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CHAPTER I

INTRODUCTION

I.1l GENERAL INTRODUCTICN

The research work presented in this reporxrt is concerned, in general,
with the earthgquake response analysis of long~span suspension bridges
when subjected to multiple-support seismic excitations. An earthquake
dynamic-analysis methodology (which includes analytical and numerical
methods; time and frequency domains; and deterministic and probabilistic
technigques) for these structures is developed taking into account, among
other things, the different seismic inputs at the support points of the
bridge, the traveling wave effects, and the flexibility of the soils
surrounding the foundations. The first phase of the investigation deals
with the appropriate definition of seismic inputs (to permit estimation
of relative motions between support points) taking into account the prop-
.agation, attenuation and phase characteristics of seismic waves as
evident from existing and newly acquired strong-motion records [30]. The
seismi¢ inputs are time functions (such as time histories and cross-cor-
relation functions) and/or frequency functions (such as §ower— and cross-
spectral density functions). The form of these time and frequency func-
tions is determined with the aid of available strong motion accelerograph
records, random vibration theory and elastic wave propagation theory. 1In
the second phase, the methodology of earthquake dynamic analyses of

suspension bridges when subjected to multiple-support excitations is



developed utilizing analytical and numerical techniques (both including
deterministic and probabilistic treatments). Earthquake response charac—-
teristics of thres bridges selected tﬁ represent a wide band of suspension
bridges are determined in the third phase and lead to definition of
general earthquake resistance guidelines,

In the introdﬁctory chapter a comprehensive review is made of

the literature related not only to the earthquake response of suspension
b;idges but also to their free-vibration dynamic-analysis methodologies.
Existing publications on the characteristics of strong earﬁhquake ground
motions are also examined. And finally, a brief definition of the
problém to be addressed in this report is made at the end of the chapter.

Before beginning the - literature review, the following relevant

observations and conclusions merit mentioning [191:

1. The intensity of earthdquake ground shaking attenuates with the
distance from the causative fault more rapidly in ;he high
frequency range thanvin the low fﬁequencies. Consequently at
considerable distances from the fault, structures which have
long periods of vibration, such as long-span suspension bridges
will be subjected to stronger shaking than will structures with
short periods of vibration such as short-span bridges.

2. The effect of earthquake-induced differential métions of two or
more foundations upon the dynamic response of the superstructure
of a bridge is a 1itt1e-understood problem which is of consider-
able interest in earthquake engineering [see 6, 17, 25, 24, 32,
42, 39, 106, 90-92]. The state-pf-the-art does not yet offer
a practicing earthquake engineer the means for making a good

estimate of the differential pier and abutment (or anchorage)



displacement to be expected when a bridge is subjected to an
earthquake. In all cases the definition of an appropriate
ground-motion input is the most difficult and uncertain phase

of the problem of predicting structural response to earthguakes.
A common assumption in the usual treatment of esarthguake excita-
tioﬂs ig that the same motion acts simultaneously at all points
of the structure'’s foundation. If rotational motions are
neglected, this assumption is equivalent to considering the
foundation—-soil to be rigid at least over a scale fully-envelop-
ing the structure (though the soil may still be treated very
locally as elastic). Another viewpoint of the same thing is
that the wavelengths of the earthquake ground waves are long
compared to the structural dimensions. Such a hypothesis is
not wholly consistent with'thg concept of earthquake wave propa-
gation; however, if the base dimensions of the structure are
small relative to the vibration wavelength in the soil, the
assumption is acceptable. PFor example, if the velocity of the
wave propagation is 6,000 ft/sec, a sinusoidal wave of 3.0 Hz
frequency will have a length of 2,000 £t, and a building with

a base dimension of 100 £t will be subjected tc essentially the
same motions over its entire length. On the other hand, a long-
span suspension bridge, which might have a length of several
thousand feet, obviously would be subjected to drastically
different motions at its foundations. No direct measurements
have been taken of a bridge at two widely separated foundations
during an earthguake; howe&er during the 1971 San Fernando

(California) earthguake (ML = 6.3), the motions recorded by



instruments located in the basement of Millikan Library at one
end of the campus of California Institute of Technology differed
greatly from those of the instruments in the Caltech Athenaeum
located approximately 800-1000 ft away at the other end [41].
Measurements taken during the 1979 Imperiazl Valley (California)
earthquake (ML = 6.6), by the instruments of the El Centro Array
also emphasize the wvariation of ground motions with separation
distance [30]. It is evident that the motions at the foundations
of a long—span bridge must differ, and this difference could
contribute significantly to the dynamic response of the structure;
so it is important for desi¢mn purposes to develop analytical
procedures capable of establishing appropriate input motions
and of dealing with multiple—~support excitations.

In a study made by Abdel-Ghaffaxr [6,17], of the dynamic
interaction, for incident ﬁlane SH-waves, between the soil of
a half-space and a simple two-dimensional bridge model (supported
by rigid end-abutments), it was found that the excitation of
different modes of vibration of the bridge superstructure is
related to the nature of foundation movement for different
angles of incident SH-waves; in particular, it depends on the
relative phase of motion for the two adjacent bridge supports.
Even though the model studied was two-dimensional and there-
fore cannot be employed directly even with laterally elongated
systems, knowledge about the interference phenomenon of waves
scattered around different foundations and the different phasing
of input motions along the extended structure may prove to be

useful in clarifying some of the complexity of the dynamic



response of a more complicated three~dimensional system. The
cbjective of such an investigation should not necessarily be

to define all possible cases, but somehow to bound them in a
reasoned way for design purposes.

The dynamic analysis of long-span suspension bridges under
earthquake excitations has received some study to date [24, 34,
43, 44, 45, 50, 63, 87, 90-92, 106, and 103] but there remain
aspects of it requiring further examination. For bridges

of long span there are special features of the problem that
differ significantly from the analysis of a typical multi-story
building. Mcdern building codes have now been developed to the
point where the basic earthquake-resistance requirements to be
imposed on a standard building are specified adeqﬁately. A
long~span bridge, however, is a vastly different structure from
a typical building structure. The fundamental period of vibra-
tion of a suspension bridge, for instance, is usually long, and
it is necessary to include a relatively large number of modes
of vibration in order to obtain a reasonable representation of

the response.. Also, as discussed above, the piers or abutments

of the bridge may be so far apart that the general motions at

the two ends of the bridge are only partially correlated or are
uncorrelated. In addition, bridges to date have not generally

received the attention that buildings have with regard té fuli-
scale testing, and tc permanent earthguake~response instrumen-

tation, which could provide data to correlate with linear or

nonlinear response analyses.



Both theoretical dynamic analyses (including anélytical and
finite element techniques) and low-level full-scale ambient
vibration tests of suspension bridges have indicated [1, 9,

24, 31, 43, 44, 87, 103] that modes of free-vibration of the
structure can be separated into two groups. '~ In one group, the
displacements of the stiffening structures and cables are pre-
dominant, and in the other group, the displacements of the towers
are predominant. Consequently, with proper attention to modeling,
investigation of fhe earthquake response characteristics of dif-
ferent major parts of the suspension bridge may be made separate-
ly. For example, an earthquéke—response analysis may be made

in which the influences of the cables and suspended structures
are represented by the proper masses and spring stiffnesses at
the top or support points of the towers., Definition of the

exact methodologies needed for such modeling of analysis can be
extremely useful in design.

From the three~dimensional finite element analysis of San
Francisco's Golden Gate Bridge by Baron and his co-worker [24],
it was observed that the modes of vibrations of such a bridge

can coﬁveniently be grouped into four kinds of simply conceived
oscillatory motions, namely: vertical, lateral, torsional and
longitudinal. For certain bridges, especially those with
straight and level decks, the vertical and tp;sional motions

are quite well decoupled, if one considers only small vibrational
amplitudes (linear theory). But for 6ther bridges (the Ruck-a
Chucky {[35] or the Lions' Gate [31,67] designs, for example) such

decoupling does not occur, due to geometric effects.



6. Assurance of the aerodynamic stability of suépension bridges
does not in any way imply the safety of the structures during
earthgquake ground shaking. Both the inputs and the responses,
as well as the possible modes of failure, are different for the
two kinds of excitation. 1In particular, analysis of torsional
and flexural-torsional vibrations is central to studies of the
aerodynamic behavior of suspension bridges, whereas its import-

ance to earthguake response analysis is less clear.

I.2.. FREE-VIBRATION ANALYSIS OF SUSPENSION BRIDGES

The collapse of the Tacoma Narrows Suspension Bridge in 1940 attract-
ted the attention of the engineering profession towards studving the vibra-
tional characteristics of suspension bridges and their associated aero-
dynamic response. The slender bridge vibrated heavily in flexure and
torsion and collapsed in a transverse wind of only 40 miles per hour.

It was quite natural that the engineering profession concentrated its
efforts upon the aerodynamic response of suspehsion bridges at this time,
delaying the analysis of earthquake response of such structures until
fairly recently. Researchers such as F. Bleich [26-28], T. Von Karman
[96], 6. Woodruff, C. McCullough, C. Scruton [74), G. Vincent [93-95],
L. S. Moisseiff [60,61], F. Smith, F. Farquharson [33], D. B. Steinman
[80-841,0. H. Ammann [20,21], A. Selberg [76-781, R. Frazer

and R. H. Scanlan [72,73] are well-known for their work in the aerodynamic
response of suspension bridges. Lately, the response of suspension
bridges to other dynamic loadings, such as railway impact loadings

(Hirai and Ito [36]), and seismic disturbances have been investigated

with more enthusiasm.



The earliest treatments of the dynamic analysis of suspension bridges
for their natural modes and associated natural frequenéies’began with
Rohrs' [69] analysis in 1851 of an inextensible horizontél cable for the
first two natural modes., Not much significant dynamic analysis occurred
until the Tacoma Narrows callapse, at which time investigations by Rannie
{68], Von Karman [96], and Vincent [79,94] analyzed the vibration of a
three-span cable, In addition, in 1941-43, Steinman [81] proposed simpi~
fied formulae for the calculation of vertical and torsional frequencies
and medes of vibraﬁion. Later, Bleich [26] proposed the analysis of free
torsional and vertical vibration by the exact solution of the fourth order
differential equations of.motion. He alsé proposed a Rayleigh-Ritz pro-
cedure for obtaining the first few modes and frequencies of vertical and
torsional vibration. Other formulae appeared by Smith and Vincent [72]
but were misleading because the cable was assumed inextensible, and its
gravity stiffness, which Pugsley had examined [64~66], had been ignored.

In the early 1960's, the dynamic analysis of suspension bridges
received considerable attention by Keonishi, Yamada, Takaoka, and other
Japanese investigators [43-49,101-106}. These authors ekamined the
vertical and lateral vibration of the bridge as well as the vibration of
the tower-pier system using a lumped-mass matrix structural analysis
approach. They pointed out that both the ground-acceleration and the
ground-displacement are required aé inputs for the computation of earth-
quake response of suspension bridges. They also suggested that since
the modes of the suspended structure and the tower-piers are fairly well
decoupled, the tower-pier vibration prcblem may be approximately analyzed
separately from the suspended structure} as long as the elastic restraint

at the top of the tower provided by the cables is accounted for properly.



In this manner, the effect of foundation-soil stiffness upon the tower-
piler response can be examined rather efficiently. They indicated that
in the first few modes of lateral vibration, the suspended structure and
cables vibrate as a double pendulum, while in higher modes the system
vibrates independently and there is no coincidence of nodal points of
the cable and Suspehded structure,

Similar investigations were performed by Tezcan and Chexry [87,88]
in 1969, considering the effect of geometric nonlinearity arising from
large deflections of suspension bridges. An iteration scheme for the
nonlinear static analysis was pefformed by means of tangent stiffness
matriées, and these matrices were used to solve for the free vibration
modes of the structure. The bridge was idealized as a three-dimensional
lumped mass system subjected to three orthogonal and uniform ground
motion components producing horizontal, vertical and torsional vibrations.
A similar design analysis for the tower-piers of the Tagus River Bridge,
using a lumped mass system which was interconnected by elements having
shearing and bending stiffnesses, was pursued by Housner, Converse, and
Clough [37]. In this work, the rotational stiffness of the foundation
was also considered.

The most recent significant advances in the linear dynamic analysis
of suspensiocn bridge structures appeared in the 1970's through the work
of Abdel-Ghaffar [1,5,6,9,13,18]. This involved methods of analyzing
the free vibration of suspension bridges utilizing finite element methods
and linearized deflection theory. Abdel-Ghaffar analyzed vertical, torsion-
al, and lateral vibration of suspension bridges for natural frequencies,
mode shapes, and energy storage capacities of different members of the

structure. His methods were based upon specification of the potential and



10

kinetic energies of the vibrating members of the real continuous struc-~
ture, derivation of the equations of motion for each type of vibration
{(vertical, lateral, and torsional), linearization of these equations for
small amplitudes, finite element discretization of the structure, deriv-—
ation of stiffness and inertia properties of the structure, and formulation
of the matrix eéuations of motion and eigenvalue problems using Hamilton's
principle. Detailed examples were presénted by Abdel-Ghaffar, including
an analysis of the free vibration modes of the Vincent-Thomas Bridge, in
Los Angeles, California. The applicability of such methods was demonstra-
ted by coﬁparing analytical results with full-scale ambient wvibration-
test results [1,3,7,8]1; an excellent agreement was attained. The

effects of cable extensibility, tower stiffness, and suspended structure
continuity were closely examined by Abdel-Ghaffar [1].

In the 1980's, Abdel-Ghaffar and Rubin investigated the large ampli-
tude geometrically nonlinear coupled vertical-torsional vibrations of
suspension bridges [10,11]. Their analysis involved a continuum approach
for the nonlinear free coupled vertical-torsional vibrations of suspension
bridges with horizontal decks. Approximate solutions to the nonlinear
coupled equations were developed using the method.of multiple scales (a
perturbation technique), and compared to direct numexrical integration
of these eqﬁations of motion. The geometric nonlinearities included in
the analysis arose from the large deflections of the cables, the axial
stietching of the stiffening structure when hinges were immovable, and
the nonlinear curvature of the stiffening structure. The aﬁplitude-
frequency relationships were investigated, and the exchange of energy
between torsional and vertical modes closely-spaced in the frequency
domain was observed. It was found that the geometric nonlinearities are
only important under very high amplitude vibration. Therefore, in most cases,

& geometrically linear analysis is appropriate for suspension bridges.
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I.3. EARTHQUAKE RESPONSE ANALYSES OF SUSPENSION BRIDGES

During the last two decades, the seismic response of suspension
bridges, using the concept of a discrete spring-mass systemvas weil as
the finite element approach, received considerabkle attention by Konishi,
Yamada, Takoaka, Kuribayashi, and other Japanese authors [43-49,51-57,86,89
101-106], In their approach the authors separated the bridge into the.
tower-pier system and the suspended structure system, each type of wvibra-

. tion to be studied separately. Thus, the response analysis of the tower=-
pier system was made separately from the vertical and lateral response

of the suspended structure and cables by utilizing a partial model where
the tower and physically equivalent effects of cables were considered in
an approximately applicable manner. This enabled the respconse of the
tower-pier system, the most critical element in the suspension bridge,

to be examined more closely.‘ For example, in 1969, Takacka [(86] examined
the effect of foundation flexibility upon the dynamic response of the
tower-pier. His results indicated that the flexibility of the foundation
is very important in designing the tower-pier system of long-span suspen-
sion bridges that are founded on relatively soft socil. The flexibility
affected the natural frequencies and modes of vibration of the tower,

and increased the response bending stresses. In 1969, Konishi and
Yamada [43] also pointed out that the rocking motion of the pier has a
significant effect on the response stresses and bending moments in the
tower, and thus the estimation of properties of the soil underlying the
foundation is quite_important. They suggested that if an accurate esti-
mation of these soil properties is unavailable from field tests, a range
of values must be considered in the design process. In the analysis of

the response of the suspended structure and cables, Konishi and Yamada [43]
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assumed the ground motion as a simple harmonic, and appliéd this motion
to each support point (anchorages and tower-piers) sepafately. Since the
towers and anchorages are connected by cables, both acceleration and dis-
placement ground motion inputs were needed. Phase differences of ground
motion at support points were accounted for by addihg the response results
graphically to obtain maximum bending moments and maximum stresses. It
was found in both the vertical and lateral response studiés that the
higher mode contribution to the bending moment was fairly significant,
that is, the inclusion of many modes was needed for an accurate determina-
tion of the response of suspension bridges.

In 1969, Tezcan and Cherry analyzed the three-dimensional response
of suspension bridges to three orthogonal components of uniform earthquake
ground motion [87]; They concluded that the vertical vibration of the
tower and the longitudinal vibration of the bridge deck are small and
thus may be neglected. They considered the torsional vibration of the
bridge deck coupled with lateral vibration of the towers as well as the
vertical vibration of the bridge deck coupled with the horizontal vibra-
tion of the towers in the longitudinal direction. In 1980, Irvine [40]
proposed a simplified formula to calculaté the peak additional cable
tension that can be expected in a suspension bridge undergcing uniform
earthquake excitations. 1In his analysis, the inputs to the cable were
assumed in phase, so that the effect of longitudinal inputs cancelled each
other, and only vertical inputs remained. With the phasing.of inputs not
considered, Irvine seriously underestimated the additional response cable
tension. BAlso, the effects of the stiffening truss as well as the tower

compliance were completely neglected in his analysis.
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Abdel-Ghaffar and Rood [14,70] presented a simplified analysis to
study the earthgquake response of the suspension bridge tower using a
continuum model. Their study consisted of two parts: +the free vibration
of the tower, and the earthquake response of the tower using selected
earthquake ground motions. Alsc investigated was the influence of the
suspended deck and the soil flexibility upon the alteration in modal
configuration of the suspension bridge tower. The response stresses,
displacements, and shear forces for the Golden Gate and Vincent-Thomas
bridge towers were determined for a simplified model fixed at the base,
using modal analysis, by both time integration and response spectra
techniques. High values of live load earthquake-induced stresses were
pre&icted by the simplified model. The main criticism of their metheod
lies in the averaging of the properties of the tower over its height
inherent in the continuum formulation as well as the neglect of the pier-
foundation system. Usually, the properties of the tower wvary considerably
over its height, and hence é finite element formulation would be more
appropriate. Also, the response was only evaluated for the fixed base
case; that is, the effect of foundation flexibility was not considered.
Bowever, their study did show that the stresses expected in a suspension
bridge tower during é seismic event are to be considered significant

live loads in the design of such a structure.

I.4. MULTIPLE-SUPPORT SEISMIC INPUT PROBLEM

A common assumption in the usual treatment of earthquake excitations
is that the same ground motion acts simultaneously at all points of the
structure, which is equivalent to stating that the wavelengths of the

ground waves are long compared to the structure's dimensions. For a long
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extended-in~-plane structure such as a suspension bridge, it is obvious
that the structure would be subjected to different motions at its founda-
tions. Konishi and Yamada [43] realized this when they accounted for
phase differences at support points by graphically adding the results from
each input to cbtain maximum bending stresses. This method was rather
crude however and the need to develop procedures capable of establishing
appropriate input motions and of dealing with multiple-support excitations
soon became apparent.

In 1965, Bogdanoff, Goldberg, and Schiff were among the first investigators
to consider the transmission time of a seismic disturbance in conside;ing
the response of a long-span suspension bridge [29]. Their suspension
bfidge model was a simplified spring-mass arrangement, and they analyzed
the random response in terms of extreme values, that is, in terms of
return periods and probabilities of survivaiﬁ They utilized a random
input to the structure, wﬁich resembled a decaying sinusoid, and was
assumed to propagate from left to right at constant velocity. Thus phase
delays existed at the support points of the bridge (anchorages and tower
piers). The equations of motion of the structure were derived using
.Lagrénge's equations, with viscous dampiné included in the analysis. The
results of this response analysis showed that the transmission time,
and therefore the phasing of support motions, are very important in long-
span structures. Their results showed that compared with the case of
simuiltanecus support excitations, the propagating input resulted in a
much more severe response. Therefore, the transmission time of a seismic
disturbance cannot be ignored when ceonsidering the safety of long—-span

structures.
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In 1976, Abdel~Ghaffar [2,4,17] studied the dynamic interaction, for
incident plane SH-waves, of a simple two-dimensional bridge model with the
soil half space. He found that the excitation of different modes of vibra-
tion of the bridge superstructure depends on the relative phase of motion
for the two adjacent supports. Specifically, when two abutments move in
phase there is a tendency to excite symmetric modes of girder vibration,
and conversely, when the two abutments are moving out of phase the anti-
symmetric modes are excited effectively. He also showed similar conclusions
by studying a simply-supported horizontal beam subjected to sinusoidal
motions of varying phase at its supports. Research workldone by Masri
[59,60] on the response of beams and cooling towers to propagating bound-
ary excitations exhibited similar behavior.

In ‘1979, Werner, Lee, Wong and Trifunac [ 97~100] developed methods
to analyze the three-dimensiocnal response of simple bridge structures on
an elastic halfspace subjected to incident P-waves, S~waves, and Rayleigh
waves. Their results showed that the impo;tance of traveling wave effects
upon the response, becomes more pronounced when the wavelengths of the
incident waves are equal to or less than the foundation dimensions. They
noted that non-vertically incideﬁt S8H-waves lead to the torsional excita-
tion of the structure, non-vertically incident P-waves and SV-waves lead
to rocking excitation, and traveling Rayleigh waves can excite all six
components of response. They also pointed out the lack of suitable record-
ed strong-motion data necessary to specify spatially varying input motions
for seismic analysis, and the lack of available engineering guidelines for
assessing the behavior of structures subjected to traveling seismic waves.
They concluded that phase differences in the input ground motions applied

at the bridge foundations can have significant effects upon the bridge
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response, and that it is important to cgnsider traveling wave effects
when designing earthquake resistant long-span structures, using real
spatially varying ground motion records as inputs.

In 1976, Barbh, Arikan, and Hamati [24] analyzed "The Effects of
Seismic Disturbances on the Golden Gate Bridge." This report was intended
to supplement the studies made by the designeré of the bridge. They
studied the response of the bridge to both uniform and propagating ground
motions. He utilized the 1952 records of the Taft earthguake and an
artificially-generated ground motion intended to be above 8.0 in Richter
magnitude; The artificially-generated earthquake was used for the
propagated ground motion, as well as a mb;e basic type consisting of
three consecutive sine waves propagating at a constant speed. They per-
formed time-history and reéponse spectra analysés for the uniform input
case and time-history analyses for the propagating cases, calculating
maximum values of response stresses for selected elements of the bridge.
These calculations indicated that certainlelements of the bridée (notably
at the tower base) could be overstressed (exceed their vield value) dur-
ing a strong earthquake (above 8.0 in Riéhter magnitude). Therefore,
the earthquake loading of suspension bridges is most important for design
purposes.

From the above-mentioned investigations it seems that the accuracy
of calculated response characteristics for long-span bridge structures
depends upon a sound knowledge of the expected ground motions at different
supporting sites. Earthquake ground motions in the three orthogonal
directions of a long-span bridge may be transmitted to the superstructure
through the two tower bases (piers) and the two abutments or anchorages,

as illustrated by Fig. I-1 for a suspension bridge. The bridge may be
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long with respect to the wavelengths of motion in the fregquency range
of importance to its earthguake response. Because of this fact, differ-~
ent portions of the bridge can be subjected to significantly different
excitations, a problem not normally important for buildings. The
essential feature of this problem is that the motion at the supporting
points a given distahce apart on the surface of the ground may receive
lodg period earthquake motions that are nearly egqual, but experience
short period motions that are dissimilar and uncorrelated. In general,
the correlation of the motion at these support points (Fig. I-1l) is
extremely complicated, particularly in the case of a long-span bridge,
with different foundation conditions, subjected to seismic waves with
different angles of incidence and different travel paths (reflections
and refractions, etc.). In that case, marked differences in amplitude
as well as phase could occur over distances of the order of a few wave-
lengths of the motion. However, when the dynamic behavior of a bridge
structure subjected to multiple seismic excitations is investigated,
some types of correlational relations (based on real observations or on
reasonable assumptions) can be drawn between the seismic inputs.

For determining appropriate seismic inputs to be used in earthquake
response analysis of these long structures, it may be suggested as a
first step to adequately assess the differences that might occur at
separate support points. First, the input motion has to be resolved
into its apparent horizontal velocgity and wavelength along the line
determined by the points of concern. This resolution is necessary because
waves of the same propagational speed may have different apparent veloci-
ties and wavelengths, depending on the angles of horizontal and vertical

incidence. Secondly, estimation of the frequencies at which the problem
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of phase and amplitude correlation;may start to appear has to be made.
This is perhaps best approached by examining the relation between wave-
length and frequency {or period). For bridges located within the epi-~
central region (approximately 10-15 miles from the epicenter) the exciting
shear motion comes directly from the fault slipping, while for bridges |
at some distance from the epicenter the exciting shear motion could

result from propagating surface waves such as Love and Rayleigh waves;
Fig. I-2 shows the different particle {or ground) motions in a typical
earthquake. Assuming, as in the latter case, that the transverse support'
motion is due to a shear wave propagating in a direction parallel to the
longitudinal axis of a long-span bridge (where particle motion is in the
transverse direction) the uniformity of the support motion becomes a
function of the span length as shown in Fig. I-3a. The shear wave veloc-
ity Cs in firm basement rocks ranges from 1000 to 2000 ft/sec, and the
predominant earthguake period Ts causing maximum ground accelerations
lies between 0.2 and 0.5 seconds [75]. Hence the wavelengths of the
propagating waves {given by A = CSTS) are of the order of 200 to 1000 ft
and congseguently for the case of earthquake motion approaching the bridge
parallel to its axis, a span of or less than say 50 to 250 ft is necessary
for a reasonable uniform base excitation [71]; (i.e., Z2(or ll) < %).
Thus, if one-fourth of a wavelength is t;ken as a characteristic length
beyond which significant differences in phase might occur, and if two
wavelengths are taken as a representative length beyond which the motion
may be poorly correlated in amplitude as well as phase (as suggested by

Jennings, Ref, 41), the following relations result:

8 %E oY -_— and T = — or —_— . (I-1)
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In these relations, Te is the period in seconds beyvond which phase
aifferences may be a problem, TA is the period beyond which amplitude
correlations may be weak, £ (or £1) is thé éeparation distance of two
support points (center or side span length), and C ié the horizontal
velocity of the assumed wave motion in the direction of concern.
An oblique angle of approach of a traveling shear wave, as shown
in Fig. I=3b, raises the possibility of phase differencés in the trans—
verse (lateral) exciting motion when one considers the magnitude of the
support length relative to the effective wavelength M/cos G 'in the trans-
verse direction.  Also, in such a case, as indicated by Fig. I-3b, longi-
tudinal as well as lateral vibrations would be induced in the bridge,
Phase differences in the support motions (in both transverse and longi-
tudinal directions) would considerably influence the nature of the dynamic
response of a bridge to an earthquake,
Based on. the above discussion an effori may be made to consider the
following cases in defining the seismic inputs [19]:
1. Earthquake motion is idealized as a single (non-dispersive)
wave, propagating horizontally (as shown in Fig., I-3). In this
case the differences in excitation at two separate support points
are limited to differences in phase, and some amount of time
delay between the support points has to be considered.
2. Earthquake motion is idealized (as either a singlé or train of
wave (s)) such that the effects of topography, different angles
of incidence, different travel paths and different local geology
conditions are considered. In this case, marked differences in
amplitude as well as phase are encountered. Steady-state excita-

tions with different amplitudes and phases at different support

points, could make a good approximation to examine this case,
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Statistical study of some existing strong earthquake ground-
motion records is pursued in this analysis (by using time and
spectral analysis of classical random vibration theory). This
step clarifies the differences between ground motions at one
locatién and at another nearby {(within the range of a bridge
span) from the viewpoint of the propagation, attenuation and
phasing of the seismic waves. And conditions are sought whiéh
most fully "exercise" the given structure, given the basic
equation (or curve) specfra at the input points. The study
does however require knowledge of the absclute time of the
recorded tfaces to enable accurate synchronization of accelero-
graphs located at any distance so that exact phase relationships
can be established.

For a statistical description of appropriate ground shaking
at different supporting points, well-reéorded earthaguakes such

€.3) and

as the 1971 San Fernandco (California) earthquake (ML

€,6), where

the 1979 Imperial Valley (California) earthquake (ML
numerocus scattered records were recovered at different distances
from the causative fault,are utilized as demonstrated by Fig. I-4a.
Cross—-correlation and cross-spectral density functions are produced
indicating the probabilistic character of the multiple-seismic
inputs of the earthquake problem. This procedure supports the
view that the most apprbpriate procedure for selecting design
earthquake ground motions is to extrapolate directly from com—
parable recorded accelerograms, or to use artificially simulated
earthquakes conforming to the anticipated seismic exposure. 1In

this analysis the above computed curves are smoothed and then
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used in the earthguake response analysié, This family of curves
could also be useful for studying the response of other extended
structures, such as pipelines, power lines and large dams, to
earthquakes.

It should be noted that in all three of the above cases certain sophis-
tications of the design inputs should be included to allow for several
parameters which, varying from site to site, could have a significant
effect on the reliability of the proposed inputs; such parameters include:
surface waves, oblique transmission of waves through the soil, the effect
of reflection and refraction at the interfaces of different soil layers
{or deposits) underlying the structure, the source mechanism of the earth-
quake producing the ground motion, the distance of the earthquake source
from the site, and the local geology conditions of the supporting site.

It also would be of use to statistically study the fregquency of occurrence
of strong earthquakes in zones where a wide class of suspension bridges
are (or are planned to be) located, Even considering these factors, it
must be remembered that the design ground shaking will not by itself
predict how a specific suspension bridge will perform during a specific
future earthquake, but it can be helpful in realistically creating and
modifying the rules and regulations used in the design, strengthening or

repair of bridge structures.

I.5. SCOPE OF PRESENT STUDY

The present study intends to investigate (analytically and numerical-
ly) the earthquake response of long-span suspension bridges when subjected
to multiple~support seismic excitations. For many types of structures,

the vertical component of ground motion may not be important; however,
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for long-span suspension bridges'vertical ground motion is important in
itself as well as in its éxcitation of three-dimensional motion of the
bridge. Support motions applied in any one of the three orthogonal
directions (see Pig. I-1) will generally yield dynamic foreces about the
three axes of the bridge, For instance, the vertical component of ground
motion is likely to excite vertical, torsional and coupled flexural-
torsional vibrations and possibly longitudinal vibration, while the trans-
verse component is likely to excite lateral, torsional and coupled bending-
torsional motion, and finally the longitudinal component is likely to
excite both wvertical and longitudinal vibrations of the bridge. Factors
such as coupled vibration, multiple-support excitations, and long natural
periods of vibration all tend to increase the participation of a large
number of modes in the total response of the structure. An important
guestion to be answered in this proposed study is: how many modes are
needed for a representative response of these flewxible structures?
Another question: 1is the current response spectrum method of dynamic
analysis applicable in any sense to this problem and what is its range
of applicability? Also, the interaction of superstructure components
with each other and with the substructure will be studied.

The dynamic response analysis methodology is developed and refined
taking into account the different seismic inputs at the support points
of the bridge (anchorages and tower-piers). Appropriate ground motion
inputs are taken from existing ground motion records recorded at time-
synchronized closely-spaced stations, such as the 1979 Imperial Valley
El Centro Arrays. The El Centro 1979 earthquake records were chosen
because the recording stations (or arrays) were closely spaced to each

other in the vicinity of the causative fault and were aligned approximately
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along and transverse to the fault. The 1979 earthquake, which is con-
sidered to be the largest in California in the last quarter century,
generated'the most comprehensive set of data on ground shaking yet
recorded from a damaging earthquake anywhere in the world (and can be
appropriately used for studies of multiple—suppofted and extended
structures}. An equivalent seismic study of suspension bridges by
Stringfellow [85] investigated the effect of propagating ground motions
upon bridge response. In'the present study, different ground motions are
simultaneously applied at the bridge's support points, and the response
of the bridge is calculated.

In the definition of the three-dimensionai suspension bridge struc-
ture appearing in Fig. I-1l, the main structural elements of the bridge
are the tower-piers, anchorages, cables, and stiffening structure. The
motion of a horizontal suspension bridge may be classified as vertical,
torsional, and lateral, as shown in Fig. I-5 [1]. In the vertical motion,
all points on a given cross section of the bridge move the same amount
in the vertical direction, and they remain in phase (Fig. I-5a). 1In the
torsional motion, each cross section of the bridge rotates about an axis
which is parallel to the longitudinal axis of the bridge and which is in
the same vertical plane as the centerline of the bridge. Points on
opposite siées of the roadway move with equal displacements, but with
opposite phase (Fig. I-5b). Finally, lateral motion involves the
pendular swinging of each cross section in its own vertical plane, with
an upward movement of the cables and suspended structure associated with
their lateral movements (Fig. I-5¢}.

As shown in Pig. I-1l, the seismic inputs toﬂthe bridge are the three

orthogonal components of ground motion (vertical, transverse, or lateral,
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and longitudinal) occurring at each support point of the bridge (anchor~
ages and tower-piers). It is very important to note that the motions at
each support peoint are different from each other bhecause of different
foundation conditions, subject to seismic waves with different angles
of incidence and different travel paths. Therefore, differences in ampli-
tude as well as phase could occur for any long-span structure, such as
a suspension bridge. PFigure I-3 [1l9] shows, in a qualitative manner, the
phase differences which could arise from a shear wave traveling along
the longitudinal axis of the bridge or at an oblique angle to this axis.
It is seen that because the seismic wavelengths are of the same order of
length as the bridge span lengths, marked differences in phase occur at
the bridge's support.points° In addition to these phase differences,
one would also anticipate amplitude attenuation as well as differences
in frequency content due to faster attenuation of the high frequency
components of ground motion. Because of all these inherent complications,
it was decided that the utilization of real ground motions recorded at
separation distances consistent with the dimensions of a suspension bridge
would be most valuable for this tyve of extended structure. It sbould
be mentioned that although the analysis in this report deals most directly
with suspension bridges, the proposed methodology, when cast in its most
general sense, can be applied to any extended-in-plane lifeline structure.
For example, Iliescu [38] utilized some of these methodologies in
analyzing the Melloland Bridge, a fairly short-span highway bridge. In
this analysis the traveling wave effect was found to be significant upon
the response of this bridge, even with its relatively short-span length.
The study which follows develops methods to analyze the dynamic

response of suspension bridges to multiple-support seismic excitations.
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These methods are utilized to analyze the respohse characteristics of
three different suspension bridges: The Golden Gate Bridge in San Fran-
cisco, California, a relatively long-span bridge; The Tacoma Narrows
Bridge in Tacoma, Washington, an intermediate-span bridge:; and the
Vincent Thomas Bridge in Los Angeles, California, a relatively short-span
suspension bridge. The input ground motions utilized are mostly taken
from the 1979 Imperial Valley earthquake, from the El Centro Arrays which
are closely-spaced recording stations. In addition, selected responses
are calculated using 1971 San Fernando ground motion records, as well as
artificially-generated ground motions, for the sake of comparison.

As indicated previcusly, investigation of the earthquake response
of different members of a suspension bridge may be made in separate parts.
Accoxdingly, éhe earthguake response analysis of suspension bridges may
be separated into the foliowing sections:

i. Analysis of the Towers: An equivalent finite element model of

the towers, subjected to longitudinal ground motion at the base
will be developed‘and studied. The idealization of the tower
and its various components will take into account the effects
of substructures (pier systems}, foundations and surrounding
spils to obtain an adequate description of the various types

of vibrations that can occur and to produce realistic results
consistent with the input ground métions.

ii. BAnalysis of Cables and Suspended Structures: The coupled vibra-

tional response of the cables and suspended structures to multiple-

support excitations is considered; both an analytical model of
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continuous structure and a finite element model is analyzed,
For the general inpufs, symmetric (or in-phase) and antisymmetric
(or out-of-phase) cases can be treated separately in the linear
analysis of the cables and suspended structures as shown in
;Fig. I-6, and the response of the structure can be obtained by
superposition of the response to each independent input. The
analytical approach (as a first step) is a reasonable way to
determine the importance of various parameters controlling the
bridge performance, to explore the critical requirements of -
analysis and design, and to pave the way for a more economical
and reliabie use of the finite element technique.

The analysis developed here will provide a basis for establishing
new earthquake-resistant design criteria and acceptable damage levels for
a wide class of suspension bridges. Procedures for enhancing the seismic
resistance of existing bridges will also be discussed.

From the earthquake engineering and structural dynamics points of
view, the minimum number and proper location of permanent instruments to
record strong ground motion, on and in the vicinity of suspension and
cable-stayed bridges, is very important, Proper placement will yield
information about the response of the bridge components, the nature of
different modes of vibration and the coupling of these modes. Information
indicating the effects of soil-bridge interaction and, possibly, the damp-
ing of the structure as well as the phase differences in the ground
motions at the piers and anchorages may also be obtained. Suggestions
regarding the type and location of strong-motion instruments best suited
for measuring earthquake response will be made, assuming both an ideal

set of circumstances and economic limitations.
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The report is divided into six chapters, the first of which is this
literature review and scope of work chapter. Some of the work appearing
in the foliowing chapters have appeared in published form in less detail
than will be presented herein [see 12,15,16]. Chapter II deals with
the vertical vibration of suspension bridges to multipiefsupport seismic
excitations. The equations governing the response displacement, moments,
stresses, and shear forces in the suspended structure, as well as the
vibrationally induced cable tension are presented in the time domain and
the frequency domain {(using random vibration theory as well as convolu-
tion integrals). The vertical responses of’the three previously mentioned
suspension bridges are calculated in the time domain and are compared to .
the root mean square frequency domain results in order to estimate an
appropriate peak factor for the vertical wvibration problem. Chapter III
investigates the torsional response of suspension bridges to the multiple-
support rotational and torsional components of ground motion. & proced-
ure is proposed for estimating mgximum torsional and rotational components
of ground motion from the corresponding three orthogonal recorded trans-
lation components, The torsional response of the suspended structure of
the Golden Gate Bridge is‘calculated in the frequency domain as well as
the torsionally induced vibrational cable tension, and an appropriate
peak factor is utilized to estimate the peak torsional displacements,
stresses, and cable tensions. Chapter IV investigates the lateral
response methodology of suspension bridges to multiple-support excitations.
Equations governing the lateral displacement of thé cables and suspended
structure, and laterally induced stresses, moments, and shear forces
in the suspended structures, as well as cable tensions, are presented

in the time and frequency domains. Peak responses for the Golden Gate
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Bridge are calculated in the time domain and are compared to the rcot
mean square results in order to estimate an appropriate peak factor

for the lateral vibration problem. Chapter V concentrates on the
longitudinal response of the Golden Gate's San Francisco tower-pier.
The analysis methodology proposed is quite general, and includes the
effect of surrounding water, and the flexibility of the soil underlying
the foundation, and its associated geometric and hysteretic damping.
The soil parameters are varied in order to observe the effect of soil
flexibility upon the tower-pier response, which is égain calculated

in both the time and frequency domains.



35

REFERENCES OF CHAPTER T

1. Abdel~Ghaffar, Ahmed M., "Dynamic¢ Analysis of Suspension Bridge
Structures," Report No. EERL 76-01, Earthquake Engineering Research
Laboratory, College of Engineering, California Instituté of Technol-
ogy, Pasadena, May 1976.

2. BAbdel~-Ghaffar, Ahmed M., "Studies on the Effect of Differential
Motions of Two Foundations Upon the Response of the Superstructure
of a Bridge," Report No. EERL 77-02, Earthquake Engineering Research
Laboratory, College of Engineering, California Institute of Technol-
ogy, Pasadena, January, 1977.

3. Abdel-Ghaffar, A. M., and Housner, G. W., "An Analysis of the Dynamic
Characteristics of a Suspension Bridge by Ambient Vibration Measure-
ments," Report No. EERL 77-0l1, Earthqguake Engineering Research
Laboratory,; Ccllege of Engineering, California Institute of Techhol-
ogy, Pasadena, January 1977.

4. Abdel-Ghaffar, A. M., and Trifunac, M. D., "Antiplane Dynamic Soil-
Bridge Interaction for Incident Plane SH-Waves (One Span Bridge},"
Journal of Earthquake Engineering and Structural Dynamics, Vel. 5,
No. 2, April-June 1978, p. 107.

5. Abdel~Ghaffar, A. M., "Free Lateral Vibrations of Suspension Bridges,"
Journil of the Structural Division, ASCE, Vol. 104, No. ST3,
Proc. Paper 13609, March 1978, pp. 503=-525,

6. Abdel-Ghaffar, A. M., "Free Torsional Vibrations of Suspension
Bridges," Journal of the Structural Division, ASCE, Vol. 105,
No. ST4, Proc. Paper 14535, April 1979, pp. 767-788.

7. Abdel-Ghaffar, A. M., "Vibration Studies and Tests of a Suspension
Bridge," Journal of Earthguake Engineering and Structural Dynamics,
Vol. 6, No. 5, Sep.-Oct., 1978, pp. 473-496.

8. Abdel-Ghaffar, A. M., and Housner, G. W., "Ambient Vibration Tests
of a Suspension Bridge," Journal of Engineering Mechanics, ASCE,
Vol. 104, No. EM5, Proc. Paper 14065, October 1978, pp. 983-999.

9. Abdel-Ghaffar, Ahmed M., "Vértical Vibration Analysis of Suspension
Bridges," Journal of the Structural Engineering Division, ASCE,
Vol. 106, No. ST10, Proc. Paper 15759, October 1980, pp. 2053-~2075.

10. Abdel-Ghaffar, A. M., and Rubin; l: I., "Nonlinear Free Coupled
Vibrations of Suspension Bridges: Theory," Journal of Engineering
Mechanics, ASCE, Vvol. 109, No. EM1l, February 1983, pp. 319-329.

11. Abdel-~Ghaffar, A. M., and Rubin, L, I,, "Nonlinear Free Coupled
Vibrations of Suspension Bridges: Application,” Journal of
Engineering Mechanics, ASCE, Vol. 109, No. EM1, February 1983,
pp. 330-345,




36

12. BAbdel-Ghaffar, A. M. and Rubin, L. I., "Vertical Seismic Behavior
of Suspension Bridges," International Journal of Earthgquake Engineering
&hd “Structural Dynamics, vol. 11, 1-19 Jan-Feb. 1983, pp. 1-19.

13. Abdel-Ghaffar, Ahmed M., "Suspension Bridge Vibration: Continuum
Formulation," Journal of Engineering Mechanics, ASCE, Vol, 108,
No. EM6, December 1982, pp. 1215-1232,

14, Abdel-Ghaffar, Ahmed M., and Rood, Joel D., "Simplified Earthquake
Analysis of Suspension Bridge Towers," Journal of the Engineering
‘Mechanigs Division, ASCE, Vol. 108, No, EM2, April 1982, pp. 291-308.

15. Abdel-Ghaffar, A.'M,, and Rubin, L. I., "Multiple-Support Excitations
‘of -Buspension Bridges,” Journal of the Engineering Mechanlcs Division,
ASCE—"VOI 108, No. EM2, April 1982, pp. 420-435.

16. Abdel-Ghaffar, A. M,, and Rubin, L. I., "Lateral Earthquake Response
_. of Suspension Bridges," Journal of the Structural Division, ASCE,
T gb1.k09, No. ST3, March 1983, pp. 664-675.

Abdel-Ghaffar, A. M., and Housner, G. W., "Vibrations in Suspension
‘Bridges,"” Proceedings, Sixth World Conference on Earthquake Engineering,
. JN&FDelhi, India, January 1977, Vel. 6, pp. 183.

17. BAbdel-Ghaffar, A. M., and Trifunac, M. D., "Antiplane Dynamic Soil-
Bridge Interaction for Incident Plane SH-Waves (Multi-Span Bridge),"
Proceedings, Sixth World Conference on Earthquake Engineering, New
DelBi, India, January 1977, pp. 4-145,

Abdel-Ghaffar, A. M., and Housner, G. W., "Analysis and Tests of
Suspension Bridge Vibrations," Proceedings, Second Annual ASCE

" Engineering Mechanics Division Specialty Conference, North Carolina,
* May 23325, 1977, pp. 502-506.

e

22, Abdel-Ghaffar, A. M., and Hougner, G. W., "A Measuring Technique

for Ankient Vibrations of Full-Scale Suspension Bridges," Proceedings
of.the .Central American Conference on Earthquake Engineering, San
Salvador, El1 Salvador, Januvary 9-14, 1978, Vol. I, pp. 137-144.

18. Abdel-Ghaffar, Ahmed M., "Suspension Bridge Vibration: Continuum
‘Formulation," Journal of Engineering Mechanics Division, ASCE,"
Vol. 108, No. EMG, December 1982, pp. 1215-1232.

19. Abdel=Ghaffar, A. M., and Scanlan, R. H., "Earthquake Response
Analysis of Long- and Intermediate-Span Bridge Structures,” A
" . Ragearch Proposal to the National Science Foundation, Civil Engineer-
ipg Department, Princeton University, Princeton, NJ, March 1980.

20. Ammann, 1O. H., "Suspension Bridge Design as Governed by Dynamic
Wind Action," Roads Englneerlng Construction, Vol. 91, October 1953,
5p. T37-136, 156-174. ‘

21. Ammagm, O. H., von Karman, T., and Woodruff, G. B., The Failure of
The -Tacoma Narrows Bridge, A Report to the Honorable John M.
Carmgdy, Administrator of the Federal Works Agency, washington, D.C.,
March 28, 1941,




22.

23.

24,

25.

26.

27.

28.

29.

30.

3l.

32.

33.

37

Baron, Frank, and Arioto, Anthony G., "Torsiohal Analysis of Sus-
pension Bridge Towers," Journal of the Structural Division, ASCE,
Vol. 86, No. STl, January 1960, pp. 143-169.

Baron, Frank, and Arioto, Anthony G., "Torsional Behavior of Sus-
pension Bridge Towers," Journal of the Structural Division, ASCE,
Vol. 87, No. ST6, August 1961.

Baron, F., Arikan, M., and Hamati, E., "The Effects of Seismic
Disturbances on the Golden Gate Bridge," Report No. EERC 76-31,
Earthquake Engineering Research Center, College of Engineering,
University of California, Berkeley, November 1976.

Baron, F., and Hamati, R. E., "Effects of Non-Uniform Seismic
Excitations on the Dumbarton Bridge Replacement Structure," EERC
Report No. 76-19, Earthquake Engineering Research Center, College
of Engineering, University of California, Berkeley, July 1976.

Bleich, F., McCullough, C. B., Rosecrans, R., and Vincent, G. S.,
The Mathematical Theory of Vibration in Suspension Bridges, U.S.
Bureau of Public Roads, Government Printing Office, Washington,
D.C., 1950.

Bleich, F., "Dynamic¢ Instability of Truss-Stiffened Suspension
Bridges Under Wind Action," Transactions of the ASCE, vol. 114,
1249, pp. 1177-1222.

Bleich, F. M., and Teller, L. W., "Structural Damping in Suspension
Bridges," Transactions of the ASCE, Vol. 117, 1952, pp. 165-203.

Bogdanoff, J. L., Goldberg, J, E., and Schiff, A, J., "The Effect
of Ground Transmission Time on the Response of Long Structures,”

Bulletin of the Seismological Society of America, Vol. 55, No. 3,
June 1965, pp. 627-640,

Brady, A. G., Perez, V., and Mork, P. N., "The Imperial Valley
Earthquake, October 15, 1979: Digitization and Processing of
Accelerograph Records," U.S. Geological Survey, Seismic Engineering
Branch, COpen-File Report 80-703, April 1980, Menlo Park, CA.

Buckland, P. G., Hooley, R., Morgenstern, B. D., Rainer, J. H.,
and van Selst, A. M., "Suspension Bridge Vibrations: Computed and
Measured, " Journal of the Structural Division, ASCE, Vol. 105,

No. STS, May 1979, pp. 859-874,

Chen, M. C., and Penzien, J., "An Investigation of the Effective-
ness of Existing Bridge Design Methodology in Providing Adequate
Structural Resistance to Seismic Disturbances. Phase III: Analytical
Investigations of Seismic Response of Short-, Single-, ar Multiple-
Span Highway Bridges," Report No. FHWA-RD-75-10, October 1974,

Farquharson, V., "Aerodynamic Stability of Suspension Bridges,"
Bulletin No. 116, Part I-V, University of Washington Engineering
Experimental Station, 1949.



34.

35.

36.

37.

38.

39.

40.

41.

42.

43,

44,

45.

38

Fleming, J. F., and Egeseli, E. A., "Dynamic Response of Cable-
Stayed Bridge Structures,” Engineering Symposium on Cable-Stayed
Bridges, Federal Highway Administration, Pasco, Washington,

December 1977.

Godden, W. G., and Aslam, M., "Dynamic Model Studies of Ruck-A-
Chuky Bridge," Journal of the Structural Division, ASCE, Proc.
Paper 1420, Vol. 104, No. ST12, December 1978, pp. 1827-1844.

Hirai, Atsuhi, and Ito, Manabu, "Dynamic Effects Produced by
Trains Upon.Suspension Bridges," Proceedings of the International
Symposium on Suspension Bridges, Lisbon, 1966.

Housner, G. W., Converse, F. J., and Clough, R. W., "Seismic Analysis
of the Main Piers for the Tagus River Bridge," Lisbon, Portugal.
Unpublished Report, Tudor Engineering Company, San Francisco, CA,
June 1961.

Iliescu, Sanda D., "Dynamic Analysis of a Bridge," Senior Thesis,
Ccivil Engineering Department, Princeton University, Princeton, NJ,
April 1982.

Imbsen, R., Nutt, R. V., and Penzien, J., "Seismic Response of
Bridges - Case Studies," Report No. UCB/EERC-78/14, Earthguake
Engineering Research Center, University of California, Berkeley,
November 1972.

Irvine, H. M., "The Estimation of Earthquake-Generated Additional
Tension in a Suspension Bridge Cable," Journal of Earthquake
Engineering and Structural Dynamics, Vol. 8, 1980, pp. 267-273.

Jennings, P. C., "Engineering Features of the San Fernando Earthguake
of February 9, 1971," Earthquake Engineering Research Laboratory
Report No. EERL 71-02, College of Engineering, California Institute
of Technology, Pasadena, CA, June 1971.

Johnson, N. B., and Gallenty, R. D., "The Comparison of Response of
a Highway Bridge to Uniform and Moving Ground Excitation,” Shock
and Vibration Bulletin, Vol. 42, No. 2, January 1972.

Konishi, Ichiro, and Yamada, Yoshikazu, "Earthquake Responses of a
Long Span Suspension Bridge,” Proceedings of the Second World
Conference on Earthquake Engineering, Japan, July 1960, Vol. 2,
pp. B63-878.

Konishi, Ichiro, and Yamada, Yoshikazu, "Earthquake Response and
Earthquake Resistant Design of Long Span Suspension Bridges,"
Proceedings of the Third World Conference on Earthguake Engineering,
New Zealand, Jan., Feb., 1965, Vol. I1II, pp. IV=-312-323,

Konishi, Ichiro, and Yamada, Yoshikazu, "Studies on the Earthquake
Resistant Design of Suspension Bridge Tower and Pier Systems,”
Proceedings of the Fourth World Conference on Earthquake Engineering,

Santiago, Chile, January 1969, Vol. I-B4, pp. 107-118.



46.

47.

48.

49.

50.

51.

52.

53.

54.

55.

56.

57.

58,

39

Konishi, Ichiro, Yamada, Yoshikazu, and Takaoka, Nobuyoshi, "Earth-
quake Resistant Design of Long Span Suspension Bridges," Proceedings
of the JEES, November 1962, pp. 87-92.

Konishi, I., Yamada, Y., Takacka, T., Idumi, E., and Isa, T..

"Experimental Studies on Effects of Structural Damping and Foundation

Conditions to Barthguake Responses of Suspension Bridge Tower Pier
Systems," Proceedings of the JEES, October 1966, pp. 285-290.

Konishi, I., Yamada, Y., and Takaoka, N., "Response of Long Span
Suspension Bridges Subijected to Ground Motion Due to Earthquake,
Transactions of the JSCE, No. 159, November 1968, pp. 13-27.

Kenishi, I., Yamada, Y., Takaoka, N., and Kunihiro, M., "Earthquake

Resistant Design of Long Span Suspension Bridge Towers,” Transactions

of the JSCE, No. 104, April 1964, pp. 9~17.

Kubo, K., "Aseismicity of Suspension Bridges Forced to Vibrate
Longitudinally,"™ Proceedings of the Second World Conference on
Earthguake Engineering, Japan, July 1960, Vol. 2, pp. 913-929,

Kuribayashi, E., "Application of Earthquake Forces Taking into
Account Dynamic Structural Responses to Earthguake-Resistant
Design of Long~S8pan and Deep-Foundation Suspension Bridges -

Studies on Earthquake-Resistant Design of Bridges, Part II -," Report

of PWRI, No. 136, July 1969, pp. 13-45.

Kuribayashi, E., and Yutaka, I., "An Application of Pinite Element
Method to Soil-Foundation Interaction Analyses,"™ Bulletin of the
New Zealand National Society for Earthguake Engineering, Vol. 7,
No. 4, December 1974, pp. 188-~199.

Kuribayashi, E., "Aseismic Design Method Taking into Account
Dynamic Response for the Honshu~Shikoku Suspension Bridge,"
Proceedings of the JEES, October 1966, pp. 397-402..

Kuribayashi, E. Iwasaki, T., and Oyamada, Y., "Research on Earth-
quake-Resistant Design of the Honsu-Shikoku Suspension Bridges,”
Technical Memorandum of PWRI, October 1966, pp. 171-239.

Kuribayashi, E., Ovamada, Y., Iida, Y., "Earthquake Responses of
the Honsu-Shikoku Suspension Bridge," ' Proceedings of the JEES,
November 1970, pp. 629-634,

Kuribayashi, E., and Narita, N., "vVibration Test of the Wakato Sus-
pension Bridge,” 6th Symposium of Earthquake Engineering, 1963.

Kuribayashi, E., and Oyamada, Y., "Response Analysis of Suspension
Bridge Including Substructures,”™ 10th Symposium of Earthguake

Engineering, 1969.

Masri, S. F., "Response of Beams to Propagating Boundary Excitation,”

Journal of Earthquake Engineering and Structural Dynamics, Vol. 4,
1976, pp. 497-509.




59.

60.

6l.

82.

63.

64.

65.

€6.

€7.

68.

69.

69.

71.

72.

40

Masri, §5. F., and Weingarten, V., "Transient Response of Cooling
Towers to Propagating Boundary Excitation," Proceedings of the
Sixth World Conference on Earthquake Engineering, New Delhi,
India, Vol. 3, January 1977, pp. 257-262.

Moisseiff, L. 8., and Leinhard, F., "Suspension Bridges Under the
Action of lLateral Forces,” Transactions of the ASCE, Vol. 98, 1933,
pPp. 1080-1109.

ﬁoisseiff, L. 8., "Provision for Seismic Forces in Design of the
Golden Gate Bridge,"™ Civil Engineering, Vol. 10, No. 1, January 1940.

Morgan, J. R., Hall, W. J., and Newmark, N. M., "Response of Simple
Structural Systems to Traveling Seismic Waves," Report No. UILU-
ENG-79-2015, Department of Civil Engineering, University of Illinois
at Urbana-Champaign, September 1979,

Nojiri, Y., et al., "Earthquake Resistant Design of Prestressed
Concrete Cable-Stayed Bridge," Proceedings of the Sixth World
Conference on Earthguake Engineering, University of California,
Berkeley, 1968.

Pugsley, A. G., "The Gravity Stiffness of a Suspension Bridge
Cable," Quarterly Journal of Mechanics and Applied Mathematics,
vol. V, Part 4, 1952, pp. 385-324.

Pugsley, A. G., The Theory of Suspension Bridges, Edward Arnold,
London, 1957.

Pugsley, A. G., "A Simple Theory of Suspension Bridges,"
Structural Engineering, March 1953.

Rainer, J. B. and Selst, V. A., "Dynamic Properties of Lions' Gate
Suspension Bridge," ASCE/EMD Specialty Conference on Dynamic Response
of Structures: Instrumentation, Testing Methods and System Identifi-
cation, University of California, Los Angeles, March 30-31, 1976.

Rannie, W. D., The Failure of the Tacoma Narrows Bridge, Board of
Engineers, Ammann, O. H., von Karman, T., Woodruff, G., Federal
Works Agency, March 28, 1941.

Rohrs, J. H., "On the Oscillations of a Suspension Chain," Trans-
actions of Cambridge Philosophical Society, Vol. IX, Part III,
December 1851.

Rocd, Joel, D., "Suspension Bridge Towers: Modeling for Seismic
Design," Senior Thesis, Civil Engineering Department, Princeton
University, Princeton, NJ, April 1980,

Scanlan, R. H., "Seismic Wave Effects on Soil-Structure Interaction,”
Journal of Earthquake Engineering and Structural Dynamlcs, Vol. 4,
No. 4, April-June 1976, pp. 379-388.

Scanlan, R, H., and Tomko, J. J., "Airfoil and Bridge Deck Flutter
Derivatives,” Journal of the Engineering Mechanics Division, ASCE,
vol. 97, No. Em6, Proc. Paper 8609, December 1971.




73.

74.

75.

76.

77.

78.

79.

80.

81‘

82.

83.

84.

85.

41

Scanlan, R. H., and Sabzevari, A., "Aerodynamic Instability of
Suspension Bridges," Journal of the Structural Division, ASCE,
April 1968.

Scruton, C., "An Experimental Investigation of the Aerodynamic
Stability of Suspension Bridges with Special Reference to the
Proposed Severn Bridge," Proceedings of the Institute of Civil

Engineering, March 1952.

Seed, H. B., Idriss, I. M., and Kiefer, F. W., "Characteristics of
Rock Motions During Earthquakes," Earthquake Engineering Research

Center Report No. EERC 68-5, College of Engineering, University of
California, Berkeley, 1968.

Selberg, A., "Calculation of Lateral Truss in Suspension Bridges,"
International Association for Bridges and Structural Engineering,

Zurich, 1943-1944, vol. 7, pp. 311-325.

Selberg, A., Oscillation and Aerodynamic Stability of Suspension
Bridges, ACTA Polytechnica Scandinavis, Civil Engineering and
Building Construction Series, CX 13, 1961, pp. 308-377.

Selberg, A., "Damping Effect in Suspension Bridges," Proceedings,
Internatiocnal Association for Bridge and Structural Engineering,

Paper 10, Zurich, Switzerland, 1950,

Smith, F. C., and Vincent, G. S., The Aerodynamic Stability of
Suspension Bridges with Special Reference to the Tacoma Narrows
Bridge, Part II, "Mathematical Analysis,” University of Washington,
Engineering Experiment Station Bulletin No. 116, (1849~1954).

Steinman, D. B., A Practical Treatise on Suspension Bridges, John
Wiley & Sons, Inc,, New York, 1922,

Steinman, D. B., "Modes and Natural Fredquencies of Suspension
Bridge Oscillations, ASCE, September 1959, pp. 148-173.

Steinman, D. B.,, "Rigidity and Aerodynamic Stability of Suspension
Bridges," Transactions of the American Society of Civil Engineers,
vol. 110, pp. 439-475.

Steinman, D. B., "Deflection Thecry for Continuous Suspension Bridges,"
International Association for Bridge and Structural Engineering,
Vol. 2, 1933-1934, pp. 400. ‘

Steinman, D. B., "A Generalized Deflection Theory for Suspension
Bridges," Transactions of the ASCE, Vol. 100, 1935, pp. 1133.

Stringfellow, Richard S., "Vertical and Lateral Response of Suspension
Bridges to Travelling Earthquake Excitations," Senior Thesis,

Civil Engineering Department, Princeton University, Princeton, NJ,
April 1982,



86.

87.

88.

89.

90.

9l.

92.

Q3.

94.

95.

96.

97.

98.

42

Takaoka, Nobuyoshi, and Sato, Yuhiji, “Influence of Rocking Motion
of Tower Piers on the Earthquake Response of Long Span Suspension
Bridge Towers," Transactions of the JSCE, Vol. 1, Part 2, 1969,
pp. 435-444,

Tezcan, §. S., and Cherry, S., "Earthquake Analysis of Suspensgion
Bridges," Proceedings of the Fourth World Conference on Earthquake
Engineering, Santiago, Chile, January 1969, vol. II-A3, pp. 125-140.

Tezcan, S. S., "Stiffness Analysis of Suspension Bridges by Iteration,
Proceedings, Symposium on Suspension Bridges, Laboratorio Nacicnal
de Engenharia Civil, Avenue Du Brasil, Lisbon, November 1966.

Toki, Kenzo, "Nonlinear Response of Continucus Bridge Subjected
To Traveling Seismic Wave," Proceedings of the Seventh World Con-
ference on Earthquake Engineering, Istanbul, September 1980.

Tseng, W. 8., and Penzien, J., "Seismic Analysis of Long Multiple-
Span Highway Bridges," Journal of Earthquake Engineering and
Structural Dynamics, Vol. 4, 1975, pp. 3-24. :

Tseng, W. 8., and Penzien, J., "Seismic Response of Long Multiple-
Span Highway Bridges," Journal of Earthquake Engineering and
Structural Dynamics, Vol. 4, 1975, pp. 25-48.

Tseng, W. S., and Penzien, J., "Analytical Investigations of the
Seismic Response of Long Multiple~Span Highway Bridges," Report
No. EERC 73-12, Earthquake Engineering Research Center, University
Of California, Berkeley, June 1973,

Vincent, G. 8., "Golden Gate Bridge Vibration Studies,"™ Transactions
of the ASCE, Vol. 127, 1962, Part II, p. 667.

Vincent, G. S., "A Summary of Laboratory and Field Studies in the
United States on Wind Effects on Suspension Bridges," Proceedings

of Conference on Wind Effects on Buildings and Structures, Teddington,
Bngland, H.M.0.8., 1965, Vol. II, pp. 488-515.

Vincent, G. S., "Correlation of Predicted and Cbserved Suspension
Bridge Behavior, Transactions of the ASCE, Vol, 127, Part II,
Paper No. 3388, 1962, pp. 646-666. :

Von Karman, T., and Biot, M. A., Mathematical Methods in Engineering,
McGraw-Hill, 1940.

Werner, S. D.,, and lee, L. C., "The Response of Structures to
Traveling Body and Surface Waves," Proceedings of the Seventh
World Conference on Earthquake Engineering, Istanbul, September
1980, vol. 5, pp. 367-374.

Wernex, S. D., Lee, L. C., Wong, H. L., and Trifunac, M. D.,
"Structural Response to Traveling Seismic Waves," Journal of the
Structural Division, ASCE, Vol. 105, No. S5T1l2, December 1979,
pp. 2547~2564.




43

99. Werner, S. D., and Lee, L. C., "The Three-Dimensional Response of
Structures Subjected to Traveling Rayleigh Wave Excitation,”
Proceedings of the Second United States National Conference on
Earthquake Engineering, Earthquake Engineering Research Institute,
Berkeley, CA, 1979, pp. 693-702.

100. Werner, S. D., et al., "An Evaluation of the Effects of Traveling
Seismic Waves on the Three-Dimensional Response of Structures,”
Report No. 7720-4514, Agbabian Associates, El Segundo, CA,
October 1977.

Werner, S. D., Lee, L. C., Wong, H. L., and Trifunac, M. D., "Effects
of Traveling Seismic Waves on the Responge of Bridges," Proceedings
of a Workshop on Earthquake Resistant Design of Highway Bridges,
Applied Technology Council, January 29-31, 1979.

10l. vYamada, Yoshikazu, and Goto, Yozo, "Some Studies on the Vibration
and Earthquake Response Analysis of the Tower-Pier System of Long
Span Suspension Bridges," Transactions of the JSCE, Vol. 4, 1272.

102. vamada, Y., Takemiya, H., and Kawano, K., "Random Response Analysis
of a Non-Linear Soil-Suspension Bridge Pier," Journal of Earthgquake
Engineering and Structural Dynamics, Vol. 7, 1979, pp. 31-47.

103. Yamada, Y., Goto, ¥., and Takemiya, H., "Studies on the Earthquake-
Resistant Design of Suspension Bridge Tower and Pier System,"
Proceedings of the Fifth World Conference on Earthquake Engineering,
Rome, 1973.

104. vamada, Yoshikazu, and Takemiya, Hirckazu, "Studies on the Responses
of Multi-Degree-of-Freedom Systems Subjected to Random Excitation
with Applications to the Tower and Pier Systems of Long Span
Suspension Bridges," Transactions of the JSCE, Vol. 1, Part 1, 19€9.

105. vamada, Yoshikazu, and Takemiya, Hirockazu, "Earthquake Response
Analysis and Barthgquake-Resistant Design of Multi-Degree-of-Freedom
Systems," Proceedings of the JEES, November 1970, pp. 413-420.

106. Yamada, Yoshikazu, "Earthquake Resistant Design of Long-Span Bridges,"
Proceedings of the U.S.-Japan Seminar on Earthquake Engineering
Research with Emphasis on Lifeline Systems, Japan Society for the
Promotion of Earthquake Engineering, Tokyo, November 1976.




44



45

CHAPTER II

EARTHQUAKE-INDUCED VERTICAL VIBRATICNS

OF LONG-SPAN SUSPENSION BRIDGES

II.1 INTRODUCTION

As mentioned previously in Chapter I, the design of a suspension
bridge for a region where severe earthquakes may be sxpected is a problem
which has received little study to date. The relatively flexible and
extended-in-plane configuration of such a structure m;kes it susceptible
to a unique class of vibration problems, The fﬁndamental period of wvibra-
tion of the suspension bridge may be quite long, and thus it may be
necessary to include a relatively large number of modes of wvibration in
order to obtain a reasonable representation of the total response. In

addition, several of the bridge's natural frequencies may be closely-
spaced, hence the dynamic analysis must include the possibility of inter-
action among the various modes. The suspension bridge is excited by
ground motion at each of its support points (anchorages and tower-piers).
In addition, the vertical (or flexural) vibration of the cable-suspended
structure turns out to be excited not only by vertical ground motions at
each of the bridge's supports, but by longitudinal motions at its anchor-
ages as well {(as will be.shown later).

The accuracy of calculated response characteristics for a long-span
bridge depends upen a sound knowledge of the expected ground motioﬁs at

its support points as well as a solid understanding of the mathematical

Preceding page blank
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theory of suspension bridges. The bridge may be long with respect to
the wavelengths of ground motion in the frequency range of importance to
its earthquake response. Because of this fact, the support points of
the bridge can be subjected to significantly different excitations. For
such a complicated problem in which a2 number of excitations act together,
vthe complication does nét arise simply from the addéd number of excitations,
but from the possibility that the different excitations are in some way
related, so that their correlation (or interaction) must be taken into
account.v In general, the correlation of the motions at these support
points is extremely complicated, particularly in the case of a long-span
bridge, with differeﬁt foundation conditions, subjected to seismic waves
with different angles of incidence and different travel paths (reflections
and refractions, etéu)o However, such complications may be surpassed by
utilizing existing strong motion records to define representative and
appropriately~correlated multiple-support seismic inputs. Some of the
ground motion records tﬁken from the Imperial Valley (E1 Centro), Califor-
nia, earthquake (ML- = 6.6) of October 15, 1979 are utilized predominantly
in this chapter to define the input support motions., However, for com-
parison purpoges, some ground motiens recorded during the 1971 San
Fernando earthquake (ML = 6.3) are used as inputs at one point in the
chapter, and artificially generated earthquake ground motion records are
used as inputs at another point in the chapter [12]. It should be noted
that both the El Centro and San Fernando ground motion records were
recoxded at instrument locations whose horizontal separation distances
are consistent with the suspension bridge's in-plane dimensions.

The usual methods of dynamic analysis involve response calculations

in either the time or frequency domains. The analysis presented herein
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includes both methodologies as well as a response spectra approach (which
is based upon the summation of modal maxima obtainea by time domain analy-
sis). The frequency domain {random vibration) approach is seen to have
the followihg advantages over the time domain:

1. The frequency domain has a computational advantage, since it is
based upon product terms instead of convolution integrals as
required in time-history analysis.

2. The frequency domain provides a clear picture of the contribution
of each mode to the total response;

3. The effects of input correlation are more easily isclated in the
frequency domain.

4. The effects of modal interaction {(due to cloéely-spaced modes)
are more easily handled in the frequency domain.

5. The state of the art in utilizing ground motion records is moving
toward emphasis upon frequency content, in terms of Fourierxr
amplitude spectra, power spectral density functions, etc.

Albng with its advantages pointed out above, the fregquency domain
does have a disadvantage in that it results in the prediction of. root mean
square (RMS) response yalues rathér than‘the péak responses which are vital
parameters for the designer. However, peak responses may be related
statistically to the root mean square values by a peak factor which is
obtained through an approximate solution of the so=-called "first passage
problem." So it seems that the frequency domain provides for a clearer
understanding of the various factors affecting the response.

As was mentioned previocusly in Chapter I, it was found (1,5)
that suspension bridge wvibration can be separated into two parts. In one

part, the vibration of the tower-pier system is dominant, while in the
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other part, the suspended structure vibration dominates. The vibration of
the suspended structure may be further decomposéd into its vertical (or
flexural) motions, torsional motions, longitudinal motions and lateral
motions. In this chabter, the dynamic analysis methodology for the
vertical vibration of suspension bridges subjected to multiple-support
excitations is outlined. Calculation of vertical response displacements,
stresses, shear forces, and dynamically induced additional cable tensions
are examined in both the time and frequency domains.  Available methods
for estimating the expected peak response values from the frequency domain
root mean.square results are reviewed, and finally the method for estimat-

ing vertical response using a response spectra approach is presented.

II.2. COCRDINATE SYSTEMS QF THE BRIDGE MODEL

The coordinate systems used for the typical three-span suspension
bridge is shown in Fig. II-1l. For the purpose of studying the vertical
vibration, the following is considered [1]:

1. PFor the cable, the xi-axis of the ith‘_span is defined as the
horizontal line passing through the left support of each span
shown in Figure II-1, while the cable ordinate yi, of the ith
span is meaSuréd downward from the closing chord of each span
(the cleosing chords are shown dotted in Fig. II-1).

2. For the stiffening structure (girders or trusses), the xi—axis
of the ith span is defined along the centerline of the span
with the origin located‘at the left support of that span.

3. The vertical vibration vi(xi,t) of each span is measured down-

ward from the centerline of the stifféning structure.
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Bs will be shown at a later point, the vertical vibration is
excited not only by vertical ground motion at the bridge's
supéort points, but by longitudinal motion as well, In Fig, II-1,
the vertical ground motions at supports A, B, C, and b {anchorages
and tower-piers) are denoted fl(t), fz(t), f3(t), and f;(t)
while the corresponding longitudinal motions are denoted fs(t)a

f6(t), f7(t), and fe(t?.

FUNDAMENTAL ASSUMPTIONS

The following assumptions and approximations are made for the purpose

of simplifying the vertical vibration analysis [1]:

1.

All stresses in the bridge remain within the elastic limit and
therefore obey Hooke's law.

The initial dead load is carried by the cable without causing
stress in the stiffening girders (or trusses).

The stiffening structure in the ith span is hinged at both ends,
while the cable is continuous.over all three spans.

The cables are qf,uniform cross section and of parabolic profile
under dead load, and are roller supported at the tower tops.

The cables are assumed to bé perfectly flexible, that is the
flexural stiffness of £he cables can be neglected.

The suspenders (or hangers) are considered inextensible and are
aésumed to remain vertical during vertical vibration. Therefore
the vertical displacement of the cable and the stiffening
structure are identical.

The ﬁibrational suspender forces are considered as distributed

loads as if the distance between the suspenders are very small.
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Thus the suspenders form a continuous sheet or wall without
shearing resistance.

8. To stay within the linear theory, small vibrational displacements
are assumed.

9. The tower-piers move as rigid bodies under ground motion excita-
tion. This is a reasonable first assumption to investigate
vertical vibration because the tower-pier is much stiffer than
the suspended structure.

10. The initial curvature of the stiffening structure is considered
small in comparison with the cable curvature, and is therefore
neglected.

11. The mass and elastic properties of the bridge can be taken as

uniform along each span.

II.4. EQUATIONS OF MOTION GOVERNING EARTHQUAKE-INDUCED VERTICAL VIBRATION

Under the previous assumptions, the linearized equation of
; . , . ; .th .
motion governing the vertical vibration of the i span of a suspension

bridge is given by [1,2]:

* 2 4 2 *

wi 9 vi avi 2 vi a vi wi

T 3 + e, T + EiIi e Hw 5 + 'I:I—H(t) =0, i=12,2,3 (2.1)
9 5t ax, ax w

, . .th * .
where v, = vi(xi,t) is the vertical response of the i span; w, 1S

the dead weight of the bridge per unit length of the ith span; Ei and
Ii are respectively, the modulus of elasticity and moment of inertia of
the ith stiffening structure; g is the gravitational acceleration

| . . . . . .th
constant; ci is the wvertical damping coefficient in the i span;

Hw is the initial (dead-lcad) horizontal component of cable tension; and
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H(t) is the additional (vibrational) horizontal component of cable tension

given by [1,2]

L. . * 0
EA 3 i dy, i w, i
Hit) = =< § |u_(x,,t) +—v + =2 v, dx, (2.2)
LE i=1 c i 0 dxi i 0 HW 0 i i

in which Ec is the cable's modulus of elasticity; Ac is the cable's
cross=-sectional area; uC is the longitudinal cable displacement at the
tower tops and anchorages; li is the length of the ith span; L_ is

E
the cable'’s virtual length defined as [1,2]

? i dsi
L = ) f [—-——] dx, (2.3)
B o lm) |

X : . .th
where Si is the coordinate measured tangent to the cable in the i

span; and Yi = yi(xi) is the cable ordinate measured from the closing
chord of the ith span {Fig, II-1)., This dead-load cable preofile is

expressed as (1,2]

* 2
wili x; x) "
Yi(xi) = 35 {Ef} - [E—} i=12,3, (2.4)
w | i :

It should be noted from Egs. 2.1 that the vertical vibrations of each
span of the suspension bridge are coupled together by the vibration of
the cable through H(t). Also, the boundary conditions at the tower-

piers and anchorages are time-dependent and can be written as

Vi(O,t) = fi(t)

Vi(li,t) = ()

f.
i+l i=1,2,3 (2.5)

L] —
vi {O,t) =0

Vi"(li.t) = 0
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where fi(t)’ (1 = 1,2,3,4,), are the vertical ground displacements at
supports A, B, C, and D of Figure II-1l. Note that the dcuble prime denotes
differentiation with respect to X, . Also note, by using Egs. 2.4 and

2.5, the first two terms of Eq. 2.2 can be written as

3 g
T ougtx.0) = 1 IE 508 = £ (8]
i=1 0 i=1
= £ (t) - £.(8) (2.6)
and
3 dy, ! 3 :ciﬂ,i
D T I AR O A D (2.7)
i=1 771 0 i=1 w

where fi(t), (i =5,6,7,8) are the longitudinal components of ground
motion at supports A, B, C, and D of Fig. II-1., Therefore, the additiocnal

horizontal component of cable tension (Eq. 2.2) becomes:

* 2_ *
ECAC 3 w1 i wiki
B(t) = 4 .E ﬁ_J vidx, - gy, () + £ (8))
E i=1 w0
+ (fs(t) - fs(t)) (2.8}

From Egs. 2.1 and 2.8 it can be seen that the bridge's vertical
motion is excited not only by the vertical ground input motions fl(t),
f2(t), f3(t), f4(t), but also by the two lonrgitudinal ground displace-
ments at the end anchorages, fs(t) and f8(t). Furthermore, the
additional horizontal cable tension is not only a function of the response
.Yﬁxi,t) but it is also a function of the input ground displacements at

the supports of the bridge.
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II1.5. GENERAL SOLUTIONS

In order to conveniently satisfy the time—dépendent boundary condi-~ .
tions (Eqs. 2.5) the Mindlin-Goodman solution is adopted [14], that is,

the vertical displacement is separated into two parts

4
v, (%,,8) =0 (x,,0) + jzl gy (xIE (), 4 =1,2,3, (2.9)

where ni is the relative or vibrational wvertical displacement of the
ith span and gji(xi) are the quasi-static {or influence) functions which
give the vertical displacement at xi .due to a unit vertical displacement‘
of the suspended structure at the jth support.

Substituting Eqs. 2.9 into Egs. 2.1 and 2.8 gives the following

equation governing the vibrational response:

*
w, 3%n, an, a*n, 3%,
i i i i i
T TE Oty YEL TTOCH, T3
at 9%, 3x,
i i
* *
wi[EcAc f w J~2'm ]
+ e pro n_{x ,t)dx =
Hw LE =1 Hw o m m m
*
% . w, % "
- c, g.. (X, YE.(t) - = g.., (X,)E.(t)
2 3=1 Ji 1 3 g 4=1 i 1 ]
%* %* L]
w, EcAc ECAC w, 3 wmﬂ,m :
TE, I [£g(8) = £,(0)] + 54— 2= ) S Enq (B + £ (0))
W . B wlm=1 w



55

4 2
4 d g.i(xi) g 1( 1)
) o e —AEL g ZTHTE
j=1 J -dx., ax;
i i
* *
Wi [ECAC] ? wn fz'n
+ ) o g, (x )dx i=1,2,3, ' (2.10)
Hw LE' n=1 Hw 0 non n

Substituting Eq. 2.9 into Eg. 2.5, the boundary conditions upon the

vibrational response become

4
Nt = £.(t) - | g

. (OYE, (E)
4
Lt = £ () - jél PCRENCS
i=1,2,3 (2.11)

4
nyo.e =~} g%, (O£, (€)

i=1

. 4

ng (4.t = - jzl 953 by £5(8)

The above boundary conditions can be made homogeneous by choosing

gji'(m } =1 j=1i
=0 j#AL
g..(2,)) =1 j = (i+1}
It l% j=1,2,3,4,
=0 3 # (i+1) (2.12)
i=1,2,3,

1" - 111 - . Y
gji(O) gji(ﬂi) 0 for all i,j

Now the guasi-static functions are the sclutions of the twelve dif-
ferential equations represented by setting the last bracketed term in
Eg. 2.10 to zero (for i=1,2,3 and 3j=1,2,3,4) subject to the boundary

conditions of Eq. 2.12. These functions have the following form
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g..(x.) = A,. sinh (A.x,) + B., cosh (\,x.) + C..x> + D..x, + E.,
3i7i 3i i%i 3i iTi 3171 jiTi ji

i=1,2,3, i=1,2,3,4, (2.13)
where Ai = JHW/EiIi i=1,2,3, (2.14)

and the coefficients aA.,., B.., C.,., b,., and E,. are constants
ji ji ji ji ji
involving the bridge's structural properties. (Solution details are

found in Appendix II~-a.)

With the gquasi-static functions uniquely defined, Eg. 2.10 reduces to

* 2 4 2
w, ] n; ani ] n; @ n,
o 3 + ci SE—=+ EiI' e H >
9 3¢ ; 1 axi W ax,
* * [}
‘wi [ECAC 3 v J n ]
+ — A n, (x ,t)dx =
Hw LE m=1 Hw 0 mom m

Ly .
i(xi)fj(t) 5 Z g.i(xi)fj(t)

4
mo Lo L7

j=1 3

C C

w, (B A
[ ][fe(t) - £.(8))

*
. (E A 3 w @l
[ c c) Z m m

Eﬁ;— [fm+l(t) + fm(t)] i=1,2,3 (2.15)

m=1

and the boundary conditions upon the vibrational response ni(xi,t)

become homogeneous, that is

I
(=
-

"
=
-
LS
-
]

n(0,8) =1, (2, ,t) =

(2.16)

[]
o

!

ni(O.t) ﬂ;(li,t)
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Note that the equation governing the vertical vibrational response (Eq’
2.15) is excited by ver;ical ground accelerations, velocities and displace-
ments at the anchorages. Although, as indicated by Baron, et al [5], the
contribution to the total response from velocity (damping) terms is often
small when compared to that of the acceleration and displacement terms,

the velocity terms are included in this analysis for completeness.

II.6. EIGENVALUE PROBLEM - FREE VIBRATIONS

The solution to Eq. 2.15 is obtained by modal superposition, that

is the vibrational displacement is taken to be

- .
n, (%, t) = nzl o (e (), i=1,2,3 (2.17)

where ¢ni(xi) is the nth vertical vibration mode shape in the ith

span of the bridge and qn(t) is the nth generalized coordinate. The
mode shapes and their associated natural frequencies are derived from

Egs. 2.15. With damping and forcing terms set to zero, Egs. 2.15 become:

* 2 4 2
wian1 Bni ani-
g .2 E,I z ~ B, T3
9 e ax; 3x;

& *
w, fEA 3 w
+ =]

m
= =) -i'lf n_(x_,t)dx :! =0 i=1,2,3, (2.18)
0 m m m

W LE m=1 Hw

The n™ mode shape and natural frequency, _, is obtained by

assuming the vibration to be sinuscidal, that is

)t 4=1,2,3,

n=1,2,3,...

nj(xj,t) = ¢nj(xj)e (2.19)

in which i = v=1 ",



58

Substituting Egs. 2.19 into Egs. 2.18 results in

2 * 2

%*
d4¢ . H 4% . w, W . - i=1,2,3,
4m - E¥ 2m. - ElIn ¢ t 5 IlH H=0 i=1,2,3 (2.20)
dxi i i dxi i ig ni i i W n n Fofplfpoan

where the additional horizontal component of cable tension associated

~

with the nth mode shape, Hn; is given by:

%* 2.

-~ ECAC % ﬁi J 3
H = d . (x.)ax, n=1,2,3,... (2.21)
B LE =1 Hedo M3 3 3

The boundary conditions for each mode shape are similar to Egs. 2.16,

that is

n
Q

¢ .(@ =¢_.(L)) L
ni ni i i=1,2,3 (2.22)

n=1,2,3,...

|
o

¢ (0 = ¢;i(2i) =

~

Because Hn is independent of xj and may be treated as a constant,
Egs. 2.20 represent linear, ordinafy differential equations of fourth
order with constant coefficients. The general solution of Egs. 2.20 can

be expressed as

Hi%y Hi¥ Vi¥g
¢ni(xi) = Ai sin li + Bi cos 7 + Ci sinh G

i'n
+ n=1,2,3,... (2.23)

*
x\ w.H 121'2'3'

*
where m, = w./g

=
Ll

v1/2 Bi(zi -1

<
]

v1/2 ei(zi + 1)
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¢// 4EiIim' 2 ‘
z, = 1+ |[—==2| n=1,2,3,...

n (2.24)
W i=1,2,3,

and ‘Ai, Bi’ Ci, and Di are arbitrary constants which are deter-
mined in conformity with the boundary conditions (Egs. 2.22).

At this point, it is convenient to separate the investigation of
the symmetric vertical modes from that of the antisymmetric vertical
modes, that is, the problem can be divided intc two parts:

l. The symmetric vertical modes of vibration in which there are
an even number of internal nodes along the center span. Here
the additional cable tension, ;n’ is nongzero, that is, the
center and side span.vibrations are coupled through the vibra-
tion of the cable.

2. The antisymmetric vertical modes of vibration which result in
an odd number of internal nodes along the center span. Here
the additional cable tension, ;n' is zero, that is, there is

no interaction between the center span and side spans.

The symmetric vertical modes are of the form (see Appendix II-b for

details):
.~
WiHn z, + 1 X,
¢ .(x,) = ——— {22, -~ ——rnu0 cos{?.{l/z - —~J]
ni i 2miH ziwi i cos(ui/z) i 21

z, -1
i

Xy i=1,2,3,
- -""‘-—-————-cosh(\)i/z) Cosh[\)i{l/z - q)] n;1'2'3"" (2.25)
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where the natural circular frequéncies, w,, are determined by satisfy-

ing the transcendental equation
LE 3 w, L. z, +1 H,
= Z L ..__1_._2-__1.._..._1-_&!1...-1;
EcAc i1 H 2 i U, 2
zi -1 : vi
- [—_3;—_}tanh{§—) (2.27)

In this report, the modes are normalized so thaf their highest ordinate

has a unit magnitude.
The antisymmetric vertical modes of vibraticen involving the centex

span are (Appendix II-b)

m‘rrx2
(xz) = gin z m=2,4,6... (2.27)
2

¢

m2

having associated natural circular frequencies

mn=2,4,6... (2.28)

The antisymmetric vertical modes of vibration for the side spans

are (Appen&ix II-b)

L ,
¢mj(xj) = Sin{—E—JJ m=1,2,3,... (2.29)
J j=1,3,

having associated natural circular frequencies

m=1,2,3,...
i=1,3 (2.30)
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II.7. MODAL SOLUTION - FORCED VIBRATIONS

Substituting Bq. 2.17 into Eg. 2.15 results in

«©

!

o0
. bpg (X)E (8) + e, nél ¢4 (X049 ()

Q'FF»

n

=~

oo
IV w
+EL ] ¢(x)a (0 =B ] ¢r (x)q ()
n=1 n=1

3 %i e
z Hw-jo [ ) ¢nj(xj)qn(tﬂ ax ) =

n=1

i ;i 4 .
- c. jE gji(xi)fj(t) -5 jzl gji(xi)fj(t)

mm 3 o
) (£ ,1(8) + £ ()] i=1,2,3 (2.31)

:\'. @ o0
i . .
g nzl ¢ni(xi)qn(t) * ci nzl ¢ni(xi)qn(t)
*
w, ©
i 2
NS n£1 W (50, (B =
% . ;i §1 .
- q, g.. (x)E.(t) - =— ) g, (x)f, ()
i =1 b A Rt g =1 u E A R
* * *
W, EcAc wi ECAc 3 Wﬁﬁm
e g+ ) e s
w B W B m=1 w

i=1,2,3 (2.32)
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Now, multiplying Eqgqs. 2.32 by ¢mi(xi)' integrating over the ith
span (from zero to Zi) and summing over all three spans (i=1,2,3)
gives the equation governing the response of the n generalized
coordinate
; 2 4 .
t + @ = o ou
g (t) Zgn“’nc_ln(t) +wq () jzl Ron[28 w0 £(8) + £, (0]
3
+ P - - - '
naiizl Bil}i+1(t) + fi(tﬂ {fe(t) fS(t)]f n=1,2,3,... (2.33)
where En is the damping ratio of the n vertical mode;
EAg ' |
c C
= .34
c LEH (2.34)
w
%*
wiﬂi
B, =35 i=1,2,3 (2.35)
w
and Rjn and p_ are modal participation coefficients given by
] jli AN
R, = W, g.. (x. )0 . (x. )dx, ) W, J o, (x.)dx,
jn jop L Jg T3 TRiATTH jop 0 ni i’ 7L
j=1,2,3,4,
n=1,2,3,... (2.36)
3 21 3 . 21
2
P = ¥ w, J ¢ni(xi)dxi ) A f ¢ni(xi)dxi
i=1 0 i=1 0
n=1,2,3... (2.37)

Note that in the derivation of Equation 2.33, modal orthogonality was

utilized (the details appear in Appendix II~c)}, that is
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3 ;i i
°£ ——'IO ¢ni(xi)¢mi(xi)dxi =0 for m#n (2.38)

The solution to Eq. 2.33, assuming quiescent initial conditiens, is
given by the convolution integral

1 [t 4 . 4 .
g (t) = a——«f [- 28w ] RinEs(T) - 1 Ry,€5(D)

nd ‘0 j=1 =1

3
+ [Pna i£1 B £, (D) + fim]] = P alf (T} = £.(T)]

dat n=1,2,3,... {2.39)

=£ w_(t=T)
3e non sin w_,(t = 1)

. . th .
where wn is the damped natural circular frequency of the n vertical

a

vibration mode, given by:

W =0 V1 - gi n=1,2,3... (2.40)

nd

The total vertical displacement response is obtained

as the sum of guasi-static and relative responses, that is:

4 -3
v, (x,,t) = jzl gji(xi)fj(t) + nzl ¢, (x;)q (v) i=1,2,3, (2.41)

The total dynamic bending moment in the ith stiffening structure

mayvbe calculated as

4

w©
Mi(xi,t) = EiIi[jzl g;i(xi)fj(t) + nzl ¢;i(xi)qn(tﬂ i=1,2,3 (2.42)

where g;i(xi) and ¢;i(xi) are the second spanwise derivatives of the

quasi-static functions and mode shapes, respectively.
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Similarly, the total.dynamic shearing force in the ith stiffening
structure may be calculated as
4 o i
. [N [N -
v, (x,,t) =ETI]|} gli'(x £ (B + Poolinixdg (0 i=1,2,3, (2.43)
j=1 n=1
where_‘g%i'(xi) and ¢£;'(xi) are the third spanwise derivatives of
the quasi-static functions and mode shapes, respectively.
Purthermore, the dynamically-induced stresses in the chords of the
th

i stiffening structure Gi(xi,t) may be calculated using the flexural

stress relation

d,

1 . :
-Gi(xi't) = EEE'Mi(xi,t) i=1,2,3, (2.44)

where di is the depth of the stiffening structure in the ith span of

the bridge.

II.8. FREQUENCY DOMAIN RANDCM VIBRATION APPROACH

Because of the advantages of frequency domain analysis pointed out
in Section II.1, a random vibration frequency—dohain approach 1is used
te study the dynamic behavior of long-span suspension bridges when sub-~
jected to multiple-support earthquake excitations. For the six displace-
ment inputs, there ére six complex frequency response functions.l To
determine these functions, each fj(t), (j=1,2,3,4,5,8), is taken equal
to expl(iwt), where i =v/=1 . and the response of the _nth generalized
coordinate excited by the jth input motion is assumed to be of the form:

qnj(t) = Hnj(w)exp(lwt) n=1,2,3,...
j=1,2,3,4,5,8. (2.45)
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where Hnj is the nth complex frequency response due to input displace-
ment fj(t) at the support (see Pig. II-1). Now substituting Eg. 2.45
into Eg. 2.33 yields

[(Rjnw2 +YR0 - i 0R, )] 3e1,2,3,4.

() . (2.46)

nJ (Wl - w?) + 1Ew W] PeLi2i3.e
tPna ' j=5(+)
hy = 3=8 (~) (2.47)

I(wi -0l + 1028 0 )]
n=1,2,3,...

where - .
y. =8, =Ll
1~ °P1~2H
w i  wi
SB +p oLl 22
Yo =Py T By =33 2H
w w
Ty (2.48)
w W
272 33
Yy =Byt By =y +t 3
w w
w2
_a - Y33
L T
w

Taking the finite Fourier transform of Eqgs. 2.17 over the duration

of the ground displacement, T vields the Fourier transform of the

l ’
vibrational response:
& -iwt
I'(x, ,w) = J nix.,t)e dt
1 : 1
0
o .
= ) 9,5 (%00, (W i=1,2,3, (2.49)

n=]
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where Qn(m) is the finite Fourier transform of the generalized coordinate

qn(t) given by:

T

_ =-iwt _
Qn(m) = [0 qn(t)e dat n=1,2,3,... (2.50)

A similar Fourier transformation of Eg. 2.33 yields

4,5;8 o

2 . 2 = =
~w'Q () + 28E w w0 (W) + w0 (W = ) an(w) n=1,2,3,... (2.51)
. J=11213y
where an(m) is given by:
~ 2 j=1,2,3,4
an(w) = [(Rjnw + Yjpnq) - 1(2Enmnmnjm)3pj(m) n=1,2,3... (2.5;)
N =5 (+)
= + j= - “
jn(w) (Png)Fj(w) 3=8 (=) (2.53)
n=1,2,3,...
in which Fj(w) is the finite Fourier transform of the input ground
displacements fj(t), {(j=1,2,3,4,5,8), given by:
Tl -iwt
Fj(M) = f fj(t)e de $=1,2,3,4,5,8. (2.54)
0

It follows from equations 2.46, 2,47, 2,51, 2.52 and 2.53 that the

Fourier transform of the generalized coordinate can be expressed as:

Q (W) = {Hn(w)}T{F(m)} n=1,2,3,... (2.55)

where {Hn(w)}T denotes the transposed complex frequency response vector

given by:

{Hn(w}}T

{Hnl(w)'th(w) Hn3(w) H (W) H o (w) Hng(w)} n=1,2,3...(2.56)
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and {F{w)} is the Fourier transform vector of the ground-displacement

inputs given by:

Fl (w)
Fz(w)
F3(m)
{Fr(w)} = F (@) (2.57)
4
F5 (w)

Fg(m)

Now substituting Eg. 2.55 into Eq. 2.4%9 enables the Fourier trans-

form of the vibrational response to be expressed as:

P T .
Iix, ,0) = nzl ¢ (x) {8 (W {Fw} i=1,2,3, (2.58)

The power spectral density of the relative (or vibrational) rassponse

is given by:

lim 2 X .
Gn(xi,w) = Ti*” Tl E[T(xi,m)T(xi,m)} i=1,2,3, {2.59)

where E[+] represents the expected value of the term inside the brackets,
and the superposed asterisk denotes complex conjugate. An estimate of
Gn can be obtained by simply omitting the limiting and expectation

operations in Eg. 2.59, hence:

2 * .
Gn(xirm) = E‘]‘: F(xi;w)r(xilw) 1—‘1'2,3 (2-60)

Substituting Eq. 2.58 into Eg. 2.60 yields

o« =]

* T .
Gy (%, ) = nzl mzl ¢ni(xi)¢mi(xi){gn(m)} {fo(w)]{Hm(w)} i=1,2,3. (2.61)
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where any element of the 6x6 spectral matrix of correlated ground-displace-

ment inputs, [fo(m)], is defined by

G. . () = Mim im[’ﬁv (W) F (wﬂ 2 2 F. (WF, W i,3=1,2,3,4,5,8 (2.62)
. ijm_Tl“’le i J Tli j ¢ 3 1lp 2932, °

The diagonal elements of the matrix [fo(w}], i=§ in ﬁq. 2.62,
correspond to the power spectral density of the jth displacement input,
fj(t), (§=1,2,3,4,5,8), while the off-diagonal elements of the matrix
[Gfﬁ(w)] correspond to cross—spectral densities between the various
input displacements. These czossfspectral terms are present because the
various ground motions originate from the same source and are therefore
related in some way, so that their correlation {or interaction) must be
taken into account. The effect of input correlation upon the vertical
response may be examined gquite easily using Eg. 2.61. If the inputs are
assumed to be uncorrelated, that is, independently applied and unrelated,

Egq. 2.61 reduces to

4,5,8
G (%, ) 0500?0¢()¢()' ) (ﬁ())(n(nc()]
x,,w) = ) ) ()0 L (x, (W (W) G, W
nod n=l mel 000 ™ lia1)2,3, M e

i=1,2,3 {2.63)
in which Gj(w)_ is the power-spectral density of the input displacement,
fj(t), which is estimated as

2
6. W = = IF. () | j=1,2,3,4,5,8 (2.64)
3 L

In this uncorrelated case all the off-diagonal of the input matrix are
equal to zero. The results of Eq. 2.61 can be compared to those of
Eg. 2.63 in order to gain a better understanding of the effects of input

correlation upon the response calculations. An alternate interpretation
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of the correlated and uncorrelated ground motion inputs will be presented
in the next section (IX.9). |
The second characteristic feature of Eq. 2.61 involves the double
summation over the vertical modes and their associated complex fregquency
response functions. It should be noted that the complex frequency-response
functions Hnj(m) peak in amplitude at'their associated natural frequen-
cies wn and have much lower amplitudes elsewhere along the frequency
band. Therefore, when the natural frequencies of verticai vibration are
well separated and damping ratios are small, the effect of the cross-
terms (nh # m) in Eq. 2.61 becomes much less significant than the diagonal
terms (n =m) [9]. Under these circumstances, the double summation may

be replaced by a single sum, that is:

v 2 * -
Gy (x, ) = nzl ¢ni(xi){Hn(m)}[fo(m)]{Hn(w)} i=1,2,3. (2.65)

However, due to the flexible nature of the suspension bridge, closely
spaced modes are quite likely to occurxr. Under such circumstances the
effect of the cross terms (n ¥ m) are no longer negligible and an
accurate represéntation of the response would have to include these modal
interaction cross-terms. For the purpoée of this report, Egq. 2.61 is
utilized,‘that is, the effects of modal interaction are incorporated
through a double summation.

The mean square value of the relative vertical displacement response,
wi(xi), is given by the integration of Gn over the entire frequency

range.

2 1
Po{x,) = ——-Jm G_(x, ,w)dw i=1,2,3. {(2,66)
n i ZTTOr]J_
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and the square root of Eq. 2.66 is the root mean square (R.M.S.)
vibrational displacement response.

The power spectral density of the total vertical response, vi(xi,t),
can be obtained by multiplying the Fourier transform of Eq. 2.9 by its
complex cogjugate and by (2/Tl), which leads to

4

G (x,,w) = G (x.,0) + L(x.
v i n( i ) Zl[GnJ‘(xl,m) + Gjn(xi'm)]_gji(xi)

4 4

+ ) : ;=
jgl k£1 gji(xi)gki(xi)[ij(w)] i=1,2,3. (2.67)

where

I
H‘m

o
i

£

]
e

E

an (xi,w) =

and

6. ( 2§
in xi,w) - F

2 7 * T . .
=0 ) ¢ni(xi)Fj(w){Hn(w)} P} i=1,2,3 3=1,2,3,4 (2.69)

1l n=1
For the uncorrelated case, G n3 and Gjn reduce to
o .
G5 %y 1) = nzl bps (5 [H L (@) 116, ()] i=1,2,3 j=1,2,3,4 (2.70)
oo ’ )
= i= j= 2,
Gjn(xi,m) Z q)ni(xi) [Hnj(m)][Gj (w)] i=1,2,3, ij=1,2,3,4 {2.71)

n=1
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where Hnj(w) is given by Eqg. 2.46 and Gj(w) is given by Eq. 2.64.
In addition, the cross spectral terms, ij(w) (i # k), are equal to
zero in Eg. 2.67 for the uncorrelated case.

The integration of Gv over the frequency domain provides the mean
square value of the total displacement response, wi(xi)' whose square
root is the root mean sguare (RM.S.) total displacement response

i
2m

2
wvmi) Gv(xi,m)dm

0

2 3 2
Yy (=) + jzl CPCRIUNNCIR)

2 y =
gji(xi)gki(xi) [wjk(xi)] i=1,2,3 (2.72)

where wgtxi) is given by Eq. 2.66, and

2 1 i= e

Vrs (%) =57 f: (65 (e o) + Gy Gy ow)ldw 8=1,2,3 §=1,2,3,4 (2.73)

2 1 . :

Vi (xy) = EF G 5 () Jaw i=1,2,3 3,k=1,2,3,4 (2.74)
70

The procedure outlined in the above section may be used to evaluate
the power spectral density of the vibrationally—induced bending moment
in the i#h stiffening structure by simply replacing the mode shapes,
¢ni(xi) and guasi-static functions, gji(xi), by their second spanwise
derivatives multiplied by the flexural rigidity of the ith stiffening
structure, that is, EiIi¢gi(xi) and EiIiggi(xi), respectively. Similar-

ly, the power spectral density of the vibrationally-induced shearing force

in the ith stiffening structure may be obtained by replacing the mode
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shapes, ¢ni(xi) and quasi-static functions, gji(xi), by their third

spanwise derivatives multiplied by the flexural rigidity of the ith

stiffening structure, that is, EiIi¢;i'(xi) and EiIigéi'(xi)’
respectively.

Mean square bending moments and shearing forces are obtained by
Eg. 2.72 with the mode shapes and quasi-static functions replacéd as
above. Additionally,.the mean square stresses in the chords of the i

suspended structure can be related to the mean square bending moments

using the following flexural stress relation:

Wi (x,) = -di—2w2< ) i=1,2,3 (2.75)
o'X) = 21, m 1=le2, . .

2 \ . th 2
where %‘ is the mean square bending moment in the i span, wd is
: . th . .th
the mean square stress in the i span, di is the depth of the i

. ; . : . th
stiffening structure, and Ii is the moment of inertia of the i

stiffening structure.

II.9 AN ALTERNATE INTERPRETATION OF CORRELATED AND UNCORRELATED
GROUND MOTION INPUTS

At this point it is important to define the concept of ccrrelaﬁed
and uncorrelated ground motion inputs. Let vl(x,t) be the vibrational
displacement at boint x as shown in Fig. II-2, due to the ground input
fl(t) at the first support. Let vz(x,t) be the displacement at the same
point, due to fz(t) at the second support (a different support than
the first). The vibrational displacement due to both excitations is then
vix,t) = vl(x,t) + v2(x,t) and the autocorrelation of v(x,t) as a

result of the two inputs is
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Fig. II-2 Multiple-support vertical seismic inputs.
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1}

RV(T) Blv(x,t)vix,t+1)] = E[(vi(x,t) + vztx,t))(vl(x,t+r) + vz(x.t+T))]

E[vl(x,t)vl(x,t+r)] + E[vl(x,t)v2(xft+r)]

+ E[vz(xyt)vi(x.t+T)] + E[vz(x.t)vz(x.t+T)]

RVI(T) + vavé(r) + szvl‘T) + RVZ(T) {2.76)

and the Fourier transform of the last result is

Gv(f) = le(f) + GviV2(f) + szvl(f) + sz(f) (2.77)

Thus, the autocorrelation or the autospectial function of the vibrational
displacement at the given point x on the bridge due to separate support
excitations fl(t) and fz(t) cannot be determined simply by adding the
autocorrelations (in time demain) or the autospectral functions (in
frequency domain) resulting from each support excitation acting separately;

or G are here referred to as cross-correlation

Rv v v, ' Gv ¥
21 V1¥2 2'1
functions and cross spectral functions and in general are not equal. Thus

Rv v, '
12

the sum autospectral density function requires knowledge of the input cross-
spectral functions as well as their autspectral functions.

Thus for the correlated multiple supporf excitations

R, o (1) or G _ (£) #0, 1i#3, 1,3=1,2,...,N (2.78)
1Y 1Y5

and for the uncorrelated multiple support excitations

RV.V.(T) or Gv.v.(f) = Q, i#3, i,3=1,2,...,N (2,79)
i3 i’

In the above equations E[-] represents the expected value of the term
inside the brackets:; f is the frequency; and N is the number of input

support motions,
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II.10. ADDITIONAL HORIZONTAL COMPONENT OF CABLE TENSION H({t)

The additional {vibrational) horizontal component of cable tension

due to multiple-support excitations is given by (Eg. 2.8):

ea_| 3 ;i &y $izi
H{t} = “z;—f lZl E; Jo vidxi - Eﬁ;h{fi+l(t) + fi(t)}
+ [f8(t) - f5(t)] {2.80)

Substituting Eg. 2.41 into Eg. 2.80 results in:

EA_ § x:‘-i Qi 020 ]
H{t) = ~—— — J  d L (x)ax, Jg (B)
'LE io1 Hw [ 0 n=1 ri'7i il™n
;i s M
+ - e & . .
R le JO gjl(xl)dxllfj(t)
*
wiﬂi :
- Eﬁi;- Ifi+l(t) + fi(t)] + [fs(t) - fs(t)] (2.81)

where the generalized coordinates qn(t) are obtained by the convolution
integral of Eg. 2.39.
In order to analyze the cable tension in the frequency domain, the

finite Fourier transform of Eg. 2.81 becomes:

ECAC 3 ;i i
H(w) = — I |5 [ zl ¢, (x;)ax |0 (w)

e [i=1| "w /o n=

* 2.
Wi % [f 1 ]

+ — g, (x,)dx, {F.{w)
Hw =1 0] ot o
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[Fi+1(m) + Fi(w)] + [Fscm) - Fs(w)] (2.82)

where Fj(w) (j=1,2,3,4,5,8) is the finite Fourier transform of the
input ground displacement (Eg. 2.54) and Qn(w) is the Fourier transform

of the nth generalized coordinate, calculated as

Q (w) = {Hn(w)}T{F(w)} n=1,2,3,... (2.83)

where {Hn(m)}T is the transposed frequency-response vector corresponding
to the n*' vertical vibration mode, and {F(w)} is the Fourier trans-
form vector of the ground-displacement inputs (see Egs. 2.56, 2.57).

Note that for antisymmetric vextical vibration, the first term in Eg.

2.82 vanishes since the additional cable tension associated with an
antisymmetric vexrtical wvibration mode is equal to zero (see Appendix
II-b).

The power spectrum of H(t) may be approximated as

B () B (w) (2.84)

Hlm

G (w) =
H 1

where T1 is the duration of the ground motion and the superposed
asterisk denotes complex conjugate. Substituting Egs. 2.82 and 2.83

into Eg. 2.84 results in an eiplicit expression for Gﬁ(w) {(the details
are found in Appendix II-d). For the uncorrelated calculation, only the
terms which involve the input power-spectra are retained, since the
supports moticns are assumed to be unrelated, in this case, while

the correlated case retains all of its terms (including the cross-spectra).

Mean square dynamically-induced cable tensions are obtained by

integrating GH(w) over the entire frequency range, that is
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w; = %;—[m G,y (w) dw ' . (2.85)
0

and the sguare root of Eq. 2.85 is the root mean square (R.M.S.) dynamically-

induced horizontal component of cable tension due to wvertical vibration.

TT.11l. DISCUSSION OF PEAK RESPONSE FACTORS

The frequency-domain analysis results in mean square response values.
For example, Eq. 2.72 gives the mean square vertical displacement response.
The square root of the mean square response is defined as the root mean
square (R.M.S.) response or the standard deviation of the response. From
a practical point of view, the parameter of most interest in the analysis
and design processes is the expected peak value of the response, which
is to be compared with the allowable yield stress limit. The statistical
distribution of the maximum response of a single-degree-of-freedom system
is shown by Vanmarcke [17] to depend importantly upon the first three
response spectral moments. In terms of response displacements, for

example, these moments become:

4=1,2,3

m
WG (x, ,w)dw w=0,1,2 (2.86)

i

2w

A (x) =
m' i 0

When m = 0, Egq. 2.86 corresponds to the mean square displacement response
(Eg. 2.72). In addition, when m = 2 Eq: 2,86 defines the mean square
velocity response.

‘The relationship between peak response and root mean square values

may be written as
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. . . . th
where v (xi) is the expected peak displacement response in the i
span, ?v(xi) = «Xo is the root mean square (R.M.S.) displacement in

the ith span and r is the peak factor corresponding to a ground

Tl:P

motion duration Tl and a statistical confidence level bp.

Several methods for determining the maximum response (or peak
factor) have been proposed in the literature. Davenport [8] bases the
maximum response behavior on a Poisson "threshhold crossing” model, which

gives the mean, U, and the standard deviation, ¢, of the maximum

response as

u o= [/2 In(VT)) + mi;fﬁli__]yxo | (2.88)
T
L 1 . - (2.89)

e
3 2 In(vT))
where v 1is the zero-crossing rate of the response, given by

1 ‘ .
'-T-T' VAZ/;\O (2.90)

<
1

Equations 2.88 and 2.89 imply that the peak factor has a mean and standard
deviation corresponding to the bracketed terms in these equations.

Der Kiureghian [9,10] has shown that Davenport's result tends to
overestimate the mean and underestimate the standard deviation, since
threshold crossings are considered independent in the Poisson model.

Der Kiureghian suggests that in order to account for the dependence
between threshold crossings, a reduced zero-crossing rate, ve, should
be used in Eg. 2.88, which represents an equivalent rate of statistically

independent crossings, in which case
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v, = (1.636°°%° - 0.38) V 8§ < 0.69
(2.91)
v o=V § > 0.69
e Z
In addition, Eq. 2.89 is replaced by {9,101
o= [ -2 __ _ 2.4 — | A (2.92)
/_—‘_‘ -
2 ln(veTl) 13 + {2 ln(veTl)]

The parameter § in Eg. 2.91 is a measure of the spread in the
frequency content of the response power spectral density function about

its center frequency §, where

3
§=/1- -ll-.-. (2.93)
ALA
0”2
yas (2.94)
Q= AO .

Vanmaxrcke [17] calculates the peak factor based upon an approximate
solution of the so-called first passage problem, using the assumption
of suddenly applied time-limited steady-state Gaussian excitations. The

peak factor for this case becomes

H
]

[2 ln{Zn [1 - exp [-66&'75(_25)—]] }] H (2.95)

n = (Qr,/2m) (-1n ot (2.96)
and Ge is an empirical constant, given by

§ = §k2 (2.97)
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For large values of Ge' Eg. 2.95 approaches

e o = Y2 1n(2n) (2.98)
ll

Equation 2.95 has the advantage that the peak factor is directly
predicted rather than its meén and standard deviations. Also, the effect
of dependent threshold crossings were included in Vanmarcke's analysis
from the beginning, rather than being adjusted for at the end of the
analysis.

Using the above relations, peak displacements, stresses, moments,
and vibrational cable tensions can be estimated from the corresponding

root mean square frequency-domain results.

II.1l2. RESPONSE SPECTRUM APPROACH (UNCORRELATED CASE)

A quick (first hand) estimate for the peak response may be calculated
using response spectra methods. This estimate is unfortunately wvalid
only for the uncorrelated ground-inputs case. Assuming the damping |
ratios, En, to be equal to zero for simplicity, Eg. 2.33 becomes

4
e 2 hid
q,(t) + waptt) = - jzl Rjnfj(t)

3
tPa izl B, £, (8) + £, (£))

- Pnu[fa(t) - f5(t)] n=1,2,3,... (2.99)

The solution to the previous equation assuming quiescent . initial con-

ditions, is given by the convolution integral
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1 [t 4 - 3 :
q (t) = ZT-J - ‘Z Rjnfj(T) +Pa 'Z Bi[fi+l(T) + £.(1]
j=1 i=1
m_Pna[fe(r) - £.(D)] {sin w (t - T) }at n=1,2,3... (2.100)

The contribution of a typical acceleration imput in Eq. 2.100 to the

th . . .
response of the n generalized coordinate may be written

(a) R.n t . i=1,2,3,4.
qnj (t) = ai—-fo fj(r)51n wn(t - T)4tT n=1,2,3,... {(2.101)
The maximum value of the previous equation is given by
(a) ¢
a ' ~ 4n “ .
anj (t) max = 51—- fj(T)51n w (t - T}dt| = |R, lsnfn)
n n Jn'T5
0
j=1,2,3,4
n=1,2,3... (2.102)
(n) | . _ .th , '
-Where SDj is the spectral displacement of the J vertical support

(a)

motion of the nth natural period of the structure and {qnj (t)'max

represents the contribution of the jth vertical support acceleration
. th , .
to the maximum response of the n  generalized coordinate.
Similarly, the contribution of a typical vertical displacement input

th

in Eq. 2.100 to the response of the n generalized cocordinate may

be written

(dl) Pnasi + i=1,2,3
qnj {t) = ) J fj(T)sin wn(t ~ T)4T j=1,2,3,4 (2.103)
n 0

n=1,2,3,...
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Integrating the previcus eguation by parts, assuming quiescent initial

conditions, results in

" i=1,2,3

- £,(t) + %_-J fj(T)sin wn(t - T)d{|j=l,2,3,4 (2.104)
0 n=l,2,3...

The maximum value of the previous equation miy be estimated by combining

its two terms using the square root of sum of squares (SRSS) approach

usually used in response spectra methods. This results in

(d.)

1 -
qnj (t)' =
nax

211/2

PnaBi (n) 2
== [so.n ] + [lf.(t)l } (2.105)
N 3 i 'max

n

i=1,2,3 i=1,2,3,4 n=1,2,3,...

where Ifj(t)lmax is the maximum amplitude of the jth vertical support

. (&) — .th
motion, and anj (t)l represents the contribution of the 3Jj
vertical support displacement to the maximum response of the nth gener-
alized coordinate.

The contribution of a typical longitudinal displacement input in

Eg. 2.100 to the response of the nth generalized coordinate may be

written
() P ot i=1,2,3,
qnj2 (8) =+ = J £, (Tsin w (£ - T)a7 3=5(+) (2.106)
n 0 : 4=8(-)
n=1,2,3...

Integrating the previous equation by parts, assuming quiescent initial

conditions, results in

i=1,2,3
(4.) . P t . ' .
a2 (B =+ L[— £.(8) + l—[ £.(T)sin w (t - T)d{‘ 3=5(+) (2.107)
nj - 2 3 w b n .
wn n -0 §=5(-)

n=1,2,3...
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The maximum value of the previous equation may be estimated by combining

its two teims using the square root of sum of squares (SRSS) approach.

This results in

(d,) P_aB, 2 1/2
2 _{ni (n) 2
R I e B O IEIENE T
max W,
i=1,2,3
j=5,8

n=1,2,3,.. (2,108)

where Ifj(t)lmax is thz maximum amplitude of the jth longitudinal
support ﬁotion, and |q;jl)(t)lmax represents the contribution of the
jth longitudinal support displacement to the maximum response of the
nth generalized coordinate. | |

The various contributions to the maximum response of the generalized
coordinate, an(t)]max, may be added by a square root of ‘the sum of
squares approach (SRSS), which essentially neglects the effects of input
correlation and modal interaction in combining the modai contributions.

This results in

4 2
: 2 (n)|*=
g, 0] . 2 Z (R, ) [snj ]

2 3 2 2
2 q 2 (n) (n)
+ P X El (8,) l:{soi +1] * [sni }
n

. 2 2
* [ffs(t) lmax) + [|f8<t> lmax]] n=1,2,3,.. (2.109)
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The peak displacement response may be estimated using Egs. 2.41 and

2.109 and is given by

4 2
2
v, (x,002 ] < j£1 [g;; (%;)] [lfjct)lnEuJ
' o _ 2 2)1/2
+ ) CINERY [an(t)|max] i=1,2,3, (2.110)
n=1
Peak moments and shearing forces occurring in the ith stiffening

truss may be obtained by replacing qji(xi) and ¢ni(xi) in Eg. 2.110

by their second and third spanwise derivatives multiplied by the flexural
N . th .
rigidity EiIi of the 1 suspended structure, that is Elllgjl(xl),

EI, I! .Y, EI ted ’ [ ] . .
i 1¢m(xl) and 1g31 (x ) E, 1¢n1 (x ), respectively

The response spectra approach may be used to estimate the peak value
of the additional horizontal component of cable tension, H(t). Eguation
2.80 is used for this purpose, which after introducing the expression for

vi(xi,t) in terms of its quasi-static and modal contributions (Eg. 2.41)

becomes

ECA
H(t) = [ c] z T a,(t) + Z v,E5 (0
n=1 j=1

2H

3 ili
- iz - ][fi+l(t) + £ ()]

+ [fs(t) - fs(t)] (2.111)

where the factors Tn and Yj are given by
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* L.
3 w:L i
Tn = .Z ﬁ'—"J ¢ (xl)dxl n=l,2,3... (2-112)
i=1 "w ‘0
*
§ wl Qi
Y, = —J g..(x )ax, j=1,2,3,4 (2.113)
J i=1 Hw 0 a1 1 :

In order to estimate |H(t)| » the maximum expected horizontal
vibrational component of cable tension (for the uncorrelated case), the

square root of sum of squares rule can be used to combine the various

contributions in Egq. 2.111. This results in

AN [ 2 2 4 2
lH(t)]maxi[?] n£l I’n[lgn(t)lmax) +j£l Yj[lfj(t)lmx]

1/2
(2.114)

+ [[|f8(t) lmax]z + [If5(t) lmaxJz]

where lqn(t)lmax is calculated from Eg. 2.109.

II1.13. APPLICATIONS
II.13.1 Vertical Seismic Behavior of the Vincent Thomas Bridge

In this section, the analysis outlined in this chapter is applied

to the Vincent Thomas Suspension Bridge in ILos Angeles, Califoxnia [3]
Frequency

in order to estimate its vertical response characteristics.

domain random vibration methods and time domain convolution integrals
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are to be compared. The structural properties of the bridge are summar-
ized in Table II-1l. The vertical quasi-static functions are shown in
Fig. II-3 for un;t vertical ground motion displacement at each anchorage
and tower base. The first ten symmetric and antisymmetric vertical mode
shapes are showﬁ in Fig. II-4, while their associated participation
coefficients appear in Table II~2. These computed‘modes {ocbtained via
Egs. 2.25, 2.27 and 2.29) compare very well with those computed and measured
in Refs. 1, 2, and 3. |

It will be seen in a later section (II.13.3) that the antisymmetric
vertical vibration response turns ocut to be much smaller than the symmet-
ric vertical vibration response, This is due to the modal factor P
being zero for the antisymmetric modes (because the nét area underneath
an antisymmetric mode is identically zero); and therefore the longitudinal
ground motions, which excite the symmetric modes very strongly, do not
excite the an£isymmetric modes at all. It should also be noted that the
additional horizontal component of cable tension (Eq. 2.80) essentially
contains four contributicns:

1. Contribution from pure ground motion displacement inputs (both

vertical and longitudinal).
2. Contribution from symmetric vertical vibration,
3. Contribution from antisymmetric vertical vibration which turns
out to be identically zero.

4. Contribution from the quasi-static motions.
The contribution from antisymmetric vertical vibration to the additional
cable tension is zero because again the net area underneath an antisym-
metric mode is identically zero. In this section, therefore, because of

the higher order nature of the antisymmetric response, and because the
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Table II-1

Parameter Center Span Side Spans
Span Length %, = 1500 ft. 2, 2,3 = 506.5 ft.
* * * *
Wy w, = 3.589 k/ft W = wy = 3.589 k/ft
E; E, = 29000 ksi E, = E; = 29000 ksi
I, I. = 6050 £t in’ I. = I, = 6250 £t° in>
i 2 1 3
truss depth d =15 ft d =15 ft
Cable Properties
E, = 27000 ksi
. 2
A 121.5 in
[
LE 3460 ft
H 6750 kip
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VINCENT THOMAS BRIDGE
QUASTI-STATIC FUNCTIONS
VERTICAL GROUND MOTIOGN

B e g TR A

rusned
1 ihes?
!

1 A =505.5°_;
-t o

gy (%) 9ifx ) Gial%3)
C——

g1l &%) g.fx,) | | GalX,)

gsilx,)

ga/(x;) 0, (x,) 94giX,) 94siX3)

Fig. II-3 Vertical quasi-static functions of the
Vincent Thomas Bridge.



VINCENT THOMAS BRIOGE
SYMMETRIC MODES OF
VERTICAL VIBRATION
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VINCENT THOMAS BRIDGE
ANTI-SYMMETRIC MODES
OF YERTICAL VIBRATION

MOOE 1

N

T= 5.0514 SEC.

N S~ . . :
MODE 2 T= 2.8769 SEC. MODE 2 T= 2.8870 SEC.
MODE 3 T= 2.B593 SEC.

MODE 3 T= 1.8135 SEC.
MODE 4 T= 2.1783 SEC.
4)/F\\m/”_“‘xg_a/""‘\\//,NSX MODE Y T= 0.9085 SEC.
MODE § T= 1.2389 SEC. [p\ /ﬂ\

/ﬂ\\\J]!/\\ //SX MODE 5 T= 0.B993 SEC.

M30E 6 T= 0.9085 SEC.
MODE 7 T= 0.6817 SEC.
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AN JAWA
\/
MODE 8 T= 0.4233 SEC.
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vV
MODE 10 T= 0.2881 SEC.
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MogeE 7 T= D.4278 SEC.

MODE B T= 0.3u62 SEC.
MOOE 89 T= 0.2458 SEC.

AN A
Y

MODE 10 T= DB.2u3u SEC.
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Fig. II-4 Mode shapes of vertical vibration of the
Vincent Thomas Bridge (Egs. 2.25, 2.27 and 2.29).
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Table II-2

PARTICIPATION COEFFICIENTS OF VERTICAL
EARTHQUAKE RESPONSE OF THE VINCENT THOMAS
SUSPENSION BRIDGE

g:-g:r Symmetric Vibration Antisymmetric Vibration
: Rln = R4n RZn = R3n Pn er-f mR4n tf “R3n Pn
1l -0.324 ~0.387 0.647 0.00 0.318 0.0
2 0..293 0.209 1.158 0.318 0.318 c.0
3 0.092 -0.0581 0.023 0.00 0,159 0.0
4 0.104 1.116 0.581 0.159 -0.159 0.0
5 0.001 0.127 0.333 0.00 0.106 0.0
) 0.159 -0.159 0.00 0.00 0.072 0.9
7 -0.002 -0.095 -0.032 0.106 C.106 0.0
8 0.106 0.104 | 0.431 0.00 0.063 0.0
9 0.002 0.072 6.152 0.079 -0.079 0.0
10 0.0 0.057 0.116 0.00 0.052 0.0
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additional horizontal component of cable tension can be constructed from
knowledge of the symmetric vertical vibration response as well as
knowledge of the ground motion displacement inputs, only the symmetric
vertical response will be investigated for the Vincent Thomas Bridge.

The complex frequency response functions Hn(mi for the first four
symmetric vertical modes of the bridge are shown in Fig. II-5 for 2%
damping (for all modes) and corresponding to anchorage vertical input,
tower vertical input; and anchorage longitudinal input. These functions
measure the magnification (or gain) factor corresponding to a unit
harmonic displacement upon the response of the generalized coordinate
qn(t)4 It can be seen from these figures that the longitudinal anchor-
age motions contribute greatly to the symmetric vertical response,
while contributing nothing to the antisymmetric vertical vibration,

For higher modes, similar functions are obtained.

Three symmetric vertical response cases are studied for the Vincent
Thomas Bridge. 1In the first case, the vertical motions at the left
anchorage and left tower, fl(t) and fz(t), respectively, correspond
to the vertical component of Array No. 5 of the El Centro Arrays; the
vertical moticons at the right tower and right anchorage, f3(t) and
f4(t). respectively, correspond to the vertical component of Array No. 6;
and the longitudinal motions fs(t) and fa(t) at the anchorages aré
taken as the associated SSOW components {of Arrays No. 5 and &) (see
Appendix IT-e). It should be mentioned that for the Vincent Thomas Bridge,
the distance between the towers and anchorages is only 506.5 feet, which
is fairly short. Therefore, the left tower and left anchorage are
assumed to move uniformly and are thus exposed to the same ground motion

inputs; similarly the right anchorage and tower are assumed to move
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uniformly and are thus exposed to the same ground motion inputs. The
second response case involves similar correspondences with Array Nos. 6
and 7. The third responsé case utilizes ground motions recorded during
the San Fernando 1971 earthquake as inputs. In this case, the vertical
motions fl(t) and fzft) correspond to the vertical component recorded
at the Athenium Building.  The vertical motions f3(t) and f4(t)
correspond to the vertical component recorded at the Millikan Library,
and the longitudinal motions fs(t) and fs(t) are taken as the
associatgd N90E components [11].

The autospectra of midspan displacement for both side and center
spans are shown in Fig. II~6. for input arrays 5 and 6, and in Fig. II-7
for input arrays 6 and 7. It is seen that the bridge‘is responding
mostly in its first two symmetric modes, most likely because their modal
participation factors Pn are large and their natural frequencies lie
within the region of the input spectra where the ground excitation energy
is strong (see the input power and cross spectra - Appendix II-e). Also,
the quasi-static contribution to the total response is small compared
with the vibrational response for this case. For this reason, the dis-
placements are quite similar in the left and right side spans, and thus
only the results for the left side span are shown. It appears that the
uncorrelated case has a conservative effect, i.e., the inclusion of the
off-diagonal correlated terms in the spectral input matrix [fo(w)]
tends to reduce the symmetric vertical response for this specific case
as shown in Figs, IT-6 and II-7,

The autospectra of midspan second derivative (or curvature) res-
ponses for side and center spans, which are related to response bending

moments and flexural stresses in the top and bottom chords of the bridge's
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stiffening structure, are shown in Fig. II-8 for input arrays 5 and 6
and in Fig. II-9 for input arrays 6 and 7. Figures II-10 and II-1l show
similar spectra for the third derivative response evaluated at the ends
of each span, which is related to the dynamic shearing force. The
arrows on the superimposed bridge in Figs. Ii-6, 7., 8, 9, 10, and 11
indicate the points at which the response is calculated. Again, the
uncorreléted case is seen to be more conservative than the correlated
case {for this specific bridge and these specific inputs).

Similar autospectra for the San Fernando 19271 input case are shown
in Figs. II-12, 13, and 14, and the autospectra of the additional (vibra-
tional} horizontal component of cable tension for all three response
cases are shown in Pig. II-15. It appears that, in general, the first
and second symmetric modes respond most strongly in all cases because of
their sensitivity to longitudinal input motion at the anchorages (Pn
is large -- see Table II-2}) as well as their natu;al frequencies being
within the spectral region of strong energy input. A graphical summary
of the three response cases appears in Fig. II-lé.

In Table II-3, the root mean square values of response are summarized
and are compared with the computed maximum responses obtained from the
time domain (Duhamel integral) analysis shown in Figs. II-17 through
II-23. It seems that the expected value for the peak factor is about
2.2 from Table II-3. It is also seen from this table that the 1979 El
Centro ground motions excite the bridge more‘strongly than the 1971 San
Fernando ground motions. The reason for this lies in the closeness of
the El Centro Arrays to the causative fault. In particular, input arrays
No. & and 7 provide for the largest response, The conservative nature

of input correlation can be seen from this table. Also, the values of
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Fig. II-15 Autospectra of additional (vibrational)
cable tension.
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earthquake-induced flexural stresses and cable tensions represent a
significant live-load condition for this bridge. For example, the peak
stress of 39 ksi occurring in the side spans is guite high as a live

load when compared to the yield stress of 52.0 ksi.

I7.13.2 Vertical Seismic Behavior of the Tacoma Narrows Bridge

In this section, the analysis outlined in this chapter is
applied to the Tacoma Narrows Suspension Bridge, in Washington, in order
to estimate its vertical response characteristics, Frequency and time
domain methods are to be compared. The structural properties of the
bridge are summarized in Table II-4. The vertical quasi-static functions
are shown in Fig, II-24 for unit vertical ground motion displacement at
each anchorage and tower base. The first eight symmetric and antisym-
metric vertical mode shapes are shown in Fig, II-25, while their asso-
ciated participafion coefficients appear in Table IX-5, As in the
previous section and for the same reasons, the symmetric vertical
response only will be investigated herein.

The complex frequency response functions Hn(w) for the first four
symmetric vertical modes of the bridge are shown in Fig. II-26 for 2%
damping (for all modes), and corresponding to anchorage vertical input,
tower vertical input, and anchorage longitudinal input. The same two
symmetrie vertical response cases are studied for the Tacoma Narrows
Bridge as for the Vincent Thomas Bridge (the first involving Arrays
5 and 6 as input and the second involving Arrays 6 and 7 as input).

The autcspectra of midspan displacement for both side and center spans
are shown in Fig, II-27 for input arrays 5 and 6, and in Fig. II-28

for input arrays 6 and 7, It is seen that the side span response is
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Table ITI-4

VERTICAL PROPERTIES OF THE TACOMA NARROWS BRIDGE

Parameter Center Span Side Span
Span Length £2 = 2800 ft. 21 = 23 = 1100 ft.
w, W, = 4.33 k/ft. W) T W, = 4 3 k/ft.
Ei E2 = 29600 ksi El = E3 = 29600 ksi
2,2 : _ _ 2,2
I, I2 = 47520 ft" in Il = 13 = 47520 ££" in
truss depth d = 33 ft. d = 33 ft,
Cable Properties:
E, = 26500 ksi
_ . 2
Ac = 252 in
LE = p080 ft.
H = 15155 kip
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TACOMA NARROWS BRIDGE
QUASI-STATIC FUNCTIONS
VERTICAL GROUND MOTION

g”(x;)

gpi(x;)

Fig. IT-24 Vertical quasi-static functions of the
‘Tacoma Narrows Bridge,
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TACOMA NARROWS BRIDGE
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Fig. IT-25 Mode shapes of vertical vibration of the
Tacoma Narrows Bridge.
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Table II-5

PARTICIPATION COEFFICIENTS OF VERTICAL
EARTHQUAKE RESPCNSE OF THE TACOMA NARROWS
SUSPENSION BRIDGE

oMgde Symmetric Vibration Antisymmetric Vibration

rder
n Rln - R4n Ron™ R3n Pn Bin~ -R4n Ron ™ -R3n P'n
1 -0.330 -0.339 0.398 0.0 0.318 0.0
2 0.075 -0.141 0.373 0.318 0.318 0.0
3 0.043 0.071 1.357 0.0 0.159 0.0
4 -0.001 0,126 0.330 G.159 -0.159 0.0
5 0.159 -0.158 0.0 0.0 0.106 0.0
6 ~0.001 0.090 0.193 0.106 0.106 0.0
7 0.106 0.106 0.446 0.0 0.079 .0
8 0.0 0.070 0.145 0.0 c.063 0.0
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dominated by the third symmetric mode, most likely because of its high
modal participation factor: Pn’ and its natural freguency lies within
the range of the input spectra where the ground excitation energy is
strong. The center span response is dominated by the first two symmetric
modes, the third symmetric mode being absent because of its zero ordinate
at midspan. Similar characteristics, as before, are foun& as to the
conservative nature of the uncorrelated case, and the similarity of left
and right side span response.

The autospectra of midspan second derivative (or curvature) responses
for side and center spans,‘which are related to response bending moments
and flexural stresses in the top and bottom chords of the bridge's
stiffening structure, are shown in . Fig. IX1~29 for input arrays 5 and 6
and in Fig. II-30 for input airays 6 and 7. Figures II-~31 and II-32
show similar spectra for the third derivative response, evaluated at
the ends of each span, which is related to the dynamic shear foxce.

The autospectra of the additional (vibrational) horizontal component of
the cable tension for both response cases are shown in Fig. II-33. Tﬁe
Alarge contribution to the cable tension from the third symmetric mode
arises from the medal faétor Pn being large, i.e., its sensitivity to
longitudinal input at the anchorages, and the area under this mode shape
being large, and the associated cable.tension being directly proportional
to this area, and its natural frequency being in the frequency range of
strong input excitation.

In Table II-6, the root mean square values of response are summarized
and are compared with the computed maximum responses obtained from the
time domain (Duhamel inﬁegral) analysis shown in Figs, II-34 through II-40.

It seems that the expeéted value for the peak factor is about 2.5 from
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TACOMA NARRGWS BRIDGE

SYMMETRIC VERTICAL MQDES
e VIBRATIGNAL CABLE TENSION
5__ ' UNCORRELARTED CASE
) - = - CORRELATED CASE
— MODE 3
-
Ll
< EL CENTRO 1979 E.Q.
0 e ARRAYS 6,7.
x ‘J
MODE 1 ;
o - =4 + + —+
0 0.2 O. .
FREQUENCY - CYCLES/SEC
TACOMA NARRGWS BRIDGE
“ SYMMETRIC VERTICAL MQGDES
= VIBRATIONAL CABLE TENSION
S+ UNCORRELATED CARSE
. - - - CORRELATED CRSE
1 MODE 3 MODE | T=7)853 SEC
O TN
| Ny <~
=S ARRAYS 5,6. Nf—.iz /_T\=\4.oos7ksic
o N/ NS
a [ MODE 3 T=31367 SEC
X MODE4  Tel6802 SEC
MODE | MODE 2 ,"\
VAN N . . —
<0 2 0.4 0.6

0. i . '
FREQUENCY - CYCLES/SEC

Fig. II-33 pAutospectra of additional (vibrational) cable tension.
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Table I1I-6, however there is considerable scattering about this value.

It is seen that Arrays 6 and 7 excite the bridge more strongly than
arrays 5 and 6. Also, the values of earthquake—-induced flexural stresses
and cable tensions represent a significant live-load condition for this
bridge. The uncorrelated RMS valué of 20.6 ksi live load stress is quite

large when compared to the yield stress of 46.0 ksi.

IT1.13.3 Vertical Seismic Behavior of the Golden Gate Bridge

In this section, the analysis outlined in this chapter is applied to
the Gelden Gate Suspension Bri&ge, in San Prancisco, California, in order
to estimate its wvertical response characteristics. Frequency domain,
time domain (convolution integral), and response spectral methods are
compared in this section, and the determination of appropriate peak
factors are studied in detail. The structural properties of the bridge
[5] are summarized in Table II~7; The vertical quasi-static functions
are shown in Pig. II-41 for unit vertic#l ground motion displacement at
each anchorége and tower base. The first ten symmetric and antisymmetric
vertical mode shapes are shown in Fig. II-42, while their associated
participation coefficients appear in Table II-8. Because the modal
factor Pn is zero for the antisymmetric modes, the effect of antisym-
metric vertical vibration is suspected to be of a higher oxder nature.
This assumption will be examined in this section as well. The freéuency
response functions Hn(m) for the first four symmetric and antisymmetric
vertical modes of the bridge are shown in Figs, II-43 and II-44 for 2%
damping, and corresponding to anchorage vertical input, tower vertical
input, and anchorage longitudinal input. These functions measuie the

magnification (or gain) factor corresponding to a unit harmonic
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Table II-7

VERTICAL PROPERTIES OF THE GOLDEN GATE BRIDGE

Parameter Center Span Side Spans
Span Length 22 = 4200 ft. 21 = 2,3 = 1125 ft.
* * * *
Wi W2 - 11045 k/ft. wl - W3 - lloss k/fte
Ei E2 = 29000 ksi E, = E3 = 29000 ksi
I, ) I, = 43200 £t in° I, = I, = 28000 £t%in’
truss depth d = 25 ft. da = 25 ft.
Cable Properties:
= 29000 ksi
= 831.9 in’
= 7698 ft.

H

53467 kip
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GOLDEN GATE BRIDGE
QUASI-STATIC FUNCTIONS
VERTICAL GROUND MOTION

| £yruizsa |
| 1
gy (x;) 93lx3)
e
g,(x;)  gy(x) g 4x,) o X4)
£at) =1
\—/ —_—
9ai{x;) g3, (x,) 932(x) 933 (x3)
9qlx;)

Fig. II-41 OQuasi-static functions of the Golden Gate Bridge.
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GOLDEN GATE BRIOGE
SYMMETRIC MODES OF
VERTICRL VIBRATION

GOLDEN GATE BRIDGE
ANTI-STYMMETRIC MODES
OF VERTICAL VIBRATION

MODE 1 T=10.5580 SEC.

MODE 1 7= 8.1450 SEC. /\
WV V—U

HODE . 2 T« 6.4610 SEC.  MO0E 2 7= 5.5106 SEC.
MODE 3 Te 3.8336 SEC. MODE 3 T= 4.8238 SEC.
N\ //ﬂ\\ /"fx PARN /N N\

. NS NS N \\\///

MODE & T= 3.4880 SEC.

aVAVAWAVAN

MBDE S ;Eyé.HUSS SEC.
A NN N
vV UV V
MODE 6 T= 2.4003 SEC.

0 A

MOGDE 7 T= 1.6750 SEC.
NANNNNAN
\VAVAVAY,

MODE 8 T= 1.3UB6 SEC.
Qﬁ- AN
MoDE @ T= 1.2235 SEC.

AANAAN
MODE 10\/ \/ VTa 0.3282 SEC.

AAAAAN
VVVVVY

NN
VARV,

MODE 35 T= 2.4003 SEC.

Al Al

NANN
Y

MODE 7 = 1.4250 SEC.

MODE 8 7= 1.3515 SEC.
MGDE. 9 7= 1.0623 SEC.

AAANAN
VUVV VY

MODE 10 ¥= 0.8B563 SEC.

A A
vV vV

Fig. II-42 Mode shapes of vertical vibration of the
Golden Gate Bridge.
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Table II-8

PARTICIPATION COEFFICIENTS OF VERTICAL
EARTHQUAKE RESPCONSE OF THE GOLDEN GATE
SUSPENSION BRIDGE

Mode Symmetric Vibration Antisymmetric Vibration
Order n Rln =R An R2n = R3n Pn Rln = =R an RZn = -R3n Pn
1 ~0.287 =0.467 0.478 0.0 0.218 0.0
2 -0,163 -0.018 0.258 0.318 0.318 0.0
3 0.032 -0.081 0.894 0.0 " 0,159 0.0
4 0.017 0.084 0.323 0.0 0.105 0.0
5 -0.002 0.090 | 0.289 0.159 | -0.159 0.0
1] 0.159 ~0.159 0.0 0.0 0.07% 0,0
7 ~0.001 0.070 0.l68 G.0 0,063 0.0
8 0.105 0.104 0.488 0.106 0.106 0.0
9 0,001 0.059 0.165 0.0 0.052 .0
10 0.0 0.049 0.1c2 0.079 =0.079 0.0
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GOLDEN GRTE BRIDGE
RNTISYMMETAIC MODE 1

Fig. 1I~-44 Frequency response functions for the first five
antisymmetric modes of vertical vibration of the

Golden Gate Bridge.
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displacement upon the response of the generalized coordinate qn(t)ﬁ It

can be ssen as before from these figures that the longitudinal anchorage

motians contribute greatly to the sSymmetric vertical response, especially
in the first three symmetric modes. For higher modes, similar functions

are Obtained.

Several symmetric vertical response cases are studied for the Golden
gate Bridge., Because of the long center and side spans the vertical
motions are taken to be different., In the first case, -the vertical
motions fl(t), fz(t). f3(t}. and f4(t) correspond to the vertical
components recorded at arrays Nos. 4, 5, 6, and 7 (1979 El Centro earth-
guake), respectively, while the longatudinal motions fs(t} and fa(t)
are taken as the associated S50W components (of arrays No. 4 and 7).

The second response case involved similar correspondences with arrays
Mo, 5, 6, 7, and 8 (vertical and longitudinal motions).

In addition to the above symmetric response cases, three reference
cases are studied in order to investigate the effects of the longitudinal
displacement inputs upon the bridge response as follows:

1. Reference case -l involves a uniform vertical excitation; fl(t),
fz(t), fB{t), and f4{t) are all taken as the vertical
uniform component at array No. 8, with no longitudinal excita-
tion, i.e., fstt} = fé(t) = 0,

2. Reference case 2 involves the same vertical motion as in Refer-
ence case 1, with fs(t} taken as the S50W component at array
No. 5 and with fa(t} = 0.'

3. Reference case 3 is similar to reference case 2, but having
fS(t) being taken from the S50W component of array No. 6 instead

of array No. 5.
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In additicn to the above symmetric response cases, the antisymmetric
response is studied for input arrays No. 4, 5, 6;énd 7 as well as input
arrays No. 5, 6, 7, and 8. Also, the symmetric response is studied
using a set of artificially generated earthquakes as inputs [12].

The autospectra of midspan symmetric displacement for both the
center and side spans are shown in Figs. II-45 for input arrays No. 4,

5, 6, andl7, and in Fig. II-46 for input arrays No. 5, 6, 7, and 8. It
is observed that the quasi-static contribution to the total response

is small, and therefore the displacements are guite similar in the left
and right side spans. The first and third symmetric modes appear to
dominate the response of the center span, nmost likely because their modal
participation factors, Pn are large {Table II-B) and their natural
frequencies lie within the spectral region of strong ground motion'input.
The first three symmetric modes dominate the response of the side spans,
with the third mode having the largest contribution. It appears that

the uncorrelated case is conservative, i.e., the 'inclusicn of the off-
diagenal correlated terms in the spectral matrix {fo(w)] tends to
reduce the symmetric spectral response (root mean sguare response) as
shown in Figs. II-45 and II-46.

The autospectra of midspan second derivative responses for side and
center spans, which are related to response bending moments and flexural
stresses in the top and bottom chords of the bridge stiffening structure,
are shown in Fig. II-47 for input arrays No. 4, 5, 6, and 7 and in Fig.
II-48 for input arrays Nos. 5} 6, 7, and 8. FiguresII-49 and II-50
show similar spectra for third derivative response, eﬁaluated at the
ends of each span, which is related to the dynamic shear force. The

arrows on the superimposed bridge in Figs. II-45 through II-50 indicate
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the points at which the response is calculated. Again, the uncorreléted
case is more conservative than the correlated case. The autospectra of
the additional (vibrational) horizontal component of cable tension for
both response cases are shown in Fig. II-51. It appears that, in deneral,
the third mode responds most strongly in all cases because of its
sensitivity to longitudinal input motion at the anchorages (Pn is

large ~ See Table II-8).

In Table II-9, the expected peak values of the symmetric response
predicted by Vanmarcke's and Der Keureghian's methods [9,10,17] are com-
pared with the computed maximum response obtained from the time domain
{Duhamel integral) analysis shown in Figs. II-52, 53, and 54. It appears
that a peak factor of approximately 3.5 can be used ﬁo convert rcot mean
sgquare response values to expected peak values for this mmltimode multi-
input problem. Peak displacements, stresses, shear forces, and dynamic
cable tensions are shown for the Golden Gate Bridge in Table II-10 (based
upon a peak factor of 3.50) and are compared to results obtained by the
response spectral method. It should be mentioned that the response
spectral method deals with the input excitations as being uncorrelated
(independently applied). Therefore, the response spectral method should
be compared to the uncorrelated frequency domain cases, which gives
reascnable agreement.

For the correlated case the expected peak value of additional cable
tension (expressed as a fraction of the static tension due tordead load,
Hw = 53467 kips) is 6.4% for input arrays 5, 6, 7, and 8 and 15.7% for
arrays 4, 5, 6, and 7. Baron, et al, [8] have predicted the same range
of cable tension in a study of the response of the Gelden Gate Bridge

subjected, to the propagating ground motion of the Taft, 1952, earthqguake
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Fig. II-51 Autospectra of additional {vibratiocnal) cable tension.
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GOLODEN GATE BARIDGE
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Fig. II-54 Time history of additional (vibrational) cable tension.
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(ML = 7.7). This additiopal cable tension is a significant live load
condition in a suspension bridge. Furthermore, the values of earthquake-
induced flexural stresses in the stiffening structure are high for a live load
as shown in Table II-10 when compared to the yield stress of 50.5 ksi.

Figure II-55 shows the side and center span midspan displacement
response for the three reference cases. By comparing these reference
cases, as well as their peak responses shown in Table IXI-10, it is seen
that uniform vertical ground motion (Ref. case 1) is not a good assump~
tion in cﬁlculating the vertical vibration of a suspension bridge, since
longitudinal motions contribute greatly to the vertical bridge response
(Ref. cases 2 and 3). The same conclusion may be reached by comparing
response spectrai calculations under the uniform ground motion assump-~
tion (Table II-1l) against those calculations which involve longitudinal
inputs (Table II-10). Figure II-56 servés as a graphical summary of
the Golden Gate symmetric response cases. This figure shows that the
vibrafional.spectral response is fairly similar to the total spectral
response; i;e., the effect of the quasi-static displacements is of
a higher order nature; however, this effect is incorporated in the
participation factors Rjn' This trend shows itself again in the
comparison of left span versus right span displacements; since the modes
considered are symmetric, the only difference in these midspan displace-
ments arise from quasi-static motions. The figure also emphasizes the
importance of the longitudinal inputs upon the vertical response.

To check that the effect of antisymmetric vibration is of a higher
order nature because the longitudinal anchorage ground motions do not
excite the antisymmetric modes (since Pn = 0 for antisymmetric nodes),

two antisymmetric vertical response cases are studied. In the first case,
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Table IT~1ll

UNIFORM VERTICAL MOTION [ARRAY $6]
[fs(t) = fe(t) = 0; Response spectral approach]

TOTAL RESPONSE Left Span| Center Span| Right Span
Displacement at midspan (cm) 37.2 51.9 37.2
Bending stress at midspan (ksi) 3.44 5.73 3.44

Shear force at left side

of each span (kips) 48.2 206.2 48.2

Cable tension (kips) 2318.1 kips
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the inputs are taken as El1 Centro Arrays No. 4, 5, 6, and 7, while the
second case involves input arrays No.‘5, 6, 7, and 8. The autospectra
of displacement at three points on the bridge are shown in Fig. II-57
for the first input case and in Fig. II-58 for the second input case.
Figures II-59 and II-60, show similar autospectra of response. stresses.
In these figures, Point 1 corresponds to the displacement (orustress)

at the midspan of the left side span, Point 2 corresponds to the dis-
placement {or stress) at gquarter span of the center span (22/4) and
Point 3 corresponds to .displacement (or stress) at the 4/10 span of
the center span (0.4 - 22). Figures II-61 and II~62 show the autospectra
of shear force at the left side of each span. For these figures, Point
1 corresponds to the left end cof the left side span and Point 2 corres-
ponds to the left end of the center span. The root mean square (R.M.S.)
response values due to antisymmetric vertical vibration are summarized
in Table II-12, and clearly, when compared to Table II-10, show that the
antisymmetric vibration is of a higher order nature.

In order to further investigate the symmetric vexrtical response of
the Golden Gate Bridge, as well as gain more confidence in the statis-
tical peak factors, the vertical seismic response of the Golden Gate
Bridge is investigated using artificially generated earthquake ground
motions as inputs, These inputs are described in detail in Ref. 12
and appear in Appendix II-e. The Type A and Type B models, which
intend to represent the acceleration in a magnitude B shock and magnitude
7 shock, respectively, are utilized in this study. The acceleration,
velocity, and displacement ground motion histories for the various inputs
are shown along with their associated power spectral density of displace-

ment functions. The artificial earthquake ground motion A-3 is
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Table II-12

EXPECTED ROOT MEAN SQUARE
VALUES OF DISPLACEMENTS, BENDING STRESSES,

AND SHEAR FORCES

DUE TO ANTISYMMETRIC VERTICAL VIBRATION

Correlatedv

Uncorrelated

TOTAL RESPONSE my
pry | pr2 | pr3 [{pr1 | PT2 | PT3 ere
l15.0 6.25 | 8.97|| 9.17| 5.52| 6.24] 4,5,6,7.
Displacement (cm) 10.8 | 3.30 | s5.40|] 0.30) 3.04] 5.44] 5,6,7,8
Bending Stress 1.36 | 0.43 | o0.87|| 0.83] o0.38| o0.64| 4.5,6,7
{ksi) .
0.82 0.25 0.63 0.79 0.28 0.59{ 5,6,7,8
Shear Force at '
Lefe Side of Span 17.2 | 19.9 | 17.2 ||10.9 | 15.2 | 10.9 | 4,5,6,7
(kips) 10.4 | 13.9 | 10.4 [|{10.2 | 13.2 | 10.2 | 5,6,7,8
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taken as_the»vertical input motion fl(t), A-4 1is taken as fz(t),

B-1 is taken as f3(t). B-2 is taken as f4(t), and the longitudinal
inputs fs(t). and fs(t) rare taken as the artificial motions A-l and
A-2, respectively.

The autospectra of midspan symmetric displacement response to the
artificially-generated inputs are shown in Fig. II-63 while the auto-
spectra of midspan stresses are shown in Fig. iI-64n The autospectra
of shear force at the endspans are shown in Fig. II-65, while the auto-
spectra of the additional (vibrational) component of the cable tension
is shown in Fig. II-66. 1In Table II-13, the expected peak values of
the symmetric response predicted by vVanmarcke's and Der Kiureghian's
methods are compared with the computed maximum response obtained from
the time domain {(Duhmael integral) analysis shown in Figs. II-67 and
II-68. It again appeérs that a peak factor of approximately 3.5 is
appropriate to convert root mean square values to expected peak values,
with the possible exception of the cable tension response, whose
calculated peak factor is quite high (6.64).

It should be remembered that both Vanmarcke's and Der Kiureghian's
‘analyses deal with a single, Gaussian, suddenly applied, steady-state
input. It would seem that the multiple-support excitation problem may
be guite more complicated, and additional studies may be necessary to
completely comprehend the complex nature of the peak factors. Figure
II-69 shows the peak factor distribution for one of the displacement
response cases. It is seen that Vammarcke's and Der Kiureghian's ﬁeak
factor distributions are fairly similar. Also, it is seen that for
95% confidence, one should take the peak factor to be about 3.5, and

the expected value (or mean) of the peak factor should be about 2.l.
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From Tables II-9 and IT-13, it can be seen that the actual peak factors,
obtained by dividing the time domain results by the associated root

mean square frequency domain results, are all fairly high, that is,

they do not appear to have an expected value of 2.1, but rather an
expected value close to 3.5. This indicates that for the multiple-
support excitation problem, additional analysis may be necessary in order

to accurately predict peak factors.
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APPENDIX IX-a

Solution for the Vertical Quasi-Static Functions

A. Unit displacement at Left Anchorage:

The solution for the quasi-~static function corresponding to unit
displacement at support A of figure II-1 is obtained by satisfying the

following three equations:

4 2
a gli(xi) d gli(xi)
EsTy 7 - 2
ax, dx,
i i
* * ]
w ECAC 3 wn n
ta ]'..E ) Z- " gln(xn)dxn =0
W n=i “w ),
i=1,2,3 ’ (II-a-1)
subdect to the boundary conditions
911(0) =1 glz(O) =0 913(0) =0
gll"(O) = glz“(O) = g13"(0) =0
991 (11) = 912"(22) = 913"f23) =0
The form of the solution can be taken as
gli(xi) = Ali sinh (Xixi) + B1i cosh(lixi)
2 2 -
+ clixi o+ Dlixi + EIi i=1,2,3 (II-a-3)
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i = 1'21'3 (11‘3-4)

Substituting Egs. II~a-3 into Egs. II-a-l results in the following three

equations:

B1n clnzn Dlnzn
+’i;f'sinh(ln£n) + 3 + 5 + Elnln
i=1,2,3 (IT-a~5)

Equations II-a-3 and II-a-5 can be used in conjunction with the
boundary conditions (II-a-2) in order to solve for the 15 unknown coef-
ficients present in Eg. II-a-3, hence uniquely defining the first quasi-
static function gli(xi)'

Introducing gll(xl) from Eg. ITI-a-3 into the boundary conditions

results in the equations

Bll + Ell =1
B.. %2420, =0
1171 11
\ 2 -
All 51nh(11£1) + Bll cosh(llzl) + cllzl + 911“1 + Ell = 0
A, 2.2 sinh(}\.2.) + B..}.2 cosh{)\.2.) + 2C.. = 0 (IT-a-6)
1171 1*1 117 €Oty 11 = =



159

From the previous equations, the coefficients A » D;os and E

117 117 P11 11
can be written in terms of Bll as
Ejp=1- By
2
c By
11 = 7 3
B, . [cosh(A,2.)-1] ALl
A, = - 22 L .8 tanh(th (TI-a=7)
11 sinh (A, 2. ) 1 2
1%
2
5 N T
11 2 2

Similarly, introducing glz(xz) into the boundary conditions gives

By, + By, =0
B._A 2 + 2C =0
12 2 12~
. 2 -
A12 31nh(A212) + 312 cosh(kzxz) + C1222 + D1222 + E12 =0
A, 2.2 sinh(A.2.) + B, 3.2 cos(A.8.) + 2C._ = 0 (TI-a-8)
1272 272 1272 272 12 |

Again, the coefficients Alz' C12' D12’ and E12 can be written in terms of

B as

12
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E12 = "By
2

o =- B2,

12 )
. - -Blgtcosh(lzzz)olj - tanh(lzzz) (IT-a-9)

12 7 sinh (A, L) 12 P

2 .

5 - Bypty %y

1277 2

Introducing 913(x3) into the boundary conditions gives

813 + E13 =0

2
31313 + 2c13 =0

(II-a~10)

A Sth(A323) + B

2
13 cosh(A3£3) +C L. +D 8 +E . _=0

13 1373 1373 13

2 . . 2
A1313 s;nh(k323) + 31313 cosh(1323) + 2c13 = 0

which results in

13 13

13 2

B13[cosh(R323)-l] ALl
By3 = - sinh (0 2,) = = By, tanh(—) (I1-a-11)

2
Byahy by

13 2
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From Egs. II-a-5, the following relationship is apparent:

C
11 12 13
= = = — (II-a-12)
Y ¥s ¥3

2 2 3
B, A B._X B..A
1171 122 133
1. 122 .42 (II-a-13)
Y1 Y2 V3
Therefore,
w. A
w
, 2. M2
312 = Bll (; } ('i-z-)
1 (II-a-14)
*
w A
Cs O3, 12
B3 =By G D)
w1 3

Substituting Egs. II-a~7, 9, 11, and 14 intoc Eg. II-a-5, and solving for Bll

B * *2
1 P N e
H L ‘2H
W B w
B —

{II-a-15)

Once B,, is known, the quasi-static function gli(xi) is completely

determined since the coefficients A 57 and E.. appearing in

117 BP1ir G130 Dy 11

Eg. II-a-3 can all be defined in terms of the coefficient B using

11
Bgs. II-a-7, 2, 11, 14.
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B. Unit Displacement at Left Tower-Pier

The solution for the quasi-static function corresponding to unit

displacement at support B of figqure II-1 is obtained by satisfying the

following three equations:

4 2
d'g,; (x,) . dhgy, (x))
BTy 2 - 5 3
dx, dx,
i i
* * . 2'
wi EcAb 3 wh n
+ " ¢ LE ) g H_ an(xn}dxn =0
W n=1 w 0
i=1,2,3 (I1I-a-16)
subject to the boundary conditions
921(0) =0 g22(0) = 1 g23(0) =0
g21(z1) =1 q22(22) = 0 923(23) =0
" . " - ] - (IT-a-17)
9oy " (2) = 95" (R,) = 9,7 (Ry) =0
The form of the solution can be taken as
gZi(xi) = A, sinh (lixi) + By, cosh(lixi)
2 (II-a-18)
+ c2ixi + D2ixi + Ezi

i=1,2,3
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where Xi is defined by Eq. II-a-4. Substituting Egs. IT-a~18 into Egs. II-a-16

results in the following three equations:

* *
wi EcAc 3 wh AZn
2B.C,. = o )y L 5 [ 3 feosh (A %) - 1)
w =1 w n
3 2
B 04 D. 2
2n . 2n n 2nn
+ 5;_ 51nh(ln2n) + 3 + 5 + E2n£n]}
i = 1;2;3 (II"’a‘“lg)
Introducing 921(x1) from Eg. II-a-18 into the boundary conditions
results in the equations
B,, +E,; = 0
2
BZIAI + 2C21 = 0
1] 2 a—
AZl 51nh(1121) + le cosh(llzl) + c2121 + D21£1 + E21 =1
A..2.2 sinh(A,2.) + B..A 2 cosh(},%.) + 2C.. = O (TT~a-20)
2171 171 21’1 171 21
217 Cp37 Dy 2nd E,y can

From the previous equations, the coefficients A

be written in terms of 321 as
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S Y
2
e - _laM
21 2
B, [cosh(}_ % )-1] AL
21 171 _ 14
A21 -7 sinh(llzl) == By tanh (— ) {IT-a-21)
2
o M oL
21 2 1

Similarly, introducing g22(x2) into the boundary conditions gives

By, + Byy = 1
2
By, + 2C,, = 0
) 2 _
a,, sich(A,L,) + B,, cosh(A, %)) + C,0,° + D, %, +E =0
A A2 Binh(A_2.) + B. A2 cosh(A_8.) + 2C.. =0 (II-a~22)
227z STRRIALL, 222 ¢ 2”2 2 =

From the previous equations, the coefficients a and E2 can be

227 Ca2¢ Pap 2

written in terms of B as.

22
Epp =1~ By
2
c = By
22 7 2
. B,,[cosh(A,2,) - 1] e . h(xzzz) (IT-a-23)
22 © sinh(X,2,) = 2 wAORTS
2
b = Byohy 4y o1
22 2 [

2
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Introducing g23(x3) into the boundary conditicns gives

323 + E23 =0

2
32313 + 2c23 =0

: 2
cosh(l323) + 02323 + D 8. +E =0

Byy sinh(A,2,) + B, 23%3 * Epg

A2

233

: 2 = e
sinh (l323) + B23A3 cosh(l323) + 2023 =0 {IT-a-24)

which results in

Eyg = = Byg

23 2

A 323[cosh (k323) - 1] - canh (A32 )
23 sinh (1323) - 23 2

2
By3ts 23

Dy3 = 3 (TI-a-25)

From Egs. II-a-19 the following relationship is apparent:

c Cc
= = Y (II_a—ZG)

- = {(Il-a-27)
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Therefore,
" A
W
2 1.2
Bya =BG )
W, 2
1
* (II-a-28)
w A
3 1.2
Byz = B G7)
w 3
Substituting Egs. II-a-21, 23, 25, 28 into Egs. II-a-19, and solving
for 321
w, EA  w? 2
_(i_) (=S ,wl + Y2 2,
H ! 2H ~ 2H !
By = % =3 (I1-a-29)
E R % 1,2 (33)2 2 ranh Aty N M Y B I
LE . H X, A 2 12 i 1 w
i=1 w i i

Once 321 is known, the quasi-static function g2i(xi) is completely

determined since the coefficients A r C

2i’ B21 » D

ir and E2i appearing

217 72

in Eg. II-a-18 can all be defined in terms of the coefficient B,.. using

21
Egs. II-a-21, 23, 25, 28.

C. Unit Displacement at Right Tower-Pier

The solution for the quasi-static function corresponding tec unit
displacement at support C of figureIl-1 is obtained by satisfying the

following three equations
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2
d4g3.(x ) d°g,. (x,}
i 3i
Esly " Hy 2
' ax, dx
i i
* x . .0
wi EcAc 3 wh n
+§—(LE) () 5 | ggpxex|=0
"4 n=1 "w 0
i=1,2,3 (IT-a-30)
subject to the boundary conditions-
931(0) =0 932(0) =0 933(0) = 1
939 (%) =0 935(%5) =0 933(23) =0
" - " = " =' A
914 (0) = 93, (0) 934 {0) 0 (IT-a-31)
I3 (%) = 93,7 (R0 = g3 (R3) =0
The form of the solution can be taken as
g3i(xi) = A3i sinh (Xixi) + B31 cosh (Aixi)
4+ C 2 + D + E
T F3i%y 3%i 7 3
i = 1,2,3 (II-a_32)

where li is defined by Eq. II-a~4. Substituting Egs. II-a-32 intoc Egs.

ITI-a-30 results in the following three equations
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* 3 %*
wl EcAc wn 3n
28, Cyy =g (N Log [ oosh Oyt - 1)
w n=l w n

B
3n _. + n
o+ ~— sinh (lnzn) 3
n
i=1,2,3 (II-a-33)

Introducing g31(x1) from Eqg. II-a-32 into the boundary conditions

results in the equations

B31 + E31 =0

2
B3111 + 2031 = 0
2

cosh (llﬁi) + C3121 + D3121 + E31 = 0

sinh (1121) + B31

Byy
A 2.2 sinh (L 2.) + B..A.2 cosh (A.4.) +2C.. =0 (TT-a-34)
arty SR Y 3171 11 31
From the previous equations, the coeéfficients A31, C31, D31, and E31 can
be written in terms of By, as
By = "By
2
o ..l
31 2
‘ B [ cosh (A_2.) - 1] X, 2
_P3; 11 B 1°1 .
A31 = ey 0\19’1) = 1331 tanh {————2 ) (II-a-35)
2
B_,A, 2
I > i W

31 2
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Similarly, introducing g32(x2) into the boundary conditions gives:
B, t E32 =0
B lz +2C._ =0
32 2 32
. 2 -
Ay, sinh (1222) + 332 cosh (A222) + c32£2 + D32J2,2 + Eg, = 1
A 12 sinh (A L)) + B Az cosh (A L) +2C,, =0 (IT-a-36)
32 2 22 322 22 32

Again, the coefficients A , and E3 can be written in terms

32/ c32' D32

2
of 332 as
Ezp = 7 By
2
c -- Byors
32 p
L Byp [oosh Dye) -1 - (Azzz)
312 sinh (A,2,) 32 3 (IT-a-37)
2
o 2aafa 1
32 3 1

2

Introducing g (x3) into the boundary conditions gives:

33

533 + E33 =1
B.A.°+20._ =0

333 33

. _ 2

A3351nh (A3£3) + 333 cosh {A323) + C3323 + D33£3 + E33 =0
a__3.2 sinh (A_2.) + B._A.2 cosh(A.g.) + 2C.. = O (II-a-38)

333 373 33%3 € 373 33 °

which results in
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33 7 33
2
C = - Bil'?'_
33 2
B -
A -l {cosh (k323) 1] o tamn (l3£3)
33 sinh (A_g.) T T Fag AR T3
5 373 (IT-a-39)
o o333ty 1
33 2 ‘
. A
From Egs. II-a-33 the following relationship is apparent
C C c
31 32 33
= T =3 (I1-a~-40)
Y1 Yo M3
Using Egs. II-a-35, 37, 39, the previous equation can be written
2 2 2
B..A B_,A B__ A
311 322 333
x * = * (II-a=-41)
“1 Y2 Y3
Therefore,
W, A
w
2 1,2
By = By {T—w1 ) (E)
* (IT-a-42)
Wy Moo
B3 =By GO D
w 3
1
Substituting Egs. II-a-35, 37, 39, 42 into Eg. II-a-33 and solving for 531
* * 2' * 2
- oy Sy 22 T
H LE 2" 2H
B = W W W
31 * 2, 3
EAl 3 W Mo o MU0 MNY 2
I LG 607 gk S SR fen T E
i=1 “w i i
’ (IT-a-43)

once 331 is known, the quasi-static function gBi(xi) is completely

determined since the coefficients A_.

337 BBi' C3i, D3 appearing

i+ and By

in Eg. II-a-32 can all be defined in terms of the cocefficient B,, using

31
EqS. II"'a-35, 37, 39' 42&
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D. Unit Displacement at Right Anchorage

The solution for the quasi-static function corresponding to unit

displacement at support D of figqure II-1 is obtained by satisfying the

following three equations

* * . 2'
wl EcAc [ % wh n ]
g ) = g, (x)dx_ | =0
- LE n=1 Hﬁ o idn ' n n
i=1,2,3
subject to the boundary conditions
941(0) = 0 g42(0) =0 943(0) =0

941" (0) = 9gpn0) = 957(0) =0

Ggq"(hy) = gy, (R = 9,7 (0y) =0

(IT-a-44)

(II-a-45)
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The form of the solution can be taken as

g4i(x.) = A4i sinh (Aixi) + B

5 cosh (kixi)

4i

+ C .x.,2 + D

4i%3 23%4 + E4i (I1-a~46)
i=1,2,3
where Xi is defined by Eq. II-a~-4. Substituting Eqs. II-a-46 into Egs.
II-a~44 results in the following three equations
* *
wi EcAc . 3 wﬁ A4n
M oc,. =7 o 1L & | 7= feesh (AR - 1]
w n=1l "w n ]
B c4n2'n3 D4n2n2
+ i;— sinh (Anzn) + = +— + E4n£n
i=1,2,3 (I1-a~47)

Introducing q41(xl) from Eg. II-a-46 into the boundary conditions

results in the equations

341 + E41 =0
B,,A 2 + 2C,. =0
4171 41
. 2
A41 sinh (Alzl} + 341 cosh (Alzl) + c4121 + D4121 + E41 = 0
A 2.2 sinh (0.2.) +B..A.2 cosh (\.2.) +2C.. =0
4171 171 4171 171 41 (IT-a-48)
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From the previous equations, the coefficients A41, C41’ D41, and E41
can be written in terms of Byy as
Egp =~ By
2
o .. ah
~41 T 2
B [cosh (A %,) - 1] AL
41 171 171
P T T T simh (hh) = = By tanh () (TT-a-49)
2
5 - Bt 4y
41 ~ 2

Again,

42

as

Similarly, introducing q42(x2) into the boundary conditions gives

Byy + Eyp = 0
B A2+20._=0
4272 42
. 2 -
A42 sinh (Azzz) + B42 cosh (Azgz) + C4222 + D42£2 + E42 =0
2, 2 B
A42A2 sinh (Azlz) + B4212 cosh (1222) + 2042 = Q (IT-a-50)

the coefficients A

427 042, D42, and E42 can be written in terms of
Ego = “Byo
2
o o _lady
42 2
. Byy [oosh pty) - 11 N (A222
42 sinh (A2£2) 42 2
2
B, A, &
_ a3ty *2 o
D42 - 2 (II-a-51)
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Introducing g43(x3) into the boundary conditions gives

2
B4313 + 2043 =0

, _
A43 sinh (A323) + B, cosh (A323) + c4 23 + 04323 + B

43 3 43

2 . 2
A sinh (ABEB) + B43A3 cosh (l3£3) + 2C = 0

43A3 43

which results in

Egz = "By
2
o . la3s
43 = 2
. B,y [cosh (A,%,) - 1] o B tamh oiéié)
43 sinh (1, 1,) 43 2
2
o taats a1
43 ~ 2 2,

From Egs. II-a-47 the following relationship is apparent

2 2 2
Baily Byots Bjats
* = * - *
o] Yy W3

=1

(II-a-52)

(I1~-a~53)

{II-a-54)

(I1-a-55)
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w A
2, 1,2
B2 = By G )
w 2
1
%
W A

8 3

*1

1.2
43 = ?341 ) (i;)
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(1I-a-56)

Substituting BEgs. II-a-49, 51, 53, 56 into Eg. IT-a-47 and solving

for B

41
* * 2
: H LE 2H °
w W
B41 = Lk . -
EA 3 w,2 A X2,
cc L, i 1.2 2 i
I [ z &) (XT) (3= tanh —;

i=l w i i

Once B

determined since the coefficients A4i’ B

Egs. I1I-a-49, 51, 53, S6.

41 is known, the guasi-static function g4i(xi) is completely

43’ C4i, D4i' and E4i appearing

in Eg. II-a-46 can all be defined in terms of the coefficient B

(IT-a-57)
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APPENDIX II-b

Solution for the Vertical Mode Shapes and Natural Frequencies

If it is assumed that the mass of the bridge as well as its
R .th .
elastic properties are uniform along the i~ span, the eigenvalue problem

assumes the form

*
w, 3%n, atn, 2%n,
S L — - 5
9 ot 9x. X,
i i
%
*
wi ECAC 3 m
*E® L z nm(xm't)dxm =0
w E m=1
: 0

whére the bracketed term in Eg. II-b-l1 represents the additional hori-

. t .
zontal component of cable tension H(t). Then h vertical mode shape and
natural frequency is obtained by assuming the vibration to be sinuscidal,

that is

iw t
ni(xi,t) = ¢ni(xi)e

i=1, 2,3 n=112, 3 ... (II-b-2)

in which i = /-1 and ms is the nth natural circular frequency of vertical
vibration. Substituting Eq. II-b-2 into Egs. II-b~1 yields the equations

of motion in the form

4 2 2. *
aeé_, H g% . muw W, L
ni _ w ni__in b b i 4 =0
4 E.T, 2 'E.I i -
dxi i7i dxi Ei i ni EiIin n

i=1, 2, 3 n=1, 2, 3... (II~-b=-3)
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where

%*
w,
m, = ;i i=1, 2, 3 (II-b-4)

and the additicnal horizontal component of cable tension associated with

the nth vertical mode shape, Hn' is given by

%i
(x,)ax,
| tny %50

n=1, 2, 3... (IT-b-5)

Because Hn is independent of xj and may be treated as a constant,
EQs,II~b-3 represent linear, ordinary differential ecuations of fourth
order with constant coefficients. The general solutions of Egs.II=b-3

are expressed as

Hy¥y ”ix;
.} = A, si + B,
¢ni(xl) Al sin ( % ) 5 cos )

i i
. ~
Vi X, Ve X, wW.H
+ C, Sinh(ll)+D. cosh(ll>+ 1n
i 2, 1 2. 2
i k3 m.H w
iwn
i=1,2, 3 n=1, 2, 3 ... {(II-b-6)
her = i 8.(z, - 1}
where ui 2 912 .
v, = L g. (7, + lJ‘ i=1,2,3
i 2 i71i e
4E.I,m, n= 1[ 2, 3 ...
z, = [1+ ( = ; 1) w2
7]
W

i EL (II-b-7)
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and Ai' B., Ci' and Di are arbitrary constants and are determined in
conformity with the boundary conditions at the supports of the ith
stiffening girder {or truss). The first four texms in Eg. II-b-6
represent the general soluticns 6f the homogeneous equations (én = 0),
while the last term cf the same equation represents the particular solu-
tions of the complete differential equations.

It is convenient to separate the investigation of the sym-
metric vertical modes from that of the antisymmetric vertical modes;
that is, the problem can be divided into two parts:

1. The symmeﬁric vertical modes of vibration in which
there are an even number of internal nodes aldng
the center span. Here ﬁn is not zero.

2. The antisymmetric vertical modes of vibration which
result in an §dd number of internal nodes along the

center span. Here Hn is zero.

Symmetric Modes of Vertical Vibraticn

Assuming the stiffening structures to be simply supported at

the towers and anchorages, the boundary conditions become

d2¢ .
for z; =0 oy = O BT —5 =0

dxi n=1,2,3 ...

2

d ¢ni i=1, 2,3
for X, = Zl ¢nl =0, EiI 5 = 0

i ax
i
(IX-b-8)

expressing the fact that the displacement and moment are zero at the sup-
ports of each span. Introducing Eq. II-b-6 into the above boundary

conditions establishes the symmetric vertical modes as
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giﬁn , .. Zi + 1 1 xi
¢ .(x.) = 5 2%, = m—m——eee cos[%. (-“- ‘““j]
ni Ti ImH 2.0 i cos(pi/z) i\z2 zi
iwin
zZ, -~ 1 b 4
i 1 i)
- —— YV, [ = - =
cosh(v_/2) °°Sh[ (3- 7 ]]
i i
i =

= .1' 2’ 3 n= li 2: 3 . & e (II"b""g)

Finally, substituting Eqs.II-b~9 into Eq. I1I-b-5 in order to

obtain the frequency equation, the following transcendental equation upon

the natural circular frequency, w is obtained:

*
IE _ § zi 2 zi . - Zi.+ 1 . (gi>
E A H 2 i " ANz

m,Z.w
iin

(35 (3]

n=1, 2, 3 ... {IT-b-10)

Antisymmetric Modes @f Vertical Vibration

An antisymmetric vibrational deflection of the cable and stiffening
girder causes no additional cable tension Hn. Therefore, there is no
interaction between the center span and side spans. For this reason,

two types of independent vibration in a three-span bridge are possible.

Setting Hn = 0 in Eg. II-b-6 vields:
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¥y  H1%y V%3
¢ ,{x.) = A, sin ( ) + B; cos ( ) + C, sinh
ni i i li 2i i li
V. x,
4+ D, cosh ( = l)
i L,
i
n=l,2,3..o i=l’2f

The boundary conditions for the center span are:

2
d ¢n2

2 ¢n2 22 dxz

fl
o

for =x

2

o
= ad
ju]
8]

]

for x

L2
2 2

n2 272

N%N

3 (II-b-11)

n=1, 2, 3.

(IT-b-12)

The second part of Eq. II-b-12 indicates that the center of

the span remains at rest and is also an inflection point.
Substituting Eg. II-b-11 into the boundary conditions

the frequency equation is derived in the form:

from which may be seen
u2 = 2%, 4w, 67 ...

The antisymmetric vertical modes of vibration for the

span then become:

mmx,,
¢m2(x2) = A, sin — : m=2, 4, 6 ...

2

(II-k-12),

(II-b-13)

(IT-b-14)

center

{IT-b~15)
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Substituting this last expression intoc equation II-b-3 {with

H = 0), the natural circular frequencies for the center span are deter-

mined:

frequency

) 2

L (E.“!f_) 2 E212 . HWF‘,Q
- 2 2

m 22 m2 ‘mom T

The boundary conditions

[l
o
-

for =x,

1l
s
S

for x.
3

m=2, 4, 6 ...

for the side spans are

&% .

=0 E.I. -——%1 = 0
73 gx"
j
&y .

=0 E.I 2 =0
373 g2
3

{I1-b~-16)

1, 2, 3 ...

1, 3

(II-b-17)

Substituting Eq. II-b-11 into the above boundary conditions, the

equation is derived in the form:

sin 4, = 0
3

from which may be seen

Y, = M, 21T, 3T wo.

]

The antisymmetric vertical

spans then become

2

’ mux ,
¢mj(xj) = Aﬁ 31nm(-gl>

i=1,3

1, 3

e
]

m=l,2,3ooo 113

('8
Il

modes of vibration for the side

(II-b-18)

(TI-b-19)

(II-b-20)
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Substituting this last expression into Eq. II-b-3 (with Hn = 0),

the natural circular frequencies for the side span vibration are determined:

2 E.I, B 2?

=(!ﬂ) 1 o, w3

| L 22
Jjm 3 mJ nme T

m=1, 2, 3 ... i=1, 3 (II-b-21)
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APPENDIX II-c

Orthogonality of Vertical Mode Shapes

The n

*
w.
T2 1
oy g ni ) Y ET; 4

IV "
(xg) - H ¢ ."(x;)

where w is the nth natural circular frequency of wvertical vibration.

The m
that is:
*
PR - -1V “
“n g fmia) BTy by Xy - By 4y, (X))
* * .
w.] EA 3 w, 25
C Rl
W Ig j=1 "w 0

th vertical mode shape ¢ni(xi) satisfies the equation

1,2,3

(IT-c-1)

th vertical mode shape, ¢mi(xi), satisfies a similar equation,

(II-c-2)

Multiplying Eg. IT-c-1 by ¢mi(xi), integrating from zero to Ri, and

summing over all three spans (i=1,2,3), results in
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v L,
2[§ At 2 oo
N -l R R R LN R IV T B WA LR A
-3 (4
- HW 2 ¢ni" (xi) ¢mi(xi)dxj,
| i=1 o
v [* * 00
EA 3 w, [i 3 e
— | 1l & — i}
+ ¢ . (x.)ax, ) 6 .(x.)dx.] =0
E [i=l A L = l] [j=1 Hyj, M
(II-c~3)

n=1,2,3.-.

Multiplying Eq. II-c-2 by %ﬁxxi), integrating from zero to 21' and

summing over all three spans (i=1,2,3), results in

2w M 3 R
) by Oy by (g 08y | 4 iZ:L EsTy | Omg O dp; () dxy
0

_@m -
i=1 0

3

-u, [_2 b (=) ¢ (x)ax,
i=1
0
* . .0
3 *® . 0 3 W, j

+EcAc|:z Sip e (x )ax}[i ﬁ—l[ § L (e)ax [ =0

I |.L. EH: j=1 “w 13

B (i=1 W 0 0
(II-c-4)
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Subtracting Eg. II-c-3 from Eq. TI-c-4 yields

C 2 -2 3 i
(mn -uw ) _2 — ¢ni(xi)¢mi(xi)dxi

3 i ‘
+ izl E.T, by (x)¢ .G -4 (x)6 , (x))dx,
0
3[4
- H 'izl [6 ;" (e 0, (%) = 6 "(x)b . (x)]dx, =0
o

n=1,2,3,... m=1,2,3,... {II~c-5)

Now the last two bracketed terms in Eg. II-c-5 can be shown to vanish

by integrating by parts. For example
L. g,
i i
L] = 1]
¢mi (xi)¢ni(xi)dxi ¢ni(xi)¢mi (x,)
0 : g o]
i
L.
X

Oy " ()0 " (g dxy

0

n=1;2'3'o.o m=1,2:3,... (11_0—6)

=

gince ¢ni(0) ¢ni(£i) = 0 from the boundary conditicns.
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Similarly,
2. , u 71
hR
9pi (%00, (x)dx, = ¢mi(xi)¢ni'(xi) o
0
- (bmi ' (xi) tbm._ ' (xi) ax,
lo
‘ ’in
== ¢mi' (x;) (’bni' (x,)dx,
Jo
n=1,2,3,... m=1,2,3,cc. (II-C=7)
Also it can be seen that
2y . oM
¢mi(xi)¢ni(xi)dxi = i(x Yé . ’“(xi3 -1 (bm "'(x 14! i(x )dx
0 0 /0
- PR,
i i
0 Jo
li n=1,2,3...
= ¢ . "(x.)¢ . "(x.)dx. {(IT-c-8)
o hob Mol m=1,2,3...
since ¢ (0) = ¢ (2 ) = 0 and ¢ () B ¢ni"(2i)'= 0 from the boundary
conditions.

Similarly,
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£i Ei' Qi
ch Ve teddx, = 6 (x4 ' 0x) 7| et g ey
0
L. gi
1
=T émi'(xi)¢ni"(xi) 0 + dsmi"(xi)¢ni"(xi)dxi
Y
L,
1

13

R L

n= 1,2;3'005 m=l'2y3cee

Substituting Egs. ITI-c-6, 7, 8, 9 into Eq. Il-c-5 yields modal

orthogonality of the form

W 2
Wi bR
g | %11wmmf&]:o

1 0
n=1,2,3,... m=1,2,3,...
That is
3 wi’ 2i
E q b5 (X0, (%), =0
i=1 0

for n # m

{(IT-c—9)

(IT-c-10)

(IT-¢-11)
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APPENDIX II-d

Cable Tension Response in Frequency Domain (Calculational Details)

The finite Fourier transform of the vibrational horizontal component

of cable tension is given by

T A 3 w (1,
H(w) = —=C { ) [-5» [ Vo4 .(x.)dx.:]Q ()
el L L onm B0 MR
w 4 2y |
5 2 [ ‘ gji‘xi’dxi] Fi
w j=1 0

ii )
- 2Hw {fi+l(w) + Fi(m)]]

[Fs(m) - FS(w)]} ‘ {II-3-1)

+

where Fj(m) (§=1,2,3,4,5,8), is the finite Fourier transform of the jth

input ground displacement over the duration of the ground motion, Tl'

and Qn(m) is the finite FPourier transform of the nth generalized co-
ordinate given by

1 -
fj(t)e-lwt at 4=1,2,3,4,5,8., (1I-3-2)

1]

. =
j(w)
0

[H_(}T {F(w)} n=1,2,3... (II-d-3)

0_(w)
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where'{Hn(nS)}T is the transposed complex frequency-response vector
corresponding to the nth vertical vibration mode, . and {?(&5} is the
Fourier transform ﬁector of the ground-displacement inputs.
The power spectrum of H{t) may be approximated as
. . .
GH(w) =z —  H{w) H{w) (I11~3-4)

Ty

where Tl is the duration of the ground motion and the superposed
asterisk denotes complex conjugate.

Substituting Egs. II-d-1 and IT-d-3 into the previous equation results
in an expression involving sixteen different terms. These will be taken

orne at a time in order to isolate the effects of input correlation.

A) Pure relative response

In performing the multiplication of Bg. II-d-4, one of the terms
encountered involves the first term of Eq. IT-d-1 multiplied by its

complex conjugate, that is
. EA, 5 - 3 W, g .
G = g9 g | 1) PRESTALA ENG
n=1
o
L,

3 ;j i I
4 I & 1o txex, Qm(m)} (II-d~5)

0 m=1

which can be written:
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- 2 c c 2 v -3 "
= 257 | onrdwew
n=l m=1

EcAc 2 T % - K
=% 1 L TR WY ] {5 w)
L nel mel {T1-d-6)
where the modal factors I'_ are given by
3 %i' ]
r=) 7| éyxlax,  n=l,2,3... (II-a-7)
i=1 W o

{#)}] is the 6%6 spectral matrix whose terms are defined by

and [fo
. 2 * - ' s s
Glj(m) = Tl Fi(w) Fj(W) 1'3 = 1,2,3'4'518 (II"'d"’B)

New for the correlated case, the spectral matrix is full, while for

the uncorrelated case, only the diagonal terms (i=j in Eq. II-d-8) are

retained.

Pure Quasi-Static Response
This involves the second term in Eg. II-d-1 multipled by its complex

B.

conjugate, that is

: , EA, 2 § % . N
G, (w) === ¢ ) Y:Y, F:lw) F(w)
B Ty Iy 5oy ey DK 3 k-

EcAc 2 .
= (= T 2 2 ¥ yk[G {w)] (I1-d-9)
E =1 k=1
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3w,
where Yj = -Z Ei gji(xi)dxi 3=1,2,3,4. (IT-3-10)
and G (m) is defined by Eg. II—d—B,
For the correlated case, all power and cross-spectral terms are
included in Eq. II-d;9, while for the uncorrelated case, only the
diagonal terms remain, that is Egq. II-d-9 reduces to

EA, 4 ‘
Gglw) = (=5 )2 f, ‘Y 2 65w 2 (II-d-11)

g |

where Gj(w) is the power-spectra of the jth input support displacement

(j=1,2,3,4) given by:

N2 L2
Gy (w) m-,i;-l- IFj(m)[ (1I-3-12)

C. Response Due to Vertical Support Displacements

This involves the third term in Eg. II-d-1 multiplied by its complex

conjugate, that is

E A
- 2 c c 2
G () = == (=2 2 ):ss{r (m)+F(w)}
C Tl LE i=1 31 i+l

{Fj+l (W) + Fj (w)}

E

A
LE i=1

(w) + G, (>)

3 3
_Z_ 21 BBy 18541, 441 1,341

+ G1+1,3(w) + G, (w)} (11-4-13)
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which, for the uncorrelated case reduces to:

- Ela 2 2 ‘
Gulw = =92 { 8216, @ + 6, W]

Ly

+

‘ 2 : .
281327G2(m) + 82 Icz(m) + 83(9)3

+

. ) | .
28,8,G, () + By [G,(w) + G, ()] } (TI-d-14)

D. Response Due to Longitudinal Support Displacements

This involves the fourth term in Eq. II-d-1 multiplied by its

complex conjugate, that is

E A

N2 ohea ko A I
GD(m) = Tl P?é:ﬂ [Fa(w) Fs(w)][Fg(w) Fs(m)]
EcAc 2 ’ : : * - )
= Pj;;—) {Gefw) + Gs(m) - Gsa(m) - G58(m)] {II~d~15)

which for the uncorrelated case reduces to:

(@) = (E°A°)2 16 (w) + G (w)] (IT-d-16)
S i ) 5

E. Cross term: relative and quasi-static responses

This involves the complex conjugate of the first term in Eg. II-d-1

multiplied by the second term in this equation, that is
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P EcAc 2 § § -
G, W = —(—) ) T 7.0 (WF. {w) (T1-d-17)
AB T1 LE n=1 4=1 n i ™n 3

where Pn was defined in Eq. IT-d-7, and Yj was defined in Eq. II-d-10.

Using Eq. II-d-3, the previous equation may be written:

. -} 4
EA
_2 2 ] ] LENURR J5.
G,p W) = Tl( I )7 pm1 e TpYslE @) {F(w)}Fj(m) (I1-d-18)

which, for the uncorrelated case reduces to

EA %
: ce 2 :
S @) = ) n§1 21 Ty Hog (@) 16 @) (11-a-19)

where Hnj(d) is the complex frequency-response function corresponding

to the nth vertical vibration mode and the jth vertical input motion.

F. Cross-term: Relative response and response due to vertical support

displacements

This involves the complex conjugate of the first term in Eg. II-d-1

multiplied by the third term in this equation, that is

G, (W) = - == (ECAC 2 2 T8, O (W) (F,, (@) +F (u)
AT Ty L ogampogq AT i

5 E A 2 z . .

= - == T o {H (@) 3T {F(w)} (F NOR F. {w))
Ty LE n=1 i=1 i
(TI-3-20)
which, for the uncorrelated case, reduces to

- ECAC > oo . .

Cpo(0) = = (5= . n§1 121 r 8, [H (w) 6, ) + & gy (@ Gy g (@)

(1I-d-21)
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G. Cross-term: Relative Response and Response Due to Longitudinal

Support Displacements

This involves the complex conjugate of the first term in Eq. II-d-1

maltiplied by the fourth term in this equation, that is

- 2 EcAc 2
Gy (0) = =2 (= ng(m) [Fg(w) = Fo(w)]

AD Tl LE n=1

2 EcAc 2
= 5 2 r {H @ 1T {Fw)} [Fg (w) - F ()]
1 LE n=1

{II1-d-22)
which, for the uncorrelated case, reduces to
. E A
6, W = (=52 2 T [H g (@) Gg () - H (@6, (@] (T1-a-23)
AD Iy o1 n3 5

H. Cross-term: OQuasi-Static Response and Response Due to Vertical

Support Displacements

This involves the complex conjugate of the second term in Eg. II-d-1

multiplied by the third term in this equation, that is

E A
(m) = - —

C Tl LE

4 3 . : :
Z Z Y4By Fylw) [Fy (@) + F, ()] (I1-a-24)

which, for the uncorrelated case, reduces to

E A

LE

2 1y,8,6, () + v,(8.+ B,)C, ()
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I. Cross-term: OQuasi-Static Response and Response Due to Longitudinal

Suprcrt Displacements

This involves the complex conjugate of the second term in BEg. II-d-1

multiplied by the fourth term in this equation, that is

2 (EcAc)z

o 4

[ T8

GBD(w) = Fj(m) {Fs(w) - Fs(mll (I1-3-26)

¥
3
which reduces to zero for the uncorrelated case.

J. Cross-term: Response Due to Vertical Support Displacements and

Response Due to Longitudinal Support Displacements

This involves the complex conjugate of the third term in Eg. II-d-1

multiplied by the fourth term in this equation, that is

EA 3 .. ,
G () = =2 (-5-52 B.[F. . (w) + F, ()] [F.(w) - Fo(w) ] (TI-d-27)
Ch T1 LE io it il i 8’ 8

which reduces to zero for the wuncorrelated case.

Power Spectrum of H(t)

The power spectrum of H(t) is given by Eg. II-8-4, which can be written
as
GH(w} = GA(w) + GB(w) + Gc(w) + GD(m)

+ 16, @) + Gy ()]

[Cn

.- * .
+ 16, ) + Gyolw)]
[y @) + Gy ()]

. +* o
[Gpe ) + Gy ()]
- *

+
+ [GBD(m) + GBD(m)]

+

*
+ [ (W) + Gopy (¥ 1 | (1I~4-28)
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where the terms on the right hand side of Eg. II-d~28 have been previously

.defined, and the superposed asterisk denctes complex coniugate.
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APPENDIX Il-e

MULTIPLE SUPPORT SEISMIC INPUTS
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SOME OF STRONG-MOTION GROUND STATIONS DURING
THE IMPERIAL VALLEY, CA. EARTHQUAKE 15 OCT. 1979
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Fig. II-e-l Strong motion recording stations of the El Centro Array.
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Fig. IT-e-5a Power and cross-spectral densities of displacement
of El Centro Array (component S50°W).
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Fig. II-e-5b Power and cross-spectral densities of displacement
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CHAPTER III

TORSIONAL RESPONSE OF SUSPENSION BRIDGES

TO MULTIPLE-SUPPORT EXCITATIONS

III.l. INTRODUCTION

This chapter presents the dynamic analysis methodology for earthquake-
induced torsional vibrations of suspeénsion bridges. The interesting
feature in this problem arises from the torsional vibration being excited
by the torsional (or horizontal ground rotation about a vertical axis)
and rocking (or vertical motion about a horizontal axis that is parallel
to the longitudinal axis of the bridge) components of ground motions
occurring at the bridge's support points (anchorages and tower-piers)
as illustrated in Figs. ITIT-1 through III-4., Because the current state
of the art involves recording only the three perpendicular translational
components of earthquake ground motion {two horizontal in addition to
vertical), the rocking and torsional ground input components can at best
be estimated from these recorded translational components using wave
propagation theory,

As in the analysis of Chapter II, a ffequencywdomain random vibration
approach is used in this chapter to take into account the differences
in ground motion inputs as well as the correlation among the various
input motions. 1In general, the correlation of the motions at these support
points is extremely complicated, particularly in the case of a long-span

bridge, with different foundation conditions, subjected to seismic waves
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with différent angles of incidence and different travel paths (reflections
and refractions, etc.). Ho&ever, as mentioned previously, such complica-
tions can be surpassed by utilizing existing strong motion translation
records along with simplified propagation assumptions to define representa-
tive and appropriately correlated multiéle-support rotétional seismic
inputs. Ground motion records taken from the Imperial Valley (El Centro},
California, earthquake (ML = 6.6) of October 15, 1979 are used in defining
the input support motions (see Appendix II-e). These ground motion r?cords
were recorded at several instrument locations whose separation distances
are consistent with the suspension bridge's dimensions.

Finally, the torsional response of the Golden Gate Suspension Bridge,
in California, is investigated in order to estimate its earthquake response
characteristics. Two cases of torsional response are considered. In the
first case, the ground motions recorded at Arrays No. 4, 5, 6, and 7 (cf
the 13 El Centro Arrays; see Appendix II-e) are utilized to define the
rotational input motions at support points (anchorages and tower-piers),
while the seéond response case uses the records at Arrays No. 5, 6, 7,
and 8 to define the fotational inputs. Mean square torsional response,
as well as mean square horizontal components of cable tension due to
torsional vibration, are obtained and peak responses are estimated by

using a peak factor of about 3.5 (cobtained from Chapter II).

III.2. COORDINATE SYSTEMS

The coordinate systems used for the typical three-span suspension
bridge are the same as the ones used in chapter II for vertical vibration
(see Fig. IIT4). In addition, for the purpose of studying the torsional

vibration, the following is considered [1,2]:
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The principal vibr;tional torsional modes are identical to the
corresponding vertical modes, except that the two sides of the
deck and the two cables eéch move in opposite directions, i.e.,
180° out of phase as shown in Fig. IfI-3., Certain differences
between the frequencies of these two comparable modes -- flexural
and torsicnal ~ arise, however, from the different stiffness

and inertial conditions involved. In the flexural modes, the
vertical motion of the deck is uniform across any one cross-
section; in the torsional modes, one side is rising when the
.other is going down, and the midpoint of the deck remains
stationary.

The torsional vibration e(xi,t) of sach span is measured as a
clockwise rotation of the ;tiffening structure from its
originally horizontal orientgtion.

As will be shown at a later point, the torsional vibration is
excited by rocking ground motion { about a horizontal line
pafallel o a longitudinal axis of the bridge) at the bridge's
support points as well as torsional (horizontal rotation) ground
motion., In Fig. III-4, the rocking ground motions at supports
A, B, C, and D (anchorages aﬁd tower-piers) are denoted
wl(t). wz(t), w3(t), and y,(t) while the corresponding
torsional ground motions are denoted ¢1(t). ¢2(t) ¢3(t),

and ¢, (t).
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ITI.3., SIMPLIFYING ASSUMPTIONS

Certain simplifying assumptions are introduced here in addition to
the fundamental assumptions adopted in the earthquake ahalysis of vertical
vibration (Chapter II). Not only is it assumed that the hangers are
vertical and inextensible, the cables parabeolic, and only small deforma-
tions allowed, but also the following simplifyving assumptions are intro-
duced {1,2]:

l. The cross section of the bridge deck is assumed to be symmetric

about the center of the section. This cross section consists
of four horizontal chords (or flanges) and four shear web systems
{either diagonal and vertical truss members or web plates).

2. The suspenders (or hangers) are considered inextensible and are

assumed to remain vertical during torsional vibration.

3. The tower-piers undergo rocking and torsicnal motions as rigid

bodies under ground motion excitation. This is a reasonable
first approximation to investigate torsional vibration since

the tower-pier is much stiffer than the suspended structure.

III.4., EQUATION OF MOTION GOVERNING TORSICNAL VIBRATION

Under the previous assumptions, the linearized equation of motion
. . . . . th - . .
governing the torsional vibration of the 1 span of a suspension bridge

is given by [1,2]):

2
26, o, (i, ox B2
I, 2+Eifi—f- i1 2 ) 5.2
ot 9x. Xy
1
3, w.b

+ o, ==+ =—H(t) = 0, i=1,2,3. (3.1)
W
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where § = Gi(xi,t) is the torsiocnal response of the ith span; $i is
the dead weight of the bridge per unit length of the ith span; Imi is
the equivalent mass polar moment of inertia of the ﬁridge cross section
in the ith span (including the contribution of the two cables} per
unit length; Ei is the modulus of elasticity of the suspended structure
in the ith span; Ti is the warping constant of the cross section (see
Ref. 1) in the ith span; Eiri is the warping rigidity of the cross
section in the ith span; Gi is the shear modulus of the ith span;
Ji is the torsion constant of the ith span; GiJi is the torsional
rigidity of the i span; b is the deck width of the bridge; «c,
is the torsional damping coefficient for the ith span; Hw is the
initial (dead-load) horizontal component of cable tension; and H(t)
is the additional (vibratiocnal) horizontal component of cable tension

given by [1,2}:

0
Q
L~

2. .
NS ]
= ‘ dx, + u_(x.,t) ’ (3.2)
2 o dx. axj 3j ¢ J o
in which Ec is the cable's modulus of elasticity; Ac is the cable's

cross sectional area; a, is the longitudinal cable displacement at the

tower tops and anchorages; 1j is the length of the jth span; LE

is the cable's virtual length defined as [1};

L -

i=1 i

. . . .th
where s; 1s the coordinate measured tangent to the cable in the i

span; and yj = yj(xj) is the cable ordinate measured from the closing
chord of the jth span (Fig. III-4). This dead load cable profile is

expressed as [1,2]:
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It should be recognized from Egs. 3.1 that the torsional vibrations
of each span of the suspension bridge are coupled together by the vibra-
tion of the cable through H(t). In torsional wibration, the two cables
vibrate in their vertical planes in opposite phase. The downward movement
of the cable tends to increase its length and thus increase the horizontal
component of ¢able tension, while the upward movement of the cable tends to
reduce its length and thus reduce the horizontal component of cable tension.
The boundary conditions at the tower-piers and anchorages are time dependent
and can be written as

Bi(O,t) = wi(t)

0, ;. 8) =W, (8
i=1,2,3. (3.5)
87(0,£) = 0

Sz(ﬂi,t) =0

where wi(t), (i=1,2,3,4), are the rocking compohents of ground motion
displacement at supports A, B, C, and D of Pig. III-4. Also note
that by integrating Eg. 3.2 by parts and utilizing Egq. 3.4 the

additional horizontal component of cable tension can be given by

* L. L. '3
EA 3 |w.b 7 dy, 3 3

H(t) = —— 7§ [_l_.J O dx, + E{—-JJB. I +u_(x.,t) l ] (3.6)
LE j=1 ZHW o J 1 2 dxj 3 g c g 0

The last two terms in Eg. 3.6 may be written as

% b[.d_yi] E b § ;jg'j
= 8. I = - [\P- (t) +1p.(t)] (3.7)
j=1 2 dxj 3 0 2 j=1 2Hw j+1 3
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and
O L

u (x,,t) =i, ,(t) ~ d.(8)]
4= c 0 4=1 2" 79+1 j

b
= Sl (8) ~ ¢ (B)] (3.8)

where ¢j(t), (j=1,2,3,4), are the torsional components of ground motion
displacement at supports A, B, C, and D of Fig. III-4.
Therefore, the additional horizontal component of cakle tension

{(Egq. 3.6 ‘) becomes

* 4. *
w, 3 w, .,
E A 3413 _
v = (LR R, oao - A e < v
E J=1
+ [, (1) - ¢1(t)]$ (3.9)

From Egs. 3.1 and 3.9, it can be seen-that the bridge's torsional
motion is excited not only by rocking ground motioﬁ inputs wl(t), wz(t),
w3(t), and w4(t) (that is by the vertical rotation of the ground about
a horizontal axis parallel to the longitudinal axis of the bridge), but
also by the two torsional ground motion inputs (that is, the horizontal
ground motion rotation about a vertical axis) at the end anchorages,

¢1(t) and ¢4(t).

III.5. GENERAL SOLUTION

In order to conveniently satisfy the time-dependent boundary condi-
tions (Eg. 3.5 ), again the Mindlin-Goodman solution is adopted [7],
that is, the torsional displacement is separated into two parts
4
= i=1, . .10

j=1 7
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where ni is the relative or vibrational rotation of the ith suspended
span and gji(xi) is the quasi-static (or influence) function which
gives the rotation at xi due to a unit rotation of the suspended
.th
structure at the Jj support.
Substituting Egs. 3.10 into Egs. 3,1 and 3,9 gives the follow-

ing eguation governing the vibrational response:

azni a4ni .2 azni
Imi 2 * EiI‘i 4 [G JJ. * Hw 5—') 2
ot Bxi Bxi

- I, Y g (x)IIJ(t)-cl Z 9 (x)lll(t)

:rib’ BEA |y 3 :r %
il {3] nzl ZHW W (B + 9 (0]

;ib’ EA )y
il —ZE%’ [E] [9,() = ¢, (B)]

4 2
v - b | .,
321 Y. ‘t’{Elrlgj (x ) {GiJi +H 3 Jgji(xi)

* * '3
+ | l—_=]]= —_ g. {x )dx ‘ i=1,2,3. .
Hw LE 2 n=1 Hw 0 non n}
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Substituting Egs. 3.10 into Eq. 3.5, the boundary conditions upon the

vibrational response become

4
n;(0,t) = ¥ (8) - ] 955 (0¥ (1)
i=1

n (et =P (0 - Z 953 (85005 (0)
i=1,2,3 (3.12)
4
nit,t) =0 - J FHONNC
1
j=1

mwzt)=o-2 gl1 (2, (8)
=1

The above boundary conditions can be made homogenecus by choosing

= 1 ji=41
g..(0)
7 =0 i#d
9., (%) rl o i=1,2,3.
4174 _ C . (3.13)
0 1AL+ j=1,2,3,4.
(] — 1 = . .
gji(O) = gji(ii) 0 for all i,j
Now the quasi-static functions are the solutions of the twelve
equations represented by setting the last bracketed term in Eq. 3.11
to zero {(for i = 1,2,3, and j =1,2,3,4) subject to the boundary
conditions of Eg. 3.13. These functions have the form
g..{(x.) = A, sxnh(k X, ) + B, cosh(k x; ) + C. x2 + D, + E_,
Ji'7i ii ji jiti ji l 31
i=1,2,3. (3.14)

j=1,2,3,4.
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wherxe )
2
63, + 5, &
Ai = BT s 1i=1,2,3 (3.15)
ii

and the coefficients &a.,,, B.., C.., D.,, and E.. are constants
Ji Jx J1 Ja i

involving the bridge's structural properties (solution details are found

in Appendix III-a).
With the guasi-static functions uniquely defined, Eg. 3.11 reduces to

a°n, a*n 2y 9°n, an
I + E, I, —=~ {G J. +H ——J + g, T
mi at2 iTi Bx? 2 Bx? i 3t
i i
* * g
wib[[EcAc] [b] i W J n ] % N
+ == = — ndx | =-1I. g..(x.)¥. (%)
Hw LE 2 n=l Hw 0 n n mi j=1 317710 T3
* *
4 y wib EcAc b 3 WI‘15Ln
=1 w E n=1 w
*
Wib EcAc b
- Hw LE {5)[¢4(t) - ¢l(t)] ’ i=1,2,3 (3.16)

and the boundary conditions upon the vibrational response ni(xi,t) become

homogeneous, that is

ni(O,t) = ni(li,t) =0
i=1,2,3. (3.17)

ﬂi'(O.t) = ﬂi'(ii:t) =0 ’
Note that the equation governing the torsional vibrational response

(Eq. 3.16) is excited by rocking ground motion acceleration, velocity,

and displacement terms at each support point, as well as torsional ground
Although, as indicated by Baron,

motion displacements at the anchorages.
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et al [3]}, the contribution from velocity terms is often small when com-
pared to the displacement and acceleration terms, the velocity terms

are included in this analysis for completeness,

I1II.6. EIGENVALUE PROBLEM - FREE VIBRATIONS

The solution to Eq. 3.16 is obtained by modal superposition, that

is the vibrational displacement is taken to be

oo
n; (x,,8) = nzl 0, (x)a (8) i=1,2,3. (3.18)

where Gni(xi) is the nth torsional vibration mode shape in the ith

span of the bridge and qn(t) is the nth generalized coordinate., The
mode shapes and their associated natural frequencies are derived from

Egs. 3.16. With damping and forcing terms set to zero, Egs. 3.16 become

a?n, o*n, 521 ¥n,
mi T2 tENTTOC [GiJi *Hy E’J .
at 9%, 0%,
. 1 L
* *
wib EcAc b 3 wn n
+ 1= Eﬂ z 5 j nn(xn,t)dxn =0 i=1,2,3. (3.19)
W E n=1 "w "0

The nth torsional mode shape and natural frequency, wn, is

obtained by assuming the vibration to be sinusoidal, that is

. = (x, i i=1,2,3. 3.20
nj(xj,t) an(xj)exp(lwnt) j=1,2,3 ( )
n=1,2,3...

in which i = v/-1.

‘Substituting Egs. 3.20 into Eg. 3.19 results in

%
a‘e_, ,2)d°0 , wb -~
ET, —= - |e.o, +8 =]—22 -1 w0, +—H =0 (3.21)
ii 4 i'i 2 2 mi n ni H n
dx, dxi W
i=1,2,3
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where the additional horizontal cable tension associated with the nth

torsional mode shape, Hn' is given by

*
~ EcA b 3 w, |
H = c{_} Z —J-J 0 .(x,)dax, n=1,2,3... (3.22)
jo1 H 0 I S

The boundary conditions for each torsional mode shape become similar

to Egs. 3.17, that is

eni(o) = Gnitﬁi) =0 i=1,2,3.
| n=1,2,3... (323
050 =0k} =0

Because Hn is independent of xj and may be treated as a constant,

Egs. 3.21 represent linear, ordinary differential equations of fourth order
The general solution of Egs. 3.21 can be

with constant coefficients.

expressed as

Hi¥%g Hi%g Vi¥s
@ni(xi) = Ai sin|— + Bi cos |~ + Ci sinh 7

x =
vixi] Winn i=1,2,3.
+ D. cosh + n=1,2,3... (3.24)
i [ 2
1 I Hw
miwn

where
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41 .z?w?‘
2, = f14—22 28
i 5 b2
6.[G.J. + H ——J
1{ i i 2
2 .
G.J. +H b i=l,2,3
8 =4, = ; = w2 n=1,2,3... - {3.25)
i1

and Ai, Bi' ci, and Di are arbitrary constants which are determined
in conformity with the boundary conditions (Egs. 3.23).

At this point, it is convenient to separate the investigation of
the symmetric torsional modes from that of the antisymmetric torsional
modes, that is, the problem can be divided into two parts:

1. The symmetric torsional modes of vibration in which there are
an even number of internal nodes along the center span. Here
the additional cable tension, gn' is nonzero, that is, the
center and side spans are coupled through the vibration of the
cable.

2. The antisymmetric torsionalmodes of vibration which result in
an odd number of internal nodes along the center span. Here
the additional cable tension, ;n' is zero, that is, there
is no interacgion'between the center span and side spans,

The symmetric torsional modes are of the form (see Appendix ITII-b

for details):
winn { Zi + 1 1 xi
R PR L Y )
ni i 21 H Z.w2 i cos(ui/Z) 12 Ri
mwin

i=1,2,3

T cosh(v,/2) °°5h["i [3 - 2__]] n=1,2,3...  (3.26)
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where the natural circular frequencies, wn, are determined by satisfy-

ing the transcendental egquation

: Zi -1 Vi
v tanh [-2——-]] . (3.27)

It should be noted that the amplitudes of the symmetric torsional modes
in Eqg. 3.26 are arbitrary. 1In this report, the modes are normalized so
that their highest ordinate has a unit magnitude.

The antisymmetric torsicnal modes of wvibration involving the center

span are (Appendix III-b):

TTX2
sz(xz) = sin(‘hr‘.‘2 ] m=2,4,6... (3.28)

having associated natural circular freguencies

mw 2 EZP?.
] + m=2,4,6... (3.29)

o =[—
2m 22

The antisymmetric torsional modes of vibration involving the side

spans are (Appendix III-b):

T, o1 3
Gm.(x.) = sin[lll—l] J=Le 3. (3.30)
1 j n=1,2,3...

having associated natural circular frequencies
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2 .
mT 33
mjm [2.) T * m2w2
3 9] mj

IIXI.7. MODAL SOLUTIONS - FORCED VIBRATIONS

Substituting Egs. 3.18 into Egs. 3.16 results in

n=1 n=1

2 o«
b 11
- [GiJi +H 3 ] nzl Or 1 x,)q (t)

L

SB:LF:*

;ib ’EcAc‘ b 3 nn
H Dol (8 + 9 (8]
n=1 w .

b
J [—2—] [6,(8) = ¢, (£)]

i=1,3
m=%,2,3...

n=1

3 o0
Ax, t) | dx,
JO [nzl 0,4 (%5 )a, ¢ )] J}

i=1,2,3

(3.31)

<] <o [
o . iv
T ) 0, (x)d () + ¢ 1 0,;(x;)q (0 + ET, Lo (x)q (8)

{3.32)

Using Egs. 3.21 and 3.22, the previous equation can be simplified to

Toi nzl O txa (e) + o n£1 O (x)a (0

e 2
+ I, El w O, (x,)q (t)

4 v
=-I, jzl gji(xi)lbj(t)
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§ o wh(Ea) g w2
-c g.. (x )P (L) + =— PJ so— . (t) + ¢ (£)]
_ i 3=1 jitvi’ "3 HW LE 2 nel 2Hw n+l n

*

wib ECAc b
-5 [5] [$,(t) - ¢1(t)] i=1,2,3, (3.33)

w E
.th

Now, multiplying Egs. 3.33 by @mi(xi), integrating over the i
span (from zerc to Ei)' and summing over .all three spans (i = 1,2,3)
n generalized

gives the equation governing the response of the

coordinate
R 2 4 oo
g (8 + 20w aq (£) +wqg (t) =~ j£1 R¥s (£)
4 . 3
- 2w _z Ry U, (t) + P o izl B, [, (8) + ¥, (1))
- Pnu[¢4(t) - ¢1(t)] n=1,2,3... {3.34)
where Cn is the damping ratio of the n torsional mode:
EAg
o = Lcig_ (3.35)
E w
*
wiﬁi
Bi = 28 i=1,2,3 (3.36)
w
and R.n and Pn are modal participation coefficients given by
3 2y
LT j 944 (%) Oy () 8%y 3=1,2,3,4.
i=1 0 . (3.37)
n=1,2,3...

R.
" 3 L,
- JO Opg (%;79%;
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NlU

*
3 w, i
1
[ ) E_’J @ni(xi)dx%]
i=1 0 n=1,2,3... (3.38)

Pn = %
o2

Z I J 07, (x,)dx,

l—l 0 nl kS p 3

where g is the gravitational acceleration constant.

derivation of Eq. 3.34, modal orthogonality was utilized (the details

Note that in the

appear in Appendix III-c¢), that is

3 i
R [ (%08 (x)dx, =0 for m # n {3.39)
. ml
i=1 o]
The solution to Eg, 3.34, assuming quiescent initial conditions,
is given by the convolution integral
1 t
q,(8) = = J -2L W Z R w (T - Z R w §9)
nd ‘0 i=1 j=1
3
+ e o izl B, L0y 1 (D + U (M - P ald, (1) = ¢ (Dp
(3.40}

“ann(t‘T)
* {e sin wnd(t - ) n=1,2,3...

where wnd is the damped natural circular frequency of the nth torsional

vibration mode given by

2.
n=1,2,3... (3.41)

The total torsional response is obtained as the sum of guasi-static

and relative responses, that is

4
0, (x,,t) = ] 95 (%0050 + Z 0 (x)q (), i=1,2,3. (3.42)
j=1 n=1 *
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I11.8. FREQUENCY-DOMAIN: - RANDOM VIBRATION APPROACH

The frequency domain is utilized to study the torsional vibration.
For the six rotational ground motion inputs, there are six complex freguency
response functions. To determine these functions, each wj(t),
{(j = 1,2,3,4), and each ¢k(t), (k = 1,4) is taken equal to exp(iwt),
where i = V-1 » and the response of the nth generalized coordinate

excited by the jth and kth input motions are assumed to be of the form

q_.(t) Hnj(w)exp(iwt)

nj i=1,2,3,4,
k=l,4
an(t) = an(m)exp(lmt) n=1,2,3n.. {(3.43)

Where Hnj is the nth complex frequency response due to input rocking

rotation wj(t) at the support (see Fig. III-4) and an is the nth

complex frequency respomnse due to input torsional rotation ¢k(t) at

the support (see Fig. III-4). Now substituting Eq. 3.43 into Eq. 3.34

yvields
2 . .
BRjnw + Yanq) - l(zgnwanjnﬂ J=1,2,3,4
B (@) = n=1,2,3... (3.44)
W2 ~ w) + 122 @ w)
n nn
+p o k=1(+), k=4(-)
Hplw = . n=1,2,3... (3.45)
(mn - ) f 1(2cnmnw)
where
v
v, =8 = b1
1P T m
W
v L 2
w W
~ S S
Y, =Byt By = 28 ' M
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|
w
]

Y4 T

Taking the finite Fourier transform of Egs. 3.18 over the duration

of the ground displacement, T vields the Fourier transform of the

1l

vibrational response

2y |
J ni(xi,t)e'lwt at
0

A (Xl JUJ)

<«
Lo, x) w i=1,2,3
n=1

where Qn(w) is the finite Fourier transform of the generalized

coordinate qn(t) given by

T
1 -iwt
Qn(w) = J qn(t)e at r n=1,2,3...
0

A similar Fourier transformation of Eg. 3.34 yields

¥, {w) , h=l,2,3...

2 . 2 _
- Qn(w) + zlcnmnmgn(m) + ann(w) = | in

I e—10n

J

~

where an(w) is given by

-~ 5 i=1,2,3,4.
Tjn(w) = {(Rjnw + yana) - 1{2ananjn)]Yj(w) n=1,2,3...
¥ (w) =+ P od, (w)

>0 nl n=1,2,3...
?Gn(m) = - Pna¢4(m)

{3.46)

(3.47)

(3.48)

(3.49)

(3.30)

(3.51)
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in which Tj(w) is the finite Fourier transform of the ground motion
rocking inputs wj(t), (j = 1,2,3,4), and @j(m) is the finite

Fourier transform of the ground motion torsion inputs ¢j(t), {(j = 1,4),

given by
Tl -iwt
Y. w) = J P, (t)e dt v 3=1,2,3,4
J 0 J
(3.52)
Tl ~iwt
3 (w) =J ¢, (t)e at , j=1,4
J o I
It follows from Egs. 3.44, 3.45, 3.49, 3.50, and 3.51 that the Fourier
transform of the generalized coordinate can be expressed as
T
o (@ = {8 (W} {¥w)} , n=1,2,3... (3.53)
where {Hn(w)}T denotes the transposed complex frequency response
vector given by
III .
(B ()" = {0 @ H (" (@ 5 (" () 5 ()
n=1,2,3... (3.54)
and {¥(w)} is the Fourier transform vector of rotational ground
motion inputs given by
Tl(w)
¥, ()
“1’3(m)
¥} = (3.55)
W4(w)

3, (W)



253

Now substituting Eq. 3.53 into Eq. 3.47 enables the Fourier trans-

form of the vibrational response to be expressed as

Py T .
Az ,w) = nzl_ @ni(xi){Hn(w)} {¥(w)} ., i=1,2,3. {3.56)

The power spectral density of the relative (or vibrational) response is

given by

lim 2

— *
T, T, E[A(xi,_w) A(xi,w)] i=1,2,3 {3.57)

G (x, ,w) =
ni 1

where E[°] represents the expected value of the term inside the brackets,
and the superposed asterisk denotes complex conjugate. An estimate of
Gn can be obtained by simply omitting the limiting and expectation

operations in Eg. 3.57, hence

K(xi,mm(xi,w), i=1,2,3, (3.58)

H'w

Gn (xi,w) = :

Substituting Eq. 3.56 into Eg. 3.58 yields

oo <o
: * T
G (x; ) = nzl mzl B (%00, (x ) {H ()} [6, (w HE ()}

i=1,2,3 {3.59)

where any element of the 6x6 spectral matrix of correlated rotational

ground motion displacement inputs [fo(m)} ig defined by

_ lim 2 * T
G = 7 —El{¥w} {Ywh
1 1
= %— {\?(w} v} (3.60)

1
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The diagonal elements of the métrix [fo(w)], i =1 in Eg. 3.60,
correspond to the power spectral density of the jth rotational displace=-
ment inputs wj(tf. ( =1,2,3,4), and ¢l(t), ¢4(t), while the off-
diagonal elements of the matrix [fo(m)l correspond to cross-spectral
deﬁsities between the various rotational ground motion displacement inputs.
These cross-spectral terms are present because the various ground motions
criginate from the same source and are therefcre related in some way,
so that their correlation {(or interaction) must be taken into account.

The effect of input correlation upon the torsional response may be
examined quite easily using Eg. 3.59., If the inputs are assumed to be
uncorrelated, that is, independently applied and unrelated, Eg. 3.59
reduces to
© © 6 N
G, (% s0) = n§1 mél eni(xi)emi(xi)[jzl [Hnj(w))[Hmj(w))Gj(w)]
i=1,2,3 (3.61)

in which Gj(w) is the power spectra; density of the rotational

ground motion input wj(t) which is estimated as

2 2 '
G, = T I‘Pj(m)l 3=1,2,3,4
,N —2_ 2 ‘=
Gy = ) |2, (| 3=5
o 2 2 =
-Gyl = o) |<I>4(m)| = (3.62)

The results of Eg. 3.59 can be compared to those of Eg. 3.61 in order to
gain a better understanding of the effects of input correlation upon

the response calculations.
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The second characteristic feature of Eg. 3.59 involves the double
summation over the torsional modes and their associated complex frequency
response functions. It should be noted that the complex frequency response
functions Hnj(w) peak in amplitude at their associated natural fre-
quencies wn, and have much lower amplitudes elsewhere along the fregquency
band. Therefore, when the natural frequencies of torsional vibration
are well separated and damping ratiocs are small, the effect of the cross-
terms (n #m) in Eg. 3.59 becomes much less significant than ﬁhe
diagonal terms (n = m) {6]. Under these circumstances, the double

summation may be replaced by a single sum, that is

— T 2 * '-.~
Gy (x; 0w) = nzl @ni(xi){ﬂn(w)}[csff(w)l{nn(w)} p i=1,2,3. (3.63)

However, due to the flexible nature of the suspension bridge, closely-
gpaced modes are quite likely to occur. Under such circumstances, the
effect of the cross terms are no longer negligible, and an accurate
representation of the response would have to include these mgdal intex-
action terms. For the purpose of this report, Eg. 3.59 is utilized,
that is, the effects of modal interaction are incorporated.through a
double summation.

. , 2
The mean square value of the relative torsional response, wn(xi)

is given by the integration of Gn over the entire frequency range

o0
2 1 -

and the square root of Eg. 3.64 is the root mean sgquare (R.M.S.)

vibrational response.
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The power spectral density of the total torsional displacement
response can be obtained by multiplying the Fourier transform of Eq. 3.10

by its complex conjugate and by (2/T1), which leads to

4

Gg (%, s6) = G (x,w) + jzl [G g (g e + Gy (g s0 g ()

4 4
+j§ ) 945 (%09 () G W], i=1,2,3 (3.65)

j=1 k=1
where
4 -2 % v
w i=112'3
2 * T % .
=4 I 6, x){n (w! Flw, =123 (3.66)
1 n=1
and
=2 % wh
co i=1l,2,3
_ 2_- % T 14 r
T ; O DY E @@l (3.67)
n~=1
For the uncorrelated case, an and Gjn reduce to
o . i=1,2,3
Gy %y 1) = gl O () B @Ile @1 5=1,2,3,4 (3.68)
=) i=l,2p3
Gy (% v = nzl 0,4 (%) H 16 ], 4=1,2,3,4 (3.69)

where Hnj(w) is given by Eg. 3.44 and Gj(w) is given by Eg. 3.63. 1In
addition, the_cross-spectral terms ij(m), (i # k), are equal to zero

in Eq. 3.65 for the uncorrelated case.
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The integration of Gg over the frequency domain provides the mean
. 2 .
square torsional response, we(xi), whose square root defines the root
mean square (R.M.S.) torsional response

i

2
b (%) = 5= | Gyix,,w)dw

0

=w2(x)+§ (x)mpz(xi]
n i 5 931 Y% 1P

4 4

2

+ z X g..{x,})g .(x.)EP. (x.ﬂ , i=1,2,3 {3.70)
j=1 k=1 i1 7ki T4 dkTL

2
where wn(xi) is given by Eg. 3.64, and

00
2 1 i=1,2,3
V2. (x.) =—f [ .(x ,w) + G, (x,,wldw , >+ (3.71)
M 2 M i 3=1,2,3,4
) N i=1,2,3
Vi x50 = 57 ; (G ldw v 5y 534 (3.72)

ITT,.9, ADDITIONAL HORIZONTAL COMPONENT OF CABLE TENSION H({t)

The additional horizontal component of cable tension due to multiple

support torsiocnal excitations is given by (Eg. 3.9)

EcAc b 3 V.‘;j_ * *i i

‘ [¢4(t) - d,)l(t):l} (3.73)
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Substituting Eg. 3.42 into Egq. 3.73 results in

[ECAC} . E [%‘i { i E
H{t) = LJ = [ O . (x.)dx, (t)
LE 2 (=1 Hw 0 pe1p o1 1}qn

1 A
- 2Hw {wm(t) + wi(t)}] + [¢4(t) - ¢1(t):| (3.74)

where the generalized coordinates qq(t) are obtained by the convolution

integral of Eq. 3.40.
In oxder to analyze the cable tension in the freguency domain, the

finite Fourier transform of Eg. 3.74 becomes

L.

[ECACJ o % {&i { i ozo }
H{w) = |=——— [—J —_ J 0 . (x.)dx.>0 (w)
LE 2 i=1 Hw 0 n=l ni i if *n

* %,
W‘i ‘-Zl {J i }
+ = g..{x, )dx. V¥, (w)
Hw =1 0 i1 if 3
*
wizi
- 28, {Wi+l(w) + ‘i’i(w)} + [(I)4(w) - @l(w)] (3.75)

where Wj(w), (j =1,2,3,4) is the finite Fourier transform of the
rocking input ground motions (Eq. 3.52), ®j(w), {§ = 1,4) is the
finite Fourier transform of the torsional input ground motions (Eq. 3.52),

and Qn(w) is the Fourier transform of the nth generalized coordinate,

calculated as
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Q w) = {8 () }’?{‘i’(w)} ' n=1,2,3... : (3.76)

where {Hn(m)}T is the transposed frequency response vector corresponding
to the nth torsional vibration mode, and {¥(w)} is the Fourier trans-
form vector of the rotational ground motion inputs (see Egs. 3.54, 3.55).
Note that for antisymmetric¢ torsional vibration, the first term in Eg.
3.75 vanishes, since the additional cable tension associated with an
antisymmetric torsional vibration mode is equal to zero (see Appendix
III-b}.

The power spectrum of H(t) may be approximated as

~2_ k¢ '
G (w) = T, H{w) H{w) (3.77)

where Tl is the duration of the ground motion and the superposed
asterisk denotes complex conjugate. Substituting Egs. 3.75 and 3.76
into Eq. 3.77 results in an explicit expression for GH(m), {the
details are found in Appendix III-d). For the uncorrelated calculation,
only the terms which involve the input power spectra are retained,

since the rotational support motions are assumed to be unrelated in this
case, while the correlated case retains all of its terms (including
cross—-spectra).

Mean square dynamically-induced cable tensions are obtained by

integrating GH(w) over the entire frequency range, that is

“’; = é_n" Gy (w) dw (3.78)
0

and the square root of Eg. 3.78 is the root mean square (R.M.S.)
additional horizontal component of cable tension due to torsional

vibration.
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11.10 DEFINITION OF TORSIONAL AND ROCKING GROUND MOTION INPUTS

In order to implement the analysis presented in this chapter,
appropriate rotational (rocking and torsional} seismic inputs are required
at the bridge's support points (Figs. III-1 to III-4). Because currently
available strong motion accelerographs enlf record the three orthogonal
translational components of ground motion, the rotational inputs can at
best be only estimated. This section presents a simplified approach,
based upcon wave propagation theory, toward defining reasonable rotational
ground motion inputs from recorded translational ground motion recoids.
The method developed in this section is applied to the 1979 El Centro
translational records of Arrays No. 4, 3, 6, 7, and 8 (see Appendix
II-e) in order to develop rotational inputs to the bridge. The main
assumptions are as follows [10,11}:

1. The vertical component of ground motion is assumed to be the

result of an SV wave approachiné from the epicenter and
striking the ground surface at an incidence angle BO = 459,
This wave motion results in the rocking (vertical rotation
about a horizontal axis parallel to the longitudinal axis
of the bridge) input.

2. The horizontal components of ground motion are assumed to be
the result of the superposition of two independent SH waves
propagating along two perpendicular directions. The total
torsional (horizontal rotation about a vertical axis) input
is the sum of the torsional effect due to each wave.

3. The wavelengths of the seismic waves are long compared to the

in-plane dimensions of the anchorages and piers. Thus each

foundation can be assumed to rotate as a point.
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Consider an SV wave propagating from the earthquake's epicenter
toward the recording site and striking the ground surface at an incidence
angle 60 = 45° as shown in Fig. III-5(a). Under these conditions,

the incident SV wave reflects as an in-phase SV wave {a Lame reflection

mode) , and the resulting horizontal and vertical soil particle motions

beconme
u = A, cos 60 {exp[iKO(x sin 60 ~ Z COS 60 - cst)]
- exp[iKo(x sin 60 + z cos 60 - cst)l} (3.79)
and
u, = A sin eo {exp[iKo(x sin 80 - Z Cos 80 - cst)]

+ exp[iKO(x sin BO + z cos 60 - cst)}} (3.80)

where cs is the shear wave velocity, i = v-1, 90 is the incidence

angle (60 = 45°), and KO is the wave number defined by

=9
K, = = (3.81)

where ®w 1is the circular frequency of the incident waves.
From Egs. 3.79 and 3,80, the horizontal and vertical displacement

components at the ground surface (z = 0) become

qu =0 (3.81)
z=0
uzl = 2A0 sin 90 {exp[iKo(x sin 60 - cst)]} (3.82)
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Fig. III-5 Definition diagram for rotational ground motion inputs
(a) SV wave propagating in x direction, (b) SH wave
propagating in x direction, (c) SH wave propagating
in y direction,
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The rotational motion about the y-axis (rocking input) is given by

2u u ]
il _x__ 2z
y 2 [az 9x

1 . . .
-3 AD(LKO) {exp[lKo(x sin 60 - Z COS 90 cst)]

-
i

+ exp[iKO(x sin 80 + z cos 90 - cst)]} (3.83)

At the ground surface (z = 0) this becomes

wy 2o = - AO(iKO) {exp[iKO(x sin 80 - cst)]} {(3.84) .

From Egs. 3.82 and 3.84, along with the conservative assumption that

8, = 45°
" = ['—l“i /z"} a (3.85)
ylz:O ZCS Z}Z=O

Taking the Fourier transform of Eg. 3.85 gives

b () = - %%— V2 U, () (3.86)
S

where Uz(w) is the Fourier transform of the recorded vertical ground
motion displacement and ¢Y(w) is the Fourier transform of rocking
displacement ground motion fat the ground surface). From the previous
eguation, one can estimate the Fourier transform of the rocking displace-
ment inputs as being propertional to inz(w), the Fourier transform
of the recorded vertical velocity components.

For the purpose of computing the torsional (horizontal rotation
about a vertical axis) component of ground motion, it is proposed that
the surface horizontal ground motion can be considered as the super-

position of two independent SH waves propagating along two perpendicular
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directions as shown in Fig. III-5(b) and (c). The total rotational
effect is equal to the sum of the rotational effect due to each wave [11].
One possible interprétation for the above would involve one SH wave
originating from the earthguake's epicenter and the other SH wave
arriving from the nearest fault location.

The horizontal soil particle motiﬁn resulting from an SH wave
propagating in the x-direction and reflecting from the free surface as

an in-phase SH wave is

Auy = Ao {exp[lKo(x sin 60 - Z cos 60 - cst)]

+ exp[iKo(x sin 90 + z cos GO - cst)]} (3.87)

which at the ground surface {z = 0) Dbecomes

u

YI = 2a, {exp [ik (x sin 8, - c_t)] } (3.88)
z=0

The horizontal rotation about the z-axis (torsion) is given by
du ou
b === - =
z 2]ox- 9oy

I R . . _ _
=3 AO(1K0)51n 60 {exp{lKo(x sin 60 Z cos 60 cst)]

+ exp[lKo(x sin 60 +_z cos 60 - cst)]} (3.89)

which at the ground surface (z = 0) becomes

¢Z o = AO(iKO)sin 90 {exp[ino(x sin Bo - cst)]} (3.90)

From Eg. 3.88 and Eg. 3.90, the torsion caused by the SH wave propagating

in the x direction becomes
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iKO "
¢ = «—(sin 90) ny = —(sin 6.) u (3.91)

z’z=O 2 z=0 2cs 0 z=0

It ¢can be seén from Eq. 3.91 that the worst torsional input results

when the horizontal motion in the vy direction is caused by an SH wave

[

incident at 80 90° (the grazing angle). For this case

9, o u  (3.92)
z=0 s Ylz=0

o

The horizontal soil particle motion resulting from an SH wave
propagating in the y direction andlreflecting from the free surface
as an in-phase SH wave is
u = Ao {exp[lKO(y sin 80 - z coS 80 - cst)]
+ exp[lKo(y sin 60 + 2z cos 60 - cst)]} (3.93)

which at the ground surface (z = 0) becomes

u Iz=o = 2AO {exp[iKo(y sin 90 - cst)]} (3.94)

The horizontal rotation about the z-axis (torsion) is given by

s R . . . _ _
- 5-A0(1K0)51n 60 {exp[lKO(y sin 80 Z cos 60 cSt)}
+ exp[lKO(y sin 60 + z cos 60 - cst)]} (3.95)

which at the ground surface (z = 0) becomes

Z

¢ o = ~A0(iKO)sin 60 {exp[iKO(y sin 60 - cst)]} (3.96)
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From Eq. 3.94 and Egq. 3.96, the torsion caused by the SH wave propagating

in the y direction becomes

g iw
) = - “3—(51n 8.)u = - EE—(s;n 60) u (3.97)

=0 0" x 2=0 s z=0

Again, the worst case of torsional input occurs when the incidence

angle 6 = 30° (the grazing angle). For this case

0
iw
¢, o uxl (3.98)
z=0 s z=
Bdding the results of Egs. 3.92 and 3.98 gives
iw
¢ == |lu l -u | (3.99)
2l z=0 2cs Ylz=0 *lz=0 ) :

Taking the Fourier transform of Eg, 3.99 results in

¢z(m) = ch [Uy(m) - Ux(m)] (3.100)

where Uy{w) and Ux(w) are the Fourier transforms of the recorded
horizontal giound motion displacements and Wz(w) is the Fourier trans-
form of horizontal torsional displacement ground motion (at the ground
surface). From the previous equation, one can estimate the Fourier
transform of the torsional displacement inputs as being proportional
tp the difference between imUy(w) and inx(m), that is, the differ-
ence between the Fourier transforms of the recorded horizontal wvelocity
components.

The ground motion records utilized to define the rotational inputs
are those of the 1979 Imperial Valley (El Centro) earthguake, (ML = 6.6).
Among the valuable records recovered from this earthquake were the

translational ccomponents of arrays no. 4, 5, 6, 7, and 8 from the 13
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arrays comprising the E1 Centro Array (see Appendix IX-e). After
assuming the propagation direction (from the epicenter) to be predominantly
in the N40°W direction, the power spectra of rocking and torsional

inputs can be computed for various shear wave velocities and are shown

in Fig. III-6. A comparison of these figures shows that for rocking
motion, Array No. 6 is the most intense location. Also, the torsional
motions are seen to be stronger in Arrays No. 4, 5, and 6 (arrays west
of the Imperial Fault). At each site, the torsional component of ground
motion is stronger than the rocking motion component, and also, the
slower the shear wave velocity, the more intense are the input rotational
spectra. Because of this last comment, as well as the fact that the
stiffness of the soil {and hence the shear wave velocity) may decrease
considerably under high amplitude vibration, a very conservative shear

wave velocity estimate of 500 £t/sec is used in the following analysis.

IIT.1l. APPLICATION: TORSIONAL SEISMIC BEHAVIOR OF THE GOLDEN GATE BRIDGE

The analysis outlined in this chapter is applied to the Golden Gate
Suspension Bridge in San Francisco, California in order to estimate its
earthquake-induced torsional response characteristics. The structural
properties of the briége are summarized in Table III-1. The torsional
quasi-static functions are shown in Fig. III-7 for unit'rocking ground
motion displacement at each anchorage and tower base. The first eight
symmetric and antisymmetric torsional mode shapes arxe shown in Fig.
I11-8, while their associated participation coefficients appear in
Table IIT-2. It is noted at this point that the symmetric torsicnal
vibration of the cable-suspended structure is excited very strongly by

the torsicnal (horizontal rotational) ground motion inputs occurring
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imperial Valley Earthquake of October 1979
Power Spectral Density
Torsional Ground Displacement
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Fig. III-6a Power spectra of the torsional and rocking

ground input motions.
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Imperial Valley Earthquake of October 1979
Power Spectral Density ‘
Torsional Ground Displacement
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Fig. III-6b Power spectra of the torsional and rocking
ground input motions,
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Imperial Valley Earthquake of October 1979
Power Spectral Density
Torsional Ground Displacement
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Fig. 1II-6c Power spectra of the torsicnal and rocking
ground input motions.
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Imperial Valley Earthquake of dctober 1978
Power Spectral Density
Torslonal Ground Displacement
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Fig. III-6d Power spectra of the torsional and rocking
ground input motions.
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Imperial Valley Earthquaké of October 1979
Power Spectral Density |
" Torsional Ground Displacement
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Fig, III-6e Power spectra of the torsional and rocking
ground input motions.
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Table III-1

Torsional Properties of the Golden Gate Bridge

Parametexr Center Span S8ide Spans
Span Length 22 = 4200 ft 21=£3 = 1125 ft
v | v 11.45 k/f q 0 11.55
v, : W, = . /ft Wy =W, = 1. k/ft
; = 3 = = 1
Ei ; E2 = 29,000 ksi El E3 29,000 ksi
- vean2 - - .
Imi Im2 = B59.9 k+sec Iml—Im3 = 869.9 k*sec
I I_ = 1.357x10°¢¢%in%| T_=T. = 8.751x10 £t%in®
i 2 1 3
Gi G2 = 11,600 ksi Gl= 5 = 11,600 ksi
J. - J, = 25,815 ftzinz J,=J_, = 25,815 ftzin2
i 2 173
Truss Depth d2 = 25 ft dl=dz = 25 ft
Span Width b =90 £t b =90 ft
Cable Properties E = 29,000 ksi
A
A = 831.9 in
c
LE = 7,698 ft
H = 53,467 kips
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GOLDEN GATE BRIDGE
QUARST-STARTIC FUNCTIONS
FOR TORSIONAL RESPONSE

&y (%)

(a)
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( a) \ /

Fig. III-7 Golden Gate Bridge, torsional guasi-static functions.
(a) Unit rocking at left anchorage, (b) unit rocking
at left tower-pier, (c) unit rocking at right tower-
pier, (d) unit rocking at right anchorage.
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GOLODEN GRTE BRIDGE
ANTI-SYMMETRIC MODES
OF TORSIONAL YIBRRIJON
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Fig. III-8 Torsional mode shapes of the Golden Gate Bridge.
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Table IIL-2

Participation Coefficients of Torsional

Earthquake Response for the Golden Gate Bridge

Symme‘tric Vibration

Antisymmetric Vibration

gzgzr Rin = R4h Ron = Bap Pa Rin = "Ran| Ran = "Ry Pa
n

1 ~0.268 -0.352 | 1,413 0.0 0.318 0.0

2 -0,117 0.657 | 0.657 0.318 0.318 0.0

3 0.151 0.125 | 2.686 0.0 0.159 0.0

4 0.013 0.140 | 0.955 0.0 0.106 0.0

5 -0.0003 0.091 | 0.390 0.159 -0.159 0.0

6 0.159 -0.159 | 0.0 0.0 0.079 0.0

7 -0.0005 0.070 | 0.265 0.0 0.063 0.0

8 0.106 0.105 | 0.770 0.106 0.106 0.0
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at the tower-piers and anchorages. The antisymmetric torsional vibra-
tion, on the other hand, is not excited at all by the torsional (horizontal
rotational) ground motion inputs, but only by the rocking (vertica;
- rotational) inputs (because ¢f the modal participation factors Pn being
identically zerc for antisymmetric modes). Therefore, analogous to the
vertical vibration findings, the antisymmetric torsional vibration
response turns out to be much smaller than the symmetric torsiocnal
vibration response. It should also be noted that the additional
{(vibrational) horizontal component of cable tension as in the vertical
vibration case {(Eg. 3.75) essentially contains four contributions
1. Contribution from pure ground motion.rotational inputs (both
torsion (horizontal rotation) and rocking (vertical rotation)),
as seen in the second through f£ifth terms of Eg. 3.75.
2. Contribution from symmetric torsional vibrational deflection 6
as seen in the first term of Eg. 3.75.
3. Contribution from antisymmetric torsional vibration which
turns out to be identically zero.
4. Contribution from the quasi-static motions as in the second
term of Eg. 3.75.
The contribution from antisymmetric vibrational torsiocnal displacement
to the additional cable tension is zero because the net area underneath
an antisymmetric mode is identically zero. In this section, therefore,
because of the higher orxrder nature of the antisymmetric response, and
because the additional horizontal component of cable tension can be
constructed from knowledge of the symmetric torsional vibration response
as well as knowledge of the ground motion inputs, only the symmetric

torsional response will be investigated herein.
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The frequency ﬁesponse functions Hn(m) for the first through
fourth symmetric torsional modes of ;he bridge are shown in Fig. III-9
for 2% damping, and corresponding to anchorage rocking input, tower
rocking input, and anchorage torsional input. These functions measure
the magnification (or gain) factor corresponding to a unit harmonic input
upeon the generalized coordinate qn(t). It can be seen as was stated
previously that the torsicnal inputs contribufe more significantly than
the rocking inputs to the torsional response by examining these magni-
fication factors.

Two symmetric torsional response cases are studied for the Golden
Gate Bridge. In the first case, the rocking motions wl' wz, w3, and ¢4‘
correspond to the calculated rocking motions at arrays Ne. 4, 5, 6, and

7, respectively, while the torsional motions ¢ and ¢4 correspond

1
to the associated torsional components (of Arrays No. 4 and 7). The
second response case involves similar correspondences with Arrays No.

5, 6, 7, and 8 of the 1979 El Centro earthquake.

The autbspectra of mid-span torsional displacement for both the
center and side spans are shown in Pig. I1X-10 for input Arrays 4, 5, 6,
and 7. It is observed that the quaéi—static contribution to the total
torsional response is small, and therefore the response is quite similar
-in the left and right side spans. The guasi-static contribution is
inherent in the participation coefficient Rjn (Eg. 3.37). Thus, it
is erroneous to conclude that the qguasi-static functions have no
influence upon- the reéponse and consequently should be ignored. Without
their presence, the participation factors would be altered, and differ-

ent response values would result. The first and third symmetric torsiocnal

modes appear to dominate the response, most likely because of their modal
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participation factors Pn 'being large (Table III-2). Similar torsional
response spectra for input Arrays No. 5, 6, 7, and 8 are shown in
Fig. III-11.

It should be noted that flexural stresses induced by torsional
vibration in the chord members of the suspended structure may be calculated
by replacing the mode shapes, @ni(xi}, and quasi-statié functions
gji(xi)' by Ei(b/2)(d/2)®;i(xi) and Ei(b/2)(d/2) géi(xi) respectively,
where Ei is the modulus of elasticity of the ith suspended structure;

b is the deck width; and 4 is the depth of the suspended structure.

Thus, Egq. 4.42 becomes

4 <
= Ty £y
Gi(xi,t) Ei(b/z)(d/z) [jzl gji(xi)wj(t) + El @ni(xi)qn(tﬂ
i=1,2,3 (4.101)
where Oi(xi,t) is the stress in the chords of the ith suspended

structure; and géi(xi) and @éi(xi) are the second spanwise derivatives
of the quasiﬁstatic'functions and mode shapes, respectively.

It should be noted that with reference to the vertical vibration
problem‘(Chapter'II) it was found that the uncorrelated calculation is

usually conservative in nature. However, from Figs, III-10, 11, 12,

and 13 it can be seen that this is not necessarily the case in torsional
vibration. The power spectral density of the flexural stresses induced
by torsional vibration can be calculated by Eq. .3.65 with the mode shapes
and quasi-static functions replaced as above. The autspectra of torsional
response stresses appear in Figs. III-12 for both input cases, while

the autospectra of the additional (vibrational) horizontal component of
cable tension appears in Fig. III-13. As a final note, mean sgquare

responses can be determined by inﬁegrating under the spectra of Figs.
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ITT-10, 11, 12, and 13, The square root of the mean square responses
are known as the root mean squaie regponses {R.M.S.) and are shown in
Table III-3. Estimated peak responses can be determined by multiplying
the root mean square values by a peak factor taken as 3.5 (see Chapter
II). The peak responses are shown in Table IIT-3, along with the peak
vertical deflections at the edge of the suspended structure, equal to
(b/2) multiplied by the peak rotational values (where b is the width
of the suspended structure). The maximum torsionally-induced stress

of 34.55 ksi occurring at center span for the uncorrelated case (Arrays
4, 5, 6, 7) is a high value of live load when compared to the yield

stress of 50.5 ksi.,.
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Fig. III-11 Autospectra of midspan torsional displacement
response of Golden Gate Bridge.
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Golden Gate Suspension Bridge
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Fig. III-12 Autospectra of midspan torsional stress response
of Golden Gate Bridge.
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Fig. III-1l3 Autospectra of additiconal (vibrational) cable
tension due to torsional vibration of Golden
Gate Bridge.
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Appendix IITI-a

Solution for the Torsicnal Quasgi-Static Functions

A. Unit Rotation at Left Anchorage
The solution for the quasi-static function corresponding to unit

rotation at support A of Fig. III-4 is obtained by satisfying the fol-

lowing three equations:
4 2
d
. gl:.(x ) b2. d 95 %)
Ei i 2 G.J, +H > 5
dx, dx,
1 1
L
* *
whb (EA\ 3w n
* H ( L )(3) z H_ gln(xn)dxn =0
w E ‘ =l w
, 0
i=1, 2, 3 (III-a~1)
subject to the boundary conditions
911(0) =1 912(0) =0 gl3(0) =0
gll(zl) =0 912(22) =0 gl3(23) =0
" = " = L =
911 (0) 95 (o) 943 (0) = 0
" = ] = " - -
91 (21) 912 (22) 914 (23) 0 (III-a-2)
The form of the solution can be taken as
. 2
LX) = . i A . . .
gll(xl) AL, s;nh(lixl) Bl cosh(Aixl) *Cxy
(III-a-3)

+ Dlixi + Eli i=11,2, 3
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where

2
(G_Ji + H %"’)
A = = ¥ i=1, 2,3 (I1I-a-4)

Substituting Eg. III-a-3 into Eq. III-a-1 results in the

following three eqQuations:

% *
2 w.,b /E A 3 w
b _ i cc b n
2];G::JiJHﬁw:z:ICJ.:'.'H (L)(Z){ZH
W n=l "w

Al
—=2 {cosh(r & ) - 1}
' n

E An
 Bin “1n Ej Dlng'i ]
+ =2 g5 L +
A Slnh(knzn) *73 2 E1n'n
i=1, 2, 3 (II1~a-5)

Equations III-a-3 and III-a-5 can be used in conjunction with the boundary
conditions (Eq. IITI-a~2) in order to solve for the 15 unknown coefficients
present in Eg. III-a~3, hence uniquely defining the first quasi-~static

function gli(xi)'

Introducing gll(xl) from Eq. III-a-3 into the boundary condi-

tiong results in the equations

By, * Epy = 1
2
Bllkl + 2cll = 0
. : 2 _
A1151nh(Al£l) + Bllcosh(Alzl) + Cllzl + Dllll +E, < 0
A Az inh(A.%.) + B Az h(A.2.) + 2C = Q
1171° 1% 11719952 % 11

(ITI-a-6)
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From the previous equations, the coeff1c1ents_All, Cll' Dll' and Ell

can be written in terms of B as

11

Ejp =173y

1 2
Cip =~ 2 3uM

- Bll(cosh(klil) - 1) e o h tam 'Alll
Ay = sinh (3. %) 11 2
it s |

.. =%g lxzn - (1/2.) (III-2-7)
11 2 T11M1 1

Similarly, introducing glz(xz) into the boundary conditions

gives

312 -+ El.2 =0

2
31212 + 2c12 =0

2
22 + D 22 + B = 0

A 51nh(A222) + B 2 12 12

12 cosh(lziz) + C

12 1

2, 2 _
AlZAZSth(Azlz) + Blzlzcosh(hzlzj +2C,=0 {I1I-a-8)

. and E can be written in terms

Again, the ccefficients A 97 C.., D 12

1 12° 12

of Bl2 as

o}
1l
[}

w

12 12

12

A - ; Blz(COSh(A222) f l)= s £anh Ayl
12 sinh(Azlz) 12 2

1 2
D12 =3 B AL (III-a=9)
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Introducing g, (x3) into the boundary conditions gives

813 + E13 =0
B A3 + 2C. . =0
133 13
2
i + +E _=
A sinh(d,2,) + Bl3cosh,(l3£3) Ci3h; + D1323 13=0

2 . 2 B
Alr3l3smh(l3233 + Bl3l3005h(7\323) 2, = 0

(ITII-a~10)
which results in

E13 T 7 By

1 2
Ci13 =~ 3 B1-3}‘3
. - - Bl3(cosh(}\323) -1} - tanh(k32.3)

13 sinh (A_2.) 13 2
373
1 2

D3 =3 BI3A323 (1TI-a-11)

From Eq. IIT-a-5, the following relationship is apparent:

L2 p2 2
— + = + =)
€11 (6T + By 37) G0, v H, 57) €560 +Hy 3
* = * - *
b1 W3 Y3

{(I1I-a-12)

Using Egs. III-a~7, 9, and 11, the previous equation can be written

2 2
2 b
373 (G393 + By 5

2 b
) ByoAy (6T, R H S) By

B
2 2 .

2
Blary G, + Hy

* T x
W, v, Wy

{(III-a-13)
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Therefore:

b
(G.J, + H —

2 11 w 2
B12 = ll(wz/wl)(?t /A ) b2

(GZJZ + Hw 5_)

(G.J. + H

2 YiYa W 2
13 11(w3/w1) {A /A ) 'bz
(G3J3 + H -2-) {ITI-a-14)

B

Substituting Egs. III-a-7, 9,11, and 14 into Eq. III-a~5 and solving

for B

11
EA w b2 BE A 2 3 W 277 2
1l LE 2H 2H LE 2 i=1 HW Ai
2
GlJl + Hw ‘g— 2 Alzi klz
. b2 ("f-tanh 5 + 12 -4 + A [G1J1+Hw
G J, + 38 —
ii 2
(IT1-a-15)
Once B, is known, the quasi-static functidn g, x,) is com-
pletely determined since the coefficients Ali' Bli' Cli' Dli' and Eli

appearing in Eg. JII-a-3 can all be defined in terms of the coefficient

Bll using Egs. III-a-7, 9, 11, and 14.

B. Unit Rotation at Left Tower-Pier

The solution for the guasi-static function corresponding to
unit rotation at support B of Fig. III-1 is obtained by satisfying the

following three equations:
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v o
i=1,2,3 (IIT~a~16)
subject to the boundary conditions
921(0) = 0 g22(0) =1 923(0) =0
921(21) =1 922(22) =0 923(£3).= 0

gzlli (0) — 9.22" (0) = g23ll (0) = O

n - [} - L = -
9y, (29) = 9,," (8y) =g 5" (2) =0 (I11-2-17)
The form of the solution can be taken as
gzi(xi) = A,,sinh{A.x.} + Bzicosh(lixi) + Cyux,
i=1,2,3 (ITI-a-18)

+ D_. + ,
2i%; T Boy

where Ai is defined by Eg. III-a-4.

Substituting Eq. III-a=18 into Eq. III-a-16 results in the

following three equations:
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* *
bz wib ,BCAC b 3 v Azn‘
Z[GiJi + HW E_]Czi = -H—- —L;_)(E) Z E‘I— A_ {coshU\nEn) - 1}
w n=l "w n
B2n C2n22 DZnQi
+ X;—'Sth(Anﬁn) + 3 + > + E2n£n
i=1, 2, 3 (IIT-a-19)

Introducing g.. (x.) from Eq. III-a-18 into the boundary con-
2171

ditions results in the equations

4 ==
Byy ¥ By =0

2
321X1 + 2c2l =0

. 2
A2181nh(1121) + lecosh(klzl) + c2121 + 02121 + E21 = 1
A A2sinh (A 2.) + B, A2cosh(A.%.) + 2¢C.. = 0 (ITI-a=20)
211 SR A Y 2171150584 %y 21 a
From the previocus equations, the coefficients A21. C21' D21' and E21 can
be written in temms of le as
Eoy 77 By
=_ 1 2
C1 =~ 2 Bahy
.. - le(cosh(klzl) - 1) o tan (Algl)
21 ©  sinh (7\121) 21 2

(IIT-a-21)

= L 2
Dzl > 3211121 + (1/21)



gives

From the previous equations, the coefficients Ay C
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Similarly, intreducing gzz(xz) into the boundary conditions

+ =
Byp ¥ By =1

2
B227\2 + 2C22 =0

. 2 =
A22s1nh(A222) + Bzzcosh(hzﬁz) + 02222 + D22E2 + E22 = Q
a. A 2si h(A.2.) + B> ﬂ(A L) +2C..=0 (IIT-a-22)
22728t AR A%, 2272051 A0, 22 a

22t Dppr and E,y

can be written in terms of B as

22

Eyo =1 - By
1 2

Ca2 = = 2 Bao?s
. - Bzz(cosh(lzlzl.f 1) s tan (1222)

22 sinh (A L.) 20 &0 2

| 2%2

D..=%5 A% - (1/0.) (III-a-23
22 2 T2z 2 a-23)

Introducing g23(x3) intc the boundary conditions gives

B23 + E23 =0

2
52‘3)\3 + 2c23 =0

. 2
A2331n§(A323) + Bz3cosh(k3£3) + 02323 + D2323 + E23 =0

2_. 2 = -a-
A23A351nh(A323) + 32313coshjh3£3) + 2C23 =0 (III-a-24)
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which results in

Enz3 = = By

1 2
Cy3 = = 3 Bazts
. - —7323(cosh(1323) ~ 1} - tanh(}‘:i%)
23 sinh (L. 2.) " Bys 2

aty)
1 2 .

D, = = BoAle, (TII-2-25)

From Eg. IIT-a~12, the followiny relationship is apparent:

o2 | L2 2
Cop {3y * B, 57 Cpp(63, v H 57 Coa(Gydy 4 B, 37)
* - * s *
(I1I-a~-26)

Using Egs. IXI-a~21, 23, and 25, the previous equation can be written

2 2 2

2 b 2 b 42 b
i A = Y 2.
Bl Gy 3 Bppha (G0 HH, T Bpgha (6T, W, T
%* * *
Yy ' ¥ Y3
(IIT-a-27)
Therefore:
2
b
. (G.J. + H =)
_ % % 2 1M1 TN 2
Baa = Bpy Wp/w b /A,) 2
(GZJZ + Hw 5—0
{(G.J. +H P_i)
_ * % 2 Oty P HGT
By, = By (0./w) (0 /2y) 5

(6,75 + B, %—1 (TIT~a-28)
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Substituting Egs. III-a-21, 23, 25, and 28 into Egs. III-a-19 and solving

for B
or B,

v b2 " % " £ E 2 3 2
- - () (E) G222 0)®)| L)
21 L 2H 2H 2H L 2 H
E w W w

2
b 2.3
] (i&) 2' GlJl +‘HW > 2 fanh lizi . lizi _,
A, _ b2 A 2 12 i
* G, T, + H -
ii w2
2
2 b
+ Al[GlJl + H, S ]% (IIT-a-29)

Once BZl is known, the gquasi-static function 9o (xi) is com~

pletely determined since the coefficients A_., B

2i 2i

appearing in Eg. ITII-a-18 can all be defined in terms of the coefficient

21’ Cpy? Dpyr and E

le using Eqs. III-a-21, 23, 25 and 28.

C. Unit Rotation at Right Tower-Pier

The solution for the quasi-static function corresponding to
unit rotation at support C of Fig. III-4 is obtained by satisfying the

following three equations:

4 2
dg.,.(x.) 2, dg,, (x,)
T oax, v ax’,
i i

)

* %

wb ECA b 3 wn o

+-—--H ( LE )(-2—) Z T g3n(xn)dxn =0
w n=1 w 0

i=1, 2, 3 (III-a-30)
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subject to the boundary conditions

gy, (0) = © 93,000 =0 g, (0) =1
(@) =0  g(8) =1 g, (k) =0

931%1
1" o . " = " =
931 (0) = g5,"(0) = g3 (©) =0
9ap (8} = 95, " (25) = 9,537 (R3) = 0 (I11-a-31)
The form of the solution can be taken as
{x.) = A_.sinh{}.x,) + B,,cosh(A .x,) + C x2
933 ¥y T AgySIRRlAXy 31005 IA Ry 3174
+ Dy X, + By i=1, 2,3 (IIT-a-32)

where Ai is defined by Egq. III-a-4.
Substituting Eq. III-a-32 into Eg. III-a-30 results in the

following three egquations:
A

[—-:2E {cosh(} 2 ) - 1}
“n'n

B
3n _.
+ T sxnh(Anln) + 3
n
(I1I-a-33)

i=1, 2'3
Introducing g3l(xl) from Eq. III-a-32 into the boundary con-

ditions results in the equations
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B31 + E31 = 0

2 =
B3lkl + 2C3l =0

2

. + 3
ABISth(llzl) + BBlcosh(Alzl) 03121 + DBlzl + 331 0
2. 2 - ean
A31A151nh(llll) + B3lllcosh(k1£l) +20, =0 (III-a-34)
From the previous equations, the coefficients A31' C31, D31, and E31
can be written in terms of B3l‘as
By =7 By
1 2
G317 7 2 BaM
a - - B31(cosh(Al£l) - 1) s tam (Alll)
31 sinh (A, £ 31 TR\
N R |
1 2 ‘
D31 =3 Blelzl {(ITI-a-35)

gives

Similarly, introducing 932(x2) into the boundary conditions

B32 + E32 =0

2 -
B,A5 +2C,, =0

2M2 2
. 2 _
A3251nh(1222) + stcosh(kzzz) t Cyoly + Dyl By, =1
A.A%sinh(A %) + B._A2cosh(A.2.) + 2C._ = 0 (III-a-36
3278100 A1, 3270080 (A2, €y = 11-a-36)

Again, the coefficients A_., C.., D_.,, and E__ can be written in terms

cf B

32

32 32 32 32
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32 32
1 2

32773 Biaa
. - - Bsz(cosh(Kzﬁz) - l)= Cn semn A2£2)

32 sinh(}_2.) - 732 2

272

D=2 B A%+ (1/2.) (III-a-37)

32 2 Tazi2v2 2

Introducing g33(x3}'into the boundary conditions gives

B33 + 333 =1

2
3337\3 + 2c33 =0

. 2
A33s.1nh(A39,3) + 333cosh LA323) + c3323 + 93323 * 233 = 0
A, 22 inh{}_.%2.) + B 32 sh(A.%.) + 2C.. =0 (ITI-a~38)
33738 A0, 3373008 A4%, 33

which results in

Eyq =17 Byy
N § 2

C33 = = 2 B33%3
. - - By (cosh(l,32,3) -1 - tanh(x3£3)

33 sinh{}_4%.) B 33 2

33

D..=%5 2% - (1/%.) (IIT-2~39)

33 2 7337373 3

From Eq. III-a-33, the following relationship is apparent:

2 2 2
C31(6;7) * B, 57)  Cy(6 0, + H 57) €y (G305 + H, 57
* - N - *

(I1I1-2~40)
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' Using Egs. III-a-35, 37, and 39, the previous equation can be written

2 2 2
2 b 2 b 2 b
A + + _—
Bty GyFy +H, 50 Bypp Gy, HH SO By (67, 4 H) )
* % *
wy b W3
{ITI~a~41)
Therefore:
2
b
(G.J,  +H3 =)
N * K 2 11 w2
By = By Wy/wi ) (A,/3,) - 2
(GZJ2 + I-Iw 5—)
2
b
(G.J. + H =)
- ** 27171 w 2
Byz = By ('ws/ wl) ml’/ ?‘3} bz
+ =
(G475 + B, o)
(III~a-42)

Substituting Eqs. III-a-35, 37, 39, and 42 into Eq.

for B3l

2
.3 +m 2 A, a%3
. 11 w 2 2—-tanh ii 13
b2 A 2 12
6.J. +H 2 *
i i w 2

31

[II-a-33 and solving

{III-a-43)

Cnce B_, 1s known, the quasi-static function g3i(xi) is com= °

pletely determined since the coefficients A .y 33

34 i’

c3ir D311 and B3l
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appearing in Eq. III-a-32 can all be defined in terms of the coefficient

using Egs. I1I-a-35, 37, 39, and 42.

B3l

D. Unit Rotation at Right Anchorage

The solution for the guasi-static function corresponding to

unit rotation at support D of Fig. III-4 is obtained by satisfying

the following three equatiocns:

4 2
‘ g4i(x.) b2 d g4l(x )
Bily 3 G373 * B, 3 3
dx. .
i 3
* * ln
2 (I (b)[% *n | ]
i - - g, [x )dx = 0
Hw LE } 2 n=1 Hw 4n " n
0
i=1, 2, 3 (IIT~a-44)
subject to the boundary conditions
Q) = = =
941( ) =0 942(03 0 9,30 =0
9gp (%) =0 g0 =0 g, =1
1] = " - n —
9up"(0) = g,,"(0) = g,,"(0) =0
" - "w _— ” — oy
941 (Zl) = 9,4 (.9.2) = 9,3 (23) = 0 (III~a~45)
The form of the solution can be taken as
(.} = A .8inh(A.%x.) + B _,cosh(A.x.} + C x2
91 ‘%! T BggSIRRAGE aiCOSTAF e b ¥ Cui¥y
i=1, 2,3 (IIT-a-46)

+ X, + E,_,
D41 i 41

where }\i is defined by Eq. III-a-4.
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Substituting Eq. III-a-46. into Eq. III-a-44 results in the

following three equations:

A,
= Jcosh(h & ) - 1}
nn

B4n 4n i 4n2i
+ —— si + + + E
ln SJ'm'l'(}‘n'q'n) 3 2 dn'n
i=1, 2, 3 (II1-a-47)

Introducing g4l(xl) from Eg. III-a~46 into the boundary con-

ditions results in the eguations

By *Ep =0

2 -
B4lA1 + 2c41 =0

s 2
A4lsmh(?\l£l) + B4lcosh(llll) + 04111 + D419‘1 +E,, =0
0 (111-a-48)

2 2
A, A sinh(A L)) + By ATcosh(A 2.) + 2C,,

r C,.0e D ,andE4l

A 21" Pgn

From the previous equations, the coefficients 41

can be written in terms of B41 as

- - AL
B4l(cosh(A1£1). 1) - -5 tann ('l 1
41 2

A, =- :
41 sinh(},4,)

{III-a-49)
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Similarly, intreducing g4z(x2).intd the boundary conditions

B42 + E42 = {
B Az + 2C =0
4272 42
. 2 -
A4251nh(A222) + B42cosh(K2£2) + C4222 + D4222 + E42 =0
A, A2sinh(A.%.) + B, A cosh(A.2.) + 2C,. = 0O (ITI-a-50)
427281 A%, 42725080 A%, 42
Again, the coefficients A42, 042, D42, and E42 can be written in terms

of B42

g2 =7 Bp2
1 2
Cy2 = 7 7 Bga?s
A = Baz (e0sh (Ayt)! = U = - B,_ tanh (A2£’2)
42 sinh (A %) 42 2
2¥2

1 2 _

D42 =3 B42A222 | {ITT-a-51)

Introducing 943(x3) into the boundary conditions gives

B43 + E43 =0

2
B43A3 + 2C43 =0

A sznh(h3£3) + B

2
43 cosh(k323) +C, 8. +D 4 +E _=1

43 433 433 43

2_, 2 _ o
A43A351nh(A323).+ B4313cosh(l3£3)‘+ 2,, =0 (II1-a=52)
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which results in

Eg3 = 7 By3
1 2
Ca3 = = 3 Byshy
.. = B,q(cosh(r L) - 1) - tanh.(l323)
43 SInh (1,%,) 43 3
b =%3 3%+ s (IIT~a-53)
43~ 2 Ba3taty WA

From Egq. IIIi-a-47, the following relationship is apparent:

L2 L2 L2
- + —— Lo
Cpp (6T +H, 5 CpplGd, * B, 5=  C (80, + B 3
% - * - *
Yy Y2 Y3

(ITI~a~-54)

Using Egs. III-a-49, 51, and 53, the previous equation can be written

2 2 2
2 b 2 b 2 b
Bpt1 G0y T E, ) B G0y +H 5 By (60, + R, o)

* - * - *
A1 ' ¥ w3
(IIT-a~55)
Therefore:
2
b
(G.J, + H =)
* % 2 °1%1 Ty 2
342 = B4l(w2/wl)(ll/hz) b2
+ =
(G2J2 Hw 5 )
2
b
G.J. +8 29
_ L E % 2 11 w 2
Byz = By W3/w) (4,/25) L2
+ = -G -
(6,7, + H_ =) (ITT-a-56)
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Substituting Egs. III-a-49, 51, 53, and 56 into Eq. III-a-47

and solving for B41

®* 3 % ok
EA. ,wb’ ,wl EA 2 3 w2 A2
o CEIEDEADS [T @
41 L. /\28_J\2n// \ L 2 AT IAR YW
b2 2.3
G T W B o RS WO Y C N PR
B2 Ay 2 12 i 1111 2
G, J, + H =
ii 2

{I1I-a~57)

Once B,, is known, the quasi-static function 9,4 %y} is con-

letely determined si th ici B c D d
pletely determined since the coefficients A4i' 23’ Cai’ DPaiv an E4i

appearing in Eq. III-a~46 can all be defined in terms of the coefficient

B4l using Egs. III-a-49, 51, 53, and 56.
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Appendix III-b

Solutions for the Torsional Mode Shapes

If it is assumed that the mass of the bridge as well as its
. . . .th .
elastic properties are uniform along the i span, the eigenvalue problem

assumes the form

4 2
an ?n ‘b2 3.ﬂi
I, — E,T - G.J, + H *—)
mi 2 ii 4 ii w 2 2
Jt 9, Ix
i
»* * gn
wib EcAc b 3 wn
YR (L. ) 7 L n | mbgtlag =0
W E =l w
0

where the bracketed term in Eg. III-b-1 represents the additional

horizontal component of cable tension H(t).
The nth torsional mode shape and natural frequency is obtained by assuming
the vibration to be sinusoidal, that is
' iwnt
nj(xj,t) = enj(xj}e
{(ITI~b-2)

j=l’ 2" 3 n=l' 2' 3:.-

ey ; th :
= y-1 and w is the n  natural circular frequency of tor-

in which i
Substituting Eg. III-b-2 into Eg. III-b~1 yields

sional vibration.

the equations of moticn in the form

4 2 *
a9 b2 d’g 2 . wW.b .
Eirl 21 ~(G_J_ + H 5—) g -1 'wne .+ Hl H =0
dxl 1 1 dxl mi ni W n

n=1l, 2,3 ... (ITI-b-3)
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where the additional horizontal component of cable tension associated

t . . .
with the n h torsional mode Shape,'Hn. is given by

o zj
E A 3 w
- b
%12(%%2)(5) E Ei en'(x')'dx'

n=1, 2, 3 ... (ITI-b-4)

Because Hn is independent of xj and may be treated as a constant,
Eq. III-b=3 represents linear, ordinary differential equations of fourth
order with constant coefficients. The general solutions of Eg. III-b-3

are expressed as

. * =~
v, X, w.b H
+ D, cosh ( 2 l) + = L
L. 2
1 JH
mirwn
i=l' 2; 3 n=l, 2’ 3 ... (III-b"S)
where
Zi+l
W=y T
zi -1
= § ——————
Vi T % 2
4 I ,2%&2
7z = 1+ mL 1L N
i P _ bz
g, (E.J, + H ——)
i ii w 2
2
¢.J, + H b—-
§. = g i i w2
i i EiP.

i = 1| 2' 3 n= 1" 2; 3..0 (III-b—G)



311

and Ay, Bi' Ci' and Di are arbitrary constants determined in conformity
with the boundary conditions at the supports of the ith stiffening struc-
ture. The first four terms in Eg. III-b-5 represent the general solu-
tions of the homcgeneous equations (én = 0), while the last term of the
same equation represents the particular soluﬁions of the complete dif-
ferential equatioﬁs.
It is convenient to separate the investigation of the symmetric
torsional modes from that of the antisymmetric torsional modes; that
is, the problem can be divided into twa parts:
1. The symmetric torsional modes of vibration in which there
are an even number of internal nodes along the center span.
Here ﬁn is not zero.
2. The antisymmetric torsional modes of vibration in which
there are an odd number of internhal nodes along the center

span. Here Hn is zero.

Symmetric Modes of Torsional Vibration

When the bridge is a three-span symmetric type in which the
stiffening structure of each span are simply supported by cables held

on top of the towers bv roller supports, the boundary conditions become

2
d Gni
for x, = 0 . =20 ’ E.T, =0
1 ni iti dx?
1
d%
for x; =4 0, =0 . EI; == 0
In 1 dx,
1
i=1, 2, 3 n=1, 2, 3 ... (IXI-h-7)
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expressing the fact that the angle of twist and the normal stresses
are zerc at the supports of each span. Introducing Eg. III-b-5 into the
above boundary conditions establishes the symmetric torsional modes as

-~

w.bH_ 2, + 1 ol X

Oy (85) = T |22, © oy cos [“i('z' D )]
. 2I__H Zw i i

miwailn

zZ, -1 X,
___i_____cosh\,(}.___l_)
cosh(v, /2) iN2 L.

1 1
i=1, 2,3 n=1,2, 3 ... (ITI-b-8)

Finally, substituting Eg. III-b-8 into Eg. III-b-4 in order
to obtain the frequency equation, the following transcendental egua—

tion upon the natural circular freqﬁency w, is cobtained

O (27) - 6) =@

cc =1 W I .2.w i
mL 1 n
(Zi - l) vl
- tanh (——)
vi 2
n=1, 2, 3 ... {(ITI-b-9)

Antisymmetric Modes of Torsiocnal Vibration

An antisymmetric vibration deflection of the cable and stif-

fening structure causes no additional cable tension Hn. Therefore,

there is no interaction between the center span and side spans. For
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this reason, two types of independent vibration in a ﬁhree—span bridge

are possible. Setting Hn = 0 in Eg. ITI-b-5 yields

Hi%g uixi)
= i + B,
@ni(xi) Ai sin ( ) ) i cos ( 7

i i

L, L,
i i

vixy vix.
+ C, sinh ( l) + D, cosh:( l)
i i
i=1, 2, 3 n=1,2,3 ... (IZI-b-10)

The boundary conditions for the center span are
2

. d%e,
for x2 =0 . an =0 ’ E2F2 5 = 0
dx
2
) &%
for =x_ = 2 S =0 E n2 =0
2 2 n2 ! 2 2 2
dx
2
n=1,2, 3 ... (IIT-b-11)

The second part of Eq. III-b-11 indicates that the center of
the span remains at rest and is also an inflection point.
Substituting Eq. III-b-10 into the boundary conditions (Eq.

ITI-b-11), the frequency equation is derived in the form

)
sin (5—)= 0 (IXI-b-12)

from which it may be seen

. = 2w, 47, 6T ... (ITI-b-13}

2
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The antisymmetric. torsional modes of vibration for the center

span then become

mnx

Omz(xz) = A2 sin 22

m=2, 4, 6 ... (III-b-14)

Substituting this last expression into Eq. III-b-3 {with

H = 0), the natural circular frequencies for the center span are deter-

mined
2
b 2
~ E2I'2 '(GZJZ + Hw?") £2
w +
2m 1 22
m2 I o7
me
m= 2, 4, 6 ... (III-b-15)

The boundary conditions for the side spans are
2

a‘e |
for x, =0 0 ., =0 Br, —2l -9
3 ) nj ' R

J
d26 .

for x. = 2. &) =0 R E.T, *——%l = 0
dx]

i=1, 3 n=1,2,3... (ITI-b-16)

Substituting Eq. III-b=-10 into the above boundary conditions,

the frequency equation is derived in the form

sin u, = 0 i=1, 3 (III-b=-17)
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from which it may be seen
uj =T, 2‘", 3T cua j = 11 3 (_III-b_’lB)

The antisymmetric torsional modes of vibration for the side
spans then become
mrx,
@mj (x;) = A, sin (-—-l)

%,
J

j = 11 3 m= 1' 2; 3 e (III-b"lg)

Substituting this last expression into Eg. III-b~-3 {with

H = 0}, the natural frequencies for the side span vibration are deter-

mined

2
b 2

2 E.T. (G_J_ + -—-) L
6. = iy 13, J 2 HW 2 J
jm % I . 2 2

j = 1, 3 m= 1, 2' 3 “ o (III-b"zo)
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Appendix III-c

Orthogonality of Torsional Mode Shapes

torsional mode shape, @ni(xi). satisfies the equa-

The nth
tion
2 b2
-w'T 0 . (x)+ETI eIV (x) - (G,J. + H ‘“—) or, (x.)
nmini 1 ii ni "1 ii w2 ni 1
* 2j
(wib)[(EcAc) b .% w:l
FGEOEL) () F 2 e wpan | - o
Hw LE 2 j=1 HW nj 3 b
0
i=1,2, 3 n=1,2, 3... (IIT-c-1)
. th : . . .
where w, 1s the n " natural eircular freguency of torsicnal vibration.

£ . . . . .
The m h torsional mode shape, @mi(xi), satisfies a similar

equation, that is

2
-w't 0 (x.) +EI.0 k) - (G.J. +H
m mi ml 1 1 1 ml 1 1 i w

()|
w E j=1 0
i=1 2, 3 n=1, 2, 3 ... (I1T~c-2)

Multiplying Eg. III-c-1 by @mi(xi),_integrating from zero to

Zi and summing over all three spans, (1 =1, 2, 3), results in
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n=1, 2, 3 ... (IIT-c-3)

Multiplying Eq. III-c-2 by Gni(xi), integrating from zero to

Ri, and summing over all three spans, {i =1, 2, 3), results in
2y
2 3
- u yoI, 0_.(x.)0 . (x )dx,
m . mi ni i mi i i
i=1 o

L,
i

3
¥ BT, ofVix. e, (x,)ax,
i 11 . mi 1 ni I 1

i

Omi 370, &) dxi]
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m=1, 2, 3 ... (III-c-4)

Subtracting Eq. III-c-3 from Eq. III-c-4 yields

1

o
3
W - mz)[: Tz Ce . (x.)e . (x.)dx ]
n m . mi ni i mi it
i=1 0

2,
i ) v Iv
+ -121 ET, (G g0 4 (k0= 6 (%00 . {x,) ax,
0
L.
4 3 b2 i
i iZl (GiJi " 5_..) tog; ()0, (xp)
0

ni =0

n=1,2, 3 ... m=1l,2, 3... (I1I-c-5)

Now the last two bracketed texms in EBg. III-¢-5 can be shown

to vanish by integrating by parts. For example:
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2, %
1
Oy (%363 Gy )%, = O, (007, ()
0
0
1,
4
- Q. (x.107, (x )dx,
mi 1 ni 1 1
0
.,
X

e' (x )9 (x,)dx,
mi i TniTiTTTd

n= lr 2; 3 ae e m= 1.' 2, 3 ] (III"C-G)

since @ ,(0) = & ,(%.) = 0 from the boundary conditions.
ni ni i
Similarly,

L, L,
i i

il

eﬁi(xi)@mi(xi)dxi emi(xi)@;i(xi)

0 0

- o', (x,)0', (x,)dx,
mi i Tni i T

L]

- e'.(x,)e'. (x. )dax,
mi i ni i

n=1, 2, 3 ... m=1, 2, 3 ... (TII-c-7)
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£,
i
=~ 0', (x,)O", (x,)
mi i ni i
0
L,
i
+ n L1} .
@mi (xi) eni (.xl) dxi
0
L,
1
= e" . (x.)o", {x.)dx,
mi 1 nmi 1 i
0
n=1, 2, 3 ... m=1l, 2, 3 ... {(III=-c—-9)

Substituting Egs., III-c-6, 7, 8 and 9 into Eg. III-c~5 yields
modal orthogonality of the form

L.

3 i
2 2
(w —w)‘: Z I . e.(x.)e.(x.)dx.] =0
n m . mi ni i Tmi LT
i=1
0
n=1, 2, 3 ... m=1x, 2, 3 ... {III-c=10}
That is
Ei
3 .
z I, @ . (x.)8 .(x.)dx, =0 for n#FFm
. mi ni i mi i T4
i=1 0

{ITI-c-11)
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Appendix III-4

Cable Tension Response in Fregquency Domain

The finite Fourier transform of the vibrational horizontal

component of cable tension is given by

‘H(w) = (E§:c> (

L.

3 e
) {izl[ " { nzl Pt (xi)dxi} % ()

0

thS*

oo

2, R

1

i i

; l{ gji(xi)dxi} Wj(w) - 3H, {Wi+l(w) + ?i(w)]]
0

m!HF»
I b~

€

+

{94(m) - @l(m)}} (III-d-1)

where Wj(w), (3 =1, 2, 3, 4), is the finite Fourier transform of the
jth ground motion rocking input and éj(w), (3 =1, 4) is the finite
Fourier tranéform of the jth ground motion torsional input over the
duration of the ground motion T

th .
form of the n generalized coordinate given by

1’ and Qn(w) is the finite Fourier trans-

Tl
¥ () = v, (tye T g¢ - j=1,2, 3, 4
0
T, -
®j(w) = ¢j(t)e'l“t dt 3 =13, 4 {III-4-2)
0
Q, @ = {Hn(w)}T{\F(m)} n=1,2,3... (TIT-d-3)
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T
where {Hn(w)} is the transposed complex frequency response vector cor-
£ . .
responding to the n h torsional vibration mode, and {¥(w)} is the Fourier
transform vector of the rotaticnal ground motion displacement inputs.

The power spectrum of H(t) may be approximated as

P

Gy fw) % H(w) H(w) (IIT-d-4)

elm

1

where Tl is the duration of the ground motion and the superposed asterisk
denotes complex conjugate.

‘Substituting Egs. III-d-1 and III-d-3 into the previous
equation results in an expression involving sixteeﬁ different terms.
These will be taken cne at a time in this section.in order to isolate

the effects of input correlation.

A. Pure Relative Response

In performing the multiplication of Eq. III-d-4, one of the
terms encountered involves the first term of Eg. III~-d-1 multiplied

by its complex conjugate, that is

. .. .
E A 2 3 W, o
G, (w) = °°> (9)2 201 (—l){[ o (x,)dx, |0 (w)
A (LE 27 \") L=\ B 0 nzl i T
3 [w, %i -
-1 El I oo Gax, o (w) (I1I-3-5)
j=i\w 0 m=1

which can be written
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2 c c b\z2 o
G (w) = =— | —= (—) . z - Z ' T Q0 (wQ {w)
A Bt ( Lg ) 2/ pelmel POD

2 E § T T {H (W)}, (I {H (}
~ nm n. £f m
n=1 m=1

N
N

(II1-3-6)
where the modal factors Pn are given by
%
x X
3wil’
T = — ' =1,2, 3 ...
n 'Z " Bni(xi)dxi n=1, 2, 3
i=] w o .

(£ZXT-a~7)

and [GfF(m)] is the 6 x 6 spectral matrix whose terms are defined by

2 * T
G (@] =7 {Y W} {¥ (w} (ITT~d~8)
££ Tl
Now for the correlated case, the spectral matrix is full, while
for the uncorrelated case, only the diagonal terms (i = 3§ in Eg. III-d-8)

are retained.

B. Pure Quasi-Static Response

e

This involves the second term in Eg. IIT-d-1 multiplied by

its complex conjugate, that is

Ea\2 4 4
2 c by 2 *
G_{w) = = = YooY vy ¥l Y, (w)
B Tl (LE ) (2) j=1 k=1 'k 3 k

EAN\ 2 4 4
e [—€le) T (py2 —d-
= ( L ) (:2) _g : Z Yijij(w) {III-d-9)
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where

*
3 wi
- i : i =1, 2, 3, 4 (III-3-10)
Y g B gji(xi)dxi j '

and G (m) is deflned by Eq. III-d-8.

For the correlated case, all power and cross—spectral terms

are included in Eg. ITI-d-9, while for the uncorrelated case, only the

diagonal terms remain, that is Eg. III-d-9 reduces to

EAa\2 4
by 2 2
G (w) = (ﬁ) (5) ) Yy G (w) (IIr-4-11)

Ly

where Gj(m) is the power-spectra of the j rotational input support

displacement, (j =1, 2, 3, 4) given by

2
(I11-4-12)

,
G, = = .
J(w) Tl l?J(m)

C. Response Excited by Rocking Ground Motion Inputs

This involves the third term in Eqg. III-d-1 multiplied by its

complex conjugate, that is

Gc(wJ='%'< )()ZZ Xes{

1 i=1l =1

£ 8, @ MY, W) + ¥, W)

( ) (H* 30 BBy 18,1 (@ + 6 4, W)

i=1 j=1

+ G, L(w) + G, (w)]
1+1.3 +J (IIT-4-13)
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which for the uncorrelated case reduces to

E A 2
cc by2 ;2
( i ) (2) [Sl{Gl(w) + Gy} + 28.8,6, (w)

Gc(m)

+

2
82{G2 (w) + ¢y wl + 28,86, (w)

+

2
83‘{G3 (W) + G, (w) 1] (IIT-d~14)

D. Response Excited by Torsional Ground Motion Inputs

Thigs involves the fourth term in Eq. III-d~1 multiplied by its

complex conjugate, that is

E A 2
. 2 cc by 2 ,? _ : _
G, () Tl( T ) (2) {2, = 3, @Ho, W - & (w}

EcAb 2 b\ 2 *
= (Z2]) (2)? e + 65w - e @ - G ()]
(IIT-d-15)
which for the uncorrelated case reduces to
EcAb 2 b\ 2
G ) = | == (—2-) [G (W) + G, (w)] (IIT-d-16)

E

E. Cross-term: Relative and Quasi-Static Responses
This involves the complex conjugate of the first term in Eq.

II1-d-1 multiplied by the second term in this equation that is
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EA 2 w© 4
2 cc by 2 *
G, () == [=Z5] (Z)° 1 ¥ Ty,Q (@Y, (w
AB Tl LE (2) n=lj=1,113 n 3

(ITI-4-17)

where 1"n was defined in Eq. III-d-7 and Yj was defined in Eg. III-d-10.

Using Eg. III-d=5, the previous equation may be written

E A 2 «© 4
2 by 2 . T, *
Gplw) = 2- [ 221 (2)*° | ] Py @3 T @) Y @)

AB Tl LE n=1 j=1
(II1-4-18)
. which, for the uncorrelated case reduces to
A \2 ] 4
by 2 .
G, {u) = [ === (“) ) z T v. H . (w) G.(w)
L
hB E 2/ pepgm B3 OM J
‘ (ITI-d-19)

where Hnj(m) is the complex frequency response function corresponding
to the nth torsional vibration mode and the j’th rocking input motion.

F. C(Cross-term: Relative Response and Response Due to Rocking Ground

Motion Inputs
This involves the complex conjugate of the first term in

Eg. ITI-4d-1 multiplied by the third term in this eguation, that is

E A 2 © 3
2 c c by2 *
G, () =- = = 1 ) T8 0 (wiY, . (w
AC Tl LE (2) n=l i=l n i n i+l
+ ‘i‘i(wJ}

EA \2 < 3
=2 [ L= by2 (A Ty
=-Z (3)° I 1 re i @iy, w
1 E n=1 i=1

+ Y, (w) } (III-d-20}
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which, for the uncorrelated case reduces to
- E A 2 @© 3
- cc by2 ¢ *
Gy lw) = o (3)° L 1 rem;we w
E n=1 i=1
* I 2
+B o a (w) Gi+l {w)] (I1T~d-21)

v

G. Cross-~term: Relative Response and Response Due to Torsional Ground

Motion Inputs

This involves the complex conjugate of the first term in

Eg. III-d-1 multiplied by the fourth term in this equation, that is

2 [EPc\® /yv2 § oLk
S =z | 5 (3) nZl 0 W Io, ) - o (]

Ea\2 ®
2 ¢ c by 2 B T ¥
2 [ _cc (5) nél I'n{Hn(m)} {¥(w) 32, (w)

Ty \ g

¢l(w)J (III-3-22)

which for the uncorrelated case reduces to

fe)? (py2 T .2 *
Gt = | T (2) nzl T IH (G (W) = H ()G, ()]

{III-d~23)
H. Cross-term: Quasi-Static Response and Response Due to Rocking

Ground Motion Inputs

This involves the complex conjugate of the second term in

Eg. III-d-1 multiplied by the third term in this equation, that is
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E A 2 4 3
2 c C by 2 *
G (w) =~ 2)° 7 ) vLBLYL () I¥, L (w)
BC Tl ( LE ) (2) j=1 i=1 3713 i+l

+ Wi(w)] {111-3-24)

which for the uncorrelated case reduces to

EcAc 2 by 2
e @ = = |5 (2)2 1v,8,6, (@) + v,(8, + 86,
(TTI-3-25)

+ ¥5(8, + 8,06, (w) + v,8,G, (0)]

I. Cross-term: Quasi-Static Response and Response Due to Torsional

Ground Motion Inputs

This involves the complex conjugate of the second term in

Eq. III-d-1 multiplied by the fourth term in this equation, that is

EA \2 . 4
_2 (3 b\ 2 * )
G @) = - ( i ) (2) j§1 A ASIASIEEN S

(I11-4-26)

which reduces to zero for the uncorrelated case.

J. Cross-term: Response due to Rocking Ground Motion Inputs and Response

Due to Torsional Ground Motion Inputs

This involves the complex conjugate of the third term in

Egq. III-d-1 multiplied by the fourth~term in this equation, that is
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E A 2 3
2 cc by 2 *
G (w) = =2 | £ 2V 1 B IV, . (w
CD Tl ( LE ) (2) i=1 1 i+l
+ ?i(w)][% @) - & (@] (IIT-a-27)

which reduces to zero for the uncorrelated case.

Power Spectrum of H(t)

The power spectrum of H(t) is given by Eg. III-d-4, and

can be written as

8

*
GH(w) GA(w) + GB(.w) + Gc(w) + GD(m) + [GAB(m) + GAB(w)J

* *
+ [th(w) + GAc(m)] + [GAD(w) + GAD(w)]

-+

.k %
IGBC(w) + GBC(w)] + [GBD(w) + GBD(w)]

*
+ [GCD(N) + GCD(w)] {(IT11-d~28)

where the terms on the right hand side of Eg. III-d-28 have been pre-

viously defined, and the superposed asterisk denotes camplex conjugate.
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CHAPTER 1V

LATERAL EARTHQUAKE RESPONSE OF SUSPENSION BRIDGES
TO MULTIPLE-SUPPORT EXCITATIONS

IVv.l INTRCDUCTION

This chapter presents the dynamic analysis methodology for earthguake-
induced lateral vibrations of suspension bridges. A suspension bridge is
excited into lateral motion by lateral (or transverse) horizental com~
ponents of ground motion occurring at its support points (anchorages
or tower-piers). As will be seen later, the lateral wvibration of the
suspended structure and cables within the center span are uncoupled from
the other side spans under small vibrational (linear) amplitudes.
cheve;, within each span the lateral vibrational deflections of the
cables and suspended structure are strongly cocupled. The hangers (or
suspenders) which connect the suspended structure to the cables cause
the two systems to interact so thatlthe deformation of one system
exerts an influence on the other, The resulting coupled equations of
motion are quite complicated, and as yet have not been solved in closed
form. TFor this reason; the method chosen to analyze the lateral vibration
in this chapter involves a matrix finite element approach, which was
originally developed by Abdel-Ghaffar (1,2) for the analysis of free
lateral vibrations of suspension bridges, and is utilized here to study

the multiple-support seismic lateral excitation problem,

Preceding page blank
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A frequéncy-domain random vibration approach is used in this chapter
to take>into account the differences in lateral ground motion inputs
at each of the bridge's support points as well as the correiation among
the various input motions. In general, the correlation of these motions
is extremely complicated, particularly in the case of a long-span bridge,
with different foundation conditions, subjected to seismic waves with
different angles of incidence and different travel paths (reflections
and refractions, etc.). However, such complications can be overcome
by utilizing existihg strong motion records, to define representative
and appropriately correlated multiple-support lateral seismie inputs.
Ground motion records taken from the Imperial valley (El Centro)},
California, earthquake (ML = 6.6) of October 15, 1979%, are, again, used
in defining the input support motions (Appendix IT-e). As mentioned
previously, these ground motion records"were recorded at several instru-
ment locations whose separation distances are consistent with a long-span
suspension bridge's dimensions.

Finally, the lateral response of the Golden Gate Suspension Bridge,
in California, is investigated in order tc estimate its lateral earth-
quake response characteristics, Three cases of lateral response are
compared. In the first case, the S40°E components of ground motions
recorded at Arrays No, 4, 5, 6, and 7 (of the 13 El Centrc Arrays;
see Appendix II-e) are utilized to define the lateral input support
motions (at anchorages and tower-piers), while the second case involves
a similar correspondence with Arrays No. 5, 6, 7, and 8. The third case
involves a uniform-lateral ground motion assumption over all four
supports with the records of Array No. 5 used as input. Root mean square

lateral response displacements, stresses, shear forces, as well as
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horizontal components of cable tension due to lateral vibration are
obtained for each response case, and peak responses are estimated by
using a peak factof of 3.5 originally obtained from Chapter IT of this
report (vertical vibrations), and found to be appropriate for lateral
vibrations as well. Selected time domain {convolution integral)
analysis cases also are shown in this chapter in an attempt to verify

these peak factors.

Iv.2 COORDINATE SYSTEMS

The éoordinate system used for the typical three~span bridge is shown
in fig. Iv-l, For the purpose of studying the lateral vibration, the
following is considered (1,2)

1. For the suspended structure (girders or trusses), the xinaxis
of the ith span is defined along the centerline of the spén
with the origin located at the left support of that span.

2. For the cables, the xi-axis of the ith span is defined as
thelhorizontal line passing through the left support of each
span, while the cable ordinate yc(xi) of the ith span
is measured downward from the closing chord of each span. The
cable ordinate h(xi) is measured upward from the centerline
of the suspended structure.

3. The vibrational displacements of the suspended structure are
measured from the X, Ty, plane and the X, -2 plane.
These displacements in the Y, and z, directions are denocted

as vs(xi,t) and ws(xi,t), regpectively.
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4. The vibrational displacements of the cables are measured
vertically and horizontally from the static position of the cable.
These displacements in the yi and zi directions are denoted

as vc(xi,t) and wc(xft), respectively.

IV.3 FUNDAMENTAL ASSUMPTIONS

The following assumptions and approximations are made for the purpose
of simplifying the lateral vibration analysis {1,2):

1. All stresses in £he bridge remain within the elastic limit
and therefore obey Hooke's law.

2. The cables are of uniform cross section and of parabolic
profile under dead load.

3. The cables are assumed to be perfectly flexible, that is the
flexural stiffness of the cables can be neglected.

4. The suspenders (or hangers) are considered inextensible during
lateral vibration.

4, Smail vibrations about the equilibrium position are assumed,
that is, the vibration amplitudes are sufficiently small so
that the stiffness of the structure may be taken to be constant
during the motion.

6, The tower-piers move as rigid bodies under ground motion excita-
tion. This is a reasonable first assumption to investigate
lateral vibration because the tower-pier system is much stiffer
than the suspended structure-cables system,

7. The initial curvature of the stiffening structure is considered
small in comparison with the cable curvature and is therefore

neglected.
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8. The coupling between lateral, torsional, and vertical motions,
which has significant influence only for large amplitude dis-
placements, is neglected.

9. The upward vibrational-displacements of the cables and the
suspended structure incidental to their lateral movements may

be approximated by

2
wc(xi,t)

1

- Vc(xi,t) i=1,2,3 {4.1)

2yc(xi)

Wz‘xi't’ W, (e, t) = w_(x,, )17

2y (x) + 2h(x,)

[}

- vs(xi,t) i=1,2,3 (4.2?

IV.4 EQUATICNS OF MOTION GOVERNING LATERAL VIBRATIONS

Under the previous assumptions, the linearized equation of motion

governing the lateral free vibration of the ith span of a suspension
bridge is given by (1,2):
82w 82w W - W w
* c c * s o * * o! .
m =—— - 2H -W  |— + 2{w_+w . })—=0, 1i=1,2,3 (4.3}
c 2 W o 2 si h c si'y
ot %, c
1
for the cable; and
2
* 8 Vs + 82 Bzw * w, -
5 — e + - . )
si 3 Sxi si si sz wsi{ h ] o , i=1,2,3 (4.4)

for the suspended structure; where w, = wc(xi,t) is the lateral vibra-
, . t ‘ .
tional response of the cables in the i h span; we = ws(xi,t) is the

; . .t
lateral vibrational response of the suspended structure in the i h span;
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* *
w and m are respectively, the dead weight and mass of both cables

c c
* *
per unit span length; L and mSi are respectively, the dead weight
and mass of the suspended structure (both trusses) per unit length of
.th . . .
the i span; Esi is the modulus of elasticity of the suspended
. .t . . .
structure in the i h span; Isi is the area moment of inertia of the
‘ . ] . . .t
suspended structure about its vertical axis, Yo in the 1 h span
{includes the contribution from the two stiffening trusses as well as
the contribution from the lateral bracing systems); Hw is the initial

(dead-load) horizontal component of cable tension; and yc(xi) is the

parabolic dead-locad cable profile given by:

* *
wc + wsi xi xi 2
SRR SAY [
w i i

where Qi is the length of the ith span, and h(xi) is the cable
ordinate as measured from the centerline of the suspended structure
(see Fig., IV-1).

It is seen from Eg. 4.3 and Eq. 4.4 that under linear assumptions,

(4.5)

the lateral vibration of each span of the suspension bridge are uncoupled.

This occurs because the additional (vibrational) horizontal component

of cable tension H{t) due to lateral wvibration contains only nonlinear

terms, as follows (1):

ax, | 1dx, i
i i

[1 24 ow_)2 71 av_) (ay,
i Tel” ax. + J e ax.
1 I 0 i * 0

(4.6)
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where vc(xi,t) is the upward deflection of the cables incidental to
their lateral deflection (Egq. 4.1); Ec and Ac are respectively, the
modulus of elasticity and cross-sectional area of each cable; and LE

is the cable's virtual length defined as (1):

3 i dsi 3
IE = Z J &5:& dxi ' (4.7)
i=l Q i

where s; is the coordinate measured tangent to the cable in the ith

span, and 2i is the length of the ith span.

Although the lateral vibrations of each span are uncoupled, within
each span the lateral deflections of the cables and suspended structure
are strongly coupled. The hangers (or suspenders) which connect the
suspended structure to the cables cause the two systems to interact
so that the deformation pf one systen exerts an influence on the other.
The governing equations of motion (Egs. 4.3 and 4.4) are thus coupled
together, and are in addition of the variable coefficient type. To date,
no closed form solutions of these equations are known. For this reason,
an approximate finite element solution originally Proposed by Abdel-
Ghaffar (1,2) will be utilized here in order to analyze the earthquake-

induced lateral vibrations.

IV.5 MATRIX EQUATIONS OF MOTION: A FINITE ELEMENT APPROACH

Because the lateral vibration of the center span can be treated
separately from the side spans, the earthquake response analysis
methodology is presented here for the center span; the side span analysis
being quite similar, Furthermore, since the towers are relatively rigid

in the lateral direction, it is assumed here that the ground motion
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input to the support of the suspended structure is equal to the ground
motion input to the cable saddle at the top of the tower; both inputs
being identical to the lateral tower base input, Becausé of thé long
span of the structure, the ground motions are in general different at
each of its support points.

The equations of motion of lateral vibration of the center span {(with
N degrees of freedom as shown in Fig. IV-2} when subjected to seismic
excitations at the tower bases and cable supports in the lateral direction

can be expressed in matrix form as:

[MI{u} + [C]{u} + [K]{u} = {0} | (4.8)

wheré iM] is the mass matrix which includes the masses of the suspended
structure and the cables; [Kl is the stiffness matrix which includes
the stiffness contribution from the elastic deformation of the cables
and suspended structure, as well as the gravitational stiffness of the
cables and suspended structure arising from their upward incidental
motion; [C} is the damping matrix; and {u} is the total vibrational
displacement vector.

The formation of the stiffness and mass matrices is derived in
Ref. 1, and is summarized in Appendix IV-a of this report. Basically,
the finite element technique involves idealizing the cable by a set of
pretensioned string or truss elements, while idealizing the suspended
structure by a set of beam elements. These two sets of elements, con-
nected by rigid hangers, form the bridge elements (Fig. IV-2). The
total vibrational displacement vector, {u}, thus contains degrees of
freedom corresponding to displacements of the cables and suspended

structure as well as degrees of freedom corresponding to rotations of
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the suspended structure, as shown in Fig, IV-2. The stiffness and
inertia properties can be formed for each set of elements and then
assembled to obtain the global stiffness and mass matrices.

Now Eq, 4.8 may be written in partitioned form as (3):

H - L]
[Mss sg] Yg + [css ng] Ug [Kbs KS%] ,usl= ’0;(4.m
[ L] +
M M C C
gs gg~ ‘g gg~ Y Kgs  Fgg 191 10

242

where the subscript "g" designates the degrees of freedom corresponding
to the points of application of ground motions {i.e., the displacement
degrees of freedom at the two tower connections; Fig. IV-2); and the

subscript "s" corresponds to all other structural degrees of freedom

of the bridge.

IV.6 GENERAL SOLUTION

The nodal displacements may be decomposed into guasi- {or pseudo-)

static displacements and relative (or vibrational) displacements.

static displacements are those resulting from the static application of

support displacements (degrees of freedom with subscript g) at any

time t. Thus the displacement can be written as

u u u
5 - ; ps: + vs
u u
8 P8 0

where the subscript "p" denctes the pseudo-static displacements and

the subscript "v" denotes the vibrational displacements.

The pseudo-static displacement vector can be expressed as

u : &4 g
Ps{ - Z psi £.(t)
u - i=1 g 1

P8 pgi

Quasi-

(4.10)

(4.11)



344

where gpsl and gps3 are the gquasi~static functions that result from
unit displacement at the left and right ends of the suspended structure,

respectively; and gps4 are the gquasi-gtatic functiong that

‘ gp52
result from unit displacement at the left and right ends of the cables,

respectively; fl(t) and f3(t) are the input displacement motions

to the left and right ends of the suspended structure, respectively;

fz(t) and f4(t) are the iﬁput displacement motions to the left and

right ends of the cables, respectively; and gpgi ig a 4 x 1 vector who;e
th

i element is equal to unity with all its other elements being zero.

Substituting Egs. 4.11 and 4.10 into Eg. 4.9 gives:

[Mss]{ﬁvs} + [Cssl{uvs} + [Kss]{uvs} =

4 -
- Z (i M, JE,(6) + [C C_1F, (8)
i=1
gpsi
+ [K__K_1f (t)) (4.12)
ss sg- i .
Pg1
The previous equation can be simplified by noting that for an
unloaded bridge with a static condition of support displacements,
one has
upS ,
{K K = {0}
58 sg] u (4.13)
PB
Substituting Eq. 4.11 into Eg. 4.13 yields
4 gpsi
VIK K ] =0 (4.14)

j=1 ss s9'|g
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Thus, the quasi-static vectors can be defined in the following manner:

- -1 .
{gpsi} = -[x__] [ng]{gpgi} , i=1,2,3,4 (4.15)

and the equation governing the lateral vibrational response (Eg. 4.12)
reduces to

. ' . 4 -
Mgl fu ) + o] fuggt + IR] o gl =- 1Xl (Mg Mﬁg] £;(e)

. B,
+ psi
e Cogl £1(=0) g (4.16)

pei

Note that the previous equation is excited by lateral ground accel-
eration and velocity terms. Although, as indicated by Baron, et al
(3), the contribution to the total response from velocity terms is
often small, the velocity terms are included in this analysis for

completeness.

III.7 EIGENVALUE PROBLEM - FREE VIBRATIONS

The solution to Eq. 4.16 is obtained by modal superposition, that

is the vibrational displacement is taken to be

N
{u } = 3 {o_}q_(8) , (4.17)
n=1l

where {¢n} is the nth lateral vipration mode shape in the center
span; qn(t) is the nth generalized coordinate; and N corresponds
to the total number of degrees of freedom in the finite element model.
Usually, the number of modes necessary for an accurate response analysis

will be significantly less than the number of degrees of freedom N,
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which is an inherent advantage of using the modal superposition method.
The lateral mode shapes and corresponding natural circular frequencies,

wn' are obtained from the solution of the matrix eigenvalue problem

2
(-w [M__T + [Kss]){¢n} = {0} , n=1,2,3... , (4.18)

IV.8 MODAL SOLUTIONS — FORCED VIBRATIONS

Substituting Eqs. 4.17 intd Eg. 4.16 results in
N L]
L (o) 0+ e e e 0+ (R 1o ba 0) =

4 , . g .
- 7 (m_m 1£(t) + [c_c_ 1f (8)] P (4.19)
=1 SsS sg 1 sSs sg 1 g
pgi

Now, multiplying Eq. 4.19 by {¢m}T and using modal orthogonality

(see Appendix IV-b), that is

T
{¢m} {MSS}{¢n} =0 s n#m , (4.20)
yields the governing equation for the nth generalized coordinate
x . » 4 .
t) + 2z w t) + £
qn Cn nqn( ) wnqn(t) = izl (unifi(t) + Bni fi(t)) (4.21)
n=1,2,3...
where cn is the damping ratio of the nth lateral vibration mode,

and the modal participation coefficients ani and Bni are given by

T T i=11213i4l
- M M
. o} M sgl{gpsi gpgi} (4.22)

ni {¢n}T [Mss]{¢n} ’ n=1,2,3...

and
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—is 3T T .
{¢n} [c g ng]{gpsi gpﬁi} | i=1,2,3,4

[ =
RIREUIRITE ' ) (4.23)

ni

It is important to note that for the purpose of calculating the
modal participation factors, Bni' invelving the damping matrix [C],
the following approach is used. For each mode, the damping matrix is
assumed diagonal. Those degrees of freedom corresponding to the transla-.
tion of the suspended structure are entered as [(Zﬁnwn;S)°L] where
;s is the mass of the suspended structure per unit length and L 1is the
element length (Fié. Iv-1). Those degrees of freedom corresponding to
the translation of the cables are entered as [(2§nmn;c)°L] where ';c
is the mass of the cables per unit length. The matrices [CSSI and
[ng] are isolated from the diagonal [C] matrix, and the modal
participation coefficients Bni can be calculated using Eq. 4.23.

The solution to Eg. 4.21, assuming quiescent initial conditions
is given by the convolution integral

—ann(t—T)

t 4 0
—-:-L_n £ lo £ -
qn(t) = o Jo iZl(unifi('r) + Bnifi(r)) e sin wnd(t T)} 4t

n=1,2,3... {4.24)

where mnd is the damped natural circular frequency of the nth lateral

vibration mode, given by:

2
wa =W 1l- Cn n=1,2,3... (4.25)

The total lateral displacement response is obtained as the sum of

quasi-static and relative responses, that is
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Ipsi x|

=1
0
-4

n o
REACE ) ol qG® (4.26)
1 pgi n=1

=]

1]
N ~3

g i

Por the purpose of calculating dynamically-induced bending moments,
flexural stresses, and ;hear forces in the suspended structure, it
becomes necessary to define the vectors {épsi} and {én} as quasi-
static rotation and modal rotation vectors which are extracted from the
original quasi-static and modal vectors in such a manner that only
those degrees of freedom corresponding to the rotations of the suspended
structure are entered in the overbarred vectors, Under such a definition,
the dynamic bending moment about the suspended structure's vertical axis

may be written as

N N
{Ms} =BT, (-2 '{ggsi}fi(t) + Z {¢A}qn(t)) (4.27)
i=1 n=1

where {Ms} is the vector of dynamic bending moments corresponding to
the structural degrees of freedom; E52 is the modulus of elasticity

of the center span suspended structure; I32 is the area moment of
inertia of the center span suspended structufe about its vertical axis;
and the prime denotes the first spanwise derivatives (of the gquasi-
static and modal rotational degrees of freedom).

Similarly, the total dynamic lateral shearing force at any point
in the suspended structure may be calculated as

4 N
{Vs} = E_,I_, (izl {gi')éi}fi(t) + nZl {(b;l'}qn(t)) (4.28)

where {VS} is the vector of shearing forces corresponding to the

structural degrees of freedom; and the double prime denotes the second
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spanwise derivatives {of the quasi-static and modal rotational degrees
of freedom).
Furthermore, the dynamically induced lateral flexural stresses may

be related to the bending moments by the following relation

{0} = 55— {n} (4.29)
52

where {GS} is the vector of laterally-induced flexural stresses in the
suspended structure's chord members; and b is the deck width of the

bridge.

IV.9 FREQUENCY-DOMAIN, RANDOM VIBRATION APPROACH

In order to study the lateral dynamic behavior of long-span suspension
bridges when subjected to multiple~-support earthquake excitations, a
random vibration approach is utilized. For the four displacement inputs
of the center span, there are four complex frequency response functions.

1, 2, 3, 4), is

To determine these functions, each input fj(t), {3
taken equal to exp(iwt), where i = v¥-1 , and the response of the
th , . . .th | . . X

n generalized coordinate excited by the j input motion is

assumed to be of the form

j=1,2,3,4
.{t) = H_.{w)exp(iwt) (4.30)
Inj n3j . nel.2,3...

. t . .

where Hnj is the n h complex frequency response due to input displace-
ment fj(t) at the support of the suspended structure or the cables.
Now substituting Egq. 4.30 into Eg, 4.21 yields

2 o
- 4+ fwB j=1,2,3,4

S (4.31)

- =1,2,3,.-.
(wn w’) + i(Z;nwnm) n=1, roo
i=yv=-1

th(w) =
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Taking the finite Fourier transform of Eg. 4,17 over the time duration

of the ground motion input displacement, T., yields the Fourier

1
transform of the vibrational response
'Tl -iwt N
{Uvs(m)} = AI {uvs}e at = ) {¢n}Qn(m) (4.32)

0 n=1

where Qn(w) ig the finite Fourier transform of the generalized

coordinate qn(t), given by

T

Q_(w) = J , qn(t)e'iwt at n=1,2,3... (4.33)
0

A similar Pourier transformation of Eq. 3.21 yields

4
2 2 2
- - - + 1 F {4.34)
[‘mn w') + i(2;nwnm)]Qn(w) jzl [~w LI manI j(w)
n=1,2,3...
in which Fj(w) is the finite Fourier transform of the jth displace~

ment input fj(t), given by

T

1 .
P = f fj('.*:)e""““t at 3=1,2,3,4 {4.35)
) .

It follows from Egs. 4.31 and 4.34 that the Fourier transform of the

generalized coordinate can be expressed as
o () = {5 (w1} {rw} =1,2,3... (4.36)

where {Hn(m)}T denotes the transposed complex frequency response

vector given by

T _ -
{a w}" = {8 () 8w 8w H, w n=1,2,3... (4.37)
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and {F(w)} is the Fourier transform vector of displacement inputs

given by
Fl(m)
F, {w) | »
{riw)} = v, W) | (4.38)
F4(w)

Now substituting Egq. 4,36 into Eg. 4.32 enables the Fourier transform

of the vibrational response to be expressed as

. .
ol =] {63 w}iFrw] (4.39)

n=]1

The relative-displacement power-spectral density function is given by
lim 2 *
{6 = == E[{U__ (w)HU T 4.40
uvs®  Tore T, s @ H s @] (4.40)
where E[°'] represents the expected value of the term inside the
brackets and the superposed asterisk denotes complex conjugate. An
estimate of {Guvs} can be obtained by simply omitting the limiting

and expectation operations in Eq. 4.40, hence

o 2 ok T
{Guvs} & T [{Uvs(m)}{uvs(m)} 1 | (4.41)

Substituting Eg. 4.39 into Eq. 4.41 vields

N

N
{c }=3HZl mzl {¢n}{¢m}T{ﬁn(w>}T[fo(mn{Hm(w)} 4.42)

where any element of the 4x4 spectral matrix of correlated displacement

inputs [fo(w)] is defined by
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i=1,2,3,4
lim 2 * 2 * :
G, . = —_— . . 2 — P . \ 4.4
l](m) T o T EIFl(w)Fj (W] o) Fl(w)Fj(w) y=1,2,3,4 (4.43)

The diagonal elements of the matrix [fo(w)], i=9j in Eg. 4.43,
correspond to the power spectral density of the jth displacement
input fj(t), while the off-diagonal elements of the matrix [fo(w)]
correspond to cross-spectral densities between the various displacement
inputs. These cross-spectral terms are present because the various
input motions originated from the same source, and are therefore related
in some way so that their correlation (or interaction) must be taken
into account. The effect of input correlation upon the lateral response
maf be examined quite easily using Eg. 4.42. If the inputs are assumed
to be uncorrelated, that is, in&eéendently applied and unrelated, Eg. 4.42

reduces to

N N 4
= T *
{c_} ngl m£1 {¢n}{¢m} | j—Zl (Hnj (w))(Hmj(w))Gj (W) (4.44)

. . . . .t .
in which Gj(w) is the power spectral density of the J h displacement

input fj(t) which is estimated as

G (w = 2 |r (w]? j=1,2,3,4.  (4.45)
j T, '3

The results of Eg. 4.42 can be compared to those of Egq. 4.44 iq order
to gain a better understanding of the effects of input correlation upon
the response calculations.

The second characteristic feature of Eg. 4.42 involves the double
summation over the lateral modes and their associated complex frequency
response functions. It should be noted that the complex frequency

response functions Hnj(w) peak in amplitude at their associated
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natural frequencies W, and have much lower amplitudes elsewhere

aleng the frequency band. Therefore, when the natural frequencies of
lateral vibration are well separated and damping ratios are small, the
cffect of cross-terms (n # m) in Eq. 4.42 becomes much less significant
than the diagonal terms (n = m) (4). Under these circumstances, the
double summation may be replaced by a single sum, that is

N
_ T X T
e} = nzl {o Ho }7lH (@)} 16, () 1 (W} (4.46)

However, due to the flexible nature of the suspension bridge, closely-
spaced modes are gquite likely to occur. Under such circumstances, the
effect of the cross terms are no longer negligible, and an accurate
representation of the response would have to include these modal
interaction terms, For the purpose of this chapter, Eg. 4.42 is
utilized, that is, the effects of modal interaction are incorporated
through a double summation.

The mean square value of the relative lateral response {quvs} is

given by the integration of {Gﬁvs} over the entire frequency range,

that is
¥° } == J {c ldw (4.47)
0 uvs

and the square root of Eg. 4.47 is the root mean square (R.M.S.)
relative lateral response.:

The power spectral density of the total lateral displacement
response can be obtained by multiplying Eg. 4.26 by its complex conjugate

and by (2/Tl)’ which leads to
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G 4 4 (g 4 G .
zc::} . jzl kzl gzzzz{gpsﬁ Bpgyt éik(m) * 321 ( ,ouvsjf
G ,
) e s [
'where_
{6405 = %; {Evs(a)}Fj<m)
= 2. %’ {6 Ha_w YT{F W IF, (W =1,2,3,4
Tt opma 000 ]
and
R %I';j‘“’{uvs‘“’}
=2 § {6_}F, () {H_( I {Fw)} j=1,2,3,4
Tl n=1 nj n

For the uncorrelated case {c .} and {G, }  reduce to
uvsi juvs

-

(2]

—
il

N * .
nzl {¢n}{Hnj(m)]Gj(w) . j=1,2,3,4,

#

N
{Gjuvs} )
e

Z {¢n}[Hnj(w)]Gj(w) . 3=1,2,3,4

where Hnj(m) is given by Eg. 4.31 and Gj(w) is given by Eg. 4.45.
In addition, the cross-spectral terms ij(w). (ﬁ # k), are equal to
zero in Eg. 4.48 for the uncorrelated case.

The integration of {Gus} and {Gug} over the frequency domain

2
provides the mean square total lateral displacement response, {Wu},

(4.48)

(4.49)

(4.50)

{4.51)

(4.52)
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?2 G
us 1 & us
2 \"or J du
¥ 0 {c¢
us ug
q‘“"’s 4 WUVSj Ipsj 4 4 |%psk){%ps3 2
=] + 1 ) Vi o (4.59)
G j=1 0 . =1 k=1 .
’ “pgi ) Ipgk 119pg3
2 . .
where {¥ 1} is given by Eq. 4.47, and
2 1 ®
{Yuvsj} = 31? JO ({Guvsj} * {Gjuvs})dm j=1,2,3,4 (4.54)
m j=1'2’3'4
2 i G. (w) dw (4.55)
ik T 2w o 3k k=1,2,3,4

The procedure outlined in the above section may be used to evaluate
the power spectral density of the vibrationally~induced bending moment
in the centef span suspended structure by simply replacing the mode
shapes, {¢n}, and.quasi-static functions {gpsi} by E52I52{$;} and
Eszlsz{aési}' respectively, where E,I_, is the lateral flexural
rigidity of the center span; and the overbarred wectors are extracted
from the original quasi-static and modal vectors in such a manner that
only those degrees of freedom corresponding to the rotations of the
suspended structure are entered in these vectors. Similarly, the power
spectral density of the vibraticnally-induced lateral shearing force
in the suspended structure may be obtained by replacing the modes and

quasi-static functions by E {5$'} and E I _{g''.}, respectively.

32I52 s27s2 “psi

In addition, the autospectra of laterally-induced flexural stresses
in the suspended structure's chord members is given by the following

flexural stress relation
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2

{Go_} = (b— {GM} (4.56)

2152

where {GM} is the autospectra of lateral response bending moments;
{GO} is the autospectra of lateral response stresses; b is the width
of the suspended structure; and I52 is the area moment of inertia
of the center span suspended structure about its vextical axis.

Mean square lateral bending moments, shearing forces and Eending

stresses are obtained by using BEg. 4.53 with the mode shapes and guasi-

static functions replaced as described above.

IV.10 ADDITIONAL HORIZONTAL COMPONENT OF CABLE TENSION H(t)

The additional horizontal component of cable tension due to multiple-

support lateral excitation H(t) is given by

H(t) = Hv(t) + Hp(t) : {4.57)

where Hv(t) is the vibrational (relative) contribution to the cable
tension and Hp(t) is the quasi—sfatic contribution to the cable
tension, The vibrational contribution to the cable tension, Hv(t),

is given by (Eg 4.6)

[E Ac] 3, 4 [aw 12 " [avc} dyc]
H (t) = - J — dx, + J —i | dx
v g Jgan | ? Jo 18 o (B )lax) i
2’i ov 12
+ x -S| ax (4.58)
2 0 ox, i ‘

where wc(xi,t) is the relative lateral motion of the ith suspended

structure; vc(xi,t) is the upward deflection of the cables incidental
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to their lateral deflection (Eg. 4.1); yc(xi) is

profile (Eq. 4.5); Ec

and Ac are respectively,

elasticity and cross sectional area of each cable;

virtual length (Eqg. 4.7).

and - LE

the modulus of

the parabolic cable

is the

It should be noted that Eg. 4.58 contains only nonlinear terms.

The procedure utilized in this section involves using the linear lateral

displacement response solution obtained in the previous sections in oxrder

to provide an estimate for the vibrational cable tension H(t),

which

is expected to be quite small in comparison with the dead lcad horizontal

component of cable tension Hw'

Now substituting Eqs. 4.1 and 4.5 into

Eg. 4.58, and integrating the second term in Eg. 4.58 by parts results in

. EcAc 3 1
S o BV

E i=1

*
where w
c

LR

Ri 2 3~
[
‘o axi 2yc -

is the dead weight of both cables per unit span length;

W is the dead weight of the suspended structure per unit length of

th

the i span;

cable tension.

In order to analyze the cable tension in the frequency domain, the

finite Fourier transform of Eg. 4.59 becomes

- eal) 3 [,
H (0 = | Nk
E’ i=1L
8, -2
+1 [3___9_
2 JO Bxl 2yc

2y {8\;
<
o 9%
2
ax

and Hw is the horizontal component of dead load

{4.59)

(4.60)
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where ;E(xi'm) is the finite Fourier txansfofm of the cables'
lateral vibrational responsé in the ith span. This equation can be
solved by considering the cables' response at its discrete degrees of
freedom, which was obtained from the previous lateral displacement

response analysis, that is

N,
i

WE(xi'm) = nzl ¢n(xi)Qni(m)

where ¢n(xi) is the cables' configuration in the nth lateral mode

shape of the ith suspended span; gni(w) is the Fourier transform

of the n™® generalized coordinate of the i span (Eq. 4.36); x,

are the degrees of freedom corresponding to the cables in the ith

(4.61)

span; and Ni are the number of degrees of freedom utilized in the finite

element modeling of the ith suspended span, The procedure involves

substituting the results of Eg. 4.61 into Eg. 4.60 and then integrating

Eq. 4.60 numerically to obtain the vibrational displacement contribution

to the Fourier transform of the additional horizontal component of

cable tension,

The quasi-static contribution to the cable tension in the frequency

domain can be evaluated similar to Egq. 4.60, that is

2 * *

Ea] 3|, i?iiz W+, i
H ) = | 1|3 «[o o, dx, + . J v dx,

(4.62)
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where ﬁg(xi,w) is the finite Fourier transform of the cables’

lateral quasi-static response in the ith suspended span, given by

4
wg"‘i'“” = jzl gcj(xi)Fji(w) i=1,2,3 (4.63)

in which Fji(w) is the finite Fourier transform of the jth lateral
. i s . th . .th :
input displacement in the i span: and gcj(xi) is the j quasi-
static cable configuration in the ith span. The finite Fourier trans-
th

form of the cables' incidental upward quasi-static motion in the i

span, ;g(xi,w), is given by

o oo -7

v (x, W) = ) : F..(w)
g i 321 2yc(xi) ji
xi 2
; [ - oyt
+ F..(w) i=1,2,3, (4.64)
j=3 2y (x;) ji

Again, by substituting the results of Egs. 4.63 and 4.64 into Eg. 4.62

and integrating this equation numerically, the quasi-static contribution

to the Fourier transform of the cable tension, Hp(w) can be evaluated.
The power spectral density of the additicnal horizontal component

of cable tension {(for the correlated case) can be approximated as

* 2 * * )
- H{w) H(w) = F;(Hv(w) + Hp(w)) (Hv(w) + Hp(w)) (4.65)

elw

GH (w) =

where Tl is the time duration of the ground motiori input and the
superposed asterisk denotes complex conjugate. Finally, mean square
dynamically-induced cable tensions are obtained by integrating GH(w)

over the entire frequency range, that is
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¥

J G, (w)Aw (4.66)
o B

2_ 1
H 2m

and the square root of the previous equation is the root mean sgquare

(R.M.5.} dynamically-induced horizontal component of cable tension

due to lateral vibration.

IV.1ll APPLICATION: LATERAL SEISMIC BEHAVIOR OF THE GOLDEN GATE BRIDGE

Iv.ll.,1 Correlated Case

The analysis outlined in this chapter is applied to the Golden
Gate Suspension Bridge in San Francisco, California, in order to
estimate its lateral response characteristics. The structural properties
(needed in lateral dynamic analysis) of the bridge are summarized in
Table IV-l1. The lateral quasi~static functions are shown for the
center span and left side spans in Fig. IV-3, corresponding to unit
displacement of the cables or suspended structure at each of the bridge's
supporﬁ poin;s (anchorages and tower piers). The quasi-static functions
for the right side span are simply aﬁtisfmmetric to those of the left
side span, and therefore are not explicitly shown. The first six
symmetric and six antisymmetric modes of both center and side span lateral
vibration are shown in Fig, IV-4, while their associated participation
coefficients appear in Table IV-2 and fable IVv-3. It can be seen quite
clearly from Fig. IV-4 that there is a strong coupled (double-pendulum
type) motion between the cables and suspended structure in the center
span of the bridge, while in the side span this coupled motion appears
in the lower modes only. One should also note that for the center span
symmetric lateral modes, the participation coefficients an and «&

1 n3

are equal, as are o and o, and Bn3' and an and Bn4'

2 4’ Bnl
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Table IV-1

Lateral Structural Properties of the Golden Gate Bridge

Parameter Center Span Side Spans
Span Length 22 = 4200 ft 21 = 23 = 1125 £t
Span Width b = 90 ft b= 90 ft
%* * * *
L] LN =.16.02 k/ft Wep = Wgy = 16.42 k/ft
ESi ESZ = 23000 ksi ESl = ES3 = 29000 ksi
I I = 1,100,100 i 2ft2 I =I.,, = 1,100,100 i 2ft2
Si 82 Y ¥ n 81 g3 ’ ’ in
Cable E_ = 29000 ksi
. C
Properties 2
A = 831.9 in
C
LE = 7698 ft
HW = 53467 kips
*
wc = .68 k/ft
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GOLDEN BATE BRIDGE [CENTER SPAN)
QUASI-STATIC FUNCTION
UNIT'DISPLHEEMENT OF TRUSS GOLDEN GATE BRIDGE (LEFT 5SPAN)
USPENDED QUASI-STATIC FUNCTION
STRUCTURE UNIT DISPLACEMENT OF TRUSS

SUSPENDED STRUCTURE

_____________

-
~——
~———

?

-
-
-
P ek

UNIT DISPLACEMENT OF TRUSS

-
T
,,,,,
oo

Fig. IV-3 Lateral quasi-static functions of the center and side
spans of the Golden Gate Suspension Bridge.
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Pig. IV-4a Dateral modes of vibration of the Golden Gate Bridge
(center span).
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Fig. IV-4b Lateral modes of vibraticn of the Golden Gate Bridge
(side spans). :
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Similarly, for the center span antisymmetric lateral modes, unl = =0 4

a

a2 = "% and so on, The above equivalences among modal participation

coefficients results from the structural symmetry of the center span.
For the side spans, this symmetry does not exist, and therefore the
modal participation coefficients are all individually different.

The center span lateral analysis incorporates six éymmetric modes
and five antisymmetric modes which lie within the frequency band of the
earthquake inputs. The frequency response functions Hnj(w) for
the center span modes, corresponding to 2% damping, are shown in Fig.
IV-5. These functions measure the magnification (or gain) factor
corresponding to a unit harmonic input upon the response of the generalized
coordinate, qn(t). Again, because of the inherent symmetry of the

center span, the frequency response functions H __(w) and Hn (W) are

n3 4

simply equal to Hn (w) and an(w), respectively for.the symmetric

1
modes, or —Hnl(w) and «an(w) for the antisymmetric modes. The side
span lateral analysis incorporates two symmetric modes and one anti-
symmetric mode which lie within the frequency band of the earthquake
inputs. The frequency response functions Hnj(m) for the side span
modes, corresponding to 2% damping, are shown in Fig., IV-6. Because of
the lack of structural symmetry in the side spans, the four complex
frequency response functions are in general different. Therefore, all
four complex frequency response functions are shown in this figure for
the left side span, with the right side span being similar.

Three cases of lateral response are studied for the Golden Gate
Bridge. Irn ‘the first case, the lateral input motions at each support
point, Fl(t)' Fz(t), F3(t), and F4(t) respectively correspond to

the S40°E components of horizontal ground motion recorded at Arrays



ERER. MESFONSE ARPLIT
- S.00 2.00 e

FAEG. SEIPANIE ML iTUOT .
~8,00 * .00

¢ B.00

RESPONIE AnPLITUDE

FREQ.
- $.00

¢+ 0.08

FREQ, REIPOUIE ML ITUDE

368

GOLDEN GRTE BRIDGE

¢ 3.00

He

GATE BR1OGE
LATERAL ®ADE 3
H1

[CENTER SPRN)

{CENTER SPRN)

0.70
FREQUENLY -~ CPS

SYMMETRIC LATERAL MODE d

(CENTER SPAN)

HIAG —

He

GOLDEN
SYMMETRIC LATERAL MODE 1
SYMNETRIC
FREG. RESP, M1 (CENTER SPAN) g FREG. RESP.
K-
E‘.
-3
ss
¥
FREG. RESP. H2 (CENTER SPAN) g FREQ. RESP.
g
¥8 |
‘o‘ 1)
> h
& Y
.‘ 3
SYMMETRIC LATERAL MODE 2 - '
FREG. RESP. H1 (CENTER SPAN) ¢ FREQ. RESP, HI
&
i
,I:‘ FREQUENET ~ C:;’o E
;\m gg
FRED. RESP. M2 (CENTER SPAN! g FRED. RESP.
m“lt"-c:s’a g
g
|35
[}

kY ¥ 0.70
5 FREQUENCY - CP3

Y Veea

[CENTER SPRN)

0.7
FREQUENCY - CPS

Fig. IV-5a Complex frequency response functions of center span

lateral vibration.



369

GOLDEN GRTE BRIDGE
SYMMETRIC LATERAL MODE 5
FREQ. RESP.- H1 (CENTER SPAN)

g
92 — 1 E
3 D75
ﬁ PREQUENCT - £P1 um’ﬁ; REAL §
g8 v ;
== BE
- : 3
g8 FREQ. RESP. H2 ICENTER SPAN] )
g- g
i g
£s "’)QET“ﬁz i
E roeavtsCT - trs 2%/’“'ﬂ;30 §§.
- ¥
¥ g8
) : E::
SYMMETRIC LATERAL MODE 6 '
g FREQD. RESP. H1 (CENTER SPAN) s
p: b
E i
i i |
§ FREQUENSY =~ CFS REAL" g
ge 5s
¢ FREQ. RESP, H2 (CENTER SPRN) 2
g B
i i
we ys
Ec &<
i FAEQUENCT - CPS g
] oo
3 3
+ )

Fig. IV-5b Complex frequency response
lateral vibration.

GOLDEN GATE BRIOGE
ANTISTYMMETRIC LATERAL MODE 1
FREQ. RESP. H1 [(CENTER SPAN}

0.70
FREUUENCT - CPS

FREQ. RESP, H2 [CENTER SPAN)

8.70

1 PREQUENCT - CPS

H

ANTISYMMETRIC LRATERAL MODE 2
FREQ. RESP. H1 ICENTER SPRAN)

. “u.70
REAL FREQUENCT - CPS

FREQ. -RESP. H2 [(CENTER SPARN)

0.70
FREGUENCY - CP3

functions of center span



¢ 3.0

g ISE Pt i Tune

FREQ. MESPON

PRED. REIPONSE WMPLETUDE
.00

+ 3,00

FAEQ. PESPONSE ANPLITUOE FREQ. AESPOMIE AMPLITUDE
d.00 3,00 . 3,00 0.00

-3.00

370

GOLDEN GATE BRIDGE
ANTISYMMETRIC LATERAL MODE 3
(CENTER SPAN}

FREQ. RESP. H1

_* LS50 - 3,00

{CENTER S5PAN)

FREQ. RESP. H2

ANTISYMMETRIC LRTERAL MODE 4
FREQ. RESP. H1 [CENTER SPAN]

TN

i 0.70
WA Facauewet - ¢
maG.~ TREAL

FREQG. RESP. H2

(CENTER SPAN)

2.70
PREGUENCY ~ LPg

0.70
FREQUENTT - CFS

8.7¢
FREGUENCY ~ CPS

¢ 1.59

EREO. DESPONSE ARFLITUOE FAED. PESFONSE ANPLITUDE
0.00 +3.00 - L.50 G.00

GOLOEN GRTE BRIDGE
ANTISYMMETRIC LATERAL MODE S
FREQG. RESP., H1 (CENTER SPAN)

“i‘j\

FARoUENTY - ",

FREQ. RESP, H2 [CENTER SPAN)

3
FAEQUENTT - CPY i

Fig. IV-5¢ Complex frequency response functions of center span

lateral vibration.



371

GOLDEN GRTE BRIDGE GOLDEN GATE BRIOGE
SYMMETRIC LATERAL MODE 1 SYMMETRIC LATERAL MODE 2

g  FREQ. RESP. HI (LEFT SPAN) g FREQ. RESP. H1 (LEFY SPRN)

E: ¥

2 g

£° ¥ PREQUENCY - €9h gs '
t: 3; Hi FREQUENLY - CPS
£ i

g FRED. RESP. H2 [LEFT SPAN) g FREQ. RESP. H2 (LEFT SPANI

.§..‘. £

i 3 "

g2 i RN -

H FRAEQUENCY « CP3 B W 5
£ ) £ : i FREQUENTY - CPS
ce MAG—S - WAt
B ‘ £ ~

e  FREQ. RESP. H3 (LEFT SPAN) g FRED. RESP. H3 (LEFT SPAN}

xe g2

gu 1.0 EG 1.9
g ! Fheauguct - crs B FAEQUENCY « CPS
as ' o

Eg -3

& FRED. RESP. HU (LEFT SPAN) 8 FREQ. RESP. Hy [LEFT SPAN)

g 4

¥E | °e

| 2 ‘.? ' 1.0 &9 A 1.0
& | '.‘ FREQUENCY - CPS % 1’ FREGUENCY - CPS
ae l‘.; - L]

i ~ ¥

Fig. IV-6a Complex frequency response functions of left side span
lateral vibration.



LITUDE

FREQ. AESPONSE RNP
a.00

- 1.00

+ 6.00

FREQ. RESPONSE ANPLITUDE
0.00

« §.00

+ 0.50

FREG. RESPONSE AWPLITUDE
0.00

- 0.50

FREQ. RESPONSE AMPL ITUDE
0.00

* 1,60

+ 6.00

372

GOLDEN GRTE BRIDGE -
ANTISYMMETRIC LATERAL MODE 1
FREQ. RESP. H1 {LEFT SPAN)

FREQUENCY ~ CPS '

a—

FREQ. RESP. H2 (LEFT SPAN)

MODULUS

l
¢
/

FREQUENCY -~ GPS REAL

\

1Y

[}

i 4
1umvﬁ'

FREQ. RESP. H3 (LEFT SPAN)

FREQUENCY - CPS

FREQ. RESP. H4 (LEFT SPAN}

FREQUENCY - CPS

Fig. IV-6b Complex frequency response functions of
left side span lateral vibration.



373

No. 4, 5, 6, and 7 of the 1979 El Centroc Arrays (see Appendix II-e);
while the second case involves similar correspondences among Arrays

No. 5, 6, 7, and 8. The third lateral response case involves a uniform
lateral ground motion applied to all supports. The S40E component
rectorded at Array No. 5 is utilized for this purpose. Time histories
and power spectra corresponding to these inputs appear in Appendix II-e
of Chapter II of this report.

The autospectra of lateral displacement of the cables and suspended
structure (for the correlated case) at the quarter points of each span
appear in Fig, IV-7 for input Arrays 4, 5, 7, and 7. The response is
separated into vibrational (relative or modal) response, shown in dotted
lines, and the total response which includes quasi-static contributions,
shown in so0lid lines. It is fairly clear that a relatively large number
of modes participate in the total lateral response. In contrast to the
vertical response analysis, the antisymmetric vibrations are no longex
of a higher order effect, that is, both symmetric and antisymmetric
modes contribute to the lateral response. Also, the quasi-static
contributions to the lateral response are seen to be more significant
than in the vertical vibration problem. One notices this from the non-
structural response peaks, corresponding to the predominant frequencies
of strong input motion, which occur and whiéh are of a purely quasi-
static nature. Even in those response cases where the quasi-static
contribution to the response is small or seemingly negligible, it should
be remembered that the quasi-static contribution is inherent in the
participation coefficients (Egs. 4.22 and 4.23) and thus it is erroneous
to conclude that the gquasi-static functions have no impact upon the

response,
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Similar autospectra of lateral displacement are shown in Fig. IV-8
for input Arrays 5, 6, 7, and 8, while the autospectra of resbonse
flexural stresses for both sets of arrays are shown in Fig. IV-9 (for
the correlated case). The responses cbtained for each set of input
arrays are seen to be remarkably differeﬁt in character due to the
different frequency content of each input, as well as the phasing between
the inputs. Figure IQ-lO shows the autospectra of lateral displacement
response under the uniform lateral motion assumption {correlated case),
while Fig. IV~-1ll shows the corresponding autospectra of response
stresses. Table IV-4 summarizes the root mean (R.M.S.) lateral displace-
ment response values (for the correlated cases) obtained by integrating
each autospectrum over the entire frequency range and taking the square
root of the results of the ihtegration. Figure IV-12 shows the autc-
spectra of the additional horizontal component of cable tension, H({t),
for all three lateral response cases. The root mean square (R.M.S.)
cable tensions in thege figures range from about 22 kips to 28 kips,
which is very small in comparison with the cable tension due to dead
loads, Hw = 53467 kips. Therefore, as was initially expected, the
additional horizontal cable tension due to lateral vibration is very
small and thus can be neglected.

Figure IV-13 shows the autoépectra of the lateral shear force (for
the correlated case) occurring at the left side of each span for both
sets of multiple-support lateral inputs, Again, it is seen that the
higher modes can contribute significantly to the response, Table IV-5
summarizes the root mean square (R.M.S,) stresses and shear forces for

the correlated excitation cases.
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The frequency domain random vibrat;on analysis results in root mean
square (R.M.5.) response values. From a practical point of view,
the parameter of most interest to the design and analyst engineers is
the expected peak value of the response, which is compared with the
allowable vield limit. The estimation of appropriate peak factors,
based upon the response spectral moments, was described in Section II.10
of this report. Table IV-6 summarizes the estimation of peak factors
for two of the center span lateral displacement response cases. The
peak factors proposed by Vanmarcke and Der Kiureghian seem to indicate
that a peak factor of about 3.5 would be appropriate to convert root
mean square values to expected peak responses. However, from the results
of a time domain analysis, shown in Fig. IV-14 and summarized in Table
1Iv-6, it is seen that the predicted peak factors deviate considerably
from the actual time demain (convolution integral) results, up to a
factor of almost 2.0 in some response cases. This could possibly be
due to the nonstationarity and/or non-Gaussian character of the inputs.
(Vanmarcke's and Der Kiureghian's analyses assume stationary Gaussian
inputs), or due to the separatiqn of the displacement into gquasi-

static and vibrational portions for analysis.

IV.11.2 Uncorrelated Case

The uncorrelated calculations involve assuming the lateral
inputs to be independently applied and unrelated. Under such assumptions,
2ll input cross—-spectral terms vanish., Two lateral uncorrelated response
cases are studied for the Golden Gate Bridge. 1In the first case, the

lateral input motions, Fl(t)’ FZ(t)' F3(t), F4(t), at the bridge's

support points correspond to the S40°FE components of horizontal ground
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motion recorded at Arrays No. 4, 5, 6, and 7 of tﬁe El Centro Arrays,
respectively; while the seeond‘case involves similar correspondences
with Arrays Ne. 5, 6, 7, and 8.

The autospectra of lateral displacement of the cables and suspended
structure at the quarter points in eaéh span are shown in Figs. IV-15 for
input arrays 4, 5, 6, and 7. The response is separated into vibrational
(relative or modal) response shown in dotted lines, and the total
response, which includes quasi-static contributions, shown in solid
lines. -Similar autospectra of lateral displacement are shown in Fig.
Iv-16 for input arrays 5, 6, 7, and 8, while the autospectra of response
stresses for both sets of arrays are shown in Fig. IV-17. The responses
obtained for each set of input arrays are seen to be different in
magnitude due to the different frequency content of each input. Figure
Iv-18 shows the autospectra of the lateral shear force occurring at
the left side of each span for both sets of input arrays. Table IV-7
summarizes the root mean square displacements for both input cases
for the uncorrelated case, while Table IV-8 is a similar table corres-
ponding to R.M.S. laterally induced flexural stresses and shear forces.
Based upon a peak factor of 3.5 (Chapter II}, the maximum expected stress,
for the uncorrelated case, 1s seen to occur at the midpoint of the
right side span, and is approximately 3.5 x 7.18 = 25 ksi, which is a
significant live load condition in a suspension bridge when compared
to the yield stress of 50.5 ksi. The maximum expected shear force,
for the uncorrelated case, is seen to occur at the ends of the center
span with approximate magnitude of 3.5 x 1254 = 4390 kips, which appears

to be significant.



397
GOLDEN GHTE BRIDGE GOLDEN GBRTE BRIDGE

LATERAL RESPONSE OF SUSPENDED STAUCTURE LRTERAL RESPONSE OF CABLES
EFT SPAN AT X=L/4 LEFT SPRAN RT X=L/4
A uucuaasl.mau ERSE UNCORRELATED CASE
3.0 < 2.0
I VIBRATIONAL 102 -~ VIBRATIGNAL
—— TDTAL - — TOTAL
(86 ] [ 5
1] Lt EL CENTROD 1879 E.Q.
n EL CENTRD 1878 E.Q. © ARRAYS 4 AND.S5
¥ ARRAYS 4 AND 5 £ DISPLACEMENTS
o 01SPLACEMENTS o
AS.!
| INPUT A
0. < ' 0 N
0 0.4 0.9 0 0.4 0.9
FREQUENLCY - CTCLES/SEE FREQUENCY - CYCLES/SEC
LEFT SPAN AT X=L/ ’ LEFT SPRAN AT X=L/2
S UNCORRELATED CRSE W UNCORRELRTED CASE
1ped . ===~ VIBRATIONAL 10°2 --- VIBRATIONAL
—— TOTAL 824 — TOTAL
[ & [
w [78]
@ Q
¥ £
[ [S]
wer )\ |
0 0

0 0.4 D.S 0 0.4
FREQUENLY - CYCLES/SEL FREQUENCY - CYCLES/SEC
LEFT SPAN AT X=3L/4 - LEFT SPAN RT X=3L/y
3.0 UNCDRRELATED CRSE 2.0 UNCDRRELRTED CRSE
L16%9 i — VIBRATIONAL o2 --- VIBRATIONAL
= TOTAL -— TOTAL
[ [
[rH} ul
2 2
x ¥
) [}
lNPUT[J
) AN k S 0
0 - 0.4 0.9 o 0.4
FREQUENCY - CYCLES/SEC FREQUENCY - CYCLES/SEC
Fig. IV-15a Autospectra of the Fig. IV-15b Autospectra of the
suspended structure cables' displacement
displacement (left (left side span}.

side span).



398

GOLDEN GATE BRIDGE GOLDEN GRTE BA
LATERAL HES;ENSEPgi EI%SPXENDED STRUCTURE I.ﬂcTEENRTnEL aES!EuNSE BUngRBLES
2.5 UNCDRRELRTED CRSE 8.0 UNCGRHELI‘ETED CRSE
2 0°3 coecea- YIBRAT]IONAL «10*% §3 eocecwme VIBRATIONAL
s TOTRL TOTAL
| & ]
b - E:" £L CENTR
i EL CENTRD 1979 £.0. L PRARTS sumlétg?g &8
= AR LeLACERENTS o + GISPLACERENTS
e
D . 55 D ASS
0. 35 D
"’“E&'i&,’.‘%‘ - %e¥tLes/sec 8.7 FREDUENCY - CYELES/SEC 0.7
FRN RT X={
. UNCORRELATED CASE - CENTER S'R"J:Enﬁﬁe a1
) o . a5 oo LRTED CASE
sl 2B cememe- :;?:leﬂNHL R wmese== VIBARTIONAL
5 .
e (&
= 5
5! 83 5.1
oA S oL \.33 s4__ 85
0,35 .7 : 0.35
Feouency - EitLes/sec FREOUENCY - CYCLES/SEE °-7
UNCOARELATED casE CENTER SN &1 X23
s . 50 ONCORRELATED cAsE
ape 0 R meemem- :ég:ﬁ’lﬁNﬂL acesl  "2§) emeeme- VIBRATIONAL
. TOTAL
Q
o)
I AS| i
® 0
¥ o
o w
asz =y
Az
0 E;\' Pt S5 0 S ‘il - ASS
FREGUENCY - L0 er 0 %3 0.7
- CYCLES/SEC FREQUENCY - CYCLES/SEC

Fig. IV-1548 Autospectra of the
cables' displacement

{center span).

Fig. IV-15c Autospectra of the
suspended structure
displacement (center

span} .



399

GOLDEN GRTE BRIDGE GOLDEN GATE BRIDGE
LATERAL RESPBNSE DF SUSPENDED STRUCTURE LRTERAL RESPONSE OF CHBLES
RIGHT SPRAN RT X=L/4 RIGHT SPAN AT XsL
L5 UNCORRELATED CASE 6.0 UNCDHHELHTED CASE
,yg+u| ~—=- VIBRATIONAL ype2| --== VIBRATIONAL Ao
—— TOTAL - TOTAL
o | sl o .
bl & EL CENTRO 1978 E.O.
& o .ARBATS 6 AND 7
5 EL CENTRO 1878 E.O. bt DISPLACEMENTS
RARRAYS B AND 7
DISPLACEMENTS ASH
0 \ 0 AN
C.4. , 0.9 o C.4
FREQUENCY - CYCLES/SEC FREQUENCY - CYCLES/SEC
RIGHT -SPAN AT X=L/2 ' RIGHT -SPAN AT X=L/2
2.5, UNCORRELRTED CASE 1.5 UNCORRELATED CASE
Lygei| === VIBRRTIONAL (1p+3] ===~ VIBRATIONAL
—— TOTAL —— TOTAL €2
o 4 &1 o
(Ve (14
wn w
3 '.N
b= =
[ . (48]
0 ‘ 0
D D.4 0.9 0 0.4 :
FREQUENCY - CYCLES/SEC FREQUENCY - CYCLES/SEC
_ RIGHT SPAN AT X=3L/u RIGHT SPAN AT X=3t/y
1.5 UNCORRELATED CASE 5.5, UNCDRRELATED CASE
L1p4| ===~ VIBRATIONAL ‘ L10+2|==== VIBRATIONAL
— TOTAL — TOTAL. s2
Q) S.| O
Lt 0
¥ pa
[ [
AS|
o : —- ) N\
N 0.4
FREQUENCY - CYCLES/SEC FREQUENCY - CYCLES/SEC
Fig. IV-15e BAutospectra of the Fig. IV-15f Autospectra of the
suspended structure cables' displacement
displacement (right (right side span).

side span).



GOLDEN GRTE BRIDGE

400

LATERAL HEE‘?PDNSE OF SUSPENDED STRUCTURE

FT SPRAN AT X=L

GOLDEN GATE BRIOGE
LATERAL RESPONSE OF CRBLES
LEFT SPAN AT X=L/y

8.5 UNEUBBELHTED CASE 5.0 UNCORRELATED CASE
100 Sl w==== VIBRATIONAL £10°2 === VIBRATIGNAL
oremenae= TOTAL — TOTAL
I [ &8 ] .
Lo w EL CENTRO 1979 E.D.
I3 w ARRAYS 5 AND 6
£ EL CENTRO 1979 £.0. % DISPLACEMENTS
w ARRRYS 5 AND 6 )
DISPLRCEMENTS
. _ AS.
NPUT
' 0.4 0.9 0 0.4 -0
FREGUENCY - CYCLES/SEC FREQUENCY - CYCLES/SEC
LEFT SPAN AT X=L/2 LEFT SPAN AT X=L/2
50 UNCORRELATED CRSE 1.5, UNCORRELARTED CRSE
10k N — VIBRATIONAL qgqot 0 === VIBRATIONAL
amm TOTAL wmme TOTAL
S2
o o
0 <2
z &
J 5.
0 - 0 _
0.4 0 0.4 g
FREQUENCY - LYCLES/SEC FREQUENCY - CTCLES/SEC
LEFT SPAN AT X=3L/4 LEFT SPAN AT X=3L/y
8.5 UNCBRRELATED 'CASE 5.5 UNCBRRELATED ECASE
(10°3 St ewae- VIBRATIONAL 1002 --~ VIBRATIONAL
TOTAL — TGTAL
w &)
w (PR}
w w
~* ﬁx
= =
(48] w
INPUT ANPUT AS.
Olo / L ot N iy j\
0.4 0 0.4
FREQUENCY - CYCLES/SEC FREQUENCY - CYCLES/SEC
Fig. IV-16a Autospectra of the Fig. IV-16b Autospectra of the

suspended structure
displacement (left
side span).

cables' displacement
(left side span).



LATERAL RESPONSE OF SUSPENDED STRUCTURE

GOLDEN GARTE BRIDGE

CENTER SPAN AT X=L
UNCOHRELRTED CASE

401

2.5 .
1073 -V . VIBRATIONAL
107TAL
[ 4
w .
® EL CENTRD 1979 E.G.
¥ AARRAYS 6 AND 7
o AS DISPLACEMENTS
' g%z
0 ﬂ A > . . 85
0.35 0.7
FREQUENCY - CYCLES/SEC
CENTER SPRN RT X=L/2
- UNCDRRELATED CRSE
2.5 s2)
1003 : ——— VIBRATIONAL
e TOTAL
g .
wl
e} -
*al
=
[
S3
0 j%t \_A__ S4 85
0.35 ' 0.7
FREDUENCY - CYCLES/SEC
CENTER SPRAN AT X=3L/4
a5 UNCORRELRTED CASE
103 V-3 S VIBRATIONAL
TOTAL
o
w
<2
b=
u .
oLst A J\ss 55
0.38 -7
FREGUENCY - CYLCLES/SEC

Fig. IV-16¢

Autospectra of the
suspended structure
displacement (center
span) .

3.0,

GOLDEN GATE BRIDGE
LATERAL RESPONSE OF CRBLES
CENTER SPRAN RT X=L/4
UNCORRELATED CRSE

ASZL  eeae VIBRATIDNAL
3 33 -
o)
w 9
b EL TENTRD 1878 E.Q.
- BRRAYS & AND 7
S DISPLACEMENTS
o ASS
: 0.35 0.7
FREQUENCY - CYCLES/SEC
CENTER SPAN AT X=L/2
- UNCORRELATED CASE
- 9
82| mmmeee- VIBRATIONAL
-3 A
«10 TOTAL
(8]
W
wn
b
[ 5]
.35 0.7
FREQUENCY - CYCLES/SEC
CENTER SPAN AT X=3L/4
3.0 UNCORRELATED CRASE
103 AS2 ) ~=---—- VIBRATIONAL
83 TOTAL
o
[TN]
[4p}
<
=
[}
| e\
ol 81 A s X ASS
0.35 .7
FREGQUENCY - CYCLES/SEC

Fig. Iv-1l6d Autospectra of the

cables' displacement
(center span).



GOLDEN GATE BRIDGE

402

LATERAL RESPONSE DF SUSPENDED STRUCTURE

RIGHT SPAN AT X=L/y
UNCORRELRTED CASE

GOLDEN GATE BRIDGE
LATERAL ARESPONSE OF CARBLES
RIGHT SPAN AT X=L /4
UNCORRELARTED CASE

4.0 2.5
103 si|]  e---- VIBRATIONAL 1072 g'ﬁﬁgﬁgﬁ”n;g’g E.C4 —— VIBRATJONAL
— TOTAL DISPLRCEMENTS — 1oL
o o 82
[Fe} [7H]
w 98]
e EL CENTRD 1979 E.D. Pl ASI
5 RRRAYS 7 AND B S
DISPLRACEMENTS
INPUT
o /. ‘_ o AT
0 0.4 0.9 0 0.4 0.8
FREQUENCY - CYCLES/SEC FREGUENCY - CYCLES/SEC
RIGHT SPAN RT XeL/2 RIGHT SPAN AT X=L/2 _
5.0 UNCORRELATED CRSE .0 UNCORRELRTED CHSE
L1073 N I VIBRATIONAL (1072 : S2} --- VIBRATIONAL
: — TOTAL 1 — TOTAL
o [
) [*E]
[1p] *p]
b *
(58} L0
INPUT
0 = 4]
D 0.4 . 0.9 0 0.4
FREQUENLCY - CYCLES/SEC . FREQUENCY - CTYCLES/SEC
RIGHT SPAN AT X=3L/Y RIGHT SPAN AT X=3L/Y4
0.0 UNCORRELATED CASE 25 : UNCORRELATED CASE
Y S VIBRATIONAL 1072 -==- VIBRATIONAL
——— TOTAL TOTAL
o [#5)
% 3
o 2 AS.|
= =
o o
oL S 0
0.4 0.4
FREGUENCY - CYCLES/SEC FREQUENCY ~ CYCLES/SEC
Fig, IV-16e Autospectra of the Fig. IvV-16f Autospectra of the

suspended structure
displacement (right
side span).

cables' displacement
(right side span).



LATERAL BESPDNSE OF SUSPENDED STRUCTURE

403

GOLDEN GATE BRIDGE

EFT

SPAN AT X=L/Y4
UNCORRELRTED CASE

3. 0,
----- VIBRATIONAL
+2
«10 Sl 1OTAL
)
ul
u
o~ EL CENTRD 1878 E.Q.
" ARAAYS 4 AND 5
x “} ' STRESSES
0 L\
0.4
FREQUENCY -~ CYCLES/SEC
LEFT SPAN AT X=L/2
6.5 UNCORRELATED CRSE
T e VIBRATIONAL
i Sl — T07AL
Q
ud
%
e
] ,j
] \\
0.4
FREQUENCY - CYCLES/SEC
LEFT SPAN AT X=3L/4
3.5 UNCORRELRTED CRSE
a0, mmee VIBRATIONAL
S| TOTAL
[}
i
2
®
=
0 L\*\¥
, D.4
FREQUENCY - CYCLES/SEC
Fig. Iy-17a BAutospectra of the

suspended structure
stresseg (left side
span} .

GOLDEN CRTE BRIDGE
LATERAL RESPONSE OF SUSPENDED STRUCTURE

LEFT SPAN AT X=L
6.5 UNCURRELRTED CASE
102 1 VIBRATIONAL
~— TOTAL
[
d
" S
— EL CENTRD 1879 E.D,
wn ARRAYS 5 AND B
= _d} STRESSES
0
0 0.4
FREQUENCY - CYCLES/SEC
LEFT SPAN RT X=L/2
2.0 UNCORRELRTED CASE
’10¢3 S.l ----- V}BHQT]DNHL
ToTAaL
bt 9
98]
<
o
x
F
0
0.4
FREBUENCY -~ CYCLES/SEC
LEFT SPAN AY X=3L/4
9.5 UNCORRELATED CASE
110‘2 S.I """ VISRHTIGNQL
TOTAL
]
ud
yt
)
>
0 _4} -
a.4
FREQUENCY - CYCLES/SEC
Fig. IV-17b BAutospectra of the

suspended structure
stresses (left
side span).



LRTERAL EESPDNSE of SUSPEEDEB STRAUCTURE

LOEN GARTE BRID

TER SPAN R
UNCDRRELATED CASE

404

GOLDEN GATE BRIDGE

LRTERAL BESPBNSE OF SUSPENDED STRUCTURE

CENTER SPAN AT XeL/
UNCORRELATED CASE

suspended structure
stresses (center
span) ,

8.0 5.5 ‘
107 82 wmmmwes VIBRATIONAL 100t s2 wemwees YIBRATIONAL
— TOTAL TOTAL
w : [
3 EL CENTRO 1979 E.Q ‘u‘% EL CENTRD 1979 E.g
= AARAYS 5 AND 6 - ARRRYS 6 AND 7
- STRESSES P STRESSES
x ASi ‘ x
' AS2 ASq S5 AS) l As2 ASa  s5
ol S A 0 A S4_AAss
o] 0.35 0.7 o 0,35 0.7
FREQUENCY - CYCLES/SEC ) FREDUENCY - C*CLES/SEC
CENTER SPAN R XaL/2 CENTER SPAN RT X
L5 UNCORRELATED CASE s uucunazmreu CASE
072 < =eeeemn VIBRATIONAL 210%2 s2 m—emmae VIBRATIONAL
TOTAL TOTAL
o o
a o .
7:] n
@ ®
x x
85 8%
I '2557 Sg ‘/\\_ 0 83 _Sa AN
3 .35 0.7 o 0.35 0.7
FREQUENCY - CIELES/SEC FREQUENCY - CTELES/SEC
CENTER SPAN AT X= CENIER SPRN AT X=3L/
b.% UNCORRELATED thSE 6.5 UNCORRELATED CRSE
100 s2 ======= V¥]BRATIDNAL 207 s2f  ==——me- VIBRATIONAL '
— TOTAL ——r TOTAL
[ [
Lt [Tn]
2 el
4 Asd 4
AS2 AS4 55 AS.[ AS2 85
o = AN ol A 53 —
0 0.35 0.7 '0.35 0.7
FREQUENCY - CYCLES/SEC FREQUENCY - CYCLES/SEC
Fig. IV-17¢c Autospectra of the Fig. Iv-17d Autospectra of the

suspended structure
stresses (center
span).



405

GOLDEN GATE BRIDGE GOLDEN GATE BRIOGE
LBTERAL RESPONSE OF SUSPENDED STRUCTURE LATERAL RESPONSE OF SUSPENDED STRUCTURE
RIGHT SPAN AT X=L/M RIGMT SPAN AT X=L/4
s UNCDRRELATED CRSE “s UNCORRELATED CASE
: —ee—= VIBRATIONAL S T, VIBRATIONAL
+3 *2 s.[
110 —— TOTAL «10 — 107AL
o sS4 .
pret 7
ol EL CENTRD 1978 E.0. ~ 5 | TRO 1879 E.O.
0 ARRATS B AND 7 @ RRRAYS 7 8ND &
x ] STﬁESSES L STRESSES
0 : - ]

) 0.4 0.9 i) 0.4 .
FREQUENCY ~ CYCLES/SEL FREGUENCY - CYCLES/SEC
RIGHT SPAN RT X=L/2 . RIGHT SPAN AT X=L/2
25 UNCORRELATED CRASE 0 UNCORRELATED CRSE
. JT
N VIBRATIONAL | Q— VIBAAT1ONAL
' -y ——— TOTAL s ———— TOTAL

kS I%SEC
KS1HSEC =

) 0

i a.u4 0.8 T 0.4
FREQUENCY - CYCLES/SEC FREGUENCY - CYCLES/SEC
RIGHT - 5PAN AT X=3L/4 . RIGHT SPRN AT X=3L/4
15 UNCORRELRTED CASE 1S UNCORRELATED CASE
apy 0 mme=s VIBRATIONAL 102 . ~=w~= YIBRATIONAL
TOTAL . — TOTAL
sl
o <
W I
w W
® »
x x 4
0 3
0 0.4 8.9 0 C.y 0.9
FREQUENCY -~ CYCLES/SEC FREQUENCY -~ CYCLES/SEC
Fig. Iv-l17e Autospectra of the Fig. IV-17f BAntospectra of the
suspended structure suspended sFructure
stresses {right stresses (right

side span). side span).



406

GOLDEN GATE BRIDGE GOLDEN GATE BRIDGE
LATERAL BE?;EQSENﬂgugggPENDEE STRUCTURE LATERAL HESPUNSE "F“SHSPEEEEE STRUCTURE
UNCERAELATED CRSE LEFT SPAN sdiEGRRELRTED CRSE
3.0 s VIBRAT1ONAL 8.0 5
. ———— a=es= YIBRATIONAL
et " we—— TOTAL 1% — To1RL
5' o
. fr .
b RRRATS 4RAD S O = EL CENTRD 1878 E.D.
o SHERR FORCE o ARRAYS & AND 6
o = SHERR FORCE
=
[»] . ol.
0.4 0.3 0 0.4
FRECUENCY - SCEF-ESC';SEB FREQUENCY - CYCLES/SEC
NTER SPRN SMEAR FOR R SPAN SHERR FORCE
6.0 ke UNCCRRELATED CASE 6.0 CENTER SFA sﬁﬁioanELRTEn CASE
N s2 —-==- VIBRATIONAL N a2 aeve= VIBRATICNAL
ap°? —— TOTAL a0’ —— TOTRL
[ = . |5 .
L EL CENTRO 1879 E. Q0. wt EL CENTAD 1879 E.Q.
v ARRRYS 5 RND 6 v RRRRYS & AND 7
= SHERR FORCE T SHEAR FCRCE
= , S5 = | - : 85
AS4 .
- J AS3 MJ\A_Sf* " ' \ AS3 e ASS
0. i 0.35 8.7 g - 0,35 0.7
FREQUENCY - CYCLES/SEC FREQUENCY - CYCLES/SEC
AIGHT SPAN SHERA FORCE RIGHT SPAN SMERR FDACE
i s UNCORRELATED CASE ..o NEUHRELRTEU CASE
10°7 ~=ew VIBAATILONAL 10% 4 ~=-== Y]BRATIONAL
y 5 ——— TOIAL ‘ —— TpTAL
(&) [ &3
L Wi
W W
T EL_CENTAD 1973 E.Q T "EL CENTA '
pod .- & L 0 1§79 E.0.
= “"g:;s 5 AND 7 b AARATS 7 AND B
AR FORCE SHERA FORCE
0 0
A 6.9 o 0.4 0.9 -
FREQUENCY « CYCLES/SEC FREQUENCY - CYCLES/SEC
Fig. Iv-18a Autospectra of Pig. IV-18b Autospectra of the
the lateral shear lateral shear
force {(Arrays force (Arrays

4, 5, 6, 7). 5,6, 7, 8).



407

0°Y £9°¢€ 9°v [0 28 4 [ 0 4 99°¢ SL°8 00°6 €C°9 6Z°9 st-ot 9£°01 €SS [¢1: 28 4 9679 ¥9°9 ZE°S | 27 4 8°L'9‘S
80°S vL'vy 16°9 99°9 ¥S°s €8°v 1T1°01 ZE°01 09°9 ZL°9 -8 86°8 9z v ov°t 99°v 1828 9€°€ vi-e L'9's'y
oy iy 0]

T19°0T G676 €Ev vt 60° V1 15°01 66°6 €2°9 96°9 9Z°9 [A 3] §5°9 Lo°L 44841 80 vl 00°02 98°61 vrorT 0°%1 8‘L‘9’S
Zv°ST v1I°ST 6S1°¢ Sy 12 96 °ST T2°S1T 0s°L 96°L 299 vLto L6°9 8L L ve'6 9%°8 8E°C1 80°21 68°8 25°8 L'9'S’'Y
‘3015 ‘qra °30y, ‘qrAa °30d4 “q¥A ‘305 ‘qra *3o0, “qEA *30] “qIA "30% “qIA *3o], “qIA ‘305 “qra a3qumy
Kexay

14 4 |4 |4 4 14 )4 [4 |4

utod — uyoeqd = utod — jurod — utod — urod - 0 utog — utod —

uﬁmm uﬁma Juy T w.mm Jut T u.mH uﬁmm .‘...wH u.m.n

ueds 3ybTy ueds x23ua) ueds 3397

DANLONILS qIANIISNS

(osen pajeraazooun) MAVAOHINVE OMINAD T 6467 FHL O qdsn (w0 UT) INIWIOVTIISIA

AoAI¥d NOISNAASNS AIND NIATOD

L-AI @1qel

\
IVIIIVT *S°W Y




408

’ R £ 4% v-12¢ TLTT LTI - 28 4%2 4 8°2sv 8‘L'9‘g
8'68Y £°68Y [ 4740 114 §°SLT S°SLT L'9's'y
Te30L “qrA Te304 qrA 1e30], ‘qrA JaquinN
&
abexoyouy 3e ueds ybTy aamol, 3397 e ueds as3us) abeaoyouy je ueds 3397 BIXY
(SdIN) FAOYOA UVIAHS
6Z°¢ 6Z°¢ L'y (428 4 SE°€E SE°t 9Z°1 LA | L9°1 89°1 9€°1 €E€°T Ly L v S9°9 G9°9 [ 428 4 ¥9°v 8‘L'9’'s
10°S 10°9 8T L 81°L ot°s 01°s 6v°1 9%v°1 i LLt “PET €E°T L8°2 L8°2 vo'v o v z8°2C z8°C L'9's'y
*30L  °dIA ‘301 ‘qTA “30], “qTA “301 ‘qtA *30] “qTA ~30], ‘qra ‘301, ‘qrTA "0, “aTA *30], “qFA Taqumpy|
4 (4 v v (4 14 : 4 z v Kexxy
ufod - utod — od — utod — urod -— urod — utod - uyod = urog —
uﬁ.mm uﬁma ucﬂma u.mm uwma uﬂma u..mm u.q.ma u.—.ma
ueds ubTy ueds I93U3) ueds 3397

(1SM) SASSMIS

asuodssy ayjy jo sxenbg ueay o0y

(®seD pejeraizooun) MIVADHINYI 6467 OCMINID T3 ‘SIONOJ HVAHS ANV SASSMIIS OIWSIAS THANXITd aFDNANI -ATTVNIALYY

FOAI¥d NOISNIASNS AL¥D NIATOD

8-AI °TqRL



409

It should be noted that with reference to the wvertical vibration

(Chapter II) it was found that the uncorrelated calculation is usually

conservative in nature. However, by examining Figs, IV-7 through IV-18

as well as Tables 1IV-4 through IV-8, it can be seen that this is not

necessarily the case in lateral vibration.
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Appendix iV—a

Details of Mass and Stiffness Matrices

The general procedure as outlined by Abdel-Ghaffar (1) involves
discretizing each span into elements (Fig. III-2). Each element,
as shown, has six degrees of freedom; two corresponding to the cables'
deflections (modeled as a string element) and four corresponding to the
suspended structure's deflections and rotations (modeled as a beam ele-
ment). Linear interpolation functions are used to model £he cables,
while hermite polynomials are utilized in modeling the beam elements.
The mass and stiffness matrices can be set up on the element level,
and then assembled into the global mass and stiffness matrices. The
global mass and stiffness matrices are symmetric, positive—definite,
banded matrices.

The mass matrix has two contributions, one arising from the
kinetic energy of the suspended structure and one arising from the

kinetic energy of the cables, that is

M= M+ ]

nel nel
= I m}_ + bX [m 1, (IV-a-1)
e=1 e=1

where [MSJ is the contribution from the suspended structure to the
global mass matrix; [Mc] is the ceontribution from the cables to the
global mass matrix; [mS]e and [mc]e are the corresponding matrices on
the element level; and the summation over the number of elements (nel)
involves assembling each element mass matrix into the global mass

matrix in its proper position.
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The element mass matrices are (1)

—_i56
. -221,
m_L
msle = 225 0
54
13L
0

-22L

4L2

54

-13L

156

22L

(IV-a-2)

*
where m_ is the mass of the suspended structure per unit span length and

S
L is the length of the element and

o0 o
. o 0
m I,
c
[mc]e = 0 0
(4] O
v} g
0 )
P

(Iv-a-3)

The stiffness matrix has four contributions, one arising from

the elastic stifiness of the suspended structure, denoted [KSEJ: ohe

arising from the elastic stiffness of the cables dencted [K_._1; one

arising from the graﬁity stiffness of the suspended structure, denoted

[KSG ; and one arising from the gravity stiffness of the cables, denoted

[KCGJ, that is

[x]

[kl + [K] + [K

nel

]

e=1

)t K]

Z“%§e+mw%+[%fe+mm%)

(IV-a-4)




where [RSE]e

on the element level:
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' {kSG]e' [kCE]e' and IkcG]e are the corresponding matrices

and the summation over the number of elements

(nel) involves assembling each element stiffness intc the global stiffness

matrix in its proper position.

The element stiffness matrices are as follows (1l):

8's
{k ] T —
SE" e L3
*
w_L
- -5
[kSG]e T 420 h,

12

~-6L

0

156

~22L

~147

54

13L

-6L

4L2
0
5L
2L2

0]

0

0

-12 . -6L O
6L 2L2 0
0 0 0
12 6L O
6L  4L° 0
0 0 0
-147 54
21L -13L
h
140(1 + —=2) -63
ye
-63 156
-14rL 221,
h
70(1 + y_e) -147

e

(IV-a-5)
13L -63 T
~3r? 141
h
-141,  70(1 + —9)
ye
22L -147
ar? -211,
h
~-21L  140(1 + ;-‘i)

a

(IV-a-6)
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o o o0 0 0 o]
o 0 o o0 o0 o0
21 c o0 1 o o -
x ] =—2
e L o o © o0 o0 o
o o0 o o0 0 0
o o 1 o o 1
©o ¢ o0 o ¢ 0]
o o o0 0 o0 0
* *
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6 o o0 0o o o0
6 o 1 o o 2

where h_ and Y, are element cable ordinates defined in PFig. IV.-2

is the initial (dead-load) horizontal component of cable tension;

*

(IV=-a=-7)

(IV-a-8)

PRy

*

w
S

and w, are the dead weights of the suspended structure and cables,

respectively; ES and IS are the modulus of elasticity and lateral
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moment of inertia of the suspended structure, respectively; and L is

the length of the element.
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Appendix IV-b

Orthogonality of Lateral Mode Shapes

t .
The n h lateral modeshape,{¢n}, satisfies the equation
w M Mo ) = [Ksslf¢n} n=1 2,3 ... (IV-b-1)

The mth lateral mode shape,'{¢#}r gatisfies a similar equa-

tion, that is
Lum[Mss]{qu} = [KSSJ{¢m} m=1, 2, 3 ... (IV-b-2)

premultiplying Eq. IV-b-1 by {¢m}T, premultiplying Eq. IV-b-2

T .
by {¢h} and subtracting gives

2 T 2 T : - T '
w2l T 148 Y - w208 Vin 149 ¥ = {6 Yk 104}
T
- {9 VxR 1M )

=1, 2, 3 ...

=]
i

= lp 2, 3 P (Iv_b—3)

=}
|

Because the stiffness and mass matrices resulting from the
finite element method are symmetric and positive-definite, Eq. IV-b~3

reduces to
2 2, T
(W = w o } [MSSJ{¢n} =0
m=1, 2, 3 ...

=1, 2, 3 ... (IV-b-4)

o]
i
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which yields modal orthogonality, with respect to mass matrix weichting,

of the form

'{¢m}T[MSS]{¢n} = 0 m# n (IV-b-5)
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CHAPTER V

LONGITUDINAL RESPONSE OF SUSPENSION BRIDGE
TOWER-PIER SYSTEMS TO EARTHOUAKE GROUND MCTION

V.l INTRODUCTION

Analytical and numerical dynamic analyses - of free vibration
of suspension bridges (1,4,15) show that modes of the structure can be
divided intc two groups, one in which the suspended structure and cables
dominate and the other where the digplacement of the tower dominates.
Thus, the tower can be separated from the rest of the structure at
least in an approximate fashion and its earthquake response can be
studied separately, While the transverse response analysis of suspension
bridge tower-pier systems is quite conventional, being simply a free-
standing beam supported by the soil e;astic halfspace, the longitudinal
response analysis methodology is more difficult. This difficulty
results from the-cable restfaint in the longitudihal direction at the
top of the tower. This chapter presents the dynamic analysis methodology
for earthquake-~induced longitudinal vibrations of suspension bridge
tower-pier systems. The method accounts for the underlying and sur-
rounding soil flexibility, as well as its geometric and hysteretic
damping characteristics. The effect of surrounding water is taken
into account using the concept of the added mass (or virtual mass)
which intends to represent that quantity of water which vibrates along

with the pier. The analysis is carried out in the time domain and

Preceding page blank
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compared to the frequency domain (random Yibration) results in order to
determine appropriate peak factors for the tower-pier wvibration problem.
Finally, the longitudinal response of the Golden Gate's San
Francisco tower-pier system is investigated in order to estimate its
ear thquake reéponse characteristiés. The San Francisco tower-pier
system is partially embedded, and is also partially submerged so that the
effect of surrounding water must be taken into account, The soil
stiffness and damping for rocking, translation, and coupled translation-
rocking of the pier are calculated using existing techniques (13), and

are converted to equivalent modal damping and generalized modal stiffness

(18). Because the underlying and surrounding soil chafacteristics may
change under high amplitude vibraticon, a parameﬁric study is performed
in this chapter using four different soil conditions. The first case
involves the pier being completely fixed at its base, hereafter
referred to as the "fixed-base case." The second case corresponds to
the pier being founded on rock type soil; the "rock case." The third
case correséonds to a "moderately stiff soil," while the fourth case
corresponds to "soft soil."

Three different earthquake groﬁnd motion records are applied
longitudinally at the base of tne Golden Gate's San Francisco pier.
These correspond to the 850W component of El Centro's (1979) Array
No. 5 (see Appendix II-e), the S16°E component of the 1971 Pacoima
Dam Record (see Appendix V-c or Ref. 1l), and an artificially generated
earthquake ground motion (sse Appendix II-e or Ref. 10). The longitudinal
displacement response is compared for each earthquake at sglected

points on the tower ‘as well as the resulting stresses and shear forces.
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V.2 COORDINATE SYSTEM

The coordinate system used for the general longitudinal tower-pier

vibration problem is shown in Fig. v-1. For the purpcse of studying

the longitudinal vibration of the tower-pier system, the following is

considered:

1.

The x-axis is defined as the vertical line passing through the
base of the pier.

The y-axis is defined as the horizontal line measured in the
longitudinal direction of the bridge passing through the

base of the pier.

The lengitudinal vibration of the centerline of the tower
u(x,t) is measured horizontally in the longitudinal direction
of the bridge. .

As will be shown at a later point, the longitudinal vibration
of the tower-pier system is excited by the longitudinal
component of ground motion acting at the pier's base. In

Fig. V-1, this ground motion displacement is denoted as f£(t).

V.3 FUNDAMENTAL ASSUMPTIONS

The following assumptions and approximations are made for simplify-

ing the tower vibration analysis (1):

1.

All stresses in the tower remain within the elastic limit and
therefore obey Hooke's law.

To stay within the linear theory, small vibrational longitudinal
displacements are assumed.

The soil flexibility may be represented by equivalent rotational
and translational scil springs, whose determination is discussed

in Appendix V-b.
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4. The elastic restraint by the cables at the top of the tower
can be simulated by a spring of stiffness ke, whose
determination is discussed in Appendix V-e.

5. The effect of the mass of the suspended structure which
vibrates‘aloné with the tower is neglected.

6. The additional axial force P(t) at the top of tower arising
from the vertical--component of the additional (vibrational)
cable tension is small with respect to the dead load axial
force PW and is thus neglected.

7. The only excitation included is thé ground motion input at
the base of the tower. The effect of anchorage inputs is

neglected.

V-4 EQUATION OF MQTION GOVERNING LONGITUDINAL TOWER-PIER VIBRATION

Under the previous assumptions, the linearized equation of motion
governing the longitudinal vibration of the tower-pier of a suspension

bridge is given by (1)
m1{a} + (c1{al + ®i{ul = o (5.1)

where [M] is the mass matrix which includes the masses of the tower
vertical elements, diagonals and struts as well as the masses of the
pier elements and the virtual mass of water surrounding the pier, the
details of which appear in Appendix V-a; (K] is the stiffness matrix
which includes the stiffness contribution from the elastic flexural
deformation as well as the geometric stiffness arising from the axial
component of the dead load cable tension, PW, and the soil springs
and equivalent cable spring restraints, the details of which appear in

Appendix v-a, and [C] is the damping matrix.
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Equation 5.1 may be written in partitioned form as (3)

u u 0
gg 95 gg gs 99 gs g
= ’ . (5.2)

u 0
ss s
in which the subscript "g" designates the degrees of freedom which
correspond to the points of application of ground motions, that is, the
ends of the two translational soil spring elements (Fig. v-1). The

subscript "s" corresponds to all other structural degrees of freedom

of the tower-pier system.

V.5 GENERAL SOLUTION

In order to handle the statical indeterminacy of the structural
model, and its associated time-dependent boundary conditions, the nodal
displacements may be decomposed into gquasi-static¢ (or pseudo-static)
displacements and relative (or vibrational) displacements, Quasi-
static displa;ements are those resulting from the static application'
of support displacements {degrees of freedom with subscript g) at

any time t, 'Thus the displacement can be written as

u u 0

g Pg
+ {5.3)
a u
s DS vs

where the subscript "p" denotes the pseudo-static displacements and
the subscript "v" denotes the vibrational displacements.

The pseudo-static displacement vector can be expressed as

= f(t) . (5.4)



425

where gps is the quasi-static function that results from unit displace-
ment of the ground surrounding the pier; £(t) is the longitudinal

input ground-motion displacement; and gpg is a vector whose dimension
is egqual to the number of soil translation springs taken in the model
(equal to two in the case of the Golden Gate Bridge Tower; Fig. v-2).,
and whose elements are all egual to unity.

Substituting Eqs. 5.4 and 5.3 into Eg. 5.2 gives

[Mssl{ﬁvs} +_{cssj{uvs} + [KSS]{uVS} =

" g
_ . g
@Msg M_JE(E) + (e, O T + IR KSS]f(t)) (5.5)

gps

The previcus equation can be simplified by noting that for an
unloaded tower-pier system with a static condition of support displace-

ment, one has

%og
[ng KSS] i =. {0} 4 ‘ {(5.6)

pPs

Substituting Eg., 5.4 into Eg. 5.6 yields

ng

(K X ] = {0} (5.7)
sg

ss g
ps,

Thus, the quasi-static vector can be defined in the following

manner:

-1
{gps} = -IK ] [ng]{gpg} (5.8)
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and the egquation governing the tower's vibrational response (Egq. 5.5)

reduces to

EMSSE{uvs} + [cssl{uvs} + [Kss]{uvs} =

o

g
. P9
- (g m JE(0) + I cssmt))}gps (5.9)

Note that the previous equation is excited by ground acceleration and
velocity terms. As indicated by Baron (3,4), the contribution to the
total response from velocity terms is small; therefore the velccity

terms are neglected hereafter in this analysis.

V.6 EIGENVALUE PROBLEM -~ FREE VIBRATIONS

The solution to Eg. 5.9 is obtained by modal superposition, that is

the vibrational displacement is taken to be

N
fu  }= 1 (¢ dq (&) (5.10)
- n=1

where {¢n} is the nth lengitudinal tower vibration mode shape;
qn(t) is the nth generalized coordinate; and N corresponds to the
number of degrees of freedom in the finite element model. Usually,
the number of modes necessary for an accurate response analysis will
be significantly less than the number of degrees of freedom N, which
is an inherent advantage of using the modal superposition method. The
longitudinal tower-pier mode shapes and correspoending natural circular
frequencieg, wn, are obtained from the solution of the matrix

eigenvalue problem
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2
(-w M__1 + [Kss]){cpn} = {0} n=1,2,3... (5.11)

It should be noted that the stiffness matrix [Kss] includes the trans-
lational and rotational soil stiffnesses (see Appendices V-a, V-b).
Therefore, as one varies the soil parameters, the mode shapes and
associated natural frequencies of vibration of the tower-pier will change

accordingly,

V.7 MODAL SOLUTIONS - FORCED VIBRATIONS

After neglecting input velocity terms, substituting Eg. 5.10 into

Eg. 5.9 results in

N
Zl ([Mssl{d)n}qn(t) + [css]{qnn}qn(t) + [Kss]{q:n}qn(t)) =

n=

gpg .

- [M M ] f(t) (5.12)
sg ss gPS

Now multiplying Eg. 5.12 by {¢m}T, using modal orxrthogonality

of the undaﬁped vibration modes {see BAppendix V-d), that is,
T
= 5.13
{¢m} {Mss]{¢n} 0 n¥m ( )

and using the procedure presented in Appendix V-c for determining the
equivalent modal damping ratio Czq , combining structural damping
with soil geometric and hysteretic damping, vields the equation govern-

. t . R
ing the response for the n h generalized coordinate

. eq * 2 R -
qn(t) + 2;n wnqn(t) + wnqn(t) anf(t) n=1,2,3... (5.14)
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where the modal participation coefficient an is given by

o %pg
—{¢n} {Msg M_ o,
a = 5 2! n=1,2,3... (5.15)
{¢n} [MSS] {¢n}

The solution to Eg. 5.15, assuming gquiescent initial conditions

is given by the convolution (Duhamel) integral

CI L —Ciqwn(t~r)
g_{t} = — [ £(T)e sin w _(t-T)dt n=1,2,3... (5.16)
n w_ . = nd
nd o
th

where wnd is the damped natural circular frequency of the n

longitudinal tower mode, given by

w .= //1 (59 n=1,2,3... (5.17)

The total longitudinal tower displacement response is obtained as
the sum of quasi-static and relative responses, that is
u 19 0]

N
£(t) + ) q_(t) (5.18)
s ps n=1 ¢n n

For the purpose of calculating dynamically induced bending moments,
flexural stresses, and shear forces in the tower, it is necessary to
utilize the second and third space derivatives of the guasi-static
functions and mode shapes, For example, the dynamic bending moment
about the tower’s lateral axis may be written as

N
{MS} = {Eteltegéé}f(t) + nzl {EteIte¢;'}qn(t) (5.19)
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where {Ms} is the vector of dynamic bending moments corresponding to
the structural degrees of freedom; Ete is the modulus of elasticity

of the tower elements; Ite is the area moment of inertia of the tower

elements about its lateral axis; and the double prime denotes the second

spacewise derivatives (of the quasi-static functions and mede shapes).
Similarly, the total dynamic longitudinal shearing force at any

- point in the tower may be calculated as

{v } = {E I, g"‘}f(t) + n_); {Etexte¢"'}q () ‘ (5.20)

where '{Vs} is the vector of shearing forces corresponding to the

structural degrees éf freedom; and the triple prime denotes thé third

spanwise derivatives {of the quasi~static functions and mode shapes).
Furthexrmore, the dynamically induced longitudinal flexural stresses

may be related to the moments by the following flexural relation

5.2
21 s (5.21)

{G}-;

where {US} is the vector of induced flexural stresses in the tower;
and be is the longitudinal width of the tower at the particular

element cross-section of interest.

V.8 FREQUENCY-DOMAIN, RANDOM VIBRATION APPROACH

In order to study the longitudinal dynamic behavior of suspension
bridge tower-piers when subjected to earthguake excitaticns, a random
vibration approach is utilized (5). For the ground motion displacement
input at.the pier base, there are complex frequency response functions

associated with each vibration mode. To determine these functions
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f(t) is taken equal to exp(iwt), where i = v¥-1l , and the response

th R . .
of the n generalized cocordinate is assumed to be of the form

qn(t) = Hn(m)exp(imt) n=1,2,3... 7 (5.22)

where Hn(w) is the nth complex fregquency response due to input

displacement f{t). Now substituting Eg. 5.22 into Eq. 5.14 yields

—wzan
H (w) = n=1l,2,3;... {5.23)
n 2 2 . eq
.(mf.l w\ )+ 1(2Z;n mnm) i= .r--—‘l

Taking the finite Fourier transform of Eg. 5.10 over the time

duration of the ground motion input displacement, Tl, yvields the
Fourier transform of the vibrational response
Tl -iwt 3
{u wl = J {u le at = ) {¢_}o (w (5.24)
vs 0 vs n=] B 0

where Qn(w) is the finite Fourier transform of the generalized

coordinate qn(t), given by

E! -iwt
Qn(w) = J qn(t)e dt n=1,2,3... (5.25)
0

A similar Fourier transformation of Eg. 5.14 yields
LW - w?) + 120%% wlg (W) = -wle F(w) 2=1,2,3... (5.26)
n n n n n !

in which F(w) 4is the finite Fourier transform of the displacement

input £(t), given by

Ty
Flw) = J f(t)e-lwt dt (5.27)
0 ‘
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It follows from Egs. 5.23 and 5.26 that the Fourier transform of the

generalized ccordinate can be expressed as
Qn(w) = Hn(w)F(w) n=1,2,3... {5.28)

Now substituting Eg. 5.28 into Eg. 5.24 enables the Fourier trans-

form of the vibrational response to be expressed as

N
{Uvs(m)} = nzl {o_JH_(w)F W) (5.29)

The relative-displacement power-spectral density function is given
by

_ lim 2 * '
fo @} = T T el{u__(w iy ()} (5.30)

where E[°] represents the expected value of the term inside the brackets
and the superposed asterisk denotes complex conjugate. An estimate of
{Guvs(w)} can be obtained by simply omitting the limiting and expectation

operations in Eq. 5.30, hence

2

T

IR IR (5.31)
l vs vs

{Guvs(w)} o

Substituting Eq. 5.29 into Eg. 5.3l yields

lf {¢n}{¢m}T(§n(w)) (Hm(w)>G(w) (5.32)

j
{c. wl=)
uvs n=l m=1

where G{w) is the power spectrum of the displacement input £(t), given

by

_lim 2 * . L2 2
Glw) = 7, E:-L—E[F(w) Flw)] = T |7 (w) | : {5.33)
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It should again be noted, as in previous chapters, that the double
summation appearing in Eq. 5.32 accounts for modal interaction, The
complex frequency response functions Hn(w) peak in amplitude at their
associated natural frequencies wn, and have much lower amplitudes else-
where along the frequency band. Therefore, when the natural frequencies
of the tower are well separated and damping ratios are small, the
effect of cross-terms (n # m) in Eg. 5.32 becomes less significant than
the diagonal terms (n = m). and may be neglected. However, in this
analysis all modal interaction terms will be retained, in order to
obtain an accurate representation of the response, even under the
possibility of closely-spaced modes,

The mean square value of the relative tower-displacement response
{Tz } is given by the integration of {Guvs(m)} over the entire

uvs

frequency range, that is

2 1 {7
v =3 jo {e ,q (W taw _ (5.34)

and the square root of Eq. 5.34 is the root mean square (R.M.S.) relative
tower-di;placement response.

The power spectral density of the total longitudinal tower-
displacement response can be obtained by multiplying Eg. 5.18 by its

complex conjugate and by (2/T1) which leads to

Gug ? ? 0 o T . (
L . H (W) (H (w) ) G(w)
C‘;'L‘IS n=1 m=1 q)n ‘ ¢m ( n ) m )
N 0 gpg T . gpg qu T
+ 2 ¢ g (Hn(w) + Hn(Q))) Glw) + g G{w) (5.35)

n=l {"n ps ps gps
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The integration of {Gug} and {Gﬁs} over the frequency domain

provides the mean square total longitudinal tower-displacement response,

2
1¥?}

2
tug I
=§;T— J 1 dw (5.36)
G
Wz 0 us
us

whose sguare root is the root mean square {(R.M.S,) total longitudinal
tower~displacement response.

The procedure outlined in the above section may be used to evaluate
the power spectral density of the vibrationally-induced bending moment
in the tower by simply replacing the mode shapes, {¢n}, and quasi-
static functions {gps} by {E_ 1. ¢''} and {E_I_g''} respectively,

te te' n te te“ps

where E are the tower element flexural rigidities, and the double

teIte

prime denotes the second space derivative, Similarly, the power

spectral density of the vibrationally-induced shearing force in the

tower may bé obtained by replacing the modes and quasi-static functions
LI 3 | . L | 3 . d’ 3 th

by {Etelté¢n } and {Eteltegps } respectively, In addition, the

autospectra of maximum tower stresses due to longitudinal vibration

is given by the following flexural stress relation.

b \2
{c_} = sze ) G s (5.37)

where {GM} is the autospectra of tower bending moments: {Gg} is the
autospectra of tower maximum stresses; be is the width of the tower
at the particular element c¢ross-section of interest, and Ite is the

moment of inertia of the tower at the same point,
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Mean square bending moments, shearing forces, and bending stresses
are obtained by using Eg, 5.36 with the mode shapes and quasi-static

functions replaced as described above.

V.9 LONGITUDINAL SEISMIC BEHAVIOR OF THE GOLDEN GATE BRIDGE'S
SAN FRANCISCO TOWER-PIER SYSTEM

The analysié outlined in this chapter is applied to the Golden Gate's
San Francisco Tower-Pier system, in California, in order to estimate
its longitudinal response characteristics. The finite element model
of this tower-pier system is shown in Fig. V-2, while the structural
properties of the tower-pier elements appear in Appendix V-a. The
longitudinal tow;r-pier quasi-static functions are shown in.Fig. v-3
for unit ground motion displacement at the base of the pier. The first
five longitudinal mode shapes also appear in Fig. V-3, while their
natural periods of vibration appear in Table V=1, and their associated
participation coefficients, an, appear in Table V-2, It should be
noted that the behavior of the soil under high amplitude earthgquake
excitation is fairly difficult‘to model, As the amplitude of vibration
increases, the soil behaves in a softer or yielding mannér. In orxrder
to account for this behavior, four differént cases are examined which
are intended to represent the complete spectrum of soil properties.
The first case involves the pier being completely fixed at its base,
hereafter referred to as the "fixed-base" case. The second case
corresponds to the pier overlying rock, the "rock case", The third
case corresponds to a "moderately stiff soil," while the fourth case
ccrresponds to a "soft soil". The soil properties appear in Appendix

V-b, The effect of soil flexibility upon the mode shapes can be
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LONGITUDINAL TOWER MODES AND
'QUAS I -STATIC FUNCTIONS

H . ":
D) SOFT SOIL

Fig. V-3 Longitudinal tower modes and gquasi-static
functions of the Golden Gate Bridge.



NATURAL PERTIODS OF LONGITUDINAL TOWER VIBRATION (sec.)
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Table v-1

SOIL TYPE
(a) b) MODERATELY () (d)
MODE ORDER FIXBASE ROCK " STIFF SOIL SOFT SOIL
1 1.441 1.442 1.453 1.484
2 0.473 0.473  _ 0.484 0.661*%
3 0.253 0.253 0.348% 0.470
4 0.162 0.163 0.252 0.264
5 0.106 0.107 0.164 0.190
6 0.072 0.095* 0.112 0.150%
7 0.052 0.072 0.095% 0.103
8 0.039 0.052 0.070 0.071
9 0.031 0.040 0.051 0.051
10 0.020 0.031 0.039 0.039

* indicates a mode whose counterpart does not exist in the fixed-base
and

case,

(a)
(b)
(e)
(d)

C

s

which involves significant rocking of the pier.

w ft/sec (shear wave velocity)

5900 ft/sec
1200 ft/sec

1076 ft/sec




PARTICIPATION FACTORS an OF LONGITUDINAL TOWER VIBRATION
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Table V-2

SURROUNDING AND UNDERLYING PIER

TYPE OF SOIL*

(<)
(a) () MODERATELY (d)
MCDE ORDER FIXBASE ROCK STIFF SOIL SOFT SOIL

1l -0.8641 -0.8735 -0.9923 -1.338
2 0.5974 0.6439 1.777 2.107
3 0.5902 ~0.7648 -2.351 =1.7587
4 0.6479 1.229 1.708 0.9438
5 -0.5072 -3.474 -1.075 ~1.061
6 0.3994 3.595 1.1680 0.5972
7 -0.3573 -1.159 -0.8629 -0.1309
8 0.3267 0.5536 0.2093 0.0350
9 -0.2784 -0.4782 -0.0673 -0.0149
10 -0.2368 0.6469 0.0294 0.0073

(a&}) G = «» ksf (shear modulus)

(Y G = 172,800 ksf

(¢} G = 12,960 ksf

(d) G = 3,600 ksf
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clearly seen from Fig. V-3. BAlso, as the soil becomes softer, additional
‘modes emerge whose counterparts do not exist in the fixed-base case,
and which involve signifiéant rocking of the pier.

The frequency response functions Hn(m) for the first five longi-
tudinal tower-pier modes are shown in Fig, V-4 as a function of soil
type, while their associated equivalent damping ratios {structural plus
soil dJamping are summarized in Table V-3 {see also Appendix V-c). These
frequency response functions measure the magnification {or gain) factor
corresponding to a unit harmonicrinpﬁt upon the.generalized coordinate
q,(t).

Three longitudinal tower-pier response cases are studied for the
Golden Gate Bridge. The first case utilizes the S50°W component of
El Centro's (1979) Array No. 5 (see Appendix II-e) as base excitation;
the second case involves an artificially generated earthquake ground
motion (type B-1l; see Appendix II-e; Ref. 10); and the third case uses
the S16°E component of the 1971 Pacqima Dam record as input (see
Appendix V-£; Ref. 11).

The displaéement, bending-stress, and shear force responses of
the tower are calculated at discrete éoints along the tower, namely
at 0.0h, 0.2h, 0.4h, 0,6h, 0.8h, and 1L.0h where h = the height of
the tower, along with the rocking motion of the pier. Calculations
are performed in both the time and frequency demains for the fixed-base
case as well as for the three soil types in order to estimate appropriate
peak factors for the tower-pier vibration problem. Peak displacements
flexural stresses, and shear forces are summarized in tabular form in
Tables V-4, V-5, and V-6 and in graphical form in Figs. V-5, V-6, and

V-7 for the three different applied base excitations. The complete
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Table V-3

Composite Damping Ratios Ciq (Based on Ref, 18)

SOIL-FOUNDATION TYPE
MODERATELY
MODE ORDER FIXED BASE ROCK STIFF SOTIL SOPT SOTL
1 0.0500 0.0501 0.0508 0.0533
2 0.0500 0.0501 0.0584 0.2479
3 0.0500 0.0502 0.2651 0.0955
4 0.0500 0.0508 0.0744 0.1498
5 0.0500 0.0679 0.0814 0.4444
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time history responses appear in Appendices V-g, V-h, and V-i as a
function of soil type, while the autospectra (freguency domain)

responses appear in Appendices v~3j, V-k, V-1, as a function of soil type.
It is seen from these plots that the displacement near the bottom of the
tower is mostly quasi-static (i.e., identical to ground displacement).
Towards the top of the tower, the vibrational portion of the displace-
ment becomes more important. It seems that the 1971 Pacoima Dam

record excites the tower-pier's displacement response more strongly

thén the 1979 El Centro input record, both being stronger than the
artificial earthquake (type B-1l) input. The influence of soil condition
upon the displacement response is not as dramatic as in the flexural
stress and shear force responée cases, howe§er it still indicates that
softer soil will tend to ingrease the tower~pier response. For the
purpose of analyzing the response, five modes were utilized, However,
the tower-pier appears to respond predominantly in its first two

natural modes of longitudinal vibration. The f;exural stress response
{(Appendix V-h) is almost totally vibrational in nature. It seems

that the 1971 Pacoima Dam input gives higher stresses than the artificial
earthquake earthquake (type B-1) inpﬁt, both being stronger than the
1979 El Centro input case. The softness of the soil results in increased
tower flexural stresses, as can be seen in these fiqures. The maximum
stress of 30.3 ksi, occurring at 0.8h in the soft soil case, is a
significant live lcad condition, but is well below the average yield
value of 52.4 ksi for the silicon steel used in the tower (27). Even
after adding the dead load stress of 7.93 ksi (21), stresses are still
below the yield wvalue. The longitudinal shear force response (Appendix

V-i) is greatest at the base of the tower and decreases progressing up
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the tower. The vibrational portion of the shear force dominates the
response, It seems that the moderately stiff soil is critical, as
- far as the shear force is concerned, with a maximum base shear (1971
Pacoima Dam record) of 34,100 kips.

The corresponding root mean square (R.M.S.) results obtained from
the random vibration frequency domain approach appear in Tables V-4,
V-5, and V-6. By dividing the peak responses obtained in the time domain
by these R.M.S. values, the estimation of peak factors may be examined.
It can be seen that the peak factors range from 3.5 to 9.1, which is
quite a large variation. The artificial earthquake input, which is
designed to be Gauséian in nature, possesses peak factors which range
from 3.5 to 5.0 which seem more realistic. The real earthguake inputs
develop peak factors which are wider distributed in range. This may be
due tc the fact that they are real non-Gaussian inputs. The nature
of the problem, that is the necessity for separation of the total
response into quasi-static and vibrational parts, may also be partly

responsible for the large peak factors.



450

Appendix V-a

Details of Mass and Stiffriess Matrices

The general procedure as outlined by Abdel-Ghaffar (1)
involves discretizing the tower—pier into elements (Figs. V-1, V-2).
For simplicity, beam elements are used to model both the tower and
the pier, with the moment of inertia of the pier elements set very
high to accomodate only rigid body motion of the pier. Each beam
element, as shown, has four degrees of freedom corresponding to end
deflections and end rotations. The classic hermite polynomials are
used as interpolation functions for the beam elemeﬁts. The mass
and stiffness matrices can bhe set up on the element level, and then
assembled into the global mass and stiffness matrices. Concentrated
masses arising from the tower struts and from the virtual mass of water
surrounding the pier, and the distributed mass of water internal to
the pier may also be added to the global mass matrix. Also, the
effects of the elastic restraint of the cables and the soil stiffnesses
can be added to the global stiffness matrix in the form of spring
elements, as will be discussed. The ;esulting global mass and stiffness
matrices are symmetric, positive-definite, banded matrices.

The mass matrix of the tower, arising from the kinetic

energy of longitudinal vibration, can be written as

el NST 2
M] = Z ml + Z m__+ Z m,. (V-a-1)
e=1 % jm1 ST 4 O3

where [mt]e are the mass matrices on the element level; m., are the

concentrated masses of the struts which vibrate longitudinally with the
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tower; moj are the concentrated masses added at two of the pier nodes
in order to represent the wvirtual mass of the surrounding water which
vibrates with the pier; and the summation over the number of elements
(Nel) and over the number of struts (NsT) involves assembling each
element mass matrix and each concentrated nass into the global mass
matrix in its proper position.

The element mass matrides are (1)

[M1s6 -22n 54 131 |

m, L -2zt at?  -13n -3t]

"ele = 20 54  -13L 156 22L
| 13 -3t? 22 4i | (V-a~2)

where Mmoo is the distributed mass of the tower-pier element. per unit

length and L is the length of the element. The distributed masses,

m_.r appear in Table V-a-~l for the Golden Gate's San Francisco Tower-
Pier.

The added strut masses are calculated from the strut's
dimensions, and are concentrated at the nodes at which the struts
are located (nodes 9, 11, 13, 17, 21, 24, and 27; see Fig. v=2).
These concentrated masses appear in Table V-a~-2 for the Golden Gate's
San Francisco Tower-Pier.

The added virtual mass of water can be computed by a simplified
procedure {9, 17} which involves taking as added.mass a cylindrical
volume of water whose diameter is egual to the width of the pier

(measured in the lateral direction; equals 299 ft for the Golden Gate)

and whose length is equal to the depth of submergence of the pier.
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Table V-a-1

Tower-Pier Element Properties (E=29000 ksi = 4,176,000 ksf)

MASS/FT

ELEMENT (ksec?/£t) INERTIA (ft4) LENGTH (ft)
1,2 168.7 « 27.0

3 165.1 = : 10.0

4 144.8 o 17.0

5 94.3 ® 18.0

6 32.7 ® 20.0

7 38.2 w 24.0

8 2.067 ' 34000 32.08
9,10 2.376 14436 40.16, 40.17
11,12 2.376 14436 40.17
13,14,15,16 2.067 14436 35.0
17,18,19,20 1.717 8131 : 32.5
21,22,23 1.415 5305 36.7, 36.7, 36.6.
24,25,26 1.142 ' 3073 33.0

27 1.142 3073 30.25
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Table V-a-2

Additional Concentrated Masses

{(Added Water Virtual Mass and Mass of Tower Struts)

NODE MASS (RSecz/ft)
3 1889 vater
. 71
9 7.006
11 7.006
13 9.979
17 11.04 struts
21 8.280
24 8.492
27 7.006
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A correction factor is then applied to this resulting mass based upon
the ratio of the submerged depth to the. diameter. The location of
the centroid of this added mass is determihed in a similar manner and
is at a distance of approximately H/3, where H is the submerged depth
in the case of the San Francisco Tower-Pier. In order to account for
+his added mass in the finite element model, it is sufficient (since
the pier is assumed to move as a rigid body} to add two nodal concen-
trated masses whose values are adjusted so that the added mass and
its centroidal location are both properly represented. In the case of
the Golden Gate, these eguivalent nodal masses (at nodes 3 and 4)
appear in Table V-a~2.

The stiffness matrix has three contributions, one arising
from the elastic stiffness of the tower, into which the elastic
restraint of the cable and the soil's rotatiocnal (rocking) stiffness
can be encorporated, one arising from the geometric-stiffness due to
the compressive dead load cable tension, P and one arising from the

soil's translational stiffness, that is

N1 _ Nrr
[Kl = I ([kte]e + [ktg]e) + ‘2 [kTRJi ‘ (v-a-3)
e=1 i=1
where [k, ] are the elastic stiffness matrices on the element level;

te' e

[ktg] are the geometric stiffness matrices on the element level; [kTR]
are the stiffness matrices resulting from the translational soil
springs; and the summation over the number of elements (Nel) and over
the number of translational soil springs (NTR) involves assembling
each element stiffness matrix into the global stiffness in its proper

position.
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The element elastic stiffness matrices, excepting the matrices
for the uppermost tower eiement and the lowermost pier element, are

as follows (1):

12 -eL  -12  -6L|
E I -6L 41.2 6L 2L2
_ _te te
[ktele - 3
L -12 eL 12 6L
2 2
-6L 2L 6L 4_1:__“ | (v-a-4)

where B I _ is the flexural rigidity of the individual element;

and L is the element length {see Table V-a-1}.

For the uppermost tower element, the elastic stiffness

becomes
o _
12 -6L ~12 -6L
E I -6L  41° 6L 212
x ] = te te
te'e L3 -12 6L 124k, 6L
—er 217 6L ar? (V=a-5)

where ke is the spring stiffness arising from the elastic restraint
of the cable estimated by Xonishi and Yamada (Refs. 15, 16}, and proven
in Appendix V-e, to have a value of:

E A E A
kK = —= 4+ 5E€ {v—-a-6)

where Ec is the cable's modulus of elasticity; Ac is the cable's cross-

sectional area; and Lel' L . are the virtual lengths defined as (1}

e
ii
. dsi 3
Lei = (E-T) dxi i=1, 2. (V-a-7)
xi
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. .th
where 8 is a coordinate measured along the cable in the i span of
. ; ' .th
the suspension bridge, and zi is the length of the i span.

For the lowermost pier element, the elastic stiffness becomes

‘—EElkr 6L -12 TeL

T, | -SL ar? 6L a1?

ee'e L -12 6L 12 6L
-6L 21.2 6L 4L2 {Vv-a~8)

where kr is a rotational spring at the pier's base (see Fig. V-2)
which acceunts for a portion of the rocking stiffness of the soil,
the other portion being taken by the combination of translational

springs. The equivalenﬁ structural springs shown in Fig. V-2 can

be calculated from the soil stiffnesses k- ' x° ’ x° by the fol-
= xp P9
lowing relations
o]
-+ =
kl k2 kxx ‘
; o
(27 £e)k, = kx¢ )
K+ (27 ££)%k, = x° J (V-a-9)
r” b 2 - “40 a

A summary of the values of kl. k2 and k.r appear in Table V-a-3 for the

Golden Gate's San Francisco Tower-Pier system, based upon the soil

stiffness k:x, k:¢, k:¢ appearing in Table V-b-2 (Appendix V-b).
The element geometric stiffness matrices are as follows (1)
36 -3L -3 -3L]
. - PW -3L 4L2 3L - —L2
Hegle 7 S0z -36 3L 36 3L
j-3L L 3L 452_. (V-2-10)
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Table V-a-3

Equivalent sStructural Springs

SOIL TYPE klfkips/ft) k2(kips/ft) kr(kft/rad)
(G=172800 ksf) 7.527 x 10 2.933 x 10 8.242 x 10
[MODERATELY STIFF 6 6 10

SOIL 5.679 x 10 2.213 x 10 6.279 x 10
(G=12960 ksf)

SOFT SOIL 1.627 x 106 6.341 x 105 1.892 x 1010

(G=3600 ksf)
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where P is the compressive load arising from the vertical component
of dead locad of the cables (Pw = 123,000 kips).

The eguiwvalent structural springs k., and k2 (which repre—

1

sent the soil stiffness) give rise to stiffness matrices of the foxm

i i

-k, k. i=1,2 {(V-a-11)
i i A

lkpgly =

where ki appears in Table V-a&3 for the Golden Gate's San Francisco

Tower-Pier.
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Appendix V-b

Calculation of Soil Stiffness and Scil Damping

For the purpose of calculating the soil stiffness and damping
values, it is first necessary to convert the elliptical cross-section
of the pier to an equivalent circular cross-section. In order to
calculate the equivalent radius for translation, Rt' it is sufficient
to set the area of the ellipse equal to the area of the circle, that is

nRi = 0.7854(23) (2B} (V=b-1)

where 2A is the major axis of the ellipse and 2B is the minor axis
' of the ellipse. For the Golden Gate Bridge's San Francisco tower,
23 = 299 ft and 2B = 155 ft which results in the equivalent circular
radius for translation, R = 107.6 ft.

In order to calculate the egquivalent circular radius for

rocking, Rr, it is sufficient to set the second moment of inertia of

the circle equal to that of the ellipse, that is

4

R, = 3

AB | (V-b-2)

=
ESE

For the Golden Gate Bridge's San Francisco tower the equivalent cir-
cular radius for rocking, Rr = 91.3 ft.
For the purpose of calculating the soil stiffness and soil

damping, the following equations are used by Kausel (13)

o

Ko = Koy ey iac ) (1 4 21) )
—_— 0 4 4
kx¢ = kx¢(k12 + laoclz)(l + 2iB) } .
K, = ko, (k, +iac ) (L + 2ig) | (V-b-3)
bo b 22 o 22
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(o] o o)
where k¥, k k
xx" b Txé

and coupled rocking-translation respectively; B is a measure of the

are the static stiffness in translation, rocking,

internal hysteretic damping in the soil (taken to be 0.05 in this
report): i = y-1 ; and a is the dimensionless frequency = wR/cs;
where w is the circular frequency of the exciting motion, R is the
radius of the fouﬁdation slab, and cS is the shear wave velocity; kij
and cij are frequency dependent coefficients normalized with respect
to the static stiffness and obtained via halfspace solutions or modi-
fied halfspace solutions. The coefficients cij express energy loss
by radiaticn.

k.. =k _ =1 (13) and

For the static case, kll = 12 23

8GR R
o t 1"t 2 E
+_-— — ——
kxx 2=y (l 2 H :) (1 * 3 Rt> (1 *

If

S TT
e
SN’

K o=x° R (—2~~E——- 0.03)
x¢ xx r\5 Rr

-
|

3
: 8GR R ’
o r 1l ' r E E
e e—— + — — + er—— + . —_—
06 = 3(1-v) (1 6 | ) (l 2 Rr) (1 0-71 H)

(V—-b—4 )

where G is the shear modulus of the soil; R is the radius of the founda-

tion; E is the depth of embedment; H is the depth to bedrock; and

v = Poisson's ratio. The stiffness and damping coefficients kij and

cij appear in graphical form in Ref. 13 and will not be repeated here.
In order to use modal analysis, frequency independent stiffness

and damping values are utilized. Since the stiffness coefficients

kij are slowly varying functions of the dimensionless frequency

ar {13) it appears appropriate to calculate the longitudinal
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tower modes using the static stiffness values (Egq. V-b~-4). Once the
tower modes and associated natural frequencies are obtained, the damping
coefficients cij may be computed for each mode from knowledge of the
dimensionless frequency a, = mnR/Cs where mn is the natural circular

of the nth tower mode. The total damping is the sum of internal

hysteretic damping and radiation damping, as follows:

(o}

= k
cxx xx(aocll + 28)
c . =% {ac.. + 28)

X¢ xp o 12

40 = k$¢(aoc22 + 28) (V=b=5)

The above methodology was used for three different soil
types, corresponding to rock, moderately stiff soil, and soft soil.
A summary of the solil parameters is shown in Table V-b-1 (14). The
resulting soil stiffnesses are shown in Table V=-b-2 which are computed
using Egs. V-b-4. The soil damping values are shown in Table V-b-3
as a function of soil type and nafural mode (of the Golden Gate

Tower-Pier), which are computed using Egs. V-b-5.
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Table V-b-1

Soil Properties (Based on Ref. 13)

MATERIAL MODERATELY
PROPERTY ROCK STIFF SOIL SOFT SOIL
‘Cs = shear wave 5900 1900 1076
velocity
{(ft/sec)
V = Poisson's 0.34 0.35 0.40
ratio
G = modulus 172800 12960 3600
(ksf)
Table Vv-b-2
Soil Stiffnesses (Based on Ref. 13)
SOIL TYPE ke k° ke
e s % ]
(kips/ft) {kips) {ft kips/rad)
Rock 1.046 x 10° 7.920 x 10° 8.456 x 10°%
Moderately G - 10
Stiff Soil 7.892 x 10 5.976 x 10 6.440 % 10
Soft soil 2.261 x 10° 1.712 x 107 1.938 x 107°
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Table V-b-3

Scil Damping (Based on Ref. 13)

SOIL TYPE/ C (] C
MODE ORDER X . xg ¢g
(x10 ksec/ft) (x10 ksec) {x10 kftsec/rad)

Rock
Mode 1 2.411 18.26 12.12
Mode 2 0.8244 6.242 6.319
Mode 3 0.5742 ' 4.348 3.887
Mode 4 1.370 10.37 3.414
Mode 5 1.277 9.669 3.602
Moderately Stiff
Soil
Mode 1 0.1914 1.449° 1.478
Mode 2 0.3181 2.409 0.8066
Mode 3 0.3010 2.279 0.8426
Mode 4 0.2890 2.188 0.9143
Mode 5 0.2781 2.106 0.9974
Soft Soil
Mode 1 0.0604 0.4849 0.5072
Mode 2 0.1540 1.166 0.4410
Mode 3 0.1472 1.115 0.4790
Mode 4 0.1397 1.058 0.5370
Mode 5 0.1271 1.038 0.5524
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Appendix V-c

Calculation of Equivalent Modal Damping Ratios

An approximate energy method is utilized here to convert
the soil damping values obtained in Appendix V-b to eguivalent modal
damping ratios, in order to proceed directly with a modal analysis
approach. The following procedure was proposed by Novak (18).

Assuming that the undamped wibraticn modes of the tower
have been determined wifh the soil stiffnesses taken into account,
the total work done by the soi} damping during a period T, as the

. . . . t . .
pler undergoes harmonic motion in the n h natural mode, is given by (18)

T T
W = C U?wz coszm t dt + C ¢2w2 coszw t dt
XX n n n $¢ nn n
o o
T
2 2 (V-c-1)
+ 2 u
Cx¢ ¢n nmn cos mnt dt
[o]
which reduces to
W—m(Cu2+c ¢2+2cu ) { 2
nxx n ¢ 'n ¢ n’n V-c=2)
where Cxx' Cx¢' C¢¢ are the scil damping values (see Appendix V-b):

wn is the natural circular frequency of the nth longitudinal tower mode;
and un and u¢ are modal translational and rotational displacement at the
pier's base, respectively, taken in arbitrary scale.

The maximum potential energy for the complete tower vibrating
in its nth mode can be calculated as the maximm kinetic energy and

is given by (18)



465

to ¥ mi{e ) (V=c=3)

(o
[}
N~
[T

where [M] is the mass matrix for the entire tower-pier; and‘{¢n} repre-
th .
sents the n mode shape for the tower-pier.

The damping ratioc of the structure, due to the geometric

and hysteric damping of the soil, in the nth mode, can then be
calculated as .- = W/(4TL) which is
soil 1 2 2
=m— (. U + C + 2 u -c=4
gn 2thn ¢ XX n 3o ¢n- cx¢ n¢n) (V=c-4)

where Mn is the generalized modal mass
M= {o 1 MI{¢ ] (V-c=5)
n n n

The total damping ratio is the sum of the structural damping
ratio (taken as 0.05 in all modes} and the damping ratio derived from

the underlying soil (Eq. V-c-4), that is

Eeq _ ESt + gsoil ’ (V=c-6)

This approximate approach is quite accurate since the damping
is very important only in the resonant range. Hence, as long as damping
is small and natural fregquencies are well separated, the method works
fairly well (Ref. 18). This energy method is equivalent to neglecting
the off-diagonal terms in the generalized damping matrix {¢n}T{C}{¢n}-
Table V-¢-1 summarized the damping ratios of the Golden Gate San Francisco

Tower~Pier for the three soil types as compared to the case of a com-
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Table V-c-1

Composite Damping Ratios Eneq {Based on Ref. 1B)

SOIL-FCUNDATION TYPE

. MODERATELY

MODE ORDER FIXED BASE ROCK STIFF SOIL SOFT SOIL
1 0.0500 0.0501 0.0508 0.0533
2 0.0500 0.0501 0.0584 0.2479
3 0.0500 0.0502 0.2651 0.0995
4 0.0500 0.0508 0.0744 0.1498
5 0.0500 0.0679 0.0814 0.4444
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pletely fixed base pier, where only structural damping is present

(estimated to be 5%).
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Appendix V-4

Orthogonality of Longitudinal Towexr Mode Shapes

The nth longitudinal tower mode shape, {d:n}, satisfies the

equation
2 . —3 ; =3 o —
wn[MSS]{q)n} = [KssJ{¢n} n=1, 2, 3... (V-8-1)

The mth longitudinal tower mode shape,' N)m}, satisfies a

similar equation, that is
2 :
M = [K =1, 2, 3... -3~2
w [ ss]{‘pm} [ ss]fd)m} m=1 3 {v-d~2)

Premultiplying Eq. V-d-1 by {gbm}T, premultiplying Eq. V-d-2

T . .
by {¢ }" and subtracting gives

2. LT 2,, T
gn{¢m} [Mss]{¢n} - wm{¢n} [Mssl{ém}
_ T _ T
= {¢m} [Kss3{¢n} {¢n} [KSSJ{¢m}

n=1, 2, 3 v-« m=1, 2, 3 ...
(V-a-3)
Because the stiffness and mass matrices resulting from the
finite element method are symmetric and positive~definite, Eq. V-d-3

reduces to

2 2 T _
(W - w)fe Y _1{¢ } =0

n = J—, 2' 3 PR m = ly 2!3 .o . (v-d.'4)
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which yields modal orthogonality, with respect to mass matrix weighting,

of the form

T = — -
{q:m} [Mssl{cpn} = 0 m#n v d‘S)
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Appendix V-e

Derivation of Equivalent Spring Constant ke

The idea of assuning an equivalent spring of stiffness ke
at the tower tép (to simulate the elastic restraint of the cables)
was explained by Abdel-Ghaffar (28).

The élastic strain energy stored in the cable due to change

in tension associated with Hift) (i =1, 2, 3) can be written as
3 i
Z .~ (V~e=1)

where Ec is the cable’'s modulus of elasticity; Ac is the cable's cross-

sectional area and Lei are the virtual lengths defined as (1)

a1
( dSi 3
Lei = E;:) dxi i=1, 2, 3 (V-e=2)
o

where s is a coordinate measured along the cable in the ith spgn of
the suspension bridge, and li is the length of the ith span.

For any tower, the energy stoxed in the cable in the two
adjacent spans is

o 1 B (o)L, 1 K (6L,
ce 2 2

E A E A
cc cc

(V-e=3)

Each term of Eg. V-e-3 is similar to the elastic energy in

an axially loaded truss member which is of the form
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1 FAe)L

vie) = EA

(V-e=4)

%]

where %é is the axial rigidity (or stiffness) of the truss member.
Thus, the eguivalent stiffness at the tower top can be

approximated by

ECAC ECAC
e TL. YL, T Fa t ke (V-e-3)

el e2
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APPENDIX v-f
PACOIMA DAM RECORD INPUTS

(1971 San Fernando Earthquake)
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SAN FERNANDO EARTHGUARAKE FEB 9, 1971
PRCOIMA DAM COMP. S16E (RCCELERRTICNI
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Fig. V-f-1 Time history of Pacoima Dam component S16E record
(San Fermando 1971 Earthquake).
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SAN FERNANDO ERRTHOURKE FEBRUARY 9, 1971
PACOIMA DAM, CAL., COMP S1BE AND S74M
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Fig. V-f£-2 Power and cross-spectra of the Pacoima Dam Records
(San Fernando 1971 Earthqguake)
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APPENDIX V-g
TIME DOMAIN DISPLACEMENT RESPONSE OF THE

GOLDEN  GATE TOWER-PIER SYSTEM
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GOLDEN GRTE TOWER

DISPLACEMENT RESPONSE AT X = 0.0H
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Fig. V-g-1 Time history displacement response at
: bottom of tower to 1979 E1l Centro Array 5 input.
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GOLDEN GRTE TOWER

DISPLACEMENT RESPONSE AT X = 0.2H
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Fig. V-g-2 Time history displacement response at x = 0.2h
to 1979 El1 Centro Array 5 input.
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GOLDEN GATE TOWER
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Fig. V-g-3 Time history displacement response at x = 0.4h
to 1979 El1 Centro Array 5 input.
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GOLDEN GATE TOWER
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Fig. V-g-4 Time history displacement response at x = 0.6h
to 1979 El Centro Array 5 input.
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GOLDEN GATE TOWER

DISPLACEMENT BRESPONSE AT X = 0.8H
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Fig. V-g-5 Time history displacement reésponse at x = 0.8h
to 1979 El Centro Array 5 input.



481

GOLDEN GRTE TOWER
DISPLACEMENT RESPONSE AT X = 1.0H
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Fig. V-g-6 Time history displacement response at top
of tower to 1979 El Centro Array 5 input.
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Fig. V-g=-7 Time history rocking response of pier
to 1972 El Centro Array 5 input.
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Fig. V-g-8 Time history displacement response at bottom
of tower to artificial earthquake B-1 input.
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Fig. V-g-9 Time history displacement response at x = 0.2h
to artificial earthquake B-1 input.
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DISPLACEMENT RESPONSE AT X = 0.U4H

ERRTHAQUAKE B1 = —-e—- VIBRATICNAL
TOTAL
b . .
= FIXED BASE
o
=}
-l
Q.
Fp]
fam}
o ,
To 10 20 30 40 S0

TIME (SECOGNDSI)

(cM)

4
o
w
=
[en]
70 10 2G 30 40 50
o TIME (SECONDS)
=7 STIFF SOIL
Q
SO
-
Q.
[g]
=
(=]
o
\

g 10 20 30 40 50
TIME (SECGNDS)

SOFT SOIL

aJ
0 10 20 30 4o 50
TIME (SECONDSI

Fig. V-=g-10 Time history displacement response at x = 0.4h
to artificial earthquake B-1 input.
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Fig. V-g-11 Time history displacement response at x = 0.6h
to artificial earthquake B-1 input.
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GOLDEN GATE TOWER
DISPLACEMENT RESPONSE AT X = 0,8H
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Fig. V-g~12 Time history displacement respcnse at x = 0.8h
to artificial earthquake B-1 input.
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Fig. V-g-13 Time history displacement response at top
of tower to artificial earthquake B-1 input.
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GOLDEN GRATE TOWER
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Fig. v-g-1l4 Time history rocking response of pier to
artificial earthguake B-1 input.
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GOLDEN GATE TOWER
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Fig. v-g-15 Time history displacement response at
bottom of tower to 1971 Pacoima Dam input
record.
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Fig. V-g-16 Time history displacement response at

x = 0.2h to 1971 Pacoima Dam input.
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GOLDEN GATE TOWER
DISPLACEMENT RESPONSE AT X = 0.4H
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APPENDIX V-h
TIME DOMAIN FLEXURAL (BENDING) STRESS RESPONSE

OF THE GOLDEN GATE TOWER PIER SYSTEM
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APPENDIX V-i

TIME DOMAIN DYNAMIC SHEAR FORCE RESPONSE

OF THE GOLDEN GATE BRIDGE TOWER~PIER SYSTEM
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Time history shear force response at bottom
of tower to 1971 Pacoima Dam input record.
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GOLDEN CRTE TOWER
- SHEARR FORCE AT X = Q0.Z2H
PACOIMA DAM, COMP. S1BE ---- VIBRATIONAL
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Fig. V-i-12 Time history shear force response at x = 0.2h
to 1971 Pacoima Dam input.
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GOLUEN GHIE TOWFR
SHEAR FORCE AT x - 0.uH

PACOIMA DAM, COMP. SIBE ---- VIBRATIONAL
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Fig, v-i-13 Time history shear force response at x = 0.4h
to 1971 Pacoima Dam input record.



Fig. v-i-14

SHERR

527

GOLBEN CRTE TOWER
" SHERR FORCE AT X = D.GH
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Time history shear force response at x = 0.6h
to 1971 Pacoima Dam input record.
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GOLDEN GATE TOWER
SHEAR FORCE AT X = 0.8H

PRCGIMA DAM, COMP. S1G6E ---- VIBRATIONAL
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Fig. vei_ . .
ig. V=i-15 Time history shear force response at x =

to 1971 Pacoima Dam input record. - oo
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APPENDIX V-7
FREQUENCY DOMAIN DISPLACEMENT RESPONSE

OF THE GOLDEN GATE TOWER-PIER SYSTEM



530

GOLDEN GARTE TOWER
DISPLACEMENT RESPONSE

ARRAY 5. SSOW  —m—e- VIBRATIONAL
: TOTAL
1.5  FIXED BASE 1.5,
(10 3 x10 3
[ (&5 ]
[F8] d
el &
= | RT 0.0 H = ] AT 0.2 H
[ \L . . . o | _
o 2 y o0 2 Y
FREQUENCY - CYCLES/SEC
8.5, u.sw ‘
x10 ° «10 2
o ¢ o
L ul
L he
5 AT 0.4H 5 AT 0.6 H
Lo I’\\Aﬁ_
0 2 m 0 2 4
FHEGUENCT - CYCLES/SEC :
1.5 5.5,
2 -1
<10 xi0 MODE 1
INPUT
) (W]
5 5
h K AT 1.0H
S AT 0.8H 5 |,
- ty MGOE 2
N !
¥ y i . " N
g 2 4 0 > Y

FREQUENCY - CYCLES/SEC

Fig. V-j-1 Power spectra of response displacements to 1979
El Centro Array 5 input (fixed base case).
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. GOLDEN GRATE

TOWER

DISPLACEMENT RESPONSE

ARRRY 5, S50W = —-e—- VIBRATIONAL
TOTAL
1.5 ROCK | &
110 3 x10 3-
) &)
.2H
5 AT U.QH 5 AT 0.2
= =
o \ o
0 2 y 0 2 Y
FREQUENCY - CYCLES/SEC
6.0y 4.5
x10 2 x10 2
) : )
% AT O.4H E AT 0.6 H
= =
) \ o
S T o 2 4
FREQUENCY - CYCLES/SEC
1.5] 9.0; -
«10 % 107 MO0E 1
INPUT r MODE 2
(5] 1 (O]
(W | (W]
S AT 0.BH 5 HT 1.0H
| ]
0 2 y 9 .2 Y
FREQUENCY - CYCLES/SEC
Fig. V-j-2 Power spectra of response displacements to 1979

El Centro Array 5 input

{Rock Soil Case).
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GOLDEN GRTE TOWER
DISPLACEMENT RESPONSE

ARRAY 5., SSOW [ VIBRATIOGNAL
1.5 1.5, TotAL
.| STIFF splL i
x10 x10
J o)
L Ld
Q Q
T AT 0.0 H - AT 0.2H
5 , z |
0 2 Y R 4
FREQUENCY - CYCLES/SEC
8.5 4.5
XIQ 2 x10 2
Q) (48]
il L
L Q
RT 0. 3
= 0.uH = AT 0.6H
\A M\LAA\_ "
o 2 Y 0 e 4
FREQUENCY - CYCLES/SEC
1.5[ 5_5[
3 -1
«10 °1 INPUT x10 MODE 1
m "
< . Y
S AT 0.8H = 14 AT 1.0H
\ﬁu ﬂnk MODE 2
:’i‘ - J'l.
o :

2 4 0 2
FREQUENCY - CYCLES/SEC

Fig. V-j-3 Power spectra of response displacements to 1979

El Centro Array 5 input

{(moderately Stiff Soil Case).
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GOLBEN GATE TOWER
DISPLACEMENT RESPONSE

ARRAY 5., SSOW  ——=w- VIBRATIONAL
TOTAL
1.57 SOFT SOIL 1.5
«10° 103
[ -
oo o
9 €9
- AT 0.0H = AT O.2H
(8 \ o
o 2 4 0 -2 M
FREQUENCY - CYCLES/SEC
7.5¢ 4.0 '
10 % input 102
o | w
w ud
# @
= AT O.4H = , AT 0.6H
A B l?:ﬂ\ 5
0 - 2 y 0 - y
| FREQUENCY - CYCLES/SEC
1.5¢7 I'ST MODE !
x10 2 x10 0
[n] (@
Ly Lt
3 Sg]
Vel e
= AT 0.8H = AT 1.0H
< e MODE 2
b P
4, ' M@?E ’
o 2 4 o 2 oy
FREQUENCY - CYCLES/SE
Fig. v-j-4 Power spectra of response displacements to 1979

El Centro Array 5 input (Soft Seil Case).



534

GOLDEN GRTE TOWER
DISPLACEMENT RESPONSE

EARTHRUAKE B1  —-==--- VIBRATIONAL
. ——TOTAL

6.-011  FIXED BASE S-51
l102 xloa

1
-] O
Ll o
@ 0
= AT 0.0H T AT 0.2H
(98] w

L A

0 2 4 0 2 4
FREQUENCY - CYCLES/SEC

4,0 4-5[.
.10 3| [ INPUT 102l

1
)
ol o |
b AT O.4H «Q AT 0.6H
> : =
(4] (@8]

dhe | . I ith,
o . > m 0 2 Y
FREQUENCY - CYCLES/SEC
3.5T - : 5.57
10 2 BT
MOOE 1

) )
L [FI8)
LQ jég)
= | AT 0.8H = AT 1.0
= 8H = .OH

|

ﬂl | MODE 2 | o o
fh, . __L_A_L—._Aﬂn—

0 4

2 4 o 2
FREQUENCY - CYCLES/SEC
Fig. V-j-5 Power spectra of response displacements to artificial
earthquake B-1 input (Fixed Base Case) .
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GOLDEN GATE TOWER
DISPLACEMENT RESPONSE

EARTHOUAKE B1 ~  —=——- VIBRATIANAL
50 s TOTAL
ol ROCK -
«10 J x10
(48] (48]
Ll Led
Q0 ol '
I, I v
0 2 y 0 2 Y
FREQUENCY - CYCLES/SEC
4.0 4.5 |
(8] ]
ol Lt
Q Q
= AT O0.UH = AT 0.6H
o o
B — I, ———
0 2 Y 0 2 4
| FREQUENCY - CYCLES/SEC
3.5 5.5¢
«10 ° g0 9 [MODE 1
o } [05)
L L
g &
= ]
S (AT 0.8H & AT 1.0H
; ' MODE 2
. _ | h MODE 3
0 0 2 Y

2 4
FREQUENCY - CYCLES/SEC

Fig. V-j-6 Power spectra of response displacements to artificial
earthquake B-1 input (Rock Soil Case) .



536

GOLDEN GRTE TOWER
DISPLACEMENT RESPONSE

EARTHGUAKE B1 ~ ———e- VIBRATIONAL
5.0 _—————TGTHL
|| STIFF soIL,
«10
{
(8]
L
[€g)]
Phe 2f1
5 AT 0.0H AT O.
- + + + + l' ' —
0 2 4 0 2 iq
' FREQUENCY ~ CYCLES/SEC
4.0 S'SV
¥10 ?rINP“T «10 2]
(&) ) i
[FH] (W}
ot ot
S .AT.0.4H  F AT 0.6H
V1 Y , ' . | LA -
0 2 U G - 4
FREQUENCY - CYCLES/SEC
4,5 B.ST MOCE 1
10 ?| 10 ° |
| r MODE 2
[} o
[F%] Ll
2 : @
5 AT 0.8H z AT 1.0H
] T MODE 3
m_ ) MODOE 4
0

2 y 8 2 Y
FREQUENCY - CYCLES/SEC

Fig. V-j-7 Power spectra of respconse displacements to artificial
earthquake B-1l input (Moderately Stiff Soil Case) .
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GOLDEN GRTE TOWER
DISPLACEMENT RESPONSE

PACOIMA DAM, COMP. S1BE----- VIBRATIONAL
TOTAL '
6.01 ROCK 5.5
«10 2] .10 2
O INPUT O
(TR} (S8
2 =
5 AT 0.0H % AT 0.2H
. e iy 0 2
FREQUENCY - CYCLES/SEC
S-Dl 1.51
(10 2 10 3
L i
z AT 0. =
“ 0.4 © AT 0.6H
L JL _
B

2 Y 0 2 4
" FREQUENCY - CYCLES/SEC
8.5 o 1.5
110 ° 10! MODE 1
I 3 )
L Lt
. R
= ] =
o AT 0.8H © AT 1.0H
_J MODE 2 wapE 3
L —_— L ,-Af\..‘ Ao,
4

2 4 0 2
FREQUENCY - CYCLES/SEC

Fig. V-j-10 Power spectra of response displacements to 1971
' Pacoima Dam input (Rock Soil Case).
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GOLDEN GARTE TOWER
DISPLACEMENT RESPONSE

PACOIMAR DAM. COMP. S1GE--=-- VIBRATIONAL
5 5 _ TOTAL
|| STIFF s@IL |
lla ] X]D l
(6] (@8]
L INPUT L
Q 2 |
5_J AT 0.0H O AT 0.2+
R y o 2 4
FREQUENCY - CYCLES/SEC
10.0[ 2.5[
£10 2 «10 3
) I
e ] (T8
9 ]
= AT 0.4 = AT 0.6H
}L . Nis ﬁ
2 Y 0 2
FREQUENCY - CYCLES/SEC
: 2.0[ 2.5,
10 % 10
o M@DE !
[
z . ~ b
JL ‘ LA MODE 2
' " o M

2 n 0 2
FREQUENCY - CYCLES/SEC

Fig. V-j-11 Power spectra of response displacements to 1971
Pacoima Dam input (Moderately Stiff Soil Case).
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GOLDEN GATE TOWER
.DISPLACEMENT RESPONSE

EARTHQRUARKE BT = —==m- VIBRATIONAL
TATAL
°-0r  soFT soIL 5-0)
x10 x102
o L|ineuT O
wl ol
@ 9
5 AT 0.0H 5 AT 0.2H
0o - 2 T N
FREQUENCY = CYCLES/SEC
1102 1102
[ ] (]
| o
+C pt
5 AT 0.U4H 5 AT 0.GH
WL Ao —_— JMA —
0 2 y . 3] 2 4
FREQUENCY - CYCLES/SEC
6'5[ 9.5(
110 2 10 °  {mopE 1
Q) Q
@ L
= =
5 AT 0. 8H = wage AT 1-0H
2
J MOOE 3
e A . ]
v 2 4 0 2 4

FREQUENCY - CYCLES/SEC

Fig. v-3j-8 Power spectra of response displacemeénts to artificial
earthquake B-1 input {Soft Soil Case).
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- GOLDEN GATE TOWER
DISPLACEMENT RESPGNSE

PACOIMA DAM, COMP. S16E----- VIBRATIONAL
TOTAL
6.0; FIXED BASE 5.5
«10 2| 10 2
Q  HIINPUT Qg
N} L
R =
= . =
© AT 0.0H o AT 0.2H
. WA
2 4 G 2
FREQUENCY - CYCLES/SEC
5. DOy i 1.5 '
1102 , : x103
i
(] W
(TN L
€ R
= =
o o)
| AT 0.4H . AT 0.6BH
NiN L f
0o 2 Y 0 2
FREQUENCY - CYCLES/SEC
8.51 1.5
10 2. x10 I_ MODE 1
(€8] o)
Lad L
nE R
o AT 0.8H & AT 1.0H
‘ MODE 2 MADE 3
L S s -

2 4 0 2 M
FREQUENCY - CYCLES/SEC

Fig. V-j-9 Power spectra of response displacements to 1971
Pacoima Dam input (Fixed Base Case).
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GOLDEN GATE TOWER
DISPLACEMENT RESPONSE

PACOIMA DAM, COMP. Si1bE----- VIBRARTIOGNAL
5.0 5.5 —T0OTAL
SOFT SOIL '2
(10 2 «10 2|
( .
will (AL o
& L
S AT 0.0H 5 AT 0.2H
. me |

2 y 0 2 Y
FREQUENCY - CYCLES/SEC
6.5 1.5;
"102 x103
1
(@8] ) ]
S| r ul
ot e
= | Nz
o AT 0.4H o© AT 0.6H
W
0 2 Y o} 2 Y
, FREQUENCY - CYCLES/SEC
1.5, 2.0
«10 3 | «10 ! '
i MODE 1
O 8
(V4] [V}
ot L o
= = -
© AT 0.8H ©
.. J MODE
]
— __<Ak4. -

e y
FREQUENCY - CYCLES/SEC

Fig. v-j-12 Power spectra of response displacements to 1971
pacoima Dam input (Soft Soil Case).
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GOLDEN GRTE TOHWER
RACKING RESPONSE OF PIER

----- VIBRATIONAL
2.5. INPUT 6.0 —T07AL
:107° 1070 MODE 1
ARRAY 5. SSOW
o RACK o EARTHOURKE B1
9 @ ROCK
fan) MODE 1 g
B
< || MODE 2 i MODE 2
' ‘ M & MODE 3
¥, 4
c 2 Y 0 - 2 Y
FREQUENCY - CYCLES/SEC
2.0; o N 7.0, EARTHOUAKE Bl
A0 % NPyt «1078 MODE 2
o 1 |sTIFF soIL
LU:Z)I ARRAY 5, SSOW u@l MAOE
R STIFF SOIL ~ 1 MODOE 3
T (aw
o= MODE 1 a
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a2 a4 a9 2 4
FREQUENCY -.CTC.LES/SEC
3.0y 9. 01
«1075] | MODE 1 41078 MODE 2
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ﬂ ARRAY 5, SSOW O 1MDDE EARTHQURKE B}
Q “ SOFT SOIL ‘(},: ! SOFT SO]IL
2 M oz 2
z | MODE 2 <
P
g —_—

2y 0 2
"FREQUENCY - . CYCLES/SEC

Fig. V-j~13a Power spectra of pier rocking response.
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GOLDEN GRTE TOWER
ROCKING RESPONSE OF PIER

----- VIBRATIONAL

2.07 ———T0TAL
1078

MODE 1
(G ]
Ut
e PACOIMA DAM.
-]
= COMP. SIBE
ﬂ: . -

;j ROCK
L —

0 > 4
FREQUENCY - CYCLES/SEC
10.0 -
-8
(10 7] fuppDe 1
u. |
L] [ PACOIMA DRM,
Q COMP. S1BE
T STIFF sgQ
< Ll IL
o ;%E 4l S /SEC
MODE QUENCY - CYCLES/SEC
5.0[ |
1078 PACAIMA DAM,
, COMP. S1BE-
SOFT sO1IL
.l:) )
% r MODE 3
2 MopE MODE 4
I L
Al WV

-

2 y :
FREQUENCY - CYCLES/SEC

Fig. V-j-13b Power spectra of pier rocking response.
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APPENDIX V-k
FREQUENCY DOMAIN FLEXURAL (BENDING) STRESS RESPONSE

OF THE GOLDEN GATE TOWER-FIER SYSTEM
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GOLOEN GATE TOWER
STRESS RESPONSE -

ARRAY S. S50W  ==—=- VIBRATIONAL
——T0TAL
1-57 FIxXED BASE 2.07
10 ! 10!
(48 | Q
L L
2 : Y
* AT 0.0H = AT 0.2H
x { X
2 oy 2 4
FREQUENCY - CYCLES/SEC
5.0 5.0
10 ° ) ap ®
INPUT
J- w
Ll Ll
(9p] W .
W™ e ; o
T | -AT D.4H ~ u AT D.BH'
J:L‘wL A }\ N
a Y

2 4 0 2
FREQUENCY - CYLLES/SEC

8.07
D .
(07 Yuooe 1
Qg
[Fu]
2 .
— {
2B AT 0.8H
x ||\
[ s
MODE 2
AN .
o

Fig. V-k-1 Power spectra of responses stresses to 1979 E1 Centro

2 4
FREQUENCY - CYCLES/SEC

Array 5 input (Fixed Base Case).
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GOLDEN GATE TOWER
STRESS RESPONSE

e # =+ ‘e

1.5, ARRAY 5, S50W > p, ----VIBRATIGNAL
1{ . | ——T1o7AL

10 Y ROCK x10 |

(4] [@B]

(V0] L

b hE

=] AT 0.0H =

(58] . U

< M < AT 0.2H
’
] A\ __j.V\‘ n — - f‘(
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2 § 0 BE
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5.5¢ 6.0¢
«10 ° «10 ©
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(@8] ‘ 1 o L
L 114 )
-~ S
<o AT 0.4H 2 .& AT 0.6H
)\‘A o N — + ': ‘ “k& . .
8] 2 u 0 2 Yy
- FREQUENCY - CYCLES/SEC
-7
«10 0
. MoDE 1
Q)
b
ot
2 |ill AT 0.8
AT rooe 2
it A

2 4 i
FREQUENCY - CYCLES/SEC

Fig. V-k-2 Power spectra of response stresses to 1979 El1 Centro
Array 5 input (Rock Soil Case).
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GOLDEN GRTE TOWER
STRESS RESPONSE

.5, ARRAY 5, S5OW T VIBRATIONAL
: J——TDTFIL
110 sTIFF soIL  *°
() (@)
L l [TE]
Q ©
— AT 0.0H — AT 0.2H
p) ! v )
X ! x ]
T M
|' Nl& o~ tr“ Lhte - for
0

2 4 o 2 4
FREQUENCY - CYCLES/SEC
13 INPUT 8-01
x10 o x10 0
) ] (@B ]
6 o
” AT O.4H < Lili AT 0.6H
2 . . 7p) 5
X ~ i
k‘h (!
A ,J : h\ M o
0 Y

2 4 ¥ -
FREQUENCY - CYCLES/SEC

1.5¢
a0 !
MOOE 1
-
Lt
U
— AT O.8H
w
X \ ’
h
frg HDUE 2
{ V‘LJ“L

2 4
FREQUENCY - CYCLES/SEC

Fig. V-k-3 Power spectra of response stresses to 1979
El Centro Array 5 input (Moderately Stiff Soil Case).
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GOLDEN GARTE TOWER
STRESS RESPONSE

- O

ARRAY 5, SSOW S —— VIBRATIGNAL
1 TOTAL
| SOFT soIL 10
|
w
(W]
w
o<
AT 0.0H ;
X
0 2 Y 0 2 N
FREQUENCY - CYCLES/SEC
2.0]
INPUT "xlolT
| AT 0.4H §
‘ ' o AT 0.6H
) e
i HG%F MOOE 3 = 4 bhh
h ol

MODE 1

AT 0.8H

FL

2 Y g 2
FREQUENCY -~ CYCLES/SEC

—p

v-k-4 Power
' Array 5 input

2 Y
FREQUENCY - CYCLES/SEC

gpectra of response stresses to 1979 E

(Soft Scil Case).

1 Centro
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GOLDEN GATE TOWER
STRESS RESPONSE

EARTHOUAKE B1  =—--- VIBRATIONAL
ToTAL
10-0r rFixep BRSE  °°0
x10 ! 10
[} (W8]
L Lt
Y Q |
; AT 0.0H — AT 0.2H
x o x
g Aad .miﬁ$jﬁ4 -
0 2 . &« 0o 2 Y
| FREQUENCY - CYCLES/SEC
lo-orHUDE‘l 1.57
(10 ° | (10 2
MODE 2
) (W]
(YU} Lt
R R
— AT 0.4H = AT O.6H
x . X
i ] e 3
0 2 Y 0 2 4
FREQUENCY - CYCLES/SEC
1.5
«10 2
R |
w
Q )
— ] RT O.8H
D
X
PLA__.LA_.L .
0

2 1 )
FREQUENCY - CYCLES/SEC

Fig. V-k-5 Power spectra of response stresses to artificial
earthquake B-1 input {(Fixed Base Case) .
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GOLDEN GRTE TOWER
STRESS RESPONSE .

5_5.[ EARTHRURKE B1 4.0y ----- VIBRATIONAL

. | —T0BTARL

x10 ROCK x10

O o

(TH] ld

R t

S AT 0.0H & AT 0.2H
il il

D 2 Yy 0 e
FREQUENCY - CYCLES/SEC
3.57 B.U[
x10 o| MOOE I x10 !
i MODE 2
(@] [
(7] [N
(7] (@p]
P¥al o<
= =
x AT C.4H x AT 0.6H
! rw MOOE 3 .lfa?
0 2 ) o 2
FREQUENCY - CYCLES/SEC
B.S
10!
}
(@]
L
£
% AT 0. 8H
A s
g

2 4 ,
FREQUENCY - CYCLES/SEC

Fig. v-k-6 Power spectra of response stresses to artificial
earthquake B-1 input {(Rock Soil Case).
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" GOLDEN GARTE TOWER
STRESS RESPONSE

6.5, EARTHRUAKE B1 - — VIBRATIONAL
1 J TOBTAL
10 STLFF soIL P
o MODE | o
e R
— AT 0.0H —
- & AT 0.2H
L. < X |
Lrﬁ‘gA ———
2 Y 0 2 M
FREQUENCY - CYCLES/SEC
2.5 MODE 2 7.07
(10 { <10 ﬂ
(@8] (@8]
Ll [F)
ot ot
c | | AT 0.ung AT 0.6H
MOOE 3
M_—A.Mha—_&_ )’L- Y SO
0 2 y 0 2 4
FREQUENCY - CYCLES/SEC
10.0 :
«10 J
(]
td
un
<
= AT 0.&H
x .
| Ju
A .
8] 2 Y
FREQUENCY - CYCLES/SF
Fig. v-k-7 Power spectra of Response stresses to artificial

earthquake B-1 input (Moderately Stiff Soil Case) .
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GOLDEN GATE TOWER
STRESS RESPONSE
5.5, EARTHOUAKE BI 4.0, ----- VIBRATIGNAL

1 | ——T107AL
(10 SOFT sgIL 10
o o
(T8 i
L ot
0 AT 0.0 o RT 0.2H
X A — | N —
0 2 Y ) 2
FREQUENCY - CYCLES/SEC
3.57 mopE 1 6.0y
10 MODE 3 10 !
Q
J
b
N AT 0.6H
e
2 Y 0 2 Uy
FREQUENCY - CYCLES/SEC
8.5q
10
[9%] 3
i
9]
o b
@ AT '0.8H
i s
0

L2 "
FREGUENCY - CYCLES/SEC

Fig. V-k-8 Power spectra of response stresses to artificial
earthquake B-1 input (Soft Soil Case).
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GOLDEN GATE TOWER

STRESS RESPONSE

PACOIMA DAM, COMP. S1BE~=--- VIBRATIBNAL
- TOTAL
131 FIXED BRSE 3.0
x10 2l x10 !
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FREQUENCY DOMAIN SHEAR FORCE RESPONSE

OF THE GOLDEN GATE BRIDGE TOWER-PIER SYSTEM
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Fig. V-1-9 Power spectra of response shear forces to 1971
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Fig. V-1-10 Power spectra of response shear forces to 1971
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Fig. V-1-11 Power spectra of response shear forces to 1971
Pacoima Dam input (Moderately Stiff Soil Case).
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