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ABSTRACT

This report presents the optimum design for various plane steel

structures, a component of 3-D systems, subjected to the multicomponent

input of static loads, dynamic forces, and seismic excitations for the

purpose of: 1) examining the effect of the interaction of ground motions

on their relative stiffness requirements, overall stiffne~s distribution

at critical regions, and on the entire system, 2) selecting suitable

structural systems for certain types of loads, and 3) providing member

properties for detailed design. The structural systems that have been

studied are trusses, unbraced, single-braced, double-braced, and K-braced

frameworks in which the constituent members are bar elements for bracings

and truss-members and beam-column elements for columns and girders.

The beam-column elements are either the built-up sections or the hot

rolled wide flange sections available in the AISC Steel Construction

Manual. The structures can be subjected to static loads, dynamic

forces, and horizontal and vertical ground motions. The dynamic forces

and the seismic excitations can be used on the basis of either direct

integrations or response spectra. In addition, the equivalent lateral

seismic force recommended by the Uniform Building Code can also be used

for the design.

The recommended design method is based on an optimal criterion and

a recursion relation for which the behavior constraints of static and

dynamic displacements and stiffnesses as well as the constraints of

natural frequencies are presented. Other constraints are the desirable

sizes of the members and the limitation on the difference between the

maximum and minimum moments of inertie. of any given system.



The structural formulation, which is based on the displacement

method, takes into consideration the consistent mass formulation and

the second-order effect resulting from the static and dynamic forces

that act axially on the columns. The columns and girders are con

sidered to have axial and bending deformations, thus each node of

a structural system has three degrees of freedom. Various displace

ment constraints can be applied to individual nodes with any specific

numbers. A sophisticated computer program designated as ODSEWS

(Qptimum Qesign of ~tatic, Iarthquake, and ~ind ~tructures) has been

developed for the design of static loads, dynamic forces, and seismic

excitations, as well as for any combination of these.

Fifteen"'-story, one-bay unbraced, single-braced, double-braced,

and K-braced framed structures have been designed for the multi

component input of static loads an~ seismic excitations. It has

been found that the K-braced system provides better serviceability

than any other system for multicomponent ground motions. It also

has been found that the first three modes are needed for a structural

design subjected to one horizontal ground motion only; however, the

first five modes are necessary for designing a structure subjected

to the interaction of horizontal and vertical motions.

The Uniform Building Code underestimates the total shear forces,

and the design based on the equivalent seismic forces provided by

the Code yields a much lighter weight than that obtained by using

either actual earthquake records or the average response spectra.

A heavier sturctural design is needed to withstand the effect of a

vertical ground motion that is combined with a horizontal earthquake



horizontal earthquake and a second~order P-6 effect than for a

horizontal earthquake acting alone. Apparently the material savings

in the design are of great interest; however, the most important

point is the scientific approach of determining the stiffness

distribution of various structural systems subjected to different

loading conditions. The scientific design method, which can always

provide the required stiffnesses and satisfy the designer's given

constraints, is considered much better than the conventional design

technique based on the trial and trial process by using either

desk calculators or analysis computer programs.
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I. INTRODUCTION

A. OBJECTIVES

It has long been recognized that there is an urgent need for the

development of more efficient computer programs for seismic structural

design. The methods for these programs should be more rational and

reliable than those that are now commonly used and based on conventional

trial and error processes. Recent progress in computer technology has,

however, led to the development of some sophisticated computer programs

that can be used to analyze complex structures. When these programs

are used for design, the relative stiffnesses of the constituent

members must first be assumed. If these preliminary stiffnesses are

not correctly determined, in spite of the program1s sophistication,

repeated analyses can only yield an improved design. Appa~ntly,

such use does not guarantee an efficient design; this is particularly

true in the case of aseismic designs. Current electronic applications

are actually based on the conventional designs, and more art than

science is required to use them.

Recent studies of the response behavior of plane structures

subjected to combined horizontal and vertical earthquake motions

indicate that the inclusion of the vertical ground motion can signifi

cantly cause an increase in the ductility requirement of some members

and the displacement response of an entire system.B,g The most recent

analytical studies of the response behavior of three-dimensional

braced and unbraced structures with and without floor slabs subjected

to three-dimensional components of gY'ound motions reveal that the

interaction of three earthquake components remarkably increases both



the internal forces and moments and that the increase in some members of

a system can be several times greater than that resulting from just one

horizontal earthquake component. 12 ,13

The multibay and multistory plane and space building systems, which

were used in the study, were based on the conventional design of selec

ting the relative stiffnesses of the constituent members of the individual

systems. The various stiffness distributions of a system can induce

different response behavior. The effect of the interaction of ground

motions on the structural response is definitely critical, but the

influence on the structural parameters is not necessarily unique.

In this report, primary objectives are 1) to develop an efficient

optimization method and a computer program for an automated design of

typical bays of 3-dimensional symmetric structural systems (plane structures)

with and without bracings that can be used for both academic and industrial

purposes, 2) to determine the influence of interacting earthquake on

relative stiffness requirements and overall stiffness distributions at

critical regions as well as on the entire system of various structures,

3) to evaluate the effectiveness of various bracing systems in a seismic

structural design by observing the final design results of the structural

weight, 4) to study the adequacy of seismic force requirement in the

Uniform Building Code (UBC), and 5) to establish pilot work for further

studying the optimum design and assessment of three-dimensional unsymmetric

building systems for code provisions and parametric multicomponent earth-

quake motion.

B. LITERATURE REVIEW

In the past decade, a considerable amount of literature has

been published in the area of optimum structural design. The



increasing number of pUblications corresponds closely to the rapid

demand for economical and reliable structural designs in virtually

all fields of endeavor. Most of the designs have been focused on

minimum weight structures for static loads, much less has been

published on optimum structural design for dynamic forces, and very

little has been done on the optimum design of seismic structures.

This is due to the fact that dynamic stresses and responses are

parametric in time and can have discontinuous first partial deriva-

tives with respect to the design variables. In addition, the seismic

excitations are random in nature. Thus, the optimum design of

dynamic and seismic structures can become extremely complex and

difficult.

A literature review of structural optimization can be at least

classified into three groups on the basis of 1) loadings and constraints,

2) types of structures, and 3) optimization methods. The boundaries

of these classes are quite nebulous because there is some overlap.

Nevertheless, a brief review of each is given, and typical references

are cited.

The first group can be divided into four categories of a) static

loads and constraints,2,lO,24,3l,44 b) dynamic, seismic loads and

constraints,3,7,lO,11,14,17,25,37,40,46,47,49,51 c) aeroelastic

requirements,48 and d) probabilistic approach and nonconservative

systems. S The second group can be divided into a) trusses,31,38,39,4l

b) frames,2,4,5,7,31,45 c) plates and shells. 5,19,48 The third group

includes a) mathematical programming,1,2,3,4,17,26 b) optimization

criteria,lO,11,15 c) optimal control theory,48 and d) dynamic program

ming. 5,48 These references are typical but not exclusive.



In general, most of the optimization techniques have some

limitations and are best suited for certain types of problems.

The technique that is based on energy distribution has been proven

to be effective for large structural systems in aerospace engineer

ing. 46 Recently, Venkayya and Cheng47 and Cneng and his associateslO,ll

extended the optimization algorithm for structures subjected to

earthquake motions. Previous studies of optimum seismic structural

design are mostly based on the linearization technique and static

equivalent seismic forces for simple structures and shear bUilding~37,49

Cheng and Botkin4,7 studied the feasible direction technique for the

design of tall buildings and large frameworks. They included the

geometric nonlinearity of the P-6 effect in their work. The technique

was also studied by Ray et ~.29 and Walker and Pister50 for optimal

elastic structures. These references among others mainly deal with

feasible seismic structural designs for which the feasible domain is

an expression of the standards or code requirements; however, another

distinct branch in seismic resistant design is associated with the

problem of minimizing the total cost with a design, that is maximiza

tion of the total benefit minus the total cost; the merit function

includes the building cost and the expected damage,20,2l,27,32 but

the constraints do not include engineering code requirements.

The development of optimality criterion methods 28 ,44 in the

early 70's is considered to be a great contribution in the field of

engineering optimization, because they offer major improvements over

any other optimization methods currently in vogue. The significant

advantage of the methods is that the number of iterations required

to converge on an optimum (or pseudo-optimum) design is largely



independent of the number of variables in the problem, that is, in

fact, a down fa 11 of pure mathemati ca1 programmi ng. Thus, the opt i

mality criteria have been extended to this research work.

C. SCOPE OF THE REPORT

A computer program ODSEWS (Qptimum Qesign of ~tatic, Iarthquake,

and Wind Structures), based on the IBM 370/168 computer has been- -
developed for six static and six dynamic loading conditions for

multibay and multistory plane steel structures. The static loads

can be uniform or concentrated, and the dynamic excitations can be

applied as time-dependent forces, the ground motions of seismic or

shock waves, and the equivalent seismic lateral forces recommended

by the Uniformed Building Code. The second-order P-~ effect resulting

from structural and nonstructural weight as well as vertical ground

motion is included for the design of braced and unbraced structural

systems. The constituent members of a system are made of either

built-up sections or hot-rolled wide flange sections. The constraints

considered herein are stresses (axial, bending, and shear), dis

placements, natural frequencies, maximum differences between relative

stiffnesses, and upper and lower bounds of cross sections. The

objective is to obtain the minimum weight of a structural system.

The contents of the follawing chapters of this report are

outlined below.

Chapter II presents a detailed description of the method used

to analyze a mu1ti-degree-of-freedom system subjected to multi com

ponent ground motions and static loads. A closed form of integra

tion for seismic and wind excitations is also included.



Chapter III describes the techniques used for transforming

uniform loads into fixed-end action and of formulating the strain

er.ergy of uniformly loaded members. The use of the response spectrum

method and the UBC equivalent seismic forces is also presented.

In Chapter IV, the general problem of optimization and the Kuhn

Tucker conditions of optimality are briefly introduced, and then

the optimality criteria and the calculation of the Lagrange multi

pliers for multiple constraints are discussed in detail.

Chapter V contains the detailed derivations of the behavior

constraints of stress and displacement for both static and dynamic

cases and the constraint of natural frequencies.

The details of the cross-sectional properties of both built-up

sections and hot-rolled wide-flange sections are discussed in

Chapter VI.

Chapter VII includes the numerical procedure for deriving

static and seismic structural designs.

Numerical design results are given in Chapters VIII and IX.

Extensive studies of l~story building systems are presented in

Chapter IX.

Chapter X reviews the work and lists the conclusions based on

the results.



II. MATHEMATICAL FORMULATION OF A STRUCTURAL SYSTEM

General structural systems of plane framew~rks with and without

bracing members are formulated on the basis of the displacement method

and the consistant mass technique. 6 The constituent members are

prismatic between nodes and may have bending and axial deformations.

Although the structures considered herein are linear. the second-order

effect of the axial loads on the columns is included. The structural

girders are modeled so that they have either three nodes at the mid

point and both ends of a member or two nodes at both ends of a member.

The typical stiffness. mass, and the second-order geometric stiffness

matrices of a constituent member. i. are given in Appendix A.

In this chapter, the motion equation for the combined action of

the static load and multicomponent ground motions is established first.

then the solutions of the motion equation are found in a closed form as

well as in a piece-wise linear form. and the responses of displacements

and internal stresses and the eigensolutions are finally noted.

A. EQUATIONS OF ~10TION FOR STATIC LOADS AND MULTICOMPONENT GROUND

EXCITATIONS

The equations of motion for a multidegree-of-freedom structural

system that is subjected to both static load and multicomponent ground

motions can be expressed as

-+ -:- -+-+
(M + Ms)r(x.t) + C r(x,t) + (K - K )(r(x,t) + r(x))

n - 2. -9.

(2.1 )

in which



Mn = nonstructural mass matrix resulting from

the superimposed weight,

Ms = structural mass matrix resulting from the

weight of the structural members,

C = viscous damping matrix,

Ks = structural stiffness matrix,

K = geometric stiffness matrix,
7 ~

F(x,t),t(x,t),r(x,t) = acceleration, velocity, and displacement

vectors of system coordinates measured from

the equilibrium position after deformation

caused by static loads,

r(x) = static displacement vector measured from

the undeformed position to the equilibrium

position,

Fg(t) = vector of ground accelerations, and

R= vector of static loads or fixed-end moments

and forces at the structural nodes.

Let the generalized coordinates of the i th member and the structure

be related in terms of

(2.la)



m TMs = I a. M a.
i=l 1 si 1----

m TKs = I a. K . a.
; =1 1 S1 1----

m
TK = L P. a. K . a. t

J i=l 1 _1 3.!._1

(2.1b)

(2.1c)

(2.1d)

in which m is the total number of the constituent members of a system,

and M ., K ., and -9.!.K,. are the mass, structural stiffness, and geometrics1 S,--
stiffness matrices of the i th member respectively, and

P. = N. +
1 1

(2.le)

in which P. is the total
1

masses acting axially on

structural masses lumped

axial force t Ni is the weight of nonstructural

the i th member, and eN. is the total number of
1

on the i th member. A typical structure is

sketched in Fig. for which typical piS are shown below:
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Figure 1. Typical Diagram for the Axial Forces of p-~ Effect.



Mn can be similarly established as Ms for uniformly distributed non

structural masses and may include lumped masses associated with the

concentrated superimposed weight.

The static displacements, r(x), can be obtained directly from the

static equilibrium equation

-+ -htr(x) =.K K,

in which

K = K - K •
- 2.. J

(2.2)

(2.3)

In Eq. (2.3), the negative sign indicates that the geometric stiffness

matrix is due to the compressive forces only. The dynamic displace

ments, r(x,t), must be solved by employing the dynamic equilibrium

equations, which can be derived from Eq. (2.1) by using

in which

M=r~ +M.- n s

(2.4)

(2.5)

Let the system coordinates in Eq. (2.4) be expressed separately in



terms of hori zonta1, verti ca1, and rotational directions, then

r\(x,t)
"1"

i\(x,t) fgh(t)rh(x,t)

~v(x,t)
-t- -t-

M + c rv(x,t) + K ,\(x,t) = - ~1 .. (t) (2.6)rgv
-+ -+ -+
re(x,t) re{x,t) re(x,t) rge (t)

in which the subscripts h, v, and e indicate the degree-of-freedom

corresponding to horizontal, vertical, and rotational movement

respectively.

By neglecting the effect of rotational ground motion, one may

rewrite the horizontal and vertical ground accelerations in the

following forms:

and

(2.7a)

(2. 7b)

in which xh(t) and xv(t) are the functions of the specific horizontal
-+and vertical ground accelerations, respectively, and e is a unit

vector.

The substitution of Eqs. (2.7a,b) for the right side of Eq. (2.6)

yields



o

o

o

Equation (2.8) represents a set of coupling second-order differen

tial equations. These equations can be uncoupled by using the modal

superposition technique, for which the damping matrix C can be expressed

in terms of mass and stiffness matrices as

C = a M+ b K,
~ 0-

(2.9)

in which ao and bo are determined by employing the damping coefficient

and the natural frequency of each mode to be used.

The uncoupling procedures require coordinate transformations.

This can be done by changing the system coordinates to normal coordi-

nates and the eigenso1utions of the eigenvalues and eigenvectors. The

eigenso1utions can be obtained first by employing Eq. (2.10),

T 2 -to
.!S:'P,' = w. M¢ . ,1- , (2.10)

in which wi is the i th undamped natural frequency associated to the
-to

mode shape ¢i' Then the coordinate transformation can be expressed as

-to -to
r(x,t) = !q(t), (2.11)

in which! represents the eigenvector of each mode arranged in columns,

and q(t) denotes the displacement vector associated with the normal

coordinates. Thus, Eq. (2.8) becomes



-r
e

-r -: -r T
~q(t) + £q(t) + ~q(t) = - ~ ~ 0 xh(t)

o

a
T
M

-r
4> __ e

o

(2.12)

In Eq. (2. 12), ~, £' and ~ are diagonal matrices and are represented

by

(2.13a)

(2. 13b)

and

(2. 13c)

By employing Eqs. (2.13a) and (2.13c), one can rewrite Eq. (2.10) as

~ = mQ, (2.14)

in which Q = [wf] as a diagonal matrix containing the square of the

natural frequencies.

The i th equation of the uncoupled system of Eq. (2.12) can now be

expressed as

m.q.(t) + c.q.(t) + k.q.(t) =
1 1 1 1 1 1

-r
e o

(2.15)

o

From Eq. (2.14),

o



_ 2
k,. - m.w .., ,

Also, let

c.
B· = ,, 2m.w., ,

Then Eq. (2.15) becomes

q.(t) + 2B.w.q.(t) + w~q.(t) =, , , , , ,
~

0e

'- _1 ~TM 0 xh(t)
__1 ~TM ~

Xv (t).m. <P i- m. <Pi_ e, ,
0 0

Equation (2.18) represents the motion equation for a single

(2.16)

(2.17)

(2.18)

degree-of-freedom system having a frequency, w., a mass, m,., and a
. ,

relative viscous damping ratio, Bi • and which is subject to mu1ti-

component horizontal and vertical ground motions.

B. CLOSED FORM SOLUTION FOR GROUND,MOTION .·OR WIND EXCITAIlDNS...-

The solution of the motion equation shown in Eq. (2.18) for

multicomponent ground motions can be obtained by using the Laplace

transformation. Let Eq. (2. 18) be rewritten as

q.(t) + 2B.w;el.(t) + w?q.(t)
1 ", "

in which

Yh · Yv,'
= - -' x (t) - '- x (t)m. h m. v ', , (2.19)



-+
e

Yhi = -~~~1 0</l,_

0

0

-+TM
-+

Yyi = cp. e .,-
0

(2.20a)

(2.20b)

The terms Yhi and Yyi are calleq modal participation factors and are

associated with the i th mode.

By using the Laplace transformations with the initial conditions

of qi(O) = 0 and ~i(O) = 0, one may write

q. (t), (2.21a)

and

(2.21b)

(2.21c)

(2.21d)

in which c, and c2 are constants and F's are functions in the Laplace

transformation coordinates. Thus, Eq. (2.19) becomes

Let

2 2 Yh,' Y .
. (s + 213.w.s + lJ.'.)o.(s) = - - F (s) - -.!!- F (s).

, 1 1 " m. h m. y, , (2.22)



a = - s·w. - w,. ;11 - S~ i, , ,

and

b = - S·w. + w. ;11 - S,~ i," ,
in which 1 is an imaginary number.

(2.23a)

(2.23b)

Substitute Eqs. (2.23a,b) for their equivalents in Eq. (2.22)

and solve for qi(s) as follows:

q-,.(s) = 1 [- Ymh,.' Fh(S) - Ymh ,.· Fv(s)].
(s-a)(s-b), ,

By employing

(2.24)

1
(s-a){s-b)

and

a 'f b (2.25)

t

F(s)G(s) = f F(T)G(t - T)dT,
o

(2.26)

in which F and G are functions and T is the time variable for integra

tion, Eq. (2.24) can now be transformed back to its former condition

as follows:

t t
qi(t) = b ~ a [- Y~~ { f xh(T)eb(t-T)dT - f xh(T)ea(t-T)dT}

, 0 0

t t

- Y~~ {f xv(T)eb(t-T)dT - f xv(T)ea(t-T)dT}].
, 0 0

(2.27)



By substituting a and b of Eqs. (2.23a,b) for their equivalents in

Eq. (2.27) and using

= w.
1

2
8i • (2.28a)

and

(2.28b)

(2.28c)

the closed form solution of Eq. (2.19) can finally be obtained:

Yhi
- - m.wd ·

1 1

Yvi
mowd

o
1 1

t -8iwi(t-T)
f xh(T)e sinwdi(t-T)dT
o

(2.29)

This proves that the dynamic response of a structural system subject to

multicomponent earthquake motions can be obtained, without any second-

order effect, by using the superposition of the response associated

with each individual, component.

If the structure is subjected to both static loads and dynamic
-+

forces, such as wind excitations, R(t), the motion equations can be

similarly established as

-+ -+ -+ -+
~1(x.t) + ~r(x,t) + f(r(x,t) + r(x)) = R(t) + R,

in which

(2.30)



Apparently. the solution associated with the dynamic response of

Eq. (2.30) becomes

t -B.W.(t-T)
y. J 1 1

= m'~d' f{t)e sinwd;(t-T)dT.
1 1 0

For this case. the modal participation factor in Eq. (2.32) is

-rT -+
y. = <po Ro'

1 1

(2.32)

(2.33)

C. NUMERI~AL SOLUTION FOR SEISMIC OR WIN~ EXCITATIONS

It is apparent that the integration of Eqs. (2.29) and (2.32) can

be evaluated exactly if the functions. xh(T). XV(T). and f(T), are the

mathematical expressions suitable for integration. For seismic or

wind excitations. these functions are not continuous expressions, for

which the integration must be performed numerically.

Let us consider a typical discontinuous forcing function of an

earthquake record. For a small portion of a time interval, 6t = t 2
- t l • the seismic excitation can be represented linearly as shown in

Fig. 2. For simplicity, let Eq. (2.19) consist of one earthquake

component, xg(t), and be expressed as

q.(t) + 2S.w.q.(t) + w?q.(t) = - Yi x (t).
1 1 1 1 11m. g

1

(2.34)

In order to include the effect of the initial conditions at any

time. t, the solution associated with the initial conditions can be



XgU)

Xo(t~ +------~---..
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Figure 2. Arbitrary Forcing Function for Dynamic and Seismic

Excitations.



added to the solution of Eq. (2.29) as shown in Eq. (2.35). which can

be obtained directly by using the Laplace transforms:

(2.35)

in which cl and c2 are constants to be evaluated from the initial

conditions at a given time.

Because the function of the ground excitation is assumed to be

(2.36)

in which

(2.37)

and

(2.38)

By substituting Eq. (2.36) for its equivalent in Eq. (2.35) and

considering only the second term in the brackets on the right side of

the equation. one can obtain



t
t o (t ) -s.W.. t-I->.W, -T ell slnwdi

1 f 1 1--- x (t)e sinwd·(t-T)dT = Wdiwdi g 1
o

t SiWiT
f (A + BT)e sinwdiTdT.
o

The integrals of Eq. (2.39) become

t -S.W.(t-T) 20 B
1 J 1 1. A + Bt I->i--- x (T)e Slnwd·(t-T)dT = 2 -~ .

wd1' 9 1o Wi wi

Thus, the solution of Eq. (2.35) is

A + Bt 2S i 8
+ 2 - ---3-J•

wi wi

(2.39 )

(2.40)

(2.41 )

Differentiating Eq. (2.41) with respect to time yields the

velocity, q.(t), and acceleration, q.(t), at any time, t, during the
1 1

linear forcing function; q.(t) and q.(t) are then used to evaluate
1 1

cl and c2 by employing the following initial conditions at time t l :

and

(2.42a)



{2.42b}

By substituting Eqs. {2.42a,b} respectively into Eq. {2.4l} and

its associated velocity equation and then solving for c1 and c2, one

can find that

and

1 •
c

2
=--- {q.(t

l
} + 8.w.q.(t

l
}

Wdi 1 1 1 1

{28~ - l}B,
2 } .

W.
1

(2.43)

{2.44}

Consequently, the modal response at any time, t, within the

interval of time, t l and t 2, can be computed by substituting cl and c2
in Eqs. {2.43} and (2.44) for their equivalents in Eq. (2.41) as

follows:

q. {t},

B.A (2S~ - 1)8
+ f3. W • q . (t,) - -'- + .' 2, , 1 w.

1 Wi

Y; ..A + Bt 2S i B
+ -l- - -]m. 2 3'

1 w. w., 1

(2.45)



The velocity and the acceleration associated with Eq. (2.45) are

-(3.W.t
y.e " B

=--'-- [{q.(t ) - :2}
mi ' 1 w.,

1 2coswd·t + --- {A - w.q.(tl )
, wdi ' ,

and

(2.46)

q. (t),
-(3.w.t, ,

y.e 2
= --'-- [{A - w. q . (t )

m. " 1, - 2(3.w.Q.{tl)}coswd·t, , , ,

1 3 2 2 •
+ --- {-(3.w.A + B + (3.w.q.{t,) + w.{2(3. - ')q.{t,)}

wdi " , , , " ,

(2.47)

Equations (2.45) and (2.46) are used to compute the end values,

which become the initial conditions for the next linear portion. The

complete solution of the modal response over the required time-history

can be obtained by repeating these equations.

D. DISPLACEMENT AND STRESS RESPONSES TO STATIC AND DYNAMIC EXCITATIONS

Once q.(t) is computed for all significant modes, the displacements,
associated with the system coordinates can be obtained by means of

Eq. (2.11) as follows:

(2.48)



In this equation, ! and Qare diagonal matrices, and their elements

are gi ven by

m.w.
1 1

and

1'¥. - -
1

t -S.W.(t-T)
Di =f f(T)e 1 1 sinwdi(t-T)dT.

o

(2.49)

(2.50)

The total displacements, r, resulting from both the static

loading and dynamic loading can be computed as follows:

-+ -+ -+
r = r(x) ~ r(x,t),

in which ~(x) and ~(x,t) are taken from Eqs. (2.2) and (2.48)

respectively.

(2.51 )

The nodal stresses of the constituent members can be computed in

a manner similar to that used for the displacement response. On the

basis of Eq. (2.1a), the internal forces, Si' of the i th member can be

determined by using

-+ -+s. = K.v.(x),
1 1 1

(2.52)

-+in which Ki = Ksi - Kgi of the member. Then the stresses, ai' at the

nodes of any member, i, can be computed from

~. = B. S.,
1 1 1

(2.53)



in which Bi contains the cross-sectional properties of member i as

shown in Appendix A.

The substitution of Eqs. (2.1a), (2.51), and (2.52) for their

equivalents in Eq. (2.53) yields Eq. (2.54), in which the first term

is due to static loading, and the second to dynamic loading;

;. = B. K. a. ~(x) ± B. K. a. ~(x,t)., -'-'-' -'-'-'
(2.54)

It is apparent that Eq. (2.54) gives the upper bound solutions

for the individual modes. An adjustment of the stress and displacement

responses on the basis of root-mean-square is also employed in the

computer program in Appendix C and is discussed in Chapter III.

It is also apparent that a considerable amount of computer time

is needed for the analysis of the eigenvalue problems. It has been

found, however, that only certain eigenvalues and their associated

eigenvectors are significant to the optimum design. A method particu-

larly suitable for finding a limited number of eigenvalues and eigen

vectors is described in Appendix B. The method is based on the Sturm

sequence property in conjunction with a simple bisection procedure

with which any eigenvalue can be determined without having to find

any of the other eigenvalues.



III. STATIC LOADS AND SEISMIC EXCITATIONS

For the purpose of developing a computer program for a general

optimum design, a structural system can be subjected to both static

loads and seismic excitations. The static loads should be uniform

and concentrated and should consist of the superimposed weight as well

as the weight of the structure itself. For the seismic excitations,

one of three forms should be used: 1) a response spectrum of any

specific earthquake record, 2) an averaged response spectrum that is

based on several earthquake records, or 3) the equivalent lateral

forces recommended by the Uniform Building Code43 . These three forms

of seismic excitation that are discussed in this chapter can not only

serve as an efficient technique for optimum design but can also be

used for comparative studies of the optimum solutions resulting from

a use of the Code and the response spectrum techniques.

A. JOINT FORCES ATTRIBUTABLE TO STATIC CONCENTRATED AND UNIFORM LOADS

The static concentrated loads applied at a structural joint for

which generalized coordinates are designated can be directly

formulated as the loading vector, R, shown in Eq. (2.1). The uniform

loads on the constituent members can also be directly formulated in
~

R, if they are lumped as various concentrated loads to which the struc-

tural joints are introduced. Consequently, the constituent members

are divided into many segments, and the number of the degrees-of

freedom of a system can be considerably increased.

The most efficient approach for taking uniform loads into account

is to use fixed-end actions (moments and shears) that can be trans

formed into equivalent joint loads. The formulation of equivalent

joint loads from fixed-end actions on members can be expressed as



+ m T+
Re = - I a. A .

i=l 1 ml
(3.1)

in which

Re = vector of equivalent joint loads,

ai = compatibility matrix connecting the generalized

coordinates of a system and those of the ;th member,

and
+
A . = vector of fixed-end actions (moments and shears) on

ml

th .th. be 1 mem er.

The equivalent joint loads are then combined with the actual joint
+ +

loads, Rc' to form the loading vector, R, in Eq. (3.2):

+ + +
R = R + Rc e

(3.2).

The final joint forces for a member having a uniform load can

be calculated by using

+ + +
S. = K.v.(x) + A .

1 -1 1 ml

B. STRAIN ENERGY OF A UNIFORMLY LOADED MEMBER

(3.3)

As explained in Chapter IV, the strain energy of the members of

a system is needed for a design based on optimality criteria. For

a case in which the loads are applied to the structural nodes, the

strain energy can be obtained by using the nodal deformations

directly, but the strain energy of a uniformly loaded member must

be calculated on the basis of the elastic curve of the member.

Consider a typical member, Fig. 3 for which the positive end-forces

and end-deformation are shown. In such a case, the strain energy
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Figure 3. Uniform Load on a Typical Girder.



attributable to the bending deformation can be generally expressed

as

L 2

U = J 2~I dx ,
o 0

(3.4)

in which Mis the bending moment at x, and EIO the flexural rigidity

of the prismatic bar.

Because the elastic curve of the deformed bar can be related to

the moment,

2
EI !1 = Mo dx2

(3.5)

The substitution of Eq. (3.5) for its equivalent in Eq. (3.4)

yields

EI· L 2 2

U =~ J (~) dx
o dx

By using the moment at any point x, one can obtain

wx 2
M=- M. + V.x + --2-- .

J J

Then, Eq. (3.5) becomes

for which the integration yields

(3.6)

(3.7)

(3.8)



and

2
dv M.x V.x 3
:=L - --L --.L- wx
dx - - EI

O
+ 2EI

O
+ 6E1

0
+ c1

M.x2 V.x3 4
- --.L- -l- wxy - - 2EI + 6EI + 24EI + C x + c 2 .o 0 0

(3.9)

(3.10) .

In the last two equations, cl and c2 are evaluated by using the

following boundary conditions:

and

y = 6.
J

y = cS k

at x = 0

at x = L .

{3.n}

{3.12}

Employment of Eqs. (3.11) and (3.12) yields

c1 = 8j

and

The elastic curve of the member can finally be expressed as

(3.13)

(3.14)

(3.15)

{3.16}



~ 20k wx
2

(L _ x)2 •
+ -r- - -r-) + 24E1

0
(3.17)

In order to formulate the strain energy equation, differentiate

Eq. (3.17) twi ce as fo 11 ows:

2 0, ok 0, (\
i' = - r (2e

J
, + ek + 3 -t -3 -C) + 6 ;. (e. + ek + 2 1:- - 2 -C)

L J

w (2 2)+ 12EI L - 6Lx + 6x •
o

By defining the terms on the right-hand side of Eq. (3.18) as

and

the term y" can be expressed as

(3.18)

(3.19)

(3.20)

(3.21)

The substitution of Eq. (3.21) for its equivalent in Eq.

E1 L E1 L . L
U = 0 f (yll)2dx + 0 J (yll)2dx + EI J y"y"dx .2 d ""'2 e 0 de •
000

(3.6) gives

(3.22)



Integrating each term on the right side of Eq. (3.22) yields

L

f (y~p2dX =t {ej + eje k + 8~ + t (8 j + 8k)(Oj ... ok)
o

and

L 2 5

f (yll )2dx = w 1- . '
e 720(EI )'2o 0

(3.23)

(3.24)

(3.25)

Equation (3.25) is based on the physical interpretation of Eqs. (3.19)
ivand (3.20) for the former Yd = 0 and for the latter y' = y = 0 at x = 0

e e
and x = L. Substitution of Eqs. (3.23) through (3.25) for their

equivalents in Eq. (3.22) gives the following strain energy of a

uniformly loaded member:

(3.26)

C. SEISMIC EXCITATIONS

TIle response of a structure subject to seismic excitation is

parametric with time. To avoid using excessive computing time to

solve for the dynamic response, the time parameter is eliminated by



using three methods: tile response spectrum. the average response

spectrum, and the equivalent static lateral forces recommended by

the Uniform Building Code. These three methods are used in this

report for the purpose of showing how the individual loading consider

ation affects the optimum results.

1. Response Seectrum. As discussed in Chapter II. the response

of a multidegree-of-freedom system can be simplified to that of a

single-degree-of-freedom system for simultaneous horizontal and

vertical ground motions, for which the result is given in Eq. (2.29).

The solution of Eq. (2.29). which requires integration at different

time intervals, demands a considerable amount of computational effort.

In order to avoid the time dependency, one can define the spectral

displacement as

sin wd(t-r)dr/ t

max
(3.27)

in which xg(t) is a ground excitation as a function of time. By using

the integration technique shown in Eq. (2.45), one can eliminate the

time dependency by finding the maximum values of the integral of

Eq. (3.27) for various values of the natural frequencies, w, and

the ~amping ratio. B.

Therefore. the maximum response as expressed in Eq. (2.29) can

be found as follows:

Yh' YviIq" (t) Ima x = - ...J.. sdh (w • •B.) - - sd (w, t S' )mi " mi v , 1
(3.28)



in whi ch

(3.29a)

and

• (3.29b)

The spectral accelerations are

(3.30a)

and

(3.30b)

The spectral accelerations of the 1940 E1 Centro earthquake are shown

in Fig. 4.

It should be noted that Eq. (3.28) always gives the conservative

value of the response. because the maximum values for the individual

modes do not occur at the same time. Consequently. the method

provides a safe design result. A technique of leveling off the

maximum responses is discussed in Section Dof this chapter.

2. Average Response Seectrum. The average response spectrum

which is based on Housner's work16 , can be obtained by computing the

response spectra for two components of each of four different

earthquakes and then normalizing, averaging. and smoothing the

resulting curves. The four strong ground motions that are used in

the average spectrum are E1 Centro 1934, E1 Centro 1940, Olympia 1949,
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and Tehachapi 1952. A typical average acceleration spectrum is

shown in Fig. 5. for which the ordinates should be multiplied by

scale factors to bring them into agreement with the specific ground

motion. for instance 2.7, 1.9, and 1.6 for El Centro 18 May 1940,

El Centro 30 December 1940, and Taft 21 July 1952 respectively.

3. Code Provisions of Eguivalent Static Lateral Forces. The

Uniform BUilding Code considers earthquake excitations as the equiva

lent of static lateral forces that are applied along the floors of a

structure. The basic provisions of the Code provide a design base

shear, V. which is defined as

v = ZIKCSW,

in which

(3.31)

Z = a zone coefficient having a value anywhere from 0 to 1
depending on the earthquake zone,

I = a coefficient that depends on the importance of the structure
and ranges from 1 for ordinary buildings to 1.5 for essential
buil di ngs,

K= a factor that defines the type of structural system,

C = the seismic coefficient,

S = the site resonance factor, which depends on the ratio of
building period, T. to the site period, Ts ' and

W= the total weight of the building.

~1ethods are provi ded fa r determi ni ng the sHe peri ad til rough the

use of geotechnical investigations. However, the site period used

for designing must lie within the interval of 0.5 sec. < T < 2.5 sec.- s-
The factor S may be as 1i tt'l e as 1, if the bui 1di ng peri od and

site period are widely separated. It can range up to a maximum of
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1.5, if the building period and site period are the same. Two

transition formulas are specified for determining the value of S.

For +- >
T (1...)

2
1 t S = 1.2 + 0.6 r- - 0.3 t

s s Ts

and

for 1... < T (1...)
2

1 t S = 1 + T - 0.5 tT - Tss s

(3.32)

(3.33)

but T may not be taken as less than 0.3 second for determining S.

The building period can be determined by using the Rayleigh

quotient formula given by

T = 2TT

in which

ns
I

i=l
2

\'/.0., ,
(3.34)

Wi = weight at level i,

Fi =design lateral force at level it

0i = computed lateral displacement at level it

ns = total number of levels, and

g = gravity acceleration.

Equation (3.34) is available in the computer program. One may also

find the exact natural frequencies by using the eigenvalue

subrouti ne.



The seismic coefficient is specified to be

1c=-
lS/f '

(3.35)

and the upper limits are specified for both C and the product CS as

and

C < 0.12

CS < 0.14 •

(3.36)

(3.37)

The force assigned to the top is a function of the building

period.

For T ~ 0.7 sec.,

for T > 0.7 sec.,

(3.38)

(3.39)

and for any case, Ft ~ 0.25 V. The remainder of the base shear is

distributed linearly according to the following formula:

Fx = (V - Ft )

in which

(3.40)

Fx = design lateral force at level x,

Wx = weight at level x, and

hx = height of level x from the ground level.



D. MODIFICATION OF SPECTRAL VALUES

The dynamic responses can be obtained by using any of the three

options: a) direct superposition of desired modes, b) superposition

of absolute quantities of desired modes, and c) the root-mean-square

method that is the square root of the sum of the squares of the

desired modal responses. Methods (a) and (b) are quite straight

forward. Method (c) can be illustrated by showing the maximum total

displacement vector, Ir(x.t)l max ' as

in which k is the number of desired modes (DM) to be used.

(3.41)

Simil arly,

the maximum internal forces of member i can be approximated by using

(3.42)

Note that the porti on of the energy dens ity, l..l~ '. associ ated
Jl

with the dynamic response must be consistently calculated according

to the displacements obtained by one of these three methods.

Although it has been recognized that the correlation between modal

responses for modes with closely spaced frequencies may lead to overly

conservative or unsafe results, yet the superposition techniques dis

cussed above do not present any difficulties in the design because the

frequencies are far spaced, Nevertheless, the new technique of complete

quadratic combination (CQC) method can be easily implemented in the

program.



IV. OPTIMALITY CRITERIA AND RECURSION RELATION

The optimization technique is based on optimality criteria that

are derived on the basis of Kuhn-Tucker conditions. The recursion

relation is used as an iterative procedure to satisfy the optimality

requirement for an optimum structural design.

A. FORMULATION OF A GENERAL PROBLEM IN OPTIMUM STRUCTURAL DESIGN

A general problem in optimum structural design can be stated

as follows:

Minimize W{x)

subject to g.(x) < 0
J

and x > 0

in which

W{x) = objective function,

j = 1,2, ... ,n ( 4.1)

x = vector of design variables,

gj{x) = the jth constraint, and

n = total number of constraints.

In an optimum structural design, W(x) can represent the total

cost of the structure; however the total weight of the structure has

been widely used in most publications and is used as the objective

function in this work.

The constraints, gj{x), may represent bounds on frequencies and

the behavior constraints of stress and displacement limitations

imposed on a structure. These behavior constraints may be required

for both static loads and seismic excitations. The problem shown

in Eq. (4.1) is an inequality form of constrained minimization.

To develop an algorithm for solving this problem, the



characteri sti cs of anoptimi zation known as the Kuhn-Tucker

conditions must be considered.

B. KUHN-TUCKER CONDITIONS OF OPTIMALITY

Kuhn-Tucker's conditions for optimality may be stated as

follows:

Assume that W(x) is to be minimized and is subject to the

constraints g.{x) < 0, j = 1,2, .•• ,n, x > 0 and that W(x) and g.(x)
J - - J

* .are differentiable. Then x can be an optimal solution to the above

nonlinear optimization problem if and only if there exist n numbers,

* * *A1' A2' ••• , An such that the following conditions are satisfied:

and

aw(x) + I A. ag~(x) = 0,
ax. . 1 J x,', J=

aw(x) n ag~.(x}
- + LA. ~ 0,ax. . . . 1 J x., J= ,

* *gj (x ) = 0, for A. > 0
J

* *9j (x ) ~ 0, for Aj = 0

*x > a-

*A. > a .
J -

* *x = x , for x > 0,

* *x = x , for x = 0,

(4.2)

(4.3)

(4.4)

(4.5)

(4.6)

(4.7)

Equations (4.2) through (4.7) are the necessary conditions for

the objective function W{x) to be a relative or local minimum. It

should be noted that these conditions are necessary but not sufficient.



Only if additional conditions are imposed, it can be claimed that

they are sufficient to guarantee an optimum. For instance, if IHx)

is concave and the constrai nts form a convex set, the conditi ons are

*sufficient for x to be the optimal solution.

C. RECURSION RELATION RELATED TO OPTHIALITY CRITERIA

The optimization technique considered in this project can be

applied to trusses and frameworks that have or do not have bracing

members. The trusses are composed of two-force members. The members

of frameworks that do not have bracings are subjected to combined

bending and axial forces as beam-columns, and the frameworks having

bracings include beam-columns and b/O-force members. Thus the formu-

(4.8)

lation for the braced frames can be a generalized presentation for all

three types of structures. Based on the Kuhn-Tucker necessary condi

tions, the problem in the optimum design of a braced plane frame can

be expressed as follows:
m

Minimize W(x) = l p·n·x.~.
i=l 1 1 1 1

subject to g.(x) = y.(x) - b. < 0,
J J J

j = 1, 2, ••• , n (4.9)

i = 1,2, ••• , m (4.10)> 0x. x. ,
1 - 1

in which

W(x) =

p. =1

total weight of a structure composed of columns, girders,
and bracing members,

mass density of the i th member,

n. = ratio of the cross-sectional area, Ai' to the moment
1 of inertia, xi' for the i th member,



X. =
1

R.i =

Yj(X) =
b. =
J

X~ =
1

primary design variable of the i th member,

length of the i th member,

expression of the.jth behavior constraint,

limitations imposed on the jth behavior constraint,

lower bound on the i th design variable,

m= total number of members, and

n = total number of behavior constraints.

The primary design variable, xi' are the moments of inertia for

the columns and girders and represent the cross-sectional areas for

brad ngs and truss members. Apparently, the ratio of the cross

sectional area to the moment of inertia for the i th bracing member

is unity. The functions, Yj(x), may represent the stress, displace

ment, and natural frequency of a structure.

By using the necessary conditions of Kuhn-Tucker to characterize

any local minimum, Eqs. (4.8) through (4.10) can be written for each

design variable as

with

i = 1, 2, ••• , m (4.11)

Aj [y j (x) - b.] = 0, j = 1, 2, n (4.12)
J

... ,

0
xi] 0, i " 2, (4.13)s. [x. - = = ••• , m

1 1
,

Aj ~ O. j = 1, 2, n (4.14)••••

and

s. ~ O. i = 1• 2, • •• , m (4.15)
1

,



in which the variables Aj and si are the Lagrange multipliers

associated \1ith the constraints in Eqs. (4.9) and (4.10) respectively.

By exami ni ng Eqs. (4. 12) and (4.14), one can observe tha t when the

jth constraint is active Aj > a, and when the constraint is not

active, the corresponding Aj = a. Similar observations can be

applied to the side constraints expressed in Eqs. (4.13) and (4.15).

For simplicity, the active side constrain~s can be separated

from the active behavior constraints. Let fl denote the number of

active behavior constraints, then the separated form of the Kuhn

Tucker necessary conditions from Eq. (4.11) can be simplified to

aw(x) + N ayJ(x)
I Aj = a,ax. ax.

1 j=l 1

and

aW(x) +
N ayj(x)
I A. > 0,"ax. J aXi1 j=l

i £ J (4.16)

(4.17)

in which J is the set of design variables for the conditions of

x. > x?, and J is the set of design variables constrained by the
1 1 0

lower bounds, x~.

The separated form of the Kuhn-Tucker necessary conditions in

Eqs. (4.16) and (4.17) can be combined into a single equation as

follows:

N
I A.~ ..

J=l J Jl =
1 i

in which

i =1, 2, ••• , m (4. 18)



and

= 1. i £ J

1.
1

~ 1, i e: Jo

}.l •• =
aYj (x)

Jl aXi

= aW(x)
Ti ax.

1

(4.19)

(4.20 )

(4.21 )

Equations (4.18) and (4.19) are the optimality criteria. Any

design that satisfies these criteria is a relative minimum. However.

it should be pointed out that these criteria are necessary but not

sufficient to guarantee global optimum as a general case of

mathematical nonlinear programming.

The recursion relation can now be derived by using the

optimality criteria in Eq. (4.18) with all xi > x~, that is

I. = 1, i = 1, 2, ••• , m. Therefore, Eq. (4.18) becomes
1

N

.l A .}.l"

J=l J Jl
= 1•T; ; = 1. 2, ••• , m. (4.22 )

For the convenience of computer programming, let

x. = Aa .•
1 1

;=1.2, •••• m (4 •.23)

in which ai are the relative design variables corresponding to the

design variables, xi; A is a scaling factor. By multiplying both

sides of Eq. (4.22) by (Aai )2, rearranging the terms. and taking

the square root. one obtains



N

[
,2

_ J=l

in which

~ ~, = Ap •••
Jl Jl

T.
T! - 1

1 - 7i. •

A'~~'] 1/2J Jl

'r! '
1

i = 1, 2, ••• , m (4.24)

(4.25)

(4.26)

and Aai is the i th design variable. which is expressed as a function

of a i .

The form of Eq. (4.24) suggests the following recursion relation

for determining the design variable in each cycle:

(Aai )v+1

1/2
i = 1, 2••••• m (4.27)

in which the subscripts v and v+l denote the cycles of iteration.

The use of the recursion relation expressed in Eq. (4.27) is the

'same as forcing the final design to satisfy the Kuhn-Tucker necessary

conditions given in Eqs. (4.18) and (4.19).

D. CALCULATION OF LAGRANGE t,1ULTIPLIERS FOR r~ULTIPLE ACTIVE CONSTRAINTS

At any stage in the design process in which Eq. (4.27) is used,

it is possible that there is more than one active constraint.

Therefore. it is necessary to find the Lagrange multipliers that

correspond to the active constraints of the current design variables.

The calculation of the multipliers can be accomplished from Eq.

(4.22) by forming an auxiliary function, L(A), as follows



J

[

I A.~ .. ]2. J Jl
L(A) = 2 1 + J=l. •

i=l T i
(4.28)

This is minimized by solving the set of linear equations,

(4.29)j=1.2, ••• ,NaqA) = 0
(n. •

J

for the Lagrange multipliers, Aj . Equation (4.29) can then be

written in an expanded form as follows:

aL(A) _ _ .2 2
~ - 0 - (Ell + E12 + ••• + E1J ) + (Ell + E12 +

1

+ E~J)Al + (E11 E21 + E12E22 + ••• + E1JE2J)A2

+ ••• + (E11 EN1 + E12EN2 + ••• + E1JENJ)AN

a~1A) = 0 = (E21 + E22 + •.• + E2J ) + (E21 E112
2 2

+ E22 E12 + + E2JE1J)Al + (E21 + E22 + •••

2
+ E2J )A2 + •.. + (E21 EN1 + E22EW2 + •••

+ E2l NJ )AN

(4.30)

· .· .· .



in which

= \.ljiE•.. J1 t i

In matrix form. Eq. (4.30) becomes

.... ....
HA = G

in which

J
Hjk = I E.. Ek·•

i=l J1 1

and
J

Gk = - .I Eki •
1=1

(4.31)

(4.32 )

(4.33)

(4.34 )

The matri x. li. has the property of bei ng symmetri ca1• By

solving Eq. (4.32). the Lagrange multipliers corresponding to the

active constraints can be determined from the current design

variables. These multipliers are then used in Eq. (4.27) for

determining the design variables of the next cycle in the design

process.



v. CONSTRAINTS IN THE OPTIMUM STRUCTURAL DESIGN

The behavior constraints, Yj(x), considered in optimum structural

design are the limitations of displacements (flexibility) and stresses

(stiffness) that are imposed on both static and seismic structures.

However, for seismic structures, an additional behavior constraint of

natural frequencies is taken into account. The side constraints are

the limitations on the size and moment of inertia or cross-sectional

area of the constituent members. This chapter presents the derivations

of various behavior constraints.

A. FLEXIBILITY CONSTRAINTS FOR STATIC LOADS

The flexibility constraints of a system result from the displace

ment limitations of either certain nodes or all the nodes. The dis-

placement constraint function may be expressed by using the following

virtual work at any nodal point:

(5. 1)

in which

~. = load vector with unit value for the jth direction and
J

zero values for others, and

r(x) = vector of generalized displacements attributable to the
~

stati c load, R.

Differentiating uj(x) of Eq. (5.1) with respect to the design

variable, xi' yields

(5.2)



in which ar(x)/ax i can be obtained by differentiating Eq. (2.2) with
-+

respect to xi and considering R independent of the design variables.

Thus,

-1 a~ -+
--~ ~r(x).

1

(5.3)

The substitution of Eq. (5.3) for its equivalent in Eq. (5.2) yields

-+T -1 a~ -+ '
- Q. K -a- r(x).

J - xi
(5.4)

Let qj(x) be a vector of the generalized displacements attribut-
-+

able to load Qj' then

and Eq. (5.4) becomes

(5.5)

-+T aK '-+
- q.(x) a- r(x).

J xi
(5.6)

From Eqs. (2.lc), (2.ld), and (2.3), one can write

(5.7)

Because the elements in K . and dP./ax. have a linear relationships1 1 1

with the design variable, xi' Eq. (5.7) can be written in the following

form:



a! 1 T PiT
--~-- = -- a. K . a. - -- a. K . a.,
oX i xi·_l.- -..2.!. _, xi _, ..Jl.l-.J.

in which

p·n·9.·
P~ = ",

1 2

(5.8a)

(5.8b)

Note that the second term of the right-hand side of Eq. (5.8a) can be

applied only to the column. The substitution of Eq. (5.8) for its

equivalent in (5.6) yields

aUj (x) ::
ax.

1

P'1 -+T T -+ i -+T T -+- - q. (x )a. K . a. r (x) + --- q. ( x) a. K . a. r (x) .xi J .._, -..2.!. __, xi J __, -...9.!. _2. (5.9)

Now the terms ~~. and T~ in the recursion relation of Eq. (4.27)
J' ,

can be physically expressed as

and

~'..
J'

(5.10)

T~ = 1~ (5.11), A dX.,

In Eq. (5.11), W(x) is given in Eq." (4.8). In a case where there is

only a single displacement constraint in the jth direction, the

optimality criteria of Eq. (4.18) has the following form:

-+T T -+ I -+T T -+q.(x) a· K . a. r(x) - P. q.(x) a. K • a. r(x)
J _,.2!. _, , J _,.....9..!- _,
----------.,,--------- = constant, (5.12)p·n· x .9.., , , ,

i=l,2, ••• ,m.



Equation (5.12) may reveal some physical meaning that the optimum

structure for the specified displacement is the one in which the

ratio of the average virtual strain energy density to the mass

density is the same for all its members.

B. STIFFNESS CONSTRAINTS FOR STATIC LOADS

The stiffness constraints are used to measure the limitations

of the allowable shear stress and the allowable combined stress of

axial and bending.

The stiffness of the structure can be described by the work
+

caused by the static load, R, multiplied by the generalized displace-

ment, r(x), in the form of

1 +T+
z(x) = ! R r(x), (5.13)

+T+
because the product, R r(x), is an inverse measure of the stiffness.

Thus, z(x) may be called a measuring function of static stiffness.

Differentiating Eq. (5.13) with respect to the design variables,

xi' yields

az{x) RT ar(x)
ax. = '2 ax., , (5.14 )

After substituting Eqs. (5.3) and (5.8) for their equivalents in

Eq. (5.14), one obtains either

az(x) =
ax., - ,J- "RT K-l a~ K . a,. r(x)

LX. - , s,, ---
pi
i +T -1 T +

+~R K a. K. a.r(x)
LX. - '(11', _.....-..:..-

(5.15)



or

az(x} 1 -+T(} T -+()
~ = - £ r x ai Ksi ai r x

1 1 ---

Pi -+T T -+
+~ r (x) a. K . a. r(x).

LXi -!.. J!. _1
(5.16)

Consequently, ]11•• in the recursion relation of Eq. (4.27) becomes
J1

11~. = 11. az(x)
""J1 ax.'

1

(5.17)

The optimality criteria of Eq. (4.18) for a single loading

condition can be expressed as

-+ T -+ -+ T -+
rex) ai Ksi a. rex) - P!r(x) _ai Koi ai rex}1 __ ...l' 1 .....-.;..

! p·n·x.t.
1 1 1 1

i=1,2, ••• ,m.

= constant,

(5.18)

Note that the numerator of Eq. (5.18) represents the average

strain energy in which the second term is associated with the column

members only.

C. FLEXIBILITY CONSTRAINTS FOR DYNAMIC LOADS
• ¢ •

in which

(5.19)



'OJ = load vector with unit force for the jth direction

only, and the time function is also a unit value, and

r{x,t) = vector of generalized displacements attributable to
-+

the dynamic load, R{t).

Differentiating Eq. (5.19) with respect to the design variables, xi'

yiel ds

au.{x,t) -+T ",-+( t)J _ Q or x,
ax. - j ax. ', , (5.20 )

in which ar(x.t)/axi can be found by using the follo\'Jing motion

equation:

(5.21 )

Damping is included in the response analysis and therefore is not

considered in the above equation.

In order to find ar(x,t)/ax. in Eq. (5.20), take the first,
variation of Eq. (5.21), which is

-+ -+
Mar(x,t) + Kar{x,t) =
'- ax. - ax., ,

at·' -+ aK
- a- r{x,t) - a~. r(x,t).

xi ,
(5.22)

After substituting Eqs. (2.1b), (2.5), and (5.7), Eq. (5.22) becomes

-+
M3r(x,t) + Kar{x,t)
- ax. - ax., ,

aM .
T.E. -+

a. ~ a. r{x,t), ox. ,- ,-

aKs i ap i T -+
- a: '" a. r{x.t) + -;;-- a. K . a. r{x,t).-l oXi -l oX i -l.Jll_'

(5.23)



The elements in the matrices, M " K " and ap.jax" are linear
Sl Sl 11

with the design variable, xi; therefore, Eq. (5.23) can be rewritten

in the following form:

N a~~xpt) + K ar{x,t) = _.-L [a! 11, a. ~(x,t)
. xi - aXi xi...l. 22....l.

T K -+( t) _ P! T K -+() ]+ a i 2i~ r x, 1 a i ....9.i a i r x, t . (5.24)

Solutions of Eq. (5.24) can be obtained by using the modal analysis

based on the same eigenvectors employed in the response analysis as

shown in the following equation:

(5.25)

The terms <P., Ifi., and D. have been defined in Eqs. (2.10), (2.49),
1 1 1

and (2.50) respectively.

Because the displacements resulting from the applied load can

be expressed by a finite number of harmonic motions, the frequency

p, of a vibrating system may be approximately obtained by using the

Rayleigh quotient,

-+T -+
r (x,t) f r(x,t)p2 = __• _

rT(x,t) ~ r(x,t)

Therefore,

(5.26)

(5.27)



and Eq. (5.25) becomes

-+
.ar(x,t) = _ -l m lU 0 mT [_ 2 T M -+()ax. x. !..!.._.!. p a. . a. r x,t" '2..!._,

+ a~ K . a. r(x,t) - P! a~ K . a. r(x,t)] •_, 21-_' , _, ...-.9...l_, (5.28)

Substitution of Eq. (5.28) for its equivalent in Eq. (5.20)

yields

auj(x,t) =
ax., _-l Q~ ~ 11' 0 <pT [_ P2 aT,. t1

s
,' a,. r(x , t)

x. J ----, ---

-+
The application of Qjf(t) induces qj(x,t) of which the motion

equations are

~1~ . (x , t ) + ~. (x, t) = QJ' f ( t )
-J -J

and

-+ T-+
q.(x,t) = ¢ 11' 0 ~ Q.•

J ---- J

Thus, Eq. (5.29) can be simplified to

(5.30)

(5.31)

aUJ(x, t) =

ax.
1

-+T T -+- P! q.(x,t) a· K . a. r(x,t)
'J -.!.......92.....l.

(5.32)



and the term ~ji in the recursion equation of Eq. (4.27) can be

based on Eq. (5.32) as follows:

(5.33)

As noted before, the second term of the right-hand side of Eq. (5.32)

can be applied to columns only. Then p is determined from Eq. (5.26)

for any number of desired modes.

D. STIFFNESS CONSTRAINTS FOR DYNAMIC LOADS

The measuring function of dynamic stiffness may be established

in a manner similar to that of Eq. (5.13) as follows:

(5.34 )

-+
in whi ch Ro represents the magni tude of the dynami c load vector.

Differentiating Eq. (5.34) with respect to the design variable,

Xi' yiel ds

-+T
az(x,t) = Ro a~(x,t)

ax. ~ ax.
1 1

After substituting Eq. (5.28),

(5.35)

az(xpt) =
ax.

1

_ 1 "RT qi \f' 0 qiT [_ p2 aT,. t"1s,' a,. ~(x.t)
~ 0 ----, ~--

T -++ a. K . a. r(x,t), s, 1

(5.36)



From Eq. (2.48) of r(x.t) = !.! Q.!T Ro' Eq. (5.36) finally becomes

cz(x.t) _ 1 +T( ) T +)ax ,... - ~x [r x•t a. K . a. r (x.t. t:x. 1 S1 1
1 1 ---

+T( T ++ r X,t) a· K . a. r(x,t)
. ~~.-2..

2 +T T +
- p r (x,t) a i r"si ai r(x,t)] .

11~. = 1I.az(x,t)
J 1 ax.

1

(5.37)

(5.38)

Equation (5.37) or (5.38) represents the average strain energy

density combined with kinetic energy density of any member, i.

E. CONSTRAINTS IMPOSED ON THE NATURAL FREQUENCIES 9F A STRUCTURE

The natural frequency of any mode, w., of a structure can be
.1

obtained by using the Rayleigh quotient

+T +
2 ¢. K ¢.

= J - .Jw. ,
J +T -+¢. ~1 ¢.

J - J

(5.39)

in which wj represents not only the natural frequency but also a

mathematical function. Differentiation of Eq. (5.39) with respect

to the design variable, xii yields

2aw.
-l. =
ax.

1

+T 2 -+ -+T -+ 2-+T -+
2(a¢./dx.)(K - w. t1)¢. + ¢.(aKjax.)¢. - w.ep.(arvax.)¢.

J 1- J-J J- 1J JJ- lJ

l1 t~ l·
J - J

(5.40)



By observing Eq. (2.10), one may find that K=w~ ~1, thus Eq. (5.40)
- J-

may be reduced to

-rT T -+
'\ 2 cpo a. K . a. cPo
ow. J 1 S1 1J-l. = ---
ax.

1

.-+T T -+
- P·cP· a. K . a. cPo

1 J ...!....9.!. _1 J

x. ;~ f1 ;.
1 J - J

en T -+
- w·cP. a. M. a. cPo

J J _, 2l....2.. J
• (5.41)

Thus, the term )11.. in Eq. (4.27) becomes
J1

2Aaw.
I" - J..... -~.
J' ,

(5.42)

Because cP~ McPo is a constant, the recursion relation of Eq. (4.18)
J - J

for the specified jth natural frequency can be expressed as

-+T T -+
cPo a. K • a. cPo - p!

J ..l.2..!.....!. J ,

-+T T -+
cPo a. K • a. cPo

J ....l..JLI...2. J
p.ll.x.L'1' ,

2 -+T T -+
- W. cPo a. M . a. cPo

J J ...l2l._1 J

= constant, i = 1,2, ••• , m. (5.43)

Note that the numerator of the. above equation represents the

difference between the strain energy density and the kinetic energy

density of the jth mode and that the second term of the numerator

can be established for columns only.



VI. CROSS SECTIONAL PROPERTIES AND DESIGN VARIABLES

The columns and girders of a framework are assumed to be wide

flange steel sections. The bracing members can be solid bars of

rectangular or circular shape. Because the bending behavior of the

A. AISC WF SECTIONS

In the AISC Construction f1anual, the cross sectional properties

of area, section modulus, and moment of inertia are given for each

WF section; however, these properties do not have any simple linear

relationship. Because the moment of inertia, 1
0

, is considered to

be a primary design variable, the section modulus, So' and the cross

sectional area, Ao' must be related to the moment of inertia by a

mathematical expression such that So and Ao are functions of 1
0

,

These approximate relations are suggested by Brown and Ang2 for most

of the economical l~F sections available in the ~1anual. The properties

of these sections are first plotted, and then the approximate

relations are obtained by curve fitting with selected algebraic

expressions, which are

/60.6 1
0

+ 84100 - 290, a < I < 9000o
(6.1)

1
0

- 8056.3

1.876 9000 < 1
0

< 20300



and

A =o

0.465 ~.

1
0

+ 2300
256

o < 1
0

< 9000

9000 < 1< 20300 ,
- 0-

(6.2)

in which the units are in4, in3, and in2 for 1
0

, So' and Ao

respectively.

B. BUILT-UP WF SECTIONS

The wide flange sections in the AISC Manual are not adequate

for all design problems, particularly when large cross sections

are needed for tall and heavy buildings. Thus the built-up sections

can be used in the computer program. Figure 6 shows a typical

built-up section of steel for which the moment of inertia, 10' is

considered as a primary design variable, and the depth, d, flange

thickness, t f , and web thickness. two are the secondary design

variables.

The expression of the cross sectional area. Ao' the moment of

inertia, la, the section modulus, So' and the shear flOH, va' of

the section are

2t 3
f

- <r) ]

(6.3)

(6.4)

and

t t
f

2 1 t w 2t
f

3
So -- d3[~(-1-)(1) (1 ) ]uu -0 +'ba -T (6.5)



tw- --

t f
.1-

1
--_.....s

T
I

d

Figure 6. Typical Built-Up WF Section.



(6.6)

in which

v = shear flow of WF section (in2),a

b = width of WF section (in),

d = depth of WF section (in),

t f = flange thickness of WF section (in), and

tw = web thickness of WF section (in).

The upper and lower bounds of the design variables are imposed

on the secondary design variables instead of the primary design

variable, and they are

d. < d < dmaxmln -

and

t t t
(f) < f < (,.t)d . -d- amln max

(6.7)

(6.8)

However, the ratios of the minimum moment of inertia to the maximum

moment of inertia of both girders and columns can be specified.

The width, b, and the ratio of web thickness to depth, twld, of the

WF section are kept constant for each design variable.



VII. NUMERICAL PROCEDURES

An outline of the design procedure for using an optimality

criterion algorithm is given below. The design steps correspond

with the numbers shown in the flow chart (Fig. 7). Explanatory

notes for the computer program can be found in Appendix C.

1. All the input must be supplied according to the input data

format.

2. The design begins with the solution of equal sizes for

all the design variables. The stiffness and mass matrices are

then assembled.

3. If it is a dynamic design, the operator can proceed to

Step 6.

4. The structure is analyzed for static loads. The static

displacements are computed by solving Eq. (2.2).

5. In the case of static design only, the operator can proceed

to Step 12.

6. The ~igenvalues and eigenvectors are determined by using

the Sturm sequence property in conjunction with the bisection pro

cedure as described in Appendix B.

7. A determination is made as to whether the frequency require

ments are violated. The design can proceed to Step 9, if they are

within the limits.

8. The structure is scaled to satisfy the freqL1ency require

ments. The most violated constraint is recorded.

9. The dynamic displacements are computed by using Eq. (2.48).

10. The operator can proceed to Step 12 if the design is for

a dynamic case only.
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11. The dynamic displacements are then added to the static

displacements determined in Step 4 by Eq. (2.51).

12. A determination is made as to whether the displacement

requirements are within limits. The operator can proceed to Step 14,

if the requirements are not violated.

13. The structure is scaled to satisfy the combined static

and dynamic requirements. The most violated constraint is also

recorded.

14. The member stresses resulting from the combined static

and dynamic loads can be determined by using Eq. (2.54).

15. The operator can proceed to Step 17, if all the stresses

are within the limits.

16. The. structure is again scaled to satisfy the combined

static and dynamic requirements. The most violated constraint is

then recorded.

17. The change in the scaling factor in Steps 8, 13, and 16

is insignificant, if

!I. - !I.new old
Anew

< £ (7.1)

in which Aold and Anew are the scaling factors at the beginning and

at the end of a design cycle, and E is a prescribed tolerance. The

operator can proceed to Step 19, if the change in the scaling factor

is insignificant.

18. If the change in the scaling factor is significant, the

proportion of the structural to nonstructural mass determines the

effect of this scaling on eigenvalues and eigenvectors. There are



three possible cases:

Case 1: Structural mass only.

The eigenvalues and eigenvectors are uneffected by the scaling.

Case 2: The structural mass is insignificant.

The eigenvalues can be scaled in the same proportion as the

design variables but the eigenvectors have to be modified.

Case 3. The structural and nonstructural masses are of similar

proportions.

Both eigenvalues and eigenvectors have to be updated. In this

case, Steps 6 through 16 have to be repeated.

19. In this step, the limits on section properties of the

built-up sections as defined in Chapter VI are checked.

20. For a desired design variable (moment of inertia), the

ratio of tf/d can be determined by keeping the depth of the built

up section constant as follows:

(7.2)

in which the subscript v refers to the cycle of iteration. Equation

(7.2) is derived from Eq. (6.4) and can be used to determine the

required tf/d with a few cycles of iteration.

If the tf/d ratio exceeds the upper limit, the depth of the

built-up section can be increased while maintaining the ratio at the

upper bound by using the following relation:



d = (7.3)

Equation (7.3) is also derived from the Eq. (6.4) with tf/d replaced

by (tf/d) .max
An equation similar to Eq. (7.3) can be used to calculate d,

if tf/d is less than its lower limit;

(7.4)

If d determined from Eq. (7.4) is less than d . , then d. shouldml n mln
be used.

The operator proceeds to Step 12, when the section properties

are changed.

21. The feasible weight of the structure is determined. If

it is the first cycle, the operator can proceed to Step 24.

22. The design is stopped when the number of iteration exceeds

the maximum allowance.

23. The design is also terminated when the current weight is

more than the previous weight. Then the operator proceeds to Step 26.

24. Either ~ .. or ~I•• , i = 1,2, ... m, given in Eq. (4.20)
J 1 J 1

or (4.25) is determined for each constraint j. When the constraints

are the displacements of a structure, ~I is expressed in Eqs. (5.10)

and (5.33) for the static and dynamic loads respectively. For a

combined static and dynamic design, the combination of both equations

should be used for ~~ .. Similarly, if the constraints are stresses,
Jl



Eqs. (5.17) and (5.38) should be respectively employed for static

and dynamic loads. Apparently, ~~. in Eq. (5.42) is for the fre
Jl

quency constraint. The term T1is computed from Eq. (5.11).

25. The Lagrange multipliers associated with the active con

straints are determined by solving Eq. (4.32). Therefore, a set

of resizing design variables can be calculated by using the recursion

relation of Eq. (4.27). The Lagrange multiplier associated with

nonactive constraints can also be determined by solving Eq. (4.32).

Hence, there are (n-N) sets of resizing design variables that corres

pond to the remaining nonactive constraints. The maximum value of

each resizing design variable from these sets is to be used for the

next design cycle. The operator then proceeds to Step 2.

26. When the current weight of the structure is more than the

one given in the problem, the current design variables are replaced

by the previous design variables.

27. The member stresses and the displacements corresponding

to the final design are calculated, and the results of the program

are printed.



VIII. NUMERICAL EXAMPLES OF TRUSSES AND FRAMEWORKS

The ODSEWS (Qptimum Qesign of ~tat;c,Iarthquake, and ~ind

~tructures) computer program has been developed for the design of

trusses and framed structures subjected to the multicomponent input

of static loads and dynamic excitations. Dynamic excitations are

wind forces and horizontal and vertical earthquake motions. The

response for these can be obtained by using either direct numerical

integrations or response spectra. The members of the trusses and

bracings are bar elements, and the girders and columns of the frame

works are beam-column elements that can be either built-up sections

or hot-rolled wide flange sections available in the AISC Steel

Construction Manual. In this chapter, various applications of

the computer program and comparisons of the design results are

discussed, and in Chapter IX, comparative studies of the effect of

multicomponent motions on 3D-story unbraced, single-braced, double

braced, and K-braced structural systems are reviewed.

A. DESIGN OF TRUSSES

1. Design of a Cantilever Truss for Static Loads--Example 1. The

ten-bar truss shown in Fig. 8 illustrates the conditions for the

iteration cycles versus th~ structural weight at each design cycle.

The structure has ten design variables and eight degrees of freedom.

The static loads of 100 kips (445 kN) are applied at nodes 2 and 4.

The member properties of the design problem are the modulus of elas

ticity, E = 10 x 106 lbs/in. 2 (69.0 GN/m2), the mass density,

p = 0.10 lb/in. 3 (2.764 g/cm3), and the allowable stress,



b -
6

e, 10... -
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30'- 0"
lOOk

30'-0" f(9.15m) (9.15m)

Figure 8. Cantilever Truss for Static Loads of Example 1.



Gall = ~ 25,000 1bs/in. 2 (172.5 MN/m2).

The two behavior constraints considered in this example are Case

(a), stress constraint only, and Case (b), both stress and displace

ment constraints. The displacement constraints are ~ 2.0 in. (5.08 cm)

for all nodes in both the x and y directions. The lower bound of the

design variables is assumed to be 0.10 in. 2 (6.45 cm2) which is the

side constraint in both cases.

A plot of the number of design iterations versus the structural

weight corresponding to each iteration is shown in Fig. 9. Table I

reveals the final design results of the cross-sectional areas and

the stresses of the individual members. The optimum results of

Case (a) are due to the stress constraints active in members 1. 3,

4, 7, 8, and 9, and those of Case (b) are due to the displacement

constraints active in the vertical direction at nodes 1 and 2.

These two displacement constraints, which are simultaneously active

under the given loading condition, represent a typical case of the

multiple constraint problems discussed in Chapter IV.

2. Design of a Twenty-Bar Tower for Static Loads and Ground Motions-

Example 2. Figure 10 shows the configuration of a 20-bar tower,

which has a concentrated dead load of 38.64 kips (171.95 kN) acting

respectively at nodes 9 and 10. The structure has 20 design vari

ables and 16 degrees of freedom and was designed to withstand a

dead load and a horizontal ground motion. The earthquake excita-

tion is represented by the average spectral acceleration shown in

Fig. 5 with 0.33 g and 5% damping. The member properties of the

structure are modulus of elasticity, E = 10 x 106 lbs/in. 2

(69.0 GN/m2), mass density, p = 0.10 lb/in. 2 (2.764 g/cm3), and
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TABLE I. DESIGN RESULTS OF EXAMPLE 1 (1 in. 2 = 6.452 cm3, 1 1b/in. 2

= 6.9 kN/m2 , 1 1b = 0.453 kg)

Case (a) Case (b)

Member Are~ Stress Are~ Stress
numbers (in. ) (lb/in. 2) (i n. ) (lb/in. 2)

1 7.938 25000 30.512 6621

2 0.100 15533 0.100 52

3 8.062 25000 21.901 9040

4 3.938 25000 15.154 6599

5 0.100 0 0.101 20047

6 0.100 15533 0.1.00 52

7 5.745 25000 8.924 15526

8 5.569 25000 21.496 6712

9 5.569 25000 21. 431 6599

10 0.100 21967 0.100 73

Final
weight (lb) 1593.2 5088.2

No. of
iterations 20 20
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the allowable stresses~ Gall = ~ 25~000 1bs/in. 2 (172.5 MN/m2).

The displacement constraints of 0.25 in. (0.635 cm) are imposed on

all the nodes in both the x and y directions. The lower bound of

the design variables is 0.10 in. 2 (0.645 cm2).

The tower is designed for two different cases: Case (a) is

for a horizontal ground motion only, and Case (b) is for both the

dead load and the ground motion. For the dynamic design, the first

five modes are used. The design results are given in Table II.

B. DESIGN OF FRAMED STRUCTURES

1. Design of a Two-Story, One-Bay Frame for Gravity and Wind Loads-

Example 3. The two-story, one-bay frame of Fig. 11 with six

design variables and 12 degrees of freedom is designed for gravity

and wind loads. The nonstructura1 masses of the floor are w1 =

2 kips/ft (2970 kg/m) for the first story and w2 = 1 kip/ft (1485 kg/m)

for the second. The displacement constraints are 2.4 in. (6.10 cm) and

3.0 in. (7.62 cm) for the first and the second story respectively. The

members of the frame are the hot-rolled wide flange sections for which

the relationships of the cross-sectional properties are expressed

in Eqs. (6.1) and (6.2). The material properties of the members are

modulus of elasticity, E = 29 x 106 1b/in. 2 (200.1 GN/m2), the mass

density, p = 0.283 1b/in. 3 (7.823 g/cm3), and the allowable stress,

Gall = 29,000 lb/in. 2 (200.1 MN/m2). The lower bound of all the

design variables is 10 in. 4 (416.23 cm4).

The wind force has a magnitude of 35.7 1bs/ft2 (1.71 kN/m2)

and a half-sine time function, which is shown in Fig. 12. The response

spectrum of the function is given in Fig. 13. The force is distributed

on the frames spacing at a distance of 20 ft (6.1 m) center to center.



TABLE II. DESIGN RESULTS OF EXAMPLE 2 (1 1n. 2 = 6.452 cm,4 1 1b/1n. 2

= 6.9 kN/m2, 1 1b = 0.453 kg)

Case (a) Case (b)

Member Are~ Stress Area Stress
numbers (in. ) (lb/in. 2) (1n. 2) (lb/1n. 2)

1 0.100 8. 6883E-03 0.100 7. 3781E+02

2 o. 100 1. 8568E-02 0.100 1. 5301 E+Ol

3 0.138 2. 7816E-02 0.100 1.4308E+03

4 0.302 4.0701E-02 0.839 5.0411 E+02

5,9 27.581 2. 4553E+03 28.961 3.6767E+03

6,10 20.011 2. 4769E+03 23.626 3.7186E+03

7,11 12.533 2.5080E+03 14.654 4.7641E+03

8,12 5.451 2.5048E+03 9.274 5.5345E+03

13,17 8.949 2.2734E+03 8.546 2.4367E+03

14,18 8.985 2.2616E+03 8.554 2.4407E+03

15,19 9.211 2.2013E+03 8.599 2.4222E+03

16,20 9.922 2.0370E+03 8.633 2.4229E+03

Final
weight (1 b) 1789 1853

No. of
iterations 3 5
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The structure is designed without consideration of the p-~ effett

for the following three cases:

Case (a): i) The frame is designed to resist only a wind

force for which the uniform load of 35.7 lbs/ft2 (1.71 kN/m2) is

treated as a static load. ii) In addition to the static load con

sidered in i)t the gravity load of the slab weights is included in

the design.

Case (b): i) The frame is designed for a wind forcet which

is treated as an undamped dynamic excitation for which the forcing func

tion is shown in Fig. 12. ii) The design is due to a combined load

of the dynamic force and the slab weights. The frequencYt p, of

the wind force is assumed to be 3 radjsec. For computational

convenience, the minimum fundamental frequency, w, of the structure

is chosen to be 3 rad/sec., because the response spectrum indicates

that when w/2p ~ 0.5 the maximum responses always occur in the

forced vibration era. Let the time interval, ~t, be 0.05 sec, then

the total number of time steps for the design is 25. At any time

step, i, the maximum responses of the internal forces occurring

between t = 0 and t = t i are recorded. Thus, the maximum internal

forces at t =a through the end of the forcing function are used in

this design for which the response analysis is apparently exact but time

consuming. The example is used only for comparison of this design re

sult with the one that is based on the approximate approach of the

response spectrum in Case (c).

Case (c): i) The structure is designed for a wind load for which

the response spectrum of Fig. 13 and the root-mean-square technique

are used. ii) The design takes into account the combined load of the



slab weights and the response spectrum of the wind force. Use of the

response spectrum eliminates the time parameter and thus saves

computing time. Because the maximum responses of individual

modes do not necessarily occur at the same time, the root

mean-square technique is employed to level off the peak response

of all the modes involved.

The structural weights and the iteration cycles of these three

cases are given in Table III in which one can observe the conver-

gence of the recursion process and the differences between the

design results. The moment of inertia, the combined stress of the

axial and bending forces, the total number of iterations, the floor

displacements, and the violated constraints are listed in Table IV.

The cross-sectional areas, Ao' and the section modulus, So' are not

shown and can be obtained by using Eqs. (6.1) and (6.2). Case (a)i has

multiple active constraints that are the stress of member 2 and

the displacement at the top floor. However,Case (a)ii has one

behavior constraint violated as the stress of member 2. The vio

lated constraints of (i) and (ii) of Case (b) are the displacement

at the top floor and the stress of member 1 respectively. Case (c)i

has the multiple constraints violated as the top floor displace-

ment and the stresses of members 4 and 6, whereas Case (c)ii has a

single constraint violated. Note that the structural weight result

ing from the design for the static wind force is about 74% of that

based on the dynamic force design, which in turn yields almost the

same amount as that resulting from the response spectrum approach.
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2. Design of a Two-Story, Two-Bay Frame for Eguivalent Seismic Forces--

Example 4. Figure 14 of a two-story, two-bay frame is designed

to resist the equivalent seismic forces specified by the Uniform

Building Code. This example has ten design variables and 21 degrees

of freedom for which the nonstructural masses of the slabs are

2 kips/ft (2970 kgjm) and 1 kip/ft (1485 kg/m) for the first and

top floor respectively. The displacement constraints are ul = 2.4 in.

(6.10 cm) and u2 = 3.0 in. (7.62 cm). They correspond respectively to

the first and top story. The properties of the constituent members,

the allowable stresses, and the lower bound of the design variables

are the same as those given in Example 3.

The lateral equivalent seismic loads are computed according

to the recommendation of the 1976 Uniform Building Code as the

earthquake-zone coefficient, Z = 1.0, the important factor of the

building, I = 1.5, the stiffness coefficient of the building, K =

1.0, and the estimated site perind, Ts = 1.0.

The frame is designed without a P-6 effect for two cases:

Case (a) is the design resulting from equivalent lateral seismic

loads, whereas Case (b) is due to the gravity loads of the slabs

combined with these lateral forces. The final design results are

shown in Table V, which includes the moments of inertia and combined

stresses of the individual members, the final weight, number of

design iterations, and the actual displacements. It is apparent

that the critical constraints at the final design are the stresses

in members 1 and 3 for Cases (a) and (b) respectively. Because the

members are based on the AISC wide flange sections, the section

modulus, So' and the area, Ao' of the final design results are
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TABLE V. FINAL DESIGN RESULTS OF EXAMPLE 4 (1 in. 4 = 41.623 em,4

1 lb/in. 2 = 6.9 kN/m2, 1 lb = 0.453 kg, 1 in. = 2.54 em)

Case (a) Case (b)

Moment of Moment of
Member inertia Stress inerti a Stress
numbers Io{in. 4) a(lb/in. 2) 10 {in. 4) a(lb/in.~

573 29000 1113 24239

2 294 24536 1118 28592

3 105 24313 263 28999

4 60 20057 398 26914

5 566 26154 604 14224

6 94 25285 166 18366

7 768 26469 1399 18263

8 152 22753 255 26361

9 392 17148 1556 19464

10 91 11847 538 20849

Final
weight (1 b) 4460 7331

No. of
iterations 3 3

Di sp: u1 1.57 in. 0.81 in.

u2 2.18 in. 1. 04 in.



calculated by the computer according to Eqs. (6.1) and (6.2) and

then printed in the output.

3. Design of a Five-Story, One-Bay Frame for Dynamic Loads and Seismic

Excitations--Examp1e 5. The five-story, one-bay frame shown in

Fig. 15 is designed for two loadings. The first loading is the dynamic

wind loads that result from a uniform load of 35.7 psf (1.71 kN/m2) that

is distributed on the frames at 20 ft (6.1 m) spacing. The shock spec

trum and 5% damping shown in Fig. 13 are taken into consideration. The

second loading is due to a horizontal ground motion that is based on the

average spectral acceleration, 5% damping, and 0.27 g as shown in Fig. 5.

The uniform loads on girders, w, are 180 lb/in. (3210.2 kg/m).

Two design cases are considered: Case (a) is for the frame to

resist the wind load and the seismic excitations that act independently

as two loading conditions, and Case (b) is for the frame to resist

these two loadings, each of which is combined with the static gravity

load. The first three natural modes are used to approximate the

dynamic response on the basis of the root-mean-square technique.

The member properties. the allowable stress, and the lower bound

of the design variables are the same as given in Example 3. No

p-~ effect is considered for this design. The displacement con

straints are based on the allowable deflection relative to the

ground which is equal to 0.005 times the floor height. The final

design results are shown in Table VI. Note that the columns at

each floor are assumed to be identical and are treated as one design

variable, which is selected according to Eqs. (6.1) and (6.2).

This example is designed to show that the ODSEWS (Qptimum Qesign

of ~tatic,larthquake, and ~ind ~tructures) computer program is
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TABLE VI. FINAL DESIGN RESULTS OF EXAMPLE 5(1 in. 4
= 41.623 em}

1 1b/in. 2 = 6.9 kN/m2, 1 1b = 0.453 kg)

Case (a) Case (b)

Moment of Moment of
inertia Stress inertia Stress

IoUn. ) a(lb/in. 2} Io(in. 4) a(lb/in. 2)

1879 17076 2693 19375

2437 16702 2865 20708

1871 16934 2352 20955

1125 18931 1528 22889

251 26764 671 25926

1983 20713 3067 23443

1275 19208 2311 21595

961 20235 1785 20711

634 22177 1191 . 21155

304 29000 635 29000

Member
numbers

1

2

3

4

5

6,11

7,12

8,13

8,14

10,15

Final
weight (1 b)

No. of
iterations

11966

6

15031

3

Constraints
violated

Disp: u1' u2 0.27,0.74,

u3, u4' u5 (in.) 1.25,1.83,2.58

0.22,0.61,

1.04, 1. 50, 1.97



versatile enough for the optimum design of various steel structures

subjected to various types of loading.

4. Comparison of Design Results Based on the UBC Equivalent Lateral

Forces and the Average Seismic Acceleration Spectru~ for a One-Bay

Frame Varies from One~~troy to 30-Stories--Example 6. One-story

to 30-story one-bay frames are designed according to the 1976 Uniform

Building Code (UBC)arrlthe average acceleration spectrum of 0.27 g

and 5% damping as shown in Fig. 5. The unbraced single-bay frames

have a typical span length of 21 ft (6.40 m) and a typical floor

height of 12 ft (3.66 m). The dead load on each floor is 180 lb/in.

(3210.2 kg/m). The allowable combined stress for the bending

and axial force is ° = 29 ksi (200.1 MN/m2), the allowable shear

stress is 0.65 o, and the allowable deflections at any floor are

equal to 0.005 times the height of the story from the ground

level. Neither the static stress nor the p-~ effect occasioned by the

superimposed masses on the floors are considered. The first five modes

are used in conjunction with the root-mean-square technique in the

design. The natural periods are obtained by using the eigensolution

subroutine. The properties of the built-up sections described

in Chapter VI are b = 10 in. (25.4 em), d = 36 in. (91.2 em),max

dmin = 8 in. (20.3 em), (tf/d)max = 0.045, (tf/d)min = 0.023,

and tw/d = 0.020.

For the solution associated with the equivalent seismic forces

as specified by the Uniform Building Code, the values of Z, K, S,

and I are assumed to be one which corresponds to Zone 4 of the highest

seismic risk. The natural period is obtained by using the Rayleigh

quotient equation in the Code.



Figure 16 shows the comparison of the design results of the

total weight of each of the 30 unbraced, single-bay frames. The

figure indicates that the Uniform Building Code requires a much

lighter structural weight than the average response spectrum for

which only a moderate magnitude of 0.27 g is used. The base shear

factor, CS, which corresponds to the final design of Fig. 16, is

illustrated in Fig. 17 for both design cases. It is apparent that

the Uniform Building Code underestimates the total shear forces

as compared to the average acceleration spectrum of 0.27 9 in

magnitude.
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In this chapter, the design results for 15-story braced and

unbraced buildings are compared. These buildings are considered

to have been subjected to the horizontal and vertical ground motions

of the 1940 El Centro earthquake for which the acceleration spectra

with 5% damping are given in Fig. 4. In addition to the consideration

of vertical component of the ground motion, the second-order p-~

effect on the design is also included. The p-~ effect is a result

of all the axial forces exerted on the columns. These forces are com-

posed of the dead loads of the structural and nonstructural masses and

the associated inertial forces occasioned by vertical acceleration. The

structures are assumed to have two models: Model I has two nodes at

both ends of a girder, and Model II has three nodes at both ends and

at the mid-span of a girder.

The l5-story buildings discussed in this chapter have the follow-

ing structural dimensions, weights, member properties, and allow-

able stresses: The span length and floor height are 21 ft (6.405 m)

and 12 ft {3.66 m} respectively. The dead load (nonstructural mass)

on each floor is 180 lbs/in. (32l0.2 kg/m). The mass density and

the modulus of elasticity of the construction material are 0.283 lbs/

in. 3 (7.823 g/cm3) and 29,000 ksi (200.l GN/m2) respectively.

The allowable stress, 0~ for bending combined with the axial forces

of the columns and girders is 29 ksi (200.l MN/m2), and the allow-

able shear stress, 0
V

' is less than or equal to 0.65 o. The allow

able axial stress of the bracings is assumed to be 20 ksi (138 MN/m2).



Although different allowable deflections may be imposed at any particu

lar node, the allowable deflection of each floor is limited to 0.005

times the height of that floor from the ground level. The columns and

girders are made of the built-up sections described in Chapter VI and

have the following properties: b = 25 in. (63.50 cm), dmax =75 in.

(190.50 cm), dm1' n = 15 in. (38.10 cm), (tf/d) = 0.045, (tf/d). =max mln

0.023, and twld = 0.020.

A. 15-STORY UNBRACED FRAMES

The 15-story unbraced frame shown in Fig. 18(a) is used to

study the significant effect of mu1ticomponent ground motion and

of various constraints on the optimal design results. The

optimal design results of the structure are observed by considering

the stress constraints only, the stress and displacement constraints,

and the constraints on the relative stiffness of the constituent

members. Four design cases are considered by using Models I and

II shown in Fig. l8(b): Case (a) is designed for horizontal ground

motion only, Case (b) for a horizontal ground motion and the p-~

effect of the dead load associated with the structural and non-

structural masses, Case (c) for horizontal and vertical earthquake

components but no p-~ effect, and Case (d) for horizontal and

vertical earthquake components as well as the p-~ effect occasioned

by the dead load and the vertical inertial forces associated with

the structural and nonstructura1 masses. In this chapter, the design

results are identified by H, H + P~(DL), H+ V, H + V + P~(DL + V),

which correspond to Cases (a) through (d) respectively. The

stresses caused by gravity loads on girders are not included in
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the design of Examples 7 through 9. Thus the design results are

based on the dynamic excitations only.

1. Stress Constraints Only~~Example 7. The plot of the total

weights versus the number of iterations for Case (a) through Case (d)

is shown in Fig. 19. Table VII lists the final weights of these

four cases, which are identified as Group A. The table also includes

the final displacement at the top floor, the number of modes, and the

associated natural periods used in the design. It is apparent

that the multicomponent ground motion when combined with the P-6

effect of the structural and nonstructural masses can yield nearly 3%

of an increase in the structural weight over that which would be

required for one horizontal component only.

Figure 20 shows the ratio of the energy (kinematic and strain),

W, of the individual modes to the total energy, WT, associated with

the total number of natural modes included in the design. This

plot signifies that the first mode is the most significant for

all cases. The modes beyond the third have little effect on a

structure subject to a horizontal motion such as in Cases (a) and

(b) of Model I. However, when a structure is subjected to com

bined horizontal and vertical ground motions as in Cases (c) and (d)

of Model II, the first five modes are needed for an adequate design.

The moments of columns and girders are shown in Figs. 21(a)

and (b). The shear envelopes at individual floor levels are plotted

in Fig. 22, which shows that the shear at each level is uniformly

increased from the top floor to the bottom. The inclusion of the

vertical ground motion and the P-6 effect significantly increases
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TABLE VII. FINAL WEIGHTS, NATURAL PERIODS, AND DISPLACEMENTS OF

15-STORY FRAMES (A = UNBRACED WITH STRESS CONSTRAINTS,

B = UNBRACED WITH STRESS AND DISPLACEMENT CONSTRAINTS,

C = SINGLE-BRACED, 0 = DOUBLE-BRACED, E = K-BRACED)

(l kip = 453 kg, 1 in. = 2.54 em)

Natural Period (sec.)
Final Di sp. at
Weight top floor

Group Case (kips) 1 2 3 4 5 (i n. )

A a 51.88 2.409 0.796 0.462 0.327 0.245 13.19

b 53.03 2.412 0.792 0.461 0.323 0.243 13.21

c 52.15 2.413 0.792 0.461 0.326 0.245 13.22

d 53.32 2.409 0.786 0.458 0.322 0.242 13.22

B a 60.44 2.152 0.694 0.404 0.282 0.212 10.80

b 62.21 2.179 0.671 0.386 0.268 0.202 10.80

c 60.77 2.158 0.692 0.402 0.281 0.217 10.80

d 62.21 2.152 0.677 0.395 0.276 0.212 10.80
_._._-------

C a 45.02 1.879 0.490 0.256 0.247 0.187 9.00

b 46.48 1.876 0.479 0.274 0.252 0.209 9.05

c 45.04 1.874 0.488 0.291 0.255 0.224 9.02

d 46.75 1.874 0.485 0.288 0.253 0.221 9.02

D a 30.67 2.136 0.510 0.316 0.265 0.263 10.75

b 32.02 2.120 0.502 0.313 0.261 0.260 10.63

c 30.87 2.140 0.531 0.402 0.362 0.337 10.80

d 31.55 2.134 0.509 0.398 0.361 0.335 10.80
._--



TABLE VII. FINAL WEIGHTS, NATURAL PERIODS, AND DISPLACEMENTS OF

15-STORY FRAMES (continued)

Natura1 Period (sec.)
Final Disp. at
weight top floor

Group Case (kips) 2 3 4 5 (i n. )

E c 28.13 2.104 0.522 0.271 0.271 0.179 10.47

d 28.61 2.111 0.519 0.274 0.269 0.178 10.55
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increases the shear forces at all the floor levels.

Figures 23 and 24 show the distribution of the moments of

inertia of the columns and girders respectively. The moment of

inertia for the columns is the smallest at the top floor and increases

almost linearly from the top floor to the second floor and abrubtly

increases at the first floor. The moment of inertia for the girders

is relatively small at the first floor and increases suddenly at

the second floor. It decreases almost linearly from the second to

the 13th floor and abruptly decreases from the 14th to the top. If

the moments of inertia of all the four cases are divided by the

corresponding moments of inertia of Case (a), the normalized moments

of inertia of the columns and girders corresponding to Fig. 23 and 24

can be shown as they appear in Figs. 25 and 26, respectively.

Apparently the moment of inertia associated with Case (a) is normalized

to one, and the normalized moments of inertia of the other cases can

reflect how much the multicomponent ground motion affects the stiffness

requirements. From Figs. 25 and 26, one can observe that the vertical

ground motion when combined with the horizontal ground excitation and

the P-6 effect can significantly increase the moments of inertia of

both columns and girders.

The ratios of the combined stresses of the axial and bending

forces to the allowable stresses for the columns and girders are

respectively plotted in Figs. 27 and 28 in which the variations

of the actual stresses in the final design can be observed. The
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stresses of the columns at the first floor and top three floors are close

to the allowable stress. The stresses of girders reach the allowable

stress for all floors except the top and the first floor for which the

stresses at the first floor are the smallest.

Figure 29 shows a plot of the displacements at the different floor

levels relative to the ground for the four cases. On the basis of the

final design weight listed in Table VII, the displacements are obviously

inversely proportional to the overall stiffness of the structure.

2. Stress and Displacement Constraints--Example 8. In addition to the

allowable stress of 29 ksi (200.1 MN/m2) that is imposed on all the members,

the allowable displacement of 0.005 times the story height from the

ground is imposed on each floor. Figure 30 shows the interation history

and the corresponding structural weights for the four cases of (a)

through (d). The final weights, periods, and displacements at the top

story for all cases are listed in Table VII in Group B. The design result

shows that the structural weight, which is needed to withstand the effects

of a vertical ground motion and a p-~ effect, is about 3.0% greater than

the structural weight needed for a horizontal ground motion alone. It

is apparent that the displacement constraints cause the structure of

Group B to be more rigid than those in Group A; thus, the final structural

weight of Group B is much heavier than that in Group A.

The distribution of the moments in columns and girders is given in

Figs. 31 (a) and (b). The shear envelopes are illustrated in Fig 32. The

moments of the columns are the largest at the first floor and gradually

decrease from the second floor to the top. The moments of the girders are

remarkably small relative to those at the second floor which are in fact

the largest. Some variations in the shear envelopes are
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shown for cases of (a) through (d) at certain floors.

Figures 33 and 34 reveal the distribution of the moments of

inertia of the columns and girders respectively. The moment of

inertia of the columns is the smallest at the top, the largest at

the supports, and almost linearly increases from the second floor

to the top floor. The moment of inertia of the girders is small

at the first floor, suddenly increases at the second floor, and

gradually decreases from the second to the sixth floor. It becomes

practically constant from .the sixth to the 12th and significantly

decreases from the 12th to the top floor. The normalized moments

of inertia of the columns and girders are shown in Figs. 35 and

36 respectively. Note that the moments of inertia of Case (a) is

greater than that of other cases for the columns above the eighth

floor and for the girders above the tenth floor.

The ratios of the actual combined stresses to the allowable

stress of both the columns and girders are shown in Figs. 37 and

38 respectively. Note that all the design cases have been terminated,

because the allowable deflection at the top floor is violated as

shown in Table VII. The displacements at the floor levels are

. sketched in Fig. 39 and the significance of the individual modes

for the design is shown in Fig. 40.

3. Constraints on the Relative Stiffnesses of the Constituent Members

--Example 9. As shown in the previous design examples, the final

moments of inertia of the columns and girders of a system can have a

great deal of difference in magnitude. In engineering practice, the
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cross-sectional properties of the columns and girders of a structure

are limited for constructional as well as architectual reasons;

thus, the ratios of the maximum moments of inertia to the minimum

moments of inertia are usually restrained. For the purpose of

studying the effect of relative stiffness on optimum results, the

15-story building depicted in Fig. 18 has been redesigned for the

following three cases: Case (i), the ratios of the maximum to the

minimum moments of inertia of the columns and girders are equal to

or less than 10; Case (ii), ~he ratios are equal to or less than

5; and Case (iii), the moments of inertia of the columns and girders

for every two floor levels are assumed to be the same; however the

ratios of the maximum moments of inertia to those of the minimum

for the system cannot be more than 10. The design results of these

three cases are compared with those of Case (iv), which is actually

duplicated from Case (d) in Example 8.

Figures 41 and 42 illustrate the distribution of the moments

of inertia of the columns and girders respectively for the four

cases. The additional constraint of the ratios of the maximum to

minimum moments of inertia somewhat changes the final design but

not the distribution pattern from the first floor to the top. Other

comparisons of the design results including the normalized moment

of inertia, combined stresses, moments, shear envelopes, displacements,

and design weights are shown from Figs. 43 through 51.

Table VIII lists the final weights, periods, and displacements

at the top floor for the four cases. All the design cases have been

terminated, because the allowable deflection at the top floor is
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TABLE VIII. FINAL WEIGHTS, NATURAL PERIODS, AND DISPLACEMENTS OF

EXAMPLE 9 (i = Ima/Imin = 10, ii = Imax/Imin = 5,

1i i = SAr~E Mor'1ENT OF INERTIA OF COLUMNS AND THAT OF

GIRDERS FOR EVERY TWO FLOORS AND Imax/lmin =10,

iv = NO LU1IT (SAME AS CASE (d) OF EXAf1PLE 8»

(1 kip = 453 kg, 1 in. = 2.54 em)

Natural Period (sec.)
Final Disp. at
~Jeight top floor

Case (kips) 1 2 3 4 5 (i n. )

1 63.42 2.186 0.658 0.367 0.253 0.204 10.80

11 62.35 2.174 0.677 0.388 0.267 0.207 10.80

i 11 62.58 2.166 0.676 0.386 0.266 0.206 10.80

1V 62.21 2.152 0.677 0.396 0.276 0.212 10.80



violated. As expected, the final weight of Case (iv) without the

restraint on the relative stiffness has the least weight.

B. 15-STORY BRACED FRAMES

Three types of braced frames, namely the single-braced, double

braced. and K-braced, are designed so that the effect of the inter

action of ground motions on the optimum solutions can be studied. All

of the design information is the same as that given at the beginning of

this chapter with the stress and displacement constraints except that

the minimum depth for the columns and girders. dmin , is 10 in. (25.40

cm). The maximum and minimum areas for the bracings are assumed to be

23 in. 2 (148.39 cm2) and 1 in. 2 (6.45 cm2) respectively. All of the

design examples of the braced systems include the static stresses result

ing from the weight of the nonstructural masses on the girders.

1. l5-Story Single-Braced Frame--ExamplelO. Figure 52 shows the

configuration of the l5-story. single-braced frame for which the design

variables of the columns on each of the floor levels are assumed to be

the same. Figure 53 illustrates the total weights versus the number

of iterations for the four cases of (a) through (d). Other design

results are given in Table VII of Group C. Examination of the

figure reveals that the multicomponent ground motions when combined

with the P-6 effect can increase the structural weight by 40% over

the structural weight for the horizontal component only.

The ratios of the strain and kinematic energies of the individual

modes to those of all the modes in the design are plotted in Fig. 54.

The plot indicates that the first three modes and the first four modes

are adequately accurate for the design of Models I and II of the single

braced systems respectively.
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necessary for an accurate design based on Model I, but the design

based on Model II requires at least the first four modes.

Figures 71 through 73 respectively indicate the distribution

of the moments of inertia of the columns and girders as well as the

bracing areas. These figures show that the frames with double

bracings demand smaller moments of inertia for the columns and

girders than single-braced frames. Note that the moments of inertia

for all the girders and those of columns between the 13th and 15th

floor are a minimal 289 in. 4 (12029 cm4) and that the distribution

of the bracing areas follows a pattern similar to that of the single-

braced frame; however, the areas required for the double-bracings

are about half those for single-bracings. The normalized moments of

inertia of the columns and girders and the normalized areas of the

bracing members are shown in Figs. 74 through 76 respectively.

The ratios of the actual combined stresses to the allowable

stress of the columns and girders are practically similar for all

the floors except the columns at the top three floors as illustrated

in Figs. 77 and 78. Figure 79 includes the ratio of axial stresses

to the allowable stress of the bracings for all four cases. The

maximum moments of the columns and girders and the axial forces of

the bracings are shown in Figs. 80,81, and 82 respectively. The

displacements are shown in Fig. 83.

3. l5-Story K-Braced Frame--Example 12. For the 15-story K-braced frame

shown in Fig. 84(a), only Model II of Fig. 84(b) can be employed for the

design because the bracing members intersect at the mid-span of the

girders. The configuration of K-bracing can increase the longitudinal
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stiffness of the structure and consequently reduces the effect of

the vertical ground motion. Because a node must be assumed at the

mid-point of girders, Model II is used for loading Cases of (c)

and (d) of which the design results are shown in Table VII as well

as Fi g. 85.

Figure 86 represents the contribution of the energies of the

individual modes to the design for all cases. The modes beyond

the fourth contribute little to the design, because they correspond

mainly to the vertical earthquake component.

The P-l.i effect requires somewhat larger columns and bracings

as shown respectively in Figs. 87 and 89. The girders are designed

on the basis of minimum sizes. The corresponding ratios of the

normalized section properties of columns, girders, and bracings are

illustrated in Figs. 90 through 91.

The ratios of the combined stresses to the allowable stresses

of the columns, girders, and bracings are shown in Figs. 93 through

95 which indicate that the actual stresses of these two cases are

very close and that the columns at the support are only the members

reach the allowable stress. The stress behavior of the columns can

be further observed from Fig. 96 where the moments of the support

columns are very large. The moments of the girders, the axial

forces in the bracings, and the displacements at the floor levels

may be found in Fig. 97 through 99 respectively.

4. Comparison of Single-Braced, Double-Braced, and K-Braced Systems-

Example 13. Figure 100 represents the comparison of the design

weights of Case (d) for the single-braced, double-braced, and K-braced
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systems of Examples 10,11, and 12. The K-braced system is the

lightest structure, which is about 40 and 10% lower than the weights

of single-braced and double-braced systems respectivelY.

Comparisons of the moments of inertia of the columns and girders

as well as the areas of the bracings corresponding to the three

systems have been replotted in Figs. 101 through 103. Other comparisons

of normalized member properties of moment of inertia and area,

normalized stresses, and moments and axial forces are shown in

Figs. 104 through 112. Figure 113 shows the floor displacements

of the three braced systems for which the displacement responses

are almost identical and violate the allowable deflection at the

top floor.
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X. REVIEW AND CONCLUSIONS

A. REVIEW

In this report, the effect that ground motions have on the

relative stiffness requirements, on the overall stiffness distribution

at critical regions, and on the entire system of various plane struc

tures (a component of 3-D symmetric structures) has been examined. The

structural systems studied are trusses, unbraced, single-braced, double

braced, and K-braced steel frameworks for which the constituent members

are bar elements for bracings and truss-members and beam-column elements

for columns and girders. The beam-column elements are either the built-up

sections or the hot-rolled wide flange sections that are available

in the AISC Steel Construction Manual. The structures can be sub-

jected to static loads and dynamic forces as well as to horizontal

and vertical ground motions. The dynamic forces and the seismic

excitations can be used on a basis of either direct integrations

or response spectra. In addition, the equivalent lateral seismic

force recommended by the Uniform Building Code can also be used

for the design purposes.

The optimum design method is based on an optimal criterion

and a recursion relation for which the behavior constraints of

static and dynamic displacements and stiffnesses as well as the

constraints of natural frequencies are presented in detail. Other

constraints are the desirable sizes of the members and the limi

tation on the difference between the maximum and minimum moments of

inertia of a system. The method is considered to be more advan

tageous than any of the other optimization methods currently in



vogue, be·cause the number of iterati ons requi red to converge on an

optimum design is independent of the number of variables in the

problem. Thus, the method can be applied practically to the design

of large structural systems.

The structural formulation ;s based on the displacement method,

and consideration is given to the consistent mass formulation and the

second-order effect resulting from static and dynamic forces acting

axially on the columns. It is postulated that the columns and girders

have axial and bending deformations, thus each node of a structural

system has three degrees of freedom. Various displacement constraints

can be applied to the individual nodes with any specific numbers. A

sophisticated computer program, ODSEWS (Qptimum Qesign of ~tatic,

Iarthquake, and ~ind ~tructures), has been developed for the design

of static loads, dynamic forces, and seismic excitation as well as for

any combination of these. The program is based on an IBM 370/168 for

which the input and output formats are detailed in Appendix C.

B. CONCLUSIONS AND REMARKS

The following is a summary of the important conclusions deter

mined from this investigation:

(1) The use of a response spectrum in conjunction with a root

mean-square technique can yield very satisfactory design results

compared to those resulting from application of an exact response

method, which is based on numerical integrations.

(2) The use of wind forces as static loads in the design

can yield a much lighter structure than one that is based on actual

wind forces.



(3) The distribution of the moments of inertia of the columns of an

unbraced system shows that the moments of inertia are relatively small at

the top floor and increase almost linearly from the top to the second

floor and abruptly increases at the first floor. The distribution is

consistent for both constraint conditions (stress constraints and stress

displacement constraints) and the four loading of cases (a) through (d).

(4) The distribution of the moments of inertia of the girders of an

unbraced system indicates that the moments of inertia of a rigid system

(based on both stress and displacement constraints) are relatively small

at the first floor, increase suddenly at the second and gradually de

crease from the second to the sixth floor. It becomes practically con-

stant from the sixth to the 12th and significantly decreases from the

12th to the top floor. The moments of inertia of the girders of a flex

ible system (based on the stress constraints only) are also small at the

first floor and increase suddenly from the second to the fifth. They

decrease almost linearly from the second to the 13th and then decrease

abruptly from the 13th to the top.

(5) The restraint of the ratios of the maximum moments of inertia

to the minimum of moments of inertia does not change the distribution

pattern as discussed in (3) and (4) above but increases some moments of

inertia to the members having small stresses because of the side constraint

of I II.. The increase depends on the magnitude of the restraint.max mln
(6) The distribution of the moments of inertia of the columns of

single-braced and double-braced systems is similar to those of unbrac~d

frames except that the braced-systems require much smaller moments of

inertia because bracings are used in the frames. The moments of inertia

of the supporting columns and those of the first floor girders of both

braced systems are not abruptly changed as the case of unbraced systems. The



girders of a double-braced system from the first to the top are

actually governed by the lower bound of the design variables.

(7) The bracings of a single-braced system are relatively

large for the first floor and are considerably smaller at the top.

The distribution of double-bracings is similar to that of singles,

and the areas of the individual doubles are about half of those

of corresponding single bracings.

(8) The distribution of the moments of inertia of columns

and girders of a K-braced system is similar to that of single

braced and double-braced systems. Because the K-bracings inter

sect at the midspan of girders, the longitudinal structural stiff

ness is increased considerably and consequently reduces the effect

of the vertical ground motions on the structural design. The K

braced system is the lightest structure among all the structures

investigated.

(9) Even though the first mode is the most significant in

dynamic response, the first three modes are needed to provide an

adequate design for structures subject to a horizontal ground

motion only. However, the first five modes are necessary for

designing structures subject to multicomponent earthquake motions.

Model II can describe the response behavior of multicomponent ground

motions better than Model I.

(10) The Uniform Building Code underestimates the total shear

forces compared to those resulting from the use of either actual

earthquake records or the average acceleration spectrum. There

fore the design based on the equivalent seismic forces provided



by the Code yields a much lighter weight than that obtained by

using the spectrum method.

(11) A heavier structural design is needed to withstand the

effect of a vertical ground motion that is combined with a hori

zontal earthquake and a second-order p-~ effect than for a hori

zontal movement acting alone.

(12) For tall buildings, the design is mostly controlled by

the displacement constraint at the top floor and has a few members

reaching fully stressed.

(13) In the design, the material savings are apparently of

great interest. However, the most important point is the scientific

approach of determining the stiffness distribution of various braced

and unbraced systems. The scientific design method, which can always

provide the required stiffnesses and satisfy the designer's given

constraints, is considered to be much better than the conventional

design technique based on the trial and error process by using

either the desk calculators or the analysis computer programs.

(14) The ODSEWS program is sophisticated and versatile that

can be used for the design of various systems subjected to static

loads, wind forces, and multicomponent seismic input, as well as any

combination of these.
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APPENDIX A. MATRICES OF STIFFNESS, MASS, GEOMETRIC STIFFNESS, AND

CROSS SECTIONAL PROPERTIES OF TYPICAL CONSTITUENT

.MEMBERS

STIFFNESS, GEOMETRIC, AND MASS MATRICES

The coordinates and positive forces and deformations of the

typical constituent members of a structural system are shown in

Fig. 93. The typical members are beam-column elements of either

girders or columns and two-force bar elements of bracings. The

matrices of stiffness, Ksi ' mass, Msi ' and geometric stiffness, ~.

of a girder or column are:
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Figure 93. Positive Forces and Deformations of Typical Member
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The matrices of stiffness, Ksi ' and mass, Msi of a bracing

member are:

a 0 -1 a a
a 0 a a 0 0

EA. a a 0 0 a a
fsi

= 1
Li -1 a 0 1 a a

a 0 0 a 0 0

a a 0 0 a 0

1/3 0 0 1/6 0 a

a 1/3 0 a 1/6 a

p.A.L. a 0 0 0 0 0
M. = 111
...-51 g 1/6 a 0 1/3 0 a

0 1/6 0 a 1/3 0

a 0 0 a 0 0

The cross sectional property matrix, Bi , of a beam-column

element is



1/Ai a -liS. a a a
. 1

a 1/v. a a a a
1

1/Ai a 11Si a a a
B. =-1

a 0 a 1/Ai a -liS.
1

a a a a l/vi a

a a a 1/A. a 11Si .
1

For bracings, the cross sectional property matrix becomes

IA; a a a a a

0 a a a a a

B. a a a a a a=
-1

a a a 1/A. a a
1

a a a a a a
a a a 0 a a .

The symbols used in this appendix are:

Ai = cross sectional area of member i ,

E =modulus of elasticity,

g = gravity acceleration,

Ii = moment of inertia of member i,

li = length of member i,

s. = section modulus of member i,
1

Vi =shear flow of member i for built-up sections only, and

Pi =mass density of member i.



APPENDIX B. EIGENSOLUTION TECHNIQUE

DESCRIPTION OF STURM SEQUENCE PROPERTY AND BISECTION PROCEDURE

The eigenso1ution technique employed in this research possesses

two distinguishing characteristics: the eigenvalues, and eigenvectors

of any desired modes can be obtained directly without using any of

the remaining modes, and the determination of any eigenvalues,

whether fundamental or higher modes, does not require inverting

the stiffness matrix. The method was presented early by Peters

and Wi1kinson* and has the Sturm sequence property for the following

equation:

-+ -+
~x = Alx,

in which A is the eigenvalue, xthe eigenvector, and I the identity

matri x.

When A is real and symmetric, the leading principal minors

of (~ - AI) form a Sturm sequence; that is, the number of eigen

values greater than A is equal to the number of agreements in sign

between consecutive members of the sequence, Pr , for r = 0,1, ... , n.

The term Pr is defined as

Pr = det (A - AI),r -

in which Ar is the leading principal submatrix of the order r of A.

The term Po is assumed to be equal to one.

*Peters, G. and Wilkinson, J.H., "Eigenvalues of Ax = ABx with Band
Symmetri c A and B," Computer Journal, Vol. 12, (1969), 398-404.



Peters and Wilkinson have shown that the Sturm sequence property

is valid for the problem in the following form:

-+ -+
Ax = ABx.

When the matrix ~ is symmetric and positive definite, the sign of

det (~r - A~r) is the same as that of det (~ - AI).

By using the Sturm sequence property in conjunction with a

simple bisection procedure, the eigenvalues of any desired modes

can be obtained, and the associated eigenvectors can be determined

by using an iteration procedure based on the following recurrence

re1ation:*

in which the subscript; signifies the mode number, and v refers

to the cycle of iteration.

NUMERICAL ILLUSTRATION

Let ~ and ~ be symmetric and positive definite as shown below:

60 -60 0

A = -60 180 -120

o -120 300

and

1.0 0

B = 0 1.5

o 0

o

o

2.0 .

*Wilkinson, J.H., The Algebraic Eigenvalue Problem, Clarendon Press,
Oxford, 1965.



Assume that it is necessary to find the second mode of the eigen

value, and it is also assumed that all the eigenvalues are in the

interval (-150, 150).

Starting with A=0, the leading principal minors of (~ - A~)

are calculated as

P = 1,o

P2 = 60(180) - (-60)(-60) = 7200,

and

P = 60[180(300) - (-120)(-120)] - (-60)[-60(300)] = 1296000.
3

The number of agreements in sign between consecuti ve members of

the sequence, Pr , r = 0,1,2,3, defined as S(A), is three. There

fore, there are three eigenvalues that are greater than A =, O,which

means that all the eigenvalues lie within (0, 150).

By employing a simple bisection procedure, one can find the

new value of A by using

With the new value of A = 75, one can again calculate the leading

principal minors of (~ - A~) and then find S(A) = 2, which indicates

that there are two eigenvalues greater than 75. In order to obtain

the second mode, one should use a Agreater than 75 for the next



calculation. This process of calculating is continued until the

difference between the upper and lower values of the interval is

less than some appropriate value which is equal to 0.001 for this

example. The solution of this example is A = 96.396.. The detailed

calculations are given in Table IX.

It should be noted that only the signs of the leading principal

minors of (~ - Al) are of interest and not their magnitudes. The

computer program has a simple method* of evaluating the leading

principal minors of a square matrix. It is a variation of Gaussian

elimination with partial pivoting.

*Wilkinson, J.H., ibid.



TABLE IX. NUMERICAL ILLUSTRATION OF EIGENVALUES

P P1 P2 P3 5( ) Interval
0

0.0 1.0 60.000 7200.000 1296000.000 3 0.0 -150.000

75.00 1.0 -15.000 -4612.500 -475875.000 2 75.000-150.000

112.500 1.0 -52.500 -4190.625 441703.125 1 75.000-112.500

93.750 1.0 -33.750 -4928.906 -68502.000 2 93.750-112.500

103.125 1.0 -43.125 -4691.602 181162.312 1 93.750-103.125

98.438 1.0 -38.438 -4843.211 54043.625 93.750- 98.438

96.094 1.0 -36.094 -4894.297 -7916.687 . 2 96.094- 98.438

97.266 1.0 -37.266 -4870.812 22906.000 1 96.094- 97.266

96.680 1.0 -36.680 -4883.070 7453.500 1 96.094- 96.680

96.387 1.0 -36.387 -4888.812 -242.125 2 96.387- 96.680

96.533 1.0 -36.533 -4885.974 3603.062 1 96.387- 96.533

96.460 1.0 -36.460 -4887.402 1679.875 1 96.387- 96.460

96.423 1.0 -36.423 -4888.109 718.750 96.387- 96.423

96.405 1.0 -36.405 -4888.461 238.062 96.387- 96.405

96.396 1.0 -36.396 -4888.637 -1. 938 2 96.396- 96.405

96.400 1.0 -36.400 -4888.551 117.937 1 96.396- 96.400

96.398 1.0 -36.398 -4888.594 57.938 96.396- 96.398

96.397 1.0 -36.397 -4888.617 27.875 96.396- 96.397

96.396 1.0 -36.396 -4888.625 12.688 1 96.396- 96.396



26- 30

31- 35

36- 40

APPENDIX C. ODSEWS COMPUTER PROGRAM

INPUT DATA

I. TOTAL NUMBER OF STRUCTURES (15)

Columns Entry

1- 5 Total number of structures to be designed.

II. CONTROL CARD (815, 10A4)

1- 5 Total number of members.

6- 10 Total number of nodal joints.

11- 15 Total number of restrained degrees of freedom.

16- 20 Total number of loading conditions.

21- 25 Displacement constraint code:

Eq. 0; No displacement constraints,

Eq. 1; Displacement constraint is the same for all nodal

joints, and

Eq. 2; Displacement constraints can vary per nodal joints.

Design type code:

Eq. -1; Static design,

Eq. 0; Static + dynamic design, and

Eq. 1; Dynamic design.

Maximum number of iterations.

Type of section Eq. 0; Built-up sections

Eq. 1; Wide flange sections based on the

AISC Manual

40- 80 User identification.



III. MEMBER-INFORMATION CARDS

a. Girder-Column Property Card

(i) BUILT-UP SECTION (2F10.O, 2F5.0, 5F10.0)

Columns

1- 10

11- 20

21- 25

26- 30

31- 40

41- 50

51- 60

61- 70

71- 80

Entry

Modulus of elasticity.

Specific weight.

Width.

Initial depth.

Maximum depth.

Minimum depth.

Maximum tf/d.

Minimum tf/d.

Ratio of the minimum moment of inertia to the maximum

moment of inertia.

51- 60

(ii) WF SECTION (6F10.0)

1- 10 Modulus of elasticity.

11- 20 Specific weight.

21- 30 Initial moment of inertia.

31- 40 Maximum moment of inertia.

41- 50 Minimum moment of inertia.

Ratio of the minimum moment of inertia to the maximum

moment of inertia.

b. Bracing Property Card (5F10.0)

1- lU Modulus of elasticity.

11- 20 Specific weight.

21- 40

41- 50

Maximum area.

~1inimum area.



51- 55

6- 10

11- 15

16- 20

21- 30

31- 40

41- 45

c. Girder Identification Cards (415. 2F10.0. IS)

Columns Entry

1- 5 Identification number of structural numbers (numbering

the independent variables first. the subsequent members

are then numbered in the order of the common design

variables).

First node number (smaller nodal number at both ends).

Second node number (larger nodal number at both ends).

Member-type code (2 for girder).

Allowable stress.

Uniform nonstructura1 weight/unit length.

Design.variab1e number (use the number of the independent

variable if that is the common design variable for this

member) .

d. Column Identification Cards (415. 2Fl0.0, 815/(1615))

1- 5 Identification number.

6- 10 First node number (see Girder Identification).

11- 15 Second node number (see Girder Identification).

16- 20 Member-type code (1 for column).

21- 30 Allowable stress.

31- 40 Additional axial force (P6 force).

41- 45 Design variable number (see Girder Identification)

46- 50 Number of members contributing their weights to this

column (see Fig. 1 and Eq. (2.1)).

Identification number of the member contributing its

weight.

Repeat for additional members.



e. Bracing Identification Cards (41S t F10.O t 10X~ IS)

Columns

1- 5

6- 10

11- 15

16- 20

21- 30

31- 40

41- 45

Entry

Identification number.

First node number.

Second node number.

Member-type code (0 for bracing).

Allowable stress.

Blank.

Design variable number (see Girder Identification).

IV. JOINT INFORMATION CARDS (1S t 2F10.O)

1- 5

6- 15

16- 25

Joint identification number.

X-coordinate.

Y-coordinate.

v. BOUNDARY CONDITION CARDS (1615)

1- 5 Number of the degree of freedom of the node which is

restrained. For node Kt the degree of freedom numbers

are 3*K-2 t 3*K-l t 3*K.

6- 10 Repeat for additional nodes.

VI. STATIC LOADING CARDS

The folloWing set of data is for one loading case. Repeating

of this set of data is necessary for multiple loading cases.

a. Control Card (IS)

1- 5 Loading Parameter:

GL 0; Number' of load components in the i th 1oadi ng

condition.

LT.O; Equivalent seismic loads by UBC.



b. loading Cards

(i) LOADING PARAMETER ~0(3(F10.0, 215))

Columns Entry

1- 10 Magnitude of load.

11- 15 Direction of load (X-dir. = 1, Y-dir. = 2, Z-dir. = 3).

16- 20 Number of node where the load is applied.

Repeat for additional nodes.

(ii) LOADING PARAMETER < a
(ii-1) INFORMATION CARD (15, 4F5.0)

1- 5 Total number of stories.

6- 10 Earthquake-zone coefficient.

11- 15 Coefficient depending on the importance of structure

(1.0 - 1.5).

16- 20 Coefficient determined by type of structure

(a.67 - 1. 33 ).

21- 25 Site period (0.5 sec. - 2.5 sec.).

26- 35 Gravity acceleration.

(ii-2) STORY-INFORMATION CARDS (215, 2F10.0)

1- 5 Story-level.

6- 10 Node number where the equivalent story-force is applied.

11- 20 Hei ght of the story from the ground 1eve1.

21- 30 Total nonstructural weight for each story.

VI. DYNAMIC PROPERTY CARDS

Enter a blank control card for a static design and skip (b)

through (d).



a. Control Card (4I5~ FlO.O)

Columns Entry

1- 5 Option code: Eq. 1; Design using only significant modes.

Eq. 2; Design using all specified modes.

6~ 10 Type of mode superposition:

Eq. -1; Direct superposition.

Eq. 0; Root-mean-square superposition.

Eq. 1; Absolute superposition.

11- 15

16- 20

21- 30

The first of the desired modes.

The last of the desired modes.

Gravity acceleration.

b. Damping Ratio Cards (8F10.0)

1- 10 Damping ratio (modal damping/critical damping) of the

first of the desired modes.

11- 20

c. Additional Nodal Mass Cards (8F10.0)

1- 10 Additional nodal mass at the jth node.

11- 20 (j = 1~ ... , j 0 in ts ) .

d. Dynamic Loading Information Cards

The following set of data is for one loading case. Repeating of

this set of data is necessary for multiple loading cases.

(i) CONTROL CARD (4I5~ 3F5.0~ IS, 10A4)

1- 5 Loading Parameter:

GE.O; Number of load components in the i th loading

condition.

LT.O; Earthquake motion in the i th loading condition.



(i) CONTROL CARD (continued)

Columns Entry

6- 10 Direction of earthquake motion:

Eq. 1; Horizontal direction.

Eq. 2; Vertical direction.

LT.O; Both horizontal and vertical directions.

11- 15 Type of input acceleration data:

Eq. 0; Time-history data.

Eq. 1; Spectrum data.

16- 20 Number of acceleration data.

21- 25 Load multiplier or scale factor for horizontal motion.

26- 30 Scale factor for vertical motion.

31- 35 Time increment.

36- 40 Number of time steps.

41- 80 User identification.

(ii) LpAD1NG CARDS (3(F10.0, 215))

This set of cards is needed only when the loading parameter

is greater than zero.

1- 10 Magnitude of load.

11- 15 Direction of load.

16- 20 Number of node where the load is applied.

(iii) ACCELERATION DATA CARDS

(iii-l) PERIOD OR TIME CARDS (8F10.0)

1- 10 First data of period or time.

11- 20 Repeat for additional data.



Columns

1- 10

(iii-2) HORIZONTAL ACCELERATION CARDS (BF10.D)

Entry

First data of acceleration spectra or ground acceleration

in the horizontal direction.

11- 20 Repeat for additional data.

(iii-3) VERTICAL ACCELERATION CARDS (8F10.O)

This set of cards is needed for the multicomponent ground

moti ons.

1- 10 First data of acceleration spectra or ground acceleration

in the vertical direction.

11- 20 Repeat for additional data.

VII. DISPLACEMENT CONSTRAINT CARDS

Either (a) or (b) is necessary to be used in according to

the displacement constraint code.

a. Same Displacement Constraint for All Nodes (3F10.O)

1- 10 Allowable displacement in X-direction.

11- 20 Allowable displacement in V-direction.

21- 30 Allowable displacement in Z-direction.

b. Displacement Constraints Varl

(i) CONTROL CARD (15)

1- 5 Number of allowable displacements.

(ii) ALLOWABLE DISPLACEMENTS (3(F10.0, 215))

1- 10 Allowable displacement.

11- 15 Direction code (1 for X-dir., 2 for Y-dir. and 3 for

Z-di r. ).

16- 20 Node Number.

Note that one card is needed for three allowable displacements.



VIII. FREQUENCY CONSTRAINT CARDS (8F10.0)

Skip these cards for static design.

Columns Entry

1- 10 The allowable natural frequency for the first of the

desired modes.

11- 20 The allowable natural frequency for other nodes if any.
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