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ABSTRACT

Two-dimensional analytical elastic models are developed for evaluating

dynamic characteristics, namely natural frequencies and modes of vibration

of a wide class of earth dams in a direction parallel to the dam axis. In

these models the nonhomogeneity of the dam materials is taken into account

by assuming a specific variation of the stiffness properties along the

depth (due to the continuous increase in confining pressure). In addition,

both shear and normal (axial) deformations are considered. Cases having

constant elastic modul i, linear and trapezoidal variations of elastic modul i,

and elastic moduli increasing as the one-half, one-third, two-fifths, and a

general (~/m) th powers of the depth are studied. Dynamic properties of three

real earth dams in a seismically active area (Southern Cal ifornia) estimated

from their earthquake records (input ground motion and crest response in

the longitudinal direction) as well as results from full-scale dynamic

tests on one of these dams (including ambient and forced vibration tests)

are compared with those from the suggested models. It was found that the

models in which the shear modulus and the modulus of elasticity of the dam

material vary along the depth are the most appropriate representations for

predicting the dynamic characteristics. The agreement between the experi

mental and earthquake data and the theoretical results from some of the

models is reasonably good. Based on the analytical models, a rational pro

cedure is developed to estimate dynamic stresses and strains and correspond

ing elastic moduli and damping factors for earth dams from their hysteretic

responses to real earthquakes, utilizing the hysteresis loops from the

filtered crest and base records. This leads to a study of the nonlinear

behavior in terms of the variation of stiffness and damping properties with
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the strain levels of different loops. Finally, an analysis of real earth

quake performance of an earth dam, in the longitudinal direction, yields

data on the shear modul i, damping factors, and nonlinear constitutive rela

tions for the dam materials; the Ramberg-Osgood nonlinear stress-strain

curves are then fitted to these data.
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CHAPTER

ItlTRO DUCT ION

Designing a dam to resist earthquake damage is probably one of the most

difficult tasks to be faced by the geotechnical and earthquake engineer.

The information available concerning the performance of earth dams in par

ticular during earthquakes is meager and offers little assistance to engineers

planning a dam in a region of seismic activity. As relatively few earth dams

have been subjected to strong earthquakes, it is dangerous to draw any

specific conclusions regarding their performance or the 1ikel ihood of any

particular modes of damage to such dams during strong ground motion. How

ever, the few existing recordings on and near dams may be of assistance in

giving some indication of performance characteristics in particular instances.

In the majority of earth dams shaken by severe earthquakes, two primary

types of damage have occurred (10,15,20,24,29,30): longitudinal cracks

at the top of the embankment and transverse cracks sometimes accompanied by

crest settlement. The longitudinal cracks appear to have been caused primar

ily by the horizontal component of the earthquake motion in the upstream

downstream direction, that is, the direction perpendicular to the longitudinal

axis of the daM. In contrast, transverse cracking of an earth dam can result

from longitudinal dynamic strains induced by earthquake motion in the

longitudinal direction (as well as from differential settlements). Such

cracks are of concern because they present a path for water to flow through

the dam's core.

Over the last two decades, much emphasis has been placed on the dynamic

response analysis of earth dams and their safety against earthquakes. Although

some progress has been made in the development of analytical and numerical
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techniques (9,11,12,13,14,17,10,19,21 t22,23,24,2C) for evaluating the

response of earth dams subjected to earthquake motions, these techniques

are still in a rudimentary state of development. For instance, the existing

analytical techniques for earth dams still assume uniform shear beam, elastic

behavior, with the nature of the response restricted to horizontal shear

deformation in the upstream-downstream direction. Due to these restrictive

assumptions, the dynamic response analyses have many 1imitations and cannot

be used to examine the nature of stress distribution within an earth dam due

to longitudinal or vertical ground motion. In addition, a three-dimensional

finite element or finite difference technique would be very costly.

Although the existing dynamic analyses of the upstream-downstream motion of

an earth dam (Refs. 10 to 15, 19 t and 20) have the most notable importance to earth-

quake resistant design, there can be little doubt that the problem of earthquake

induced strains and stresses in earth dams from longitudinal vibration should

be of vital concern to earthquake and soil engineers. The importance of this

type of vibration is demonstrated by the following points:

1. Transverse cracking of an earth dam may result directly from the

large dynamic strains induced by the earthquake itself. Cracks that

reach the core would reduce the structural strength of the dam and

could lead to concentrated leaks resulting in eventual failure of

the dam.

2. Differential settlement of an earth dam may contribute significantly

to transverse cracking. The portions located close to the abutments

and, sometimes, the central portion of the dam are subjected to

tensile strains when the dam is deformed by differential settlement.

The levels which these strains reach are dependent upon the geometry

and relative compressibility of the foundation, abutments and embank-
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ment. When the dam is then shaken by an earthquake, the additional

dyna~lic strains may cause cracks to develop even if the additional

strains are not large. This is explained by the fact that the initial

strains caused by differential settlement may not be apparent until

triggered or augmented by the e2rthquake. Figure 1.1 illustrates the

contribution from both the strains induced by differential settleme~t

and the dynamic strains induced by earthquake longitudinal excitation.

3. In all cases where earth dams have been seriously damaged durin; an

earthquake, the dams were constructed without the use of present

compaction control techniques. However, there is evidence to support

the contention that even a large, well-constructed, modern earth dam

can be cracked transversely by an earthquake. The San Fernando

earthquake of February 9, 1971 (ML = 6.3) caused a transverse crack on

the Santa Felicia Dam crest at the east abutment, Fig. 1.2, (Refs. 1,4).

This dam is comparatively large (236.5 ft high) and was constructed

>,ith modern design details and construction methods. The depth of

the crack, approximately one-sixteenth of an inch in width, is not

known. Investigation has impl ied that this narrow crack was caused

by the dynamic strains induced by longitudinal vibration result-

ing from the earthquake and not by any settlement. Fortunately, the

crack does not seem to be structurally significant.

This report develops analytical elastic models for evaluating the dynamic

characteristics of nonhomogeneous earth dams such as natural frequencies and

mode shapes of vibration in the direction parallel to the dam axis. Both

shear and axial deformations are considered, and the variation of stiffness

properties along the depth of the dam is taken into account. Comparison of

both real earthquake observations of three earth dams and experimental results
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SANTA FELICIA EARTH - DAM

o !OOft
~

PLAN VIEW

Continuation
of crock in
overburden

Upstream

Downstream

East

Abutment

5eismoscope
5-6

Fig. 1.2 The crack at the east abutment of Santa Felicia Dam as a
result of the San Fernando earthquake of February 9, 1971.
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(see Refs. 1.3.4.6.7.8) with the models' theoretical results have confirmed

that these models are accurate enough to be used for estimating earthquake

induced longitudinal strains and stresses. In addition, the models and the

full-scale response results help to reveal differences in the dynamic proper

ties of dams under different loading conditions. Based on the analytical

models, a rational procedure is developed to estimate dynamic stresses and

strains and corresponding elastic moduli and damping factors for earth dams

from their hysteretic responses to real earthquakes. utilizing the hysteresis

loops from the filtered crest and base records. This leads to a study of the

non1 inear behavior in terms of the variation of stiffness and damping proper

ties with the strain levels of different loops. The report also uti1 izes

the standard response spectra for estimating maximum earthquake-induced

longitudinal strains and stresses. Finally, an analysis of real earthquake

performance of an earth dam, in the longitudinal direction, yields data on

the shear modul i. damping factors, and nonlinear constitutive relations for

the dam materials; the Ramberg-Osgood nonlinear stress-strain curves are

then fitted to these data. Although the assumption of elastic behavior

during earthquakes is not strictly correct for earth dams. it provides a

basis for establishing the natural frequencies of the dam, and it gives at

least a qualitative picture of the distribution of dynamic strains and

stresses within an earth dam during an earthquake.
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CHAPTER II

FREE LONGITUDINAL VIBRATION OF NONHOMOGENEOUS EARTH DAMS

I I-I. Simpl ifying Assumptions and Practical Considerations

In view of the fact that earth dams are large three-dimensional struc-

tures constructed from inelastic and nonhomogeneous materials, the determination

,of their dynamic characteristics such as the natural frequencies and modes

of vipration is extremely difficult. As a result some simplifying assumptions

are introduced.

1. The dam is represented by an elastic wedge of finite length (with

symmetrical triangular section) in a rectangular canyon, resting on

a rigid foundation (Fig. 2.1). This model is similar to the one often

used to evaluate the dynamic characteristics of dams in the upstream-

downstream direction (9,11,13,18,21,23). Closed form mathematical

solutions for canyons of other shapes such as triangular, trapezoidal

or parabolic are extremely difficult. Hence, in order to make use of

the proposed solutions it is necessary to approximate a given dam's

canyon shape to an equivalent rectangle.

2. The dam is modeled by a nonuniform elastic material that has uniform

mass density p, a nonuniform cross section and variable stiffness

or elastic modul i (G and E: the shear and elastic modul i) along

the depth. Although the actual variation with depth (which is a

function of the soil type, the method of construction and the

geometry of the dam) has not been accurately measured in the field,

some efforts (l,h,16,19,21,23) are encountered in the literature
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b b

ELASTIC TRIANGULAR WEDGE
IN A RECTANGULAR CANYON

y,v

FORCES ACTING ON AN
ELEMENT IN THE DAM

z
dz r

i~~
.. x,U

Y LINEAR AND NONHOMOGENEOUS

dy,
MATERIAL

~
y,v

~
y RIGID BEDROCK

.1-l- I-b b L

Fz +d{FZl

Fig. 2.1 The model considered in the longitudinal vibration analysis.
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where the soil stiffness has been shown to vary in a continuous

manner due to the continuous increase in normal stresses (or confin-

ing pressure). The continuous variation of soil stiffness may be

represented by the following suggested relationships (Fig. 2.2):

A. Constant shear (or elastic) modulus (as a first order approximation):

G(y) G = constant. (2.1)

Dams constructed of homogeneous compacted earth fil I consisting

of material which is cohesive in nature cant at first approxima-

tion t be assumed to have a constant shear modulus (23).

B. Shear (or elastic) modulus increasing as the (£/m)th power of

the depth:

(2.2)

where GO is the shear modulus of the dam material at the base

and h is the height of the dam (Fig. 2.2). Four cases are

considered:

B.l. Linear variation of shear (or elastic) modulus (t = 1

and m = 1) which may roughly account for the effect

of confining pressure.

B.2. Shear (or elastic) modulus increasing as the square

root of the depth (£ = 1 and m = 2). If the low-amplitude

shear modulus is proportional to the square-root of the

confining pressure t this variation represents the case

where the confining pressure is linearly proportional

to the depth.
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-~
......
~ 0.2
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~ 0.3
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Fig. 2.2 Variation of stiffness properties along
the depth of the dam.
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B.3. Shear (or elastic) modulus increasing as the cube root

of the depth (t = 1 and m = 3). For earth dams consist-

ing of cohesion1ess material, this case is most

appropriate, because it has been shown that for such

materials the shear modulus is approximately propor-

tional to the cube root of the confining pressure

(16,17,23,31) •

B.4. Shear (or elastic) modulus increasing as the two-fifth

power of the depth (t = 2 and m = 5). This case was

found by means of wave-velocity measurements (1,4) to

be the most appropriate representation for the Santa

Fel icia earth da~ (in Southern California).

C. Linear and truncated variation of shear (or elastic) modulus

(Fig. 2.2):

G(y)

"Jhere G
l

is the crest shear (or elastic) modulus of the dam

mater i a 1; this case is also possible from in-situ wave velocity

measurements. Based on the results of both earthquake records and

wave velocity measurements, of earth dams, reported in the U.S.

and Japan (1,16,17,19,20,21,23,25 and 26) and based, also, on

the estimated spatial distribution, within a dam, of the effective-

confining stress (through finite element or finite difference

analyses, e.g., Ref. 14), Table 2.1 presents suggestions (perti-

nent to the above-mentioned variations) for various types of

earth dams.
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Table 2.1. Suggested Stiffness Variations for
Various Types of Earth Dams

Case Stiffness Variation Applicability

A G(y) = constant

Appropriate for low-height (up to 80 ft
high) earth dams constructed of:
l-Homogeneous compacted earth fill con-

sisting of cohesive material,
2-lmpervious soil (such as clays or clayey

sands and gravels) and semi-pervious
soil (such as silty sands and gravels).

B. 1 G(y) = GO (y/h) ) )1,

B.2 G(y) = G (y/h)1/2 . ;
a )G (~)

B.3 G(y) = G
o

(y/h)1/3 0 h

B.4 G(y) = G
o

(Y/h,2/S)

Appropriate for zoned dams consisting of
both pervious material (such as rock gravel)
and impervious or semi-pervious soils.
Examples are:
l-Zoned with adjacent pervious, impervious

or semi-pervious sections (h = 50-200 ft)
2-Zoned with a Hide or thin central im

pervious or semi-pervious core, and
pervious or semi-pervious shells
(h = 50- 350 ft).

c G(y)

Appropriate for large homogeneous com
pacted earth fill (h = 80-200 ft) con
sisting of cohesive material. Also may
be used for rockfill homogeneous dams
(h = 50-300 ft), as well as dams founded
on a soil stratum or soil strata.
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3. Material linearity of the dam's soil is assumed. This is an accept

able assumption for smal J strains; in addition, it gives a qual ita

tive picture of the dynamic characteristics. For large strains, no

truly nonl inear solution exists. The effect of nonlinearity in

the earthquake response calculation can be approximated by repeating

the calculation and adjusting the soil moduli and damping factors

according to the level of strain (27) or by using a piecewise,

nonhomogeneous, 1inear representation for each hysteresis loop of

the response (1.6).

4. Longitudinal deformations are due to shear and axial forces in the

longitudinal direction, and the shear stress (or axial stress) is

assumed uniformly distributed over a given horizontal (or vertical)

plane of an element taken through the dam (Fig. 2.I-b).

5. The influence of the reservoir is assumed negl igible.

6. The dam is assumed homogeneous in the sense that there is no dis

tinction between the core and shell materials.

7. The longitudinal vibration problem is uncoupled from both the up

stream-downstream and the vertical vibration problems. It will be

shown later that during the full-scale vibration tests of Santa

Fel icia Dam (3) vibrational coupling among the three orthogonal

directions was encountered at some frequencies higher than the

fundamental frequency (which is usually primary in earthquake

response analyses).

Although probably adequate for computing natural frequencies of vibra

tion, the above assumptions place severe restrictions on the use of the

models for obtaining accurate pictures of the stress distribution within

a dam during an earthquake.
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11-2. Free Vibration Analysis

Forces acting on an element in the longitudinal direction, as shown in

Fig. (2. 1-b) , are:

1. Ine r t ia 1 for ce :

2 2
F. = p(Y + ~ + dY)2

h
b dydz a W

2
~ py(2

h
b)dYdz a W

2
I at at

(2.4)

where 2b is the total width of the base of any cross section and w(x,z;t)

is the vibrational displacement at depth y in the z-direction.

2. Shear force:

(2.5)

are the shear stress and strain, respectively, at depthaw
ayandwhere T

yz

y in the z-direction.

3. Axial (normal) force:

F = (y + y + dy)~ d
z o-z 2 h Y (2.6)

where 0
z

and awaz are the longitudinal stress and strain, respectively, and

E(y) is the Young's (elastic) modulus of the dam material:

E(y) = 2(1 +v)G(y) = nG(y) (2.7)

in which V is the Poisson's ratio of the dam material.

For the equil ibrium of an element (Fig. 2.1-b), one obtains

F = L(S )dy + 2.....(F )dz
i ay yz az z (2.8)



18

Substituting the forces from Eqs. 2.5 and 2.6 into Eq. 2.8, the equation of motion

governing free longitudinal vibration of the dam is given by

2
awl a [( ) a\tJ ] 1 d ~ ) dW ]p-=--Gy-y +--fjG(y-y
dt2 y dy dy y dZ dZ

The differential equations for the three categories of Table 2.1 can then be

written as:

(2.10)

( £ 1 1 2)
for iii= 1 '2'3'5 (2.11)

(2. 12)

where v = IG/p is the shear wave velocity for the case where G is constant,
s

and v
sO

= IGO/p is the shear wave velocity at the base of the dam material.

By the method of separation of variables [w = Y(y)Z(z)T(t)], the following

equations are obtained for the time and space variables:

T(t) + w2T(t) = 0

Z.... (z) 2
+ a 2(z) = 0

y .... (y) + ly .. (y) + (:; - naZ)v(Yl = 0y

(2. 14)

(2. 15)



(2- ~/m)
y ( ~ 1 1 2)

m=1'2'3"'5 ' (2.16)

where w is the natural frequency and a is a constant (to be determined

from the boundary conditions). The boundary conditions are:

w(h, z; t) = °
w(y,O;t) = 0

w(y,L;t) = °

(2.18-a)

(2.l8-b)

(2.J8-c)

(2. l8-d)

In order to satisfy boundary conditions (2.18-c) and (2.l8-d), one must have

(from Eq. 2-1 4)

r7Ta =-
L

r = 1,2,3,4, ...

Therefore, the mode shapes of longitudinal vibration in the z-direction can

be given by

z(z) r = 1,2,3, ... (2.20)

The mode shapes in the y-direction can be obtained by the solutions of

Eqs. 2.15 through 2.17 and boundary conditions (2.18-a) and (2.18-b); Eq. 2.15

is the standard Bessel equation, while Eqs. 2.16 and 2.17 have no closed form

(or special functional) solutions. The general solution of Eq. 2.15 is

given by



Y (y) == C J (/ul _
1 0 2

v
s
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I~
",,2 J 12.21)

where Cl and C2 are constants (to be determined from boundary conditions

(2.l8-a) and (2.l8-b) and J O and YO are Bessel functions of zero order, of

first and second kinds, respectively. For finite displacement at the crest

Yo is discarded. The frequency equation for the case where G is constant

is thus given by

(2.22)

This frequency equation is only satisfied by particular values of the Bessel

function (Eq. 2.22) argument which in turn defines the natural frequencies of

vi brati on. Lett i ng It, n==1,2,3, ••• ,
n

be the roots of the frequency equation,

then the natural frequencies of vibration, for the case where G is constant,

are given by

vs f~ + ~r1Th)2w =- II. n-
n,r h n L

n , r= 1, 2 , 3, .•.

where w is the frequency of then,r
th

(n,r) mode, and the mode shapes of

vibration in the y-direction are defined by the function

n=1,2,3, ••.
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For the ordinary differential equation (Eq. 2.16) representing the case:

G(y) = Go(~)£/m, a change of the independent variable, y, is used to obtain

an equation for which solution in series by the method of Frobenius is utilized.

The transformation is in the form

£1m
u = y

Then Eq. 2.16 becomes

£ 1 1 2
~1 '2"'3"'5 (2.25)

2 d2y dY
u -- + 2u - +

di du
UZ;'J = 0, ( t 1 1 2)m=1'2'3"'5 (2.26)

is a regular singular point; i.e., the general

where e£m - 1)
t he po i n t y = 0

and

(or

2mlr are integers for ~he cases

u = 0)

£ 1 1 2
m= 1'2"'3"'5 Note that

solution of a linear combination of convergent series exists. This solution

is of the type

(2.27)

which satisfies the differential equation (Eq. 2.16). That is, the number s

and the coefficients have to be evaluated (by substituting into

Eq. 2.26 and equating to zero the coefficient of each power of u) so that the

series (Eq. 2.27) does in fact satisfy Eq. 2.16.

The coefficient of the lowest power of u, which is

indicia1 equation

5
U , gives the

S (5 + 1) = 0 or sl = 0 and 52 = -1 (assuming a
O

:f 0) • (2.28)
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For the root sl = 0 the recurrence relations (which determine successively

the coefficients a 1,a
2

, ••• in terms of aO) are given by

ao ~ 0 (val id for all cases)

a = 0
(2£m - 2)

a =
(Z£m - 1)

Note that ao ~ 0, a
1
~ 0, and

a2 ~ 0 for the case of £/m = 1

(2.29)

And this case (where s = 0)
1

yields the solution

(1)
Y(u) =

or

+ + a U k +• • . k

(l)
Y(y) =

or

a +o
2 (~)

a~£mf + .... + a kY + .•.. (2.31 )

..J
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For the root s2 = -1 the solution is given by

k+s·
2

u

s=s
2

This solution provides i nfi n i te displacement at y = 0 (or u = 0) and there-

fore should be discarded.
Urn

The frequency equation, for the case where G= Go(t) , is obtained

by satisfying boundary condition (2. 18- b) (Y(y=h) = o of Eq. 2.32) ; thus the

natural frequencies are defined through the roots of

or (2.34)

where the dimensionless

is defined as n(7f~h)2;

frequency ~ equals (~h )2, and the coefficient
sO

this coefficient depends on the Poisson1s ratio v

of the dam material, the geometric dimension ratio (~) and the order, r,

of the modal configuration along the crest (B r ~ 0 impl ies a very long dam

while higher values of Sr indicate a short, high dam or higher modes along

the crest). For a wide class of earth dams the practical ranges of both v

and hL are 0.3 - 0.45 and 0.02 - 0.5, respectively (these give a value of

n = 2.60 to 2.~0). And for, say, four modal-wave forms (r = 4) along the

mined from the plots of the frequency equation

crest the value of

different values of

<>;r

Sr ranges between 0.01 and 100. The roots w for
/ ).QJm

(3 for the various cases of G = G 'Yare deter-
r O\h

(Eq. 2.34) in Figs. 2.3-a through

2.3-d; the roots are also shown in Table 2.2.

To estimate the natural frequencies and modes of longitudinal vibrations

of any earth dam (for earthquake response analysis) it is strongly recommended

that field wave-velocity measurements be carried out (using seismic techniques)
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Fig. 2.3-a Plots of the frequency equations for the case where tim = 1.
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Fig. 2.3-b Plots of the frequency equations for the case where £/m = 1/2.
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Table 2.2 Roots of Frequency Equations

. ~ 2h2)Roots ~ =T-- of the Frequency Equat i on

S = Mode
vsO

r
Order

1 2 1
? G=Con-

G=Go(t) G=GO(f)2 G=Go(f)5 G=Gif)3n (r~h)- (n, r)
stanta

(1 , r) 5.859 3.670 4.739 4.949 5.089
0 (2, r) 30.472 12.305 20.472 22.325 23.601

(3, r) 74.887 25.875 47.305 52.329 55.816
(4, r) 139.039 44.380 85.242 94.966 101.737

(1, r) 10.859 5.244 7.697 8.253 8.638

5
(2, r) 35.472 13.922 23.485 25.668 27.180
(3, r) 79.887 27.558 50.313 55.668 59.391
(4, r) 144.039 46.058 88.246 98.303 105.311

(1, r) 15.859 6.642 10.571 11. 495 12. 141
10 (2, r) 40.472 15.708 26.524 29.030 30.773

(3, r) 84.887 29.273 53.335 59.018 62.975
(4, r) 149.039 47.757 91 .260 101.646 108.890

(1, r) 20.859 7.891 13.363 14.677 15.598
15 (2, r) 45.472 17.431 29.588 32.411 34.381

(3, r) 89.887 31.018 56.373 62.378 66.566
(4, r) 154.039 49. 1f78 94.282 104.996 112.473

(1 , r) 25.859 9.014 16.073 17.799 19.010
20 (2, r) 50.472 13. 138 32.676 35.811 38.003

(3, r) 94.887 32.789 59.425 65.749 70.166
(4, r) 159.039 51 .221 97.314 108.351 116.062

(1 , r) 35.859 10.973 21 .268 23.869 25.698
30 (2, r) 60. 102 22.437 38.906 42.662 45.291

(3, r) 1OLf. 887 36.399 65.573 72.522 77.389
(4, r) 169.039 54.771 103.404 115.082 123.253

(1, r) 45.859 12.65LI 26. 189 29.720 32.212
40 (2, r) 70.472 28.525 45.1(31 49.568 52.629

(3, r) 114.887 40.024 71 .773 79.338 84.645
(4, r) 179.039 58.399 109.529 121.839 130.463

a
From Eq. 2.23: 2 2* _ W h _ ,2 + Qw----/\ I-'

2 n r
v

s

(where Al = 2.4048, A2 = 5.5201, A3 = 8.6537, A4 = 11.7915)
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to determine the variation of shear wave velocity at various depths below the

crest of the dam. Otherwise, the value of the shear wave velocity v
sO

at

the base of the dam has to be assumed and so may be inaccurate. The following table

(Table 2.3) contains a guide (based on information in Refs. 1,2,3,15,16,17,21,23)

for making such an assumption for specific types of dams.

Table 2.3

Type of Dam Description Values of v
sO

(ft/sec)

~'iHydraul ic fi 11 dams 200 - 600

Homogeneous
~':Dams cons t ructed of compacted
s i 1ty clays 200 - 600

Dams
'~Dams constructed of compacted sandy
clays 400 - 900

~~Dams constructed of compacted we 11-
graded material 600 -1200

Dams consisting of zones of both

Zoned Dams
pervious material such as rock grave 1,

700 -1400and impervious well-graded alluvial
material (compacted gravelly clays).

The mode shapes of vibration in the y-direction, for any value of i\ are

defined by Eq. 2.32 after substituting the corresponding frequency w.

)
z/m

important to indicate that for the general case where G(y) = Go(t
the boundary conditions, Eq. 2.18, (including free shear stresses on

It is

all

the crest) are satisfied by the mode shape functions of Eqs. 2.20 and 2.32.

Furthermore, the frequencies (eigenvalues) ware distinct, and the moden,r

shapes, y (y)Z (z), satisfy the orthogonality conditionn r

h Lf f p(2hbj YYn(y)Ym(y)Zr(z)Zj(Z)dYdZ = 0

o 0

m f:. n, r f:. j
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Therefore, modal superposition can be used successfully to analyze the earth-

quake response of earth dams of the type defined above (B.1., B.2., B.3. and

8.4.). The mode shapes in the y-direction for different values of Sr for the

various cases of G(y) are shown in Fig. 2.4 through Fig. 2.7.

Another power series solution for Eq. (2.17) can be obtained by assuming

00

() \' k+s
Y Y = LakY

k=0
(2.36)

In this case the indicial equation 2s = 0 has the repeated roots

sl = s2 = 0, yielding only one solution, and the resulting recurrence

relations are

~( 2 ~1 wh 2 2
- -- --) - nEe" h a

4Eh2 vsO 0

(for k 2:. 2)

Like the case where G is constant, the solution of this trapezoidal

case (Eqs. 2.36 and 2.37) provides finite normal stress condition on the crest,

~'~

0z ¥ O. The roots w for different values of Sr for the trapezoidal

case are determined from the plots of the frequency equation in Figs. 2.8-a and

2.8-b. The mode shapes in the y-direction for this trapezoidal case are shown

in Fig. 2.9.

The frequency equation which defines the natural frequencies of vibration

can be written as

F(~,S ,S) = 0
r

(2.38)
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0 Go
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Fig. 2.8-a Plots of the frequency equations for the case where E = 0.5.
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Fig. 2.8-b Plots of the frequency equations for the case where £ = 0.6.
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CHAPTER I I I

COMPARISON BETWEEN THE RESULTS OF THE PROPOSED
MODELS AND REAL OBSERVATIONS

I I 1-1. Earthquake Response Records

Resonant frequencies (in the longitudinal direction) of three earth dams

(Figs. 3.1, 3.2, and 3.3) in a seismically active area (Southern Cal ifornia)

are estimated from their earthquake records. Amplification spectra of the

dams' earthquake records were computed (see Refs. 1, 2, and 4) by dividing

Fourier amp1 itudes of acceleration of the crest records by those of the abut-

ment records (input ground motion) to indicate the resonant frequencies and

to estimate the r~lative contribution of different modes (see Figs. 3.1-c to

3.3-c). Then the two-dimensional models presented here were used to establish

from the observed fundamental frequency a value for the shear wave velocity,

or v 0'.s
which was then used to calculate other frequencies higher than

the fundamental. Each trapezoidal canyon of the three dams is represented by

an equivalent rectangle of length L equal to the average of the crest length

and the length of the base, e.g., for Brea Dam L = 0.5 (800 + 400) = 600 ft;

for Carbon Canyon Dam L = 0.5 (1,925 + 1,000) = 1462.5 ft and for Santa

Fe1 icia Dam L = 0.5 (1,275 + 450) = 912.5 ft. Tables 3.1, 3.2, and 3.3 show

comparisons between the observed resonant frequencies and estimated values

computed from the proposed analytical models; they also show the estimated

shear-wave velocities from the earthquake records.

From the comparison, the following observations can be made:

1. Observed resonant frequencies of Brea and Carbon Canyon Dams are in good

agreement with the symmetric modes' computed frequencies (from the models

in which the shear and elastic modu1 i of the dam material vary along the

d h .Q, 1 1 2) b d . h h . .ept , e.g., m=2 or 3 or 5 ut not as goo Wit t e antlsymmetrlc

modes' frequencies because the crest acce1erograph was located at the

crest mid-point of the two dams.
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BREA DAM, CALIFORNIA

EMBANKMENT CROSS SECTION

DOWNSTR£AM

2' GRADED RIPRAP

(a) Cross-section of the dam.

(b) PIa n view
showing location
of accelero
graphs.

Computed amplification
spectrum from the 1976
earthquake (ML = 4.2)
records.

Abutment
Accelerogroph

BREA DAM, CALIFORNIA
l.l LOCATIONS OF STRONG-

o 200 MOTION ACCELEROGRAPHS
'SCAL~ : II'

!D. OLIFtlliltR EFlUtIl.A(E eF ... 1 1916 (092D PST)

ftR 1lfIO, CR.IFftIR

flf'LlFlCRlI~ sPEtTlUl

'lEJ"ICA.. alPMHT

~l ...ft. T. [DIrETflVI'l

Fig. 3. 1 Brea Earth Dam.
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SANTA FELICIA DAM

SANTA PAULA. CALIFORNIA

CROSS SECTION OF THE QAM

UPS1R£AM

2' OFDUM
RIPRAP

DEVELOPED PROFILE ON AXIS DAM LOOKING UPSTREAM

IAXIS OF DAM

~ llOWMS'TREAhI

CREST DETAIL

Fig. 3.3-a Structural details of Santa Felicia Dam.
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SANTA FELICIA DAM. CALIFORNIA

LOCATIONS OF THE STRONG - MOTION INSTRUMENTS

DURING THE SAN FERNANDO EARTHQUAKE OF FEB. 9 • 1971

LOCATION OF THE
CIlEST INSTIIVIoIENT

,
.',,,

I,,

.--,","'-
"l:
"

/;~/
~-::.,'I'f'n Ir S18 ,

_",' \SI5E

S7lIW 51~4E

PIIIULAKE

GENERAL VIEW

TIME ,MC

TIME DIFFERENCES BETWEEN THE RECORDS

Fig. 3.3-b
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SAN FERNAND~ EARTHQUAKE FEB. 9. 1971
SANTA FELICIA DAM. CALIFORNIA
AMPLIFICATI~N SPECTRUM
COMPONENT ROTRTED PRRRLLEL TO DRM RXIS (S78.6W)

oLJ_..l--...-JL--..l.._...L---!L=!--~~::::::::""'~~~~-+---:::!----::!
O. 1. 2. 3. 9. 10. 11. 12. 13. 1lL 15.

FREGlUENCY (HZ.)

o- .
~tD

a:
a:
z
o- .
~.."

C
U

U......
-I.
~::r
a:

EARTHQUAKE ~F APRIL 8 1976 (0721 PST)
SANTA FELICIA DAM, CRLIF~RNIA

F~URIER AMPLIFICATI~N SPECTRUM
C~MP~NENT PRRRLLEL T~ DAM AXIS (S78.6W)

11. 12. 13. 1~. 15.
FREQUENCY (HZ.)

Fig. 3.3-c Amplification spectrum of the 1971 and 1976 earthquakes.
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2. Similarly, the comparison for the Santa Fel icia Dam (Table 3.3) suggests

R, 1 1 2 ,
that the cases where m = 2' 3 and 5 are tne most appropriate represen-

tations for predicting the dynamic characteristics. Actually, from the soil-

stiffness determination (through the low-strain field-wave velocity measure-

ments on the dam (1,4) it was found that the 2/5-power variation law is best

resemb1 ing the measurements.

3. Average values of the shear-wave velocity for each of the three dams

were estimated by using their upstream-downstream earthquake responses

(Refs. 1,2, and 4) and existing shear-beam models (Refs. 9, 16, and 23) in

that direction. These values were: v = 677.0 ft/sec. for Brea Dam (a
s

zoned earthfil1 embankment constructed with a central impervious core

composed of graded material and two shells constructed of random material).

v = 375.7 ft/sec. for Carbon Canyon Dam (a random earthfi11 resting ons

100 ft of recent silt, sand and gravel), and v
s 850.0 ft/sec. for

Santa Fel icia Dam (a random rolled-fill earth dam constructed from well-

graded alluvial materials consisting of clay, sands, gravel, and

boul ders) .

These values are consistent with those which resulted from the longi-

tudina1 models (Tables 3.1,3.2, and 3.3) in which both shear and axial

deformation were considered.

4. The nonuniform distribution of ground acceleration along the length of

the dam (as illustrated by the Fourier amplitude spectra of Carbon Canyon

Dam (Fig. 3.2-c and Ref. 2)) would considerably influence the nature of

the dynamic response of an earth dam to an earthquake. For instance, an

oblique angle of approach of travel ing seismic waves raises the possi-

bi1 ity of phase differences along the boundaries and the strong coup1 ing
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between longitudinal and transverse vibrations. Obviously more precise

detailed evaluation of the seismic response of earth dams (e.g., via

a three-dimensional finite element or finite difference techniques)

is needed.

I I 1-2. Full Scale Dynamic Test Results

Results of full-scale dynamic tests on Santa Felicia Dam, involving

longitudinal forced vibration tests, Fig. 3.4-a,b,c (using only one shaker at

station E2 of Fig. 3.4-a) as well as ambient vibration tests, Fig. 3.5-a,b

(for more details see Ref. 3), were compared with those computed from the

suggested models. Table 3.4 summarizes these comparisons, while Fig.3.4-c shows

estimations of the measured modes along the crest (obtained during the

frequency sweeps); because only eight seismometers were used during the

longitudinal shaking, it was difficult to completely determine several modes

corresponding to the resonant frequencies of Table 3.4. The sol id lines con-

necting the data points of Fig. 3.4-c are estimates of the modal configurations,

while the dashed lines represent possible extrapolations; the local magni-

fication effect of the soil surrounding the shaker block is also shown. It

was found that some resonant longitudinal frequencies are very close (even

identical) to some of the upstream-downstream frequencies. This proximity

may suggest a strong coupl ing between these two horizontal directions, or

it may suggest that due to both the eccentricity of the single shaker (it

was not located on the longitudinal axis of the dam) and the fact that the

dam is not symmetrical, the upstream-downstream modes containing significant

longitudinal motions were excited. Again, the comparison suggests that

d 1 'th £ 1 1 2 t . . t h d .me e s WI m= 2 or 3 or 5 are mos approprIate to estlma e t e ynamlC

characteristics of the dam in the longitudinal direction. Furthermore,
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several modes of longitudinal vibration, along the depth, resulting from the

case of £/m = 2/5 are depicted in Fig. 3.S-b; the modal configurations

estimated from the ambient vibration measurements are also shown in the same

figure. The ambient-measurement results confirm the prediction by the

analytical models that for n = 1, the lower modes along the crest (low

values of r, e.g., r = 1,2) are associated with shear-type modal configur

ation along the depth, while the higher modes (large values of r, e.g.,

r ~ 3) are associated with bending-type modal configurations. This agree

ment between theory and observation may also be attributed to the fact that

relative to other earth dams in California, the Santa Felicia canyon has one

of the best-suited sections for an equivalent rectangle analysis, in the sense

that it is closer to a steepsided parallelograph than to a trapezoid. In

general, mode shapes (particularly configuration along the crest) of other

dams can be quite different from those of models due to irregular geometry

and zones of different materials. Finally, the first and second longitudinal

modes (1,1) and (2,1) along the depth (where n = 1 and 2), resulting from

all the proposed analytical models are also shown in Fig. 3.S-b; the modal

configurations estimated from the ambient vibration measurements are also

shown in the same figure. Again, the comparison suggests that model with

£/m = 2/5 is the most appropriate to estimate the dynamic properties of

the dam in the longitudinal direction.
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CHAPTER IV

EARTHQUAKE-INDUCED LONGITUDINAL STRAINS AND STRESSES
IN NONHOMOGENEOUS EARTH DAMS

IV-I. Earthquake Response Analysis

The two-dimensional model used in Chapter I I for finding the natural

frequencies and modes of longitudinal vibration of earth dams is util ized

for this earthquake response anal.ysis. The n~del which is a nonhomogeneous elastic

wedge of finite length (with symmetric triangular section) in a rectangular

canyon, resting on a rigid foundation, is subjected to uniform longitudinal

ground motion (acceleration) w (t)
g

(Fig. 4.1).

To evaluate the magnitude and distribution of the modal strains and

stresses induced by earthquake motion, the equation of motion of the dam can

be written as

p ;2w + c dW _ lLIG(y) dW yJ - .!. LlnG(y) dW yJ = -pw (t)
dt 2 3t y dY L dY Y dZL dZ g

(4. I )

where p is the uniform mass density of the dam material, w(y,z,t) is the

longitudinal vibrational displacement (relative to the base of the dam),

c is the damping coefficient, G(y) is the shear modulus (which varies along

the depth), and n[= E(y)/G(y) = 2(1 + v)] is an elastic constant (where E(y)

is the modulus of elasticity and v is the Poisson's ratio of the dam

mater i a I) •

A wide class of earth dams ranging from ones having constant elastic

modul i, I inear and trapezoidal variations of elastic moduli, to ones having

elastic modul i increasing as the one-half, one-third, two-fifths, and a

thgeneral (.Q,jm) powers of the depth are studied; i.e., the continuous variation

of soil stiffness is represented by the following suggested relationships for

both G(y) and E(y): (see Fig. 4.1 and Chapter II)

G(y) = G = constant (4.2-a)

G(y) (:LfJm [; = 1 1 2) (4.2-b)= GO h I '2"'3"'5
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Fig. 4.1 The model and the stiffness V~,!~:~ions considered in the
earthquake response analysis.
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(4.2-c)

where GO and Gl are the shear moduli of the dam material at the base and at

the crest, respectively, and h is the height of the da~. Note that similar re-

lationships are assumed for the modulus of elasticity E(y) and that values of

shear moduli evaluated from in-situ wave-velocity measurements on Santa Fel icia

Dam (1,4) are shown on Fig. 4.1.

Using the general ized coordinates and the principle of mode superposition,

one can wr i te
00 00

w(y,z,t) = I I Y (y)Z (z)T (t)
n=l r=l n r n,r

where the subscripts nand r refer to the th(n,r) mode of longitudinal

vibration. The modal configuration along the crest, Z (z), is given by
r

r = 1,2,3, .... (4.4)

while the modal configuration along the depth y (y)
n

is given in Chapter II for

the above stiffness variations. In the above equation L is the equivalent

(average) length of the crest.

Substituting Eq. 4.3 into 4.1 and using the orthogonality properties of

the mode shapes gives

T (t) + 2r;: w t (t) + w
2 T (t) = -P w (t)

n,r n,r n,r n,r n,r n,r n,r g

n,r = 1,2,3, ••• (4.5)

where is the modal damping factor, wn,r is the th
(n,r) natural

frequency, and P
n,r is the modal participation factor given by

n,r = 1,2,3, ••• (4.6)
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Because only the symmetrical modes can contribute to the response to

uniformly distributed ground motion, values of rare 1imited to odd integers.

Thus the participation factor becomes

4 ~':= - p
nr n, r

n = 1,2,3, ... , r = 1,3,5, ... (4.7)

;'~

where P is the participation factor resulting from the modal configuration
n,r

along the depth.

For the case where G is constant P is given byn,r

p
n,r

4 2
nl-J

l
{;,)

n n
n = 1,2,3, ••• r 1,3,5, ... (4.8)

where l- is the
th

root of the Bessel function of the first kind andn
n

zero orde r; J l is the Bessel function of the first kind and first order.

Values of ~ of Eq.4.7 are computed for different values of the
n,r

coefficient Sr[= n [rr~hr] for various cases of the stiffness variations (Eqs. 4.2-b

and4.2-c) and are listed in Table4.1.

The solution of Eq. 4.5 is obtained as a Duhamel integral in the form

T (t) = _---'-Pn'"';;:,r::::=::;~ [J t
n, r .r."2 I 0

w r I - Sn,r n,r

Thus the problem has been reduced to that of the earthquake response of a

single-degree-of-freedom system. As the mode shapes and the modal participation

factor P are known, the normal stress and normal strain as well as shearn,r
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Participation Factors
;'~

Pn,r

;', [I: [t]vn[tHt]J/[ ( [t]v~[tH~JJP =
Mode n,r

f\=n [r~h) 2 Order
(n , r) 1 2 1

G=G O[( l-E)t+ EJ

G=G O[t) G=Go[*) 2 G=G O[t) 5 G=G o[f) 3 E=0.5 E=0.6

(1 , r) 2.483 1.859 1.791 1.752 1.719 1.687

0
(2,r) -3.332 -1 .650 -1.490 -1 .398 -1.295 -1.231
(3,r) 4.005 1.539 1.340 1.230 1.068 1.006
(4, r) -4.580 -1.466 -1 .244 -1 •124 -0.927 -0.870

(1 , r) 2.367 2.006 1.907 1.847 1.770 1.725

5
(2, r) -3.999 -1.830 -1.623 -1 .505 -1 .357 -1.276
(3, r) 4.481 \ .598 '1.377 1.256 \ .086 1. 0\8
(4, r) -4.913 -1.502 -1 .268 -1 • 142 -0.936 -0.876

(l , r) 3.182 2.146 2.018 1.939 1.819 1.761

10
(2, r) -4.613 -2.006 -1.755 -1 .610 -1.417 -1 .320

I
(3, r) 4.990 1.660 1 .Lf 16 1.283 1.104 1.031
(4, r) -5.272 :-1.539 -1 .292 -1.160 -0.946 -0.883

(1 , r) 3.421 2.275 2.122 2.027

15
(2,r) -5.158 - 2. 174 -1.882 -1.712
(3, r) 5.521 1.726 1.456 1·312
(4, r) -5.656 -1 .577 -1.317 -1.178

( 1, r) 3.593 2.391 2.220 2. 111

20
(2,r) -5.632 -2.333 -2.003 -1.811
(3, r) 6.061 1.795 1.499 1.341
(4, r) -6.064 -1 .615 -1 .340 -1. 196

(1 , r) 3.798 2.582 2.390 2.263

30
(2, r) -6.390 -2.616 -2.227 -1.997
(3, r) 7.124 1.943 1.589 1.404
(4, r) -6.943 -1.694 -1 .391 -1 .231

(1 , r) 3.897 2.721 2.526 2.391

40
(2, r) -6.932 -2.856 -2.424 -2.165
(3, r) 8.101 2.100 1.687 1.472
(4, r) -7.885 -1 .776 -1 .441 -1 .260
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stress and shear strain modal participation factors can be computed and plotted;

in addition, the response spectrum can be used to evaluate maximum displace-

ment, strain and stress.

Using the modal solution (Eq. 4.3),the response of the dam to the earth-

quake longitudinal component can be written as

w(y,z,t) = I I
n=l r=1,3,5

yn(y)sin[nLTZ] Pn,r V (t)

V 2 I n,r
wn,r 1 - sn,r

(4. 10)

where the funct ion V (t) is equa 1 to the quant i ty between the two bracketsn,r

in Eq. 4.9.

VI-2. Dynamic Shear Strains and Stresses

The magnitude and distribution of shear strains in the

are given by

th(n,r) mode

Y (y,z,t)n,r
= _dW_ = __P_n;,=r==::::; _dY-,n-:-(_Y_) sin [_r_1T

L
_z)

dY V 2 I dy
w 1 - Sn,r n,r

V (t)
n,r

n=I,2,3, ••• r = 1,3,5, ••• , (4.11)

or
.~

4P
Y (y,z,t) = n~,~r;:::::.==~'¥ (Y...

h
] sin [rnLZ

J
1v (t)

n,r V 2 I n,r n,r
rnhwn,r 1 - sn,r

n=1,2,3, ••• r = 1,3,5, ... , (4. 12)

where '¥ [Y...)n,r h is defined as it expresses the modal participation

and distribution of shear strain.

For the case where G is constant, the shear strain is given by

(4. 13)



For the cases where

is given by (see Chapter

64

G = G Lt) £./m
olh '

I I )

£.- =m the function

£. (g- 1)(1 --)

~ [y)
a [2; _1] [*] m + a [~p] [*] + .••• + ak [*] m +

[ 2mI= k>T),(4.l4)n,r h

\",here a O =

a l = 0

aZ = 0

= 0

(4. 15)

a (k > 2mI
- £ )

In the above equations vsO ( = IGO/p) is the shear wave velocity at the

base of the dam material; also, [2; - 1) and (2;) are integers.

The shear strain modal participation factors ~ or ~ (with
n, r n

£. 1 1
10, 15, 20, and 40 and for cases of ; = 1'2'3'

through 4.5.lt is important to mention that the

n = 1,2,3,4 in the y-direction for values of sr[=n[r~hrJ equal to 0,5,

and t are shown in Figs. 4.2

linear case [~ = 1) gave

reasonable results for the natural frequencies and modes of vibration (Chapter I I I)

but gave erroneous results for the shear strain as indicated by the relatively

large finite values at the shear-strain-free crest and by the very low values in-

side the dam (Fig. 4.2). The occurrence of maximum values for shear strain at the

region near the crest is expected as the lower shear modulus near the top of the

dam would result in correspondingly higher shear strains for the same assumed
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R, 1 1 2
shear stress. Cases of m= 2' 3' and 5 gave similar results for

the distribution of shear strains within the dam. The coefficient S depends
r

on the Poisson's ratio v of the dam material, the dam's depth-to-length

ratio (h/L), and the order, r, of the modal configuration along the longi-

tudinal axis of the dam (low Sr(= 0,5) implies low modal order (r = 1 to 3)

or a very long dam, while higher values of Sr(> 5) indicate a short, high

dam or higher modes along the crest). The basic characteristics of the shear

strain modal participation functions, '¥ ,
n

(i.e., the maximum values and

their locations and the relative modal contributions) can be easily extracted

for various types of dams from Figs. 4.2, 4.3, 4,11, and 4.5.

For the case where G = GO [( 1 - £) [*J + EJ,
given by

the function '¥ ('i...)n,r h is

ak= - k;O [k(k - I) 0 - £)] ak_1+ [[w~~:T no [r~hJ 2}k-2

- [nO - £) [r~hrJ.k-3 k~ 3

w ['i...\ [ ) [ 12
[ ]'k-

n
. n, r hJ = 2a 2 t + 3a

3 tJ + .•.. + kak * + •••.

where aO =

a l 0

a2 = -410 [[w~::hr-no ir~hr]

k > 3 , (4. 16)

(4.17)

This function is shown in Fig. 4.6 for the two cases (= 0.5 and 0.6 and

the different values of S = 0, 5, and 10.
r

In general, Figs. 4.2 through 4.6 show significant contributions from higher

modes along the depth (n ~ 2).
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NO\'J, the modal shear stresses are given by

T (y,z,t) = G(y)y (y,z,t).
n,r n,r

(4. 18)

For the case where G is constant, multiply the numerator and denominator

of Eq. 4. 13 by wn,r which is given by (Chapter I I)

(4.19)

and then Eq. 4. 18 becomes

(4.20 )

In Eq. 4. 19 is the shear wave velocity.

It follows that the modal participation and distribution functions for

the shear stress are expressed by the function J 1 [An *J as in the case of the

shear strain (Eq. 4.13).

The modal shear stresses for the case where G(y) = Go[*fJm
are given

(using Eqs. 4.11,4.12, and 4.18) by
.'.

4Gi [J [ JT ( Y, z , t) = :o-n:.,=r=:;::::; 4> 1.
h

sin r7
L
rL V (t)

n,r V 2 I n,r n,r
rrrhw 1 - r;;n rn,r ,

(4.21)

where ¢ r1.h) is defined by
n,r\.

it expresses the modal

participation and distribution of shear stress, and it is given by

• • •. + r
~ (k+ 1) - ~

a [1. +
k h

(4.22)



n =

where the a's coefficients are defined through Eq. 4.15.

The shear stress modal participation factors ~n,r or ¢n[*) (with

.£ 1 1 21,2,3,4) for - = 1,-,- and - are shown in Figs. 4.7 through 4.10.
m 235

For the linear case [~ = 1) the shear stress distribution (Fig. 4.7) seems

physically more reasonable than the shear strain distribution shown in Fig. 4.2.

Like the shear strain case, great similarity exists among the cases of

!. = 1.. 1.. and 2
m 2' 3 5

The fun ct ion

of the shear stress distributions.

¢l [:t.1 for the linea r truncated s t i ffness case (Eq. 4. 2-c)
n, r h}

can be expressed, in terms of 'if of Eq. 4.16, as
n,r

~ [:t.J = r( I - d [y.) + EJ 'f [y.\n,r h ~ h n,r hJ
(4.23)

The shear stress modal participation function (~n,r or ~n) is plotted in

Fig. 4. I I for the two cases where E = 0.5 and 0.6; for each case four modes

(n = 1,2,3,4) are shown for the values of 6 = a 5 and 10. Again, the basic
r '

features and differences of all the above-mentioned stiffness variations for

the shear stress case can be easily deduced from Figs. 4.7,4.8,4.9,4.10, and

4. 11.

IV-3 Dynamic Axial (Morna]) Strains and Stresses

Analogous to the development of the previous equations expressing dynamic

shear strains and stresses, the magnitude and distribution of normal (axial)

strains and stresses in the th(n,r) mode can be given by

and

a (y,z,t) = E(y}t: (y,z,t) = T)G(Y)~wzn,r n,r 0

(4.24)

(4.25)
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For the case where G is constant, the above two equations can be ex-

pressed as

(4.26)

where J O is the Bessel function of first kind and zero order.

It follows from Eq. 4.24 that the modal participation and distribution

(4.27)

Yn [*)

functions for the normal (axial) strain, of the general (£/m)th case, are ex

pressed by the modal configuration Yn [*) which is expressed by (Chapter I I)

( 2 - ~) I r \2

+ '2 a r2m) l*J +. . .. +
l £

+ •.•• k > 2m
£,

(4.28)

(4.29)

where the als coefficients are defined through Eq. 4.15.

The modal normal stresses are given (using Eqs. 4.24 and 4.25) by
.'.

a (y,z,t) = 4nGin,r r ['i..
h
) cos [nLTz) V (t)

n, r ,I 2 In, r n, r
Lw ,1 -r;n,r n,r

where the normal stress modal participation function fn,r[fJ[= fff/mYn[fJ]

is given by



r (1.\
n, r h)

= a [1.J 9.Jm +o h

79

• • •. +

k > 2m
£,

(4.30)

where, again, the a's coefficients are defined by Eq. 4.15.

Figures 4.12 through 4.15 show the normal stress modal participation factors

for the various cases mentioned previously.

The normal stress modal participation function, for the truncated linear

stiffness case (Eq. 4.2-c), is given by

, k ~ 3

(4.31 )

The coefficients aD, a
2

, ... and a
k

are defined through Eq. 4.17; the

quantity in braces is equal to the mode shapes Y (y/h) or the normal strainn

modal participation function. Figure 4.16 depicts the function r orn,r

r (n = 1,2,3,4) for the two cases mentioned before (i.e., for E = 0.5 and 0.6).
n

It can be seen from Figs. 4.12 through 4.16 and Eqs. 4.24 and 4.25 that the maxi-

mum dynamic normal strains and stresses occur near the top region of the dam at

the end abutments (where [rr.z) '" 1); this may explain the Santa Feliciacos --
L

Dam crack mentioned previously and shown in Fig. 1.2 (Chapter r) •

IV-4. Utilization of Response Spectra

Based on the above formulation,the response spectra technique can be

util ized for estimating maximum earthquake-induced longitudinal strains and

stresses. The maximum value of the quantity V (t) of Eqs. 11.12,4.13,4.20,
n,r

4.21, 4.?4, 4.26, 4.27, and 4.29 is equal to the ordinate of the velocity spectrum

the damping factor I;;n r of the (n,r) th mode, i.e.,,
V (t) I = S (w I;; )n,r max v n,r' n,r

S
v of the ground motion, corresponding to the natural frequency wn,r and

(4.32 )
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For earthquake-l ike excitations where 1ittle error is involved for

r; n, r < 20%, i t ca n be shown t ha t

S
a

2= w S = w S
n,r d n,r v

(4.33)

where Sand
d

S are the ordinates of the calculated acceleration and dis
a

placement spectra, respectively. Then, finally, for the maximum value of

Eq. 10, one can get

~
= _4 __n~,=r==::;::::. S

rn w v'1.- r;2 1 v
n,r n,r

(4.34)

The maximum shear strains and stresses in the first mode (n = I, r = I),

which occur in the central region of the dam (z ~ L/2) , along the y-axis (the depth

axis) of Fig. 4.1, can be written as (with the aid of Eqs. 4.11,4.20,4.21, and
.'.

4.34)
[4P J

'Y I 1 'max
_ I, I 1j! S (4.35)- nh 1,1 Imax d,

and .'.

[
4G
il I °1)max}a (4.36)T I = 'I, I max h 2

n WI 1,

Simi larly, the maximum tensile or compressive strains, and stresses in

the first mode, occurring in the top region near the crest at its ends (where

z ~ L or cos(rnz/L) ~ I), are given (with the aid of Eqs. 4.24, 4.25, 4.26, and

4.27) by
.'.

maxh
[4P 1,1

E .\ = L VI1,1 max

and
[4nGo: I•I rl.llmax]sa0'1 , I Imax =

LW I 1,
(4.38)

It is important to note that the use of the response spectra technique

may lead to inaccuracies in ascertaining the true influence of material non-

linearity on the dam response since the technique provides only single-valued

estimates of stresses and strains induced by earthquakes. The manner in which
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the amplitudes of an earth dam's motion vary with time have a major role in

the dam's earthquake response characteristics. In the next chapter a rational

method is presented which takes into account this variation, also using the

elastic analytical models.
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CHAPTER V

IDENTIFICATION OF CONSTITUTIVE RELATIONS, ELASTIC MODULI,
AND DAMPING FACTORS OF EARTH DAMS FROM THEIR EARTHQUAKE RECORDS

V-I. Basis of the Analysis

The dynamic soil properties which exert the greatest influence on an

earth dam's dynamic responses are those related to the stress-strain relations.

Like all soils, materials of earth dams develop nonlinear inelastic stress-

strain relationships when subjected to earthquake loading conditions. By

using earthquake response records of the crest and the base (structural and

input ground motions), together with the results of the analytical models

(presented here), these stress-strain relationships can be estimated for the

dam's materials. The strain-dependent elastic moduli and damping factors have

already been determined in this manner for the upstream-downstream recorded

motion of a modern earth dam (see Refs. 1, 4, and 6), using existing analytical

shear-beam models (9, 22, 23).

One of the purposes of this report is to present a similar procedure (like

the one developed by Abdel-Ghaffar and Scott, Ref. 6) to estimate longitudinal

dynamic stresses and strains and corresponding elastic moduli and damping fac-

tors for earth dams from their hysteretic responses to real earthquakes, util-

izing the hysteresis loops from crest and base records and the above-mentioned

longitudinal elastic analytical models.

The idea is illustrated in Fig. 5.1 and can be summarized in the following

steps:

(1) By using the earthquake records, the experimental results and the

analytical models (of Chapters I I and IV), the fundamental frequency in

longitudinal direction can be identified.
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(2) By using very narrow band-pass digital filtering around the funda-

mental frequency (usually the primary) of the crest and base records,

the pure fundamental mode response can be obtained.

(3) By treating the filtered modal response as that of a single-degree-

of-freedom (SDOF) hysteretic structure (with nonlinear restoring

force F(x,x) equal to -M(x + w(t)); x,
g x, and x are the

relative displacement, velocity, and acceleration, respectively,

and M is the mass) the hysteresis loops, which show the relation-

ship between the relative displacement of the crest with respect to

the base and the absolute acceleration of the dam, can be obtained.

(4) By using the elastic longitudinal analytical models, the shear

stresses and shear strains (Eqs. 4.35, 4.36) can be determined as

functions of the maximum absolute acceleration and maximum relative

displacement, respectively, for each hysteresis loop, and consequently,

equivalent (secant) shear moduli and damping factors can be deter-

mined from the slope and the area, respectively, of the loop. Since

it was assumed that each hysteresis loop is a response of an SDOF

oscillator, and in order to get a qualitative picture of the dynamic

shear strain and stress from the hysteretic response, the value of

Sd and of S
a in Eqs. 4.37 and 4.38 are assumed to be the maximum

relative

eration,

Finally,

displacement, (w(t)) ,and the maximum absolute accel-max

(w(t) + w (t)) ,respectively, for each hysteresis loop.g max

the data so obtained permit development of typical stress-

strain curves which are then approximated by the Ramberg-Osgood

analytical models and/or the hyperbolic curves. The data can also

be compared with those previously available from soil-dynamic

laboratory investigations and can be combined with those obtained
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from the analysis of the upstream-downstream vibrations (Ref. 6)

to give informative materials to both earthquake and the geotechnical

engineers.

V-2. Application of the Analysis

V-2.1. Longitudinal Dynamic Shear Stress-Strain Relations for Santa Fel icia
Ea rth Dam

The Santa Felicia Dam (I, 3, 4, ~ is equipped with two accelerographs

(one on the central region of the crest and the other at the base) that

yielded data on how it responded to two earthquakes (1,4).

Amplification spectra of the dam's two earthquake records which were

(presented in Chapter I I I) computed by dividing Fourier amplitudes of

acceleration of the crest records by those of the base records (to indicate

the resonant frequencies and to estimate the relative contribution of differ-

ent modes in the longitudinal direction) revealed that the values of the

resonant frequencies vary slightly from one earthquake to the other. In

addition, amplification spectra of the upstream-downstream direction showed

that the dam responded primarily in its fundamental mode in that direction,

but the spectra of the longitudinal component are lacking pronounced single

peaks.

For Santa Fe1 icia Dam, the first longitudinal frequency determined from

the amplification spectra of the 1971 earthquake is 1.35 Hz (1.27 Hz for

2 4the 1976 earthquake), p = 4.02 1b-sec 1ft, v = 0.45 (3), and hlL =

2236.5/912.5 = 0.26; this gives 8r = 1.92 r , r = 1,2,3, .... (or 81 = 1.92 for

the first mode). The calculated shear stress and shear strain modal partici-

pation factors, along the depth of the dam, ¢
n,r (or ¢ n = 1 and 2)

n'
and

'¥n,r (or '¥ , n =1,2, and 3), as well as the normal stress modal partici
n

pat ion factor rn,r (or r,n=l)
n

for various stiffness variations are
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shown in Figs. 5.2a, b, c, and d. The first-mode maximum shear strains for the

analytical models of various stiffness variations occur at about 0.4 - 0.7

of the dam height (except for the linear case, where £/m = 1, in which the

maximum occurs at the crest). The maximum shear stress occurs at about 0.7 -
i'{

0.8 of the dam height. Values of the participation factors PI l' ~ I, I max'

~ I r I resulting from the modal configuration along the depth and1 max' I max

the corresponding maximum strains and stresses (Eqs. 4.35,4.36,4.37, and 4.38) are

given in Table 5.1; also shown in the tables are values of vsO (and GO)

estimated from the 1971 earthquake records and the various analytical models

of Chapters I I and IV.

In general, it was found that the higher modes make a considerable con-

tribution to the overall earthquake response ·of the dam (displacements,

stresses, etc.); this is consistent with the earthquake amplification spectra

of Fig. 3.3-c.

The average maximum shear strain (percent) for each hysteresis loop, of

the 1971 earthquake. (Eq. 4.35) can be given by

Yl 11 = 0.04078 w(t) I, max max
(w in cm)max

and the associated average maximum shear stress (in psf) of Eq. 4.36 is given by

= 11.78 (w(t) + w (t)) .g max
2

(accelerations are in cm/sec )

(5.2)

The maximum (average) values of axial stresses and strains (from Eqs.

4.37 and 4.38) are:

E 1,1 Imax = 0.02773 w(t) I , (wmax in cm)
max

and

0 1,1 1 max = 14.35 (w(t) + wg(t))max

(accelerations are
2

in cm/sec ).

(5.4)
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TABLE 5.1

Key Parameters of the Stress and Strain Calculations
(Santa Felicia Dam)

~
R, R,

1
R, I R, 2 R, I

£ = 0.5 e: = 0.6-=0 - = - =- -= - -= -
PARAMETE m m m 2 m 5 m 3

* I .818 I .891 1.802 1.749PI, I 2.575 1.959 1.705

'!'Il max 1.35 2.50 1.20 1.23 1.25 1.32 1.35

epl1max 1.35 0.45 0.85 0.95 1.00 1. 15 1.20

[. ]of Eq. 0.01311 0.03466 0.01266 0.01252 0.01213 0.01243 0.01239
4.35

[·]of Et36 385.16 326.47 342.56 349.31 337.86 388.86 377 .03

vsO(ft/sec) 772.8 967.8 827.0 804.0 789.5 801.7 782.7
6 2.41 2.60 2.58 2.46GO (xl 0 pst) 3.77 2.75 2.51

(=pv2 )sO

rl,llmax 11.0 0.18 0.42 0.48 0.53 ! 0.58 ! 0.65I
!

[ . ]of Eq. 0.00797 0.01129! 0.00859 0.00829 I 0.00790 i 0.00767 i 0.00747
4.37 I

[·]of Et~8 774.9 309.1 I 400.2 417.4 424.0 462.9 482.2
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In the above equations, w(t) is the maximum relative displacement inmax

each hysteresis loop, and (w(t) + w (t)) is the maximum absolute accel-g max

eration in each hysteresis loop. Figure 5.3 shows the filtered records (1971

earthquake) of both the absolute acceleration (crest record) and the relative

displacement (the crest response with respect to the base). It is important

to note that the first 3.0 - 3.5 secs of the base record were lost due to

double exposure (1,4). The time dependence of the hysteretic behavior was

determined for only the first 25 secs of the 1971 record and for only the

first 6 secs of the 1976 record. Each trajectory was plotted every 0.02 sec,

and each loop was plotted every second (about every cycle and a half).

Samples of the hysteresis loops (of the first mode of longitudinal vibration)

of Santa Fel icia Dam are shown in Fig .. 5.4. (Appendix A shows unfiltered records.)

It is readily apparent that the slope of the hysteresis loop and the

area inside the loop are dependent on the magnitude of the response level for

which the hysteresis loop is determined.

The estimated shear strain and stress for each hysteresis loop are shown

(as circles) in Fig. 5.5; the data show an initial slope, Gmax ' at the origin

ranging from 3.5 to 4.10 (x 106 psf). The nonlinear stress-strain curves

of the Masing type, i.e., the Ramberg-Osgood (R-O) curves (31,32) are

adopted here to fit the data (shown as solid curves on Fig. 5.5). For shear-

ing stresses increasing from zero these strain-softening curves are described

by

where a and R are parameters which adjust the position and shape of the

is a factor which relates the I'yield" value

For practical and

curves, and

original R-O expression to Tmax
(i.e., T = CIT ).y max

T
Y

in the
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SAN FERNANDO EARTHQUAKE FEB 9 1971
SANTA FELICIA DAM. CALIFORNIA. CREST
LONG I TUD I NAL COMPONENT (S75W)
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Fig. 5.3-a The filtered records (1971 earthquake) of the crest of
Santa Felicia Dam.
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Fig. 5.3-b The filtered records (1971 earthquake) of the
abutment of Santa Felicia Dam.
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5AN FERNAND~ EARTHQUAKE FEB 9 1971 SANTA FELICIA DAM, CALIF~ANIA
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Fjg. 5.3-c The fjltered records (1971 earthquake) of the
relative motion (the crest response with respect
to the base) of Santa Fe1 icia Dam.



EARTHQUAKE OF APRIL 8, 1976
SANTA FELICIA DAM, CALIFORNIA, CREST
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EARTHQUAKE OF APRIL 8.1976
SANTA FELICIA DAM. CALIFORNIA. OUTLET ~ORK

LONG ITUD INAL COMPONENT (S78. 6~)

-eo
0.00 2.00 ll.OO 8.00 11.00 10.00 12.00

TIME IN SEC
18.00 111.00 20.00

11.0

>- ll.O
t---u~o.o
Dcn
-J.......

x:
~~-ll.O

-11.0
0.00 2.00 ll.OO 8.00 11.00 10.00 12.00 11l.00 16.00 18.00 20.0C

TIME IN SEC

t-
z 0.110
UJ
~

UJ O.llO
U
CI_
-J~ 0.00
D....~
(f)- -O.ll
0

-0.11
10.00 12.00 Ill.OO 16.00 18.00 20.0'

0.00 2.00 1l.00 8.00 11.00

TIME IN SEC

Fig. 5.3-e The filtered records (1976 earthquake) of the
abutment of Santa Felicia Dam.
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EARTHQUAKE OF APRIL 8, 1976, SANTA FELICIA DAM, CALIFORNIA
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Fig. 5.3-f The filtered records (1976 earthquake) of the
relative motion (the crest response with respect
to the base) of Santa Felicia Dam.
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SANTA FELICIA DAM, CALIFORNIA,
COMPONENT ROTATED TO LONGITUDINAL DIRECTION
H,STERETIC RESPONSE FILTERING TIPE C
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SANTA FELICIA DAH, CALIFORNIA,
CCHPCNENT ROTATED TC LCNGITUDINAL DIRECTION
HYSTERETIC RESPONSE FILTERING TYPE C
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SANTA FELICIA DAM. CALIFORNIA.
COMPONENT ROTATED TO LONGITUDINAL DIRECTION
HYSTERETIC RESPONSE FILTERING TYPE C
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SANTA FELICIA DAM, CALIFORNIA,
COMPONENT ROTATED TO LONGITUDINAL DIRECTION
HYSTERETIC RESPONSE FILTERING TYPE C
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SANTA FELICIA DAM, CALIFORNIA,
COMPONENT ROTATED TO LONGITUDINAL DIRECTION
HYSTERETIC RESPONSE FILTERING TYPE C
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analytical purposes, the R-O curves with R = 1.8 - 2.0, a = 1.7 - 1.75,

and C T = 800 to 1,200 psf (with Cl = 0.8) can be chosen, from Fig. 5.5 and from
I max

the normal ized curves of Fig. 5.6, to represent the relations for earth dam materials.

Taking G andmax T max from curves 1. 2, and 3 of Fig. 5.5, continuous

hyperbolic shearing stress-shearing strain curves (dotted curves) are deter-

mined (and are also shown in Fig. 5.5); the curves are given by

T = Y/[-Gl + f-]
max max

The hyperbolic fit deviates considerably after the low-strain range,

indicating the R-O curves are a better match for the overall behavior.

V-2.2. Shear Moduli and Damping Factors for Santa Felicia Earth Dam

(5.6)

The secant shear modulus, G, for each hysteresis loop, can be obtained

by dividing Eq. 4.36 by Eq. 4.35. The relationship between the estimated shear

modulus and the dynamic shear strain is shown by the semi log plots of Fig. 5.7

for the first 25 secs of the 1971 earthquake and the first 6 sees of the 1976

earthquake. (Note that the number at each point corresponds to the time in

seconds at which the point was computed.) Again, it is apparent that the

modulus depends on the magnitude of the strain in the hysteresis loop.

The relationship between the estimated equivalent viscous damping factor

determined from the area of each hysteresis loop and the corresponding

h t · l't dare sh n' F'g 5 8 Wh',le there is a considerables ear-s raIn amp I u e ow In I •••

scatter in the data, most of the results fall within the dashed curves in

Figs. 5.7 and 5.8. The solid curve in each figure represents an estimate of

the mean behavior.

At higher strains, additional data on modulus values are needed; however,

approximate values for use in some types of response analyses are arrived at

by using the estimated values of the modulus at a very low strain level from
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the forced and ambient vibration tests (3) as well as from the in-situ geo

physical tests (1,4), with the aid of the analytical models, as indicated

in Figs. 5.7 and 5.8. Both figures indicate that the dynamic properties of

the dam1s constituent material estimated from low-strain full-scale tests

are consistent with those determined from the relatively larger strains induced

by the two earthquakes (if one extrapolates the data of Figs. 5.7 and 5.8 to

the low-strain range). Furthermore, the low-strain analytical models in

which the elastic moduli of the dam material vary along the depth are the most

appropriate representations for predicting the dynamic properties, as indicated

Q, 1 2 1
by Fig. 5.7 (where an average value of the cases where m= 5' 5' 2' 1 would be

a reasonable extension of the earthquake data, which also were based on an

average value of various models (as shown by Table 5.1)).

From the R-O curve (Eq. 5.5) the decrease in secant modulus, G(= T/Y) ,

with an increase in shearing stress ratio, TIT ,i smax

G = Gmax

Figure 5.9 shows the decrease of secant modulus, G, with strain, Y,

for the same special values of Gmax ' a, CITmax ' and R of curves 1,2,

3, and 4 of Fig. 5.5; shown also on Fig. 5.9 are the data of Fig. 5.7. The R-O

curves match both the estimated earthquake results and the results of low-

strain full-scale tests very well indicating both the reliability of the

developed longitudinal analytical models in predicting earthquake induced

stresses and strains (in the first mode) and the appl icability of the R-O

curves to represent the stiffness relations for earth dams. The normal ized curves

of the shear modul us (wi th n~spect to

Fig. 5.10.

G ) versus shear strain are shown inmax

Finally, the damping factors are evaluated, by integration, from the
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R-O curves (where the area of the hysteresis loop form~d is a measure of

the hysteretic damping occurring in the dam materials) for the same special

conditions of curves 1,2, 3, and 4 of Fig. 5.5. The results are shown on Fig. 5.11

which displays the earthquake data (of Fig. 5.8) as well. The R-O curves,

which represent the best fit of the three sets of data of Figs. 5.5, 5.7, and 5.8

represent a lower bound of the earthquake damping data. The normalized version of

Fig. 5.11 is shown in Fig. 5.12.

V-2.3. Axial Strains and Stresses of Santa Felicia Dam

Unfortunately, there were no acce1erographs on the dam crest near its

ends (where the maximum axial strains and stresses occur); only two siesmo

scopes were located on the east and west abutments (not on the crest) of the

dam. The existence of such acce1erographs would be very helpful in assessing

the amplitude dependence of axial strains and stresses and also in explaining,

more accurately, the transverse crack caused by the 1971 earthquake. However,

the standard response spectra technique is util ized to quantify the order of

magnitude of these axial stresses and strains. Table 5.2 shows the values of

these strains and stresses resulting from the spectral peaks of the recorded

ground motions (at the base of the dam) during the two earthquakes, assuming

uniform input ground motions.

It is necessary to very carefully compare the stresses given in Table 5.2

with the tensile strength of the dam material in order to assess or predict

a crack in a dam. As mentioned previously, the occurrence of cracks is in

consequence not only of the transient state of stress of the dam during an

earthquake, but also of the state of stress before an earthquake. It is

also necessary to further investigate the mechanism of cracking in earth fill

material under the action of irregular loads.
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Table 5.2

Estimated Axial Strains and Stresses in Santa Fel icia Dam
Using Response Spectra Technique

I ASSUMED DAMPING RATIO (PERCENT)I
PARAMETE~

2% 5% 10%,

1. 1971 San Fernando Earthquake t TIl = 0.74 sec,
Sd 1.65 em 1.27 em 1.02 em

S 98.0 em/sec2 78.4 em/sec2 63.7 em/sec2
a

£1 tIl max 0.0458 (percent) 0.0352 (percent) 0.0282 (percent)

°1 t 1Imax 1t 504.7 psf 1t 203.8 psf 978.1 psf

2. 1976 Earthquake T1 1 = 0.79 sec
t

Sd 0.71 em 0.41 em 0.33 em

S 39.2 em/sec2 27.4 em/sec2 19.6 em/sec2
a

£1 t l lmax 0.0197 (percent) 0.0114 (percent) 0.0092 (percent)

° 1,1 Imax 601.9 psf 420.7 psf 301.0 psf
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CONCLUSIONS

The analytical models developed here and the data presented will provide

information of practical as well as academic significance about the dynamic

characteristics of earth dams vibrating in a direction parallel to their longi

tudinal axis. Real earthquake observations of earth dams and experimental

results have confirmed that the models which take into account the effect

of variation with depth of both the shear modulus and the modulus of elasticity

of the dam material provide the most appropriate representation for predicting

the dynamic characteristics in the longitudinal direction. These

models are shown to be accurate enough so that they can be used for estimating

earthquake induced longitudinal strains and stresses (both shear and normal

or axial) on earth dams.

In addition t the formula and curves presented here will enable the determina

tion t for many practical purposes, of the dynamic strains and stresses (both shear

and normal) induced in a wide class of earth dams by the longitudinal component

of earthquake ground motions. Reasonable estimates of the

dynamic stress-strain curves (nonlinear strain-softening type) and the strain

dependent elastic modul i and damping for earth dam materials can be obtained

by using the proposed dynamic analysis procedure t earthquake records (on and

in the vicinity of dams)t and the adoption of the Ramberg-Osgood-type curves.

These estimates would be useful for any study of the dam1s earthquake-response

characteristics; in addition, the variation of material properties with depth

should be taken into account for any real istic dynamics study. Figures 5.5 to

5.12 should provide a good guide to the material properties in the dynamic

analysis of any earth dam composed predominantly of rolled-fill, essentially

cohesionless material, with or without a relatively thin core. Despite the

value of this studYt however t further research to accurately assess and

mitigate potentially adverse effects of seismic shaking on earth dams is

needed.
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APPENDIX A

STANDARD (UNFILTERED) EARTHQUAKE

RECORDS OF SANTA FELICIA DAM
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APPENDIX B

TABLES OF SHEAR STRAINS AND STRESSES

INDUCED BY THE TWO EARTHQUAKES
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Table B-2

Estimated Longitudinal Shear Strains and Stresses
and the Corresponding Shear Moduli

Southern California Earthquake of April 6, 1976

Equiv.
Cycle Time Max.Accel. Max. Oi spl . Equiv. Equiv. Shear

sees (x + W ) x Stress Strain Modulusg max max
lb/ft2 Percent lb/ft 2

(cm/sec2) em (xI0-2) (x 106)

I 0-1 2.4 0.025 28.27 o. 102 2.77

2 1-2 1.9 0.017 22.38 0.069 3.24

3 2-3 2.3 0.030 27.09 0.122 2.22

4 3-4 4.2 0.050 49.48 0.204 2.42

5 4-5 2.6 0.040 30.63 0.163 1.88




