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ABSTRACT

This report deals with the question of whether a nonlinear mathemat

ical model of a structure constructed using system identification and the

nonlinear structural response to one particular earthquake excitation,

can satisfactorily predict the nonlinear responses of the same structure

to other earthquake excitations.

The structure is a single story steel frame, and the study consists

of both experimental and analytical parts. The physical structure is

subjected to four historical strong motion earthquake acceleration time

histories by means of the shaking table at the Earthquake Engineering

Research Center of the University of California, Berkeley, California.

The analytical part consists of constructing a mathematical model

of the structure. The form of the model is the same as that adopted by

Matzen and McNiven. It accommodates viscous damping and nonlinear

material behavior by means of the Ramberg-Osgood equations. The para

meters in the model (there ar_e four) are established from the responses

to the El Centro earthquake. With the mathematical model complete,

responses to the El Centro, Pacoima, Taft and Parkfield Earthquakes are

predicted using the model. These responses are compared to the corres

ponding responses from the experimental program.

The significant finding from the study is that the mathematical

model, constructed using response data from the EI Centro earthquake,

predicts responses to the other three earthquakes as accurately at it

does to the EI Centro.

The shortcoming of the model, equally evident in its prediction of

all four earthquakes, is its inability to predict displacement time

histories, following the first major excursion into the plastic
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deformation domain. We indulge in the luxury of accounting for the weak

ness and suggesting ways for overcoming it, with the price attached.
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1. INTRODUCTION

One of the first mathematical models, if not the first, con

structed using system identification to predict the nonlinear response

of a structure to earthquake excitation, was the one formulated by Matzen

and McNiven [1]. It is a model of a one-story steel frame. The model

has been well received and the study has helped to encourage the use of

system identification in earthquake engineering. There has been

however, a persistent point of skepticism related to the model's ability

to predict the structure's response to a variety of excitations.

The mathematical model of the paper was constructed using experi

mental response data for the frame from shaking table excitations that

matched the El Centro earthquake of 1940. When displaying the ability

of the model to predict the frame responses, those generated using the

model were compared to the experimental, but both for the El Centro

earthquake. Because a mathematical model is useful only if it can

predict responses to a variety of earthquake excitations, the skepticism

is understandable.

It is true that in the paper [1] response to the Taft earthquake

was compared to that predicted by the model and the results were

impressive. The caution remained, however, because the Taft excitation

caused responses in the frame that were only mildly nonlinear.

The purpose of this study is to explore this unanswered question;

whether the model derived from response to one earthquake can simulate

response to a different input. As the columns of the frame are slightly

different from those used by Matzen and McNiven, we construct our own

mathematical model for the frame again using system identification, and

again using responses to the El Centro earthquake. The experimental



2

program in the study involved the measurement of nonlinear responses

not only to the El Centro earthquake, but to the significantly nonlinear

responses to three other historical earthquakes. These are the Pacoima,

the Taft and the Parkfield earthquakes. To ensure valid comparisons, the

columns which yield, causing the nonlinear responses, were all fabricated

from the same piece of steel.

The significant finding of the study is that the model, con

structed using data from the EI Centro earthquake, predicts the frame's

responses to the other three earthquakes as well as it does to that from

the EI Centro.

In addition to establishing the general predictive ability of the

mathematical model, the study produces a side benefit that we feel is

also important. To understand this finding, we return to the study of

Matzen and McNiven. The model they constructed predicts the nonlinear

acceleration time history of the response almost exactly, but predicts

accurately the displacement time history only until the first major

excursion of the strain into the plastic zone. Following this large

plastic deformation the predicted displacement response is offset from

the experimental by a small amount which remains essentially constant

for the remainder of the excitation. We have found in this study the

same accuracy and inaccuracy of the model revealed in comparison of

the time histories of the accelerations and displacements, respectively,

for all four excitations.

As a result of this study we are confident that we have pin

pointed the major causes leading to the flaw in the mathematical model's

ability to predict the displacement for the full duration of excitation.

We feel there are two reasons. The first is due to the peculiar

stress-strain behavior of mild steel. The second can be laid to the
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inability of the Ramberg-Osgood equations to reproduce elastic-plastic

material behavior. These two arguments will be expanded on in some

detail in the last chapter of this report.

The second chapter is devoted to a description of the experimental

program. The test structure, its instrumentation and the different

earthquake excitations are all described.

In the third chapter we construct the mathematical model using

system identification. The form of the model, the criterion function

and the optimization algorithm are outlined rather briefly. Any problems

that were encountered pertinent to the results are described.

Assessment of the model is made in the fourth chapter. The model

is subjected to the three additional forcing functions. The solutions

are established giving the time histories of the responses and these,

in turn, are compared to the experimental responses.

In the final chapter we outline what we feel are the significant

findings emerging from the study.
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2. TESTS

To accomplish the objectives of this research, a single-story

steel structure was subjected to a variety of earthquake excitations on

the shaking table at the Earthquake Engineering Research Center (EERC),

of the University of California at Berkeley.

2.1 Test Structure

The primary requirements for the design of the test structure

were that it have essentially a single-degree-of-freedom and that it

exhibit a very simple hysteretic energy absorbing behavior. Such a

structure was at hand, having been built and tested at EERC by Rea,

Clough, and Bouwkamp (1969)[2] and tested again by Matzen and McNiven

(1976)[1]. The detailed structure used for this work, shown in Figs.

2.1 and 2.2,is similar to Matzen's and McNiven's.

A complete description of the test structure is given by Rea,

et al. Briefly, the structure consists of a heavy steel

platform supported by four columns; two fixed to the table and pinned

at the top, and two pinned at both the top and bottom. The platform,

which is rigid compared to the columns, has overall plan dimensions of

10 ft by 7 ft. The cantilever columns, fabricated from WF 4 x 13 lb

mild steel, are 66.5 in. in overall length and are installed so that

they bend about their weak axes. Parabolic straps are added to strengthen

the base of the fixed-ended columns.

Two identical pairs of cantilever columns are used. Each pair

can be used twice as virgin columns by rotating them top to bottom after

the completion of a test involving a major excitation. All four columns

were fabricated from the same piece of steel.
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2.2 Shaking Table Facility

The shaking table is 20 ft by 20 ft and is capable of moving in

the vertical direction and one horizontal direction in such a way that

good replicas of strong-motion earthquakes can be obtained. In the tests

conducted for this work, only the horizontal motion was used. The

maximum displacement and velocity that can be achieved by the table in

the horizontal direction are 5 in. and 25 in./sec., respectively. The

shaking table may be used to subject a structure weighing up to 100 kips

to a table acceleration of 1 g in the horizontal direction and, simul-

taneously, 1/2 g in the vertical direction. The useful frequency range

is 0 to 20 Hz.

The earthquake motions, which are in the form of digitized

acceleration time histories, cannot be used directly to excite the

shaking table, since the table input requires displacement time histories.

Acceleration is converted to analog form using a digital to analog

converter and then changed to displacement by integrating twice using

an electronic analog integrator. The amplitude scaling of the displace-

ment record during a test is controlled by a "span" setting. A span

of 1000 will, typically, give a displacement time history that has a

nominal peak value of 5 in., the capacity of the table. The table

facility is described in full by Rea and Penzien (1973)[3].

2.3 Instrumentation

Accelerometers are mounted on both sides of the platform of the

structure recording the acceleration of each side. The acceleration of

the table is recorded by 3 built-in accelerometers - one in the middle

of the table and one on each side. The table acceleration is taken as

the average of the three. The total displacement of the platform is
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found using potentiometers which measure the displacement of each side

of the structure relative to a reference frame remote from the table.

The table displacement is measured in the same manner as the table

accelerations. The accelerations and displacements of both sides of

the platform are then averaged and the average is used to represent the

response of the structure in all subsequent calculations.

The rather high scanning rate used for the tests is 100 samples

per second, which is about twice the rate normally used with the table.

The accuracy of the recorded data cannot, of course, be precisely

determined since it depends on the accuracy of calibration for each

test. However, the overall accuracy of the data acquisition system

is thought to be within about 0.1%.

2.4 Tests

The procedure for each set of tests is similar:

a. Install a new pair of columns.

b. Conduct preliminary tests to determine the properties

of the structure.

c. Subject the structure to a low intensity excitation to

establish the linear response.

d. Subject the structure to a high intensity excitation

to establish the nonlinear response.

e. Repeat the preliminary tests to see what changes in the

initial properties, if any, have occurred.

2.4.1 Preliminary Tests

The preliminary low-amplitude pull-back and free vibration tests

are carried out on the structure for each new pair of columns. The

tests are performed twice, as mentioned above,to determine if a
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significant change has occurred in any of the structural properties,

particularly the damping. The table is locked in place and the structure

pulled back with an assembly consisting of a chain and steel cable

attached to the platform, a short length of small diameter rod, a

winch, and a force transducer which is attached to the floor. The pull

back force used is 1,000 and 1,500 Ib and the corresponding displacement

is recorded using the data acquisition system. The rod is then cut and

the structure allowed to vibrate freely while the acceleration and

displacement time histories are recorded on magnetic tape and on an

oscillograph. The structure is then excited manually and allowed to

vibrate freely during which time the acceleration and displacement time

histories are again recorded. The free vibration time history is then

run through a Fast Fourier Transform program available within the data

acquisition system, and from the spectral analysis the fundamental

frequency of the structure is determined accurately.

2.4.2 Shaking Table Tests.

The objectives of this research require a variety of excitations

that are severe enough to cause significant inelastic deformations. To

meet this requirement, four series of tests are performed using four

identical pairs of columns. The typical procedure for each series of

tests consists of calibrating the transducers, making one or more low

intensity runs to produce an elastic response and to ensure that the

table and data acquisition are functioning properly, and then performing

one or two high intensity runs.

Some results from the shaking table tests are available immediately

after a test has been made, and these results are used to select the

intensity of the following tests. A program written for the NOVA computer
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is able to give, for each channel, both positive and negative extreme

values and the time at which they occur, as well as the offset before

the excitation is started. The accelerometers and potentiometers at the

top of the structure, as well as the table motion, are monitored using

the oscillograph.

The following describe the four series:

A. The El Centro, 1940 N-S component was used for this series.

The initial run was using Span 350 and had a maximum table

acceleration of 0.215 g. Then the high intensity run was

selected using a span of 950, or table acceleration of 0.692 g.

B. The Pacoima record of the S16E component of the San Fernando

earthquake of 1971 was used for this series. The initial

runs used Spans of 150 and 200 with maximum table accelera

tions of 0.186 g and 0.232 g, respectively. The high

intensity run was selected using Span 750 with a maximum

table acceleration of 1.032 g. The span was limited by the

maximum allowable table displacement.

C. The N69W component of the Taft 1952 record was used in this

series. The initial run used Span 350 with a maximum table

acceleration of 0.198 g. The high intensity runs were then

selected using Spans 950 and 800 with maximum table accelera

tions of 0.609 g and 0.479 g, respectively.

D. The final series used the N65E component of the Parkfield

earthquake of 1966 as recorded at Cholame, Shandon California.

The initial run used Span 450 with a maximum table accelera

tion of 0.199 g. The high intensity run was then selected

using Span 1000 with a maximum table acceleration of 0.467 g.
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2.5 Data Reduction

Typically from 20 to 30 second of data were recorded for each test

depending on the test series (or excitation), accomodating a few

seconds both before and after the excitation signal. The quiesent period

before the test was subsequently used to make possible corrections for

initial offsets.

The digital data collected during the shaking table tests, in the

form of l6-Bit words are stored temporarily on a magnetic disk and then,

at the conclusion of each test, transferred to a 9-tract magnetic tape.

In this form the data cannot be directly used with the CDC Computer,

which requires 7-track tapes and 60-Bit words. Conversions to rectify

this mismatch are made using existing programs. The final step, after

rearranging the data as the time-history of each channel, is to convert

both the absolute acceleration at the top of the structure and the

relative displacement of the top of the structure, with respect to the

reference frame, to quantities relative to the table motions. These

two response quantities, along with the table accelerations, are then

stored on another magnetic tape for use in the identification program.

2.6 Test Results

The data employed in this work are the following:

a. The preliminary tests of all series A, B, C and D, both

before and after the high intensity run.

b. El Centro Span 950.

c. Pacoima Span 750.

d. Taft Span 950.

e. Parkfield Span 1000.
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2.6.1 Preliminary Tests

The preliminary tests are performed as described in Section

2.4.1 and the main results are contained as follows in Tables 2.1 to

2.4~

Column 1: The force used to pUll back the structure after

correcting for the angle.

Column 2: The displacement corresponding to the force in Column

1 - average of both sides.

Column 3: The corresponding stiffness - [(1)/(2)].

Column 4: The stiffness obtained from the beam formula for a

cantilevered member with a transverse load at its end.

(The effect of the parabolic strap was ignored in

this calculation.)

Column 5: The frequency of the structure as obtained from a

Fourier analysis of the free vibration response.

Column 6: The damping as a fraction of critical damping computed

directly from the oscillograph recording. The damping

ratio is evaluated from:

~ =
1 In
~TI

where V and V are the peak displacements in the
n n~

nth and n+m
th

cycles, and In(v::
m

) is the logarithmic

decrement. The damping is assumed to be so small that

the ratio of undamped to damped frequency is nearly one.
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Column 7: The viscous damping coefficient, C, calculated from

the equation defining S,

or

s =
C

2Mw

C = 2M~W =
KS
7ff

Column 8: The effective weight of the structure calculated as:

w Keg
(27ff) 2

Column 9: The average of all the values in columns 8 of all

four tables, because the mass is the same for all four

series.

Column 10: The weight as obtained by weighing the platform and

adding 1/3 of the column weights. (Appendix C).

The rows of the tables are defined as follows:

Rows I and 2: Preliminary tests performed before the high

intensity run.

Row 2: Free vibration by exciting the structure by hand.

Rows 3 and 4: Preliminary tests performed after the high

intensity run.

Row 4: Free vibration by exciting the structure by hand.
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TABLE 2.1

TEST SERIES A

I w", w l
(1)/(2) 2e~;)+ C '" ~K

Kg/(27ff) 2
- Ip t::. K f ~

7ff W weighed

(lb) (in) (#/in) (#/in) (Hz) (#-sec!in) (lb) (1b) (lb)
(1) (2) (3) (4) (5) (6) (7) (8) (9) (10)

,

963 0.469 2054 2225 1.84 0.0112 3.980 5938 5933 5978

963 0.469 2054 2225 1.85 0.0093 3.287 5874 5933 5978

963 0.461 2089 2225 1.83 0.0132 4.796 6105 5933 5978

963 0.461 2089 2225 1.82 0.0141 5.152 6173 5933 5978

TABLE 2.2

TEST SERIES B

I
~K

W",
W

2e~~t
I

(1)! (2)
c =- Kg! (27ff) 27ff -

P A K f t w weighed

(lb) (in) Cfijin) (#!in) (Hz) (#-sec!in) (lb) Clb) (lb)
(1) (2) (3) (4 ) (5) (6) (7) (8) (9) (10)

1444 0.781 1850 2225 1. 76 0.0092 3.078 5846 5933 5978

1444 0.781 1850 2225 1. 76 0.0096 3.212 5846 5933 5978

1467 0.819 1792 2225 1. 72 0.0128 4.245 5929 5933 5978

1467 0.819 1792 2225 1.72 0.0132 4.378 5929 5933 5978

+ Using Values from the AISC Manual.
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TABLE 2.3

TEST SERIES C

I I
I I

2~3~;)+ C = !;K
w=

W

'ITf Kg/ (2'ITf) 2 -
P t, K f !;

W weighed

(lb) (in) (#/in) UUin) (Hz) (#-sec/in) (lb) (lb) (lb)
(1) (2) (3) (4) (5) (6) (7 ) (8) (9) (10)

1444 0.747 1932 2225 1.77 0.0085 2.953 6036 5933 5978

1444 0.747 1'132 2225 1.76 0.0081 2.830 6105 5933 5978

1444 0.772 1871 2225 1.77 0.0122 4.105 5845 5933 5978

1444 0.772 1871 I 2225 1.75 0.0121 4.118 5980 5933 5978

I

TABLE 2.4

TEST SERIES D

I I

1

,

2(3~;)+ C = i;K
W= W

I 'ITf Kg/ (2'ITf) 2 -
t, f S

W weighedp K

I(lb) (in) (#/in) (#/in) (Hz) (#-sec/in) (lb) (lb) (lb)
(1) (2) (3) (4) (5) (6) (7) (8) (9) (10)

1444 0.777 1858 2225 1.77 0.0083 2.773 5805 5933 5978

1444 0.777 1858 2225 1.76 0.0078 2.722 5871 5933 5978

1444 0.793 1821 2225 1. 75 0.0129 4.273 5820 5933 5978

1444

I
0.793 1821 2225 1.75 0.0122 4.041 5820 5933 5978

+ using Values from the AISC Manual.
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From the tables we can deduce the following:

a. The stiffness changes somewhat when the structure experiences

inelastic strains - strain hardening has the effect of

increasing the stiffness. Deterioration of the welds at the

base of the columns and possibly local buckling effects of

the flanges on the other hand, would cause the stiffness to

decrease. From the measure of the frequency (obtained by

Fourier analysis), which is a more accurate way of establish-

ing the stiffness with a fixed mass, we see that in general,

the stiffness decreases in all test series A, B, C and D.

b. Comparing the values of the damping coefficient obtained from

the free vibration tests both before and after the high

intensity excitation, we see that by yielding the structure

increases its damping properties by about 50%. This appears

to be a result of the plastic straining of the structure as

the free vibration amplitudes of both tests were approximately

the same. Matzen and MCNiven[I], on the other hand, found

the damping to be amplitude dependent for this type of

structure and this type of tests.

2.6.2 Test Series A - EI Centro Span 950

After the test data had been reduced, the most important response

quantities were plotted with the cALCOMP plotter. The measured table

acceleration time history is shown in Fig. 2.3. By using the measured

acceleration time history on the top of the structure, i.e., the

absolute response, and mUltiplying it by the mass of the structure and

changing the sign one can obtain an approximate resisting force time

history of the structure. That is
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.
MV

t
+ Cv+ P = 0

or - Mv = P + c;.
t (2.1)

where v is the absolute platform acceleration
t

v is the relative velocity (not measured)

P is the resisting force in the columns.

Obviously this is only accurate at the peak values of the displacement,

.
Le., at reversal points when the velocity, v, and hence the damping

force,is zero. When this force is plotted against the displacement,

it gives one an idea of the shape of the dynamic hysteresis loops,

although the true static value appears only at the reversal points.

This behavior is referred to here as pseudo-hysteretic and its loops

are plotted and presented in Fig. 2.4 for test series A. Furthermore,

the measured relative acceleration and displacement time histories of

the platform are presented in Figs. 2.5 and 2.6. One can see both from

the pseudo-hysteresis loops and the displacement time history that the

amount of permanent displacement is about 1.5 in., whereas the maximum

relative displacement during the run was 4.75 in. From the shape of the

pseudo-hysteresis loops we see that the first major excursion into the

inelastic region is essentially elastic-perfectly plastic, whereas all

subsequent loops have a smooth transition from elastic to plastic

response indicating strain hardening behavior. This "two-phase" cyclic

inelastic behavior of mild steel is central to the problem of modeling

the behavior of mild steel structures. We will return to it in the

context of modeling.
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2.6.3 Test Series B - Pacoima Span 750

The measured table acceleration and responses of the structure

are shown in Figs. 2.7, 2.9 and 2.10. The pseudo-hysteresis loops are

shown in Fig. 2.8. They and Fig. 2.10 show a permanent displacement

of about 2.0 in., whereas the maximum relative displacement of the

platform was 4.85 in. The same elastic-perfectly-plastic behavior

during the first major inelastic excursion is observed while all

subsequent inelastic excursions have a smooth transition from elastic

to plastic response.

2.6.4 Test Series C - Taft Span 950

The measured table acceleration, pseudo-hysteresis loops and

response quantities are shown in Figs. 2.11 to 2.14. The pseudo

hysteresis loops and the displacement time history show a permanent

displacement of about 0.5 in., whereas the peak relative displacement

is 3.40 in. The same difference as before is observed between the

first and subsequent hysteresis loops.

2.6.5 Test Series D - Parkfield Span 1000

The measured table acceleration, pseudo-hysteresis loops and

response quantities are shown in Figs. 2.15 to 2.18. The pseudo

hysteresis loops and the displacement time history show a permanent

displacement of about 0.6 in., whereas the maximum displacement is 4.1

in. The first excursion into the inelastic range is small, but has

essentially the elastic-perfectly plastic behavior. The subsequent

loops are smooth.

2.6.6 Notes

Few things should be noted about the tests. First, during all of

the tests the structure experiences a slight twisting which causes a
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minor difference in the response of the two sides of the structure.

This has slightly more effect on the peak acceleration response (2%) than

it does on the peak displacement (1%). What causes the twist is

uncertain, but it may be due to either or both of two reasons;

a. slight difference between the center of mass and the center

of stiffness, and

b. a twist of the table during excitation.

The second thing to be noted is a high frequency noise which originates

in the servomechanism of the table which is superimposed on the

structural response. This noise is partly responsible for the

raggedness of the pseudo-hysteresis loops. See also Section ~:;~.
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3. CONSTRUCTION OF THE MATHEMATICAL MODEL

Though the frame used in the present test series differs slightly

from that used by Matzen and MCNiven[l], the model is constructed in

the same way. We assume the same form for the model, use a similar

criterion function and the same optimization algorithm (the modified

Gauss-Newton) to establish the parameters that appear in the differential

equation. What is important for this work is that we use the inelastic

response quantities from the El Centro test series in the criterion

function. Because all three parts of system identification are described

in detail in [1], they will be described here only briefly.

3.1 The Model

For a single-degree-of-freedom linear structure subjected to base

excitation, the equation of motion is:

Mv(t) + C~(t) + Kv(t) = - M v (t)
g

.
v(a) = v(a) = a (3.1)

where v(t) is the displacement of the top of the structure relative to

the table.

M is the mass

C is the viscous damping coefficient

K is the stiffness

v (t) is the table motion (acceleration)
g

This equation is only good for low intensity excitations or when the

response is linear, because K is taken as a constant. The parameters

M, C and K can easily be established using low-amplitude pull back tests

and free vibration tests. For more general excitations, when the
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restoring force is no longer elastic, it is necessary to exchange the

elastic force in Eq. (3.1) by a term P(x} representing the. hysteretic

behavior of the structure. The equation becomes:

.. .
Mv(t} + Cv(t} + P(x} = - MV (t)

g
v(O}

.
= v(O} = 0 (3.2)

To complete the form of the model it is necessary to select a proper

mathematical model to represent the force P(x}. We use a Ramberg-Osgood

type of model similar to the one used by Matzen and McNiven (1976}[1].

The equations are:

for the skeletal curve (3.3)

x(P} = x
re +

P-Pre
K ( Ip-P IR-l)

l+A 2K
re

for branch curves. (3.4)

K, R and A are the three Ramberg-Osgood parameters and (P , x ) arere re

the coordinates of the most recent velocity reversal. Because the

equations give x as a function of P instead of the reverse in Eqs. (3.3)

and (3.4), it is necessary to iterate within each time step to minimize

the error. Along with these equations there must be rules governing

the behavior of the loops resulting from the equations. A complete

description of the rules is given in Appendix A, whereas the integration

of Eq. (3.2) is described in Appendix B.

3.2 Criterion Function

For the identification we use test series A, El Centro Span 950,

and adopt an existing computer program which was written by Matzen and

McNiven (1976}[l] and is described in detail in their report. The

criterion function we use here has the form
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{(v. (S,t) - ii. (t» 2
3. 3.

* WA + (V. (S,t)
1.

u. (t»2 * WD} ~T.
1. 3.

(3.5)

where v. (S,t) and v. (S,t) are the response quantities calculated from
3. 3.

the model using parameters S and excitation v (t), ii. (t) and u. (t) are
g 1. 3.

response quantities measured from the actual structure when subjected

to the same v (t). WA and WD are weighting factors for the squared
g

acceleration and displacement errors, respectively. S is a vector of

the three Ramberg-Osgood parameters and the damping parameter; this is

the variable that changes during the minimization of the error. N is

the number of time steps used in the identification process. ~T. is
1.

the time step used in the integration. It is a constant and equal to

0.01 sec.

For this study we choose to minimize the criterion function,

Eq. (3.5) by only considering the acceleration response. This is done

because we have found that acceleration and displacement are not

independent response quantities. We, therefore, use weighting factors

WA = 1.0 and WD = 0.0 in Eq. (3.5).

3.3 Optimization of the Criterion Function

We use the Modified Gauss-Newton optimization algorithm as we

have found that for the number of parameters involved it is the most

powerful. We do not describe it here, but refer for its description to

Ref. [1].

After adopting the algorithm, there are two important decisions

that have to be made. The first is a set of initial values of the
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parameters. Experience has shown that a clever choice of these

initial values significantly speeds convergence to the final values.

The parameter vector is

Sensible values of C and K can be derived from the free vibration

tests of the frame which are listed in Table 2.1. Initial choices of

A and R are more difficult. Here we decide to use the same initial

values that Matzen and MCNiven[l] used successfully for their

optimization with a similar frame. The initial parameter vector

accordingly is

4.304

2m2
=

0.01

10.0

The second decision is the value of the upper limit of integration

in the criterion function; that is the portion of the duration of

excitation response used to obtain the final vector S*. The general

rule is that the larger the T the more accurate is the final vector,

but the more expensive is the computer program.

We let economy rule our first decision and let T = 2.75 sec.

This will prove to be an unfortunate decision. The program converged

in five iterations to the vector

~ =

-1.267

2061.2

0.1172

2.633
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This vector won't do as a negative damping coefficient is

inadmissible. Thinking that perhaps the fault lies with the initial

vector, we chose an arbitrary initial vector

and the same value for T. The algorithm converged to the same final

vector, this time in seven iterations.

The fault seems therefore to be not with the initial parameter

vector, but with the value of T.

To satisfy our curiosity about the influence of the choice of

T, we decided to carry out optimization by increasing T incrementally

and to record the resulting final values of the parameter for each

value of T. The second initial parameter vector is used in each

optimization. The results are recorded in Table 3.1 and are shown

graphically in Fig. 3.1.

We study these values in conjunction with the measured displace-

ment time history which is shown in Fig. 2.6. Because T = 2.75 gave

an unacceptable vector, we examine Fig. 2.6 and find that the first

large deflection, (meaning the first excursion into the plastic zone

of the hysteresis loop) occurs at about T = 3.0 sec. We then observe

that for T = 3.0 sec. the parameters have acceptable values but they

are in a region of T where they are extremely sensitive to changes

in T. We also note from Fig. 3.1 that as T approaches the full duration

of excitation, i.e., 20 sec., the values level off and become in-

sensitive to changes in T. We reason that the instability of the

values of the parameter vector for small T's and the growing stability
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TABLE 3.1

T EA 0 T
E~IN/T

No. e K A R I
(sec)

MIN EMIN EMIN of (#/in)
Itera- (#-sec/in) I
tions I

2.75 35 0 35 12.79 7 -1.267 2061. 2 0.117
2.

634
1

2.80 36 0 36 12.73 7 -1. 074 2054.4 0.112 2.700
i

2.90 41 0 41 14.21 9 -1.850 2071.2 0.128 2.576\

2.95 46 0 46 15.45 7 -1. 626 2073.6 0.128 2.461 i
2.97 63 0 63 21..30 9 -0.566 1989.4 0.0624 3.664

2.98 73 0 73 24.49 7 -0.0123 1962.9 0.0391 4.484

2.99 82 0 82 27.53 5 0.406 1945.2 0.0232 5.409

3.00 90 0 90 30.00 7 0.666 1934.4 0.0140 6.317

3.01 101 0 101 33.58 5 0.863 1925.9 0.00742 7.464

3.02 104 0 104 34.51 4 0.935 1922.7 0.00532 8.071

3.05 123 0 123 40.33 8 1.158 1914.4 0.00148 10.430

3.10 156 0 156 50.40 9 1.948 1904.8 0.000238 13.810

3.20 214 0 214 66.91 9 0.797 1913.2 0.00110 11.707

3.30 234 0 234 70.93 8 0.885 1925.1 0.00479 9.440

3.50 247 0 247 70.57 5 1.036 1926.4 0.00623 9.088

3.75 276 0 276 73.58 6 1.701 1929.6 0.01356 7.859

4.00 323 1 324 81.09 5 2.587 1927.8 0.02413 6.852

4.50 417 2 419 93.07 5 3.965 1897.5 0.02945 6.261

5.00 546 3 548 109.70 5 3.949 1867.3 0.02386 6.339

5.50 705 3 708 128.72 6 4.476 1827.0 0.01694 6.600

6.00 782 4 785 130.89 6 5.204 1804.5 0.01350 6.777

7.00 894 4 898 128.25 7 4.479 1805.3 0.01188 7.198

8.00 1130 4 1134 141.69 7 5.908 1751. 8 0.004786 8.641

9.00 1168 4 1172 130.25 5 5.831 1742.1 0.003327 9.270

10.00 1221 5 1226 122.59 5 5.222 1756.5 0.004964 8.721

12.00 1325 8 1333 111.08 6 5.206 1771. 5 0.008612 7.889

14.00 1588 12 1600 114.30 4 5.109 1781. 0 0.01404 7.066

16.00 2212 20 2232 139.50 5 4.323 1789.1 0.02541 5.848

18.00 2625 25 2650 147.23 4 3.854 1788.8 0.02941 5.475

20.00 2768 28 2796 139.79 4 3.671 1787.7 0.02920 5.462

~IN is minimum squared acceleration error.

ET A D.error. MIN = EMIN + EMIN

oE
MIN

is minimum squared displacement
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as T increases is because we are characterizing the hysteretic behavior

of mild steel using a single set of parameters. When we examine the

pseudo-hysteresis loops in Fig. 2.4 we see that mild steel behaves in

this context as if it were two different materials. We see that for the

first 10 sec. of shaking we have the first major loop which indicates

an elastic-plastic material behavior. This is followed by smaller loops

which indicate elastic response. As the response continues we have

many extensive loops, most exhibiting plastic behavior, but now the

loops are gradually rounded indicating a work hardened material. This

large array of later loops all display very much the same kind of

hysteretic behavior, each contributing this behavior to the accumulating

behavior contributing to the value of S* as T increases. By the time we

reach the full duration, the latter influence dominates the value of

S* stabilizing its value. Because we have decided on a single value

for S*, we choose the value from the full duration, which completes

the formulation of the model.

We do this however at a price. When we use the completed model

to predict the experimental displacement time history, we see the

price, the offset between experimental and predicted displacements

which grows during the first few large displacements and then remains

constant for the duration of the response. This is explained with the

aid of Fig. 3.2.

The material model we have chosen is Ramberg-Osgood containing

parameters obtained for the full duration of the response resulting in

a model that reproduced hysteresis loops exhibiting work hardening

behavior. When the response first dictates a displacement beyond yield,

the material behavior is elastic~plastic, whereas the model predicts

work hardening. At the first major reversal point both loops have the
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sameP but the predicted behavior displays a displacement smaller than

the physical. This offset grows when the response changes direction

as the structure still shows a little elastic-plastic behavior which

is reflected in a slightly higher stiffness than the model. The maximum

offset at the next reversal point is identified as A
2

in Fig. 3.2.

This maximum offset then remains constant so that the subsequent pre-

dicted displacement time history matches the experimental except for

this constant offset.

The model would be improved if the material were characterized

by two sets of parameters, one for the elastic-plastic and one for the

work hardening behavior; it is evident that the Ramberg-Osgood material

model is incapable of reproducing an elastic-plastic behavior.

In spite of the minor deficiency of the final model, we feel

that the improvement which would be realized by using a different

material model and two sets of parameters would not be worth the price

of the complexity that would accompany it.

3.4 The Model Performance - El Centro Span 950

Because this was the excitation the model was constructed from,

it was expected that predictions from it would be accurate - at least

for the accelerations and, if ignoring the initial excursion into the

inelastic range, also for the displacements. The parameters used were:

#-sec
2

M 15.47
in.

C 3.671
#-sec

= ---in.

K 1787.7 #/in.

A 0.0292

R= 5.462

Parameters for T = 20.00 sec.
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and were kept constant throughout the excitation. The input signal of

EI Centro Span 950 is shown in Fig. 2.3 and the resulting calculated

and measured (dashed line and solid line, respectively) acceleration

and displacement time histories are shown in Figs. 3.3 and 3.4. The

calculated hysteresis loops are shown in Fig. 3.5. By looking at

Figs. 3.3 and 3.5 we see that the acceleration response is very well

predicted by the model and that the main discrepancies occur in the

time interval 2.0 - 4.0 sec. or in the same interval that the elastic-

plastic behavior is encountered. The displacement, on the other hand,

is well matched until the 3 sec. mark where in a matter of four seconds

we get a difference between the model and the structure response which

from then on seems to remain constant. This, of course, is due to the

elastic-plastic behavior of the structure at about the time t = 3.0 sec.

which our analysis predicts. To compare the two responses, acceleration

and displacement, two error functions are evaluated throughout the

time history. They have the forms:

N
A- L (v. (S,t) - ii. (t» 2E (I3,T

N
) =

i=l J. J.

N
D- L (v. (S,t) u. (t» 2E (I3,TN) = -

i=l
J. 1.

(3.6.a)

(3.6.b)

for the acceleration and displacement, respectively. The variables are

the same as in the criterion function, Eq. (3.5). The acceleration

error function, Eq. (3.6.a) is the same as the minimized criterion

function, Eq. (3.5). To see how the error functions behave, they are

plotted against time and and shown in Figs. 3.6 and 3.7. It is

clearly seen that 50% of the acceleration error is accumulated in the

time interval 2 to 4 sec. and about 60% in the time interval 2 to 5

sec. The displacement error deviates from zero at about t = 3.0 sec.
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and after t = 3.5 sec. it changes linearly with time, meaning that the

error remains constant. This means that the displacement pattern is

correct, but there is an offset following the 3.5 sec. mark.

The last thing that we compare are the hysteretic behaviors,

experimental and predicted. The most obvious difference is that the

loops from experimental data (using Eq. (2.l}) are irregular and

somewhat jagged, whereas those from the Ramberg-Osgood formulation are,

of course, smooth.

Our explanation of the jaggedness of the experimental loops is

only tentative. First, these we term pseudo-hysteresis loops in that

they reflect not only the material restoring force, which true loops

account for, but also the viscous damping which could fluctuate during

a reversal causing some roughness. Noise in the data recorded by the

accelerometers, which remains unknown, also could, and no doubt does,

account for some.

We note, without comment, that most of the raggedness appears

to begin with the beginning of work hardening of the material and continues

throughout this domain.

The second difference between the two sets of loops is that

illustrated by Fig. 3.2 which has been explained already.
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4. ASSESSMENT OF THE MODEL

We now have a complete nonlinear model of a one-story steel frame.

Having constructed the model (Chapter 3) using a particular excitation,

we now wish to ascertain how well the model can predict the response

of the same structure to other excitations. It is in this sense that we

make our assessment.

4.1 Test Series B - Pacoima Span 950

The model obtained in Section 3.3 for the full duration of motion

has the parameters:

#-sec
2

M= 15.47
in.

C 3.671 #-sec.
in.

K= 1787.7 #/in.

A = 0.0292

R 5.462

This model is now subjected to the measured table acceleration of

Pacoima Span 750, shown in Fig. 2.7. The duration of table motion is

only about 13.3 sec. (counted from zero time), whereas the response is

calculated for full 18.0 sec. The calculated and measured (dashed and

solid lines, respectively) acceleration and displacement time histories,

calculated hysteretic loops and the error time histories are shown in

Figs. 4.1 to 4.5.

We see that the model predicts the acceleration response accurately

for the full duration of motion. The free vibration phase between times

t = 13.3 to t = 18.0 sec. shows matching amplitudes, but the calculated

response oscillates with a shorter period than the measured free vibra-
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tions of the structure. This is understood when we look at Tables 2.1

and 2.2. From the stiffness values in the tables we see that the real

structure of Test Series A is a little stiffer than the structure of

Test Series B, which also reflects directly on the free vibrations of

the model. From the acceleration error time history we see that about

70% of the total accumulated error comes from the free vibration phase

(13.3 - 18 sec.). From the displacement time history we see that the

first inelastic excursion occurs at about the 4.1 sec. mark, but it is

a small one and causes only minor discrepancies between the structure

and model responses. The first major excursion comes at about the 7.5

sec. mark and causes a larger permanent offset. From 7.5 sec. on the

model predicts the response well except for the offset. The shape of

the model response is the same as the response of the structure. In

the free vibration phase (13.3 - 18 sec.) we again see the difference

in period between structure and model. This difference is what causes

the oscillatory type of behavior in the displacement error curve.

The calculated hysteresis loops of Fig. 4.3 differ from the

pseudo-hysteresis loops for reasons given at the end of Chapter 3 for

Test Series A.

4.2 Test Series C - Taft Span 950

The model is now subjected to the Taft Span 950 excitation whose

acceleration time history is shown in Fig. 2.11. The duration of this

motion is 20.0 sec. (actually a little more, but this is what is

considered here) or the same duration for which the response is calculated.

Accordingly we do not have any free vibration phase included after the

shaking has ceased. This, combined with the fact that shaking was not

intense enough to cause serious inelastic excursions, leads us to expect
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good reproduction of the structure response. The results are shown in

Figs. 4.6 to 4.10. As can be seen, the accelerations are reproduced

very well - the major discrepancy coming about the time of first yield,

3.25 sec., but well accounted for by the model. This can also be seen

from the error time history of Fig. 4.9. The displacements are more

accurately reproduced by the model for this excitation than for the

El Centro and Pacoima excitations. The reason is because of the lack

of a major inelastic excursion. The error function of the displacements

shows this also clearly, as the error now obtained is only about 7.5%

of the error obtained for Test Series A from which the model was

identified. This is also reflected in a fairly good matching of the

hysteresis loops of Fig. 4.8 and the pseudo loops of Fig. 2.12.

4.3 Test Series D - Parkfield Span 1000

Lastly, the model is subjected to the Parkfield Earthquake Span

1000, whose acceleration time history is shown in Fig. 2.15. The duration

of this motion is 15.5 sec~, but the strong motion is mainly between the

times 2.0 sec. and 5.0 sec. The calculated and measured (dashed and

solid lines, respectively) acceleration and displacement time histories

are plotted in Figs. 4.11 and 4.12. The calculated hysteresis loops

are shown in Fig. 4.13 and the error functions in Figs. 4.14 and 4.15.

As can be seen from the calculated and the pseudo-hysteresis loops,

the response is purely elastic about the permanent displacement of about

0.6 in. after the time t = 5.0 in. This low amplitude response is there

fore characterized by the natural frequency of the structure which, as

can be seen from Table 2.4, is different from the "natural frequency" of

the model as it simulates best the properties of the structure of Table

2.1. This is what causes the calculated response to have a shorter
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period of vibration, seen in Figs. 4.11 and 4.12. Ignoring this, the

model reproduces the acceleration time history well and the displacement

time history is also well matched for the final offset which is created

at t = 4.6 sec. and is constant fro~ there on as is reflected in the

linear error function in Fig. 4.15. The raggedness of the line is due

to the difference in natural frequency. The acceleration error plot of

Fig. 4.14 also shows that the strong motion response is well matched.

At t = 10.0 sec. only about 16% of the final error has been produced.
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5. CONCLUSIONS

Even though we follow with conclusions about the ways of improving

the model, the major conclusion from the study is that the nonlinear

model constructed from one earthquake excitation predicts the responses

of a single-story steel frame to a variety of other earthquake excitations

accurately, and as well as it does the responses used for its construction.

The acceleration response is much more accurately predicted by

the model than the displacements. This is perhaps due to the fact that

the accelerations and not the displacements were included in the

criterion function, but much more likely due to the peculiar stress

strain behavior of mild steel and the inability of the Ramberg-Osgood

model to predict elastic-plastic material behavior.

Mild structural steel, in the context of its stress-strain

relationship, behaves as if it were two different materials when it is

subjected to strains beyond the yield strain. During the first major

excursion into the plastic zone the material behaves elasto-plastically,

but subsequently it becomes a strain hardened material. The same dual

properties are exhibited in the steel's global behavior, the load

displacement relationship, and are displayed in the shapes of the

hysteretic loops exhibited in the body of the paper. Since the para

meters of the model are derived from matching the hysteretic behavior,

accurate matching for the whole duration of excitation can be attained

only if the model is represented by the two sets of parameters. One

set would be applicable to the response history up to the end of the

first major excursion into the plastic zone, and the other set for all

subsequent responses.
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The form of the mathematical model also contributes to the in-

ability of the model to predict the displacement response accurately for

the full duration. The hysteretic cyclic behavior in our model is

accommodated by the Ramberg-Osgood equations. These equations cannot

reproduce an elastic-plastic behavior. The stress-strain (or load-

displacement) relationships produced by these equations always exhibit

some strain hardening. When the equations are asked to reproduce the

elastic-plastic behavior of the first major excursion into the plastic

zone, they cannot. The equations find a point on the hysteresis curve

which matches the resisting force developed in the structure correctly,

but at a smaller displacement than the actual. The model then rebounds

following a slightly more curved path than the structure, resulting

in an increase in the difference between the calculated and measured

displacements at the next reversal point (Fig. 3.2). Thereafter the

model predicts the shape of the displacement response quite well, but

the offset, ~2' that originated from the first major inelastic

excursion, continues to exist without change throughout the remainder

of the predicted displacement response history.

The mathematical model would predict displacement time "histories

accurately if the Ramberg-Osgood material model were replaced by a

bilinear one or, better still, a modified Menegotto and Pinto model[4]

as used by Stanton and MCNiven[5], and if the model incorporated two

sets of parameters, each applicable to its own domain of strain

behavior.
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APPENDIX A: RAMBERG-OSGOOD MODEL

The hysteretic model used here is based on the Ramberg-Osgood

equations:

x(P) (AI)

for skeletal curves, and

x(P) = x
re +

P-P
re

K

P-P R-l)re---
2K

(A2)

for branch curves. To complete the model a set of rules are established

to specify the way in which branch curves are linked together to represent

arbitrary loading patterns. These rules are based in part on four

properties that can be derived from Eqs. (AI) and (A2). These properties,

which are described in detail by Jennings (1963)[6], are given below:

1. If (x,P) is a point on the skeletal curve, then so is the

point (-x, -P).

2. A branch curve originating from (x,P) [or (-x, -P)] on the

skeletal curve will intersect the skeletal curve at (-x, -P)

[or (x,P)] and will have at that point the same slope as the

skeletal curve.

3. The initial slopes of ascending and descending branch curves

are the same as the slope of the skeletal curves at the

origin.

4. A branch curve originating from another branch curve will

intersect that first branch at its origin.

Since these properties are covered by the Ramberg-Osgood

equations, they are not left open to interpretation. There are two
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more properties required to complete the model, and these are open to

interpretation. The first concerns a bounding curve. Jennings (1963)[3]

states that a branch curve qualifies as a new bounding curve only if both

its origin (the point of reversal) and its intercept on the deflection

axis (the zero-force crossing) have larger absolute values of deflection

than those from the previously established bounding curve. We subscribe

to this interpretation.

The second matter concerns the fate of an interior curve as the

magnitude of the load is increased. Apparently there are two schools of

thought regarding the interpretation. The first is described by

Newmark and Rosenblueth (1971)[7], "if an (interior) curve crosses a

curve described in a previous load cycle, the load-deformation curve

follows that of the previous cycle". The second is due to Jennings,

"force-deflection values are given by a hysteretic curve orginating

from the point of most recent loading reversal until either the upper

or lower boundary is contacted. Thereafter the force-deflection values

are given by that boundary until the direction of loading is again

reversed". In our hysteretic model we have adopted the Jenning's

interpretation.

Before giving the rules for the hysteretic model, it is necessary

to define the following terms:

Skeletal Curve. A curve passing through the origin and having the form:

Branch Curve.

P ( IP IR-l)x(P) = K 1 + A K

A curve originating from a coordinate (x , P ) andre re

having the form:

x(P} xre +
p-p

re
K

P-P
re---

2K
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Maximum Bounding Curve. A descending branch curve that, along with

portions of the descending skeletal curve, limits the descent of

subsequent branch curves. The coordinates of its origin and zero-force

crossing are maximum values, that is they are greater than those of all

previous descending branch curves.

Minimum Bounding Curve. An ascending branch that, along with portions of

the ascending skeletal curve, limits the ascent of subsequent branch

curves. The coordinates of its origin and zero-force crossing are

minimum values, that is they are less than those of all previous

ascending branch curves.

Interior Curve. A branch curve that is not a bounding curve.

(x,P). Current coordinates.

(XZ,O). Coordinates of zero-force crossing of a curve that is a

candidate for a bounding curve.

(xMINL, PMINL). Coordinates of the origin of the minimum bounding curve.

(xMINU, PMINU). Coordinates of the terminus of the minimum bounding

curve.

(xMINZ,O). Coordinates of the zero-force crossing of the minimum

bounding curve.

(xMAXU, PMAXU). Coordinates of the origin of the maximum bounding curve.

(xMAXL, PMAXL). Coordinates of the terminus of the maximum bounding

curve.

(xMAXZ,O). Coordinates of the zero-force crossing of the maximum

bounding curve.

(xBC, PBC). Coordinates of the most recent reversal from a bounding

or skeletal curve.

(x3,P). Coordinates of the 3 curve corresponding to the load, P, of the
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current point.

(XIC, PIC). Coordinates of the most recent reversal from an interior

curve.

(xS,P). Coordinates of the 5 curve corresponding to the load, P, of the

current point.

(xSKEL,P). Coordinates of the skeletal curve corresponding to the load,

P, of the current point.

The rules that define the hysteretic model use the following

numbering system for the two types of skeletal curves and the eleven

types of branch curves (the numbers are referred to as IBS numbers):

1. The ascending skeletal curve.

2. The descending skeletal curve.

3. The minimum bounding curve.

4. The interior ascending branch curve originating from the

2 curve.

5. The maximum bounding curve.

6. An interior descending branch curve originating from the

1 curve.

7. An interior

curve.

8. An interior

curve.

9. An interior

ascending branch curve originating from a 6

descending branch curve originating from a 4

ascending branch curve originating from an 11

curve.

10. An interior descending branch curve originating from a 12 curve.

11. An interior descending branch curve originating from a 3

curve.
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12. An interior ascending branch curve originating from a 5

curve.

13. An arbitrary interior branch curve that may originate from

curves 7, 8, 9, 10 or another 13 curve.

The rules governing the hysteretic model are contained in

Table Al for ascending curves, and in Table A2 for descending curves.

These tables give for each curve its identification (1BS) number, its

type, the curves from which it may originate, the fate of the loading

path after a reversal, and two pieces of information about intersections:

whether a bounding curve has been intersected; and, if it has, the IBS

number of the new curve.

To illustrate the use of these rules, a sample hysteretic

response is given in Fig. AI. The initial loading in this example is

negative, and proceeds from A along the negative skeletal curve (1BS=2)

to point B where unloading begins. By referring to the row of

information for 1BS=2, and noting that the load at B is less than

PMINL (which, along with all other reference points, is set to zero

initially), it is seen that the new curve is a minimum bounding curve

(1BS=3). Since the reversal is from a skeletal curve, it is not

necessary to check the zero-force crossing before declaring the new

curve to be a boundary. After the reversal point is established for

the new minimum bounding curve, the following reference points are

computed and stored for future use:

xMINL x

PMINL = P

xMINZ

xMlNU -x

PM1NU -P
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The new ascending curve proceeds uneventfully to C where it again

reverses. The load at C is less than PMAXU (which is still zero), so

the new curve is merely an interior descending curve (IBS=ll). The path

proceeds to D, then up to E on a 9 curve, and then reverses to a 13

curve. This descending 13 curve intersects the skeletal curve at F and

then proceeds to G. This path from E to Fillustrates the consequence

of continuing an interior curve until it intersects a boundary. It may

be that this path is not particularly realistic; but in the measured

results considered here, this type of behavior (two reversals very

close together) never occurred.

The path continues from G to H to I and on to J, where it

reverses into a 5 curve. This new descending curve, even though it

reverses almost immediately, establishes a new maximum bounding curve,

and the following are computed and stored:

xMAXU = x

PMAXU = P

xMAXZ

xMAXL xBC (at G)

PMAXL = PBC (at G)

The path then moves down to K, up to L on a 12 curve, along a 3 curve

to M where it impinges upon the positive skeletal curve. It then

proceeds to N, where it reverses to a new maximum bounding curve, and

then down to 0 where the path terminates.



TABLE Al: RULES GOVERNING THE BEHAVIOR OF ASCENDING
CURVES IN THE RAMBERG-OSGOOD MODEL

IBS Originating
Number Type Curves Reversal Rules Intersection Rules

1 Skeletal --- P>PMAXU?Y:IBS=5 ---N:IBS=6

Minimum y. Z>xMAXZ?Y:IBS=5
P>PMINU?Y:IBS=l3 2,5,6,13 > XU?·x . 'IB -11

Bounding P PMA 'N:IBS=ll N. S- N:IBS=3

y. Z>xMAXZ?Y:IBS=5
P>_PBC?Y:IBS=l4 Interior 2 P>PMAXU? .x. 'N:IBS=8

N:IBS=8 N:IBS=4

7 Interior 6 IBS = 13 P>PBC?Y:IBS=l
N: IBS=7

9 Interior 11 IBS = 13 P>PBC?Y:IBS=3
N:IBS=9

?Y:IBS=l
12 Interior 5 IBS = 10 P>PMAXU?Y:PMAXU>PMlNU.• < 3?Y:IBS=3

'N:IBS=12 N.x x "N:IBS=12

. Z>xMAXZ?Y:IBS=5
y. < 3?Y:IBS=3.x x . 1

13 Interior 8,10,13 ?Y.x '. -13 P<PMlNU? N:IBS= 3P>PMAXU' N: IBS=13 N.IBS-
N' < SKEL?Y:IBS=l

.x x 'N:IBS=13

(Xl
o



TABLE A2: RULES GOVERNING THE BEHAVIOR OF DESCENDING
CURVES IN THE RAMBERG-OSGOOD MODEL

IBS originating
Number Type Curves Reversal Rules Intersection Rules

2 Skeletal --- < Y:IBS=3 ---P PMINL?N:IBS=4

5
Maximum

1,3,4,13
< Y:XZ<xMINZ?Y~IBS:3 P<PMAXL?Y:IBS=2

Bounding P PMINL?N:IBS=12 N.IBS-12 N:IBS=5

?Y:IBS=3
P<_PBC?Y:IBS=26 Interior 1 P<PMINL?Y:xZ<xMINZ· N· IBS=7

·N:IBS=7 . N:IBS=6

8 Interior 4 IBS = 13 P<PBC?Y:IBS=2
N:IBS=8

10 Interior 12 IBS = 13 P<PBC?Y:IBS=5
N:IBS=10

Y. PMINL<P ? Y: IBS=2. _
11 Interior 3 IBS = 9 P<PMINL? . MAXL.. > 5 Y.IBS-5

'N:IBS=11 N.x x ?N:IBS=11

< Y:XZ<xMINZ?Y~IBS:3
y. > 5?Y:IBS=5.x x . 1

13 Interior 7,9,13 P>PMAXL? N:IBS= 3P PMINL?N:IBS=13 N.IBS-13 > SKE ?Y:IBS=2
N:x x L. N: IBS=13

(X)
I-'
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APPENDIX B: INTEGRATION OF THE MATHEMATICAL MODEL

The differential Eq. (3.2) is solved numerically, so it is

. h .-th .
wr~tten at t e ~ t~me step as,

.
MV. + Cv. + P. (v) = -Mv .

~ ~ ~ g~
(Bl)

a step by step solution technique is used so that the equation is put

in incremental form. Using the definition:

IJ.( ) .
~

(B2)

.-thwe can write for the ~ increment of time,

M!J.v. + c!J.~. + !J.P. (v) =
1. 1. 1.

..A"
-lY1UV •

g1.
(B3)

the nonlinearity of Eq. (Bl) is a consequence of the term P. (v) which
1.

is given by:

v(P.) = v +
~ re

v (P.)
1.

P.
1.

K

P.
A.2::.

K

P.-P
~ re

2K

R-l)

( (
P.-P) R-l~1 + A ~ re

2K

(B4a)

(B4b)

depending on whether the current point is on a skeletal or a branch

curve.

Assuming that the time step used is small enough, we will use

within each time step, not the nonlinear Eq's (B4) but their linearized

counterpart.

point v.:
~

First P. is expanded into a Taylor series about the current
1.

P (vi+l)

dP (v. )
~

= P(v.) + --=-
~ dv

(B5)
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The linear relationship is now obtained by neglecting the higher order

terms:

dP (v.)
~

b,p i = --dv-- b,v.
~

(B6)

dP (v. )
~

deriving an expression for -d-v-- is complicated by the fact that Eqs.

(B4) do not specify P as a function of v, but rather v as a function of

P. The appropriate expression can be obtained by first writing Eg.

(B4a) as a homogeneous function of two variables.

(v,P) P= v - K = 0 (B7)

equating the total difference to zero gives

df df
df = dV dv + dP dP = 0

df
Further, if dP is never zero

(B8)

dP df/dv
dv = df/dP = 1

K

1
(B9)

Substituting this in Eq. (B6) we get:

b,P (v.)
~

1
b,v.

~

(BIO)

The same procedure can be applied to Eq. (B4b) giving:

b,v.
~

(Bll)

recognizing that dP(v.) /dv is the tangent stiffness to the Ramberg
~

Osgood curve at v. we denote,
~



dP (v.)
J.

dv = TS.
J.

85

(B12)

Now Eq. (B3) can be written as:

Mil;;. + C/1;. + TS. tlv. =
J. J. J. J.

.. A··
-lv1L:J.V •

gJ. (Bl3)

The choice of method for solving Eq. (B13) is linear acceleration which

is one of the family of Newmark methods (the one with f3 = 1/6). This

method gives the conversion formulas:

6.v. = vi +l - v.
J. J.

.
6.t{v.

1
6.v. )6.v. +-

J. J. 2 J.

.
+l (6.t) 2 (v. I A··6.v. = 6.tv. + "3 vi)J. J. 2 J.

(BI4a)

(BI4b)

(B14c)

The method assuming linear acceleration allows flexibility about how

EqS. (BI4) are used, and experience in solving Eq. (B13) has shown us

that the method appears to be more stable when all the incremental

quantities are converted to acceleration rather than displacement

as is usually done.

Substitution of Eqs. (Bl4b) and (Bl4c) into Eq. (BI3) and

algebraic manipulation gives

6.V. =
J.

.. • [A· 1 2 .. ]-MLlv .-c6.tv. - TS. utv. + -2(6.t) v.gJ. J. J. J. J.
1 1 2

M + 2 c6.t + 6 TSi (6.t)
(BlS)

noting that -Mb.v . is fixed, Eq. (B15) is solved for ~v. and the result
~ J.

is substituted into Eqs. (BI4) to give 6.v
i

and consequently, vi +l .

Eq. (BI), however, calls for P
i
+

l
not vi +l and therefore, an acceptable

P. I is found by going to Eq. (B3) and using an iterative scheme to get
J.+
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a Pi +l corresponding to V
i

+l ' For this purpose we chose to use an

algorithm based on the Newton-Raphson method. Since the method demands a

starting point we use for the first iteration a point Pi +l found

from

= P. + TS. D.v.J. J. J.

and which is a point not on the Ramberg-Osgood curve.

(B16)

We now find that when the set vi +l ' ;i+l and Pi +l is substituted

into Eq. (Bl), the equation is not satisfied. This is understandable

when we realize that the evaluation of the set began with the use of

Eq. (B15). This equation embraces two approximations. It represents the

approximation that the acceleration is linear for an individual time step

and, perhaps more important, it represents the solution to Eq. (B13) the

incremental equation resulting from the linearization of the original

differential equation. '

Before proceeding to the next time step it is necessary to get a

set vi +l ' ;i+l and Pi +l that will satisfy Eq. (Bl), at least within an

acceptable residue, here thought of as a residual force, Because the

model used here consists of a single differential equation, our

decision is to iterate the solution until the residual force is quite

small before proceeding to the next. Each set of values obtained at a

step in this process is identified in what follows by a superscript.

Eq. (Bl) is satisfied therefore when we write it in the form

.• (n) • (n) P (n)
MVi +1 + cVi +l + i+l

_ MV - RF (n)
gi+1 i+1

(B17)

(n)where RF. 1 denotes the residual force necessary to satisfy Eq. (B17) at
J.+

th th. .e n J.teratJ.on.
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Within the method we now have vi +1 ' v i +1 ' Pi +1 and RFi +1 which

satisfy Eq. (B17) with n 0, that is

•. (0) 0 (0) (0) (0)
MVi +1 + cVi +1 + Pi +1 + RFi +1 - MV . 1gJ.+ (B18)

The sum of the first three terms in the left side of Eq. (B18) is

(0)
too small by an amount RF. 1 to satisfy the equation, so the firstJ.+

iteration begins by adding this force to the right side of Eq. (B13).

The equation to be solved now is

RHS~l)
J.

(B19)

where

= RHS.(O) + RF(O) =
J. i+1

- MD.v. + RF(O)
gJ. i+l

(B20)

(1 )
The solution begins with Eq. (B15) in which RHS replaces

andAv··,(l). . A"(O) 'A°(1)the solution for il HavJ.ng ilV. , one obtaJ.ns ilV.
~ ~ ~

and using Newton-Raphson with p~~i as a

(1)
starting value one obtains Pi +l from Eq. (B4).

RHS (O) .. J.n
J.

(1)
~v. from Eqs. (B14b & c)J.

force

Eq. (Bl)

(1)
RF i +1 :

will be satisfied with this set and a new residual

•• (1) + 0(1) + p(1) + RF(1)
MVi +1 CVi +1 i+l i+l = (B21)

The differential equation to be solved now is

= RHs.(2)
J.

(B22)

where

RHS .(1) + RF (1)
J. i+1

_ ~v . + RF(O) + RF(l)
gJ. i+l i+l

(B23)

The iterative procedure is repeated until the residual force is

less in magnitude than some preassigned number.
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An interesting insight into why this iterative procedure is

effective in compensating for the linearization of the incremental

equation is gained when we write Eq. (B22) for the nth interation. The

equation can be written

n-l
L

r=O

RF(r) =
i+l

.. /I ••
- !v.lLlV •gJ. (B24)

If we consider the academic case where n is infinitely large, the set

• (n) (n)
I1v. and !:J.P. would satisfy Eq. (BS) givingJ. J.

.. /I ••
- !".ILlV •gJ. (B2S)

For the value of n, we can equate Eqs. (B24) and (B25). This gives

from which

!:J.p~n)
J.

n-l
L

r=O

RF(r)
i+1

(n-+oo)

00dP.
= P. +~ !:J.v. -J. dv J. L

r=O

RF(r)
i+l

(B26)

We can see from comparing Eqs. (B26) and (B6) that the residual forces

compensate for the higher order terms (which are forces) that were

severed from Eq. (B6) to achieve a linear equation. Our experience is
n-l

that the series L RF(r) is convergent.
i+lr=O

With the satisfaction of Eq. (Bl) within a prescribed tolerance,

one moves on to the next time step and the next without incident until

a point is reached on the Ramberg-Osgood curve that is either a reversal

point or an intersection.

A point of reversal is identified in the following way. When

moving along a curve, not only are the coordinates established for the

ends of each time step, but so is the sign of the velocity found for
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each point. A positive velocity indicates ascension, a negative

velocity descension. If the velocity changes sign within a time step a

reversal point exists within that step. Our method requires 'the

establishment of a reversal point with more accuracy than is provided

by its location somewhere within the ordinary time step. Accordingly,

we return to the beginning point of the time step, divide the time

interval by five, interpolate the forcing function linearly, and

proceed with the new smaller time step until a change in velocity is

again recorded. We then treat the point at the beginning of the final

time step as the point of reversal and proceed with the smaller time

step in the opposite direction until the substeps are completed, and

then revert to the original time steps.

The check for intersections is somewhat more complicated. When

an intersection is imminent, as indicated by the rules for the Ramberg

Osgood model, each new force-displacement pair is checked to determine

whether or not a bounding curve has been violated. If it has, the

step is retaken in subdivided increments as before. When the

boundary is crossed with these subdivided steps, the path is switched over

to bounding curve.
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APPENDIX C: GENERALIZED MASS OF THE COLUMNS

The structure had two types of columns supporting the platform.

One type was fixed at bottom and pinned on top. The other was pinned

both at top and bottom and furthermore, had concentrated masses of

about 1/8 M at distance L/6 from each end where M is the mass of one

column and L is its length. The generalized mass of the columns and

acting at the platform level is now obtained from

L
M* = f m(x) [~(x)]2 dx + E M. [~(x.)]2

o J. J.

where m(x) is the mass variation over the column length.

M. is the concentrated mass at x.
J. J.

~ is the assumed elastic column deflection curve.

For the fixed-pinned column we have:

3(x) 1(x )3~ (x) = 1 = - - + - -
1 2 L 2 L

(Cl)

(C2)

where x is measured from the fixed end.

m
l

(x) = m
l

= constant

Furthermore, we have:

(C3)

Substituting Eqs. (C2) and (C3) into Eq. (Cl) and integrating gives:

(C4)

For the pinned-pinned columns we have only a rigid body rotation or:

and also

x
~ (x) =-

2 L
(C5)

(C6)
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which by substituting into Eq. (Cl) along with the concentrated masses

gives:

(C7)

Now for the four colunms of the structure we have:

M* = 2(0.236 + 0.424) Ml = 1.32 M1 (C8)

where M1 is the weight of one fixed-pinned column. Hence, M* is equal

to 1/3 of the sum of the column weights.
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