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ABSTRACT 

This report describes a new and advanced methodology for 

analyzing the dynamic response of bridge systems subj ected to 

traveling seismic waves. The methodology (named BASSIN) treats 

an arbitrarily-configured, elastic, bridge system (comprised of 

a road deck,' piers, abutments, backfill, etc.), that rests on 

the surface of an elastic soil continuum. A substructuring 

approach has been used to formulate BASSIN; in this, the bridge 

system is represented using a three-dimensional finite element 

model, and the underlying soil is depicted using a boundary 

element approach based on elastic half-space theory. Seismic 

exci tations are induced by plane body waves or Rayleigh waves 

wi th arbitrary direction of incidence, wavelength, and ampli­

tude. BASS IN allows for a fully deformable interface between 

the bridge system and the underlying soil, and incorporates a 

special modal truncation procedure to account for higher node 

response characteristics. 
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1.1 OBJECTIVE 

CHAPTER 1 
REPORT DESCRIPTION 

R-8113-5470 

The obj ecti ve of this report is to describe a new metho­
dology (named BASSIN), that was developed by Agbabian Associates 
under NSF Grant No. CEE-8007518 for analyzing the effects of 
traveling selsmlC waves on the dynamic response of bridge/ 
abutment/backfill systems. 

1.2 SCOPE 

The report contains a complete description of the BASSIN 
methodology, including its basic theory and the computer program 
input requirements and output results. To provide this informa­
tion, the remainder of this report is divided into six chapters 
and three appendixes. Chapter 2 of the report contains an 
overview of BASSIN including its inherent assumptions and sig­
nificant features I while Chapter 3 provides a surrunary of the 
BASSIN analysis procedure. Theoretical development pertaining 
to the computation of incident wave motions, Green's functions 
for an elastic half-space, half-space impedance matrices and 
driving force vectors, and the BASSIN dynamic analysis procedure 
are described in Chapters 4 through 7 respectively. Appendixes 
A and B contain input descriptions for the BASSINI and BASSIN2 
subprograms that comprlse the methodology, and Appendix C 
contains input and output from a sample analysis that was 
carried out as part of this research effort. 

1-1 
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CHAPTER 2 

OVERVIEW OF METHODOLOGY 

2.1 GENERAL DESCRIPTION 

The objective of the BASSIN methodology is to provide an 

advanced procedure for analyzing the dynamic response of bridge/ 

abutment/backfill systems subjected to traveling seismic waves. 

BASSIN 1S a substantially updated version of a prior method­

ology, named CAST, that was developed at Agbabian Associates 

under previous National Science Foundation grants (Werner et 

al., 1977; Werner and Lee, 1980). 

The BASSIN methodology 

(Fig. 2-1): 

has the following features 

• It computes the three-dimensional dynamic response of 

an arbitrarily configured, elastic, bridge/abutment/ 

backfill system. 

It assumes this system to be underlain by a soil 

continuum, represented herein as an elastic half­

space. 

It represents seismic input motions as being harmonic 

and induced by planar P-, SV-, SH-, or Rayleigh waves 

with arbitrary wavelength, amplitudes, and directions 

of incidence. 

The methodology uses a substructure approach in which the 

structure (which herein comprises the bridget abutment, and 

backfill) is represented using a three-dimensional finite 

element model, and the underlying soil continuum is represented 

using a boundary element approach. The finite element model 

defines the stiffness matrix, mass matrix t and fixed-base modes 

for the structure. The boundary element approach characterizes 

the underlying soil medium using frequency-dependent impedance 

matrices and driving force vectors that also incorporate the 

2-1 
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free-field wave motions. Compatibility and equilibrium require­

ments at the soil/structure interface are used to couple these 

substructures, and the steady-state response of the soil/ 

structure system is then computed. 

2.2 ASSUMPTIONS 

2.2.1 STRUCTURE 

The bridge/abutmentjbackfill structure is assumed to be 

three dimensional, linear elastic, and arbitrarily configured. 

It is represented by a general finite element model that 

comprises any combination of the several element types described 

in section 3.1.2. Each node point in the model can have as many 

as six degrees of freedom depending on 

types used. The node point spacing and 

the system geometry and the highest 

pertinent to the calculations. 

2.2.2 SOIL MEDIUM 

the particular element 

element sizes depend on 

frequency of response 

The underlying soil medium is represented as an elastic 

half-space. Because of this, the BASSIN methodology cannot 

accommodate effects of soil layering, strain-dependent soil 

properties, etc., that may be important for actual structure 

si tes. Nevertheless 1 the methodology in its present form is 

valuable for studying basic phenomena associated with traveling 

wave effects on the three-dimensional response of bridges, as 

well as other structural systems. Furthermore, because BASSIN 

is modular, procedures for representing the soil as a visco­

elastic layered medium can be readily incorporated. 

2.2.3 SOIL/STRUCTURE INTERFACE 

The interface between the structure and the underlying soil 

medium is fully deformable. Hence 1 the soil/structure system 

2=3 
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response in the vicinity of this interface is dependent on its 

geometry, mass, and stiffness, and is not constrained by assump­

tions of rigid interfaces, as per the prior methodologies of 

this type. 

2.2.4 INPUT MOTIONS 

The input motions to BASSIN correspond to incident wave 

motions induced by planar, harmonic, P-, SV-, SH-, or Rayleigh 

waves. The angles of incidence I excitation frequencies, and 

complex amplitudes of these wave motions are arbitrary. BASSIN 

is structured so that Fast-Fourier Transform techniques can be 

readily incorporated at a later sta~e, to permit the representa­

tion of arbitrary transient excitations as the superposition of 

a series of the harmonic excitations now considered. 

2.3 SIGNIFICANT FEATURES 

The BASS IN methodology has several significant features 

over and above our prior CAST methodology, which renders it an 

excellent analytical tool for assessing the dynamic response 

characteristics of bridge/abutmentjbackfill systems. These are: 

• The interface between the structure and the underlying 

soil medium is now fully deformable, rather than 

rigid. Therefore BASSIN is applicable not only to 

bridge/abutmentjbackfill systems, but also to any 

other structure for which the deformabili ty of the 

soil/structure interface 1S particularly important 

(e.g. earth dams). Furthermore, effects of shallow­

embedded foundations can now be represented approxi­

mately, by using a finite element model of the soil 

medium, to the depth of the base of the foundation. 

• The dynamic analysis procedure now incorporates a new 

modal truncation technique which greatly reduces the 

required number of modes for the structure, while 

maintaining excellent accuracy of the final dynamic 

analysis results. 

2-4 



R-8113-S470 

The BASSIN methodology has been programmed according 

to ANSI 66 Fortran standards, to facilitate installa­

tion on virtually any current computer system with a 

minimum of effort. 

• The basic program lS now modular; so that any future 

technical developments that further enhance particular 

aspects of the BASSIN methodology can be readily 

accommodated. 

2-5 
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CHAPTER 3 

BASSIN ANALYSIS PROCEDURE 

The BASSIN analysis procedure lS organized into two sub­

programs, named BASS IN1 and BASS IN2. The basic features of 

these subprograms, as indicated in Figure 3-1, are summarized in 

this chapter. 

3.1 SUBPROGRAM BASSIN1 

3.1.1 SCOPE 

The function of BASSIN1 is to perform computations required 

to characterize the structure, soil medium, and incident wave 

motions in the manner required for the subsequent dynamic 

response calculations in BASSIN2. To fulfill this function, 

BASSIN1 is comprised of three main operations. First, it reads 

all necessary input data for the dynamic analysis. Then it. 

performs computations to define required characteristics of the 

structure (mass matrix, stiffness matrix, and normal modes), the 

soil ( frequency-dependent Green I s functions and impedance 

matrices), and the incident wave motions (ground surface dis­

placements). Finally, it writes all of these quantities onto a 

data tape, for use as input into BASSIN2. 

The BASSIN1 operations pertaining to the characterization 

of the bridge structure, soil medium, and incident wave motions 

are summarized in the remainder of this section. Further 

theoretical background pertaining to these operations is pro­

vided in Chapters 4 through 6. 

3.1.2 STRUCTURE 

The input data required to represent the structure (i.e., 

the bridge I abutment, and backfill system) describe its geo­

metry, material, properties, and modal parameters. As shown in 

Figure 3-1, these data are comprised of the following: 

3-1 
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Geometry. The configuration and section properties of 

the structure are represented from an appropria'te 

combination of several finite element types built into 

the BASSINl element library. As shown in Figure 3-2, 

these include truss, beam, planar, brick, shell, 

and boundary (spring) elements. It is noted that 

BASSINl's modular nature facilitates incorporation of 

additional or alternative element types into its 

element library, whenever appropriate. 

• Material Properties. The specific material properties 

required for the structure vary according to element 

type, but are typically comprised of various elastic 

parameters and the mass density. 

• Modal Parameters. The only modal parameter required 

for use in BASSINl lS the number of modes to be 

considered in the analysis. This required number of 

modes should be relatively small*, owing to the modal 

truncation feature in BASSIN which provides higher 

mode corrections using the lower mode parameters and 

the structure stiffness and inertial characteristics 

(see Chapt. 7). 

Once the above input properties are provided, BASSINl 

proceeds to form the structure mass and stiffness matrices and 

to extract its fixed-base mode shapes and frequencies. The 

subspace iteration method described by Bathe and Wilson (1976) 

is used in BASSINI for the mode shape and frequency extraction. 

* As an approximate rule-of-thumb, we have found that the highest 
mode to be included should (1) have a natural frequency of at 
least 5 times greater than the highest excitation frequency of 
interest; and (2) be such that the lower modes included 
encompass the principal response directions for the structure 
due to the applied seismic excitations. 

3-3 
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DEGREES OF 
ELEMENT TYPE DESCRIPTION FREEDOM PER 

NODE POINT 

3-D TRUSS 
straight, prismatic, elas- Three 

~ 
tic element; stiffness translations. 
matrix computed from stan-
dard theory for truss 
members. 

3-D BEAM 
Straight, prismatic, elas- Three trans-

~ 
tic element; stiffness lations and - .. matrix computed from clas- three 

::::;;.-----. /'"'". sical beam theory. rotations. 

PLANE STRESS OR 
Quadrilateral or triangular in-plane PLANE STRAIN Two 
elastic element. stiffness translations. 

ffib 
matrix formulation based on 
assumed parabolic variation 
of displacements within 
element. 

3-D BRICK Eight-node, solid brick Three 

$-
elastic element. Stiffness translations. 
matrix formulation based on 
assumed cubic variation of 
displacements within 
element. 

SHELL Flat, elastic, quadri- Three trans-
lateral or triangular lations and 
element. Uses constant- three 

tiS> strain triangle and LCCT9 rotations. 
><., element* to represent 

'// " membrane and bending behav-
ior, respectively. 

BOUNDARY Elastic spring element. One axial 
translation 

H 
and one rota-
tien about 
element axis. 

*Linear Curvature Compatible Triangular flat-shell bending element 
developed by Clough and Felippa (1968) 

USE 

Represents one-dimelitSional 
members that transmit axial 
forces only. 

Represents beams that trans-
mit axial and shear forces, 
bending moments, and tor-
sienal moments. 

Represents elastic continuum 
with known state of lateral 
constraint. 

Represents any 3-D, elastic, 
isotropic continuum. 

Models thin-shell or plate 
structures that transmit 
in-plane and out-of-plane 
forces and moments. 

Imposes displacement boundary 
conditions and defines sup-
port reactions. 

FIGURE 3-2. STRUCTURE 
(Bathe et 

ELEMENT LIB RARY 
al., 1974) 

IN BASSINl 
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FORCES OR 
STRESSES 
COMPUTED 

AXial force. 

Three forces 
and three 
moments at 
each end of 
element. 

Normal and 
shear stres-
ses at center 
of element. 

Six stress 
components at 
center of 
element and 
at center of 
each side. 

Three normal 
stresses and 
three moments 
at center of 
element. 

AXial force 
and torsional 
moment. 
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3.1. 3 SOIL MEDIUM 

To represent the soil medium, BASSIN1 employs input para­

meters that define its material properties as w~ll as the 

geometry of its interface with the overlying structure. The 

material properties are defined in terms of the shear modulus, 

Poisson's rati.,o, and mass density of the elastic half-space. 

The interface geometry is represented by subdividing the inter­

face region of the half-space surface into subregions of 

constant stress. The half-space node points from these inter­

face subregions correspond on a one-to-one basis with the node 

points in the finite element interface representation within the 

structure model (Fig. 3-3). This facilitates the coupling of 

the finite element and half-space substructures in the sub­

sequent dynamic response computations in BASSIN2. 

Once the above input data are provided, BASSIN1 proceeds to 

compute frequency-dependent Green's functions for the elastic 

half-space. Then, these Green's functions are used to compute 

the impedance matrix for the half-space. As shown in Fig­

ure 3-4, the jth column of this impedance matrix corresponds to 

the reaction forces at each interface degree of freedom, as 

caused by a unit harmonic displacement applied at the jth degree 

of freedom with all other degrees of freedom fixed. Detailed 

formulation and description of the BASSIN1 procedures for 

computing the half-space Green's functions and impedance matrix 

are provided in Chapters 5 and 6 respectively. 

3.1.4 INCIDENT WAVES 

The BASSIN1 computations pertaining to the incident wave 

motions require input data in the form of the excitation fre­

quencies, the wave types (P-, SV-, SH-, or Rayleigh waves), the 

angles of incidence (as previously defined in Fig. 2-1), and the 

complex amplitudes (real and imaginary parts) of the wave 

displacement (Fig. 3-1). Then, for each given excitation fre­

quency, basic wave theory is used to compute the corresponding 

3-5 
" ,r ~ 

-'",~ 



BACKFILL 

ROAD SLAB 

HALF SPACE 
SUBREGIONS 

R-8113-5470 

ROAD DECK 

FIGURE 3-3. SOIL/STRUCTURE INTERFACE MODELING 

3-6 



APPLIED UNIT 
HARMON I C 
DISPLACEMENT 

JTH DEGREE ~'\~.-I _ int 
OF FREEDOM I uj - e 
IS MOVING ............. 

REACTION J ,J 
FORCES 

R-8113-5470 

/
HALF-SPACE 
NODE POINT 

\

K . . /; 

~-----4------~------4 

K.+ 1 .1 / I 
J ,J 

FIGURE 3-4. DEVELOPMENT OF Jth COLUMN OF HALF SPACE IMPEDENCE 
MATRIX (ONLY LONGITUDINAL FORCES SHOWN) 

3-7 



R-8113-5470 

free-field displacements along the surface of the elastic half­

space (Ewing et al., 1957). A formulation of the procedures for 

carrying out these computations is provided in Chapter 4. 

3.2 SUBPROGRAM BASSIN2 

3.2.1 SCOPE 

The ma.in function of BASSIN2 is to carry out the dynamic 

response computations for the soil/structure system. To do 

this, BASSIN2 first reads a tape containing the various quanti­

ties computed in BASSIN1 for characterizing the soil medium and 

the structure, as well as. cards containing the damping ratios 

for each structure mode. Then, the program proceeds to 

calculate (1) the half-space driving forces induced along the 

ground surface by the seismic waves; and (2) modal truncation 

correction matrices to account for higher mode effects. All of 

these results are implemented in the final computation of the 

steady-state response of the soil/structure system. Each of 

these calculation efforts is summarized in the remainder of this 

section. 

3.2.2 INCIDENT WAVE DRIVING FORCES 

The f:ree-field ground surface displacements and the half­

space Green I s functions, as computed in BASSINl, are used in 

BASSIN2 to develop the corresponding driving forces applied 

along the structure/half-space interface. These driving forces 

act as applied loads in the subsequent dynamic response computa­

tions for the structure. They are obtained by fixing each 

degree of freedom wi thin each half-space subregion, and then 

calculating the frequency-dependent reaction forces induced by 

the incident seismic waves (Fig. 3-5). Formulation of the 

procedure used in BASSIN2 to compute the driving forces 1S 

provided in Section 6.2 of Chapter 6. 

3-8 



DRIVI 
FORCES 

/

HALF-SPACE 
NODE POINT 

R-8113-5470 

~ HALF-SPACE 
e----tj,----4----..... SUB REG I ON 

ALL DEGREES OF FREEDOM 
ARE FIXED 

FIGURE 3-5. DEVELOPMENT OF INCIDENT WAVE DRIVING FORCES 
(ONLY LONGITUDINAL FORCES SHOWN) 

3-9 



R-8113-5470 

3.2.3 MODAL TRUNCATION CORRECTION MATRICES 

A unique feature of the BASSIN methodology lS its use of a 

new modal t:runcation procedure, which substantially reduces the 

number of normal modes necessary to represent the structure 

response in an adequate manner. This approach involves the use 

of certain simplifications in the modal equations of steady­

state motion that result for modes whose natural frequency is 

substantially higher than the excitation frequency. On this 

basis, the dynamic analysis can be carried out considering only 

a relatively few lower modes (herein - termed "kept" modes). 

Effects of the higher mode contributions to the structure 

response are represented a.s correction matrices used in forming 

the overall structure/half-space impedance matrix and trans­

formation matrix (see Sec. 3.2.4). These higher mode correction 

matrices are expressed in terms of the structure I s stiffness 

matrix, mass matrix, and modal parameters for its kept modes. 

The formulation of these correction matrices lS provided in 

Chapter 7. 

3.2.4 DYNAMIC RESPONSE COMPUTATIONS 

wi th t.he formation of the dri ving forces and the modal 

truncation correction matrices, as summarized in the preceding 

subsections, BASSIN2 proceeds with the computation of the 

frequency-dependent dynamic response of the structure. For each 

frequency, the first step in these computations is to charac­

terize the structure/half-space system using the following 

matrices: 

• A system impedance matrix used to compute the response 

of the structure at its degrees of freedom that lie 

along the interface with the half-space. 

A system transformation matrix that relates the struc­

ture response at its aboveground degrees of freedom to 

that along its interface with the half-space. 

In both of these matrices, the structure is represented in terms 

of its stiffness and mass matrices I the modal characteristics 
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corresponding to its kept modes (i.e., mode shapes, frequencies, 

and damping ratios), and the modal truncation corrections for 

higher mode effects (Sec. 3.2.3). In addition, the system 

impedance matrix includes the effects of the impedance of the 

underlying half-space, which 1S coupled to the structure by 

imposing conditions of displacement compatibility and dynamic 

force equilibrium along the structure/half-space interface. 

Once the development of these matrices is completed, the 

dynamic response of the structure along its interface with the 

half-space is computed as the product of the inverse of the 

system impedance matrix and the vector of driving forces. The 

resulting vector of structure/half-space interface displacements 

is then premul tiplied by the system transformation matrix, in 

order to obtain the response of the aboveground portion of the 

structure. This computational procedure, as well as the forma­

tion of the system impedance and transformation matrices, is 

described further in Chapter 7. 
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CHAPTER 4 

INCIDENT WAVE MOTIONS 

This chapter provides the basis for the BASSIN1 computation 

of free-field displacements induced along the surface of an 

elastic half-spac~ by traveling seismic waves. As noted in 

Chapter 3, these displacements are subsequently used in BASSIN2 

to compute driving forces (see Chapt. 6) which, in turn, serve 

as the basic seismic excitation from which the soil/structure 

system response is computed (see Chapt. 7). Displacements due 

to body waves and surface waves are treated separately in the 

two main sections that comprise this chapter. 

4.1 BODY WAVE EXCITATIONS 

This derivation of the BASSIN1 expressions for free-field 

ground surface motions induced by arbitrarily incident plane 

body waves is di vided into fi ve main parts. The first four 

parts describe various aspects of the formulation for ground 

surface displacements relative to the x'-z' plane of propagation 

of the free-field seismic waves (Fig. 4-1); these are described 

for each of the three types of body waves in an elastic half-

space: P-, SV-, and SH-waves. The final part of this section 

summarizes the transformation of these displacements to corre­

spond to the x-z reference plane of the structure, which will be 

offset from the x'-z' plane, because of the horizontal angle of 

incidence 8H. 

4.1.1 GENERAL POTENTIAL FUNCTIONS 

We first treat the case involving the propagation of a 

plane P- or SV-wave with a vertical angle of incidence 8 V. Such 

waves cause displacements at any point in the x'-z' plane of the 

wave which, as shown by Ewing et al. (1957), can be defined as 
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u(x',z') 

(4-1) 

w(x',z') 

In this, u and T.,v are the horizontal and vertical displacements, 

<jl and 41 are the potential functions that satisfy the wave 

equations 

'i]2<jl = L~ 
v2 ot2 

P 

(4-2) 

2 
'i]241 = 

1 a 412 

V2 ot2 
S 

and Vp and V S are the P-wave velocity and shear wave velocity 

respectively. The P-wave and SV-wave displacement components 

defined by Equation 4-1 can be considered separately from the 

SH-wave component, which represents a horizontal displacement 

oriented normal to the x'-z' plane and caused by a pure 

distortion. This SH-displacement component, v, is defined in 

terms of its own potential functions 411 and 41 3 as 

v(x' ,z') = (4-3) 

Returning to the P-wave and SV-wave cases, it can be shown 

that <jl and 412 satisfy the wave equations if they are of the form 

= 
g( z' ) 

4-3 
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where Q is the excitation frequency and c is the apparent wave 

velocity of propagation along the ground surface. This results 

in the following expressions for $ and ~2 

$ Al exp tn(; x' ~'~)J = - - + c 

exp [w(t ~'~)] 
(4-4) 

+ A2 
x' - --c 

~2 Bl exp[in(t x' + ~'~)] = - -c 

exp~Q~ - ~'~)] 
(4-5) 

+ B2 
x' 
c 

In the above expresslons, the terms involving the coefficients 

Al and Bl represent the incident wave component of the dis­

placement potential functions, and the terms involving A2 and B2 

represent t:he reflected wave component. Each of these coeffi­

cients is unknown and is determined from the boundary conditions 

for P-waves and SV-waves at the ground surface. Furthermore, it 

is apparent from Equations 4-2, 4-4 and 4-5 that $ is associated 

with P-wave propagation, and ~2 is representative of SV-wave 

propagation. 

4.1.2 INCIDENT P-WAVES 

The above potential functions $ and ~2 will now be used to 

treat the case of an incident P-wave propagating in the x I -z I 

plane with an angle of vertical incidence 8V' This incident 

wave leads to reflected P- and SV-waves oriented at angles 8 V 
and f respectively, relative to the ground surface (Fig. 4-2). 
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The case of an incident P-wave and reflected P- and 

SV-waves requires setting Bl = ° in Equation 4-5. Then, the 

remaining coefficients in Equations 4-4 and 4-5 are obtained 

through the use of the stress-strain and strain-displacement 

relationships for the half-space, and the requirement that the 

ground surface (defined by z' =0) must be stress free. This 

leads to the following expressions for the ground surface dis­

placements in the plane of propagation of the waves: 

{ u ( x I ,0) l = { U
w

: txp. (iQ (t _ ~ I )) 

W(X1,0») ) 
( 4-6) 

where U ' and Wi are the amplitudes of the ground surface dis­

placements I and the prime (I) superscript refers to the x I -z I 
plane. These displacement amplitudes are defined as 

U I = P cos eV [1 + Rpp Rps tan f] 

j (4-7) 

W' = - p sin eV [1 - R Rpscot SVJ pp 

and 

A2 4 tan eV tan f - (tan2 f _ 1)2 
R = 

Al 
= pp Dp 

B2 - 4 tan eV (tan2 f - 1) 
R = = ps Al Dp 

(4-8) 

D = 4 tan Sv tan f + (tan2 f _ 1)2 
P 

tan f = ~2(I-V) (1 + tan2sv ) - ., 
..L 1 - 2v 
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v = Poisson's ratio of half-space 

p = Amplitude of incident P-wave 

To supplement the above expressions, the following addi­

tional aspects of the P-wave-induced ground surface motions 

should be noted: 

• When 8v = 90 deg (vertically propagating P-wave), 

Rps = 0 and Rpp = -1. For this case, the incident 

P-wave is reflected as a P-wave, the horizontal 

displacement u(x' ,0) vanishes, and the vertical dis­

placement w( x' ,0) has an amplitude of twice that of 

the incident wave. 

• An al ternati ve interrelationship between 8 V and f is 

cos f (4-9) 

since Vp > V S I Equation 4-9 shows that f 1S always 

real; i. e., there is always a reflected SV-wave for 

all nonvanishing angles of incidence 8 V. Therefore, 

the ground surface displacements induced by incident 

P-waves are always real and in-phase with one another. 

Only the amplitudes of U' and W' vary with 8V' as 

illustrated in Figure 4-3. 

4.1.3 INCIDENT SV-WAVES 

We now consider the case of an incident SV-wave propagating 

in the X'-Z' plane with an angle of vertical incidence 8 V. This 

incident wave leads to reflected SV- and P-waves oriented at 

angles 8V and e respectively , relative to the ground surface 

(Fig. 4-4). 
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The case of an incident SV-wave and reflected SV- and 

P-waves requires setting Al = 0 in Equation 4-4. Then, follow­

ing procedures parallel to those previously outlined for 

incident P·-waves, the requirements that the ground surface be 

stress free are used to determine an expression for the ground 

surface displacements u(x' ,0) and W(X/,O). This expression is 

identical in form to Equation 4-6 for the incident P-wave case, 

but with displacement amplitudes U' and W' now expressed as 

U' = 

w' = 

where 

R sp 

DSV 

tan e 

s 

- s sin ev [1 - Rss + Rspcot evJ 

- s cos eV [1 + Rsp tan e + RssJ J 

= 

= 

= 

= 

= 

= 

= 
4 tan e tan 8 v - (tan2ev - 1)2 

DSV 

A2 4 tan 8V (tan2ev - 1) 
= 

Al DSV 

4 tan e tan 8V + (tan28v - 1)2 

~ 1 - 2v (1 + tan2ev ) - 1 2(1 - v) 

Poisson's ratio for half-space 

Amplitude of incident SV-wave 

(4-10) 

(4-11) 

An important aspect of the ground-surface displacement 

field induced by incident SV-waves can be seen from the follow­

ing al ternati ve relationship between the angles 8V (for the 
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incident and reflected SV-waves) and e (for the reflected 

P-wave) : 

cos e (4-12) 

since Vp > VS ' Equation 4-12 indicates that no real value of e 

exists until 8V attains the value 8cr ' where 

(4-13) 

Therefore, for an incident SV-wave, there is no reflected P-wave 

when 8V < 8cr ' Within this range, the angle e is imaginary and 

is computed as 

tan e = i ~ 1 1 - 2v 2 
2(1 - v) (1 + tan 8V) (4-14) 

which, in turn, leads to a phase lag in the displacement field 

when 8V < 8cr The value of 8cr depends on the Poisson's ratio 

for the half-space, as shown in Figure 4-5. 

To further illustrate these aspects of incident SV-wave 

excitations, Figure 4-6 defines how the ground surface displace­

ments are affected by 8V when v = 1/3 and s = 1. For this case, 

8cr = 60 deg, and Figure 4-6 shows that when 8V > 8cr ' U' and W' 

are in phase, although their relative amplitudes still vary with 

8V' However, when 8V < Ocr' the following types of free-field 

response take place: 

1. ~V < 45 deg. The free-field ground surface motions 

are elliptic retrograde, wherein the posi ti ve hori­

zontal displacement vector, U', trails the positive 

vertical displacement vector, W', by 90 deg (where the 

positive vectors are defined in Fig. 4-4). The aspect 

ratio of this elliptic motion (i.e., the ratio of W' 

to U'), varies with 8V within this range. 

4-11 



90 

80 
..-... 

01 
Q) 

-0 70 
I-
U 

<D 
60 

lIJ 
U 
:z: 
lIJ 

50 Cl 

u 
:z: 

I..L. 40 
0 

lIJ 
-l 
c.:J 

30 :z: « 
-l 
« 
u 

f-
20 

a:: 
u 

10 

0 
0 

FIGURE 4-5. 

R-8113-5470 

O. 1 0.2 0.3 0.5 

POISSON'S RATIO, v 

VARIATION OF CRITICAL ANGLE OF VERTICAL 
INCIDENCE WITH POISSON'S RATIO FOR 
INCIDENT SV-WAVE EXCITATION 

4-12 



R-8ll3-5470 

4r---_,----~----,-----r_--_,----_r----~----r_--~ 

3 

... ", 

"¥.7 
~ 

v = 113 

s = 1 

REFLECTED ___ I _ REFLECTED P-
SV-WAVES AND SV-WAVES 
ONLY 

WI(+t)~ __ 
.... -

-"~~----
" ... 

, .... --
," ------------­

eV' degrees 

(a) Amplitude 

200r-----r---~r_--_,----_r----_.----._----._--~r_--~ 

.-------

en 
<1l 

-0 

~ 

150 

~ 100 
« 
:3 

I-
:z 
UJ 
:: 50 
u 
:z 

o 

I 

\l 
\ I 

\1 
i , 
I , 

270 deg I 
',CRITICAL 
, ANGLE 

360 deg 

I- O~----~----~--~----~--~~r---~----~----~--~ 
UJ , 

> , 

~ I 
~ -50 , 
UJ 
--' 
~ 
:z 
« -100 
UJ 
(/) 

« 
:z: 
Q. 

-150 

~V=1/3 
\..y s=l 

REFLECTED 
SV-WAVES 
ONLY 

I 
I 
I 
1-REFLECTED 

I P-AND SV-
I WAVES 

,., 
~ 

~----------~--~o 
-200~--~-----L----~--~----~--~~--~----~--~~ 

o 20 

ev' degrees 

(b) Phase angle 

FIGURE 4~6. HORIZONTAL AND VERTICAL FREE-FIELD SV-WAVE 
GROUND SURFACE DISPLACEMENTS FOR POISSON'S 
RATIO = 1/3 (Werner and Lee, 1980) 

4-13 

r .;_ .. , 

, . ;, '-C: 



2. 

4.1.4 

R-8ll3-5470 

45 deg < 8V < 60 deg. The free-field ground surface 

motions are elliptic prograde, wherein the posi ti ve 

vertical displacement vector, U / , is ahead of the 

positive vertical displacement vector, WI, by 90 deg. 

As for 8V < 45 deg , the aspect ratio of this elliptic 

motion, varies with 8V within this range. 

INCIDENT SH-WAVES 

For an incident SH-wave propagating in the x I -z' plane I a 

derivation similar to that outlined above for the incident 

P-waves and SV-waves shows t."'1at all of the energy is reflected 

at the ground surface as an SH-wave (Fig. 4-7). Therefore, the 

resulting displacement field at the ground surface has an ampli­

tude twice that of the wave amplitude, and is oriented 

horizontally and normal to the X/_Z plane, i.e. 

v ( x' , 0) = V' exp (in (t - ~ , ) ) (4-15) 

where 

v' = 2s (4-16) 

and s is the amplitude of the incident SH-wave. Therefore, it 

is seen that, unlike the P-wave and SV-wave cases, the free­

field ground surface displacement amplitudes induced by incident 

SH-waves are independent of 8V. 

4.1.5 TRANSFORMATION TO ACCOUNT FOR HORIZONTAL 
ANGLE OF INCIDENCE 

The prior formulations define the free-field ground surface 

displacements induced by seismic body waves , relative to the 

x'-z' plane of propagation of the waves. However, as previously 

noted, this plane will generally be offset relative to the 

reference plane of the structure (i. e., the x-z plane) by a 

horizontal angle of incidence eH (Fig. 4-1). To account for 
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this angular offset, the amplitudes of the ground surface 

displacements must be transformed as follows: 

U cos 8H -sin 8H 0 U' 

V = sin 8H cos 8H 0 V' (4-17) 

W 0 0 1 W' 

where U, V', and W' are the displacement amplitudes induced by 

the incident body waves with reference. to the x' -z I plane of 

free-field wave propagation, and U, V, and Ware the values of 

these displacement amplitudes transformed to correspond to the 

x-z reference plane of the structure. The corresponding values 

of the ground surface displacement at each node point along the 

structure/half-space interface are then computed as 

(4-18) 

where c is the apparent wave velocity and Q 1S the excitation 

frequency. 

At this point, all of the pertinent expressions used in 

BASSIN1 to compute the free-field ground surface displacements 

due to body wave excitations have been provided. The steps 

involved in these displacement computations are as follows: 

1. Compute the displacement amplitudes with reference to 

the x' -z I plane of propagation of the waves. These 

involve the use of Equations 4-7 and 4-8 for incident 

P-waves , Equations 4-10 and 4-11 for incident SV­

waves, and Equation 4-16 for incident SH-waves. 

2. Use Equations 4-17 and 4-18 to transform these 

displacement amplitudes to account for the horizontal 

angle of incidence 8
ll 

and to define the phased dis­

placements at each interface node. 
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4.2 RAYLEIGH WAVE EXCITATIONS 

To define the free-field ground surface displacements 

induced by a Rayleigh wave with angle of incidence eH, one can 

follow steps similar to those previously described for body wave 

conditions. Therefore, as before, the first step in the defini­

tion of Rayleigh wave displacements is to define the following 

potential functions that satisfy the wave equations (Ewing et 

al., 1957). 

<!> A exptn(t x' ± z'~)l = - V
R 

- - - I 
VR V2 

p 

B ex{n(t -
(4-19) 

tjJ 
x' ± ~lrl)] = VR VR v2 

S 

where VR 1S the unknown Rayleigh wave velocity and Q 1S the 

excitation frequency_ The constants A and B are determined from 

the requirements for a vanishing normal stress and shear stress 

at the ground surface. This results in the following set of two 

simultaneous equations in two unknowns. 

(2 -:i) Ir ± 2 -B - 1 A 0 
V2 

S 

= (4-20) 

Ir (2 <t) + 2 -B - 1 B 0 
v2 

p 

In order for nontrivial solutions for A and B to exist from 

the above equations, the determinant of the coefficient matrix 
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must vanish, This results in the following expreSSlon for 

either the upper or lower set of signs; 

which, In turn, leads to the following Rayleigh equation 

relating the longitudinal, shear, and Rayleigh wave velocities: 

= o 

(4-21) 

t . h' h . ub . .. 2/ 2 b Equa lon 4-21, w lC lS a c lC equatlon In VR Vs ' must e 

solved using numerical procedures, Then, with the known value 

of VR, Equation 4-20 can be used to obtain A and B, in which the 

sign is chosen so that the potential functions approach zero as 

z approaches 00, This, in turn, defines the potential functions 

from which the ground surface displacements can be determined at 

any point within the x'-z' plane of wave propagation, These 

displacements are then transformed to correspond to the x-z 

reference plane of the structure, by accounting for the hori­

zontal angle of incidence aH, 

All of the above steps lead to the following results for 

the ground surface displacements relative to the x-y-z coordi­

nate system, 

4-18 
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u(x,y,O) = 

v(x,y,O) = 

w(x,y,O) = 

where 

u,V,'\" = 
Q = 

VR = 

ex++ (X cos 8H + Y sin 
RH cos 8H VR 

ex++ (X cos 8H + Y sin 
~ cos 8H VR 

ex++ (X cos 8H + Y sin 8H)]j 
Rv VR 

Free-field ground surface displacements 

Circular frequency of excitation 

Rayleigh wave velocity 

8
H

)] 1 

8H)]} 

(4-22) 

and ~ and Rv are the amplitudes of the horizontal and vertical 

components of motion along the ground surface. These are 

obtained from the following expressions 

R 2 1 - --B -R v2 

~ 
S 

A = J. 

fl) v2 

2 - --B S 

v2 
S 

(4-23) 

nn 2 1---B 1---B 
v2 v2 

Rv 
S P 1 A = 

(2 - ~) 

4-19 
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the limiting values of 

(Fig. 4-8a), the quantity 
VR/VS 
within 
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number Q/VR. By considering 

and Vp/Vs for 0 ~ v ~ 0.5 
the brackets in the above 

expression for Rn is seen to be always positive whereas, In 

the expression for Rv' the bracketed quantity is always nega­

tive. From this, it can be shown that the ground surface 

displacement induced by Rayleigh waves is always elliptic retro­

grade; furthermore, Equation 4-23 indicates that the aspect 

ratio of this elliptic path, IRv/~I, is dependent on Poisson's 
ratio (see Fig. 4-8b). These features - of the ground surface 

motion are illustrated in Figure 4-9 for the case of an elastic 

half-space with a Poisson's ratio of 1/3; for this case 

VR = 0.9325 Vs and IRv\ = 1.565\Rn\. 

with this as background, the procedures followed in BASSIN1 

for computi.ng the free-field displacements induced by incident 

Rayleigh waves can now be summarized. The first step in this 

approach, g-iven the elastic properties of the half-space, is to 

solve the cubic equation for vi/v~ (Eg. 4-21). A Newton-Raphson 
iterative procedure is used in BASSIN1 for this purpose. Then, 

the amplitudes of the ground surface displacement amplitudes, Rn 

and Rv' are determined using Equation 4-23 for all excitation 
frequencies; these displacement amplitudes are presently normal­

ized in BASSIN1 so that Rn = 1.0. The resulting values of Rn 

and Rv are substituted into Equation 4-22 to define the free­
field displacements at each interface node point. 

4-20 
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009 0.96 
2.0 

1.9 

007 

1.7 

VR 
0.92 VR 

I :~ I 
1.6 

vp Vs 
1.5 0.91 

0.90 1.4 

0.89 1.3 

0.88 1.2 

0 0.87 1.1 
0 0.5 0 0.5 

POISSON1S RATIO, V POISSON1S RATIO, V 

AA541 

(a) Rayleigh wave velocity (b) Ground surface displace-
ratios (Kropoff, 1952) ment amplitude ratio 

FIGURE 4-8. RAYLEIGH WAVE FREE-FIELD RESPONSE PARAMETERS 
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CHAPTER 5 

COMPUTATION OF GREEN'S FUNCTIONS FOR 
AN ELASTIC HALF-SPACE 

R-8113-5470 

This chapter provides the mathematical formulation for the 

BASSIN1 computation of Green's functions for an elastic half­

space (Lamb, 1904; Nakano, 1930). This formulation is similar 

to that used in our prior work in this area (Werner et al., 

1977), and is included here for purposes of completeness. The 

use of these Green's functions to compute half-space impedance 

matrices and driving forces is described in Chapter 6. 

This chapter is organized into three main sections. The 

first provides basic definitions pertaining to the Green's 

function matrix for any elastic continuum. The second section 

provides the analytical expressions of the Green's functions for 

an elastic half-space, while the final section outlines the 

numerical procedures used in the actual computation of these 

Green's functions in BASSIN1. 

5.1 BASIC DEFINITIONS 

Consider a harmonic force vector fP} with an excitation 

frequency Q, that is defined as 

P 1 

P2 
irlt P e = (5-1 ) 

P
3 

and acts along the surface of a linear elastic soil medium (see 

Fig. 5-1). In Equation 5-1, P1 ' P2 ' and P3 are the three 

components of force oriented along the coordinate axes at an 

arbitrary point on the surface defined by the vector {xo}' where 

0 
xl 

0 x
2 = x 

-0 
(5- 2) 

0 

5-1 
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POINT AT WHICH FORCE IS APPLIED: 

~o = {X~, X~, O}T 

FORCE COMPONENTS: 

P = {P l ' P2, P3}T 

DISPLACEMENT COMPONENTS: 

FIGURE 5-1. NOTATION FOR DEVELOPMENT OF GREEN'S FUNCTIONS 
FOR A LINEAR ELASTIC SOIL MEDIUM 

5-2 
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and the coordinate axes are shown in Figure 5-1. The displace­

ment vector {u} that results at another arbitrary point along 

the surface of the medium defined by {x}, where 

= = x (5-3 ) 

1S computed as 

U
1 

i ~t u
2 

e ( 5-4) 

u
3 

where u l ' u2 ' and u3 are the three components of displacement. 

The matrix [G,(O, x - ~o)] is termed the Green's function matrix 

and is of order 3 x 3, i. e. , 

[G (~. 
911 912 913 

x - x )] = 921 922 923 (5-5 ) -0 

931 932 933 

In Equation 5-5, gQ (0, x - x ) relates the Qth component of the m ~ ~o 

displacement at ~, uQ ' and the mth component of the force at ~o' 

Pm. Some properties of gQm are that 

= = (5-6 ) 

Equations 5-5 and 5-6 indicate that [G(O, ~ - x )] has only ,- ~o 

SlX independent matrix elements. However, as shown subse-

quently, these SlX components can be specified by just four 

functions if the point load is considered in polar coordinates, 

as shown in Figure 5-1. Therefore, 1n the remainder of this 

chapter, polar coordinates are employed. 

For loads defined in polar coordinates, axis-symmetry and 

axis-asymmetry considerations require specification of only one 

5-3 
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horizontal load, P (e ), in addition to the vertical load P i r 0 z 
i.e., all other horizontal loads can be represented by redefin-

lng the coordinate e (Fig. 5-1). Thus, without loss of 

generality, Equation 5-4 can be expressed in polar coordinates 

as 

where 

1-1 

R 

e 

u (R, e) 
r 

us(R,e) 

u (R,e) 
z 

flR 

f cos(s-rr 

fSrsints -

f cos(e-zr 

s ) f 
0 rz 

e ) 
0 fSz 

S ) f 
0 zz 

= Shear modulus of elastic medium 

= I x - x I = ~(Xl x O )2 + (x -,...., ~o 1 2 

aI'g(~ - x ) = -1 C2 -X~) = tan 0 
~o 

xl - xl 

( 5-7) 

0)2 x2 

Equation 5-·7 holds for any linear elastic soil medium with an 

axis of sj'I1UIletry about the z-axis. Therefore T a horizontally 

layered medium will also have Green I s functions of the form 

indicated by Equation 5-7. 

5.2 GREEN'S FUNCTIONS FOR AN ELASTIC HALF-SPACE 

5.2.1 GREEN'S FUNCTIONS IN POLAR COORDINATES 

Consider now an elastic half-space with Poisson's ratio v T 

shear modulus 1-1, and shear wave velocity V s. By rearranging 

the Green's functions (in polar coordinates) according to 

Equation 5--7, the functions f rr , fer' f zr ' f rz ' fez' and fzz are 
dependent only on a dimensionless frequency parameter, aoT 
defined as 

a o 
~R 

V 
s 

(5- 8) 

5-4 
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The resulting formulas are as follows: 

where 

fa (a ) z 0 

f (a) = 
zr 0 

f (a) = 
zz 0 

(5- 9) 

ao £00 l [(2Z
2 

-1) 2~Z2 -"n2~l 1 ]J1 (aoz) dz 
2TI ~--------~---F~(z~)--~-----~~~-----

o 

o 

-f (a) 
rz 0 

-:~ f 
00 
~/ 2 

- n 

0 

z J (a z) 
o 0 

F(z) 

+ J (a z)! dz 
o 0 ( 

dz 

(5-10) 

(5-11) 

(5-12) 

(5-13) 

(5-14) 

F(z) = Rayleigh determinant 

n 

= (2z2 _ 1)2 _ 4z2 ~(Z2 _ n2 )(z2 - 1) 

~ 1 - 2v 
"2(1-v) 

5-5 
"J 1'( 



R-8113-5470 

= S-wave velocity, P-wave velocity, and Poisson's 
ratio , respectively, of the elastic half-space 

J 0' J 1 , J 2 = Bessel functions of order 0, 
respectively 

I, and 2, 

In Equations 5-9 through 5-14 it is observed that fez = 0 

and f = .of i therefore, the total number of functions needed zr rz 
to define the Green's function matrix [G] in Equation 5-7 is 

four. Furt~hermore, it is of interest for future reference to 

note the static limit of Equations 5-9 through 5-14, which 

corresponds to the limit of these expressions as ao approaches 

zero. These are: 

f (a ,= 0) 
rr 0 21T (5-15) 

2 
f (0) -n = rz 41T (1 n2) -

(5-16) 

fer(O) 
-1 = 

41T (1 - nZ) 

(5-17) 

fez (0) = 0 (5-18) 

f (0) -f (0) 
zr rz 

(5-19) 

f (0) 
1 

= 
41T(1 - n2) zz 

(5-20) 

5.2.2 GREEN'S FUNCTIONS IN CARTESIAN COORDINATES 

The relationship of the displacements {u1 u2 u3 }T in 

cartesian coordinates to those in polar coordinates {ur ue uz}T 

can be expressed as 

u 1 C~:) cos e -sin e 0 u (x) 
r -

u2(~) = sin e cos e 0 ue(~) (5-21) 

u3(~) 0 0 u (x) 
z -
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Thus, by noting from Figure 5-1 that 

P 1 (;so) P (0) r 

P 2 (~o) P (rr/2) r (5-22) 

P3(~o) P z 

one can relate {ur ue uz}T at x to {PI P2 
P

3
}T at x by comb in-

~ ~o 

ing Equations 5-7 and 5-22, i.e., 

U (x) f cos e f cos(e - !.) f P 1 (~o) r - rr rr 2 rz 

ue (~) = fersin e fersin(e - !.) fez P2(~O) (5-23) 
llR 2 

u (x) f cos e f cos(e - !.) f P3(~O) z - zr zr 2 zz 

By substituting Equation 5-23 into 5-21, the quantities gij' as 

defined in Equation 5-5, can be obtained as 

f 
2 - f 5 

2 (f + f )s·c f f 911 912 913 
c c - 5 rr ar rr ar rz az 

921 g22 g23 = (f + fa )s.c f 2 - f c 
2 f faze 5 s + llR rr r rr er rz 

g31 -g32 g33 f c f s f zr zr zz 

(5-24) 

where c and s are shorthand notations for cos 8 and sin e, 
respectively. In the above expression, the relationships 

defined in Equation 5-6 between the off-diagonal gij elements 

are satisfied when Equations 5-12 and 5-13 are substituted into 

Equation 5-24. Furthermore, a simplified form of Equation 5-24 

results if the expressions 

0 

cos e 
Xl - Xl 

R 
(5-25) 

x
2 

- X
O 
2 

R 
sin e (5-26) 

5-7 

i -



R-8113-5470 

are employed. This form is as follows: 

(5-27) 

(5-28) 

1 x~) f 913 = - (x -
)lR2 1 rz 

(5-29) 

~{(X2 2 

far} 922 = _ xc) f - (x - xc) 
)lR 

2 rr 1 1 
(5-30) 

(5-31) 

(5-32) 

wi th the above expressions, the values of g.. can be calculated 
1J 

readily by interpolation if frr' fer' frz' and fzz are tabulated 
as functions of ao for a constant value of v. 

5.3 NUMERICAL EVALUATION OF GREEN'S FUNCTIONS 
FOR AN ELASTIC HALF-SPACE 

In BASSIN1, the parameters frr' frz' fe r' and fzz' which 
were originally defined in Equations 5-9, 5-10, 5-11, and 5-14, 

are numerically evaluated. The corresponding Green's functions 
are then provided using Equations 5-27 through 5-32. 

The numerical evaluation of these parameters involves 
expressing them in the form: 

a 
f ° (I 5 16 + 13 + 14) = 4rr 

-
rr (5-33) 

a 
f ° 12 = rz 2rr (5-34) 

ao 
'3 - (4) far = ~ ('5 + '6 + (5-35) 

5-8 
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a 
f 0 I, (5-36) = - 2rr zz 

where 

fzN 2 dz - n J (a z) 
1 1 

o 0 (5-37) = Hz) 
0 

l [(2Z
2 

1 1 00 

1) - zvl- n2~/ J~(aoz) dz 

~ 12 = (5-38) 
F(z) 

00 

J
2

(a
o

z) dz 

~ 
z 

13 = (5-39) 

Vz2 - , 

00 

14 ~ 
z J (a z) dz (5-40 ) = 

.vz2 
-

o 0 

f ~2 JZ(aoz) dz z Z -

IS = F(z) (5-41) 
0 

f z~z2 -1 J (a z) dz 
16 

o 0 
(5-42) F(z) 

0 

and 

F(z) = Rayleigh determinant 

= ( 2z2 _ 1)2 _ 4z2 ~(Z2 2 2 - n )(z - 1) 

Therefore, it is seen that the determination of Green I s func­

tions for an elastic half-space essentially reduces to computing 

the functions II' I2 I 6 . The paragraphs that follow 

describe how this is carried out. 

5-9 
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It is relatively simple to define the integrals I3 and 14 , 

Using any standard set of integral tables, they can be expressed 

as follows: 

'3 
-1 W sin = a a 

a a 

14 = [cos a 
.3 a 

a 

ao 
ao] i [s in - cos + 

- i sin ao ] 

2 (1 
a 

a 

- cos 

a a 
(5-43 ) 

(5-44) 

In this, it. is noted that 13 and 14 are both imaginary because, 

in Equations 5-39 and 5-40, the integrand z/Vz2 - 1 is imaginary 

for 0 < z < 1. 

Unlike 13 and 14 , which correspond to the 

SH-waves generated by the source, the integrands of 

and 16 all contain the Rayleigh determinant F (z ) . 

the complexity of F(z), these integrals must be 

horizontal 

II' 12 , 15 , 

Because of 

evaluated 

numerically. Prior to the numerical integration, however, it is 

convenient to first trans form the integrals by a contour inte­

gration path similar to that suggested by Ewing et al. (1957). 

This step is necessitated by the fact that F(z) = 0 at z = s. 

Having this singularity at z = s, the conventional numerical 

integration scheme would fail; however, by using contour 

integration, the residue of this singularity contributes the 

Rayleigh waves with the wave speed VR = V sis, where V s is the 

shear wave velocity. This results in the following integrals: 

i
oo ,V,2 + n2 K (a ,) d, 

_ ~ _______ ' ________ ~o===o==--~~==~ 

o (20:2 + 1)2 _ 4,2 ~L2 + 1 ~L2 + n
2 

= 

+ 

5-10 
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(5-45) 

where Ko(aot) is the Kelvin function and H~2)(aok) is the Hankel 
function of the second kind, both of which are of zeroth order. 
Similarly, 

(5-46) 

where Hi2 )(aos) 1S the Hankel function of the second kind and of 
first order. 

+{ 
25-1 

(5-1) 

2 I E (x) dx 

o 

T~T2 - 1 J 2 (ao T) dT 

Fh) 
+ i {(on _k -,-~_1 _=k 2r,-rJ 2_(_a o_k_) _d_k 

1 F(k) 

k~l - k
2 

(2k
2 

- 1)2 J
2

(a
o

k) dk 

(2k2 - 1)4 + 16k4(1 - k2)(k2 _ n2 ) 

5-11 
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where s is the root of the equation: 

F(s) o 

and 

~ [<' + x) ~ (s 
. 2 

Jz(ao(s+x») + x) -
E(x) _0 

F(x) 

xl) 1 (s - x) ~ (s 
2 

J
2

(a
O

(s -- x) -
+ 

F(-x) 

+ i { -lTH (Z) (a 5) 
o 0 

(5-48) 

The significance of Equations 5-45 through 5-48 lS that all 

singularities are now eliminated in the integrands for II' 12 , 

15 , and 16 " Therefore, these integrals can be readily evaluated 

using standard numerical integration procedures. This numerical 

integration is carried out in BASSINI using Simpson I s rule" 

Plots of the functions frr' frz' fer' and fzz that result from 

the superposition of II ... I6 are provided in Figure 5-2. 

5-12 
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FIGURE 5-20 BASSINl COMPUTATIONS OF GREEN'S FUNCTIONS FOR 
ELASTIC HALF SPACE WITH POISSON'S RATIO = 1/3 
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CHAPTER 6 

HALF-SPACE IMPEDANCE MATRIX AND 
DRIVING FORCE VECTORS 

R-8113-5470 

This chapter describes how the Green I s functions for an 

elastic half-space (Chapt. 5) and the free-field ground surface 

motions induced by traveling seismic waves (Chapt. 4) are used 

in BASSIN1 to characterize the half-space and the seismic 

excitations in terms of a frequency-dependent impedance matrix 

and driving force vector. The approach described herein is 

valid for any number of arbitrarily shaped, deformable inter­

faces between the structure and the half-space. It is an 

extension of our earlier work in this area, which was carried 

out for rigid foundation conditions (Werner et al., 1977). 

6.1 IMPEDANCE MATRIX 

6.1.1 BASIC CONCEPTS AND ASSUMPTIONS 

As noted in Chapter 5, the displacements at any point along 

the surface of a half-space, {u(x.)}, as induced by a harmonic 
""1. 'nt 

force located at any other point, {P(x.)}e1. ,can be expressed 
""J 

as 

where 

{u(x.)} = [G(Q, x· ""1. ~1. 
x . ) H P (x . ) } e iQ t 
""J ""J 

(6-1) 

x., x· 
"" 1. "" J 

[G(Q, x. - x.)] 
""1. ""J 

= Vectors of coordinates of computed dis­
placement and applied force respectively 

= Excitation frequency 

= 3 x 3 matrix of Green 's 
formulated in Chapter 5 

6-1 
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and {u(x.)} and {P(x.)} are each of order 3 x 1. By superimpos-
.......,~ ,..., -J 

ing many such point loads within an area A, the displacement at 

~ can be expressed as 

{u(x.)} = 
~~ 

Sf [G(n, 
A 

~1.' - xJ.)]{cr(x.)} dS. ,- ~ ~J J (6-2) 

where {cr(ej)} is a 3 x 1 vector that denotes the contact stress 

state at x" 
~J 

To define the impedance matrix for an elastic half-space, 

it is necessary to numerically integrate the above integral 

equation. Following our prior approach for arbitrarily-shaped 

rigid interface conditions (Werner et al., 1977), BASSINI 

incorporates the following assumptions in order to simplify this 

numerical integration process (Fig. 6-1): 

• The arbitrarily shaped interface can be partitioned 
into many small - and regular (e.g., rectangular) 

subregions. 

• The contact stress within each subregion is constant. 

On this basis, the right side of Equation 6-2 becomes 

is [G(n, 
A 

{ cr . } 
J 

A' I x. J ~J 

x . - x.)]{ cr (x .)} dS. 
~~ ~J ~J J 

S 
= L 

j=l 
[<1> (x. , x.)]{cr.} 

~~ ~J J (6-3) 

that comprise 

(6-4) 

= 3 x 1 vector of constant stresses in the jth 
subregion 

= Area and coordinate of centroid, respectively, 
of the jth subregion 

6-2 
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Substitution of Equations 6-3 and 6-4 into Equation 6-2 results 
in the following interrelationship between the displacements at 

any point along the surface of the half-space interface and the 
contact stress state within the interface 

S 
{u(~)} = .2: 

J=l 

Equation 6-5 1S a basic building block for constructing the 
system impedance matrix. In its above general form, this 
expression is valid for either rigid or deformable structure/ 
half-space interfaces. 

6.1.2 NUMERICAL PROCEDURE 

6.1.2.1 General Description 

with 1:he preceding subsection as background, we can now 
consider a deformable interface between the overlying structure 

and the half-space that is of arbitrary shape and is comprised 
of rectangular subregions (Fig. 6-1). In the treatment that 
follows, this interface need not be restricted to a single 
structure/half-space contact area; instead, the interface can be 

comprised of several separate contact areas that would exist for 
structures of extended length supported by multiple footings. 

The major effort in this phase of BASSIN1 1S directed 

toward computing the compliance matrix for the half-space inter­
face region; this matrix is then inverted to obtain the 

impedance matrix. The computation of the compliance matrix is 

illustrated in Figure 6-2, which shows that the jth column of 
this matrix contains the displacements at each degree of freedom 
of the interface, as induced by a unit harmonic force applied to 
the jth degree of freedom. Basic features of the BASSIN1 compu­

tation of the compliance matrix are as follows: 

To 
the 

facilitate 
overlying 

coupling 
structure 

6-4 
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in the subsequent dynamic 
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analysis, the half-space compliance matrix J.S 

developed for degrees of freedom located at the corner 

node points of the subregions. As noted in Chapter 3, 

these subregion corner modes correspond on a one-to­

one basis to the interface nodes from the finite 

element model of the overlying structure. 

• In the computation of the compliance matrix, the unit 

force applied to the degree of freedom at each node 

point is replaced by a system of statically equivalent 

forces applied at the centroids of the immediately 

adjacent subregions: This system of equivalent forces 

is the basis for computing the node point displace­

ments that comprise each column of the compliance 

matrix. The purpose of this approach is to avoid the 

numerical difficulties that would otherwise result 

when evaluating Green I s functions for defining dis­

placements at the point of application of the unit 

force (i.e., for xJ.' - x. = 0 in Eg. 6-4). 
,..." -] ....., 

• Several methods of varying degrees of refinement are 

available for determining this system of statically 

equivalent subregion-centroid forces. In BASS IN1 , a 

simple approach is used in which a constant stress 

s"tate is assumed only for the subregions immediately 

adj acent to the node point location of the applied 

unit force; elsewhere, the subregion stresses are 

considered to vanish. This approach J.S described 

further in Subsection 6.1.2.2. 

6.1.2.2 FORMULATION 

with this as background, the formulation of the expression 

for the jth column of the half-space compliance matrix is 

6-6 
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ini tiated by applying the following harmonic force vector of 

excitation frequency Q: 

{P} = 

o 
o 

1 

o 

(6-6) 

In Equation 6-7, {P} 1S a vector of order 3N x I, where N is 

the total number of half-space nodes (with 3 degrees of freedom 

per node). Only the jth element of {P} is nonzero; this element 

has a value of unity. 

The next step in the formulation process 1S to transform 

the node point force vector, {P} to a set of statically equiva­

lent forces acting at the centroids of the immediately adjacent 

subregions. As noted previously, this transformation is based 

on the assumption that the node point force induces a constant 

state of stress in these immediately adjacent subregions, and a 

vanishing state of stress elsewhere. Therefore, the nature of 

this transformation depends on whether the location of the unit 

force in {P} is at an interior node, an edge node, or a corner 

node of the half-space interface (Fig. 6-3). The transformation 

is expressed mathematically as 

where 

{Ps } = [T]{P} (6-7) 

= 3S x 1 vector of forces located at the centroid of 
each of S subregions that comprise the half-space 
interface 

[TJ = Transformation matrix, which is of order 3S x 3N 

6-7 
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Equation 6-7 can also be expressed in terms of contact 

stress vectors for each SUbregion, as follows 

(6-8) 

where {as} is a 3S x I vector of contact stresses, and [A]n lS a 

diagonal matrix of order 3S x 3S containing the areas of each 

SUbregion, i. e. , 

?:l 0 . . . 0 . . . 0 

[A]n = 0 ~2 
. . . 0 . . . 0 (6-9) .. 

~k 

o o o ~S 

In Equation 6~9, ~k is a diagonal matrix of order 3 x 3 whose 

diagonal elements contain the area of the kth subregion, and 0 

is a null matrix of order 3 x 3. 

Knowing the state of stress induced in the half-space by 

the load vector {P}, the resulting node point displacements 

induced by this stress field, {u}, can be expressed as the 

following expanded form of Equation 6-5: 

~6-10) 
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where {u} is of order 3N x 1, and 

~(~i' ~1) ~(~i' ~2) . . . ~(~i' ~S) 

[<P ] = ~(~2' ~1) ~(~2' ~2) . . . ~(~2' ~S) (6-11) 

" 

In Equation 6-11, ~(x~, x.) is a 3 x 3 Green's function matrix 
:to "'1 ""J 

which interrelates the 3 x 1 displacement field at node i with 

the 3 x 1 stress field at· subregion j; i.e., from Equation 6-4 

~(x~, x.) 
:to ""1 NJ = [If G (Q, x ~ - x.) dS J 

""1 ""J J A. 
J 

(6-12) 

Substituting Equation 6-8 into Equation 6-10, the expression for 

the node point displacement field throughout the half-space 

interface, as induced by the node point force vector {P}, 

becomes 

(6-13) 

In view of the definition of {P} given in Equation 6-6, {u} 

represents ·the j th column of the compliance matrix. By applying 

the unit force in {P} at all node point degrees of freedom and 

repeating the above process! Equation 6-13 can be generalized to 

provide the following expression for the half-space compliance 

matrix [CHS] 

[C J = [<P][AJ D-
1 [T] HS 

6-10 
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The half-space impedance matrix, [~S]' lS then obtained by 

inverting [CHS ] , i.e., 

(6-15) 

6.1.3 CORRELATION WITH RESULTS BY OTHERS 

To provide verification of the BASSIN1 approach for comput­

ing the half-space compliance and impedance matrices, results 

from BASS IN1 have been compared with results from the prior 

analytical solutions of Thomson and Kobori (1963) and of 

Veletsos and Wei (1971). Both of these solutions treat the case 

of a rigid foundation on an elastic half-space; the Thomson­

Kobori solutions address vertical compliance of a rectangular 

footing whereas the Veletsos-Wei solutions develop horizontal 

and rocking compliances for a circular footing. 

6.1.3.1 Comparisons with Thomson-Kobori 

The BASSIN1 comparisons with Thomson-Kobori were carried 

out for a rigid square footing resting on an elastic half-space 

with a Poisson's ratio of 1/4. The footing/half-space interface 

for this case was represented in BASSIN1 as a network of four 

square subregions that, to be consistent with the Thomson-Kobori 

assumptions, were subjected to a uniform vertical stress field 

(Fig. 6-4a). The resulting displacements computed by BASSIN1 at 

each subregion node point were arithmetically averaged for 

purposes of comparison with the Thomson-Kobori rigid foundation 

results (Fig. 6-4b). 

The results of these comparisons are provided in Fig­

ure 6-4c as plots of real and imaginary components of the 

dimensionless compliance, CD' vs. dimensionless frequency, ao ' 

\vhere 

6-11 
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= vertical displacement 

= Shear modulus and shear wave velocity respectively 
of elastic half-space 

= Applied vertical stress 

= Excitation frequency 

= Length of a side of square footing 

This figure shows that the average compliance obtained from 

BASSIN1 for this case compares quite well with the Thomson­

Kobori compliance, over the entire range of dimensionless 

frequencies considered in these comparisons. The real component 

of the BASSIN1 compliance is seen to be within 25% of the real 

component from Thomson-Kobori, and the imaginary components from 

the two sets of results compare even more closely. T~e differ­

ences that do exist in these comparisons are primarily related 

to the approximations introduced by the arithmetic averaging of 

the BASSINI compliances in this example. 

6.1.3.2 Comparisons with Veletsos-Wei 

In their analytical treatment of the dynamic response of a 

rigid circular footing on an elastic half-space, Veletsos and 

Wei treated the particular case of the coupled horizontal and 

rocking response of the footing when subjected to a harmonic 

horizontal force and moment. Their results were presented as 

frequency-dependent dynamic amplification factors, denoted below 

as f .. (i,j=l,2), that related the dynamic values of the foot-
~J 

ing's horizontal displacement, u, and 

uncoupled static values, ust and Ci st ' 

rotation, Ci, to their 

through the expression 

= 
+ i g12 )] 

+ ig22 ) 
(6-16) 
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R-8113-5470 

2 - \) 

Pst ust = :SI-Ir 
0 

:3 {I - \) } 
Cl st = M 

8 r3 st 
1-1 0 

Pst' Mst = static horizontal force and moment, respectively 

J.I, \) = Shear modulus and Poisson's ratio respectively 
of the elastic half-space 

ro = Radius of circular footing 

The particular quantities from Equation 6-16 that were 

compared between BASSIN1 and Veletsos-Wei were the dynamic 

amplification functions, f11 and gll' that define the horizontal 

displacemen-t due to an applied horizontal dynamic force. To 

carry out tnese comparisons, a special version of BASSIN1 was 

developed t:hat incorporates nonrectangular quadrilateral sub­

regions and excitations in the form of applied uniform stresses 

that could vary from one subregion to the next. On this basis, 

a 12-subregion model of the footing/half-space interface was 

developed (Fig. 6-5a), and this interface was subj ected to a 

system of applied subregion stresses that approximated the 

theoretical contact stress distribution developed by Veletsos 

and Wei (Fig. 6-5b). The calculations were then carried out for 

an elastic half-space with a Poisson's ratio of 1/3. 

The resulting comparisons between the BASSIN1 and Veletsos­

wei results are provided in Figure 6-5c as plots of f11 and gIl 

vs. a dimensionless frequency, ao ' defined as 

6-14 
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where Q is the excitation frequency, ro is the radius of the 

footing, and Vs is the shear wave velocity of the elastic half­

space. This figure shows that the two sets of results compare 

qui te well over the range of dimensionless frequencies con­

sidered in these comparisons. Those differences that do exist 

in these comparisons can be attributed primarily to the coarse 

represe·ntat,ion of the Veletsos-Wei stress distribution in the 

BASSIN1 model. 

6.2 DRIVING FORCES 

To compute the driving forces applied by the seismic waves 

at each degree of freedom at the various half-space node points, 

we first consider the various elements that contribute to the 

total displacement at each of these degrees of freedom. Follow­

l.ng the approach of Luco et al., (1975), this can be expressed 

as 

(6-17) 

where, for an excitation frequency Q, {uT} corresponds to the 

total displacement amplitude at each half-space degree of free­

dom, tUff} represents the displacement amplitudes at these 

degrees of freedom due to the seismic waves and in the absence 

of external forces (see Chapt. 3), and {uo } depicts the dis­

placement amplitudes at these degrees of freedom due to applied 

interaction forces in the absence of seismic wave excitations. 

Each of these vectors are of order (3N xl), where N is the 

t?tal number of half-space nodes. 

Now, from section 6-1, it is seen that 

(6-18) 

where [CHSJ is the compliance matrix for the half-space and {Po} 
is the vector of applied interaction forces. The substitution 

6 .. 16 



of Equation 6-17 into Equation 6-16 results 
'Qt expression (neglecting the e 1 terms) 
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in the following 

(6-19) 

Equation 6-19 can be used directly to obtain the expression 
for the driving forces. To do this, we note that these driving 

forces are defined as the force applied by the seismic waves at 
each half space degree of freedom, when these degrees of freedom 
are fixed against motion under the action of these seismic waves 
(see Sec. 3.2.2). Therefore, we see that if 

then 

{Po} = {PD~} = vector of driving forces 

and Equation 6-19 becomes 

(6-20) 

From this, the driving forces can be computed as 

(6-21) 

where [~S] 1S the impedance matrix for the half-space (see 
Sec. 6.1). Equation 6-21 is implemented in BASSIN2 to compute 
the driving force vector for use in the dynamic analysis of the 
soil/structure system (Chapt. 7). 

6-17 
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CHAPTER 7 

DYNAMIC RESPONSE ANALYSIS FORMULATION 

This chapter describes the formulation of the procedure 

used in BASS IN to analyze the dynamic response of the bridge/ 

abutmentjbackfill system. This formulation is provided in the 

first two of the three sections that comprise this chapter. In 

this, the first section contains the derivation of the general 

analysis procedure and the second section shows how this deriva­

tion is specialized -to include modal truncation. An example 

application of the modal truncation procedure is contained in 

the final section of the chapter. 

7.1 GENERAL ANALYSIS PROCEDURE 

7.1.1 OVERALL SYSTEM OF EQUATIONS OF MOTION 

The equations of motion of the structure (bridge/abutment/ 

backfill) system can be expressed in partitioned matrix form as 

(7-1) 

where the subscript "1" denotes all aboveground degrees of 

freedom (DOF 's) of the structure and the subscript "2" denotes 

the structure DOF I S along its interface with the half-space. 

Also in Equation 7-1, a term underlain by a double-dash denotes 

a matrix, whereas a term underlain by a tilde (~) denotes a 

vector. Finally 1 the quanti ties M, C, and K are the mass, 

damping 1 and stiffness matrices , respectively, and P 2 is the 

vector of forces applied along the structure/half-space 

interface. 
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7.1.2 INTERRELATIONSHIP BETWEEN RESPONSES AT INTERFACE 
AND ABOVEGROUND DOF'S 

The first phase of this formulation is directed toward 

deriving an interrelationship between {Y1} and {Y2 }. The first 
step in this derivation is to express the aboveground response 

DOF' s, {Y I}' as the superposition of a pseudostatic component 

{Y1s } and a dynamic component ~Y1d}' i.e., 

(7-2) 

where, from Clough and Penzien (1975), 

(7-3) 

in which 

(7-4) 

Substituting Equations 7-2 through 7-4 into the upper set of 
partitioned equations in Equation 7-1, and neglecting the 
contributions of damping to the forcing function (Clough and 
Penzien, 1975), we obtain 

(7-5) 

Next, [Y1d] is expanded into normal modes, 1.e., 

(7-6) 

where [<1>] i.s the matrix of eigenvectors, and {rJ} is the vector 

of modal response amplitudes. Substi tuting Equation 7-6 into 
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Equation 7-5 and making use of the following orthogonality 

relationships, 

(7-7) 

Equation 7-5 takes the form 

(7-8) 

In Equations 7-7 and 7-8, wn and ~n are the natural frequency 

and damping ratio, respectively, of the nth mode, [ ]D denotes a 

diagonal matrix, and [I]D corresponds to the unit diagonal 

matrix. 

The next step in the derivation is to consider Equation 7-8 

in the context of harmonic motion, i.e., 

(7-9) 

where Q is the excitation frequency_ Substituting Equation 7-9 

into Equation 7-8 and rearranging terms, we obtain 

(7-10) 

7-3 
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~n which 

(7-11) 

Furthermore, if we define 

(7-12) 

(7-13) 

and make use of Equation 7-6, then 

(7-14) 

From this, substituting Equations 7-14 and 7-3 into Equa­

tion 7-2, we see that the response of the aboveground portion of 

the structure, {Y1 J , is expressed in terms of its response along 

the half-space interface, {Y2 J, through a transformation matrix, 

[T], i.e., 

(7-15) 

where 

(7-16) 

and [Rs] and [Rd ] are defined in Equations 7-4 and 7-13 

respectively. 

7.1.3 DETERMINATION OF STRUCTURE RESPONSE AT INTERFACE DOF 'S 

The next phase of the deri vation ~s to solve for the 

structure response at its interface with the half-space. To do 

7-4 
< 
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this, we consider 

Equation 7-1 

the lower set of partitioned equations in 

(7-17) 

Substituting Equation 7-15 and considering harmonic motion, the 

above system of equations becomes 

(7-18) 

where 

(7-19) 

and 

(7-20) 

In this, [KSTJ can be regarded as an effective impedance matrix 

for the structure. 

Next, {P2}' the vector of forces applied along the 

structurejhalf-space interface, can be expressed as the super­

position of half-space driving forces and resisting forces, 

i. e. , 

where 

PRO = 

(7-21) 

Vector of driving force amplitudes, as derived in 
Section 6.2 of Chapter 6 

Vector of resisting force amplitudes = - [KaS][Y20] 

7-5 
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and 

[KaS] = Half-space impedance matrix, as derived in 
Section 6.1 of Chapter 6 

The substitution of Equation 7-21 into Equation 7-18 assures 
that compat:ibility of displacements and dynamic equilibrium is 

maintained along the interface of the half-space and the struc­
ture. This results in the following expression: 

(7-22) 

from which {Y20} is obtained as 

(7-23) 

where [KST + Kas] is the combined structure/half-space impedance 
matrix. 

7.1.4 DETERMINATION OF STRUCTURE RESPONSE 
AT ABOVEGROUND DOF'S 

Now that {Y20} is determined, the previously derived inter­

relationship between {Y1} and {Y2} can serve to obtain {Y11. 
Substituting Equation 7-23 into Equation 7-15, we see that 

(7-24) 

or, substituting for [T] 

(7-25) 

where, once again, [Rs] and [Rd] are defined in Equations 7-4 

and 7-13 respectively. 

7-~ 
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7.2 ANALYSIS PROCEDURE INCLUDING MODAL TRUNCATION 

7.2.1 GENERAL DISCUSSION 

The derivation of the dynamic analysis procedure including 

modal truncation closely follows that of the general analysis 

procedure provided in section 7.1. The only differences are 

that 

• The overall system of modal equations of motion are 

partitioned into separate equations for the "kept 

modes II (i. e ., lO'Yler modes that will be retained in the 

analysis) and the " r esidual modes ll (i.e., higher modes 

whose contributions will be approximated in this 

procedure) . 

• These residual mode effects are represented in this 

procedure as functions of the kept mode parameters. 

This is accomplished through the use of modal identi­

ties, together with certain simplifications that can 

be made in the equations of motion for modes with 

natural frequencies substantially greater than the 

excitation frequency. 

It is noted that modal truncation approaches analogous to 

that presented in this section have been used in the analysis of 

piping systems on discrete supports subjected to multiple 

support excitations (e.g., Powell, 1979; AA, 1979). Herein this 

approach is - extended to soil/structure systems subj ected to 

traveling seismic waves, ln which the soil/structure interface 

can be of extended length. 

7.2.2 INTERRELATIONSHIP BETWEEN STRUCTURE RESPONSE 
AT INTERFACE AND ABOVEGROUND DOFfS 

This subsection is directed toward developing an inter­

relationship between {y 1} and {y 2} in a manner analogous to 

Equation 7-15 for the general case, except that now modal 

truncation effects are included. This development effort is 

based on the use of partitioned modal equations of motion and 

7-7 
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certain modal identities, as described In the paragraphs that 

follow. 

7.2.2.1 Partitioned Modal Equations of Motion 

The previously derived modal equations for the general case 

were expressed in Equation 7-8 as 

(7-26) 

where, from Equation 7-12 

[r] = Matrix of modal participation factors 

In Equation 7-26, the equation of motion for the jth mode can be 
written in scalar form as 

~. + 2w.~.~. + w~~. 
J J J J J J 

(7-27) 

where the index s ranges over the NI structure degrees of 
freedom along its interface with the half-space, and 

(7-28) 

where the index n ranges over the NA aboveground DOF I s of the 

structure. For harmonic motion, Equation 7-27 takes the form 

+ 2lnW.~. + w· ~. e . 2) int 
J J J JO 

7-8 

NI 
L r J' SY2S 
5=1 

(7-29) 
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(7-30) 

Now it is clear that for w~ > > 0 2 , the term involving w~ will 

dominate the left side of Equation 7-29. Therefore, for these 

higher modes, the solution for Iljo is approximately its "static ll 

response, i. eo, 

1 NI .. 

= - 2' L: f jsY2so 
w. s=l 

J 

(7-31) 

Applying this concept to the general set of modal equations 

results in the following expression for the modal response 

amplitudes 

(7-32) 

For future reference, Equation 7-29 will be used subsequently in 

this derivation to define modal response amplitudes for the 

residual modes, since these higher modes satisfy the conditions 

of applicability of this equation, i.e., that w~» 0 2 , 

Now let us rewrite Equation 7-6 in terms of kept modes and 

residual modes, i.e., 

or 

(7-33) 

7-9 
f ; r; ____ 
,..' -., 



R-8ll3-5470 

in which the subscript "k!! denotes kept modes and the subscript 
"r!! represents residual modes. Substi tuting Equation 7-32 for 

{'l r}' we obtain 

(7-34) 

where (rr] is the matrix of modal participation factors for the 
residual modes, i.e., 

[r] (7-35) 

The two subsections that follow will be directed toward defining 
the residual mode term on the right side of Equation 7-34 in 
terms of kept modes. 

7.2.2.2 Modal Identities 

To express Equation 7-34 only in terms of kept mode quanti­
ties it is necessary to make use of certain modal identities. 
From the normal mode orthogonality relationships (Egs. 7-7) and 
the previously stated definition of [r] (Eg. 7-12), it can be 
shown that 

(7-36) 

or, in terms of the eigenvector matrix 

(7-37) 

7 .. 10 
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In this, the left sides of the above equations can be expressed 

in terms of kept modes and residual modes as follows 

(7-38) 

By using Equations 7-12, 7-36 and 7-37, the residual mode term 
in the above expresslon becomes: 

(7-39) 

or, substituting for [rkJ from Equation 7-35 

7.2.2.3 Final Development of {Yl } vs. {Y2} Interrelationship 

To obtain the final form of the interrelationship between 

{Y1 } and {y2}, it remains to incorporate the above modal identi­
ties into Equation 7-34, express the resulting equation for the 

case of harmonic excitations, and then combine the resulting 
dynamic component of {y 1} with its pseudostatic component in 

accordance with Equation 7-2. 

To begin this process, we substitute Equation 7-40 into 

Equation 7-34, in order to obtain 

-1 T 
{Y1d} = [<Pk]{tlk} - [K]11[M11 ] [I]D - [<P k] [$k] [MIl] [Rs ]{Y2} 

Now, for the case of harmonic excitation 

{ } { } iQt 
tlk = 'lko e 

7-11 

(7-41) 

(7-42) 
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which can be substituted into Equation 7-41 to obtain (by 

analogy to Eqs. 7-10 and 7-11 for the general case) the 

following expression for the modal response for the kept modes 

{ Il ko } 

(7-43) 

where 

(7-44) 

Therefore, substituting Equations 7-42 and 7-43 into Equa­

tion 7-41 

{Y1dJ = [[RdkJ 

+ QZ[Klll-1[Mlll [I1 D - [<I>k1 [<I>k1T[Mlll [Rsl]{YZOJeiQt 

(7-45) 

where, by analogy with Equations 7-13 and 7-14 for the general 

case 

(7-46) 

Finally, substituting Equations 7-45 and 7-3 into Equation 7-2, 

the final interrelationship between {Y1} and {Y2} takes the form 

(7-47) 

7-12 
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where, by analogy with Equation 7-16 for the general case 

(7-48) 

and 

(7-49) 

In this, [Tk ] is identical to the transformation matrix between 

{y I}· and {y 2} for the general case (Eg. 7-16), except that now 
it is evaluated only for the kept modes. The quantity [Tc] is a 
correction matrix that accounts for the effects of higher 

(residual) modes that are truncated in this approach. 

7.2.3 DETERMINATION OF STRUCTURE RESPONSE AT INTERFACE DOF 'S 

To determine {Y2}' the structure response along its inter­
face with the underlying half-space, we proceed in a manner 
identical to that for the general case (Sec. 7.1.3). In this, 

Equation 7-47 is substituted into the lower set of partitioned 
equations in Equation 7-1 and conditions of harmonic excitation 

are imposed. This results in the following expression (which is 
analogous to Eg. 7-18 for the general case) 

(7-50) 

where 

(7-51) 

(7 -52 ) 

7-13 
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and 

[Tk ], [TC] = given by Equations 7-48 and 7-49 respectively. 

In this, [KSTk] is an effective impedance matrix for the struc­

ture. Its form is identical to that for the general case, 

(Eq. 7-19), except that now it is evaluated only for the kept 

modes. [KSTC ] is a correction matrix that accounts for the 

effects of the higher (residual) modes on this structure 

impedance matrix. It can be computed either from Equation 7-52 

or from the following alternate expression: 

I t now remains 

amplitudes of the 

Equation 7-S0, as the 

and resisting forces. 

this expression takes 

where 

(7-53) 

to express {P20 }, the vector of harmonic 

structure/half-space interface forces in 

superposition of half-space driving forces 

As in Equation 7-21 for the general case, 

the form: 

(7-54) 

Vector of driving force amplitudes as derived in 
section 6.2 of Chapter 6. 

-- Vector of resisting force amplitudes = - [~S] {Y20} {PRO} 

[~S] = Half-space impedance matrix, as derived in 
Section 6.1 of Chapter 6. 

7-14 
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Substi tuting Equation 7-54 into Equation 7-50 and solving for 

{Y20} results in 

(7-55) 

where [KSTk] + [KSTC ] + [KaS] ts the combined structure/half­

space impedance matrix including effects of modal truncation. 

7.2.4 DETERMINATION OF STRUCTURE RESPONSE AT ABOVEGROUND DOF's 

Now that {Y20} is determined, we again proceed in a manner 

analogous to that for the.general case in order to obtain {Y1} 

(see Sec. 7.1.4). Substituting Equation 7-55 into the pre­

viously derived interrelationship between {Y2} and {Y1 } 

(Eg. 7-47), we obtain 

(7-56) 

or, substituting for [Tk ] 

(7-57) 

where [Rs] and [Rdk] are defined in Equations 7-4 and 7-46, and 

[Tc] is defined in Equation 7-49. Equations 7-56 and 7-57 are 

analogous to Equations 7-22 and 7-23 respectively for the 

general case. 

7.3 ILLUSTRATIVE EXAMPLE 

7.3.1 SOIL/STRUCTURE SYSTEM 

To demonstrate the effectiveness of the modal truncation 

approach described ln the previous section, an illustrative 

example application of the approach is summarized. The soil/ 

7-15 
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structure system to which the approach is applied in this 

example is a free-standing bridge structure supported on rigid 

footings that, in turn, rest on the surface of an elastic ha1f­

space. The configuration and model of the bridge is shown in 

Figure 7-1 and the bridge/soil system properties are provided in 

Table 7-1. The first few fixed-base mode shapes for the bridge 

are shown in Figure 7-2. 

This bridge/soil system is identical to that considered in 

previous studies of traveling seismic wave effects on the 

response of bridges (Werner et al., 1977; Werner and Lee, 1980) . . 
In these p:r:ior studies, analyses carried out for a variety of 

wave types I wavelengths I .and directions of incidence required 

the use of 29 modes to represent the structure I in order to 

obtain adequate convergence. The inclusion of this large number 

of modes was not only costly, but was also possibly prone to 

some uncert:ainty pertaining to the accuracy of the higher mode 

computations. si tuations of this type are clearly ideal for 

application of modal truncation procedures of the type described 

in section 7.2. 

7.3.2 INCIDENT WAVE MOTIONS 

Two cases involving selsmlC wave excitations are considered 

in this example. Case 1 corresponds to SV-waves with an excita­

tion frequency of 8.8 Hz and a direction of incidence corre­

sponding to _ SE = 0 deg and Sv = 45 deg (see Fig. 7-1 for a 

definition of SH and Sv)' Case 2 also corresponds to SV-waves 

with the same excitation frequency but with a direction of 

incidence of SH = 45 deg and Sv = 20 deg. Case 1, as indicated 

above I represents condi tions of relatively simple two­

dimensional response whereas I in Case 2, the response will be 

three dimensional. 

7.3.3 RESULTS 

The results for each of the above cases are summarized in 

Tables 7-2 and 7-3. These tables provide amplitudes of response 

~J:t < 7-16 
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z 

MODE 1: f = 302 HZ (2001 RAD/SEC) MODE 2: f = Sol HZ (3200 RAD/SEC) 

MODE 3: f ~ 907 HZ (6009 RAD/SEC) MODE 4: f = 1804 HZ (11506 RAD/SEC) 

(a) In-plane modes (significant 
response in x-z plane) 

z 

MODE 1: f ~ 1402 HZ (8902 RAD/SEC) MODE 2: f = 3302 HZ (20806 RAO/SEC) 

MODE 3: f = 4905 HZ (31100 RAD/SEC) MODE 4: f = 6107 HZ (38707 RAD/SEC) 

AA8754 

(b) Out-of-plane modes (significant 
response in y-direction) 

FIGURE 7-2. FIXED-BASE MODE SHAPES AND FREQUENCIES OF BRIDGE 
(Werner et al., 1977) 
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of the bridge at its upstream and downstream foundations, at the 

tops of its upstream and downstream end walls, and at the mid­

span of its road deck. The results are developed in four sets 

of computat:ions -- corresponding to 4, 6, 8, and 29 kept modes 

(see Table 7-4 for natural frequencies of the highest kept mode 

in each of these computations). At each location and for each 

assumed number of kept modes, the bridge response amplitudes 

were computed with and without the modal truncation corrections 

for higher mode effects. These results were compared to the 

response amplitudes corresponding to the condition of 29 kept 

modes and modal truncation corrections. The comparisons were 

depicted in terms of tabulated percent errors. 

Resul ts for the two-dimensional case (Case 1) demonstrate 

the effectiveness of the modal truncation procedure in account­

ing for higher mode effects under these conditions (Table 7-2). 

For example, in the analysis resul ts involving only 6 kept 

modes I the modal truncation procedure is seen to reduce the 

percent error in the computed bridge response amplitudes to 

values that are typically well under 5%. 

For the three-dimensional case (Case 2), the effectiveness 

of the modal truncation procedures is also clearly demonstrated 

(Table 7-3). In this case, the bridge response is much more 

complex, resulting ln percent errors for both uncorrected 

and corrected conditions that are higher than for the two­

dimensional situation. This suggests that the required number 

of kept modes will be larger for Case 2, although the modal 

truncation approach is quite effective even in this case. To 

illustrate, 6 kept modes result in percent errors of less than 

13% and, if 8 kept modes are considered, the percent errors drop 

to values that are typically well under 4%. 

7 .3 .4 OVERALL TRENDS 

The overall trends from these results demonstrate that, for 

this example, the modal truncation approach is quite effective 

in reducinq the number of modes required to produce excellent 

< 
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TABLE 7-4. 

R-8113-S470 

NATURAL FREQUENCY OF HIGHEST KEPT 
MODE IN EACH COMPUTATION FOR 
ILLUSTRATIVE EXAMPLE 

Natural 
Kept Mode Frequency, 

Number Hz 

4 14.2 
6 28.8 
8 - 36.0 

29 288.8 
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results. In particular, for the two cases considered, 6 to 

8 modes incorporating modal truncation corrections reproduced 

(with a very small error) the results obtained using 29 modes 

with no such corrections. The trends also illustrate that the 

required number of kept modes must be selected not only on the 

basis of natural frequencies * , but also from consideration of. 

the nature of the expected structure response to the incident 

wave motions. For example, if the structure response is 

expected to be predominantly transverse to the bridge span, (as 

would occur from SH-waves with eH = 0 deg for the bridge con­

sidered in. this example) a sufficient number of transverse 

response modes should be included in the ensemble of kept modes 

for the analysis. Also, as illustrated bX these Case 1 and 

Case 2 results, a larger number of kept modes will be required 

if the seismic excitations are expected to produce complex 

three-dimensional response, as opposed to much simpler in-plane 

response. 

* As noted in section 7.2.2.1, the natural frequency of the high-
est kept mode should be markedly greater than the excitation 
frequency. Generally, we have found that if frequency is at 
least 5 times the excitation frequency, excellent results 
should be produced by this modal truncation approach. 
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APPENDIX A 

INPUT DESCRIPTON FOR BASSINI 

This appendix contains a description of the user-provided 

input data for the BASSINI subprogram, in accordance with the 

general description provided in Section 3.1 of Chapter 3. These 

data are contained in a total of 35 card groups, and can be pro­

vided to BASSINI in any consistent set of units. 

The output from BASSINI is in the form of print, peripheral 

storage, and (optionally) plots. The peripheral storage is 

generated on FORTRAN Logical Unit 8, and is used as input to the 

BASSIN2 subprogram. 
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= 1, C U i~ S r k A 11'1 E D IN 1 T H 1 N T Ii C. S T RUe r UK E 
= 2, HALF-SPACE O~G~tE-UF-FkEtUUM 

Y .. I) I k' t. C r I (J !\J bUUi\lt) A R Y CfJi"JDI1IU,'J LOUt. 

l-OIf-(I:.C llUi'J bUUI'~UA~Y COiIjU1TlIJI~ LOUt.. 

R U r A r I Oi'~ A I1UII r X-AXIS B G U i\j I) A 1'< Y L U 1\] tJ 1 T 1 i) l\j 

;-( () TAT I () I'IJ Af5UU T Y-AXIS d u U,~il A K r L l) H D I r It) I') 

rI UTA T lOI'i AbUur L-AX!8 t·(jlj,~[l At< Y C (; ,'J!) i. T 1 (J Il 

Y-CUCt<[)INATc.. 

z - CUll to< LJ ll~ II T E • 

ClJi)E. 

LOut. 

CIJUt. 

Ir\jCr<Ei'-lErd Tu nt: AI)DED Tu [HI:. I"'KtVluUS :~U[)t 

rw :"1 d t t( T u r.; t: N t. t( AlE A III t,.1J ,'W u E i', U r°lt.; t. K I!'. T d to 
.5 E lJU t. flj C I:. l) F NUl) l:. SAL 0 ,\J G t\ ~ I t< A I b H T L 1 III E • 

U) 

GO Tu CA~O GROUP 12. 

(*J IF CKOOPT(l) I:::i rWT t.IHJAL Tu ELEM lIh' Cr<OuPICc::) [~ Iwl HilH\L rl.) 
COM2, SKIP rHl~ CARD GKOUP. 

(1 ) I F A P M<I J C U L 1\1"< U t G R t E. -;) F - F R t. [:1) 0 r', 1 S C U tJ;) r Ii A L'J t I) F I) k A ,'j t ri 1 t ~ 
U F III 0 0 teA H u .'j, T rl I ~ 1"1 A Y tj t Ii" U 1 CAT t: 0 tl t 1'1 0 U U "1 U A r( Y C U :,) I) I r T U:\j 

C fJ 0 E U f - 1 0 III 1 H t fIt< S T 1'40 Ll E. C A K U 1 j\! r tH:' S c. r< 1 t. ::, 1-\ I J U + 1 u i ~ r tl E. 
LAST NuDE CAKU I~ lh~ ~trill:.S. 

l"dQAL CUI~TH(JL PAf-<MIEIE.fC) FUr< A bIVt.N I\JUDt. '~IAY bE-_ SuPr=-Lll:.U 
Ail/U/lik bt.i\ltRA lED I-;URE THAllI OI\lCI:., Ii'l vliHlCr1 CA~F.. Ttit L~ i ES I 
IJ A r A U V t. r< t-( I lJ t S T rl t P Ii E. 'v I U U j U i'J t::;:; • r H t 1 i\l P lJ T [ j ltJU'\ Hu\ I t: I) b 1 

r< E. A I) Ii'; Girl t L' A I A F-lJ h' T H r_ LAS 1 I~ \ilk I i\j I H t. J Y v T I: II, • 



CC\l~ U G t< IJlW 1 ~ : 
fW. UF CAf.<lJS: 
rIJkr'iAT: 
rt J lJ T 11'..(:: : 

VAtdAoLt 

1-':) i\JPAt<ll) 

0-10 

11-15 NPAh:(3) 

GO TU CARO GROUP 13. 

IIJJTES: 

r H U j ;) ELI:. H t. l'-i T C U 1\) 1 K U L P A i-( >\ ,v, i::. I t K .J 

1 1< 

515 
E.LOATA 

E L E !"I i:. 1'1 TTY Pt. 

= 1, li-luSS 

NUMbER UF MATERIAL PKUPERIY StT.J. 

R-Bl13-5470 

( * J r F C k DO P T ( 1) I s i~ () I I:. 0 lJ A L T lJ t. L t [oJ) UK C k t) uP r ( ~) I ~ H U rEi) U A L T U 
C [) t-j P U I~ T R U S S I:. L t. 1·1 t: til '5 A kEN U I f:. i'''i P L U Y E u .L fJ THE I", U U t L, ~ KIP T 11 1 j 
C. At-< [) GtWUP. 



C<\i~U GkOUP 13: 
iliD. v~ CARl;~j: 

F Uk ,'IA T : 
R lJ LJ T ( I'JC : 

C () L U I'II'J S VAk:IAKlt 

1-:' f'l 

6-15 

Utili 

26-35 

30-45 w r 

GO TU CAKO GrlUUP 14. 

f'J:J r t. s : . 

1 t'< U ::, S I:: U:. 1'1 t i ~ T P r(lJ P t. I~ TIt: ~i 
i\ir'ArlU)* 

I':),4FIO.O 
fxU:'S 

R-8113-5470 

Ei~rkY IIJufl:.::> 

MUOULUS OF ~LAS1IClrY. lfu~CE/A"EAJ 

CkOSS-StCTIUNAl Artt.A. 

U 1 51 k i thJ1 t. D wE. I G H 1 It'il:'~ I G h I I L t,~ i-, I H) 

( * ) 1 F 0< 0 U P T (1) .l S 1\1 () T E Q l) A l TOt L E ;'1 Uf~ C K' i ) LJ P f (2) 1 S i\J U I t. U U A L T U 
CC!iJIP UK TRUSS tlEr/iEI\JIS M~E NUr tf'II-'LOYtu 11'0 Ti11: l'IUI)tl, ~r\iP f111::, 
CA~O GKUUP. 

it 



CAr<U (;roJUP 14: 
I~ [). U F CAt-< U 0 : 
F Jk l·iA r ; 
r<vlJTINt.: 

VARIAdLE 

T K U ;j;j E LEI-I!::. l'i T C U iIi 1\' f. C T 1 v try I-' A K /l.. 1'1 

f~r-Ar«c)* 

415,45X,15 
TkU;:;S 

R-8113-5470 

1-5 llJ 

6-10 II 

11-15 JJ 

M r 'l'P 

ob-7v KK 

FIRST NODE NUMdt~ A~SOCIAI~u HlfH rn~ M(fh) 
TRUSS ELEMENf. 

stCUIIiO I~UDt: I\JUt'lbEk ASSUCIATt.[) ,dTh [Ht. .I](TH) 

TRUSS ELEHEI\jT. 

iv1 ATE RIA L P R l) PER I y S E r ['J U ri t) t r< A S ~ I) C I A T t r; f'i 1 1 H 

THE MlTrl) TRUjS ELEMENT. 

FLAG FU~ AUTOMATIC GENE~AfIUN OF TkUS5 
ELEr"1£i\lT Cui~Nt:CTIVITY "'AkA.'IE fEi<S. 
uEfAlJLT = 1. 

tl) 

GO Tu CAkO GHOUP 15. 

III [) T E. S : 

( * ) I F C tW u P 1 ( 1) 1 S ill 0 1 t: t'! U A L T J E L E. 1"1 U K C r< D u fJ I (~) ISh II r t lW A L I lJ 

C 0 {vi P II f< T R lJ SSt:. L E f-1I: N l!j A t( E [Ii UTE I'li P Lt )y E u l;~ T t1 E Vi U 0 t L, S rI I P T ri I ;j 
CARl) Gr<(JUP. 

FE ,\1:: t< r H A;\j j\) ..... A r< ( 2) C Md) S ,'-1 A Y d t 1 f\i I" U r t) y n ~ K J. !~ b u:5 t u F !\ r\ A;) 
UESCRI~EO IN NOTE ll). 

(1) M SrlUULD ~E SPECIFIEU IN ASCtN\JING NUM~RICAL UkOE~. ~ISS[NG 
ELEr"'EI~TS ARE GEiH:.HATED d'f AU0IIIIG K.r. IU Tilt. !~ut)t. l'IUi'ldt.i-.';j 

S P E. elF I E. [) U 1'1 T H F.: P k E V I U lJ seA R l) A i\i i) U S I iii G Tnt:: Iv! A 1 t. '" 1 A L A LJ D 
fEMPERATuRE CHANGE FRUM fH~ ~~EVIUUS CAKU. 

FIGUi~t. A-l OESCRUIES THE CUOHI.)lI\lATE. ::'Y"Tr. i'1 AI~D Ut.GktE;;'-Uf­
FRtE.00M FOk THE fkUSS ELEMENT. 
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FIGURE A-I. THREE-DIMENSIONAL TRUSS ELEMENT 
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c .~ r< U I, k U U P 1 'j : 
iii U. u F CAR i) S : 
F [) k f·', A r : 
kIJUTl,~i:.: 

1-5 

6-10 

11-1'5 

10-20 

VArHA8LE 

!lJPAk(l) 

NPAh (3) 

NPMc(4) 

Gll Iu CARD GROUP lb. 

NJTE.';;: 

d t Ml t: L tJ,' tl'J[ t.; u I~ T k II L ~ A K A ;'j E I t: ,i ,,) 

1* 
41'5 
ELOATA 

tl'JTI-d 

= 2, bEAM 

NUM~E~ UF bEAM ELEMENTS. 

NUM~tk OF GEOMETRY PRuPE~rt SE1~. 

NUMd£R OF MATERIAL PRUPERTY S~Tj. 

R-8113-5470 

(*) IF CRI)UPf(l) IS 1\j{)T E.f.WAL TO ELE(vj Ur( c,{[)uprce:) J:::J 1\i1)1 t.l~JAL Tu 
COMP OK UEAM ELEMENTS ARE NuT EMPLOYED 1~ IH~ MUUEL, 5KI~ tHIS 
CAKD GKOUP. 



C~td) l;j'.:C)U? lb: 
I\i t). U F C '\ K l) S : 
F Jk,'/iA r : 
t<Jurl,~E: 

l. >] LlJ f--1 flJ .:; VAtdAdLE 

l-~ N 

b-15 E 

Ib-c') G 

20-::'';) k'f) 

GO TiJ CAk'U Gt'iUUP 17. 

-i t A i'l t L 1:.1'1 til] T IVI A r I: t'< [A L ,J 1'< U I-' E rt f 1 L 0 

"f t"' A IX ( 4 ) 
l'::l,jflU.O 
:j t A i'l 

VfUOULUS Uf ELAS T Ie I T Y. (hJk~tl Artf-A) 

POI~~UN'S RATlu. 

fl'lAS~ uEI\JS I r Y (r--1AS;3/ vt)LUi'l!:) • 

R-8113-5470 

(*) IF CkOUPlUJ IS i~lJT t.IWAL TLJ f:.LEi": Uh' CKOUPflc:J I::> i~ul t:[.jtJAL Ie 
CLJr'lP Of.< bf:Aivf ELEI'1t.J\JT:,j ARt. !\jOT E.1'iPLUYt.lJ Ii\j fHt. jV!I·Wt:L, SKIP TH[S 

CAiW bKiJUP. 



C MW G to) U P 1 1 : 
I\J ,). u f C A K [j 0 : 
f ) r< '''1 AT: 
~'Ju r li'.,t.: 

1-5 

6-15 CUPkUP(l) 

16-25 COPf<UP(2) 

2b-35 CUPRUP(3) 

COPROP(4) 

COPi-{UP(S) 

56-65 COPROPl6) 

GJ 10 CARD G~OUP 1d. 

j\p)T E:): 

b~AM tLtNiiJf hEUhETklCAL ~kU~CkIIL_R-8113-5470 
I\lPAri l3) * 
1 ':::i, bF IV.O 
d t. A I~I 

ENTkY 

CRUSS-StcrrUNAL A~EA. 

SHEAR A"EA ASSOCIATED WITH ~H~AK FUKCl~ ALU~G tl) 
THE LOCAL X2-AXIS. 

SHEA~ AHEA A5S0CJAT~D ~lTH bH~A~ FUkCtS ALU~G (1) 
fHE LOCAL X3-AX1S. 

~UMENr UF INEHTIA AbOuT 1ME LUCAL Xl-AXIS. ll) 

MOMENT OF INERTIA AbOUT THE LUCAL ~~ AXlj. 

MUMENT UF INEHTIA AdOUT TnE LUCAL X3 AxIS. 

( * ) r F C K D U P T ( 1) 1 S f'oj 0 r E. U U A L TOE LElA U ~ C t< I) 0 P r (2 ) IS;" u r t (j U A L I J 
CUMP UR dEAM ELEMENTS ARE NUT ~MPLUYED IN rHt. ~UUEL, SKIP IHlj 
CAKU GROuP. 

( 1 ) THE l) R r E:. NT A T 101''1 0 F THE L 0 CAL A X t S FOR I H t. t} E A i"i t U:: j'j I:: I. T A 1-1 E 
GIVEN IN FIGUR~ A-2. 

A-co 



x 
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LOCAL X AXIS 

COORDINATES~ 

z 

NODE' 

• 

r-------------~--------~ y 

~GLOBAL 
COORD I NATES 

Notes: 

NODE 0 

~X3AXIS 

• Node CI) defines the origin of the local coordinate system for the beam. 

e Nodes CI) and 0 define the xl axis along the length of the beam. 

• Node ® can be any point in the X(XZ plane; i.e •• Nodes CI), 0, 
and ® together define the orientation of this plane. 

• The x3 axis is normal to the x, and x2 axes so as to form a right­

handed system. 

FIGURE A-2. BEAM ELEMENT 
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C>\ k I) (:; Ii LIlJ f.l 11,: 'itAi'; t.Ll:.iVjtilJl C(JlIJl'Jt.CT 1 V I TY f.'iH<ih.c. r ~ R-8113-5470 
\j~Ari(2)* I~ IJ. u r C 1\ K iJ;j : 

f J 1"«,,,1 A f : blS,2UX,2Ib,Ib 
~dU r .L jilt.: 

vAtHA;jLE 

1-5 I Nt~L 

INl 

11-15 1 ,'J (~ 

lb-~v II\lK 

21-25 11"1 AT 

20-:50 II"IEL 

':l1-:i6 II\JELK 1 

57-b2 Ililtl..I'\J 

63-70 INC 

'jcAI"l 

,\lODE I NUI\lfBt::R ASSOCIATEU V'lIfH Tr1E li'vEL(fH) 
tH:. A ,"I E L E M E i\J f • 

ll) 

(2) 

ilJ U 0 t:: J 1\1 U IVj tj E H A ~ ;j 0 CIA 'J I: 0 YV I I H T t1 E 11\ E L ( T H ) l2 ) 
. 13 t A ,"I E L t. fit E. i\l f • 

N0Dl:. ~ ~UMBER ASS0CIAfEu ~Ilrl TME I~EL(TH) l21 
rki\H ELl:.HE.i'lT. 

MATERIAL PRUPt:.RfV SEl NUMDE~ ASjOCIATED wlfrl 
THE INEL(Trl) bEAM ELE~ENT. 

GEOMtTRY PROPERTY SET NUMbEk AS~uCIATl:.D wlfH 
THE INEL(TH) ~EAM ELEMENT. 

ENO RELEASE CuOE AT NUOE i. 

END RELt.ASE CODE AT NODI:. J. 

FLAG fUK AUTOMATIC GENERAfluN u~ ~EAH 

ELEMENT CuNrlECTIVITY PARAMEfEriS. 
DEFAULT = 1. 

U) 

U) 

U) 

G0 Tu CA~D GROUP 19. 

I'nJrt.S: 

(*) IF CROOPl (1) IS [\JUT EQU.l\L TO ELE.r"l UR Cr<UUP r (c) IS l'IUl tl)UAL TO 
C0MP OK tiEAM ELEMENTj ARE NOT E~PLUYED II~ TH~ MuuEL, 5KIP THIS 
CARD GROUP. 

F~~EH -THAN N~AH(2) CARDS MAY BE INPUT DY M~Kl~G USt uF INC Aj 
OESC~I~EO IN ~0T~ (1). 

( 1 ) I N E L S H J U L U [; ESP E C If 1 E I) I N A S C 010 Hi G i\i U wit:' 1-0 l. A L u l~ U t K • 

MISSli\tG tLc>'lE>ITS !\KE GeNERATED dY AD0hlG I,~C T0 lHt. IliUUE 

ill U /VI 8 E R SSP t. elF I E lJ UN Hi E PRE v IOU seA k D A 1-1 D U ~ 1 r~ G 1 H t jv1 ATE f~ -
I ALP k U P E H T Y, G t: 1.1 i"l t T K Y P 1'<0 PER T Y, II. ,'4 [i F I x 1:.1) - t I H) Fu K C ESE T 
NUM8E~S, AND E~O-RELEASE CODES Fku~ IhE ~k~V1Du3 CARu. 

A-2c:.. 



r-j t. .\ ,'I t;. L t. f\: f- '" T C U 1'1 '\4 t C T J V I r y t-' i\ '\ A J" r.. 1 ,:_ 
R-8113-5470 

(Cllin l!\lUtU) 

( j ) r rl t: t;oJ lJ k c. L t A j t c u utA 1 t A C f-; ;'\j U!) E 1 S A ~ 1 X U 1 bIT "1 IJ ,': I) t f~ U F 
1 '::; A :\j j) U' S • I H r::. I) I II 1 r j L 1.1 k k t .s p U III 0 T U V 1, 'v c , V 3, ii, 1, i'l Co A" U 
1'03, Kt:;)pt::Cr!VtLY: (jHt::kl::, A 1 SrlECIFlt:S TnAI IHt C(If'd(C:jl-'lli~[JIIJb 

f IJ f< C t:: u I-< ''1 LJ ,'1 t. III r c U 1"1 P l) N I:. il) lIS Z f: r( U • r HI!) ALL u ~') ;" r: d k f h t 
~r>t.CIFICAT IU,'J UF hll\JI;)ES AND I-<'ULU:.k'S. f-IbIJKt: {..-2 Dtf-" I,lJej 'tit 
PuSITlvt:: 1)1Kt:CfIUj\J~ uF lht.SE t-,\I,) fU~Cf:.!j AI\jl) "IUHEI'ITS. 



C~hi) bkUUP l~: 
.. ' R-8113-5470 

PLAI~t :-; I kt.S0 A!\[) ~LA;"t v fKt\J,.;,i tLt'_ 

C iJ I~ I ~ (j L PAR l\ ik T t K ~ 
il.! ). u F C A k U oS : 1* 
F :) t< "i AT: 4£5 
Ii tJ U f 1 i'Jl:. : ELI)ATA 

C JLUI"l\i~ l.iAtdAHLE 

1-5 NPM«l) E L t. H E 1'1 TTY t-' t .. 

= 3, t=-'LANAR 

11-15 N0MdEk uF ~ATERIAl PRuPfKfr StT0. 

21-25 IOE!IlTIFICATIOI\J FLAG FOR LUCAL XIX2-I-'LAiJe.. ll) 

= 0, XY-PLANE. 

GJ Tv CAkO GkOUP 20. 

(*) IF C~OUPT(l) IS NUr EW~AL TO ELEM uR CKUUPT(~) I~ ~UT E~UAl Tu 
COMI-' UK PLANAR ELfME~T~ A~E Nor EM~LuY~D l~ IH~ MUJ~L, S~I~ 

T'HlS CARD GROUP. 

( 1 ) THE L 0 C /I L X 1 - A X I S U F A P l A fIl A K tl E (-I E f'~ r 1 S ASS U lV' E i) T v L I I'H: A l U hi G 
ThE GL0~AL X-AxIS. A ~PA~(4) uF "1" SPECIFIcS [HAl TH~ LOCAL 
Xl-AXIS LIES ALONG THE IJ SlUE OF TH~ t:LcMtNI A~U THE LUCAL 
X 2-A.x: I SIS PEKPEi'~O 1 C UL AR TU 1 r AI\JU Ii'l T lit I.iLA iJt. OF T 11t: tLf::.-

~EE FIGuRE A-.5. 
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GLOBAL COORDINATES~ 

FIGURE A-3. PLANE STRESS AND PLANE STRAIN ELEMENT 
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C;\KI) bKUUP 2u: 

1\I!l. u F C l.\ h' uS: 
F .j t< !'" AT! 
K'JUT H~t.: 

C A t'<:) 1 

CULUi"!N~ 

1-'::) 

2b-35 

C'\I'(O 2 
------

1-10 

11-;::u 

21-.30 

.51-40 

41-50 

51-0l) 

VAi<IAdLE 

¥'IT 

RO 

£(2) 

£(3) 

E(4) 

E (~!) 

E(b) 

GO TO CA~U G~OUP 21. 

f\,CJTt:0: 

P L4 14 t S I k t: S j A l\j 0 i-' L/\I\; t: 
AATtklAL ~~uPtRrltS 
2*i\JrJAk(3)* 
I:;,.sl-lO.O/7F1U.O 
P LA IIJI: 

::;It<A11\ 

o 

MATERIAL PRUP~RTY SET NUMoErt. 

~£IGHT OENSITV (FUkCE/VGL0Mt). 

,"1 ASS lJ E IIJ SIT Y ( .v t: I G H r I VOL l ! 1"1 E) • 

. R-8113-5470 
tLt:'_ 

MATERIAL ~RINCIPAL N-AXIS OkltNfAllUN 
MEASU~EU CONTUU~-CLUCKwlSt fHU~ THE LUCAL 
Xl-AXIS (OEGRtES). 

MuDULUS OF ELASTICITY ALU~G THE PRINCl~AL 

N-AXIS. (FUkCE/A~tA) 

;'Vj 0 0 U L U S U F E LAS rIC I T Y ALe ~ G r r'l E P f( it\j C H' A L 
S-AXI::;. (FUHCE/AREA) 

(U 

;-1uuULUS UF EUISrrCJTY ALOiJG THE Pf{j,\jClpAL l2) 
T-AXIS. (FUKCt/AkEA) 

POISSUN'S RATIO Of THE PRINCI~AL N-AXlS 
STRAIN DUE TU UN!! STkAIN ALU~G rH~ ~~rN­

CIPAL S-AXIS. 

P U I & SUN'S f< A T 10 0 F THE P R 1 j\j L I r' A L I~ -.A Xl;' 
S T R A 1 i\j U U t: T 0 UN I 1 S 1 f( A Hi A L U t'J (, hi t: P R lt~­
CIPAL T-AXIS. 

PUI::i5uN'S i'cATIO OF THE PRll\l~IPAL j-A;(IS 
STRAIN uUE ru UNIT ST~Al~ ALO~G THE PHL~­

CIPAL T-AX!::;. 

SHE A R 1'1 U l! U L U S I i~ T rl t. P R I N I C I PAL hi ::; - P L A 1>1 f.. • 
(FOt<CE/AREA) 

(*) If CfWuPT(l) 1::> i~uT t,QUAL TO t:LE.i"'l UR CKU!jPI(~) I::; ,~(lr t:JUALlu 
eli 1'-1 P (hi P L AI'~ t t. LI:' r"'if::' j\j r S A rlt: 'If UTE I'i P L n Y E u 11'J 1 r1 E ",1 U U t. L, ~) ~ I P r H L ,) 
C .1\ k' [) b r(fl UP. T HIS G i~ [} u P I'll US T tH: I-< E. P t. ATE tJ ,H.l A k U) 1 [ "I f: ~ • 



NJ1~~: lCUNII~UtU) 

f-' L A 1\1 t S f h' t ~::; A ;\J 0 P I.. A I~ r: ~ 1 " Ai,,! t Lt- " 
'v! Art. t~ 1 A L t-' r< LJ r' t. i-< r 1 t S (C I.j i'J 1 1 PUt. U ) 

R-8113-5470 

( 1) THE 1'1, S, A flU r A X t. S A hEr HE P I'd }\J C I P A 1_ A" t.. 0 f- II " T!-! t.. C} td r 1 'J -
T~0PIC MAr~~lAL. Stt. f-IGU~t A~3. 

(2) P L Ail; £ ::3 T i-< E:' .) 1 S C H A h' A C ron L t. 0 H Y S t. TTl '" G : 

£(4) = E(6) = t(7) = E(1) = o. 

THE VALU~ uF E(8l SHuULO NUT dE U. 



i'~). u F CAR u::; : 
~ Jr<fclA T : 
r<JuTIN!:.: 

PLA I~E S I h t.Sj ANU PL AI\it ~J rr< 1\ 11'J E L t.' R-8113-5 470 
C l) i~ i'. t: C T .( V 1 T Y P A f< A 1"1 t: T t K S 
Nr'At<(t:!)* 
615,~lO.U,25X,I5 

PLAI~t 

EIHKY ,! lJ It j 

1-5 ivlM 

IV (1) 

P L A I~ A H t. L E (';11: N 1 iIJ IJfl4 H E K • 

NODE r I\IUi'vlI3ER ASSOCIATED ,~lrH THt: Hh(lH) 
PLAr'JAr< I::.LElvl[NT. 

(1) 

(2J 

11-15 I Y (2) ~UDE J ~UM8ER ASSOCIATED wIIH THE MM(TH) 
P L A i\J A t( t. Lt:: [0, E NT. 

16-20 1'( (3) 

21-2":' IV (q) 

20-30 IY(L)) 

TH 

66-70 INCL 

NODE K NUMHER ASSOCIATEO wIIH THE MM(TH) 
PLANAk ELEMENT. 

NODE L NUMdER ASSUCIAfED wITH THE MM(TH) 
P L A i\) A ~ t: L E i>A E IH • 
= lY(3) OR 0, TH[ANGULAK ELtMI:Nf. 

AATERIAL PRUPERTY SET NUNdEr< AS~OCIATEO 

wITH THE MM(TH) PLANAk ELI:MtNI. 

ELENENT THICKNESS. 
= 0, ~LANE ~TKAIN. 

FLAG FOt< AUTOMATIC GtNEkAfIuN Of ~LANA~ 
ELEMENT CUNNECTIVITY r'ARAMEIEkS. 

DEFAULT = 1. 

(2) 

(2) 

Gl) TU CAKO GkOUP 22. 

( 1< ) 1 FeR [) U P T ( 1) I S N (j T E (J U A L TOE L E ;vj U R C K 0 U P i (t:!) 1 3 1\ 0 r t: u u A L T () 
COMP OR PLANE ELE~tNTS A~E NUT EMPLOYE0 1~ THE MUUEL, S~IP frilS 
CAr<O GRUUrJ. 

FEwER THAN NPAr«2) CARDS MAY bE iNPUT oY ~AK1NG USt uF l~CL AS 
DE5CRlbEU IN NUT\: (1). 

( 1) ivi 1"1 S i1l11j L 0 I; ESP E C r FIt 0 I i\ A seE N I) I i\l G i\J U ;-1 t: t-d CAL U R !J t:!-<: • 

r-l ISS HI G £ L E r." t "d S A kEG E i\) ERA T E [) ti Y J~ 0 tlll\i G I ,iI C L r u r HE ilJ U IJ E. 
f,jUf'idER~ SPE.CIF lEI) UN THE PkEV IuUS CArd) Alii!) U~ IH!.:i THE HtdER-
IAL IJk'OPEk' T Y SET NUt"loER ANu 11i£ £LtMEi\l I I H1Cl\i\jt.S0 fl<Ui"\ THt 
PREVIOUS CARD. 

(2) A RIGHT-MANU CUOKOINATE SYSTEM OICTATES IHAT ~GQE.S I, J, K 

AND L [-lUST tjE ;:,ElJIJEiJlIALLY PUSITrUi'itO li~ ,'\ cuU,dti'<-CLiJCKi'djt:. 
:"II\i\if\·f,< AKUUf~u fHE ELE.MENT, whEI\! lH\: LOCI\L X1A2-t-'LAr~t LIt:::, 
\Jr',! Ti1E GLlloAL XY .. PLi\I~t. SEt fIGUtH:. A-3. 

A-2b 



C'lkl) GI~i)UP 22: 
IJ·) •• UF CAh!uS: 
f' ,) 1'( I'/j A r; 
k ) urI i~ t : 

V Ar<IAt>LE 

tJ P A K II ) 

0-10 

11-15 1\!I"'Ar«3) 

b',l Tu (AKD (;f-(OUP 23 .. 

:jl~ICK t-LEi'i!::'I\jT CU/\!TKUL PA~Af,it:.l Li";'; 

1 * 
.:51') 
tLUATA 

NUMti~k UF ~kICK ELEMENTS. 

R-8113-5470 

t * ) IF C t'<' 0 U P T ( 1) IS N (] r E QUA L rOE l E 0\'1 0 R C r< D LJ P r ( ~ ) 1 ~ l\J U r E IW A L r u 
COM P 0 R ti RIC K t L r:Jo; E. N T S A K E 1\/ 0 T t: iVi P L n Y E U II\) T 1'1 E jvl u I ) l:. L, S K [P J H I :::l 
C A I'll) G r([)U P .. 



Ci-lkU GM'uUP 25; 
r~ lJ. lJ F C A 1~ lJ ::; : 

F ,j ~.1 AT: 
ktjUT !I'!!:: 

0-15 

lb-c5 

VAkIAKLE 

EE 

RHu 

GO lu CARD GROuP 24. 

1j r( Ie K i L E i\1 t IIj I !,,1 AT t r< 1 A L r' k' U fJ t. R I I L:-, R - 8113 - 5470 
i,JPAt< (.5) * 
I~,3Fl0.0 
dr<ICK 

ErHRY 

~ATtkIAL PkuPERTY SET NUMdEK. 

MODuLUS OF ELAS1ICITY. lFURCE/A~E~) 

POIS5UN'~ RATIU. 

~EIGHT UENSITY (WEIGHT/VOLUME). 

( * ) 1 F Crill 0 P T ( 1) 1 S I'J () 1 t.(lU A L TOE L E i'I U ReI-( 0 Jj P T ( c) t;:, I'i 0 T E [.J U ALl U 
COMP Ok ~RIC~ ELEMEN(S A"E NUT EMPLOYEU l~ THE MUDEL, SKiP THl~ 

CARO GHOUP. 

A- 3() 



CAkL; GklJUP 24: 

ilJ U. u f C A "'!J S : 
f-·ij~!'iA I; 

kdUTli\!t_: 

C 'J LUi'! I'.i b VARIA6LE 

INtL 

6-111 Ir~P(l) 

1 1 - l:t li'\jP(2) 

lo-2() I l\lP l ~) 

21-~'i INP (In 

2b-5iJ Ii''IP(S) 

31-:55 INP(6) 

.3b,,-4v IIIJP(7) 

41-4') U,P(c') 

'tb-SII I N I !\ll 

Ir-1A 1 

I II'-Ie 

GU fu CAkO GH0UP 2~. 

ri I'd C i\ t L t 1'1 t. 1'1 f 
ill PAr( l c ) * 

.. . R-8113-5470 
L U'~ ilJ E C T i v I T '( I"" f\ " A I'i t:, 1 __ 

:: 

= 
= 

l~lS 

t)r<ICK 

t.i'H k Y 

FIRST NuDE NUMclt~ ASSuCIAfEu Allrl rHE 
If ~ E.. L ( , H ) d R .l eKE L t. 1"1 E i\J r • 

SCC0NO NODE ~UMdER ASSOCIAT~u wITH THE 
INE~lTH) ~RLCK El~MENr. 

THIRD NUUt l~lJl'-'ltH:R !\::'SUCIAIEu rdfH rht:. 
INEL(IH) clRICi\ ELEMENT. 

F I,) U R THill lJ l) E N U 1'1 bE k ASS 0 C I A T t. [) l\!.l. T 11 1 t'1 t:. 
INEL(TH) dRICK ELE~ENr. 

F 1 F r H I" U 0 E i~ tli'lB ERA S SOC 1 A lEu t; If II f H E 
INEL(TH) bRICK ELEMENT. 

S I x r H IIJ LJ U E IIJ U \"il H t hi A ;j S l) C I A r f.. u ~'i I f r! f ri E 
INEL(TH) KRICK ELEMENT. 

::iEvEf\JTH f'iUUt: iWr-lt~t.~ ASSUC £ A lEu v~l IH rht 
I~~L{TH) bRICK ~LEMENr. 

E I G H T H N U J) E 1\1 U ~i t) E h' A ~ S tJ C I A r t.O \'J .I. T : 1 1 r! E 
l~EL(TH) b~lCK EL~~ENr. 

ORUEk Of INTtGRATIUN. 

(., 
3, 
4, 

RECIANGULA~ SHA~~U t.LtMtNI 
SKEnEU SHAPEu ELEMENT 
tX1KEMELY OISTO~TED SHAPEu tLi~t.Nl 

f'ilAIExIAL Pr/LIPEkTY SET l\Jlltvilkk A;j~LlC11\lEU ,<\!IHi 
r Ii t I i\i t L ( T Ii) b RIC K E L E f'l E. 1'1 T • 

F LAG F (; K AUT (J MAT 1 C G E iii ERA T !(h~ u F ij '{ (C;<, 
E L t. (,1 E iii leO 1'1 i\l Eel I 'v I I Y PAl-<' A !Vi t T t R ;" .. 

.~ (j 1 E ;-.; 

ll) 

l2 ) 

tc::) 

l2) 

lc) 

U) 

llJ 

C*) tF C~D()PT(l) IS ;\j(JT l::GUAL TO ELEr·i OR Cr<nupi (~) IS 1~IJl t!hJAL T() 
cO iVI P CJ t-< b RIC K t. L E 1"1 E Iv 1 S .A kEN UTE I'! P L U Y c: IJ 11\1 T r1 E "ill U t: L, ;j 1\ 1 r:- T h 1 ,j 
LAriO Gi-<'OLiP. 

f t:: \'J E t-< 1 ri A :~ i\J P A K (2) C Ai, U S "J! A Y H t. I ill J-l U 1 ts Y ,I, ~ K .I. 1\, t , IJ ;) t u F I 1 j\j C /), ::, 
U r: ;') C ..... J. ::-' t. Ll 1 .~j lJ T t (1). 



CilKI) Gk'ULJP 24: I -I - L r.: T C - 'T VI'I'" . R-8113-5470 ti k C r< t L c. i" r:, iii U i"~ j\J t. C I I I-' A Ii ~\ 1', t. : ~ _ 

• ( C l) 1\1 r 1 i,; U t u ) 

,'0 'l I F:: 0 : ( C U i\J T I j\ll J t: D ) 

( 1 .l I\j E. L S H 0 U L i) dES PEe I F r E [) II\! AS C E flJ 0 1 ill G iii U i"l b t. RIC L\ L [J k D t k • 

I'HSSI:\JG ELEi'''lENl S At-\£ GENt.kATtD bY AOUlj\jG 111\1(,; 1 u HIt: i,UUt: 
I\iUMtH:,K.:) SPECIFIED UII; ThE Pr<EVIuU~ CA~O A:.O U~I"d; lrlE lHWtf-< 
OF INTEG~ATIUN ANO ~ATE~IAL PROPERfV St.T ~UMbE\ ~~0M THE 
PREVluUS CAr<D. 

(2) FIGUr<E A.,4 Sr1Uv'iS I\lODt. I\JLJMlH:Fd!\)t;, Af~U UEbXt.E\J-uF-ft<EiI)0ivl fUk 
BRICK. ELEI'JiE:.N1S. 

(3) COMPUTATION TIME FUR ELEHENT5 ~TIFFN£S~ INCWt.AdES ~Irn THE 
CUbE OF THE INfEGRATIUN ORUER. THEREFu~t., TnE SMALLEST PUS-
S I t3 LEU ROE R lJ F I i\l T E G r< A T I U i\j SHU U L 0 8 E U ~ E LJ, Ai"J D h' E eTA !'l b U LA k 

ELEMENTS ShOULD bE EMPLUYED AS MUCH AS PUStiloLE. 

A-3c. 
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y 

r---------------------~~x 

GLOBAL COORDINATES~ 

R-8113-5470 

LOCAL/ 
COORDINATES 

FIGURE A-4. THREE-DIMENSIONAL BRICK ELEMENT 
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Cl\kU bkUUP 2':1: 
l\i J.. U F C A k [) S : 
f 'h(:"I~ I : 
K (J U r 1 i~ t : 

v Al"d ArlLE 

1-5 NPA~l1) 

6-10 

11-15 

G0 TU CARD GROUP 26. 

i\J;]TE~: 

S r1 ELL L L E IV, E 1'1 T C U il) r i"< U L P i.t-( J.\ 'VI c. T c: !-< ,) 

1 * 
315 
ELDATA 

t L E 1'1 E j\J T T V P E • 

= 5, SHtLL 

NUMBE~ OF MATERIAL PR0PtRfV SET~ .. 

R-8113-5470 

!\JO I E. S 

U ) I FeR 0 LJ P 1 ( 1) I S III U T t. (JU A L T I) E L EMU R C r< 0 u p r ( 2 ) IS !111) r t lW 1\ L T U 

CUMP OH SrlELL ELEMENfS ARE NOT EMPLOYEU IN THE ~UDEL, S~IP THIS 
CARD GROUP .. 

A-34 



CAfH) br::{)UP 26: 
in). lJ F CAR US: 
F II K "-1 AT: 
H JUT UJt. : 

Ct\t<f) 1 

S H t: L L Eli: 1'1 E. I~ r ;~1 A 1 t R I ALP R u f-' t:. r< lIt.::. 
2 * III r' II ,<; b.:) ) * 
110,7f'-10.0 
SHtLL 

R-8113-5470 

VAkIAr3Lf t I~ r t< Y ill (I T t j 

1-10 J 

11-20 C (1) 

21-:S0 C(2) 

31-40 CU) 

41- :li) C(4) 

C(5) 

61-70 C(6) 

7t-dO c ( 7 ) 

MATERIAL p~uPtRrY StT NuMDEK. 

E F F £ C 1 I V t t'1 () IJ u L U S 0 F E LAS I I C I I Y A U, ,Ii G 
T rl E Ut CAL X 1 - A XIS DUE T U A U ;'41 r S I 1< l\ll~ 
ALONG THE LUCAL Xl-AXiS, IE. 
E I ( 1'" (POrS)**2 ). 

EFFECrIVE ('I U [) UL lJ::; OF ELASflt..IIY flLUr~b 

THE LuCAL Xl-AXlS DUt Tu A UfJ 1 T S 1 f~ A.t 1\) 

A LlJr>JG THe. LUCAL Xc-AXIS, lEe 
e (2) * r'OI::l. 

Er:-Ft.CTIVE fAUOULU S OF ELASrILUV ALlllljl::. 

THE LUCAL Xl-AXIS DUE TLJ A UNIT .') I i~ i\ [," 

A L(JI\J I; THE LIJCAL X3-AXIS, It. LtKlJ .. 

E F FtC r I V t M U IJ U l U S 0 F E LAS I I ell Y ll, L iJ 1'.;(; 

THE l U CAL X 2 - A XIS 0 u t r U A U I'll T S r r~ A if" 
A L 0 ['Ii G T H t: L lJ C 1\ L X c:: - A X IS, 1 E.. C ( 2) .. 

tFFt.CTIVt: MODULUS OF t:::LASfrCIfY I~LlIl~G 

Li E. L U CAL " 2. - A X I S IJ U I: T U A LJ f'J .I. i ;) T '-! A I I~ 

ALU~G Th~ LUCAL K3-AXIS, IE. lE~O. 

SHEAR ;v\uDULUS OF f..LASrrCIIY, IE.. 
til 2 * ll+purS) ) 

(lJ 

ll) 

ll) 

ClJ 

tiJ 

GU Tu CAKO GRDUP 27. 

NUTES: 

( 11 ) I F C k' 0 U P T ( 1) I:) 1\1 U r 1:.1.,; U A L TOE L E t'l U R C k' n u P r (~ ) I:) I'd.) 1 Efili;i L I C. 
C U 1"1 P U k SHE L L E L E. 1'1 t i\i T S M< E NUT E fVI P L 0 'I' E u .i. N T r-i E '"I U iJ E L, ;) r; I P T Ii 1 ~ 
CAKD GRUUP. 

(1) E => YOuNG'S MUDULUS. 
P l! IS:: > POI S 5 () I'J • S Id 1 I U " 

~.! ~ J, !-'~ 

"J.i.. ~~._,"' . / <1( ...... 



z 

R-8113-5470 

J 

GLOBAL COORDINATES~ 
.. x 

Notes: 

(1) The local coordinate system for a quadrilateral shell element 
is defined as follows: 

Xl Spec! fied by LI-JK, where LI and JK are midpoints of 
sides L-I and J-K. 

x3 Normal to xl and to the line joining midpoints IJ and KL. 

x2 - Normal to xl and x3 to complete the right-handed system. 

(2) For a triangular shell element, Nodes 1 and L share the same posi tion, 

and the xl' x2 and x3 axes are otherwise defined similarly as for a 

quadrilateral element. 

FIGURE A-S. SHELL ELEMENT 

A-36 



C :\ K I ) t; k d U I-' t:! -, : 

i~ ,J.. u F C A .;; US: 

f 'JK"ll\ r: 
kJuTli\Jt: 

Stlt:lL tLt.!·It::\JT CU~"'JC.cr lVI T '( PAI{;~;'iC 

·,1 t-l ,\ k' ( 2 ) "" 
.'i15,f-lO.O 
:)Ht:Ll 

R-8113-5470 

C ')l 11"II\)S 

1-':1 

0-10 

tl-15 

11)-20 

21-25 

26-.50 

31 .. 35 

',:Q-50 

VAkIAKL~ 

I Y U) 

lY(2J 

I Y (3) 

I Y (10 

I Y ( 5) 

1 Y l h) 

1 y( 7) 

tL Y ( 1 ) 

i'JUOt:. I IW;vli:lER A:)'jOCIATEI) idlH THE "11V,(HI) 

SHELL ELE,<IE j\j f • 

( 1 ) 

'1/ U 0 E J f\j U!vi d t R ASS U C I AT E 0 .j I r H r Ii c."WI ( T H ) ( 2 ) 
SHELL f:LEf'i1cl"JT. 

11/ U [) t. K I ~ U I'll tll: rt A ~ S \.; C I ATE iJ Ii I I H T H F.. t·! iVI ( r 11 ) l 2 ) 

S H £ L L c. L H'I E I'll T • 

NUOE L NUMd~R ASSUCIATr:U ~IfH THE MM(Trl) (2) 
SHELL ELE~I\Ei'H. 

DEFAULT = T~IANbULAk EL~~t.~r. 

\JUDE U t\j U !Vi tHY ASS UCLA r E U.'/ IT Ii r t1 t Vi ['I ( r H ) l 2 ) 
:, H F. L L I:. L E lViI:: ,,< T • 
()t:FAULT => CALULAT!ui\1 OF l·llU-lmuE Pkut'Er<TIE:5 
F~OM AV~HAGE OF CUHNE~ NOuE~. 

MATERIAL PRUPERTY SET Nu~~Eri AS~uCIATED 

THE MM(lH) ~HELL ELEME~T. 

f LAG r 0 1"< A lJ 1 U ivl A rIC GEl ·1 t Ii A r hi ;\) 0 f S H t L L 
E L E I\H: iii T C l.J i~ I'J E C f II/I T Y P A K A .'1 E TEl'< S • 

GO TU CAkO GkOUP 2d. 

l\j iJ r E ~ : 

( * ) I FeR [) CJ P T( t} I S [\j U T t. 0 U A L rot: L t Ivi U t:;' C em LJ P I (c:!) I ~ I'W r t 'Hi A L I U 
CO,']p lJk' SHELL EU:.HtNiS ARt: ~wT Ef'liPLOytU II\! lrH: '''duEL, :SKIP 
THIS CARl) Gr-iutJt'. 

F E ~v E K r H A r,l i\j P A K ( 2 ) C A k U S fvl A Y H t:. I IIj PUT (} y ,"I A K 1 I,; b U :) t: U t- I Y ( 7 ) 
AS DE;3 C RId E D I I-J I~ lJ r t (1). 

(1) ~M SHOULU dE SPECIfIED IN ASCE~OI~b ~UM~~}CAL LJ~U~~. 

f'ilSShiG ELt,v1!:i'HS /\kE 6tl\lt:.RATEO j.J,y AD()I!~G 1'(7) Tu THt: i'WllE 
f\,UtvlhE~'S Sf-'EC IF lED lJr\l Tt1E P~EV IuUS CAKD AI\j1l U0Iil;(;ft1t: "'i\ rt=-,~­

I J\ L t-' k' !J e E.-( r Y S t. T 1"1 U i"1 b ERA NUT i-j E. ELI: IVI E f\1 r I HIe 1\ IJ i: ::; ::> F I~ i) ;,'1 :i L 
i-'kt.VIUUS CAhiu. 

( 2 ) A Ii I b H T - H A !'J U C u U k U 1 fli A T t. s Y ::, T E: "·1 DIe rAT F.: ,j i HI" r i\ <.J I j t. j T, J, t\ 

A j\1 D L IVI U::; 1 tl ESE l>I U l:: ilJ I 1 ALL Y PUS I T III i~ t !) 1".) A C lJ I ! ,\if t!-.: - C U) C r\ :d S t 
;"1"11Ji\iC:~ AIHJU~j) THt t_Ltt~un ~ SEt F IG[lt-d: ii-~. 
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i\il). uF CAh([j~: 

F Jk" AT: 
kaUTINt: 

b-10 

VAk'IAkLE 

fWAR(2) 

GO T0 CAkO GkUUP 29. 

NOTE!:>: 

i U \ 1 h jj A k' Y ( S i-' ~ I i\! G ) E L t fv; t Ilj T C U !'; f f': U L R-8113-5470 

PA~A:/'ETtR:) 

1 * 
Ij 
ELOATA 

I'J () r F. j 

= b, dOUNOA~Y ELtME~T. 

( * ) I F C ~I DO P r ( 1) I s I~ l) T E (~ U A L TOE L E iYl 0 R C K D U P I (~) I S !'J I) r t i~ U A L r 0 
COMP UI"< tsOUilli)AkY ELtf"IENTS ARE NOT EI>'IPLuvED Ii~ lrlE f'lIUDtL, SKlr' 
1HIS CARl) GI.(UlJP. 



CAr<!) l;I-<UUP 2':l: 

1\4 iJ. U F C A k U .':i : 

F-.JK"-'AT: 
r< !) l! T it'll t. : 

VAkIAr3LE 

1-S NP 

b-l0 NI 

NJ 

16-20 

21-25 NL 

KIJ 

KR 

K(\i 

50 

SR 

GJ TU CAHO GROUP 3U. 

I\J () 1 E;j : 

j U I J 1\< D A i-t Y t L t: r,l t i'J T Ci ) IIj i,l E C f I V [ I Y f-' AtU R - 8113 - 5 47 0 

"J ~ A i~ ( 2 ) * 
015,2F-1().O 
IjUCU/\j 

11. ! rAe H [vj t. f\J T I'J 0 [) E \Ilif'·i b E r( A S joe I A T t:. !) 'til T r1 r ri t 

8uUIHiAi~Y t.L[~Ef\Jl. 

;\j 0 IJ E 1 III LJ iV, tj E i-( A ::> sue 1 ATE I) I~ I r H T H f !j U U 1\11) A k Y 
t. L E P.I un . 

''I U 0 t J I'J U 1\Ij tl E t-( ASS U C I ATE D (0 I I Ii T 11 E Ii tj tJ I'J U A f,. Y 
E L t: iJI t ilj T • 

NUOE K NUr·ltiEr< ASSUCIATE!) ,~Irli TnE liUtJ,\J!lAh:y 

ELEr-iE/lJT. 

. 
I\J U I) E L ill U fvdi ERA:) sue 1 ArE D iLl r H T r1 E 1:10 U h 0 A R Y 
ELEiVltl'd. 

DIS P LAC E IV;!:: j'<i r I N IJ I CAT 0 I"'< • 

= 0, UNCONSTRAINED ( NO S~kING J. 

= 1, C [) N S T R A I ill ED. 

~urATION I~UICATOk. 

= 0, UNCONSTRAINED ( ~o SP~lNG J. 
= 1, CONSIRAINEU. 

FLAG FUK AUTO,lilA 1 Ie GEi'JEKA I lUI\) tH' fiUUI\j!)Ah:Y 
ELEMENT CUNNtCTlvrfV ~A~AMEIEr<S. 

SPECIFlt:D RurAT1(lr-J AduUr {tit. i~{JK[V;AL. 

ll) 

(1) 

ll) 

(1) 

(l) 

(*) IF CKDlJPf(1) I;:> l\Iur EfJUAL TLl ELEI'-1 uR cr<lJupr(~) I~ I~OT bilJAL Tli 

CUM P 0 R Ij 0 tJ ill U A tel' E L fivi E I\J T JAR I: !Ij U 1 t.rW L u Y t D I I'J I Ii E /Vi () iJ E L, SKI t-' 
THIS CAi-W GRuU~. 
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NP 

1. 
¥FIXED BOUNDARY 

I 
I 
I 

4L N I 

(a) Element with orientation 
defined by Nodes NP 
and NI 

R-8113-5470 

NJ 
r------~NK 

N I ~----.c--- Nl 

~FIXED BOUNDARY 

(b) Element normal to plane 
defined by Nodes NI, NJ, 
NK and NL 

FIGURE A-6. ALTERNATIVE DEFINITIONS OF ONE-DIMENSIONAL 
BOUNDARY ELEMENT 

:1L 0< 
A-40 



i\i 'J.. U F CAR U ~~ : 
F,)r{"'AT; 
r<JUT11~t.: 

b-1U 

Li\KI) 2. 

1-10 

11-20 

21-30 

VARIAt3LE 

NELINT 

GllllJ 

k'HO 

POISShi 

Gd TU CA~n GkOUP 51 .. 

I 1'1P t,[l 1\ j\J (. E ;1 A L F - ::; PAC t 
C J i~ 1 k U L I-' A i~ At'l Eft: K ::; 

2* 
215/:3f-llJ.(J 
i::IAS::'lf~l 

ENlr<'( 

SHEAR ~UUuLUS OF fHE HALF-S~ACt. 

( fORCE I AI<EA ) 

'''I ASS DE i'l SIT Y U F THE Ii A L F -.) P 1-\ Ct. 
( ~EIGHl * TIME**2 I uISTA~Ll**4 

PUIjSUN RATIO OF l~E HALF-S~ALE. 

R-8113-5470 

tl) 

( * J IF C rdHJ P 1 ( 1) i;,l I~ U r t:. (J U A L TO 1 (vd'" t u R C K [) uP r (c:) IS I'ell I t 14 U 1\ L I U 
CGMP, SKIP rrlI~ CA~O GROUP. 

( 1 ) (j 0 1 « POI S :) N < (). II • 



C~ki) Gf<OUP 51: 

r~tj. uf CAk'DS: 
f ~J f< ;.\ AT: 
k:)U T lf~t: : 

I~P~UANCE HALF-5PACt 
CUNNt:CTIVITY PAkA~E1E~S 

i'~!:.L 1 ('1 r * 
515 
FIMPD 
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VAr<lt\dLt. th Tk Y ;I)tj T f;j 

1-5 NLL 

NE ( 1.) 

11-15 

Ib-20 

21-'::5 

GO Tu CA~O GROUP 32. 

fIlU I f::;:,! 

NUDE I ~UMbER A~SUCIATEO ~Ifh THE ~LL(Th) 

HAL F - SPA C E S II rj f.{ E. G I 0 ill • 

j'H) I) E. J ['l U iV> B E !~ ASS U CIA T EliI'd i H T ri t: ,~L L ( r f1 ) 

H~Lf-SPACE sue~EGION. 

NUO~ K NUM~EH ASSOCIATEO ~IIH THE NLL(TH) 
HALF-SPACE ~UbREGION. 

(\j 0 0 t. L l\j U iVi e E f( ASS 0 C ! ATE 0 w I r H T H t. I\j L L ( T 11) 
H~LF-~PACE SUbREGIUN. 

(1) 

ll) 

(1) 

(1) 

(*) IF CHDUPI(1) IS NOT !:.~UAL ro IMP!:. uR C~Dupr(~) I~ ~Ur E~0AL IU 
CUMP, SKIP THIS CARD G~OUP. 

(1) A RIGHT-HAND C00HDINATE SYSTEM DICTATE~ fHAT NUOt 1, J, K 
AN 0 L MUS T 8 ESE Id U t I\i TI ALL Y PO j IT I 0 h E 0 11\\ A C 0 tJ i-J T !:. 1< - C UJ C 1\ ld S t: 
MANNER A~OUNO fHE SUdREGION. 
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1,-, r> I:.ll A 1\) C t 1-1 A L f - S f) II C t: 
t: X CIT A T 1 ( ) Ii; f A k A i-I f. T E H S 
'I r R t.1.-J * 
Fl0.v 
F I i'r:p i) 
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E I\: r f< Y ,II '.J T E. ~ 

ExCITATIUI\j F~I:.(juc.I~CY lht.hiZ) 

( :\' ) I Fer? tJ U P T (1) I S I'J 0 T t:. U lJ A Ll U u~ P t: u f1' C t-< 0 U P I (2) I ~ 1\1 l) T t iW ALl t..! 
COMP, SKIP THIS CAhO G~OUP. 
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C 1\ f'!) b I~ :) lJ P 3 :5 : 

I'. d. U rCA h' U;) : 
FJr<HAr: 
Ki)UTINt:.: 

CI·)LUH~,!~ VAt<.IA6LE 

1-5 LwTVP 

t~c A tiE 

Fr<t.t-Flt.Lu UISr'U'ICt'''ti"r 
CUll) r tW L P A h4 i-; t: T t R b 

1* 
21':) 
dAS';li''lJl 

ENTI-<Y 

v.., A V E TV ti t I r~ i) i CAT U f.( • 

= 0, RAYLE.IGH \'I;AVE. 

= 1 , P-WAVE. 
= 2, SH"'\.lJAVE. 
= 3, S\I-VvAVE. 

R-8113-5470 

I\lUr-1!:iEri UF WAVE PRUPA(~~\TIOI\j lilkEl. flUI'iS !\S 
DEF[N~D BY fHtTA(H) AND TMEfAlV). 

IF L~TYP IS EQUAL TO ZERO GO Tu CAKO GROUP 35, 
OTHER~lSE, GU ra CARD GRUUP 34. 

( * ) I F C K f) U P T ( 1) I ::i 1'10 T tlJ U A L T 0 F k E E U R C 1< D U PI (c!) I S i'~ I} r E 'j U A L r 0 
CUMP, SKIP THIS CARD GKlJUP. 
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r r1 E H u k 1 Z U 1\1 TAL A I\i G lEO F I i'. C 11) c:: rH. E: ,,1 t. A S U K t. l! 
f.( E l A r 1 VEl U T H t G L U 6 A L X Z - P L I\,,~ l:. • (I) i: G h: E t::> ) 

>:( tAL C U 1"1 P 0 IIJ t. N r () F P w A V E Ar·'ltJ L I r IJ U f.: • 

REAL COMPuNENT UF SHWAVE AMPLiTUDe.. 

I l'iL\ G I I') A K '( CUM P 0 i\j E 1\1 T U F ~ h ,j A V E A IVI P LIT U U t • 

~EAL LU~PUNENT uF SVwAVE AM~LiTuOE. 
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1-10 

21-30 
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REAL(WA) 
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IleASt* 
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T rl E H n k I L U IIJ TAL A ,\I G L E (J f I j\i L. I lJ E Iii C t. ~ t.l A r I II t. 
TO THE GLlJ~AL XZ-PLANE. (DtG~E!:.S) 

~EAL CUMPONt~T OF kAYLtIGH ~AVt A0~LITuOt. 

IMAGINARY CUMPlJNENf UF RAYLEiGh ~AV~ AMPLlrU0~. 

rERMINAT~ PROG~AM EXECUTION. 

l\j d T E!; : 

(*) iF CI'(DUPT(t) IS i\lUT t:,QUAL TO f,--?EE Of~ Ckl)uPf(c!) I::> jllOI ELWAL ro 
co~p OR L~TYP IS NOT f~UAL Tu 0, SKIP lHIS CA~U GRlJUP. 
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APPENDIX B 

INPUT DESCRIPTION FOR BASSIN2 

This appendix contains a description of the user-provided 

input data for the BASSIN2 subprogram, in accordance with the 

general description provided in section 3.2 of Chapter 3. These 

data are contained in a total of 6 card groups, and should be 

provided in units that are consistent with those used for the 

BASSINI input. It is noted that, in addition to these card 

groups, peripheral storage generated by BASSINI must be input to 

BASSIN2 through FORTRAN Logical Unit 8. Output from BASSIN2 is 

in the form of print and (optionally) plots. 

B-l 



C .\xD (~riOUI-' 1: 
1'10. U F C A i-< f) S : 
FUkiVlA 1 : 
r<.)uTU~t: 

2 

VARIABLE 

ISTAr< 

HEAD(l) 
THROUGH 
HEAD (12) 

GU TO CARD G~OUP 2~ 

I'll) T E S : 

P t( U d L tJA TIT Lf: 
VARIAdLE* 
lX,Al,1~A6 

8 A S:' I 1~2 

ENTRY 

CARD bRuUP T~RMINATION FLAG: 

= ~, CAr<O IS UPTIONAL, IGNO~EO, AND 
MAY Rt USED FUR CUNTROL DATA 
CUMMENT&. ( • DENOTES A ~LANK ) 

= *, CARD CONTAINS P~OBLEM rITLt 

R-8113-5470 

;'lU TES 

PRO~LErv; TITLE, 72 CHARACTc:.r< HAXINllJr·1. (1) 

(*) THE COMMENT CAN dE SPECIFIED dV ANY NUMdtR Of CAWUS. HOWEVER, 
ONE CARD ~uST tiE INPUT wITH lSTAR = * AN0 MU~T BE THE LAST 
CARD OF T~IS GROUP. 

(1) THIS INFURMATION IN INCLUDED IN ALL FOHM~ UF OUTPuT PRUVIDED 8Y 
THE P R (j G R A IY! , A III I) S H 0 U L I) 1:3 E C E N T ERE 0 I N T ri E FIE L D P R [) V IDE 0 • 
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1 
I'::) 

I) Y 1\1 1111 I 

Er~Tf<Y 

~UM~E~ OF PLOT FRAMES 

IF ~PLOT IS S~T TU ZtRU, ~u TO CA~0 GROUP 4. 
UrhE~wlSE, Gu TO CA~D GROUP 3 • 

.. 

R-8113-5470 

f'H) rEs 



CAHU bkOUP 3: 
I'J 'J. LJ F C MW S : 

~ JktvlA T : 
kUu T 1I\JE: 

CiJLUHhlS VARIAhLE 

1-5 IPLuf(l) 

1U IPLOT(2) 

lS IPLOT(.3) 

GO Tu C AtW GROUP 4 .. 

PLOT FRAME PAHAMETERS 
1\J~LUT 

I5,4X,Al,4X,Al 
OnHNT 

t:r\lTRY 

~UOAL POINT OHOINAL. 

DIRECTION INDICATUR. 
= x, IN THE X DIRECTION. 
= V, iN THE V DIRECTION. 
= Z, IN TnE Z OIRECTluN • . 
CUMPUNENT INOICATOR. 
= A, AMPLITuDE. 
= P, PHASE. 

R-8113-5470 

i~O TE S 
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CAli!) Gi':()Uf-> 4: 
flj ,). u F C A H IJ S : 
F lh<nA T : 
ROUT lNI:.: 

1-':5 f\! fRU[\JC 

GO TO CARD GROUP S. 

,-1 U I) A L T k I JfI CAT I 0 I~ C l) N H<'O L r' A K A 1<1 t:: I t I R - 8113 - 5 47 0 
1 
I':l 
OYilllNI 

ENTi·(y 

1-1 U 0 A L T k U N CAT r 01\1 HJl) I CAT [) K • 

= 0, MODAL THU~CATI0N IS Nor tMr'lUYEO. 
= 1, MLJUAL TRUNCATION IS tMPLUYtO. 

1\10 rES 

4'·- .'1 
' .• ~'c..-: 



CAkf) GKllUP 5: 
i'v u. Li F C A tW S : 
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1-1 t) I) Al'W ( 1 ) 

11-20 

l1-iH) 

I) A t,jp U~ G RAT III S 
(i'llfH<u-l)18+1* 
I:If lO.\) 
I) 'uH i-J r 

ENTKY 

OA0PING RATIO FU~ MODE 1. 

DAMPI~G ~ATIO FuR MODE 2. 
· · · · DAMPING ~ATIO FUR MOOE 8. 

NExT CARU(S)--IF NECESSARY 

1-10 OAMP(9) UAMPING RATIO FUR ~"U[)~ 9. 
· · · · · · · · OAf'ItP U\jTFRU) OM1P ll\iG RATIO FUR iVlUOE 1\iT f R l~. 

GU TU eAkO GROUP 6. 

I'll) r E ;3 : 

R-8113-5470 

THE VALUE OF NTFRQ IS SPECIFIED IN CARu GRUUP 3 UF THE 
dASSlf\ll Ir~PJr. 

-
IF NTF~U > 8, THE SECOND AND SUBSEUUENT CA~DS, iF ~EUUIRED, 
USE TH~ SA~E FO~NAI 8FIO.O. 

(1) 
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C,\t-<Ii Gk!)LJP b: 
I ~ ,). l) rCA ;~ I) ~ : 
F ,JK ,\1 AT 6 
KJUT If-it: 

NOTES: 

VAr<IAbLE 

t:T~ 

F K t. U lJ t: [\j C Y P A 1'< AI/I t f E !~ S 
IJFHt!.l* 
F10.v 
IJY Nltd 

t: xc 1 TAT I 0 r~ F R E!J U t. N C Y ( ~ t. k f Z ) 

R-8113-5470 

( * ) T H t V A L U E U F III f R E (J I !:) S P t: elF lEi) 1 i'J CAR U b R l,) U P 3 0 0 F T H I:. 
I:1ASSIl\Jl If'JPUT. 
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APPENDIX C 

SAMPLE PROBLEM 

R-8ll3-5470 

To illustrate the application of the BASSIN methodology, a 

sample analysis of a single-span bridge is provided in this 

appendix. The bridge, shown in Figure C-l, has a span length of 

36 m (118 ft), a width of 12 m (39.4 ft), and a clear height of 

6 m (19.7 ft). The abutmentjbackfill system extends for a 

length of 24 m (78.7 ft) beyond each end of the bridge. 

The model of this bridge contains 68 node points that are 

associated with various element types to represent the different 

parts of the bridge. These element types and the corresponding 

thicknesses and material properties for each type are given in 

Table C-1. The seismic excitations for the example are induced 

by SH-waves that propagate parallel to the bridge span and are 

horizontally incident (i.e., 8H = 8V = 0 deg). The amplitude of 

these SH-waves is 2.0, and a total of 9 excitation frequencies, 

that range from 0.07 Hz to 2.28 Hz are considered in these 

computations. 

This sample problem is presented in the following parts: 

(1) input data for BASSIN1; (2) printed output from BASSIN1; (3) 

mode shape plots from BASSIN1; (4) input data for BASSIN2; (5) 

printed output from BASSIN2; and (6) frequency dependent 

response plots from BASSIN2. It is noted that the results 

contained in this output are not necessarily representive of a 

complete analysis of the bridge, since a much larger number of 

excitation frequencies would ordinarily be considered in such an 

analysis. This sample problem is, however, of sufficient extent 

to familiarize the reader with the nature of the required input 

and the resulting output from the BASSINl and BASSIN2 programs. 

C-I 
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'\.-12.0 m-A 

FIGURE C-l. BRIDGE CONFIGURATION FOR SAMPLE PROBLEM 
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R-8113-S470 

MODE SHAPE PLOTS FROM BASSINl 
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R-8113-5470 

[-lODE 1 

FREQUENCY: 1. 041 Hz 

DESCR1PTION: 

FUNDAMENTAL BENDING MODE 
FOR ROAD DECK IN x-z PLANE 
(z-DISPLACEMENTS SYMMETRIC 
ABOUT MIDSPAN) 

FIGURE C-2. EIGENVECTOR FOR MODE 1 

C-65 



3 

z 

2 

R-8113-5470 

MODE 2 

FREQUENCY: 4.249 Hz 

DESCRIPTION: 

SECOND BENDING MODE FOR 
ROAD DECK IN x-z PLANE 
(z-DISPLACEMENTS ANTI-

SYMMETRIC ABOUT MIDSPAN) 

FIGURE C-3. EIGENVECTOR FOR MODE 2 
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R-8113-5470 

.:J L~E -

FREQUENCY: 3.613 Hz 

DESCRIPTION: 

THiRD BENDING MODE FOR 
ROAD DECK IN x-z PLANE 
(z-DISPLACEMENTS SYMMETRIC 
ABOUT MI DSPAN) 

FIGURE C-4. EIGENVECTOR FOR MODE 3 

C-67 
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2 

R-8113-S470 

,"WDE 4 

FREQUENCY: 11.274 Hz 

DESCRIPTION: 

FUNDAMENTAL BENDING MODE FOR 
BRIDGE/END-WALL SYSTEM IN x-y 
PLANE (y-DISPLACEMENTS SYMMETRIC 
ABOUT MIDSPAN) 

FIGURE C-S. EIGENVECTOR FOR MODE 4 
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z 

2 

R-8113-5470 

MODE 5 

FREQUENCY: 13.207 Hz 

DESCRIPTION: 

FUNDAMENTAL SIDESWAY MODE 
FOR BRIDGE/END-WALL SYSTEM 
IN x-z PLANE 

FIGURE C-6. EIGENVECTOR FOR MODE 5 
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z 

2 

R-8113-5470 

MODE 6 

FREQUENCY: 20.889 Hz 

DESCRIPTION: 

SECOND BENOING MODE FOR 
BRIDGE/END-WALL SYSTEM IN 
x-y PLANE (y-DISPLACEMENTS 
ANTISYMMETRIC ABOUT MID­
SPAN) 

64 

FIGURE C-7. EIGENVECTOR FOR MODE 6 
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f\::Y 
z 

R-8113-5470 

MODE 7 

FREQUENCY: 21.109 Hz 

DESCRIPTION: 

FUNDAMENTAL TORSIONAL MODE 
FOR ROAD DECK (x-ROTATIONS 
SYMMETRICAL ABOUT MIDSPAN) 

FIGURE C-S. EIGENVECTOR FOR MODE 7 
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2 

R-8113-5470 

FREQUENCY: 22.852 Hz 

DESCRIPTION: 

SECOND TORSIONAL MODE FOR 
ROAD DECK (x-ROTATIONS ANTI­
SYMMETRIC ABOUT MIDSPAN) 

FIGURE C-9. EIGENVECTOR FOR MODE 8 
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2 

R-8113-5470 

MODE 9 

FREQUENCY: 24.580 Hz 

DESCRIPTION: 

THIRD TORSIONAL MODE FOR 
ROAD DECK (x-ROTATIONS 
SYMMETRIC ABOUT MIDSPAN) 

64 

FIGURE C-IO. EIGENVECTOR FOR MODE 9 
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0:
Y 

z 

R-8113-5470 

MO DE 10 

FREQUENCY: 25.983 Hz 

DESCRIPTION: 

BACKFILL DEFORMATION MODE 
(y-DISPLACEMENTS SYMMETRIC 

ABOUT CENTERLINE AND MID­
SPAN OF BRIDGE) 

64 

FIGURE C-11. EIGENVECTOR FOR MODE 10 
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PRINTED OUTPUT FROM BASSIN2 
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