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ABSTRACT

The objectives of this paper are (1) to identify the basic para-
meters which control the earthquake response of torsionally coupled
systems composed of resisting elements providing force interaction dur-
ing yielding; (2) to clarify differences in response between systems
subjected to single-component ground motion and systems subjected to
double-component ground motion; (3} to clarify differences in response
among an elastic system, an elasto-plastic system without force inter-
action, and an elasto-plastic system with force interaction, and (4) to
evaluate the effects of magnitude of eccentricity and magnitudes of
yield shear forces on the response of elasto—plastic systems with force
interaction.

A single-story structure with a rectangular deck and four resisting
elements was used to examine these objectives. First, dimensionless
equations of motion were formulated containing the basic parameters which
control earthquake response and, then, parametric studies were carried
out to determine the effects of such parameters on elasto-plastic coupled

translational-torsional response.
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1. INTRODUCTION

It is important in earthguake resistant design of structures to
know the effect of eccentricity on seismic response. The coupled lateral
and torsional response of structures has been investigated by many re-
searchers during the past ten years or so. Thése studies have congidered
the response of both linear and non-linear systems subjected to both
single- and multi-dimensional earthquake excitations.

Coupling between lateral and torsional motions of a primary struc-
ture and an attachment, such as a penthouse or a tower, has been studied

using linear systems by'Dempsey[g], Douglas and Trabert{10]l, Kan and

Chopral20,21,22], Medeario [28], Miller and Keintzel[33], Penzien[43] and

Skinner, Skilton and Laws|[5l1].

Lateral-torsional response of a single~story and multi-story elastic
structure subjected to two-dimensional ground motions has been investi-

gated by Housner and Outinen [18], Jurukovski and Bickovskill9], Mazilu,

Sandi and Teodorescul[27], Newmark[34], Shepherd and Donald[481, Shiga[50]

and Tso and Biswas[54]. Mazilu, Sandi and Teodorescul27] and Newmark|[34]

have investigated torsional response of linear gystems subjected to tor-
sional ground motions caused by wave propagation on the ground surface.
Differing from the above studies using discrete parameter models, Gibson

Moody and Ayrei{13,14] and Hoerner{l17] have investigated the torisional

response of continuous models.,
Non-linear response of three-dimensional structures subjected to
multi-component ground motions has heen investigated by many researchers,

that is, by Anagnostopoulos, Roesset and Biggsl[4], Clough, Bennuska and

Wilson{e6], Brdik[12], Kan and Chopral23], Kobori, Minai and Fujiwaraf24],




Koh, Takase and Tsugawa[25], Meyer and Oppenheim[29], Morris[32], Nigam

[35,36,37], Okada, Murakami, Udagawa, Nishikawa, Osawa and ‘Tanaka[38},

Pecknold [42], Porter and Powell[44], Prasad and Jagadishl[45], Onose and

Shiga[49], Takizawa[52], Toridis and Xhozeimeh[53}, Wen and Farhoomand

" [57)and Yamazaki[58]}.

Non-linear behavior of simple resisting elements, such as columns
or beams, under multi-dimensional forces also has been investigated by

Aktan, Pecknold and Sozenfl,2], Aktan and Pecknold[3], Chen and Atsuta

[5], Darwin and Pecknold{8], Hodge[l6], Liu, Nilson and Slatel26], Morris

and Fenves[30,31], Okada, T., Seki, Asai, Paku and Okada, X.[391, Okada,

T., Seki, Paku and Okada, K.[40,41], Rosenblueth and Contreras[46],

Santathadaporn and Chen[47], Warner[55] and Wen and Beylerian[56].

Two basic approaches have been used to iﬁvestigate the inelastic
behavior of resisting elements under multi-dimensional forces. One
approach uses plasticity theory leading one to the concept of a yield
surface on the whole section of a resisting element, Stable inealstic
material defined by Drucker[ll}! is usually assumed in this case. The
other approach has similarities to the finite element method in that the
section of a resisting element is divided into sub-~elements possessing a
uniaxial stress-strain relationship. This approach has been applied
many times to the analyses of the inelastic behavior of reinforced con-

‘erete columns, e.g. Aktan, Pecknold and Sozen{l,2], Rktan and Pecknold

[3}, Okada, T., Seki, Asai, Paku and Okada, X.[39], Okada, 7., Seki,

Paku and Okada, K.[40,41 and Warner[55].

The objectives of this paper are (1) to identify the basic para-
meters which control the earthquake response of torsionally coupled

systems composed of resisting elements providing interaction auring



yielding; (2) to clarify differences in response between systems sub-~
jected to single-~component ground motion and systems subjected to double-~
component ground motion; (3) to clarify differences in response among an
elastic gsystem, an elasto-plastic system without force interaction and an
elasto-plastic system with force interaction (EPI-system)} and {(4) to
evaluate the effects of magnitude of eccentricity and magnitudes of yield
shear forces on the response of EPI-systems. To fulfill these objectives,
a structural system was used having the following characteristics:.

i. A single-story system is used having a rectangular deck and
four resisting elements supported on a rigid base.

ii. The floor deck is assumed to be rigid and the resisting
elements are assumed to be rigidly clamped at top and bottom,

iii. The rigid base is excited by two orthogenal horizontal com-
pdnents of ground motion in the x- and y~ directions.

iv. Axial deformations of the resisting elements are neglected
and the inter-story lateral displacements are assumed to be
small compared with the dimensions of the system.

v. Elasto-plastic hysteretic model is assumed for the relation
between shear force and shear deformation of the resisting
elements,

vi. The interaction effect between two orthogonal components of
shear force acting on sections of the resisting elements
during yielding is taken into account using an assumed

circular yield surface.



2. EQUATIONS OF MOTICN

2,1 Linear Systems

Let kix and kiy represent the translational stiffnesses of the i-th
resisting element (column or wall) along the principal axes of resis-

tance, x and y, respectively. Then,

K = ik,
X i 1iX
and (2.1)
K_ = Zk,
Yy i1y

are the translational stiffnesses of the structure in the x~ and y-di-
rections, respectively. Also, let x, and vy be the distances of the i-th

resisting element from the center of mass along the x- and y-axes, as

shown in Fig. 2.1. Then,

Xg = Tk, v + Ik X2 (2.2)
is the torisonal stiffness of the structure about the center of mass.
The torsional stiffnesses of the individual resisting elements about
their own centroidal axes can be neglected. |

For a system of discrete resisting elements, the center of resis-
tance is located at distances e and ey (the static eccentricities) along

the ¥~ and y-axes; respectively, where

e = L Xk. x
X K 1y 1
and Y (2.3)
1
= — k.
€y K, E ix Yi
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Fig. 2.1 Single-Story System



Let the earthguake ground motion be defined by accelerations ng (t)
and agy(t) along the x- and y-axes, The equations of motion of the
system shown in Fig. 2.1, without damping, can then be written in the

standard form

Mu + K u -~ K u ==Mu
X y x 6 gx

Td, ~e K u + Ko usn +e_ K u = 0 (2.4)
6 ¥y X x 6 70 X'y v

M d + e K u,+ K u =-Mu
Y x'y 0 Y ¥ gy

in which M and I are the mass of the deck and the inertia of rotation of
the deck about a vertical axis through the center of mass, respectively,
and U uy and Ug are displacement components of the center of mass rela-

tive to the base in the x~, y- and H-directions, respectively.

Fquation 2.4 can be rewritten in the matrix form

.

-

Mii + KU=-Mu (2.5)
- - = g
where
- -
M=1 N1 (2.6)
" \M .
" x -e X o
bre Y X
I 2.7
K ey Kx Ke ex Ky ( )
0 e K X
X ¥ y
ju
X
U= u (2.8)
u
L Y
and
(3
gx
ﬁ = J 0 (2.9)
9 i
[ 9Y




Equation 2.5 is for an undamped system, For a damped system, an ortho-

gonal damping matrix(71, D, can be used in the form

B -1 -1
D=M (A K" M+2a, +A N K (2.10)
where
Al »
A, p=2w"§ (2.11)
A3
in which
"1 1 7
3w Wy
1
i
w = 3 w 2 (2.12}
- W 2
2 .
1 1
R Wy
L3 B
and
E1
E=18&, (2.13)
53

Quantities mi and Ei (i =1,2,3) are the circular frequencies and spec-
ified modal damping factors, respectively, for the i-th natural mode

of the system. The ecuations of motion of the damped system now become

*

MU +DU+RKU=-Mu (2.14)
o 2y TR X g

which can be changed into the normalized form
G+Au+thu=-1 (2.15)
— T —— — —g



where
A=a Al sa +a 2 (2.16)
- 1= 2 3 - *
o e -t
w2 4 mz o
X r X
e e
A= | - Ly? 0> E (2.17)
= r x 8 r 'y
e
0 —5(92 w2
r vy b
(Y,
w=4{%% r=ry (2.18)
u
\ y
in which
2 \
wx = KX/M
W’ = K /m r (2.19)
g y/ )
2
wy = Kg/T J
and
1\
xr= r {2.20)

Quantity r in Egq. 2.20 is the radius of gyration of the deck about a

vertical axis through the center of mass as defined by

I=Mr ' (2.21)



2.2 Non-Linear Systems

The equations of motion of the nonlinear system can be written in

the form
MU+DU+F =~ Mu (2.22)
- = g
or
GrAa+Mlg=-4 (2.23)
- - - - -9
where the corresponding restoring force vectors are given by
zo
J’Qx T "ix
o= - - £ , .
-~ Q@ L E Qix diy E Qiy dlx (2.24)
© T
14 iQiy
and
. X
- [ J_Qix
— - e 2 -
Q= Ir Qe rF=1x § Qix diy + § Qiy dix {2.25)
Q z
Y 3 Qiy
in which
. x./r
dlx =[ l/r (2.26)
iy 1 ¥y

In the above equations Qx’ Qy and Qe denote restoring shear forces of the
system in the x- and y-directions and the restoring torsional moment of
the system about the vertical axis through the center of mass, respec~
tively, and Qix and Qiy dencte restoring shear forces of the i-th resis-
ting element in the x~- and y~directions, respectively. The restoring
shear forces Qix and Qiy of the i-th resisting element are, if the

system is linear, given by

9, =k, u, (2.27)



10

where
Q.
Q; = J ix (2.28)
\ iy
-kix
L9 = k. (2.29)
- 1y |
u.
ix
u, = 4% (2.30)
g, u,
1y

in which u and uiy are,.as shown in Fig. 2.2, displacements of the i-th
resisting element relative to the base in the x- and y~directions, re-
spectively. Théy are related to the displacements of the center of mass
relative to the base, u and uy, and the rotation of the deck about the

vertical axis through the center of mass, Ug s by

u ' {2.31)

u, 2,
=1 =

where

]

7. iy (2.32)
b B

For the nonlinear system, conditional equations must be defined
which consider interaction between forces acting on the section of ele-
-menfs during yielding. A general theory considering yielding in struc-
tures with interaction in terms of generalized forces and displacements
has been presented by Nigam[35] (see Appendix T), Using this theory to
take account of the interaction effects between shear forces Qix and

Qiy in the x= and y-directions acting on an elasto-plastic resisting
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element during yielding, the force-displacement relationship of the i-th

resisting element can be expressed in terms of a yield surface define by

@i(gi) =1 (2.33)
+ ; thus, giving
Q =k, u, (2.34)
which applies when
<Di(gi) <1
or
o =
;9 =1
WP < 0
i
and
0. =k, (@ - ) (2.35)
= == -
which applies when
» @i(gi) =1
W o> 0
i Z

In these equations, EE is the plastic part of velocity vector u, repre-

senting the i-th regsisting element. It can be evaluated using the re-

lation
30,
. i

23 3% ' 30, 30
& = — (2.36)
u, 56, 69 30 .

i, i
=129, Bgl

where the symbol <,> denotes inner product of two vectors. The quantity

ﬁ? in the inequalities above is rate of plastic work of the i-th
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resisting element and is defined by

# - oy 0 )

(2.37)

Equations 2.36 and 2.37 can be rearranged and finally placed in

the forms

and

where

and

& =38, B k. Z. u

=L 1 /1 —1 —1 —

- T -
W =B, 0. B k, Z. u
1l i -1 -1 -1 —1 -
B, = 1

1

(acpi )2
_ 3Qix
i 30, 90,
1 b3
aQix aQiy

3@1 8@i ]
aQix 8Qiy
3, \2
()

(2.38)

(2.39)

(2.40)

{2.41)

Now, the force-displacement relationships given by Egs. 2.34 and 2.35

for the i-th resisting element can be expressed in the forms

for

(o) 4

Qi = Ei Ei u
@i(gi) <1
0. () =1

W <0
1

(2.42)



and
2;
for
@i(gi)
W
i
where
T,
i
C.
=i

14

r'. c. 2. u
i =
1
0
1
2 3
kiy 8y Kix \09iy
/99, \2 3. 30, |
1 - 1 i
(aQiy 90, BQiy
30, 20, ( 50 )2
- 1 1 1
Ry Qg Qi x

-’

(2.43)

(2.44)

(2.45)

It is useful at this point to consider the equations of motion o6f

an elasto-plastic system without interaction between shear forces in the

x~ and y-directions.

In this case, the force-displacement relationship

of the i-th resisting element in the x~direction can be written as

Qix
for the conditions
9]
and
|94}

ix

k

ix —i

ix0

ix0

z(l)é

(2.46)
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Note that
Qix =0 (2.47)
when
|2ix| = Qx0
vl o4
Wix 20

Similarly, the force-displacement relationship in the y~direction becomes

. {2)
Qi = kiy 2. a (2.48)
when
'Qiy] < Qiv0
or
lQiY’ - QiyO

iy
Again, note that
éiy =0 (2.49)
when
|Qiy| = Q00
.iy > 0
Quantities gi(l) and gi(z) are row matrices corresponding to the first

and second rows, respectively, of the matrix gi; that is,
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(2]
W _ i,
—1 1y

L,

(2.50)

o T
z {2 a,
—1 1X

1

and Qixo and Qiyo are yield shear forces, in the x- and y-directions, re-~
L] L]

spectively, of the i-th resisting element. OQuantities WEx and WEY in the

inegualities above are rates of plastic work, in the x~ and y-directions,

respectively, of the i-th resisting element and are represented by

ﬁﬁx - Qix Eil)é- (2.51)
and
W =g, 2P (2.52)

iy iy =i~

2.3 Dimensionless Egquations of Motion

Consider the overall system as represented by

“

%o | 220
£ 00 [ £ 13 Yoty * T Ryl (2.53)
| %o [ i %iyo
[ %o | L0’ %x
17 %0 [ =] ¥ %o (2.54)
L Yy ) QyO/Ky




CxB

xy

pr
v

and

f ]
axO

i %80

a

\ YeJ

r

\

It

]

my/we

17

ux/uxO

r ue/r Ugq

4yo’T Yo

u_/r u

y0

on/ Mg

6o

* Qgo/t 9

QyO/M gJ

~

|

having resisting elements as represented by

(2,

(2.

(2

(2.

55)

56)

.57)

.58)

59)

.60}
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2
5i0% [ kix 3iy/%g
= r2 2
S0y 1 kv 41x/%g
qixO 1x0/QxO
qiyO 1y0/Q
910x0 0 y/r Qeo 1
N rz lX
436y0 Qig0 /T %0
( /
Ui %0 | Qi x0
“iyo { QiyO/kiy
Vix Y/ i%0
zi 1 o
Viy U500

N
Piy t 2/ Qixo0

Ei — —3
Piy 2y Qiv0
rki = kix/kiy
rQi - 1x0/Q
2
W& = W /Qixo
i Ti'k

ix

(2.

(2

(2.

(2.

(2.

(2

(2

(2.

(2.

61)

.62)

63)

64)

65)

.66)

.67)

€8)

69)
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and

T = t {2.70)

The dimensionless equations of motion of the single-story non-linear

system can be placed in the form (see Appendix II)

V+2VVHET=~-q (2.71)
- - |
where
v =38 (c-hl—;lg ) + 6, + 8 p'l_)\_g (2.72)
-2
O(’gx ugx W )/g
X
o = 0 = 5 0 . (2.74)
%
o 2
gy gy(mc)/gany
L J
and
'6 .
1
16, b=t (2.75)
8
L 3 )




in which

=)

fQ

o

jm

|r‘

g8
| Fl®

Eixs

20

{2.76)

{(2.77)

(2.78)

(2.79)

(2.80)
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- o -
1 - L 0
Y
Ly 1 %1
A = r 2 T 2 2.81
- CxB ny ( )
0 x 1 1
r C2 €2
Xy Xy
1
~
L= Z‘-’xe (2.82)
_ C"Y
( )
Py i Pix %xo
= J - —
R =1 Py L Piy oo * § Piy %eyo (2.83)
% . .
{ Py i Piy Yiyo

and
a 2 e 2
=X x) 1 _ 1
n ( P ) + ( - ) 5 3 (2.84)

The symbol ' denotes differentiation with respect to dimensionless time,

i.e. d/drt.

The dimensionless forms of the force~displacement relationships
corresponding to Egs. 2.42 and 2.43 of the i-~th resisting element of the

elasto-plastic system having force interaction become

P;s = 2, V (2.85)



for

or

and

for

22

Quantities Yi' =Py X and _z_l are defined by

t
=Y gAY (2.86)
o, (p) =1
W >0
fid
_ 1
= 33Nz 5. \2 (2.87)
N R
kl Bplx Qi aply
;30 \2 3 3%,
( 1) - 1 1
| oP;y oP;x Py
= (2.88)
ad od (a@. )2
- - l l
l_ aplx 3p:v.y E}‘pix i
!rz
9
- . (2.89)
Tk,
o, l~—
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and
-1 -1 ]
Vixo Vioxo 0
z, = (2.90)
i 0 v-l v_l
_ if8yo iyo
where
Vix0 ] J 9 x0"%ix
= (2.91)
iy0 J 1 qiyO/Siy
and
Viexo inxO/siex
= (2.92)
vi9y0 qieyo/siey

The rate of dimensionless plastic work, %E, in the inequalities above is

repregsented by
w =8 pTb, z, v (2.93)

where

B, = i _ (2.94)
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and
[~ 20, )2 3¢, 80, -
1 bR 1
(apix ) apiy
b, = (2.95)
plog o0, ( of, )2
i i i
| 8Py, 3Py 3p;,

Further, the dimensionless forms of the force-displacement relation-
ships represented by Egqs. 2.46 ~ 2,49 for the i-th resisting element of

the elasto-plastic system without force interaction become

5o =2y (2.96)
11X it B -
for
<
|Paxf <1
or
Ipix] =1
]
<
ix 0
]
Pix = 0 (2.97)
for
Ipix' =1
o
11X -
1 _ {2)
Py =% ¥ (2.98)
for
1

lpiyl <
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or
Piy| =1
W <o
iy
and
[ ]
Py, = O (2.99)
for
|Piy| =1
2 >0
iy =~

Quantities Eél) and giz) denote row matrices corresponding to the first

and second rows, respectively, of the matrix, 250 i.e.

r s, WT
1X .

qixO

s,
ifx
- ————

93 0%0

2

o

g (2.100)

z{) -

4

1
The rates of dimensionless plastic work, éﬁx and wgy, in the x- and y-

directions, respectively, are represented by
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'p _ (1 !

we =B, 2. ¥ (2.101)
and

] _ () ¢

w?y Piy 2,7 v (2.102)

where dimensionless plastic works w?x and w?y in the x~ and y-directions,

-respectively, are defined by

2
P =W k"lo (2.103)
ix
o2
] - WI: /—._Z_kl 0 (2.104)
Y v kg

Solving the above egquations of motion, dimensionless quantities of
response are obtained. Dimensional response can be obtained by simply
transforming the dimensionless quantities consistent with their defini-

tions, thus one obtains

u
-4
=J F:-—lz
u = {r yy g% av
)
a X
1 yJ
rﬁ,

X
dedrat=L 2.y } (2.105)
fluiy e W = = -

X
u
\ yJ
e Y
U
p- 4
U =Ar ﬁe =g 52 av
u
LYy J
where
x0
AY
~ a
a= 00 _ (2.106)
ayO




where
E(1,3)
il(1,3)
and

9.
;G

W
X

13ix } g
A Gl 4
u X

e ey, Py ey, s Aty
: ] =
'—l- f-l -
~ 3
) ’
H

27

19
o

(1,3)}2 a

(1,3)}2 a

u,
ix
.« } =g {E(I'B)}Z a(1,3) v, &

{(1.3)
Yio I3

(1,3) '
Yio %

-i0 ~i

(2.107)

(2.108)

(2.109)

{2.110)

(2.111)

{2.112)
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8%0 9ix0
a, = ‘e g (2.113)
B v0 “iy0
and finally
r
uix
By o =v. =z v (2.114)
U, - = =i =
iy

2,4 Relation among Dimensionless Variables,

The dimensionless variables defined in section 2.3 are composed of

both independent and dependent variables.

variables are as follows;

€. &

1 £

27 73

Xy

x0 yO

ix iy

ix iy

and

ix0 iy0

The independent dimensionless

modal damping factors for the lst,
2nd and 3rd natural modes, respec-

tivaely, of the system

circular frequency ratioc, defined by

Eq. 2.57,0f the system

coefficients of yield shear forces,

defined by Eqg. 2.59 of the system

dimensionless distances, defined by
Eg. 2.26,0f the i~th resisting element

from the center of mass

contribution ratios, defined by Eg.
2.60,0f translation stiffnesses of
the i-th resisting element to the

system

contribution ratios, defined by Eqg.

2,62, of yield shear forces of the

i-th resisting element to the system
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The dependent variables are transformed into dimensionless forms

through the relations

®x
— L s, 4,
r i Tiy ix
e = (2.115)
4 Los, 4y
= i ix iy
s 2
pxe 1 l axO/ExB
= (2.1106)
60
Dye 1 O/Cye
s s 2 2
iBx ix Tiy %8
= 117
S, s d2 C2 e
ify iy “ix “vyo
930x0 1 %x0 %ixo diy
= g__. a 4 (2.118)
inyO 00 v0 qiyo ix
2 2 Six 2
Cxﬂ = 1'0/(§ Six diy + E ;;—'dix)
i (2.119)
g2 =2 c?
v %07 *xy
380 ~ x0 E qixoldly‘ Z q1y01d1x| (2.120)
Six 2
r, =—>7p (2.121)
k, s. XY
i iy
and
X = Y0 Pxo0 (2.122)
. qiyO ayO

The dimensionless frequencies wl/wx, wz/u!X and w3/w in Eq. 2.76 can be
' %

numerically obtained by solving the dimensionless eigen value problem



e
1-n° - 0
r .
Sy 1 2 % 1
- 2 4 X
r CZ r _2 = 0 {2.123)
%0 Xy
o ®x 1 1 2
- - = n
r EZ c2
Xy Xy
where
n = w/wx (2.124)

2.5 Yield Functions of Shear Failure System

Based on Drucker's postulate [1l] concerning stable elastic-plastic
material, the yield surface must be closed and convex. The lowest bound,
under the postulate, being able to be mathematically considered is, as
shown in Fig. 2.3a, a closed surface formed by the four straight lines

4 = - i i -
lpixl IPiYI 1 on the Pix pi plane in which pix and Piy are nor

Yy
malized shear forces acting on the i-th resisting element in the x- and
y-directions, respectively. The uppermost bound, based on Drucker's
postulate, which can be mathematically considered is, as shown in Fig.
2.3b, a closed surface formea by the four straight lines, Ipixl = 1 and
lpiy] = 1. The yield surface having the uppermost bound corresponds to
the one for elasto-plastic systems without interaction between shear
forces acting oﬁ a resisting element during yielding.

“The most popular yield surface as shown in Fig. 2.4 for each resis-

ting element subjected to shear forces, Qix and @

=

, in the x- and y-
directions will now be taken into account, In this case, the yield sur-

face function @i is defined by
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(a) LOWEST BOUND (b) UPPERMOST BOUND

Fig. 2.3 The Lowest and Uppermost Bounds of Yield Function
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%
A
ELASTIC I
REGION
- | Pp‘lx
PLASTIC
REGION
pZ+p2 = |
- 1% y

Fig, 2.4 VYield Surface for Elements with Circular Section under Shear
Forces
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Qix 2 Qi 2 =1
00y« Q) = (§~—) + (5—1) (2.125)
ix0 iy0
which in a dimensionless form becomes
2 2
(I). . r N = =
l(plx ply) P, ¥ Py 1 (2.126)
where
Pix Qix/QixO
- : (2.127)
Ply Qiy/QiyO

in the x- and y-directions, respectively. The bound of this circular
yield surface lies between both the lowest and uppermost bounds described
above.

A yield surface function for elliptical sections subjected to bend-
ing moments, Mix and Miy' in the x- and y-directions, respectively, is

represented by [34];

Mix 2 Mi 2
G + D) =1 (2.128)
. M,
ix0 iy0
in which M, and M, are yield moments of the sections in the x- and y-
ixQ iy0

directions, respectively. Considering a bending failure system in which
vielding occurs at the top and bottom sections of each resisting element
at the same time and the element is rigidly clamped at the top and bottom
to the deck and base, respectively, of the system, the relation between
shear forces acting on the element and bending moments acting on the top

and bottom sections of the element becomes
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Qix [ Mix

: = (2.129)
Q. 1 My

o= N

1y

where "H" 4 t t height. \ ;
enotes story height Shear forces leb and Qlyb
corresponding to yield moments of the bending failure system are given

by
2
== (2.130)

Substitution of Egs. 2.129 and 2.130 into Eq. 2.128 gives

0. 0. 2
(le) + (bﬁ’—) =1 (2.131)
ixb iyb

which is similar to Eg. 2.125; therefore, when Qixb and Qiyb are chosen
instead of the yield shear forces, Qixo and QiyO' the yield function for

the shear failure system can be applied to the bending failure gystem.
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3. CASE STUDIES

3.1 Choice of Parameters

3.1.1 Systems

Four element systems shown in Fig. 3.1 were considered, Parameter
studies have been carried out for the following properties:

{1) Uncoupled period in the x~-direction, T, :'2ﬂ/wx
Several values in the range of 0.3 to 2.2 sec. were considered.

(2) Frequency ratio, ny = mx/wy = Ty/’I‘x
Values, 1.0, 1.5 and 2.0, were considered. This means that Ty 2T, in
all cases.

(3) Distribution of resisting elements, dix and diy
Resisting elements are located at each corner of the square deck and the
center of mass is located at the geometrical center of the deck itself.
Hence, dimensionless distances of the elements from the center of mass
are

/2

1 .
ldix| = ]diyl = (3/2) = 1.2247 (i = 1,2,3,4)

(4} Distribution of stiffnesses of resisting elements, Six and siy
Case a) Models with eccentricity in only the y-direction (Fig. 3.la)

Dimensionless stiffnesses of elements in the x-direction were assumed

to be as follows:

Relation between the normalized eccentricity in the y-direction

ey/r and the dimensionless stiffnesses is

= 1/2 - = -
ey/r = 2(3/2) (slx S3x) 2.4495 (Slx s3x)

Normalized eccentricity values equal to 0, 0.2 and 0.4 were considered.
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Fig. 3.1 TFour Element Single-Story Systems
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Dimensionless stiffnesses of elements in the y-direction were

assumed the same, i.e.;

hence,

Case b) Models with eccentricities in both the x- and y-directions
{(Fig. 3.1b).

Dimensionless stiffnesses of elements in the x-~direction were
assumed the same as Case a. Dimensionless stiffnesses in the
y-direction were assumed to follow the relations

s = S8 s B =g

1y 4y 2y 3y.

The relation between normalized eccentricity in the x-direction ex/r
and the dimensionless stiffnesses in this case is

_ 1/2 - - _
ex/r = 2(3/2) (Sly S2y) 2.4495 (Sly S2y)

Normalized eccentricity values equal to 0, 0.2 and 0.4 were considered.

{5) Yield shear forces of sgystems, ag and ayo

Dimensionless yield shear forces in the x- and y-directions, 3.0

and ayO' respectively, were given by the following relation:

aganda o= 2.5 ¢ T £ 0.8 sec.
Y © (3.1)

= T > 0.8 sec.

in which T denotes uncoupled natural period, Tx or Ty. Values of para-
meter, CO' considered were 0.06, 0.09 and 0.12. The value 0.06 was
determined to be standard by referring to the response spectrum (Fig. 3.2)
for inelastic systems with 2% of critical damping when subjected to the

El Centro, Califeornia, earthguake using a ductility factor W = 5. The

dimensionless vield shear forces concerned with uncoupled natural period
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Fig. 3.2 Response Spectra for Elasto-Plastic Systems with 2% of
Critical Damping Subjected to the E1 Centro Earthquake
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for different wvalues of parameter CO' i.e. 0.06, 0.09 and 0.12, are

illustrated in Fig. 3.3.

The values of dimensionless yield shear forces for inelastic systems
to be considered are listed in Table 3.1.

(6) Distribution of yield shear forces,qixo and qiyO

Yield shear forces of resisting elements were assumed to be propor-
tional to their stiffnesses. Hence, dimensionless yield shear forces of
the elements in the x- and y-directions, w0 and qiyo' respectively, are

equal to their dimensionless stiffnesses Six and siy' respectively, i.e.;

8

q = s, and qiyO = iy

ix0 ix
{(7) Shape of yield function

A circular type yvield function was assumed for each elasto-plastic

resisting element of the EIP-system.

(8) Damping factors,El ’ Ez and 53
Modal damping factors for the first, second and third natural modes

of the system, El ’ 52 and €3, respectively, were assumed egual to 0.05.

3.1.2 Ground Motions

The ground motions considered were the first 30 seconds of the El1
Centro accelerogram recorded during the Imperial Valley earthguake of
May 18, 1940; and the first 30 seconds of the Taft Lincoln School Tunnel
record of July 21, 1952, These ground acceleration histories presented
in Figs. 3.4a and 3.4b were digitized using the "standard" base line
correction [15]. A uniform time interval of 0.02 seconds was used in the
digitization process. The maximum accelerations of these records are

El Centro SOOE (NS} : 341.7 gals

S90E (EW) s 210.1 gals
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Table 3.1 Dimensionless Yield Shear Forces for Inelastic Systems

and Dimensionless Maximum Ground Accelerations

Para- Dimensionless- Maximum Dimensionless
Uncoupled Period meter Yield Ground Accelerations
( ) Shear Forces
T or T seq. o “ ot
% y 0 g OF aYO [ugxlmax 10gy[max
0.06 0.15 2.32 1.43
0.3 0.09 0.225 1.55 .95
0.12 0.30 1.16 0.71
0.06 0.15 2.32 1.43
0.4 .09 0.225 1.55 0.95
0.12 0.30 1.16 0.71
0.06 0.15 2,32 1.43
0.6 0.09 0.225 1.55 0.95
0.12 0.30 1.16 0.71
0.06 0.15 2.32 1.43
0.8 0.0% 0.225 1.55 0.95
0.12 0.30 1.16 0.71
G.06 0.10 3.49 2.14
1.0 0.09 0.15 2.32 1.43
0.12 0.20 1.74 1.07
0.06 0.06 5.81 3.57
1.4 0.09 0.09 3.87 2.38
0.12 0.12 2,91 1.79
0.06 0.0429 8.13 5.00
1.8 0.0° 0.0643 5.42 3.33
0.12 0.0857 4.07 2.50
0.06 0.0333 10.47 6.44
2.2 0.09 0.05 6.97 4,29
0.12 0.0667 5.23 3.21
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Fig. 3.4a Time History of Ground Accelerations of the El Centro
Record Obtained During the Imperial Valley Earthguake
of May 18, 1940
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Fig. 3.4b Time History of Ground Accelerations of the Taft
Lincoln School Tunnel Record of July 21, 1952
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Taft SOOE (NS) : 152.7 gals

S90F (EW) : 175.9 gals

For convenience of numerical comparison between response of systems sub-
jected to the E1 Centro records and the response of systems subjected to
. the Taft records, the Taft records were normalized to the same intensity
levels as those of the corresponding El Centro records. Components NS
and EW of the ground motions were considered as excitations to systems
in the x- and y-directions, respectively.

It is convenient to consider dimensionless ground motions instead of
absolute ones. Referring to Eq. 2.74, the dimensionless ground accel-
erations ng and ﬁgy'in the x~- and y-directions, respectively, are de-

fined as:

ng ugx/g ayn
= (3.2)
dgy ugy/g ayO
The maximum dimensionless ground accelerations also become
|ng’max lugxlmax/g a0
= (3.3)
U |max i |max/g a
L [, Imax/g 2o

In this report dimensionless yield shear forces ao and ayo in the x-

and y-directions, respectively, were determined by Eg. 3.1. Substitu-

tion of Eq. 3.1 into Eqg. 3.3 gives
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yo

iU |max a lmax
gx 1 gx
) = Etg—afzru . . TfO.B sec.
| [max 0} |4 |max
ay gy
{3.4)
. 1
lu |max
_ T-0.4 ®

T>0.8 sec.
< . r 2z
9 S u Imax
gy
The maximum dimensionless accelerations, hence, are changed depend-
ing on the unccupled natural periods of the systems. The maximum values

of the dimensionless accelerations taken into account are listed in

Table 3.1.

3.1.3 Method of Analysis

Integration of the equaticons of motion given by Eq. 2.71 is carried
out using the third order Runge-Kutta method described in Appendix IIT.

Figure 3.5 shows dimensionless displacement - time response at the
center of mass of an EPI-system having parameters Ei = 5%, Tx = 0.6 sec.,
ny =1, ex/r = 0 and ey/r = 0.2 subjected to the El Centro earthgquake
in which the maximum values of the dimensionless ground motions in the
x- and y-directions, 1ng|max and |Ugy]max, are 2.32 and 1.43, respec-
tively. Figures 3.6 and 3.7 show dimensionless displacement - time
response of the elements 1 and 3, respectively, of the EPI-system sub-
jected to the ground motions. A locus of dimensionless displacement
response and dimensionless hysteregis curves at the center of mass of
the system are shown in Fig. 3.8 and 3.9, respectively. Locusci of
dimensionless displacement response and dimensionless hysteresis curves

of the elements 1 and 3 of the system are shown in Figs. 3.10 to 3.13.

The locusci of shear force response, shown in Figs. 3.10b and 3.12b,
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Fig. 3.5 Displacement~Time Response at the Center of Mass of EPI-System
Subjected to the El Centro Earthquake. System Parameters: Ei::S%,
T, = 0.6 sec., ny = 1.0, e /r =0, ey/r = 0.2, ]nglmax = 2.32
and |U_ |max = 1.43
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Fig. 3.6 Displacement-Time Response of Element 1 of EPI-System Subjected
to the El Centro Earthgquake. System Parameters: £i==5%, Tx==0.6
gec., L  =1.0 = Q, = 0. U = 2,
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Fig. 3.7 Displacement-Time Response of Element 3 of EPI-System Subjected
to the E1 Centro Earthguake. System Parameters: £i= 5%, Tx= 0.6
s.e.c., ny = 1.0, ex/r = 0, ey/r = 0.2, Inglmax = 2,32 and
| |max = 1.43
aqy
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10~

Fig. 3.8 Locus of Displacement Response at the Center of Mass of EPI-
System Subjected to the El Centro Earthgquake. System Parameters:
Ei = 5%, Tx = 0.6 sec., ny = 1.0, ex/r = ag, ey/r = 0.2,
[0 |max = 2.32 and |U__|max = 1.43
gx gy
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for the elements 1 and 3 follow very well the rule concerning force
interaction of elements with a circular vyield surface. Shear force
drops are also seen in the hysteresis curves shown in Figs. 3.11 and
3.13. These drops are caused by interaction between the shear forces

in the x- and y-directions.

3.2 Effects of Ground Motions

3.2.1 Response to the El Centro and the Taft Earthquakes

Response spectra of dimensionless displacements of EPI-systems sub-
jected to the El Centro and the Taft earthquakes are presented in Figs.
3.14 to 3.16 for the three sets of values of eccentricities ex/r and
ey/r. The main features of these response spectra are summarized as

follows:

1. Response spectra of dimensionless displacements at the center
of mass in the x~direction, Vx, for EPI-systems when subjected
to the El Centro earthguake are of the same level as those
produced by the Taft earthquake (Figs. 3.14a, 3.15a and 3.16a).

2. Response spectra of dimensionless displacements at‘the center
of mass in the y-direction, Vy, are relatively flat for both
earthguakes in the range Tx > 0.8 sec.; however, the spectral
values for the El Centrc earthquake are approximately two times
greater than those for the Taft earthquake (Figs. 3.14a, 3.l1l5a
and 3.16a).

3. Response spectra of dimensionless rotation about the center of
mass, Vg for the EI Centro earthgquake are approximately the
same as those for the Taft earthquake. Note however that the

response spectra for the El Centro earthguake have predominent

peaks at Tx = 0.6 sec. which show spectral values for the
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El Centro earthquake to be approximately twice those of the
Taft earthguake (Figs. 3,14a, 3.15a and 3.16a).

4. Response spectra of dimensionless displacements of resisting
elements in the x-direction for the El Centro earthquake are
roughly the same as those for the Taft earthquake. However,
the corresponding spectra in the y-direction show different
features between the two earthguakes, i.e., the curves for the
El Ceﬁtro earthquake show decreasing and increasing spectral
values with increasing values of eccentricity ey/r for resis-
ting elements 1 and 3, respectivgly, while the corresponding
curves for the Taft earthquake show very little change with
increasing values of the eccentricity (Figs. 3.14b, 3.15b and
3.16b).

'Response'spectra for the uncoupled EPI-systems having no eccen-
tricities in both the x- and y-directions show different features between
the El1 Centro andrthe Taft earthquakes as shown in Fig. 3.14. Further as
indiéated above, the coupled translational-torsional systems show differ-
ent spectral response variations with frequency ratio ny and with eccen-
tricities ex/r and ey/r for the different types of earthquake ground

motions used.

3.2.2 Response to Single- and Double-Component Ground Motions

The maximum dimensionless displacement responses for coupled EPI-
systems subjected to single-component ground motion (NS-component of the
El Centro earthguake in the x-direction) and double-component ground
motion (NS- and EW-components of the El Centro earthguake in the x~ and y-
directions, respectively) are compared in Figs 3.17 to 3.20 for different

values of uncoupled natural period Tx' The different features shown for
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responses at the center of mass in the x~-direction for EPI-systems when
subjected to both single-component and double component ground motions
are caused primarily by the differences in force interaction. ILikewise,
differences in the x-direction shown for uncoupled frequency ratio ny
equal to 1 and 2 are caused by differences in force interaction. It can
be recognized from Figs. 3,17a, 3.18a, 3.19a and 3.20a that the differ-
ences between the maximum dimensionless displacements at the center of
mass in the x-direction, vx, for systems with ny = 1 and with ny = 2
for double-component ground motion are much greater than those for single-
component ground motion. This observation indicates that the effects of
force interaction on the‘response of EPI—systems to single-component
ground motion are much less than the corresponding effects on the response
of similar systems subijected toc double-component ground motion., The
reason why such effects are relatively small for single-component ground
motion even for systems having large values of eccentricities is that the
response is primarily in the direction of the input motion.
Torsional responses about the center of mass of EPI-systems, ve,
when subjected to both single-component and double-component ground
motions show different tendencies with changing values of both eccentric-

ity ey/r and uncoupled frequency ratio Exy as shown in Figs. 3.17a, 3.18a,

3.1% and 3.20a.

3.3 Effects of Force Interaction

Response spectra for E-, EP- and EPI-systems with qu = 1 when sub-
jected to the double-component ground motion of the El Centro earthquake
are presented in Figs. 3.21 to 3.23 for different values of eccentricity.
It can be observed that the response spectra for EPI-systems are generally

smooth function of natural period Tx which igs in contrast with the
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response spectra for E- and EP-systems which are quite irregular. Differ-
'ences between the maximum responses for the EP- and EPI-systems are pro-
duced by force interaction effects. The results in Figs. 3.21 to 3.23
show that the maximum responses of the EPI-systems are larger in certain
ranges of Tx and smaller in other ranges than those of EP-systems. This
observation, which is consistent with the results of Kobori (241, indi-
cates that force interaction effects do not always produce larger maximum
displacements.

Kobori indicates also that force interaction effects have a tendency
to balance the two components of ductility ratio response in column
members for those cases involving large plastic deformations. This same
tendency is confirmed by the results presented herein, especially for
' those systems having long uncoupled natural periods Tx» The results
shown in Figs. 3.21 to 3.23 are for those systems having an uncoupled
frequency ratio ny = 1. BAs previously mentioned, force interaction
effects on inelastic response are variable with the value of uncoupled

frequency ratio.

3.4 Effects of Uncoupled Natural Frequencies

The maximum dimensionless displacement responses for EPI-systems
having no eccentricities in the x-direction i.e. ex/r = 0, are presented
in Figs. 3.24 to 3.27 for different values of uncoupled natural period
Tx' In thgse figures, the variations in the maximum dimensionless dis-
placement response at the center of mass in the x-direction, Vo with un-
coupled natural freguency ratio CXY are caused primarily by force inter-
action, 'Torsional effects in this case are small. The degree of force
interaction effects is related to the value of uncoupled frequency ratio

;xy (Figs. 3.24a, 3.25a, 3.26a and 3.27a). Note that the maximum
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dimensionless displacements at the center of mass of the EPI-systems in
the y~direction, vy, have been affected not only by force interaction,

but also by changes in the value of the uncoupled natural period Ty.

3.5 Effects of Eccentricities

The maximum dimensionless displacement responses for EPI-systems
with eccentricity in only the y-direction and with eccentricities in both
the x- and y-directions are presented in Figs. 3.28 and 3.29, respec-
tively. These results show that translational displacement responses at
‘the center of mass of the EPI-systems, vx and vy, are insensitive to
changes in the values of eccentricities, especially, for the systems
having long uncoupled natural periods Tx' They also show that torsional
response about the center of mass, ve,.increases almost linearly with -
increasing values of the eccentricities. This means that translational
displacement response at the center of mass is not related to the
eccentricities of the system. differing completely with torsional response
which is directly related to the eccentricities of the system.

Torsional response about the center of mass, ve, for those systems
with eccentricities in both the x- and y-directions produces larger
displacements than for those systems with eccentricity in only the
y-direction. However translational displacement responses at the center
of mass, vy and Vy' for both the systems having not large values of
eccentricities give almost the same values in the x—- and y-directions,

respectively.

3.6 Effects of Yield Shear Forces

The maximum dimensionless responses for EPI-systems with different
values of vield shear forces a0 and ayo but for fixed values of uncou-

pled frequency ratio Lyy are presented in Figs. 3.30 to 3.33 for
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different values Tx' In these figures, c. is the parameter used to

0

define yield shear forces axO and ayO as given by Eg, 3,1. It is easily

noted that the translational and torsional displacement responses
decrease with increasing values of the yield shear forces (Figs. 3.30 to
3.33). |

The maximum dimensionless displacement responses of the resisting

elements of the EPI-systems for small values of parameter ¢ , e.9. ¢ =

0 0

0.06, fluctuate with changing values of eccentricity. This fluctuation

decreases however with increasing values of ¢, (Figs, 3,30b, 3.31b, .32b

o
and 3,.33b). This means that excessive torsional response due to eccen-—
tricities can be controlled by increasing the yield shear forces appro-

priately.
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4, CONCLUSIONS

The principal ceonclusions of this study concerning the coupled

translational (x and y) ~ torisonal (0) response of single-story force-

interacting elasto-plastic (EPI) systems subjected to earthquake ground

motions are the following:

1.

The coupled translational-torsional systems show different
spectral response variations with frequency ratio ny and with
eccentricities ex/r and ey/r for the different types of earth-
guake ground motions usged.

The effects cof force interaction on the response of EPI-systems
to single-component ground motion are much less than the corre-
sponding effects on the response of similar systems subjected

to double-component ground motion.

The response spectra for EPI-systems are generally smooth
functions of natural period Tx which is in contrast with the
response spectra for E- and EP-systems which are quite irregular.
Force interaction effects do not always produce larger maximum
displacements.

Force interaction effects on inelastic response have a tendency
to balance the two components of displacement response for those
cases involving large plastic deformations, especially for
systems having long uncoupled natural periods Tx.

Translational displacement responses at the center of mass of
the EPI-systems, Ve and vy, are insensitive to changes in the
values of eccentricities, egpecially, for those systems having

long uncoupled natural periocds Tx; however, torsional response
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about the center of mass, ve, increases almost linearly with increas-
ing values of the eccentricities.

Torsional response about the center of mass, v for those systems

X
with eccentricities in both the x- and y-directions produces larger
displacements than for those systems with eccentricity in only the
y~direction. However translational displacement responses at the
center of mass, Ve and vy, for both the systems having not large
values of eccentricities give almost the same values in the x- and
y-directions, respectively.

Excessive torsional response due to eccentricities can be controlled

by increasing the yield shear forces appropriately.
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APPENDIX T

YIELDING IN ELEMENTS

Fundamental relations describing the interaction between forces
acting on sections of elements during yielding are described herein {34}].
The internal work of a linear elastic element ¢an be expressed in

the form

W=']§'<§ ’ a> (I.1)

in which é and & represent generalized n-dimensicnal force and displace-—
ment vectors, respectively, and the symbol <:,:> denotes inner product

of two vectors. Vector é in a linear elastic element can be written as
0=5%gq (1.2)

in which S is a constant stiffness matrix of the element. The limit
yield surface for a perfectly elasto-plastic system, a closed surface
enclosgsing the origin, c¢an be defined through a scalar function of the

generalized forces of the form
P(Q) =1 : (1.3)

Postulating stable inelastic material [11l] and assuming that the
coordinate axes of the generalized forces ﬁ and the displacement incre-
ments A& coincide, the yield surface will be convex and the plastic dis-
placement vector Aﬁp will lie along the outer normal to the yield surface
at a regular point. Hence, the normal to the surface will be in the

direction of the gradient and

AP =22 (1.4}
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where A is a positive scalar.
During yielding the force vector 5 moves on the vield surface. ‘In
plasticity theory this is called "loading" and is characterized by the

relation

¢ (Q)

1t
(i

and

as

1]
o

The change from plastic behavior to elastic behavior occurs if

Q) =1
and

aé < o

This is called "unloading". The work done during an increment of yield-

ing is given by

aw =5, AT > (1.5)
It follows from Egs. I.4 and I.5 that during loading

©(0)

]
[

and

aw > 0
since the yield surface encloses the origin. Unloading must occur when

Q) =1

and

awk < 0
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The criteria for elastic and inelastic behavior at a section can now be

expressed as the section is linearly elastic for

Q) < 1
or

@) =1

aw’ < o

and the section ig yielding for

{Unloading)

1

()
aw® > 0

(Loading)

and
SO % 1

The displacement increments can be decomposed into elastic and plastice

parts, A&e and A&P, respectively, so that
Aq = AT + AL (I.6)

During yielding the tip of the force vector moves on the yield surface
and the incremental generalized force vector Aé is related to the elastic

part of the incremental displacement vector by the relation
AQ = S Ag® (1.7)

Since the plastic incremental displacement vector A&p is normal to the
yield surface (Eq. I.4) and the force vector moves on the vield surface

during yielding, incremental vectors AQ and A&P must be orthogonal, i.e.

<A§ , A§P> =0 | | (1.8)
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Substitution of Egs. I.6 and I.7 into Eq. I.8 finally gives an equation

for the positive scalar A, that is

A= (1.9)

The plastic incremental displacement vector A&P given by Eg. I.4 can now

be represented as

(2
Ag® = °7 . 3;9 (1.10)
<§ 39, 28N 3D
3 99
and the elastic incremental displacement vector A&e becomes
<§ AT , _:-fii ,
- - ' 9
Aqe = Ag - 0 i {(I.11)

32, 8N %
T a0

The incremental generalized force vector AQ given by Eq. I.7 can also be

expressed in the form

<§Aa,§.‘£
I 3 5%

A =5 5 Ag - © =
;90 3¢ Cle]

20 90

(1.12)

Dividing Eg. I.12 by time increment At and taking the limit as At~ 0,

there regults

<§&,§3
30 20
<§,i‘2,§2> 30
30 30

WOt e
i
i
o} B
|

(I.13)



where the dot shown above quantities 5 and a denotes differentiation with
respect to time, i.e., 4/dt. This equation defines the force-displace-
ment relationship at a section when yielding is taking place. The corre-
sponding relationship at a section under the most general condition of

loading can be written as

0=Sgq (I.14)
for
o(Q) <1
or
o) =1
{Unleoading)
W <0
and
== 9
. . <Sqf—:
Q=5814q- 0L, 0 (I.15)
<~8<I> 0% 30
S — =
3Q 9Q
for
P =1 1
(Loading)
T}E’>OJ

where the rate of plastic work for an element, Wp, is obtained from

Eq. I.5, i.e.

W =.<§_ , §P> (1.16)

in which the plastic part of the velocity vector, &p , is obtained by

dividing Eq. I.10 by At and taking the limit as At + 0; thus one obtains
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- <§ ‘-1- I 9_()1 >
ot 50 L)
L - Q .

<§§¢i .3 > 30
30 9

(I.17)
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APPENDIX II

DIMENSIONLESS EQUATIONS OF MOTLION

It is desirable to transform the equations of motion, Eg. 2.23,
into dimensionless form. Since the inverse of stiffness matrix A defined

by Egq. 2.17 can be represented as

A"1=—l-(02—~l—e:1€) (I1T.1)
il 2 _— n......_‘q
w .
X
in which
T 1 7
~
g: 0\ (II.2)
ny
- -
-5
r
A Y
£ = 1 {(I1.3)
- hY
(<]
X
r
1 1 -1
1= 1 1 -1 (IT.4)
L~l -1 l—l
and
e \2 e \2 . '
ne () e ()L (11.5)
- r r [:2 C2
xy x0

, the damping matrix 4 defined by Eg. 2.16 can be rewritten in the form
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_A_=—(C12—%5_1__€_)+A + a5 A (II.6)

(I1.7)

Differentiation with respect to time t, {( ) = d(}/dt, can be trans-
formed into differentiation with respect to dimensionless time T,

(‘) Z 4()/d1, using the relations

. L]
u = mx(r uOO) ev
(I1.8)
u = wz(r u, ) p v
- X bo” = —
where
px@
Y
p = l (II.9)
- \
Dye
Substitution of Eq. II.8 into Eqg. II.7 gives
A
2 " 1 1
0 -—£ 1
W r ugp) PV + 0 (r ug ) { — @ n £€18)
x
-1 d (IT.10)
Iy

Pre-multiplying Eq. II.10 by
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leads to

e LR
b4 p.4
1 2 ~1 -1 1 2 =1 .
+ z Q=- 7, )E. Py (11.11)
Wy (¥ ugg) Wy ¥ Ugg
, since
A
3.2 -1 N 2 -1
o L e Ap=w AL 0T Ap,
X
1 2 -1 -1
5 e M g=p
wx(r ueo)
and
(o T 3
Yax (wx)/g *x0
- 1 E? Efl ﬁg _ 1 o L
mx(r uGO)
" 'E
u (——*“““-) g a
W 0
Lay \w, ny // Y

Substituting these relations into Eg. IT.1l1 and pre-multiplying by Efz
give

5 + 2V G + = -0 (I1.12)
- - - -9



where
1
= 6 - —
o
gx
o = 0
i
qy
and
{
61
§=14%,
in which

5
fl
/Ers\
N W

b |
—,

8|x

EINE

Ele

117

(I1.13)

{(11.14)

(Ir.15)

(I1.16)

(I1.17)
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APPENDIX IIT

NUMERICAL INTEGRATION PROCEDURE

II1.1 Third Order Runge-Kutta Method

Integration of the equations of motion given by Eg. 2.71 have been
carried out using a third order Runge-Kutta method. To develope this
method for a system of n first order differential equations, consider the

system of differential equations with respect to time t written in the form
u=F (t,w (TIT.1)

in which u and £ are an n-~dimensional vector and an n-dimensional wvector

function, respectively. Then, the Runge~Kutta formula is given by

- = ;. - - - A

us+l——us+4 (MO+3M2)+O (At (IT1.2)
where

MO=At°f(ts,us)

M.o=At - F {(t + % At) (u + i) (I11.3)

1 _ s 3 ! s 30 )
and

- N - _2_ - 2-..

M, = At - £ {(tS +5 B, o+ 3 Ml)}

in which ﬁo ’ Ml and ﬁz are n-dimensional vectors, At is the interval of

integration, s and s+l are subscripts denoting integration steps, and 0

. . 4
denotes an n-dimensional error vector proportional to At .

IIT.2 Application of Runge—Kutta Method to Equations of Motion

The equations of motion can now be expressed as

Uy “x % ] Ygx
U Ly AT ety T L o 0 (I11.4)
4 : ! 0 8
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where the restoring forces of the system are

¢ Z Q
Qx i 11X
rog b=zt {7 Y Giy T Y Yy T
Lo,
Qy s Qly

r

(ITI.5)

Rates of restoring forces of the i-th resisting element of EPI-systems

are given by

* ux
Qix r .
=k, 2 Yo
. =i =i .
iy uy
for
<
¢ (le p Qiy) 1
or
®1 (Qix ! Qiy) =1
W <o
i
and
b u
Qix .x I
=T, ¢, Z. r u
he i-i=i 6
iy G J
Y
for
¢1 (Qix ' Qly) =1
W >0
l—-
where
r [y
. Qix " a
W =B B, k, g
i i , — —i ~i
iy 5

(Unlocading)

{Loading}

(X11.6)

(I11.7)

(III.8)



120

Rates of restoring forces of the i-th resisting element of EP-gystems

in the x-direction are given by

O
1
o

. L Z.
ix ix —1i

for the conditions

|9ix|

and

1%

1x]
£ ]
ix

Note that

e

ix
when

ke

ix|

W

1X

The corresponding relationsghips

(1)

ix0

ix0

I
0

ix0
>0

for the y-direction become

h.4
S, =x, 213
iy iy =i 8
u
Y
when
1%y < %iyo
oxr
%iy] = Qiyo
o’ < 0
iy

Again, note that

(III.9)

(II11.10)

(I1r.11)
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iy = 0 (IT1.12)
when
|Qiyl - QiyO
W >0
iy —
Quantities W?x and ﬁ?y in the inequalities above are given by
u
b4
. (1) .
s = .13
LOREEILE FEN rr.13)
a
y
and
u
X
® =0 2P L (IIT.14)
iy iy —i 6
[ u
y
In continuing this development, let
w(l) = uw_ )
X
u{2) = r Uy
u(3) = u
Y
uld) = u
R (IT1.15)
u{s) =r Uy :
u(6) = u
Y
q(]—ll) - Qix
q(2,i) = Qiy ]

Then, the set of first order differential equations becomes
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u(1) u (4)
w(2) b = {u(s) (ITI.16)
u(3) u(6)
and
. - (% q(1,1) ‘
u(4) gx u(4)1 i
aGmb=={0r-2dusmt-nt e’ {-Lq,i-a +Da2dd, ¢ (1I1.17)
. " i Y i
u{é) u u(6)J
9y L q(2,i)
\ i J

The relationships among rates of restoring forces and displacements for

EPI~systems can be rewritten as

[] 4 \
q(1,1) u)
) =Xk, %, {u(5) (I11.18)
A -1 -1
q{2,1) u(6)
for
. {q(1,1) , q(2,i)} <1
oY
@i{qtl,i) , a(2,i)} =1
W <o
‘l
and
. 4
=T, ¢, 2, fu(b) (TII.19)
. . 1 —1 —1 -
afz,1) ul(6)
for
@i{qcl,i) , q2,i)} =1
W >0

i -
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where

T
g{l,i)
] Bl
q(2,1i)

fu(4)1
Z. yu{b)
-i

u(6)J

(ITI.20)

The corresponding relationships for EP-systems can be similarly written.

First, the relationships for the x-direction become

{1 (4)
. Sy (1)
qfl,i) =k, 2, u(5)
u{b)
for the conditions
i <
- la, )] <9, o
laL)] =g, 4
-- <0
h .4
Note that
g(l,i} =0
when
latL)] =g, ,
Wwo> 0
iXx —

Similarily, the relationships for the

y-direction become

u(4)1
2,4y =%, 22 dues
iyv =i
u(G)J

for

la(2,1)] < %0
oY

latz. 0] =g 4

v o<

iy

(If1.21)

(Tr1.22)

(I11,23)



124

and
G(2,i) = 0
when
a2 ] =0
W >0
1y —

Quantities Wﬁx and ﬁ?y in the inequalities above are given by

u(4)
W= a,1) 2 dues)
u(6)
and
u (4)
W, = a@n 2 fus
u(6)

(I11.24)

(ITII.25)

(II1.26)

II1.3 Application of Runge-Kutta Method to Dimensionless Equations of

Motion .

The dimensionless eguations of motion are

<
<=
QR

b4 X gx
n 1 ]
ve‘ + 22' ve + M= - 0
" t a
v v

v v gy

z
x i Pix Yixo
w2 dpt =72 oy 7 + 3
- = 8 i Pix 9i0%0 i Piy quyO

(I11.27)

(III.28)
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The rates of dimensionless restoring forces of the i-th resisting element

for EPI-systems are given by

pix} 'x
! = 2, 1Y - {I11.29)
Piy &
Yy
for
<
or
¢ (Plx v Ply) =1
W <0
1
and
[ ]
] vx
p:i.x
]
' =X 8 5 Z Y (I11.30)
Piy :
Yy
for
wE > 0
l —
where
1
T v
Pix =
o = :
i Bi . Ei Z: Vg (Irr.31)
iy G
Y

Likewise , the rates of dimensionless restoring forces of the i~th re-

sisting element for EP-systems in the x-direction are given by



for the conditions

and

Note that

when
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¥
' (]_) )
ix =& £ (111.32)
v
Y
lpixl <1
]pixl =1
r : < 0
1X
5, = 0 (TIT.33)
1X
[Pix| =%
wo_ >0

ix

Similarly, the corresponding dimensionless force-displacement relationships

in the y-direction become

when

or

and

X
A € R B2 (TTI.34)
iy i )
v
¥
EES
[Piyf =1
. =1
IPiy]
w_ <o
iy
oo (III.35)

piy
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when

|Piy} =1

W >0
iy =

Qunatities é?x and &Ey in the inequalities above are given by

<=

X
’ _ (1) '
we =p, oz {v, (III.36)
v
Y
and
]
v
x
1 . (2) ]
v
Y
To continue this development, let
v(l) = vx
v{2) = ve
vi{3) = v
'Y
via) =v | (III.38)
\ ]
v(6) = v
b4
p(l,i) = pix
p(2,i) = Piy J
Then, the set of first order differential equations becomes
J'\'r(l) v (4)
v(2)p = v {5) (III.39)
16(3) v (&)
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R : (1,1i) q,
IV(4) Yox v{4) L® 9ix0
16(5) =={ 0 F=2V4{v(5) -_:;_'2 -5 P, qin 0% ?p(2.i) %9y0 (I11.40}
1
t
6 o. (6) ;
v{6)) l oy v § p(2,8) a;

The relationships among rates of dimensionless restoring forces and

dimensionless displacements for EPI-~systems can be rewritten as

an(l.i) Vi)
' =z, v (5) (III.41)
[9(2,1) v (6)
for
o {p(1, i) , p(2,i)} <1
oYy N
2, {p(1,i) , p2, 1)} =1
wE < 0
1
and
pl1l,1) vi4)
, = Yi Si r gi v{5) (I11.42)
for
Qi{P(l,i) » p(2,i)} =1
W >0
3 2
where
, p(1,4)|T f"“”
W o= B (III.43)

T = B3, b, z. yv(5)
I NP 1
Likewise, the relationships among rates of dimensionless restoring forces

and dimensionless displacements for EP-~systems can be obtained. First,

the relationships for the x-direction become
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v({4)
b(1,1) = 2 dus) (I11.44)
b ' Z; v .
v{6)
for the conditions
lp(1,i)] <1
and ‘
p(l,i) =1
w_ <0
ix
note that
1
p(l.,i) = 0 {I11.45)
when
lp, i)} =1
W >0
i1X —

Similarly, the relationships for the y-direction become

v (4)
p(2,i) = giz) v (5) (ITI.46)
v (6}
for
lp(2,4)] <1
oY
lp(2,i)| =1
we <0
iy
and ,
p(2,i) = 0 (IIT.47)
when
IP(Zli)l =1
£ >0
iy —

Quantities &?x and &?y in the inegualities above are given by
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v (4}

&ix = p(l,1) gél) v (5) (T11.48)
vi(6)

and

v{4)

: = p(2,1) z(z) v(5) (ITT.49)

iy ! =5
v (6)

11I7.4 Time Interval and Tolerances on Numerical Integration

Dimensionless time T is related to absolute time t by the equation

T=Ww t ' (2.70)
X

The integration interval AT was similarly determined by

w At
X

At = (ITI.50)

N

in which time increment At was taken equal to the interval of digitiza-
tion of the earthéuake ground motion, i.e. At = 0.02 seconds. A proper
choice of the value of integer ¥ depends upen the values of the uncoupled
periods, Tx and Ty' of the system. A few test cases for Tx = Ty = 0.5
seconds showed that changes in displacement response were less than 1%
for N = 1 and 2. For Tx = TY = 0.3 seconds, the changes in displacement
response were less than 2% for N = 2 and 4. Hence, choice of values for
integer N was determined as follows:

N = 1 for Tx and Ty > 0.5 seconds

2 for'TX and TY < 0.5 seconds

For elasto—-plastic systems, transitions from elastic to plastic
state and from plastic to elastic state must be carried out with suffi-

cient accuracy. The following criteria were used for such transitions:
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'1_~<_<I>iil+1o'2
Plastic state if ] ,
0 < w,
L 1
and

1<, <1 +10°

Transition from plastic | +

to elastic state if _10‘2 < li <0

The integration interval initially selected was subdivided if the criteria

described ahove were not satisfied during numerical integration.
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