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NOTATION

SG: steam generator treated as a rigid body;

0XYZ: rectangular cartesian coordinates fixed in space;

f, 3, K: unit vectors along OXYZ coordinates in usual order;
gravity in i3 direction; in equilibrium position, c.g. G
of 8G ig on 0Z axis.

0, 1is point at which 0% axis intersects roof of 5G in
equilibrium position;

661 = RO;

C;

Gxyz: rectangular cartesian axes fixed in SGC and parallel to
0XY7 axes in equilibrium position;

jth rod is attached to fixed space Ajo with coordinates Xj'
yj, pj relative to OXYZ axes;

jth rod is attached to SG at Aj with coordinates Xj' yj, -

(¢ + Aj) relative to Gxyz axes,

2.: length of jth rod;

J
tj: tension (force) in jth rod in equilibrium position;
kj: spring constant (force/unit length) of jth rod;
ej: extension in jth rod measured from equilibrium posi-
tion;
cj = c + Xj;
m: mass of 8G;

Ging: rectangular cartesian axes fixed in SG that coincide

with Gxyz axes used to specify mass distribution of SG;






A,B,C,F,G,H; moments and products of inertia of SG with re-
spect to GEny axes;

ejo: initial extension of jth rod in equilibrium position;

u, v, w: displacement components of G, with respect to OXYZ

axes, from eguilibrium position;

¢, 6, V: angular rotations of SG about Gxyz axes in order

given;

Aj': displaced position of Aj.

Aj: distance jth vertical rod attachment point is above top
of SG

pj: distance jth vertical rod attachment point is below

reference plane of top girder system

R ¢¢ position vector of Aj
j o}






1. Introduction

The purpose of this report is to derive the linear
equations of motion of a rigid body (steam generator) sup-
ported by a number of vertical elastic rods attached to a
fixed top support. Three dimensional motion is considered.
The vertical rods are considered as pin-ended; their lengths
and axial spring constants may be different; and the arrange-
ment of the supporting points in the plane of the top fixed
support is arbitrary. Gravity acts. A schematic of the sys-
tem considered is shown in Figure 1l.1.

The free motion of the rigid body is obviously of a com-
plex pendulum-bifilar type. The principal task is te get the
rotential energy V in terms of the three components of the
linear motion of the mass center G and of the three components
of rotation of the'rigid body. These six coordinates are
assumed small, To obtain V requires that the geometry of the
motion be considered in some detail as the usual straight for-
ward first order analysis is not adequate.

The principal reason for this derivation is that current
computer codes do not account for the type of potential energy
encountered in this probalm. We have found no prior deriva-

tions up to this time.
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2. Some Preliminaries

We need the formulas connecting I,

R . . =@ > =
position with respect to I, J, K.

3, k in the displaced

Figure 2.2a shows the rotation ¢ about Gx; we see that

(2.1)

S
= T

) cos ¢ J + sin o) g

A Uy R
1

) -sin ¢ J + cos ¢ ﬁ,

+ + >
where 1,, J;, k; are
intermediate unit vectors

after rotation ¢ about Gx

We next have the rotation 6 about ji;the next diagram shows that

FIG,.

2.2b

(2.2)

> + . i
1, = cos 6 1, - sin 8 k,
iy -
J2 T I,
& . > e
k, = sin 8 1, + cos 8 k,

The unit wvectors Iz, 32
-

k; are the second set of
intermediate unit

vectors,






Finally, we have the rotation y about Ez; we see from Figure 2.2c

that

+ . +
= cos P 1, + sin ¢ J2

(2.3) -sin ¢ Iz + cos ¢ 32

3

= k,

A U b
I

Y
St -

Here, I, 3, kX are the

final displacement
w ; : position of the Gxyz

axes.

Y ) FIG. 2.2c¢
T,

£~

The formulas we want connecting I, ﬁ, ﬁ in the displacement

N . N > e
position with f, J, K are

T = 2111 + 24,7 + 213K
(2.4) ? = Qzlf + 2223 + ﬂzaﬁ
i= Q31T+ 2;3234" 9133-12

where the direction cosines grs are given by
211 = cos B cos Y
212 = cos ¢ sin ¢ + sin ¢ sin O cos ¥
213 = sin ¢ sin Y - cos ¢ sin 8 cos Y
(2.5) %21 = - cos B sin
220 = cos ¢ cos Y -sin ¢ sin § sin ¥
223 = s8in ¢ cos Y + cos ¢ sin O sin VP

L33 = sin B












li

239 - sin ¢ cos 8

L3 cos ¢ cos 0O

The special arrangement of the various sets of vectors and
axes is shown in Figure 2,3.
If ¢, 0, ¥ are assumed small, then to within 2nd order

of small guantities, (2.5) became

Ly 21 - Qi_%_ii
Li, 2 ¥ + ¢6
213 2 00 - 8
f21 & -

(2.6) zzzél—ﬁu}i’i
2.5 2 ¢ + 6V
L31 %2 ¢
232 2 - ¢
33 21 - Qi_%_gi

It can be shown that the angular velocity of the body is given by

(2.7) W = (6 cos O cos Y + § sin w)i + (—$ cos B sin ¢ + 8 cos v,

.

+ ($ sin 8 + Pk
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3. Derivation # 1 of Potential Energy V of System

Let us first determine the potential energy Vj of the ijth

rod, The position vector of Ajo is

> > > >
(3.1) R = x,.I + v.J + p.K

Big 3 ] 3

The position vector Aj', the displaced position of Aj, is

given by
(3.2) R , = ul + vJ + (2 + c + w)ﬁ + X.1 4+ y.f - (c.)ﬁ
Al o j 3 j
T, 3, Xk are related to f, 3, K through (2.4); thus
> >
3.3 R = (u + L11x. + £ o= Baycl)I 4 (Vv + L1ax. + 8 .
( ) A% ( 11Xy 21Y5 31 ]) ( 12Xy 22Y

> -
- 235c)d + (L. +c +w + Riax, + & . o= g DK
32 ]) ( o 13X, 23Yj eacJ)

The vector EA from A, to Aé is
j o

]
—-> : -
(3.4) R, =R, - R,
] j ig
N
= {u - x. + &,,x. + 2 . = L3y0.)1
{ : 115 zlyj 31 J)

+ (v =~ Yj + ﬁlzxj + zzzyj - Razcj)j
-
+ (& + c +w -~ .+ Rigx. + £ . = f33c.)K
( o Dj 13 3 23Y] 33 J)

To within 2nd order of small guantities

2 2
z 9——i—y—x. - Y y, = 6 c.)f

= =y i 3

(3.5) R,

J
+ (v + {y + ¢6) Xj - Ei—%—iiyj + ¢cj)3
¢2+62

+ (w + {¢w—e}xj + {6 + ew}yj i B zj)ﬁ
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Let ej be the extension of the jth rod due to motion from the

equilibrium position. Then,

.6 . )2 =
(3.6) (23 + ej)

| =

* R
A.  =A,
j j

In what follows, we only need ej to within lst order of small
gquantities; we obtain, on combining (3.5) and (3.6)

1
3.7 R R
(3.7 ey =w = x4 Y49

The magnitude of the tensile force in the jth rod is

tj + kj ej, where tj is load supported by the jth rod in the

equilibrium position and kj is the spring constant of the jth

rod. Clearly, in equilibrium

. , = ’ k. = 0, . = 0
(3.8) th mg 2xjtj 0 Zyjt]

The force acting on the body due to the jth rod is

R

-A.
-5
3.9 F. = - (t, + k.e.)
( ) ] ( J J73° 2.+ e,
J ]
The virtual displacement of A% is obtained from (3.5};

we find that

.+
(3.10) 55Aj

il

(su - yjaw - cjae - {8806 + waw}xj)z
+ {6V + %58y + o8 + (480 + 08¢)xy - (489 + Py F

+ (6w = xj69 + 6¢yj + {o80 + w6¢}xj + {68y + wse}yj

+

{o64 + ede}cj)ﬁ

The wvirtual work‘GWj of the force Fj acting on the body due to






the jth rod in the virtual displacement E

12

" A
Ry ’
(3.11) 6W. = - (t. + k.e,) ——2d— s 8R
J J 3730 &, + e. —A.
J J J
We have from (3.5)
R
A, u - c.0 - vy.y v + c.d + x.9
J i J J_ 7 J 1l % =
(3.12) R T I o J + K
J J J J
Equation (3.11l) now becomes
t. t.c. t.y.
(3.13) 3W, = - A u - —dd g - JJ ylsu
3 ' 2. L.
J J 3
Ei t.c, t.x,
+ 2jv+2j¢+-l~12jtp6v

+ (k.w + k.v.¢ - k.x.8 + t.)é&w
(ky 340 = kg% 3

t

3 J

t.c.x.
-k.x + +.X + L3 J
%375 1) L5
]
t.c
+ [ - u - k.x.w - k.x +
Ep j 5%4Y5%

2

C

t.c.
* [»J—-pm] v o+ kjij + (tjc. + =+ x.yH) e

¥
t.c.?
t'c' + __..l__L
373 Rj
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t.y t.X, t.co.x
+ - =Ll g+ Ll v+ | tlx. o+ ®
L Ej | Zj

b

The total virtual work Wt of the forces acting on the body

in the virtual displacement is

(3.14) GWt = ng dw + ZGWj

Using (3.8) and (3.13), we find
{

t. t.c. t.v.,
(3.15) W, = - {|] g2 u - ]2 e - j-1-d yleu
3 J j

' t. t.c. t.x,
+ L ZE% v o+ 2—%71 b + Z“%Tl V| 6w
J 3 J

k. k.v.d - Yk.x.8|86
+ ) ]w + 3 jyj¢ ) jx3 w

t.c. t.c.?
+ zm%—l v + Jkiy.w + Jlt.e, + =4+ x.y.%]¢
3 377 J ] Ej 37 ‘
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t.c.
+ [;z _%Tl u - ijxjw - ijxjyj¢
_ J

Since
(3.16) 8V = - &W,
we find from (3.15) that
(3.17) 2V = ¢,,u® + 2c;sub + 2cis uy

+ Czp_Vz + 20,4V + 2C,5VY

+ CgaWZ + 2C34Wd + 2Cc35wWH

+ cuyd?® + 24,500 + 2cys Y
+ 05562 + 20556[1; + CGGIIJZ
where
t. tjcJ
Ci11 ¥ C22 = ZE% ¢+ ~Ci1s5 = Cay = 2 1.
J J






(3.18)

Cyu

Cug

Css

it

t.y. t.X.
SR
! J
k = )k.y. = = YkK.X,
z r Csauy Ejyj r Cas ZJX]
t.c? )
tn . + +k- ' C = = k +
L|tye 1 JYJ] v Cus Y
t.x.c t,c.?
’ c55=2[t.c +o—d k%7
5 373 ¥ J
t.y.c. . (x%2 + v2)
J J

15
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4, Derivation # 2 of Potential Energy V of System

The potential energy V of the system can be written as

= 2 . 2| -
(4.1) v=>%7]k [rtej + ejo) ejojl mgw

However, now ej must be evaluated up to 2nd order terms
since kjejoej appears in V, Thus, the form of ej given by
(3.7) cannot be used.

Let us write (3.5) as

> - >
4,2 R = yu.1 + v.J + .+ 2.)K
( ) "Aj 1y vy (wJ J)
where
2 92 + lpZ
L= - Cc.0 - v.P - A
uJ u cj ij xj >
4.3 v, = v +c.d + x.Y+ x.00 ~ .mwm—J£~
(4.3) v, g6 Y+ X 00 -y
2 2 + 02
.= w + t.d - x.8 + . + .69 + .
Y5 5 j X300 + y580 + oy 2
Now
—_
(4.4) 2. + e. = [;% + v 4+ (w. + 2.)2 ’
J J J J J ]

12
o
]
’_l
+
2|
-l
-+

Here we have neglected the term wj2 in comparison with 2ijj.
Thus,

u,? + v.2?

= 1
(4.5) ej wj + 5T






The substitution of (4.5) into (4.1) yields

u.? + v.?

(4.6) VvV =% ijej + ijejowj + ijejo 77 - mgw
However,
(4.7) kjejo - tj
Thus, (4.6) may be written as
u.?2 + v,?
(4.8) V=% ijwj2 + thwj + Etj 7% - mgw

We use (4.3) to obtain

- 2 -
(4.9) v =1% ij(w tys0 - x0)7 4 th Wt Y0 X0+ X4y

¢)2 + 82

+ v.8¢ + cC.
Y] P Cy 5

(W= .8 - yai)? 4 (v + .o + X.9) 2
+ th J J 5T J J  — mgw

Remembering (3.8), we finally obtain

t. t.c. t.v.
2v=jrlur - 2§ A -2] 2wy
3 3 j

t. t.c. t.x.
gt vi+ 2] L v+ 2] 42w
J J J

+ Yk.w? Y.Wd — X,
7 JWE 42 2kjij¢ 2 ijxjwe

t 2 t.c.x.

C
+ Yltie, + =+ k.y.2]¢% - 2 Vk.x.y.60 + J-L 1.
)|tse = 5¥5° ¢ Tkyxiy 68 + J—tp—t ¢y

J3 5 5

17






This is the same result as obtained in (3.17).
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5. Derivation of Kinetic Energy T.

The principal moments and products of inertia of the

body with respect to the Ging axes are defined as

A

il

. 2 4 2
ij (nj CJ)

— 2 2
B = ij (¢ + &%)

C = . 2 4+ n?
ij (EJ nj)
(5.1)
F = N D
zm]njcj
G = .L.E.
ZmJCJEJ
H=m.£.n.
mjgjnj

where mj is a generic mass particle, and Ej’ nj, Ej are its
coordinates with respect to GEng axes,
We shall assume that the supporting structure is £fixed

in space. The velocity of G is then
(5.2) v = uf + vJ + wk

The angular velocity w, of the body is found in the usual

way making use of (2.5); we find that
(5.3) w = w11 + w2§ + waﬁ,

where

s 2

w, = ¢ cos O cos Y + § sin P o= i + éw i

§
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1 e
e

(5.4) w, - 5 cos B sin Y + & cos U - oy + ]

wy = ¢ sin 6 + § = $6 + ¢

i~

Y
We now use the theorem on kinetic enerqgy of a rigid

body; keeping only 2nd order term; we obtain

{5.5) 2T = allﬁz + agzéz + aggﬁz
» » e ..
+ ay,¢® + 2ays¢6 + 2augdP
+ a55é2 + 2a55é17)
+ agey?
Here
a,; = az2 = az3 =m , asy = A, ass = B, agg =C
(5.6)
ays = = H, ayg = -G, asg = - F






6. Equations of Free Motion

We use Lagrange's equation and T and V to derive the

equations of free motion.

allﬁ + ¢11u + ¢156

azzi}

= 3"1\‘?

CzyV

(6.1)

Cisu

Cil1g U

Cyr2V
C;;W
Ca3yW
aus&
C3s5W
ass@
CagsV

agsl

Cayd
Can
auu$
Cugl
3455
Csel
aqsa

Ces ¥

CigV

Cap¥ =

0356

Cyud

Cugd

o .
0
o .

ayeb + Cu4s0

as50 + C550

asgB + <5686






7.

Results for Unit # 3, Paradise

dise.

Table 7.1 shows results obtained for Unit $ 3 of Para-

22






Mode Numbers
N.f. in H=z

Mode

The

follows:

ve)
il

constants on which these results are based are as

3.19 x 10°
3.87 x 10°
2.75 x 10°

.44 x 10%

H=20

= Ca2

= Caub

.125

30.4

-1.87

i
~1

li

]}

Table 7.1

2 3 4

.209 .214 3.17
0 15.9 0
64 0 -.36

-.08 0 16
0 0 -.97
0 0 -.97
0 .07 0

k. ft. sec?. '
" [13 n
n n n
t.
El‘= 1309.13 = 1.31 x 10° k/ft
]
t.c.

~%~1-=112,387.61 = 1.12 x 10%
J

—s03

.019

23

-62

.24

.24

m = 750 k. sec?,/ft.






C26

C3y

Css

Cyu

Cys

Cyue

Css

Cse

Ce ¢

It

i

it

24

y 41 =13,780.20 = 1.38 x 10" x

7 ky = 2,712,163.40 = 2.71 x 10¢ k/ft

; kiyy = 39,964,044.78 = ~40 x 10% k

- ¥ k.x, = 0.00
I kg%
.C.2 ®
J oltic, + =—d— + k.y.?| = 9.649 x 10° + 1,590 x 10°
373 Ly 3%
+ 1.918 x 10° = 1,929 x 10°
= 1.93 x 107 k.ft,
- kyXyy4 = 0.00
t.x.C.
¥ _lﬁl_l'= 0.00
J
t.c,? \ .
t.c, + + k.x.2| = 2.35 x 10°? k.ft.
LIt505 o 3%5 *
t.y.X.
] <542 = -1,169,196.26 = - 1.17 x 10° k.ft.
3

L

t. £ 4 v, 2
3 (3f+ ¥4

2.

J

= 1,914,630.12 = 1.91 x 10°® k.ft.






