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ABSTRACT

A procedure is presented for the determination of the force

system acting on rigid retaining walls located in an earthquake environ

ment. This is based on a quasi-static, Coulomb type analysis that satis

fies the additional requirement of equilibrium of moments and, at the same

time, it accounts for two important uncertainties: the spatial (vertical)

variability of the strength of the backfill material and the randomness

in the value of the seismic loading. The latter is introduced into the

analysis in terms of the maximum ground acceleration expected to occur

at the site of the retaining wall during an earthquake.

As a part of this study, an investigation is made of two tech

niques capable of providing approximations to the statistical values of

functions of random soil properties (case of statistically homogeneous

soil deposits). It is concluded that the "point estimates method" is

more accurate and easier to implement than the "series approximation

method". Moreover, in a similar investigation on procedures currently

available for the description of the spatial variability of soil proper

ties (case of heterogeneous soil deposits), it is concluded that the

"quasi-stationary autoregressive method" provides a better approach than

the "average mean-crossings distance method" and the "moving average

method". This is particularly true for the commonly encountered situations

of limited data available or of soil properties exhibiting a trend (e.g.,

xiv



increase) with depth.

The quasi-stationary, autoregressive method is subsequently

employed to describe the vertical variability of the strength of cohesion

less backfill-materials. This results to two distinct but equivalent

models for the backfill (a single-layer and a multi-layer representation)

both of which are presented and discussed.

The effect of important material, loading and model parameters

on the force system against rigid retaining walls is examined in a com

prehensive parametric study, the findings of which are ~resented in a

series of figures and tables.

xv





CHAPTER 1

TECHNICAL BACKGROUND

A brief review is presented herein of the methods available

for the determination of the force system acting on rigid retaining

walls under static or seismic conditions. This is followed by a summary

of the knowledge that has been acquired on the subject through tests

performed on models of retaining walls under simulated earthquake con

ditions. Finally, the scope of this study is presented together with

an overview of its content.

L 1 Theoretical Methods

1. LIThe Coulomb Method

The first procedure for the determination of the earth thrust

against retaining walls was proposed by Coulomb in 1776. It is based on

the notion that failure of a retaining wall is accompanied by a sliding

of the soil mass located in the back of the wall and on the following

assumptions:

(a) the failure surface has a planar shape;

(b) the shear strength of the soil material is fully

mobilized along the failure plane; and

(c) the lateral earth pressure on the wall increases

linearly with depth.

1



2

The first two assumptions are valid if the wall experiences

a sufficient movement during failure. While the third assumption

is valid only in the case of smooth, vertical walls with a horizontal

backfill (Terzaghi, 1936). Moreover, results obtained with model walls

have shown that the third assumption is definitely invalid for walls

under dynamic loading conditions (Mat~uo and Ohara, 1960; Ichihara,

1965; Nazarian and Hadjian, 1979; etc.).

In Fig. 1.1 is shown schematically the force system acting on

a retaining wall and its backfill_material in accordance with the Coulomb

method. This includes the weight of the backfill, W, the resultant of the

shearing forces, R, and the earth thrust against the wall, P. The value

of the latter was ·found by Coulomb to be equal to

in which

y = the unit weight of the backfill,

H = the height of the retaining wall,

¢ = the angle of internal fTiction of the backfill

material and

8- the angle between the failure plane and the

horizontal direction (8 = 45 0 + ¢/2).

(1.1)
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FIGURE 1.1 FORCE SYSTEM ON THE SLIDING SOlL MASS IN ACCORDANCE WITH THE COULOMB METHOD
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1.1.2 The Mononobe-Okabe Method

The Coulomb theory was considered to be sufficient for the

design of retaining walls for approximately one and a half century.

The 1923 earthquake in Kwanto, Japan, however, brought to the attention

of the engineering community the effects that earthquakes have on retain-

ing walls which, in turn, generated considerable interest on the subject.

Thus, in the late 1920's Okabe (1926) and Mononobe (1929) proposed a

method for determining the "dynamic" loads on retaining walls d':le to

earthquakes. This method commonly referred to as "the Mononobe-Okabe

Method" is basically a simple extension of Coulomb's theory.which

includes the seismic force on the backfill material. The additional

assumption was made that the acceleration of the backfill is uniform

throughout the soil mass. This allowed the seismic forces to be expressed

as two additional body forces equal toahWand avW along the horizontal

and vertical direction, respectively. The resulted force system on the

sliding edge is shown schematically in Fig. 1.2.

The dynamic active earth thrust PAE against the retaining wall,

shown in Fig. 1.2, was given by Mononobe (1929) as

in which

K
AE

=
2cos (¢-e-~)

e 2 (~-1Jv-'~) [1+,{sin(c/>+O)sin(c/>-e-i)}1/2]2
cos cos ~cos Uou'V cos(o~+6)cos(i-a)

(1.2)



H

/

/
/

/
/

/

"

FIGURE 1.2 FORCE SYSTEM ON THE SLIDING SOIL MASS IN ACCORDANCE WITH THE

MONONOBE-OKABE METHOD VI
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y = the unit weight of the backfill material,

H = ilie height of the retaining wall,

¢ = the angle of internal friction of the backfill

material,

C = the angle of soil-wall friction,

i = the inclination of the backfill with the horizontal,

a = the inclination of the back face of the wall,

-1 ahe = tan (l+a ),
v

a = the coefficient of the maximum horizontal ground
h -

acceleration, in gIs, and

a = the coefficient of the maximum vertical groundv

acceleration, in gls.

Finally, it should-be noted that the Mononobe-Okabe method

provides a dynamic component for the earth thrust that acts at the

midpoint of the retaining wall. This has been shown by model tests

to be unrealistic (Mononobe and Matsuo, 1929; Prakash and Nandakumaran,

1973; etc.).

1.1.3 The Prakash-Basavanna Method

Prakash and Basavanna (1969) proposed a method of determining

the earth thrust against a retaining wall and its point of application by

satisfying the additional requirement of equilibrium of moments. This

additional condition was used to derive (rather than assume, as was the

case for the Coulomb and Mononobe-Okabe methods) the point of app1ica-

tion of the earth thrust along the retaining wall.
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The following assumptions were made in this method:

(a) the pressure at any point is geostatic, and

(b) the principle of superposition is valid.

In Fig. 1.3 is shown schematically the use of the principle

of superposition of forces as employed by Prakash and Basavanna.

Fig. 1.3(b) represents the force system on the soil mass for only hori-

zontal body forces and Fig. 1.3(c) that for only vertical forces. From

the conditions of equilibrium of moments around point A located at the

base of the wall, Fig. 1.3(a), the following expression was obtained for

the active earth thrust PAE:

= YH2sinCB+i) [cotCB+i)+cosC6-i)]

2sin
2
6sin(6+i-O)

(1.3)

{Cl+av)sini+~cosi}tan(B+i-O) Cl+av)cosi+~sini

. [ tanCB+i-o)+tan(6-i-¢) + cotC6+i~O)+cotC6-i-¢)]

in which 6 is the inclination of the failure plane with the horizontal.

The distance dA between the point of application of P
AE

and

the base of the wall was found using the expressions of the moment MA

of the force system around point A (Fig. 1.3) and of the active thrust

P ,given in Eqn. (1.3).
AE
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A

(a) Forces on Sliding Wedge (c) Vertical Forces

+
A

(b) Horizontal Forces

W(l+a)

~"V ==dl

FIGURE 1.3 SUPERPOSITION OF FORCES ACTING ON THE SLIDING WEDGE (AFTER PRAKASH AND BASAVANNA, 1969)
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1.1. 4 Other. Me thods

Other methods of determining the earth thrust against a

retaining wall have been presented in the literature. Dubrova (1963)

developed a static method including the movement of the wall, while

Saran and Prakash (1977) extended Dubrova's theory to include seismic

conditions. Finally, Richard and Elms (1979) developed a procedure

that is applicable for gravity walls only and includes a maximum limit

of acceptable wall movements during earthquakes. A detailed presenta

tion of these methods can be found in Vlavianos (1981).

1.2 Observations During Model Tests

Several investigators have performed tests on models of re

taining walls in an attempt to determine the magnitude and distribu

tion of the earth thrust behind the wall.

In general, thes~ model tests were conducted with metal

lined boxes filled with uniform clean sand. The wall was represented

by one side of the box which was hinged so movements could occur. The

soil pressure against the hinged wall were measured by pressure gauges

which were either buried in the fill .near the wall or mounted between

the wall and a stationary support. The accelerations of the fill were

induced by a shaking table or a falling pendulum.

Model test results for earthquake-like'loads are summarized

in Table 1.1. There is general agreement that the height hd of the dy

namic component of the earth thrust above the base of the wall varies

,



TABLE 1.1

MODEL TEST RESULTS OF RIGID WALLS UNDER EARTHQUAKE-LIKE LOADS

INVESTIGATORS TEST CONDITIONS FINDINGS

Dimensions:
Material
Conditions:

Mononobe and Matsuo (~929) Models of Retaining Walls
Apparatus: Metal lined. box with a door hinged at base

Pressure gauge 4.5 ft. above base
Mounted on a shaking table
4 ft high, 9 to 12 ft long
Uniform clean dry sand
Horizontal accelerBtion,O~O.<Bh ~ 0.4g

1. Dynamic force at.
h

d
". H/3

(hd measured from
wall base)

. 2. Worst Case:
ah toward wall

a upwardv

. 1. Dynamic force at
h

d
:: 0.55H--Models of Quay Walls

Apparatus: Metal- or glass-lined box
Fixed or hinged at base
Pressure cells on wall centerline at 3
heights
Mounted on shaking table
0.4m high, 1.Om long
Uniform clean sand, dry and saturated
0.2g ~ ~ ~ 0.4g

Dimensions:
Material
Conditions:

Matsuo and Ohara (1960) .

Dimensions:
Material
Conditions:

Ichihara (1965) Models of· Retaining Walls
Apparatus: Metal lined wall inside a box

8 pressure cells on wall face
Shaking table struck by falling pendulum
1m high, 5m long
Uniform clean dry sand
horizontal shock acceleration
3.3g ~ ah 2. 4.2g

1. 0.36H 2. hd ~ O.~4H

2. Dynamic pressure ~

parabolic
3. Failure plane located

at a < 45° + ~/2,cr
slightly concave

.....
o



TABLE 1.1
I

(continued)

Dimensions:
Material
Conditions:

INVESTIGATORS

Prakash et al. (1973) Models of
Apparatus

TEST CONDITIONS

Retaining Walls
Metal-lined wall inside a box
8 pressure cells on wall face
Shaking table struck by falling pendulum
1 m. high, 5 m. long
Uniform clean dry sand
horizontal shock acceleration
3.3g 2 ah ~ 4.28

FINDINGS

1. 0.36H ~ hd ~ 0.444

2. Dynamic pressure ~

parabolic

3. Failure plane located
at a < 45° + ~/2,cr
sli~htly concave

Nazarian et al. (1979) Reviewed previously done model tests, including those by 1.
Nandakumaran and Joshi

h
d

increases

parabolically as 0
decreases

2. hd decreases with S
3. h

d
increases with

surcharge
4. hd increases linearly

with increasing a
h

5. O.33H ~ hd ~ O.66H

........
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between O.35H and O.65H, where H is the height of the wall.

1.3 Scope of the Present Study

In general, although a large amount of experience has

accumulated concerning the design and performance of retaining walls,

geotechnical engineers still face considerable uncertainties when
,

analyzing their stability. These reflect the variability of the mat-

erial parameters, the randomness associated with the applied loading

conditions, as well as the uncertainty associated with the employed

analytical procedures.

None of the methods presented above considers the uncertainties

involved in either the material parameters (including their spatial

variability) or the loading" conditions. To explicitly a_ccount for these

uncertainties and to provide a statistical description of the force

system on retaining walls during earthquakes is the overall objective

of the present study.

A statistical description of the functions of random soil

parameters is presented in Chapter 2. In Chapter 3 are given in detail

methods available for the determination of the spatial variability of

soil properties together with a case study in which these methods are

applied and compared. Chapter 4 presents a procedure developed to

determine the earth thrust against a retaining wall which accounts for

the spatial variability of the strength of the backfill material and the

uncertainty around the exact value of the seismic loads. The results

,.



of a parametric study on the ef~ect of important material, loading and

modeling parameters on the force system acting on retaining walls are

presented in Chapter 5. Finally, Chapter 6 provides a comparison of

results obtained from the developed procedure and those measured during

previously conducted model tests.

II

13



CHAPTER 2

STATISTICAL VALUES OF FUNCTIONS OF RANDOM SOIL PAJUL~TERS

2.1 Soil as a Statistically Homogeneous Medium

In geotechnical practice, the numerical values of soil

parameters are determined on the basis of measurements taken during

a few, relatively simple, field or laboratory tests. Because of the

inherent variability of the soil material and the errors that are

intrinsic to all experimental methods, the numerical value of any

measured soil parameter is expected to exhibit some degree of varia

tion. This variation is properly accounted for by introducing soil

parameters as random variables, an approach that has been systemati-

~ally pursued in recent applications of probabilistic methods in

geotechnical engineering.

Let x denote a random soil parameter and f (x) its proba·x

bility density function. If the statistical values (e.g., mean,

variance, etc.) and the probability density function of x remain

constant anywhere within a soil layer, then the latter is said to

represent a statistically homogeneous medium. In this case, the

statistical characteristics of x may be obtained simply by performing

a statistical analysis on" the values of x as determined in the field

(measured at different points within the same soil layer) or in the

laboratory (measured through tests on samples drawn from different

locations of same soil layer).

In practice, however, one is often interested in the stat-

istical characteristics of a function of one or more random variables.

14
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An example of·such a function is the expression for the earth thrust

against a retaining wall, in which the angle of internal friction rep-

resents the random variable x; or, the expression for the factor of

safety of a slope under drained conditions, in which the soil cohesion

and its angle of internal friction are the random variables. A geo-

technical engineer's ability to provide a statistical description of

such functions is essential for a probabilistic formulation of the

problem at hand.

2.2 Exact Statistical Values of Functions of Random Parameters

Let y represent a function of a random variable x, .i.e.,

y y(x) (2.1)

A probabilistic study of a geotechnical problem usually requires the

determination of the first two £entral moments of y, i.e., its ex-

pected value E[y] and variance V[y]. If f (x) denotes the probabilityx

density function of x, then the general expressions for E[y] and

V[y] are given as (Papoulis, 1965)

E[y] = Y = J
co

y f (x) dxx

(2.2)

-co

V[y] = f
co

(y - y) f (x) dx
x

For relatively simple functions of y and f (x), the intex

grations denoted in Eqns. (2.2) may be easy to perform analytically.

If, however, the expressions for y and/or f (x) are comnlicated, thenx .

the indicated integrations may be difficult to accomplish. In this



case, one has to perform a numerical integration or use some a1ter-

native, approximate method to obtain the statistical values of y.

Statistical theory provides two approximate methods of

determining Eqns. (2.2): one, based on a Taylor's series approxi-

mation of y, and, another, using a point estimate technique. These

two methods are presented below.

2.3 Series Approximation Method (SAM)

When the first and second derivatives of y(x) with respect

to x can be determined, then a Taylor's series approximation of y

can be employed in order to perform the integration appearing in

Eqns. (2.2).

A Taylor's series expansion of function y(x) about the

mean value x of the variable x has the following expression:

y(x) y" (x) - 2
= y(x) + y' (x) (x-x) + 21 (x-x) + •.. (2.3)

in which the number of primes denotes the order of the derivative of

y(x) evaluated at the mean value x. By retaining only terms up to

the second order, the first two central moments of yare equal to

(Hahn and Shapiro, 1967)

(2.4)

V[y]

II

in which cr is the standard deviation of x and all derivatives are
x

evaluated at x.
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2.4 Point Estimate Method (PEM)

A general procedure for estimating the statistical moments

of a function of one or more variables was proposed for the first

time by Rosenblueth (1975). It is based on evaluations of the func-

tion at two or more discrete points which can be easily determined

from the statistical values of the random variables.

Thus, in the case of a function y of only one random vari-

able x, i.e., y = y(x), the method requires that the continuous

probability density function of x be replaced by an equivalent dis-

crete distribution px(xi ) whose statistical values (e.g., mea~,

variance, etc.) are identical to those of the continuous variable x.

The number and magnitude of the discrete values xi depend on the
-- .
statistical values of x and on the desirable level of accuracy.

2.4.1 Two-Point Estimates

The simplest possible representation of x by a discrete

variable xi is one in which x is considered to be concentrated at

only two points. These points may be conveniently denoted as x

and x+ and correspond to values of x below and above its mean value

X, respectively. There are two weights, P_ and P+, that are assoc

iated with the two point estimates of x and represent the percentage

of the density function fx(x) that is concentrated at x_ and x+'

respectively. In discretizing x, the following conditions must be

satisfied:
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P+ + P_ = 1

P+ x+ + P_ x_ = x

P+(x+ - x)2 P (x - 2 2+ - x) = a- x

- 3 (x - 3 3
P+(x+ - x) + P x) = a 3 a- x

in which a3 is the coefficient of skewness of x defined as

~3

3o
x

(2.5)

When the statistical values (x, ax' a 3) of x are knpwn,

from Eqns. (2.5) one can determine the corresponding values of x+,

x and P+, P. These are equal to

x =+

P = 1 - P+

x+ a (P Ip )1/2
x - +

(2.6)

x = x - o (P Ip )1/2
x + -

The sign preceding the parenthesis in the first of the equations

above is opposite that of a3 (i.e., positive, when a 3 < 0 and nega

tive, when a 3 > 0). When a 3 < 0, the distribution is skewed to the

lower values of x; when a 3 > 0, the distribution is skewed to the

higher values of x; and when a 3 = 0, the distribution is symmetrical.



19

The estimate of the m-th moment of function y has the

following expression:

(2.7)

2The-expected value E[y] and second moment E[y ] of yean

be found from Eqn. (2.7) by letting m become equal to one and two,

respectively. The variance V[y] of y can be determined by subtracting

the square of the expected value of y from its second moment. Thus,

the expressions for E[y] and V[y] found from Eqn. (2.7) are equal to

(2.8)

V[y]

2.4.2 Three-Point Estimate

The point estimate method can be easily generalized to in-

clude more points in the distribution px(xi ) in order to increase the

accuracy with which fx(x) is represented by px(xi ). In this case,

the determination of the point estimates of x and of the associated

weights require a previous knowledge of higher moments of x.

A three point estimate can be made by locating the third

point at the mean value of x. In this case, five' equations are

needed in order to specify the distrete distribution of x, i.e., the

values of x_, x+ and those of the probabilities P_, Po and P+ at x_,

x and x+' respectively. The first of these equations is obtained as

the sum of the probabilities P , P , P+, at the discrete values x_,
- 0
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x, x+, respectively, equal to one. The remaining four equations are

provided by specifying the mean value, second, third and fourth cen-

tral moments of x. Thus,

P+ + P + P = 1o -

P+x++Pox+ P x = x

- 2 (x - 2 2
P+(x+-x) +P_ x) = cr (2.9)- x

- 3 - 3 3
P+(x+ - x) + P_(x_ - x) = (13 cr

x

- 4 - 4 4
P+(x+ - x) + P_(x_ x) = (14 crx

where Po is the probability associated with x and (14 is the coeffi

cient of kurtosis of x, defined as

The coefficient of kurtosis refers to the degree of peakedness of the

distribution of x. The normal distribution, frequently used as a

standard of comparison for other distributions, has a value of (14

equal to three «(14 = 3). Thus, when (14 < 3, the distribution is

flatter than the normal distribution, while when (14 > 3, the distri

~ution.is more peaked than the normal.

Equations (2.9) represent a system of five algebraic equ-

atibns with five unknowns: P_, Po' P+, x_ and x+. Solving Eqns.

(2.9), it is found that
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p 1 - 1
0 20. 4 - 0.3

2 2 2 1/2

P 2 {4 +
0.3 ± [

40.3 + (
a3 ) 2] }-l= 2 2 2 20.

4 - a a
4 - a a 4 - a 3 a 4 - (133 3

P+
1 - P (2.10)= 20.

4 - a 3

- [P (1 + P Ip )]-1/2x = x + (J+ x + +-

P+ x)x = x - - (xP +

in which the sign preceding the brackets in the expression for P is

opposite that ofa3 (i.e. ,positive,when-; a 3 < 0 arid -negative, when

a3 > 0).

In the case of three point estimates, the estimates of the

expected value and variance of yare expressed as

(2.11)

V[y]

The point estimate method has been generalized for functions

of several random variables by Harrop-Williams (1980) and Howland (1981).

For the case of a function y of two symetrically distributed

random variables, i.e., y = Y(x
1

, x2), whose statistical values and

correlation coefficient p are known, the expression for the m-th

moment of y is equal to
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m (' m m m mE[y ] = P++y xl +,x2+) +P+-y(xl +,x2_) +P-+y(xl _,x2+) +P__y(xl _,x2_)

(2.12)
in which

P = P 1 + p
=++ 4

P - = P = 1 - p
+- -+ 4

and

y(Xl +, x2+) = y(x
l + cr , x

2
+ crx >

xl 2

y(xl +, x
2

_) = y(x
l

+ cr , x
2 - cr )

xl x
2

y(xl _, x2+) = y(x - (j
x '

x
2

+ cr )
1

1
x2

y(xl _, x
2

_) y(x - -
(j ).= (j

x- ' x -1
1

2 x2

The general expression'for Eqn. (2.12), for the 'case where y is a

function of n symmetrically distributed random variables, may be

written as

m
E[y ] =

in which

2

I
i =1
n

2

I
i =1
2

2

I
i =1

1

[Pi i . Yi i .]
1 2···~n 1 2···~n

(2.13)

and

iii
(-1) 1 (j , x

2
- (-1) 2 cr .•• ,x -(-1) ncr ]

xl x2 n xn

where Pki is the correlation coefficient for the k-th and i-th variables.
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2.5 Comparison of Approximate and Exact Methods

Three methods of estimating the first two moments of a

function of one random variable have been presented in the previous

sections. These are the Taylor's series approximation, the two-

point estimate and the three-point estimate methods. In this sec-

tion, a comparison will be made between the statistical values of

functions obtained using the exact and the presented approximate

methods.
,

This is achieved using several expressions for function y

and frequency distribution f (x) of the random variable x. Relatively
x

simple expressions are chosen for y and f (x) so that the exact valuesx

of the moments of y may be determined by the analytical expressions

given in Eqns. (2.2).

The first comparison examines the effects of the type of

distribution of x on the estimated statistical moments of y. The

models used for f (x) are the uniform, normal, exponential, and betax

distributions; while the functions employed are y = c(constant) ,

2 -xy = x, y = x , and y = e The results are presented in Table 2.1.

The expected value of the function is determined from Eqn.

(2.2a) and the Taylor's series approximation from Eqn. (2.4). The

discrete distribution of x for use in the two-point estimate is found

from Eqns. (2.6) and its expected value from Eqn. (2.8a).

From Table 2.1, it can be seen that, for the first three

functions examined, the resulting values of E[y] are equal to the

exact values, regardless of the_~ype of distribution. In the case



Table 2.1 Comparison of the Exact and Approximate Expected Values of Several Functions
I

Expected Value

y = y(x) f (x) Exact SAM PEM-2 pointx

Uniform C C C

Normal C C C
y = c Exponential C C C

Beta C C C

, Uniform 0.0 0.0 0.0

Normal 0.0 0.0 0.0
y = x Exponential 1.0 1.0 1.0

Beta 0.5 0.5 - 0.5

Uniform 3.0 3.0 3.0

2 Normal " 1.0 1.0 1.0
y = x Exponential 2.0 2.0 2.0

Beta 0.33 0.33 0.33

Uniform 3.33 2.50 2.92

Normal 1.58 1.50 1.54-x
y = e Exponential 0.500 0.572 0.568

Beta 0.632 0.632 0.632

SAM = Series Approximation Method

PEM-2 = Point Estimate Method Using 2 Points '"./::'-



of Y -x
= e
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there is a difference between the exact and the approxi--

mate values. Furthermore, it can be seen that the two-point estimate

method provides a better approximation than the Taylor's series

method.
-

The effect of the coefficient of skewness a 3 of x on the

statistical moments of y is examined by assuming x to follow the

general beta distribution. The lower and upper values of the latter

are taken to be equal to -2 and +2, respectively (i.e., -2 < x < 2),

while the coefficient of kurtosis of x is assumed to be equal to

2.14. Case I involves a distribution skewed to the left with

a 3 = -2.63; Case II a symmetrical distribution with a 3 = 0; and

Case III a distribution skewed to the right with a 3 = 2.63. The

results, obtained for several expressions of function y, are presented

in Table 2.2. They were found using Eqns. (2.4a), (2.8a), and

(2.11a), for the cases of a Taylor's series approximation, the two-

point and three-point estimates, respectively.

From Table 2.2, it is seen that, as in the previous com-

parison, the estimates for the polynomial functions do not differ

from the exact values of the first moment. Also, for the case where

y has an exponential form, the approximations obtained through the

point estimate method are better than those found using the Taylor's

series expansion.

Table 2.2 also shows that the three-point estimate is more

accurate than the two-point one. In many cases, the error associated

with the use of the two-point estimate method can be quite large.

-3xFor example, when y = xe and the distribution of x is skewed, the



Table 2.2 Effect of Coefficient of Skewness on the
Expected Value of Several Functions

Case I: fx(x) skewed to the left (a3 = -2.63)

26

Function Expected Valuey Exact SAM ·PEM-2 point - . PEM-3 point
-

y = x -0.40 -0.40 -0.40 -0.40
2 0.80 0.80 0.80 0.80y = x
-x 1.99 1.97 , 2.08 2.06y = e
-3x 23.8 12.9 22.5 33.8y = e

y = -3x -0.20 0.72 0.13 -0.08xe

Case II: fx(x) symmetric (a3 = 0)

Function Expected Value
y Exact SAH PEM-2point PEM-3 point

y = x 0.00 0.00 0.00 0.00
2 0.80 0.80 0.80 0.80- y = x
-x 1.46 1.40 1.43 1.46y = e
-3x 14.0 4.6 7.40 12.4y = e

y = -3x 0.00 0.00 0.00 0.00xe

Case III: fx(x) skewed to the right (a 3 = 2.63)

Function Expected Value
y Exact SAM PEM-2 point PEM-3 point

y = x 0.40 0.40 0.40 0.40
2 0.80 0.80 0.80 0.80y = x

--x 0.93 - 0.88 0.87 0.90y = e
-3x 4.20 1.17 1.19 2.01y = e

v = -3x 0.20 -0.72 -0.13 0.08xe

SAM = Series Approximation Method
PEM-2 = Point Estimate Metrod Using 2 Points
PEM-3 = Point Estimate Method Using 3 Points



27

two-point estimate was found to have a sign opposite to that of the

exact value.

The final comparison examines the effect of varying the

exponent of function y on its statistical values. Function y is as-

-axsumed to have the form y = e ,while coefficient a is allowed to

vary from zero to five (Le., a .:s. a.:s. 5).

Three symmetrical distributions of x are used, all with the

same coefficient of kurtosis (a4 = 2.14). The parameters of the dis

tributions are given in Table 2.3.

Tables 2.4 and 2.5 present the obtained results for the

expected value and variance, respectively. They were found using

Eqns. (2.8) and (2.11), for thet~o-point and three-point estimates,

respectively.

From Tables 2.4 and 2.5, it is seen that, for all cases,

the three-point estimate of the first two moments is better than that

found using the two-point estimate. However, the three-point estimate

is not always in close agreement with the exact value. The error

between the two values increase as the value of the coefficient a in-

creases.

Figure 2.1 illustrates the effect of the coefficient in the

exponent of y on the expected value of y for the second case. It shows

that, as the value of the coefficient a increases, there is an in·-

creasing difference between the estimated and the exact expected

value of y.

From Tables 2.4 and 2:5, it is seen that the point estimates

of the variance diverge more rapidly from the exact values than do the

estimates of the expected value.



Table 2.3 Statistical Parameters of Three Symmetrical Distributions

Case

I

II

III

Mean Value

x

0.00

0.00

0.50

Variance

2
(]

x

1.00

0.80

0.05

Frequency Distribution

f (x)
x

3 2
20 J5 (S-x )

3 2
32 (4-x )

26(x-x )

Range

a < x < b

- 5 < x < 5

-2 < x < 2

o < x < 1- -

N
00



Table 2.4 Effect of the Coefficient a on the Expected Value of Exponential Functions for
Symmetric Distributions

Coeff. Case I Case II Case III

a Exact PEM-2 PEM-3 Exact PEM-2 PEM-3 Exact PEM-2 PEM-3

0.0 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

1.0 1.60 1.54 1.60 1.46 1.43 1.46 0.622 0.622 0.622

; 2.0 5.10 3.76 4.91 3.84 3.08 3.75 0.406 0.405 0.406

3.0 23.2 10.1 19.4 14.0 7.35 12.4 0.278 0.275 0.278

4.0 128. 27.3 82.0 61.1 17.9 44.4 0.198 0.193 0.198

5.0 786. 74.2 353. 297. 43.8 163. 0.146 0.139 0.146

PEM-2 = Point Estimate Method Using 2 Points
PEM-3 = Point Estimate Method Using 3 Points

N
\0



Table 2.5 Effect of the Coefficient a on the Variance of Exponential Functions for

Symmetrical Distributions

Coeff. Case I Case II Case III

a Exact PEM-2 PEM-3 Exact PEM-2 PEM-3 Exact PEM....2 PEM-3

0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0

0.5 0.320 0.272 0.318 0.248 0.214 0.243 . 0.0077 0.0076 0.0077

1.0 2.55 1.38 2.36 1.69 1.04 1.62 0.0193 0.0187 0.0193

1.5 16.0 4.53 12.3 8.98 3.18 7.42 0.0281 0.0261 0.0280
i

2.0 101. 13.2 57.9 46.4 . 8.45 30.4 0.0330 0.0289 0.0328

2.5 672. 36.6 260. 247. 21.4 118. 0.0348 0.0284 0.0345

3.0 4640. 100. 1150. 1360. 53.0 449. 0.0346 0.0260 0.0340

PEM-2 = Point Estimate Method Using 2 Points
PEM-3 = Point Estimate Method Using 3 Points

w
o



x
ctl
I 10Cl)

II
>.

\l-l
0

Cl)
:::3

,...;
ctl
:>

5
't:l

Cl)...
C)
Cl)
Q.
X
~

0.0 1.0 2.0

Coefficient a

3.0 4.0

31

FIGURE 2.1 THE EFFECT OF THE COEFFICIENT IN THE EXPONENT OF

y~e-ax ON THE EXPECTED VALUE OF Y



CHAPTER 3

VARIABILITY OF SOIL DEPOSITS

3.1 Spatial Variability of Soil Properties

A fundamental task in geotechnical engineering involves the

establishment of the soil profile and the determination of the values

of soil properties within the various 'soil layers. This is commonly

achieved through a geological examination of the area, a subsurface

exploration, and a testing program consisting of in situ and/or

laboratory tests. The latter provide continuous or discrete with

depth records of the numerical values of soil pro~erties which are

used to subdivide the soil deposit into layers.

It is well known, however, that even within the same layer

there is an inherent variability in the values of soil properties.

In the case of natural deposits, this variability is due mainly to

the randomness associated with the geological processes that are in

volved in the formation of the deposits. A similar variability also

exists within layers of man-made soil structures (e.g., random

fluctuations of water content or relative density within fills, em

bankments, etc.).

Moreover, if a soil. mass is composed of approximately hori

zontal layers, properties within such a mass exhibit two distinct

characteristics, namely: (a) their variability along a horizontal

direction is considerably smaller than that along the vertical direc

tion, and (b) their numerical values follow a distinct trend with

depth.

32
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This is illustrated schematically in Fig. 3.1 for the case

where the soil property is the undrained strength S of a normally
u

consolidated clay deposit. It can be seen that the trend followed

by S is that of increasing values with depth.
u

In order to express the spatial (vertical) variability of

a soil parameter, one needs to determine the variation of its mean

value and standard deviation with depth as well as its autocorrelation

function (i.e., the function that describes the correlation between

values of the parameter at different locations).

3.2 Soil Properties as Random Functions of Depth

Let x = x(z) denote a depth dependent soil property and A

and A' two points within the soil mass at depths z and z', respec

tively. This is shown schematically ~n Fig. 3.2. If ~ and a2 are

the mean value and variance, respectively, of soil property x and

r = r (Iz - z'j) is its autocorrelation function evaluated at pointsx x

A and A', then one has

E[x(z)J = ~

E[{x(z) _ ~}2] 2=a (3.1)

E[{x(z) _.~}{x(z') - ~}]
2= cr r

x

in which E[ ] denotes the expected value of the quantity in

brackets and r = r (Iz - z'l) < 1.x x -

A function, such as a soil property x = x(z) which for any

value of depth z is a random va~iable, is called a random function
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OF UNDRAINED SHEAR STRENGTH S FOR NORMALLY CONSOLI-.- u
DATED CLAYS



35

z

--+-------------_A
z'

..z..---+-------... A'

z

1
bz=lz'-zj

1

FIGURE 3.2 VERTICAL DISTANCE BETWEEN TWO POINTS APPEARING

IN THE "AUTOCORRELATION FUNCTION



36

or stochastic ·process. When such a function is independent of the

origin (z = 0) and its statistical values depend only on the rela-

tive position between two points, such as A and A' (Fig. 3.2), it

is called a stationary function or stationary process. Moreover,

if all statistical moments of x are constant anywhere along the z

direction, then x(z) is said to be stationary in the strict sense.

If only the first two moments of x are constant with z, then

x = x(z) is said to be a stationary process in the wide sense.

Thus, random function x{z), defined by Eqns. (3.1), represents a

stationary process in the wide sense. Its autocorrelation function

depends on the vertical distance between two points (Fig. 3.2) at

When the expression for the autocorrelation function

r (z - z') is known for a given soil deposit and point averagesx

equal spatial averages (e.g., ~ = ~fv xdV, where V denotes the

volume of a soil deposit), then the quantity

2 H H
ni = H If f r (Iz - z'l) dz dz'

o 0 x
(3.2)

provides the number of equivalent independent layers a soil deposit

may be -considered to consist of (Asaoka and A-Grivas, 1981a).

3.3 The Autocorrelation Function

The autocorrelation function r of a soil property x may
x

be conveniently expressed as an exponential decay function of the

form
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(3.3)

in which t is called the correlation length and a is a modeling

constant. This form of the autocorrelation function r decreases
x

monotonically-from unity at z = z' to zero as the distance Iz - z'l

approaches infinity.

The correlation length t, entering the expression r , is. x

the distance between two points within which the soil property shows

relatively strong correlation (e.g., at two points which lie within

the distance t, the corresponding values of x are likely to be either

both above or both below the mean ~), and thus it provides an approxi-

mate measure of the distance between two independent observations.

Substituting Eqn. (3.3) into Eqn. (3.2) and performing the

indicated integration, on has

n. = H2/2a t{H + a t[exp(-H/a t) - 1]
~

From Eqn. (3.4), it is found that the thickness of the

statistically independent layers in a soil deposit of depth H is

equal to

3.4 Modeling the Soil Profile Using
the Autocorrelation Function

(3.4)

(3.5)

Several methods of modeling a soil profile have been pre-

viously reported in the literature (e.g., Alonso, 1976; Matsuo and

Asaoka, 1977; Vanmarcke, 1977, etc.). The difference between these



38

methods as well as the new approach that is introduced later in this

section is due to the assumption made about the stationarity of the

process and the manner whereby the correlation length is determined.

Figure 3.3 illustrates schematically the various assump

tions made concerning the vertical variability of a soil property.

In Fig. 3.3a is shown a stationary process in the wide sense with a

constant mean value and standard deviation, while Fig. 3.3b repre

sents a non-stationary process with a linearly increasing mean and

standard deviation.

Once the process describing the variation of a soil pro

perty with depth has been assumed, the correlation length is deter

mined using the test data and boring log found from the testing pro

gram. The test data is used to determine the numerical value of the

correlation length, while the boring log is used to indicate differ

ent soil types in the soil mass. It is important that each soil type

is analyzed separately, since combining data from different soils

will give erroneous results.

Three methods are currently available for the determination

of the correlation length of a given property within a soil deposit,

namely: (a) the average mean-crossings distance method, (b) the moving

average method, and (c) the quasi-stationary autoregressive method.

A description of each of these methods and a review of their appli

cability and limitations is given below.

3.4.1 The Average Mean-Crossings Distance Method (AMCDM)

This method may be used to determine the correlation length
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£ of soil properties that represent a stationary process. It is i1-

1ustrated in Fig. 3.4 in which xi~ i = 1~2 ••• ~N~ denotes the value

·of the soil property measured at a depth z. within the deposit. The
1-

2
mean value x and variance ax of the N measured values of xi are

equal to

N
1 \'

x = L xi
N i=l

(3.6)

2 1 N - 2
ax = N-1 L (xi - x)

i=l

The correlation length £ is defined as the average dis-

tance between the points of intersection of the trace of the measured

values x = x(z) and the mean value x (Fig. 3.4). Thatis~

1 m
£= - L 0i (3.7)

m i=l

in which 0i is the length of the interval between intersections i and

i+1 of x(z) and x~ and m is the total number of such intervals.

The autocorrelation function r in accordance with thisx

method is expressed as a ~quared exponential decay function of the

form (Rice~ 1944)

2 2
r x (toz) = exp [- ~ (tot) ]

in which t:.z = z - z'.

A summary of the average mean-crossings distance method

is given in Table 3.1.

(3.8)
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FIGURE 3.4 .SOIL PROFILE FOR THE AVERAGE MEAN

CROSSINGS DISTANCE MODEL



Table 3.1 Procedure for Estimating the Correlation

Length t of a Soil Property Using the

Average Mean-Crossings Method

Values of soil property x at various depths z

42

Data along a borehole; i.e.,

i = 1,2, ••• N.

x. = x ( z . ), zi'
J. J.

o
i

Step 1

Step 2

Step 3

Step 4

Find the mean value of x of xi

1 N
it = N L xi

i=l

Find the depths C. at which the linear extra-
J. .

polation of x(z) between two consecutive points

equals X, where i = 1,2, •.. m+1.

Find the length of the intervals between inter

sections of x(z) and x

0i = Ci +l - Ci , i = 1,2, .•• m.

Find the correlation length t given by Eqn. (3. 7)

1 m
.l = - I

m i=l
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3.4.2 The Moving Average Method (MAM)

The moving average method has been applied in geotechnical

engineering for the first time by Vanmarcke (1977) to model the

spatial variability of a soil property x. The latter is assumed to

follow a stationary process (Fig. 3.3a) and, therefore, its mean

value and variance are constant with depth and r (~z) = r (-~z).x x

In accordance with this procedure, the autocorrelation

function is found by obtaining the variance of average values along

a series of space intervals. This variance is then expressed as a

decreasing function of the number of the interval, called the variance

reduction function, and is used to determine the correlation length.

In Fig. 3.5 are shown schematically the values of a soil

p.roperty x measured at equal distances ~z (Le., the vertical dis
o

tance between two adjacent samples). The vertical line represents

the mean value i of x determined on the basis of all data points

xi' i = 1,2 •.• ,N, where N is the total number of data. To obtain

the correlation length 1, one must first find the spatial averages

uk and the spatial variances o~ from the test results, where k is the

number of adjacent observations of x that are used in the averaging

scheme.

The k-th spatial average is formed by first determining the

av~rages of sets of k consecutive observations of x (e.g., if
x 1+x2 x 2+x3 ~-1~

k = 2; 2 ' 2 ' ••• 2 ) and then averaging these values.

The spatial variation is found in a similar manner. For N data points

- 2the values of uk and ok are equal to
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1 N-k+l 1 i+k-l
~ = N-k+l L: [iZ I x.J

i=l j=i J

(3.9)

2 1 N-k+l 1 i+k-l - 2
O'k = N-k I [(it.L xj ) - ~ J

i=l J=i

where xj is the value of property x at depth Zj =

k = 2, 3 to •• N-l.

j~z and
o

The spatial variance may be normalized by forming the ratio

2 2
of O'k over O'x' i.e.,

2

r 2(k) O'k= 0'2 (3.10)

x

in which r 2(k) is the variance reduction function. The variance re-

duction function is plotted against the spatial distances k, as shown

schematically in Fig. 3.6 by the dashed line. A best fit of the re-

suIts shown in Fig. 3.6 can be made to provide a relationship between

r 2(k) and k of the form

*1 , k < k

r 2 (k) = (3.11)

*k *k ' k > k

*in which k is determined by a least squared error analysis (i.e.,
2

k* = Min [-1- NIl (O'k _ r 2(k))2] where r 2(k) is given by Eqn. (3.11)).
N-2 k=l 0 2

x

Equation (3.11) is plotted as a solid line in Fig. 3.6.

The correlation lengt~ t is then equal to (Vanmarcke, 1977)
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(3.12)

The autocorrelation function r for the moving average method, the
x

number of equivalent independent layers n
i

, and the thickness of

such a layer ~re determined by substituting Eqn. (3.12) into Eqns.

(3.3), (3.4), and (3.5), respectively, with the modeling constant

equal to one-half (i.e., a = 1/2).

The moving average method is summarized in Table (3.2).

3.4.3 The Quasi-Stationary Autoregressive Method (QSARM)

The two methods of determining the correlation length of a

soil property x discussed above are based on the assumption that x

follows a stationary process. If, however, x exhibits a trend with

depth, then x represents a non-stationary process, therefore, the

above methods cannot be applied.

An alternative procedure is presented herein that is appli-

cable for the commonly encountered situations in which the mean value

x = x(z) and standard deviation cr = cr (z) of x increase linearly withx x

depth z. It is based on the observation that x(z) can be reduced to

a stationary process by forming the ratio of x(z) over z (hence the

term quasi-stationary process). Furthermore, it is observed that the

value of x at a point z. depends on the value taken by x at z. l' where
L ~-

i = 1,2, •.• N, an attribute of autoregressive processes.

Let ~(zi) denote _the v.alue of a soil property x at depth zi'

where i = 1,2, ••. N, and let ui be the ratio of x(zi) over zi' i.e.,
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Table 3.2 Procedure for Estimating the Correlation

Length i of a Soil Property Using the

Moving Average Method

Values of soil property x at constant sampling

intervals ~z along a borehole; i.e.,
o

x = x(i'~z ), i = 1,2, ••• N.
o 0
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Step 1

Step 2

Find the spatial averages ~ and spatial variance
2

ok of xi' where k = 1,2, ••• N-l

1 N-k+l 1 i+k-l
~ = N-k+l I [k I x.]

i=l j=l J

2 1 N-k+l 1 i+k-l - 2
(jk = N-k I [(k .I X

j ) - ~]
i=l J=i

*Find k by using a least squared error method

given by

*k = Min

Find the correlation length i given by Eqn. (3.12)

* * -11 = 2~z {In[(k +l)/(k -I)]} .
o
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(3.13)

x(z)

Quantity ui represents a quasi-stationary process as (a) the

mean value x(z) of x is a linearly increasing function of depth,

(b) the coefficient of variation of x is constant, and (c) the auto-

correlation functions of x and u are identical. These conditions are

expressed analytically in the followi~g form:

E[x(z)] = x(z) = kz

(J (z)
xV = ~'--- = constantx

r (bz) = r (bz) with a = 1x· u

Furthermore, successive values of u .. 1 and u., evaluated at
~- ~

constant intervals bz , are related in the following manner (the autoo

regressive character of u):

(3.15)

in which 6
0

and 61 are parameters to be determined from available data

and E. is an error term the mean value and variance of which are con
~

2stant for all irs and equal to zero and (JE' respectively. Furthermore,

the errors Ei are assumed to be independent of each other, 1. e. ,

in which 0ij is Kronecker's Delta (i.e., 0ij = 1, i = j; 0ij = 0, ~ ~ j).

The expected value E[u~], variance V[u.], and autocorrelation
~ J.
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function r u of ui can be expressed as (Cox and Miller, 1965)

E[ui ]
eo

=--
1-131

2
V[ui ] a (3.16)=--

1-132
1

r (k-t.z ) = 13
k

u 0 1

2 1 N-l 2
in which a = -- \ [u - 13 - 13 ui _l ] , N denotes the number ofN-2. i i 0 1

~=l

samples, and k is the number of sampling intervals t.z between two points
. IZi - ~i+kl

zi and zi+k within the soil deposit (i.e., k = t.z ).
o

Substituting in the above expression ui by x(z), found from

Eqn. (3.13), one has that the mean value, variance, and autocorrelation

function of x are equal to

E[x(z)] x(z)
eo

= =--z
1-131

2 2
2V[x(z)] a 0.17)= a (z) =--zx 1-132

1

r (k·t.z ) = 13
k

x 0 1

Moreover, substituting the last of Eqns. (3.17) into Eqn. (3.3), it is

seen that the correlation length t for the quasi-stationary autoregres-

sive method is

(3.18)
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The.number of equivalent independent layers ni and their

thickness di can be determined by substituting Eqn. (3.18) into Eqns.

(3.4) and (3.5), respectively, in which a = 1.

In Fig. 3.7 is shown schematically the values of soil pro-

perty x measured at equal distances ~z. The mean value x(z) and
o

standard deviation cr (z) of x as determined by the quasi-stationaryx

autoregressive method (Eqns. (3.17» ~re represented by the lower and

upper 1ines~ respectively.

Finally, the quasi-stationary autoregressive method is

summarized in Table 3.3.

3.5 Case Study

The three procedures in the preceding section are applied to

evaluate the spatial variability of the undrained shear strength Su

of a soft clay deposit. Two sites, denoted as A and B, are selected

for this purpose from the general area investigated in connection with

the West Side Highway in New York City. Values of S along two bore
u

holes are used to describe each site. Tables 3.4 and 3.5 list the

values of S from Boreholes A-1 and A-Z; while Tables 3.6 and 3.7
u

list the values of S from Boreholes B-1 and B-Z. The sampling dis
u

tance ~z is equal to 3.3 feet for all boreholes.
o

*The numerical values of k , Bl , and B
o

were found for both

boreholes at each site using the procedures outlined in Tables 3.2 and

3.3. The results are listed in Table 3.8 along with the thickness of

the clay deposit and the number of samples taken in each borehole.

The correlation 1engtn t provided by the average mean-
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FIGURE 3.7 THE ASSUMED SOIL PROFILE FOR THE QUASI-STATIONARY

AUTOREGRESSIVE METHOD
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Table·3.3 Procedure for Estimating the Correlation

Length i of a Soil Property Using the

Quasi-Stationary Autoregressive Method

Values of soil property x at constant sampling

intervals ~Z along a borehole; i.e.,
o

x. = x(z.), z. = i~z , i = 1,2, .••N.
~ ~ ~ , 0

Step 1

Step 2

Find the ratio of x(zi) over zi' denoted by u.
~

x(zi)
i = 1,2, ••• Nui = ,

zi

Find the parameters 6
0

and 61 using a least

square fitting technique of ui _l and ui ' i.e.,

i = 2,3, .•• N.

Find the correlation length t given by Eqn. (3.18)

Step 3 i = -
~z

o
tnlelf



Table 3.4 Values of S at Various Depths along A-I Borehole
u

DEPTH BELOW UNDRAINED

GROUND SURFACE SHEAR STRENGTH

ft ksf

47.9 0.42

51.2 0.42

54.5 0.39

57.8 0.58

60.5 0.71

63.7 0.68

67.0 0.74

70.3 0.72
- . 73.6 0.77

76.9 0.62

80.3 0.74

83.5 0.98

86.8 0.79

90.1 1.33 -

93.4 1.35

96.7 1.37

100.0 1.11

103.3 1.12

106.7 1.06

110.0 1.14

113.3 1.47
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Table 3.5 Values of S at Various Depths along A-2 Borehole
u

DEPTH BELOW UNDRAINED

GROUND SURFACE SHEAR STRENGTH

ft ksf
. J

52.3 0.57

55.3 0.79

58.8 0.72

62.1 0.75

65.4 0.72

68.6 0.63_.

73.1 0.61

76.8 0.82

81.6 0.78

84.9 0.85

88.2 0.92

91.5 0.96

94.7 0.99
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Table 3.6 Values of S at Various Depths along B-1 Borehole
u

DEPTH BELOW UNDRAINED

GROUND SURFACE SHEAR STRENGTH

ft ksf

29.0 0.05

32.2 0.09

35.5 0.11

38.8 0.13

41.6 0.15

44.8 0.22

48.1 0.23

51.4 0.23

-
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Table 3.7 Values of S at Various Depths along B-2 Borehole
u

DEPTH BELOW UNDRAINED

GROUND SURFACE SHEAR STRENGTH

ft ksf

29.4 0.06
'<

32.7 0.09

36.0 0.09

39.3 0.12

43.4 0.11

46.6 0.24

49.9 0.24

53.2 0.33

56.4 0.30
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TABLE 3.8

NUMERICAL VALUES OF PARAMETERS FOR THE FOUR BOREHOLES

IN THE CASE STUDY

PARAMETER SITE A SITE B

A-I A-2 B-1 B-2

SAMPLE SIZE 21 13 8 9

DEPOSIT THICKNESS 65.4 ft. 42.7 ft. 22.4 ft. 27.0 ft.

K* 3.0 1.3 1.9 2.0

Sl 0.490 0.484 0.651 0.624

So
-3 -3 -3 -35.62xlO 5.52xlO 1.60xlO 2.82xlO

V1
00



59

crossings distance method, the moving average method, and the quasi-

stationary autoregressive method are obtained using Tables 3.1, 3.2,

and 3.3., respectively. The number of equivalent independent layers

n. and their thickness d. obtained by Eqns. (3.4) and (3.5), respec-
~ ~

1tively, are found for the moving average method in which a = 2 and

for the quasi-stationary autoregressive method in which a = 1. The

results are listed in Table 3.9.



TABLE 3.,9

VALUES OF THE CORRELATION LENGTH, NUMBER AND THICKNESS OF

INDEPENDENT LAYERS FOR THE CASE STUDY

SITE A SITE B '

PARAMETER METHOD A-I A-2 B-1 B-2
,

Correlation QSARM 4.6 4.5 7.7 7.1

length, MAM 9.5 3.2 5.6 6.0

t, feet AMCDM 2.7 7.8 - 4.3

Number of QSARM 7.6 5.2 2.2 2.3

independent layers MAM 7.4 13.7 4.5 5.1
°i

Thickness of QSARM 8.6 8.2 10.4 10.1
independent layer

MAM 8.8 3.1 4.9 5.3di , feet

QSARM-Quasi-Stationary Autoregressive Method
~~ -Moving Average Method
AMCDM-Average Mean-Crossings Distance Method

0'\
o



CHAPTER 4

SEISMIC EARTH THRUST AGAINST RETAINING WALLS

4.1 Vertical Variability of the Frictional

Component of Backfill Strength

The vertical variability of a soil property was examined

in the preceding chapter and three methods were presented for its
. J

description. The present chapter will apply the quasi-stationary

autoregressive method to analyze the vertical variability of the ~

parameter of strength of granular materials located behind re-

taining walls. The results of this analysis will be incorporated

into an available procedure to determine the earth thrust against

a retaining wall during an earthquake.

2Let ~, 0 , and r~(~z) denote the expected value, variance,

and autocorrelation function, respectively, of the ~ parameter of

strength. From Eqns. (3.1), one has

E[Hz)] = ~

E[{~(z)_~}2] = 0
2

E[{~(z)-~}{¢(z')-~}] = r~(~z) 0
2

Under the assumption that ~(z) represents a stationary

2process, one has that ~ and 0 are constant with depth,

r~(~z) = r~(-~z), and Ir(~z)1 ~ 1. Furthermore, if H denotes the

thickness of the backfill material, Eqn. (4.1) may be written in

the form

61

(4.1)



1 H
~[- J .(z) dz] = u

H 0

1 H 2
V[H J .(z) dz] = cr /n

o

in which n is given in .Eqn. (3.4) as

H
n = -----,;;;;...------

H2R.{H + R.[exp(- I) - l]}
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(4.2)

(4.3)

Quantity n represents the number of statistically indepen-

dent layers the backfill material is composed of. Numerically, n

is an integer the value of which is obtained when the right-h~nd

side of Eqn. (4.3) is rounded to the nearest integer other than zero

(1. e., n .=:. 1) • This is illustrated schematically in Fig. 4.1.

Figure 4.la shows the equivalent statistically independent layers

of the backfill (n = 5). Within each of these layers, the. param-

eter of strength is a random variable having mean value and variance

equal to U and 0
2, respectively. This is denoted as .:

and is shown in Fig. 4.la.

2(u, 0 )

An alternative representation of the soil medium behind a

retaining wall is shown in Fig. 4.lb. Here, the backfill is consid-

ered to consist of a single layer, the. parameter of which has a

2mean value equal to u and variance equal to 0 /n,.where n = 5. The

distribution of • for this representation of the backfill is denoted

as.: (u, 0
2/5) and is shown in Fig. 4.lb.

The two models 'for the backfill material that are illus-

trated in Figs. 4.1, i.e., the statistically independent layered



63

2
<!>:(1l,0)

2
¢: (ll ,0 )

Equivalent Multi-Layer Medium

2
<!> : (1l,0 /5)

(b) Equivalent Single-Layer Medium

FIGURE 4.1 THE TWO REPRESENTATIONS OF THE BACKFILL MEDIUM AS

OBTAINED FROM THE AUTOCORRELATION FUNCTION
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model (Fig. 4.1a) and the single layer model (Fig. 4.lb), represent

two procedures capable of providing the vertical variation of the ¢

parameter of strength. The difference between the two is in the

number of random variables that are employed in their representation

of the backfill. Thus, the statistically independent layered model

requires n independent variables, one for each layer, with mean

2 2 2value]..l and variance (j (Le., lJl I : (]..I, (j), lJl 2 : (]..I, cr), ••• <1> n

(]..I, (j2). While the single layer model requires only one variable lJl

with mean value ]..I.and reduced variance (j2/n (i.e., <1>: (]..I, cr2/n».

4.2 Determining the Seismic Earth Thrust

Considering Moment Equilibrium and

Vertical Variability

The earth thrust against a retaining wall is determined

from Coulomb's theory by considering only equilibrium of the forces

that act on the sliding soil mass. Equilibrium of moments is satis-

fied only in the special case of a smooth vertical retaining wall

with horizontal backfill. An important feature of the present pro-

cedure is that it satisfies all three equations of equilibrium: the

sum of the forces along the horizontal and vertical directions and

that of the moments around any point on the cross-section of the

retaining wall and backfill are equal to zero. Moreover, it in-

eludes the effect of an earthquake expressed in terms of equivalent

seismic forces as well as the vertical variability of the internal

friction of the backfill material.

The two models presented in the preceding section for the
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description of the backfill material, i.e., the statistically inde

pendent layered model and the single layered model, produce different

force systems on the backfill and, therefore, require different as

sumptions for the seismic earth thrust against the wall.

Common to both models are the following assumptions:

(1) the backfill material is cohesionless;

(2) failure occurs along a planar surface;

(3) shear strength is fully mobilized along the

failure plane;

(4) the shear strength is a frictional force propor

tional to the vertical pressure at a point; and

(5) the backfill behaves as a rigid body (i.e.,

acceleration is uniform throughout the medium).

Figure 4.2 shows schematically the geometry ofa retaining

wall and its backfill material. The values of the angles and forces,

as shown in the figure, are considered to be positive. In accordance

with the fourth assumption above, the resultant force (denoted by R)

acts at one third the distance from the base of the retaining wall

along the failure plane.

4.2.1 Single Layer Representation of the Backfill

The single layer model of a retaining wall and its back

fill are shown schematically in Fig. 4.2. The three unknown quan

tities to be determined from the three equations of equilibrium are

the seismic earth thrust PAE , the point of application of seismic

earth thrust dA, and the resisting force along the failure surface R.
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For °the active case, the equations of equilibrium of

forces along the horizontal and vertical directions are expressed

as

-W(l + ~v) + R cos(8-4» + PAE cos(8-0) = 0

(4.4)

-Wah - R sin(8-4» + PAE sin(8-0) = 0

in which W = the weight of the soil wedge which is equal to

2
W =~[l + tan i(tan 8 + tan 8)][tan 8 + tan 8]

2 tan 8(tan 8 - tan i) tan 8 tan 8

and H = the height of the retaining wall;

y = the unit weight of the backfill material;

4> = the angle of internalo£rict;1onof the backfill

material;

c = the angle of soil wall friction;

i = the inclination of the backfillowith the horizontal;

8 = the angle of inclination of the back of the retaining

wall;

a coefficient of the maximum vertical ground acceleration,v

in gls; and

8 = the angle of inclination of the failure plane

(8 = 45° + $/2).
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Solving the first of Eqns. (4.4) with respect to force R

and introducing the resulting expression into the second of Eqns.

(4.4), the active force PAE against the retaining wa11'is found to

be

(4.5)
a + (1 + a ) tan(a-¢)

[_::..-n__~..;.v,-- ]
1 + tan (a-p)

tan (13-0)

w
PAE = sin(S-o)

while the resisting force R is

(4.6)
tan(S-o)

][1 _ tan (S-c)
tan (6-¢)

w
R = sin(6-¢)

Taking moments about point 0, Fig. 4. 2, and substituting

. Eqns. (4.5) and (4.6) for PAE and R, respectively, the distance dA

from the base of the wall to the point of application of PAE is

found to be equal to

dA

H W ah tan a] + [1 - cot a cot(S-o)]= 3{P
AE

sin(S-o)[1 + tan 13
.

(4.7)

• [1 - tan 6 tan i(tan 6 + tan B)] } [1 + -1+
S(tan

cot S cot(S-o)]
tan f3 tan e - tan i)

For the passive case, the expressions for the thrust

against the wall PPE and its location dp may be found in a manner

similar to the one described above. Thus, one has

(4.8)
-~ + (1 + av) tan(6+¢)

[-l"':_::"'-t-an---:(-:-6+""'¢~)----]
tan (8+0)

W
PPE = sin(S+o)



H W~ tan 6]d =~ [1 + + [1 + cot 6 cot(S+o)] .
p 3 PPEsin(S+o) tan S
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(4.9)

• [1 _ tan e + tan i(tan 6 + tan B)]} [1 _ cot 0 (0+0)]-1
tah B tan S(tan 6 - tan i) ~ cot ~

in which e = 45° - ¢/2.

In the case of a smooth, vertical wall with a horizontal

backfill under static conditions (i.e., 0 = i = ~ = av = 0 and

e = 90°), Eqns. (4.5) and (4.6) are reduced to the expressions pro-

vided by Coulomb's theory; i.e.,

H2
PAE/PE = -2-

H
dA/ P = 3"

tan(6±p)
tan 6

(4.10)

in which the upper and lower signs correspond to the active and

passive cases, respectively.

4.2.2 Multi-Layered Representation of the Backfill

The statistically independent layered model of the back-

fill considers the latter to be divided into a series of n horizon-

tal layers each with a thickness equal to H/n. This is shown

schematically in Fig. 4.3. The value taken by the angle of internal

friction for each layer is independent of the values taken by any

other layer. However, each layer has the same distribution of the

angle of internal friction.
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A procedure similar to the method of slices~ often used

in slope stability analysis, is employed to determine the forces

in this case. This is illustrated in Fig. 4.3.

The forces acting on the i-th slice are shown in Fig.

4.4. An examination of the f6rces and their points of .application

on the i-th slice reveals that there are four unknowns (i.e., Fi ,

Vi' hi' and Ri , defined in Fig. 4.4). The magnitude of the inter

slice forces Fi _l and Vi _l and their point of application hi_I' ,on

the right-hand side of the i-th slice are known from the analysis

of slice i-I. The location dR of the resultant force Ri is ~nown

i
as it is considered to act at the center of gravity of the slice.

Therefore, there are 4n unknown quantities and 3n equations (i.e.,

three equations of equilibrium for each slice).

Hence, for the force system to become statically deter-

minate, n additional equations are required. If the interslice

shear' forces Vi are assumed to be equal to zero (i.e., Vi = 0),

n-l equations are introduced (the n-th shear force is not equal to

zero since it acts on the retaining wall). In addition, the direc-

tion of the resultant of the forces on the left-hand side of the

.. n-thslice is known to. be, equal to the angle of the soil wall

friction O. This provides the last additional eq'uation required.

Thus, the unknown quantities in the equivalent statisti-

cally independent layered model are: hi' Fi , and Ri , for

71
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i = 1,2, ••. n-1, and Rn , PAE , and dA• These are shown in Fig. 4.5.

The numerical values of these quantities are found by

considering that. for the general.i-th slice, the three equations of

equilibrium may be expressed as

R. =
~

(l+a
v

) [(2n-2i+l)W2+W
3
+(2i-l)W4]

cos (.6- q,i) (4.11)

[1 + tan i n
2

- 2ni+i
2
-i-l/3 tan i ]

n tan Q + 2 tan 6
I-' 2n - 2n i + n

[1 + tan i 3i
2

- I]}
+ W3 n 2tan e] + W4 [ 3n

in which

and the element weights (i.e., WI' W2, .•• W6) are defined in Fig.

4.6.

For the n-th slice, the equations of eq~ilibrium yield

p =
AE

n

[~+(l+av)tan(e-q,n)] {Wl+i~1[(2n-2i+l)W2+W3+(2i-l)W4]+W5+W6}

tan (6-q, )

sin(8-0) [1 ~ tan (8-0) ]
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EQUATIONS (4.11) AND (4.12)



(l+av) [W2+W3+(2n-1)W4+WS+W6]-PAE cos(S-c)
Rn = cos (6-$ )

n

d d
Rd = H{F [n-1 + 1] + R cos(6-~ )[tan(6-~ ) + cot ~]

A n-1 H n n n n H

[( tan i + tan i ) 2
+ W2 ~ 1 + tan S 3n tan e - (1 + av) 3n tan6]

3n2-1 3n-2+ W4[ah ( 3n) - (1 + av) ]3n tan6

in which
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(4.12)

(1 + a ) H 2W2 W3 (2n-2)W4
dR = R cos(;-$) [3n + 2n + 3n

n n

tan B(WS+W6)

3tan B ]

and F 1 and d 1 are obtained from Eqns. (4.11).
n- n-



CHAPTER 5

PARAMETRIC STUDY

5.1 Parameters and Conditions Considered

This chapter examines the effect of material and model

parameters on the magnitude and point of application of the active

earth thrust against a retaining wall. The specific parameters that

are investigated are the following:

(1) the single- and multi-layer representation of the

backfill material;

(2) the angle of internal friction of the backfill'

material;

(3) the maximum ground acceleration;

(4) the angle of soil-wall friction;

(5) the inclination of the back face of the wall; and

(6) the inclination of the backfill with respect to the

horizontal direction.

The retaining wall under examination is shown schematically

in Fig. 5.1. For the purposes of this study, the following conditions

are assumed:

1) the backfill material, when considered as a multi-layer

system, consists of four equivalent statistically inde

pendent layers (i.e., n = 4);

2) the angle of internal friction is a random variable with

mean value ¢ and coefficient of variation v~ equal to

77
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'35 degrees and 20 percent, respectively (i.e., ~ = 35 0

and Vq, = 20%);

3) the maximum ground acceleration is considered to be a

random variable with its coefficient of variation equal

to 10 percent (i.e., V = 10%);
a

4) the ratio of the vertical to the horizontal components

of the maximum ground acceleration, a and ~ , respecv . n

tively, is equal to two-thirds and is directed downward

2(i.e., av = 3 ah);

5) the angle of soil-wall friction 0 is equal to one-half

1 -the angle of internal friction (i.e., 0 = 2 q,);

6) the back face of the wall is vertical (i.e., B = 90 0
);

7) the backfill is horizontal (i.e., i = 0 0
); and

8) the angle of internal friction is considered to be

independent of the maximum ground acceleration.

The expected value E[PAE] and variance V[PAE ] of the active

earth thrust and the expected value of its point of application E[dAl

are estimated using the two-point estimate method for independent

symmetrically distributed random variables given by Eqn. (2.13).

Estimates of E[PAE ), V[PAE ), and E[dA) are made for both the single

and multi-layer model of the backfill.

For the single-layer model, the mean value q, and coefficient

of variation Vq, of the angle of internal friction q, are found to be

equal to (Eqns. (4.2» 35 0 and 10%, respectively. The expressions

for the active earth thrust PAE'~nd its point of application dA are
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.
given in Eqns: (4.5) and (4.7), respectively. In Table 5.1 are pre-

sented the values of the point estimates of ~ and ~ used in this

study for the single-layer model.

The mean value ~ and coefficient of variation V~ of the

angle of internal friction ~ for each of the four layers of the

multi-layer model are equal to 35° and 20%, respectively. The point

estimates of ~i and ~, where i = 1,2,3,4, are presented in Table 5.2.

The active earth thrust PAE and its point of application dA are found

from Eqns. (4.12) for the multi-layer model of the backfill.

The expected values of PAE and dA found in this study are

made dimensionless by forming the ratios of E[PAE ] over YH2 and

2 . ~

E[dA] over H (i.e., E[PAE]/yH and E[dA]/H) ,in which y denotes the

unit weight of the backfill material and H denotes the height of the

retaining wall.

5.2 Expected Value of the Active Earth Thrust

The expected value of ilie active earth thrust E[PAE] is

presented in Figs. 5.2 through 5.6 for values of the mean maximum

horizontal ground acceleration varying from O.Og to 0.5g.

5.2.1 Effect of the Backfill Model

From Figs. 5.2 through 5.6, it is seen that the expected

value of active earth thrust E[PAE ] is not affected by the model as

sumed to represent the backfill. Fora11 conditions examined, it

was found that the value of E[PAE] for the single-and multi-layer

models were equal.



TABLE 5.1

POINT ESTIMATES OF THE ANGLE OF INTERNAL FRICTION AND

THE GROUND ACCELERATION FOR THE SINGLE-LAYER

MODEL OF BACKFILL

81

PARAMETER

Angle of Internal

Friction

Horizontal

Acceleration

Vertical

Acceleration

POINT ESTIMATES

¢+ ¢+O"<j> 38.5°

¢+ ¢ -O"cI> 31.5°

~+ ~+O"a l.l~

~- ~-O"a 0.9a
h

av+ 2/3~+

a 2/3~_v-

Note: O"<j> = V<j> ¢/ {i:l = 0.2 x 35°/ f4 = 3.5°

0" = V a = 0.1 a.
a a h n



TABLE 5.2

POINT ESTIMATES OF THE ANGLE OF INTERNAL FRICTION AND

THE GROUND ACCELERATION FOR THE MULTI-LAYER

MODEL OF BACKFILL

82

PARAMETER POINT ESTIMATES

Angle of Internal Friction ¢1+ ¢¥a¢ 42°

Layer 1-
¢1- ¢-a 28°

¢

Angle of Internal Friction ¢2+ ¢+a¢ 42°

Layer 2
¢2- ¢-a¢ 28°

Angle of Internal Friction ¢3+ ¢+a¢ 42°

Layer 3
¢3- 4> - a¢ 28°

Angle of Internal Friction ¢4+ ¢+a¢ 42°

Layer 4
¢4- ¢ - a¢ 28°

Horizontal Acceleration
~+ a-:aa 1.1~

~- ~-aa 0.9~

Vertical Acceleration av+ 2/3~+

a 2/3~_v-

Note: a¢ = V¢ ¢ = 0.2 x 35° = 7.0°

a = Va ah = 0.1 aha
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FIGURE 5.2 EFFECT OF MEAN VALUE OF THE ANGLE OF INTERNAL

FRICTION ON EXPECTED VALUE OF ACTIVE EARTH THRUST
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5.2.2 Effect 'of the Angle of Internal Friction

In Fig. 5.2 is shown the effect of the mean value of the

angle of internal friction $ on the expected value of PAE • It can

be seen that the magnitude of E[PAE ] decreases considerably for in

creasing values of $.

5.2.3 Effect of the Maximum Ground Acceleration

The effect of the mean value ~ of the maximum horizontal

ground acceleration on the expected value of PAE is shown in Figs.

5.2 through 5.6. E[PAE ] is seen to be linearly dependent on ~ for

all cases examined.

Figure 5.3 shows the dependence of E[PAE ] on the direction

of the maximum vertical ground acceleration a. The most criticalv

case is seen to be when a is directed downward (i.e., a > 0) andv v

the least critical case is when a is directed upward (i.e., a < 0).v v

5.2.4 Effect of the Angle of Soil-Wall Friction

In Fig. 5.4 is shown the effect of the soil-wall friction

angle 0 on the expected value of PAE • The value of E[PAE ] increases

slightly as 0 increases.

5.2.5 Effect of the Inclination of the Retaining Wall

Figure 5.5 shows the dependence of the expected value of

PAE on the angle of inclination of the back face of the wall e. It

can be seen that E[PAE] increases considerably as e decreases.
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5.2.6 Effect .of the Inclination of the Backfill

The effect of the angle of the backfill i with respect to

the horizontal direction on the expected value of PAE is shown in

Fig. 5.6. E[PAE ] increases moderately as i increases.

5.3 Coefficient of Variation of the Active Earth Thrust

Values of the coefficient of variation of the active earth

thrust V for this study are presented in Figs. 5.7 through 5.12.p

5.3.1 Effect of the Backfill Model

From Figs. 5.7, 5.8, and 5.10 to 5.12, it is seen that the

value of the coefficient of variation of PAE is greater for the

multi-layer model of the backfill than for the single-layer model.

This occurs because the latter has a reduced variance of the ¢

strength parameter, Le., C1¢ is equal to V¢~/ rn (Le., V¢ = 10% for

the single layer model).

5.3.2 Effect of the Angle of Internal Friction

In Fig. 5.7 is shown the effect on the coefficient of

variation of PAE of the mean value ~ of the angle of internal fric

tion of the backfill material. The value of Vp can be seen to in

crease .considerably as ~ increases.

5.3.3 Effect of the Maximum Ground Acceleration

The effect of the maximum vertical ground acceleration av

on the coefficient of variation of PAE is shown in Fig. 5.8. The

value of Vp is greater for a downward acceleration (av > 0) than for



an upward acceleration (av < 0).

The effect of the coefficient of variation of the maximum

ground acceleration V on the value of the coefficient of variationa
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of PAE is shown in Fig. 5.9. For values of Va less than 15 percent,
-

the value of Vp decreases over the entire range of ah examined;

while, for values of V greater than 15 percent, the value of Vpa . J

initially decreases and then increases at ~ = O.lg to ~ = 0.3g.

5.3.4 Effect of the Angle of Soil-Wall Friction

Figure 5.10 shows the dependence of the coefficient of

variation of PAE on the angle of soil-wall friction o. The value

2 -of Vp can be seen to decrease as 0 increases from zero to 3 ~.

5~3.5 Effect of the Inclination of the Retaining Wall

In Fig. 5.11 is shown the effect of the angle of inc1ina-

tion of the back face of the wall S on the coefficient of variation

of PAE' It can be seen that the value of Vp decreases as a de-

creases.

5.3.6 Effect of the Inclination of the Backfill

Figure 5.12 shows the effect of the angle of the backfill

i, with respect to the horizontal direction, on the coefficient of

variation of PAE' The value of Vp can be seen to be independent of

i for the single-layer model of the backfill; while for the mu1ti-

layer model, Vp decreases as i increases.
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5.4 .Expected Value of the Point of Application
of the Active Earth Thrust

The expected values of the point of application of the

active earth thrust E[dA] for the parameteric study are given in

Figs. 5.13 through 5.17.

5.4.1 Effect of the Backfill Model

From Figs. 5.13 through 5.17, it can be seen that the

expected value of dA determined for the single-layer model of the

backfill is greater than that determined for the multi-layer model.

The values of E[dA] for the two models do not seem to converge at

any point, but tend to remain parallel for the range of ~ examined.

5.4.2 Effect of the Angle of Internal Friction

Figure 5.13 shows the dependence of the expected value of

dA on the mean value ~ of the angle of .internal friction of the back

fill material. ErdA] can be seen to be not affected by the value of

~ for the range of ~ studied.

5.4.3 Effect of the Maximum Ground Acceleration

The effect of the mean value ah of the maximum horizontal

ground acceleration on the expected value of dA is shown in Figs.

5.13 to 5.17. The value of E[dA] can be seen to increase with ~.

In Fig. 5.14 is shown the affect on the expected value of

dA of the direction of the vertical component av of the ground ac

celeration. It can be seen that fpr av > 0 (i.e., av directed down),

the point of application of PAE.~s lower than when av < 0 (i.e., when
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a is directed upward).
v

5.4.4 Effect of the Angle of Soil-Wall Friction

Figure 5.15 shows the dependence of the expected value of

dA on the angle of soil-wall friction O. It can be seen that E[dA]

increases considerably as 0 increases.

5.4.5 Effect of the Inclination of the Retaining Wall

In Fig. 5.16 is shown the effect of the angle of inclina-

tion of the back face of the wall 8 on the expected value of dA•

The value of E[dA] increases slightly as the wall deviates from the

vertical (i.e., as 8 decreases). A tendency for E[d
A

] to converge

to approximately 0.45H as ~ increases can be seen in Fig. 5.16.

5.4.6 Effect of the Inclination of the Backfill

The effect of the angle of the backfill i with respect to

the horizontal direction on the expected value of dA is shown in

Fig. 5.17. E[dA] can be seen to increase considerably as i increases.



CHAPTER 6

COMPARATIVE STUDY

6.1 Comparison Between Model Tests and Present Procedure

The present moment equilibrium method of determining the

active earth thrust against a retaining wall is compared with values

determined by model tests. Modei tes~s performed by Mononobe and

Matsuo (1929) and Jacobsen (1939) are used for this purpose.

Mononobe and Matsuo (1929) performed model tests of a

retaining wall- to determine the mangitude of the active earth thrust

during an earthquake. They used a 4ft. x 4 ft. x 9 ft. box fitted

with a metal line and filled with a uniform, clean, dry, river sand.

The square ends of the box were hinged at the bottom edge and were

allowed to rotate after the backfill was placed. The pressure on

the square end was measured 4.5 ft. above the hinge. The box was

vibrated horizontally by an eccentric mass to simulate an earth

quake.

Mononobe and Matsuo's model test results and the approxi

mate conditions of the test are presented in Fig. 6.1.

Jacobsen (1939) performed similar model tests on a smaller

wall having a height equal to 3 ft. The model test results and

approximate conditions of the tests are presented in Fig. 6.2.

In Figs. 6.1 and 6.2, the solid line represents the active

earth pressure determined for the single-layer model of the moment

equilibrium method. The values were obtained from Eqn. (4.5). The
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dashed line represents values of the active earth thrust determined

from Mononobe-Okabe's method (Eqn. 1.2).

From Figs. 6.1 and 6.2, it is seen that the present method

underestimates the active earth thrust against a retaining wall, while

the Mononobe-Okabe method seems to fit the model test data rather well.

6.2 Comparison Between the Mononobe-Okabe Method

and Present Procedure

The Mononobe-Okabe analysis of a retaining wall and its

backfill is the most commonly used method of examining the effects

of an earthquake on the earth thrust against the wall. However, it

has several limitations that are not present in the developed pro-

cedure.

The first limitation of the Mononobe-Okabe method is that

it does not accurately determine .the point of application of the

earth thrust. The static component is assumed to act at one-third

the height of the wall above the base; the dynamic component is as-

sumed to act at the midpoint of the wall. As a consequence of these

assumptions, the retaining wall is not in moment equilibrium and,

therefore, an impossible situation is analyzed.

In addition, for certain conditions, the Mononobe-Okabe

method does not always provide a value for the earth thrust. If the

quantity ~-6-i is negative in Which ~ denotes the angle of internal

friction of the backfill, 6 denotes the rotation of the acceleration

-1 ~
and is equal to tan (l+a ), and i denotes the slope of the backfill;

v
Mononobe-Okabe's method cannot De evaluated. Therefore, there exists
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a value of the maximum ground acceleration beyond which the Mononobe-

Okabe method cannot be applied.

The limit of applicability of the Mononobe-Okabe method is

illustrated in Fig. 6.3. The retaining wall examined is inclined

20 degrees from the vertical, the backfill is inclined 10 degrees from

the horizontal, the angle of internal friction of the backfill material

is equal to 35 degrees, and the angle of soil-wall friction is equal

to one-third ~ (i.e., 8 = 70°, i = 10°, ~ = 35°, and 0 = ; ~). The

vertical component of the maximum ground acceleration is assumed to

be directed upward and equal to two-thirds the horizontal com~onent

2
= - "3 ~).

The solid line in Fig. 6.3 represents the active earth thrust

obtained for the moment equilibrium method (Eqn. (4.5», while the

dashed line represents the active earth thrust found from Mononobe-

Okabe's method (Eqn. (1.2». The limiting value of the maximum hori-

zontal ground acceleration beyond which the Mononobe-Okabe method

cannot be applied, can be seen to be approximately 0.35g. However,

the moment equilibrium method seemed to be applicable beyond this

point.

Finally, the last limitation of the Mononobe-Okabe method

is that the most critical condition is assumed to occur when the

vertical component of the acceleration is directed upward. An upward

earthquake. However, this does·not always

tion field e from zero for the static case

directed acceleration maximizes the angle of rotation of the accelera

-1 ahto tan (l+a) for a given
v

provide the critical value
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of the active.earth thrust, a downward directed component of equal

magnitude may provide the critical value.

The dependence of the active earth thrust on the direction

of the vertical acceleration component is illustrated using a verti-

cal retainin~wallwith a horizontal backfill. The angle of internal

friction of the backfill material ¢ is equal to 35 degrees and the

angle of soil-wall friction is assumed to be one-third ¢ (i.e.,

IS = 10°, i = 0°, ¢ = 35°, and 0 =3 ¢). The active earth thrust ob-

tained using the moment equilibrium and Mononobe-Okabe methods are

denoted by the solid and dashed lines, respectively, in Fig. 6.4.

The Mononobe-Okabe method has the downward directed verti-

cal acceleration being the critical case for ah between zero and

Q.4g. However, an upward directed acceleration is the critical case

for ~ greater than 0.4g.

I'
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CHAPTER 7

DISCUSSION

In general, measured or inferred parameters that are used

in geotechnical engineering practice exhibit some degree of varia

tion in their numerical values. This variation causes uncertainty

in the results of the analysis which in turn affects the solution

given to the problem at hand.

For statistically homogeneous soils, the uncertainty as

sociated with the variability of soil parameters has been accounted

for by treating soil parameters as random variables (Lumb, 1~70;

Asaoka and A-Grivas, 1981a; etc.). The central tendency and degree

of variation of parameters of such media are described in terms of

the mean values and variances, respectively.

The uncertainty associated with the functions of random

variables was examined in Chapter 2. Due to the complexity of ex

pressions encountered in geotechnical engineering, an exact evalua

tion of the variability of functions of random soil parameters may

often be impractical or even impossible to obtain. Thus, of neces

sity, one must employ some of the approximate methods that are

.available in order to achieve this task.

The comparison of the available approximate methods given

in'Section 2.5 indicated that the two-point estimate method provides

more accurate estimates of a function of a random variable than the

series approximation method. This accuracy may be increased further by

including a third point in the aiscrete approximation of the involved

112
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random variable.

The inherent variability of a soil mass often involves a

depth dependent trend in the values of random soil parameters. In

the case of natural deposits, this trend and its associated randomness

can be attributed mainly to the.•nature of the geological processes

involved in the formation of the deposits. A similar trend often

exists in the variability of soil parameters within layers of man

made earth structures (e.g., water content of embankments or fills,

etc.).

An important function used to describe the depth depen

dent characteristic of soil parameters is its autocorrelation func

tion. This describes the correlation between values of the parameter

at different locations within the soil mass and is expressed analyti

cally in terms of a smooth exponential function of the ratio of the

distance between two points within which the parameter shows rela

tively strong correlation.

The methods of estimating the correlation length that were

reviewed in Sections 3.4.1 and 3.4.2, i.e., the average mean-crossing

distance method and the moving average method, respectively, did not

consider the depth dependent nature of soil parameters. This was

accounted for through the quasi-stationary autoregressive method pre

sented in Section 3.4.3.

All three methods were applied to a case study involving

actual data of the undrained shear strength of a natural soil de

posit. From Table 3.9, it is seen that the average mean-crossings



distance method provided the most inconsistent estimates of the

correlation length. In one case (i.e., Borehold B-1), an estimate

was impossible to obtain as the depth variation of the value of

the undrained shear strength crossed its mean value line only once.

The- shortcomings of the average mean-crossings distance

method are illustrated in the case study associated with Borehole

B-1. From Fig. 7.l(a), it is seen that the mean value is constant

and intersects the trace of S found from the test data only once.
u

Thus, the correlation length cannot be estimated. If the mean

value of S was represented as a linearly increasing function of
u

depth, as shown in Fig. 7.l(b), the trace of S would be equal to
u

its mean value four times allowing then an estimate to be made of

its correlation length.

From Table 3.9, it is seen that the moving average method

is a better procedure for determining the correlation length than

the average mean-crossings distance method. However, this method

resulted in a considerable variation in the estimated correlation

lengths in both sets of borings. The variation in the estimated

thickness of an independent layer, determined using Eqn. (3.5), was

found for both sites to be approximately 25 percent. This large

amount of variation is attributed to the unrealistic assumption

of.a constant mean value of S with depth.
u

The quasi-stationary autoregressive method was found to
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provide the most cdnsistent estimates of the correlation length of

the undrained shear strength as can be seen in Table 3.9. The

thickness of an independent layer di was found at both sites to

vary by only 5 percent. This is due to the proper representation

of the mean value of S as a linear function of depth.
u

In the quasi-stationary autoregressive method~ the esti-

mate of the correlation length depends on the location of the origin

of the depth axis. In this study, the origin was placed at the

ground surface (approximately 50 feet above the top of the clay

layer) and the correlation lengths for boreholes A-l and A-2 were

equal to 4.6 ft. and 4.5 ft.~ respectively. Using the same data

but placing the depth origin at the mudline (approximately 25 feet

above the top of the clay layer)~ Asaoka and A-Grivas (198lb) found

the correlation lengths at boreholes A-l and A-2 to be equal to

4.0 ft. and 10.2 ft., respectively.

The effect of the location of the depth origin is shown

schematically in Fig. 7.2. Point 0 denotes the location of the depth

origin at the ground surface; Point 0' denotes the location of the

depth origin for the "best fit" of the data; and point 0" denotes

the location of the depth origin at the mudline. Lines OA, OlAf,

and O"A" represent the me~n value S (z) of the undrained shear
u

st~ength with depth for each of these cases (i.e.~ OA = S (z) for
u

z = 0 at the ground surface, etc.).

The quasi-stationary autoregressive approach requires that

the mean value of the soil parameter is equal to zero at the origin
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(i.e., S (z=O) = 0). Thus, for any assumed origin, a linear repre
u

sentation of S (z) that passes through the origin can be made so
u

that an estimate of the correlation length is obtained. The resulting

values of the correlation length will vary depending on the location

of the origin. The "true" or "best fit" correlation length can be

found by locating the origin at point 0', as is shown in Fig. 7.2
J

The estimates of the correlation length obtained in this

study were presented in Table 7.1. For comparison purposes, the same

table lists the values of the correlation length obtained by Matsuo

and Asaoka (1977) for marine clays found in Japan. It can be seen

from Table 7.1 that all values obtained are within a reasonable

range.

The vertical variability of the ~-parameter of strength

of the backfill material was used to describe the force system on

a retaining wall (Chapter 4). Employing all three equations of

equilibrium, the active earth thrust against a retaining wall PAE

and its point of application dA were determined. The results ob

tained for the parametric study are presented in Figs. 5.2 through

5.17. In Figs. 5.2 through 5.6, it is seen that the expected value

of PAE_is independent of the number of layers of the backfill ma

terial, while it is linearly dependent on the value of the maximum

horizontal acceleration. In Figs. 5.7 through 5.12, it can be seen

that the coefficient of variation of PAE is dependent on the number

of layers the backfill material is considered to be comprised of.

The multi-layer model provides higher values of the coefficient of



TABLE 7.1

REPORTED VALUES OF THE CORRELATION

LENGTH OF THE UNDRAINED SHEAR

STRENGTH OF CLAYS
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METHOD

Average Mean-Crossings
Distance Method

Moving Average Method

Quasi-Stationary Auto
regressive Method

Matsuo and Asaoka (1977)

CORRELATION LENGTH,

R., m

0.8 < R. < 2.5

1.0 < R. < 3.0

1.0 < R. < 2.5

0.5 < R. < 1.5



variation of PAE than does the single-layer one. In Figs. 5.13

through 5.17, it can be seen that the expected value of the point

of application of PAE (i.e., E[dA]) is dependent on the type of

model assumed for the backfill. The single-layer backfill model

provides higher values of E[dA] than the multi-layer one.

I'
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CHAPTER 8

SUMMARY AND CONCLUSIONS

A procedure was developed for the determination of the

force system acting on rigid retaining walls located in an earthquake

environment. It was based on a quasi-static Coulomb type analysis that

satisfied the additional requirement of equilibrium of moments and, at

the same time, accounted for two important uncertainties: the spatial

variability of. the strength of the backfill material and the randomness

in the value of the seismic loading. The latter was introduc~d in terms

of the maximum horizontal ground acceleration expected to be experienced

at the site of the retaining wall during an earthquake.

As a part of this study, an investigation was made of the

statistical techniques capable of describing characteristics of functions

of random soil properties (case of statistically homogeneous soil depos

its). In all cases examined, it was found that the "point estimates

method" was more accurate and easier to implement than the "series appro

ximation method". A similar investigation was made of procedures current

ly available for the description of the spatial (vertical) variability of

soil properties (case of ~eterogeneous soil deposits). It was found that

the "quasi-stationary autoregressive method" provided a better description

of the vertical variability of soil properties than the "average mean

crossings distance method" and the "moving average method", especially for
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the commonly encountered situations of soil properties that exhibit a

trend (e.g., increase) with depth. The quasi-stationary autoregressive

method was subsequently employed in this study to describe the vertical

variability of the strength of cohesionless backfill materials. This

resulted to two distinct but equivalent models for the backfill of

retaining walls: one, involving a single-layer medium and, another,

consisting of an equivalent multi-layer system.

Finally, the effect of material, loading and model parameters

on the force system against a retaining wall located in an earthquake

prone area was examined in a case study and the results were presented

in a series of figures and tables.

On the basis of the analysis and results obtained in this study,

the following conclusions can be drawn:

1. The point estimate method provides a better approximation

for the statistical moments of a function of random vari

ables than the series expansion method. Moreover, it is

applicable to situations where the series approximation

method is impractical or impossible to employ.

2. The accuracy of the point estimate method in estimating the

statistical moments of a function of random variables is

improved by using three points in the discrete approxima

tion of the input variables.
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3. Among all methods considered, the quasi-stationary

autoregressive procedure provides the best description

of the vertical variability of a soil parameter that

increases with depth.

4. The single- and multi-layer models of the backfill

material provide identical values for the active earth

thrust against a retaining wall.

5. The single layer model of the backfill results in a

position for the point of application of the active

earth thrust that is slightly lower than that p!ovided

by the multi-layer model.

6. The expected value of the active earth thrust against

a retaining wall depends on: the magnitude and direction

of the maximum ground acceleration; the magnitude of

the angle of internal friction of the backfill material;

the angle of inclination of the back face of the wall;

and the slope of the backfill.

7. The expected value of the point of application of the

active earth thrust depends on: the assumed model of

the backfi1~; the magnitude and direction of the maximum

ground acceleration; the magnitude of the angle of soi1

wall friction; and the slope of the backfill.

I'
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8. The coefficient of variation of the active earth thrust

depends on: the statistical IDoments of the angle of

internal friction of the backfill material and maximum

ground acceleration; the magnitude of the angle of soil

wall friction; and the angle of inclination of the back

face of the wall.

9. The inclusion of the equilibrium of moments in analyzing

the force system on a retaining wall enables the ~eter

mination of the point of application of the earth thrust.

It produces a lower limit-for the value of the active

earth thrust against the ~al1 as compared to model test

results.
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APPENDIX

COMPUTER PROGRAMS

The following is a listing of computer programs developed

in the course. of this study. The programs are written in BASIC for

the Radio Shack TRS-80 Micro Computer. Together with each program

are given a brief description and an illustrative example showing

both the display and the required input.

The listed programs can be divided into three basic cate

gories; one, those dealing with the statistical description of random

variables; two, those dealing with methods of determining the" cor

relation length of soil parameters; and finally, those dealing with

the determination of the earth thrust against retaining walls.
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Title MOMENTS (Statistical Moments and Pearson's K)

Description:

This program determines 2 coeff.the mean value V , variance 0 ,x x
of variation V, coeff. of skewness a

3
, coeff. of kurtosis a4 and

Pearson's K criterion of a set ofN data points of a random variable

x, in which

1
N

Vx = - L (x. )N i=1 1

I

2 1 N
)20 = (N-1) I (x. - Vxx i=1 1

'<

V = o Ivx x x

1 N
3 3a3 = - L (x. - 1-1 ) /0N i=1 1 . x x

1
N

V )4/0 4a4 = - L (x. --- N 1 X xi=l

2 (a
4

+'3)2
K'=

a3
2 24(2a - 3a - 6)(4a - 3(

3
)

4 3 4

Example: N = 5 x. = 1, 3, 4, 6, & 7
1

Input Display - Note Input Display Note
1 RUN NO DATA PTS= 11 MEAN X = 4.2
2 .5 ENTER VALUE= 12 ENTER VARIANCE = 5.7
3 1 ENTER VALUE= t3 ENTER rOEF VAR=5.68E-Ol
4 4 ENTER VALUE= 14 ENTER bKEWNESS=9.88E-02
5 6 ENTER VALUE= 15 ENTER KURTOSIS=l.lOl
5 7 ENTER 15 ENTER K=-2.45E-03
1 t7-.

• II

S n
1D 2D
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Title MOMENTS

Memory content Line number Statements

A 1 N 10 CLEAR: INPUT "NO DATA PTS=". A,
B 2 20 'FOR B 1 TO A

C 3 J.1 x 30 INPUT "VALUE="; J

0 4 o:L 40 C=C+J:A(B+11)=J:NEXTBx

E 5 V 50 C=C/Bx

F 6 CL
3 60 FOR B = 1 TO A

G 7 CL 4 70 H~A(B+11)-C:I=H*H

H 8 x i - Vx 80 D=D+I:F=F+H*I:G=G+I*I:NEXTB

I 9 {x.-J.1)L 90 D=D/(A-1):E= Jj)/C~' x

~ 10 CL2 '
100 F=F/A/D~1.5:G=G/A/D/D3

K 11 K criterion 110 J=F*F:K=J*(G+3)~2/4/

l 12 (2*G-3*J-6)/(4*G-3*J)

M 13 120 PRINT "MEAN X="; C

N 14 130 PRINT "VARIANCE="; D

0 15 140 PRINT "COEF _VAR=" ~ E

P a' 1150 PRINT "SKEWNES:::": F
Q 17 160 PRINT "KURTOSIS="; G

R 18 170 PRINT "K:::"; K

5 19 180 END

T 20

U 21

V 22
~

W 23

X N

Y 25

Z 26



Title CORCOEF (Correlation Coefficient)
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Description:

This program determines the mean values, i and y; variances, cr2
2 x

and cry' coeff. of variation, Vx and Vy ; and correlation coefficient Pxy

of a set of N pairs of data points for the random variables x and y,

in which

1 Nx = -N L (x.)
i=l J.

2 1 ~c - 2
ax = N-1 ~ (xi - x)

i=l

v = a Iix x

N
Y =! I (y)

N i=l i

2 1 Nl: - 2
cr = --- (Yi - y)y N-1 i=l

v = a Iy-
y: y

- )

1 N
p == (- I
xy N i=l

(x.
J.

Example:

Input

N = 5

Display

xy
1.4 6.0

-- 1. 7 .- 5.4- .
-'·~'·-1.0 5.8

1. 3 6.2
-_1.5 6. i

Note Input Display Note

2

5

RUN
. 5 ENTER
1.4 ENTER
6.0 ENTER
1.7 ENTER

NO DATA SETS=
VALUE OF X=
VALUE OF Y=
VALUE OF X=

VALUE OF Y=

11, 'l F.N'T'F.R VAT.TTF. ()'P Y=

12 6.1 ENTER
13 MEAN VALUE X=1.3~

1( ENTER VARIANCE X=0.067
1$ ENTER rOE VAR X=l. 88E-Cl

to 6.2 ENTER

7

I

s

5.4 ENTER
1.0 ENTER
5.8 ENTER
1.3 ENTE'-

VALUE OF X=
VALUE OF Y=
VALUE OF X=

VALUE OF Y=
VALUE OF X=

15

17

11

1S

2D

ENTER MEAN VALUE Y=5.9
ENTER VARIANCE Y=O.l
ENTER COE VAR Y=5. 36E-C 2
ENTER COR COE=3.67E-01



133

Title CORCOEFF

Memory content Line number S 1& t ement.

A 1 N 10 CLEAR:INPUT"NO OF DATA SETS="; A

B 2 counter 20 FOR B = 1 TO A

C 3 x. 30 INPUT "VALUE OF X="; C~

0 4 Ex~ 40 !D=D+C:E=E+C*C
~

E 5 Ex1 50 INPUT "VALUE OF Y="; F
~

F 6 Yi 60 G=G+F:H=H+F*F:I=I+C*F

G 7 EYi 70 NEXT B

H 8 .'1.
J=D/A:K=(E~D*D/A)~A-1):L= J1[/JEYi 80

J 9 EXiY i 90 M=G/A:N=(H-G*G/A)~A-1):0= J1f/M

~ 10 - 100 P=(A*I-D*G}/ J«A*E-D*D)*(A~H-G*G))x

K 11 cr~ 110 PRINT "MEAN VALUE X="; Jx

L 12 V 120 PRINT "VARIANGE X="; Kx

M 13 - 130 PRINT !ICOE" VAR X="; LY

N 14 o~ 140 PRINT "MEAN VALUE Y="; M

0 15 Vy 150 PRINT "VARIANCE Y="; N

P 16· Pxy 160 PRINT :iCOE VAF. y=" i 0

Q 17 170 PRINT - "COR COE;";:.'; P

R 18 180 END

5 19

T 20

U 21

V 22

W 23

X 24

Y 25

Z 26

--
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Title PEM-l (Point Estimate Method - 1 Variable)

Description:

The point estimate method is used to evaluate the statistical moment
of a function of one random variable. Probabilities P+ and P_ at points x+
and x are equal to- 1/21 1P =- (1 + (1 - 2) )

- + 2 a
1 ± (2)

2

P = 1 - P- + ' J

and
o (P Ip )1/2x+ = x+ x + -

- cr (P /p )1/2x = x -- x - +
- is the standard and a3 'is the coef-in which x is the mean, (J deviation,xficient of skewness of x. The expected value and coefficient of variation

of function y = y(x) are equal to

E[y] = P+y(x+) + P~y(x_)

2 2 2 1/2
V "" (P+y(x+) + P~y(x_) - E[y]) IE[y].

-- Y ",

Example: 2 + 3x -' 4 (Line 200 of PEM-l contains thisY = x
- 4 function)x.=

(J = 1.5x
a = 0.53

InpiJt Display Note Input Display Note
1 RUN MEAN= 11

2 4 ENTER SID.= 12

3 1.5 ENTER SKEWNES!=:- 13

~ .5 ENTER 14
- V..., 155 35.063 5.027E-Ol v., 15

7 n.-
• 11

I n
lD 20
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Title

Memory content Line nwnber Statements

A 1 (13 10 INPUT "MEAN='" W."STD. DEV.=": S.

B 2 "SKEWNESS="; A

C 3 20 P = 0.5*(1+ [.(l-1/(1+(A/2)A 2»)

0 4 30 Q = 1 - P

E 5 40 X = w+s* [ (P/Q)

F 6 y(x+) & y(x_)
50 Y = W-W (Q/P)

G 7 60 Z = X:GOSlm200

H B 70 M = P*F:V=P*F*F

I 9 80 Z = Y:GOSUB200

~ 10 90 M=M+Q*F:V=[ (V+Q*F*F-M*M) /M

K 11 100 PRINT M~V

L 12 110 END

M 13 Efvl 200 F = Z A 2 + 3&z - 4

N 1. '.

210 RETURN
0 15

P 16 P+

Q 17 P

R 18

5 19 (j

T 20

U 21

V 22 V
Y

W 23 -x
X 24 x+

y 25 x

Z 26 Temp. x+~ x_

".
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Title PEM-Z (Point Estimate Method - Z Variables)

Description:

The expected value and coefficient of variation ofa function of two
correlated r~ndom varia£les are determined using the point estimate
method. If xl' 0'1 and x2' O'z are the mean values and standard deviations
of xl and x2' respectively and p is their correlation coefficient, one has

- P++ = P = (1+P)/4--
P+- = P = (I-P)!4-+
x1+ = xl + 0'1

' ,
x

l
_ = xl - 0'1

x2+ = x + 0'22
X = x - 0'22- 2 ,

The s tatis tical moments of y = y(x
l
,x

2
) are found from the following

expression:

E(yn] n n n n
= P++ Y++ + P+- Y+_ + P_+ Y-+- + P__ Y--

in which y++ = Y(Xl+,XZ+), y = y(xl+, x
Z
_) , etc.+-

Example: Xl + 2x2--
(Line 200 of PEM-2 contains this function)

....

y = 3

- 4.0Xl =

0'1 = 1.5
- 6.0x2 =

0'2 = 1.0

p = 0.5

Input Display Note Input Display Note

1 RUN MEAN VALUES= 11

2 . 4 ENTER ? 12, 6 ENTER STD. DEVS.= 13

4 1.5 ENTER ? 14

5 1 ENTER CORR. COEFF= 15, .5 ENTER 1C

7 5.333 1.90E-Ol v.... Vv 17

I 11

S 15

to 2D
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Title PEM-Z

Memory content Line nwnDel' Sta t ement s

A 1 - "MEAN VALUES="; A, B,xl 10 CLEAR: INPUT

B 2 Xz "STD. DEVS.="; C, D," CORR.

e 3 (11 COEF.="; E

0 4 (1z ZO F=(1+E)/4:G=(1-E)/4

E 5 p 30 H=A+C:I=A-C:J=B+D:K=B-D

F 6 P-t+ 40 L=H:M=J:N=F:GOSUBZOO

G 7 P+- 50 GOSUB300

H 8 x1+ 60 M=K:N=G:GOSUBZOO

I 9
x

1
_

70 GOSUB300

~ 10 x2+ 80 L=I:M=J:GOSUBZOO

K 11 x
Z
_

90 GOSUB300

L 12 Dummy for x, 100 M=K:N=F:GOSUBZOO'

M 13 Dummy for Xz no GOSUB300

N 14 Dummy for P 120 Q= r (Q-P~Z)!p

0 lS y(x
1

,x
Z
) 130 PRINT ~, Q

-
P 16 Y 140 END

Q 17 Vy 200 o = (L + 2M)/3

R 18 Z10 RETURN

5 19 100 P = P + 0 * N
T 20 310 Q = Q + 0 ~ 2 * N

U 21 320 RETURN

V 22

W 23

X 24

'y 25

Z 26

.-
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Title
' "

PEM-3 (Three-Point Estimate Method)

Description:

The three-point estimate method is used to evaluate the statistical
moments of a function of one random variable. The probabilities P_, Po and
P+ at points x_, X, and X+, respectively are

P = 1 - 1
0 2

0:
4 - 0:3 2 2 2

P 1 {4 +
0:

3 +
[

40:3 (
0: 3 2 1/2 -1

= - 2 + 2)] }- 2 2
0: - 0:3 0: - s:'3 0: 4 - 0: 3 0: - 0: 34 4 4

P+
1 P= i - -

0:
4 - 0:3

and P+ -1/2 "

x+ = x + (j [P+(l + p) Jx
P+

-
-

(x+ x)x = x -- -- P-
-in which x is the mean, cr is the standard deviation, 0: 3 is the coefficient

of skewness, and 0:4 is th~ coefficient of kurtosis of x. The expected
~alue and coefficient of variation of the function y = y(x) are .

" E[y] = P+y(x+) + Poy(x) + P_y(x)

2 - 2
1/2

V = (P+y(x+) + Poy(x) + P_y(x_)) /E[y]y

Example: y(x) = e-3x , (Line 200 of PEM-3 contains this function)
- 0.0x =

cr = 1.0x
0:3 = 0.0

0:4 = 2.14

Input Display Note Input Display Note

1 RUN MEAN= It

2 O.ENTER STD.' DEV= 12
.

133 1 ENTER SKEWNESS=
.c O.ENTER KURTOSIS= 14

$ 2.l4ENTER IS

C 19.35 1. 746 y, v" 1C, 11

a "s 11

lD 2D



139

Title PEM-3

Memory content Line number Stat ement s

A 1 - 10 CLEAR: INPUT "MEAN= II; A," STD.x

B 2 (j DEV="; B,"SKEWNESS="; C,x-

C 3 a3; a2
"KURTOSIS="; D3

0 4 a4; au - a~ 20 L=l:IFC>l LET L=l

E 5 P
n 30 C=C*C:D=D-C:E=l-l/D

F G P 40 F=2/D/ (4+C/D+L* [(4*C/n-
G 7 P+ + (C/D)~2))

H 8 x+ 50 G = l/D-F',

J 9 60 H = A+B/ r (G* (l+G/F))

~ 10 - 70 I == A-G/F*(H-A)ry; y

K 11 r y2. V 80 M == A:N=E:GOSUB200'v

L 12 dummy 90 M = H:N==G:GOSUB20O

M 13 dummy x 100 M == I:N=F:GOSUB200

N 14 dummy P 110 K == { (K-J*J)/J

0 15 y 120 PRINT J,K

P 16 130 END

Q 17 , 200 o == EXP(-3*M)

R 18 210 J == J+o*N

5 19 220 K == K+O*O*N

T 20 230 RETURN

U 21

V 22

W 23

X 24

Y 25

Z 26
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Title AMCDM (Average Mean-Crossings Distance Method)

Description:

This program finds the correlation !ength £ using the average ~ean-

crossings distance method. The points of intersection of x(z) and x(z)
denoted by C are found by making linear extrapolation of x(z) between the
data points xi andxi _l at uniform sampling intervals AZo ' The correlation
length is found to be equal to

C - C
R, = m 0

m

in which C and C are the depths of. the last and first mean-crossings
and m is tRe numbgr 0 f intervals between crossings.

.,

Example: N = 5 xi = 1. 7, 1.0, 2.3, 2.0, 1.5

AZ = 1.0
0

--

Input Display Note Input Display Note
1 RUN NO OF SAMPLES= 11

2 5 ENTER PROP VALUE= 12

:J 1.7 ENTER PROP VALUE= 13

c 1.0 ENTER PROP VALUE= 14

5 2.3 ENTER PROP VALUE= IS, 2.0 ENTER PROP VALUE= 1C

1 1.5 ENTER 17--
I 1.8 2. .R, m 11

S n
lD 2D
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Title AMCDM ~

Memory content Line number Statements

A 1 counter 10 CLEAR: INPUT "No. of Samp1es="; B

B 2 No. of samples 20 FOR A = 10 TO B + 9

C 3 mean value
30 INPUT PROP VALU~:- ; KlA)
40 C = C+A(A)

0 4
depth or IJ.rsY

crossinlZ 50 NEXT A

E 5 No. of o~ = m 60 C = C/B:E = -1

F 6 Depth of crossing 70 FOR A = 11 TO B + 9

G 7 z - D 80 IF (A(A-l)-C)*(A(A)-C»O GO TO 130n

H 8 ~z 90 IF A(A-1) : A(A) GO TO 1300

I 9 corr. length = R- 100 F = (C-A(A-1)) / (A(A) -A(A-1))+A-2

""
10~(10) Soil Prop Pt 110 IF E = -1 LET D =F -.

K 11 IA(11) Soil Prop Pt 120 E = E + 1
L 12 · 130 NEXT A

M 13 · 140 G = F - D

N 14 · 150 ~5 ¥OU1~~TNT
'Unly one crossJ.nl;; .

0 15
:Ii ~jj;-~) -=;,oJ.T l'rop

160 INPUT "Sample Distance="; H.<It-Point- B
p 16 170 I = G/E*H

Q 17 180 PRINT I - E

R 18 190 END

S 19

T 20

U 21

V 22

W 23

x. 2,(

y 25

Z 26

.-



142

-
Title MAM

-.

(Moving Average Melthod)

Description:

This program uses the moving average method to determine the correla-
tion length ~ of a set of data. The correlation length is found by
minimizing the error between thevarianZe reduction function (i.e.,
r~k) = crk/cr~ and its best fit (Le., r (k) = k*/k). For N data points,
k is given y 2.

* 1 N-l crk k* 2
k = Min [- I (- - -) ]

N-2 k=l cr2 k
1

• J

The correlation length is found to be equal to

* *£ = 2~z {£n[(k +l)/(k -I)]}
0

where b.z is the distance between adjacent samples.
0

Example: x . b.z = 1.0,
0

1.7_. 1.0
1.9
2.3
1.6

Input Display Note Input Display Note

t RUN NO OF SAMPT.F.S:- 11

2 •. C; F.N'T'F.'R I'P'R()'P VAT .TTF.= 12

3 1. 7 ENTER PROP VALUE= 13

4 1.0 ENTER PROP VALUE= U

5 1.9 ENTER PR()'P VAT.TTF.:- 15, 2.3 ENTER PROP VALUE- lC

7 1.6 ENTER
_. n

I SAMPLE DISTANCE= 11

s 1. ENTER 1S

tD 1.2 8.34E-Ol k*. ~ 2D
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Title

Memory cOZ1tent Line number Sta t emeZ1t s

A 1 counter for R;
10 CLEAR: INPUT "No. of Samp1es="; Bslone: i

B 2 No. of Samples;
• t:.z~ 20 FOR A-26 TO B + 25

C 3 counter of n 30 INPUT "Soil Property="; A(A)

0 .. l:ri ; K* 40 NEXT A

E s l:r2• Error 50 FOR C = 1 TO 15 :BEEP Ci'
F 6

counter; counrer
180

fl"lT" K* 60 IF B=C LET C=C-l:GO TO

G 7 i+n' n 70 D = O:E = 0, max

H 8 l:r., Error min. 80 FOR F = 1 '·TO B-C+l~ ,

I 9 * G= C+F-1:H=0~in 90

~ 10 r 2(l) 100 FOR A = F TO G

K 1t r2 (2) 110 H = H + A(A+25)

l 12 r 2(3) 120 NEXT A

M 13 r 2(4) 130 D=D+H/C:E=E+(H/C)A2

N H r 2(5) 140 NEXT F

0 H r Z(6) 150 A(C+9)=(E-D A2/{B-C+1))/(B-C)

P 16 r 2(7) 160 IF C<>lLET A(C+9)=A(C+9)/J

Q 17 r 2
(8) 170 NEXT C

R 18 Soil Pronertv Pt 1 180 G = C:B=11:J=1:H=9

S 19 Soil Pronertv Pt 2 190 FOR F=l TO 20:BEEP 2

T 20 .. ?nn n = J .O+':'*F:A--1:E-0
U 21 · 210 IF D=B-9 LET B=B+1 GO TO 230

V 22 · 220 E~A(B)-(A(A-1)-A(B))*(D-B+10):E=(1-E)A

W 23 R(B) Soil Prot> PtE 230 FOR C = 2 TO G

X 24 240 .IFC<DLETE=E+(l-A(C+(9 ) A2 :A=A+1: GOT026(

y 25 250 E=E+(ABS(A(C+9)-D/C)) A2 :A=A+l

Z 26 260 NEXTC

270 IF H>=E/A LET H=E/A:I=D

280 NEXT F

290 BEEPlS:INPUT "Sample Distance="; B

300 A=2*B/LN«I+1)/(I-l))

310 PRINT I.A

320 END

2:A=0
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Title QSARM

Description:

This program uses the quasi-stationary autoregressive method to
evaluate the correlation length t of a set of data. The modeling
parameters Sand Sl are determined by the least squared error method
of the data.o The correlation length is found to be equal to

I1z
t 0

= tn Isll-

. )

where z is the distance between adjacent samples
0

"

Example: x z ~ I1z = La
0

1.7 2
La 3
1.9 4
2.3 5
1.6 6

_.

Input Display Note Input Display Note

1 RUN NO OF SAMPLES= 11 6 ENTER PROP VALUE=
2 . 5 ENTER z= 12 1.6 ENTER
3 ? RN'T'R'R P'ROP VAUYR= 13 ~AMPT.R TITSTANCE=
~ 1.7 ENTER z= 14 1. ENTER
5 3 ENTER PROP VALUE= 15 ' .:>. 4b~-~±E_02 til~ ti o
& 1.0 ENTER z= 15 ENTER 1.65 9. t~ H
7 4 EN'T'R'R P'ROP VAUTF.:- .. n
I 1.9 ENTER 7.= 11

S 5 ENTER PROP VALUE- n
lD ? 1 RN'T'F.'R z- 2D
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Title QSARM

Memory content Line nwnber Statements

A 1 l:u. 10 CLEAR: INPUT "No of Samples="; N1

B 2 "'u2
20 FOR K=l TO N'" i

C 3 l:ui _1 30 INPUT "Z="; z, "PROP VALUE="; P

0 4 l:u
i

_
l

, u. 40 Iv - 'P IZ1

E 5 Space 50 --Working A-A+U:B=B+U*U

F 6 1)1 60 N = N + 1

G 7 So - 70 IF K=l GO TO 100

H 8 t:.z 80 C = C + U0

I 9 ~orrelation Len~th
90 D = D + U*V -

-~ 10trhickness of Soil 100 V-U:BEEP2:NEXT K

K 11 counter 110 A=A-U:B=B-U*U:N=N-l

L 12 120 E=N*B-A*A '.

M 13 130 F=(N*D~A*C)/E

N 14 Number of Points 140 G=(B*C-A*D)/E

0 15 ll:iO iNPUT "SAMPLE DIST. ="; H

P 16 Soil Property lnO iT--H/T,NABS(F) :J=H*N

Q 17 170 PRINT F,G:PRINT I,J

R 18 \180 END

S 19

T 20

U 21 p/z = u.
1

V 22 ui _
1

W 23

X 24

Y 25

Z 26 De'Oth
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Title COULOMB (Coulomb Method-Active)

Description:

This program finds the active earth thrust against a retaining wall
using Coulomb's Theory, i.e.,

_ 1. yH
2 2

[ esc B sin(B-cP)
1/2]PA - 2 tan e

{sin/8+o)}1/2 + {sin(cP~O~:i~~p-i)}
s~n -~

in which PA = "active earth thrust,

y = unit weight of the backfill,
.- H = height of the retaining wall~

cP = angle of internal friction of backfill,
0 = angle of wall friction
B inclination of wall from the vertical, and

".

=
i = inclination of backfill.

Example: H = 10 ft.

cP = 30°

0 = 10°
_. y = 100 perf

B = 5°

i = 0°

Input Display Note Input Display Note

1 RUN H= 11

2 10 ENTER PHI= 12

3 in lO'N'I'FR nlO'T.'I'A- t3

4 10 F.NTER TlNTT \Jr.T... 14

5 100 ENTER RF.TA,... IS

, 1= a I

5 ENTER, o ENTER 11

I rflmflMR 'PA-.RllR 8 PA 11

S 15

10 2D
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Title COULOMB

Memory eont'ent Line number Stat ement s

A 1 ~ 10 INPUT "H="; A "PHI="; B, "DELTA=";

B 2 tb C, "UNIT WGT=", D, "BETA=",. E,

C 3 0 '1=",; F

0 4 y 20 fG=SIN(E':'B)/COSE

E 5 B 30 IH= [ SIN(E+c)

F 6 i 40 IF E-F<O PRINT "NO S.OLUTION

G 7 esc B sin(S-4» POSSIBLE":GO TO 80

H ! sin(f3+o) 50 1= (SIN(B+C)*SIN(B-F)/SIN(E-F»

I 9 si~at~~Hn(4)-i) / 60 J=D*A*A/2* (G*H*I) *(G*H*I)

""
10 P

A 70 PRINT "COULOMB,PA=': ,J

K 11 80 END

L 12

M 13

N 14

·0 15

P 16

Q 17

R 18

S 19

T 20

U 21

V 22

W 23

X 24

Y 25

Z 26
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.Ti tie M-O (Mononobe-Okabe Method)

Description:

This program determines the active earth thrust P against a
retaining wall for seismic conditions using Mononobe-O~~e'smethod.
The expression for PAE is

1 2 • t:-- PAE = - Y H (l+k )2 v .AE

1n which

2
KAE = cos ($-6'-/3)

2

cose 2 [1 + sin($+o) sin(p-e- i)]cos ecos(<5+/3+6) cos(o+/3+e) cos(i-/3)

PAE = the seismic active earth thrust,

y = the unit weight of the backfill,
H = the height of the retaining wall,

k = the vertical- component of the ground acceleration,v

~ = the horizontal component of the ground acceleration,
.- q, = the angle of internal friction of backfill, .-

/3 = inclination of wall from the vertical,
i = inclination of backfill,
<5 = the angle of wall friction, and

-1 khe = tan (l+k ).
v

Example: y = 100 pcf /3 = 50

H = 10 ft. i = 0 0

q, = 30 0

~
= 0.2g

0 = 10 0 a = O.Ogv

InpiJt 'Display Note Input Display Note

1 RUN H- 11

2 10 ENTER PHI= 12

:I 30 ENTER DELTA= 13

4 10 ENTF.'R IRETA- 14

S 5 ENTER I- 15, o ENTER VERT ACC- ", o ENTER HORZ ACC= .. n
I 2 ENTER UNIT WG1'= 11

s 100 ENTER IS

10 M-O PAE-2469. PAF. 2D
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Title M-O

Memory content Line number Statements

A 1 H 10 INPUT"H=":A,"PHI=";B,"DELTA="jC,"BETA='

B 2 d> D,"I="jE,"VERT ACC="jF,"HORZ ACC="jG

C 3 0 20 INPUT "UNIT WGT=":H

0 4 B 30 I = ATN (G!(I+F»

E
-

5 i 40 IF :8-I-E<O GO TO 120

F 6 k.. 50 J = COS(B-I-D)A2

G 7 k
h 60 J=J!COSI!COSD A2!COS(C+D+I)

H a y 70 K=SIN(B+C)*SIN(B-I-E)

I 9 e 80 K=K/COS (C+D+I)-!COS (E-D)

~ 10 KAE K=(l+[ K) A2:J=J!K
-

90

K 11 Working space 100 L=H!2*AA2* (I+F) *J

L 12 PAE 110 PRINT "M-O, PAE="; L : GO TO 130

M 13 120 PRINT liND SOLUTION POSSIBLE"

N 14 , ":\0 END

0 15

P 16

Q 17

R 18

5 19

T 20

U 21

V 22

W 23

X 24

Y 25

Z 26

..
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Title SLM (Single Layer Model of Wall Backfill)

Description:

This program determines E[PAE], VpAE ' and E[dA] for a retaining wall
in which the backfill is considered to consist of one layer and its ~

strength parameter is ar.v • with mean ~ and variance 02/ni • The ground
acceleration is also a r.v. . The parameters are defined as follows:

H = height of wall,
y = unit weight of backfill material,
cS = angle of wall friction,
e = inclination of retaining wall (B :I 90°) ,
i = inclination of bac~fill,

~
= horizontal acceleration, '.

a = vertical acceleration, and
v
e =. 45° + ~/2, angle of failure plane.

Example:
H = 10 ft. a = 0.2g

h
y = 100 pef a = O.Ogv
~ = 30° Vi = .10

V~ = .20 ni = 4
_.

cS = 10°

e = 85°

i = 0°

Input 'Display Note Input Display Note

1 RUN H= It .1 ENTER VERT/HORZ=
2 10 ENTER PHI= 12 o ENTER
3 '30 ENTER VPHI= 11 2319. 7.80E-02 tt:l.l:'AEJ , vn

• .2 ENTER NI= 14 ENTER 4.304 ELdAJ

5 4 ENTER DELTA= 15

" 10 ENTER BETA= ", 85 ENTER I= 17
.-

I o ENTER UNIT WGT= 11

s 100 ENTER HORZ ACC= 15

1D .2 ENTER VACC= 2D



lSL

=" ;K

GT=";H

I*(I-J)

Title SLM

Memory content Line number Statements

A 1 height H 10 INPUT"H=";A,"PHI=";B,"VPHI="jC,NI="jD

B 2 cb 20 INPUT"DELTA=" jE, "BETA=" ,F-, "1=" jG~UNIT IT,

C 3 Vep 30 INPUT"HORZ ACC=";I,"VACC="jJ,"VERT/HOR

0 ~ ni 40 L = 45+B/2

E 5 <5 50 M=B*(I+C![D):N=B~(l-C![D):O~I*(I+J):P=

F 6 B 60 Q=TANF:R=TANG:S=TANL

G 7 i 70 M=TAN(L-M):N=TAN(L-N)

H a "Y 80 T=TAN (F-E)·.: V=SIN (F-E)

I 9 ~; PEM counter 90 W=H*A*A/2/U*(I*S!Q)*(I+R/Q)/(S-R)

~ 10 V . PEM counter 100 X=0:Y=O:Z=I:BEEP3a'

K 11 a/~ 110 FOR I = 13 TO 14

L 12 e 120 FOR J = 15 TO ·16

M 13 ~+ tan(e-4>+) 130 V=W*(A/J)+(l+A(J)*K)*A(I»/(l+A(I)/T)

N 14 4>_; tan(6-ep_) 140 X=X+V/4:Y=Y+V*V/4

0_ 15 ah+ 150 NEXT J

P 16 ~- 160 NEXT I

Q 17 tanB 170 Z=A!3*(W*Z/X*(I+S!Q)+(1+1/S/T)

R a tani * (l-S/Q+R* (S+Q)/Q/(S-R»)/(l+I/Q/T)

5 19 tane

T 20 tan (8-0) 180 V= l;(y-x*X) Ix

U 21 sin (8-0) 190 PRINT X V:PRINT Z
V 22 PAE(PEM) 200 END

W 23 Weight of wedge

X 24 tv
y 25 tV' ;. Vp

Z 2& dA

--




