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ABSTRACT 

This report presents an analytical model for predicting the behavior of single deformed 

reinforcing bars embedded in confined concrete and subjected to generalized excitations in the 

range of low cycle fatigue. The model is based on a general local bond stress-slip relationship, 

derived from the results of an extensive study performed at Berkeley, and on either a bilinear 

or a simple but sufficiently accurate nonlinear stress~strain relationship for the reinforcing steel 

bar. An efficient numerical scheme for the integration of the governing differential equation of 

bond along the embedment length of the bar is presented. 

The analytical model is then used to predict the bond behavior of a reinforcing bar 

embedded in exterior and interior joints of reinforced concrete frames subjected to severe load 

and/ or deformation reversals which simulate the effects of earthquake loading. In these joints, 

besides confined concrete, the concrete that covers the core is unconfined; therefore, a 

modified analytical model for these cover regions had to be developed. 

The analytically predicted response compares well with the results of a series of tests con­

ducted at Berkeley for monotonic and cyclic loadings. 

The analytical model is also used to conduct a numerical investigation of the influence on 

anchored bar behavior of the following main parameters: (1) type of analytical model of the 

stress-strain relationship of the reinforcing bar (bilinear vs. nonlinear), (2) severity of hys­

teretic requirements determined by the number of imposed cycles and the peak values of the 

steel strains, (3) main mechanical characteristics of steel (namely, yield stress and rate of strain 

hardening), and (4) anchorage length. 

The results of this investigation reported herein are used to offer some practical recom­

mendations regarding the required anchorage length of reinforcing bars in interior and exterior 

joints. Finally, conclusions are formulated, as well as recommendations for future work. 
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I. INTRODUCTION 

1.1 STATEMENT OF PROBLEM 

Under severe seismic excitations, the hysteretic behavior of reinforced concrete structures 

appears to be highly dependent on the interaction between steel and concrete (bond stress-slip 

relationship) [1]. Tests show that when the developing story displacement ductility ratio is four 

or more, fixed end rotations caused by slip of the main steel bars along their embedment length 

in beam-column joints may contribute up to 50 percent to the total beam deflection [2-4]. This 

contribution must be fully understood and included in the analytical prediction of response. 

However, in spite of recent integrated experimental and analytical studies devoted to investigat­

ing this problem [5], no reliable bond stress-slip laws for generalized excitations are available 

[6]. 

This consideration has motivated an extensive experimental study, carried out in Berkeley 

during the 1979-1981 period, aimed at finding the constitutive bond stress-slip relationships 

between deformed bars and well confined normal weight concrete. The results of this study are 

presented in a companion report [7]. 

At the same time, need for an efficient analytical model capable of predicting the behavior 

of reinforcing bar anchorages under generalized excitations emerged, and research efforts were 

directed toward the formulation of such a model. In Ref. [8] a mathematical model of a 

deformed bar embedded in a concrete block and subjected to generalized cyclic excitations was 

presented, and this report is a further elaboration on this subject. 

1.2 OBJECTIVES AND SCOPE 

This report discusses in detail the mathematical model presented in Ref. [8] for reinforc­

ing bars anchored at interior joints as well as its applications. The model is first used to predict 

analytically the response of anchored beam bars and to compare these predictions with some 

experimental results presented in [5] and then to generate systematic numerical results for an 

investigation of the influence of various parameters on the response of an anchored bar. 
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In Chapter 2 the analytical bond stress-slip law derived from the experimental results 

reported in [7] is briefly described. In Chapter 3 a model for the stress-strain relationship for a 

steel bar is formulated. In Chapter 4 a mathematical model is presented for computing the 

response of an anchored bar, which involves the integration of the governing differential equa­

tion of bond. In Chapter 5 the ability of the model to reproduce experimental results is 

demonstrated. Chapter 6 investigates the influence of variation of parameters on the response. 

Chapter 7 discusses practical implications of results obtained, and Chapter 8 summarizes the 

main conclusions and offers some recommendations for future research. The developed com­

puter program is described in Appendix A. 
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II. LOCAL BOND MODEL 

2.1 GENERAL 

The constitutive bond stress-slip relationship for deformed bars embedded in normal 

weight well-confined concrete were derived from an extensive experimental study carried out at 

Berkeley during 1979-1981. The results of this study are presented in full detail in a compan­

ion report [7]. 

Based on the results of that experimental investigation, an analytical model for the local 

bond stress-slip law under generalized slip histories was derived and is briefly described in Sec­

tion 2.2. More details may be found in Ref. [7]. Comparisons of analytical predictions with 

experimental results are contained in Section 2.3. 

The model is valid only for describing the bond behavior in confined concrete regions. 

However, in view of the purpose of the present investigation, which is to formulate a 

mathematical model for predicting the behavior of anchorages, an attempt was made to general­

ize the model to cover the less known behavior of bond in unconfined concrete regions. This is 

briefly discussed in Section 2.4. 

2.2 ANALYTICAL LOCAL BOND STRESS-SLIP MODEL 

2.2.1 GENERAL 

The assumed bond model is illustrated in Fig. 2.1. Although it simplifies the observed 

real behavior, it takes into account the significant parameters that appear to control the 

behavior observed in the experiments. This model, in spite of being simpler than the one pro­

posed in [5], is believed to be more general. The model's main characteristics, illustrated by 

following a typical cycle (Fig. 2.1), are described below. 

When loading the first time, the assumed bond stress (T) - slip (s) relationship follows a 

curve valid for monotonically increasing slip, which is called herein "monotonic envelope" 

(paths OABCD or OA1B1C1D1). Imposing a slip reversal at an arbitrary slip value, a stitT 
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"unloading branch" is followed up to the point where the frictional bond resistance, T f' is 

reached (path EFG). Further slippage in the negative direction takes place without an increase 

in T up to the intersection of the "friction branch" with the curve OA~ (path GHI). If more 

slip in the negative direction is imposed, a bond stress-slip relationship similar to the virgin 

monotonic curve is followed, but with values of T reduced as illustrated by the path IA ~J, 

which is part of the curve OA~B~C~D~ that is called "reduced envelope". When reversing the 

slip again at J, first the unloading branch and then the frictional branch, with T = T j, are fol­

lowed up to point N, which lies on the unloading branch EFG (path JLN). At N the "reloading 

branch" (same stiffness as the unloading branch) is followed up to the intersection with the 

reduced envelope OA'B'CD' (path NE'), which is followed thereafter (path E'B'S). If instead 

of increasing the slip beyond point N more cycles between the slip values corresponding to 

points Nand K are imposed, the bond stress-slip relationship is like that of a rigid plastic 

model, the only difference being that frictional bond resistance decreases with increasing 

number of cycles. A similar behavior as described is followed if the slip is reversed again at 

point S (path STU). To complete the illustration of the model, details about the different 

branches referred to in the above overall description are given in the following sections. 

2.2.2 MONOTONIC ENVEl .. OPE 

The simplified monotonic envelope simulates the experimentally obtained curve under 

monotonically increasing slip. It consists of an initial nonlinear relationship T = Tl(S/ Sl).B, valid 

for S :::;; Sh followed by a plateau T = T 1 for Sl :::;; S :::;; S2' For S ~ S2, T decreases linearly to 

the value of the ultimate frictional bond resistance T3 at a slip value of S3. This value S3 is 

assumed to be equal to the clear distance between the lugs of the deformed bars. The same 

bond stress-slip law is assumed regardless of whether the bar is pulled or pushed. 

The values Sh S2, Th T3, and f3 are chosen to match the experimentally obtained mono­

tonic envelope curve. Some representative numerical values are given in Ref. [7]. 
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2.2.3 REDUCED ENVELOPES 

Reduced envelopes are obtained from the monotonic envelope by decreasing the charac­

teristic bond stresses 71 and 73 through reduction factors, which are formulated as a function of 

one parameter, called herein the "damage parameter d". For no damage, d=O, the reloading 

branch reaches the monotonic envelope. For full damage, d = 1, bond is completelY destroyed 

(7=0). 

The rationale for this assumption is given by Fig. 2.2, which shows that reloading curves 

for similar specimens, subjected to different loading histories, appear to form a parametric fam­

ily of curves. 

The deterioration of the monotonic envelope seems to depend on the damage experienced 

by the concrete, particularly the length of the concrete between the lugs of the bar that has 

sheared off. This, in turn, is a function of the magnitude of the slip induced in the bar in both 

directions, the larger the Smax and the difference between peak slip values, the larger the dam­

age. Another influence factor is the number of cycles. These parameters can be related to the 

energy dissipated during the loading and unloading processes. Therefore, it was assumed that 

the damage parameter d is a function of the total dissipated energy only. However, it has also 

been taken into account that only a fraction of the energy dissipated during subsequent cycles 

between fixed peak slip values appears to cause damage, while the other part appears to be used 

to overcome the frictional resistance and is transformed into heat. 

Figure 2.3 illustrates the correlation between the measured damage factor, d, for tests 

with full reversal of slip as a function of the computed dimensionless dissipated energy factor 

E/ Eo. The proposed function for d is shown as well. In the computation of E, only 50% of the 

energy dissipated by friction is taken into account. The normalizing energy Eo corresponds to 

the absorbed energy under monotonically increasing slip up to the value S3' Although there is 

some scatter, the agreement between the analytical and experimental results seems acceptable. 

No reduction of the current envelope (monotonic or reduced) is assumed for unloading 

and reloading only (e.g., paths EGE or JLJ in Fig. 2.1). If a cycle is not completed to the 
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current values of Smax or Smin (e.g., path GHM), the damage parameter is linearly interpolated 

between the values valid for the last slip reversal and for the completed cycle (point E and 

point P in this example). For details, see Ref. [7]. 

It should be observed that the proposal for calculating the damage parameter as a function 

of the total dissipated energy is theoretically correct only in the range of the low cycle fatigue; 

that is, when a small number of cycles at relatively large slip values is carried out. In fact, if a 

high number of cycles at small slip values is performed, the energy dissipated can be relatively 

large, but no significant damage is produced and the reloading branch reaches the monotonic 

envelope again [91. On the other hand, when limiting our attention to a small number of cycles 

(~ 30), as in the present study, the energy dissipated for cycles between small slip values is 

rather small and the calculated damage, as a consequence, insignificant. 

2.2.4 FRICTIONAL RESISTANCE 

The frictional bond resistance after first unloading (1' f in Fig. 2.D depends upon the peak 

value of slip, Smax, and is related to the value of the ultimate frictional bond resistance of the 

corresponding reduced envelope (1'3 in Fig. 2.1). The relationship found in the tests is shown 

in Fig. 2.4. However, if cycling is done between fixed values of slip (e.g., between fixed Smax 

and Smin in Fig. 2.D, l' f is reduced more rapidly than the ultimate l' 3 of the corresponding 

reduced envelope (see Figs. 2.4 and 2.5). Therefore, the analytical function, Oabc, in Fig. 2.4 is 

used only for the calculation of the frictional resistance for the first slip reversal. For subse­

quent cycles, l' f (e.g., 1't in Fig. 2.1) is reduced from this initial value by multiplying it with an 

additional reduction factor which depends on the energy dissipated by friction alone. If unload­

ing is done from a larger slip value than the peak slip in the previous cycle (path STU), the 

new frictional bond resistance (1' fu) is linearly interpolated between two values. The first value 

is related to 1'3 of the corresponding new reduced envelope using the analytical function given 

in Fig. 2.4, and the second value is the l' f reached in the last cycle (1' t in Fig. 2.D. This inter­

polation is done in order to have a smooth transition in the values of l' f' 
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2.2.5 CONCLUDING REMARKS 

Note that the concept of relating damage to one scalar quantity, like the normalized dissi­

pated energy, has provided a basis for a relatively easy generalization of the bond behavior for 

random excitations. The bond model selected can easily be extended to cover bond of bars 

under conditions different from those reported herein, such as different bar diameter, pattern of 

deformation (Jugs), concrete strength, degree of confinement, effect of transverse pressure, etc. 

This requires that the pertinent experimental data necessary for computing the different param­

eters, in particular the monotonic envelope, be obtained. If these are not available, the sugges­

tions given in [7] could be used for choosing the required parameters. 

2.3 COMPARISON OF ANAL YTICAL PREDICTIONS WITH EXPERIMENTAL 

RESULTS 

The local bond stress-slip relationships, obtained using the model described above, are 

compared in Fig. 2.5 with the experimental results obtained in some of the Berkeley tests. As 

can be seen, except for the reloading curves near the values of the peak slip between which the 

specimen was cycled, the agreement is quite good. In general, the model was successful in 

reproducing most of the experimental results. 

2.4 EXTENSION OF THE MODEL TO THE UNCONFINED CONCRETE REGIONS 

The bond conditions in a joint vary along the embedment length. For an interior joint, 

three different regions have been identified in [5] (see Fig. 2.6). They show differences both in 

the shape of the monotonic envelopes, different for positive and negative slip, and in the rate at 

which degradation occurs. Of course, there is a gradual variation in the behavior proceeding 

from an unconfined region to the confined one. 

The possibility of extending the analytical model presented here for confined concrete to 

the unconfined regions, using information contained in [5], is discussed in detail in [7]. The 

analytical bond model is generalized as follows: 
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-instead of only one, two different monotonic envelopes are specified, one for positive and 

one for negative slip values (compare Fig. 2.6); 

-the normalizing energy, Eo, used in the computation of damage is chosen as the larger 

one between E/ and Eo-' These quantities define the corresponding areas under the 

monotonic envelopes for positive and negative slip values up to slip value S3'· To take 

into account different rates of damage in the two directions of loading, the pertinent dissi­

pated energy, E, used for computing the reduced envelopes, is multiplied by an 

amplification factor b, which is different for the upper and lower curve. The factors b+ 

and r are specified as input values. Similar rules for the computation of damage apply to 

the friction part of the curves. 

More details regarding the quantification of the various parameters involved, and of their 

distribution along the anchorage length in an interior beam-column joint, are contained in [7]. 
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III. STEEL MODEL 

3.1 GENERAL 

Prediction of response of anchored bars under severe seismic excitations requires an accu-

rate model for the stress-strain relationship of reinforcing steel. In fact, since in general the 

anchorage provided to the bars is sufficient to develop their yield strength, the model should be 

able to accurately reproduce the inelastic behavior of steel under generalized strain histories. 

For this reason, an accurate nonlinear model for steel is presented in Section 3.2 and is 

compared with some other previously used models. The model described UO] reproduces the 

experimentally observed cyclic behavior of reinforcing steel bars reasonably well [5]. 

This model has been used successfully in the numerical investigations which follow. 

However, in the implementation of the computer program which computes the response of an 

anchored bar, an option has been left to use, as an alternative, the simple bilinear model 

referred to in Section 3.4. Reasons for allowing this option are given in Section 3.4. 

3.2 NONLINEAR MODEL 

The model formulation described here has been used previously UO]. It consists of a 

nonlinear equation which explicitly expresses stress as a function of strain: 

(3.1) 

and of a set of simplified rules which allow reproduction of the behavior under generalized 

strain histories. 

The expression adopted for Eqn. 3.1 was first proposed in [11] and subsequently used in 

U2l. In a nondimensional form, it can be written: 

where 

bE" + 0- b) E" 
O+IE"IR)l/R 

(3.2) 

(3.2a) 



- 10 -

for the first loading curve, and 

(T «(T - (T ;>/2(T 0' E (3.2b) 

for the first unloading and all subsequent branches. 

In the above equations, (T 0 and Eo, as shown in Fig. 3.1, are stress and strain at the point 

where the asymptotes (initial and final) of the curve meet, which approximately correspond to 

the stress and strain at yield; (T i and E i are stress and strain at the latest or current inversion 

point -- that is, where the last reversal of strain occurred; b is the strain hardening ratio -- that 

is, the ratio between the slope E} of the final symptote and the initial slope Eo; and R is a 

parameter which influences the shape of the curve and allows a good representation of the 

Bauschinger effect. 

R is considered dependent on the maximum excursion into the plastic range, E max, 

defined in Fig. 3.1, and takes the form suggested in [12]. 

(3.3) 

where Ro is the value of the parameter R at the first loading curve and at. a2 are parameters to 

be defined together with Ro. 

Equation 3.2b expresses a rule attributed to Masing which states that unloading and 

reloading curves are twofold magnifications of the first loading curve. They are obtained by a 

shift of the origin to the point (E;,(T;> where the direction of loading was reversed. 

However, Masing's rule is not sufficient per se to describe the behavior under generalized 

strain histories. It has to be properly interpreted and complemented in order to apply to the 

case being considered here. 

But before discussing this point it is worthwhile to compare briefly the model defined by 

Eqns. 3.2 with the classical Ramberg-Osgood model [151. 

(3.4) 

which has been often used in similar context [4,13,14] to describe the nonlinear behavior of 

steel in order to indicate the differences and advantages of the present formulation. 



- 11 -

Equation 3.4 has several disadvantages compared to Eqn. 3.2. First of all, it has to be 

solved by an iterative procedure if strains are the independent variables. This disadvantage is 

particularly felt when the local stress-strain relationship is used, as in the present case, in the 

context of an iterative procedure where, at each iteration, given a tentative value of the strain, 

the corresponding value of the stress has to be determined. Since the computations need to be 

repeated a large number of times, use of explicit expressions as Eqn. 3.2 may be crucial to 

reduce computational costs. Furthermore, it is disadvantageous for the exponentn in Eqn. 3.4 

to control both the mode of transition into the plastic range and the hardening beyond the yield 

point, while in Eqn. 3.2 these two characteristics are controlled by two independent parameters, 

Rand b. Finally, unlike Eqn. 3.2, Eqn. 3.4 does not have a final asymptote (see also Ref. 

[16]). Despite these difficulties, models based on Eqn. 3.4 have been used successfully, but at 

the expense of programming complications and computational cost. 

As already indicated, Eqn. 3.2 has to be complemented by a set of rules for unloading and 

reloading to allow for a generalized loading history. The direct extension of Masing's rule to 

this case cannot be easily implemented in a computer program because it implies the memoriza­

tion of all curves followed after any particular branching point, up to returning to the main loop 

from which that branching originated. The reason for this is that every reversal point, together 

with the previous one, defines a loop which can be completed or only partially followed before a 

new reversal occurs. In the second case, a number of internal subloops can possibly originate. 

However, only when the main loop has been completed can the internal loops be forgotten. 

This is illustrated by Fig. 3.2, where the loading history is described by the progression of 

points of load reversal. When point 6 is reached, the history of loading should have been kept 

track of for all the points of load reversal from 1 to 5. However, if, starting from 6, the strain 

is increased monotonically beyond point 3, all the internal subloops defined by load reversals 

between points 3 to 6 can be forgotten. 

This example shows that the number of quantities to be remembered cannot be limited a 

priori but is dependent on the strain history. This is clearly impractical. The way out is to 
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adopt some simplified rules, and the common basis of the different variations proposed is the 

memorization of only a limited number of branches and the acceptance, should it be the case, 

of some deviation from the "correct" pattern described above. For example, in [14] up to 13 

different branches are memorized. In [10], and now here, in order to avoid unnecessary com­

plications, a drastic simplification is used based on the memorization of the parameters defining 

the following 4 curves (Figs. 3.2 and 3.3): 

(a) skeleton curve or monotonic envelope; 

(b) upper curve, which is the ascending branch originating at the reversal point with the 

lowest E value; 

(c) lower curve, which is the descending branch originating at the reversal point with the 

highest E value; and, 

(d) current curve, which originates at the most recent load reversal point. 

When moving along an ascending branch, in a reloading stage, the current curve (d) is 

followed up to the point where it intersects curve (b) (point 3 in Fig. 3.2). Thereafter, one fol­

lows curve (b) up to the point where the skeleton curve (a) is met (point 1 in Fig. 3.2) and, 

subsequently, curve (a) is followed. Likewise, when moving along a descending branch, during 

an unloading stage, the path along the current curve is limited from below by curves (c) and 

(a). 

In Fig. 3.3, for a strain history the same as the one in Fig. 3.2, the path followed using 

these simplified rules is compared with the "correct" one, which is shown by a dashed line. In 

this case, the differences are rather small. 

The situation is less favorable and the error bigger in the case of Fig. 3.4. On the other 

hand, if the cycle is rather regular, as in Fig. 3.5a, there is no error involved. 

Notice also that the rules used here are very similar to the ones proposed in [13] in con­

nection with a conventional Ramberg-Osgood expression (Eqn. 3.4). 

Some final comments need to be made. Some of the previously used models (for exam-
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pIe, the one used in [4]), though basically based on Eqn. 3.4, include a much more accurate 

representation of the first loading (or monotonic) curve. A similar generalization is also possi­

ble for a model based on Eqn. 3.2. As a matter of fact, this is exactly what has been recently 

implemented in [17], where the starting expression for describing the steel law is again Eqn. 

3.2. Of course, the complexity of the model increases. 

Here the above refinements have been considered unnecessary because the interest is 

focused on the correct reproduction of the overall cyclic response rather than on a very close 

matching of the first loading path. The nonlinear model presented here has to be considered as 

a compromise between simplicity and accuracy. 

3.3 COMPARISON WITH EXPERIMENTAL RESULTS 

The model described in Section 3.2 has been used to compare with some test results 

presented in [5]. With the following choice of parameters of the model: 

E '= 2.04 X 105 N/mm 2 

Ro = 20 

a1 18.5 

a2 0.00015 

b = 0.017 

the comparison appears to be fairly satisfactory (Figs. 3.5a and 3.5b). 

3.4 BILINEAR MODEL 

As indicated in the introduction, the option of a simple bilinear model (Fig. 3.6) to 

describe the cyclic behavior of the steel has been implemented in the computer program. This 

option has allowed the verification that even if the simplest nonlinear model based on Eqn. 3.2 

is used, significantly more expensive computations than the corresponding bilinear model 

result. The reasons for this are attributed to the fact that the computation of the steel stress 

using Eqn. 3.2 is more costly than using the bilinear model because it involves checks that have 

to be made comparing different branches, for each of which the double exponentiation con­

tained in Eqn. 3.2 has to be computed. In addition, the iterative scheme used for solving the 



- 14 -

differential equation of bond needs more iterations per step to converge when the local consti­

tutive laws are curvilinear instead of piecewise linear. As a consequence, the overall cost of 

computation is more than doubled when the nonlinear steel model is used. 

As will be discussed in Section 6.2.1, it has been found that in many cases the overall 

behavior of the anchored bar model, especially the progression of bond damage, which is one 

of the most important characteristics of such behavior, is not much influenced by the Bausch­

inger effect in the steel (which is not present in the bilinear model) but depends primarily on 

the values of the yield point and the slope of the strain hardening branch. A parametric inves­

tigation can be conducted more economically when using the bilinear model. The more accu­

rate nonlinear model can be used just to check the reliability of the results obtained using the 

bilinear model. 
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IV. ANALYTICAL MODEL FOR AN ANCHORED BAR 

4.1 GENERAL 

The actual behavior of a bar of finite length embedded in a concrete block can be studied 

using an idealized one-dimensional mathematical model. The resulting governing ordinary non-

linear differential equation may be written as: 

dN(x) _ q(x) = 0 
dx 

(4.1) 

where q = 7T db ,,(x) and N = A (T (x), with db = diameter of the bar and A = area of the bar 

cross section. This relation expresses equilibrium of an infinitesimal portion of the bar and 

connects the axial force in the bar, N, to the resultant per unit length of the bond stresses on 

the perimeter of the bar, q (see Fig. 4.1). It has to be coupled with the constitutive laws for 

steel and bond, which can be expressed as: 

(4.2) 

and 

'T = T(s(x)) (4.3) 

where s(x) is the slip along the bar. Note that here the influence of concrete deformation on 

slip has been considered negligible, as commonly assumed; and, as a consequence, the strain in 

ds 
the steel, E, has been set equal to dx' 

Boundary values are specified at the two end points of the bar. Three different cases, in 

particular, have been considered (Fig. 4.2). 

(1) The displacements (slip) at the two ends are assigned (this is the case, for example, of a 

pull-push test with displacement control at both ends). 

(2) The displacement is assigned at one end only, together with no axial force at the other 

end (this is the case of a pull test with displacement control at the pulled end). 
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(3) While at one end the displacement is assigned, at the other end the magnitude of the 

force is constrained to be equal to the one at the first end (this corresponds to a pull-push 

test arrangement where the displacement is controlled at one end only, but the pull and 

push forces are constrained to have the same magnitude). 

Different numerical techniques can be used in principle to solve the nonlinear two-point 

boundary value problem defined by Eqns. 4.1 to 4.3, together with the appropriate boundary 

conditions. These techniques include finite differences, finite elements, and "shooting tech­

niques". A finite element approach has been tried, for example, with some success, in [5], 

using constant stress elements for steel and concentrated bond forces (nonlinear springs) at the 

nodes. 

In the present study, a shooting technique has been adopted. It consists of transforming 

the boundary value problem into an initial value problem in which the unknown boundary con­

dition at one end is guessed in order to produce, after integration along the length, the values 

of the normal force and displacement at the other end. The computed boundary condition at 

the far end has to match the specified one, and this provides a nonlinear equation for the unk­

nown boundary condition at the first end; an iterative solution of this equation finally yields the 

solution of the original problem. 

The overall solution process is advanced in an incremental way, where the variations of 

the assigned boundary conditions, which altogether define the generalized loading, are given in 

small increments. The procedure is more efficient than the one used in [5] and overcomes the 

difficulties encountered in that approach. 

A more detailed discussion and illustration of the following aspects is presented below: 

-the method used to integrate the initial value problem; 

-the method of solution for the resulting nonlinear equations; 

-the procedure used to estimate a good set of values for the unknown initial condition; 
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-an alternative iterative scheme which can also be used in connection with the shooting 

technique; 

-the implementation of the described procedures in a computer program. 

4.2 INITIAL VALUE PROBLEM 

Consider the nonlinear initial value problem recast into the following equations (Fig. 4.1). 

dN(x) - q(x) 
dx 

= 0 (4.1) 

N(x) = N(e(x» = N[ dst) j (4.4) 

q (x) = 1T" db . T (X), with T(X) = T (s(x» (4.5) 

defined on the interval [O,L] of the real axis x (Fig. 4.3), with the initial conditions: 

E(O) = [dsj = El 
dx x=o 

(4.6) 

s(x=O) = Sl (4.7) 

In order to solve this problem numerically, the interval [O,L1 is first divided at the posi-

tions (or stations) x;, 0=1,2, ... ,n; Xl = 0, xn = L; ax; = X;+I - x), by n points into n-1 

subintervals, Fig. 4.3. 

Once the values N;, q;, E; and S; of the functions N(x), q(x), E(X), and s(x) at station i 

are known, the solution is advanced to the next station i + 1 using the following relations: 

E;+EHI 
SHI = S; + 2 ax; (4.8) 

N ( ) N q; + qHI (s;+l) a = 0 
HI E;+l - ; - 2 x; (4.9) 

which express an approximate integration of Eqn. 4.1 on the subinterval [x;, xHIl. Equation 

4.8 would be the exact integration for a linear variation of strains over the jth subinterval and 

Eqn. 4.9 provides an equilibrium check. When Eqn. 4.8 is substituted in Eqn. 4.9, the latter 

becomes a nonlinear equation in the only unknown E ;+b whose solution requires repeated 

evaluation of the functions N(E), q(s) at point i+1. In fact, what is typically done at each 

iteration is to: 
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-use current guess for E HI to compute SHI 

-evaluate N(Ei+1), q(Si+1) 

-use Eqn. 4.9 to check equilibrium 

-repeat with a new value for E HI if the check is not satisfied. 

Once E i+1 has been determined, and Si+}, N H }, and qi+1 are available, the procedure can be 

applied to the next subinterval and up to the end point n. 

The type of integration scheme used here is implicit and has the disadvantage of requiring 

at each step (interval) the solution of a nonlinear equation. Howeve"r, the advantage is that it 

allows the use of larger steps while maintaining good accuracy and leading to a good solution of 

the overall problem. 

4.3 METHOD OF SOLUTION FOR NONLINEAR EQUATIONS 

The problem which has to be solved, according to the formulation given in Sections 4.1 

and 4.2, requires solution of nonlinear equations at two levels, which are nested into one 

another. The implementation of the shooting technique, discussed briefly in Section 4.1, 

implies the solution of a nonlinear equation with an unknown initial condition. For example, in 

the case in which the displacements are specified at both ends, this equation takes the form: 

(4.10) 

where EI is the unknown steel strain at point 1, Sn (EI) the value of the displacement at the end 

point n, computed as a solution of the initial value problem explained in Section 4.2, and sn is 

the assigned boundary condition at n. 

Each evaluation of the left-hand side of Eqn. 4.10 implies, in turn, solution of n-1 non­

linear equations in one unknown, due to the choice of an implicit scheme for the integration of 

the initial value problem (see Section 4.2). 

A careful choice of the iteration scheme to be used for the solution of a single nonlinear 

equation is, for the above reasons, mandatory. 
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The secant method appears very attractive. In fact, it has a satisfactory rate of conver-

gence (being not much slower than Newton-Raphson's method) and does not require direct 

evaluation of derivatives. This approach requires two initial approximations, but only one func-

tion evaluation is made per step. Given the nonlinear equation j(x) = 0 (e.g. Eqn. 4.10) and 

two initial approximations xo, xl, a sequence x2, x3, ... , xn of approximations is computed 

recursively from the expression (Fig. 4.4): 

xn _ x n- l 
xn+l = xn - j(xn) ---=..:.-....:..:...---;-­

j(xn) - j(xn- l) 
(4.11) 

The geometrical interpretation of Eqn. 4.11 is that xn+l is determined as the abscissa of the 

point of intersection between the secant through the points (xn- l, j(xn- l)) and (xn, j(xn» 

and the x axis. The procedure is stopped when a value x is found such that j(x) is zero or 

less than a prescribed numerical value (tolerance). 

A disadvantage of the secant method is that it does not always converge, depending on 

the initial values Xo and xl and on the shape of the function j(x) near zero. An example is 

shown in Fig. 4.Sa. The function j(x) consists of three branches. While the slopes of the 

branches (1) and (3) are almost identical, the slope of branch (2), which crosses the x-axis, is 

much steeper than either of the other branches. Therefore, applying the secant method results 

in points (xn+l, j(xn+l), which lie either on branch (1) or branch (3) of the curve (i.e., the 

procedure is nonconvergent). 

Numerical examples in the early stages of the research showed that in some critical cases 

the shape of the function j(x) was similar to the one shown in Fig. 4.Sa, and the iteration pro-

cedure based on the secant method did not converge. Therefore, an iteration procedure known 

in the literature as the Illinois Algorithm was adopted. The iteration method is described in 

detail in [18]. It demonstrates consistently good convergence properties near the root. The 

principle of the Illinois Algorithm is as follows (Fig. 4.Sb). 

If the function values of two successive iteration steps (xn-I, xn) are of different sign 

(j(x n- l) . j(xn) < 0), then the value xn+l is computed from Eqn. 4.11. For example, sup-
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pose that in Fig. 4.Sb the value .x3 was arrived at in this manner. If, on the other hand, those 

functions the first time are of the same sign (j(x n- I) . f(x n) > 0), then the value of xn+l is 

taken as the root of the straight line through the points (xn, f(x n)) and the point 

(xn-2, (XI f(x n- 2), where (XI (0 < (XI < 1) is a parameter. Usually (XI = 0.5 is adopted. This 

modified step ensures that the function values f(x n) and f(x n- 2) are of different sign. In Fig. 

4.5b, the modified step was used to compute the value x4. If, after this modified step, the 

function values f(x n) and f(xn+l) are of different sign, then the next step is the usual secant 

step (Eqn. 4.11). Otherwise, the line through the points (xn+I, f(x n+I)) and 

(xn-2, (X k • f(x n- 2)) is used for the next step, where (X k is taken consecutively as (X I~ 

k = 2, 3, ... , until there is a change of sign in the function f(x). As before, usually one can 

take (X I = 0.5. 

In the example plotted in Fig. 4.5, the secant method does not converge (Fig. 4.5a), while 

the Illinois Algorithm converges rapidly (Fig. 4.Sb). 

4.4 PROCEDURE FOR ESTABLISHING FIRST ESTIMATES 

The problem of finding a solution of a nonlinear equation is facilitated if a good initial 

estimate or guess is available for it. In the following the procedure used to establish good first 

estimates for the solution of the nonlinear equations discussed in Section 4.3 is presented. First 

of all, because the overall solution process is advanced in increments, all the equations 

presented so far in this chapter have to be interpreted as equations involving incremental quan-

tities. In particular, Eqns. 4.8 and 4.9 can explicitly be rewritten in these terms and, after 

defining the local secant stiffnesses for steel (k) and bond stress-slip (,) as: 

k j 

they become: 

l1e j + l1e j+l 
I1sj+l = I1sj + 2 I1Xj (4.12) 

'j+ll1Sj+l + 'jl1sj 
k j+ll1ej+l-kj l1ej- 2 I1Xj o (4.13) 
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Substituting Eqn. 4.12 in Eqn. 4.13, solving with respect to as;+h and substituting back into 

Eqn. 4.12, one obtains: 

[ 
(r.+"+1)ax.2j ax· [ 4kl'X'I'+l aXI.

2 j A 1 + I I I 2 as; + __ I 1 + 2 l.lE ; 
4k;+l-'HlaX; 2 4k;+l-';+lax; 

(4.14) 

a;as; + f3;aE; (4.14a) 

2(,;+ ';+1) ax; A • + 4k;+ ';+1 +ax? 
--'--'-'-'-----'=-2 l.l SI 2 aE; 
4kHl - ';+1 ax; 4k;+l- ';+1 ax; 

(4.15) 

aE;+l "I;as; + 8;aE; (4.15a) 

These two equations express in a direct form the increments of displacement a s and of strain 

aE, at station i + 1, as a linear combination of the corresponding values at previous station i, 

through coefficients which depend on the local secant stiffnesses k and , of the steel and of the 

bond stress-slip relationships at i and i + 1. But since similar relationships hold for all the previ-

ous subintervals, it is possible to express a S;+l and aE HI also as a linear combination of the ini-

tial values aSh aEl' That is, 

(4.16) 

If the coefficients a' ;-h f3' ;-I> "I' ;-h and 8' ;-1 have been determined, by analogy to Eq. 

4.16, 

as; = a' ;-lasl + f3' ;-laEl 

aE; = "I';-laSl + 8';-laEl 

whereas, according to Eqns. 4.14 and 4.15, one also has: 

aSHl = a;as; + f3;aE; 

aE;+l = "I;as; + 8;aE; 

(4.17) 

(4.17a) 

Substituting Eqn. 4.17 into 4.17a and comparing with Eqn. 4.16, the required expressions 

become: 

, 
a;a';-l + f3;"I';-1 a ; 

f3' ; a;f3';-l + f3;8';-1 (4.18) 
, 

"I;a';-l + 8;"1';-1 "I ; 

8' . I "I;f3';-1 + 8;8';-1 
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which provide the recurrence formulas for constructing the coefficients in Eqn. 4.16. As a par-

ticular case for the end point n: 

(4.19) 

So, for example, if the boundary value case is the one which leads to the nonlinear equation 

4.10, this can now be written in terms of incremental quantities as: 

(4.20) 

and, using the first of Eqns. 4.19, 

o (4.20a) 

or, after a simple manipulation, 

(4.20b) 

Appropriate relationships, analogous to Eqns. 4.20, 4.20a, and 4.20b, can be easily written for 

the other two cases of boundary conditions considered in Section 4.1. 

Equation 4.20a is, of course, nonlinear in the unknown AE}, the nonlinearity being hidden 

in the coefficients ex' n-h {3' n-h which depend on the distribution of secant stiffnesses of the 

steel and of the bond stress-slip relationships and, therefore, on the distributions of AE and As 

along the bar. However, Eqn. 4.20a has a form which makes it very suitable for yielding good 

starting values for the solution of Eqn. 4.20. In fact, using for the computation of ex' n-h {3' n-h 

the distribution of secant stiffnesses corresponding to those in the previously converged step, a 

very good starting value is usually obtained for AE 1 from Eqn. 4.20b. On the same basis, dur-

ing the stage of the integration procedure considered in Section 4.2, repeated use of Eqn. 4.16 

provides good starting values for the solution of Eqn. 4.9. 

One starting value is now available for the solution of each of the nonlinear equations 

involved. The second value, which is needed for the iterative scheme described in Section 4.3, 

is very simply obtained by multiplying the first value by a number very close to unity. 
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4.5 AN ALTERNATIVE ITERATIVE SCHEME 

So far, Eqn. 4.20b has been considered only for obtaining initial estimates for the solution 

of Eqn. 4.20, or, which is equivalent, of Eqn. 4.10, in the context of a rather complicated pro­

cedure described in the previous sections. But Eqn. 4.20 (or an equivalent one, corresponding 

to a different case of boundary conditions) can also be used directly in an alternative iterative 

scheme, which is much simpler, in principle, for the solution of the global problem formulated 

in Eqn. 4.1. In fact, Eqn. 4.20b can be regarded as a nonlinear equation of the form: 

x = j(x), 

which very naturally suggests the solution scheme known as "simple iteration," which employs 

the recurrence formula: 

(4.21) 

According to this scheme, a first value of dE I can be computed as in the previous section from 

Eqn. 4.20b on the basis of the distribution of secant stiffnesses used in the previously com­

pleted step. Using this first value of dEl> ds and dE are determined at each station from Eqn. 

4.16. The corresponding increments dNi and dqi are computed using the pertinent constitutive 

relationships, and new values of the secant stiffnesses k i and 'i along the bar length are calcu­

lated. With the new stiffness distribution, a new dE I is computed from Eqn. 4.20b and the pro­

cedure is continued until two consecutive values of dEl conform to a prescribed tolerance. 

This approach, which is very attractive from the point of view of simplicity of formulation 

and implementation, was used during the first stages of this study. It works correctly, but it is 

less efficient than the more complicated scheme used thereafter and described in the first part 

of this chapter. The main reasons for the inferior behavior of this alternative iterative scheme 

(Eqn. 4.21) are the slower convergence rate near a root and the possibility of nonconvergence 

in some critical steps, which can be avoided only using very small steps in the incremental pro­

cedure. 
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4.6 COMPUTER PROGRAM 

The numerical procedure described in Sections 4.1 to 4.4 has been implemented in a com­

puter program named BOND, which presently runs on a VAX 11170 computer. The program 

has been structured in such a way that the material laws for ssteel and of bond stress-slip rela­

tionships can be easily modified without interfering with the algorithmic or the input-output 

structure. The material description is, in fact, implemented in three subroutines whose tasks 

are, respectively: 

(0 Read the proper information which characterizes the constitutive relationships (for bond 

or steel) and set the necessary initializations. 

(2) For a given pair of arguments, which are, respectively, the increment of displacement 

(slip) for the bond law or of strain for the steel law and an integer number, which refers 

to the point where the local constitutive relation is being considered, return the value of 

the corresponding resultant of the tangential bond force, q, or the normal force in the 

steel bar, N. 

(3) Update the proper quantities defining the constitutive laws after convergence has been 

achieved and a step completed. 

The exchange of information among the three subroutines is realized only through 

labelled common blocks. The exchange of information between the material subroutines and 

the rest of the program is also realized through labelled common blocks, with the exceptions of 

the second subroutine, which also has two arguments, as referred to above. 

Details like names of the subroutines, names of the labelled common blocks, and names 

and meanings of the variables present in the common blocks are given in Appendix A. These 

details should enable a user to modify, or rewrite from scratch, the subroutines describing bond 

and/or steel. Presently, the models described in Chapters 2 and 3 are implemented. Appendix 

A also contains detailed information about the input and an example data file for the present 

version. 
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Another important feature of the program is its capability of producing outputs in graphic 

form. Two kinds of graphic outputs are possible: hysteretic loops and distributions along the 

bar length of steel strain, bar force, bond force, and slip. The graphic capability is con-

sidered essential to make the program an effective tool of investigation. This graphic capability 

has been extensively utilized throughout the present study. 
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V. COMPARISON OF ANALYTICAL PREDICTIONS OF THE RESPONSE 

OF ANCHORED BEAM BARS WITH TEST RESULTS 

The force-slip relatidnships for the pulled bar end, obtained using the analytical models 

for bond and steel and the analytical procedure described in the previous chapters, are com­

pared in Figs. 5.1 to 5.3 with experimental results obtained in some of the Berkeley tests [5]. 

The following specimens were chosen for comparison because the necessary test data are given 

in the report. 

Test Number 3: Monotonic pull only 

Test Number 13: Monotonic pull-push 

Test Number 14: Cyclic pull-push 

In all tests, #8 (db:::::: 25 mm) deformed bars were used. The anchorage length was Id = 25 db. 

The concrete had a compression strength of f; :::::: 30 NI mm2 (:::::: 4300 psi). The characteristic 

values for the local bond stress-slip relationships of the different zones along the anchorage 

length (unconfined concrete in tension, confined concrete, unconfined concrete in compression) 

were taken from [7]. The assumed numerical values describing the local bond model and the 

steel model are given in Table 5.1. 

As can be seen, experimental and analytical results agree qualitatively well. However, the 

quantitative agreement is not very good. The calculated maximum loads are about 15% larger 

(Test 3) or 15% smaller (Tests 13 and 14) , respectively, than the experimental values. This 

might be due to inevitable scatter of bond tests. According to Ref. [7], the local bond stress 

for given slip values may deviate up to 15% from the average value, even under ideal test con­

ditions. Therefore, the behavior of the above mentioned specimens was calculated again, but 

this time the characteristic bond stresses were changed by 10% compared to the average values 

given in Table 5.1. The main results are plotted in Figs. 5.4 to 5.9. 

Figures 5.4 to 5.6 show the normal force-slip relationships for the pulled bar end. In Figs. 

5.4, 5.5, and 5.6b,c analytical and experimental results are plotted. (Figure 5.6a shows only the 
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analytically obtained force-slip relationship, which must be compared with the experimental one 

plotted in Fig. 5.3a,} With a 10% change, the agreement between analytical and experimental 

results is much better than in Figs. 5.1 to 5.3 and seems to be acceptable. However, the slope 

of the reloading branch of the normal force-slip relationship for cycles between relatively large 

slip values is considerably steeper than observed in the experiments (see Fig. 5.6c). This is 

caused by the assumed local bond stress slip relationship, which simplifies the real behavior for 

slip values close to the peak values of slip during cycling (see Chapter 2). 

In Figs. 5.7 to 5.9 the distribution of steel strain, normal force, .slip and bond force along 

the anchorage length are plotted for each of the above mentioned specimens for characteristic 

points of the pertinent load histories (see Figs. 5.4 - 5.6). From an analysis of the comparison 

between experimental and analytical results offered in the figures, the following observations 

can be made. 

The analytically obtained response agrees qualitatively well and quantitatively reasonably 

well with the behavior observed in the experiments. However, the agreement is not as close as 

for the normal force-slip relationship for the pulled bar end. Reasons for this are given below. 

After yielding of the bar, because of the small slope of the strain hardening branch of the 

stress-strain relationship, a small difference between calculated and measured resistance of the 

anchored bar results in a relatively large difference between calculated and measured steel strain 

at the loaded bar end. For example, a difference between measured and calculated resistance as 

small as 10% may result in a difference between calculated and measured maximum steel strain 

of about 20 mm/m. In the light of this reasoning, the differences between computed and 

measured maximum steel strains seem to be acceptable. 

At the pulled bar end, a concrete cone is fractured by bond forces spreading from the bar 

lugs into the concrete. This results in a loss of bond and an almost constant steel strain along 

the corresponding part of the bar. The length of the cone, which depends on many parameters 

(e.g. spacing of ties, column bars and concrete cover), shows a considerable scatter [5], 
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In the calculations, the bond over a definite length (5 db) was assumed to be affected by 

the fracture of a concrete cone; the influence of the load intensity on the length of this cone 

was neglected. A comparison between analytical and experimental results shows that the 

assumed length is acceptable for loads not too much above yield but may be too short for high 

loads or large values of peak slip. 

Therefore, in the latter case, the length of penetration of yield into the joint used in cal­

culations is smaller than the length found in the experiments (Fig. 5.7, Point (2». 

To achieve an even better agreement between analytically and experimentally obtained 

distributions of steel strain, bond forces, and slip, additional calculations were carried out in 

which the bond behavior in the outer zones of the anchorage length were varied over a large 

range. In this way close agreement between analytical and experimental response could be 

obtained for a certain test specimen. However, the same assumptions did not necessarily give a 

much better agreement than described above when applied to another specimen. This shows 

the random behavior of bond. 

In spite of the observed differences, it is considered that the obtained accuracy of repro­

duction of experimental results seems to be sufficient for practical applications. This is so 

because one has to bear in mind that the inelastic response of anchored main bars depends on 

the behavior of the mechanical characteristics of steel, namely yield strength and strain harden­

ing, which will scatter considerably in practice. Therefore, it would be illogical to require better 

accuracy in bond than that offered by these characteristics. However, it is desirable to check 

whether or not the results of tests by other investigators described in literature can also be 

reproduced with sufficient accuracy. This work was not carried out as a part of this study. If 

for some reason a much better agreement between the analytical and experimental response of 

anchored main beam bars is desired, the following improvements of the proposed analytical 

models are necessary. 
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(a) Improvement of the strain hardening branch of the analytical steel model. At present, the 

slope of this branch is assumed to be constant; in reality the slope varies considerably. 

(b) Improvement of the local bond model for the reloading branch at large values of peak 

slip. At present, a relatively sudden increase of the bond resistance is assumed when 

approaching the peak slip. In reality, the increase is gradual. 

(c) Improvement of the local bond model, valid for the outer zones of the' anchorage length 

(unconfined concrete in tension and compression). The behavior of bond in these zones 

is yet almost unknown [7]. Therefore, the "improvements" are highly speculative and 

their accuracy must be proved by a good agreement between analytical and experimental 

response of a large number of tests. 
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VI. NUMERICAL STUDIES 

6.1 General 

In the following section the influence of some important parameters on the behavior of 

anchored beam bars will be discussed. However, first certain results that are difficult to inter­

pret will be commented upon. 

Figure 6.1 shows the calculated response of a reinforcing bar (db = 25 mm = # 8) embed­

ded in well confined concrete U; = 50 N/ mm2= 7200 psi) having a short anchorage length Id 

= 5 db' It is loaded at one end only and subjected to reversed slip with increasing amplitude 

(Fig. 6.1a). The local bond law is assumed, for reasons of simplicity, to be the same for all 

points along the bar. The yield stress i y of the bar was assumed to be 300 N/ mm2 (43 ksi). 

The shape of the analytically obtained normal force-slip relationship of point 1 of the 

anchored bar (Fig. 6.1 b) agrees qualitatively well with test results [5]. Also, the distribution of 

steel strain, slip, normal force, and bond force along the anchorage length at the values of peak 

slip of the first cycle (Figs. 6.1e,f) agree well with expectations. However, the distribution of 

slip along the anchorage length in the second cycle appear to be wrong, because the unloaded 

end is pulled out more than the loaded end (see lower left graph of Figs. 6.1g and 6.1h). 

Furthermore, the distribution of steel strains seems to be wrong as well (see upper left graphs 

in Figs. 6.1g and 6.1h). Notwithstanding the above, the calculated response of the anchored 

bar is correct and can be explained as follows. 

During cycling the whole bar is slipping. The slip of the unloaded bar end can be con­

sidered as the movement of a rigid body. The deformation 8 of the bar caused by the normal 

force is the difference between the slip at a certain point of the bar and the slip of the free bar 

end. The distribution of 8 along the anchorage length is plotted in Fig. 6.2 for several load 

stages. 

In the first cycle (path OAB, Fig. 6.1 b), the bar yields in tension and compression (Fig. 

6.1d). After unloading (path BBI), permanent steel strains remain (Fig. 6.1d). This results in 
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permanent bar deformations, ~, along the embedment length (Fig. 6.2, load point BI). The 

steel strains and bar deformations are not changed much when a small normal force is built up 

at B2 (Fig. 6.1b) due to frictional bond resistance. Between B2 and B3 the bar is pushed back 

as a rigid body with frozen strains and stresses (Fig. 6.1b). At B3 the normal force starts to 

increase again (Fig. 6.1 b) because an increasing bond resistance is built up starting from the bar 

end. However, because the bond is severely damaged by the previous cycle (path OAB in Fig. 

6.1c), the resistance of the anchored bar is much smaller than in the first cycle (path B3CD, 

Fig. 6.1 b), and the strain along the part of the bar that had previously yielded in compression 

remains negative (Fig. 6.1d). Therefore, the bar deformations, ~, seem to show a wrong distri­

bution along the anchorage length (Fig. 6.2, load point C). However, compared to the 

unloaded state BI> positive deformations occur along the entire length of the anchored bar with 

a normal distribution (see Fig. 6.2, line (~c - ~ B
1
», but they are not large enough to overcome 

the permanent negative deformations. 

Summarizing, a strange looking but analytically correct distribution of steel strain and slip 

along the anchorage length can occur when the bar is yielded in a cycle and the bond resistance 

in the subsequent half cycle is too small to build up a sufficiently large normal force to over­

come the permanent deformations. Several numerical examples show that those distributions 

can also occur at a point away from the loaded bar end. 

In some of the tests presented in [51, a distribution of steel strains and slip along the 

anchorage length measured at certain load points was similar to the one described above. 

6.2 INFLUENCE OF DIFFERENT PARAMETERS ON RESPONSE OF ANCHORED 

BEAM BARS 

6.2.1 MODEL FOR STRESS-STRAIN RELATIONSHIP OF REINFORCING STEEL 

As described in Chapter 3, a nonlinear model and a bilinear model for the stress-strain 

relationship of reinforcing steel (see Fig. 3.6) are provided as options in the computer program. 

While the bilinear model is much simpler, the nonlinear model reproduces the real behavior of 
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reinforcing steel during cyclic loading more accurately. 

Figure 6.3 shows the influence of the steel model on the calculated response of a reinforc­

ing bar (db = 25 mm) embedded in well confined concrete U; = 30 N/ mm2) having an 

anchorage length of Id = 15 db' It is loaded at one end only and subjected to reversed slip with 

increasing amplitude (Fig. 6.3a). The local bond law was assumed, for reasons of simplicity, to 

be the same for all points along the anchorage length. In one run the bilinear steel model and 

in the other the nonlinear steel model was used. The parameters describing the steel models 

are given in the lower right graph of Fig. 6.1a. All other parameters were kept constant. 

As can be seen from Fig. 6.3b, the overall response (normal force-slip relationship for 

point 1) is not much influenced by the different steel models. A relatively small difference 

exists only for the reloading branches. This behavior can be clarified with the aid of Fig. 6.3c. 

In this figure, the normal force-strain relationship of point 1 (loaded bar end) is plotted. It can 

be seen that only the reloading branches of the normal force-strain relationship, obtained with 

the bilinear and nonlinear models, differ from each other, while the strains at maximum load 

are almost identical. 

Additional numerical studies were carried out, varying the following parameters. 

-anchorage length: ld = 5 db to 25 db; 

-loading: at one bar end only as well as at both ends (pull-push loading with forces of the 

same magnitude); 

-steel strain at peak values of slip (e:::.::: 10 mm/ m to 60 mm/ m); 

-bond behavior along the embedment length: same local bond laws for all points as well 

as different local bond laws in the outer parts of the anchorage length. 

From the results of these calculations, it can be concluded: 

(1) The influence of the steel model (bilinear or nonlinear with asymptotic constant slope for 

the strain hardening branch) on the response of an anchored bar is relatively small. 

Differences exist only between the reloading parts of the normal force-slip relationship. 
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(2) The necessary computer time is about 2 to 3 times longer when using the nonlinear model 

than for the bilinear model. 

(3) The analytically dissipated energy is slightly smaller for the nonlinear model than for the 

bilinear model. 

(4) Normally the bilinear model should be used. Only if an accurate appraisal of the amount 

of energy dissipated by the anchored bar is of main interest, use of the bilinear model and 

the larger computation time can be justified. 

6.2.2 SEVERITY OF HYSTERETIC REQUIREMENTS 

The steel strains imposed by earthquakes on a main beam bar just outside a joint may be 

as small as the strain at yield if the seismic input is small or plastic hinges occur away from the 

joint, or they may reach under extreme circumstances up to 100 mml m in a major earthquake. 

In the studies reported herein, a maximum strain of 40 mml m was considered. The response 

of anchored beam bars will greatly depend on the hysteretic requirements. Therefore, their 

influence was investigated using the following model, which represents a beam bar anchored in 

an interior joint. 

bar diameter: 

anchorage length: 

loading: 

local bond laws: 

steel law: 

db = 25 mm (#8 bar) 

25 db 

push-pull loading with forces of equal magnitude 

'see Table 5.1, valid for f~ = 30 NI mm2 (:::::: 4300 psi) 

bilinear steel model with 

fy 450 NI mm2 (:::::: 65 ksi) 

Eo 2.05 . 105 NI mm2 (:::::: 29700 ksi) 

b = Ell Eo = 0.017 

The following hysteretic requirements were chosen: 
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No. of Add'l No. 
Run Peak Steel E New Peak E 

Cycles of Cycles 

1 6 E = ±E y 

2 3 E = ±5 mm/m 3 E = ±10 mm/m 

3 3 E = ±10 mm/m -3 E = +=20 mm/m 

4 3 E = ±15 mm/m 3 E = ±30 mm/m 

5 3 E = ±20 mm/m 3 E = ±40 mm/m 

Since the computer program does not accept steel strains at the loaded bar ends as input, but 

only slip values, the latter were chosen in such a way that the steel strains given above were 

reached under monotonic loading. Bond is damaged by cyclic loading. Therefore, the peak 

steel strains reached after the first cycle may be smaller than the values aimed at. 

In Fig. 6.4a to Fig. 6.4e the normal force-slip relationship of the specified runs are plotted. 

For comparison, the response of the anchored bar under monotonic loading is also shown. As 

expected, stiffness and strength of the anchorage are- increasingly reduced with increasing hys­

teretic requirements. Furthermore, the ratio between the energy dissipated by the bar anchored 

in the joint and the energy that would be dissipated by a bar that is rigidly anchored (no slip) 

and subjected to the same strain histories decreases with increasing hysteretic requirements. 

Even cycling between slip values corresponding to peak steel strains E = ± E Y leads to a consid­

erable reduction of the maximum resistance and an increase in the deformability at maximum 

loads compared to monotonic loading (Fig. 6.4a). This is mainly caused by the reduction of 

bond resistance at the compressed bar end (see Fig. 6.4f) due to the formation of a small con­

crete cone during previous loading in tension. In the present example, cycling between slip 
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values corresponding to peak steel strain E = ± 10 mm/ m and E = ± 20 mm/ m leads to severe 

deterioration of bond so that the maximum resistance of the anchored bar at slip values larger 

than the peak values during previous cycles is only about 45 percent of the maximum resistance 

under monotonic loading (Fig. 6.4c). The maximum resistance of the anchored bar after 

cycling between slip values corresponding to steel strains E = ±20 mm/ m and E = ±40 mm/ m is 

even more reduced and amounts to only about 15 percent of the strength under monotonic 

loading (Fig. 6.4e). 

6.2.3 CHARACTERISTICS OF STEEL 

In this and the following sections, the model described in Section 6.2.2 was used, with the 

hysteretic requirements of Run 4 (Emax = ± 15 mm/ m and ±30 mm/ m see Section 6.2.2). The 

investigated parameter was varied as described in the following; all other values were kept con­

stant. 

6.2.3.1 YIELD STRESS 

Figure 6.5 shows the influence of yield stress on the response of anchored beam bars. 

The yield stress was varied between /y = 300 N/ mm2 (= 43 ksi) and 600 N/ mm2 (= 87 ksi) 

to cover the possible extreme values that can be found in practice. The behavior under mono­

tonic loading is summarized in Fig. 6.5a. For a slip S1 smaller than that to produce yielding of 

the bar with the highest yield strength (and even to slip values S1 ~ 4 mm), the anchorage force 

increases with increasing yield strength. The slip at which the maximum resistance is reached 

increases considerably with decreasing yield stress. However, the strength of the anchorage is 

almost independent of /y. Note that in the calculations steel strength and ultimate steel strain 

were not limited, so that all bars could reach the stress at peak anchorage resistance, which is 

about 630 N/ mm2. If in an actual test the steel strength is smaller than this value, the bar 

would rupture. 

The deterioration of the resistance of anchorages caused by cyclic loading well into the 

plastic region increases significantly with increasing yield stress. For the given conditions 
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(anchorage length ld = 25 db), the deterioration due to load cycles is small for bars with a yield 

stress fy = 300 N/ mm2 (Fig. 6.5b). The observed deterioration is mainly caused by the forma­

tion of a concrete cone at both ends of the anchored bar. On the contrary, when high strength 

bars are cycled after being strained monotonically up to E = 10mm/ m, the bond deterioration is 

very large (Fig. 6.5d). Note that the bar with fy = 600 N/ mm2 was cycled 6 times between slip 

values corresponding to steel strains E = ± 10 mm/ m, because these were the largest steel 

strains that could be reached under monotonic loading. In the other examples 

Uy = 300 and 450 N/ mm2) , 3 cycles between slip values corresponding to steel strains 

E = ± 15 mm/ m were performed followed by 3 cycles with steel strains E = ± 30 mm/ m. Note 

that the residual strength after cycling is slightly larger for the bar with fy = 600 N/ mm2 (Fig. 

6.5d) than for the bar with fy = 450 N/ mm2 (Fig. 6.5c) because of the lower hysteretic 

requirements (E = ± 10 mm/ m instead of E = ± 30 mm/ m) for the bar with the highest yield 

stress. 

It is important to note that anchored bars with a low yield stress show a superior behavior 

during cyclic loading well into the strain hardening region. This is due to the following causes. 

The load necessary to strain a bar to a given strain value E > E Y decreases with decreasing yield 

stress. That means that under otherwise constant conditions the slip corresponding to a certain 

strain will also decrease with decreasing fy- Because in the examples studied, cycling was per­

formed between constant slip values, the developed bond of bars with a low yield stress was 

smaller than the bond of high strength bars and thus the less bond damage occurred during 

cyclic excitations. It should be noted that in practice the lug pattern of high strength bars is 

usually superior to that of low strength bars to increase their bond behavior. This influence was 

neglected in the calculations. Furthermore, the slope of the strain hardening branch of rein­

forcing bars with a low yield stress is usually higher than for high strength bars. Therefore, in 

practice the influence of the yield stress on the response of anchored bars under cyclic loading 

well into the strain hardening region will be smaller than shown above. 

It should be checked by additional calculations whether the influence of the yield stress is 
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negligible if the anchorage length is proportional to f y , as usually specified in codes. 

6.2.3.2 SLOPE OF STRAIN HARDENING BRANCH 

Figure 6.6 shows the influence of the slope E1 of the strain hardening branch on the 

response of an anchored bar. The slope E1 was varied between 0.85% and 3.4% of the elastic 

slope Eo. The assumed values of E1 cover the complete range encountered in practice. 

Under monotonic loading, the strength of an anchorage is independent of the slope, EI> 

of the strain hardening branch. However, the slip at which the maximum bond resistance is 

reached increases with decreasing values for E1 (Fig. 6.6a). Cyclic loading well into the strain 

hardening region produces increasingly more deterioration of the anchorage resistance with 

increasing values for E1 (compare Fig. 6.6b with Fig. 6.6c). 

The influence of the slope of the strain hardening branch of the stress-strain relationship 

of reinforcing bars on the behavior of anchorages under monotonic and cyclic loading is similar 

to the influence of the yield stress; however, it is less pronounced. This behavior can be 

rationalized in an analogous manner. 

Summarizing, it can be stated that under otherwise constant conditions the lower the yield 

strength (strain) and/or the slope of the strain hardening branch of the stress-strain relationship 

of the reinforcing bars, the better the performance of anchorages subjected to cyclic loadings 

which induce strains well beyond yielding of the bars. 

6.2.4 ANCHORAGE LENGTH 

As expected, under monotonic loading, the strength of anchorages increases with increas­

ing embedment length (Fig. 6.7a). While for ld = 15 db the bar is pulled out before reaching 

yield, bars with ld = 25 db reach a peak strain value of E ::::: 40 mm/ m. The response of 

anchorages with lengths of ld = 35 db and 45 db is almost identical in the plotted slip range. 

The steel strain at a slip SI = 20 mm is Emax ::::: 70 mm/ m, which means that the bars would be 

close to fracture. 
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The analytical steel model does not limit the maximum steel stress but assumes infinite 

length of the strain hardening branch. The advantage of this assumption is that equilibrium is 

possible under any condition, and the program does not become unstable. However, because of 

this, rupture of a bar cannot be predicted by the program. 

The hysteretic loops of anchorages with ld = 25 db are significantly pinched (Fig. 6. 7b), 

which is caused by bond damage along the entire embedment length. This can be seen from 

Fig. 6.8a, which shows the distribution of slip along the anchorage length. The peak slip value 

at the tensioned bar end is S1 = 5 mm. According to [7], the concret.e keys between lugs begin 

to shear off at local slip values S1 ::::: 1 mm for the assumed concrete strength. While under 

monotonic loading the slip values along the inner part of the anchorage length are just below 

this critical value, the distribution of slip values after cyclic loading clearly indicates a shear 

failure in the concrete keys between lugs along the entire embedment length. On the contrary, 

anchorages with a length of 35 db show almost stable hysteretic loops (Fig. 6.7c), and the con­

crete keys along the inner part of the anchorage length between x ::::: 8 db and x ::::: 30 db are 

undamaged (Fig. 6.8b). An even superior performance shows anchorages with a length ld = 45 

db (Figs. 6.7 d and 6. 8c). 
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VII. PRACTICAL IMPLICATIONS OF RESULTS 

In this chapter the results discussed in Chapter 6 are evaluated regarding the practical 

implications of anchorage requirements of deformed reinforcing bars in well confined interior 

joints. First, the length required to anchor main beam bars of a certain diameter with a given 

deformation pattern is discussed. This length depends on: 

(1) The mechanical characteristics of concrete and steel (mainly concrete strength and yield 

stress and strain hardening characteristics of the reinforcing bars) as well as on the 

amount of confinement. 

(2) The loading conditions. The shortest anchorage length is appropriate for monotonic load­

ings, which can include sustained or repeated loadings in the service load range. The 

required anchorage length increases with increasing hysteretic requirements, i.e. with 

severity and number of deformation reversals. 

(3) Acceptable performance (slip). The performance criteria during cyclic excitations depend 

on the allowable degree of bond damage along the embedment length. 

The hysteretic requirements depend on the problem at hand. For example, they will be 

different for structures designed to resist impact loading than for structures designed to resist 

earthquakes of different magnitudes. These requirementss can be defined by specifying the 

time history of strain of a bar at the beginning of the anchorage length. 

In [19] the response (performance) of ductile moment-resisting reinforced concrete 

frames subjected to ground motions induced by recent major earthquakes was analyzed. 

According to this study, a large number of cycles with steel strains below, or not much above, 

yield strain are to be expected in a major earthquake. However, only a few cycles (up to 3) 

with very large strains (up to 20 to 40 mm/ m) are likely. Therefore, in the numerical examples 

discussed in Chapter 6 three cycles between slip values that have been determined from the 

monotonic loading envelope for a steel strain at the beginning of the anchorage E = ± 15 

mm/ m, followed by another three cycles between slip values corresponding to a maximum steel 

strain E = ± 30 mm/ m under monotonic loading, were performed. While the cycles between 
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slip values corresponding to E = ± 15 mm/ m should represent the influence of all cycles with 

relatively low peak steel strains, the cycles between slip values corresponding to E = ± 30 

mm/ m should model the largest requirements to be expected from response to earthquake 

ground motion. It is believed that the chosen requirements adequately and conservatively 

model the actual requirements for major earthquakes to be expected. 

The bond behavior is significantly influenced by concrete strength and is of random 

nature. Building codes (e.g. [20,21]) require that concrete be proportioned and produced in 

such a way that the frequency of strength tests below the specified value is minimized; usually 

the specified value is identical with the 5%-fractile of concrete strength. To take the random 

nature of bond into account, the required anchorage length could be evaluated using one of the 

two following assumptions. 

Assumption Bond Behavior Compressive Strength 

1 Fractile of test results Strength specified in code 

2 Average of test results Strength specified in code 

Assumption 1 seems to be too conservative, because there is only a very low probability 

for the simultaneous occurrence of a low concrete strength and a relatively bad bond behavior. 

Therefore, Assumption 2 was used in the numerical examples. The assumed local bond laws 

are only valid for well confined joints. The necessary amount of confinement is given in [7]. 

According to the results presented in Chapter 6, under otherwise constant conditions, the 

necessary anchorage length increases with increasing yield stress. The yield stress specified in 

building codes refers to the minimum or characteristic yield stress; the actual yield stress may 

be much larger. In seismic resistant design of ductile structures, an upper limit for the yield 

stress is specified as well. According to [21], the actual yield stress may not exceed the 

specified value by more than 15 percent. Assuming this ratio, the yield stress of Grade 40 or 
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60 bar may not exceed i y = 317 or 475 N/ mm2, respectively. The Uniform Building Code 

[22] requires that the actual yield stress of steel shall not exceed the specified value by more 

than 18,000psi (124 N/ mm2). Assuming this value, the yield stress of a Grade 40 or 60 bar 

may not exceed i y = 400 N/ mm2 or 538 N/ mm2, respectively. 

There is no consensus regarding the allowable degree of bond damage along the anchorage 

length or regarding performance criteria during cyclic loading. For such an evaluation, one 

should take the following facts into account. 

(1) In the pull-out tests [5] with deformed bars of Grade 60 steel, cracks indicating the for­

mation of a concrete cone appeared at steel stresses o-s::::: 40 to 50 ksi (::::: 280-350 

N/ mm2). This means that damage of bond in the end regions of the anchorage length 

can hardly be avoided in practice. 

(2) Bending, shear or splitting cracks can be effectively repaired by injecting epoxy resin. 

There is· some disagreement in literature whether this method is effective in restoring 

bond. According to some sources (e.g. [23]), the bond behavior of specimens injected 

with epoxy resin was almost identical to the behavior of comparable virgin ones. How­

ever, only small slip values were induced before the injection. When large slip values 

were induced before injection, the bond behavior was significantly inferior compared to 

the virgin loading [24]. Therefore, it must be concluded that bond cannot be effectively 

restored if the concrete keys between lugs have been pulverized due to crushing and 

shearing off. 

(3) In dynamic analyses the influence of slip of anchored bars on the response of reinforced 

concrete structures is usually neglected. This is only correct if the fixed-end rotation 

caused by slip is relatively small and the hysteretic loops are stable, which is only possible 

when a long embedment length is employed. 

Under due consideration of the above points, it is proposed to anchor main beam bars in 

such a way that (1) the inevitable bond damage during cyclic loading is limited to the end 

regions of the embedment length and is mainly caused by the formation of concrete cones, (2) 
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the hysteretic loops of the anchored bar remain essentially stable, and (3) the strength of the 

anchorage would continue to increase for slip values larger than the peak values during previ­

ous cycles. 

If these conditions are fulfilled, it seems possible to restore the bond in the end region by 

replacing the concrete forming a cone so that strength and stiffness of the anchorage do not 

differ much from the values before an earthquake. Furthermore, the influence of slip on the 

global response of the structure during cyclic loading should be very small. 

A more precise definition of hysteretic requirements and of performance criteria is desir­

able but cannot be given at the present time. 

Evaluating the results of the numerical studies given in Chapter 6 in the above manner, 

one gets the following length ld required to anchor deformed bars in well confined interior 

joints: 

Grade 40 Steel: 

Grade 60 Steel: 

ld::::: 25-30 db 

ld::::: 35-40 db 

The smaller of the above given values ([d = 25 db or 35 db for Grade 40 or Grade 60 steel, 

respectively) are valid for reinforcing bars complying with [21] (actual yield stress exceeds the 

specified value by not more than 15 percent). The bigger value ([d = 30 db or 40 db for Grade 

40 or Grade 60 steel, respectively) should be used for reinforcing bars complying with the Uni­

form Building Code [22], because the maximum yield stress is less restricted in [22] than in 

[21]. These values are valid for a specified concrete strength f; = 30 NI mm2 (::::: 4300 psi). 

The influence of concrete strength on the response of anchored bars was not investigated in the 

numerical studies. However, it is reasonable to assume that the required anchorage length 

varies approximately as .J301 f; U; in NI mm2). Although in Chapter 6 #8 bars (db::::: 25 

mm) were assumed, it seems reasonable to extend the results to different bar diameters, at 

least in the range from #6 to #10 bars (db::::: 19 to 32 mm). 

The given anchorage lengths agree well with the values proposed in [25], which were 
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found in a completely different manner by evaluating the results of tests on interior joints. 

However, the proposals should be considered as tentative and should be checked by additional 

numerical studies. 

The width of columns at interior joints required to sufficiently anchor beam bars is very 

large. In practice, columns are often smaller than dictated by the above requirements. In this 

case, the following possibilities are available. 

(a) Use of small size bars having the smallest fy and strain hardening characteristics available 

in the market. 

(b) Detailing of the beam reinforcement in such a way that the possible plastic hinges would 

occur in the girders away from the column faces so that the steel at the beginning of the 

anchorage will remain elastic. In this manner severe bond damage within the joint can be 

avoided. The effectiveness of this method has been confirmed experimentally [26,27] and 

is in agreement with the results of the presented numerical studies. 

(c) Taking into account the influence of slip of anchored beam bars on the dynamic response 

of the structure in the analysis. In order to do this with acceptable computational effort, 

simplified and reliable analytical models for normal force-slip or steel strain-slip relation­

ships of anchored bars are necessary. Studies are in progress to formulate such models as 

a function of the relevant parameters. This approach allows the prediction of the dynamic 

response of structures due to ground motions more accurately, accounting for the effects 

of bond-slip and, therefore, permits the designer to judge if the effects of slippage at the 

joint can be tolerated or not. However, it has a major drawback. After the event of a 

strong earthquake, the bond along the total anchorage length may be severely damaged 

and cannot be repaired by conventional methods. This may mean that the structure may 

suffer significant damage even during strong winds and/or moderate earthquakes due to 

fixed end rotations of the beams caused by slip of the anchored bars. This risk might not 

be acceptable to the owner. It should be noted that large slippage of the continuous beam 

bars at interior joints does not necessarily imply failure of anchorage and, therefore, 
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collapse of the structure, provided that the beam bars are not cut off close to the column 

faces. The danger is that this slippage reduces so much the lateral stiffness of the struc­

ture that it may become unserviceable. 
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VIII. CONCLUSIONS AND RECOMMENDATIONS 

8.1 CONCLUSIONS REGARDING THE ANALYTICAL MODEL FOR ANCHORED 
BARS 

The analytical model for an anchored beam bar, described in Chapter 4, based on the 

analytical model for the local bond stress-slip relationship (Chapter 2) and the analytical model 

for the steel stress-strain relationship (Chapter 3) was used to predict the response of anchored 

bars. The analytically determined responses were compared with experimental results obtained 

in some of the Berkeley tests [5] (Chapter 5). From these comparisons, the following conclu-

sions can be drawn. 

(1) The proposed mathematical models allow the prediction of the response of deformed rein-

forcing bars anchored in well confined concrete under generalized excitations with 

sufficient accuracy for practical applications. 

(2) In the analytically predicted response, only the slope of the reloading branch of the nor-

mal force-slip relationship for cycles between relatively large slip values is considerably 

steeper than observed in experiments. This is caused by the assumed local bond stress-

slip relationship which simplifies the real behavior close to the peak slip value of previous 

cycles. 

8.2 CONCLUSIONS REGARDING THE APPLICATION OF THE ANALYTICAL 

MODEL 

The analytical model of an anchored beam bar was used to investigate the influence of 

various parameters on the response of reinforcing bars embedded in well-confined interior 

joints (Chapter 6). From the results obtained in this study, the following main observations 

can be made. 

(1) The simplified assumption of a bilinear analytical model for the stress-strain relationship 

of reinforcing steel, rather than the use of a realistic nonlinear relationship, does not 

significantly influence the response of anchored bars under cyclic excitations. 
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(2) Under otherwise constant conditions, the amount of bond damage increases with increas­

ing hysteretic requirements (intensity of strain and number of cycles) and decreasing 

anchorage length. Even cycles between peak steel strains just reaching yield strain may . 

lead to the formation of a concrete cone at the tensioned bar end and the corresponding 

loss of bond over a short length, which depends on the detailing of the confining rein­

forcement. 

(3) The performance of anchorages can be significantly improved by choosing bars with low 

yield stress andlor a low slope of the stress-strain relationship in the strain hardening 

range. 

8.3 CONCLUSIONS REGARDING PRACTICAL IMPLICATIONS OF RESULTS 

The results of the numerical studies were used to assess the practical implications for the 

anchorage of deformed bars in well-confined interior joints of ductile moment-resistant frames 

(Chapter 7). From this assessment, the following proposals are made: 

(1) To minimize damage of bond along the anchorage length and the influence of slip on the 

dynamic response of structures due to ground motions during'major earthquakes, the 

anchorage length should be: 

Id 25 db - 30 db (Grade 40 Steel) 

Id 35 db - 40 db (Grade 60 Steel) 

The above given values are valid for a specified concrete strength I; = 30 NI mm2 (::::: 

4300 psi) and for #6 to #10 bars (db::::: 19-32 mm). For a different concrete strength 

the given anchorage length should be multiplied with the factor (301 Ie) o.s, where I; is the 

actual specified concrete strength in N I mm2• 

(2) If the widths of columns at interior joints is smaller than the proposed anchorage length, 

the formation of plastic hinges in the girders near the column faces should be avoided by 

detailing the beam reinforcement in an appropriate manner. Another possibility is to take 

into account the influence of slip of beam bars on the dynamic response of reinforced 
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concrete structures subjected to strong ground motions. 

8.4 RECOMMENDATIONS FOR FUTURE WORK 

While the analytical studies reported herein have clarified some aspects of the behavior of 

beam bars anchored in interior joints when they are subjected to monotonic and cyclic loading, 

some areas have not yet been fully explored and should be the subject of future studies. Some 

of the needed studies are recommended below. 

(1) A reasonably good agreement between analytical and experimental results has been shown 

for #8 bars (db = 25 mm, fy = 475 N/ mm2), embedded in well confined concrete 

U; = 30 N/ mm2) with a straight anchorage length Id = 25 db' It should be checked 

whether the response of anchored bars under different conditions (different bar diame­

ter, yield stress, concrete strength, or anchorage length) can also be predicted with rea­

sonable accuracy. 

(2) The shape of the monotonic envelope of the local bond stress-slip relationship depends 

significantly on the deformation pattern of the bar (clear distance between lugs and related 

rib area). The local bond law is further influenced by concrete strength and bar diameter. 

More numerical studies are needed to evaluate the influence of these and other relevant 

parameters on the behavior of anchored beam bars under monotonic and cyclic loading. 

(3) The present numerical studies deal only with anchorages in interior joints. The response 

of beam bars anchored at exterior joints by hooks with or without a preceding straight 

length must be investigated. 

(4) The required anchorage length depends significantly on hysteretic requirements and on 

performance criteria during cyclic excitations. More precise definitions of such require­

ments and performance criteria than given in the report are needed. 

(5) If the actual anchorage length is shorter than the above proposed values, significant pull­

out of the main beam bars may occur, thereby causing beams to experience significant 

fixed-end rotations. The influence of this effect on the dynamic response of structures 
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should be examined. To reduce the necessary amount of computation, simple and reli­

able models for the normal force-slip relationship of the anchored bar are needed. Stu­

dies are in progress to formulate such models as a function of the relevant parameters. 
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APPENDIX A - COMPUTER PROGRAM "BOND" 

The organization of the computer program BOND has been briefly described in Section 

4.6. This appendix contains details useful to a user who would like to modify the material laws, 

instructions for the preparation of input data files for the present version of the program, and a 

list of an input data file for an example problem. 

A.l Modification of Material Laws by the User 

The computer program BOND has been organized in such a way that the existing material 

laws for steel and bond can be easily modified, or even completely reformulated, by a user 

without interfering with the algorithm or the input-output structure of the base program. The 

material description is, in fact, implemented in two groups of three subprograms for local bond 

and steel, respectively. The transmittal of information to and from the base program occurs 

mainly by means of labelled common blocks. 

A.1.1 Labelled COMMON Blocks 

The labelled COMMON blocks used in the two groups of three subprograms are follow-

ing: 1 

(a) COMMON I POINT I NP ,IP 

where NP is the number of points of the spatial discretization and IP is an integer not to 

be used in the present version; 

(b) COMMON IKSI RK(5I),S(5I)' 

where vectors RK and S iist the local secant stiffnesses for bond and steel laws, respec-

tively, at different points of the spatial discretization; 

(c) COMMON IINCREMI DEPS(5I),DU(5I),DN(5I),DQ(51)' 

1 The dimension for the vectors appearing in the COMMON blocks corresponds to the maximum number of 
points of the spatial discretization allowed for in the present version of the program. 
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where vectors DEPS, DU, DN, and DQ list, respectively, the current increments of strain 

.!lE, slip .!l u, normal steel force .!IN, and bond force per unit length .!lq at the nodes; 

(d) COMMON IFN21 RN(Sl),EPS(5l) 1 

where vectors RN and EPS contain, respectively, current values of normal steel force N 

and corresponding strain E; 

(e) COMMON IFQ21 Q(51),U(51) 1 

where vectors Q and U contain current values of bond force q and corresponding slip u. 

A.1.2 Subprograms for Steel 

The three subprograms required are two subroutines and one function. Exchange of 

information with the base program is realized, with the exception of the function, which has 

also two arguments, only through the labelled COMMON blocks previously listed. Exchange of 

information among the three subprograms will usually require one additional COMMON block 

for which the label IFNlI is suggested. The subprograms may include additional COMMON 

blocks and may call other subprograms in order to perform the assigned tasks. These tasks are 

specified as follows: 

(a) SUBROUTINE INPFN 

Purpose of the subroutine is to read proper information characterizing the constitutive 

relationship for steel and set necessary initializations. The subroutine requires labelled 

COMMON blocks IPOINT/, IKS/, and IFN2I. Necessary initializations are: 

-set vectors RN and EPS to zero 

-set local secant stiffness vector RK to its initial value 

(b) FUNCTION FN(DEPP,O 

Purpose of the function is to return for a given pair of arguments, DEPP and I, which 

are, respectively, the increment of strain .!lE and the number of the point where the local 

constitutive relationship is being considered, the value of the corresponding normal steel 
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force N. The function requires labelled COMMON block IFN2/. 

(c) SUBROUTINE UPFN 

Purpose of this subroutine is to update, for all the points of the spatial discretization, all 

the proper quantities which define the constitutive law for steel, and to prepare for the 

next step. In fact, this subroutine is called by the base program only after convergence 

has been achieved and a step completed. The subroutine requires labelled COMMON 

blocks IPOINT I, IINCREM/, and IFN2I. Necessary updating includes: 

-set the updated value of the strain vector EPS equal to the previous one plus the current 

increment DEPS; 

-set accordingly the updated value of the normal force vector RN. 

A.1.3 Subprograms for Local Bond 

The three subprograms required are two subroutines and one function. Exchange of 

information with the base program is realized, with the exception of the function, which has 

also two arguments, only through the labelled COMMON blocks previously listed. Exchange of 

information among the three subprograms will usually require one additional COMMON block 

for which the label IFQlI is suggested. The subprograms may include additional COMMON 

blocks and may call other subprograms in order to perform the assigned tasks. These tasks are 

specified as follows: 

(a) SUBROUTINE INPFQ 

Purpose of the subro~tine is to read proper information characterizing the constitutive 

relationship for local bond and set necessary initializations. The subroutine requires 

labelled COMMON blocks IPOINT I, IKS/, and IFQ2/. Necessary initializations are: 

-set vectors Q and U to zero; 

-set local secant stiffness vector S to its initial value. 
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(b) FUNCTION FQ(DU,O 

Purpose of the function is to return for a given pair of arguments DU and I, which are, 

respectively, the increment of slip a u and the node number where the local constitutive 

relationship is being considered, the value of the corresponding bond force per unit length 

q. The function requires labelled COMMON block IFQ2/. 

(c) SUBROUTINE UPFQ 

Purpose of this subroutine is to update, for all the points of the spatial discretization, all 

the proper quantities which define the constitutive law for local.bond, and to prepare for 

the next step. In fact, this subroutine is called by the base program only after conver­

gence has been achieved and a step completed. The subroutine requires labelled COM­

MON blocks IPOINT I, IINCREM/, and IFQ2/. Necessary updating includes: 

-set the updated value of the slip vector U equal to the previous one plus the current 

increment DU; 

-set accordingly the updated value of the bond force vector Q. 

Note that in the existing version of the local bond model this subroutine calls at each point of 

the spatial discretization another subroutine, called DAMAGE, which first computes updated 

damage factors and then, based on those, "reduced envelopes" and "frictional resistance" for the 

next step. 

A.2 Input Data for the Present Version of the Program 

General Procedure Data 

(a) Read NP, ICASE, NCYC (315) 

-NP 

-ICASE 

number of points defining the spatial discretization (maximum value 51) 

integer referring to the boundary condition case 0, 2, or 3, according to 

the list considered in Section 4.1 and Fig. 4.2) 
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number of loading points defining the loading history (maximum value 

50) 

(b) Read X(I), l=l,NP (5FlO.0) 

-x vector containing the x coordinates of the NP points defining the spatial 

discretization (as many lines as needed to specify NP coordinates) [mm] 

(c) Read KCYC(I), l=l,NCYC (lOIS) 

-KCYC vector which specifies the number of loading increments in which the 

loading between any two points, i-I, i, of the loading history (defined sub­

sequently by the vectors BCl, BCN) has to be subdivided; it is used to set 

the steps of the numerical procedure 

(d) Read BCI(I), l=l,NCYC (5FlO.0) 

-BCl vector containing the assigned displacement (slip) [mm] at end point I of 

the bar, for each of the NCYC points defining the loading history 

(e) Only for boundary condition case 1; to be skipped otherwise. 

Read BCN(I), l=l,NCYC (5FlO.0) 

-BCN vector containing the assigned displacements (slip), [mm] at end point NP 

of the bar, for each of the NCYC points defining the loading history 

(f) Read NITER, NITER 1 (215) 

-NITER 

-NITER 1 

maximum number of iterations for the main iteration loop (suggested 

values between 10 and 30). If convergence is not achieved after NITER 

iterations, the step length (loading increment) is automatically halved. 

same as NITER, but for the secondary iteration loops (suggested values 

between 30 and 50) 

(g) Read TOL, TOLl, TOLDUM (3FlO.0) 
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tolerance parameter for convergence in the main iteration loop (suggested 

values: 10-6 - 10-7 for boundary condition cases 1 and 3, 10-11 - 10-13 

for case 2) 

tolerance parameter for convergence in the secondary iteration loop (sug­

gested values: 10-6 - 10-1) 

tolerance parameter for the maximum automatic subdivision of the origi­

nal step of the incremental procedure (If this tolerance is set, for exam­

ple, to 10-2, procedure stops and a message is printed when the automatic 

subdivision leads to a step smaller than 11100 of the original one. Sug­

gested values for this parameter are between 10-1 and 10-3.) 

These data are read from present version of subroutine INPFN. 

(a) Read RKO,ALN,RNY,RO,AI,A2 (6FI0.0) 

-RKO 

-ALN 

-RNY 

-RO,Al,A2 

Bond Data 

initial slope of the force-strain relationship for steel [N] 

strain-hardening ratio b = E1/Eo (see Fig. 3.1) 

normal force at yield [N] 

parameters defining the nonlinear steel model, as in Eqn. 3.3. If RO is set 

equal to 0, the bilinear model is used. 

These data are read from present version of subroutine INPFQ. 

(a) Read NGR (14) 

-NGR number of groups of different bond laws. For each group the correspond­

ing parameters will be given in (b); a point-group correspondence will be 

assigned in (c). 
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(b) To be repeated for each (index J) of the NGR groups: 

Read VIP(J),V2P(J),V3P(J),GIP(J),G3P(J) (SFlO.O) 

Read VIM (J), V2M (J), V3M (J) ,G 1M (J) ,G3M (J) (SFI0.0) 

Read B(J),SSO(J),ALP(J),ALM(J) (4FI0.0) 

The first two groups of five data are the five parameters defining the two monotonic 

envelopes, for positive and negative slip values, respectively (Section 2.4). In particular, 

VIP,V2P,V3P are S10 S2, S3 and GIP,G3P are the bond forces, ql = 7TdbTl and 

q3 = 7TdbT 3 (compare Section 2.2.2), used to characterize the positive envelope. 

VIM,V2M,V3M,GIM,G3M characterize, in turn, the envelope in the negative region, 

but they also have to be given positive values. 

The last set of four data contains, respectively: 

-the exponent {3 in the expression of the initial part of the monotonic envelope (Section 

2.2.2), assumed to be the same for both positive and negative envelopes; 

-the ratio of the stiff slope of the unloading branch to the maximum between the two 

secant moduli GIP/VIP and GIM/VIM; 

-the amplification factors for computing energy dissipation, b+ and b-, as explained in 

Section 2.4. 

(c) Read NN(I), 1=I,NP (2014) 

-NN integer vector which assigns to each point I of the spatial discretization, 

the corresponding number of the bond law group 

(d) Read Bl,B2,B3,B4,BS (SFI0.0) 

Damage parameters for computing reduced envelopes. They are: 

-Bl fraction of energy dissipated by friction alone to be taken into account for 

computing the total dissipated energy E which appears in the expression 

of the damage parameter d (compare Section 2.2.3 and Fig. 2.3); Bl = O.S 
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first and second exponent appearing in the expression of the damage 

parameter d (Fig. 2.3); to be given the values 1.2 and 1.1, respectively 

to be given the values 1. and 0., respectively. These parameters refer to a 

previous more complicated expression for the damage d, which is not 

used in the present version. 

(e) Read F1,F2,F3,F4 (4F10.0) 

Damage parameters for computing frictional resistance: 

-F1,F2 

-F3,F4 

parameters defining the linear part (T tlT3 = PI + F2 . sma,) S3) of the 

curve fitted through experimental data and presented in Fig. 2.4 (compare 

also Section 2.2.4). Values are, respectively, 0.1 and 1.8. 

first and second exponent appearing in the expression of df as a function 

of the energy dissipated by friction alone (Section 2.2.4). This expression 

is analogous to the one given for d in Fig. 2.3. Values to be given are 1.2 

and 0.67, respectively. 

General Output Specification Data 

(a) Read KSTEP,KSTEP1,IEL,IELl (414) 

These parameters may be used to produce an extended printout of all the iteration com­

putations when numerical problems are expected in certain stages or have been experi­

enced in a previously aborted run. The printout is given between step KSTEP and 

KSTEP1 and for all the discretization points between IEL and IELl. Usually these 

integers will be chosen so as to produce no printout (for example, 999,999,999,999). 

(b) Read FILNAM (A8) 

-FILNAM name of the file where results are stored. Results are written on the file as 

unformatted data in the following sequence: 
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-At the beginning of the file and after reading the input data: 

WRITE(1) NP,NCYC,(KCYC(I),I=l,NCYC) 

WRITE(1) (X(J),J=l,NP). 

-After completing each step of the incremental procedure: 

WRITE(1) (EPS(I),I =l,NP) 

WRITE(1) (U(I},I = 1,NP) 

WRITE(1) (RN(i),I=l,NP) 

WRITE(1) (Q(I},I = 1,NP) 

Results stored may be used, and usually are, for subsequent graphics. 

A.3 Example Data File 

The example data file presented here refers to the case of a monotonic pull-push test 

(Case 3), with imposed slip (at the pulled left end, Point x=O) up to 15 mm, to be reached in 

75 load increments. Other parameters characterizing the numerical test are: 

-bar diameter: db = 25 mm 

-anchorage length: ld = 15 db 375 mm, divided into 28 intervals (29 points) 

-steel characteristics: 

450 N/ mm2), bilinear -bond characteristics and distribu-

tion: as in Table 5.1 (29 discretization points and 7 different bond law groups) 

The input data file which follows is given in a free format form, with fields separated by 

commas. 

29,3,1 

0.,12.5,25.,37.5,50. 

62.5,75.,87.5,100.,112.5 

125.,137.5,150.,162.5,187.5 



212.5,225.,237.5,250.,262.5 

275.,287.5,300.,312.5,325. 

337.5,350.,362.5,375. 

75 

-15. 

30,50 

l.e-7,I.e-6,I.e-3 

1.0e +8,0.017,2.21e+5,0., 18.5,0.15e-3 

7 

1.,3.,10.5,1570.,589. 

0.3,0.3,1.,393.,0.1 

0.4,8.8,1.,114. 

l.,3., to.5, 1444.,540. 

0.475,0.975,3.375,559.,98.2 

0.4,9.5,1.,Il. 

1.,3.,10.5,1185.,442 

0.825,2.325,8.125,893.,295. 

0.4,12.,1.,3.5 

1.,3.,10.5,1060.,393. 

1.,3.,10.5,1060.,393. 

0.4,13.,1.,1. 

0.825,2.325,8.125,893.,295. 

1.,3.,10.5,1185.,442. 

0.4,12.,3.5,1. 

0.475,0.975,3.375,559.,98. 
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1.,3.,10.5,1444.,540. 

0.4,9.5,11.,1. 

0.3,0.3,1.0,393.,0.1 

1.,3.,10.5,1570.,589. 

0.4,8.8,114.,1. 

1,1,1,1,2,2,3,3,4,4,4,4,4,4,4,4,4,4,4,4, 

4,5,5,6,6,7,7,7,7 

0.5,1.2,1.1,1.0,0. 

0.1,1.8,1.2,0.67 

999,999,999,999 

ga15m 
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o 
0' 

h--+--------+-.rf--+--::+-+-T--'--f--l--L------+-..--+-~S 

1,. 53 

-...:, 

"'"", 
~ 

MONOTONIC~~ 
LOADING 

fU 
I----L.--.i. ... 

U 

-- EXPERIMENTAL 
---- ANALYTI CAL 

FIG. 2.1 - PROPOSED ANALYTICAL MODEL FOR LOCAL BOND 
STRESS-SLIP RELATIONSHIP 

.(N/mm 2) 

16r-------.-------,--------r-------.--------r----~ 

12 

8 

4 

o 2 4 

LOADING 

CYCLE 

. CYCLING BETWEEN 

6 
5 (mm) 

:! Smax 

5 ~ 5max 
- 5> 5max 

8 10 12 

FIG. 2.2 - EFFECTS OF NUMBER OF CYCLES AND OF THE PEAK VALUES OF SLIP 
smax AT WHICH THE CYCLING IS PERFORMED ON THE ENSUING BOND 
STRESS-SLIP RELATIONSHIP FOR s> smax 
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d = 1- TI (N) / '["I 

I. 0 r-------r------r------r------,-------, 

o FIRST SLIP REVERSAL 
o AFTER N = I CYCLE 

0.8 • AFTER N= 5 

• AFTER N= 10 

0.61------+_-~rc:::--+_----_+__ 

-1.2(E/E.) 
d = 1- e 

0.41-----~'!-----+--

0.2 

0 0.5 1.0 
E / Eo 

1.1 

--+~ ~ 
1.5 

• 

E FOR '["II I) 

E FOR '["r(l) 

Eo 

2.0 2.5 

FIG. 2.3 - DAMAGE PARAMETER d AS A FUNCTION OF THE DIMENSIONLESS 
ENERGY DISSIPATION 

T feN) / '[" 3 (N) 
1.25,....!---....::!..---..,.----------,--------, 

o 
o FIRST SLIP REVERSAL 
• AFTER N = 10 CYCLES 0 

1.01-----.:.----.;b~-----~------.,Io c 

'.,. 
' . ........ ;·-5 

0.51---~~--~----~~-----~ 

• 
• • • a • 

0 1.5 
S max / S 3 

FIG. 2.4 - RELATIONSHIP BETWEEN THE FRICTIONAL BOND RESISTANCE Tf(N) 
AND THE CORRESPONDING ULTIMATE FRICTIONAL BOND RESISTANCE 
T3(N) 
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T (N/mm2) x 
16r----r----~--_.----~--_.----~--_.----._--_.--__, 

S min 

8 

-8 

S max 

10 CYCLES 

CYCLIC TEST (s =:10.44 mm) 
ANALYTICAL MODEL 

-16~--~----~--~----~--~----~--~----~--~--~ 
-1.0 -0.5 0 0.5 1.0 1.5 

S (m m ) 

(0) CYCLING BETWEEN s = ±O. 44 mm 

T (N/mm 2 ) 
16~------~--~--~--._--.---.---,---,---.---.---.-~ 

~--MONOTONIC LOADING 

AFTER I CYCLE 

8 

O~~~--------~ 

-8 

CD 

MONOTONIC 
LOADING 

- CYCLIC TEST (s = ± 1.65 mm) 
-.- MONOTONIC LOADING 
-- ANALYTICAL MODEL 

-16~--~--~--~--~--~--~--~--~--~--~--~--~ 

-2 o 2 4 
s (mm) 

6 8 

(b) - CYCLING BETWEEN s = ±1. 65 mm 

10 

FIG. 2.5 - COMPARISON OF EXPERIMENTAL AND ANALYTICAL RESULTS ON LOCAL 
BOND STRESS-SLIP RELATIONSHIP 
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, (N/mm2) 
16~--r---r---r---r---r---r---r---r---~--~--'---~ 

8 

~MONOTONIC LOADING '. '. ' . ........ --._-_. 
---------

O~--------~~~~~~~~~~~~~A~F~T~E~R~I~CY~C~L~E~~ 

-8 
...... ...... 

'''. I ". 
'. I '. , . 

. -. ./ 

AFTER 10 CYCLES 

- CYCLIC TEST (5 ::1:4.6 mm) 
_.- MONOTONIC LOADING 
-- ANALYTICAL MODEL 

-16~--~--~--~--L---L---L---~--~--~--~--~--~ 
-8 -4 0 4 8 

5 (mm) 

(c ) - CYCLING BETWEEN s = ±4. 6 mm 

,(N/mm 2 ) 

16~--r---r---~--.---~--~--~--~--~---.---.--~~ 

8 

" 

-8 

(0) AFTER 5 CYCLES 
(b) AFTER 10 CYCLES 
(el AFTER 15 CYCLES 
(d 1 AFTER 20 CYCLES 

-. 
-I.' ....... ·~MciNOTONIC LOADING 0', . 

" 
". , '. ..,. ....... a • 

MONOTONIC ..>-........ ./ 
LOADING~ '-

". 
........ ........ ......... 

- CYCLIC TEST 

........... -._. 

_.- MONOTONIC LOADING 
-- ANALYTICAL MODEL 

-8 -4 0 4 8 12 
s (mm) 

(d) - CYCLING UNDER DIFFERENT INCREASING Smax 

FIG. 2.5 - COMPARISON OF EXPERIMENTAL AND ANALYTICAL RESULTS ON LOCAL 
BOND STRESS-SLIP RELATIONSHIP 
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(T [N/mmz] 
800~.-~~~,-.-~~~,-.-~~~,-.-~-.-. 

O~----------~~~~~L+--+-~--------~ 

!! 2 
Eo: 2.04 x 10 N/mm 

R : 20 _ 18.5 Emax 
0.00015 - Emax 

b = EI lEo: 0.017 

-800~~~~~~~~~~~~~~~~~~~~ 

-10 0 10 

E [mm/m] 

(a) ANAL YTI CAL 

(T [N/mmZj 
800'-'-~~~'-'-~~~'-'-~~~--'-~~-' 

O~------------+-+.h~~~+-+-~--------~ 

-10 o 10 

E [mm/m] 

(b) EXPERIMENTAL 

FIG. 3.5 - COMPARISON BETWEEN EXPERIMENTAL AND ANALYTICAL RESULTS FOR 
STRESS-STRAIN RELATIONSHIP OF A REINFORCING BAR, TEST TAKEN 
FROM REF. [5] 
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--

--------~+-------~--~------~~----------~-E 
I 

--' 

Ey ,,/ 

~~ 
~~ , 

/ --BILINEAR 
---- NON-LINEAR 

FIG. 3.6 - BILINEAR AND NONLINEAR STEEL MODEL 
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T 
....0&.. - -2 

N 1T. db = ·u(x)" 4 I 11 .. N+dN 

dN{x) 
dx 

- ~ 

!---dx --./ 

Q'" ( X) = Q'" [ E (X) ] t T ( X) = T [ S (X)] 

Q'" (E) = Constitutive Law for Stee I 

T{S) = II II 
11 Bond 

FIG. 4.1 - DIFFERENTIAL EQUATION OF BOND 

I 
• 

n 
• 

( I ) -- -+--------1---

(2) ---- -+--------1-

( 3) 
NI 

-- -f-------f----

FIG. 4.2 - BOUNDARY CONDITIONS CONSIDERED IN THE PROGRAM. 
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xrx: I~Xi·1 Xn 
I. • • ~ • • 
II 

. 
i+1 In I-I I 

x=O x=L 

I~ L ./ 
FIG. 4.3 - SUBDIVISION OF BAR 

f(x) 

n+1 / X / 
/ 

/ 

/. 
/ 

/ 
/ 

1.1 I 
I 
I 
I 
I 
I 
I 

f(xn) 

FUNCTION f (x) 

FIG. 4.4 - SECANT METHOD 

x 
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f(x) 

FUNCTION f (x) 

/W--..--,?--BRANCH @ 
x 

2 

(a) - SECANT METHOD 

f (x) 

FUNCTION f(x) 

x 

(b) - ILLINOIS ALGORITHM 

FIG. 4.5 - ITERATION SCHEME 
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N ( kN) 

400 ~ 

-------, 
, 
I 
I 
I 

i 25dbi 
I I 

200 II 

~d l' , I , , 
5, , , , , 

, I 
---- EXPERIMENTAL ,1 
-- ANALYTICAL 

0 4 8 12 16 20 22 
$. (m m) 

FIG. 5.1 - COMPARISON BETWEEN EXPERIMENTAL AND ANALYTICAL RESULTS, 
TEST 3 OF REF. [5J, AVERAGE BOND BEHAVIOR ASSUMED 

N (kN) 

300~~--~--~--~==~~~~--~--~--~--~~ .... , 

200 

100 
----- EXPERIMENTAL 

- ANALYTICAL 

o 4 8 

, , 
\ 

\ 
\ 
\ 
I , 
J-, 
Ij " 
II ' ..... 

" .... ---" --------, I I 

'I ' 
" I, 
" , , 
" Ii 

12 16 18 

, , , , 
I 
I 

'. (mm) 

20 

FIG. 5.2 - COMPARISON BETWEEN EXPERIMENTAL AND ANALYTICAL RESULTS, 
TEST 13 OF REF. [5], AVERAGE BOND BEHAVIOR ASSUMED 
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N [kN] 
300 

18E 
-~-----

6K EXPERIMENTAL 

18L 

-300 -

-2.0 0 2.0 

5. [mm] 

(a) EXPERIMENTAL 

N (kN) 
300 

r--25 db--1 ...-18E 

~~ J N 
I~ 

SI 

ANALYTICAL 

-300~--~--~--~--~---L--~--~--~~--~~ 

-2 -I 0 2 
51 (mm) 

(b) ANALYTICAL, AVERAGE BOND BEHAVIOR ASSUMED 

FIG. 5.3 - COMPARISON BETWEEN EXPERIMENTAL AND ANALYTICAL RESULTS, 
TEST 14 OF REF. [5J 
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N (kN) 

400.----------------------------------------. 

200 

o 

" / 

-­,..-
,0 _-----..JJ---

i 25dbi 
~k I, 
---- EXPERIMENTAL 

-- ANALYTICAL 

10 

I 
I 
I 
I 
I 
I 
I 
I 
I 

/1 

20 

I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I , 

FIG. 5.4 - COMPARISON BETWEEN EXPERIMENTAL AND ANALYTICAL RESULTS, 
TEST 3 OF REF. [5J, BOND RESISTANCE DECREASED BY 10% 
COMPARED TO AVERAGE BEHAVIOR 

N (k N ) 
300~-----------_~-=-~----------------------~ 1------

200 

100 
----- EXPERIMENTA L 

-- ANALYTICAL 

o 10 20 

FIG. 5.5 - COMPARISON BETWEEN EXPERIMENTAL AND ANALYTICAL RESULTS, 
TEST 13 OF REF. [5J, BOND RESISTANCE INCREASED BY 10% 
COMPARED TO AVERAGE BEHAVIOR 
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N (k N ) 
3oor---,---,----.---.---,.---,---,----.---.---, 

MONOTONIC 

,-25 dbl 
4:~ :,~ 

l-SK 
'y'l.9K 

21 L/ 12K 
~/ 15L 

,/ 18L 

--- -_----~MONOTONIC 

ANALYTICAL 

-300~--_L2--~----_L,--~--~O----~--~--~--~2--~ 

5, (mm) 

(a) CYCLES 1 TO 21 

200 

- --- EXPERIMENTAL 

-- ANALYTICAL 
200 

-0.5 o 0.5 1.0 1.5 

S, [mm] 

(b) CYCLE 18 

FIG. 5.6 - ANALYTICAL RESPONSE OF TEST 14 OF REF. [5J, BOND RESISTANCE 
INCREASED BY 10% COMPARED TO AVERAGE BEHAVIOR, EXPERIMENTAL 
RESPONSE OF CYCLES 1 TO 21, SEE FIG. 5.3a. 
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200 21E 

,........, 
Z 

~ 0 ~~;'~-~=-=-========~======~------~~~~ 
--

z -----------
---- EXPERIMENTAL 
-- ANALYTICAL 

-200~------~--------L-------~------~----~ 
-2 -I 2 

(c) CYCLE 21 

FIG. 5.6 - ANALYTICAL RESPONSE OF TEXT 14 of REF. [5J, BOND RESISTANCE 
INCREASED BY 10% COMPARED TO AVERAGE BEHAVIOR. 
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-- ANALYTICAL 
----- EXPERIMENTAL POINT CD 

,I!',;CS: 1 
x [mm] 0 500 x[mm] 

! : ~K-----T--' -"""""""'1 r:I::.:Z....l---L---1_..L.--l....-----L.----J 
o 500 x[mm] 0 500 x[mm] 

--- ANALYTICAL 
----- EXPERIMENTAL POINT® 

E'OO

D ~ ----.......... -, 
~ 40 " x , 
~ , 
\U 0 " ! 

........ 300~ 500 

! 'O~ ___ ~ 
~ O~'hr 

o 500 

FIG. 5.7 - DISTRIBUTION OF STEEL STRAIN E(X), SLIP s(x), NORMAL FORCE 
N(x), AND BOND FORCE q(x) ALONG THE ANCHORAGE LENGTH, 
ANALYTICAL AND EXPERIMENTAL RESULTS FOR TWO CHARACTERISTIC 
LOAD STAGES (SEE FIG. 5.4) OF SPECIMEN 3 OF REF. [5J. 
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--- ANALYTICAL 
----- EXPERIMENTAL POINT CD 

I-::P~": I :) I t:r=:::':s I 
o 500 X [ m m] 500 X [ m m ] 

........ 60 
E 

--- ANALYTICAL 
----- EXPERIMENTAL 

" :-., E ... 

x[mm] 

POINT® 

E .... ~_~r:, 
o 

I 

fO: r---... - ... __ ................... ~ 

) . Z -200 ~-L-_____' _ __'____'____=_-':-::----'---' 

x[mm] 0 

I 

500 x[mm] 
r-----------~ 

E 1.0 
E 
" z .... 
~ 

..: ~ 

~ 6 ..: 
rJI .- .... ~ ---- 0-

4
0 500 x[mm] 

0
0 x[m m] 

--- ANALYTICAL 
----- EXPERIMENTAL POINT@ 

L:t ~>: : I \ I t::-~-~ ... ~-~~~~~:::::~~~~~: 
o 500 x[mm] 500 x[mm] 

24r-------------~~ 

E 
E 
~ 

~ 16 
rJI ...... _---- - ---.",. 

........ 
E 0.6 r------------, 
~ 
Z .... 

~ 

0-

".----'" 
I \ 

°0~~-----'---'----'----=-5~00~L-~ ] x[mm 

FIG. 5.8 - DISTRIBUTION OF STEEL STRAIN dx). SLIP S(X). NOR1vl.AL FORCE 
N(x). AND BOND FORCE q(x) ALONG THE ANCHORAGE LENGTH. 
ANALYTICAL AND EXPERIMENTAL RESULTS FOR THREE CHARACTERISTIC· 
LOAD STAGES (SEE FIG. 5.5) OF SPECIMEN 13 OF REF. [5J. 
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ANALYTICAL POINT@ 
----- EXPERIMENTAL 

E 2 Z200 "-
E .>< 

..§.. ........ 

0 ~ 0 ~ 
)( 

)( 
~ 

~ 

Z iii 
-2 -200 

0 X [mm] 0 500 X [mm] 

E E 1.0 .s / 
/ ~ / z .... / 

)( .............. _ ..... " 
~ 

<Il 
)( 
~ 

0 tT 
0 500 X [mm] 0 500 X [mm] 

-- ANALYTICAL POINT ~ 
----- EXPERIMENTAL ~ 

! l?~?: I ~.~r-----~-::::J 
o 500 x[mm] 0 500 x[mm] 

-0.1,..---------""---, 

)( 

';; -0.4 

(a) POINT 9D AND 9K 

FIG. 5.9 - DISTRIBUTION OF STEEL STRAIN E(X), SLIP s(x), NORMAL FORCE 
N(x), AND BOND FORCE q(x) ALONG THE ANCHORAGE LENGTH, 
ANALYTICAL AND EXPERIMENTAL RESULTS FOR 6 CHARACTERISTIC 
LOAD STAGES (SEE FIG. 5.6) OF SPECIMEN 14 OF REF. [5J. 
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--- ANALYTICAL 
----- EXPERIMENTAL POINT @ 

~ 4r.,-----------------. 
.!: \ 
E 2 \ 

..§.. 
o~------~~------~ ~ 0 I-------------"'oo,~------___j 

)( 

z 
-200 =---'-----'----'-----'-~:_:::__~::_' 

x[mm] 0 x[mm] 
1.0 r------------------::......, 

~Oo4 
IJl 

o 500 x [mm] o 500 X [mm] 

ANALYTICAL POINT @ ----- EXPERIMENTAL 

E 

" z 
E .>< 

..§.. 

-; 
)( 
~ 

IV 

X [mm] 0 500 X [mm] 
0.0 

;- ... 
/ ' 0.0 

E / ' E -0.2 I ' .s I \ E 
I \ ~ -04 

I \ .>< 
~ -004 I 

'--' 
)( 
~ 

~ -0.8 I 
IJl \ )( 

-0.6 \ C" 

\ 

0 500 X [mm] 0 500 X [mm] 

(b) POINT 15E AND 15L 

FIG. 5.9 - DISTRIBUTION OF STEEL STRAIN E(X), SLIP S(x), NORMAL FORCE 
N(x), AND BOND FORCE q(x) ALONG THE ANCHORAGE LENGTH, 
ANALYTICAL AND EXPERIMENTAL RESULTS FOR 6 CHARACTERISTIC 
LOAD STAGES (SEE FIG. 5.6) OF SPECIMEN 14 OF REF. [5J. 
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ANALYTICAL Q 
----- EXPERIMENTAL POINT ~ 

~~,:; I i_~:t?::s I 
500 x[mm] 0 500 x[mm] 

::E 
0 

1.6 

\ ........ 2.0 
1.2 E \ E \ " \ z 

0.8 \ .=.. 1.0 , , /'" )( " ." 
~ 

0.4 ..... _--..,..""", 0" o 500 x[mm] 500 x[mm] 

--- ANALYTICAL 
----- EXPERIMENTAL POINT @ 

3~------------~~~ 

z 
~----~'-------1-~'=" 

r-----------------~ 

200 

O~--~~--------~ 

I 
III -3 

........ 
E 
E 

o 500 x[mm] o 

-0.4 ~----------------~ 
~". ... - ..... " 

'" , 

-1.10L-/-/-J."'--..L.----L..----''---''-J.'-\-\-"-''----' to:ol~ -r C~/!, I 
500 x[mm] 500 x[mm] 

(c) POINT 18E AND 18L 

FIG. 5.9 - DISTRIBUTION OF STEEL STRAIN E(X), SLIP s(x), NORMAL FORCE 
N(x), AND BOND FORCE q(x) ALONG THE ANCHORAGE LENGTH, 
ANALYTICAL AND EXPERIMENTAL RESULTS FOR 6 CHARACTERISTIC 
LOAD STAGES (SEE FIG. 5.6) OF SPECIMEN 14 OF REF. [5J. 
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5 (mm) 

4 

CD~@ @ ® ® (j) 2 

N +--t> , , , , I I 0 
5 <J---t-+ x 

2 x 12.5 t . ~ 4X2d -2 
@ ~ 

5 db 

q(kN/mm) N ( k N ) 

1.5 150 

0.5 

o 3 10 o 1.5 15 
5 ( m m ) E (010 0 ) 

FIG. 6.1a - BAR SUBDIVISION, LOAD HISTORY, LOCAL BOND LAW AND STEEL LAW 

200 
A 

D 

,......, 
Z 8 2 
~ 
......... 0 

Z 

8 

-200 
2 0 2 4 

S [mm] 

FIG. 6.1b - NORMAL FORCE-SLIP RELATIONSHIP FOR POINT 1 



-86-

1.5 
A 

,........., 
E 

C 

E 0 
....... 

B3 Z 8 2 
~ ......, 0 

B, C" 

8 
-1.5 L-..---'"_--L-_....L-_'-----'"_--L-_....L-_'-----'"_--L-_....I..----J 

-2 o 2 4 

S [mm] 

FIG. 6.1c - BOND FORCE-SLIP RELATIONSHIP FOR POINT 1 

200 

C 
,........., 
Z 
~ 

......... 
0 

Z 

-10 o 10 20 
E [mm/m] 
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TABLE 5.1 - INPUT FOR PROGRAM TO CALCULATE THE RESPONSE OF TESTED BARS 

(a) Subdivision of Bar 

POINT NO. I 9 13 14 15 16 17 . 21 29 

~ 111111111 I I I I I II I I11I11111 ~ 
N 

I: 4d. '" 

-I- -I- -I.. -I- + 
4d. :1 4db 2db 5db 2d b 4d b 

25db 

(b) Local Bond Laws 

Monotonic Envelope* Cyclic 
Region Length Points Di recti on Parameter of Loading Sl S2 S3 '1 '3 

6 ex 11111 mm rran N/11111 2 N/11111 2 

1 2 db 1-5 Positive 1.0 3.0 10.5 20.0 7.5 1.0 
Negative 0.3 0.3 1.0 5.0 0.0 114.0 

2 2 db 6-9 Positive 1.0 3.0 10.5 18.4 6.9 1.0 
Negative 0.475 0.975 3.375 7.1 1.25 11.0 

3 1 dd 10 Positive 1.0 3.0 1n.5 15.1 5.6 1.0 
Negative 0.825 7.325 8.125 11.4 3.75 3.5 

4 15 db 11-19 Positive 1.0 3.0 10.5 13.5 5.0 0.4 1.0 
Negative 1.0 

5 1 db 20 Positive 0.825 2.325 8.125 11.4 3.75 3.5 
Negative 1.0 3.0 10.5 15.1 5.6 1.0 

6 2 db 21-24 Positive 0.475 0.975 3.375 7.1 1.25 11.0 
Negative 1.0 3.0 10.5 18.4 6.9 1.0 

7 2 db 25-29 Positive 0.3 0.3 1.0 5.0 0.0 114.0 
Negative 1.0 3.0 lD.5 20.0 7.5 1.0 

*For definition of terms see Fig. 2.1. 
u~a- are amplification (scaling) factors for computing, respectively, relative damage in positive and 
negative directions (see Section 2.4). 

Damage Parameters: Reduced Envelope - b1 = 0.5, b
2 

= 1.2, b3 = 1.1; 

Friction Branch - f1 = 0.1, f2 = 1.8, f3 = 1.2, f4 = 0.67. 

(c) Characteristics of Steel 

0.017 475 N/rran 2 

u 66 111112 (circumference of bar) 

-Preceding page blank 
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