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ABSTRACT

Perturbation methods are employed to determine the dynamic propgrties of a combined
system composed of a multi-degree-of-freedom structure to which is attached a light, single-
degree-of-freedom equiﬁment item. Closed form expressions are derived for the natural fre-
quencies, mode shapes, modal dampings and other modal properties of the combined system in
terms of the dynamic properties of the structure alone and the equipment alone. The derived
properties are used to determine the response of the equipment when the structure is subjected
to a random input excitation. For earthquake-type excitations, a response spectrum method is
developed whereby various statistical measures of the equipment response are given directly in
terms of the input ground response spectrum. Tuning and equipment-structure interaction are
included. The method efficiently generates floor spectra which include the effect of interaction.
The conventional floor spectra, which ignore interaction, are obtained simply by setting the
equipment mass equal to zero. For an example structure, the results based on the method
developed demonstrate remarkable agreement with a numerical analysis employing a set of 20

simulated ground motions.
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INTRODUCTION

The dynamic analysis of light equipment in-structures is of wide engineering interest.
Control equipment, pressure vessels, pumps, etc., in power plants, communication and control
items in transportation vehicles, and vital equipment in certain lifeline systems are common
examples. In theory, the equipment can be incorporated in a dynamic model of the combined
system as a part of the structure and analyzed by a conventional method. However, this
approach in practice leads to two difficulties. First, for light equipment, the mass and stiffness
matrices of the combined system will have elements with vastly different magnitudes, resulting
in numerical difficulties in the dynamic analysis. Second, in design situations, it is often
required to study many equipment items attached to a structure or several alternative attach-
ment configurations or locations of a single item. Clearly, such an approach can be prohibi-
tively costly because a multitude of dynamic models of the combined system must be con-
structed and analyzed. These difficulties can be overcome if, instead of using a conventional
approach, an alternative procedure is followed taking advantage of the mismatch between the

properties of the light equipment and the structure.

In the first part of this report, closed form expressions are derived for the dynamic pro-
perties of the combined equipment-structure system in terms of those of the structure alone
and of the equipment alone. These are obtained using a single-degree-of-freedom model for
the equipment and a multi-degree-of-freedom one for the structure. This development is based
on a perturbation method that takes advantage of the intuitively obvious fact that, for light
equipment, the dynamic properties of the combined system are not too different from those of
the original structure. The effect of interaction between the equiprﬁent and the structure,
which is especially significant when the equipment frequency coincides with one of the structure
frequencies, is included in this analysis. By this approach, the numerical difficulties alluded to

above are avoided and the computational effort becomes trivial.

Once the modal properties of the combined equipment-structure system are determined,

any dynamic analysis procedure employing the mode-superposition method, e.g., the time-
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history integration method for a dete'rministic input or the random vibration method with a
power spectral density or a response spectrum description of the input, can be used to evaluate
the response of the equipment. However, in using the random vibration method, a peculiar
problem arises when the equipment is light and has a frequency close to one of the structure
frequencies. Then, closely spaced modes occur in the combined system, the responses of which
are known to be highly correlated (3). The central issue for an accurate evaluation of the
equipment response then focuses on a proper accounting of this correlation in the superposition

of modal responses.

In the second part of this report, a mode-superposition procedure for the response of the
equipment including the effect of closely spaced modes is developed. First, the random vibra-
tion approach for response to a stationary input described through a power spectral density
function is presented. This forms the basis for development of the response spectrum method
in the second portion which is applicable under a set of broad conditions. In this method,
which is of great interest in earthquake engineering, the equipment response is obtained
directly in terms of information readily available to the designer; namely, the dynamic proper-
ties of the structure alone, the dynamic properties of the equipment alone, and the design
response spectrum describing the input into the structure. These results should prove to be

especially effective in design applications where a multitude of analyses is required.

The method presented here is more comprehensive and at the same time is computation-
ally more efficient than any of the methods currently used. The existing methods (e.g., Refs.
6, 8, 9 and 12) invariably ignore one or more of the problems associated with the response of
light equipment in structures, e.g., interaction between equipment and structure, effect of coin-
cidence of frequencies, and correlation between closely spaced frequencies. Most common
among the existing methods is the floor spectrum procedure where the response spectrum asso-
ciated with the equipment attachment point in the structure is first determined, ignoring the
equipment-structure interaction, and then used as the input into the equipment (e.g., Ref. 8).

With the present results, the conventional floor spectrum is produced simply by setting the
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mass of the equipment to zero, resuiting in an algorithm simpler than any current one. Further-
more, with the present method it becomes possible to efficiently generate floor spectra which

include the effect of equipment-structure interaction.

In the final part of this report, numerical examples are presented in ordér to- illustrate the
accuracy and the simplicity of the method. These include comparisons between the dynamic
properties of the combined equipment-structure system obtained by an exact analysis and by
the present method, and comparisons between the equipment response as obtained from time-
history integrations and from the response spectrum formulation developed herein. In general,

excellent agreement is obtained between the results from the two analyses.

DYNAMIC PROPERTIES OF EQUIPMENT-STRUCTURE SYSTEM

Consider an n-degree-of-freedom structure with mass, damping, and stiffness matrices M,

C, and K having elements m;;, ¢;, and k;, i,j=1,2,...,n, respectively. - Assume the structure

T
has classical modes with natural frequencies w;, modal vectors ®,=|dy; b3 ... $,| , and

modal damping coefficients ¢,;, where a superposed T denotes a transpose. Consider an equip-
ment item, modeled as a single-degree-of-freedom oscillator of mass m,, natural frequency w,,
and damping coefficient {,, attached to the structure such that it is only affected by motion in

the k-th structure degree of freedom. The combined system, see Fig. 1, is an n+1-degree sys-

ATTACHMENT
POINT

n-DEGREE-OF- FREEDOM
STRUCTURE

N

P e
EXCITATION

Figure 1. Equipment-Structure System
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tem with n+1 modes. In general, the equipment frequency can be close or equal, i.e., nearly
or perfectly tuned, to a natural frequency of the structure, say w;. Then, two closely spaced
modes will occur in the combined system which require special treatment. It is the objective
here to determine the dynarriic properties of the combined system, including the case where
tuning occurs, in terms of the properties of the two subsystems when the equipment mass is
small compared to that of the structure. It is subsequently shown that for such conditions the
modes of the combined system are closely related to those of the structure alone. Each struc-
ture mode, with contributions from other modes, produces a corresponding mode in the com-
bined system. In addition, all the structure modes together with the equipment generate a
"new" mode of the combined system. For convenience, the "new" mode will be identified by

the subscript zero with the other modes retaining their original numbers. This process is

conceptually illustrated in Fig. 2.

STRUCTURE

COMBINED lo)
SYSTEM w*
!

Figure 2. Schematic Representation of Modal Frequencies

The system of equations which determine the i-th (i=0,1,....,n) frequency and mode
shape of the combined system may be obtained from the known properties of the two subsys-
tems as

K'® =0 M® - (1
where a superscript asterisk has been used to denote values associated with the combined sys-
tem. In the above, K* and M" are the stiffness and mass matrices for the combined system,

and w; and &, are the i-th natural frequency and mode shape, given by



and
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where the n+1-th degree of freedom has been assigned to the equipment motion. Partitioning

the matrices as shown and expanding Eq. 1, one obtains

and
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b1
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d)ni
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(2a)



—m,w2(d;; _¢r:+1,i) = wi‘zme¢;+1,i (2b)
From Eq. 2b,
2
L3 w * -
Gni1,i =— -’:;“E"‘;d’ki =a;py (3)
W; =0,

where «a; =¢,,‘+1,,-/¢k',- is the modal amplification factor of the equipment relative to the attach-

ment point. Substituting this in Eq. 2a, yields

b1, 0 Y
Kigut + {medio 0 (@ ~0d| = o, M{¢, @)
b 0 b

The single nonzero term in the second vector on the left hand side is small for light equipment
and, therefore, will only slightly modify the frequencies and mode shapes of the original struc-
ture. The well known Rayliegh’s quotient establishes that first-order errors in mode shapes
result in second-order errors in frequencies (5). Thus, as a first approximation, it is assumed
here that the portions of modal vectors corresponding to structural degrees of freedom retain
their shapes after the equipment is attached; i.e. it is assumed that ¢, =¢,,, for m=1,2,...,n
and for i = 0. This will lead to a second-order approximation in the frequencies which is desir-
able for the computation of the response, since it can be shown that accuracy in frequencies is
more critical than that in mode shapes. It should be pointed out that this approximation
scheme is only appropriate when the major contribution to ®;, the /-th mode shape of the
combined equipment-structure system, comes from ®,;, the /-th mode shape of the structure.
This precludes applying this approximation to cases where the equipment is tuned to a cluster
of closely spaced structure modes. In such situations, all of the modes of the cluster will parti-
cipate in a significant way in generating the mode shape of the combined system. The method

presented here can be extended to deal with this problem.

Premultiplying Eq. 4 by &, one obtains



‘&2 2
WM+ mopl—t = oM, 5)
w; —wez
where M;=® M®, =0 >®K®, is the i-th modal mass of the structure. This yields
w.ﬁ 4 B+ . w.-*
1+8,) —’] ) JESRRAN | Rl R Y (6)
@; 2 [0

where 8, = (w?—w2)/w? and y,=m,/(M;/$}) are the detuning parameter and the effective mass
ratio, respectively, for mode /. These two parameters play important roles in the subsequent

analysis. The solution of Eq. 6 is

2 1/2
1+B’;7/ - 1+B’J2ry’ ~ (148, /
[w,-* : T+8, o B<D o
—| = 2 1/2
w; 1+ ,3/‘;7/ i+ )3/';'7/ —(148) /
148, Bzl

where the proper root has been chosen according to the sign of 8, so as to produce w, near ;.
(The other root, which yields w;” near w,, is the contribution to the "new" mode. This contri-
bution is subsequently retrieved by imposition of orthogonality between the modes.) For
B; =0, either root is acceptable; here, the second one is chosen for definiteness. Substituting

Eq. 7 in Eq. 3, the modal amplification factor is obtained as

1
- Bty Bty ) 77, B, <0
'—2—— 1+——5—— —(1+/3,-)
- 3 7. Bi 2
i+Yi ity
Bty 27 + 1+'82y —(1+8))

It is noted that the magnitude of «; can be very large for small 8; which occurs in the case of

near or perfect tuning.

The new mode, denoted by ®;, is obtained through the requirement of orthogonality with

the previous modes. Let
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d10

. . @
b0
, 1
be the new mode shape, scaled so that ¢>,:+1’0= 1. Orthogonality requires that d),*TM*<D0*= 0,

[

for i #0. Using M", ®,, and ®, as described above, one then obtains

o "M ®; = ® Mg+ ma; b, =0, i=12,..,n (10)

which gives

O Mby = —ma; by, i=12,...n (11)

Collecting all such equations in a matrix form,
Mea 1§y
"M, = — : (12)

Moty @ iy

where = [d>1 o, ... din] is the modal matrix of the structure alone. It is easy to show that

®D! is the inverse of ®7M, where D is a diagonal matrix with elements M,. Premultiplying

Eq. 12 by ®D7, therefore, yields

zai7i¢1i/¢ki

M1

&)= —-oD! . =— . (13)

Me 0ty iy Zai')’i(bni/d)ki
i

Note that all structure modes contribute to the generation of the new mode. However, observe
that generally the shape of the new mode will be dominated by that structure mode which has a
frequency closest to the equipment frequency, i.e. the /-th mode, because its modal
amplification factor, «,, is the largest. To determine the frequency of the new mode, Egs. 9

and 13 are used in conjunction with Eq. 2(b) giving
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i
Observe that the frequency of the new mode is only slightly removed from the equipment fre-
quency, with the difference being contributed by all structure modes. Clearly, the largest con-

tribution to this difference comes from the /-th mode.

To investigate the nature of the error in the mode shapes and frequencies, a norm of the
second vector on the left-hand side of Eq. 4 is examined in comparison with the corresponding
norms of the two remaining vectors. This is accomplished by premultiplying Eq. 4 by ®. For
light equipment, the scalars thus obtained from the two remaining vectors are of order w?M;,
whereas that from the former vector is of order w?M;y,0%/(w,"—w?. The ratio of these
norms, r, which is a measure of the modification of frequencies and mode shapes of the struc-

ture resulting from the addition of the light equipment, can be written as

r = [ .711. ' (15)

(148/)-1

W,
2]

where the ratio of frequencies is given in terms of 8, and y; in Egs. 7. It is easy to show that
in the extreme cases of gross detuning, i.e. when |8,| is large, and of perfect tuning, i.e. when
B, is zero, the modification factor r is of order y; and \/;/7, respectively. A plot of |r/\/)7,- |
versus ,B,: is shown in Fig. 3 for y;=0.001,0.01 and 0.05. Observe that for small y;, the
modification term rapidly increases very near tuning, i.e. when 8,—0. This leads to a formal
definition of gross detuning as values of B8, for which |r/ /y;| <<1. From Egq. 15, this

definition can be expressed as |8;| >> /v,

It is observed from Eq. 15 that errors in the estimated mode shapes and frequencies are
largest for modes with frequencies closest to the equipment frequency. To achieve a uniform
accuracy, it is necessary to improve the results for modes having frequencies near the equip-
ment frequency. For simplicity, it is assumed herein that all but the /-th mode are well spaced

from the equipment frequency. Therefore, a refinement of only mode / need be considered.
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MEASURE OF MODIFICATION OF MODAL PROPERTIES

Figure 3. Measure of Modification of Modal Properties

To construct a refined shape for the /-th mode, the same procedure is used as for the new
mode above, i.e. the refined /-th mode is obtained by imposition of orthogonality with all other

modes, including the new mode. This results in

Yoayibu/bu — aLI¢11/¢kl

i

@ = ' (16)
1
Yayibnlb — —bulbu
i=l ay
-1
where, for the sake of uniformity with ®;, this mode has been scaled such that ¢ ar1=—1. In

this derivation, only the dominant terms in @, , i.e. those arising from the /-th mode, have

been included. This is consistent with the order of accuracy in other modes.

The refined shape of the /-th mode could be used to obtain a more refined estimate of ,
from Eq. 2(b). However, it is clear from Rayliegh’s quotient that the second-order correction
in the mode shape will result in only a third-order correction in the frequency, which is

neglected for uniformity in approximation.
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It is assumed herein that the damping in the equipment can be modeled by a viscous
damper connecting the equipment to the attachment point, see Fig. 1. Since the structure is
assumed to have modal damping, intuitively it would appear that for light damping the com-
bined system will also very nearly have modal damping. The preceding perturbation scheme

can be used to determine the damping coefficients for the combined system in terms of those

of the two subsystems. To this end, the modal damping relation

2€j*wi*M*== Qi*TC*éi* (17)

is used, where C", the damping matrix of the combined system, is given by

FCH e Clk e Ciy 0
C=|ecs ... cut2,o.m ... Coy | —2,w,m,
et .. Cric ce e G 0
L 0 R —2{ o we M, C 0 28, m,m,

Using the preceding in conjunction with the expressions of 8, and y; as well as the identity

2,0;M;=®JC®,, Eq. 17 gives

'\/1+Bigi+(1~ai)27ige w;
V148, 04alty)) w;’ i=12,..,n
i*= (18)
¢ Y4By L+ [1+2am]2€e "
1+2(1J2')'j W,
J

In arriving at the result for £, the unrefined shape of the /-th mode was used for reasons of
simplicity and consistency in approximation. Note that the ratios of frequencies in the preced-
ing relations are close to unity and can be discarded.

To obtain the response of the combined system to specified input excitations, it is neces-
sary to compute modal masses and participation factors. Using the mode shapes previously

obtained, these are determined in closed form as
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M-‘ — ¢I&TM-*®I*
(1 +ai2'yi)M'a / = 1’0

M,
1+ Yaky,||—. i=! (19)
JEl

1+a? s
i (al¢k1)2

m, i=0

1+ Za}?’j
J

and

Ti+ayirne/du
1+aty;
apul i —aty | T abul; — r;+1]
=y
= |— s ,'____[ (20)

1+a12'y1 1+Zaj2yj
JEL

’ i#=10

Zaj¢kjrj_r;+l
_ — i=0
1+20£j‘)'j
J

where T'; =®MR/M, is the participation factor associated with the i-th mode of the structure,
in which R=[r; r, -+ r,JT and R =1[r; r, -+ r, rss117 are the conventional influence
vectors coupling the input to the degrees of freedom of the structure and of the combined sys-

tem, respectively.

PERFECTLY TUNED EQUIPMENT

It is instructive to examine the preceding results in the sbecial case when the equipment is
perfectly tuned to the /-th mode and grossly detuned with respect to all other modes. Using

Egs. 7 and 14, the modal frequencies in this case reduce to
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0, i 1.0

w, = 1+-‘/ng,, i=1 1)
[1 N i=0
*‘—2——0)97

where w;=w, and terms only up to order /vy, have been retained. The corresponding results

for modal amplification factors, obtained from Egs. 8, are

o; = 1 (22)

These factors together with y; determine the mode shapes as

b vi 1 by vi b1
RALEE b (1A el Jieu
by ey =B bu YIQSM +,§’,B,- by
I N A A | e ' @)
b i b Yi bu [0} i
_\/;/‘ . RERR N nl Z_I__ﬂ_
K bu [ZiBi bu \/3,7¢A/+,§'/B/ by
B, -1 +1

The corresponding expressions for damping coefficients from Egs. 18 are

&y i#=10

gi"—t: €1+Ce [_[0 (24)
2 0

The modal masses from Egs. 19 reduce to

.M =10 ‘
Mi=Nm,. i=1,0 (25)

Note that the small modal masses associated with the /-th and 0-th modes result from the scal-
ing used for these modes, i.e. from the scaling of their last components to 1 and —1, respec-

tively. The expressions for the participation factors from Eqgs. 20 are
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T, i#=1,0
* 1 F[ F_/ *
Ui= 5% — L3 b= rnt1|, i=1 (26)
2 Yi jélﬂj “ "
1 Fl F/ * =0
T|—=bu+ 2 b+ s
Pl NZAGRS T A

Observe that the participation factors for the /-th and 0-th modes are much larger than those

for other modes as a consequence of the scaling mentioned above.

The preceding results for the case of perfect tuning to the /-th structure mode and gross
detuning to all other structure modes exhibit a remarkable symmetry between the /-th and the
0-th modes of the combined system. Observe that their frequencies are edually spaced on each
side of the tuning frequency and their damping coefficients and modal masses are equal. Furth-
ermore, note that the expressions for their modal shapes and participation factors are symmetri-
cal in form. It is also seen that the frequencies, damping coefficients, modal masses, and parti-
cipation factors of the grossly detuned modes are unaffected by the addition of the light equip-

ment.

RESPONSE OF EQUIPMENT-STRUCTURE SYSTEM

It is well known (e.g., see Ref. 5) that any response of a linear MDOF system to a
prescribed input excitation can be obtained as a superposition of modal contributions. In partic-
ular, any response quantity of the equipment in the combined system under consideration can

be written as

n n
R =Y R(1) =Y ¥ () @7

i=0 =0
where R;(1)=¥,S;(t) is the contribution of mode i to the response, ¥, is the i-th effective
participation factor, and S;(¢) is the /-th normal coordinate representing the response of an
oscillator of frequency w; and damping coefficient {; to the given excitation. The effective par-
ticipation factor, ¥;", depends on the particular response sought and in general is given as a pro-
duct of the /-th participation factor, I’ ,-*,v and a linear combination of the components of the /i-th

modal vector. For example, for the displacement response of the equipment, it is simfnly
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T/$,41.» and for its displacement relative to the attachment point, it is T, (¢ pili— D)

It is interesting to examine the values of the effective participation factors for the equip-

ment displacement in the case of perfect tuning. Using Egs. 26, these become

“7{’,—’ i=10
R I Y B LR R (28)
S b el Faenhal RS N
2 \/3’—/ J#/BJ ’
1{%Y v, . i=0
+=|—=+Y~L+rul
2 \/W j¢/Bj !

where ¥, =T";¢,, i =1,2,...,n, is the effective participation factor for the /-th mode for the dis-
placement of the attachment point in the structure alone. It is important to observe the pres-
ence of \/y, in the denominators of the leading terms of ¥, and ¥,. Because of this term, the
effective participation factors for these modes are two large numbers of opposite signs and
almost equal magnitudes. This fact has an important bearing on the manner in which these two

modes combine to produce the equipment response, as will be shown subsequently.

Depending on the type of input excitation, a deterministic or a probabilistic method is
required to evaluate Eq. 27. For a deterministic input time history, any suitable time-
integration method could be used with no problems anticipated. On the other hand, if the exci-
tation is stochastic, particular care must be exercised to account for the correlation between
normal coordinates, S;(¢), which can be significant for modes with closely spaced frequencies,
as would occur for the case of tuned or nearly tuned equipment. Because of this, and since the
probabilistic approach is of such current interest (e.g., in earthquake engineering, offshore
structures, flight structures), this problem is addressed in detail in the next two sections.
Specifically, in the following section, the response of the equipment to a stationary excitation of
the combined system described through an input power spectral density function is discussed.
This provides the basis for the development of a response spectrum method, presented in the

subsequent section, which properly accounts for closely spaced modes. These developments
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make use of new results presented in Refs. 2 and 3 , which are especially pertinent to the prob-

lem of closely spaced modes.

RESPONSE TO STOCHASTIC INPUT: POWER SPECTRAL DENSITY APPROACH
Consider the stationary response of the combined equipment-structure system to a zero-
mean stationary input excitation, F(¢), with a one-sided power spectral density Gp{w). Using
mode superposition, the power spectral density of the equipment response is

Gr (@) = 3 39, ¥ Gr(w) H, () H, (o) (29)
i=0j=0 .

where, for base input excitation, H,(w)=/ (0w, —w*+2i{;o;»)~! is the complex frequency-
response function for mode /, and a superposed bar denotes the complex conjugate.
It has been shown (10) that most response quantities of interest can be expressed in

terms of the first three moments, Ag, A, and X,, of the response power spectral density

A = [@"Gr@)dw, m=0,1,2 (30)
0
Using the modal description of Eq. 29 and following Ref. 3, the spectral moments can be

expressed as

=

n
)‘m = 2 ‘Pi*\yj*hr:r,ija m =0,172 . (31)
i=0j=0
where
Amj = Re fwm Gr (@) H(0)H;(w)dw|, m=0,1,2 (32)
0

are defined as cross-spectral moments of normal coordinates for modes / and ;j of the combined

system. As in Ref. 3, it is useful to introduce coefficients p,, ;; as

Ao
Py = — ==, m=0,1,2 (33)
)\m,ii)‘m,jj

(It is noted that pg ; and p, ; are correlation coefficients between the normal coordinates for
modes i and j of the combined system and between their time derivatives, respectively; see

Ref. 3.) Introducing these relations in Eq. 31, spectral moments of response can be obtained in
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Ref. 3.) Introducing these relations in Eq. 31, spectral moments of response can be obtained in

terms of spectral moments of individual normal coordinates as

Ao = XYY o N Ny ik, m=0,1,2 (34)
i j

Closed form expressions for A ,:,,,-j and p,, ; for response to white-noise and filtered white-noise
inputs have been given in Ref. 3. For completeness of this presentation, the resuits for white-
noise input are given in Appendix I. In the case of wide-band excitations, p,, ; rapidly dimin-
ish as the spacing between the frequencies of the two modes / and j grows, especially when
damping is small. As an example, p,, ; for response to white-noise input are illustrated in Fig.
4. Because of this behavior, cross-modal terms in Egs. 31 and 34 need only be retained for
modes with closely spaced frequencies. It should be noted from Fig. 4 that in the case of
closely spaced modes the coefficients p,, ; critically depend on the modal frequencies and
damping ratios. Therefore, in the case of tuned equipment when closély spaced modes occur in
the combined system, the accurate estimation of modal frequencies énd damping ratios is

essential, as was alluded to before.

1.0 . : . .

08

Figure 4. Modal Cross-Correlation Coefficients for Response
to White-Noise Input
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In terms of the spectral moments, the equipment response quantities are the root-mean-
square response, o g =+/Ag, and the root-mean-square of response rate, o =\/h—2. In addition,
when F(¢) and, hence, R (¢) are Gaussian, the mean zero-crossing rate of the response process
is obtained as v=&/m =0 /mog=-/Ay/Ao/m, where @ is the response mean frequency.
Furthermore, in this case, the distribution as well as the mean and variance of the peak
response over a specified duration can be expressed in terms of the spectral moments.

Specifically, for the maximum absolute response over duration 7, denoted by R,=max|R (¢)|,
T

the cumulative distribution as given in Ref, 11 is

1—exp(—/7/28,a)
exp(a?/2) -1
where a=r/og, 8,=8'2, and 8=~/1—-A}/AgA,. The parameter 8 has a value between zero

Fg (r) = [l —exp(—a2/2)] exp[—w , r>0 (35)
and one and has been shown to be a measure of dispersion of the shape of the power spectral
density about its centroid (10). For this reason, it will be referred to herein as the shape facior.
The mean and standard deviation associated with the above distribution can be obtained as
R.=pog and OR,=qOR, respectively, where p and ¢ are peak factors. For 10<»7 <1000,
which is the usual range of interest in earthquake engineering, approximate expressions for p

and ¢ based on results in Ref. 3 are

0.5772
= /21 + — 36
F et 2w, 7 (36)
1.2 5.4
= - 37
1 2hov,r  13+Qlaw,7)3? ) 37
in which
max(2.1, 26v7), 0<8<50.1
vt =1(1.638°%—0.38)vr, 0.1 <5<0.69 (3%

vT, 0.69<d<1

is a reduced mean crossing rate signifying an effective portion of zero-crossings which may be

considered as statistically independent.

It is interesting to examine the case where the equipment is perfectly tuned to the /-th

structure mode with the other modes having frequencies well spaced from the tuning fre-
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quency. In this case, the cross terms in Eq. 34 can all be neglected except those between
modes / and 0. Using Eqgs. 28, the spectral moments then become

2

v, v, 1 ¥, .
A L Nt + | ==t = +roal| A
m i#[ﬁi m,ii 2 v, ;{B[ n+l m, i
2
v, 1 v, . .
+ |+t + o] A
7 i é{ﬁ/ n+1 m,00
2
\JAE Y ——
+ 2p .10 T ay, +‘ > ) +7pe1| [V AN A oo, m=0,1,2 (39)
il i

where X,, ; are the spectral moments for the structure alone. For wide-band inputs, on the
basis of response to white noise (see Appendix I), it is reasonable to assume that A, ; is pro-
portional to ;™. Thus, for small y,, noting that for perfect tuning ¢, =~ {; = ({, ;-Ce)/Z, and
using the approximate expressions for frequencies given in Eqgs. 21, the spectral moments for

modes / and 0 become, after some algebraic manipulation

Amaa, m=0,1,2 (40)

*
Ny == [

*

)\m,OO = |1 m aa> M =0a132 (41)

where A, ,, are spectral moments evaluated at frequency o, = (w,+w,)/2=w,=w,, and damp-
ing coefficient {, = ({;,+{,)/2. In this case (i.e. perfect tuning and a wide-band input), approxi-

mate expressions for the coefficients p,, ;o can be developed from the results given in Appendix

Ias
42
Po,i0 = Paio = TSl (42)
Y
P10 = .00\10[1 T 2wt (43)
a
Using Egs. 40-43 in Egs. 39, spectral moments of the response reduce to
2
"I}i 1 €m
)\m = T }\m i+ + ‘Pz
E/ Bi ' [ 20y, +4L2) 47, I
2
Yi €EnYi
- - —tr,
[ 2y, +4LH 4wl |28 e
l + r;+1 \I’[]Xm,aa 3 m =0’172 (44)
1#1

where eg=¢€,=0, and ¢, =1.
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A careful examination of the preceding expression is helpful in understanding the relative
significance of the various terms. Clearly, the first term inside the braces is the most important
because of its small denominator. It should be sufficient in many cases to retain only this term
as a simple first approximation. However, under certain circumstances, other terms in the
expression may also become significant. For example, when the effective participation factor of
the tuned structure mode, ¥,, is much smaller than those of some of the other structure
modes (which will occur if the equipment is attached to the structure at or near a node of the
tuned mode, or if it is tuned to a very high structure mode), then contributions from the other
modes may dominate. Also, when the input excitation is poor in frequencies around the tuning
mode but rich in frequencies around some of the nontuning modes, then A, , may be
sufficiently small compared to some of the A, ; such that the entire term it multiplies can be
neglected. The second most important term is the first summation expression on the right-
hand side. Note that in that expression contributions from modes much higher than the tuning
mode can be neglected, because not only are ¥, small but also B8, are large for such modes.
The last two terms inside the braces would generally be insignificant because of cancellations in

the summations.

The result in Eq. 44 can be compared with an exact expression given in Ref. 1 for a
single-degree-of-freedom structure for m =0. After retaining the dominant terms in the exact
result, Eq. 44 differs only in the presence of {, =m, the geometric mean, in place of {,,
the arithmetic mean, in the denominator of the dominant term on the right-hand side. This
difference is a consequence of assuming modal damping for the combined equipment-structure

system. Note that for all but extreme cases, the difference between ¢, and {, is small.

Another special case of interest is that of gross detuning, i.e. when the structure frequen-
cies are well spaced from the equipment frequency. If, in addition, the structure frequencies
are also well spaced, then all cross terms in Egs. 34 can be neglected. Using the first and last of
Egs. 20 together with the general expressions for the mode shapes specialized for the case of

gross detuning, the formulae for spectral moments then simplify to
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2

v, )
Am = 2 E- Xm’,',' + )‘m,ee, m=0,1,2 (45)

where A, . are spectral moments evaluated at the equipment frequency and damping. It is

S5t
T
- Bi n+1

observed that the major contributions to the equipment response in this case come from low
structure modes, which have larger ¥, values, and from structure modes with frequencies

closest to the equipment frequency, which have smaller 8; values.

RESPONSE TO STOCHASTIC INPUT: RESPONSE SPECTRUM APPROACH

In many engineering applications, characterization of the input excitation through the
power spectral density function is not convenient. A widely used alternative, which is of special
interest in earthquake engineering, is a description in terms of a response spectrum. Under cer-
tain conditions, based on the developments in the preceding section, i; is possible to construct a
rational method whereby the peak response of a system over a specified duration can be
obtained in terms of the response spectrum of the input excitation. These conditions are (2):
(a) that the input excitation be wide-banded, i.e. it have a smoothly varying power 'spectral
density over a wide range of frequencies covering the significant modes of vibration of the com-
bined system, () that the input excitation be a stationary Gaussian process, and (c¢) that the
response of the system over the duration of interest be stationary. In practice, the latter two

requirements can be considerably relaxed with little loss of accuracy.

The response spectrum used in this study is defined as a function, S,(w.Z), repreéenting
the mean peak response over a duration r of an oscillator of frequency w and damping
coefficient { to a prescribed ensemble of excitations. This definition is consistent with that of
the "smooth" response spectrum commonly employed in earthquake engineering, with an addi-

tional refinement here to account for the duration of excitation.

To compute the spectral moments of the response in this approach, it is necessary to
interpret the spectral moments of the normal coordinates, A ,:',_,,-,-, in Egs. 34 in terms of the

response spectrum. For a wide-band input, it is reasonable to assume (see Ref. 2) that the
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mean zero-crossing rate and the shape factor associated with the /-th normal coordinate,
denoted as v; and §;, respectively, can be approximated by their values for the response of a

single-degree-of-freedom oscillator to white-noise input, i.e., by

y, = — (46)
and
2 1

8,’ = 1 —tan~
w

R T Y

g g
—_—t = 2|== 47
V1=¢; ll ["] “n

where the approximation in Eq. 47 is valid for smali damping. Noting that \/xo‘,i,- is the root-

1
SR S | (-
1-¢,”

mean-square of the i-th normal coordinate, and using Egs. 36 and 38 to compute the associated

peak factor p; in terms of 7, »;, and 3;, Ag,; can be obtained as

| o 2 |
No,i = {;Sf(wi.agi.)] - (48)

Using the relation v; =\/}\2’,,~1/ M;,n/ 7 together with Eq. 46, this gives
1 - 2
Ny = @;?Ag;i = wiQIp_Sr(wi‘,Ci‘)] (49)
i

Finally, using the relation 8, =~/1—\; o, iA2i and Eq. 47, A{; becomes

1/2

-

4,

* *| 4 i"
Ay =wi[1__ ‘
T

12 2
)‘0':17 = wi‘[I _—l [%_g‘r(wi‘,gi‘)] (50)

w

With the three spectral moments determined, the various quantities of response can be
evaluated as previously demonstrated. Specifically, using Eqs. 34, the parameters v=\/)\_2/—)\— T
and 8=m are first determined. For this calculation, since the input is wide band, it
is reasonable to use expressions of p,, ; which are based on white-noise input (see Appendix I
and Ref. 2). These parameters, together with 7 and o g =\/>\—0, are then used to evaluate the
distribution of the peak response from Eq. 35 and the mean and standard deviation through the

peak factors p and g given in Eqgs. 36-38.

It is useful to further examine the expression for the mean of the peak response. From
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the relation R, = p+/\g, one obtains
Y2

n 1’,2 —_ -
;ijpo,iniTRj7 ’ (51)

R~ |3

n
i=0j=0

where R, =¥/S. (0, )¢ is the mean value of the peak contribution from mode /. Note that
because of the presence of p, the above relation implicitly depends on 7, Ay and A,, in addition
to Ag. It is easy to show (2) that the ratios p/p; are usually close to unity and slowly decrease
with increasing mode number. When the frequencies of modes making dominant contributions
to the response are not very widely spaced, and when the response itself is not extremely nar-
row banded, for all practical purposes these ratios can be replaced by unity. In that case, Eq. 51
reduces to

_ - R

R,.= ZZpo‘,jR,-TRjT] : (52)

i=0j=0

In the special case of perfect tuning to the fundamental mode with very small mass rgtio and
light damping, the equipment response can be extremely narrow banded, e.g., 8§ <0.1. In that
case the peak factor for the response process, p, can be considerably smaller than the peak fac-
tor for the fundamental mode, p,. Numerical tests have shown that for y;=0.001, {;=0.05,
and {, =0.02, the ratio p/p; can be as small as 0.7. It should be clear that in such cases Eq. 52
would tend to overestimate the equipment response. In spite of its possible conservatism, Eq.
52 can be very useful in practice since it gives the mean of the peak response directly in terms

of the response spectrum ordinates through the modal contributions, R,., without the necessity

of computing the spectral moments, \,,. Furthermore, this result is iddependent of the dufa-
tion 7, except for the dependence implied through the specified input response spectrum.
Finally, it is noted that cross terms in Egs. 51 and 52 can be neglected if the frequencies of the
combined system are well spaced, since po; vanish for such modes. In this case, Eq. 52
réduces to the well known square-root-of-sum-of-squares (SRSS) method for modal combina-

tion.
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It is important to realize that in most equipment-structure systems closely spaced modes
do occur. Thus, the use of the SRSS method for equipment-structure systems is in general
inappropriate and should be avoided. In particular, for tuned and nearly tuned equipment, the
effective participation factors ¥, and ¥, associated with the resulting two closely spaced
modes, are large numbers of opposite sign and nearly equal magnitude. Because of this, the
cross terms associated with these modes are negative and of the same magnitude as the squared
terms associated with the individual modes. Hence, it is clear that the SRSS rule, which
neglects the cross terms, has the potential for severely overestimating the equipment response.
This has been demonstrated in several numerical studies which have indicated that the overesti-
mation can be as much as a factor of 10 or more (4). For these reasons, general use of the

SRSS method for equipment-structure systems is inappropriate.

In a manner similar to that used for determining the mean of the peak response, employ-

ing the relation o =gqog, one obtains for the standard deviation of the peak response

Y

P() if ITRJT (53)

i ?0,20 pip;
The ratios q/ p; in this expression can not be set equal to unity and, hence, all three spectral

moments must be computed to evaluate the standard deviation.

A useful parameter characterizing the response is the response mean frequency,

@ =+/Ay/Ng. Using Eqgs. 48 and 49 in Egs. 34,

non p2 — - Y
zzp_p_Pz,iniTRjrwiwj
o= '=01:0 ”’ fp (54)
~—py,;Ri- R}
,Z%)Eop,p, v

where, for convenience, the numerator and the denominator in the expression have been mul-
tiplied by p. As noted above, in many instances, the ratios p/p; are near unity; then, the

preceding simplifies to
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Y2

EZPZ i Tw w;

=0j=0

ZZPU i

i=0j=0

(55)

a:

Observe that in this case the response mean frequency is the average of the modal frequencies
of the equipment-structure system as weighted by the modal contributions to the response.

This response parameter should be useful in studies concerned with equipment fatigue.

It is observed from Egs. 51-55 that the equipment response quantities are obtained
directly in terms of the ordinates of the response spectrum describing the input into the com-
bined system. Note that the other quantities appearing in these equations are given in terms of
the dynamic properties of the structure alone and of the equipment alone. It is important to
point out that these results are computationally simple and far more comprehensive than any of
the current response spectrum methods for equipment response. Furthermore, these results are
superior to those currently available because they are based on a more realistic model of the
combined system, since they include the equipment-structure interaction, and because they
properly account for the correlation between modal responses. Some of these aspécts have

invariably been neglected in the literature on the equipment-structure problem.

It is useful to examine the mean of the peak response for the special cases discussed in
the previous section in terms of the response spectrum formulation. For simplicity, the ratios
p/p; are discarded in this study. In the special case of perfect tuning to structure mode /, using

Egs. 44 for m =0, the mean peak response is

52 (0, +
,#,[ﬁ,] (4 “\/z(wm]

+rn+1

73
+r;+1”§3 (wa,ca)] (56)

+ [1 2(’)’[+4C )][1¢IBI 2/3 [:#1 i

where it is recalled that w, = (0 4w,)/2=w0,=w, and {,=({+{.)/2. Based on the com-
parison of Eq; 44 with the exact results for a single-degree-of-freedom structure (1), it is con-

jectured that the more appropriate expression for perfect tuning that would account for nonmo-
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dal damping of the combined equipment-structure system would be obtained by replacing £, by

{e =~/ in the denominators on the right-hand side of Eq. 56.

For the case of gross detuning, the corresponding result is

A
2

hd S (@e o) (57

E_‘I‘ + a1

— v, )
R. = 2[73—] 8w, + >y

The preceding relation for the case of gross detuning is equivalent to results obtained in Refs. 6
and 7. However, to the writers’ knowledge, the result in Eq. 56 for the case of perfect tuning

has ne equivalent in the literature.

It should be pointed out that although the results developed here correspond to the
expected value of the responses to an ensemble of input excitations, the simplified expression
for the mean peak response in Eq. 52 should also provide a good approximation for the peak
response to an individual deterministic input because the dispersion in the peak response is
generally small (i.e. 0.1-0.3 coefficient of variation, depending on the response frequency).
Expected errors associated with such an approximation are anticipated to range at most between

10-40 percent.

As indicated in the introduction, the conventional floor spectrum associated with the k-th
degree of freedom (i.e., the k-th floor), which is equivalent to the peak equipment response
ignoring interaction, can easily be generated with the present method. For this purpose, it is
sufficient to set all y; =0 in Eq. 51 or 52 to obtain the ordinate of the mean floor spectrum for
selected values of w, and {,. At tuning, when w, =w;, Eqs 51 and 52 assume an indefinite
form because in that case ¥q/¥,=—V¥,/¥,=00. The proper limit for this special case is

obtained from Eq. 56 by letting vy, =0

_ v, )2
R7= 2['[3—;] S'r2 (wi7€i)+

i#=l

2V2¢,

¥, ]2
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As was indicated after Eq. 56, it would be appropriate to replace ¢, appearihg in the denomina-
tor of the right-hand side of the above equation by {, to account for the effect of nonmodal
damping. In the case of gross detuning, Eq. 57 is the appropriate expression for the floor spec-
trum under all conditions. This equation is equivalent to floor spectrum results for gross

detuning in Refs. 6 and 7. However, Eq. 58 for perfect tuning is new.

It should be observed that with the present method the conventional floor spectrum is
given directly in terms of the modal properties of the structure and the mean response spec-
trum associated with an ensemble of input excitations. This clearly is far more efficient than
the traditional method of generating floor spectra which would involve a multitude of time his-
tory computations for any selected values of the frequency and the damping coefficient of the

floor spectrum.

In light of the results developed in this study, there is in principle no point in using the
conventional floor spectrum method for a single-degree-of-freedom equipment since it ignores
equipment-structure interaction. Nevertheless, in certain practical applications where it is
desired to develop equipment design criteria which is independent of an explicit description of
the structure and the input excitation (e.g., when two different groups perform the structural
design and the equipment evaluation), the floor spectrum method may still be useful. For this
purpose, using the present method, floor spectra including the effect of interaction can be gen-

-erated. Thus, for a typical floor, a family of spectra corresponding to a sequence of equipment
masses can be developed. The equipment designer would then empléy that spectrum which
corresponds to the mass of the equipment under consideration. The floor spectrum might also
be useful for a light multi-degree-of-freedom equipment item that is attached to a single floor.
When the interaction can be neglected, the equipment response can be obtained by modal
superposition using the conventional floor spectrum as the base input in the usual way. When

interaction is significant, it might also be possible to determine the equipment response using
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the family of spectra previously described. However, at this time it is not apparent as to how to
assign to each mode of the equipment the appropriate spectrum from the family. Furthermore,
it is not clear how accurate the response spectrum method will be for a multi-degree-of-
freedom equipment, since the floor response is generally not a wide-band process, as was
assumed in the development of the response spectrum method. These matters require further

research.

NUMERICAL EXAMPLES

As an example structure, a 10-story uniform shear building is considered. Mass, stiffness,
and modal damping coefficients are shown in Fig. 5. Two alternative attachment positions of
the equipment are studied, i.e., one on the fifth floor and one on the tenth floor. The modal
frequencies and the elements of the modal vectors, normalized to give unit modal masses, for

the two attachment points are shown in Table 1. These values are used to determine the
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Figure 5. Example Structure and Equipment
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effective mass ratios, y;, for each of the structure modes for any given equipment mass. In
this study, three values of equipment mass were chosen so as to produce an effective mass ratio
based on the first mode of y;= 0.001, 0.01, and 0.05. These correspond to equipment masses
of m,= 63.4, 634, 3170 slugs, respectively, and to equipment to floor mass ratios of 0.005,

0.053, and 0.264, respectively.

Table 1. Structure Natural Frequencies and Components of
Mode Shapes for Attachment Degrees of Freedom

Mode Freq., rad/sec Elements of Mode Shapes
i W &si $10;
1 6.684 0.297 0.435
2 19.903 —0.341 0.425
3 32.677 0.246 —0.406
4 44.721 -0.378 —0.378
5 55.767 —0.189 —0.341
6 65.566 —0.406 0.297
7 73.901 0.128 —0.246
8 80.585 0.425 0.189
9 85.469 -0.065 -0.129

10 88.444 —0.435 0.065

In order to examine the accuracy of the natural frequencies and mode shapes of the
equipment-structure system as given by Eqgs. 7, 8, 9, 13, 14, and 16, comparisons are made in
Tables 2, 3, and 4 with exact results for the cases of perfect tuning to structure modes 1, 2, and
3, respectively. The exact results were obtained by a direct solution of the eigenvalue problem
for the combined (11-degree-of-freedom) equipment-structure system. To describe the error in
the i-th mode shape, the difference vector A, =®,;“—®," was considered where @, is the exact
mode shape. Rather than listing the elements of this vector, for brevity, only the ratio of its
length to that of the modal vector as normalized by the mass matrix, i.e. the ratio
(A/M"A,/® ™ &)V, is listed in Tables 2 to 4 for each of the modes.

A perusal of Tables 2 to 4 demonstrates that the perturbation procedure generates very
accurate estimates of eigenproperties of the combined equipment-structure system for light

equipment. Even for heavy equipment, e.g., y;=0.05 when the equipment mass is more than
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a Quarter of the floor mass, acceptable accuracy is obtained. Note that errors in both frequen-

cies and mode shapes tend to increase as the equipment of fixed mass is tuned to higher struc-

ture modes.
Table 2. Comparisen of Natural Frequencies and Mode Shapes
of Equipment-Structure System with Exact Values:
Equipment Tuned to 1st Structure Mode
Equipment Attached Equipment Attached
Mass to 5th Floor to 10th Floor
Ratio | Mode :
Y1 Exact Error in Error in Exact Error in Error in
Frequency | Frequency | Mode Shape | Frequency | Frequency | Mode Shape
rad/sec % % rad/sec % %
0 6.579 —0.00 - 0.23 6.580 —0.00 0.16
1 6.790 0.00 0.23 6.790 0.01 0.16
2 19.905 0.00 0.02 19.904 0.00 0.02
3 32.678 0.00 0.00 32.678 0.00 0.00
4 44,722 0.00 0.00 44722 0.00 0.00
0.001 S 55.767 0.00 0.00 55.767 0:00 0.00
6 65.567 0.00 0.00 65.566 0.00 0.00
7 73.901 0.00 0.00 73.901 0.00 0.00
8 80.586 0.00 0.00 80.585 0.00 0.00 .
9 85.469 0.00 0.00 85.469 0.00 - 0.00
10 88.444 0.00 0.00 88.444 0.00 0.00
0 6.354 -0.09 0.72 6.355 -0.06 0.49
1 7.021 0.08 0.74 7.023 0.05 0.50
2 19.920 0.00 0.19 19.915 0.00 0.16
3 32.682 0.00 0.10 32.683 0.00 0.09
4 44.730 0.00 0.09 44725 0.00 0.06
0.01 5 55.768 0.00 0.05 55.769 0.00 0.04
6 65.573 0.00 0.08 65.568 0.00 0.03
7 73.902 0.00 0.04 73.902 0.00 0.02
8 80.591 0.00 0.09 80.586 0.00 0.02
9 85.469 0.00 0.03 85.469 0.00 0.01
10 88.449 0.00 0.08 88.444 0.00 0.00
0 5.959 -0.59 1.65 5.966 —0.40 1.15
1 7.443 0.40 1.73 7.453 0.27 1.22
2 19.986 0.00 0.93 19.963 0.00 0.79
3 32.702 0.00 0.48 32.708 0.00 0.44
4 44,763 0.00 0.45 44741 0.00 0.30
0.05 5 55.775 0.00 0.27 55.779 0.00 0.22
6 65.598 0.00 0.38 65.574 0.00 0.16
7 73.904 0.00 0.20 73.906 0.00 0.12
8 80.614 0.00 0.46 80.588 0.00 0.08
9 85.470 0.00 0.17 85.470 0.00 0.05
10 88.471 0.00 0.42 88.444 0.00 0.03
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Comparison of Natural Frequencies and Mode Shapes

of Equipment-Structure System with Exact Values:

Equipment Tuned to 2nd Structure Mode

Equipment Attached Equipment Attached
Mass to Sth Floor to 10th Floor
Ratio | Mode
Y1 Exact Error in Error in Exact Error in Error in
Frequency | Frequency | Mode Shape | Frequency | Frequency | Mode Shape
rad/sec % % rad/sec % %
1 6.680 0.00 0.02 6.680 0.00 0.01
0 19.544 —0.01 0.11 19.599 0.01 0.25
2 20.267 0.01 0.19 20.214 —0.00 0.17
3 32.684 0.00 0.13 32.685 0.00 0.12
4 44.730 0.00 0.10 44.726 0.00 0.06
0.001 5 55.768 0.00 0.05 55.769 0.00 0.04
6 65.572 0.00 0.07 65.568 0.00 0.03
7 73.902 0.00 0.04 73.902 0.00 0.02
8 80.590 0.00 0.09 80.586 0.00 0.02
9 85.469 0.00 0.03 85.469 0.00 0.00
10 88.449 0.00 0.08 88.444 0.00 0.00
1 6.647 0.00 0.18 6.647 0.00 0.15
0 18.792 -0.11 0.66 18.972 0.04 1.19
2 21.059 0.10 1.12 20.904 -=0.02 0.78
3 32.743 0.00 1.28 32.761 0.00 1.20
4 44.811 0.00 0.98 44.763 0.00 0.65
0.01 5 55.783 0.00 0.53 55.792 0.00 0.43
6 65.628 0.00 0.74 65.582 0.00 0.31
7 73.906 0.00 0.37 73.910 0.00 0.22
8 80.639 0.00 0.87 80.590 0.00 0.16
9 85.470 0.00 0.31 85.471 0.00 0.10
10 88.495 0.00 0.79 88.444 0.00 0.05
1 6.503 0.02 1.67 6.503 0.03 0.73
0 17.585 —1.00 4.49 17.964 0.15 4.17
2 22.475 0.67 1.64 22.168 0.13 4.05
3 32.999 0.01 6.17 33.100 —0.04 592
4 45.164 0.00 4.71 44934 -0.01 3.28
0.05 5 55.849 0.00 2.66 55.895 -0.01 2.20
6 65.877 0.00 3.70 65.646 0.00 1.57
7 73.928 0.00 1.86 73.948 0.00 1.13
8 80.855 —-0.00 441 80.611 - 0.00 0.79
9 85.475 -0.00 1.56 85.480 0.00 0.51
10 88.713 -0.02 4.03 88.446 0.00 0.25
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Table 4. Comparison of Natural Frequencies and Mode Shapes
of Equipment-Structure System with Exact Values:
Equipment Tuned to 3rd Structure Mode
Equipment Attached Equipment Attached
Mass to 5th Floor to 10th Floor
Ratio | Mode
Y1 Exact Error in Error in Exact Error in Error in
Frequency | Frequency | Mode Shape | Frequency | Frequency | Mode Shape
rad/sec % % rad/sec % %

1 6.681 0.00 0.02 6.681 0.00 0.01
2 19.882 0.00 0.23 19.888 0.00 0.01
0 32.251 -0.01 0.24 32.208 0.02 1.05
3 33.103 0.01 0.54 33.171 -0.02 0.82
4 44.763 0.00 0.45 44,741 0.00 0.30
6.001 5 55.773 0.00 0.19 55.776 0.00 0.15
6 65.586 0.00 0.24 65.571 0.00 0.10
7 73.903 0.00 0.12 73.904 0.00 0.07
8 80.601 0.00 0.26 80.586 0.00 0.05
9 85.469 0.00 0.09 85.470 0.00 0.03
10 88.459 0.00 0.23 88.444 0.00 0.01
1 6.650 0.00 0.16 6.650 0.00 0.14
2 19.699 0.00 2.28 19.755 —0.00 1.94
0 31.370 —0.21 1.70 31.296 0.26 4,25
3 33.981 0.23 3.39 34,296 —0.17 2.66
4 45.126 0.01 4.35 44 917 —-0.01 3.01
0.01 5 55.826 0.00 1.91 55.858 —-0.00 1.57
6 65.769 —-0.00 2.41 65.617 -0.00 1.03
7 73.918 0.00 1.16 73.930 -0.00 0.70
8 80.748 —0.00 2.65 80.600 —0.00 0.48
9 85.473 0.00 0.93 85.476 -0.00 0.30
10 88.600 —0.01 2.37 88.445 —0.00 0.15
1 6.514 0.04 0.82 6.515 0.02 0.68
2 18.978 0.01 10.19 19.229 -0.08 8.76
0 30.075 —1.32 7.60 30.038 1.32 12.21
3 35.231 1.70 12.88 36.310 —0.12 11.25
| 4 46.521 0.14 18.58 45734 —0.21 15.03
0.05 5 56.056 0.01 9.29 56.252 -0.08 8.26
6 66.557 0.01 11.80 65.839 -0.03 5.40
7 73.985 0.00 5.74 74.056 -0.02 3.72
8 81.395 -0.00 13.69 80.666 —0.01 2.54
9 85.486 0.00 4.64 85.504 —0.00 1.60
10 89.344 -0.17 12.46 88.452 -0.00 0.79
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To examine the accuracy of the response spectrum method for equipment response
developed herein, an ensemble of 20 simulated ground acceleration time histories with a mean
peak ground acceleration of 0.5¢ and a strong motion duration of 11 seconds were employed.
The bases for generation of these time histories and the computation of their associated mean
ground response spectra are discussed in Ref. 2. A typical member of the ensemble and the

mean ground response spectra are shown in Figs. 6 and 7, respectively. Using these spectra,
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Figure 6. Sample of Simulated Earthquake Ground Motion
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Figure 7. Mean Pseudo-Velocity Spectra for 20 Simulated Earthquakes
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~
statistical measures of the equipment acceleration response (i.e., the root-mean-square, the
mean of the peak, and the standard deviation of the peak) were computed for a continuous
range of equipment frequencies, for the three values of y;, and for two values of equipment

damping, {,=0.02 (Fig. 8) and {,=0.05 (Fig. 9). For brevity, the results are presented only

6 EFFECTIVE MASS EQUIPMENT MASS,
SIMULATION ANALYTICAL RATIO, 7, me (SLUGS)
o _— 0.00I 64.3
o —————— 0.0l 634
PSR 0.05 3170
4 L

EQUIPMENT DAMPING, Ce =0.02

w
EQUIPMENT FREQUENCY , 5> , Hz

Figure 8. Acceleration Response Quantities for Equipment Attached
to 10-th Floor with {, =0.02: oz =root-mean-square;
R, =mean of peak; OR,= standard deviation of peak
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Figure 9. Acceleration Response Quantities for Equipment Attached

to 10-th Floor with {, =0.05: o =root-mean-square;
R,=mean of peak; o R,= standard deviation of peak

for the case of the equipment attached to the 10-th floor of the structure. Results for attach-
ment to the 5-th floor are of the same character. The computation involved determining the
modal spectral moments from Egs. 48-50 which were then used in Eq. 34 to give the spectral
moments of the response. The response measures were then computed in terms of these spec-
tral moments as described in the text following Ea. 34. In particular, the mean and standard

deviation of the peak response were computed from Egs. 51 and 53, respectively. It is noted
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that the simplified expression for the mean, Eq. 52, gave more or less the same results as Eq.
51 except at tuning to the first mode of the structure when up to 30 percent overestimation was
observed for the lightest equipment mass. As indicated before, this is a consequence of the

narrow-bandedness of the equipment response process for that case.

To provide a basis for comparison, ensembles of "exact" peak responses were computed
for selected values of the equipment frequency by means of time-history analyses of the com-
bined equipment-structure system for the simulated ground motions. A matrix time marching
algorithm rather than a modal approach was used in this computation so as not to introduce any
error due to nonmodal damping. Means and standard deviations of these ensembles were com-
puted and are shown in Figs. 8 and 9 by various symbols for the three values of y;. The agree-

ment between the analytical and the simulated results is remarkable.

From Figs. 8 and 9 the effect of equipment-structure interaction on the equipment
response is seen to be significant. For example, with the equipment damping equal to 0.02,
there is about 30 percent reduction in the mean peak equipment response at tuning when v is
increased from 0.001 to 0.01. For the damping values considered, further reduction in the
mass ratio below 0.001 did not cause any significant increase in the mean peak response. Thus,
the mean peak response curves in Figs. 8 and 9 associated with y;=0.001 (m, =63.4 slugs)
essentially represent the conventional floor spectra. The other curves, i.e. those associated with
v1=0.01 (m, =634 slugs) and y;=0.05 (m, =3170 slugs) may be considered as floor spectra
which include the effect of equipment-structure interaction. These spectra could be used
directly by the equipment analyst to design any equipment item having a prescribed mass, fre-

quency, and damping.

Another quantity of the equipment response that would be of interest to the analyst is the
response mean frequency, o, whic;h provides an estimate of the number of cycles of oscillation.
As indicated before, this quantity would be useful in studies concerning equipment fatigue.
Using Eq. 54, this quantity for the acceleration response has been computed in terms of the

input response spectrum for the equipment attached to the 10-th floor of the structure and is
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plotted in Fig. 10 for two damping values cf-the equipment. It is seen that the response mean
frequency, , is slightly higher than the equipment frequency, w,, when w, is less than the
fundamental frequency of the structure and tends to be less than w, when w, is greater than

the fundamental frequency of the structure. An interesting observation is that @ tends to
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Figure 10. Mean Frequency of Acceleration Response for Equipment
Attached to 10-th Floor
approach closer to w, when tuning occurs. This is a consequence of the fact that  is an aver-

age of the modal frequencies as weighted by the modal contributions to the response, and at

tuning the tuning modes, which have frequencies close to @,, make dominant contributions.

SUMMARY AND CONCLUSIONS

A simple and accurate method is developed to estimate the response of light equipment in
structures subjected to random excitations, such as earthquake ground motions. The method
employs perturbation techniques to determine the dynamic properties of the combined
equipment-structure system in terms of those of the structure alone and of the equipment
alone. These derived properties are used to determine the equipment response by a modal
superposition technique which accounts for cross-correlation between modal responses. The

results include the effect of equipinent-struciure interaction, which is particularly significant
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when the equipment is tuned to a natural frequency of the structure. Two characterizations of
the input excitation are employed; namely, the power spectral density approach for a stationary
input and the response spectrum approach for earthquake-type excitations. Various statistical
measures of the equipment response including its root-mean-square and that of its time deriva-
tive, and the mean, the standard deviation and the cumulative distribution function of the peak
response over a specified duration, are obtained in terms of the dynamic properties of the two
subsystems separately and the description of the input excitation. In the case of the response
spectrum approach, which is of particular interest in practical applications in earthquake
engineering, the equipment response is given in terms of the response speqtrum associated with

the input ground motion.

The method developed generates as a special case the conventional floor spectrum by sim-
ply setting the equipment mass equal to zero, which is equivalent to neglecting equipment-
structure interaction. More generally, the method produces floor spectra which include the

effect of interaction and are as easily applicable in practice as is the conventional spectra.

A comprehensive numerical study employing a 10-degree-of-freedom example structure is
presented. The results demonstrate the accuracy of the methodology in generating the eigen-
properties of the combined equipment-structure system and in estimating the response of the
equipment. It is found that in a variety of situations, the equipment-structure interaction is

significant and must be taken into account.
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APPENDIX I.-CROSS-SPECTRAL MOMENTS FOR RESPONSE TO WHITE NOISE

Cross-spectral moments of normal coordinates corresponding to response to a stationary

excitation can be expressed as

)‘m,ij = Pm.jV )‘m,ii)\m.jj, m=0,1,2 (59

For the case of response to white noise input, from Ref. 3 or 10

(60)
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(62)

where G is the constant amplitude of the power spectral density. Exact expressions for p,, ;;

for this case were given in Ref., 3, which for small damping were shown to reduce to
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APPENDIX III.- NOTATION

The following symbols are used in this report:

a=rfog

normalized response level;

damping matrix of structure alone;

damping matrix of combined system;

element of C;

diagonal matrix with elements M;;

zero-mean stationary input process;

cumulative probability distribution function of R ;

one-sided power spectral density of input process;
one-sided power spectral density of equipment response;
complex frequency-response function for mode /;
stiffness matrix of structure alone;

stiffness matrix of combined system;

element of K;~

mode number of structure to which equipment is tuned;
mass matrix of structure alone;

mass matrix of combined system;

i-th modal mass of structure alone;

i-th modal mass of combined system;

element of M;

mass of equipment;

number of degrees of freedom of structure;

peak factors for equipment response;

peak factors for response in mode 7 ;

equipment response;

contribution of mode / to equipment response;

peak of R (t) over 7;

mean of R

mean of peak contribution of mode / to equipment response;
influence vector for structure alone;

influence vector for combined system;

measure of modification of frequencies and mode shapes;
element of R and R

element of R associated with equipment degree of freedom;
i-th normal coordinate of combined system,

response spectrum ordinate at frequency w and damping ¢;
modal amplification factor relative to attachment point for mode i ;
detuning parameter associated with mode i ;

participation factor associated with /-th mode of structure;
participation factor associated with i-th mode of combined system;
effective mass ratio associated with mode /;

difference vector associated with mode /;

power spectral density shape factor;

an effective value of 8;

shape factor for response in mode /;

constant associated with A ,,,;

arithmetic mean of ¢, and {;;

damping coefficient of equipment;

geometric mean of {, and {;;

i-th modal damping coefficient of structure alone;
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i-th modal damping coefficient of combined system;

m-th spectral moment of equipment response;

m-th spectral moment associated with w, and {,;

m-th spectral moment associated with w, and ¢,;

m-th cross spectral moment associated with modes / and j of structure alone;
m-th cross spectral moment associated with modes / and j of combined system;
mean zero-crossing rate of R (1);

reduced mean zero-crossing rate;

mean zero-crossing rate associated with mode i/ ;

cross-correlation coefficient between modal responses of combined system;
root-mean-square of R (¢);

root-mean-square of time-derivative of R (¢);

standard deviation of R,;

duration of stationary excitation;

modal matrix of structure alone;

modal matrix of combined system;

i-th columns of ® and ®", respectively;

exact value of ®;%;

m-th elements of ®; and ®,’, respectively;

effective participation factor for attachment point for /-th mode of structure alone;
effective participation factor for i-th mode of combined system;
frequency;

response mean frequency;

arithmetic mean of o, and w;

equipment frequency;

i-th modal frequency of structure alone;

i-th modal frequency of combined system,;
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"Stochastic Inelastic Regponse of Offshore Towers to Strong Motion Earthquakes," by M.K. Kaul -1972
(PB 215 713)A05

"Cyclic Behavior of Three Reinforced Concrete Flexural Members with High Shear," by E.P. Popov, V.V. Bertero
and H. Krawinkler - 1972 (PB 214 555)A05

"Earthquake Response of Gravity Dams Including Reservoir Interaction Effects,” by P. Chakrabarti and
A.K. Chopra - 1972 (AD 762 330)A08

"Dynamic Properties of Pine Flat Dam," by D. Rea, C.Y. Liaw and A.K. Chopra -1972 (AD 763 928)A05
"Three Dimensional Analysis of Building Systems," by E.L. Wilson and H.H. Dovey - 1972 (PB 222 438)A06

"Rate of Loading Effects on Uncracked and Repaired Reinforced Concrete Members," by S. Mahin, V.V. Bertero,
D. Rea and M. Atalay - 1972 (PB 224 520)A08

“Computer Program for Static and Dynamic Analysis of Linear Structural Systems," by E.L. Wilson, K.-J. Bathe,
J.E. Peterson and H,H.Dovey - 1972 (PB 220 437)A04

"Literature Survey - Seismic Effects on Highway Bridges," by T. Iwasaki, J. Penzien and R.W. Clough - 1972
(PB 215 613)Al9

"SHAKE-A Computer Program for Earthquake Response Analysis of Horizontally Layered Sites," by P.B. Schnabel
and J. Lysmer - 1972 (PB 220 207)A06
"Optimal Seismic Design of Multistory Frames," by V.V. Bertero and H. Kamil - 1973

"Analysis of the Slides in the San Fernando Dams During the Earthquake of February 9, 1971," by H.B. Seed,
K.L. Lee, I.M. Idriss and F. Makdisi - 1973 (PB 223 402)Al4
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EERC 73~3 "Computer Aided Ultimate Load Design of Unbraced Multistory Steel Frames," by M.B. El-Hafez and G.H. Powell
1973 (PB 248 315)A09

EERC 73-4 "Experimental Investigation into the Seismic Behavior of Critical Regions of Reinforced Concrete Components
as Influenced by Moment and Shear," by M. Celebi and J. Penzien - 1973 (PB 215 884)A09

EERC 73-5 "Hysteretic Behavior of Epoxy-Repaired Reinforced Concrete Beams," by M. Celebi and J. Penzien - 1973
(PB 239 568)A03

EERC 73-6 "General Purpose Computer Program for Inelastic Dynamic Response of Plane Structures,” by A. Kanaan and
G.H. Powell - 1973 (PB 221 260)A08

EERC 73-7 "A Computer Program for Earthquake Analysis of Gravity Dams Including Reservoir Interaction," by
P. Chakrabarti and A.K. Chopra - 1973 (AD 766 271)A04

EERC 73-8 “Behavior of Reinforced Concrete Deep Beam-Column Subassemblages Under Cyclic Loads," by O. Kustu and
J.G. Bouwkamp - 1973 (PB 246 117)al2

EERC 73-9 "Earthquake Analysis of Structure-Foundation Systems,"” by A.K. Vaish and A.K. Chopra - 1973 (AD 766 272)207
EERC 73-10 ‘“"Deconvolution of Seismic Response for Linear Systems," by R.B. Reimer - 1973 (PB 227 179)A08

EERC 73-11 "SAP IV: A Structural Analysis Program for Static and Dynamic Response of Linear Systems," by K.~J. Bathe,
E.L. Wilson and F.E. Peterson - 1973 (PB 221 967)A09

EERC 73-12 "Analytical Investigations of the Seismic Response of Long, Multiple Span Highway Bridges," by W.S. Tseng
and J. Penzien - 1973 (PB 227 816)Al0

EERC 73-13 "“Earthquake Analysis of Multi~Story Buildings Including Foundation Interaction,” by A.K. Chopra and
J.A. Gutierrez - 1973 (PB 222 970)A03

EERC 73-14 "ADAP: A Computer Program for Static and Dynamic Analysis of Arch Dams," by R.W. Clough, J.M. Raphael and
S. Mojtahedi - 1973 (PB 223 763)A09

EERC 73-15 "Cyclic Plastic Analysis of Structural Steel Joints," by R.B. Pinkney and R.W. Clough - 1973 (PB 226 843)A08

EERC 73-16 "QUAD-4: A Computer Program for Evaluating the Seismic Response of Soil Structures by Variable Damping
Finite Element Procedures," by I.M. Idriss, J. Lysmer, R. Hwang and H.B. Seed - 1973 (PB 229 424)A05

EERC 73~17 "Dynamic schavior of a Multi-Story Pyramid Shaped Building," by R.M. Stephen, J.P. Hollings and
J.G. Bouwkamp - 1973 (PB 240 718)A06

BERC 73-18 "Effect of Different Types of Reinforcing on Seismic Behavior of Short Concrete Columns," by V.V. Bertero,
J. Hollings, O. Kust, R.M. Stephen and J.G. Bouwkamp - 1973

EERC 73-19 "Olive View Medical Center Materials Studies, Phase I," by B. Bresler and V.V. Berteroc - 1973 (PB 235 986)A06

EERC 73-20 “Linear and Nonlinear Seismic Analysis Computer Programs for Long Multiple-Span Highway Bridges," by
W.S. Tseng and J. Penzien - 1973

EERC 73-21 "Constitutive Models for Cyclic Plastic Deformation of Engineering Materials," by J.M. Kelly and P.P. Gillis
1973 (PB 226 024)A03

EERC 73-22 "DRAIN - 2D User’s Guide," by G.H. Powell - 1973 (PB 227 016)A05
EERC 73-23 "Earthquake Engineering at Berkeley - 1973," (PB 226 033)All
EERC 73-24 Unassigned

EERC 73-25 "Earthquake Response of Axisymmetric Tower Structures Surrounded by Water," by C.Y. Liaw and A.K. Chopra
1973 (AD 773 052)A09

EERC 73-26 "Investigation of the Failures of the Olive View Stairtowers During the San Fernando Earthquake and Their
Implications on Seismic Design," by V.V. Bertero and R.G. Collins - 1973 (PB 235 106)Al3

EERC 73-27 “Further Studies on Seismic Behavior of Steel Beam~Column Subassemblages," by V.V. Bertero, H. Krawinkler
and E.P. Popov - 1973 (PB 234 172)A06
EERC 74-1 "Seismic Risk Analysis," by C.S. Oliveira - 1974 (PB 235 920}A06

EERC 74-2 "Settlement and Liquefaction of Sands Under Multi-Directional Shaking," by R. Pyke, C.K., Chan and H.B. Seed
1974

EERC 74-3  "Optimum Design of Earthquake Resistant Shear Buildings," by D. Ray, K.S. Pister and A.K, Chopra - 1974
(PB 231 172)A06 '

EERC 74-4 "LUSH - A Computer Program for Complex Response Analysis of Soil-Structure Systems," by J. Lysmer, T, Udaka,
H.B. Seed and R, Hwang - 1974 (PB 236 796)A05
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"Sensitivity Analysis for Hysteretic Dynamic Systems: BApplications to Earthquake Engineering," by D. Ray
1974 (PB 233 213)A06

"Soil Structure Interaction Analyses for Evaluating Seismic Response," by H.B. Seed, J. Lysmer and R. Hwang
1974 (PB 236 519)A04

Unassigned
"Shaking Table Tests of a Steel Frame - A Progress Report," by R.W. Clough and D. Tang - 1974 (PB 240 869)A03

"Hysteretic Behavior of Reinforced Concrete Flexural Members with Special Web Reinforcement," by
V.V. Bertero, E.P. Popov and T.Y. Wang - 1974 (PB 236 797)A07

"Applications of Reliability-Based, Global Cost Optimization to Design of Earthquake Resistant Structures,"
by E. Vitiello and K.S. Pister - 1974 (PB 237 231)A06

"Liquefaction of Gravelly Soils Under Cyclic Loading Conditions,”™ by R.T. Wong, H.B. Seed and C.K. Chan
1974 (PB 242 042)A03

"Site-Dependent Spectra for Earthquake-Resistant Design," by H.B. Seed, C. Ugas and J. Lysmer - 1974
(PB 240 953)A03

"Earthquake Simulator Study of a Reinforced Concrete Frame," by P. Hidalgo and R.W. Clough - 1974
(PB 241 944)Al13

"Nonlinear Earthquake Response of Concrete Gravity Dams," by N. Pal -1974 (AD/A 006 583)AC6

"Modeling and Identification in Nonlinear Structural Dynamics - I. One Degree of Freedom Models," by

N. Distefano and A. Rath -1974 (PB 241 548)A06

"Determination of Seismic Design Criteria for the Dumbarton Bridge Replacement Structure,Vol.I: Description,
Theory and Analytical Modeling of Bridge and Parameters," by F. Baron and S.-H. Pang - 1975 (PB 259 407)Al15
"Determination of Seismic Design Criteria for the Dumbarton Bridge Replacement Structure,Vol.II: Numerical

Studies and Establishment of Seismic Design Criteria," by F. Baron and S.~H. Pang - 1975 (PB 259 408)All
(For set of EERC 75-1 and 75-2 (PB 250 406))

"Seismic Risk Analysis for a Site and a Metropolitan Area," by C.S. Oliveira - 1975 (PB 248 134)A09

"Analytical Investigations of Seismic Response of Short, Single or Multiple-Span Highway Bridges," by
M.-C. Chen and J. Penzien - 1975 (PB 241 454)A09

"An Evaluation of Some Methods for Predicting Seismic Behavior of Reinforced Concrete Buildings," by S.A.
Mahin and V.V. Bertero - 1975 (PB 246 306)Alé

"Earthquake Simulator Study of a Steel Frame Structure, Vol. I: Experimental Results,” by R.W. Clough and
D.T. Tang - 1975 (PB 243 981)Al13

"Dynamic Properties of San Bernardino Intake Tower," by D. Rea, C.-Y. Liaw and A.K. Chopra - 1975 (AD/A008 406)
A05 ‘

"Seismic Studies of the Articulation for the Dumbarton Bridge Replacement Structure, Vol. I: Description,
Theory and Analytical Modeling of Bridge Components," by F. Baron and R.E. Hamati - 1975 (PB 251 539)A07

"Seismic Studies of the Articulation for the Dumbarton Bridge Replacement Structure, Vol. 2: Numerical
Studies of Steel and Concrete Girder Alternates," by F. Baron and R.E. Hamati - 1975 (PB 251 540)Aal0

"Static and Dynamic Analysis of Nonlinear Structures,” by D.P. Mondkar and G.H. Powell - 1975 (PB 242 434)A08
"Hysteretic Behavior of Steel Columns," by E.P. Popov, V.V. Bertero and S. Chandramouli - 1975 (PB 252 365)All
"Earthquake Engineering Research Center Library Printed Catalog," - 1975 (PB 243 711)A26

"Three Dimensional Analysis of Building Systems (Extended Version)," by E.L. Wilson, J.P. Hollings and
H.H. Dovey - 1975 (PB 243 989)A07

"Determination of Soil Liquefaction Characteristics by Large-Scale Laboratory Tests," by P. De Alba,
C.K. Chan and H.B. Seed ~ 1975 (NUREG 0027)A08

"A Literature Survey - Compressive, Tensile, Bond and Shear Strength of Masonry," by R.L. Mayes and R.W.
Clough - 1975 (PB 246 292)Al0

"Hysteretic Behavior of Ductile Moment Resisting Reinforced Concrete Frame Components," by V.V. Bertero and
E.P. Popov -1975 (PB 246 388)A05

"Relationships Between Maximum Acceleration, Maximum Velocity, Distance from Source, Local Site Conditions
for Moderately Strong Earthquakes," by H.B. Seed, R. Murarka, J. Lysmer and I.M. Idriss -1975 (PB 248 172)A03

"The Effects of Method of Sample Preparation on the Cyclic Stress-Strain Behavior of Sands," by J. Mulilis,
C.K. Chan and H.B. Seed - 1975 (Summarized in EERC 75-28)
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“The Seismic Behavior of Critical Regions of Reinforced Concrete Components as Influenced by Moment, Shear
and Axial Force," by M.B. Atalay and J. Penzien - 1975 (PB 258 842}All

"Dynamic Properties of an Eleven Story Masonry Building," by R.M. Stephen, J.P. Hollings, J.G. Bouwkamp and
D. Jurukovski - 1975 (PB 246 945)A04

"State-of-the-Art in Seismic Strength of Masonry - An Evaluation and Review," by R.L. Mayes and R.W. Clough
1975 (PB 249 040)A07

"Frequency Dependent Stiffness Matrices for Viscoelastic Half-Plane Foundations," by A.K. Chopra,
P. Chakrabarti and G. Dasgupta - 1975 (PB 248 121)AQ7

"Hysteretic Behavior of Reinforced Concrete Framed Walls,” by T.Y. Wong, V.V. Bertero and E.P. Popov - 1975
"Testing Facility for Subassemblages of Frame-Wall Structural Systems," by V.V. Bertero, E.P. Popov and
T. Endo - 1975

"Influence of Seismic History on the Liquefaction Characteristics of Sands," by H.B. Seed, K. Mori and
C.K. Chan - 1975 (Summarized in EERC 75-28)

“The Generation and Dissipation of Pore Water Pressures during Soil Liquefaction,” by H.B. Seed, P.P. Martin
and J. Lysmer - 1975 (PB 252 648)A03

"Identification of Research Needs for Improving Aseismic Design of Building Structures," by V.V. Bertero
1975 (PB 248 136)A05

“Evaluation of Soil Liquefaction Potential during Earthquakes," by H.B. Seed, I. Arango and C.K. Chan -1975
(NUREG 0026)A13

"Representation of Irreqular Stress Time Histories by Equivalent Uniform Stress Series in Liquefaction
Analyses," by H.B. Seed, I.M. Idriss, F. Makdisi and N. Banerjee - 1975 (PB 252 635)A03

"FLUSH - A Computer Program for Approximate 3-D Analysis of Soil-Structure Interaction Problems," by
J. Lysmer, T. Udaka, C.-F. Tsai and H.B. Seed - 1975 (PB 259 332)A07

"ALUSH - A Computer Program for Seismic Response Analysis of Axisymmetric Soil-Structure Systems,'" by
E. Berger, J. Lysmer and H.B. Seed - 1975

"TRIP and TRAVEL - Computer Programs for Soil-~Structure Interaction Analysis with Horizontally Travelling
Waves," by T. Udaka, J. Lvsmer and H.B. Seed - 1975

"Predicting the Performance of Structures in Regions of High Seismicity," by J. Penzien ~ 1975 (PB 248 130)A03

"Efficient Finite Element Analysis of Seismic Structure - Soil - Direction," by J. Lysmer, H.B. Seed, T. Udaka,
R.N. Hwang and C.~F. Tsal - 1975 (PB 253 570)A03

"The Dynamic Behavior of a First Story Girder of a Three-Story Steel Frame Subjected to Earthquake Loading,”
by R.W. Clough and L.-Y. Li - 1975 (PB 248 841)A05

"Earthquake Simulator Study of a Steel Frame Structure, Volume II -Analytical Results,"” by D.T. Tang - 1975
(PB 252 926)A10

"ANSR-I General Purpose Computer Program for Analysis of Non-Linear Structural Response,” by D.P. Mondkar
and G.H. Powell - 1975 (PB 252 386)A08

"Nonlinear Response Spectra for Probabilistic Seismic Design and Damage Assessment of Reinforced Caoncrete
Structures," by M, Murakami and J. Penzien - 1975 (PB 259 530)A05

"Study of a Method of Feasible Directions for Optimal Elastic Design of Frame Structures Subjected to Earth-
quake Loading," by N.D. Walker and K.S. Pister - 1975 (PB 257 781)A06

"An Alternative Representation of the Elastic-Viscoelastic Analogy," by G.. Dasgupta and J.L. Sackman - 1975
(PB 252 173)A03

"Effect of Multi-Directional Shaking on Liquefaction of Sands," by H.B. Seed, R. Pyke and G.R. Martin -1975
(PB 258 781)A03
"Strength and Ductility Evaluation of Existing Low-Rise Reinforced Concrete Buildings - Screening Method," by

T. Okada and B. Bresler ~1976 (PB 257 906)All

"Experimental and Analytical Studies on the Hysteretic Behavior of Reinforced Concrete Rectangular and
T-Beams," by S.-Y.M. Ma, E.P. Popov and V.V. Bertero - 1976 (PB 260 843)Al2

"Dynamic Behavior of a Multistory Triangular-Shaped Building," by J. Petrovski, R.M. Stephen, E. Gartenbaum
and J.G. Bouwkamp - 1976 (PB 273 279)A07

"Earthquake Induced Deformations of Earth Dams," by N. Serff, H.B. Seed, F.I. Makdisi & C.-Y. Chang - 1976
(PB 292 065)A08
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"Analysis and Design of Tube-Type Tall Building Structures," by H. de Clercq and G.H. Powell - 1976 (PB 252 220)
Alo

"Time and Frequency Domain Analysis of Three-Dimensional Ground Motions, San Fernando Earthquake,"” by T. Kubo
and J. Penzien (PB 260 556)All

"Expected Performance of Uniform Building Code Design Masonry Structures,” by R.L. Mayes, Y. Omote, S.W. Chen
and R.W. Clough - 1976 (PB 270 098)A05

"Cyclic Shear Tests of Masonry Piers, Volume 1 - Test Results," by R.L. Mayes, Y. Omote, R.W.
Clough - 1976 (PB 264 424)A06

"A Substructure Method for Earthquake Analysis of Structure - Soil Interaction," by J.A. Gutierrez and
A.K. Chopra - 1976 (PB 257 783)A08

"Stabilization of Potentially Liquefiable Sand Deposits using Gravel Drain Systems," by H.B. Seed and
J.R. Booker - 197¢ (PB 258 820)A04

"Influence of Design and Analysis Assumptions on Computed Inelastic Response of Moderately Tall Frames," by
G.H. Powell and D.G. Row- 1976 (PB 271 409)A06

"Sensitivity Analysis for Hysteretic Dynamic Systems: Theory and Applications," by D. Ray, K.S. Pister and
E. Polak -~ 1976 (PB 262 859)A04

"Coupled Lateral Torsiocnal Response of Buildings to Ground Shaking,"” by C.L. Kan and A.K. Chopra -
1976 (PB 257 907)A09

"Seismic Analyses of the Banco de America," by V.V. Bertero, S.A. Mahin and J.A. Hollings - 1976

"Reinforced Concrete Frame 2: Seismic Testing and Analytical Correlation," by R.W. Clough and
J. Gidwani ~ 1976 (PB 261 323)A08

"Cyclic Shear Tests of Masonry Piers, Volume 2 - Analysis of Test Results,” by R.L. Mayes, Y. Omote
and R.W. Clough - 1976

"Structural Steel Bracing Systems: Behavior Under Cyclic Loading," by E.P. Popov, K. Takanashi and
C.W. Roeder - 1976 (PB 260 715)A05

"Experimental Model Studies on Seismic Response of High Curved Overcrossings,” by D. Williams and
W.G. Godden - 1976 (PB 269 548)A08

"Effects of Non-Uniform Seismic Disturbances on the Dumbarton Bridge Replacement Structure," by
F. Baron and R.E. Hamati - 1976 (PB 282 981)Alé

"Investigation of the Inelastic Characteristics of a Single Story Steel Structure Using System
Identification and Shaking Table Experiments," by V.C. Matzen and H.D. McNiven - 1976 (PB 258 453)A07

"Capacity of Columns with Splice Imperfections," by E.P. Popov, R.M. Stephen and R. Philbrick - 1976
(PB 260 378)A04

“"Response of the Olive View Hospital Main Building during the San Fernando Earthquake," by S. A. Mahin,
V.V. Bertero, A.K. Chopra and R. Collins - 1976 (PB 271 425)al4

"A Study on the Major Factors Influencing the Strength of Masonry Prisms," by N.M. Mostaghel,
R.L. Mayes, R. W. Clough and S.W. Chen - 1976 (Not published)

"GADFLEA ~ A Computer Program for the Analysis of Pore Pressure Generation and Dissipation during
Cyclic or Earthquake Loading," by J.R. Booker, M.S. Rahman and H.B. Seed - 1976 (PB 263 947)A04

"Seismic Safety Evaluation of a R/C School Building," by B. Bresler and J. Axley - 1976

"Correlative Investigations on Theoretical and Experimental Dynamic Behavior of a Model Bridge
Structure," by K. Kawashima and J. Penzien - 1976 (PB 263 388)All

"Barthquake Response of Coupled Shear Wall Buildings," by T. Srichatrapimuk - 1976 (PB 265 157)A07
"Tensile Capacity of Partial Penetrélion Welds," by E.P. Popov and R.M. Stephen - 1976 (PB 262 899)A03

"Analysis and Design of Numerical Integration Methods in Structural Dynamics,” by H.M. Hilber - 1976
(PB 264 410)A06

"Contribgtion of a Floor System to the Dynamic Characteristics of Reinforced Concrete Buildings," by
L.E. Malik and V.V. Bertero - 1976 (PB 272 247)al3

"The Effects of Seismic Disturbances on the Golden Gate Bridge," by F i
. Baron, M. Arik d R.E. H ti -
1976 (PB 272 279)209 9o ' an and R.E. Hamati

"Infilled Frames in Earthquake Resistant Construction," by R.E. Klingner and V.V. Bertero - 1976
(PB 265 892)Al3
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"PLUSH ~ A Computer Program for Probabilistic Finite Element Analysis of Seismic Soil-Structure Inter-
action," by M.P. Romo Organista, J. Lysmer and H.B. Seed - 1977

"Soil-Structure Interaction Effects at the Humboldt Bay Power Plant in the Ferndale Earthquake of June
7, 1975," by J.E. Valera, H.B. Seed, C.F. Tsai and J. Lysmer - 1977 (PB 265 795)A04

"Influence of Sample Disturbance on Sand Response to Cyclic Loading," by K. Mori, H,B. Seed and C.K.
Chan - 1977 (PB 267 352)A04

"Seismological Studies of Strong Motion Records,” by J. Shoja-Taheri - 1977 (PB 269 655)Al0

"Testing Facility for Coupled-Shear Walls," by L. Li-Hyung, V.V. Bertero and E.P. Popov -~ 1977

"Developing Methodologies for Evaluating the Earthquake Safety of Existing Buildings," by No. 1 -
B. Bresler; No. 2 - B, Bresler, T. Okada and D. 2Zisling; No. 3 - T. Okada and B. Bresler; No. 4 ~ V.V.
Bertero and B. Bresler -~ 1977 (PB 267 354)A08

"A Literature Survey - Transverse Strength of Masonry Walls," by Y. Omote, R.L. Mayes, S.W. Chen and
R.W. Clough - 1977 (PB 277 933)A07

"DRAIN-TABS: A Computer Program for Inelastic Earthquake Response of Three Dimensional Buildings," by
R. Guendelman-Israel and G.H. Powell - 1977 (PB 270 6€93)A07

"SUBWALL: A Special Purpose Finite Element Computer Program for Practical Elastic Analysis and Design
of Structural Walls with Substructure Option," by D.Q. Le, H. Peterson and E.P. Popov - 1977
(PB 270 567)A05

"Experimental Evaluation of Seismic Design Methods for Broad Cylindrical Tanks," by D.P. Clough
(PB 272 280)al13

"Earthquake Engineering Research at Berkeley - 1976," - 1977 (PB 273 507)A09

"Automated Design of Earthquake Resistant Multistory Steel Building Frames," by N.D. Walker, Jr. - 1977
(PB 276 526)A09

"Concrete Confined by Rectangular Hoops Subjected to Axial Loads," by J. Vallenas, V.V. Bertero and
E.P. Popov -~ 1977 (PB 275 165)A06

"Seismic Strain Induced in the Ground During Earthquakes," by Y. Sugimura - 1977 (PB 284 201)A04

"Bond Deterioration under Generalized Loading," by V.V. Bertero, E.P. Popov and S. Viwathanatepa - 1977

"Computer Aided Optimum Design of Ductile Reinforced Concrete Moment Resisting Frames," by S.W.
Zagajeski and V.V. Bertero - 1977 (PB 280 137)A07

"Earthquake Simulation Testing of a Stepping Frame with Energy-Absorbing Devices,"” by J.M. Kelly and

D.F. Tsztoo - 1977 (PB 273 506)A04

"Inelastic Behavior of Eccentrically Braced Steel Frames undexr Cyclic Loadings,” by C.W. Roeder and
E.P. Popov - 1977 (PB 275 526)Al5

"A Simplified Procedure for Estimating Earthquake-Induced Deformations in Dams and Embankments," by F.I.
Makdisi and H.B. Seed - 1977 (PB 276 820)A04

"The Performance of Earth Dams during Earthguakes," by H.B. Seed, F.I. Makdisi and P. de Alba - 1977

(PB 276 821)A04

"Dynamic Plastic Analysis Using Stress Resultant Finite Element Formulation," by P. Lukkunapvasit and
J.M, Kelly - 1977 (PB 275 453)A04

"Preliminary Experimental Study of Seismic Uplift of a Steel Frame," by R.W. Clough and A.A. Huckelbridge
1977 (PB 278 769)A08

“"Earthguake Simulator Tests of a Nine-Story Steel Frame with Columns Allowed to Uplift," by A.A.
Huckelbridge - 1977 (PB 277 944)A09

"Nonlinear Soil-Structure Interaction of Skew Highway Bridges," by M.-C. Chen and J. Penzien - 1977
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