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FOREWORD
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19949, which is a continuation of PFR 78-09866.

This study addresses the problem of dynamic response of submerged
storage tanks subject to earthquake excitations, in an attempt to for­
mulate a general evaluation procedure using the hybrid-finite element
method and to synthesize a comprehensive and predictive computer code
for engineering applications. This technical report presents the formu­
lation and encoding of the research findings.

The author would like to acknowledge the stimulating discussions and
invaluable technical assistance provided by Professor C.C. Tung of North

CarolinA State University, Dr. C. Y. Liaw of EG &G, Professor P. Liu of
Cornell University, Mr. K. C. Chang and Mr. B. P. Richman throughout the
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ABSTRACT

An effective method for the linear analysis of dynamic response of sub­

merged underwater oi 1 storage tanks to 1oadi ngs of earthquake exci ta­

tions is presented. The tank is axisymmetric in shape, has a flexible

wall/roof. A general hybrid-finite element solution procedure has been

formulated, wherein the tank structure, the interior fluids, as well as

the near field of the exterior water region are discretized into a

toroi da1 mesh network. The tank di sp1acement is expressed as a super­

position of the first few modes of the structure's free vibration.

Contribution from the hydrodynbamic interaction to the coupled motion is

obtained by solving the Laplace equation with the appropriate boundary

conditions, which includes a matching to the exterior far-field pressure

(analyti c) representati on to simpl Hy the computati onal process. The

effects of fluids surrounding and inside the tank are studied. It is

demonstrated that these effects are, in general, significant on the tank

earthquake response analysis •

.. A comprehensive and predictive computer program for use in such tank

response analysis is developed for design engineering applications.
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INTRODUCTION

In recent years, exploration and production of oil offshore have

increased tremendously. Many of the new fields are far into the ocean

and the adjacent land area is often desolate and uninhabited, rendering

the conventional method of using pipelines and onshore tenninals more

and more costly. For countries in scarcity of land space (such as

Japan), util ization of the sea may become necessary for the purpose of

10ng-tenn petroleum storage. The alternative of storing crude at the

producing sites to be shipped via tankers to harbors is thus becoming

more and more economical, both in terms of capital investment and in

operating cost.

The first submerged underwater oil storage tank was placed in service in

December of 1969. Referred to as the Khazzan Dubai #1, the tank is

located in 150 feet of water, 60 mi 1es off the shore of the Truci a1

Coast in the Arabian Gulf (Chamberin, 1970). It weighs 15,000 ton and

holds 500,000 barrels of oil. It has the appearance (.Figures 1 and 2)

of an inverted funnel with a 270-foot-diameter base and a roof which is

a portion of a 180-foot-radius hemisphere. A conical transition con­

nects the roof to a 30-foot-diameter shaft that extends above the ocean

surface. The "bottomless" tank rests on the ocean floor and operates on

the water displacement principle; it is always filled with either water

or oil or a combination of the two. Filling is accomplished by placing

oil through the shaft, the additional weight of the oil on the water

creates a pressure imbal ance whi cn forces the water out of the tank

through openings in the wall. Deep-well pumps are used for discharging

oil. As oil is withdrawn, inflow of water takes place, replacing the

removed oil.
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New concepts and designs of oil storage tanks have since been developed
for all areas of the world. Some of the tanks rest on ocean floors and
are either completely sUbmerged or partially submerged with part of the
tank protruding above water; other designs take the form of floating,
bottomless tanks, moored to the ocean floors.

The primary forcing function these storage tanks must be designed to

resi st is that due to waves in the heavi est storm; and for bottom­
supported tanks located in earthquake-prone areas, seismic-induced
hydrodynamic forces must, of course, also be considered. Because of the
exorbitant cost incurred in the construction of these huge structures,

and the environmental hazards associated with the failure of such struc­
tures, an accurate evaluation of the hydrodynamic forces is vital. In
order to predict the response of an underwater tank to waves and earth­
quakes, the development of a reliable computation method is a pressing

need for the construction of storage tanks in seismic areas. This pre­
sent study is specifically aimed at the earthquake-induced response for
a completely sUbmerged tank filled with oil and water.

Earthquake analysis of such cantilever structures requires special con­
siderations which do not arise in land-based structures; any procedure
for analysis must recognize the additional dynamic forces and modifica­
tions in the dynamic properties caused by the surrounding water and the
fluids inside. If the tank is perfectly rigid, the motions of the
fluids inside and outside the structure may be treated independently.
However, to accommodate for the more stable structures made of flexible
resilient materials, extra care needs to be exercised in studying their
dynamic behavior, by virtue of the fact that the structure and fluid
moti ons are coupl ed. The effect of the tank structural deformati on on
the dynamic response is the emphasis of this investigation.
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2. RELATED PAST WORK

There have been few works that directly address the problem intended in

the present study. The ones bearing the closest relationship appear to
be that of Takayama (1976) and Helou (1981). Takayama treated transient
waves inside a vibrated oil storage; the tank is a rigid rectangular or
cylindrical structure, submerged undersea. However, no attention was
given to the effect of surrounding water, and no numerical results are
furnished. Helou extended the problem wherein the tank wall is flex­
ible. However, he was only concerned with cylindrical tanks where
analytic solution can be found; no numerical scheme was developed for

general applications.

A wealth of research papers do exist which provide valuable sources of
pertinent information, most having to do with the hydrodynamic pressure

distribution of structures under earthquake excitations. For land-based
tanks of simple geometries under the assumption of iriviscid, compres­
sible or incompressible fluid, and irrotational motion of small ampli­
tudes, many sol uti on procedures have been formul ated. Fi rst, Jacobsen
(1949) evaluated the dynamic mass effect of fluid inside a cylindrical
tank and outside a cylindrical pier, when the base experiences an impul­
sive seismic load. Then, Housner (1956) set the foundation of general
earthquake-proof design analysis by introducing a simple approximation
method which avoids partial differential equations and infinite series.
Thereafter. many works appear which deal with the deformation of tank
structure. Notable among them are Baron and Skal ak (1962). Arya,
Thakkar and Goyal (1972), and Yang (1976). who use the Rayl eigh-Ritz
method; and Edwards (1969) and Shaaban and Nash (1975). who employ the
finite-element method. In all cases, fluid is treated as a continuum
and appropriate shell theories are selected for the development
(Sanders, 1959; Flugge, 1960; Basu and Gould, 1975; Ghosh and Wilson,
1975). In Yang's work, the nature of the impul sive and convective
effects is carefully identified, and he based his dynamic analysis on

-3-
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assumed mode shapes of the tanks free vibration. Wu et ale (1975)

developed a computer program to calculate the natural frequencies of the

f1 ui d-tank system. Earthquake analysis of the resonant osci 11 ati on

(sloshing) phenomena in elastic shells can be found in Chester (1968),

Faltinsen (1974), Aslam, Godden and Scalise (1979) and ~i, Foda and

Tong (1979).

So far we have been quoting only works concerning ground tanks. The

problem associated with motion of water surrounding sUbmerged tanks is

more difficult to solve. For objects of simple geometries, attempts

were made usi ng the SChwi nger vari ati ona1 techni que (Bl ack and ~i,

1970), the Galerkin method (Garrett, 1971), and the integral equation

method (Garrison and Seetharama Rao, 1971). Tung (1979) also pursued

the problem of sUbmerged bodies subject to harmonic ground excitation,

using a semi-analytical method to obtain the hydrodynamic forces and

confirmed the insignificance of the gravity effect, as long as the exci­

tation frequencies are moderately high. For objects of more complicated

shapes, numerical methods must be employed. The finite-element method,

known for its versatility, was used by Chakrabarti and Chopra (1972) and

Liaw and Chopra (1973) in studies of seismic response of gravity dams

and intake towers. This approach is further enhanced by the adoption of

an analytic super-element, thereby reducing the mesh requirement in the

far field (ordinarily it is required that the outer truncation boundary

must be far enough away from the longest waves). The so-called "hybri d ll

finite-element method, which combines judiciously finite-element solu­

tion for fluid motion near the object and an analytic representation for

the far field, has been proven to be highly efficient. Among the pion­

eers are Berkhoff (1972), Bai and Yeung (1974), Chen and ~i (1974) and

Vue, Chen and ~i (1976).

-4-
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3. FORMULATION

Al though the subject of sei smi c response of sUbmerged storage tanks is

relatively new and unexplored, as we have pointed out in the previous

chapter, much of the pertinent analysis tools have been developed. It

is the purpose of this research to utilize these tools in formulating a

general hybri d-fi ni te el ement sol uti on procedure, for the hydrodynamic

response of flexible underwater storage tanks subject to earthquake

motions; and to synthesize this procedure into a comprehensive predic­

tive computer code which can be used for engineering applications.

The tank structure in question is of general axisymmetric shape, has a

flexible wall and/or roof, and is rigidly attached to the ocean floor.

Thi s assumpti on that the support foundati on does not move rel ative to

the ground reduces the scope somewhat, since the effect of marine soil­

structure i nteracti on can have si gnifi cant consequence on the hydro­

dynamic analysis. However, it is expected that this variation can be

accommodated by our hybrid-finite element procedure, and will be dealt

with in a future study. The tank will be completely filled with oil

and/or water and sealed (this last restriction can be lifted by simply

changing the input format). Finally, in the following presentation, we

simplify matters by ignoring irregular bottom topography and depletion

of i nteri or compartments. Thei r presence can be handl ed strai ghtfor­

wardly by carefully discretizing these components into finite elements.

The equation of motion of the tank structure can be written in terms of

the structure discretization as

.. .
[M]{x} + [C]{x} + [K]{x} = - {F} (3.0)

where [M], [C] and [K] are the mass, damping and stiffness matrices of

the system, respectively. {~}, {x} and {x} are the acceleration, velo-

city and displacement vector of the structure relative to its base,
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*{F} is the load vector of the external forces, which includes the

hydrodynamic pressure {Ps} due to the presence of fluids inside and out­

side of the system. For nodal circles on the inner shell interfacing

with the interior oil and water, {Ps} is sought from the equation of

motion governing the dynamic interaction between the shell and the

interior fluids; the same goes for {Ps} at nodal circles on the outer

tank surface. Thus, before attacking (3.0), we need to solve two bound­

ary val ue prob1 em suitably formul ated based on the two appropri ate

Laplace equations. The flexibility of the tank shell is entered into

both radi al boundary condi tions inf1 uenced by the ground acce1 eration,..
consequently {Ps} intertwines with {x}.

Both boundary val ue prob1 em are sol ved usi ng the vari ati anal princi pl e

of finite element theory. In the "far awai' exterior region, a matching

of analytic representation of {Ps} is invoked (this region is to have

been rid of all geometrical irregularities). Once {Ps} is obtained (in
.. ..

terms of {x} and the earthquake ground acceleration {fh}, (3.0) can be

solved by transformation into modal coordinates wherein the displacement

is expressed in terms of the fi rst few modes of the tank force vibra­

ti on. The resul tant 1i near second-order differenti a1 equati on in the

generalized displacement amplitude can be solved by the ordinary step­

by-step integration schemes.

* Vectors enclosed in braces { } are associated with the appropriate
(interior fluids domain, structure, or exterior water region dis­
cretizations) nodal coordinates. Thus, if NO is the number of
nodal-circles in the oil domain, {P } is the column vector of nodal
pressure distribution of dimension ~JO, ordered in the global nodal
number sequence. However, in the case of structure discretization,
the vector is represented by the (r,z,e) coordinates at each nodal­
circle, making {P} a vector of dimension 3N, if N is the number of
nodal-circles in the structure assemblage. The symbol "-+" will be
reserved for the ordi nary three-di mens,; ana1 conti nuum vectors.

-6-
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3.1 Dynamic Behavior of Fluids

3.1.1 Interior Fluids

A. Problem Formulation

Consi der a axi symmetri c tank sUbmerged underwater whi ch is fill ed wi th

oil on top of water (more generally, two fluids of densities Po and Pw'
where pw > po) with respective heights of ho and hw as shown in Figure 3

(ho depends on the radial distance from the axis). Choose the coordi­
nate system as depicted in Figure 3 with the axis of tank symmetry being

the z-axis and the direction of earthquake ground motion being the
(positive) x-axis, and the origin at the center of oil-water interface.
We will also need the usual (r,z,e) cylindrical coordinate system.

-l-
Let v(x,y,z;t) denote the velocity vector of the fluid particle at
(x,y,z;t). Then, based on the usual assumptions of inviscid and incom­
pressible fluids, irrotationa1 motion and small amplitude waves, the
linearized momentum equations of fluid motion read

-l-

oVo _ 1
""M- - - V'PPo 0

(3.1)

We use the suffi xes 0 and w to represent quanti ti es perta i ni ng to oi 1
and water, respectively.

Take the curl of (3.1) and apply the continuity equations

-7-
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? a'i/ • v =
0

? a'i/ • v =w

we obtain

'i/2p = ao

(3.2)

(3.3)

'i/2p = aw

~

Let fh(t) denote the horizontal ground acceleration induced by an earth-

quake, th~n since the translatory velocity in the x-direction should be
•equal to f h , we have

CPo ? ?

[(fh + ~) • n] across aVowfuI- - Po

aPw
? ?

(3.4)

an-- - Pw [(fh + ~) • n] across oVww

In (3A), ~ = n· 'ii, and nis the unit outward normal to the tank

boundary. x is the accelerati~n of the tank structure relative to the

ground. The presence of the x term is di ctated by the fl exibil i ty of

the tank shell. Now if the tank had a roof whi ch is ri gi d, we woul d

have

along aVot •

However, to allow for the general case where the II roof ll is also flexible

(and more likely, inseparable from the wall as in the case of a half­

dome tank), we will use the same boundary condition as in (3.4). Conse­

quently, we include cVot as part of cVoW" The assumption of a rigid

floor support implies that

-8-
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(3.5)

Now, if we let C(x,Y,z;t) stand for the displacement of the oil-water
interface from its equilibrium position, the (linearized) dynamic inter­

facial condition affirms the continuity of the total pressure such that

along z = 0 • (3.6)

And the (linearized) kinematic condition maintains fluid particles on

interface to stay on the interface (continuity of vertical velocity) so

that

along z = l; • (3.7)

Under the small amplitude assumption, only minor error is incurred by

evaluating equation (3.7) along z = O. If we assume that the gravita­
tional effects are small compared to the forced oscillation so that

Equation (3.6) is then reduced to

(3.8)

along z = 0 , (3.9)

so that sloshing waves at the oil and water interface are ignored.

Here, Land T are the characteristic scales of length and time, respec­
tively. This assumption can be justified because earthquake excitations
are generally of high frequencies. In our validation of the computer

results (§ 4), we included such surface wave effects and found that the

calculated response was practically frequency independent for moderately

high frequency values.

-9-
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B. Solution via Variational Principle

Since the tanks under consideration are of general shape except for
axisymmetry, no closed form analytic solution is readily available. We
now present as a prelude to the finite element solution scheme, a varia­
tional functional in Po and Pw whose stationarity is equivalent to the
system of equations of §A being satisfied. It is well-known that in
general, the less restrictive Galerkin method produces results identical
to those one would obtain from any variational principle. We choose to
use the variational method to illuminate the process, demonstrating the
matrix assembly along the way. The Galerkin method will be employed in
the exterior problem to simplify our presentation.

Consider the functional

+1_1_ (VP ) 2 dV + 1 pw w w
V 2pw oV

W ww

1 1 oP
- (P -p ) ~ dA.
2 W 0 uZ 1

oV. Po
1

-10-
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where we have used (VP) 2 to denote V'P • V'P. Cl early if Po and Pw
satisfy the system of equations of §A, then of(Po'Pw) = O. We now show
that, conversely, if of(Po'Pw} = 0 then the system of §A is solved. For
simplicity, we will drop all the differential symbol in the integrals
provided that there is no chance of confusion.

Now,

1 1 ooP 1 1 OPw_ "7l:"""" (p -P ) __w - ~ _ 6P
LP

W
w 0 oz LP

W
oz w

oV i oV i

1 oP
+ 1 ~ oP

2pw OZ 0
oV.

1

1- Vp • VoP +
Pw w w L. ww

1 1 MPo 1
- "7l:"""" (p - p ) - - -.r:-

LP
O

W 0 oz LP
OOV

i

+ 1
~L

1

-11-
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From Green's identity, we have

(3.12)

oP0 oPo. ~ .
Note that along oV i we have art = - az- S1nce n 15 pointing downward.

oPw oPw
And from ail =az- we deduce

Ivw

1
- VP • voP =
Pw w w 1 1 oPw

--- oPp w
oV w OZ

wb

L oPw oP + 1 _1 _oP_w oP
Pw OZ w P on w

oV w
ww

(3.13)

Substituting (3.12) and (3.13) into (3.14) we obtain

-12-
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i 1 (lOPw 1 oP0)
+ . "2" P az - p ~ 6P0

oV. w 0
1

1 1 (1 oPw 1 oP0)+ "7} - -- - - -- 6P. c. P QZ P OZ W
ov. W 0

1

1 1 o6Pw
~ (P -P ) --
c.Pw W 0 OZ

oV.
1

J1.- V<P oP + 1 1 apw
-~6PwPw W W PwV oVwbw

L 1.-epw
+ * * ·in)+ Pw [(fn+ x) 6Pw • (3.14)

Pw on
ww

If we observe now that each 6-differential quantity can be varied
independently, for 6F(Po 'Pw} to be zero, each of the integrals in (3.14)
must be identically zero. We thus have the system of equations of §A,
and our statement is verified.

-13-
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c. Finite-Element Approximation

By util izing the axisymmetry of the tank, the interior fluid domain

composed of Vo and Vw may be discretized into a finite-element system

comprising of toroidal elements with quadrilateral (vertical) cross­

section (cylindrical elements at the axis of symmetry). If we use the

cylindrical coordinates (r,z,e) to define the global coordinate system,

and the natural coordinates (s,t,e) within each element as the local

coordinate system (see Figure 4, -1 ~ s ~ 1, -1 ~ t ~ 1) we can write

the coordinate transformation on element e as

r = ~ e e {Ne}T{re},L..J Nk(s,t) r k =
k=l

(3.15)

where

N~ = (1-s)(1-t)/4

Ne = (1+s)(1+t)/4
3

Ne = (1+s)(1-t)/4
2

Ne = (1-s)(1+t)/4
4

(3.16)

are the bilinear interpolation functions, and (r~, z~, e), k = 1, ••• 4

are the global coordinates for the four nodes of the quadrilateral

cross-section. Within each element e, the hydrodynamic pressure is then

expressed as

(3.17)

-14-
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From §B. the system of equations of §A can be solved by imposing

of(Po'Pw) = O. We now do this at the element level, assembling the
element stiffness matrices and solve the unknowns {pe}.

We first rewrite (3.10) as

+ f 1 (V'P)2 dV2pw w w
Vw

I 1 oPw
- 7"P Pw""5Z dAi

oV. w
1

1 1 oPw+ -.r::- P -~- dA.c.p 0 vZ 1
oV . W

1

1 1 oPo
- "2P Pw~ dAi

oV. 0
1 -15-

I I

1

I I

2

I I

- 3

I I

4
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and then evaluate each of these integrals numerically based on the
finite-element scheme in the following sections. Due to the similarity
between each Ik and Ik, only the details of Ik will be presented.

Cl. Integral 11

If we assume that the domain Vo is divided into Eo number of elements,
we can approximate 11 by

Denote the integral in the above formula by [K eJ, then since
Vo

1dVoe =121tI rdrdz de ,
V e 0 A e
o 0

Ao
e being the area of the finite-element (vertical) cross-section, and

since

-16-
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o __ cosS ~ _ si n8 0ax - or rae'
(3.18)

o _ s; nS ~ + cose ~
oy - - or r 08

We can rewrite [K e] as
Vo

tl e 2~o (H~e}TU~e}Cos2e +HnTg~e}cos2e +{Ner{Ne}s~~2e)rdrdZde.
a Ao

Thus the (;,j)-th entry of [K e] is
. V

o

'Jt J~ONi e aNjeoN; e oNj e
[K ]'0 =. -- -- + ---- +

V e , J ~ e or or . OZ OZ
o 'Ao

NoeNo
e
)

, J rdrdz, i ,j=1,2,3 ,4.
r 2

To facilitate the evaluation of [K ] it is convenient to transforme i j'
Va

the integral into the local coordinates of e. Thus,

1 1

Iedrdz = 1 f IJ Idsdt ,
A -1 -1o

where IJI is the determinant of the Jacobian

(

e

( ~~ ~~) f ~s1 e T ~~e
[J] = = l {N } r e

or oz 0 3

ot at ot r4e

-17-
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The last relation is obtained from (3.16). Now (K ] .. can be evalua­
V e 1J

ted over element e using the natural coordinates. 0

We can write 11 in terms of matrices and vectors relating to all nodes
if we extend the {poe}·s to {Po} by placing zeros at the appropriate
components. Recall that the components of {Po} is ordered according to
the global nodal-circle number sequencing. Then

{3.19}

where [KV ] is the global matrix whose (i ,j)-th entry is
o

L [K e]
Vo e(i)e(j)

The sum is taken over all el ements e where nodes i and j belong to
simultaneously (e(i) denotes the local node number of i). Since
each [K e] is symmetric, so is [KV ].

Vo 0

C2. Integral 12

Assuming that Vo has Eow elements in contact with aVow' we can approxi­
mate 12 by

(3.20)

Under the structural finite-element discretization, we introduce the
nodal acceleration vector {X} (cf. Figure 5):

.. T .. .. .. .. .

{X} = (Xlr,Xlz,X1e'~r'x2z,X2e'···· ,XNr'xNZ'XNe)·

-18-
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And if for each ~, the local angl e between the normal ~n and the XY-

plane, we defi ne the Nx3N transformation matrix [G] by

cos~, si n~, 0 0 0 0 0 0 0 0 0

0 0 0 cos 13, si n~, 0 0 0 0 0 0

[G](~} = 0 0 0 0 0 0 cos~, si n~, 0 0 0

0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 cos~, si n~, 0

(3.22)

We can then write

(3.23)

along the A~w surface. Where we have used the same bilinear
interpolation functions of (3.16), now acting on the inner fluid­
structure interfacial nodes.

Now we can write

(3.24)

where z~ and z~ delimit the vertical extent of element e on Vow' and the

global matrix [0] is assembled from the element matrices

e=l, ••• ,Eow
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..
(1,0,-1,1,0,-1, ••• ,1,0,-1) f h (3.26)

{L} is the vector which translates ground motion to loads on the nodal-

ci rcl es.

C3. Integral 13

Ei
I = L:
3 e=1

cos 2e dA. e
1

Ei
=L:

e=l

where r/ and rue delimit the radial extent of element e. Also note

that Ne and its derivatives are to be evaluated at z = 0.

Again, we can write 13 in global form as

-20-
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C4. Integral 14

i
oN e T

_1_ ({N e}T {p e}{_w_ l {p en cos 2e dA. e
e 2p 0 0 oz (w 1

ov. W
1

e

l
r u oN e T

{p e}T 1t {N e} {_W_}
o e 2Pw 0 oz

rJ!.

Note that we have added subscri pts 0 and w to Ne here because thi s
integral involves both the upper and the lower layers. In terms of the
local coordinates, it is remarked that for {No

e }, we have t = -1 and
oN e T

for { o~ } we have t = 1.

In the global form we have

(3.28)

D. Total Global Matrix

"
Summarizing and treating {Po} and {Pw} as unknowns, the functional
(3.10) becomes

F({Po}'{Pw}) = {po}T[KV ]{Po} + {pw}T[KV ]{Pw}
o w

+ {po}T[O] ({fh}+{~}) + {pw}T[W] ({fh}~{~})

(3.29)
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For F to be stationary, we require

of 0---
oP ok

~= 0
oPwk

k = 1, ••• ,NO

k = 1, .•• ,NW. (3.30)

Since Po = Pw at the interface, we have a set of NO + NW - (number of
interfacial nodes) equations, which gives

and

(3.31)

If we define {Pow} to be the vector of interior nodal pressure distribu­
tions, ordered according to the global nodal number sequence (thus no
repetition on interface), we can combine the matrix equations of (3.31)

to assemble

(3.32)

To solve for the inner pressure distribution (at least in the case of a

rigid tank, when {x} = 0), we can solve (3.32) by Gaussian elimination
routines serving this purpose are readily available. However, as {x} is

still unknown in the general flexible case, (3.32) will be used as input
to the general structural equation of motion to solve for the earthquake

response later.
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3.1.2 Exterior Water Region

A. Problem Formulation

Consider the same axisymmetric tank of §3.1.1 now sUbmerged in water of
depth H as depicted in Figure 3. We use the same coordinate system as

before, extended to the exteri or water regi on, i ntroduci ng only the

additional boundary surfaces.

Again, under the assumptions of water being inviscid and incompressible,

undergoing motion which is irrotational, and that wave amplitudes are
small, the governing field equation is

v2p = 0
W

in V (3.33)

where Pw is the water hydrodynami c pressure. $i nce water is the only

fluid of concern here, we will henceforth omit the subscript w.

The rigid floor support implies the homogeneous boundary condition at

the sea bottom since we only consider horizontal ground motion:

oP - 0
oz - z = -hw (3.34)

Along the laternal surface of the tank, we have as before

* 7:oP - [( f ) ~n]1frI - - Pw h+x • across $i ' (3.35)

7:
X enters because of the flexibility of the tank shell.

For the free surface boundary condition, generally one combines the

dynamic condition P = pwg(rrz) with the kinematic condition

02.... = 1 oP . 02p oP" - - - to obtal n - = - 9 - at z = o.
ot2 Pw oz ot 2 aZ

-23-
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However, as demonstrated by Liaw and Chopra (1973), the surface waves
have negligible effects on the hydrodynamic response of the fluid-tank
system except at very low frequenci es. Si nce most of the earthquake
excitati on energy is contai ned in hi gher frequency components, we can
safely assume that the gravity effects are of little consequence. Con­
sequently, we use

P = 0 at z = H-hw (3.36)

as the free surface boundary condition.

Finally, since we are dealing with an infinite domain, in order to have
a bounded solution, we further require that

P ~ 0 as r ~ ex> • (3.37)

These condi ti ons are duly adjusted, if necessary, to account for any

bottom irregularities.

B. Solution via Galerkin1s Method/Hybrid Element Approximation

Since the exterior water region is an infinite domain, the size of the
fininte-element discretization is an important issue. A straightforward
application of the finite-element method, even with a domain truncation
adjusted to the convergence rate, may be potenti ally cumbersome and
costly, due to the conflicting requirements that the size of the
elements be a fraction of the shortest wavelength, and that the outer
truncation boundary be far enough away from the longest waves. Instead,
we adopt the hybrid approach of using the available analytic solution
for P at a few wavelengths away from the tank, as soon as most of the
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significant geometrical irregularities are passed. We introduce a
fictitious (cylindrical) surface Sf here and use the analytic P to go
backward to match the finite-element solution.

Again using a finite-element discretization of the exterior region
between Si and Sf composing of ring-shaped elements having quadrilateral
(vertical) cross-sections, we have, as in (3.17) of §3.1.1

4
pe = ~ N ecose • p

k
e ,

~1 k

(3.38)

{Ne} is as defined in (3.16), but note that it now acts on the exterior
nodal-circles. Let us denote Nkecose, the finite-element interpolation
functions, by Tk

e• The Galerkin criterion requires that

j( ~k(V2P)dV =0 • k =1,2,3,4.

From Green's theorem we have

(3.39)k = 1,2,3,4,-Iv (VTk 'VP) dV + L\ ~~ dS = 0 ,

where S is the union of all the surface of the discretized domain.

Now

Iv(V\. vP)dV

4 f (OT e oT e oT e oT e 1 oT e oT e)LL: k.R. k.R. k.R. ee
= Ve .R.=1 V C5r~ + 15Z ---az- + -;2 5e 5"e P.R. dV

e
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The similarity between the last expression under the intergral signs and

that of [K e] in Section Cl of §3.1.1 is quite apparent. By letting k
Vo

run from 1 through 4, we can assemble the element matrix [HVe], and it
is then a trivial matter to assemble this into the global form of

(3.41)

Recall that {P} is a vector of dimension NE, NE being the number of

exterior water nodal-circles.

The second term of (3.39) can be expressed as

(3.42)

By (3.34) and (3.36), the first and third terms on the right-hand-side

of (3.42) vanish. Since P = 0 on SSt the corresponding rows and columns
in the matrix [HV] also vanish. Th-e solution procedure is therefore
simpl ified by removing all equations associated with nodes at the sur­
face. From (3.35) we have

If we use the same {Ns
e } as defined in (3.16) of §3.1.1 C, acting now on

the exterior water-tank interfacial nodes, based on (3.23), we can

rewrite
21t Z e

r \ ~~ dS i=2:11 u - pw\e{Nse}T[GJ({fh}+{~}) case rdzde
JS

i
se a Zj.e

-PwTtl" Nke {NSe}T[GJ( {fh}+{~})dZ

-26-
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If we let k run from 1 through 4, we can then assemble the following
global form

(3.44)

To evaluate the last term of (3.42) we need to know the pressure distri­

bution on Sf' which is obtained from the analytic representation for P
outside of Sf'

CD

PE = L: (lmK1(kmr) cos km(Z+hw) cose •
m=l

(3.45)

where k = (2m-l) 1t, and K1 is the modifi ed Bessel function of the
m 2H

second kind of order 1. <lm is to be determined. Consequently, along Sf
we have

(3.46)

where rf is the radial coordinate of Sf.
leave with ~ terms, we can write (3.45) as

M
oP - L- - - d exon m m 'm=l

with

If we truncate the series to

(3.47)

Therefore,
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(3.48)

Now the <Xm's are determined (in terms of p) from the continuity require­

ment of pressure across the fictitious surface Sf:

(3.49)

Using dm as the weighting function, we get

[ dmPdS f =1dlEdS f (3.50)

Sf Sf

4
Substituting the expression pe = L Tkepke and the expression (3.45)

k=l
for PE at Sf (truncated to Mterms) into (3.50), we have

4 M

L L q e p e = 2: 0:. a . •
k=l e mk k j=l J mJ

Sf

where

-28-
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=

o if m '" j

(3.52)

Substituting (3.51) into (3.48) we get

(3.53)

Define the Mx4 element matrix [Qe] as having qm~ as the (m,k)-th entry,
and the MxM diagonal matrix [A]-l of entries l/amm , we can fonn the

global equivalent

(3.54)

Consequently, we can write (3.39) in the equivalent global form

(3.55)

As in §3.1.1 D, (3.55) will be input to the equation of motion to solve

for the earth quake response in the following section.
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3.2 Dynamic Behavior of Fluid-Structure System

The equation of motion of the tank structure under consideration can be

written in terms of our finite-element discretization as

.. .
[M]{x} + [C]{x} + [K]{x} = - {E} - {PS}' (3.56)

with {x} the vector of nodal displacements relative to the tank support,
expressed in the nodal r, z and e components. [M] is the mass matrix

(3.57)

with Mk the mass of the tank material
which is lumped at the k-th node.
stiffness matrices.

between neighboring nodal-circles,
[C] and [K] are the dampi ng and

(3.58)

Finally, {Ps} is the vector of nodal loads associated with the hydro­

dynami c pressures. As these pressures act only on the inner and outer
surfaces of the tank, the elements in {Ps} corresponding to non-inter­
faci al nodes are zero. Indeed, {Ps} has many zero entri es, si nce the
pressures act in the direction of the surface normal, thus all e­
components (circumferential) vanish, and if a section of the interface
(i nner or outer) is cyl; ndri cal, the correspond; ng z-components al so
vanish.

Since the materials used in the construction of the tank is assumed to
be flexible, the structural deformation entails the coupling of the free
vibration with the hydrodynamic interaction. Generally based on the
algorithm selected, the coupling of this sort can be categorized into a
weak and a strong one. In weak coupling, the fluid pressure is first
used to "drive" the structure into a new shape, and a new pressure field
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in turn is evaluated using this new configuration. Strong coupling
avoi ds these cycl es, forces acti n9 on the structural nodes and on the
fluids are determined simultaneously. We use the latter.

If we now stri p off all non-i nterfaci al nodal components from {Pow}
((3.32) of §3.1.1) and {P} ((3.55) of §3.1.2), rewrite them in terms of
the r,z,e components, and extend them to {Ps}; at the same time picking
out the accompanying terms from [K INT] and [HV] + [Q]T[Q] to reassemble
the coefficient matrix for {Ps}' we can combine (3.32) and (3.55) into

(3.59)

Here [F] also incorporates the contributions from [OW] and [BJ.

Assuming that inversion of [HJ can be done efficiently, we can then sub­
stitute (3.59) into (3.56) to get

([MJ - [Hr1[FJ){~} + [c]{x} + [KJ{x} = - ([MJ - [Hr1[FJ){fh }

(3.60)

This equation has the standard form of a second-order linear ordinary
differential equation, which can be solved straightforwardly by a number
of conventional time-integration schemes. However, it is quite obvious
that inverting [HJ should not be recommended. The alternative is to

utilize the nodal superposition method commonly used in structural.. .
analysis. Therein the structural response x,x and x are expressed by
the eigenvectors (mode shapes {~}) of the undamped structural vibrations
(without fluids). The {~}IS are obtained from the following eigenvalue

problem

(3.61)
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where Wj denotes the j-th eigenvalue (natural vibration frequency) of

the structure. It should be pointed out here that. in general. the mode

shapes and natural frequencies of our entire coupled fluid-tank system

are di fferent from the {~j} and Wj here. For the enti re system. no

precise physical meanings can be imparted to {$j} and wj ' except

that {$j} is a set of linearly independent vectors out of which struc-

, tural response can be composed of. For that matter. just about any set

of linear independent vectors can be used in this approach. were it not

for the advantage of our particular set {4>} that it diagonizes the

matrices [M]. [C] and [K]:

{4>j}T[MHq>j} = [M;]

{$.}T[C]{q>.} = [C~] =
J J J

*21;;. w. [M.]
J J J

2 *w. [M.]
J J

(3.62)

(3.63)

* * *[MjJ. [Cj ] and [K j ] are diagonal matrices referred to as the general-

ized mass. generalized damping and generalized stiffness matrices. I;;j

is the j-th mode damping ratio (assumed to be small).

Using {$j}' any arbitrary displacment {x} can be expressed as a linear

combination of them:

J

{x} = L {q>.} y .•
j=l J J

The above expansi on is exact if J is equal to the total number of

degrees of freedom, 3N, of the structure fi nite-el ement system because

the {~j}IS form a basis of a space of dimension 3N. Usually. for earth­

quake type of excitati ons, the responses can be approximated by the

first few modes fairly well.
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Now (3.59) can be written as

J

[H]{P
S

} = - [F]{f
h

} - L: [F]{4>.} V.•
j=l J J

If we rewrite {P s } as

J

{Ps} = ~ {PSj} Yj
{ J=l

where {P Sj } is the solution of

and {P so } the solution of

[H]{P
SO

} = - [F]{L} •

(3.64)

(3.65)

(3.66)

(3.67)

Note that (3.66) and (3.67) can be solved without inverting [H]. And

since in the numerical process, the solution is gotten in a piecemeal

fashion, one need not worry about the possible singular behavior of [H]

during its construction.

{P so} can be vi ewed as the pressure response due to the ri gi d body

motion of the tank, and {P sj } is the pressure response due to the j-th

mode of tank free vibration. Substituting the expressions for {x} and

{P s } into (3.56), multiplying on the left by {4>j}T and using the ortho­

gonality property of the mode shapes, we obtain

* T .. * • *([M.] + {4>.} {P .})Y. + [C.]Y. + [K.]Y.
J J SJ J J J J J
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The term {<I>j}T{PSj } can be interpreted as the modal added mass matrix,

and {<pj}T{pso} the generalized hydrodynamic force due to tank rigid-body
motion. To solve (3.68), commonly used time-integration can be applied.

It shoul d be poi nted out that the added-mass matri x in (3.68) is not
di agonal. Consequently, the system is coupl ed. Thi s system caul d, of
course, be transformed into an uncoupled set by usingtlie mode shapes of
the coupled fluid-tank system, which are eigenvectors of

We choose to solve (3.68) more straightforwardly.

The use of normal modes of the structural free vibration to reduce the
number of unknown coordi nates may be vi ewed as an appl i cati on of the
Ritz method.
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4. NUMERICAL RESULTS/VALIDATION

A computer program named ERST, for Earthquake Response of Sea-Based

Storage Tanks, has been developed to implement the formulation of §3 to

evaluate the elasto-hydrodynamic response of axisymmetric storage tanks
submerged underwater induced by earthquake ground moti ons. A detailed

discussion of ERST is given in Appendix A and the full program listing

is furnished in Appendix B. In this section, we document some results

obtained from the computer codes which were used to validate the

program.

The simplest test is to see whether we can reproduce the well-known

series solutions for cases where the tank structure is a rigid circular
cylinder submerged underwater. Due to rigidity, the inner fluid motion

and the outer water motion are uncoupled from the tank vibration. Con­
sequently, we can test the interior response and the exterior response

separately.

.
Si nce many of the avail abl e resul ts are obtai ned with gravity effect
included, we modified our program accordingly (we used the variational
principle in the new coding to aid in our validation; the results were
compared to be within 2% of ERST which uses the Galerldn scheme). We

first compared the work of Tung (1979) studying (exterior) hydrodynamic

forces on submerged cylindrical tanks under ground excitation. Con­

sidering a tank of relative dimensions H: (H-hw) = 2 and R: H = 1, under
the assumed earthquake ground acceleration of e- iwt with w= 10 rad/sec,

we found excellent agreement with the (analytic) data presented in
Figure 4 of Tung's paper. We reproduced the relevant portion of the

curves in our Figure 6. The pressures are evaluated on the tank wall at

e = 00
•
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For the pressure response due to the interior fluid motion, we compared
with the results of Takayama (1976) and Helou (1981). Again, the tank

is a hollow circular cylinder with a flat top. Here, R=10 ft, ho=hw=5
ft, po=0.86 and Pw=1 in g/cm3• He selected a finite-element idealiza­
tion of 20 elements distributed symmetrically relative to the oil-water
interface. In Figure 7, the x-z plane section of the assemblage is
presented. From the sources quoted above, we have, for the analyti c
representation hydrodynamic pressure of oil and water,

ex>

p = -p R cose e-iwt_po L }- G~ cosh km(Z-ho) cose e- iwt ,
o 0 m=l m

(4.1)

- < z < ho '

. t ex> 1 sinh k h _i wt
P = -p R cose e-1 w+p.2: Gil m 0 cosh km{z+hw) cose e
w w w m=l ~ m sinh. kmhw

-h < z < 0 ,w

if the ~stem undergoes a ground velocity (n.B., not acceleration) e- iwt;

In the above formula,

kmCmJ1(kmR)

K -M w2
m m

and
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(4.3)

(4.4)

(4.5)

km for m= 1,2, •.• are the roots of Ji(kmR} = O.

Pressures for a range of frequencies are calculated using the above
formulae and our computer program. As can be seen from the results pre­
sented in Figures 8 through 11, the comparisons are quite satisfactory.
Pressure distribution normalized by the excitation frequency are plotted
against the nodes at the inner tank wall (€FOO). The figures are for w

= 0.5 rad/sec, 1.1 rad/sec, 6 rad/sec and 10 rad/sec. Notice that since
gravi ty effects are consi dered here, Po does not equal to Pw exactly.
Also, note that the curves are for hydrodynamic pressures only, one
would need to add on the hydrostatic pressures to extrapolate the
location of equal pressures (where z = C).

Close exami nati on of Fi gures 8 through 11 reveals that, whil e there is
little change of the pressure curves from w = 0.5 rad/sec to w = 1.1

rad/sec, there is significant (trend-reversal) difference from there on
to w = 6 rad/sec. Eventually, the curves "stabil ized" and become
practically frequency independent (this is confirmed from calculation of
a number of frequencies ranging from 3.7 rad/sec, 4.8 rad/sec to 60
rad/sec). Now, with the gravitational effects included, one could
expect the fluid-structure system to exhibit sloshing phenomena at the
natural frequencies ~ where

-37-



Dynaml cs Tecnno lOgy, Inc.
DT-7814-2

(4.6)

For the data used in our test, these frequencies are

Since the density difference between oil and water is small (0.14 g/cm3)

the sloshing amplitudes will be small. Within the frequency spectrum of

importance due to earthquake excitations, only high modes of sloshing

waves are expected. These are short-length waves of minor importance.

Since the pressure distribution is independent of frequencies in this

spectrum, this reinforces our belief that as far as our system configu­

ration is concerned, the gravitational effects can be safely ignored, as

we did in our analysis.

To ascertain that our 20-element finite-element scheme has converged

enough to be believed, we increased the assemblage to 100 elements,

whose layout is basically the same as that of the 20-element case,

except that 10 columns are used. We present the results in Tables 1 and

2 (for w = 1.1 rad/sec and 10 rad/sec). As one can see, although the

results are certainly more accurate for the finer mesh, the results of

the 20-element discretization is very respectable, and from the

computational stand-point, by far more cost-efficient.

Although we know of no analytical results for the response problem of an

axisymmetric tank with inclined wall, we made several calculations using

a 20-element discretization on a slant tank similar to the one we used

above, except that an inclination (from vertical axis of 0°, 15° and.

30°) is imposed on the si de wall. R = 10 feet at the tank base.

Figures 12 and 13 show that pressure distribution along the side wall

(e = 0°) for w = 1 rad/sec and w = 6 rad/sec, respectively. For

~ = 15°, it is calculated that resonance occurs at w '" 2.5, 4.5, ••• (see

Figure 14). Again, for earthquake bound frequencies, the sloshing

phenomena will be negligible.
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ERST has been implemented on the CDC Cyber 176 Computer of the Uni ted

Computing Systems at Dallas, Texas, under the NOS/BE operating system.

For the simple rigid circular cylindrical structure with a 20-element

symmetri c fi ni te-el ement di scretizati on as described above, undergoing

harmonic ground acceleration, a typical run requires less than 2 seconds

CPU time.

Our last series of tests involve a simple flexible (circular) cylindri­

cal tank under a ground acceleration of sinwt, for various values of

w. The results are presented in Figures 15 through 17. Here R = 10 m,

ho = hw = 5m and H = 20 m. A uniformly positi oned 20-el ement fi ni te­

element system is selected for the interior fluid domain, which is then

extended naturally to form a 45-element mesh for the exterior water and

a 12-element one for the tank structure. In Figure 15, w = 1 Hz, the

hydrodynamic pressure di stributi on for the fi rst two modes of response

is pl ottedfor t = .25 sec and .75 sec (1/4 and 3/4 cycl es after the

initial excitation). In Figures 16 and 17, w = 10 Hz, and we show

response of the fi rst mode as well as the fi rst two modes for t = .025
. .

sec and .075 sec. Notice that the interior pressure forces are approx-

imately 1.5 to 2 times in o'fPlue to that of the exterior pressure. Also

notice that in Figure 15, ozo is close to zero even though the II roof ll is

not assumed to be rigid; but in Figures 16 and 17, larger displacements

step in and change the pressure distribution now that frequency is

bigger. The tank's natural vibration frequencies are ~ ::< 16.7 Hz,

U2 ::< 33.7 Hz.

We were unable to make a comparison of our results to that of Helou's

(1981) presented in his Figure 4.3 for, unfortunately, his results are
oP

incorrect as evi denced by the fact that ozw ;/; 0 at the ocean floor,

violating the rigid boundary condition there.
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Table 1. Pressure distribution at wall (9 = 0°)
under different finite element discretizations.

P/w at Wall

z 20-element 100-element Analytical

5.0 -8.438 -8.432 -8.431
2.0 -8.410 -8.404 -8.403
1.0 -8.386 -8.381 -8.381
0.66 -8.376 -8.372 -8.372
0.33 -8.366 -8.361 -8.361
0 -8.354 -8.349 -8.349

0 -10.286 -10.292 -10.292
-0.33 -10.272 -10.278 -10.276
-0.66 -10.260 -10.265 -10.266
-1.0 -10.248 -10.254 -10.255
-2.0 -10.221 -10.228 -10.228
-5.0 -10.188 -10.195 -10.196

w = 1.1 rad/sec

Table 2. Pressure distribution at wall (9 = 0°)
under different finite element discretizations.

P/w at Wall

z 20-element 100-element Analytical

5.0 -8.999 -8.996 -8.996
2.0 -9.088 -9.078 -9.075
1.0 -9.168 -9.159 -9.153
0.66 -9.203 -9.198 -9.201
0.33 -9.244 -9.247 -9.250
0 -9.293 -9.322 -9.342

0 -9.194 -9.162 -9.137
-0.33 -9.251 -9.247 -9.241
-0.66 -9.298 -9.304 -9.309
-1.0 -9.339 -9.350 -9.357
-2.0 -9.432 -9.444 -9.446
-5.0 -9.536 -9.539 -9.539

w = 10 rad/sec
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5. SUMMARY AND FUTURES WORK

A rational and effective method to assess the effects of fluid-structure
interaction, on the dynamic response of submerged underwater oil storage
tanks under earthquake excitations, has been developed. Our approach is
the hybrid-finite element method, discretizing the tank structure, the
interior fluids, as well as the near field of the exterior water region
into a ring-shaped mesh network. Solution for the hydrodynamic pressure
distribution is substituted into the structural equation of motion in
modal coordinates to obtain the system displacement information. A com­
prehensive and predictive computer code is developed for design engi­
neering applications. The program is described in the Appendices. Our
program has ben validated against known analytical solutions and shown
to be effective an<t accurate with the added flexibility for arbitrary
aXisymmetric tank shapes.

Duri ng thi s invest; gati on, we al so reconfi rmed the fact that gravi ty
effects can be safely neglected in evaluating the hydrodynamic pressure

induced at the wall of a submerged tank, such as the one under study.
It is also observed that due to the unappreci ab1e difference of Po and

Pw' changes in tne ratio ho/hw above do not significantly influence the
fluid-structure response.

From (3.68), it can be seen that the hydrodynamic interaction caused by
the fluids inside and outside the tank contributes to the structural
equation of motion in the forms of additional terms which can be viewed
as added mass and added exci tati ons. The added i nerti a of water
increases the natural period of the tank free oscillation, and decreases

(depends on the deflected shape) the modal damping ratios. However, the
presence of water does not influence the stiffness matrix [K].
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Finally, the incorporation of analyltic representation of Pw in the

hybrid approach proves to be a useful cost-saver especially for tanks of

odd shape and wi th i rregul ar bottom topography. It isantici pated that

this super-element should play an even bigger role in the treatment of

sail-structure interactions.

The computer program developed in this study can be used, with appro­

priate modifications, for the following studies:

1. Tanks of open bottoms.

2. Tanks which are floating or moored.

3. Tanks which are non-axisymmetric.

4. Effects of non-rigid tank support and marine soil-structure
interaction.

Understanding the nonlinear behavior of the kind of systems we have been

i nvesti gati ng shaul d, of course, be the ultimate study goal, but the

numerical details it involves are very complicated. An in-depth analy­

si s may al so be needed to rel ax our assumptions that verti cal ground

motion and fluid incompressibility can be neglected. For the former,

other modes of shell vibration, such as the breathing mode may need to

be considered. Compressibility may become important for high values of

excitation frequencies (for large-scale earthquakes). Indeed, with

sound speed in water in the vicinity of 4720 ft/sec such high frequency

excitations give rise to sound waves of lengths comparable to the tank

dimension and the water depth. For squatty tanks, the compressibility

effect may not be ignored.
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Appendix A. USER 1 S GUIDE TO CO/VPUTER PROGRAM IlERST"

The computer program named ERST, for Earthquake Response of Sea-Based

Storage Tanks, is developed and synthesized to evaluate the elasto­

hydrodynamic response of axisymmetric storage tanks sUbmerged underwater

induced by earthquake ground motions.

The tank structure is ri gi dly attached to the ocean floor, has a fl ex­

ible wall. The tank has a vertical axis of symmetry, is submerged

underwater (structures protrudi ng out of ocean surface can al so be

handled with minimum modifications) and filled with two different layers

of fluids. The whole system is discretized into three assemblages of

toroidal finite elements for: the interior fluids domain, the tank

shell, and the near field exterior water region.

Nodal displacements, stresses, as well as hydrodynamic pressures are

output as the response to the input (horizontal) ground acceleration.

Both the dynamic and the static responses are eval uated. A si gnificant

portion of the code pertaining to the dynamic behavior of exterior

water-structure interaction is based on the EATSW program written by

Dr. C. Y. Liaw for earthquake analysis of axisymmetric intake tower

structures surrounded by water, purchased through the NISEE/Computer

Applications Program, and modified to interface with the developed

i nteri or fl ui ds-structure i nteracti on program through the ki nd assi s­

tance of Dr. Liaw.

Figure 18 gives the general code structure with accompanying descrip­

tions of the functions of the subroutines and the tape files employed.

Note that a plotting scheme is built in based on the available sub­

routi nes GRAFl1, PLOT, OPLT, MULPLT (i n subrouti nes LAYOUT, EIGEN and

TSTEP) interfaced to a Calcomp plotter. Users are advised to modify

this portion to suit onels own environment.
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Driver program

Determines structure characteristics and finite-element
configurations
Determines element stress strain, mass and stiffness
matrices

Assembles global mass and stiffness matrices; also evalu­
ates hydrostatic contribution for static analysis
Computes static displacements and stress for static
analysis
Determines structural free vibration modes and frequencies

Prepares for exterior water finite-element system set-up
Computes general i zed force vector and mass matri x contri­
buted from exterior water and superelement
Prepares for interior fluids finite-element system set-up
Determines interior fluid element matrix bandwidth
Computes generalized forces vector and mass matrix contri­
buted from interior fluids
Solves for modal equation of motion by time-step integra­
tion

Calculates dynamic response by modal superpositions

Stores element mass and stiffness matrices information
Stores compacted mass matrix as well as x-displacement
response information
Stores element static response information
Stores total stress information
Stores plot information
Stores Y-displacmeent response information
Stores eigenmodes and eigenvalues information
Stores hydrodynamic pressure as well as interpolated
earthquake data information
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In the following, we describe the data deck structure to be used for
executing the program.

1. TITLE CARD (8AUH

II. STRUCTURE INFORMATION (NAMELIST:TANK)

NUMNP: number of structural nodal-circles

NUMEL: number of structural elements

NUMMAT: number of different structural materials

NfvODE: number of modes of vibration included. If NMODE=0
and IGRAV=0, only static responses are evaluated.

WLO: level of water surrounding the structure (in feet)

WLI: level of water in the interior of a hollow structure
(i n feet)

NPO: number of structural nodal-circles on the exterior
surface affected by the surrounding water

NPI: number of structural nodal-circles on the interior
surface affected by interior fluids

IGRAV=0, perform static analysis only

=1, perform dynamic analysis only

=2, perform static as well as dynamic analysis

READFRQ=.FALSE., compute and write to TAPES frequencies and
mode shapes of the structure without the sur­
rounding water

READFRQ=.TRUE., skip calculation of frequencies and mode
shapes; instead read from TAPE8

PLOTANK=.TRUE., plot structure elements

PLOTfvOO=.TRUE., plot mode shapes
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I II. MATER-I AL PROPERTY INFORMATION

One set of cards must be suppl i ed for each different material used in
structure.

Card 1 (I5,5X,All)

Columns 1 - 5: Material sequence number

11 - 21: Either 'ISOTROPIC' or 'ORTHOTROPIC' to indicate
material property

Card 21 (3FI0.0): Properties of Isotropic Material

Columns 1 - 10: Modulus of elasticity (in ksf - kips per square foot)

Properties of Orthotropic Materi a1

En· modul us of el asti ci ty (in ksf)

Es • modulus of elasticity (in ksf)

Et • modulus of el asti ci ty (in ksf)

vns ' Poisson's ratio

Vnt' Poisson's ratio

Vst· Poisson's ratio

Properties of Orthotropic Material
(continued from Card 20)

11 - 20:

21 - 30:

31 - 40:

41 - 50:

51 - 60:

Card 3 (5F10.0):

Columns 1 - HI:

11 - 20: Poisson's ratio

21 - 30: Mass density (in kip-sec2/ft4)

Card 20 (6F10.0):

Columns 1 - 10:

11 - 20:

21 - 30:

31 - 40:

Gns ' shear modulus (in ksf)

Gnt , shear modulus (in ksf)

Gst • shear modulus (in ksf)

Mass density (in kip-sec2/ft4)

41 - 50: Angl e ~ in degrees measured counter-cl ockwi se from
the r-axis to the n-axis

The n-s axes are the principal axes for the orthotropic material. and t
is the tangential direction of the axisymmetric coordinates.
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IV. STRUCTURAL NODAL-CIRCLE CARDS (I5,F5.~,2F10.~,2I5,2F1~.0)

Columns 1 - 5: Nodal-circle number

8 - 1~: Boundary condition code
"1" in column 8 if r-displacement is restrained

"1" in column 9 if z-displacement is restrained
"1" in column 10 if 9-displacment is restrained

11 - 20: r-ordi nate (i n feet)

21 - 30: z-ordinate (in feet)

31 - 40: Used for layer generation, otherwise leave blank.

Nodal-circle cards must be in numerical sequence. If cards are omitted
and Columns 31 - 60 are left blank, the omitted nodal-points are gener­
ated along a straight line between the defined nodal-points. (See Note
1); or if Col umns 31 - 60 are not bl ank, they are generated in 1ayers
(see Note 2).

Note 1: Straight line generation

If the (L-1) cards for nodal-circles N+1, N+2, ••• ,N+L-1 are omitted and
Columns 31 - 60 of the card for nodal-circle N are left blank, the
omitted nodal-circles are generated at equal intervals on the straight
line joining nodes Nand (N+L).

Note 2: Layer generation

Layer generation may be used after two rows of nodal-circles are CO!11­
pl etely defi ned. If, on the card for node N, the foll O\'Ii ng data is
specified:

Columns 31 - 35: t()D: module, m (> 0)

36 - 40: NLIM: limit of generation (> N)

41 - 50 : FACX: ampl ification factor f r (default f =1)r

51 - 60: FACY: amplification factor f z (default fz=1)

the r-z coordinates of points N+1,N+2, ••• ,NLIM are generated by the for­
mulas:
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for k = N+1, ••• ,NLI M. If NLI M = NUr1NP, no more nodal-cards are
needed. If NLIM < NUMNP, the card for circle (NLIM+1) must follow.

The boundary condition code for generated nodal-circles is set equal to
zero, i.e., these nodal-circles are unrestrained in all r, z and e coor­
dinates.

v. STRUCTURAL ELEMENT CARDS (615)

Columns 1 - 5: Element number

6 - 10: Nodal-Point I

11 - 15: Nodal-Point J

16 - 20: Nodal-Point K

21 - 25: Nodal-Point L

The maximum difference "b"
between these numbers is an
indication of the bandwidth
of the Stiffness Matrix. "b"
may be minimized by a judicious
numbering of nodal points.

26 - 30: Material identification

Nodal-point numbers I, J, K and L must be in sequence in a counter­
clockwise direction around the element (cf. Figure 19). Element cards
must be in element number sequence. If element cards are omitted, the
program automatically generates the omitted information by incrementing
by one the preceding I, J, K and L. The material identification for the
generated card is set equal to the corresponding value on the last
card. The last element card must always be supplied. Triangular
elements are also permissible; they are identified by repeating the last
nodal number (i.e., I, J, K, K).
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VI. WATER PRESSURE CARDS

Card Set 1 (1615): This set of cards are to be omitted, if NPO = 0.

Cplumns 1 - 5: Nodal-circles of the structure affected by the

6 - 10: surrounding water; n1,n2, ••• ,nk = NPO, starting

etc. from roof center.

Card Set 2 (1615): This set of cards are to be omitted, if NPI = O.

Columns 1 - 5: Nodal-circles of the structure affected by the

6 - 10: interior fluids; m1,m2, .•• ,mL' L = NPI, starting

etc. from inner roof center.

VII. EXTERIOR FLUID CARDS

Card 1. FLUID DOMAIN DISCRETIZATION (NAMELIST: EXTFLD)

NUMPEX: number of fluid nodal-circles

NUELEX: number of fluid elements

NUINTEX: number of nodal-circles on the fluid-structure inter­
face in the finite element idealization of the fluid

NUFSF: number of nodal circles on the free surface in the
finite element idealization of the fluid and at the
z-axis.

NUCOF: number of coefficients of super-element pressure
representation.

-72-



Dynamics Technology, Inc.
DT-7814-2

Card 2. FLUID NODAL-CIRCLES (2I5,2Fl~.0,2I5,2F10.~)

Nodal-circles in the finite element idealization of the fluid domain
must be numbered in such a way, that the first NUINTEX nodal-circles are
located on the structure-fluid interface (cf. Figure 20). The numbering
must start at the top as shown there. In the finite element idealiza­
tion for the fluid domain, nodal-circles on the interface must be pro­
vided to coincide with the nodal-circle in the structural idealization.
Additional nodal-circles can be included in the idealization of the
fluid domain, as shown in Figure 20.

One card for each nodal-circle containing the folloWing information must
be provided.

Columns 1 - 5: Fluid nodal-circle number

6 - 1~: ICOOE: Boundary condition code for fluid nodal­
circle. If the fluid nodal-circle is on the
interface and coincides with a structural
nodal-circle, ICOOE = the number of the coin­
cident structural nodal circle.

If the fluid nodal-circle is on the interface
but does not coincide with a structural
nodal-circle, then ICOOE = -1.

If the fluid nodal-circle is on the free sur­
face of the fluid domain, ICOOE = -2.

For all other nodal-circles, leave Columns
26-30 blank. Special attention must be given
to fluid nodal-circle number 1; it must coin­
cide with the roof center of the tank.

11 - 20: r-ordinate (in feet)

21 - 30: z-ordinate (in feet)

31 - 60: Used for layer generation; otherwise leave blank.

-73-



Dynamics Technology, Inc.
DT-7814-2

Nodal-circle cards must be in numerical sequence starting from one. If
cards are omitted and Columns 31-60 are left blank, the omitted nodal­
points are generated along a straight ine between the defined nodal­
circles (see IV, Note 1); or if columns 31-60 are used, they are gener­
ated in layers (see IV, Note 2). The boundary condition code (ICOOE) of
a generated nodal circle is set equal to the value of ICODE on the last
card.

Card 3. FLUID ELEMENTS (915)

Columns 1 - 5 Element number

6 - 10: Nodal-Circle I

11 - 15: Nodal-Circle J

16 - 20 : Nodal-Circle K

21 - 25: Nodal-Circle L

Fluid Element Surface Code (=2, hybrid surface)

26 - 30: surface IJ

31 - 35: surface JK

36 - 40: surface KL

41 - 45: surface LI

Nodal-circle numbers I, -J, K and L must be in sequence in a counter­
clockwise direction around the element (cf. Figure 19). Element cards
must be in element number sequence. If element cards are omitted, the
program automati ca lly generates the omitted i nformati on by i ncrementi ng
by one the preceding I, J, K and L. The last element card must always
be supplied. Triangular elements are also permissible; they are
identified by repeating the last nodal number (i.e., I, J, K, K)
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VIII. INTERIOR FLUID CARDS

Card 1. FLUID DOMAIN DISCRETIZATION (NAMELIST: INTFLD)

NUNPIN: number of fluid nodal-circles

NUELIN: number of fluid elements

ROIL: specific gravity of oil

NUINTIN: number of elements at oil/water interface

NUELOIL: number of oil elements; the oil elements must be
numbered from 1 to NUELOIL

2. FLUID NODAL-CIRCLES (215,2FI0.0,215,2FI0.0)

One card for each nodal-circle containing the following information must
be provided.

Columns 1 - 5: Fluid nodal-circle number

6 - 10: ICODE: Boundary condition code for fluid nodal­
circle. If the fluid nodal-circle is on the
wall and coincides with a structural nodal­
circle, ICODE = the number of the coincident
structural nodal-circle.

If the fluid nodal-circle is both on the wall
and on the interface and coi nci des with a
structural nodal-circle, then ICODE = - (the
number of the coincident structural nodal­
circle).

11 - 20: r-ordinate (in feet)

21 - 30: z-ordinate (in feet)

31 - 60: Used for layer generation; otherwise leave blank.

Nodal-circle cards must be in numerical sequence starting from one. If
cards are omitted and Columns 31-60 are left blank, the omitted nodal­
points are generated along a straight line between the defined nodal­
circles (see IV, Note 1), or if Columns 31-60 are used, they are
generated in layers (see IV, Note 2). The boundary condition code
(ICODE) of a generated nodal-circle is set equal to zero.
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Card 3. FLUID ELEMENTS (SIS)

Columns 1 - 5: Element number

6 - 1~: Nodal-circle I

11 - 15: Nodal-circle J

16 - 2~: Nodal-circle K

21 - 25: Nodal-circle L

Nodal-circle numbers I, J, K and L must be in sequence in a counter­
clockwise direction around the element (cf. Figure 19). Element cards
must be in element number sequence. If element cards are omitted, the
program automatically generates the omitted information by incrementing
by one the preceding I, J, K and L. The last element card must always
be supplied. Triangular elements are also permissible; they are
identified by repeating the last number (i.e., I, J, K, K).

Card 4. OIL/WATER INTERFACIAL ELEMENT (1615)

List of NUINTIN element numbers on the oil-water interface.

IX. RESPONSE CONTROL CARDS (NAMELIST: RESPONS)

NGRD:=l, if only one component of ground motion, al~ng e = ~9,

is to be considered

=2, if two components of ground motion, along e = ~o and
e = 9~o, are to be included.

NT: number of integration steps in time

DT: time interval in step-by-step integration

NXFH: number of ordinates describing time history of gound
motion component 1 along e = ~o.

NYFH: number of ordinates describing time history of ground
motion component 2 along e = 9~o.

PLOTALL=.FALSE., ground motion not plotted.

=.TRUE., plot ground motion.
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X. DAMPING RATIO CARDS (7F10.0)

Columns 1 - 10: Damping ratio for first mode of vibration of the
tank.

11 - 20: Damping ratio for second mode of vibration of the
tank.

21 - 30: Damping ratio for third mode of vibration of the
tank.

etc.

XI. GROUND ACCELERATION CARDS

(i) FIRST COtvPONENT - Along = ~o

Card 1 TITLE (8A10)

Card 2 ACCELERATION (6(F6.3,F6.4),8X)

NXFH time-acceleration pairs describing the time-history of the compo­
nent of ground acce1erati on along e = ~o are to be spec ifi ed on these
cards, with six pairs per card. Time must be expressed in seconds and
accelerations as multiples of g, the acceleration due to gravity.

(i i) SECOND COtvPONENT - Along e :: 90°

Card 1 TITLE (8A10)

Card 2 ACCELERATION (6(F6.3,F6.4),8X)

NYFH time-acceleration pairs describing the time-history of the compo­
nent of ground acceleration along e :: 90 0 are to be specified on these
cards, with six pairs per card. Time must be expressed in seconds and
accelerations in multiples of g.
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XII. OUTPUT INFORMATION CARDS

Card 1. OUTPUT CONTROL (NAMELIST: PRINTIT)

NPRINT:

NNODE:

NNEL:

NANGLE:

Print interval. Nodal-circle displacement amplitudes
and element stress amplitudes are written on TAPE3
every NPRINT time-intervals. If printed output of
time history response is required (i .e., NNODE ! (3
and/or NNEL f 0), nodal-circle displacements and/or
element stresses are also printed every NPRINT time­
interval s.

Total number of nodal-circles at which time-history
of displacements is to be printed.

Total number of elements at which time-history of
stresses is to be printed.

Total number of different directions around the cir­
cumference of a nodal-circle or axisymmetric element
at which displacement and stresses are to be printed.

Card 2. ANGLE SELECTION (8F10.0)

List of NANGLE values of angles (in degrees) describing directions along
the circumference at which displacements and stresses are to be
printed. These cards are to be omitted in NANGLE =0°.

Card 3. NODAL CIRCLE SELECTION (1615)

List of NNODE nodal circle numbers at which displacements are to be
printed. These cards are to be omitted if NNODE = 0.

Card 4. ELEMENT SELECTION (1615)

Li st of NNEL el ement numbers for which stresses are to be pri nted.
These cards are to be omitted if NNEL = 0.
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OUTPUT

The following is printed by the program (note that some of these may be
suppressed according to the options provided in Cards II and XII).

1. First set of input data:
options, etc.

structural and material properties,

2. Hydrostatic loads: i.e., equivalent nodal-circle loads due to
hydrostatic pressure of the surrounding water and fluids inside the
tank. Nodal-ci rcl e di spl acements and el ement stresses for stati c
loads. Added-mass due to fluids inside the tank.

3. Frequencies and mode shapes of the structure, including the effect
of i nteri or fl uids but not the effect of water su rroundi ng the
structure.

4. Second set of input data: geometric data for the surrounding and
interior fluids, structural nodal-points affected by hydrodynamic
i nteracti on.

5. The generalized mass matrix and the generalized force vector,
including hydrodynamic effects.

6. Thi rd set of input data: response data i ncl udi ng number of time
steps, time increment, and modal damping ratios, earthquake acceler­
ation data, control data for output of time history of response.

7. Displacements of selected nodal circles (see card group XII),
stresses in selected elements along selected angles at instants of
time, determi ned by the pri nt interval NPRINT. The di spl acements
and stresses printed include the static values at the beginning of
the earthquake motion.

8. The peak values of displacement amplitudes of each nodal-circle and
amplitudes of stress in each element and with time at which they
occur during the earthquake. These peak values exclude the static
values.
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9. The following quantities are written on TAPE3:

Log.ical Record 1: NUMNP, NUMEL, NMOOE, OT, NT, NPRINT, IGRAV, NGRD

Starting with Record 2, two records are written for every NPRINT
time-intervals for each ground motion component using the following
two statements:

WRITE (3) X

WRITE (3) STRESS

X and STRESS are one-dimensional arrays, dimensioned properly so
that X(3*1-2), X(3*I-1) and X(3*I) are the r, z and e-components,
respectively, of the displacement amplitude at nodal-circle I,

1=1, ••• ,Nl.!M'JP. Similarly, STRESS (6*N-5), STRESS (6*N-4)' STRESS( 6*N-3)'
STRESS(6*N-2), STRESS{6*N-1) and STRESS{6*N) are the amplitudes of
the six components, (jrr, (jzz, (jee, (jrz, (jre and ;e in the element
number N, N=1,2, ••• ,NUMEL.

If IGRAV = I, the dynami c responses start wi th the fi rst set of X
and STRESS. However, if IGRAV = 2, the first set of X and STRESS is
the static response; the dynamic response starts with the second
set.

STORAGE REQUIREMENTS

The cord storage requi rements of the program are separated into fi xed
and variable parts with the fixed part consisting of instructions, non­
subscripted variables, and those arrays which do not depend on the size
of the individual problem. The variable part is stored in Array A,
which appears in the blank COMMON statement.

The bl ank COMMON storage requi rements of the program can be changed
depending on the size of the problem to be solved. This is done by
using the RFL job control statement to increase the program size:

RFL(MMAX)

MMAX (in octal) is the total memory words requested. N=MMAX-45000 is
the available memory size for blank COMMON storage.

-80-



-.., .. _.... ~- . __ .... _.-;;;J.,J,

OT-7814-2

The value for N must exceed each of the following:

(1) 3*NUMNP*(4 + MBANO) + 11*NUMEL + 11*NUMMAT + NBC + NPO + NPI

(2) 3*NUMNP*(8 + MBANO) + 5*NUMEL + 11*NUMMAT + NBC + NMODE*(NMODE + 1)

(3) 5*NUMNP + (2 + 3*NUMNP + NMODE + 3*NUINTEX)*NMODE + (3 + NEBAND +
NMODE)*NUMPEX + 8*NUELEX + NUINTEX + NUFSF + (1 + NEBANO +
NM:lDE)*NUCOF

(4) 5*NUMNP + (2 + 3*NUMNP + NMOOE)*NMODE + 7*NUELIN + (4 + 2*NMODE +
NIBANO)*NUNPIN

(5) 5*NUMNP + (408 + 3*NUMNP + 2*NMOOE)*Nr~OE + 2*NXFH + 2*NYFH + NT

(6) 852 + (22 + 4*NMOOE)*NUMNP + 805*NMOOE + 42*NUMEL + NM:lOE + NNEL +
NANGLE + 2*NT

where:

NUMNP: number of nodal circles in the structural idealization

NUMEL: number of elements in the structural idealization

NUMMAT: number of different structural materials

NBC: number of structural displacement constraints in the
structural idealization

NPO: number of nodal circles on the exterior surface of the
structure affected by the surrounding water

NP I : number of nodal ci rc1es on the i nteri or su rface of the
structure affected by the fluids in the tank interior

MBANO = 3*( MB + 1)

MB = max MB i , i = 1, NUMEL
i

MBi :

NMODE:

NUMPEX:

NUELEX:

di fference between the 1argest and small est structual
nodal-circle numbers for structural element i

number of modes of vibration included

number of nodal circles in the exterior water idealiza­
tion

number of elements in the exterior water idealization
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NUINTEX: number of fluid nodal-circles on the exterior structure­
fluid interface

NUFSF: number of exterior fluid nodal-circles on the free
surface of the fluid

NEBANO = NEB + 1

NEB = max NEBi , i = 1, NUELEX
i

NEBi :

NUNPIN:

NUELIN:

difference between the largest and smallest nodal circle
numbers for exterior fluid element i

number of nodal circles in the interior fluid idealiza­
tion

number of elements in the interior fluid idealization

NIBANO = NIB + 1

NIB = max NIB., i = 1, NUELIN
i 1

NIBi : difference between the largest and smallest nodal circle
numbers for interior fluid element

NXFH: number of ordinates describing time-history of first
ground motion component, along e = 0°

NYFH: number of ordi nates describi ng time-hi story of second
ground motion component, along e = 90°

NT: number of integration time steps

NNODE total number of structural nodal-ci rcl es at whi ch time­
history of displacements is to be printed

NNEL: total number of structural elements for which time­
history of stresses is to be printed

NANGLE: total number of di fferent 1ocati ons around the circum­
ference at which di spl acements and stresses are to be
printed

If only frequencies and mode shapes are desired along with static
analysis, it suffices to check (1) and (2) above.
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The computer time required for solution depends on a number of
factors. The more important ones are the number of i ntegrati on time
steps (NT), the number of structural nodal ci rcl es (NUMNP), the band­
width (MBAND) of the structural stiffness matrix (the nodal circles
should be numbered in a manner which minimizes the bandwidth), the
number of structural elements (NUMEL), the number of modes of vibration
to be included (NMODE), interval for printing and writing (NPRINT), and
the number of nodal-circles (NUNPEX, NUNPIN) and elements (NUELEX,
NUELIN) in the idealization of the fluid domain.
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APPENDIX B. PROGRAM IlERSTIl LISTINGS
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