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ABSTRACT

This report consists of Part I of the dissertation submitted by

the author to the Graduate Division of the University of California,

Berkeley, in partial satisfaction of the requirements for the degree

of Doctor of Philosophy in Engineering.

In this report, the dam-reservoir interaction effects considering

incompressible fluid are presented. The hydrodynamic effect represented by

an added-mass matrix is evaluated by two basically different procedures--

a Generalized Westergaard Formula and the Galerkin Finite Element Method.

Pressure solutions acting on gravity dams, cylindrical arch dams and

general arch dams are compared for the different procedures. Rigorous

mode shape and frequency correlations are carried out, and based on the

results of the correlation studies a most efficient procedure is suggested,

which is shown to be adequate for engineering purposes.
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1. INTRODUCTION

1.1 Objectives

Hydrodynamic effects induced by the impounded water may have signi­

ficant influence on the response of a dam subjected to earthquake excitation.

Current technique is well capable of analyzing a linear dam-reservoir

interaction system, taking into account the hydrodynamic effects. (4-7,

9-13,16,18,19). But the responses of dam-reservoir systems to most Design

*Base Earthquake (DBE) are likely to be nonlinear, so that we can no longer

employ the frequency domain solution technique to deal with hydrodynamic

effects as in many of the works being done up to date. (4-7,16,18,19).

Time domain solution is left as the only alternative. While to economically

include the water compressibility of infinite reservoir+ in time domain

solution is still under research, the hydrodynamic effects due to an

incompressible water reservoir can be readily taken into account in the

time domain solution of a dam-reservoir interaction system. The easiest

way to deal with the hydrodynamic effects of an imcompressible water

reservoir is by employing the "added-mass" concept (l). It is the objective

of this work to investigate and select a most reasonable and economical

method that can count for the hydrodynamic effects of incompressible

water reservoir in the form of added-mass. For the general geometry of

concrete dams, the Generalized Westergaard Formula and the Galerkin Finite

Element Method are among the candidates. Rigorous analyses of mode shapes

and frequencies are compared with the field experimental work, and the

results serve as the major indication of the validity of the method.

* DBE is an earthquake intensity corresponding to a return period of 100
years (also see Section 5.3).

+ Infinite reservoir has been used in general for easier analytical solution
simulating out-bound energy radiation condition for a very large reservoir.
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1.2 State of the Art

The Finite Element Method with the aid of high speed digital computer

has enabled us to analyze all types of complex civil engineering structures.

But one of the difficulties remained in today's structural analysis

techniques is to evaluate the effects of various kinds of loadings arise

from the environment where the structures are located. The hydrodynamic

loading effects upon the dams are few among them. Since the early part of

the twenties, the influence of hydrodynamic effects on the responses of the

dams have long been an interested topic, especially in the event of earthquake.

In 1933, professor H. M. Westergaard (1) firstly established a

rational standard procedure to take into account the hydrodynamic loadings

on gravity dams during earthquakes. Although the case he studied was

limited to rigid dams with vertical upstream face, and infinitely long

reservoirs, ignoring surface waves and considering only small displacements

of fluid particles, this work was regarded as a milestone. Especially

the concept of added-mass, which he introduced for the incompressible

water reservoir, greatly simplified the analysis procedure of the response

of a dam considering hydrodynamic effects during earthquakes. Brahtz and

Hei1bron (2) followed up with a discussion on the effects of a finite

reservoir, compressibility of the water and flexibility of the dams. In

1952, Zangar (3) furthered Westergaard's work; by using an electric analog

he investigated the effects of a sloping upstream face and provided

results on added-mass representations of hydrodynamic effects for a

broader class of dams that can be idealized as 2-dimensiona1 monoliths.

Zienkiewicz and Nath (13) later used the same technique to apply Zangar's

work to 3-dimensiona1 arch dams.
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Lately, Chopra has carried out a series of investigations (4-7) on

various aspects of hydrodynamic effects in the earthquake response of

gravity dams; in the more recent work he included also effects of the

foundation modelled as an elastic half-space (24). Following pretty much

the same path, Porter (18) extended the work of Perumalswami (25) to

formulate explicit mathematical solutions for the fluid domain retained by

an arch dam considering the responses to all components of ground motion.

The reservoir considered was defined by a cylindrical dam face of constant

radius, a horizontal floor, and vertical radial banks enclosing a central

angle of 900
. Recently, Hall (19) has developed a numerical scheme to deal

with arbitrary geometries of reservoir of arch dams. Effects of water

compressibility, flexibility of the dam, energy radiation in infinite

reservoir and vertical ground motion contributions (14) are thoroughly

treated by his procedure. At the same time, in modelling an infinite

reservoir, Saini etal.(16) used an infinite element and obtained similar

results as Chopra; Nath (17) employed a conformal mapping technique and

obtained economical and reasonably good accuracy. However, all these works

are restricted to solutions in frequency domain.

Priscu et al. (8) used a finite difference method to solve for arch

dam-reservoir system responses in the time domain, considering compressible

water reservoir. Contrary to Chopra, he concluded that the water compress­

ibility could change significantly the seismic response of a slender dam

(e.g., arch dam). In the particular case he studied, the dam displacements

could reduce up to 50% if water compressibility is not neglected. This

discrepancy in findings concerning the effects of water compressibility implies

the need for further research.

More recently, Muller (26) attempted an approximation method in the time

domain, taking into account the water compressibility of the reservoir by a
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"second added mass" concept; the idea is good, but it still falls

short in its ability to handle a large reservoir.

1.3 Scope

In Chapter 2, the simpliest representation of hydrodynamic effect,

that is, the added-mass derived from Westergaard's classical solution,

is reviewed and generalized, considering arbitrary geometry and orientation

of the upstream face of arch dams. Also an appropriate lumping process

is described.

The Galerkin Finite Element Discretization of the wave equation that

governs the pressure behavior in an imcompressible fluid domain is presented

in Chapter 3. A consistent lumping process for this procedure that maintains

symmetry of the resulting added-mass is also presented.

Chapter 4 describes computer implementations of the preceding concepts,

and also presents numerical solutions for pressures given by the various

schemes and compares their results. The range of applicability of each

method is indicated.

In Chapter 5, numerical solutions of the mode shapes and frequencies

obtained by each method are correlated with results of field measurements

on Techi Arch Dam; variable water level is considered. From these

correlation studies, a most reasonable and economical method is suggested.

Finally, stress responses of Techi Arch Dam due to static loadings, the

Design Base Earthquake and hydrodynamic effects calculated by the suggested

method are presented.

Final conclusions and remarks concerning the needs in further research

on the time domain solutions of infinite compressible water reservoir are

discussed in Chapter 6.
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2. GENERALIZED WESTERGAARD FORMULA

2.1 Review of the Classical Westergaard Formula

In Westergaard1s classical work (1), dealing with water pressures on

dams during earthquakes, he did not try to consider every possible effect;

rather, as a good engineer will do, he made reasonable assumptions for the

case he studied, and was able to obtain reasonable solutions for engineering

use.

The assumptions he made are the following:

(1) dam was idealized as a 2-dimensional rigid monolith with vertical

upstream face;

(2) the reservoir extends to infinity in the upstream direction;

(3) displacements of fluid particles are small;

(4) surface waves are ignored;

(5) only horizontal ground motion in the upstream-downstream direction

is considered.

According to these assumptions, he posed an initial boundary value problem,

and obtained pressure solutions on the upstream face of the dam. For the

purpose of practical engineering use, he approximated the pressure solution

(for an incompressible reservoir) with a parabola, which he felt to be

better than a quadrant of an ellipse. Later, he observed that lithe pressures

are the same as if a certain body of water were forced to move back and forth

with the dam while the remainder of the reservoir is left inactive". The

amount of the water included was determined by equating the inertia forces

of this body of water to the pressures that actually were exerted upon the

face of the dam under the same motion of the dam.

Thus, Westergaard suggested (Fig. I-l(a)), that the dynamic pr-essure

could be expressed as:



where
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p = I awlH(H-Z) = I pr IH(H-Z)z 8 8 g

a = horizontal ground acceleration, in units of g (gravitational

acceleration)

(2.1)

w = unit weight of water

rg = horizontal ground acceleration

p = unit mass of water

H = depth of reservoir above the base of the dam

Z = distance from the base of the dam

p = hydrodynamic pressure at height Z from the base of the dam,z
applied normally to the dam face.

Equation (2.1) indicates that the hydrodynamic pressure exerted normally on

the upstream face of the dam, at height Z above the base of the dam, due to

ground acceleration f g (that is, the total acceleration of dam face at

height Z, because the dam is rigid), is equivalent to the inertia force of

a prismatic body of water of unit cross-section and length ~ IH(H-Z),

attached firmly to the face of the dam, and moving with the dam back and

forth in the direction normal to the face of the dam (that is, horizontally)

without friction.

This body of water attached to the dam face and moving with the dam,

is the lI added-mass ll applied by the reservoir to the dam, a concept first

introudced by Westergaard, that has greatly simplified the dynamic response

analysis of dams with hydrodynamic effects.

2.2 Generalized Westergaard Formula (9,10,27)

Employing the concept of lI added-mass ll as mentioned in Section 2.1 above,

we now generalize it by applying the following assumption:
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The hydrodynamic pressure exerted on any point of the upstream

face of a dam, due to the total acceleration r t normal to the dam
n

face at that point, is equal to the inertia force produced by a

pri smati c body of water of unit cross-secti on with length ~ IH (H-Z) ~

where Z is the height of that point above the base of the dam, that

attached firmly normal to the dam face at that point, and moving

back and forth with the dam in the normal direction without friction.

(Fig. I-l(b)).

According to this definition, the lI added-mass ll is generalized to be

applicable to the general geometry of the upstream face of flexible arch

dams, because it depends only on the total normal acceleration at local

points.

Now in the finite element analysis of the response of the dam, if we

have discretized the dam body into finite elements, then, at a certain node

lIi ll on the upstream face of the dam, the hydrodynamic pressure is:

(2.2)

where

Pi = hydrodynamic pressure at node "i", compression as positive

r~i = total normal acceleration at node IIi"

a i =Westergaard pressure coefficient ~ P!Hi(Hi-Z i )

p =mass density of the water

H. = depth of water at the vertical section that includes node "ill
1

Z. = height of node IIi" above the base of the dam
1

But the total normal acceleration rt. can be represented in terms of
n1

cartesian coordinate compoents of the ground acceleration rgx ' r gy ' rgz,and

of acceleration components at node i relative to the base of the dam r xi ' ryi

and r.. Making use of direction cosines with respect to the normal direction
21

at node i, we have:
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.. t A ..t A. ({~:} + 13· {~:} ) (2.3)r . = .r. =nl ~1~1 ~1 -1

rz rgz

where

.. t .. t .. t .. t T ttl 1 t' f dri = <rx ry rZ>i 0 a acce era lon 0 egrees of freedom at node i

A. = <A A A >., normal direction cosines at node lIi ll

~1 X Y Z 1

S· = a (3 x 3) displacement transformation matrix of which the entry
-1

Sjk stands for the acceleration of node lIi ll in j-direction

(j,k = 1,2,3 representing x,y,z-direction, respectively) due to

a unit ground acceleration in k-direction while the dam is

undergoing rigid body motion.

Substituting Eq. (2.3) into Eq. (2.2) leads to the hydrodynamic pressure at

node i expressed in terms of ground accelerations and relative accelerations

at node i:

,oot '(00 Q 00)p. = Ct.. 1\. r· = Ct.. 1\. r'+fJ' r
1 1 ~ 1 ~11 ~ 1 -1 -1 -9 (2.4)

Hydrodynamic pressures at any point on the face of the dam can be

found in a similar way. But in the finite element solution procedure, these

external pressures must be integrated over the appropriate surface of the dam

to obtain the nodal loads. In this lumping process, the hydrodynamic nodal

forces are expressed in terms of nodal accelerations, by Eqs. (2.2) and (2.3),

thus, the coefficient in this expression will be the equivalent added-mass.

2.3 Tributary Area Lumping Process

The easiest way to lump hydrodynamic pressures into equivalent hydro­

dynamic nodal forces, is to multiply by the tributary area associated with a
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node i; thus:

where

F . =-po A.
nl "

(2.5)

F . = equivalent normal hydrodynamic nodal force, outward normal from
nl

the dam face as positive

p. = hydrodynamic pressure at node i, compression as positive,
Ai = tributary area associated with node i.

Note here, that the hydrodynamic pressure was assumed to be constant over

the tributary area, and to have the magnitude as at node i. Also, since

the hydrodynamic pressures act normal to the dam face, so is the equivalent

hydrodynamic nodal force, in the average sense, also normal to the dam

face. Hence, the 3 components of the equivalent hydrodynamic forces at node

i in Rectangular Cartesian Coordinate (RCC) frame can be found as before.

Premultiplying Fni by normal direction cosines at node i,thus leads to the

cartesian coordinate values

where

F. = <F F F >~
~, x y z ,

A. = <A Ay A >.
~1 X Z ,

F. = F . A~
'" 1 nl ~ 1

(2.6)

Substituting Eqs. (2.4)and (2.5) into Eq. (2.6), leads to;

F. = -M (r. + S·r )
~, -as.~, -l~g

1
where

.. ...... T
r. = <r ry r >.
~1 X Z 1

(2.7)

M
--as·

1

A 2x

A A A2
Y x Y

AZAX AZ Ay

sym.

2
AZ i

(2.8)
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M is the added-mass matrix associated with node i and following the.:....:.as.
1

direct stiffness assembly procedure, the equivalent hydrodynamic nodal

force equations for the dam became:

or,

f5 ~sl r.
~l

~2 - - ~s2
~z

lL
.... , .
~sm ~m !:1asm ~ rgz

F( )= -M r() - M B() r (2.9)
~ 3mxl -as(3mx3m) ~ 3mxl -as (3mx3m)- 3mx3 ~g(3xl)

where m = total number of nodes of the dam on its upstream face.

~s in Eq. (2.9) is the added-mass coefficient matrix for the dam

resulting from the hydrodynamic pressures upon the upstream face of the

dam. It is uncoupled between nodal points. Also, notice that the same

Westergaard pressure coefficient is used, regardless whether the total

nodal accelerations came from the vertical or horizontal component of

ground accelerations.

The equivalent hydrodynamic nodal force ~ from Eq. (2.9) is an

additional loading vector to be incorporated into the right hand side of the

equation of motion of the dam:

~(nxn)~t(nxl) + ~(nxn) ~(nxl) + ~(nxn) ~(nxl) = ~(nxl)

where

(2.10)

~, f, ! = mass, damping and stiffness matrices respectively of the

dam structure;
.
v, v = velocity and displacement vectors respectively of the entire

dam, including internal degrees of freedom of the dam

structure;

Vt = total acceleration vector of the dam structure;
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p ={-~- }, where F is obtained from Eq. (2.9);
~ F ~

~(3mxl)

n = total number of degrees of freedom of the entire dam structure.

Alternatively, if we write Eq. (2.9) as follows:

where

M
•• t= - v

"-il~
(2.11)

r t = total acceleration of internal degrees of freedom of the dam;
-d

~~ = ~(3mxl) + ~ ~g' from Eq. (2.9).

Then, Eq. (2.10) can be rewritten as:

(M + M ) Vt + C v+ K v = 0
- "-il ~ -~ -~

(2.12)
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3. GALERKIN FINITE ELEMENT METHOD

3.1 Galerkin Method for Wave Equation (11,12,27)

In this formulation of reservoir interaction, the hydrodynamic

pressures in the reservoir are assumed to be governed by the pressure wave

equation (Fig. I-2(a)):

2 _ 1
V p(x,y,z,t) -:2 p(x,y,z,t)

c
where

p(x,y,z,t) = pressure distributions in the reservoir;

C = IK/p is the sonic wave velocity;

K = bulk modulus of the fluid;

p =mass density of the fluid.

(3.1)

In order to find the hydrodynamic pressures acting on the face of a dam,

Eq. (3.1) must be solved with appropriate boundary conditions. Since our

interest is in finding added-mass representations of the hydrodynamic effects,

after we have found the hydrodynamic pressures due to accelerations at face

of the dam, they must be lumped into equivalent hydrodynamic nodal forces.

Thus, the hydrodynamic forces are related to accelerations at the nodal

degrees of freedom on the face of the dam leading to the added-mass

coefficient matrix. For this purpose, the boundary conditions to be imposed

on the reservoir boundaries (Fig. I-2(b)) are as follows:

(1) at dam-reservoir interface: ~R = - PV~
s s

(2) t fl . 1.L 0 .. t 0a oor or reserVOlr: dn = ,or vn =
s 5

(3) at upstream end of reservoi r: ~ = 0, or vt
= 0 ;

dns ns
(4) at free surface of reservoir: p = 0, or surface waves are neglected ;

(5) at canyon walls: ~p = 0, or, yt = 0 . (3.2)
ons ns

where ns is the outward normal direction from the reservoir surface, and
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v; is the total normal acceleration of the fluid at the boundaries of
s

the reservoir. The acceleration is positive when fluid moves outward from

the reservoir. It is also of interest to note that, if we want to include

surface waves, then, condition (4) becomes ~ = - r; if we want to considerons
the flexibility of the floor and canyon walls, conditions (2) and (5)

become ~p = - pvt
, where the acceleration yt is defined as was mentionedons ns ns

above; if we want to investigate the effects due to relative motion at

upstream end of the reservoir, condition (3) becomes ~~ = - py~ , etc.
s s

Now we proceed to seek the hydrodynamic pressure solution of Eq. (3.1)

with the boundary conditions of Eq. (3.2). But because the geometry of the

reservoir generally is irregular, it will be extremely difficult to find a

closed form solution; therefore, we seek a numerical solution based on the

Galerkin Finite Element Method.

The Galerkin Method is a weighted residual method; its residual is

weighted in such a way that the approximate numerical solution will be

orthogonal to the error of the numerical solution; and thus, in the energy

norm, the numerical solution minimizes the residual caused by the error.

Letting p be the approximate numerical solution of Eq. (3.1) with

boundary conditions Eq. (3.2), then the residual of Eq. (3.1) due to the

error in approximate solution pis,

2- 1 .::.
VP-2 P =R

C

where R is a residual of very small magnitude.

The Galerkin Method is expressed as,

(3.3)

where N is a row vector of weighting functions. Applying Green's

Theorem (or integration by parts) to Eq. (3.4), we have,
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II NT aj? dA - _1 III NT PdV
S -s ans C2 V -

IIIVNT .~p dV = 0
V -

(3.5)

(3.6)

The first term of Eq. (3.5) only exists along the boundaries; applying the

boundary condition Eq. (3.2) to it, we have,

II NT ap dA = -p II N~ ij~ dA
S -s ans s - s

which now only exists along dam-reservoir interface, because Vt vanishes alongns
all other boundaries according to Eq. (3.2). To relate this to the motion of dam

face, we observe that at the same point on the dam-reservoir interface,the fluid

acceleration V~ can be expressed in terms of the acceleration of the dam
s

face r t . However, it must be noticed that rn
t is positive when outward

ns s
normal from the dam face (Fig. 1-2(a)), while vt is positive whenns
outward normal from the reservoir (Fig. 1-2(b)), thus,

.. t .. tv = - rns ns

Moreover, the normal acceleration of the dam face r~s can be expressed

in terms of the normal direction cosines and three RCC components;

that is,

where

(3.7)

(3.8)

A= <A A A
Z
> the direction cosines at the point where rt locates

- x y ns

Ut = <Ut Ut Utz>T total acceleration of the dam face in RCC components.- x y

Substituting Eqs. (3.6), (3.7) and (3.8) into (3.5), we have,

p II NT A Ut dA =__1 III NT PdV + 111 VNT • VP dV (3.9)
S -5 - - C2 V - V-
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For compressible water, C = 4720 ft/sec, but for incompressible water,

C + 00, thus Eq. (3.9) becomes,

JJJ VNT • vp dV = p JJ NT A tit dA
V - S -s - -

(3.10)

This is the Galerkin weak form of pressure wave equation; for an incompressible

reservoir, it relates liquid pressures to the accelerations of the face of

the dam.

3.2 Finite Element Formulations

According to Galerkin Finite Element Method, after the Galerkin form

of the field differential equation has been obtained, we discretize the

domain by Finite Element Method, using as weighting functions the basic

interpolation functions of the elements.

Examine again Eq. (3.10),

T t ··tJJJ VN • vp dV = p JJ N A U dA (3. 10)
V - - S -s - -

where V is the fluid domain, S is the dam-reservoir interface. We now

discretize the fluid domain into 3-D finite elements, and the interface

correspondingly into 2-D finite elements(the interface is 2-D in natural coor­

dinates, but 3-D in RCC space). For a point within the element e in the fluid

domain, its appropriate hydrodynamic pressures p(e)can ee expressed as follows,

according to the Finite Element Method:

(3.11)

where

N(e) = row vector of interpolation functions associated with nodes of

the element e,

p(e) = column vector of nodal pressures of the element e.
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Then~ substituting Eq. (3.11) into the left hand side of Eq. (3.10)~ we

have for element e:

or,

(3.12)

where

(e)
.9.(KOxKO)

T
aN(e)

= Ilf (~ax
V(e)

aN(e)
~ ax + (3.13)

KO = number of nodes of 3-0 fluid element e.

For 2-0 interface elements, the accelerations ~t can be approximated in a

similar way. For 2-D interface element i, we have~

(3.14)

where
(i)
~ (3x3ND) = matrix of interpolation functions associated with nodal

degrees of freedom of interface element i ,

~(i)~3NOX1) = columns vector of total nodal accelerations of 2-D

interface element i in RCC components ,

NO = number of nodes of 2-D interface element i.

Substituting Eq. (3. 14 ) into the right hand side of Eq. (3.10), we have for

or,
(3.15)
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h(i)
-5(NDx3ND)

(3.16)

N(i) = the part of the 3-D fluid element interpolation function
~s (1 xND)

that reduce to its 2-D interface boundary only, which is

corresponding to the 2-D interface element i.

Now ~ssembHng Eq. (3.12) for all 3-D fluid elements in the reservoir, and

assembling Eq. (3.15) for all 2-D interface elements on the dam-reservoir

interface, we have the discretized form of Eq. (3.10):

or,

.fLrr ~rs Er 0 0
(NERxNER) (NERxNES) (NERx1) (NERxNLL)

= p
.flsr .9ss Es 0 bs

(NESxNER) (NESxNES) (NESx1 ) (NESxNLL)

where

a

··t
!.'s

(NLLxl)

(3.17)

(3.18)

Pr = nodal pressures of fluid elements that are not on an interface

nor on a free surface;

Ps = nodal pressures of fluid elements that are on the dam-reservoir

interface, but not at a free surface;

~rr, ~s' .9sr' .9ss = submatrices of ~ partitioned according to Er and

Ps;

~ = assembled matrix of Eq. (3.13) over the entire fluid domain;

~ = assembled matrix of Eq. (3.16) over the dam-reservoir interface;

r t = nodal total accelerations of dam face, including those nodes
~s

at free surface;

NER = number of nodes of fluid elements that are not on an interface

nor on a free surface;
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NES = number of nodes of fluid elements that are on an interface,

but not on free surface;

NER+NES = NEQ, total number of nodes in the reservoir, excluding all

free surface nodes;

NLL = total number of nodal acceleration RCC components on the

interface including those at the free surface.

The pressures on the free surface vanish according to boundary condition

(4) of Eq. (3.2), therefore, they do not enter into the assembling process

of matrix ..9..

Since we are only interested in finding the hydrodynamic pressures

acting upon the interface, that is the vector Es' we don't have to solve

the entire system of equations of Eq. (3.18); rather it is convenient and

more economical to do a static condensation on Eq. (3.18) first, to condense

out NER equations that are associated with p . Since there is
~r

nothing on the right hand side associated with p , we need only to do static
~r

condensation operations on the left hand side of Eq. (3.18), that is, on

matrix..9.. Thus we have,

- h .. t
.9.s Es - p .:.c.s ~s

where
-1

.9.s(NESXNES) = .9.ss -.9.sr .9.rr ..9.rs

is a symmetric matrix, and,

-1 h .. t
Es = P.9s .:.c.s ~s

(3.19)

(3.20)

(3.21)

After p , that is the hydrodynamic pressures acting upon the dam-reservoir
~s

interface, have been found from Eq. (3.21), the next step is to lump the

hydrodynamic pressures into equivalent nodal hydrodynamic forces, and thus

to obtain the added-mass coefficient matrix. This operation is equivalent
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to that described in Chapter 2.

3.3 Consistent Lumping Process

The consistent lumping process making use of the virtual displacement

method is the most appropriate procedure for converting the hydrodynamic

pressures of Eq.(3.21)into equivalent nodal forces (Fig. 1-3(c)); that is,

by introducing a virtual displacement field into the domain and equating to

zero the virtual work. Let's now consider a 2-D interface element i, which

corresponds to a 3-D fluid element e; in other words, element i overlaps

the upstream surface of concrete element e of the dam at dam-reservoir

interface. From Eq. (3.21) we can obtain pressure values at discrete nodal

points; that is, for element i, we can obtain its nodal pressures.

Then, the pressure distributions over the domain of el~ment i can be

expressed as,

(3.22)

where

p~i) = pressure at any point on interface element i ;

N(i) = part of fluid element e interpolation functions that are
_s(lXND)

reduced to its 2-D interface boundary only, that is,

nonvanishing only on the surface corresponding to interface

element i ;

P
(i) = nodal pressures of interface element i.

-s(NDxl)

Now we introduce a virtual displacement field, oU(i) at any point, into the

domain of interface element i by introducing nodal displacements at nodal

points of element i, 8r(i), and, as in Eq. (3.14), with the interpolation

functions ~i), we have,

(3.23)
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Then, equating the virtual work done by the hydrodynamic pressures to

the virtual work done by their equivalent hydrodynamic nodal forces, we

have,

where

(3.24)

F(i) =
~ (3NDxl) equivalent hydrodynamic nodal forces of 2-D interface

(3.25)

element i ,

or(i) = normal virtual displacement at the point where ps(i)ns
applies.

Notice here that the negative sign is due to the fact that p(i)is positives
for compression and or(i) is positive when the interface moving outward normal

ns
from the dam face,therefore,resulting in negative virtual work. Furthermore,

as in Eq. (3.8), we can express or(i) in terms of ou(i), that is,
ns ~

or(i) = A oU(i) = oU(i)T AT
Tis ~ ~ ~ ~

where A is the normal direction cosines at the point where oU(i) locates.

Substituting Eqs. (3.22), (3.23) and (3.25) into Eq. (3.24), we have

or,

(3.26)

where ~i) is defined in Eq. (3.16).

Assembling Eq. (3.26) over the entire dam-reservoir interface, we

have,

F = - hT P
~(NLLxl) -5(NLLxNES) ~s(NESxl)

(3.27)
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Then, introducing Eq. (3.21) into Eq. (3.27), we find,

F = - p ~ ~
1 !ls ~~

or,

where

F M .. t
= - --\!'s

t -1
t!us = p !ls.9.s !ls

(3.28)

(3.29)

is the symmetric added-mass coefficient matrix for the dam, resulting from

the hydrodynamic pressures acting upon the upstream face of the dam.

Notice that the added-mass coefficient matrix of Eq. (3.29) which came from

the Galerkin Finite Element discretization of the wave equation in the

reservoir using a consistent lumping process, is in general a full matrix,

coupled not only between nodal points but also among nodal degrees of

freedom that are perpendicular to each other.

Expressing total accelerations r t in terms of relative and ground
~s

accelerations, we can rewrite Eq. (3.28) in the form similar to Eq. (2.9),

thus,

~(NLLX1) = - ~S(NLLXNLL) ~(NLLX1) - ~S(NLLXNLL) ~NLLX3) ~g(3Xl)

(3.30)

As before, the equivalent hydrodynamic nodal force vector ~ of Eq. (3.30)

is ready to be incorporated into the right hand side of the equation of

motion of the dam as an additional effective loading vector.
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4. COMPUTER IMPLEMENTATIONS AND NUMERICAL SOLUTIONS

4.1 Computer Implementations

In order to illustrate the efficiency and validity of the scheme

for added-mass coefficient matrix computation presented in Chapter 2 and

3, a Fortran program RSVOIR (28) was developed. It serves as a general

purpose incompressible fluid added-mass preprocessor for arch dams of

general. geometry. The added-mass coefficient matrix can be computed from

this preprocessor and then assembled with the concrete mass matrix of the

dam at appropriate locations, so that the response of the dam including

incompressible hydrodynamic effects can be obtained. The computational

procedures (20,21,22) for obtaining the added-mass matrix with each

scheme are detailed in the following sections.

4.1.1 General ized ~/estergaard Formul a Procedure

From Eq. (2.8) we have the added-mass coefficient matrix according

to the Generalized Westergaard Formula. For the computation of added-

mass coefficients associated with node i, three pieces of information are

necessary:

(a)

(b)

(c)

Westergaard Pressure Coefficient a. = 87 plH.{H.-z.T
1 1 1 1

tributary area Ai

normal direction cosines A. = <A A A >.
~1 X Y z 1

The first item, ai' may be calculated readily when the location of node

i is known. The second, Ai' is a collection of the area contributions

from every interface element associated with node i, that is (Fig. I-3(b)),

A. = L:A~ k)
1 k 1

in which the A~k),s are evaluated most easily as,

(4.1)
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A~k) = A(k) /ND(k)
1

where A(k) = area of interface element k

ND(k) = number of nodes of interface k

(4.2)

(4.3)

The normal direction cosines, A. (Fig. 1-4), can be found from the
-1

properties of the interface finite elements associated with node i

(Appendix A). Due to the finite element discretization, the normal direction

cosines of the same node may differ from element to element. Therefore,

the nodal mass is obtained through element by element assembly:
T

M = I a. A~k) A~k) A~k)
.:...:..as. k 1 1 -1 _1

1

where A~k) = normal direction cosines of interface element k, at node i.
-1

But in the standard direct stiffness method assembly procedure, the assembly

is not carried out node by node, locally; rather, it is carried out element

by element, globally. Therefore, the local assembly of Eg. (4.3) is

accomplished only after the program has looped through the computations and

assembly of all the interface elements associated with node i. The global

added-mass matrix is obtained while the computations and assembly are

carried out for every interface element on the dam-reservoir interface.

4.1.2 Galerkin Finite Element Procedure

The added-mass matrix of Eq. (3.29) is not obtained from the assembly

process; rather, it comes from the solution at the global level. But

its ingredient matrices, .9s and !!S, are the result of assembling elemental

contributions. In order to find added-mass matrix of Eq, (3.29), it is

necessary to form the matrices .9s and !!s first.
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4.1.2.1 Formation of matrix ~

As shown by Eq. (3.20), matrix Es is a product of static conden­

sation operating on matrix ~, which in turn is the global assembled

form of the element coefficient matrices ~(e) of Eq. (3.13).

For 3-D fluid element e, the integral of Eq. (3.13) is computed

numerically, thus, recall

or,

T
dN(e) dN(e)

.9.( e) = I I I (-~--=-- ~ax +
(e) dX

V

T T
dN(e) 3N(e) aN(e) dN(e)

---,,- + ---,,- ~ )dV(e)
ay ay az az (3.13)

g~~)
lJ

aN~e) aN~e)

=III (~x ~x +
V(e)

aN~e) dN~e)
, J +
'dy ay

aN~e) dN~e)
1 J )dV(e)
3z az

(4.4)

Employing Gaussian Quadrature to numerically integrate Eq. (4.4), we

have,

(4.5)

where

(rk,sm,tn) = Gaussian Quadrature integration points in natural

coordinates (r,s,t)

wk,wm,wn =Gaussian Quadrature weighting functions
'dN~e) aN~e) aN~e) aN(e) aN~e) 3N(e)

(e)(. ) _ (1 J + 1 J + 1 J) f
f ij rk,sm,tn - ax ax 3y ay az az 0

element e, evaluated at (rk,sm,tn).

= determinant of Jacobian matrix of element e,~(e),

evaluated at (rk,s ,t ), wherem n

N(e) X(e)
~'r ~

N~e) X(e)
~ s ~

N~e) X(e)
~ t --

N~e) y(e)
~ r ~

N~e) y(e)
~ s ~

N~e) y (e)
~ t ~

N~e) Z(e)
~ r ~

~,s Z(e)

N~e) z(e)
~ t ~
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in which

N(e) N(e) N(e) =
~'r ' ~'s ' ~'t

3N(e)

ar
aN(e)

respectively, and

= x, y, z components, respectively, of

coordinates of all the nodes pertaining to element e.

Finally,
aN~e),

ax

dN~e) )-1
, = J(e •
ay

aN~e),
dZ

Now, the numerical calculations (Eq. (4.5) )are carried out for all fluid

elements in the reservoir, and the results are assembled according to the

direct stiffness method to form the global matrix~. But so far, we

have not mentioned what kind of 3-D fluid element should be used and how

big should be the domain of reservoir included in the discretization.

In general, 13 to 20 node 3-D elements (Fig. I-5(b) and Appendix

B) allowing quadratic variation in upstream-downstream direction are

appropriate to be used as fluid elements, because they provide possible

exponential decay of pressure solutions in the upstream direction. As

for the size of reservoir domain to be included, it is clear that it's

impossible to model an infinite reservoir; therefore, the reservoir

extent in the upstream direction should be found by studies on the

convergence of hydrodynamic pressures while gradually increasing reservoir

domain. It has been found that for an incompressible reservoir, the

hydrodynamic pressures converge adequately when the reservoir domain

extends in the upstream direction three times the height of the dam.

Now, after ~ has been formed, using appropriate 13 to 20 node
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3-D fluid elements and an adequate reservoir domain, we statically

condense out those nodal degrees of freedom in the reservoir that are

not on the dam-reservoir interface. The number of equations eliminated

is NER as defined in Section 3.2, resulting in matrix ~ of dimension

(NES x NES), where number NES is also defined in Section 3.2.

4.1.2.2 Formation of Matrix h
~

The matrix hs in Eq. (3.29) is the assembled form of ~i) in

Eq. (3.16). The integration of Eq. (3.16) is only appropriate to be

carried out numerically as above. Therefore, let us recall

(3.16)

and apply Gaussian Quadrature integration to the integral, to obtain

(4.6)

where

Wm,Wn =weighting functions of Gaussian Quadrature

(rm,sn) = Gaussian Quadrature integration points in natural

coordinates (r,s)
(i) (")T (.) (")

n(r ,s ) = N 1 A 1 ~ 1 evaluated at the integration points- m m ~s ~mn ~

A(i) = <A(i) A(i) A(i»mn normal direction cosines at (rm,sn) of
~mn x y z '

element i (Fig. 1-4 and Appendix A)

(") (.) (.)2 (")2 (")2 1IJ 1 I = IA 1 I = ().. 1 + A 1 + A 1 )'2 evaluated at (rm,Sn)(Ref. 29).mn ~mn x y z
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After ~i) in Eq. (4.6) has been numerically evaluated, it is assembled

into the global matrix bs. These calculations and assembly operations

are carried out for all 2-D interface elements on the dam-reservoir

interface. Thus far we have not considered what kind of 2-D element

should be used, but 6 to 8 nodes 2-D elements (Fig. I-5(a) and Appendix

B) seem to be appropriate.

Now, after the matrices ~ and bs have been formed as above, we

can proceed to carry out the computations for the global added-mass

matrix ~s of Eq. (3.29). Because inversion of a matrix is very

inefficient, the computation of Eq. (3.29) is carried out as follows:

(a) Solve ~ Q = bs' for Q

using any suitable equation solver;

(4.7)

(b) Form the matrix product M = p hT Q
--'-as -s -

thus, the global added-mass matrix M of Eq. (3.29) is obtained.
--'-as

4.2 Hydrodynamic Pressure Solutions and Their Comparisons

Although the added-mass coefficient matrix is the most convenient

way to account for the hydrodynamic effects, it is hard to tell whether

a scheme is good or not just by looking at the added-mass matrix

coefficients. In order to evaluate an added-mass matrix scheme, we have

to examine it with respect to the hydrodynamic effects it produces.

If we recall the procedures to formulate the added-mass matrix,

it is clear that the hydrodynamic pressures are the quantities of interest.

The definition of added-mass coefficients can be termed as nodal resisting

forces caused by unit nodal accelerations acting into the reservoir. Yet,

the nodal accelerations actually cause distributed hydrodynamic pressures

to act on the dam face, and the nodal forces are obtained through

processes of lumping the pressures. Therefore, the hydrodynamic effects
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represented by the added-mass coefficient matrix can be evaluated by the

studies on the pertinent hydrodynamic pressures.

Now, we can impose any pattern of accelerations on the upstream

face of the dam and obtain, from Eq. (2.4) or Eq. (3.21), the hydro­

dynamic pressures distributed over the dam face. The simplest pattern

of accelerations that can be applied is unit uniform motions in the

upstream-downstream direction. Physically, this is just the rigid

body motion of the dam with unit accelerations acting in the upstream­

downstream direction, while the reservoir floor and canyon walls are

fixed.

Figures 1-6 through 1- 9 show the hydrodynamic pressure distri­

butions over the upstream face of dams of various geometries subjected

to unit uniform acceleration in the upstream-downstream direction.

The cases studied included a gravity dam with vertical upstream face,

cylindrical arch dams, and a general doubly curved arch dam. Notice

that in all cases, the y-dimensions of successive fluid elements have

a ratio of 1.25 in the upstream direction.

4.2.1 Gravity Dams

Figure 1-6(a) shows the reservoir of a gravity dam with vertical

upstream face, discretized into 16-node 3-D fluid elements and 8-node

2-D interface elements. Since the geometry of the reservoir and the

excitations of the interface boundary do not vary with x, this is a 2-D

problem and the pressure solutions are independent of x. Actually, this

is exactly the case Westergaard (1) studied, and the exact solution is

available. As shown in Fig. 1-6(b), the hydrodynamic pressure solutions

from finite element method converges sufficiently when L/H = 3. Also,

the figure indicates that both Westergaard approximate solution and the
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finite element solution with L/H = 3 are good approximations to the exact

solution.

Due to the discretization error, it is seen that the finite

element solution converges to a value lower than the exact result.

It can be shown that 20-node 3-D fluid elements will yield a better

solution because they are more flexible, but the additional computational

cost may not be justified.

In this case study, the finite element method is demonstrated

to be a reasonably accurate and efficient method to evaluate hydrodynamic

effects; the Westergaard approximate solution is expected to be good for

this case only, because it was derived from the closed form solution for

this case.

4.2.2 Cylindrical Arch Dams

As a bridge from the study of gravity dams to the case of general

arch dams, several cylindrical arch dams were studied. Fig. !-7(a) shows

the reservoir of a cylindrical arch dam with vertical upstream face. The

reservoir has parallel vertical side walls and horizontal bottom. Fig.

I-7(b) shows the hydrodynamic pressure distributions at the crown section

due to unit upstream acceleration. The finite element solution converges

sufficiently when L/H = 3, and the Westergaard approximate solution is

virtually identical to that for the gravity dam in Fig. 1-6(b). Fig.

I-7(c) shows that similar results are found halfway between the crown

and abutment, although the finite element results are increased slightly

while the modified Westergaard results are decreased. In Fig. I-7(d),

the hydrodynamic pressure distribution at the vertical section next to

abutment shows significant changes: increases for finite element and

decreases for Westergaard. The latter results are unacceptable; the
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finite element results are effectively converged at L/H = 3. The

underestimations of hydrodynamic pressures by the Westergaard approxi­

mate solutions can be attributed to the fact that it only recognizes

the water depth and normal direction cosines of the dam face; it is not

aware of the existence of the bank which forms sharp angle with the dam

thus restricting the lateral direction flow of the reservoir water.

If we now enlarge the angle between the bank and the dam, by

introducing diverging reservoir walls as shown in Fig. I-8(a), it can be

seen from Fig. I-8(d) that the Westergaard approximate solution is

again close to finite element solution. It should be noticed that in

Figs. I-7(d) and I-8(d), the Westergaard approximate solutions do not

change, but the finite element solution varies due to the boundary

restrictions imposed by the bank. In general, the Westergaard

approximate solution overestimates hydrodynamic pressures if the abut­

ment angle between bank and dam is reasonably wide as shown in Figs.

I-8(b) and (c). These figures also compare the effects of the reservoir

bank flare angles for the finite element solutions.

4.2.3 General Arch Dams

In Fig. I-9(a) we present the reservoir of a general arch dam,

where the reservoir has constant section (prismatic form) in the up­

stream direction. Because of the discretization approximation in the

finite element method, the normal direction cosines for nodes at the

face of the dam, may not be calculated accurately especially for the

corner nodes. A general conclusion of this comparison as depicted in

Fig. 1-9 is that the Westergaard approximate solution is too conservative

and overestimates hydrodynamic effects. Its chief advantage is that it

is the least expensive means to represent hydrodynamic effects. However,
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by actually carrying out computations of hydrodynamic pressures by

both methods on Techi Arch Dam, an existing nonsymmetric arch dam

(Fig. I-10), we found that it was not very expensive to use Galerkin

Finite Element Method. Results obtained by the two methods, shown in

Fig. I-9(d), demonstrate the significant overestimation given by the

Westergaard approach.

From the cases studied, it is evident that the Generalized

Westergaard approximation can be used for crude preliminary analysis

purposes taking advantages of its relative economy. The Galerkin

Finite Element Method with its competitive low cost should be used to

represent incompressible hydrodynamic effects for final design studies.

The validity of this method will be strengthened by the correlation

studies presented in the following chapter.
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5. NUMERICAL CORRELATIONS WITH EXPERIMENTS ON TECHI ARCH DAM

5.1 Properties of Techi Arch Dam

The Techi Dam, located in the middle part of Taiwan in a moderately

active seismic zone, was completed in September 1974. It is 180 m in

height, with a crest 290 m long at an elevation of 1411 m above sea.

The thickness of the dam is 4.5 m at the crest and 20 m at the base. It

is a double curvature arch dam with total concrete volume of 430,000 m3.

A perimetral joint surface has been provided between the dam body and the

pulvino block; the dam body has 22 vertical cantilever monoliths with a

contraction joint between each monolith (Fig. 1-10).

The mechanical properties of the dam and its foundation are as

follows:

Dam Body

psi

E - 5.6774 x 106 psidynamic -

0.21 (0.19 ~ 0.23)

5.6 x 10-6

1501b/ft3

E =

0.21

p = 162 16/ft3

2.1 x 104

p =

(J ::; 5365.15 psic
(J ~ 500 psit

Foundation

E = 8.516 x 106 psi

a =

v =

v =

(J ::
c

Mass Density

Compressive Strength

Young1s Modulus

Young's Modulus

Poisson Ratio

Poisson Ratio

Thermal Coefficient

Mass Dens ity

Compressive Strength

Tensile Strength

Tensile Strength (Jt~ 930 psi

In 1979, several sets of dynamic experiments were carried out on

the dam, including measurements of both ambient vibrations and forced
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vibrations. Numerical modelling of the dynamic behavior of Techi Dam

was carried out on the CDC 7600 machine at Lawrence Berkeley Laboratory.

A certain volume of massless foundation rock was included (Fig. 1-11,

1-12) in the model, and both the dam body and foundation rock were

discretized by 3-D finite elements. Thick shell elements, transition

elements and 3-D shell elements as described in the computer program

ADAP (23) were used for the dam body whereas 8-node brick elements were

used for the foundation rock. (Figures 1-11 through I-14). Various

added-mass matrix representations of hydrodynamic effects were computed

from the preprocessor RSVOIR (28), and assembled with the concrete mass

matrix computed by the program ADAP. The added-mass matrices that were

considered included the Generalized Westergaard approximation solution,

a consistent added-mass matrix from Galerkin Finite Element Method, and

a diagonalized added-mass matrix obtained by diagonalizing the consistent

added-mass matrix. (22). Also, various different water levels were

considered in the study (Appendix C).

The vibration frequencies and mode shapes were calculated by the

ADAP program for each case including foundation and hydrodynamic effects.

Also, stresses in the dam due to the static loads, namely hydrostatic

and gravity, were evaluated. Because there was no information on

temperature changes, no thermal load was included. Finally, a response

spectrum dynamic analysis was carried out. The first 8 modes of the

case considering the diagonalized added-mass matrix from Galerkin

Finite Element Method were used in the dynamic response analysis, and

stresses envelopes were obtained for the dam-foundation-reservoir system

subjected to hydrostatic load, gravity load, plus the Design Base

Earthquake excitations. Mode shape and frequency correlations with the
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experimental results are shown in Section 5.2, and the stress responses

including earthquake effects are presented in Section 5.3.

5.2 Correlation of Frequencies and Mode Shapes

Because of heavy rainfall that occurred during the field measure­

ment program, the vibration measurements were taken at different water

levels. Therefore, numerical solutions were also calculated for various

water levels using different methods of approximation; by curve-fitting

we can interpolate frequency values at intermediate water levels.

5.2.1 Frequency Correlations

Various types of frequency correlations are presented in Figures

1-15 through 1-19. Fig. 1-15 shows the variation of fundamental frequency

of Techi Dam with changes of reservoir height, calculated with the

modified Westergaard reservoir approximation and with the finite element

model. Also shown is corresponding information on frequency changes in

a typical gravity dam. This figure shows that the decrease in

fundamental frequency of an arch dam is more rapid than that of a gravity

dam when the water level in the reservoir increases. This shows that the

added-mass which represents the hydrodynamic effects has a greater

influence on the fundamental frequency of the arch dam than on that of the

gravity dam. This is obvious because the arch dams are in general more

flexible and have less concrete mass. The figure also shows that when

the water level is close to the crest, the added-mass has similar influence

on the fundamental frequency for both gravity dam and arch dam. However

this cannot be taken as a general rule, because it depends on the geometry

of the reservoir and of the dam being considered. If the reservoir cross­

section is of a wide V-shape, it is expected that the influence of the
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added-mass upon the fundamental frequency will be much greater on arch

dams. It is also interesting to see that the added-mass cause almost

the same rate of change of fundamental frequency of the arch dam,

whether it was computed from Generalized Westergaard approximate solution

or from the Galerkin Finite Element Method, but the significant over­

estimate of reservoir effects given by the Westergaard model is obvious.

The correlations between the analytical procedures and also with the

experimental results are presented in a different form in Fig. 1-16,

where the changes due to water level are based on the full reservoir

condition. The similar slopes among all 3 curves, i.e., the rates of

increase in the fundamental frequency per unit decrease in water depth

show that the analytical procedures for taking account of hydrodynamic

effects are fairly accurate. The sharp drop on the curve of the

finite element solution shows that the hydrodynamic effect has negligible

influence on the fundamental frequency of the dam when the water level

is below 40% of the height of the dam. The increase in fundamental

frequency of the dam without water over that of the dam with full

reservoir, is approximately 35% when the added-mass is computed by

finite element method. Expressed in the context of Fig. 1-16, if the

fundamental frequency of the dam without water is 100%, the fundamental

frequency of the dam with full reservoir is about 74%. In general, a

full reservoir will reduce the fundamental frequency of an arch dam by

20% to 30%.

Figure 1-17 shows comparisons between results of the two numerical

representation of added-mass for the frequencies of first 4 modes of

vibration of the reservoir_dam system when the water level varies.

This figure again shows that the rate of change of frequencies with water
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level is similar for both numerical representations of added-mass.

But obviously the added-mass obtained by Generalized Westergaard solution

is greatly overestimated compared to that computed by Galerkin Finite

Element Method. The difference between different schemes is greater than

between different water levels for the same scheme.

The correlation with forced vibration experimental results shown in

Fig. 1-18, demonstrates that the hydrodynamic effects evaluated by

Finite Element Method in the form of diagonalized added-mass matrix gives

better agreement than the Westergaard procedure. Although the finite

element analysis underestimates the added-mass effect for the fundamental

mode, it overestimates it for the second mode and gives quite good

agreement for the third and fourth modes. Therefore, as a whole, it may be

concluded that hydrodynamic effects are well evaluated by Finite Element

Method.

A final comparison of all experimental and analytical results for

the various water levels that have been studied is presented in Fig. 1-19.

On this comparison the question has to be raised as to how to identify

the mode number corresponding to a given frequency. Because of the

possibility of missing modes in the experiments, as will be seen in the

following section, we have to be sure that the frequency correlations

actually apply to the same mode number. We know that in solution of an

eigenproblem, any errors in the computational procedure affects eigen­

vectors more than eigenvalues; that is, the computed eigenvalues tend

to be more accurate than the computed eigenvectors. However, because

the frequency errors also may be due to inaccurate material properties,

in this study it was necessary to identify the mode number by similarity

in mode shape; i.e., if the associated frequencies are different, it

is presumed to be because the material properties are not modelled



37

accurately. In the following section, mode numbers are identified by

mode shapes, considering both radial and tangential components; in this

way some missing modes in the experiments were discovered. On this

basis the correlations of frequencies associated with the same mode

number are proven to be valid.

5.2.2 Mode Shape Correlations

The correlations of mode shapes are illustrated in Figures 1-20 and

1-21. Fig. 1-20 shows the correlations between experiments (34) and numer­

ical solutions using the Galerkin Finite Element Method for the case when

water level is at 90% of dam height. Fig. 1-21 presents the correlations

for the case when water level is at 85% of the dam height, except that the

analysis in this case used the Generalized Westergaard reservoir model.

As mentioned above, the correlations should be done for the same

mode number as identified by similar mode shapes (because some tangential

components were not measured, only radial components are compared in the

figures). Some different modes, as shown by Figures I-20(b) and (c), may

have similar radial components of the mode shapes; but they are indeed

different modes because displacement shapes on vertical sections are

different. This is far more evident for higher modes. In Figures 1-20 and

1-21 we only show the mode shapes of the crest, but for the higher modes it

may be necessary also to show the mode shapes of selected sections below

the crest in order to differentiate mode numbers.

In Fig. 1-20, we see that the correlations of mode shapes are very

good for the first several modes, but some modes were missed in

the experimental results. The measured frequencies associated with

those missing modes are listed on the figures, although the mode shapes

were not measured. The measured and calculated frequencies for the
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similar mode shapes are within 5%, indicating the hydrodynamic effects

represented by the added-mass matrix computed by Galerkin Finite Element

Method are reasonable, while also considering the uncertainties in the

concrete material modelling. It is interesting to see that the 3rd

mode shape may not be easy to obtain in the forced vibration test because

its crest nodes are so close to those of the 2nd mode. In general,

because the behavior of a structure is normally dominated by its lower

modes, Fig. 1-20 shows that the hydrodynamic effects represented by the

diagonalized added-mass matrix computed from the Galerkin Finite Element

Method are certainly adequate for engineering purposes. Although they are

not shown, it is worthwhile to mention that the mode shapes given by the

consistent added-mass matrix are almost identical to those according to

the diagonalized added-mass matrix for both radial and tangential com­

ponents, except for mode numbers above the 9th.

Fig. 1-21 shows that the correlations of mode shapes for 85% water

depth are good up to 4th mode with the 3rd mode missing from experimental

results. This indicates that the added-mass matrix computed according to

the Generalized Westergaard Formula has good relative distribution on the

dam face. However, frequencies of similar mode shapes have errors of up

to 20%; thus, the added-mass matrix according to the Generalized Wester­

gaard Formula overestimates the hydrodynamic effects in magnitude. One

may notice from Figures I-21(d) and (e) that the crest mode shapes are

similar for modes 4 and 5 of the numerical solution in both radial and

tangential components. If only the crest mode shapes were compared in

this case they would appear to represent the same mode number. But they

are truly different modes because the vertical crown section shapes (not shown)

are completely different from each other. When we examine correlations of
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mode shapes and their associated frequencies of mode 9, in Fig. 1-21(i)

we can only say that this is a beautiful note in the melody played by

Generalized Westergaard Formula.

From the correlation studies on frequencies and mode shapes present

in this section, it may be concluded that the hydrodynamic effects

represented by the diagonalized added-mass matrix from the Galerkin Finite

Element Method can be considered as a good approximation of the true

behavior. Nevertheless, the Generalized Westergaard approximate solution

still can be useful for crude preliminary studies.

5.3 Stress Response Representations

Stresses calculated in a structure subjected to specified

loadings provide the basis for the design of the structure. According

to the assumed mechanical properties of the structural material, the

structure is designed so that when subjected to the design loads, it won't

develop excessive stresses that will lead to damage. Because of the

potential disaster associated with the failure of a dam, it is very

important to analyze the stresses in the dam accurately. when it is

subjected to the maximum expected loadings. For arch dams. two critical

stresses may be represented conveniently in terms of normal components

in the horizontal and vertical directions, usually called arch and

cantilever stresses.

Three intensity loads of earthquakes often are used in the design

of a dam:

(1) Maximum Credible Earthquake (MCE): This is the maximum possible

earthquake that might occur at the site of the dam. When subjected

to the MCE, the dam may suffer damages, but must retain the

reservoir.
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(2) Design Base Earthquake (DBE): This is an earthquake intensity

corresponding to a return period of 100 years, (Fig. 1-25(b) and (c)),

the expected life of the structure. When subjected to the DBE,

the dam should sustain only repairable damages, and its equipment

should be able to operate normally.

(3) Operation Base Earthquake (OBE): This is an earthquake intensity

corresponding to a return period of 25 years. (Fig. 1-25(b) and (c));

it is very likely to occur during the life of the structure. When

subjected to the OBE, the dam should not sustain any damage.

The Design Base Earthquake was used for this study. Figures 1-22

to 1-24 present the stress responses of Techi Dam when subjected to

various types of loadings. In the figures, SIG-XX denotes horizontal normal

stress (arch stress) while SIG-YY denotes vertical normal stress

(cantilever stress). All cases presented in Figures 1-22 to 1-24 are

discussed in the following sections.

5.3.1 Stress Response to Static Loadings

Because no temperature change data was available, the only static

loads considered were hydrostatic and gravity. Figs.I-22 shows the

static stress results in the form of contour plots; all the tension

zones are shaded. Four separate plots are presented (Figs.I-22(a),(b),

(c), and (d)), showing arch and cantilever stresses on the upstream

and downstream faces. Obviously, all the tensile stresses, either

cantilever or arch, due to the static loads, are well below the tensile

strength of the concrete (which is assumed to be 500 psi here, see

Section 5.1).

The compressive stresses are also well below the material strength.

The static compressive cantilever stresses shownon the downstream face
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at the foot of the dam in Fig. I-22(d) while it is subjected to static

loads are beneficial because they compensate for dynamic tensile stresses

which may be quite high in this region.

5.3.2 Stress Response to Combined Static Loads and Design Base
Earthquake (DBE) Excitation

The response spectra for the DBE are shown in Fig. I-25(a). From

Fig. 1-19, the fundamental frequency of Techi Arch Dam, with 90%

reservoir depth, is approximately 2.7 Hz according to finite element

solution with diagonalized added-mass matrix, it corresponds to approx­

imately 2 g of the pseudo-acceleration intensity on the response spectra

for the DBE in Fig. I-25(a). If we consider pseudo-acceleration intensity of

0.2 g and above as significant (10% of the intensity of fundamental mode),

then the DBE has important intensity associated with excitation

frequencies up to 7 Hz, which will excite the first 8 modes of the Techi

Dam considering hydrodynamic effects (see Fig. 1-19). Thus, the first

8 modes were included in the response spectrum dynamic analysis. Because

the dynamic stresses resulting from the response spectrum dynamic

analysis are in absolute value, we present the stress response due to

combined static and dynamic loadings in terms of maximum and minimum

stress envelopes.

The stress envelopes have minimum values obtained by subtracting

response spectrum dynamic stresses from corresponding static stresses,

and the maximum values are evaluated by adding response spectrum dynamic

stresses to the corresponding static stresses. Fig. 1-23 illustrates the

stress envelope contours on the upstream face while Fig. 1-24 presents

the stress envelope contours on the downstream face. As before, SIG-XX

indicates arch stresses and SIG-YY represents cantilever stresses;

and here, minimum stresses show the largest possible compressive stresses
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whereas maximum stresses show the largest possible tensile stresses.

From Figures 1-23 (a),(b),(e) and (f), it is evident that the

maximum arch and cantilever compressive stresses on the upstream face

due either to upstream-downstream excitations or cross-canyon excitations,

are all well below the compressive strength of the concrete, which is

about 5000 psi.

Similarly, Figures 1-23(d) and (h) show that the maximum tensile

cantilever stresses are well below the tensile strength of the material;

hence, no cantilever cracking will occur. However, in Figures 1-23(c)

and (g), it is clear that the tensile arch stresses indicated near the

crest are beyond the tensile strength of the material; thus cracks are

expected to be formed there. But it must be remembered that vertical

contraction joints were built into the structures; thus the tensile

arch stresses will merely open these joints. Therefore, no cracking

is expected from these indicated tensile stresses in the crest region

and the dam will be able to withstand the earthquake without significant

damage.

Figures 1-24(a) to (h) present the corresponding stress results

for the downstream face. Figs. 1-24(c) and (g) indicate that tensile

arch stresses on the downstream face also exceed the tensile strength

of the material, and again it may be assumed that the contraction joints

will open to release the tensile arch stresses. Figs. 1-24(d) and (h)

show that cantilever cracking also is unlikely on the downstream face,

and Figs. 1-24(a), (b), (e) and (f) show that the compressive stresses

are well within the compressive strength of the concrete.

Thus, the discussions in this section have shown that Techi Dam

will not have significant damage when it is subjected to hydrostatic
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load and gravity load combined with the Design Base Earthquake

excitations, taking account of incompressible hydrodynamic effects and

foundation flexibility. However, one other aspect of the dynamic

behavior should be considered: the nonlinear response mechanism

associated with the opening of the contraction joints due to the action

of dynamic tensile arch stresses. It is evident that such joint opening

on one face of the arch dam will be accompanied by the modification of

the arch stresses on the other face (and vice versa), and also the

possibility of changes in the state of stresses in the cantilever direction.

This type of nonlinear response mechanism is the subject of the second

part of this thesis.
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6. CONCLUSIONS AND REMARKS

The hydrodynamic effects represented by an added-mass matrix

associated with incompressible fluid reservoir of arch dams are reported

here. Two basically different computational procedures, namely

Generalized Westergaard Formula and Galerkin Finite Element Method, are

described in detail, and pressure solutions obtained with each are

compared. Rigorous vibration frequency and mode shape analyses are

carried out, and based on their comparisons with field measurements,

a best suitable standard procedure is proposed, i.e., Galerkin Finite

Element Method with diagonalized added-mass matrix.

Safety evaluations of Techi Dam, that subjected to either static

loads alone or to combined static and dynamic earthquake loads, are

discussed. It is shown that Techi Dam won't sustain major damages

due to these loading conditions, but that minor damages might occur near

the crest spillway. This condition may need further study that includes

joint opening nonlinear response, it nevertheless should not prohibit

the normal operation of the gates.

It was found that hydrodynamic effects of an incompressible liquid

reservoir were represented adequately by a reservoir model that extends

in upstream direction 3 times the height of the dam. This greatly

reduces the cost of the finite element analysis of the reservoir inter­

action, but the corresponding conclusion may not apply to compressible

water. Inclusion of the wate~ compressibility greatly complicates the

reservoir analysis, and it is not known at present whether or not

the results neglecting water compressibility conservative. Further

reserach is needed to verify the significance of the influence of water

compressibility on the real time response of an arch dam, especially when

superposition procedure is not valid.
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However, the results of the analyses and of the correlations with

field measurements contained in this report have shown that the hydro­

dynamic effects represented by added-mass of incompressible water should

be satisfactory for engineering purpose in the analysis and design of

an arch dam.

In view of nonlinear dynamic response analysis of arch dams,

diagonalization of the full added-mass matrix was deemed necessary to

reduce the computational cost. This diagonalization has nevertheless

destroyed the coupling effectsof added-mass, whether these coupling effects

are important or not require further research.
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APPENDIX A: COMPUTATIONS OF NORMAL DIRECTION COSINES

The normal direction cosines at any point on a curvilinear surface,

as on the 2-D interface elements, can be found (29) from the intrinsic

property of finite element interpolation functions which use the natural

coordinates as curvilinear coordinates.

Figures I-4(b) and (c) show 2 kinds of possible 2-D interface

element (2-D in natural coordinates, but 3-D in RCC space), where points

p are regular points and point q is a degenerate corner point. The

computations of normal direction cosines for points p are different from

that for point q.

A.l: Normal Direction Cosines for a Regular Point p

From basic finite element property, we have,

~p = EN. (r,s) X.
• 1 ~ 1
1

where

x. = <x· y. z.>, the coordinates of node i of the element
~ 1 1 1 1

The unit normal vector at point p, ~p can be found as,

(A.l )

where

~p =

a~p x a~p
ar as

a~p a~p
ar x as

(A.2)

a~p __ "
L. N. r (r,s)X., vector tangent to r-curve at point par i 1, ~l

ax
4 = E N. s (r,s)X., vector tangent to s-curve at point pas . 1, ~ 1

1

or, in finite element formulation,
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A

j
A

k

,

n = 1
L: N. (r,s)x. L: N. (r,s)y. L: N. (r,s)z.

~ ax (A.3)~P

~ x--.:::.2. i 1 ,r 1 i 1 , r 1 i 1, r 1

ar as
~ Ni ,s ( r ,s )Xi ~ Ni,s(r,s)Yi L Ni (r,s)z.
1 1 i ,s 1

Thus,

and

(A.4)

l
ax ax
a~ x a~ = (A.S)

A.2: Normal Direction Cosines for a Degenerate Corner Point g
ax

Because a; = a at the degenerate corner point q (Fig. I-4(b)), we

cannot find ~q as above.

Instead,the unit normal vector ~ can be found most conveniently

as foll ows:

and

~q = L N.(r,s)X.
- . 1 ~ 1

1

= d~gl x d~g
~q as r = 1.0 as r = -1.0

_ 1
~q - -I ~q r ~q

(A.6)

(A.7)

(A.B)

The sequence of the cross-product is expressed in Eq. (A.7) according to

the convention that the connectivity of the element is defined in the

counterclockwise direction (Appendix B). In finite element formulation,
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Eq. (A.7) becomes

m =-q

i

L: N. (1.0,s)x,'
. , ,S,

A

j

L: N" s(l.O,s)Y.., ,,

k

L: N, (1.0,s)z.
i ' ,S ,

(A.9)

L:. N" .s(-1.0,S)x,' L: N, (-l.O,s)y, L: N. s(-1.0,s)z,
, , i ' ,S , i " 1

and,

n - 1_q - TiilT
\::--q I

A A A

(m i + m j + m k)xq yq zq
(A.10)

vlhere

l ~ql = (2 + 2 + 2)~__ mxq myq mzq
(A.ll )
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APPENDIX B: FINITE ELEMENT INTERPOLATION FUNCTIONS
AND THEIR DERIVATIVES (21 ~22)

Variable node finite elements are used in the analysis described

in this report; the convention of their connectivities is shown in

Fig. 1-5.

B.l: Interface Elements (Fig. I-5(a))

For interface elements~ 2-D in natural coordinates and 3-D in

RCC space, their interpolation functions and the derivatives of their

interpolation functions with respect to the natural coordinates are as

follows:

¢ = S _1 (S + S )
1 1 258

1
i=2~4¢. = S' - 2 (si+3 + Si+4)1 1

¢. = S·
J J

where sk = 0 if node k is not included

Sk = G(r,rk)G(s,sk)

1G(S,Sk) = 2 (l+SkS), Sk= + 1, S = r,s

2
G(S,Sk) = l-S , Sk = 0

and derivatives

Sk,s = G'S(r,rk)G(s~sk) + G(r~rk)G'S(s,sk)

1
G'S(S,Sk) = 2 Sk' Sk = ~ 1

G'S(S,Sk) = -2S , Sk = 0

For degenerate elements, if several nodes are degenerated into one node,

their associated interpolation functions also have to be degenerated

into one function~ and similarly the derivatives of the interpolation
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functions.

B.2 3-D Fluid Elements (Fig. 1-5(b))

For 3-D fluid elements, the suggested interpolation functions and

the derivatives of the interpolation functions with respect to natural

coordinates are as follows:

1
Nl = sl - 2 (sg + s12 + slY)

1
Ni = si - 2 (si+Y + si+8 + si+16) i = z~4

NS = sS - ~ (s13 + ~16 + slY)

_ 1
Nj - Sj - 2 (Sj+Y + Sj+8 + Sj+12) j = 6~8

where

Sm = O,if node m is not included

s = G(r,r )G(s,s )G(t,tm)m m m

G(S,Sm) =i (1 + SmS) 'Sm =~ 1, S = r,s,t

_ 2
G(S'Sm) - l-S

and derivatives

Sm,S = G'B(r,rm)G(s,sm)G(t, t m) + G(r,rm)~(s,sm )G(t,tm) +

G(r, rm)G(s, sm)G, s(t, t n)

1
G'B(S,Sm) = I Bm ' sm = ~ 1

G'p(B,Bm) = -2B , Bm= 0
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For degenerate elements, if several nodes are degenerated into one

node, their associated interpolation functions also have to be degenerated

into one function, and similarly for the derivatives of the interpolation

functions.
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APPENDIX C: VARIABLE WATER LEVELS

When the dam is discretized in such a way that its element bound-

aries on the upstream interface do not match the boundaries of the

fluid elements at the interface, the added-mass matrix found by the

methods presented in Chapter 3 cannot be assembled directly with the

concrete mass matrix of the dam. This is because different nodal points

or degrees of freedom apply to the water and the concrete elements.

This is most likely to occur when the dam is discretized so that the

water surface is located between the horizontal boundaries of the

dam element.

This problem presents no difficulty for the added-mass matrix

formed by Generalized Westergaard Formula. But in using Galerkin

Finite Element Method, the difficulty arises in the integration of

(3.16)

Eq. (3.16): T

!!'\i~D x 3ND) = f;( 1) ~~;) ~ (i) ~;) dA(i)

The shape functions N(i) and <pJi) ,in this case, does not reside in the
~s -.;>

same domain, rather the domain of N(i) is included in the domain of ill(i)
~s ..L$

(Fig. 1-26). The integration only can be carried out for in the domain

of N(i) and cannot be in the domain of ill(i), because N(i) are discontinu-
~s ~ ~s

ous functions in the domain of ~i) (they vanish above the water level,

see Fig. 1-26). Therefore, Eq. (3.16) can be written, in this case,

as follows:
T

ff Ns(i)(r,s) A(i) (r,s) ffi(i)U;(r,s), n(r,s)) dA(i) (C.l)
S(i) ~ ~ ..L$

or, in the form of quadrature integrations:
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(C.2)

All the terms in Eq. (C.2) are defined similarly to those in Eq. (4.6).

The task is in evaluating values of ~i) at integration points

(rj,sk)' while ~i) are functions of (~,n). Naturally, we have to find

coordinates (~,n) at points where (rj,sk) locates, and they are only

related through the RCC coordinates of the nodes that associate with each

element respectively.

Therefore, firstly we denote the ReC coordinates of fluid element

nodes as x, y, z and RCC coordinates of concrete elements as X, Y, Z.

Then, we can have the expression:

x = <P Xn ~s ~

where

(C.3)

xn = x-coordinate of node n of the fluid element at the interface

X = vector of X-coordinates of nodal points of concrete elements

at interface

~ = vector of shape functions associated with nodes of the concrete
1's

elements.

x and X are known, and if we position xn properly, that is, at then ~

locations where ~ values are -1,0, +1, then, Eq. (C.3) will reduce to

a simple form of a quadratic equation with n as unknown. Then if we

solve n for the corresponding x , knowing -1 < nn < 1, we can find then n --

coordinates (~,n) for all nodes of the fluid element on the interface.

Furthermore, the integration points (rj,sk) has an x-coordinate, xa ' given
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by

(C.4)

where x = vector of x-coordinates of nodal points of the fluid element

at interface (i.e., xn1s).

relating Eq. (C.4) to Eq. (C.3), we have,

(C.5)

where ~(NO x NO) = collection of ps in Eq. (C.3) with known (~,n)ls

By Eq. (C.5) we can find RCC coordinates of integration points (rj,sk)

in terms of RCC nodal coordinates of the concrete element.

Now, refering back to Eq. (C.2) with Eq. (C.5), we have

E(i) 0 0-sx
~i) = 0 E(i) 0 (C.6)

~sy

0 0 E(i)
_S2

which corresponds to the nodal degrees of freedom of element i arranged

according to <XT yT ZT>T.
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FIG. 1-13 FINITE ELEMENT MESH OF DAM BODY (TECHI DAM)
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FIG. 1-24 CANTILEVER STRESS AND ARCH STRESS ENVELOPES FOR DOWNSTREAM FACE
OF TECHI DAM DUE TO STATIC LOADS AND DESIGN BASE EARTHQUAKE
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