interacting three-

dimensional ground motions. It is felt that great caution should be 

exercised in using the variable energy method for three-dimensional 

problems. It is also felt that the method is versatile and deserves 

further study. The new definition provides a reliable means of check

ing the results of maximum required ductilities for all structural 

analyses. The expressions of the ductility factor and excursion ratio 

are 

~3 = (5.30) 

and 

( 5.31 ) 



The numerical procedures for calculating ~3 and E3 are similar to 

thuse used for ~2 and E2 except that ECSE is a constant. 

Although the definitions of the ductility factors and excursion 

ratios have been derived from the hysteresis loops of steels, the 

methods are of a general nature and have been applied to reinforced 

concrete members in this work. 
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VI. NUMERICAL PROCEDURES AND DESCRIPTION OF INRESB-3D COMPUTER PROGRAM 

A. NUMERICAL PROCEDURES 

The INRESB-3D program, which is composed of a main program and 

22 subroutines, is capable of analyzing building systems subject to 

static loads, multicomponent seismic excitations, or a combined action 

of static load and earthquake motions. The static loads can be two 

independent lateral forces and four independent vertical forces for 

which the analytical results can be expressed in a number of combina

tions. When the static load is considered in the seismic response, 

the static displacements and internal forces of the last combined 

results are used as the initial condition for the dynamic analysis. 

The numerical procedures are explained in the sequence of seven major 

steps outlined in Fig. 34. The pertinent subroutines used in each 

step are shown in the diagrams of Fig. 35. 

Step l--Read and Write Input Data. The MAIN program reads in the 

type of structural analyses and structural information in accordance 

wi th input Codes I and I lin Ref. 1. The res t of the data a re read in 

by using the subroutine INFORM. All the input data are printed out for 

a double check of their correctness. Because the subroutine INFORM 

can generate the columns having the same structural properties and the 

beams having the same properties and vertical loads, the subroutine 

GENERA is called from INFOR~1 to print the generated information. 

Step 2--Clear Arrays and Initializing Input Data. Because the 

program can solve as many of the problems as the user desires for 

each input service, all the numerical arrays must be clear before 

each of the problems is processed. For shear walls and shear panels, 

the rule numbers and the associated stiffnesses have to be determined 
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STEP 1 

STEP 2 

STEP 3 

STEP 4 

STEP 5 

STEP 6 [ 

STEP 7 

READ AND WRITE DATA 

CLEAR ARRAYS AND 
I NI TI ALIZE DATA 

FORM GEOMETRIC STIFFNESS 

FORM STRUCTURAL STIFFNESS 

SOLVE 
STATIC OR DYNAMIC DISP. 

SOLVE 
INTERNAL FORCES 

~ ____ ~N~O~~ ~ __ YE_S __________ ~ 

Fig. 34. Flow Chart of INRESB-3D Program 

109 



ST
EP

 
1 

I IN
FO
Rr
~ 

H
G

-E
N

E
R

A
] 

ST
EP

 
2 

[I
N

rT
IA

y
 

ST
EP

 
3 

ST
EP

 
4 

(a
) 

P
ar

ti
al

 
D

ia
gr

am
 o

f 
F

ig
. 

35
 

F
ig

. 
35

. 
D

et
ai

le
d 

D
ia

gr
am

s 
fo

r 
F

ig
. 

34
 

5 

a 



ST
EP

 
5 

ST
AT

IC
 

IG
LO

CO
R 
H

 LA
Cl

 
or

 L
AC

2 
H

3
E

F
D

S
!]

 

DY
NA

M
IC

 

ST
EP

 
6 rF
OR

CE
SH

 RE
 F

RO
T]

 

ST
EP

 
7 

(b
) 

P
ar

ti
al

 
D

ia
gr

am
 o

f 
Fi

g.
 

35
 

1.
1 

1.
2 

2 3 4 
.II

N
EC

O
F 

F
ig

. 
35

. 
D

et
ai

le
d 

D
ia

gr
am

sf
or

 
F

ig
. 

34
 

(C
on

tin
ue

d)
 



on the basis of the past response results, thus the initial infor

mation for yield moments and their corresponding slopes must be 

provided so that the first half-cycle can be analyzed. Detailed 

steps can be found in the description of the subroutine INITIAL. 

Step 3--Form Geometric Stiffness. The geometric stiffness 

is a result of both the dead loads and the inertial forces asso

ciated with the vertical ground accelerations acting on vertical 

members. If the vertical ground motion is not included in the 

analysis, then the geometric stiffness is constant. For computational 

efficiency, the geometric stiffness is formulated only once in 

terms of the lumped masses acting on the vertical members. The 

actual geometric stiffness is a product of the original matrix and 

the coefficient of gravity acceleration plus the vertical ground 

acceleration for each time-step. 

The detailed procedures for formulating a typical floor are 

sketched in Step 3 of Fig. 35. The formulation starts at the roof 

of the structure and then progresses floor-by-floor to ground level. 

For any floor level, the stiffnesses of the columns and shear-Ivalls 

are determined by using the subroutines COLUMN and REFCOR. These 

stiffnesses are then added to the floor stiffness in accordance with 

the subroutine FLOSTF. After the floor stiffness, which is contrib

uted to by the columns and shear walls, is established, the sub

routines, PANEL, REFCOR, and FLOSTF, are called for the panel stiff

nesses. The final floor stiffness is added to the system's geometric 

matrix by using the subroutine ELHlIN. The procedures are repeated 

for the next lower floor level until the ground level is reached. 
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Step 4--Form Structural Stiffnes~. The formulation of struc

tural stiffness depends on the loading stages and can be classi

fied as initial stiffness and modified stiffness. At the beginning, 

the initial stiffness includes the effect of static response, if 

any, of axial forces and bending moments. The stiffness is then 

checked for each time-step, if it is necessary to be modified for 

any of the following conditions: 1) Whether the hysteresis loop of 

a steel member changes from skeleton to branch, from branch to branch 

(opposite direction), or from branch to skeleton. The force and 

deformation at the poi nt, when the change occurs, are used in formu

lating the modified stiffness for which the origin corresponds to 

that point. 2) Whether any shear wall or shear panel has inelastic 

stiffness changes. When a new rule number is used, the stiffness 

must be modified accordingly. 3) Whether the difference between 

the previous stiffness and the current stiffness of Ramberg-Osgood 

material is greater than the tolerance limit. The tolerance is 

an input datum, which is used so that one does not need to change 

the stiffness for every time-step. 

The numerical procedures, which are composed of five parts, 

are illustrated in Fig. 35. Parts 1 through 4 correspond to the 

formulation of the member stiffnesses of the columns, beams, shear

walls, shear panels, and diagonal bracings. These are then added to 

the floor stiffness. In part 5, the rotational degrees of freedom at 

the joints are eliminated by using the subroutine ELHUN. For steel 

elements, the subroutine INTRCT is used to find the reduced plastic 

capacities, which a~e then used in the subroutine INECOF to form the 

stiffness coefficients. The stiffness coefficients of concrete 
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elements are formed by using the subroutine SHRWLl. The stiffness 

coefficients are then expressed in the reference coordinates used in 

the subroutine REFCOR. Before part 5 is executed, the subroutine 

FLOSTF is used to add the stiffnesses of the individual members to 

the floor stiffness. The structural stiffness is determined after 

the ground floor stiffness is obtained. 
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Step 5--Solution for Static or Dynamic Displacements. The problem 

of static displacements is solved only once at the beginning. For this, 

the subroutine GLOCOR is used to transform the geometric and the struc

tural stiffnesses from reference coordinates to global coordinates. 

The independent static lateral forces and vertical nodal loads are 

added in static loading arrays. Then by applying the Gaussian 

elimination in the subroutine GAUSS, the static loads can be used to 

find the global displacements. The REFDSP subroutine is then employed 

to transform the global displacements back to the reference coordinates. 

For the dynamic case, the displacements are repeatedly calculated 

in accordance with the number of incremental time-steps as well as with 

the number of changing hysteresis curves. There are two optional 

methods of finding the displacements. These are the step-by-step 

method and the improved integration method, which are represented by 

the subroutines LACl and LAC2 respectively. 

Step 6--Solution for Internal Forces. The static internal forces 

are solved only once at the beginning of each problem. The internal 

deformati.ons and their associated forces are obtained by using back

ward substitution from the base of the structure. The combinations of 

static response are performed after the forces corresponding to all 



independent forces are found. The last combined static results are 

used as the initial conditions for dynamic response analysis. 

The incremental dynamic forces are obtained in the same manner as 

in the static case. Before adding the incremental forces to the 

previous results, one should determine if there is any interchange 

between the hysteresis curves. If there is any interchange between 

the skeleton curve and branch curve, the internal deformations and 

forces have to be recalculated on the basis of the new stiffness 

coefficients for which steps 4, 5, and 6 must be repeated. The 

addition of the resulting forces is performed in step 7 in which the 

correction of the internal forces of reinforced concrete members is 

also made. 

Step 7--Total Forces, Energies, Ductilities, Excursions, and 

Printout of Results. The results of static response are printed out 

in this step. The energies, ductilities, and excursions of all the 

members are calculated, and the incremental dynamic forces of the 

steel members are added to the results at the end of the previous 

time-step. For reinforced concrete members, the rule numbers are 

checked at the end of each ti~e-step. If there is no change in the 

rule numbers, the incremental forces are added to the previous forces. 

If there is any change in the rule numbers during loading, unloading, 

and load reversal, a new spring stiffness has to be formed for the 

next step. For the loading case having the moment, MT, greater than 

the yield moment, M , the correct moment, M ,is set equal to the y ac 

yield moment, My' plus the fraction of the new incremental moment as 

(1-f)6M. The new incremental moment, 6M , is obtained from the new 
n n 
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spring associated with the new rule number. The fraction, f, is 

(MT - ~ly)/.6r~ in which ,0,t.1 is the incremental moment in the last time

step for MT• This correction technique is also applied to the load 

reversa 1 for whi ch the moment shoul d ideally approach zero; then the 

new rule begins. The correction of overshooting yields an unbalanced 

shear, (MT- Mac)/L, which should be combined with the dynamic load in 

subroutine LACl or LAC2 for the next time-step of the analysis. The 

unbalanced shear induces moments, which should also be included in the 

load matrix. 
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The difference between the current steel stiffness and the previous 

stiffness should be compared with a tolerance. If the difference is 

within the limit, steps 5, 6, and 7 are repeated for the next time-

step, otherwise step 4 is executed. 

All the response results at certain time intervals should be 

printed according to the input instructions. The information for 

plotting is kept on the disc. The maximum forces and displacements 

for each problem are then printed out at the end of each problem. 

B. DESCRIPTION OF SUBROUTINES 

The subroutines are depicted in the order in which they first 

appear in the seven steps shown in Figs. 34 and 35. Thus, some 

relations can be seen between the previous section on numerical 

procedures and this section on subroutines. 

1. Subroutine INFORM. This subroutine is called from the r~AIN 

program to read in all input data except for input codes I and II, 

which are in the MAIN program. The input information is printed out 

to check its correctness. The subroutine GENERA is called to generate 



the beam location, the column location, and the beam lodads for the 

common members. 

2. Subroutine GENERA. This subroutine is called from the sub

routine INFORM to generate the beams and columns for those elements 

having the same properties in each group. 

3. Subroutine INITIAL. This subroutine is called from the MAIN 

program to clear arrays and to initialize data. The arrays include 

all the member forces, structural displacements, and stiffness 

coefficients. The initialized data consist of the primary slopes of 

the inelastic springs, yield moments and rotation, and the rule numbers 

for the reinforced concrete elements. 

4. Subroutine FORt·1. This subroutine is called from the r'1AIN 

program to formulate the geometric stiffness and the structural 

stiffness for which the details are given in steps 3 and 4 of the 

previous section. 

5. Subroutine COLUMN. The subroutine FORM calls for COLUMN to 

form the geometric stiffnesses and the structural stiffnesses of the 

steel columns and shear walls for which the subroutine REFCOR is used. 

6. Subroutine BEAM. The subroutine FORM calls for the sub

routine BEAM, which then calls for REFCOR to form the structural 

stiffness in reference coordinates. 

7. Subroutine PANEL. This subroutine, which is similar to the 

subroutine COLUMNS, is used to form the geometric and structural 

stiffnesses for the panels. 

8. Subroutine BRAC. As in other subroutines for the member 

elements, this subroutine is used to form the structural stiffnesses 

of the bracing members in reference coordinates. 
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9. Subroutine REFCOR. This subroutine is called from the sub

routines COLUMN, BEAM, PANEL, and BRAC to transform the matrices 

relating the member-end deformations to the deformations at the center 

of rigid zone, if any. The matrices are then transferred to the 

reference coordinates. 

10. Subroutine FLOSTF. This subroutine is called from the sub

routine FORM to set the member stiffnesses and the fixed-end forces of 

the beams in proper arrays for a typical floor of a system. The 

specific arrays are assigned for certain stiffness elements, which 

depend on the degrees of freedom associated with the elements that are 

to be eliminated or saved. 

11. Subroutine ELIMIN. This subroutine is called from the sub

routine FORM after the subroutine FLOSTF is executed. The stiffnesses 

associated with the degrees of freedom to be saved are added to the 

structural stiffness, and then the Gaussian elimination is begun. 

The effects of elimination, or the so-called sway effects, on the 

static vertical load and lateral forces are computed. The elimination 

is applied only for the structural stiffness, not the geometric 

stiffness. 

12. Subroutine GLOCOR. This subroutine is called from the MAIN 

program to transform the geometric stiffness and structural stiffness 

from the reference coordinates to the global coordinates at the mass 

center. The transformation for a typical floor includes the lateral 

and rotational floor stiffnesses and their couplings as well as the 

sway effects. The subroutine GAUSS is called to solve for the static 

displacements of six possible independent forces, such as two sets of 

lateral forces and four sets of vertical loads. 
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13. Subroutine GAUSS. This subroutine is called from the sub

routine GLOCOR to compute the static displacements for which the 

forward elimination and backward substitution are used. 

14. Subroutine LAC1. This subroutine is called from the MAIN 

program to calculate the incremental ground displacements and the 

incremental structural response. Energies due to the second-order 

effect and damping are computed in this subroutine. This is an 

optional subroutine based on the step-by-step method of the linear 

acceleration method. 

15. Subroutine LAC2. This subroutine is similar to LACland is 

used as an optional subroutine based on the improved step-by-step 

method. 

16. Subroutine REFDSP. This subroutine is called from the ~lAIN 

program to transform in a floor-by-floor process the lateral and 

rotational displacements from global coordinates to reference 

coordi na tes. 

17. Subroutine FORCES. This subroutine is called from the MAIN 

program 1) to compute the i nterna 1 forces of members for s tati c and 

dynamic cases, 2) to determine the paths of force-deformation in the 

steel members depending on whether a skeleton curve or a branch is 

used, and 3) to combine the static responses according to the loading 

cases in the input data. 

In calculating the internal forces, the rotations of the members 

in reference coordinates can be computed floor by floor by using the 

fix-supported conditions and the known vertical and lateral displace

ments. The local deformations and the internal forces are then found 

at the same time by starting on the first floor. 
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The loading and the load reversal of the steel members are 

examined by using the following two checks at every time-step: 

1) The previous and current signs of the internal forces for each 

member are compared. If the signs are the same, it signifies that 

the forces stay on the same path; the incremental forces can be 
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added to the previous results. Otherwise, the forces obtained at this 

time step are recorded as previous forces and then used in reformulating 

the stiffness for the new forces. The sign of the new forces is 

checked with that of the forces just recorded. If the sign is the 

same, the incremental forces have to be added to the previous forces. 

Otherwise, the stiffness has to be reformulated and the sign rechecked. 

2) The reverse loading on the branch curve is checked whether the 

total force on the branch curve at a given time-step is greater than 

the maximum force recorded earlier on the skeleton curve. If it is 

greater than the maximum force, then a new stiffness must be reformu

lated on the basis of the skeleton curve from which the force is 

obtained for that time-step. 

18. Subroutine REFROT. This subroutine is called from the sub

routine FORCES to compute the local static and dynamic displacements 

of members. Member forces for different static loading combinations 

are computed and then printed out. 

19. Subroutine RESULT. This subroutine is called from the MAIN 

program for the following purposes: 1) to find the total forces of 

the steel members, 2) to compute the energies, ductilities, and 

excursions, 3) to compute the inelastic spring stiffness and the total 

forces of the reinforced concrete members, 4) to compute the percentage 

of the difference between the stiffness at the previous time-step and 



the current stiffness and then to compare the percentage with the 

tolerance, 5) to search for maximum forces and maximum displacements. 

6) to print out energies, member forces, lateral and rotational 

displacements, velocities, and accelerations, 7) to print out duc

tilities and excursions, 8) to write the data on the disc for plotting, 

and 9) to print out the maximum forces of the individual members and 

the maximum displacements of the structure. 

This subroutine is called only if the incremental forces of the 

steel members can be added to the previous forces. That is, the 

checks in the subroutine FORCES have been passed. 

The calculations for the internal forces of the reinforced 

concrete members have already been discussed in step 7 of the numerical 

procedures. 

20. Subroutine INECOF. This subroutine is called from the 

subroutines FORM and RESULT to formulate the stiffness coefficients 

of the steel members in local coordinates. This subroutine is called 

four times for 1) the coefficient parameters (Eq. 3.26) at end-i, 

2) the coefficient parameters (Eq. 3.26) at end-j and the flexural 

stiffness at both ends, 3) the axial stiffness, and 4) the torsional 

stiffness. 

21. Subroutine INTRCT. This subroutine is called from the 

subrouti nes FORM and RESULT to fi nd the reduced pl as ti c moment capa

cities in the major and minor axes of the steel members. 

22. Subroutine SHRWL1. This subroutine is called from the 

subroutines FORM and RESULT to formulate the stiffnesses of the con

crete members. The flexibility coefficients of the elastic member 
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elements are first added to the flexibility coefficients of inelastic 

springs from which the inverse becomes the stiffness coefficients of 

the member. 
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VII. NUMERICAL EXAMPLES AND RESPONSE STUDIES 

The influence of multicomponent ground motions on structural 

response behavior is illustrated here by several numerical examples 

of elastic and inelastic building systems. Because elastic design 

. 50 philosophy is commonly used in engineering practlce, it is believed 

that the analytical results of member forces and transverse and 

rotational structural movements of various types of low- and high-

rise buildings are essential to engineering planners and structural 

designers. The effects of interacting ground motions on the service-

ability and ultimate capacity of different high-rise buildings are 

observed by studying the ductilities, excursions, energy absorptions, 

nodal displacements, and the constitutive relationships betl'leen the 

forces and their associated deformations. 

A. ELASTIC SYSTEMS 

When a three-dimensional building is subjected to the interaction 

of three ground motion components, its response behavior may possibly 

be affected by the following factors: 1) symmetric condition of the 

structural plane, 2) geometric condition of the structural elevation 

in which one bay is higher than another, 3) cross sections of the 

columns, which may be either singly symmetric or doubly symmetric, 

4) influence of bracing members, and 5) the center of the floor mass 

relative to the center of rigidity of columns at the floor. Thus, 

the structures selected for the study have the following character

istics: 1) symmetric plane and symmetric elevation, 2) symmetric 

plane and unsymmetric elevation, 3) unsymmetric plane of L shape, 

4) singly symmetric plane of T shape, and 5) symmetric rigidity but 
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unsymmetric mass of the floor. The structures mayor may not have 

bracing members, and the cross sections of the columns mayor may 

not be doubly symmetric. 

Because it is well known that all earthquake records have 

distinct characteristics and are not alike, two earthquake motions, 

El Centro 1940 (N-S, E-W, and vertical) and Taft 1952 (N69W, S21W, 

and vertical), were used to analyze some of the structures. The 

N-S component of the El Centro earthquake is much stronger than the 

E-W component, and the two horizontal components of the Taft earth

quake have similar magnitudes. It is believed that the use of these 

two types of earthquakes can show the influence of earthquake charac

teristics on structural behavior. 

The parameters selected for the study of the earthquake response 

of the investigated structures are: the moment at the top or bottom 

of a column bent in either an x- or y-direction and the axial force 

of a column, the maximum displacements relative to the ground, and 

the response history of some nodal displacements. These parameters 

were chosen to show how the strength and stiffness of some typi ca 1 

structural systems are affected by various ground motions. The 

parameters were obtained from the following considerations: 1) one 

horizontal earthquake motion only, 2) two horizontal components 

of ground acceleration, 3) one horizontal component with the P-6 

effect resulting from dead load, 4) two horizontal earthquake com

ponents with the P-6 effect of dead load, and 5) two horizontal 

components and one vertical with the P-6 effect resulting from both 

dead load and vertical ground motion. When the internal forces are 

compared for the five cases, the locations of these forces in a 
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member must be consistent for all the cases. It is believed that these 

five cases can clearly demonstrate how individual earthquake components 

influence the structural response and that the P-6 effect resulting 

from the dead load and vertical ground motion can be studied separately 

for the purposes of showing how the significant second-order moments 

are induced by these two forces. 

1. Low-Rise Structural Systems. The low-rise structures were 

analyzed in Examples 1-12 of which the four types of structural 

systems shown in Figs. 36-39 were used. The cross sections of columns 

of these systems can be either singly symmetric or doubly symmetric 

as given in Figs. 40 and 41. For the examples, the floor mass is 

2.5 k-sec 2/ft (3720.41 kg-s 2/m) and the moduli of elasticity are 

30,000 ksi (20,684 kN/cm2) and 3,000 ksi (2068 kN/cm2) of steel and 

concrete respectively. 

Two-story, Unbraced, Symmetric Building with Singly Symmetric 

Columns--Example l.--The unbraced structure shown in Fig. 36 has 

singly symmetric columns (Fig. 40) and is oriented in the E-W direc

tion of the structural plane. It was analyzed by applying the first 

five seconds of the El Centro, 1940, earthquake record. During this 

period, the N-S earthquake component acted along the N-S plane of 

the structure and the time interval, 6t, was 0.01 sec. The effect 

of the interaction of the three earthquake components on the undamped 

response was investigated by considering a) the N-S component only, 

b) the N-S and E-W components, c) the N-S component with the P-6 

effect of dead load, d) the N-S and E-W components with the P-6 

effect of dead load, and e) the N-S, E-W, and vertical components 

with the P-6 effect of both dead load and accelerations resulting 
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Fig. 36. Type I, Unbraced System, Fig. 37. Type II, Braced System, 
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Fig. 39. Type IV, Unbraced System, L Shape, 
1 ft = 0.305 m 

126 



waxl7 

Fig. 40. Singly Symm. 
Column Section 
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Fig. 41. Doubly Symm. 
Column Section 
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from the vertical earthquakes. The response parameters of the axial 

forces and the moments acting in both the N-S and E-W planes are 

given in Table II for a typical member~ column 1. The table is 

to be found in Appendix B. The numerical results reveal that 

1) the interaction of the earthquake components significantly increases 

the axial froces, and the increase becomes greater on the upper 

floor, and 2) the E-W earthquake component adds a considerable amount 

of moments to the E-14 structural plane in which there are no moments 

when the N-S component acts alone. The comparison of the moments 

of a member is based on the moments at the same member-end either 

at the top or at the bottom. 

Two-Story, Braced Buil di ng with Symmetri c Plane and Si ngly 

Symmetric Columns-Example 2.--The braced system with singly symmetric 

columns that is shown in Fig. 37 was analyzed under the same condi

tions as those described in Example 1. Table II includes the inter~ 

nal forces of columns 1 and 2, which are affected more by coupling 

ground motions than the other members. Because of the bracing resis

tance, this structure is quite sensitive to the interaction of earth

quake movements. The application of the N-S component alone can 

cause moments about both major and minor axes of a member. The 

increase of axial forces is similar to that in Example 1. 

Two-Story, Unbraced Building with Unsymmetric Elevation and 

Singly Symmetric Columns-Example 3.--The unbraced system shown in 

Fig. 38 has a symmetric plane, unsymmetric elevation, and singly 

symmetric columns. It was analyzed with the loading cases given 

in Examp 1 e 1. From Tab 1 e II, one may conclude that the ax i a 1 fo rces 

of the interior column, 3, and the exterior column, 5, are 
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significantly increased because of the vertical ground motions. 

The N-S component does not induce any moment in the E-W plane; even 

the structure has an unsymmetric elevation. 

Two-Story, Unbraced Building with Unsymmetric Plane and Singly 

Symmetric ColumnS-Example 4.--The unbraced system shown in Fig. 39 

has an unsymmetric plane of L shape and singly symmetric columns. 

It was studied with the loading case as in the previous examples. 

The results included in Table II indicate that the increase of the 

axial forces of the interior corner column, 4, is greater than that 

of the exterior column, 1. The unsymmetric plane causes some moment 

in the E-W plane when the N-S earthquake component is applied. 

Two-Story, Unbraced, Symmetric Building with Doubly Symmetric 

Columns-Example 5.--The structure used in this example is the same 

as the one used in Example 1 except that the columns are doubly 

symmetric (Fig. 41). As shown in Table II, the moments remain 

almost the same for the five loading cases; however, the axial 

force of case (e) is about two times greater than that of case (a). 

Two-Story, Braced Building with Symmetric Plane and Doubly 

Symmetric ColumnS-Example 6.--This analysis is based on the doubly 

symmetric columns used in the braced structure given in Example 2. 

The axial forces and moments of columns 1 and 2 are tabulated in 

Table II from which one may find that the structure used in Example 

2 is influenced more by coupled earthquakes than this system. 

Two-Story, Unbraced Building with Unsymmetric Elevation and 

Doubly Symmetric Columns-Example 7.--In this example, the structure 

used in Example 3 was analysed for doubly symmetric columns. By 

observing Table II, one can find that the behavior of the axial 
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forces is similar to that of Example 3, and the moments are slightly 

less than in that system. The moments of case (a) act in both of 

the N-S and E-W planes, which means that the system with an unsymmetric 

elevation and doubly symmetric columns is more sensitive to coupling 

motions than one that has singly symmetric columns. 

Two-Story, Unbraced Building with Unsymmetric Plane and Doubly 

Symmetric Columns-Example 8.--The analysis of this example is based 

on the structure of Example 4 and the doubly symmetric columns. 

The response behaviors of both systems shown in Table II are similar 

except that the axial forces in Example 4 are more sensitive to 

vertical ground accelerations. 

Comparative Studies of Example 7 for the Earthquakes of Taft 

1952 and El Centro 1940-Example 9.--The structure given in Example 7 

was analyzed with the three components of the Taft, 1952, earthquake 

whose N69W component was applied along the N-S plane of the structure. 

The undamped response included 10 seconds of the earthquake record 

for which the time interval, 6t, was 0.01 sec. The axial forces 

and the moments of loading cases, (c), (d), and (e) are shown in 

Table III. The solution of Example 7 as based on the El Centro 

earthquake is given in parentheses. The influence of the Taft earth

quake components on the internal forces is similar to that of the 

El Centro earthquake. The El Centro earthquake induced a larger 

magnitude of internal forces. 

Comparative Studies of Example for the Effect of Floor Rigidity 

on Response Behavior-Example 10.--The structure used in Example 1 

was analyzed as a space frame for which no floor slab had been con

sidered, and each of the structural nodes had six degrees of freedom. 
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The N-S component of the El Centro earthquake was applied along the 

E-W plane of the structure. The axial forces and moments, expressed 

in terms of either loading case (a) or (b), are shown in Table IV. 

The internal forces are slightly more sensitive to coupling ground 

motions than those of building systems. 

Comparative Studies of Example 5 for the Effect of Floor Rigidity 

on Response Behavior-Example ll.--In this example, the structure 

used in Example 5 was analyzed as a space frame with the loading 

conditions given in that example. Tables II and IV reveal that 

the interaction of the earthquake components influences this space 

frame system more than the building system. 

Comparative Studies of Example 6 for the Effect of Floor Rigidity 

on Response Behavior-Example 12.--In this example, the braced building 

system of Example 6 was analyzed as a space frame. The results 

are given in Table IV. The axial forces and the moments in the 

N-S plane are significantly affected by the interaction of the earth

quake components (N-S component was applied in the E-W direction 

of the plane), and the influence is greater in this example than it 

is in Example 6. 

Problems 10,11, and 12 were analyzed by using a different 

computer program for space frames. 

2. High-Rise Building Systems. Some typical building systems 

have been studied in Example 13 for which the structural properties 

are given in the accompanying figures. The moduli for the elasticity 

of steel and concrete are 30,000 ksi (20,684 kN/cm2) and 3000 ksi 

(2068 kN/cm2) respectively. As in the case of the low-rise building 

studies, the parameters selected for the study of the earthquake 
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response are the maximum moments and axial forces of columns and 

shear walls and the maximum axial forces of the bracing members. 

The displacement responses were plotted for some structures. The 

response parameters were obtained for the following three cases: 

c) one horizontal component with the P-6 effect resulting from dead 

load, d) two horizontal earthquake components with the P-6 effect 

of the dead load, and e) two horizontal components and one vertical 

with the P-6 effect resulting from both the dead load and vertical 

ground motion. All the structures were analyzed by using the seven 

seconds of the El Centro, 1940, earthquake records whose N-S com

ponents were applied along the N-S direction of the structural plane. 

Ten-Story Reinforced Concrete Building with Symmetric Plane

Example 13.--The ten-story reinforced concrete rigid frame shown in 

Fig. 42 was analyzed for the three loading cases of (c), (d), and 

(e). The comparisons of the internal forces are shown in Figs. 43-

51. The moments of a column were selected at the top of the member 

for which the comparisons of the moments were referred to the same 

location and the same direction. The ratio, dlc, indicates how the 

E-W component affects the response behavior, eld shows the increase 

caused by the vertical ground motion, and elc signifies the influence 

of both the E-W and vertical components. In Figs. 43-48 in which 

the axial forces are compared, one can observe that the E-W component 

has more effect on the exterior columns (1 and 2) than on the interior 

columns and that the vertical component strongly affects the interior 

columns (3 and 4). The E-W component and the E-W component combined 

with the vertical can increase the column axial forces (resulting 

from the N-S component and P-6( DL) by 2.2 and 3.3 times, as shown 

132 



=0 
.1 
o 
N 

@ 
o 

(I) =0 
ZI 
~N 
::l )( 
..J= 
0 0 
0- 1 

N 

20' 20' 

2 4 6 

y 

I x 3 5 

(a) FLOOR PLAN 

TOTAL FLOOR MASS:M(Kg-S7m) 

M=1I097 

M=II097 

M= 11097 

M=1I097 

M= 12484 

M=12484 

M=12484 

M=13871 

M = 13871 

M=13871 

n~ To" Iln '71 

J • . I . I .. I 
20' 20 I · 30' 

(b) ELEVATION 

n" 
.1 

Fig. 42. Ten Story Reinforced Concrete Builuing, Example 13 

(1 ft = 0.305 m) 

133 



in Figs. 43 and 44 respectively. Figures 49-51 reveal that the 

vertical component is sensitive to the exterior column moments, 

which can be increased by 30 percent over the results obtained 

by considering the N-S and E-W components only. The coupling 

earthquake motions increase both the axial forces and moments more 

on the top columns than on the lower columns of a system. 

Figures 43-51 illustrate only the qualitative differences of 

the internal forces, which are expressed in terms of ratios corres

ponding to the three cases. The substantial values of the moments 

and axial forces can be found in Table V in Appendix B. For sim

plicity, only the internal forces at the tops of the columns are 

shown in the table. 

Ten-Story Reinforced Concrete Building with Shear Panels and 

Symmetric Plane-Example 14.--The structure for Example 14 shown 

in Figs. 52 and 53 has shear panels identified as 9 and 10. These 

are placed at the east and west sides of the building. The maximum 

ratios of the axial forces of all the columns at each floor are 

plotted in Figs. 54 and 55. Comparisons of the forces for the 

individual columns are illustrated in Figs. 56-60. Similarly, the 

maximum ratios of the moments and detailed comparisons are given 

in Figs. 61-65. 

By observing Figs. 54 and 55, one can see that a vertical earth

quake component can increase the axial forces of the interior columns 

of 3 and 5 by 280 percent. The axial force of the shear panel is 

increased by 40 percent as a result of the vertical component as 

revealed in Fig. 60. The E-W component does not noticeably influence 

the column moments; however, the vertical motion can affect the 
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moments of the exterior columns for which the increase may be as 

high as 30 percent (Figs. 62-65). 

The numerical values of the axial forces and the moments at 

the tops of individual columns are tabulated in Table VI of 

Appendix B. 

Ten-Story Braced Steel Building with Symmetric Plane and Doubly 

Symmetri c Col umns-Exampl e 15.--The exampl e for the ten-story braced 

steel building has the structural properties shown in Fig. 66. The 

columns are made of double wide flanges. These are identified as 

system I in the accompanying figure (a). The single wide flange 

columns (system II) shown in the figure are used for the next example. 

The effect of the interacting earthquake components on the bracing 

members and columns can be studied from Figs. 67-84 as well as from 

Table VII of Appendix B. 

The maximum ratios of the axial forces, dlc and elc, of the 

bracing members are shown in Figs. 67 and 72. The inclusion of 

the E-W component and the vertical component can increase the axial 

forces by 30 percent over the resul ts occasioned by the N-S com

ponent and the P-6 effect of dead load. The effect of the individual 

components on the changes of the axial forces can be found from 

Figs. 68 vs. 71 and 69 vs. 72. The numerical values of the forces 

are tabulated in Table VII of Appendix B in which the positive and 

negative signs of the axial forces of only the bracing members are 

included. The table reveals that the inclusion of an additional 

earthquake component can change a tensile force to be a compression. 

The comparisons shown in the figures are based on the absolute 

magnitude. 
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The maximum ratios, dlc and elc, of the axial forces of the 

columns are sketched in Figs. 73 and 74. The inclusion of the E-W 

component can increase the axial forces on the first and 10th floor 

columns about 35 percent but decreases the axial forces at the 6th 

floor (Fig. 73). The vertical component can definitely increase 

the axial forces for all floors about 2.5 times over the axial forces 

(Fig. 74). The increase of five times for column 3 and the top 

floor (Fig. 74) should not be regarded as a severe case, because 

the actual numbers are very small, as 13 and 74 show in Table VII. 
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The maximum ratios of the moments, die, are illustrated in Figs. 79 

and 82. The maximum increase is about 80 percent, but for the most part 

it is in the neighborhood of 20 percent. The increase in the moments is 

mainly influenced by the E-W component. The effect of the vertical 

component on the moments is negligible as shown in Table VII. 

The displacements in the x- and y-directions at the 10th floor 

are shown in Figs. 85 and 86 respectively. In these figures, one 

can observe that the E-W component of case (d) can remarkably in

crease the displacements associated with case (c). However, the 

vertical component does not cause any significant change in the 

displacements as shown in case (e). A similar displacement behavior 

is found for the lower floors, such as the displacements in the 

x- and y-directions at the 6th floor that are shown in Figs. 87 

and 88. 

Ten-Story Braced Steel Building with Symmetric Plane and Singly 

Symmetric Columns-Example 16.--This example is identical to Example 

15 except that the columns are singly symmetric as shown in Fig. 66(a) 

of system (II). The effects of the interacting ground motions on 
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the axial forces of the bracing members are illustrated in Figs. 89-

93, and the effects on the axial forces of the columns are sketched 

in Figs. 94-99. The comparative studies of the moments are graphi

cally shown in Figs. 100-105. The numerical values of the internal 

forces are given in Table VIII in Appendix B. As shown in all the 

other tables, the positive and negative signs are given only for 

bracing members. Other comparisons are based on the absolute values. 

By comparing Example 16 with 15, one can find that the E-W 

component and the vertical component can significantly increase 

the axial forces of the bracing members (Figs. 67 vs. 70 and 89 vs. 

91) for which the increase is about 30 percent for system (I) but 

nearly 250 percent for system (II). Both the E-W and the vertical 

component can also significantly increase the axial forces of the 

columns (Figs. 73, 74, 94, and 95) for which the increase resulting 

from the E-W component combined with the vertical motion is 250 

percent for system (I) and nearly seven times for system (II) 

(Figs. 74 and 95). The moments of the columns of case (d) over 

case (c) can be increased about 20 percent for system (I) and nearly 

200 percent for system (II) (Figs. 79 and 103). In the above com

parisons, extremely high ratios are not used, because the numbers 

for the ratios are relatively small and cannot be considered 

significant. 

The displacements in the x- and y-directions at the top floor 

and those at the 6th floor are shown in Figs. 106-109 respectively. 

As in the previous example, the displacements for cases (d) and 

(e) are almost the same. They are, however, greater than those 

for case (c). 
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Ten-Story Unbraced Reinforced Concrete Building with' aT-Shape 

Plane-Example 17.--The T-shaped, ten-story, unbraced structure 

shown in Fig. 110 was analyzed without damping for the first seven 

seconds of the El Centro, 1940, earthquake and the first 10 seconds 

of the Taft, 1952, earthquake. The N-S component of the El Centro 

and the N69W component of the Taft earthquake were applied in the 

direction of the N-S plane of the system. Comparisons of the re

sponse parameters corresponding to the El Centro and Taft earth

quakes are shown in Figs. 111-122 and Figs. 123-134 respectively. 

Figures 111-113 show that the axial forces of the interior columns, 

4 and 7, are significantly influenced by coupling earthquake move

ments in the amount of d/c and e/c, which are nearly 1.4 and 25 

respectively. However, the actual axial forces of these two columns, 

which correspond to cases (c) and (d), are relatively small in 

comparisons with the same cases associated with the exterior corner 

columns. The axial forces are gradually amplified from the ground 

floor to the top as indicated in Figs. 111-113. The ratios used 

in the figures are for the purposes that d/c reveals the effect of 

one additional horizontal earthquake component on the response, 

e/c measures the influence of the addition of one horizontal and 

one vertical component, and e/d signifies the influence of the 

addition of the vertical ground movement. The moments in the N-S 

and E-W planes shown in Figs. 117-122 indicate that the interaction 

of the earthquake components increases the moments more in the E-W 

plane than those in the N-S plane and that the increase becomes 

larger for the upper floors. The S21W component of the Taft earth

quake has more influence on the axial force than the E-W component 
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of the El Centro (Figs. 111 vs. 123). However, the vertical com

ponent of the Taft earthquake has less effect on the axial forces 

than that of the El Centro (Figs. 112 vs. 124). The influence of 

the Taft earthquake on the moments is not as distinct as that of 

the El Centro (Figs. 117-122 vs. 129-134). 

The substantial values of the axial forces and bending moments 

for both the E1 Centro 1940 and Taft 1952 earthquakes are given in 

Table IX of Appendix B. 

The displacement in the x-direction (the origin of the reference 

coordinates at col. 1) at the top floor is shown in Fig. 135. In 

this case, the displacements corresponding to the loading case (c) 

are very small and those associated with cases (d) and (e) are almost 

identical. The displacements in the y-direction at the same floor 

are essentially the same for all the three loading cases as shown 

in Fig. 136 in which the magnitude is greater than that in Fig. 135. 

The displacements of both the x- and y-directi6ns at the sixth 

floor are shown in Fig. 137. In this case, the behavior is similar 

to that at the 10th floor. The vertical displacements of columns 1, 

3, and 4 are shown in Figs. 138-141. The two exterior corner

columns of 1 and 3 have a similar response behavior. The interior 

corner-column identified as 4 has smaller displacements for cases 

(c) and (d) but larger displacements for case (e) in comparison 

with the respective cases of columns 1 and 3. For the purpose of 

observing the significance of the relative vertical displacements, 

the vertical displacement at the base of column 4 is given in Fig. 141, 

which reveals a similar behavior of other columns at the base. 
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Six-Story Unbraced Setback Steel Building-Example 18.--The 

setback steel building is shown in Fig. 142. In this case, the 

time interval of 6t = 0.005 sec. is used in a step-by-step integra

tion analysis. This example is devised to show how the interacting 

ground motion influences the response behavior of the displacements 

of this system, which has an unsymmetric elevation. The displace

ments in the x-direction at the origin of the reference coordinates 

(at column 1) for loading cases (c), (d), and (e) are shown in Fig. 

143, which reveals that the inclusion of the E-W and the vertical 

components does not affect the displacements in x-direction. The 

displacements in the y-direction corresponding to loading case (c) 

(Fig. 144) are very small, and those associated with cases (d) and 

(e) are almost the same and are greater than those in the x-direction 

resulting from cases (d) and (e). It is apparent that the N-S earth

quake component acting along the x-direction does induce some move

ments in the E-W Plane. The interacting ground motions do not influ

ence the rotation at the mass center of either the top floor (6th) 

or the lower floor (2nd) for which qualitative comparisons are 

shown in Fig. 145. The vertical displacements of the two typical 

columns of 1 and 3 are shown in Figs. 146 and 147 respectively. 

The displacements do not have significant differences between (c) 

and (d) and are similar for both columns. However, the displace

ments for case (e) of the interior column, 3, are greater than that 

of the exterior column, 1. 

Because the effects of the interacting ground motions on the 

internal forces are similar to the previously cited examples, they 

are not tabulated. 
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Eight-Story Unbraced Steel Building with an L-Shape Plane

Example 19.--This example, which is shown in Fig. 148, is used to 

study the effect of the unsymmetry of the mass center and the effect 

of the floor rigidity on the response behavior of the structural 

displacements. For the structural plane, the mass center is at 

point "A". The torsional masses are 62,111.8 k-in-sec2 (715,604 

kg-m-s 2) for the first and second floor, 55,900.62 k-in-sec 2 

(644,044 kg-m-s 2) for the third through fifth floor, and 49,689.44 

k-in-sec2 (572,483 kg~m-s2) for the sixth through eighth floor. 

The masses associated with the axial displacements of columns are 

distributed according to the dashed lines shown for the floor 

masses in the figure. The N-S component of the El Centro 1940 

earthquake acts along the N-S direction of the structural plane. 

The time interval of 6t = 0.005 sec is used in the step-by-step 

integration technique. 

The displacements in the x-direction of column 1 (the reference 

point) are shown in Fig. 149 in which the displacements of cases (d) 

and (e) are almost the same but are somewhat larger than those of 

case (c). The displacements of (d) and (e) in the y-direction of 

Fig. 150 are much larger than the displacements of case (c) but 

much less than those of (d) and (e) in the x-direction of Fig. 149. 

The torsional rotations at column, 1, of the eighth floor are 

plotted in Fig. 151, which reveals that the rotations correspond

ing to (d) and (e) are almost identical but less than those of 

case (c). It is apparent that the two coupling horizontal 

earthquake components can counterbalance the tors i 0 nal motion. 

The vertical displacements of this structure are plotted in Fig. 152 
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for the interior corner column, 4. The displacements are different 

for the three cases of (c), (d), and (e) for which the behavior is 

somewhat different from that of the previous examples. 

Ten-Story Unbraced Steel Buil di n9 wi th (A) the r~ass at the 

Center of the Floor Plane and (B) the Mass Off the Center of the 

Floor Plane-Example 20.--The structure shown in Fig. 153 is to be 

used to study the effect of the mass center on structural displace~ 

ments. As shown in the figure, the center of rigidity is at the 

center of the floor. However, the mass center is considered for 

two conditions: A) the mass at point, C, at the center of the floor 

and B) the mass at C·, a fourth of the distance from column 4 along 

the diagonal to column 1. For condition A, the lumped mass on 

each of the four columns of a floor is one-fourth of that floor 

mass. However, the lumped masses for condition B must be distributed 

according to the distances from the columns to the mass center. 

The masses at the 10th floor are determined as 0.03688 k-sec2/in 
2 2 2 . 

(658.602 kg-s /m), 0.09435 k-sec lin (1,684.898 kg-s /m), 0.06864 

k-sec2/in (1,225.770 kg-s 2/m), and 0.11068 k-sec 2/in (1,976.519 

kg-s 2/m) for columns 1,2,3, and 4 respectively. The masses of 

each of these four columns at any other floor can be determined 

because they are proportional to the masses of each of the columns 

of that floor. The torsional masses for condition A are 6,055.90 
. 2 2 2 

k-in-sec (69,771 kg-m-s ) for floors 1, 2, and 3; 5,450.31 k-in-sec 

(62,794 kg-m-s 2) for floors, 4, 5, and 6; and 4,844.72 k-in-sec2 

(55,817 kg-m-s 2) for floors 7, 8, 9, and 10. The torsional masses 

for condition B, based on the mass center C~ are 10,597.83 k-in-sec2 

(122,100 kg-m-s 2) for floors 1, 2, and 3; 9,538.04 k-in-sec2 
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(109,890 kg-m-s 2) for floors 4, 5, and 6; and 8,479.26 k-in-sec2 

(97,691 kg-m-s 2) for floors 7, 8, 9, and 10. 

The comparisons of the disrlacements for both conditions in 

the x-direction at the top floor are shown in Fig. 154, which indi

cates that condition A yields the same displacements for cases 

(c), (d), and (e), whereas condition B yields the same displace

ments for (d) and (e) but less displacements for (c). The dis-

placements associated with condition A are much higher than those 

associated with condition B. 

Comparisons of the displacements in the y-direction for both 

conditions of A and B are shown in Fig. 155. Condition A induces 

negligible displacements for case (c) but significant and identical 

displacements for (d) and (e). Condition B yields significant 

displacements of case (c) and identical displacements for (d) and 

(e) which, however, are less than those of condition A. 

The torsional rotations at the top floor are shown in Fig. 156. 

The torsional angles associated with condition A are very small for 

cases (c), (d), and (e). However, condition B yields torsional angles 

for case (c) that are less than the identical angles for (d) and (e). 

The vertical displacements for both conditions, A and B, of 

column 2 at the top floor are shown in Figs. 157 and 158 resrectively. 

The behavior of both conditions is similar, but the results of (c) 

are less than those of (d), which are less than the displacements 

of case (e). 
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B. INELASTIC SYSTEMS 

The effects of multicomponent earthquake motions on elastic 

systems were discussed in Examples 1 through 20 in Section A. The 

inelastic response behavior resulting from interacting ground 

motions is examined in this section for Examples 21 through 26. 

The response parameters of interest are 1) the transverse, vertical, 

and torsional movements, 2) the internal moments and rotations of 

members, 3) the energy absorption characteristics associated with 

seismic input energy and dissipated energy, 4) the ductility factors 

and excursion ratios of individual members, and 5) the comparison 

of response behavior for different earthquakes and plastic models. 

These parameters are studied for three loading cases as follows: 

(c) one horizontal component with the p-~ effect resulting from dead 

load, (d) two horizontal components with the p-~ effect of dead load, 

and (e) two horizontal components and one vertical with the p-~ 

effect resulting from both dead load and vertical ground motion. 

These three cases, which were used in the elastic studies, show that 

they can be used to demonstrate clearly how individual earthquakes 

influence structural response. The structures to be studied are 

so designed that plastic hinges may possibly develop at any of the 

structural joints; thus, the effect of interacting ground motions 

on the response behavior can be observed for all the constituent 

members. The earthquake records are properly scaled, if necessary, 

so that the structures are deformed to a plastic state under earth

quake excitations. The entire duration of the earthquake records 

was not included in the analyses, because the magnitudes of the 

latter portions are usually very small. A36 steel was used for 
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all the examples investigated. The moduli of the steel and con

crete are 29,000 ksi (2039 kgf/cm2) and 4000 ksi (281.24 kgf/cm2) 

respectively. The yielding surfaces are based on the strength of 

the short columns. 

Ten-Story Unbraced Steel Buil di n9 \,/ith the t1ass at the Center 

of the Floor P1ane--Examp1e 21.--This structure is the same as the 

one shown in Fig. 153. The example is discussed for the purposes 

of 1) comparing the ductility factors and excursion ratios, v/hich 

were obtained by using the definition of rotation, with those 

obtained by using the definition of hybrid energy and 2) comparing 

the response behavior of this example, which has a plane with sym

metric rigidity and a symmetric mass center, with that of the next 

example, which has symmetric rigidity but an unsymmetric mass center. 

The N-S and E-W components of the E1 Centro 1940 earthquake are 

applied respectively in the x- and y-directions of the structural 

plane. The scale of all three components is increased by 1.5. In 

order to have a minimum error in the energy balance between the 

total input energy and the total output energy, the step-by-step 

integration method is employed for which the time interval, ~t, is 

0.005 sec. This is an undamped analysis for which a=l, r=20, and 

the allowable tolerance of the difference between the current and 

the previous stiffness at each time interval is three percent for 

reformulating the structural stiffness matrix. At the end of the 

five second earthquake input, the error in the energy balance, that 

is the ratios of the difference between the total input energy and 

the total output energy to the total input energy, are -0.0008" 

-0.0012, and -0.0035 percent. These percentages correspond to cases 

(c), (d), and (e) respectively. 
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The transverse displacements at the origin of the reference 

coordinates in the x- and y-directions at the top floor are shown 

in Figs. 159 and 160. The N-S earthquake component of case (c) 

induces more permanent deformation in the x-direction than it does 

for cases (d) and (e). but it does not induce any noticeable dis

placement in the y-direction. The vertical component can only 

slightly affect the transverse displacements, as shown in case (e). 

The total input energy and the total dissipated energy are 

plotted in Fig. 161. The ratios of the input energy to the dissi

pated energy at the end of the applied earthquake duration that 

are used as a measurement of the energy absorption are 1.33,1.28, 

and 1.33 for the cases of (c), (d), and (e) respectively. The 

ratios of the total input energy of cases (d) and (e) to that of 

case (c) are 1.35 and 1.41 respectively. 

The maximum ductility factors of the columns at each floor in 

both the x- and y-directions of the structural plane are plotted 

in Figs. 162 through 165. Figures 162 and 164 are based on the 

definition of rotation, whereas Figs. 163 and 165 are based on 

hybrid energy. The figures reveal that the coupling earthquake com

ponents can definitely increase the ductility demand for which the 

significant increases are at the seventh floor and the top floor 

in the x-direction and at the sixth floor and the top floor in the 

y-direction. These maximum ductilities are associated with the 

bending about the major axes of individual columns. The N-S com

ponent acting alone requires no ductilities in the y-direction but 

much less ductilities in the x-direction than those resulting from 

either two components or three components. The ductilities based 
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on the rotation are much greater than those based on hybrid 

energy. 

The maximum ducti 1 i ty factors of beams in the x- and y

directions are shown in Figs. 166 and 167. The ductilities are 

much greater at the lower floor levels. Inclusion of one additional 

horizontal component and a vertical component affects the ductili

ties more in the y-direction than in the x-direction. 

Ten-Story Unbraced Steel Building with the Mass Off the Center 

of the Floor Plane--Example 22~-This structure is the same as the 

one shown in Fig. 153. but the mass center is at C' in the struc

tural plane. The loading conditions and other analytical parameters 

are identical to those used in Example 21. except that the time 

interval. 6t. is 0.0025 sec. At the end of an earthquake input 

with a five-second duration. the errors of the energy balance are 

-0.0003. -0.0003. and -0.0031 percent for the three loading cases 

of (c), (d), and (e) respectively. 

The displacements in the x- and y-directions at the origin 

of the reference coordinates at the top floor are shown in 

Figs. 168 and 169. In comparing this example with the previous 

one, the displacement in the x-direction of case (c) is less than 

that for the same case in the previous example; however. the dis

placement in the y-direction is much greater in this example. The 

displacements in both the x- and y-directions of cases (d) and (e) 

are also larger in this example. The effect of interacting ground 

motions on the torsional displacement at the origin of the refer

ence coordinates at the top floor is shown in Fig. 170. As shown 

in the figure. inclusion of one additional horizontal component 
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and one vertical component to increases the rotation in the nega

tive direction. The axial displacement of column 1 at the top floor 

of Fig. 171 shows that the displacement of case (e) is about three 

times that of case (c). 

A comparison of the total input energy and the dissipated energy 

is shown in Fig. 172. In this figure the ratios of the input energy 

to the dissipated energy at the end of the applied earthquake are 

1.34, 1.36, and 1.51 for cases (c), (d), and (e) respectively. The 

input energies of cases (d) and (e) are respectively about 1.45 and 

1.64 times greater than that of case (c). 

The maximum ductility factors and the maximum excursion ratios 

of the columns in both the x- and y-directions are shown in Figs. 173 

through 176. The loading cases (d) and (e) require more ductilities 

than the loading case (c), and the ductilities are more in demand 

for all three cases at the eighth floor and the top floor than at 

any of the other floors. All the ductilities are associated with 

the bending about the major axes of the individual columns. 

Ten-Story Braced Steel Building with Unsymmetric Rigidity and 

the Mass at the Center of the Floor Plane--Example 23--This struc

ture for which the N-S component of the El Centro 1940 earthquake 

is applied in the N-S direction of the structural plane is sketched 

in Fig. 177. The magnitude of all three components of the earth

quake is increased by 2.5, and the step-by-step integration method 

is used with the time interval of 0.005 sec. The structure is ana

lyzed with a=l and r=20 and with three percent of the allowable 

tolerance in the differential stiffness coefficients and five 

percent damping expressed in both the mass and stiffness (a = 0.2732 
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and B = 0.00915. At the end of the five-second duration of the 

earthquake input, the errors in the energy balance are -0.0519, 

0.2387, and 0.2222 percent for cases (c), (d), and (e) 

respectively. 

The displacements in the x- and y-directions and the torsional 

movement at the origin of the reference coordinates of the top floor 

are shown in Figs. 178 through 180~ Because of the structure's 

unsymmetric rigidity, theN-S component acting alone in the x-direction 

can induce a considerable amount of displacement in the y-direction. 

The torsional motion of this system is quite sensitive to interacting 

ground motions and presents some significant permanent deformation 

for all the three loading cases. The axial displacement of column 3 

at the top floor is shown in Fig. 181. The displacement is not 

influenced by the vertical ground motion as much as that of the 

column in the unbraced systems. A comparison of the total input 

energy, the total dissipated energy, and the energy dissipated by 

damping is given in Fig. 182 from which one may observe that the 

ratios of the total input energy to the total dissipated energy 

at the end of the earthquake application are 1.33, 1.28, and 1.27 

for the cases (c), (d), and (e) respectively. The input energies of 

cases (d) and (e) are respectively about 1.28 and 1.40 times greater 

than that of case (c). 

The ductility factors and excursion ratios of the columns and 

beams are given in Figs. 183 through 188. The effect of the inter

acting ground motions on the ductilities of the braced systems is 

not as distinct as that on unbraced buildings. However, the columns 

require more ductilities for the first floor than for the other floors; 
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Fig. 182. Input and Dissipated Energy of Example 23. 
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Fig. 183. Max. Ductility Factors in X-Direction of Columns of 

Example 23. 
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Fig. 184. Max. Excursion Ratios in X-Direction of Columns 

of Example 23. 
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the beams demand more ductilities for the second floor. The moment

rotation relationship for both the major and minor axes of column 

at the base are plotted in Figs. 189 through 194 from which the 

effect of the interacting ground motions on the moments can be 

observed. 

Eight-Story Unbraced Steel Building with L-Shape Plane for 

(A) Five Percent Damping and r=20, (B) Five Percent Damping and 

r=80, and (C) Undamped and r=20--Example 24--This structure is shown 

in Fig. 148, which was used in Example 19. This example serves as 

a comparative study for considering the structure as A) an inelastic 

system with a=l, r=20, and five percent damping in combination with 

the mass and stiffness (a = 0.4305 and S = 0.00581), B) an elasto

plastic system with a=l, r=80, and five percent damping in terms 

of the mass and stiffness (a = 0.4305 and S = 0.00581), and 

C) an inelastic undamped system with a=l and r=20. For all three 

systems, the first five-second duration of the El Centro 1940 earth

quake is used. The scale for this is one, and the N-S component 

is applied in the N-S direction of the structural plane. The step

by-step integration method is employed with a time interval of 0.005 

sec. The allowable tolerance in the differential stiffness coeffi

cients is three percent. At the end of the earthquake duration, 

the errors in energy balance for loading cases (c), (d), and (e) 

are respectively equal to -0.0374, 0.0065, and 0.0194 percent of 

system (A), 0.0119, -0.0089, and 0.0066 percent of system (B), and 

-0.0015, -0.0004, and -0.0045 percent of system (C). 

Figures 195 through 202 reveal the effect of strain hardening 

(r=20 for system A and r=80 for system B) on the transverse, 

229 
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rotational, and vertical displacements at the origin of the refer

ence coordinates of the top floor. For the same interacting ground 

motions, the elasto-plastic system (r=80) yields larger displace

ments than the inelastic system (r=20) as well as permanent defor

mation. The vertical displacements, however, are not significantly 

affected by the strain hardening. 

Comparisons of the input energy and the dissipated energy of 

these three systems are shown in Figs. 203 through 205. The energy 

absorption characteristics may be numerically expressed in terms 

of the ratio of the total dissipated energy. The ratios corres

ponding to loading cases (c), (d), and (e) are respectively equal 

to 1.50,1.40, and 1.37 for system (A), 1.48, 1.54, and 1.62 for 

system (B), and 1.GO, 1.34, and 1.45 for system (C). The seismic 

input energies of loading cases (d) and (e), expressed in terms 

of the input energy of case (c), ilre respectively equal to 2.00 

and 2.11 for system (A), 3.05 and 3.48 for system (B), and 2.24 

and 2.22 for system (C). It is apparent that inclusion of the one 

additional horizontal component and the vertical component is very 

sensitive for the elasto-plastic system, which exhibits more input 

energy and dissipated energy than the other bw systems. The increase 

of the input and dissipated energy of the elasto-plastic system 

becomes quite rapid at the end of the earthquake as shown in Fig. 204. 

Comparisons of the maximum ductility factors and the maximum 

excursion ratios of the columns in both the x- and y-directions 

of the structural plane for systems (A), (B), and (C) are shown 

in Figs. 206 through 217. All these ductilities and excursions 

are based on the same definition of hybrid energy. Inclusion of 
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Fig. 203. Input and Dissipated Energy of Example 24, System (A). 
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Fig. 204. Input and Dissipated Energy of Example 24, System (B). 
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Fig. 205. Input and Dissipated Energy of Example 24, System (C). 
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Fig. 206. Max. Ductility Factors in X-Direction 

of Columns of Example 24, Sy~tem (A). 
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Fig. 208. t·1ax. Ductility Factors in X-Direction of Columns of 

Example 24, System (C). 
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Fig. 209. Max. Excursion Ratios in X-Direction 

of Columns of Example 24, System (A). 
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Fig. 210. Max. Excursion Ratios in X-Direction of Columns of 

Example 24, System (B). 
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Fig. 211. ~1ax. Excursion Ratios in X-Direction of Columns of 

Example 24, Syste~ (C). 
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Fig. 212. Max. Ductility Factors in V-Direction of Columns 

of Example 24, System (A). 
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Fig. 213. ~lax. Ductility Factors in V-Direction of Columns 

of Example 24, System (B). 
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Fig. 214. Max. Ductility Factors in V-Direction of Columns 

of Example 24, System (C). 
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Fig. 215. Max. Excursion Ratios in V-Direction of Columns of 

Example 24, System (A). 
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Fig. 216. Max. Excursion Ratios in V-Direction of Columns of 

Example 24, System (8). 
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the E-W component and the vertical component significantly increases 

the ductility demands for all three systems. The critical ductility 

demands are at the upper floors between the fourth and the sixth. 

As expected, the ductilities of the undamped system (C), are greater 

than those of the damped system (A). However, the ductilities of 

the elasto-plastic system (B) are much greater than those of the 

inelastic systems (A) and (C). By observing the displacements and 

ductilities, one may conclude that the elasto-plastic model is sen

sitive to interacting ground motions and that it may be too conser

vative a model for multicomponent seismic analysis. 

The ducti 1 ity factors of the beams in both the x- and y-di recti ons 

of the structural plane are shown in Figs. 218 through 223 for the 

three structural systems. The N-S component acting alone does not 

demand any ductility in the y-direction but does demand a consider

able amount of it in the x-direction. Inclusion of the E-W component 

and the vertical component can significantly increase the ductilities 

in the y-direction but only slightly in the x-direction. 

Eight-Story Unbraced Steel Building with L-Shape Plane for the 

Taft 1952 Earthguake--Example 25--The structure shown in Fig. 148 

is analyzed for the first five seconds of the Taft 1952 earthquake. 

The N69W component of this earthquake is applied in the N-S struc

tural plane. The scale of the earthquake is one, and the other 

parameters are a;l and r;20 and five percent damping in combina

tion with mass and stiffness (a = 0.4305 and 6 = 0.00531), three 

percent of the allowable tolerance in differential stiffness coeffi

cients, and 6t ; 0.005 sec. in the step-by-step integration. At 

the end of the earthquake, the errors in the energy balance are 
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Fig. 218. Max. Ductility Factors in X-Direction of Beams of 

Example 24, System (A). 
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Fig. 219. Max. Ductility Factors in X-Direction of Beams of 

Example 24, System (B). 
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Fig. 220. t1ax. Ductility Factors in X-Direction of Beams of 

Example 24, System (C). 
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Fig. 221. Max. Ductility Factors in V-Direction of Beams of 

Example 24, System (A). 
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Fig. 222. Max. Ductility Factors in V-Direction of Beams of 

Example 24, System (8). 
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0.0064, D.0819, and 0.1164 percent for loading cases (c), (d), and 

(e) respectively. 

The displacements in the transverse, rotational, and vertical 

directions at the origin of the reference coordinates are plotted 

in Figs. 224 through 227 for the top floor. Inclusion of the addi

tional horizontal component and the vertical component can slightly 

affect the displacement in the x-direction but significantly influ

ences the displacement in the y-direction as well as the torsional 

and vertical displacements. The effect on the displacement response 

resulting from the interacting Taft 1952 earthquake is similar to 

that resulting from the El Centro 1940 earthquake, as shown in 

Example 23. However, the magnitudes of the displacements are much 

smaller than those in that example. 

The characteristics of the energy absorption are shown in 

Fig. 228 in which the total dissipated energy is due to the energy 

dissipated by damping. No noticeable energy dissipated by the 

inelastic strain can be observed, thus the ductility factors based 

on the definition of hybrid energy are very small. The ductility 

factors and the excursion ratios shown in Figs. 229 through 234 

are based on the definition of rotation. These serve to illustrate 

that the Taft and El Centro earthquakes have similar influences on 

the ductil ity demand, but the demand resulti ng from the Taft earth

quake is much smaller. 

The effects of interacting ground motions on moment-rotation 

relationships at the support of column 1 are shown in Figs. 235 

through 240. By comparing Fig. 238 with 239, one may find that 
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the moment of case (d) is about three times greater than that of case (c). 
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Fig. 228. Input and Output Energy of Example 25. 
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Fig. 230. Max. Ductility Factors in Y-Direction 

of Columns of Example 25. 
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Eight-Story Building of L-Shape Plane with Steel Columns and 

a Shear Wall--Example 26~-This structure for which the floor masses 

are the same as in Examples 24 and 25 is shown in Fig. 241. The 

cross-sectional properties of the shear wall are that the yield 

moment is 40,000 in-k (4520 kn-m), the moment of inertia about the 

major axis is 864,000 in4 (0.3596 m4), and the effective cross

sectional area is 720 in2 (0.4645 m2). The torsional moment of 

inertia and the moment of inertia about the minor axis are assumed 

to be negligible. For the steel members, let a=l, r=20, and three 

percent of the allowable tolerance are adopted in the differential 

stiffness coefficients. The first five seconds of the El Centro 

1940 earthquake are used with the scale of one, and the N-S com

ponent is applied in the N-S structural plane. In the analysis, 

five percent damping and ~t = 0.005 sec. were employed. 

The response behavior of the displacements and the moments is 

similar to that of the previous two examples and is therefore not 

shown here. However, the ductility factors and the associated 

excursion ratios of the columns and the shear wall are quite inter-

esting and are plotted in Figs. 242 through 245. The critical duc

tility demands in the x-direction are mainly developed at the shear 

wall for which the maximum required ductility is at the first floor. 

From the second floor to the top, the ductilities are demanded slightly 

by the other columns, and the shear wall remains elastic. The duc

tilities in the y-direction are mainly developed at column 7, for 

which the critical location is at the fifth floor. Because the 

shear wall and column 7 suffer severe damage, the ductilities and 

the excursion ratios of these two members are plotted along with the 
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Fig. 242. Comparison of Max. Ductilities in X-Direction of 

Columns with Shear-Wall Ductilities of Example 26. 
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Fig. 243. Comparison of Max. Excursion Ratios in X-Direction of 

Columns with Shear-Wall Excursion Ratios of Example 26. 
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Fig. 244. Comparison of Max. Ductilities in V-Direction with 

Col. 7 Ductilities of Example 26. 
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Fig. 245. Comparison of Max. Excursion Ratios in V-Direction 

of Columns with Col. 7 Excursion Ratios of Example 26. 



maximum required numbers for each floor of the system. The duc

tilities of the beams in the x- and y-directions of the floor plane 

are shown in Figs. 246 and 247. Inclusion of the E-W component 

and the vertical component demands more ductilities in the y

direction than in the x-direction in comparison with those occasioned 

by the N-S component only. 
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Fig. 246. Max. Ductility Factors in X-Direction of Beams of 

Example 26. 
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VIII. REVIEW AND CONCLUSIONS 

A. REVIEW 

The analytical study, which has been presented,was conducted 

for the purpose of investigating the effect of one vertical and two 

horizontal interacting ground motions on the response behavior of 

elastic and inelastic building systems. These structures can be 

subjected to the simultaneous input of static loads and multicom

ponent earthquake motions that have been applied in any direction 

of the structural plane for which the p-~ effect of the second

order moment, which results from the gravity load and the vertical 

ground motion, is considered. 

The building systems may have elevator cores, floor diaphragms, 

and shear walls of the reinforced concrete as well as steel beams, 

columns, and bracings. The material behavior of the steel members 

was based on the Ramberg-Osgood hysteresis loop from which the stiff

ness coefficients were derived for loading and load reversal with 

the Bauschinger effect. The stiffness coefficients for biaxial 

bending, torsional, and axial deformations were used for both elas

tic and inelastic analyses. For the inelastic analyses, various 

strain hardenings were employed. The hysteresis behavior of the 

reinforced concrete elements was based on Takeda's model as a stiff

ness degrading technique. The mathematical formulations of system 

stiffness and geometric matrices, the solution technique for the 

system matrices, and the numerical integration procedures for the 

motion equation, which have been presented, were developed with 

regard to the building characteristics that each floor has independent 
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vertical displacements of columns but one common torsional displace

ment and two common transverse displacements. Thus, computation 

efficiency was achieved by eliminating the structural joint rota

tions from floor to floor with only the displacements associated 

with the lumped masses left for the motion equation. 

The yielding surface of a steel member was based on the non

linear interactions for both strength and stability. The modified 

plastic moments and the yielding axial forces were reduced accord

ing to von Mises yield criterion. Although the reinforced concrete 

shear walls and shear panels were considered as plane elements, the 

yielding surface of reinforced concrete columns was also discussed. 

The mathematical formulations include the seismic input energy, 

kinetic energy, energy dissipated by damping, and the dissipated 

strain energy as well as the stored strain energy. The seismic in

put energy is due to three-dimensional interacting ground motions 

and the P-L1 effect of the gravity load and the vertical ground motion. 

The kinetic energy is generated by the masses and their velocities 

in the vertical, horizontal, and rotational directions. The energy 

dissipated by damping results from the work produced by the damping 

forces going through the absolute displacements of the masses. The 

dissipated strain energy and the stored strain energy result respec

tively from the elastic deformations and the permanent sets for 

which energy equations were derived according to the deformation 

characteristics of typical individual elements. The ductility fac

tors and excursion ratios were derived on the basis of three defi

nitions: rotation, variable strain energy, and hybrid strain energy. 

The strong and weak points of each definition have been discussed. 
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The computer program, INRESB-3D, which was comprehensively 

developed, can be conveniently used by research workers and prac

titioners. The computation procedures are given in the report. 

The program list, description, input and output instructions, and 

sample problems are documented in a separate report. 

A total of 26 numerical examples were investigated for various 

low-rise and high-rise building systems. Observations of these 

systems are included in the next section. 

B. CONCLUSIONS 

1. Summary of _Low-Rise Structural Examples. The elastic response 

behavior of the low-rise systems of Examples 1-12 can be summarized 

as follows: 

Unbraced Systems with Symmetric Plane and Elevation.--For an 

unbraced structure having a symmetric plane and symmetric eleva-

tion with either doubly symmetric columns or singly symmetric columns 

oriented in one direction, a horizontal earthquake acting in one 

direction can merely (nearly zero) induce the moments of the columns 

to act in a plane perpendicular to the direction of the earthquake 

movement. A vertical earthquake component can significantly affect 

the axial forces of the columns (Examples 1 and 5). 

Unbraced Systems with Unsymmetric Elevation.--When an unbraced 

structure has a symmetric plane but unsymmetric elevation, a hori

zontal earthquake component acting in one direction can slightly 

(nearly zero) induce the moments of the columns that act in the 

plane perpendicular to the earthquake motion for a system having 

singly symmetric columns oriented in one direction (Example 3). 
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However, for a structure having doubly symmetric col ullms , the inter

acting horizontal components can mutually affect the moments in 

both planes. For both column systems, the horizontal components 

can noticeably increase the axial forces of the columns. These 

forces, however, are increased mainly by the vertical components 

(Exampl e 7). 

Unbraced System with Unsymmetric Plane.--When an unbraced struc

ture has an unsymmetric plane (L shape) with either doubly symmetric 

or singly symmetric columns oriented in one direction, the horizontal 

components in both directions can mutually influence the column 

moments acting in both planes. The axial forces of the columns are 

sensitive to the vertical components (Examples 4 and 8). 

Braced Sys terns with Unsymmetri c Ri gi dity of Floors. --Hhen a 

braced structure has an unsymmetric floor rigidity, because t\rm 

adjacent sides of the rectangular plane are braced (Examples 2 and 

6), the horizontal components acting in both directions can sig

nificantly influence the moments acting in both planes. The verti

cal components mainly cause the axial forces of the columns to be 

increased. 

Effect of Different Earthquakes on Response.--The Taft 1952 

earthquake and the El Centro, 1940 earthquakes similarly influence 

response behavior (Example 9). 

Effect of Floor Rigidity on Response.--Space frames not having 

slab rigidity are slightly more sensitive to interacting ground 

motions than the same frames having rigid floors in their own plane 

(Examples 10, 11 and 12). 
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2. Summary of High-Rise Structural Examples. The response 

behavior of high-rise structures ~ay be summarized by two groups: 

(a) elastic systems and (b) inelastic systems. 

a. Elastic Syste~~_.--The response behavior of elastic systems 

is discussed below with regard to the effect that interacting ground 

motions have on the internal forces of the individual members and 

on the nodal displacements of various structural systems. 

a.l. I nterna 1 Forces. 

The Effect of the Interacting Horizontal Earthquake Components.--

For unbraced systems having symmetric structural planes, as in Examples 

13, 14, and 17, a horizontal component acting in one direction can 

slightly affect the column moments acting in the plane perpendicular 

to the earthquake motion. The interacting horizontal components 

can sometimes significantly increase the axial forces of some columns. 

Generally, the exterior columns are mostly affected. In Example 13, 

the increase of the exterior column, 2, is about 1.95 times (d/c = 

703/360) and 1.57 times (d/c = 33/21) the results of case (c) at 

the ground and top floors respectively. The axial forces of the 

interior columns, 3 and 4, of the example are almost the same for 

both cases. Similar behavior may be observed in Examples 14 and 17. 

For the braced systems of Examples 15 and 16, which are repre

sentative of a system having unsymmetric floor rigidity and symmetric 

floor masses, interacting horizontal earthquake components can sig-

nificantly influence both the axial forces and bending moments. 

In the case of Example 15, the axial force of column 2 at the ground 

floor is increased by 1.36 times (d/ c = 432/332), and the moments 

of column 4 at the same floor is increased by 1.27 (d/c = 113/89) 
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and 1.11 (d/c = 246/221) in the N-S and E-W planes respectively. 

The axial force of the bracing member 2 at the fourth floor is 64 

kips (284.7 kN) and -66 kip (-293.6 kN) for cases (c) and (d) 

respectively. As for Example 16, the axial force of column 2 at 

the ground floor is increased by 1.36 (d/c = 391/289). The moments 

in the N-S and E-W planes of the same column are respectively 

increased by 1.12 (d/c = 230/205) and 3.10 (d/c = 267/86). The 

axial force of bracing member 4 at the second floor is changed 

from 104 kips (462.6 kN) of case (c) to -114 kips (-507.1 kN) of 

case (d). Column system (II) is more sensitive to the interacting 

components than system (I). 

The Effect of a Vertical Earthquake Component.--For unbraced 

systems having symmetric structural planes, such as Examples 13, 

14, and 17, a vertical earthquake motion can significantly affect 

the axial forces but only slightly influence the bending moments. 

The axial forces of the interior column, 4, of Example 13 are 

increased by four times (e/d = 88/22) and 2.04 times (e/d = 706/346) 

at the top and bottom floors respectively. The axial forces of 

the interior column, 5, of the top and ground levels of Example 14 

are increased by 2.96 (e/d = 71/24) and 2.21 (e/d = 778/352) 

respectively. The axial forces of the exterior corner column, 6, 

of Example 17 are increased by 1.2b times (e/d = 1343/1066) at the 

ground floor and 2.83 (e/d = 99/35) at the top floor. In the same 

example, the axial forces of the interior corner column 7, at the 

ground and top floors are increased by 23.3 times (e/d = 1934/83) 

and 52 times (e/d = 364/7) respectively. The ratio of 52 is large, 
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because the two horizontal components have induced the axial force 

only in the amount of 7 kips (31.1 kN). 

A vertical component combined with horizontal components can 

sometimes slightly reduce the axial forces of some columns. The 

axial force of column 6 at the bottom floor of Example 13 is changed 

from 630 kips (2802.2 kN) to 507 kips (2255.1 kN) or e/d = 0.80; 

the axial force of column 2 at the ground floor of Example 14, is 

reduced from 955 kips (4247.8 kN) to 933 kips (4136.6 kN) or 

e/d = 0.97; and the axial force of column 2 of Example 17 is reduced 

from 1023 kips (4550.3 kN) to 950 kips (4313 kN) or e/d = 0.93. 

The increase of the moments of these three examples. as a 

result of the inclusion of the vertical component. is significant 

mostly in the E-W plane. 

For the braced system of Examples 15 and 16. a vertical earth

quake component can significantly increase the axial forces but 

not the bending moments. For instance. the axial force of column 3 

at the ground level of Example 15 is increased by 2.21 times the 

result of case (d), (e/d = 455/206). but the moments for both cases 

of (e) and (d) are essentially the same. The axial force of brac

ing member 1 at the second floor is changed from 113 kips (503 kN) 

of case (d) to -111 kips (-493.7 kN) of case (e). In Example 16, 

the axial force of the same column, 3. discussed in Example 15. 

is increased by 2.76 (e/d = 450/163). and the axial force of the 

bracing member 3 at the second floor is 112 kips (498.2 kN) and 

-112 kips (-498.2 kN) for cases (d) and (e) respectively. 
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Comparison of the ~esponse Behavior of the Results Based on the 

Taft 1952 Earthquake and of Those Base~on the 1940 El Centro 

Earthquake.--From Example 17, the response behavior based o~ the 

Taft earthquake is similar to that occasioned by the El Centro 

earthquake, except that the S21W of the Taft affects the structural 

response more than the E-W component of the El Centro (in terms 

of d/c). It is because the magnitudes of both horizontal components 

of the Taft are almost the same but the N-S component of the El 

Centro is much larger than its E-W component. The effect on the 

moments of the interacting horizontal Taft components is not as 

distinct as that of the El Centro components. 

a. 2. Structural Di spl acements 

Either 'Singly Symmetric or Doubly Symmetric Floor-Rigidity.-

The setback and T-shape structures of Examples 17 and 18 are systems 

that have singly symmetric floor-ridigity. Example 20(A), however, 

has doubly symmetric floor-rigidity. For these three examples, 

a horizontal earthquake component applied in one direction does 

not influence the lateral displacements perpendicular to the earth

quake motion, and the lateral displacements are not at all affected 

by the vertical ground motions. 

The three interacting ground motions can influence the tor

sional movement of the setback structure, but no rotational dis

placement is observed for Example 20(A), which has the doubly 

symmetric floor-rigidity. 

The axial displacements are mainly caused by vertical ground 

motions, which affect the interior columns more than the exterior 

columns. Interacting horizontal earthquake components can have 
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some influence on the axial deformations of the exterior columns. 

The influence on the T-shape system is greater than on the setback 

structure. 

Unsymmetric Floor-Rigidity. The braced structures of Examples 15 

and 17 are systems that have unsymmetric floor-rigidity. Interacting 

horizontal earthquakes can significantly affect the lateral dis

placements in two directions. These displacements, however, are 

not influenced by vertical ground motions. The lateral displace

ments of the structure having doubly symmetric columns (Example 15) 

are greater than those of the structure having singly symmetric 

columns (Example 16). 

Unsymmetric Mass-Center at Each Floor.--The mass-center of 

Example 20(8) is not at the center of the structural plane as in 

the case of an unsymmetric mass-center. However, Example 20(A) 

has the mass at the center of each floor plane. Horizontal ground 

motions applied in one direction can affect the lateral displace

ment perpendicular to the earthquake motion for Example 20(8) but 

not for Example 20(A). The lateral displacements of both examples 

are not at all influenced by vertical ground motions. The rota

tional displacements of Example 20(8) are affected by interacting 

horizontal earthquake components, but no rotational movement is 

observed for Example 20(A) for any of the three cases of (c), (d), 

and (e). Interacting ground motions can affect the axial defor

mations of the columns which are actually more sensitive to a 

vertical earthquake component. 
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Unsymmetric Floor-Rigidity and ~1ass-Center.--Example 19 with 

its L-shape structural plane has unsymmetric floor-rigidity and an 

unsymmetric mass center at each floor. An interacting horizontal 

earthquake component can significantly influence the lateral dis

placements, which are not at all affected by a vertical component. 

A horizontal component applied in one direction can cause more 

torsional movement than two interacting horizontal components which 

seem to counterbalance the twisting angle. The three interacting 

earthquake components can influence the axial deformations for 

which the increases are mainly due to vertical ground motions. 

b. Inelastic Systems.--The response behavior of Examples 21 

through 26 may be summarized in the following five categories: 

1) displacement response, 2) moments and rotations, 3) energy 

absorption, 4) ductility factors and excursion ratios, and 

5) mathematical plastic models. 

b.l. Displacement Response.--When the rigidity and the mass 

center are both symmetric about a floor plane, the horizontal com

ponent, when applied alone in one direction, as in the x-direction, 

does not induce any noticeable displacement in the y-direction. 

However, the inclusion of the horizontal component in the y-direc

tion and the vertical component can influence the displacements in 

both directions. The influence on the displacements in the y

direction is much greater than those in the x-direction. When 

the structural plane is not symmetric for either the rigidity or 

the mass center or both, the horizontal component acting alone in 

the x-direction can induce the displacements in both the x- and y

directions. The inclusion of an additional horizontal component 
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and the vertical component can cause a considerable amount of per

manent deformation in the torsional and y-directions. For all 

the symmetric and unsymmetric cases, the increase of the horizontal 

displacements is mainly due to the interacting horizontal components 

but slightly due to the vertical component. The axial displace

ments of a column are heavily affected by the vertical component 

but moderately influenced by the horizontal components. For the 

same structure subject to an identical earthquake motion, the elasto

plastic model yields much more deformations in both the transverse 

and rotational directions than the inelastic model. Vertical displace

ments are not sensitive to mathematical models. Although no dis-

tinct instability phenomenon has been observed for applied earth

quakes with a unit scale, in some cases large permanent deforma-

tions in both the transverse and rotational directions can make a 

structure unserviceable. 

b.2. Moments and Rotations.--When one horizontal component is 

applied, the moments and their associated rotations in the plane 

parallel with the earthquake motion are significantly large, and 

those in the perpendicular plane are very small. However, the 

inclusion of the additional horizontal component and the vertical 

component can remarkably increase the moments and their rotations 

in both directions. The increase is mainly due to the interacting 

horizontal components but slightly due to the vertical component. 

This observation may lead to the conclusion that a three-dimen

sional building system cannot be analyzed in the traditional 

manner by treating the system as a number of plane frameworks that 

are tied by floor diaphragms, because the plane frameworks have 
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only the moments in one direction that are much less than the actual 

moments of a real building system. 

b.3. Energy Absorption.--The seismic input energies resulting 

from the interacting three-dimensional ground motions are about 1.40 

to 2.24 times the input energies resulting from one-dimensional 

motion for the inelastic examples with r=20. The ratio can be as 

high as 3.48 for the elasto-plastic system with r=80. The ratios 

of the total seismic input energies to the total dissipated energies 

vary from 1.28 to 1.Sl for inelastic examples but 1.48 to 1.62 for 

the elasto-plastic example. Comparisons of the input energy with 

the dissipated energy yield a little variation among the loading 

cases of (c), (d), and (e) for each individual structure. The com

parisons apparently show that the interacting ground motions induce 

more input energy to the structure than the one-dimensional ground 

motion and then cause more damage to the system. The errors in the 

balance between the total input energy and the total output energy 

for all the examples vary from 0.0003 to 0.2387 percent. These 

small errors indicate that the numerical integrations are extremely 

accurate. 

b.4. Ductil i ~ctors and Excurs ions "Ratios .--Hhen a struc

tural plane is symmetric for both the rigidity and the mass center, 

one horizontal component acting alone in the x-direction only de

mands the ductilities in that direction. However, the interacting 

ground motions can significantly require the ductility factors as 

well as the excursion ratios in both directions. Hhen the struc

tural plane is not symmetric for either the rigidity or the mass 

center, the one horizontal component can demand the ductilities 
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in both directions. The demand becomes greater when one additional 

horizontal component and the vertical component are included. The 

ductilities of columns are generally demanded more at the third

quarter floor level (measured from the ground level) and the top 

floor, but the ductilities of the beams vary with individual struc

tures. When the structure has a shear wall, the shear wall is 

the one member among all the columns that demands significant duc

tilities. The critical region of the shear wall is at the first 

floor from the ground. The corner columns require more ductili

ties than the interior ones. The elasto-plastic model yields more 

ductilities than the inelastic model with strain-hardening. The 

ductilities based on the definition of rotation are much greater 

than those that are based on hybrid energy. 

Although no distinct unstable behavior has been observed under 

interacting ground motions, large ductilities caused by three

dimensional ground excitation are apparently representative of loca

tion plastic mechanisms. 

b.5. Mathematical Plastic Models.--The elasto-plastic model 

is very sensitive to interacting ground motions and, thus, exhibits 

much larger displacements and ductilities than the inelastic model. 

The elasto-plastic model may be too conservative for multicomponent 

seismic analysis. 
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APPENDIX A. DERIVATION OF STIFFNESS COEFFICIENTS FOR RAMBERG-OSGOOD 

HYSTERESIS LOOPS 

The stiffness derivation is based on the principle of incremental 

analysis and the transfer matrix technique. A typical member is shown 

in Fig. 248 where the forces U1i' Vi' Mj and Vj ) and their associated 

deformations (T," v., T., and v.) are positive as indicated. Because 
, J J 

of the cycling loading process, the force-deformation relationships 

must be expressed in two groups of loading and unloaind corresponding 

to skeleton curve and branch curve respectively. 

A. SKELETON CURVE 

Let us consider a stable determinate beam shown in Fig. 249 for 

which the elastic curvature associated with the given moments may be 

sketched in the accompanying figure. The slope at end-i may be 

expressed on the basis of structural mechanics and Eq. 3.3 as 

L 
T; - - f cpdx 

o 

in wh i ch ~lx = 

T· , 

V.x , 

L ~1 

f E~ (1 + 
o 

~1 r-l 

a I M x I )dx 
P 

MoO , Integration of Eq. A-1 yields 

2 
_1 {Vi L _ a 
E I 2 Mi L + (r+ 1 ) V . 

1 

(A-l) 

(A- 2) 
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L 

Fig. 248. Positive Forces and Deformations of a Typical 

Member 

Fig. 249. Forces Applied at End-I 

(a) Given Beam 

(b) Curva ture 
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The deflection at end-i may be similarly obtained 

v· , 
L 

f ¢x dx 
o 

3 2 
= _1 {_v,_. L ___ M,_. L_ + _~_a __ ", 

E1 3 2 (r+l)(r+2)V~ 

Since an incremental procedure must be used for analyzing the 

(A-3) 

inelastic structure, the force-deformation relationships at end-i can 

be expressed in the following derivative forms: 

dei L 1- a 
dM. = IT 1 + M. 

, - (1 + _-1.) 

t~. r-l 

1_'1 +_a_ 
M M. 

P (1 +-') M. , 

dei = _ ~ {l + ___ a __ -----r.-
dV i E1 2 M. 2 

( r+ 1 ) (1 + M ~ ) , 

M. 
J 

I~~I 
r-l 

+ ___ a __ _ 
M. r-l - ~1. 

I M~ 1 I: + ( r+ 1) (M ~) j} M. 2 
( r+ 1 ) (1 + t~ ') 

J 

r-l 

I~j 1 -I 
p -

(A-4 ) 

(A-5) 
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and 

(r+1)(r+2)(1 

r-1 
+ a IMj I 1- [~1.) 

3 IMI Ir(r+l)+ 2r(r+2) M'.)I 
M. P - J 

+ -') (r+l)(r+2)(1 M. 
J 

~1 2 
+ (r+ 1 )( r+ 2) [M i.) -'} 

J -
(A-6 ) 

which is identical to Eq. A-5. Equations A-4 through A-7 are obtained 

by just using the derivative with respect to the independent variables 

M. and V. and then substituting the equilibrium condition, V. , , 1 

= (M. + M.)/L, to eliminate V .. Equations A-4 through A-7 are actually , J 1 

an incremental form of flexibility matrix and can be symbolically 

expressed as 

or 

d~. = fc1 F. 
~ 1 - ~l 

( A-8) 

(A-g) 
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Let the incremental forces at the supported end-j, of Fig. 249 be 

dF. 
~J 

[dV. 
J 

dM.J T 
J 
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(A-10) 

then the forces at the support can be found by using the equilibrium 

matrix E as 

dF. := E dF. 
~J - ~l 

(A-ll ) 

in which 

[ -1 -~l E := 

- L 

From Eq. A-9 

dF. -1 dl'l. := f 
~l ~l 

(A-12a) 

Let 

S .. 
-11 

:= f -1 (A-12b) 

S .. represents the stiffness coefficients which are due to the unit 
-11 

displacements at end-i and are the inverse of the flexibility coeffi-

ci ents, f. 

Substituting Eq. A-12a into A-ll yields 

dF. := E f- l dl'l. 
~J ~l 

(A- 13a) 

from which the stiffness coefficients can be obtained in the following 

form 
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(A-l3b) 

S .. represents the forces at end-j due to the unit displacements at 
-J1 

end-i. To determine the stiffness coefficients, S .. , one may use the 
JJ 

reciprocal relations that the work done by dF. and dl1. (when j-end is 
~ 1 ~ 1 

fixed) must be equal to that by dF. and dl1. (when i-end is fixed). 
~J -J 

Thus 

1 T 1 T 
-2 dF. dl1. = -2 dF. dl1. 

~J ~J ~ 1 ~ 1 

Substituting Eqs. A-13 into above 

from which 

T T T dl1. S.. dl1. dl1. d F . 
~ 1 -J 1 ~J ~ 1 ~ 1 

dF. 
-1 

T S .. dl1. 
J 1 -J 

From Eq. A- 13b 

T -1 T S .. = f E 
-J1 

Thus Eq. A-l1 becomes 

in which 

dF. = E f- 1 E T dl1. 
~J - ~J 

-1 ET S .. = E f 
-JJ --

(A-14) 

(A-15) 

(A- 16) 

( A-l7) 

( A-18a) 

(A-18b) 
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Using Eqs. A- 12b, 13b, 18b and 5 .. T = 5 .. 
lJ Jl 

f- l f-1E T 
-11 -lJ [ S" 

s "I E f- 1 E f-1E T (A-19) 
5 .. 5 .. 
-Jl -JJ 

The detailed form of Eq. A-19 may be symbolically expressed as 

dV. 5Q, 5 5 5 dv. 
1 m n 0 1 

dM. 5p 5 5 de. 
1 q r 1 

= (A-20) 
dV. 5s 5t dv. 

J J 

dM. symm. 5 d, . 
J u J 

The stiffness coefficients, A, C, and AI in Eq. 3.17 are for the 

angles measuring from the chord to the tangents. The chord is defined 

as the line connecting two ends of a member, whether the member is 

displaced or not. As shown in Fig. 248, the chord is the line connect-

ing i I and Y and the angles are 8 i and 8 j • Using the analogy of 8. 
1 

and 8j to 'i and 'j' one may find another set of stiffness coefficients 

as 

ldMil := [ 5
p 

5
r 

{de
i
} 

dM. 5 5 de. 
J r u J 

(A-21) 

When the stiffness coefficients of Eq. A-21 are used, the shears are 

not treated as independent forces and are dependent on the moments. 

Comparing Eq. A-21 with Eq. 3.17 gives the bending stiffnesses 

about the x-axis as 



320 

A = S C = S and AI p' r' (A- 22) 

Sp' Sr' and Su are resulting from the matrix manipulation of Eq. A-19 

and are given in Eqs. 3.18-3.20. The dependence of shears on moments 

is illustrated in Eqs. 3.44 and 3.48. 

The axial stiffness coefficient may be similarly derived from 

Eqs. 3.6 and 3.7 in which Py and Pcr can be represented by a single 

notation P. Thus 
P 

(A-23) 

The derivation with respect to P yields 

(A-24) 

from which the axial stiffness is 

AE I P I r-l -1 H = -- (1 + ar -- ) 
L P p 

(A-25 ) 

which is used in Eq. 3.21. 

Similar to the derivation of Eqs. A-24 and A-25, the torsional 

stiffness coefficient can be found from Eq. 3.11 as 

(A-26) 



B. BRANCH CURVE 

The unloading case can be classified into four groups: (a) moment 

reversal at end-i, (b) moment reversal at end-j, (c) axial load rever

sal, and (d) torsional moment reversal. The moment reversals and their 

associated curvatures for groups (a) and (b) are sketched in Figs. 250 

and 251, respectively. These four groups will be discussed separately 

as fo 11 ows. 

(a) Moment Reversal at End-i. Let the member end-i be subjected 

to a moment reversal, dMi , for which the curvature changes from the 

solid line to dashed line as shown in Fig. 250b. Because of the moment 

reversal, the curvature between 0 and Xl (¢ox l ) is reduced while the 

curvature between Xl and L (¢x'L) is increased, where Xl = M .. /V ... 
II 11 

¢ox l and ¢xlL are respectively corresponding to the branch curve and 

skeleton curve for which the slope may be calculated as 

321 

= T. 
1 

(A-27) 

from Eqs. 3.3 and 3.5 

in which 

T. 
1 

L M 
- f ~ (1 +a 

x I E1 

V •• x M •. 
11 II 

~1 r-l 

I M x I )dx 
P 

(A- 28) 
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Mj=Mjj+dMj Mj=M .. +dM· (_i ____ ----.....1 D )1 ) 

l Vj' Vj) +d'lj 
(0) 

X' I' BRANCH 
...----.--

L-x' .I 
SKELETON 

(b) 

Fig. 250. Moment Reversal at End-I 

(a) Given Beam, (b) Curvature 

Mill Mjj +dMj Mjll Mjj +dMj 

(----I __ ----"-III) 
Iv,. VI· + d'l' Iv,.v,.+dVI 1 IJ 1 J JJ J 

(0) 

Fig. 251. Moment Reversal at End-J 

(a) Given Beam, (b) Curvature 



M 
¢ = ~ (1 +a 

o EI 

M r-1 

I M
o
l ) p 

Upon integration of Eq. A-28 

S imil ar1y 

r-1 

T = __ 1 1-_ a I t\ i I M2 + V L 
2 

M L 
i ElL ( r+ 1 ) Vii t~p iii 2' - i 

V L - M r-1 
+ a 'i i , ( V.L _ M.) 2 ( r+ 1 ) V. M 1 1 

1 P 

a 
- (r+ 1 )( V . - V .. ) 

1 11 

r-l 

1
M. - M .. , '[I 

1 2M 11 ( M . - M .. ) 
P 1 11_ 

X I M _ M ~1 _ M r- 1 

vi = ~ x[¢o + x EI 0 (l+a I x2Mp 01 )]dx 

L M ~1 r-l 

+ f x E ~ (1 +a II r/ , ) dx 
Xl P . 

3 ( ) 3 r- 1 
_ 1 {ViL L2 t~ii 1~1iil 

vi - IT -3- - ~1i 2' - (r+1)(r+2)V? ~lp 
11 
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(A-29) 

(A-30) 



2 a(V.L - M.) 
+ 1 1 

2 ( r+ 1 ) ( r+ 2) V . 
1 
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(A-3l) 

Similar to the derivation of Eqs. A-4 through A-7, one must first find 

the derivatives of Eqs. A-29 and A-3l with respect to Mi and Vi and 

then substituting the following equilibrium equation into the deriva-

tive equations: 

Thus the final incremental force-deformation relations are obtained as: 

dT; L { a 
d~1. = IT 1 + ~1. 

1 (,1 1 ) +rvr:-

r-l 

I~j I 
p 

J 

+ __ =a __ 
~1.. d 

(1 +~) 
M. "d 11 

r-l 

I M~1 ~ d I } 
p 

a 
M. 2 

( r+ 1 ) (1 + ~~ ~ ) 
J 

(A-32) 

M r-l - M _ 

IMjl Ir+(r+l) [Mi.) I 
P - J -
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r-l 
a + -------=-2 I M~ ~ d I } (A- 33) 

(r+ 1)( 1 + Mj i d) 
t~ .. d 

11 

p 

dV i _ L3 {l 2a 
dV. - IT :3 + 3 

1 (r+l )(r+2)(1 + Mjid ) 

+ ____ a ___ -= 

M. 3 
(r+ 1 ) (r+2)( 1 + _1 ) M. 

J 

M. ·d 11 

r-l 

I~j I 
p 

r-l 

I
Miidl 

1>1' 
p 

2 

r(r+l )+2r(r+2) [~;]+(r+l )(r+2) [~;] ]} (A-34) 

(A-35) 

Eqs. A-32 through A-35 are similar to Eqs. A-4 through A-7 of skeleton 

I I r-l curve except that M./M. is replaced by M .. d/M·· d and M./M is 
J 1 J1 11 1 P 

replaced by IMiid/M~lr-l. The modification of the stiffnesses asso-

ciated with the skeleton curve is given in Eqs. 3.27 to 3.32. 

(b) Moment Reversal at End-j. Following Fig. 251 and Eqs. A-27 

through A-31, one may find four derivative equations of d'i/dMi' 

d,./dV., dv./dM., dv./dV. for which the following equilibrium equation 
1 1 1 1 1 1 

are substituted: 

M. 
J 

V.L - M., 
1 1 

~1 .. ::: V.. L ~1. ., 
JJ 1J 1J 

t~ . 
1 

M .. , 
1J 



The final solutions are 

+ 

dT-, -

dV - -, 

+ 

+ 

r-l 

aM_ I ~'~; I 
+ ~~~) p , 

IMjjdl 
r-l 

a } + M; j d) W 
( 1 P 

Mjjd 

- ~{J-+ I~i I 
r-l 

a 
E1 2 M_ 2 

p 
( r+ 1 ) (1 + J) M-, 

a 
2 

t~ - -d 
+~) 

~1- -d JJ 

r-l 

I ~1~~ d_1 I~+( r+ 1 ) (~: ~ d)-I} 
P - JJd -

( r+ 1 ) ( 1 

~L 3 I~:I 
(r+l) (r+2) (1 + -1_) 

M, 

a 
r-l 

I 
Mjjd_1 

3 tA' r·1_ -d 'p 
+ _'_J_) 

~1- -d 
JJ 

(r+l) (r+2) (1 

2 

r-l 

1M--d) [~'1. -d) } [r(r+l)+2r(r+2)tr~~~d +(r+l)(r+~) ~1~~d-- ] 
JJ JJ 

326 

(A-36 ) 

(A-37) 

(A-38) 
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dv 0 dT 0 

1 _ 1 

dMo - dVo (A-39) 
1 , 

Observing the above four equations, one may conclude that replacing 

r-l r-l 
Mo Mood IMJOj jMJoJo dj -' by ~ and b t10 Mood Mj y j--W-j 
J JJ p P 

in Eqs. A-4 through A-7 of the skeleton curve gives the necessary 

information for deriving the stiffness coefficients as shown in 

Eq. A-19. The modification of the stiffness coefficients for the 

branch curve is shown in Eqs. 3.33 through 3.38. 

(c) Axial Load Reversal. As pointed out in Eq. 3.8, the axial 

deformation for the branch curve is 

(A-40) 

Thus 

p p r-l 
dE L [l+arl p· : 0 I dP - AE P 

Y cr 
(A-4l) 

Let pi p - P and pi P + P o p y cr 

which is similar to Eq. A-24. The stiffness coefficient of Eq. A-25 

can be used for branch curve by replacing p with pi and Pp with P~. 
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(d) Torsional Moment Reversal. From Eq. 3.12 one may express 

the branch curve as 

Thus 

T - T r-l 
.Qy- L [ 1 01) dT - ~ l+ar 2T 

z p 

From which the stiffness coefficient is similar to Eq. A-26 as 

in wh i ch 

-1 r-l GI _ z 
Q - -L- [l+arl+: I J 

p 

T' = T - T o and T' 
P 

(A-43) 

(A-44) 
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TABLE V. COMPARISON OF INTERNAL FORCES OF EXAMPLE 13 BASED ON 

EL CENTRO, 1940. (c = N-S, P-~(DL); d = N-S, E-W, P-~(DL); 

e = N-S, E-W, VE, P-~(DL+VE); N = AXIAL FORCE, MN-S = MOMENTS 

AT COLUMN TOP IN N-S PLANE, ME_W = MOMENTS AT COLUMN TOP IN 

E-W PLANE; 1 kip = 4.54 kN, ft-kip = 1.356 kN-m) 

Fl r. Col. N (kip) M
N
_
S (ft-kip) ME- W (ft-kip) 

No. No. c d e c d e c d e 

1 360 630 752 157 157 157 197 201 

2 360 703 791 157 157 157 198 201 

3 346 346 671 157 157 157 0 435 436 

4 346 346 706 157 157 157 0 435 436 

5 360 703 1016 157 157 157 198 195 

6 360 630 507 157 "157 157 197 195 

2 323 650 772 366 366 366 336 343 

2 323 609 751 366 366 366 336 344 

3 309 309 669 366 366 366 0 614 614 

4 309 309 689 366 366 366 0 614 614 

5 323 609 916 366 366 366 336 329 

6 323 650 528 366 366 366 336 328 

3 276 653 773 320 320 320 330 340 

2 276 505 687 320 320 320 330 341 

3 263 263 641 320 320 320 0 567 567 

4 263 263 653 320 320 320 0 567 567 

5 276 505 796 320 320 320 330 320 

6 276 653 533 320 320 320 330 319 
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TABLE V. COMPARISON OF INTERNAL FORCES OF EXAMPLE 13 BASED ON 

EL CENTRO, 1940. (Continued) 

F1 r. Col. N (kip) M
N
_
S (ft-kip) ~1E_W (ft- ki p) 

No. No. c d e c d e c d e 

4 239 621 735 332 332 329 2 274 289 

2 239 436 602 332 332 , 329 2 275 290 

3 246 246 584 332 332 329 0 467 467 

4 246 246 597 332 332 329 0 467 467 

5 239 436 672 332 332 329 2 275 260 

6 239 621 507 332 332 329 2 274 259 

5 217 551 565 287 287 285 2 204 217 

2 217 356 505 287 287 285 2 202 216 

3 222 222 513 287 287 285 0 409 410 

4 222 227 530 287 287 285 0 409 410 

5 217 357 552 287 287 285 2 202 220 

6 217 551 475 287 287 285 2 204 222 

6 183 449 540 241 241 240 2 266 252 

2 183 273 405 241 241 240 2 265 252 

3 185 185 430 242 242 242 0 503 503 

4 185 185 448 242 242 242 0 503 503 

5 183 273 433 242 242 242 2 264 282 

6 183 449 417 242 242 242 2 266 283 

7 145 337 413 248 248 248 2 315 331 

2 145 217 312 248 248 284 2 315 331 

3 147 147 341 248 248 247 0 609 609 

4 147 147 355 248 248 247 0 609 609 
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TABLE V. COMPARISON OF INTERNAL FORCES OF EXAMPLE 13 BASED ON 

EL CENTRO, 1940. (Conti nued) 

F1 r. Col. N (kip) M
N
_
S (ft-kip) M

E
_
W (ft-kip) 

No. No. d c d e c d e c e 

5 145 217 322 248 248 247 2 315 317 

6 145 337 339 248 248 247 2 315 319 

8 103 224 284 288 288 287 2 346 362 

2 103 156 213 288 288 287 2 346 362 

3 105 105 255 288 288 287 0 585 586 

4 105 105 268 288 288 287 0 585 586 

5 103 156 246 288 288 287 2 346 331 

6 103 224 248 288 288 287 2 346 331 

9 59 122 163 296 296 295 2 288 305 

2 59 90 138 296 296 295 2 288 205 

3 60 60 162 296 296 295 0 460 461 

4 60 60 178 296 296 295 ·0 460 461 

5 59 90 161 296 296 295 2 288 273 

6 59 122 148 296 296 295 2 288 273 

10 21 43 64 223 223 222 3 153 192 

2 21 33 65 223 223 222 3 153 190 

3 22 22 77 222 222 221 0 252 253 

4 22 22 88 222 222 221 0 252 253 

5 21 33 74 223 223 222 3 153 177 

6 21 43 67 223 223 222 3 153 180 
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TABLE VI. COMPARISON OF INTERNAL FORCES OF EXAMPLE 14 BASED ON 

Fl r. 
No. 

2 

EL CENTRO, 1940. (c = N-S, P-~(DL); d = N-S, E-W, P-~(DL); 

e = N-S, E-W, VE, P-~(DL+VE); N = AXIAL FORCES, MN_S = MOMENTS 

AT COLUMN TOP IN N-S PLANE, ME_W = MOMENTS AT COLU~lN TOP IN 

E-W PLANE; 1 kip = 4.54 kN, 1 ft-kip = 1.356 kN-m) 

Col. N (kip) MN_S (ft-kip) ME_W (ft-kip) 
No. c d e c d e c d e 

932 999 991 1228 1228 1229 10 249 255 

2 932 955 930 1228 1228 1229 10 264 270 

3 332 335 656 242 242 242 9 513 512 

4 332 349 645 242 242 242 9 521 526 

5 335 352 778 242 242 242 9 521 521 

6 335 337 682 242 242 242 9 513 516 

7 932 955 978 1228 1228 1229 10 264 260 

8 932 999 1006 1228 1228 1229 10 249 248 

9 0 823 710 22068 22068 22078 0 0 0 

10 0 823 920 22068 22070 22080 0 0 0 

1 837 894 887 1305 1305 1306 21 392 401 

2 837 856 831 1305 1305 1306 21 423 434 

3 312 311 641 227 227 227 19 711 704 

4 312 321 606 227 227 227 19 722 714 

5 314 323 730 227 227 227 19 722 728 

6 314 312 650 227 227 227 19 711 718 

7 837 856 879 1305 1305 1306 21 423 412 

8 837 895 901 1305 1305 1306 21 392 400 
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TABLE VI. COMPARISONS OF INTERNAL FORCES OF EXAMPLE 14 BASED ON 

EL CENTRO, 1940. (Continued) 

F1 r. Col. N (kip) M
N
_
S (ft- kip) ME_W (ft-kip) 

No. No. c d e c d e c d e 

9 0 794 681 19635 19635 19643 0 0 0 

10 0 794 891 19635 19637 19646 0 0 0 

3 743 780 773 1103 1103 1104 31 386 375 

2 743 744 720 1103 1103 1104 31 401 390 

3 287 283 613 228 228 228 28 670 659 

4 287 291 561 228 228 228 28 683 673 

5 289 293 659 228 228 228 28 683 693 

6 289 285 591 228 228 228 28 670 679 

7 743 744 766 1103 1103 1104 31 401 412 

8 743 780 786 1103 11 03 1104 31 386 397 

9 0 747 640 17245 17245 17252 0 0 0 

10 0 747 840 17245 17247 17255 0 0 0 

4 641 661 654 845 845 846 42 330 315 

2 641 627 629 845 845 846 42 349 339 

3 256 257 567 178 178 178 38 586 571 

4 256 256 504 178 178 178 38 603 588 

5 257 256 563 178 178 178 38 603 617 

6 257 258 510 178 178 178 38 586 600 

7 642 627 647 845 845 846 42 349 365 

8 642 661 667 845 845 846 42 330 347 

9 0 686 588 14622 14622 14629 0 0 0 

10 0 686 770 14622 14625 14632 0 0 0 
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TABLE VI. COMPARISONS OF INTERNAL FORCES OF EXAMPLE 14 BASED ON 

EL CENTRO, 1940. (Continued) 

Fl r. Col. N (kip) ~1N-S (ft-kip) ME_W (ft-kip) 

No. No •. c d e c d e c d e 

5 489 493 488 654 654 654 45 290 282 

2 489 486 492 654 654 654 45 281 299 

3 220 225 509 174 174 174 38 466 477 

4 220 215 438 174 174 174 38 473 481 

5 221 216 481 174 174 174 38 473 468 

6 221 226 442 174 174 174 38 466 473 

7 490 486 482 654 654 654 45 281 301 

8 490 493 498 654 654 654 45 290 296 

9 0 639 546 12854 12854 12860 0 0 0 

10 0 638 719 12854 12854 12860 0 0 0 

6 384 379 375 665 665 665 43 227 303 

2 384 390 394 665 665 665 43 285 291 

3 179 187 432 158 158 158 38 543 568 

4 179 171 362 158 158 158 38 519 544 

5 180 171 393 158 158 158 38 519 504 

6 180 188 364 158 158 158 38 543 519 

7 384 390 386 665 665 665 43 286 278 

8 384 379 383 665 665 665 43 277 250 

9 0 535 454 9695 9695 9699 0 0 0 

10 0 535 605 9695 9699 9703 0 0 0 
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TABLE VI. COMPARISON OF INTERNAL FORCES OF EXAMPLE 14 BASED ON 

EL CENTRO, 1940. (Continued) 

F1 r Col. N (kip) M
N
_
S (ft- kip) ME_W (ft-ki p) 

No. No. c d e c d e c d e 

7 277 269 265 634 634 634 49 366 397 

2 277 286 290 634 634 634 49 338 369 

3 140 148 342 153 153 153 43 708 738 

4 140 131 284 153 153 153 43 683 713 

5 140 132 309 153 153 153 43 683 655 

6 140 149 285 153 153 153 43 708 680 

7 277 286 283 634 634 634 49 338 306 

8 277 269 272 634 634 634 49 366 334 

9. 0 412 348 6571 6571 6573 0 0 0 

10 0 412 468 6571 6575 6577 0 0 0 

8 158 151 149 480 480 480 44 440 468 

2 158 165 167 480 480 480 44 416 445 

3 100 107 255 163 163 163 37 732 760 

4 100 93 210 163 163 163 37 713 740 

5 101 93 230 163 163 163 37 713 688 

6 101 108 214 163 163 163 37 732 707 

7 158 165 163 480 480 480 44 416 386 

8 158 151 153 480 480 480 44 439 409 

9 0 284 247 3894 3894 3896 0 0 0 

10 0 284 327 3894 3898 3900 0 0 0 
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TABLE VI. COMPARISON OF INTERNAL FORCES OF EXAMPLE 14 BASED ON 

EL CENTRO, 1940. (Continued) 

F1 r. Col. N (kip) M
N
_
S (ft-kip) ME_W (ft-kip) 

No. No. c d e c d e c d e 

9 77 73 71 393 393 393 41 385 414 

2 77 81 83 393 393 393 41 364 393 

3 61 66 165 152 152 153 37 615 644 

4 61 57 139 152 152 153 37 597 626 

5 62 57 150 152 152 153 37 597 572 

6 62 66 139 152 152 153 37 615 590 

7 77 81 80 393 393 393 41 364 349 

8 77 73 74 393 393 393 41 385 355 

9 0 145 135 1334 1334 1335 0 0 0 

10 0 145 173 1334 1337 1338 0 0 0 

10 20 19 18 220 220 220 61 238 281 

2 20 22 23 220 220 220 61 216 251 

3 26 27 78 126 126 126 48 394 435 

4 26 24 69 126 126 126 48 371 411 

5 26 24 71 126 126 126 48 370 383 

6 26 28 67 126 126 126 48 394 360 

7 20 22 21 220 220 220 61 216 257 

8 20 19 20 220 220 220 61 238 218 

9 0 45 47 106 106 106 0 0 0 

10 0 45 61 106 107 107 0 0 0 



TABLE VI I. COMPARISON OF INTERNAL FORCES OF EXM1PLE 15 BASED ON 

EL CENTRO, 1940. (c = N-S, P-L'1(DL); d = N-S, E-VJ, 

P-L'1(DL); e = N-S, E-W, VE, P-L'1(DL+VE); N = AXIAL FORCES, 

MN_S = MOMENTS AT COLUMN TOP IN N-S PLANE, ME_W = MOMENTS 

AT COLUMN TOP IN E-W PLANE: 1 kip = 4.54 kN, 1 ft-kip 

= 1.356 kN-M) 

343 

N (kip) M~I_S (ft-kip) ME_I.] (ft-kip) N (kip) ON BRACINGS Flr. Col. __________ ~I~~ __________ ~ ____________________ __ 

No. No. c d e c d e c d e c d 

2 

348 345 677 170 163 163140 136 136 

2 332 432 692 170 163 163 221 246 247 

3 186 206 455 89 113 113 140 136 136 

4 183 230 470 89 113 113 221 246 247 

328 328 652 57 72 72 171 154 154 117 113 

2 389 434 688 57 72 72 56 51 51 -109 -117 

3 199 207472 171159 159 171154 154 74 81 

4 201 246 465 171 159 159 56 51 51 - 78 - 79 

3 306 307 625 125 142 141 341 359 359 

4 

2 451 438 746 125 142 141 207 248 247 

3 208 201 479 136 147 147 341 359 359 

4 275 305 503 136 147 147 207 248 247 

278 268 566 

2 465 442 735 

53 71 70 243 279 279 - 61 63 

53 71 70 64 68 85 64 - 66 

3 214 202 476 185 224 225 243 279 279 64 73 

4 304 322 495 185 224 225 64 85 85 - 72 - 82 

e 

-111 

-122 

89 

- 84 

65 

- 71 

65 

- 89 
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TABLE VII. COMPARISON OF INTERNAL FORCES OF EXAMPLE 15 BASED ON 

EL CENTRO, 1940. (Continued) 

F1 r. Col. N (k i p) MN_S (ft-ki p) M
E
_
W 

(ft-ki p) N (kip) ON BRACINGS 

No. No. 
G d e c d e c d e c d e 

5 234 211 490 143 184 182 132 175 175 

2 471 454 723 143184 182 105 135 134 

3 198 188 449 166 188 189 132 175 175 

4 316 319 481 166 188 189 105 135 134 

6 181 150 394 38 34 35 78 114 114 - 70 - 72 - 80 

2 391 377 601 38 34 35 92 103 103 65 68 - 68 

3 174 165 403 122 144 142 78 114 114 - 58 70 75 

4 263 251 437 122 144 142 92 103 103 47 - 62 - 58 

7 119 128 294 109 112 112 223 256 257 

2 310 298 485 109 112 112 197 218 218 

3 137 130 331 181 185 185 223 256 257 

4 203 210 379 181 185 185 197 218 218 

8 76 96 205 17 30 30 184 174 174 - 98 - 98 -104 

2 194 187 324 17 30 30 57 62 62 96 97 91 

3 92 87 246 195 175 175 184 174 174 - 66 60 - 65 

4 151 159 281 195 175 175 57 62 62 56 - 55 - 58 

9 48 58 154 59 79 82 248 262 257 

2 92 89 200 59 79 82 200 208 208 

3 54 52 164 93 138 142 248 262 257 

4 85 93 175 93 138 142 200 208 208 
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TABLE VII. COMPARISON OF INTERNAL FORCES OF EXAMPLE 15 BASED ON 

EL CENTRO, 1940. (Continued) 

F1 r. Col. N (kip) M
N
_
S (ft-kip) M

E
_
W (ft-ki p) N (k i p) ON BRACINGS 

No. No. e d e e d e e d e c d e 

10 13 18 65 5 5 5 149 160 160 - 49 - 51 - 55 

2 34 32 86 5 5 5 5 6 5 49 52 49 

3 13 12 74 101 119 120 149 160 160 17 23 24 

4 36 40 76 101 119 120 5 6 6 - 16 - 21 - 22 
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TABLE VII I. COMPARISON OF INTERNAL FORCES OF EXAMPLE 16 BASED ON 

EL CENTRO, 1940. (c ~ N-S, P-6(DL); d ~ N-S, E-W, P-6(DL); 

e = N-S, E-W, VE, P-6(DL+VE); N = AXIAL FORCES, MN_S 

= MOMENTS AT COLUMN TOP IN N-S PLANE, ME_W = MOMENTS AT 

COLUMN TOP IN E-W PLANE, 1 kip = 4.54 kN, 1 ft-kip 

= 1.356 kN-m) 

F1 r. Col. N (kip) MN-S (ft-kip) ME_W (ft-kip) N (kip) ON BRACINGS 

No. No. d d d d c e c e c e c e 

353 259 578 205 230 229 75 112 112 

2 287 391 620 205 230 229 86 267 267 

3 129 163 450 196 190 190 75 112 112 

4 188 176 507 196 190 190 86 267 267 

2 264 185 505 44 60 59 160 177 176 39 111 105 

2 232 301 628 44 60 59 44 60 60 - 44 -110 -115 

3 116 171 445 115 99 98 160 177 176 -102 112 -112 

4 150 161 502 115 99 98 44 60 60 104 -114 -121 

3 242 181 440 221 287 286 113 215 215 

2 215 312 643 221 287 286 107 235 235 

3 99 171 428 267 253 254 11 3 215 215 

4 122 178 502 267 253 254 107 235 235 

4 222 165 429 27 26 26 114 125 126 27 62 56 

2 201 301 595 27 26 26 32 63 62 - 27 - 60 - 65 

3 78 169 401 91 93 93 114 125 126 70 87 78 

4 87 180 458 91 93 93 32 63 62 - 66 - 91 - 97 
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TABLE VI II • COMPARISON OF INTERNAL FORCES OF EXAMPLE 16 BASED ON 

EL CENTRO, 1940. (Continued) 

Fl r. Col. N (kip) M
N

_
S 

( ft- kip) M
E
_
W 

(ft-kip) N (kip) ON BRACINGS 

No. No. e d e e d e e d e e d d 

5 201 157 418 116 132 129 57 108 109 

2 187 279 553 116 132 129 77 91 92 

3 64 153 367 141 132 132 57 108 109 

4 76 172 425 141 132 132 77 91 92 

6 169 146 376 12 14 14 121 113 117 25 - 45 - 53 

2 147 245 453 12 14 14 25 54 54 - 22 43 - 43 

3 55 129 326 57 64 63 121 113 117 - 52 - 60 - 59 

4 62 142 356 57 64 63 25 54 54 51 55 54 

7 131 133 331 107 123 123 82 161 166 

2 104 212 386 107 123 123 60 127 127 

3 43 100 268 149 142 142 82 161 166 

4 51 11 0 295 149 142 142 60 127 127 

8 96 101 254 4 7 7 156 159 160 - 29 59 - 63 

2 70 140 274 5 7 7 18 38 39 28 56 - 62 

3 30 68 204 57 57 59 156 159 160 35 43 51 

4 36 77 222 57 57 59 18 38 39 - 36 - 42 - 45 

9 58 61 169 n 108 108 88 150 156 

2 41 75 178 77 108 108 52 128 131 

3 18 45 145 119 130 129 88 150 156 

4 18 38 148 119 130 129 52 128 131 
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TABLE VII 1. COMPARISON OF INTERNAL FORCES OF EXAMPLE 16 BASED ON 

EL CENTRO. 1940. (Continued) 

F1 r. Col. N (kip) MN_S (ft-kip) r~E-~.J (ft-kip) N (kip) ON BRACINGS 

No. No. c d e c d e c d e c d e 

10 22 23 81 88 130 133 - 9 26 - 25 

2 15 27 79 4 4 4 9 - 25 - 29 

3 8 15 75 22 27 27 88 130 133 20 25 - 26 

4 4 14 75 22 27 27 4 4 4 - 20 - 24 - 27 
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