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ABSTRACT

The dynamic interaction of pipes buried in soil depends strongly omn
resonant frequencies of the pipe-soil system. Such resonant frequencies are
of interest since a possible cause of failure of buried pipes during
earthquakes is believed to be due to resonant or near-resonant behavior
under certain prescribed ground motion inputs. For any given wavelength,
the resonant frequencies of the system are immediately known once the phase
velocities of the system are established. These phase velocities are
dependent on the wavelengths of waves propagating in the system and thus

reveal the dispersive character of the system.

The model considered is represented by an elastic rod of radius a
embedded in a linear elastic medium, and the interaction between the
surrounding soil and pipe is assumed to occur through‘a shear mechanism.
acting at the interface. The problem then is to consider at what velocities
a wave of wavelength A can propagate under steady state conditions. The
dispersive behavior is found to be dependent on several non-dimensional
parameters defined by the geometric ratio a/}, as well as on non-dimensional
ratios of the pipe and medium properties. It is shown that the resulting
waves which can propagate under steady-state conditions are surface waves
which decay with the radial distance and which permit no radiation damping of
energy. In addtion, it is shown that such waves may propagate only for
systems with ¢ < Cy e where ¢ is the longitudinal velocity of waves in a free
pipe and c is the shear wave velocity in the medium. If ¢ 2 g such waves

are precluded from propagating in the system,

Results are presented by means of dispersion curves and surfaces, From
a study of the analytical results obtained, lower and upper bounds on the

phase velocities are established.
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LIST OF SYMBOLS

A = constant

a = radius of rod

B = constant; real number, see Eq. (A.3)

b, bs = real positive numbers, sece Egq. (A.1)

¢ = wave propagation velocity (phase velocity)
¢y e = velocity of P~ and S-waves in medium

¢ = propagation velocity of longitudinal waves in rod
D = real number, see Egq. (A.19)

d = real number, see Eq. (A.4)

d , dS = real positive numbers, see Eq. (A.15)

E = Young's modulus of rod

£, fS = frequency, frequency of S-waves in medium

G = real positive number, see Eq. (A.21)

YOI GO

s Hy = Hankel functions of the first kind of order 0, 1.

*
h = coefficient, see Eq. (5a)

o

-
[
i

Bessel function (of first kind) of order 0, 1

P

-

=~
It

modified Bessel function of order 0, 1
*

k = coefficient, see Eg. (5b)

Rc(v) = cp/cS

R, = 6/0, non-dimensional density parameter

n

e /c
YJ p
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r = radial coordinate

t = time

Up(z, t) = axial displacement of rod

Ur’ Uz = radial, axial displacement in medium

v = 27N

W = Wronskian

Yo’ Y1 = Bessel function of second kind of order 0, 1
z = axial coordinate

&
]

variable, see Eq. (A.3)
B, BS = non-dimensional coefficients, see Egqs. (26)

f(n, R, R R) = c/E} non—dimensional wave velocity parameter
T4 c

D’
Y s YS = non-dimensional arguments, see Egs. (19)

n = a/}, non-dimensional geometric parameter

ncr = critical cut—-off value of n
A = wavelength
1 = shear modulus in medium

Poisson's ratio in medium

<
n

p, p = density of medium, rod

T = ghear stress
Tz

P(r)

radial dependence of Ur

Y{r)

radial dependence of Uz
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1. INTRODUCTION

The effect of earthquakes on pipe systems buried in soil has been the
subject of a number of investigations, e.g. Refs. [1]-{2]. Since the dynamic response
of such systems is a question of concern, it is of particular importance to
determine the parameters of the system under which resonant response can occur
under forced ground motions. Such responses are believed to be possibly one

of the causes of failure of buried pipes due to earthquakes.

The resonant response depends naturally on the frequency f of the earthquake
compenent as well as on the wavelength A. Hence the propagation velocity c = fA
is a critical facter, If this propagation velocity corresponds to the phase
velocity of a given pipe~soil system, resonance can occur under steady-state
conditions in the same sense as it occurs when the frequency of a forcing

function corresponds to the natural frequency of a vibrating system.

In this report, the phase velocities of a pipe embedded in a soil are
determined, i.e. we investigate at what velocity ¢, a wave of wavelength A can
propagate freely in the system. The system is represented by a model consisting
of an elastic rod of radius a embedded in an elastic medium where P- and S-waves
preopagate with velocites Cp and cg respectively. Since the radial displacements
of the rod are known to be small, for mathematical simpliecity, the pipe is

assumed to be radially rigid. Such an assumption has been used previously,

The phase velocity ¢ of the system, which is defined as the apparent
propagation velocity in the longitudinal direction, is found to be dependent
on the wavelength ratio a/A,thus revealing the dispersive character of the
system. The phase velocities are observed to depend also on several non-

dimensional parameters of the system; viz. the ratio cp/E (where ¢ is the



propagation velocity of longitudinal waves in a free rod), the ratio of mass
densities of medium to rod, and finally on the Poisson ratio of the medium

(which defines the ratio cp/cs).

The resulting dispersion relations, obtained from the roots of a frequency
equation, are presented by means of several figures. 1In addition, upper and lower

bounds on the phase velcocities are determined.

From the study of the analytic solutions and observations of the dispersion
curves and surfaces presented, general conclusions are established which govern

possible resonance of the pipe~soil system.



2, GENERAL FORMULATION

The model counsidered consists of an infinite cylindrical rod of radius a
with modulus of elasticity E and density 5 embedded in a linear isotrepic
elastic medium {Fig. (1)]. The motion of the rod in the longltudinal z-direction
is denoted by Up(z, t). Following the assumption of radial rigidity, the radial

displacements are taken as zZero throughout the rod,

The surrounding medium is assumed to behave as a linear elastic material
having density p and defined by a shear modulus U and Poisson ratio v. TFor
the axisymmetric case considered here, the soil medium can undergo time-dependent

radial and axial displacements denoted by Ur(r,z,t) and Uz(r,z,t) respectively,

The interaction between the rod and surrounding medium is due to an
interactive shear mechanism, acting along the cylindrical interface, which

prevents slip between the rod and the medium.

The governing equation of the rod is then written as:

2 . 2
_ 3 Up(z,t) ZTrz(a,z,t) _ 9 gEEg,t) _

E + - p
822 a 8t2

0 €Y

where Trz(a,z,t) represents the interactive shear stress at the interface.

With the assumptions stated above, together with the requirements on
continuity of displacements at the rod-medium interface, the boundary conditions
on the medium displacements become

Ur(a,z,t) = 0, Uz(a,z,t) = Up(z,t) (2a,b)

We now consider the propagation of waves having wavelength X and which

propagate in the system with an apparent propagation velocity ¢ in the z-direction.



The subsequent dynamic displacements of the surrounding medium, r > a
may be expressed in terms of outgoing wave expressions which decay as r - « (in

a revised form from that given in Ref. [3]) as follows:

izw

U_(r,2,t) = 8(r) e 557 (7=ct) ] (3a)

12
0 (rze) = ¥t e L4 0] (35)

where

B(r) = A %T—* Hil) w e + BHgl)(k*r) (42)

*
Y(r) = AH(()]') m'p) - B 3‘-2‘%— Hél)(k*r) (4b)

In the above, A and B are undetermined constants, Hél)(x) are Hankel

functions of the first kind of order n,

2
R = (3D [cz/cs - 1] (5a)
and 2
o) [cz/ci - 1] (5b)
where
1,172 . (2= pl/2
c, = [p] gnd cp = [ Ty p] {6a,b)

are the propagation speeds in the elastic medium of outgoing S- and P-waves
respectively. Thus, the terms associated with A represent the P-waves, while
the B terms represent the propagation of S-waves. The constants A and B must

then satisfy the boundary conditions of Eq. (2). From Egs. (2a) and (4a)

%
A (D ¥y 1A+ Hil) 'a) B =0 (7)

[Zﬂ' 1



Furthermore, since Ur(a,z) = 0, the shear stress at the interface is
given by
aUz(a,z,t) :
Trz(a,z,t) =pTETT (3
Substituting the above and the continuity condition, Eq. (2b), in

Eq. (1), we obtain

2 2
J Uz(a,z,t) -2 P Uz(a,z,t) 2 BUZ(a,z,t)
ey e 5% e =0 )
at oz

where

¢ = \/%7% (10)

is the propagation velocity of longitudinal waves in a free cylindrical rod.

Using Eq. (3b), Eq. (9) is satisfied under steady-state conditions, if

2y
¥(a) = __ 2 2, . 3¥(x) (11)
st - T T

Substituting Eq. (4b) and noting that Ref. [4])

dHél)(x)

- (L 12
dx C Hl (x) (%)

we obtain the second required condition on the constants A and B:; viz.

2
2 2 . * 2pe
25 - @ 1P e’ - s 2 P afr a2 wm P et
pc
%2
ISR LS (13)
21 1 a

where use has been made of Eq. (6).

At this point, it is advantageous to express the solution in terms of non-

dimensional quantities, and more specifically in terms of non-dimensional ratios



relating the propagation velocities of the P~ and S-waves in the medium and

the propagation wvelocity ¢ of waves in a free rod.

non-dimensional variables are defined:

n=alir ,

—
I

c/ec ,

and
R = ¢ /C = _i_‘]‘—-\‘-))- s R —
¢ P 1-2vy v

Also, let the ratio of the densities of medium to rod be

R, = ol

=c /c
P

To this end, the following

(14)

(15)

(16a,b)

(17)

Using the above definitions, Egs. (7) and (13) lead, after some manipulation,

to the following system of equations on A and B:

(L
Yle (Yp)

ZR

2m) [z ®(-rhyu(t o) + —52 —F, B ()]

C

(1)
ZWDHI (YS)

2
‘ ZRDR
SN v g+ em’arhalY o

C
where
r? 1/2
Y, =2m [~ - 1]
P
R
-
2.2
BT
c 1/2
Yo = 2m [—% - 1] /
R
v

A 0
B 0 (18)

(19a,b)



For non-trivial solutions, the determinant of Eq. (18) must vanish.

Expansion of the determinant then leads to the frequency equation:

(1) (1) pls L (D) (1)
r?
(=TT [H 7 (r ) E ™y ) + 2 B T () ]

RDT

1/2H(1)

[r/x )’ - 1) v, )H(l)w ) =0 (20)

whose roots [ = c¢/c yield the appropriate phase velocities.



3. EVALUATION OF PHASE VELOCLTIES: DISPERSION RELATIONS, PHYSICAL INTERPRETATION

From the derived frequency equation, we note that the roots I' = c¢/c¢c which
define the phase velocities ¢, are dependent on the non-dimensional parameters

previously defined; i.e.
T = T(n’ RV, R-D’ RC) (21)
where RC > 2 is a parameter dependent explicitly on Poisson's ratio V.

For real values of 1, it is proven (in the Appendix) that no real roots
I' can occur for values
I >R/ (22)™
> R /R, )
Thus the phase velocities ¢ < s i.e. the phase velocities are always

less than that of S-waves which can propagate in the medium.

It follows that Yp and YS as defined by Egs. (19) are always complex.

Noting that, Ref. [4]
1P -2k e, B P60 = - 2k @ (23a,b)

where Kn(x) are the modified Bessel functions, the frequency equation is

written in a more convenient form, inveolving only real quantities, as

R

el S (VB R, (vB ) =0 (24)

(1-r” IR, (VB K (VB - B B K, (VB IK, (VB )]

*)
In all expressions and equations, ' always appears as Tz. Results presented
here and subsequently, taken from the positive branch of the square root,

are equally wvalid for -~ . Thus c may be replaced everywhere by |cl indicating
waves travelling in either the positive or negative z-directions with speed

el .



where v = 2mn (25)
2 1/2
B =1[1-dT/rR)7] >0
P v (26a,b)
5 1/2
B, = [1- (RI/RDT]T >0
are real.

Trom an examination of Egq. (24) it is proven (in the Appendix) that for

all finite n (with RD > 0), all roots must lie in the region

1 <I <R/R (27a)
v e

i.e. the phase velocity lies in the range

c < ¢ < Cs {(27b)

2
For n =+ « or RD = 0 the only roots of the frequency equation are I'” = 1,

i.e. ¢c=c¢ .

The range of possible values of phase velocity given by Eq. (27b) may now be

interpreted readily.

It is obvious that the condition ¢ > ¢ must be satisfied if we recognize
that due to increased restraint the effective stiffness of the embedded rod is
always stiffer than the free rod, and consequently the propagation velocity

must be greater than c .

To interpret the upper bound on ¢, let us consider the contrary case if
c were greater than Cg- If this were indeed the case, the propagation of wave
fronts would be as shown in Fig. {2) since the phase velocity is the apparent
velocity in the z-direction. Such a situation would imply a continuous radiation
of energy due to outward propagating waves, thus contradicting steady-state
conditions. In effect then, the condition ¢ < <, is required in order to maintain

steady-state conditions. Similar conclusions were found by Biot in studying

-9



the propagation of waves along an empty cylindrical bore, Ref. [5].

It is worthwhile to consider the form of the displacements for the
permissible range ¢ < cg - In this range h"c and k* appearing in Eqs. (3)
are both imaginary and hence, using the relations of Eq. (23), the displacements
U and U_ appearing in Eqs. (3) become:

- E{iABpKl(VBp 5? + BKl(VBS gﬁ}e (28a)
izm (Z"Ct)]

2
- AR (VB 5+ 3p R (vB_Hle A (28b)

[}
#

Uz

where v, Bp and BS are defined in Egs. (25)-(26).

The displacements, which are observed to decay monotonically with r(xr > a),
represent essentially surface waves similar to Rayleigh waves [See Fig. (3)].
No energy is radiated out and, in effect, all energy is confined to a region

~adjacent to the rod, thus permitting steady-state conditions.

Numerical results showing the dispersion curves, C/E versus N = afk,
are presented in Figs. (4a) - (4d) for a medium with v = 0.25 for several
parameter values Rv = cp/E and RD = p/p . The values RD % 0.05 and RD = 5.0
represent lower and upper bounds for all reasonable combinations of soil and
rod densities. All curves are seen to tend to unity as 1 becomes large; the
asymptotic behavior approaching unity occurs, in particular, much more rapidly
for relatively small values of Rp - Thus for either small ratios p/p or

n >> 1, the phase velocity approaches the velocity of longitudinal waves in a

free bar, and hence the interaction between the rod and surrounding medium is

seen to be small

Tt is also observed in Fig. (4) that for sufficiently small n, i.e. for
relatively large wavelengths A, no waves can propagate in the system under
steady-state conditions. That is, a critical cut-o0ff value of n, ﬂcr, exists
below which no real soluticns are possible. (These critical values occur in

Fig. (4) at values of 1n indicated by vertical lines). At these critical values

=10~



of n, the phase wvelocity is such that
= ¢/c = R
r cl/e RV/ . (29)

i.e. ¢ = s which was shown to be the upper bound for the roots of the
frequency equation. Having observed that values ¢ > ¢, are physically
incompatible with steady-state conditions, values of n less than or equal to
ncr (which would perforce propagate with c¢ > Cs) are thus precluded from

propagating in the systemn.

Upon noting that ¢ = c, is, in all cases, the upper bound of the solution
it is now advantageous to represent the dispersion relation as c/cS versus 1 = afA .
Recognizing also from Eq. (27b), that RV/RC = cS/E > 1 is the permissible range of
this second governing parameter, the dispersion relatioms for c:/cS are represented
as functions of n and cS/E for several values of the parameter RD. These
relations are shown in Figs. (5a-d) and appear as dispersion surfaces for a

medium with v = 0,25,

From these figures, the s&rong variation with RD is immediately observed.
Furthermore, it is noted that for large RD’ ¢ approaches Cys i.e, the behavior
of the system is dominated by the surrounding medium for moderate :wavelengths.
The values of ncr, recognized to be the curve defined by the intersection of
the dispersion surfaces and the plane c/cS = 1 appearing in Figs. (5), are
shown in Fig. (6) as a function of cS/E for various values of RD . From this
figure, it 1s noted, e.g. that for small RD = ,05, waves having relatively
large wavelengths, A > 10a may propagate in the system, while for a relatively
dense material, (RD = 2), waves with length A > 1.5a are precluded from

propagating, irrespective of the ratio cs/E .

One may also conclude from Figs< (5) and (6) that changes in phase velocity are
most sensitive to values of cS/E in the region approaching wmity, and are most

sensitive to 1 for relatively small values of n

-11-



4. SUMMARY

It has been shown that for a given pipe-soil system, waves can propagate
freely under steady-state conditidns only if c < g The resulting waves are
seen to be surface waves of wavelength A (causing diéturbances confined to
the region of the medium near the surface of the pipe) which propagate with a
phase velocity ¢, ¢ < ¢ < Cye Thus, 1if such a system is subjected £o time-
harmonic periodically spaced axial forcesvwith frequency f, resonant behavior
can be expected for certain corresponding input frequencies f/fS (where
£ = cfA, fs = CS/A). Such ratios are found from the dispersion surfaces
presented, which are functions of the density ratio, medium Poisson ratio

and aspect ratio a/A, For systems with e < ¢, waves cannot propagate freely

and hence no resonant behavior can occur.

-12-
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APPENDIX: ESTABLISHMENT OF RANCE OF ROOTS [' OF FREQUENCY EQUATION

1. Proof that no real roots I can exist for [' > RV/Rc

We first prove that no roots [ exist in the.range Ri/Ri < Pz < Rv

To prove thils, we postulate the existence of roots in this range and show

that this assumption leads to a contradiction.

If I’ does exist in this range, then from their definition, Egs.

where bp > 0, bS > 0 are real.

Dividing Eq. (20) through by (l-Fz)Hil)(Yp)Hil)(YS)

1 iy )
?l) — + ia
Hy (b))

where

are real.

Noﬁing that
10 (41 )
O

(1, ..
Hy " (ib)

(1)
H ™" (b))

(1-I%) (2mm)

2
R.T 1/2
S 1 - /R
(1-T%ym

where d is real, Eq. (A.2) becomes

(1)
e (b))

&y
Hy (bp)

- .k [B +d] , real.
¢
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To satisfy this condition, we require, using the basic definition of
the Hankel functions
(1)
= + .
Hn (%) Jn(x) iYn(x) (A.6)

that
Jo(bs) + i Yo(bs)

Im { - }=0 (A.7)
J
”l(bs) + i Yl(bs)
and hence the required condition becomes
Y (b I ) = I (b)Y, (b ) =0 (A.8)

which is recognized as the wvanishing of the Wronskian
Jo(bs) Yo(bs)
Wb ) = =0 (A.9)
Jl(bs) Yl(bs)
. . . 2,2 Z2 2
since W(bs) can never vanish, it follows that no reoots RV/Rt < T < RV

can exist.

2, 2
To prove that no real roots can exist in the range T /Rv > 1, we similarly
postulate the existence of roots in this range and show that it leads to a

contradiction.

1f Pz/Ri > 1, then

Yo = bp s Yy = by (A.10)
are real, with o < bp < bS (A.11)
. . , 2 (1) (1)
Dividing the frequency equation, Eq. (20), by (1-T") HO (YP)H1 (ys)

as before, we obtain
B0y 1 M)
0 o S
+ o
7D
1

= -B , real (A.12)

(1)
Hl (bp) (bS)

-19-



where ¢ > 0 . Hence

ey 1P o)
Im { H(l)(b : + o H(l)(b ) } =0
1 P 1 S
or, from Eq. {A.6)
I MYy +1iY (b)) I by +1iY (b)
Im { JO(bE) FIT.GS T O [Jo(bs) TTY eyl 1t 0
17p 1 7p 1" s i s

Therefore

6,0 (033, (b)) = I (b)Y, (b )] + ad [¥ (d) 1 (d) = I (b)Y (b )] =

where
-1/2
(b1 >0

Py

2 2
d = |J b + Y
PsS L 1 ( 935)

|

Using the Wromskian relation, Ref. [4],

W(x) = YO(X)Jl(XI - JO(X)Yl(x) = 2/7x

(A.13a)

(A.13Db)

(A.14)

(A.15)

(A.16)

the required condition, Eq. (A.14), for the existence of the roots, becomes

d/b +ad/p =0
p'p s’ s

Since bp, b, o, dp’ ds are all positive real quantities, we conclude that

s

this condition is violated and therefore no real roots ' can exist for

s 1.
v

(A.17)

It remains to be shown that roots [ = RV/Rc {c = cs) are also excluded

for finite n . Upon examining the original equations of the system, Egs. (3) -

e

(5}, it is noted that for this value of [, k = 0. Noting that

x>0
Egs. (7) and (13) can only be satisfied if A = B = { identically,

Lim{Hil>(x)[ = o it is readily seen that the explicit boundary conditions,

It follows that possible roots can only exist in the range TZ < Ri/Ri .
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2
2. Proof that real roots I can exist only in the range I > 1 .

The frequency equation, given in the form of Eq. (24), is written as
2 _ .
(AT [RGB IR, (VB = BB R OVB DR, (VB )T + b = 0 (A.18)
where Bp and BS have been defined by Egs. (26) and where
Rpl B
p=-——= ®(B) K (B) (A.19)
1'7p 1'7s

is real,

We note that for T2 < (RV/RC)2 R
<
0 < B gp <1, (A.20)

since R, > 2 . Hence D > 0 for all finite n, provided Ry > 0, while

D=290ocnly if n > © oxr RD =0 .,

Now, letting

[rp]
il

KO(VBP)Kl(VBS) - BPBSKO(VBS)Kl(VBp) - (A.21)

we note that

o]
v

Ko(va)Kl(vBs) - KO(VBS)Kl(va)

O

X (v?B? ) KO(VBS)
Kl(VBp) Kl(VBS)

I=A>0 (A.22)

K, (v8 )X, (vB)) [

since Bp > BS. Therefore the frequency equation, Eq. (24), is of the form

2
(1 -T7)¢+ D=0, where (A.23)
G>0,D>0 ., Hence,

r>1

are the only possible solutions. Furthermore Fz = 1 only if n » «

or RD =0 ,
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