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1. INTRODUCTION

For the evaluation of seismic design response of a linearly behav­

ing structural system, the modal analysis approach with pseudo-accelera­

tion spectra l - 3 as seismic design input is commonly used. The eigen­

value analysis of an analytical model of the structure is performed to

obtain dynamic characteristics like mode shapes, natural frequencies and

participation factors. These quantities are used with pseudo-

acceleration spectra to obtain the maximum responses in each mode which

are then combined by the commonly used procedure of the ~quare-root-of

the-~um-of-the-squares, usually abbreviated as SRSS. Several other

forms 4-9 of this procedure are available in the literature, which mainly

deal with the special problem of the combination of responses of the so-

called closely spaced modes. Herein, these modified procedures will

also be referred to as SRSS rules of different types.

One of the attributes associated with the modal analysis approach

is that only a first few modes are necessary in the calculation of

response as the contribution of high frequency modes to the response is

usually considered small. It is probably true for some regular

multistory buildings which are on flexible side. However, there are

also many situations of practical interest where high frequency modes

may contribute significantly to the total response. Though the

displacement response of a structural system may be unaffected by higher

modes, it is known that responses like support forces, bending and

torsional moments, axial forces, etc., may often have significant

contributions from such mOdes10,11. In such cases the use of only a

first few modes in the calculation of response can possibly introduce

large numerical errors 11 • This error is due to the so-called "missing
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mass ll effect and can, at least theoretica"lly, be removed by inclusion of

higher modes. However. evaluation of higher modes is often beset with

large numerical errors and thus inclusion of all modes may not

necessarily improve the accuracy of the rl~sults in the normal course

(unless eigensolution algorithms are carefully chosen).

The second probl em associ ated with the hi gh frequency modes is due

to their combination with other modes in the calculation of design

response. The modal responses of high fr1equency modes with frequencies

h'i gher than the forci ng funct i on frequency are rather known to be

strongly correlated even though their frequencies may be fairly well

separated. Therefore, as pointed out by Kennedyll, the higher modes

require a different mode combination rule than what are normally used.

Thus some improved mode response combination rules ll - 14 have recently

been proposed. Conceivably another situation could also occur where the

responses in two modes with widely different frequencies should be

combined as absolute sum. For example, when the low frequency mode

response is near its peak, several oscillations of the higher frequency

mode may occur to produce an additive effect. Such is the case in the

combination of the two cyclic thermal stress components which are caused

by seasonal and diurnal temperature changes 15•

It is shown here that in the aforementioned situations, the SRSS

rUles 5,8 which implicitly assume the input to be white noise to develop

the expressions for modal correlation coefficient provide inaccurate

results. The SRSS approach proposed by the writer and his colleagues6

earlier which does not make suchan assumption about the input, however,

can provide mathematically exact results (at least for the mean square

2



response) as long as all the modes are calculated accurately and used in

the approach. To avoid calculation of all modes, especially high

frequency modes, an alternative method is necessary. A new SRSS

formulation based on the method of "mode acceleration" approach 16-18 is,

therefore, developed here.

2. ANALYTICAL FORMULATION

For a multi-degrees-of-freedom structural system excited by ground

motion, say, in one direction, the equations of motion can be written in

. the following form:

[M]{~'} + [C]{x} + [K]{x} = -[M]{r}~'g(t) (1)

where [M], [C] and [K]. respectively, are the mass, damping and stiff-

ness matrices of the system; {x} = response vector of relative displace-

ments of the structure with respect to ground; {r} = ground displacement

influence vector19 ; and ~~(t) = ground acceleration. It becomes

necessary to use modal analysis approach for the calculation of design

response if the design ground motions are characterized by ground

response spectra l -3• In the modal analysis approach, the solution vec­

tor {x} is expressed as a linear combination of normal modes using the

expansion theorem as follows:

{x} = [Qi] {q } (2 )

where [Qi] = modal matrix with its columns representing the normal modes

of the system and {q} = the vector of the pri nci pa1 coordi nates.

Substitution of equation (2) in (1) and with some standard manipulations

involving orthogonal properties of the normal modes, the following

principal coordinate is obtained:decoupled equation in terms of jth

• 2q. + 2~.~q. + w.q.
J J J J J J

3

j = 1,2 •• n (3)



with the mode number; w. = modal fre-
J

factor defi ned as {<1>.}T [M][r}/
J

is the so-called

where the suffix j is associated

quency; y. = modal participation
J

T T
{<p.} [M] {cp.}; ~. = {<p. }I[C] {<p. }/(2w. {<p.} [M] {<p.})

J - J J J J JJ J

modal damping ratio; and T over a vector quantity represents its

transpose. Equation (3) assumes that {<pj l[c]{\} = 0; that is, matrix

[C] can be diagonalized by the normal modE!s and that it is, what is

commonly called as, a proportional damping matrix. A more general case

where the matrix [C] is not of this type can also be treated20 but will

not be persued any further here •
..

For a given excitation xg(t), equation (3) can be solved to define

{x} by equation (2). For a linear structure, other response quantities,

which are linearly related to {x} can also be obtained as

N
S(t) = I I:.q.(t)

j=l J J
(4)

where 1:. = value of the response quantity S(t) in the jth mode of
J

vibration; N = the number of degrees-of-freedom or the total number of

modes of the system. S is also called the mode shape of the response

quantity whi ch can be obtai ned from the di spl acement mode shape {<pj } by

a simple linear transformation for a linearly behaving structure.

To obtain the design response, one should collectively consider a

large number of ground motions in equation (1) or (3). Thus, it is
..

appropriate to model the ground acceleratjion x (t) as a random process.g

The design response is then related to the autocorrelation function (or

more commonly, to the root mean square value) of the response. Algebra
..

is considerably simplified if xg(t) is assumed to be a stationary random

process. Although earthquake motions are inherently nonstationary, the

4



assumption of stationarity has been extensively used to develop some

acceptable analytical procedures in structural dynamics for earthquake

induced ground motion. The commonly used SRSS procedure has its basic

roots in such an assumption. Furthermore some corrections can be

applied to the response calculated with stationary assumptions to

incorporate the nonstationarity effects. For a zero mean stationary
..
xg(t) characterized by a spectral density function <I>g(w), the stationary

mean square response of S(t) can be shown to be defined as 6:

2 N.2 2 N N
E[S (t)] = I s-; y. 11 (w.) + 2 I I 1;:. 11< y. Yk

j=l J J J j=l k=j+l J J

in which
00 2

= f <I> (w) IH·1 dw
. _00 9 J

(6)

(7)

where Hj is the complex frequency response function defined as =

1/(w~-}+2~jUjui). The coefficients Ai' A2, A3 and A4 are obtained as

the solution of the following simultaneous equation:

[G]{A} = {P }
a

(8)

where the elements of the 4x4 matrix [G] and vector {P a } are defined in

Appendi x 1.

It is noted that 11(wj ) and I2(wj ), respectively, represent the

mean square values of the relative displacement and velocity responses

of an asci 11 ator wi th frequency = (I), and clamp; ng rat i 0 ;:.: 0. excited by
J J

the stationary ground excitation Xg(t). They can be related to the
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relative displacement (or psuedo-acceleration) and relative velocity

spectra through their respective peak factors21 • (Here, the peak factor

is defi ned as a factor by whi ch root mean square response shoul d be

multiplied to obtain a characteristic value of maximum response, like

response spectrum value). Assuming that the peak factors relating the

mean square values of the relative displacement and relative velocity

responses to their respective response spectra are the same and

represented by Cf , 1
1

(w
j

) and 12 (w
j

) can be written in terms of response

spectrum values as:

= R2 ( '/ 4 2w.) w.c fa J J
(9)

(10)

psuedo acceleration and

2 2
12 (wj ) = Rv(wj)/cf

respectively, are thewhere R (w.) and R (w.),
. a J v J

relative velocity response spectrum values at frequency w
j

and damping

rat i 0 ~~.
J

To obtai n desi gn response, the root mean square response of S(t)

must be multiplied by its peak factor. This peak factor will depend

upon the characteristics of the random process S(t) and could be some­

what different from that used in equations (9) and (10). Analytical

procedure developed by Vanmarcke21 and others can be used to define

these peak factors. However, for simplicity and without loosing any

significant accuracy the peak factor for S(t) can be assumed to the same

as for relative displacement and relative velocity, i.e. cf • Thus
2 .

multiplying equation (5) by cf and using l:!quations (9) and (10), the

design response, Sd' can be expressed in terms of psuedo-acceleration

and relative velocity spectra as follows:

6



N

I
j =1

222 4 N N
C
J
. Y

J
' Ra ( w

J
' ) / w

J
' + 2 I l: 11< C

J
. Y

J
' Yk

j=l k=j+1

N N N
Sd
2

= I S~ + 2 l: I S'k
j=l J j=l k=j+l J

(11) b

2where Sd is the design response of quantity S(t); SJ' = y.C·R (w.)/w. =
J J a J J

maximum modal response in jth mode; and Sjk = the cross-modal response.

Equation (11) defines an SRSS rule for the combination of modal

response. The single summation terms define the normally used SRSS

rule. The double summation terms account for interaction of various

modes and must be considered if the frequencies are closely spaced and

also when the high frequency modes contribute significantly. A

quantative measure of modal interaction is the modal correlation

coefficient4 defined as:

(12)

which in view of equation (ll)a is clearly seen to depend not only on

the two modal frequencies (or their ratio) but also on the response

characteristics of the input. Response independent expressions for Pjk

have also been obtained8 under a rather restrictive assumption of white

noise input, wherein, besides damping, this coefficient is shown to

depend only on the frequency ratio, rj = w/~. It is high or very

nearly equal to 1.0 when the frequencies are close i.e. when the

frequency ratio is nearly equal to 1.0. It has also been shown 8 that

this coefficient calculated on the basis of white noise input assumption

is not very different from the coefficient calculated with nonwhite

7



filtered Kanai-Tajimi type of spectral density function extending over

the frequency domai n of 0 to co.

A more close inspection, however, shows that the character of this

correlation is significantly altered if the input spectral density

functions with cut off frequency limits are considered or if it is

evaluated at very high frequencies for a filtered white noise (Kanai-

Taj i mi) spect ra 1 dens ity function. A sei smi c input with an upper 1i mit

on its constituent frequencies is more realistic than the input defined

by a Kanai-Tajimi type of spectral density function with rather slowly

diminishing tail which imply the existence of some very high frequency

components in the input motion. Ground response spectra often

prescribed for design clearly indicate absence of such high frequencies

i~ the input motion. For example, the spectra as defined in Reference

22, do seem to suggest an absence of motion with frequencies higher than

about 20 to 25 Hz, as no amp 1i fi cat i on beyond 33 Hz is seen.

Figure 1 shows the variation in Pjk with frequency ratio rj = wj/wk
and damping ratios ~j = f\ = .02 for a broad band Kanai -Tajimi type of

spectral density function with a cut-off frequency of 20 Hz. The graphs

are plotted for w. (herein referred to as central frequency) values of
J

2,5,10,15,20,30,50 and 100 Hz. Also plotted is the curve obtained for

the white noise input. (In this case only one curve is obtained for all

frequencies as it only depends on the frequency ratio.) The difference

in the curves obtained for the two different types of inputs is

significant. Of special significance to the work presented later in

this paper is the magnitude of correlation between two high frequency

modes, (curves for w. > 30 cps). This is I~rroneously predicted by the
J

8



white noise formulation5~8 Figure 1. This, as shown later, also results

into significant errors in the calculated responses especially when the

high frequency modes are dominant. On the other hand, however~ equation

(11) can still be used for an accurate calculation of response of

structures with or without high frequency modes as long as all such

modes are considered in the summation processs in the equation. Thus in

many cases where high frequency modes are also important~ a large number

of modes may have to be evaluated by eigenvalue analyses to obtain

accurate evaluation of design response. The situation can~ however, be

significantly improved by an alternative formulation where only a first

few modes falling within the frequency range of the input will be

adequate for an accurate evaluation of design response. This is based

on the so-called "mode acceleration"16-18 approach of structural

dynamics. A preliminary account of this was presented by the writer in

Reference 23.

3. ALTERNATIVE SRSS APPROACH

In the previous section equation (11) was developed directly from

equation (4), where the principal coordinates qj(t)s represent the modal

displacements. Thus the preceeding approach is also referred to as the

"mode displacement" approach. Using equation (3), equation (4) can also

be written in an alternative form as

N
S(t) = - I

j=1

• .. 2
~.{y.x (t) + 2~.w.q. + q.}/w.
J J 9 J J J J J

(13 )

..
where now the response S(t) is expressed as a function of qj(t) which is

the jth mode acceleration, and thus the name "mode acceleration"

approach. (Modal velocity q. also enters equation (13), but being
J

9



associated with damping term it usually has a much smaller

contribution.) Using equation (13)~ the autocorrelation function of

S(t) is obtained as

+ i1k(2~.w.E{~· (t
2

)q·(t l )} + E{~' (t
2

)Q··(t l )})
J J g J g J

where E(·) denotes the expected value of (.).

Various auto and cross correlation terms in equation (14) can be

evaluated in terms of input autocorrelation through equation (3). See

Appendix II for details. Considering the stationary value of responset

as done in the derivation of equation (ll)t each term can be expressed

in terms of the input spect ra 1 dens ity funct i on and frequency response

functions Hj and Hk• The mean square response is then obtained by the

substitution t = t 1 = t 2 and is given as follows:

2E[S (t)] =

( N" n.)2 E( '2) ~ ( / 2) 2 J'X> [2 "f. ,,? (1 -2 p'2. ) 4 2 .
j=L w~ xg + j:' I;j Yj wj .• ro ""J"" tJJ - W ] IHj I iI?g (w)dw

J

10



2 222
+ 8w (Uj ~j - ~tk){Wj~(~j~ - ~Uj) - w (~jUj-f1<~)}IHjl IHkl ]q)g(w)dw

(15)

where in equation (15) several terms of equation (14) have been

combined. To obtain the design response the mean square value defined

by equation (15) is to be multiplied by c~. With relative velocity

spectrum as defined by equation (10) and the relative acceleration

spectrum, R (w.), and maximum ground acceleration, Ag, defined as
r J

2 2 00 4 2
R (w.) =c

f
f wlH.1 q)(w)dw

r J _00 J g
(16)

(17)

and using equation (15), the design response Sd can be expressed as

follows:

(18)

s~ = (r Y:~j)2 A~ + Jl [2wi (l-2~i )R~( Wj) - R~ (Wj)]( 'j Y/w/
J

11



2 2 2 2 2 222
- Rr(wj) - Rr(UJ<) + B1UJ<Rv(wj) + B2Rr (wj ) + B3 UJ<R v(UJ<) + B4Rr(~)}]

(19)

where B1 ••• B4 are obtained from the solution of the following simul­

taneous equations:

[ G] {B} = {Pb } (20)

where the elements of matrix [G] and vector {Pb } are defined in Appendix

I.

It wi 11 now be shown that the fi rst term on the ri ght hand side of

equation (18) is the squared value of the static response induced by the

inertia forces corresponding to the maximum value of the ground acceler-

ation applied statically, with no regard to any dynamic effects. That

is, it can be obtained from the solution of the following statics

problem

[K]{x
s

} = [MJTr}Ag (21)

where the vector {r} on the right hand side of equation (21) ensures

that inertia forces are applied only in the direction of excitation.

The vector {x } defines the displacements of this static problem. Thes

static values, i, of a response quantity for the displacement vector

{x } is obtained by a simple linear transformation of the followings
form:

S = {k.}T {x }
1 S

(22)
T

where {Ki }, defined in terms of stiffness coefficients, transforms the

12



displacement {xs } into the response So To show that 52 obtained from

equation (21) and (22) is the same as in the first term of equation

(19), {xs} is expanded in terms of N independent modal vectors of the

system as follows:

{x } =s (23)

where qsk are the coefficients of expansiono Substitution of equation

(23) in (21) and premu1tip1ication by {¢. }T, gives
J

N
{¢. }T[K] I qsk {\} = {¢J.}T [M] {r }A g (24)

J k=l

Invoking orthogonality of modes,

{¢. }T [M] {r }
qsj = J A

{¢. }T [K] {cp. } 9
J J

{cjJj }T [M] {r } y.
- 2Aqsj = 2 T Ag - 2

w. {cp. } [M] {cp. } w. 9
J J J J

Thus from equation (23)

N y.
{xs } = A9 ) -1- {¢.}

J =1 w. J
J

Substituting in equation (22).

N y. T
S = Ag .I -1- {k.} {¢.}

J =1 w. 1 J
J

Ny. 1;.

S=A I..2f-
9 j=l w.

J

13

(25 )

(26)

(27)

(28)
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Thus, the first term on the right hand side of equation (18) can be

replaced by $2 which can be obtained by a. static analysis of the system

with inertia forces applied statically.

It is noted that in equation (19), the input is required to be

defined in terms of relative acceleration and relative velocity spectra,

rather than psuedo acceleration and relative velocity spectra as in

equation (11). It is noted here that Hadjian 14 was probably the first

one to advocate the use of relative acceleration spectra as input.

However, the mode combination rules proposed herein is different from

the one proposed by Hadjian and, also, it has been developed on the

basis of an entirely different formulation. No further comparison of

these two rules has been reported here.

If any tw'o types of spect ra are known, the thi rd one can be

calculated fairly accurately by the following expression

R2(w.) ;'A2 _ R2 (w.) + ;~(1-2~)w~R2(w.)
aJ g rJ JJVJ

(30)

Equation (30) is approximate in as much as it assumes that the peak

factors applied to the mean square values of the relative and psuedo

response quantities to obtain their respective maximum values are the

same at the same oscillator frequency and damping values. The

expression is exact, however, if the response spectrum terms in equation

(30) as replaced by their respective root mean square values.

Here it is seen that the two SRSS rules, Equation (11) and (19),

are similar in as much as both require two forms of seismic inputs.

A"I so they must gi ve the same numeri cal val ue of a response quant ity as

they use the same equation in its two different but equivalent forms.

Indeed, it has been verified that these two approaches provide exactly

14



the same num~rical results as long as the seismic inputs used in the two

approaches are consistent as per equation (30) and a complete set of

modes are used in the analysis. Thus no special advantage seems to be

immediately apparent in the use of the new SRSS rule, equation (19),

over the old SRSS rule of equation (11).

The advantages in the use of equation (19) over (11) are, however,

numerical and become apparent when a first few modes only are used in

the evaluation of design response. In such a case, equation (19)

provides a very accurate value of the design response whereas the use of

equation (11), the old rule based on mode displacement approach, can

lead to significant errors especially if the high frequency mode

contribute significantly.

In Table 2 are shown some numerical results obtained for the bend-

ing moments in the columns of a 3-story, nine degrees-of-freedom system

shown in Figure 2. The seismic input to the system has been defined by

aspect ral density function of the following form with a cut-off

frequency, w = 20 cps.c
3 4 2 2 2

w. +4w. ~. w
<1'g ( w) L Si

1 , 1
.. w .. w (31)= 222 222 ) - Wci =1 ( w. - w ) +4~. w. w

c
1 1 1

The numerical values of the parameters Si' ~ and ~i for this density

function are shown in Table 1. This density function has been used

earlier in earthquake engineering studies and represents a Kanai-Tajimi

type broad-band input equivalent to the broad-band response spectrum

defined in Reference 22. To make the frequency content of such an input

more realistic, the frequencies higher than w = 20 cps have been
c

eliminated.
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The system shown in Figure 2 represents a three story building with

rigid floors connected by four corner columns. Relative values of the

masses and stiffnesses of the system are shown in the figure. The

system properties have been adjusted such that the frequencies are on

high side t and thus the contribution from higher frequencies is

significant. Also t the system has some very small eccentricity between

the centers of mass and stiffness t whi ch t,end to create some closely

spaced frequencies.

Table 2 shows the root mean square (RI~S) values of the bending

moment in two different col umns at the ground floor obtai ned by var; ous

mode combination rules. As the root mean square value is proportional

to the maximum value the results shown in Table 2 could be considered as

the representative values of design response. The results under Case A

have been calculated using all 9 modes of the system shown in Fig. 2.

The fundamental frequency of the system is 20.8 CPSt a little higher

than the highest frequency in the ground motion. As the system has

closely spaced frequencies t double summation terms have also been

used. The results in Col. 2 are obtained using equations (11) or (19)

with all modes taken in the calculations. Thus the RMS values in this

column are called the exact values. The bending moment values in next

five columns are shown in terms of the ratios of the RMS values obtained

by various mode response combination rules to the exact value shown in

Col. 2. Thus the closer a ratio is to 1.0 the more accurate is the

calculated value by a rule. In Col. 3 are shown the values obtained by

equation (19)t the alternative SRSS rule (also called the new SRSS

rule). A value = 1.00t of course t shows that the two approaches are
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equivalent. The value in Col.4 is obtained from equation (11), and thus

it obviously also gives a ratio of 1.0 if all the modes of the system

are used. Also shown are the results obtained by Ref. 5 (and 9),

conventional SRSS and absolute sum procedures, respectively, in Col. 5,6

and 7 of the table. The values corresonding to Ref. 5 were obtained for

the earthquake duration parameter of 10 seconds. In References 5 and 9

the evaluation of the cross modal response terms is based on the

assumption that the input is white noise. Though there are some

procedural differences between these two approaches, they provide almost

identical values which are only about 75% of the correct RMS values.

Thus even though the complete set of modes are included, the values

calculated by these two approaches are inaccurate mainly because the

correlation between the high frequency modes, developed on the basis of

white noise as input, is imporperly accounted for. The conventional

SRSS rule, on the other hand, completely ignores the modal interaction.

Thus the calculated response can be grossly inaccurate, as is evident

from the results in Col. 6. Furthermore, the absolute sum method is

seen to provide a very good estimate of the true response. It is

because all the modes having frequencies higher than the highest

frequency in the input motion are in phase with each other and have

strong positive correlation.

As alluded to earlier, the main advantage of the new SRSS rule is

that it can provide an accurate value of design response even with a

first few modes. The results shown under Case B in Table 2 clearly

demonstrate this. The value in Col. 2 is again the exact RMS value

obtained with the complete set of modes. Whereas the values in
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remaining columns have been calculated with only the first three modes.

The Col. 3 values have been calculated with equation (19) and are shown

to provide a very accurate estimation of the correct values. Equation

(11), which even though considers the correlation between modes

correctly, does not provide a good estimate of correct values; this will

in general be the case when the response ; s affected by the hi gher

modes. Other mode combination rules, References 5 and 9 and also

conventional SRSS and absolute sum procedures, are again seen to provide

inaccurate values of response. The inaccuracies in the values are

directly related to the missing mass effect and are seen to become worse

if the system is more rigid as is shown by the results for Case C. Here

the system has been made s i gniti cant ly st iffer with the lowest frequency

= 41.6 cps, for which again the new SRSS rule gives an excellant

estimate of correct response value even with just a first few modes

whereas the rules based on the mode displacement formulations,and also

the other rules, provide grossly inaccurate responses. For the case

when the high frequency modes are not dominant, i.e. when the system is

primarily a flexible system, as it is for Case 0, the approaches of

equation (11) and References 5 and 8, will provide a fairly accurate

estimate of response. As the frequencies in this case are fairly

closely spaced, the conventional SRSS rule will tend to provide

inaccurate response. The absolute sum method results are closer to the

correct values and it is probably just by chance. In this case also,

the superiority of the new SRSS rule over the old SRSS rules is clearly

seen. The Case E is again for the flexible system, but here all nine

modes have been included in the calculation of response. The over-
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conservativeness of the absolute sum method is clearly seen in this

case.

~. CHARACTERISTICS OF RELATIVE ACCELERATION AND VELOCITY SPECTRA

The aforementioned effectiveness of the new SRSS rule is due to a

very desirable characteristic of relative acceleration and velocity

spectra which are used in the proposed SRSS rule. In Figure 3 is shown

the variation of the root mean square (r.m.s.) values of the psuedo and

relative accelerations with the frequency and damping of an oscillator.

The oscillator is excited by the ground motions with spectral density

function as in equation (31). The ratio of the relative to psuedo

acceleration r.m.s. value is plotted in Figure 4 for two damping

values. Similar plots are also shown for the relative and psuedo

velocities in Figures 5 and 6. The trend in the variations of the

psuedo and relative response spectrum values will be similar to those of

their r.m.s. values in Figures 3 and 5. Therefore, the plots in Figures

3-6 are also fairly good representations of the corresponding curves for

the response spectrum values. The r.m.s. curves of the psuedo and

relative acceleration responses are conspicuously different in the high

and low frequency ranges and similar differences will also be observed

in their response spectrum curves. Such differences are also there in

velocity curves 24 , with relatively larger differences in the high

frequency range. In general, however, it is seen that for high

oscillator frequencies, especially higher than the highest frequency in

the input, the relative spectrum values will always be less than the

corresponding psuedo spectrum values. In fact for the high frequencie~

the psuedo-accleration spectrum approaches a constant value equal to the
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maximum ground acceleration whereas as the relative acceleration

spectrum value apporaches zero, Figure 3.

The observation made in the preceding paragraph about the psuedo

and relative response of an oscillator have a special relevance here.

In the SRSS rules of equation (11) and References 5 and 8 which

primarily use the psuedo acceleration spectra as inputs, the

contribution of a mode can be measured, among other things, by the

2product of terms (y.I;./w.)and R (w.). This contribution decreases
J J J a J

2because the term (Yj 1;/ wj ) usually decreases for hi gher modes. On the

other hand the term R (w.) approaches a constant value equal to that of
a J

. the maximum ground acceleration. However, in the proposed SRSS rule,

which employs relative spectra, a mode contribution is affected, of
2course, by (I;.y./w.) but in addition, also by Rr(w

J
.) which continuously

. J J J

decreases for higher modes. Thus, as a result of neglecting the higher

modes a smaller error will be introduced in the calculation of response

by the proposed SRSS rule than by the SRSS rule which employ psuedo

spectra. This is clearly shown by the results of Table 2. Thus the

proposed SRSS rule can be used to obtain an accurate value of design

response even with a first few modes.

The question which naturally arises is then: how many modes should

one consider to obtain an accurate value of design response? It is felt

that the modes with periods less than the zero-acceleration period can

be omitted from the analysis. (The zero-period is the period of an

oscillator below which no amplification in psuedo acceleration is

obtained. For design spectra prescribed in Referene 22, the zero period

is .03 sees. which corresponds to the oscillator frequency of 33 cps.).

20



Of course, more research effort is necessary to establish a more

specific rule.

Parallel results were also obtained for the absolute acceleration

response of a floor using the old SRSS rule and the new rule based on

the mode acceleration approach which again indicated the superiority of

the mode acceleration formulation. These latter results have special

relevance in the generation of floor response spectra.

5. CONCLUSIONS

Several SRSS rules are available for the combination of maximum

modal response to obtain the seismic design response of a linearly

behaving structural system. Most of these rules use psuedo-acceleration

spectra as seismic design input. In the evaluation of design response

for structures with closely-spaced frequencies, modal correlation

effects are considered in these SRSS rules. Based on the assumption of

white noise as input~ some methods for the evaluation of the modal cor­

relation, and its effects on the design response, have been proposed.

Here it is observed that these correlations are misrepresented, espec­

ially when two high frequency modes are concerned. It is shown that

these correlations are important in the evaluation of response not only

when the modal frequencies are close, but also when a response has a

significant contribution from the high frequency modes. To obtain an

accurate evaluation of response, especially in such cases, it is

necessary that all modes (a complete set) calculated with high precision

be used in the analysis. It is also necessary that SRSS formulation

like equation (11), where modal correlation terms depend upon the input

response characteristic be used; the formulations where these correla-
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tions are considered independent of input, such as References 5 and 8,

can lead to erroneous results. If, however, the system is flexible

relative to the frequency of the input, the formulations based on white

noise as input can also provide accurate value of design response.

A new SRSS rule is developed here for the calculation of design

response. In its development certain assumptions about the peak factor

values and characteristics Df input (i.e., stationarity of ground

motion) have been made. These assumptions, however, do not distract the

applicability of the proposed SRSS rule anymore than they do for the

existing SRSS rules, which are also based on similar assumptions and the

applicability of which have been verified in several earlier studies.

The new SRSS rule proposed here provides a better alternative for

the calculation of design response. In this approach the effect of high

frequency modes (or often referred to as missing mass) is included

through a static analysis. The additional computational effort spent in

static analysis, which requires the solution for a set of linear

simultaneous equations, constitutes only a small part of the effort

spent in the evaluation of a high frequency modes in eigenvalue

analysis. For a given number of modes, this alternative rule is

expected to provide a more accurate value of response than the existing

SRSS rul es for all cases of structural systems , with or without domi nant

high frequency modes.

22



4.

5.

8.

9.

10.

11.

12.

13.

REFERENCES

G. Housner, "Design Spectrum", Chapter 5, Earthguake Engineerin,'
Ed. Rc L. Weigel, Prentice Hall, Inc., Englewood Cliffs, NJ, 19 o.

N. M. Newmark and W. J. Hall. "Seismic Design Criteria for Nuclear
Reactor Facilities", Proceedings 4th World Conference on Earthquake
Engineering; Santiago, Chile, 1969.

A. K. Chopra, Dynamics of Structures - A Primer Earthquake Engin­
eering Research Institute, Berkeley, CA.

M. Amin and 1. Gungor, "Random Vibration in Seismic Analysis - An
Evaluation", Proceedings ASCE National Meeting on Structural Engin­
eering, Baltimore, MD, April 19-23, 1971.

E. Rosenblueth and J. Elorduy, IIResponse of Linear Systems to Cer­
tain Transient Disturbance ll

, Proceedings of the Fourth World Con­
ference on Earthquake Engineering, Vol. 1, Santiago, Chile, 1969.

M. P. Singh and S. L. Chu, "Stochastic Considerations in Seismic
Analysis of Structures", Journal of Earthquake Engineering and
Structural Dynamics, Vol. 4, pp. 295-307,1976.

A. K. Singh, S. L. Chu and S. Singh, "Influence of Closely Spaced
Modes in Response Spectrum Method of Analysis", Proceedings of the
Specialty Conference on Structural Design of Nuclear Plant
Facilities, ASCE, Chicago, IL, Dec. 1973.

A. Der Kiureghian, "A Response Spectrum Method for Random Vibra­
ti ons", Report No. UCB/EERC-80/15, Earthquake Engi neeri ng Research
Center, June 1980.

E. L. Wilson, A. Der Kiureghian and Eo P. Bayo, IIA Replacement for
the SRSS Method in Seismic Analysis", Vol. 9, NO.2 (1981).

G. H. Powell, "Mixing Mass Correction in Modal Analysis of Piping
Systems", Trans. of the 5th SMiRT Conference, Vol. K(b), Paper
K10j3, Aug. 13-17, 1979.

R. P. Kennedy, "Recommendat ions for Changes and Additions to Stan­
dard Review Plans and Regulatory Guides Dealing with Seismic Design
Requirements for Structures", Report EDAC 175-150, prepared for
Lawrence Livermore Laboratory, in NUREG/CR-1161, June 1979.

A. K. Gupta and K. Cordero, "Combination of Modal Responses", 6th
SMiRT Conference, Paper K7/15, 17-21, Aug. 1981.

D. W. Lindley and J. R. Yow, "Modal Response Summation for Seismic
Qualification", Second ASCE Conference on Civil Engineering and
Nuclear Power, Vol. VI, Paper 8-2, Knoxville, TN, Sept. 15-17,
1980.

23



14. A. H. Hadjian, "Seismic Response of Structures by the Response
Spectrum Method", Nuclear Engineering and Design, Vol. 66, No.2,
August 1981.

15. M. P. Singh and R. A. Heller, "Random Thermal Stresses in Concrete
Containments", Journal of Structural Division, ASCE, Vol. 106, No.
ST7, Proc. Paper 15542, July 1980.

16. D. Williams, "Displacements of a Linear Elastic System Under a
Given Transient Load", The Aeronautical Quarterly, Vol. 1, August
1949, pp. 123-136.

17. R. L. Bisplinghoff, G. Isakson and T. H. Pian, "Methods in
Transient Stress Analysis", Journal of the Aero. Sciences, Vol. 17,
No.5, May 1950.

18. J. W. Leonard, "An Improved Modal Synthesis Method for the Trans­
ient Response of Piping System", 3rd SMiRT Conference, Paper K7/2,
Sept. 1-15, 1979.

19. R. W. Clough and J. Penzien, Dynamics of Structures, McGraw Hill,
1975.

20. M. p. Singh, "Seismic Response by SRSS for Nonproportional Damp­
ing", Journal of Engineering Mech. Division, ASCE, Vol. 106, No.
EM6, Dec. 1980.

21. E. H. Vanmarcke, "Seismic Structural Response", Chapter 8 in Seis­
mic Risk and Engineering Decisions, Ed. C. Lomnitz and E. Rosen­
blueth, Elsevier Scientific Publishing Co., New York, 1976.

22. U.S. Nuclear Regulatory Commission: "Design Response Spectra for
Nuclear Power Plants", Nuclear Regulatory Guide, No. 1.60, Washing­
ton, D.C., 1975.

23. M. P. Singh, "Seismic Response Combination of High Frequency
Modes", Proceedings of the 7th European Conference on Earthquake
Engineering, Athens, Greece, Sept. 20-25, 1982.

24. D. H. Hudson, Reading and Interpreting Strong Motion Accelerograms,
Earthquake Engineering Research Institute, Berkeley, CA, 1979.

24



\

TABLE 1: PARAMETERS OF SPECTRAL' DENSITY FUNCTION, <Pg (w), EQUATION (31)

i Si wi ~i

ft 2...sec/rad rad/sec.

1 0.0015 13.5 0.3925

2 0.000495 23.5 0.3600

3 0.000375 39.0 003350



TABLE 2: MEAN SQUARE COLUMN BENDING MOMENT RESPONSE FOR VARIOUS SYSTEMS
OBTAINED BY DIFFERENT MODE COMBINATION RULES

B.M. B.M. RATIO FOR VARIOUS MODE
Co1umr Exact COMBINATION RULES

Value &-;E~q-.--;-:l9::-r-""1"E:-q-.-':11"":'1~-~KIefr•...;;.,.!:J~'·;.;..o..;.r;.;;.~gr-,;-Co-n-v-en~t:-:i-o-na~lr-r-A'::":b-s-o'!;"'lu-:t-e--l
SRSS Sum

(1) (2) (3) (4) (5 ) (6) (7)

A. System in Fig. 3 with all nine modes (~ = 20.8, Wg = 123.4 cps)

1. 1.365 1.000
2. 1.379 1.000

1.000
1.000

0.754
0.758

0.528
0.531

1.010
1.013

B. System in Fig. 3 with first three modes (~ = 20.8, tu9 = 123.4 cps)

1. 1.365 0.980
2. 1.379 0.980

0.722
0.722

0.719
0.723

0.508
0.511

0.723
0.724

C. Stiffer System with first three modes (~ = 41.6, Wg = 246.7 cps)

1. 0.315 0.996 0.692 0.685 0.484 0.692
2. 0.318 0.996 0.691 0.691 0.489 0.691

D. Flexible System with fi rst three modes (~ = 5.2, tu9 = 30.8 cps)

1. ~9.89 0.999 0.931 0.931 0.657 0.940
2. 0.58 0.999 0.931 0.932 0.659 0.932

Eo Flexible System with all ni ne modes (~ = 5.2, Wg = 30.8)

1• 39.89 1.000 1.000 0.952 0.669 1.190
2. 40.58 1.000 1.000 0.953 0.671 1.183



10.0

20

30,50,100 CPS

1.0

FREQUENCY RATIO, r

Wj = 2 CPS

WHITE NOISE
OL-_~---=~~~L---S~_-=:::::::=:::::J

0.\

~

~
z 0.8w
u
lJ...
lJ...
W
o
u
z
o
~
-1 04
w
0:::
0:::
o
u

02

.--'

1.0

Fig. 1 Correlation Coefficient Pjk at Various Central Frequencies for
White Noise and Band-Limited Filtered White Noise Spectral
Density Functions.



K

2K

GK

~ =210 r/s

wI =20.8 CPS

wg = 123.4 CPS

. Fig. 2 A Structural Model with Nine Degrees-of-Freedom.

28



~ , '

100.01.0 10.0

FREQUENCY IN CPS

- PSUEDO ACCL.

---RELATIVE ACCL.

0.1

0.10

1.00w
(f)

z
o
Q..
(f)

·w
0:::

(f)

~

0::

Fig. 3 R.M.S. 2Values of Psuedo and Relative Acceleration Response,in
FtjSec, of Oscillators Excited by a Band Limited Filtered White
Noise Input.

29



, J ....

3.0,.....------~---'---------,

2.0
, ;13= 0.05,

0
,,- 1.5
,

~ "'\
0::: " ""2--\.0

13 =~.:;- ~

"-",
",

\
0.5 \

\
\

\.0 \0.0

FREQUENCY IN CPS

\00.0

Fig. 4 Variation of the Ratio of Relative to ~suedo Acceleration R.M.S.
Response with Frequency.

30



1.000-----------------,

- PSUEDO VELOCITY
--- RELATIVE VELOCITY

w 0.100
Cf)
z
~
Cf)
lLJ
ex::
en
~.
et:

o001L-_...1---L.-..L.......L-..JI.-L...II.-L.L_---II--L.--'--............. ~

1.0 10.0 1000·

FREQUENCY IN CPS

Fig. 5 R.M.S. Values of Psuedo and Relative Velocity Responses in Ft/Sec
of Oscillators Excited by a Band Limited Filtered White Noise Input.

31



1.5--------------------,

100.01.0 10.0

FREQUENCY IN CPS

o
0.1

1.01-----.--.--..-___ /"13= 0.02
...... '".....,

"",
f3 =0.05./ \

\
\,
\
\0.5

Fig. 6 Variation of the Ratio of Relative to Psuedo Velocity R.M.S.
Responses with Frequency. .

32



APPENDIX I - ELEMENTS OF MATRICES [G] {Pa }, {PI:>}

The elements of matrix [G] and vectors {Pa } and {P
b

} used in

equations (8) and (20) are defined as foll ows

a 4 ar

-2(1-2 ~) 1 2 2 4
-2r (1-2~) r

[G] = 2 2 2-2(1-2F3k) 1 -2r (1-2~.)
J

0 1 0 1

2 t
2

- (l +r - 8r ~j ~) - 4' l}
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APPENDIX II - EVALUATION OF CORRELATION TERMS IN EQ. 14

In this appendix, various auto and cross correlation terms required

in Eq. 14 to obtain Eq. 15 are developed.

From Eq. 3,

(II.1)

where hk(t) is the impulse response function of Eq. 3. The cross

correlation function is

For stationary excitation,

(11.2)

.. ..
E[Xg(t l )X g( ~) ]

00 iw(t l -,;)
= f ~ (w)e dw

-00 9
(11.3)

Substituting in Eq. 11.2, the stationary value at t2 ~ 00 is obtained as

00 i w(t -t )
= -y _0_ {j ~g(w)Hk e 1 2 dw} (11.4)

k <'Jt 2 -00

where H. ( w)
J

22·= frequency response function:: 1/(w.-w+2i~.w.w). Thus
J J J
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<Xl i w(t -t )
E[X"g(t l )q·k(t 2)] = Yk f i wI?g(w)Hk e 1 2 dw

_<Xl

(II.5)

Similarly, the stationary values of other related cross correlation

terms are obtained as:

.. ..
E[X

9
(t l )qk(t 2)]

<Xl 2 . i w( t 1-t 2)
= Yk J w ~g(w)Hk e dw

_<Xl

(II.6)

Substituting for qj and qk' we obtain

(11.7)

(II.8)

Substituting for the autocorrelation function of the ground acceleration

term in terms of its spectral density function, the stationary value

when t 1 + <Xl, t 2 + <Xl can be obtained as follows:
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Using this expression, other related correlation functionss can be

obtained as follows:

(II.ll)

.. ..
E[qj (t l )qk (t 2)] (II.12)

(II.13)

(11.14)

Substitution of these in Eq. 14, and then separation of terms with

j=k and j:fk, gives Eq. 15. For j=k terms, the terms with odd powers

of w which appear as complex conjugate, cancel out. However when j*k

these should be properly retained. Combining appropriate terms, the

imaginary terms are eliminated. The Eq. 15 thus contains only the real

terms.
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NOTATIONS

The following symbols are used in this report:

Ag

Al tA2 tA3tA4

BItB2tB3tB4

[C]

Cf

E[ .J

[G]

H.
J

hj (t)

Il(Wj)tI2(Wj)

[K]

{K.l
1

[M]

·N

{Pa }t {Pb }

{q}

qsj

R (W.)
a J

maximum ground acceleration

elements of vector {A} defined by solution of Eq. 8

elements of vector {B} defined by solution of Eq. 20

system damping matrix

peak factor

expected value of [~]

matrix defined in Appendix I

complex frequency response function of an oscilatior with

frequency w. and dampi ng rat i 0 ~.
J J

impulse response quantity of Eq. 3

mean square values of the relative displacement and

ve1ocity responses of an osci 11 ator with frequency w. and
J

damping ratio ~. excited by the stationary ground acceler­
J..

ation xg(t)

system stiffness matrix

vector defined in terms of stiffness coefficient which

transforms the displacement vector {xs } into response S

system mass matrix

number of degress of freedom

vectors defined in Appendix I

vector of principle coordinate defined by Eq. 2

coefficient of expansion defined by Eq. 26

psuedo acceleration response spectrum value at frequency

w. and dampi ng rat i 0 ~.
J J



R (w.)
r J

R (w.)v J

{r}

~.
J

Yj

I:j

Pjk

[ \PJ

{<p. }
J

\P (w)g

relative acceleration response spectrum value at frequency

w. and damping ratio ~.
J J

relative velocity response spectrum value at frequency w.
J

and damping ratio ~.
J

ground displacement influence vector

frequency ratio defined by L~/UJ<

response quantity

the static value of a response quantity for the displace-

ment vector defi end by. Eq. 22

design response value quantity S(t)

a parameter of ground spectral density function

maximum modal response in the jth mode defined by
2

SJ' = Y·I:·R (w.)/w.
J J a J J

cross modal response

response vector of relative displacement of the structure

with respect to ground

ground acceleration

damping ratio parameter used in ground spectral density

function

modal damping ratio

jth mode participation factor

jth mode shape of response quantity

modal correlation coefficient defined by Eq. 12

modal matrix with its column representing the normal modes

jth displacement mode shape

ground spectral density function
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w.
J

cut-off frequency

frequency parameter used in ground spectral density

function

jth modal frequency
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