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ABSTRACl 

Acceierograms recorded at four stations in the Pasadena area during the 

1971 San Fernando. the 1970 Lytle Creek. the 1968 Borrego Mountain and the 

1952 Kern County earthquakes are analyzed to investigate local geology effects 

on strong earthquake ground motions. Spatial variations of the ground motions 

at two nearby stations are also investigated. It is found that the ground 

motions in this area caused by the local geology effects depend on the 3-

dimensional configuration of the local geology and the direction of arriving 

seismic waves. Local geology effects are less evident on the leading portions of 

the accelerograms than the trailing portions. indicating the effects of local geol

ogy on surface wave propagations. Comparison of the Fourier amplitudes of the 

motions recorded at the same station during different earthquakes shows that 

there are no significant spectral peaks can be identified as site periods. Hence. 

it is not appropriate to characterize such local sites by a site period. 

A two-dimensional model considering inclined propagating P and S waves in a 

horizontal-layered structure. which is more realistic and closer to the actual 

seismic environment within a local geology than the one-dimensional model of 

vertically propagating waves, is studied. The transfer functions between the free 

surface and the half-space outcrop for a single incident P. SV or SH wave from 

the half-space at an incident angle are defined and derived by a matrix method. 

Two numerical examples are given to demonstrate the effects of incident angle 

and material damping on the transfer function. It is found that the transfer 

function between the free surface motions and the bedrock outcrop motions to 

multiple incident waves having different amplitudes. angles and arrival times is 

quite different from that for a single incident wave. Completely satisfactory 

results can not be expected when using the analytical model for evaluating the 
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local geology effects on the motions during a nearby shallow-focus earthquake 

for which seismic waves emitted from different parts of the fault will approach 

the bedrock from different directions and at ditIerent angles. 

The analytical model for assessing local geology effects is evaluated in the 

light of the data recorded at stations in the Pasadena area during the 1971 San 

Fernando earthquake. The observed site transfer functions between the alluvial 

and the rock sites are obtained and compared with the computed results from a 

two-dimensional model with 7-layers overlying a half-space. Values of model 

parameters are optimally adjusted to give a best least-squares fit between com

puted and observed amplitude ratios. It is concluded that the analytical model 

overSimplifies the local geological structure in the Pasadena area and the actual 

seismic environment in the area during the 1971 San Fernando earthquake. 

It is concluded from these studies that the effects of the source mechanism 

and the seismic wave travel paths upon the site ground motion can be compar

able to the effect of the local geology. The characteristics of the source mechan

ism. such as type of faulting. direction of fault-slip propagati,on, nature of stress 

drop across the fault surface. orientation of fault. depth beneath ground sur

face, etc., can appreciably infiuence the ground motion at the site. Also, the 

travel path can have a significant efiect through infiuencing the types of waves 

that reach the site, and the directions of approach of the waves. The results of 

this study indicate that a better understanding of the spatial variation of 

ground motions. of the role played by difierent types of waves and their contri

butions to an accelerogram, and of the propagation directions of the waves is 

needed for assessing local geology effects on earthquake ground motions. A 

local array is ,desirable to provide data for giving a reasonably complete picture 

of the nature of ground motions in a local area. 
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1.1 Introduction 

.1-

CHAPI'ER 1 

INTRODUCTION 

It is well known that the nature of the ground shaking at a point depends on 

the source mechanism, the wave travel path and the local site geology. During 

the past decade several analytical methods have been proposed to model the 

local geology effects and to compute ground motion for design purposes. Most 

methods are usually based on the assumption of vertically propagating shear 

waves in a horizontal layered structure. However, these methods seem to over

simplify the actual seismic environment during a strong earthquake and the 

three-dimensional nature of the local geology configuration. Because of the lack 

of noticeable local geology effects in the earthquake records obtained at firm 

soil sites and the lack of measured bedrock motions, the ability of a simple 

model to evaluate local geology effects and calculate surface motions remains 

controversial. 

The main objective of this thesis is to evaluate the analytical models in the 

light of recorded strong motions at stations in the Pasadena area, California. To 

this end, the records obtained at four stations in the Pasadena area during four 

past earthquakes are analyzed and the nature of strong ground motions are 

investigated. The two-dimensional model considering inclined propagating P and 

S waves, which is more realistic and closer to the actual seismic environment 

than the one-dimensional model, is studied. The limitations to the applicability 

of two-dimensional models to evaluate the local geology effects on earthquake 

ground motions are discussed. 
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1.1 General Features of Earthquake Ground IIotion 

Earthquake damage to engineering structures at a given location is known to 

depend on the nature of the arriving seismic waves as well as on the properties 

of the structures. For the purpose of engineering design, the Significant charac-

teristics of ground motions are the intenSity of shaking, the duration of strong 

phase shaking and the frequency content of ground shaking. Broadly speaking, 

these characteristics are dependent on three factors: the earthquake source 

mechanism, the material properties of the earth media along which the seismic 

waves propagate from the source to the site, and the local site geology. It 

should be emphasized that the first two factors cover a scale of the order of 

tens of kilometers. while the third factor refers to a local region having a depth 

of apprOXimately 300 meters and a horizontal dimension of less than several 

kilometers. A simple schematic representation of earthquake source region, 

transmission path. and the local site geology is shown in Fig. 1.1. 

The complex nature of the earthquake source mechanism, the highly irregu-

lar structure of the earth's upper mantle and crust, and the need for special 

instrumental measurements make it difficult to clarify our understanding of the 

actual influences on ground motion. For example, the focus of a potentially des-

tructive earthquake is not a point source but is a fault plane with dimensions 

ranging from several kilometers to several hundred kilometers. The fault slip 

does not necessarily take place along a plane, but may take place along an 

irregular surface. Generally speaking, there are four types of faulting. namely. 
\ 
If' 

strike-slip, thrust, normal and subduction faultings. Because of geometrical 

differences the characteristics of strong ground shaking in the vicinity of the 

causative fault may be significantly different for the different types of faulting. 

For example, theoretical studies, and some data, indicate that thrust-type 
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earthquakes may produce significantly stronger near field shaking than strike

slip events. 

Theoretical modeling of earthquakes and strong motion data have also indi

cated that the nature of the seismic waves generated by the fault slipping will 

depend on various source parameters such as the drop in stress across the fault 

during the faulting process, the speed at which the rupture travels over the 

fault surface, the relative direction of rupture propagation. the total fault dislo

cation. the frictional strength of the fault. the dimensions of the slipped area, 

the roughness of the slipping process. etc:. These source parameters infiuence 

the frequency content. amplitude and duration of ground shaking. Further

more, large magnitude earthquakes can be expected to be generated on fault 

areas that are elongated, that is. the length of faulting is much greater than the 

depth. More recently. strong-motion data has been used in seismology to 

deduce properties of the source mechanism (Jennings & Helmberger, 1978). 

This helps us understanq. the general features of the faulting mechanism. How

ever. motions in the frequency ranges (1 Hz and higher) that dominate the 

ground velocity and acceleration are not as yet predicted successfully by deter

ministic models. To replicate motions at these frequencies would require more 

detailed models of the source mechanism and more detailed knowledge of the 

intervening geological structure. Earthquake engineers, on the other hand. have 

made considerable progress in empirical and statistical modeling of strong 

ground motion. 

The seismic waves generated at the source are composed of both dilatational 

(P-wave) and shear (SH and 'EN waves) body waves. As the seismic waves radiate 

from the earthquake source, they undergo certain changes. The amplitudes of 

seismic waves will decrease with distance resulting from geometrical spreading 

as well as from media damping. High frequency waves attenuate more rapidly 
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than low frequency waves. When a body wave encoUnters an interface or boun

dary that separates media of difIerent properties. it will undergo reftection and 

transmission. Mode conversion between P and SV waves usually occurs. and the 

wave whose energy is trapped along the interface may exist. In addition to body 

waves there are also surface waves (Rayleigh and Love waves). whose energy is 

concentrated near the ground surface. The relative contributions of these 

waves to the total ground motion at a point and the corresponding arrival times 

for each type of wave depend on the focal depth of the earthquake source, the 

epicentral distance of the station and the configuration of the surface layers. At 

considerable distances from the earthquake source, P. S and surface waves 

separate from one another reasonably clearly. but near the source they are 

mixed in complicated ways. From past experience. the reader of the seismo

gram or accelerogram may roughly identify the arrivals of P and S waves. How

ever. the exact partition of these waves is not known since the exact source 

mechanism is usually unknown and earth media are neither isotropic. homo·· 

geneous nor linear. 

1.2 In1iuence of Local Geology on Earthquake Ground Motion 

It has been reported that structures on loose soil are relatively more dam

aged during earthquakes than those on solid rock. This damage has long been 

ascribed to the infi.uence of local site geology. The measured records of past 

earthquakes also illustrated the effects of local geology on the recorded motion. 

Gutenberg (1956. 1957) investigated small. distant earthquakes with sensitive 

seismometers located at several nearby sites in Pasadena. California. He 

observed relatively stronger shaking and longer duration at' sites on alluvium 

than at those on crystalline rock, and large variations in ground shaking even at 

sites only a thousand feet apart. He also found that. for earthquake waves hav

ing periods of 1.0 to 1.5 seconds, the amplitude of the motion at sites on fairly 
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dry alluvium more than 500 teet deep was about five times that recorded at the 

Seismological Laboratory of the California Institute of Technology, which is on 

an outcrop of crystalline rock. However, he considered that theoretical treat

ment of problems related to the etIects of local site geology on ground shaking 

during strong earthquakes is difficult, since the surface layers are neither linear 

homogeneous nor bounded by horizontal planes. 

Zeevaert (1964) has observed a dominant period of 2.5 seconds in the ground 

accelerations recorded at Mexico City in May, 1962 during two distant earth

quakes (e.g., Fig. 1.2). Both earthquakes were located at approximately 260 

kilometers from Mexico City and had focal depth of about 20 kilometers. The 

center of the city is on an old lake bed that has several hundred feet of very soft 

soil overlying firm material. The surface of the deep deposit oscillated essen

tially at the fundamental period of vibration of the soft soil. Herrera, et al. 

(1965) demonstrated the ability to calculate this fundamental period by a sim

ple one-dimensional model with vertically propagating sh~ar waves. 

Hudson and Housner (1958) have presented and analyzed ground accelera

tion records obtained at five stations within ~O miles of the epicenter during the 

1957 San Francisco earthquake (Fig. 1.3). The accelerograms in Fig. 1.3 clearly 

indicate the difference of the frequency content between the motions at the Gol

den Gate Park (rock site) and those at other four alluvial sites, having the depth 

of alluvium less than 300 feet. 

The use of one-dimensional analyses has been encouraged by the quantitative 

comparisons of the predictions and observations at a number of sites where the 

local subsoils are soft. such as at Mexico City. San Francisco, Caracas and some 

locations in Japan. But records obtained during the 1971 San Fernando earth

quake at stations on rock and firm alluvium indicate that such marked local 
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geology effects may not occur at these sites during strong earthquakes. 

Based on a study of 15 accelerogams recorded at E1 Centro in southern Cali

fornia, Udwadia (1972) and Udwadia & Trifunac (1973) concluded that the 

characteristics of the source mechanism and travel path play dominant roles in 

determining the details of strong ground shaking at a site, and that no local site 

periodicities could be clearly identified in the spectra, which suggests that 

source and travel path effects overshadow the inftuence of local site geology. 

Hudson (1972) showed the local distributions of the maximum response of nine

teen seismoscopes recorded in the Pasadena area during the 1971 San Fernando 

earthqllake, and concluded that no single feature of local geology plays a dom

inant role in the resulting patterns. Crouse (1973) investigated and compared 

the accelerograms, Fourier amplitude spectra, and response spectra obtained in 

the 1971 San Fernando earthquake from a group of six tall buildings close 

together in Los Angeles and from seven surrounding buildings, two to three 

miles away. He found that local site conditions and soil-structure interaction 

were not major contributors to the observed difference in the response at these 

sites. A general discussion on the effect of local geology on recorded strong 

motions in southern California was presented by Jennir:gs (1973). He recom

mended that concepts such as " the fundamental period of the soil " should be 

applied with caution unless recorded accelerograms have confirmed the 

existence of such site periods. Berrill (1975) examined the Fourier amplitude 

spectra of 71 strong-motion accelerograms obtained from the 1971 San Fer

nando earthquake in the 0.4 to 16 Hz frequency band and found no significant 

difference between accelerations recorded on sediments and basement rock. 

At present, nobody doubts that local geology can inftuence the characteristics 

of earthquake ground motion. However, the question is: Under which cir

cumstances will significant local geology effects occur in a predictable manner, 
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and how adequate will simple models be for evaluating the effects? To answer 

this question on a theoretical basis is not a simple matter since there are many 

complexities in the propagation of seismic waves as well as irregularities and 

inhomogeneities in the geometric configurations and in the mate~al properties 

of the local subsoil media. Hence, it is necessary to assess how well any local 

geology effect can be predicted by the available analytical methods using the soil 

profiles determined by geophysical and geotechnical methods, when compared 

with existing ground motion records. 

Kanai (1952) and Takahasi (1955) were the first to propose a simple analysis. 

The most commonly used methods employ one-dimensional models for horizon

tally layered systems with vertically propagating shear waves. The analyses of 

two-dimensional models involving inclined propagating body waves or horizon

tally propagating surface waves, either considering horizontal layered struc

tures m' irregular structures, have been mainly of academic interest and have 

not been applied to earthquake engineering. The current analytical procedures 

in modeling the local geology efiects are described in the state-of-the-art report 

by Lysmer (1978). A review of analytical models on this topic is given by Faccioli 

and Resendiz (1976). We shall not review the literature .on the analytical 

methods that have been developed to study local geology efiects. Detailed infor

mation can be found in the Bulletin of the Seismologica.l Society of America.. In 

the next section, we shall review some observations and applications of analyti

cal models. 

1.3 ObsenatioruJ and ApplicatiOruJ 

Earthquake engineers are most interested in the relative velocity response 

spectra of the ground motion, hence. tests of the validity of the one-dimensional 

model are in most cases done by comparisons of the observed with the predicted 
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response spectra. The ground motion data available for testing analyses at 

specific sites have been limited. However, some case studies have been done and 

are reviewed here. 

A classical example of the application of the one-dimensional model is given 

by the studies of the motions recorded at Mexico City by Herrera, et ai. (1965). 

The soft ground. which was like jelly in a bowl, oscillated essentially at a rela

tively long period of 2.5 seconds which coincides with the fundamental period 

predicted by the one-dimensional model. However. Tsai and Housner (1970) 

point out that the epicenter of the earthquake was relatively distant so that the 

bowl of jelly was responding primarily to the passage of horizontally travelling 

waves of long wavelength rather than vertically incident waves. A period of 2.5 

seconds corresponds to a half wavelength of about 4 kilometers which is 

sufficiently long for in-phase excitation of most of the bowl of jelly. The data 

recorded at four soil sites and one rock site during the 1957 San Francisco 

earthquake have been studied by Idriss & Seed (1968) using a lumped-mass 

model and equivalent linearization methods. and by Schnabel. Seed & Lysmer 

(1972b) by the one-dimensional continum methods. Schnabel et al. (1972a and 

b) suggested a procedure to predict the motions on soil deposits from the rock 

motions in an adjacent rock outcrop. 

Ground motion data from downhole seismometer arrays have been studied by 

a number of researchers. Data from an array at the Tokyo Station were 

analyzed by Shima (1962) and Dobry. Whitman & Roesset (1971); data from a 31-

m array in Union Bay. Seattle by Seed & Idriss (1970). Tsai & Housner (1970). 

and Dobry. Whitman & Roesset (1971); data from a 186-m array on the 

southwest shore of San Francisco Bay by Joyner. Warrick and Oliver (1976). and 

data from a 40-m array at the Richmond Field Station on the margin of San 

Francisco Bay by Johnson and Silva (1981). In all cases general agreement was 
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claimed between observations and the predictions of simple one-dimensional 

analyses, but the amplitude of the motion was small and there are still appreci

able errors in the details of the motion. It should be pointed out that the one

dimensional analysis has two parameters that can be adjusted for each layer: 

stiffness and damping, so that some degree of agreement can always be 

obtained, if the recorded motions are known. 

Joyner. Warrick and Fumal (1981) studied the data obtained from the 1979 

Coyote Lake. California. Earthquake. with local magnitude 5.9, and found no 

significant nonlinear soil behavior to occur during the earthquake. In an 

attempt to estimate quantitatively the effect of local geology on ground motion 

near San Francisco Bay. Borcherdt (1970) applied a spectral ratio method based 

on the theory of linear systems to the data obtained from nuclear explosions. 

This spectral ratio is the ratio of the absolute value of the Fourier transform 

obtained for a recording to that obtained from a simultaneous recording on a 

nearby bedrock location. Rogers &. Hays (1978) and Hays, Rogers &. King (1979) 

employed this method and used the data from nuclear explosions to study the 

consistency of site transfer functions between rock and soil sites for different 

events recorded at the same site. 

The effect of local geology has been included in statistical studies of ground 

motion indices (e.g., Seed, Ugas &. Lysmer, 1974; Trifunac &. Brady, 1975; Tri

funac. 1976; and Seed, Murarka. Lysmer &. Idriss. 1976). To take into account 

the presumed effects of local geology on the ground motion, a site-structure 

resonance coefficient (S coefficient) was first added to the base shear equation 

in the 1976 Uniform Building Code. Le., 

V=ZlKCSW. 

The S coefficient depends on the degree of similarity between the fundamental 



- 13-

period of vibration of the structure (T) and the fundamental period of the soil 

deposits (Ta) on which the structure is founded. Based on the current code, S 

can vary from 1.0 to a maximum of 1.5, depending on the ratio of T / Ts' How

ever, the code does not define the meaning of fundamental period of the soil. 

A simplified procedure for estimating the fundamental period of a soil profile 

based on the one-dimensional analysis is suggested by Dobry, Oweis and Urzua 

(1976). However, the spectra of California earthquakes usually do not show a 

dominant ground period. A site-matching process based on selecting individual 

strong motion records whose contributing factors approximately match those of 

the given site is suggested by Jennings and Guzman (1974). In considering local 

geology effects, the current earthquake resistant design process for major pro

jects usually includes site response analyses and/or a site-matching procedure. 

For the site response analyses, the determination of the fundamental period of 

a given site is not an easy problem not only because of the simplifications 

employed in the models but also because of doubts about the degree to which 

laboratory or geotechnical measurements of soil properties are representative 

of the behavior of the soil during strong earthquakes. 

Since 1975, the subsoil profiles at some accelerograph stations located in the 

United States have been investigated by Shannon & Wilson, Inc. and Agbabian 

Associates (SW-AA) under a contract with U.S. Nuclear Regulatory Commission 

and are published in several reports. A report by SW-AA (1980) summarizes the 

geotechnical data that were obtained from 83 accelerograph stations investi

gated during the period 1975-1979. It may be possible to test the reliability of 

the analytical approaches by means of these geotechnical data by comparing 

the calculated results with recorded ground motions. 
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1.4 Outline of This Thesis 

This thesis is divided into five chapters. Chapter 1 is the Introduction. 

Chapter 2 provides a basic review of the theory used to calculate the 

response of a multilayered structure to inclined incident body waves from the 

underlying half-space. The matrix method is reformulated to be suitable for 

using complex wave velocities, complex moduli and complex wavenumbers to 

analyze the wave attenuation effects in the soil. The transfer function between 

the free surface and the half-space outcrop for a single incident wave from the 

half-space at a specified incident angle is defined to represent the effect of the 

layered structure on the response to the incident wave. The effects of layer 

damping and incident angle on the transfer function are illustrated by two 

numerical examples: a single layered system and a multilayered system, The 

transfer functions for different incident angles and for dit!erent incident waves 

are also compared. The limitations of applying two-dimensional model to ev:c..lu

ate the local geology effects on earthquake motions are discussed. 

In Chapter 3, all the data recorded at four stations in the Pasadena area dur

ing four past earthquakes, i.e., the 1971 San Fernando, the 1970 Lytle Creek, the 

1968 Borrego Mountain and the 1952 Kern County earthquakes, are analyzed to 

investigate the nature of strong ground motions and examine local geology 

effects. The first shear wave and surface wave arrivals are approximately 

identified by using three components of recorded motions. The variation of the 

frequency content of recorded motions on the horizontal plane with the orienta

tion of the accelerograph is shown by the maximum and the minimum Fourier 

amplitude spectra. The Fourier amplitude spectra of the accelerations recorded 

at each station during different earthquakes are compared to investigate possi

ble site periods. The accelerograms recorded at two nearby stations are investi-



- 15-

gated in detail to study the spatial variations of ground motions. 

In Chapter 4. the 1971 San Fernando earthquake records are used to evaluate 

the analytical model for a local site in the Pasadena area. The observed site 

transfer function is obtained by dividing the Fourier amplitude of the motions 

at an alluvial site by that at a rock site. The features of the observed site 

transfer functions are discussed. Due to the significant difference of the trailing 

motions between the rock site and alluvial sites. we also discuss the effects of 

local geology on the surface wave propagations. Observed amplitude ratios are 

compared with the computed amplitude ratios from the analytical model given 

in Chapter 2, having part of the soil properties available from geotechnical 

investigations. A systematic frequency domain identification technique is then 

employed to find the optimal model parameters which produce a least-squares 

match between the observed and the computed amplitude ratios. The quality of 

the analytical model is discussed and demonstrated by a comparison of com

puted and recorded motions. 

The summary and'conclusions are given in Chapter 5. Some suggestions for 

future research are also presented. The symbols used in Chapter 2 are listed in 

Appendix A. A brief description of the numerical minimization of a function of 

several variables by the method of steepest descent. which is adopted for the 

identification technique in Chapter 4. is given in Appendix B. 
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CHAPrER2 

BODY 'WAVE PROPAGATION IN 1lULTIIAYERED JlEDIA 

2..1 Introduction 

This chapter provides a basic review of the theory used to calculate the 

response of a multilayered medium to incident body waves from the underlying 

half-space. We consider a semi-infinite medium consisting of N parallel, homo

geneous layers overlying a half-space. The system is assumed to be linear and 

the problem is studied in the frequency domain by finding the steady state 

response. Finding the transfer functions between the free surface and the half

space outcrop is essential in studying the influence of local geology on the fre

quency content of recorded earthquake ground motions. There exist some 

different methods for finding the transfer functions, however, the matrix formu

lation based on the plane wave propagation theory is adopted herein. In this 

chapter, we will not attempt to describe the historical development of the solu

tions we will present, but instead we will give a complete analytical method used 

in the numerical examples and our later local site study. 

For readers not familiar with wave propagation theory, a number of texts, 

e.g., those by Ewing, Jardetzky & Press (1957), Miklowitz (1978), Aki & Richards 

(1980) and Ben-Menahem & Singh (1981), present the basic formulation of wave 

propagation problems. To gain an insight into the behavior of plane waves pro

pagating in viscoelastic materials, see the papers by Buchen (1971) and Bor

cherdt (1973, 1977). Some basic equations and solutions will be used directly 

without explanations in this chapter. Appendix A gives a list of notations used 

in this chapter. 

For a system consisting of N parallel. homogeneous layers overlying a half

space. there are N+ 1 boundaries, including the free surface. If a plane 
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harmonic wave (SH, SV or P) approaches from the half-space at a certain angle 

of incidence, part of the wave is refiected back into the half-space and part is 

transmitted into the stratified medium above. Each layer has upgoing waves 

and downgoing waves such that the following boundary conditions are satisfied: 

continuity of the displacements and stresses at each interface (welded contact), 

and vanishing of the traction forces at the free surface. These lead to 2N+1 

boundary conditions for SH waves and 4N+2 boundary conditions for SV and P 

waves. This problem is usually solved by the Thomson-Haskell matrix method 

(Thomson, 1950; Haskell, 1953). However, the matrix formulation can be 

further Simplified for an incident SH wave. 

The Thomson-Haskell matrix method was originally derived to compute the 

phase and group velocities of Rayleigh and Love waves in a layered structure. It 

involves solving the phase velocity dispersion equations and has been reformu

lated several times so that it can be efficiently implemented on the digital com

puter. The method has been extended to study the crustal refiections and 

transmissions of body waves in the earth crust. It can also be used to study. 

local geology effects. Although this method can be found in the literature, 

different notations and formulations have been adopted by different research

ers. Therefore, the method is reformulated in this chapter. To take into 

account the attenuation effects of anelastic media, complex wave velocities, 

complex moduli and complex wavenumbers are used. 

In Section 2.2.1 of this chapter, we shall first demonstrate the matrix formu

lation for the simple case of a vertically incident SH wave from the underlying 

half-space. Because of its simplicity, this type of analysis is often carried out in 

the engineering studies. We then consider SH wave incident at a certain angle 

from the half-space in Section 2.2.2. The Thomson-Haskell matrix formulation 

for incident P or SV wave at an arbitrary angle is outlined in Section 2.3. The 
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horizontal and vertical transfer functions between the free surface and the 

underlying half-space outcrop are defined. A numerical computational pro

cedure for the transfer functions of incident P or SV wave. which considers ane

lastic attenuation effects. is presented. 

In Section 2.4. the general features of transfer functions and the effects of 

material damping and incident angle are investigated in both the frequency and 

time domains by two numerical examples: a single layered system and a 7-

layered system. The transfer functions for different incident angles and for 

different incident waves are also compared. Finally. in Section 2.5 we shall dis

cuss how to apply the two-dimensional model to evaluate local geology effects on 

earthquake ground motions. Actual seismic environment in a local geological 

structure during a strong earthquake is more complex than what the model 

assumes. Even when surface waves are not considered and the model is 

appropriate for describing the local geological structure. the transfer function 

between the free surface response and the half-space outcrop response to multi

ple incident waves arriving at ditl'erent times and different angles is not exactly 

the same as that for a single incident wave at a specified incident angle. Some 

numerical examples are given to illustrate this. 

2.2 Incident SH Waft 

2.2.1 Multilayered System with Vertically Incident SH Waves 

The system is shown in Fig. 2.1. It consists of N horizontal layers of viscoelas

tic materials overlying a viscoelastic half-space. We consider the steady-state 

response of the system excited by vertically incident homogeneous harmonic SH 

waves. By definition. the wave is said to be homogeneous if its propagation and 

attenuation vectors are parallel (Borcherdt. 1973). For a homogeneous SH wave 

approaching vertically. the transmitted and reflected waves are also 
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homogeneous and vertically propagating. All displacements are horizontal in 

the y-direction and all the motions at pOints on the same horizontal plane are in 

phase and of equal amplitude. Each layer is homogeneous. isotropic and is 

characterized by the complex shear wave velocity. V. (or by the elastic shear 

wave velocity. Ca. and the quality factor. Q). the thickness. H. and the mass den-

sity. p. 

The following formulation of this problem is similar to those presented by 

Tsai (1970). Roesset (1970). and Schnabel et al. (1972). However. the Viscoelastic 

model used here is not restricted to any specific type such as the Voigt type. 

Referring to the coordinate system in Fig. 2.1. we can write the displacements 

within the jth layer in the form 

(2.2.1) 

where fA! is the frequency. i ::...r=r and "sj is the complex shear wavenumber in 

the jth layer. which is related to the complex shear wave velocity. V.j • through 

the relation 

(2.2.2) 

The first term in (2.2.1) represents the superposition of all upgoing waves in the 

negative zrdirection and the second term represents the superposition of down

going waves in the positive zrdirection. Both terms satisfy the wave equation 

{/v/BZ2 :: l/V; B2v/Bt2. The amplitude coefficients aj and bj are complex

valued. The shear stresses within the jth layer are given by 

( t) - BVj . - [ i "I) zJ b - i "I) z)] iColt 
7'j Zj. :: J.Lj Bz :: 1 J.Lj "sj aj e - j e e (2.2.3) 

where Jli is the complex shear modulus and 7'j represents the shear stress u'EJ in 

the y-direction. By solving the boundary conditions at the interface between the 

jth and the j+1th layers. Le .. 
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(2.2.4a) 

and 

(2.2.4b) 

the following recursion formulas are obtained: 

1 ( ) i.eaJHJ 1 ( ) -i,caIHJ a.. 1 = - 1 +a· a.. e + - 1-0.' b· e J+ 2 J l 2 J J (2.2.5a) 

1 ( ) l,cofH· 1 ( ) -i.c.JHj b· 1 = - i-a· a.. e "' J + - 1 +a· b· e J+ 2 J J 2 l J (2.2.5b) 

where aj is the complex impedance ratio between the jth and the j+lth layers 

and is given by 

(2.2.6) 

The recursion formulas in (2.2.5) can be written in the following matrix form: 

!~;::} = [ a]j [ H ]j !~;}, j=1.2,··· ,N (2.2.7) 

where 

(2.2.8a) 

and 

(2.2.8b) 

At the free surface, the shear stress is zero, hence from equation (2.2.3) we 

have 

(2.2.9) 
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where ao is the total displacement amplitude at the free surface. Beginning with 

the surface layer, repeated use of (2.2.7), fll+l and bl+ l can be expressed in 

terms of aI, Le., 

[a j +l
) = [ ex l [ H l ... [ ex]1 [ H h [a a 1

1
) , j=1.2.··· ,N bj +l J J (2.2.10) 

or 

(2.2.11) 

where 

(2.2.12) 

It is noted that Aj(c.». Bj(c.» are complex and functions of frequency c.>. The 

transfer function between the motions at the top of layer j and the top of layer 

k is defined by 

(2.2.13) 

By using (2.2.1) and (2.2.11), TFO/k) can be written as 

(2.2.14) 

The transfer function between lhe motions at the free surface and the top of the 

half-space is then given by 

(2.2.15) 

If one considers the case of the half-space without the layered structure on its 

top, the motion at the free surface of the half-space due to the incident wave of 

flN+l exp(i iCaN+l zN+l + ic.>t) will be 2 aN+l exp(ic.>t). Consequently, we have the fol-

lowing transfer function between the motions at the free surface and the half-

space outcrop: 
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(2.2.16) 

This transfer function is often used to indicate the influence of local site geology 

on earthquake ground motions. The modulus of TR(t:.» gives the ratio of the 

amplitude of the motion on the top of the layered soil overlying the bedrock 

subject to vertically incident SH waves to the amplitude of the motion that 

would be at the surface of the bedrock if there were no superficial layers. The 

plot of the modulus of TR(t:.» versus frequency G.l is called the amplitude ratio 

spectrum herein. 

The explicit expressions for the transfer functions . defined above in terms of 

layer properties are too long and complex. However. the numerical computation 

of these functions. using the matrix form. is simple on a digital computer. It is 

seen from the preceding derivation that transfer functions represent the system 

characteristics, they are the ratios of displacements as well as velocities and 

accelerations at two different points in the system. The complex shear modulus 

representing the viscoelastic property of the jth layer is defined by 

(2.2.17) 

and the complex shear wave velocity in the jth layer is given by 

(2.2.18) 

where J.Lj ,Qj are the shear modulus and the quality factor of the jth layer, 

respectively. and Csj = ~J.Lj1 Pj is the elastic shear wave velocity in the jth layer. 

The quality factor, Q, is usually assumed to be independent of frequency. 

Strictly speaking, the Q's are not constant at all frequencies and the velocity 

must be dispersive in attenuating media because of the causality (Futterman, 

1962). However. since the frequency-dependence can be made weak over a finite 

frequency band of engineering interest, the effect of this assumption is 
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negligible. Furthermore. the quality factor is commonly used in Seismology. 

while the critical damping ratio. {d. is used by engineers. For small material 

damping. they can be related through the following equation: 

for Q-l« 1 . 
~ 

(2.2.19) 

For either the shear wave or the longitudinal wave, we can write the complex 

wave velocity. V. as 

(2.2.20) 

and the complex wavenumber . .ICc. as 

ICc = CJ/V = #CR + i #CI. #CR > O. #CI ~ 0 . (2.2,21) 

where c = Cs = vj..J./ p for the shear wave and C = cp = v (r.+2j..J.)I p for the longitu

dinal wave. A is the Lame's constant. From (2.2.20) and (2.2.21). the real and 

imaginary parts of V and ICc are given by 

(2.2.22) 

and 

(2.2.23a) 

(2.2.23b) 

The real parts are positive and the signs of imaginary parts should be chosen 

properly to obtain attenuating waves along the propagation direction. Since we 

use exp(iCJt) to represent the harmonic waves in (2.2.1). VI is ~ 0 and #cI is ~ O. 

On the other hand. the opposite sign should be used if exp( -ic.>t) is employed. In 

fact. the transfer functions obtained in two cases are complex conjugate and 

the amplitude ratios are identical. However. to obtain the transfer function in 

the time domain. the expression of inverse Fourier transform should be con-
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sistent with the time factor employed to derive the transfer function', 

2.2.2 lIultilayered System with Inclined Incident SH WaftS 

We now consider the response of a layered system due to an inclined incident 

SH wave from the half-space at an arbitrary angle aN+1' The layered system and 

the coordinate system are shown in Fig. 2.2. The angle aj is real in an elastic 

layer except when total refiection occurs. However, total refiection does not 

occur in a layered structure having larger shear wave velocity at the deeper 

layer. The angles 9 j is in general complex in a viscoelastic layer, and we can use 

the propagation vector, Pj' and the attenuation vector. Aj , to interpret 9J. The 

angle formed by the propagation vector in the jth layer with the normal to the 

layer boundary is denoted by IjDj. while "Yj is the angle between the propagation 

and attenuation vectors in the jth layer. 

Referring to the coordinate system in F'ig. 2.2. the displacement field in the 

jth layer can be written in the form 

( ) [
Ie JZ' -ie JZI] -Le ]I: 1'" Vj X,Zj,t = aj e IZ I + bj e IE e lEI e w. (2.2.24) 

in which the vertical shear wavenumber. ICazl' and the horizontal shear 

wavenumber, 04Cu j, in the jth layer are defined by 

(2.2.25a) 

and 

(2.2.25b) 

The angle 9 j is not necessary real and is related to 9N+l through Snell's law. The 

solution in (2.2.24) is the sum of upward and downward propagating SH waves, 

both are propagating in the positive x-direction. The shear stresses within the 

jth layer are given by 



x 

VI 

Hl P1 ' Val Zl 

ve 
H2 P2 • Va2 ze 

PN,VaN 

incident SH wave 

aN+! exp[i(lCszN+lZN+l +CJt)] exp[-ilCsxN+lX] 

-29-

upgoing wave 

Gj 

reflected SH wave 

Free Surface 

Layer 1 

Layer 2 

Layerj 

Layer N 

bN+l exp(i( -1CszN+lZN+l +CJt)] exp( -ilGrxN+lX] 

Fig. 2.2 N-layer system with inclined incident SH wave. 
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(2.2.26) 

By solving the boundary conditions in (2.2.4). we obtain Snell's law, which will be 

discussed later. and the following recursion formulas: 

1 ( ) i.e ... E, 1 ( ) -i.e lE, 
(l'+1 = - 1+0.' (l. e·" + - 1-0.' b· e ft J 2 J J 2 JJ 

1 ( ) i.e ,E, 1 ( ) -i.e jE b'+ l = - 1-0.' (l. e az + - 1 +0.. b· e II: J 
J 2 J J 2 J l 

where the complex impedance ratio ai is defined by 

= Pj Vsj cos9 j 

Pj+lVsj+1cos9j+l 

(2.2.27a) 

(2.2.27b) 

(2.2.28) 

which reduces to that in (2.2.6) when 9 j = 9j +1 = O. The recursion formulas in 

(2.2.27) can be written in the same matrix form as (2.2.7) except that Cl:j in 

(2.2.8a) is given by (2.2.28) and the matrix [ H ]j in (2.2.8b) is replaced by 

(2.2.29) 

The transfer functions derived in (2.2.14). (2.2.15) and (2.2.16) are also applica

ble to this case provided that (2.2.28) and (2.2.29) are used to compute (2.2.12). 

Snell's law, obtained by solving the boundary conditions. is 

/C = /Cuj :: iCuNH. j::l,2,'" ,N . (2.2.30a) 

From (2.2.25), this can also be written as 

(2.2.30b) 

where aj is in general complex for waves in a viscoelastic layer and we can intro-

duce two angles, 'Pi and ?'i' to interpret aj . We can write (Borchert, 1973, 1977: 

Krebes & Hron. 1980) 
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I(;uj = Pzj - i Azj' "-zj = PZj - i AzJ' j=l,2, ... ,N+l 

Pxj = IPjl sinY'j' AXj = IAjl sin(Y'j -/'j) 

P zj = I Pj I COSY'j , AzJ = I Aj I cos( Y'j - 'Yj) 

(2.2.31) 

(2.2.32a) 

(2.2.32b) 

where I Pi I and I Ai I are the magnitudes of the propagation vector, Pi' and the 

attenuation vector, Ai' respectively. They can be expressed in terms of 

.. 2 CJ2 [ IP'I =-
J c6i 

where ~j is defined by 

1 + ..j 1 +Qj-2/ cos2'Yi 

1 + v'l+Qj 2 
(2.2.33a) 

(2.2.33b) 

(2.2.33c) 

Equations (2.2.30a) and (2.2.31) lead to the viscoelastic form of Snell's law, Le., 

Ax and Px must be continuous across the layer boundary and hence we have 

(2.2.34a) 

and 

(2.2.34b) 

Given Y'N+l and 'YN+l in the half-space, IPN+1 1 and 1~+1 \ can be computed 

. from the properties of the half-space by using the relations in (2.2.33). The 

complex value of I(; is obtained from the values of Px and Ax by (2.2.30a) and 

(2.2.31). From I(; and given layer properties, we can compute 'G.zi for the jth layer 

by using (2.2.25b) and (2.2.30a). The values of I(;szj for different layers are then 



used to compute the transfer functions. This procedure does not involve finding 

the angles 9'l and ')'j in each layer. To obtain '3 and ')'l' we have to solve two 

equations in (2.2.34) simultaneously, since I Pli and IAll are functions of ')'l' 

It is interesting to note that the angle SJ is real and equal to 9'j. if the waves in 

the jth layer are homogeneous (Le., ')'j = 0). This can be proved as follows: For 

homogeneous waves, the propagation and attenuation vectors lie in the same 

direction, from (2.2.32) and ')'j =0 we have 

p. A· 
tan\", = .:..!L = ::!L 

J Pzj Azj 

On the other hand. according to (2.2.25a) and (2.2.31), we can write 

Icg' p . - i A . tanE>. = __ l = Xl Xl 
. J /Cszj PZi - i Azj 

It follows from (2.2.35) and (2.2.36) that 

(2.2.35) 

(2.2.36) 

(2.2.37) 

It is also noted that SH waves in the layered system are in general inhomogene

ous, even though the incident SH wave from the half-space is homogeneous. 

Furthermore, if any layer has the same quality factor as the half-space and the 

incident SH wave from the half-space is homogeneous. the SrI wave is homogene

ous within that layer. Given layer properties of the system. the transfer func-

tions are functions of ~, aN+1 and ')'N+1. and reduce to those for the normal 

incidence in Section 2.2.1 when E>N+1 = ')'N+l = o. 
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2.3 Incident P or SVWa'9'e 

In the case of incident P or SV wave, two potentials which satisfy the wave 

equation can be used. The displacements and stresses can be expressed in 

terms of two potentials. ~ and it. The problem of refiection and transmission of 

P and SV waves at an interface will not be discussed here. but for more detail on 

this. one can refer to standard texts. e.g .. Ewing et al. (1957). Miklowitz (1978) 

and Aki & Richards (1980). We now consider the layered system shown in 

Fig. 2.3. A plane SV wave is incident from the half-space at an arbitrary angle. 

@N+l' Because of the coupling of SV and P waves. in each layer a pair of P waves 

(upgoing and downgoing) and a pair of SV waves (upgoing and downgoing) will 

appear. The following formulation is similar to that presented by Thomson 

(1950) and Haskell (1953. 1962). However. displacement potentials are used 

here. A similar formulation using time factor exp(-iCJt) and displacement poten-

tials is shown in the texts by Brekhovskikh (1960. 1980). We shall formulate this 

problem in such a way that the attenuation effect can be taken into account 

easily in the numerical computations. We shall use time factor exp(iCJt). This is 

analogous to that by Silva (1976). Although Fig. 2.3 only shows incident SV 

waves from the half-space. in what follows we shall see that the formulation for 

incident SV waves is also applicable to the problem for incident P waves. 

Referring to the notation and the coordinate system in Fig. 2.3. we now con-

sider layer number j. According to plane harmonic wave solutions. the expres-

sions for the potentials of the P and SV waves in the jth layer can be written as 

(omitting the index j for brevity) 

(2.3.1a) 

.r. _ .T. .T. _ [B i CIE Z + B - i ClV: z] - i Cu % ir,n 
'l' - 'l' 1+'l'2 - 1 e 2 e e e (2.3.1b) 
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Fig. 2.3 5-layer 'Yltem with inclined incident SV wave. 
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where ~ 1, V 1 represent the upgoing waves, ~ 2. V 2 represent the downgoing 

waves, and 

#Cps = #Cp sin~ . /Cp2 = #Cp cos~ . ~s + 4z = ~ (2.3.2a) 

(2.3.2b) 

#Cp and "s are complex wavenumbers associated with the P and SV waves, 

respectively, and related to frequency, eJ, complex P wave velocity. Vp , and com

plex shear wave velocity, Va. through the relations 

(2.3.3) 

As in the case of SH waves, Snell's law gives 

" = /Cps = ICn = #Cp sin~ = "ssin9 (2.3.4) 

where the horizontal wavenumbers, /Cps and leu.. are equal in all layers and a 

number /C is introduced to represent the common quantity of all layers. Since 

all the harmonic waves will contain one common factor exp[i(-/cx+eJt)]. we shall 

omit it for simplicity and rewrite (2.3.1) in the form 

(2.3.5a) 

(2.3.5b) 

Also from (2.3.1) we have the following relations: 

aiP = _ i Ie ~ 
Bx . 

a ill . ill -=lCo) 
Bt 

(2.3.6a) 

o'it = _ i /C V 
ax ' 

air = i Co) 'it at (2.3.6b) 

V2~ +4~ =0, V 2 'it + Ie; V =0. (2.3.7) 

Using (2.3.1). (2.3.5). (2.3.6) and (2.3.7), the components of displacement. u 

and w. are given by 



u = a~ I ax - c* I az = - i IC cP - c* I aZ 

and 

w = a~ I aZ + c3'¥ I Bx = a~ I oz - i IC 'li 

. = i 1Cp1l coslCp.z (AI - Aa) - ICpa sinlCp.z (AI + Aa) 

- i " COSICazZ (B1 + ~) + /C sinJcazz (B1 - Ba) . 

Similarly. the stress components are given by 

C1 lIZ :: r.. V 2 cp + 'ZjJ. ~cp I aZ2 + 'Zf.J. 02'li I aZaX 

and 

(2.3.11) 

The displacements and stresses at the bottom of the jth layer. Le. at Zj :: Hj can 
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be conveniently written in the following matrix form: 

(2.3.12) 

where 

(2.3.13a) 

51' = sin(.tps Hl) , S. = sin(,. Hl) , (2.3.13b) 

t=2pV;IC, ~=pv;(Kfl-IC!.). (2.!3.1!3c) 

This matrix form may be denoted as 

!X(~)t = [J(~)ll g. J=1.2.···.N. (2.3.14) 

We may call VC(Hj)~j displacement-stress vector, ~ Y ~j potential vector and [J(HiH 

propagation matrix in the jth layer. The propagation matrix is evaluated from" 

and the layer properties of the jth layer. In f act. the matrix form for the dis-

placements and stresses at z=Zj within the jth layer can be written as 

(2.3.15) 

and (2.3.14) is the value of (2.3.15) at Zj = Hi . 

The boundary conditions at the interface between the jth and the j-lth layers 

require continuity of the displacements and stresses, Le., 

(2.3.16) 

By setting Hj = 0 in (2.3.13), [J(On can be obtained and (2.3.16) is written as 



u(H j - 1) f_iJc a -iIcsz 

o t+~) w(Hl- 1) 0 ilcpz 0 -iJc A1-Ae 
O'zz(Hj - 1) = ~ 0 ~lCsz o B1-B2 . 

(1 zx(Hj - 1) o ~/Cpz 0 -( l Bl+~ i 
j-I 

Solving the set of linear equations in (2.3.17). we have 

or 

where [J(On-1 is given by 

u(Hj - 1) 

w(Hj - 1) 

(1ls(Hj- 1) 

uzx(Hl- 1) 
J-l 

it a -1 0 
1 0 i~/ "Pz 0 1C/lCpz 

[J(O) Jr1 = pf.J2 -i~/1Cn 0 ICIICa 0 

o ~ 0 lj 

(2.3.17) 

(Z.3.18a) 

(2.3.18b) 

(2.3.19) 

It is noted that the determinant of [J(On is 1CpzICaJ)C,)2, which is not equal to 0 for 

CJ# O. hence the inverse of [J(O)]j exists and is given in (2.3.19). Substituting the 

results in (2.3.1Bb) into (2.3.14), we obtain the following recurrence formula: 

j=1.2 ..... N (2.3.20) 

or 



u(Hj) 
w(Hj ) 

U zz(Hj ) 

uzx{Hj) . 
J 

where the matrix [a]j is 

= 
all a12 a13 a14 

a21 a22 a23 a24 

a31 (132 a33 a34 

(141 a42 (143 a44 j 

u(Hj - 1) 

w(Hj _1) 

uZZ(Hj - 1) 

U ZX(Hj-1) . 
J-l 

After a thorough operation of (2.3.22). the elements of [ a ]j are given by 

(2.3.21) 

(2.3.22) 



It is interesting to note that the elements of [a]j are symmetric With respect to 

the line drawn from 1141 to 11 14. 

By applying (2.3.20) repeatedly. the displacement-stress vector at the bottom 

of the jth layer is related to that at the free surface through the folloWing rela-

tion: 

(2.3.24) 

where PC(O)h is the displacement-stress vector at the free surface and given by 

(2.3.25) 

Uo and Wo being the horizontal and vertical displacements at the free surface, 

respectively. From (2.3.24) and (2.3.16) for j=N, the displacement-stress vector 

at the top of the half-space. fX(O)lNll' is equal to fX(HN)lN and given by 

(2.3.26) 

where the 4x4 matrix [ A ] is defined by 
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[ A ] = [ a ]N [ a ]N-l ... [ a h . (2.3.27) 

Denoting UN and wN as the displacements at the top of the half-space, from 

(2.3.26) we have 

(2.3.28a) 

(2.3.28b) 

Equations (2.3.28) show the coupling between the horizontal and vertical dis

placements. The coefficients in (2.3.28) are dependent on the angle of incidence 

for incident P waves or incident SV waves. 

The potential vector fY!N+l in the half-space are related to the displacement

stress vector PC(HN)lN at the top of the half-space by (2.3.18). that is 

(2.3.29) 

where 

(2.3.30) 

Ar+1• Af+l, Br+1 and Bf+l being the amplitudes of displacement potentials in 

the half-space. Substitution of (2.3.26) into (2.3.29) gives the following relation 

between the potential vector in the half-space and the displacement-stress vec-

tor at the free surface: 

(2.3.31) 

where the matrix [13] is defined by 



[ B ] = [J(O) ]N".?1 [ X ] . (2.3.32) 

Expanding (2.3.31) and using the notations in (2.3.30). we have 

(Z.S.33a) 

(8oS.3Sb) 

BN+l BN+! - -B -B 
1 - 2 - 51 Uo + 52 Wo (2.3.S3c) 

(Z.3.33d) 

We now deal with the problems of incident P and SV waves separately. For 

notations. refer to Fig. 2.4. 

(a) Incident P Waves: For the case of incident P waves with a potential amplitude 

Ar+l. we' set Bf+! = 0 in (2.3.33). Then the four unkno",-ns. Aj+l (reflected Pinto 

the half-space). B~+l (reflected SV into the half-space) and two components of 

displacernent. Uo and woo at the free surface can be determined in terms of Af+l 

by solVing a set of four equations in (2.3,33). Two solutions of them, Uo and woo 

are given by (using the subscript p to indicate tllis particular case) 

(Z.3.34a) 

[- -] N+! wop = - 2 B51 + B41 AlP IDp (2.3.34b) 

where 

(2.3.35) 

Knowing the angle of incidence for incident P waves, ~+l' from which the matrix 

[B] is evaluated, and the incident potential amplitude. Af;l, we can compute the 

surface displacements from (2.3.34). It is noted that equations (2.3.34) give two 

crustal transfer functions relating the output, Uo or woo to the input Afp+l. These 

transfer functions depend upon the layered structure and the angle of 

incidence. 
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Dividing two crustal transfer functions by each other, we obtain a ratio which 

is called the crustal transfer function ratio: 

(2.3.36) 

This ratio is independent of the incident potential and depends on the fre-

quency, the layered structure and the angle of incidence. The crustal transfer 

ratio spectrum, which is a plot of crustal transfer function ratio versus fre-

quency, has been used by seismologists in the study of crustal structure. 

To study the effect of the layered structure on the motions observed at the 

free surface, let us see what the response would be at the top of the half-space 

excited by the same incident P wave if ·there were no superficial layers . .Let 

u;, and w~ be the displacements at the half-space outcrop and A2p ,Bip be the 

potential amplitudes for the reflected P and SV waves due to the incidence of P 

wave with Arp+i. respectively. 1n this case, we have Bf+1 :: a zz = (J n ;:: 0 in (2.3.17) 

and 

up -ilC 0 -ilCsz 0 
AN+l+~ Ip P 

wp 0 i/Cpz 0 -ilC AN+l_~ Ip P 

0 = ( 0 ~1Csz 0 -B~p 
0 o ~/Cpz 0 -( N+l B~p 

Solving the four equations in (2.3.37), we have the follOwing solutions: 

and 

A~ - [ - ~ + f!lCsz"Pz l AN+1 
~p - j,'2 2 Ip 

to + t ICsz/Cpz N+l 

(2.3.37) 

(2.3.3Ba) 

(2.3.3Bb) 



.45. 

(2.3.39a) 

(2.3.39b) 

where the coefficients CuP and Cwp are given by 

C -' [2 ("PzlCaz «(-IC()] 
up-l ~ 2 

~ + {lCazlCpz N+l 
(2.3.40a) 

(2.3.40b) 

The subscript N+i indicates that the corresponding value is evaluated from the 

properties of the half-space. From (2.3.34) and (2.3.39), the horizontal and 

vertical transfer functions can then be defined and obtained, they are 

(2.3.41) 

and 

(2.3.42) 

TRhp and TRvp are complex-valued and functions of frequency, they depend on 

the layered structure and the angle of incidence of P waves. 

(b) Incident SV Waves: For the case of incident SV waves, we set ANi = 0 in 

(2.3.33). Using the subscript s to indicate this case and following the same 

derivations as those for incident P waves, we have two components of displace-

ment, UQs and WOs, at the free surface which are given by 

(2.3.43a) 

- -] N+l 
WOs = 2 [Bll + B21 B1s IDs (2.3.43b) 

where 

(2.3.44) 

It is noted that the expression for DB in (2.3.44) is identical to that for Dp in 
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(2.3.35). However. they are evaluated in two difi'erent cases and hence have 

different values. The crustal transfer function ratio is given by 

(2.3.45) 

The displacements ~ and w~ at the half-space outcrop and the potential ampli

tudes A2s and B2s of the reflected P and SV waves in the half-space due to 

incident SV waves with potential Bra+1 are given by 

and 

A~ -lr -:2 ~ ~lCpz I BN+l 
'"'2s - ~ t2 Is 

I, +.. ICszICpz N +1 

W ' - r BN+1 
• - "'WB Is 

where the coefficients Cus and Cws are defined by 

(2.3.46a) 

(2.3.46b) 

(Z.3.47a) 

(Z.3.47b) 

(Z.3.48a) 

(2.3.48b) 

The horizontal and vertical transfer functions. TRhs and TRw. are given by 

(2.3.49) 

and 

(2.3.50) 
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To include the anelastic attenuation effect, we should use the appropriate 

complex layer properties in computing the transfer functions. In viscoelastic 

media, the wave velocities, V. and Vp , in (2.3.3) are complex-valued and are given 

by (2.2.20). As discussed in Section 2.2.2, Snell's law becomes two parts for the 

wave propagation in viscoelastic media, the complex angles being interpreted by 

the angles of propagation and attenuation vectors. The half-space can be 

viscoelastic; the incident P or SV waves may be homogeneous or inhomogeneous 

within the half-space; the directions of the attenuation and propagation vectors 

of the incident wave must be specified. 

To compute transfer functions, we have to separate the frequency

independent terms from the matrices and calculate these terms first. The fol

lowing procedure is adopted and built into the computer program: 

(1) Input the properties of layered structure, i.e., the elastic P and S wave 

velocities, the density, the P and S quality factors, and the thickness for 

each layer. The complex P and S wave velocities are then obtained from 

(2.2.20) or (2.2.22). Normalized wavenumbers with respect to frequency, 

Le., /Cplc.> and ICs/c.>, in each layer can be calculated by using (2.3.3). 

(2) Specify incident angles (9'N+l and 'YN+l) and the incident wave type (P or SV 

wave). Normalized horizontal wavenumber lelc.> is then computed from the 

properties of the half-space by using the relations in (2.2.32) and (2.2.33). 

The value of lei CJ is complex for a viscoelastic half-space, while it is real for 

an elastic half-space. From Snell's law in (2.3.4), the normalized horizontal 

wavenumbers in all layers are equal to lei (.). Substitution of lei (.) and 

1e.1 c.> , ICpI c.> of each layer into (2.3.2) yields the values of the normalized 

vertical wave numbers , "szl(.) and /Cpz/CJ, for that layer. The square root is 

chosen such that the imaginary part of the vertical wavenumber is nonposi

tive. 
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(3) Some frequency-independent constants in the elements of [all for the jth 

layer in (2.3.23) are computed and stored for the use in the computation of 

frequency-dependent matrix [a]j. It is noted from (2.3.34) to (2.3.50) that 

only 2 columns of [13] matrix are necessary for the computation of transfer 

functions. hence we require to store only eight elements of the product of 

[aJ matrices in (2.3.27). 

(4) For each frequency. starting with the first layer. only ten elements of [a]j 

matrix are calculated because of the symmetry of the matrix. From 

(2.3.27). eight elements of [A] matrix is obtained by N-1 repeated multipli

cations of a 4X4 matrix [a]j by a stored 4x2 matrix which is the product of 

[aJ matrices of top layers. Once the [J(O)]N';l matrix in (2.3.19) for the half

space has been calculated. the first two columns of [13] matrix can then be 

obtained from (2.3.32). It follows from the definitions. the transfer func

tions are computed for one frequency. Repeat this step over a range of fre

quencies to obtain the desired spectra. 

It is noted that in case of normally incident homogeneous SV or P wave. the 

computer program for the SH wave can be used to reduce computation time. 

For the normally incident homogeneous P wave, the vertical transfer function 

between the free surface and the half-space outcrop can be obtained from simi

lar formulas given in Section 2.2.1 if the shear wave properties are replaced by 

the P wave properties. Although numerical computation described above is res

lricted to one type of incident wave. the solution for Simultaneously incident P 

and SV waves at the half-space can be obtained by the superposition principle. 
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2.4 Numerical Examples 

Two computer codes have been written to calculate the transfer functions 

between the free surface and the half-space outcrop. One considers incident SH 

waves and the other considers incident P or SV waves at a given incident angle 

from the half-space. Numerical examples of a sing) e-Iayered system and a 7-

layered system are given herein to illustrate the effects of anelastic attenuation 

and incident angle on the transfer functions. The incident waves are considered 

to be homogeneous for simplicity. 

2.4.1 Single-Layered System 

Consider a single layer overlying a half-space as shown in Fig. 2.5. For SH 

waves incident at an angle 9 2 from the half-space, the explicit expression of the 

transfer function between the free surface and the half-space outcrop is given 

by (subscript 1 indicates a single-layered system): 

(2.4.1) 

where ICszl is the vertical shear wavenumber in the surface layer, H the thickness 

of the surface layer, and a the impedance ratio between the surface layer and 

the half-space. JCszl and a are given by 

(2.4.2a) 

and 

(2.4.2b) 

The incident angle 9 2 is complex for inhomogeneous incident waves in a Viscoe

lastic half-space and can be interpreted as two real angles ~2 and )'2 (see. 

Fig. 2.5). Here we consider incident SH waves to be homogeneous in the 
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half-space, hence O2 is real and equal to 9'2, and 1'2 = O. In this case, al in the 

surface layer is not necessary real. 

The amplitude ratio, which is the absolute value of TRl(c.», is given by 

1 
jTR1(c.»j== I H" HI COSICBZl + 1 a. SlIllCBZl 

(2.4.3) 

The expression in (2.4.3) is applicable to both elastic and viscoelastic wave 

propagations. However, it can be simplified in the case of elastic wave propaga-

tion, i.e., 

(2.4.4) 

In general when the surface layer is softer than the half-space (0. < 1 ), the max-

ima of ITR1e(c.» I occur at frequencies given by SiIllCszIH == 1 . i.e., 

rr. CBl 
CVj == '2 (21 - 1) -H-c~o;';;"Se~"-1 i=1.2, ... (2.4.5a) 

or 

_ 2rr _ 4Hcos0 1 
Ti - c.>j - cBl(2i-1)' i=l,2,'" (2.4.5b) 

Csl being the elastic shear wave velocity in the surface layer. The values of 

!TRle(c.»! at these maxima are 1/a.. Therefore, the softer the surface layer, the 

more significant is the amplification effect. On the other hand. the minima of 

I TR1e(c.» 1 occur at frequencies given by SinICsz1H = O. and their values at these 

minima are 1. It also follows from (2.4.5b) that in the case of vertically incident 

elastic SH waves in which O2 = a 1 = O. the maxima occur at periods given by 

4H 
Ti == c

S
l(2i -1)' i==1.2,··· (2.4.6a) 

i.e., at frequencies (Which are called the natural frequencies of the system) 
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(2.4.6b) 

and the maximum value of ITRle(c.» I is (PeCIl2)/(PIClIl)' It is noted that the 

periods in (2.4.6a) are the natural periods of a uniform shear beam With a 

height H and a shear wave velocity Clll' The fundamental period, Tl = 4H/cli 1o is 4 

times the travel time for a shear wave to travel vertically across the surface 

layer. 

The time domain transfer function is difficult to obtain analytically. However. 

for a single-layered and elastic system. it can be evaluated by performing con

tour integration of the inverse Fourier transform of (2.4.1). For a< 1. the 

transfer function for an elastic single-layered system is given by 

(2.4.7) 

where til = lLcos6 1• o[ ] is the delta function and a is given by (2.4.2b). 'ts is the 
Clil 

travel time in the vertical direction for inclined SH waves in the surface layer. 

The transfer function in (2.4.7) consists of a sequence of pulses located at time 

ta . 3ts . 5ta . . .. . The magnitude of the pulse decreases with increase of time. 

(2.4.7) can also be obtained by using the ray traCing technique and the 

definition of the transfer function. that is. the impulsive response of the system 

To illustrate the effects of attenuation and incident angle on the transfer 

function. let us take the single-layered structure in Table 2.1 as an example. 

The natural frequencies of the system are 2.5. 7.5. 12.5 Hz ... , and 6.0. 1B.0 Hz . 

. .. for normally incident Sand P waves. respectively. The term 'anelastic' is 

used to indicate 'viscoelastic', We shall only show the amplitudes of the transfer 

functions. the corresponding phases will not be shown. 
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Table 2.1- Physical Parameters for a Single Layered System 

Layer No. Cs (ft/sec) cp (ft/sec) pg (pcf) ~ ~ H (ft) 

1 1250 3000 125 10 20 125 

half-space BOOO 14000 150 100 150 co 

Fig. 2.6 shows the amplitudes of the transfer functions between the free sur-

face and the half-space outcrop for normally incident Sand P waves. The curves 

for the elastic layers (Q's = co) and the anelastic layers (Q's are given in Table 

2.1) are shown together to illustrate the effects of attenuation. The peaks have 

the same heights in the elastic case. while the second and third peaks are lower 

than the first peak in the anelastic case. The troughs of the curves are only 

slightly affected by the attenuation. Also, it is noted that there is a slight shift 

of the peaks in the anelastic case. Fig. 2.7 shows the transfer functions tor the 

incident SH waves in elastic layers (top plot) and in anelastic layers (bottom 

plot) at angles of 0, 15, and 30 degrees from the half-space. Shifting of the 

peaks is noted; however. the effect of incident angle is insignificant. 

To study the transfer functions for incident SV or P waves, we consider 15° 

and 30° incident angles which are less than the critical angle, 34.B5° in this 

example, of incident SV waves. The vertical and horizontal transfer functions 

between the free surface and the half-space outcrop are shown in Figs. 2.B & 

2.10 for incident SV waves and in Figs. 2.9 & 2.11 for incident P waves. The 

results for elastic layers are presented in the top plots and those for anelastic 

layers are in the bottom plots. For inclined incident SV or P waves, coupling 

effects occur and both the vertical and horizontal components of the motions 

are induced. Figs. 2.10 and 2.11 show the horizontal transfer functions for 

incident SV and P waves, respectively. 'The transfer functions of normally 

incident SV waves are also shown in these figures as solid curves. The coupling 
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effects may be seen at the frequency near 6 Hz. which is the fundamental fre

quency of normally incident P waves. Relative to the curves for normally 

incident SV waves. inclined incident SV waves produce small humps (Fig. 2.10) 

while inclined incident P waves produce small dips (Fig. 2.11) near the natural 

frequencies of normally incident P waves. As the incident angle increases. the 

coupling effect becomes evident and the amplitudes of the peaks decrease. It 

can also be seen by comparing Fig. 2.10 with Fig. 2.7 that the effect of incident 

angle on the transfer function is larger for incident SV waves than for incident 

SH waves. Figs. 2.8 and 2.9 show the vertical transfer functions for incident SV 

and P waves. respectively. The transfer functions of normally incident P waves 

are also shown in these figures as solid curves. It is noted that the natural fre

quencies of normally incident SV waves are 2.5, 7.5 . 12.5 Hz ..... The coupling 

effects are seen near these frequencies. The vertical transfer functions for 

inclined incident SV waves show dips and those for inclined P waves show humps 

at these frequencies. 

The time domain transfer functions of normally incident SH wave are shown 

in Fig. 2.12(a) for anelastic layers and in Fig. 2.12(b) for elastic layers. These 

functions are obtained by inversely Fourier transforming the frequency domain 

transfer functions in. Fig. 2.6. To reduce truncation errors in using finite length 

of data, the truncation interval is chosen equal to a multiple of the period in the 

frequency domain transfer function (Brigham, 19(4). In this case, the fre

quency domain transfer functions were truncated at 20 Hz. As seen in 

Fig. 2.12(b), the transfer function for elastic layers consists of a sequence of 

isosceles triangles. This is consistent with the analytical function given by 

(2.4.7): however, the area of each triangle should be interpreted as the magni

tude of the corresponding pulse. The effects of material dampings can also be 

seen in these figures. The viscoelastic surface layer tends to broaden the pulses 
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Fig. 2.12 The transfer functions of normally incident SH wave in the 
time domain for the single-layered system(Table 2.1) with 
(a) anelastic layers, (b) elastic layers. 
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and decrease their amplitudes. 

To give an example of synthetic accelerograms in three components. we con

sider an incident signal defined as 

aCt) = k'~ [t - kt2 + ~t3/6] e-1ct. t ~ 0 . (2.4.8) 

and a (t) = 0 . for t < O. k is chosen equal to 10.0. The shape of this signal is 

shown at the bottom plot of Fig. 2.13. This signal corresponds to the far-field 

acceleration generated by a point double-couple source with dislocation history 

D(t) = 1 -e-kt [1+kt+(kt)2/2+(kt)3/6] (Ebel and HeImberger. 1982). Its Fourier 

transform is -k2Co)2/(iCo) + k)4. which varies as Co)-2 for Co»> k We assume the 

incident angles of P. SV and SH waves are all 30° and incident shear waves arrive 

at the boundary of the half-space and the layer 4.o-sec later than P wave. The 

incident waves have the same wave form as that in (2.4.8) and the amplitudes of 

inddent SH. SV and P waves in the half-space are normalized to have 1.0, 1.0 

and 0.5, respectively. Fig. 2.13 gives the response at the free surface and at the 

half-space outcrop in the x-, y-. and z-directions. To facilitate comparison. the 

response of elastic layers is shown on the left-hand plots of the figure while the 

response of anelastic layers is shown on the right-hand side. The numbers in 

the figure indicate the peak values. The response v in the y-direcUon is due to 

incident SH wave; ii and w in the x- and z-directions are due to incident P and SV 

waves. Since the incident P and SV waves are separated by 4.0-sec, the 

responses of the system due to P waves and SV waves are also separated in this 

figure. The response at the half-space outcrop has identical wave form as the 

incident waves but have different amplitudes. The traces in Fig. 2.13 also show 

the effects of attenuation. i.e .. the amplitudes are reduced. the responses are 

smoothed out and higher-order reflections do not show up. 
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2.4.2 7-lByereci System 

Consider a system with 7 layers overlying a half-space in Table 2.2. 

Table 2.2 - Physical Parameters for a 7-layered System 

Layer No. Cs (ft/sec) cp (ft/sec) pg(pcf) Qs ~ H (ft) 

1 620 1400 100 8 8 6 

2 1100 2200 108 8 8 17 

3 1600 3100 U6 10 10 82 

4 2000 3800 114 15 15 220 

5 2500 4500 120 20 20 53 

6 3100 5600 120 25 25 222 

7 3600 6400 125 30 30 300 

half-space 8000 14000 150 100 150 00 

This describes approximately the subsoil conditions underlying the campus of 

the California Institute of Technology. The soil profile consists primarily of 

medium to very dense. silty sands overlying crystalline granite bedrock The site 

is a deep alluvial site where the alluvial deposits are about 900 feet thick. 

Downhole shear wave velocity measurements were made at a location adjacent 

to the Millikan Library by Shannon & Wilson. Inc. (SW-AA. 1978. 1980a and 

1980b). However, only the S wave velocities to a depth of 400 feet were actually 

measured The S wave velocities of the lower layers and the bedrock in Table 2.2 

are estimated. The corresponding P wave veloCities are then estimated by 

assuming Poission's ratio of soil equal to 0.30 to 0.35. The Q structure has been 

estimated for illustrative purposes. 

Fig. 2.14 shows the transfer functions for normally incident S and P waves. 

The solid curves are for elastic layers. while the dashed curves are for viscoelas-

tic layers. In the elastic case, the peaks occur at the natural frequencies 0.90, 

2.12, 3.66, 4.80, 6.42 Hz, ... for incident S waves and at the natural frequencies 
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Fig. 2.14 Effect of attenuation on the transfer function of normally 
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1.64,3.92,6.74 Hz, '" for incident P waves. The values of these peaks are con

sistent with the results predicted by the theory presented by Tsai (1970). 

namely, the peaks of the transfer function for the normally incident elastic 

waves in a N-layered system with increasing layer stiffness have an upper bound 

equal to lI(alQz'" aN) and a lower bound equal to 1/aN. where CXj is the 

impedance ratio between the jth and the j+lth layers defined by (2.2.6). In this 

example, we have a lower bound of 2.67 and a upper bound of 19.35 for normally 

incident S waves, and a lower bound of 2.63 and a upper bound of 15.0 for nor

mally incident P waves. It is noted in the transfer functions of elastic layers 

that the peaks are not of equal values and larger peaks tend to occur at high 

frequencies. This is different from the single-layered system where the peaks 

have the same amplitudes (Fig. 2.6). It is also noted in Fig. 2.14 that the first 

peak does not have the absolute maximum value in the elastic case. The abso

iut.e maximum value occurs at the frequency near 11.8 Hz for incident S waves, 

whlle it occurs at the frequency near 12.0 Hz for incident P waves. 

It takes 0.3625 seconds for the normally incident S wave at the half-space to 

reach the free surface. The fundamental period for incident S waves is 1.11 

seconds, which is approximately 3.06 times the total travel time. On the other 

hand, the total travel time for the P waves is 0.195 seconds. The fundamental 

period for incident P waves is 0.61 seconds, which is about 3.13 times the total 

trav~l time. These factors. 3.06 and 3.13 in this example, are dependent on the 

layered structure and are generally different from the factor of 4 of a single

layered system. It is shown in Fig. 2.14 that the peaks at high frequencies are 

much more affected by the anelastic attenuation than those at low frequencies. 

For a system with lower Q's than 'those in Table 2.2, the curve would become fiat 

at high frequencies. 
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Fig. 2.15 shows the effect of the incident angle of SH waves on the elastic and 

anelastic transfer functions. It is noted that when SH waves reach the free sur

face. the angles are only 1.15° and 2.22° for the incident angles of 15° and 30° in 

the half-space. respectively. Fig. 2.15 indicates that the effect of incident angle 

of SH waves is not significant in both the elastic and anelastic cases. 

To study the effects of incident angle of SV or P waves on the transfer func

tions. we consider again the incident angles of 15° and 30°. The results are 

shown in Figs. 2.16 & 2.18 for incident SV waves and in Figs. 2.17 & 2.19 for 

incident P waves. The results of normally incident waves are also shown as solid 

curves in these figures to facilitate comparison. l.e., normally incident P waves 

are shown in the vertical component and normally incident SV waves are shown 

in the horizontal component. Some conclusions deduced in the case of the sin

gle layered system can also be drawn for the multilayered system. First .. the 

horizontal transfer functions of inclined incident SV or P waves have peaks near 

the natural frequencies of normally incident SV waves. Secondly. the vertical 

transfer functions of inclined incident P or SV waves have peaks near the 

natural frequencies of normally incident P waves. Thirdly. the coupling effects 

on the transfer functions are shown near the natural frequencies of the system. 

In the vertical transfer functions. the coupling effects are seen as humps in the 

case of incident P waves (Fig. 2.17) and as dips in the case of incident SV waves 

(Fig. 2.16) ,near the natural frequencies of normally incident SV waves. In the 

horizontal transfer functions. there are dips in the case of incident P waves (Fig. 

2.19) and humps in the case of incident SV waves (Fig. 2.18) near the natural 

frequencies of normally incident P waves. 

The effect of incident angle of P waves is larger on the horizontal transfer 

functions (Fig. 2.19) than on the vertical transfer functions (Fig. 2.17). On the 

other hand. for the incident SV waves. the effect is smaller on the horizontal 
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transfer functions (Fig. 2.18) than on the vertical transfer functions (Fig. 2.16). 

It is interesting to note that for the incident angle ranging from aD to 15°, the 

transfer functions at frequencies from 0 Hz to the corresponding fundamental 

frequency are only sUghtly affected by the aneJ astie attenuation and the angle of 

incidence. However, the effects of attenuation and incident angle on the 

transfer functions are significant at higher frequencies. 

Fig. 2.20 gives the time domain transfer functions between the free surface 

and the half-space outcrop for normally incident SH waves. The corresponding 

frequency domain transfer functions are those shown in the top plots of 

Fig. 2.14. Fig. 2.21 shows the synthetic accelerograms at the free surface and at 

the half-space outcrop. The incident Signals to the 7-1ayered system are the 

same as those described in Section 2.4.1 for the single-layered system. The 

notations are similar to those in Fig. 2.13. As seen in Figs. 2.20 and 2.21. the 

effects of anelaslic attenuation reduce the amplitudes, smooth out the response 

and decrease the higher-order reflections. 
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Fig. 2.20 The transfer functions of normally incident SH wave in the 
time domain for the 7-layered system(Table 2.2) with 
(a) anelastic layers, (b) elastic layers. 
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2.5 Discussion 

In the previous sections, the transfer function between the free surface and 

the half-space outcrop was derived for a single incident wave from the half

space at a specified angle. If the type of incident wave and the incident angle 

are given, the surface response can be computed by means of the linear system 

theory and the Fourier transform, i.e., the Fourier transform of the output is 

the product of the Fourier transform of the input and the transfer function. 

For multiple input, the surface response can be computed by using the superpo

sition principle if the amplitudes, the arrival times and the incident angles of all 

the incident waves are known. This has been demonstrated by the numerical 

examples in Figs. 2.13 and 2.21. 

In studying the local geology effects on earthquake ground motions, the sub

soils overlying the bedrock are modelled by a multilayered structure overlying a 

half-space. The accelerOe;rdTns recorded at an alluvium site and a nearby rock 

site are taken to be the output and the input, respectively, of the layered sys

tem. The observed site transfer function is obtained by dividing the Fourier 

transform of the accelerogram at an allUvium site by that at a nearby rock site. 

Since a measured accelerogram is composed of body and surface waves arriVing 

at different times, we have to consider the response of the layered structure to a 

sequence of various wave arrivals having different incident angles. The applica

tion of the transfer functions derived in the previous sections to earthquake 

ground motions is not straightforward, because the relative contributions of p, 

SV, SH waves and surface waves in an accelerogram are not known. Further

more, the transfer function for a multiple input, i.e., a sequence of body waves 

arriving at different times and different angles, is not the same as that for a sin

gle input. Therefore, there may be some difficulties in using the transfer func-
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lion for a single-wave input to compare the observed site transfer function and 

evaluate local geology effects. In what follows we shall illustrate this by first 

considering incident SH waves and then incident P and SV waves. 

Let a layered structure overlying a half-space be excited by an incident SH 

wave, gl (t)/ 2, having an incident angle 91. Then the motions at the half-space 

outcrop is gl(t) and the response at the free surface, f1(t), is given by 

(2.5.1) 

where TRI (t) is the transfer function in the time domain between the free sur

face and the half-space outcrop for incident SH waves at 91 incident angle. In 

the frequency domain, equation (2.5.1) can be written as 

(2.5.2) 

where F1(CJ) and G1(CJ) are the Fourier transforms of f1(t) and gl(t), respectively, 

and TR1(c.» is the transfer function in t.he frequency domain which has been 

derived in Section 2.2. 

Suppose a second SH wave, g2(t)/2, is incident from the half-space, having an 

incident angle 92, to seconds after the first SH wave arrival. Th.e motions at the 

half-space outcrop is g2(t). For simplicity, we assume 

(2.5.3) 

where the constant R is the amplitude ratio of the second wave arrival to the 

first wave arrival and to is a lime delay. The waveforms of two arrivals are 

assumed to be similar. The relation of g2(t) and gl (t) in the frequency domain, 

by the Fourier time-shift theorem, is given by 

(2.5.4) 

where G2 (CJ) and G1(CJ) are the Fourier transforms of g2(t) and gl(t), respectively. 
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The surface response to the second incident SH wave is given by 

(2.5.5) 

In the frequency domain, we have 

(2.5.6) 

The transfer function, i.e., the ratio of the Fourier transform of the surface 

response, f1(t)+f2 (t). to that of the bedrock outcrop motions, gl(t)+gZ(t), is given 

by 

(2.5.7) 

From the relations in (2.5.2). (2.5.4) and (2.5.6). we have 

(2.5.8) 

For the case when 91=92, Tsh(c.» = TR1(c.» = TRz(c..') and the transfer function 

for two inputs is the same as that for single input. This is also true for the case 

when 91 = 92 but the waveforms of two arrivals are different (Le .. the as sump-

tion in (2.5.3) is dropped). For the case when 91¢92. Tsh(c.» is not equal to 

TRI (c.» or TRz (c.» , and is dependent on the time delay to and the amplitude ratio 

R. To show a numerical example. we consider the 7-layered model with anelastic 

layers given in Table 2.2 of Section 2.4.2, subjected to two incident SH waves at 

the angles 10° and 30°. i.e .. 01=10° and 92=30°. The amplitudes of the transfer 

functions for R = 0.5. to = 1.0-sec and R = 2.0. to = 1.0-sec are shown in 

Fig. 2.22. As compared to Fig. 2.15. at high frequencies the transfer functions in 

this figure are not as smooth as those for single incident SH wave. At low fre-

quencies the shape and the locations of the peaks do not differ from those for 

single incident SH wave. The analysis herein can be extended to consider a 

number of SH wave arrivals. 
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to = LO-sec R = 0.5 

01=10°,02=30° 

to = 1.0-sec R = 2.0 

::~EQUEt\C:' - HZ 

The amplitudes of the transfer function for an incident SH 
wave at angle 10° and a second incident SH wave at 30° 
to=l.O-sec later. The amplitude of the second incident SH 
wave is R times that of the first incident SH wave. 
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Next, we consider a layered system excited by an incident P wave with a 

potential spectrum, A(r.», from the half-space at an angle of incidence, ~p, Then 

by (2.3.39), the Fourier transforms of the horizontal and vertical response at 

the half-space outcrop are given by (For notations, see Fig. 2.4) 

(2.5.9a) 

and 

(2.5.9b) 

where the frequency-dependent coefficients, cup and Cwp, are given by (2.3.40). 

From (2.3.41) and (2.3.42). the Fourier transforms of the horizontal and vertical 

response at the free surface are 

(2.5.10a) 

and 

(2.5.10b) 

where TRhP(r.» and TRvp(r.» are the horizontal and vertical transfer functions 

between the free surface and the half-space outcrop, respectively, for an 

incident P wave at angle ~p. 

Let a SV wave with a potential spectrum, B(r.», be incident from the half-space 

at an angle ea, tap seconds after the P wave arrival. Then from (2.3.47) and the 

Fourier time-shift theorem, the Fourier transforms of the horizontal and verti-

cal response at the half-space outcrop are given by 

(2.5.11a) 

and 

(2.5.11b) 

where the coefficients, cua(r.» and Cws(r.», are given by (2.3.48). From (2.3.49) and 
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(2.3.50), the Fourier transforms of the horizontal and vertical response at the 

free surface are 

(2.5.12a) 

and 

(2.5.12b) 

where TRhs(CJ) and TRvs(CJ) are the horizontal and vertical transfer functions, 

respectively, for an incident 'SV wave at angle as. 

The horizontal and vertical transfer functions for the combination of both 

incident P and 'SV waves are given by 

(2.5.13a) 

and 

(2.5.13b) 

By the relations from (2.5.9) to (2.5.12), these transfer functions can be written 

as 

(2.5.14a) 

and 

(2.5.14b) 

For simplicity, we assume the potential spectra of incident P wave and 

incident 'SV wave differ only by a constant ratio, Le., 

A(CJ) = Hpj! B(CJ) . (2.5.15) 

where HpJs is a constant and frequency-independent. The transfer functions in 
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(2.5.14) can then be simplified as 

(2.5.16a) 

and 

(2.S.16b) 

To show a numerical example, we again consider the 7-layered structure given 

in Table 2.2 and assume ~p :; 9, :; 30°. Fig. 2.23 shows the amplitudes of the 

horizontal and vertical transfer functions for Rp/. = 0.5 and tap :; 2.S-sec, while 

Fig. 2.24 shows the results for Hp/, = 0.5 and tap = 1.0-sec. The amplitude ratios 

in these figures fluctuate more than those shown in Figs. 2.16 to 2.19 for single 

incident P or SV wave, and are sensitive to the values of l,p and Hp/8' The results 

for difierent values of Hp/8 are not shown here; however, it is found that the 

amplitude of the vertical t.ransfer function has some big spikes when Rp/8 :; 1.0. 
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Fig. 2.23 The amplitudes of the horizontal and vertical transfer functions 
for an incident P wave at 30° and an incident SV wave at 30° •. 
SV-wave arrives tsp -sec after P-wave. The potential of the 
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tsp = ~ .O-sec RpAl = 0.5 

a~G--~----L---~---4--~~--~---L--~----~--~---4----~--~---L--~15 

~R~CU~r-.;C';' - :-JZ 

F · 2 24 S1·m~lar to Fig. 2.23 for Rp/s=O.5 and tsp =l.O-sec. 19.. ... 
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CHAPTER 3 

ANALYSIS OF STRONG MOTION DATA RECORDED IN THE PASADENA AREA 

3.1 Introduction 

The Pasadena area is situated in the northwestern part of the San Gabriel 

Valley (Figs. 3.1 and 3.2). This area is bounded on the north side by the San 

Gabriel Mountains with elevations of over 6000 feet and on the west side by the 

Verdugo Moutains with low hills in which the crystalline rocks are exposed. The 

geology of this area consists of Quaternary alluvial deposits overlying granitic 

and metamorphic rocks. The alluvium is approximately 900 feet thick beneath 

the campus of the California Institute of Technology {Fig. 3.3} and about 400 

feet thick beneath the Jet Propulsion Laboratory. This area has been studied in 

great detail for small earthquake response by Gutenberg (1957). The local dis

tribution of strong ground motions recorded by 19 seismoscopes and 4 accelero

graphs during the 1971 San Fernando earthquake has been presenled by 

Hudson (1972). 

In this chapter, all the data recorded at four stations in the Pasadena area 

during four past earthquakes are analyzed to investigate the nature of strong 

ground motions and local geology effects on recorded ground motions. The data 

are limited by the availability of digitized accelerograms. Strong motion 

accelerograms are studied in both the time and frequency domains. Further

more, the accelerograms of two nearby stations are compared to study the spa

tial variations of ground motions. 

3.2 Stations and Earthquakes Studied 

In the Pasadena area, there are four stations, i.e., Jet Propulsion Laboratory 

(JPL) , Seismological Laboratory (SL), Millikan Library (ML) and Athenaeum 

(ATH) , at which strong motion accelerographs are located. The locations of 
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these stations are shown in Fig. 3.3(a). The Seismological Laboratory, which is 

about 3 miles from the Millikan Library, is underlain by granitic basement rock. 

The stations JPL, ML and ATH are located at alluvial sites. A summary of station 

characteristics is given in Table 3.1. The strong motion data obtained at these 

stations during four earthquakes are analyzed in this chapter. The earthquakes 

are the 1971 San Fernando, the 1970 Lytle Creek, the 1968 Borrego Mountain 

and the 1952 Kern County earthquakes. The epicenters are indicated in Fig. 3.l. 

The source mechanism of these earthquakes are briefly summarized in 

Table 3.2. 

The 1971 San Fernando earthquake was recorded at all four stations. This 

set of records has provided data for studying local geology effects on strong 

ground motions. The 1968 Borrego Mountain earthquake was recorded at JPL, 

ML and ATH. Although it was recorded at SL. the record was not digitized prob

ably because it was too short (USGS and EERL, 1968). The 1970 Lytle Creek 

earthquake was recorded at ML and JPL. Only ATH recorded the 1952 Kern 

County earthquake. The instrument types, epicentral distances and peak 

recorded accelerations for different records are summarized in Table 3.1. The 

digital data have been obtained from the Volume n series of magnetic tapes pro

cessed a.t Caltech Ea.rthquake Engineering Research Laboratory. These tapes 

contain equally spaced accelerograms (corrected for instrument response and 

band-pass filtered) and integrated velocity and displacement data. The Caltech 

data reference numbers are also shown in Table 3.1. 
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Table 3.1 - Station Cba.rac:lerist.ic:s and DBta References 

Station Seismological Lab. Ilillikan Library Athenaeum let PropU:sio:l Lab. 
(SL) ("L) (ATH) i JPL ) 

1971 
GIOS' San Fernando GlOB Gl07 GUO 

instrument RFT-250 RFT-250 SMA-l RFT-250 
P.G.A.·· 19.2~g 20.2~g 10.9~g 21.2~g 

11, 3Slon 39 km 40km 32km 

1970 
Lytle Creek W342 W344 

instrument RFT-250 RFT-250 
P.G.A. 2.0~g 2.5%g 

11 56km 59km 

1968 
Borrego Mountain Y375 Y376 Y373 

, 

instrument AR-240 USGS SM 7D AR-240 
P.G.A. 1.0~g 1.0~g 0.8%g 

11 216 km 215km 223km 

1952 
Kern County A003 

:instrument USGS 

I P.G.A. 5.3~g 

11 128km 

Site granite crystalline 900 ft alluvium. 900 ft alluvium. 400 ft ailuV:'.l!Y.l. I 
Chara cteristlcs rock. basement of basement of basemen: of f)-lJtory i 

9-story R.C. bldg. 2*-story R.C.bldg. stee} frame bidg. i 
• Caltech reference number . 
•• P.G.A. (%g ) - peak ground a'cceleration which is the large~ in three components. 
# b ( km ) - epicentral distance. 

Table 3.2 - Earthcruake Charact.eriIltiClt 
San Fernando Lytle Creek Borrego Mountain Kern County 

Earthquake Earthquake Earthquake Earthquake 
Feb. 9, 1971 Sept. 12, 1970 April 8, 1968 lu1y 21, 1952 

Parameters 6:00 PST S:30 PST 18:30 PST 4:53 PDT 

Epicenter 34OZ4'OO"N 34°16'12"N 33"11'24"N 35°00'OO"N 
11B023 '42" W 337"32'24" W 1l6"07'42"W 119°02'OO"W 

Focal Depth 13km 8km 9km 16km 

l4agnltude ' 
Local,"L 14L",,6.3 14L ""5.7 14L""6.8 14L=7.2 

Surface-wave. "B Ms""6.6 --- "s",,6.7 Ms=7.7 

Seiemic Moment 
l,4X1026 O,01X1026 0.7x1026 20.0X1026 Yo (dyne-cm) 

Focal Mechanism thrust --- nght-lateral strilce-slip left-lateral, thTwrt 

strike ... NS4°W --- ... N48°W ... N500E 
dlp ... 52°NE --- ... vertical ... SO-66°SE 

• Kanamori and Jennings (1978). 
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3.3 Data of the 1971 San Fernando F.art.hqUBke 

3.3.1 Strong Motion Accelerognuns 

The accelerograms obtained at 51. .ML. ATB and JPL during the 1971 5an Fer

nando earthquake have been corrected for instrument response and were band

passed between 0.125 and 25 Hz. The 40-sec portions of the accelerograms are 

shown in Figs. 3.4a. band c. To facilitate comparison. the records were shifted 

relative to each other along the time axis so that the first shear wave arrivals at 

four stations were lined up approximately. An aftershock was recorded at SL. 

ML and JPL between 30 and 35 seconds. This aftershock was also recorded at 

the Pacoima Dam which was in the epicentral region. The vertical motions have 

distinctly higher frequencies and lower amplitudes than horizontal motions 

which is typical. The duration of strong shaking was approximately B seconds. 

this being the same as the duration of the slipping process of the fault. 

These four stations are located in almost the same azimuth with respect to 

the epicenter and the distance attenuation effect should be a minor factor in 

the variation of ground shaking in this area. Comparisons of the accelerograms 

in Fig. 3.4 show the following aspects: 

(1) Strongly polarized motions in the east-west direction are observed at SL. 

Slightly polarized motions in the SB2E direction are also observed at JPL. 

On the other hand. the motions at ML and Am are equally intense in both 

horizontal directions. It is noted that SL is situated on the edge of the Ver

dugo Mountains ahd JPL is near the San Gabriel Mountains. The variation is 

attributed to the change of seismic wave ray paths resulting from the 

irregular sedimentary basin in the area. It indicates the inft.uences of 3-

dimensional local geology features on the recorded surface motions. As will 

be seen in the next section. the motions at SL are equally intense in the 
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transverse and radial directions. In Section 3.3.3, we shall investigate the 2-

dimensional characteristics of ground motions recorded at these stations 

in the frequency domain. 

(2) Comparison of the first part of the accelerograms shows that the arriving P 

waves are mainly seen in the vertical component at ML and ATH, while the 

motions of incoming P waves at SL are equally seen in three components. 

This implies that at SL seismic body waves emerged at some angles other 

than vertically. On the other hand, seismic body waves might have arrived 

at ML and ATH nearly vertically because of the bending of the rays in the 

low velocity sediments underlying the stations. The early motions at JPL 

are not predominantly vertical because the station is near the San Gabriel 

Mountains and the underlying alluvium is not as deep as those at ML and 

ATH. 

(3) The shakings at ML. ATH and JPL are not significantly greater than those at 

SL. This observation is inconsistent with the conclusion drawn by 

Gutenberg (1956. 1957) in the study of local geology efiects on very small 

earthquake motions. In that study, Gutenberg found that the motions on 

the Caltech campus were several times larg-er than those recorded at the 

Seismological Laboratory. It should be noted that Gutenberg'S measure

ments were of extremely weak ground motions that were far below the 

threshold of human sensibility. His findings are not directly applicable to 

strong ground motions. 

(4) Detailed comparison of the accelerograms in Fig. 3.4 indicates that relative 

to SL, the ground accelerations at other stations are dominated by waves of 

longer periods not only in the strong-shaking part but in the trailing part, 

although obscure long-period motions also exist at SL between 10 and 30 
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seconds. The change of dominant frequencies from high frequency at a 

rock site to low frequency at alluvial sites was also observed in the records 

of the 1957 San Francisco earthquake (Hudson and Housner, 1958; or see 

Fig. 1.3). The variation of the frequency content of the motions at SL and 

other stations are partly due to the local geology effect. The frequency con

tent of these motions will be investigated in Section 3.3.3. 

(5) The duraUon of the shakings at ML and ATH was longer than that at SL. 

This is due to larger amplitudes of the trailing motions at ML and ATH. The 

trailing motions are characterized by relatively long-period waves and are 

constituted by the surface waves, indirect body waves and reverberating 

body waves in the sediment basin. 

3.3.2 Interpretation of the Ground Motion Data 

To investigate the data in more detail, the horizontal accelerograms were 

rotated to the transverse and radial components. They are presented in figs. 

3.5a and b. Positive radial motion is in the direction radially away from the 

earthquake epicenter, and positive transverse motion is norma! to positive 

radial motion in the counterclockwise direction. As seen in these figures, the 

motions at SL are no longer polarized in either the transverse or the radial com

ponent. On the other hand, the SL motions are polarized in the east-west direc

tion which is approximately parallel to the fault rupture trace on the ground 

surface. Figs. 3.6a, b, and c present the integrated velocities for the transverse, 

radial and vertical components. respectively, at these stations. 

Based on both the acceleration and velocity curves, the approximate arrival 

time for the first shear wave from the hypocenter is marked with an arrow s in 

these figures. For the San Fernando earthquake, the first shear wave arrival at 

ML and ATH can be identified by a visual inspection of the accelerograms. Since 
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the bending of seismic wave paths by the low-velocity sediment underlying ML 

and ATH, the first larger horizontal motion is associated' with the first shear 

wave arrival. On the other hand, it is not so clear about the first shear wave 

arrival in the SL and JPL accelerograms. The integrated velocity curves were 

used to facilitate identification. The first shear wave arrival is approximately 

estimated when the first distinct velocity pulse appears. It is noted that the 

accelerographs at ML, JPL and SL were interconnected by a telephone line 

(Hudson, 1971). The instruments were presumably triggered at about the same 

time. Furthermore, the first shear wave should arrive at JPL first, then SL and 

then ML. The ATH accelerograph, which was not on the interconnected network, 

started by a vertical starter before the network instruments. 

Following the first shear wave arrival. there will be shear waves arriving from 

other parts of the rupturing fault, which will be mixed with P waves and surface 

waves. Although it is impossible to separate each wave type arriving at a station, 

the surface wave arrival can be tentatively identified by using three components 

of ground displacement. In Figs. 3.7a, b, c and d, the particle displacement tra

jectories are plotted on the plane consisting of the vertical and radial directions. 

This is similar to the method used by Hanks (1975) in studying the surface wave 

propagations and dispersions during the 1971 San Fernando earthquake. 

Arrows indicate the direction of particle motion as time increases. The particle 

motions are presented by three separate plots for the time intervals of 0- to 10-

sec, 10- to 20-sec and 20- to 30-sec. The numbers indicate the points at every 2 

seconds. In general. at these stations a large displacement of shear waves is 

seen in the positive radial direction, then it is followed by a large retrograde 

loop of Rayleigh waves with duration of 4- to 5-sec. The large retrograde particle 

motion suggests that ground displacements in the vertical and radial com

ponents are largely composed of Rayleigh waves with 4- to 5-sec period traveling 
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through the area. It is noted that the displacement curves were not filtered and 

the retrograde loops shown in these figures are not smooth ellipses. This is due 

to the fact that high-frequency body waves are superimposed on surface waves 

in these figures. To show the relative arrival to the shear waves, the arrival time 
\ 

of Rayleigh waves is approximately estimated and marked R in Figs. 3.5 and 3.6. 

It is interesting to note that long-perio~ Rayleigh waves are also visible in the 5L 

accelerograms, although in general the amplitudes of long-period Rayleigh waves 

in the acceleration curves are relatively smaller than those of high frequency 

waves. 

When ground velocities at these stations are compared in Fig. 3.6, it shows a 

high degree of coherence in the wave forms. For example, a large velocity pulse 

with duration of aboul 0.58-sec is seen in the velocity curves at all stations. The 

OI"Jy significant difference that can be found is the trailing part of the velocities 

between :,2- and 30-sec. At 51, this part of ground velocities were dominated by 

waves of longer period than about 2.0 seconds. However. additional waves with 

shorter period than Z.O-sec are present in the JPL, ML and ATH records. The 

trailing motions are constituted by later arriving surface waves. indirect body 

waves from the source and reverberating waves in the basin. However. the 

amplification of the weak rock motions in the trailing part by the soil may be 

due to the surface waves propagating across the nonhorizontal layered struc-

tures in the area. This part of ground motions may contain important informa-

tion related to the local geology. We shall investigate this in the next chapter. 

3.3.3 2-Dimerurional Characteristics of Ground Motions 

To study the frequency content of these motions and the variation of Fourier 

amplitudes on the horizontal plane with the orientation of the acceJerograph. 

the Fourier transforms of the horizontal accelerograms were computed. The 
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first 20.48-sec portions of the accelerograms were used and tapered at the lead

ing and trailing 10% ends using the data window suggested by Bingham et al. 

(1967) to reduce truncation errors. This part of the accelerogram consists of p, 

8 and surface waves. The Fourier amplitude spectra corresponding to two 

recorded horizontal components are shown as dashed curves in Figs. 3.8a, b, c 

and d. Solid curves give the maximum and minimum Fourier amplitude spectra 

of horizontal components, which are computed from the Fourier transforms of 

two recorded horizontal components. It is noted that the maximum and 

minimum amplitudes are the upper and lower bounds of all possible Fourier 

amplitudes, respectively, on the horizontal plane. For more details on this, sec 

Huang (1982). The spectra are presented from 0 to 15 Hz only. since the Fourier 

amplitudes are negligible for higher frequencies. 

As seen in Fig. 3.8a, for most frequencies at 8L, the maximum amplitudes 

occur in the E-W direction and the minimum amplitudes in the N-8 direction. 

This is a special case when the maximum Fourier amplitudes of most frequen

cies concentrate in one geographical direction resulting in the strongly polar

ized motions in the E-W direction (Fig. 3.4). At JPL, three prominent peaks in 

the maximum amplitude spectrum are nearly in the SB2E direction (Fig. 3.8d) 

resulting in the slightly polarized motions in the accelerograms (Fig. 3.4). In 

Figs. 3.8b and c for ML and ATH, the amplitudes of recorded components lie 

between the maximum and minimum amplitudes for most frequencies, hence 

the corresponding accelerograms do not show any strong polarization. It is 

noted that the maximum or minimum Fourier amplitude does not, in general, 

occur in the same direction at different frequencies. 

To compare the frequency content of the motions recorded at these stations, 

the total power of three components and the total power of two horizontal com

ponents for each station are shown in Fig. 3.9. The total power is the sum of the 
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Fir::. 3.8b Fourier amplitude spectra for two recorded horizontal 
components and the corresponding maximum and m~n~mum 
Fourier amplitude spectra - ML. San Fernando earthquake. 



l.f> 

U 
W 
en 

• 
0 
0 , 0 -~ 

w 
0 
::::> 
r-

-' 
0-
::L 
cr l.f> 

cr 
w 
c:: 
::::> 
0 
4-

l.f> 

U 
W 
en 

• 
0 
0 
-0 

'-~ 

w 
0 
::::> 
r-

-l 
0-
::L 
cr l.f> 

c:: 
w 

c:: 
::::> 
0 
4-

0 

~1l2-

~eLJRIER RMPLITUDE SPECT!'lUM r:~ RCCELERAT:CfI. 
SRN FF.R~RNCe ER~iHQUR~E ~~p 9. 197! - C6CC PS: 

~9ECJENC: - ,z 

CALiECH ATHE~AEUM 

- MAX!MUM 
NeCf. 

- M!~:!'IUM 

~CuRIER RMPLITUDE SPECTRUM e~ RC:CEERCl: :CI>. 
SR~ FEA~RNOC ERQ7H'JAKE "'~f' 9. 1971 - C60C "57 

~!'lECiJENC'l' - ~Z 

CALiEC~ ATHE~AEuM 

- MA>:!MUM 
~9CE 

- !1!~!!'IUM 

Fig. 3.Bc Fourier amplitude spectra for two recorded horizontal 
components and the corresponding maximum and minimum 
Fourier amplitude spectra - ATR. San Fernando earthquake. 



-113 -

~e~R!ER q~~L!TUDE SOEC7RUM C~ qCCELERqi:C~ 
SR~ FE9NA~:C ERQ~!1~~A':E ~"p 9, 197; - CSOC DS-

~~--~--~---r--~----~--T---~---r---T--~----~--~--~---r--~ 

" 
o 
o 
::::0 
t.:J-

--l 
CL 
:E 
a: 1Il 

- HA):!~uH 

--- sce~ 

- M!I\:~UM 

-- MAr:~uM 

--- S82E 
- M:t\:~UM 

Fig. 3.8d Fourier amplitude spectra for two recorded horizontal 
components and the corresponding maximum and minimum 
Fourier amplitude spectra - JPL. San Fernando earthquake. 



- 114 -

Fourier amplitude squares of two or three components. which is independent of 

the orientation of the recording axes. The total power spectra are computed 

from the Fourier amplitudes shown in Fig. 3.B and the Fourier amplitudes for 

the vertical component. The powers have been smoothed once by a window 

weighted ~, }2. and~. Since the total power contributed from the vertical com

ponent is relatively smaller than that from two horizontal components. the 

peaks in two total power spectra are located at the same frequencies. A com

parison of the total power spectra in Fig. 3.9 shows that the total powers at fre

quencies ranging from O.B to 1.3 Hz and from 2.0 to 3.0 Hz are larger at ML. ATH 

and JPL than at SL. On the other hand. th!"ee peaks located at 3.B, 4.1 and 5.1 

Hz in the SL spectrum are greater than the corresponding values in other spec

tra. By comparison with the SL spectrum, the dominant frequencies at ML. JPL 

and ATH are altered to lower frequencies. This has been observed in the 

accelerograms (Fig. 3.4). 

In Fig. 3.9. the locations of some peaks are different in different spectra. For 

example, a prominent peak is located at 2.63 Hz in the ML and JPL spectra. but 

is not seen in the SL and ATB spectra. The peaks shown in the ML spectrum at 

2.0 and 5.9 Hz do not appear in other spectra. Two peaks can be seen near 1.20 

and 2.35 Hz in the JPL. ML and ATH spectra. but not in the SL spectrum. 

Different peaks in the total power spectra have been picked by eye and their 

I?ositions are indicated by the bars in Fig. 3.10. To search for the possibility of 

significant soil-structure interaction effect on the ML and JPL spectra, the modal 

frequencies of the ML and JPL buildings during the San Fernando earthquake 

are also indicated in this figure. It is well known that the inertia forces gen

erated by the structural vibration tend to produce large peaks in the basement 

spectra at frequencies which are close to the modal frequencies of the super

structure. A comparison of the peaks in Fig. 3.10 shows no evidence of 



N ... .. 
u 
u.; 
:.n .. 
0 
0 

...... 
l.:J 

a: 
I.e. 
I..LJ 
3: 
D 
a.. 

N .. .. 
c....; 
l0-
U) .. 
0 
0 

" 

l.:J 

a: 
~ 
c....; 
3: 
0 
a.. 

~t:uRIER ClMPL!TUOE S!"ECiRU!'1 0'" qCCELEC,q,!Cfl. 
5RN ;~~NR~CC °RR'H~uRl':E ~Ee 9. 1971 -. eECC 1'5. 

~~--~----~--~---'r----r---'r----r---'r----r---'r----r---'r----r---'r---, 
'" 

0 
J") 

'" <-

, , 
, . 

FAECUENC'r' - :-iZ 

"'CJP!ER qMPL!~UCE SPECTRUM C~ qCCELERqT!Ch 

(a) 

SL 
RTH 
ML 
JPL 

~~ __ -r ____ ~ __ -.~S_A_~_~,~_Q~_A_~_C~C_o_q_Q_7"~C_J_Rr_.:-.,o_o_B_9_.r-l_97_1~-_C_6_C_C~~_S_7 __ -r ____ r-__ ~ ____ .-__ -' 

SL 
., RTH 

ML 
0 

" 

~r JPL 

J 

f, 
f, 

I, 

Jl 'i: :-

~\f\: .j 

(b) j 

1 
j 
15 

Fig. 3.9 Comparisons of the total power spectra of (a) 3 components, 
(b) 2 horizontal components, for SL, ML, ATR and JPL. 
San Fernando earthquake. 



-116-

··-~----T--2Et ... L • -r .'1:-17 -c- - .•.. 
. :..' , ·.·L .•. _; .• ;:L .... , . 

. -------:~-.:..:....:.:~. '- .:...:.~r·:.:·-~ .. ~_1.::--:---.. -: -:--:--7:-;------------··-_· --
: i' ! 
, . 

.. : EW 
, i 

~-+---~-----8':E~· .. : ..... m---'-· ~:---. ;·:;-:-:C-:-Hi .... ·-~';---··1· -----.. ---.-... --- ··f -. 
: :".. - :: :- -: .: : :":: : ... :: -~ : - ':- - . : 

..... -: - .. _ .. -. -- .. ".---~---~.--- _\ .. -.. -~ . ":---: --...:..--..:.........-..-7--- -.--.~----~-- . 
. t_ : .-:_ .. __ . ~ _ _ ; 

... .. _-----+-- -S08 

S82E 

- 1 -.~ -
- ._.; .-.-. I •. __ .•. • _._. ____ ._. ___ .~ _______ ._. __ . __ .; ___ :_ ... _.:-_. __ :._. _. +_:_.·_·~C_::..;. ____ . ______ . __ 

FREQUENCY - Hz 

locations of the peaks in the total power spectra 1n Fig. 3.9. 

1st modal frequency 
2nd modal frequency 
3rd modal frequency (from McVerry, 1979). 

Fig. 3.10 Barchart showing the locations of peaks in the total power 
spectra and the modal frequencies of ML and JPL buildings 
during the 1971 San Fernando earthquake. 



~ 117 -

significant inertia soil-structure interaction at ML and JPL. Although the 

differences between the spectra of two nearby stations, Le., ML and ATH, need to 

be investigated, it is concluded that the accelerograms at ML, ATH and JPL con

sist mainly of lower frequencies than 3.0 Hz while the SL accelerograms are 

dominated by waves with higher frequencies than about 3.5 Hz. 

3.3.4 Comparisons of Millikan library and Athenaemn Records 

The Millikan Library and the Athenaeum are located on the campus of the 

California Institute of Technology (Fig. 3.11). The Athenaeum is approximately 

1200 feet due east of the Millikan Library. The accelerograph of ML was located 

in the basement of a 9-story reinforced concrete building, whereas the accelero

graph of ATH was in the basement of a 2*-story reinforced concrete building. 

The dissimilarity in the accelerograms recorded so close together was widely 

noted soon after the records became available and has been discussed several 

times in the literature. 

It has been suggested that the difference may have been caused by the soil

structure interaction; however, the spectra of the accelerograms discussed in 

the previous section do not support this. Crouse and Jennings (1975) made an 

analysis and indicated no evidence of significant inertia soil-structure interac

tion for the Millikan Library and the Athenaeum. They explained that some of 

the observed differences may be attributable to the size of building foundation, 

I.e., kinematic soil-structure interaction. The foundation may act as a low-pass 

filter which will filter out seismic waves with wavelength smaller than the size of 

the foundation. The Athenaeum with larger foundation is more effective at 

suppressing waves of higher frequency than is the Millikan Library. However, 

this explanation fails if seismic waves were incident upon the building founda

tion vertically. In Section 3.3.1, we have seen the accelerograms from which we 
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Fig. 3.11 Map indicating the relative locations of Millikan Library 
and Athenaeum on the Caltech campus. Note that the distance 
between these two stations is about 1200 feet. 
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round that seismic body waves corresponding to the earliest parts of the records 

emerged nearly vertically at the ML and ATH. 

It is not clear how the local geological irregularities, the foundation slab tlexi-

bility, the embedment of the foundation and other nearby structures can affect 

the recorded motions. However, it is well known that for a seismic wave to see 

an inhomogeneity its wavelength has to be comparable to or shorter than the 

size of the inhomogeneity. Hence, low frequency seismic waves propagate more 

coherently than high frequency waves. Furthermore, the motions recorded 

simultaneously within the building foundation and in the vicinity outside the 

buildings during past earthquakes, for examples, the Hollywood Storage building 

in the 1952 Kern County. the 1971 San Fernando, and the 1970 Lytle Creek 

earthquakes, and the Imperial Valley County Services building in the 1979 

Imperial Valley earthquake, have indicated that the displacement and the 

velocity are less affected by the presence of the building than the acceleration. 

As we compare the accelerograms in Fig. 3.4, the pulses in the ATH accelero-

grams tend to be less sharp than those in the ML accelerograms and hence the 

amplitudes of acceleration are smaller at ATH. Despite the difference in the 

accelerations, we have seen a good degree of similarity between the velocities at 

ML and ATH in Fig. 3.6. 

To facilitate comparison, Fig. 3.12 shows the velocities plotted on the same 

diagram. The instruments were not triggered at the same time, hence the origin 

of the records for one of the stations has to be shifted. It is assumed that body 

waves were incident on the Cal tech campus nearly vertically, the velocities 

corresponding to body wave arrivals are expected to be in phase at ML and ATH. 

By apprOximately matching the wave forms between the first shear wave and 

surface wave arrivals, the ATH record was shifted by ts of 0.68-sec. The error of 

t should be within ±0.04-sec. The first shear wave arrival is marked by sand s 
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the Rayleigh wave arrival at ML by R in the plots. In general the body wave 

phases are well matched, although the peaks at ML tend to be of greater ampli

tudes than those at ATH and sometimes ML and ATH have velocities in the oppo

site directions. The surface waves arrived at ATH about 0.15- to 0.25-sec later 

than at ML. This is consistent with the distance of 1200 feet between these two 

stations and the surface wave velocity. Due to dispersion, long period surface 

waves travel faster than the short period waves. The phase differences between 

ML and ATH in the trailing motions are frequency-dependent. 

So far we have used the displacements to identify the surface wave arrivals 

and the velocities to adjust the origins of two nearby records. Although we are 

not able to separate different wave types exactly. we know approximately where 

they are in the records. Having shifted the origin of the ATH records. we com

pare the frequency contents of the ML and ATH accelerograms by performing 

moving window analyses to see whether the differences are rela.ted to different 

wave arrivals. The accelerograrns are divided into five parts. Le .. 0.0- to 5.12-sec, 

3.6- to B.72-sec. 8.2- to 13.32-sec. 13.0- to 18.12-sec and 17.5- to 27,74-sec. The 

windows are indicated in Fig. 3.12. The first part contains P waves and early 

arriving S waves. The second part consists mainly of S waves in the horizontal 

components and of P waves in the vertical component. The third part includes 

surface waves and late arriving body waves. The last two parts consist mainly of 

surface waves. The first four windows are 10.24-sec wide and the last one is 

20.48-sec. The truncated data of each part were tapered at the leading and 

trailing 10% ends. The Fourier amplitude spectra of accelerations for three 

components are presented in Figs. 3.13a. b, c. d. and e. The amplitudes have 

been smoothed once by passing the corresponding power spectra by a window 

weighted ~. *. and~. The amplitude ratios were obtained by dividing the once

smoothed ML amplitudes by the once-smoothed ATH amplitudes and smoothing 
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these ratios once. They are shown on the bottom plots in Fig. 3.13. It is noted 

that the peaks in the ratio spectra corresponding to low amplitudes are 

insignificant. The amplitude ratios fluctuate more in Fig. 3.13e because the fre

quency spacing there is one half of those for other plots in Fig. 3.13. The verti

cal scales are fixed for all the plots so that the change of frequency content with 

increasing time can be seen in these plots. The second part corresponding to 

the strongest shaking during the earthquake has largest amplitudes (Fig. 3.13b). 

The shift of dominant frequencies from between 2 and 4 Hz for the early parts 

to about 1.0 Hz for the later parts is noted in these spectra. The change of fre

quency content from high frequency to low frequency as time increases can also 

be observed in the accelerograms (Fig. 3.5). In general the spectra of ML and 

ATH agree well up to 2 Hz, although some spectra only agree well to some lower 

frequencies than 2 Hz. The significant differences occur at frequencies between 

2 and 6 Hz where the ML spectra have larger amplitudes than the ATH spectra. 

For higher frequencies than 6 Hz, the amplitudes are small and the difference is 

insignificant; however, in this frequency range the ML amplitudes are not always 

larger than the ATH amplitudes. 

Further comparisons are made in some invariant quantities with respect to 

the instrument orientation. The maximum and the minimum horizontal ampli

tude spectra and the total power spectra for each segment of the accelerograms 

are shown in Figs. 3.14a and b. They are obtained from unsmoothed Fourier 

transforms and have been smoothed once. It should be noted that the vertical 

scales in the lolal power spectra in the bottom plots of Fig. 3.14 are different for 

different windows. At frequencies between 2 and 6 Hz where the dissimilarity is 

prominent, the differences between the maximum and the minimum amplitudes 

tend to be smaller at ATH than at ML. In other words, the variations of Fourier 

amplitudes in different horizontal directions are larger at ML than at ATH in this 
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frequency range. Comparisons of the total power spectra for ML and ATH also 

show a good agreement up to 2 Hz and a disagreement between 2 and 6 Hz. The 

frequency ranges over which the similarity and dissimilarity ocur do not seem to 

be affected by different wave arrivals. It is noted that in the second. third and 

fourth total power spectra. ML has larger amplitudes than ATH at the first peak 

located near 1.0 Hz which is the fundamental frequency of the ML building in the 

E-W direction. However. this should not be attributed to the soil-structure 

interaction effect of the ML building. since the total power spectra for ML and 

ATH are about equal at 1.6 Hz which is the fundamental frequency of the ML 

building in the N-S direct jon. It is also noted in the last total power spectrum 

that two peaks near 1.0- and 1.6-Hz are larger in the ML spectrum than the ATH 

spectrum. These spectra correspond to the trailing part of the basement 

motions and the time when roof motions were still strong and consisted essen

tially of fundamental mode vibrations. The inertia soil-structure interaction 

effects might have contributed to the basement motions in the trailing part. 
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3.4 Data of the 1970 Lytle Creek Earthquake 

The accelerograms obtained at ML and JPL during the 1970 Lytle Creek earth

quake are shown in Figs. 3.15a and b. These accelerograms have been corrected 

and were band-pass filtered between 0.07 and 25 Hz. The instruments were trig

gered after the first shear wave arrival. hence the early P wave motions were not 

recorded. Although the records continued to about 60 seconds, the records 

were only digitized to about 23.4 seconds. The motions were weak and hemce the 

integrated displacements are very sensitive to the long period data processing 

errors. No attempt was made to identify the surface wave arrivals by using the 

particle displacement or velocity trajectory. Theoretically the particle accelera

tion trajectory can also be used; however. it is not easy to identify the retro

grade ellipses because of the high-frequency fluctuations in the accelerograms. 

To study the frequency content of these motions, the 20.48 .... sec portions of 

the accelerograms were tapered and transformed to obtain the Founer 

transforms. The Fourier amplitude spectra for two horizontal components as 

well as the maximum and the minimum amplitude spectra are shown in Figs. 

3.16a and b. The amplitudes for this earthquake are about one-tenth of those 

for the San Fernando earthquake not only because this earthquake had a 

smaller source dimension but also because of the larger epicentral distances of 

these stations from this earthquake (Tables 3.1 & 3.2). It is noted that this 

earthquake was located about 57 kIn away, but the recorded motions contained 

relatively large amplitude high-frequency waves. The source spectrum would be 

expected to have prominent high-frequency content. The total powers of three 

components and two components are shown in Fig. 3.17 to compare the fre

quency contents of the motions recorded at ML and JPL. In general for frequen

cies higher than 2.5 Hz the total powers are larger at ML than at JPL. The 
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FeURIER RMPLITUDE SPECTRUM OF RCCELERATJe~ 
LTTLE CREEK EARTHQUAKE SEP &20 1970 - C63t PS7 

FREQUENCY - HZ 

FOURIER AMPLITUDE SPECTRUM O~ ACCELERAT!eN 
LTTLE CREEK ERRTHQURKE SE~ 12. 1970 - 063C PSi 

FRECUENCi - HZ 

- MAX!MUM 
--- Nt'l"lTH 
- IUN!MUM 

- MAXIMUM 
--- EAST 
- M!NIMUM 

Fig. 3.16a Fourier amplitude spectra for two recorded horizontal 
components and the corresponding maximum and minimum 
Fourier amplitude spectra - ML. Lytle Creek earthquake. 
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Figo 3.l6b Fourier amplitude spectra for two recorded horizontal 
components and the corresponding maximum and m1n1mum 
Fourier amplitude spectra - JPL. Lytle Creek earthquake. 
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ty;' te Creek earthquake. 



- 137-

predominant peak is located at 2.59 Hz in the ML spectra. whereas it is located 

at 1.98 Hz in the JPL spectra. The fundamental frequencies of the ML building 

during this earthquake were about 1.94 Hz in the NS direction and about 1.41 Hz 

in the EW direction. The first two modal frequencies of the JPL building were 

about 0.89. 2.99 Hz in the S08W direction and 0.98.3.10 Hz in the S82E direction. 

Detailed analysis of these spectra shows no evidence of significant inertia soil

structure interaction during this earthquake for the ML and JPL bUildings. The 

first peak near 0.1 Hz could be related to long period data processing errors. 

3.5 Data of the 1968 Borrego Mountain Earthquake 

The accelerograms obtained at MI,. ATH and JPL during the 1968 Borrego 

Mountain earthquake are shown in Fig. 3.18. To facilitate comparison. the 

Athenaeum record was shifted to the right by 2.28-sec to approximately match 

the wave forms of the Millikan Library record. and the JPL record was approxi

mately lined up in this figure. These accelerograms were band-pass filtered 

between 0.07 and 25 Hz. The ML and ATH instruments started before the shear 

wave arrivals. whereas the JPL instrument started after the first shear wave 

arrival. Both records lasted more than 60 seconds. but only the early part of 

the records were digitized. In fact. the RFT-250 accelerograph at the Seismologi

cal Laboratory was triggered during this earthquake (USGS & EERL. 1968); how

ever, the record was not digitized probably because of its short length. A com

parison of the raw records shows that the amplitudes of the motions at SL were 

not smaller than those at other stations. This is in good agreement with the 

observations in the 1971 San Fernando earthquake. As seen in Fig. S.18, the 

accelerograms recorded in this area 90nsist of surface waves which have ampli

tudes comparable to shear waves. Because of the low signal-to-noise ratio in the 

records, we do not attempt to identify the surface wave arrivals by using the 
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particle displacement trajectory. It is noted that the motions in the trailing 

part of the accelerograms at JPL were smaller than those at ML and ATH, 

although the difference in the epicentral distances is only 7 to B km which is 

very small as compared to the distance to the earthquake source. This might be 

the effect of local geology on the surface wave propagations across the Pasadena 

area. 

A comparison of the ML and ATH accelerograms indicates several aspects. 

First. the motions between 0- and 17-sec corresponding to the P wave arrivals in 

the vertical component are comparable to those in two horizontal components. 

which indicates that body waves were incident to these stations nonvertically. 

This is different from the observations in the San Fernando earthquake during 

which body waves arrived at ML and ATH nearly vertically (Fig. 3.4). Secondly. 

the accelerograms at ML contain some high frequency motions which do not 

appear in the ATH accelerograms. This difference is attributable to the low-pass 

tilter effects of the larger size of the Athenaeum foundation. Thirdly. the 

difference in amplitudes between ML and ATH motions is smaller during this 

earthquake than during the 1971 San Fernando earthquake. It is noted that the 

motions for this earthquake were much smaller than those for the 1971 San 

Fernando earthquake. 

To compare the frequency content of the motions at ML and ATH. the 40.96-

sec portions from 10.0- to 50.96-sec of the accelerograms in Fig. 3.18 were 

Fourier transformed. The thrice-smoothed Fourier amplitude spectra for three 

components are shown in Fig. 3.19. Solid curves give the ML spectra and dashed 

curves are for the ATH spectra. Fig. 3.20 shows the thrice-smoothed maximum. 

minimum horizontal amplitude spectra and the total power spectra. In general 

the ML spectra have greater amplitudes than the ATH spectra. especially at the 

peaks near 0.59. 1.0 and 3.8 Hz. However. the shapes of the spectra are quite 
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Fig. 3.19 Comparison of Fourier amplitude spectra for ML and ATR. 
Borrego Mountain earthquake. 
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FOURIER AMPLITUDE SPECTRUM OF ACCELERATION 
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Fig. 3.20 Comparisons of (a) maximum, m~n~mum Fourier amplitude spectra, 
(b) total power spectra of 3 components, for ML and ATR. 
Borrego Mountain earthquake. 
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similar and the difference is relatively small. It is noted that a prominent peak 

located near 3.8 Hz is found in all three components of the ML spectra. but is 

not shown in the ATH spectra. The common feature of these spectra is that the 

Fourier amplitudes decrease exponentially toward the high frequencies. This is 

due to the fact that this earthquake occurred more than 200 kIn away, a dis

tance over which high-frequency waves would die out and long-period waves 

would become dominant. On the other hand, the source spectrum might itself 

have much low-frequency content because this earthquake was generated by 

strike-slip faulting 

3.6 Data of the 1952 Kern County Earthquake 

The accelerograms obtained at the Athenaeum during the 1952 Kern County 

earthqi..lake are shown in Fig. 3.21. These accelerograms were band-pass filtered 

betweeD. 0.07 and 25 Hz. This earthquake was the largest earthquake in Califor

nia SInce the 1906 San Francisco earthquake. The source mechanism of this 

earthquake involved both the thrusting and left-lateral strike-slip on the White 

Wolf fault (Fig. 3.1). The duration of the faulting slipping process was about 25 

to 30 seconds. The motions for the first part of the accelerograms correspond

ing to the P wave arrivals were larger in the vertical component than in the hor

izontal components. 1t is noled that the early part motions at ATH during the 

San Fernando earthquake were mainly concentrated in the vertical component 

(Fig. 3.4). Although this earthquake was located along almost the same direc

tion from this station as was the San Fernando earthquake, the arriving angles 

of seismic body waves at ATH were different for these two earthquakes. The 

complete accelerograms of 81.92-sec were Fourier transformed. Fig. 3.22 shows 

the thrice-smoothed Fourier amplitude spectra for three components. La.rge 

amplitudes are mainly at the frequencies between 0.5 and 2.0 Hz. 
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FOURIER AMPLITUDE SPECTRUM OF ACCELERATION 
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Fig. 3.22 Fourier amplitude spectra of the accelerograms 1n Fig. 3.21. 
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3.7 Invest.igation of Possible Site Periods 

It is well known that the ground motions caused by the local geology effects 

depend on the three-dimensional nature of the local geology configuration and 

the direction of the arriving seismic waves. If the local geology conditions 

modify the incoming seismic waves in a significant and simple way as the 

simplified model predicts, we would see repeated peaks in the Fourier amplitude 

spectra for different earthquakes regardless of the earthquake source mechan

ism and the propagation path effects. The period at which a repeated peak is 

located is sometimes called the site period which should be a characteristic of a 

local site if it exists. Several studies. for examples, at a El Centro strong-motion 

accelerograph site in the Imperial Valley (Udwadia and Trifunac, 1973), four 

sites in the Los Angeles area (Trifunac and Udwadia, 1974) and several nearby 

sites in Los Angeles (Crouse, 1976). have indicated that no significant peaks in 

the :spectra can be identified as site periods and the local geology effects have 

been overshadowed by the source mechanism and travel path effects. The data 

recorded in the Pasadena area provide another opportunity to investigate possi

ble site periods. The unsmoothed Fourier amplitudes derived in the previous 

sections are smoothed several times. i.e., twice for the San Fernando and the 

Lytle Creek spectra. 4 times for the Borrego Mountain spectra and 9 times for 

the Kern County spectra, so that the smoothing bandwidth is about 0.25 Hz for 

all spectra. The amplitude spectra are compared in Figs. 3.23a, band c for ML, 

JPL and ATH, respectively. To show the relative strength of the motions 

recorded in ditTerent earthquakes, the records obtained at each station are plot

ted on the same diagram in Figs. 3.24a. band c. Solid lines indicate the windows 

in which the Fourier transforms were computed. Each window includes the 

motions of both body and surface waves. 
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fOURIER AMPLITUDE SPECTRUM Of ACCELERATION 
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FOURIER AMPLITUDE SPECTRUM OF ACCELERATION 
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FOURIER AMPLITUDE SPECTRUM OF ACCELERATION 
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The amplitude spectra for ML and JPL in Figs. 3.23a and b show no detectable 

predominant peaks that repeated during the San Fernando, the Lytle Creek and 

the Borrego Mountai.n earthquakes. Fig. 3.23c shows the amplitude spectra at 

ATH for the San Fernando, the Borrego Mountain and the Kern County earth

quakes. At low frequencies between 0- and 2-Hz, the spectra for the Kern County 

earthquake are comparable to those for the San Fernando earthquake, although 

the Kern County earthquake was located about thrice as far as the San Fer

nando earthquake. This is because the Kern County earthquake had a big 

seismic moment; the source spectrum would have large low-frequency content. 

Despite the distance attenuation effect, in such a distance the low-frequency 

motions are still as large as those generated by a smaller and closer event. It is 

interesting to note that a peak located near 1.2 Hz is seen in the San Fernando 

spectra as well as in the Kern County spectra, but it is not seen in the Borrego 

Mountain spectra. Since this peak is also seen in the ML spectra for the San Fer

nando earthquake, one might at.tempt to interpret this peak as a site period. 

However, this peak is also located at the same frequency in the vertical spectra. 

This is inconsistent with the results predicted by the simplified model that peaks 

produced by local geology effects would be expected to be at higher frequency in 

the vertical component than in any horizontal component. The seismic waves 

generated by the Kern County and the San Fernando earthquakes were arriving 

at this area from about the same direction, while the seismic waves of the 

Borrego Mountain earthquake were arriving from another direction. 

It is also interesting to see whether the trailing parts of these ground 

motions, which consist essentially of surface waves, have been dominated by the 

same period of motions during different earthquakes. A 10.24-sec window was 

applied to all the records and the dashed lines in Fig. 3.24 show the windows 

where the data were Fourier transformed. The once-smoothed Fourier 
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amplitude spectra for ML. JPL and ATH are shown in Figs. 3.25a. band c, respec

tively. To facilitate comparison, the spectra of the trailing motions at 5L for the 

San Fernando earthquake are shown as solid curves in these figures. Detailed 

comparison of all spectra in these figures shows that there are no frequencies 

which dominate in all earthquake motions. For all earthquakes recorded in this 

area, the amplitudes in the JPL spectra are smaller than those in the ML and 

ATH spectra. This is also seen in the accelerograms shown in the previous sec

tions. The trailing motions at ML and ATH were mainly in the frequency range 

from 0- to 2-Hz for all earthquakes except for the Lytle Creek earthquake. Rela

tive to 5L for the San Fernando earthquake, the trailing motions at ML and ATH 

in this frequency range were larger. It is noted that the peaks located near 1.6 

Hz in the NS component and near 0.3 Hz and 1.0 Hz in the EW component are 

shown in both the ML and ATH spectra for the San Fernando earthquake. How

ever, the peaks near 1.0 and 1.6 Hz, which are fundamental frequencies of the 

ML building in the NS and EW directions, respectively, are of larger amplitudes at 

ML than at ATH. It is likely that inertia soil-structure interaction etIects have 

contributed to the trailing basement motions of the ML building. 

It is welllmown that the frequency content of surface waves generated by the 

earthquake is dependent on the depth of the source. Surface waves could be 

atIected by the low-velocity sediments as they travel from a rock site to an allu

vial site. The etiects may increase with increase of frequency because the high 

frequency surface wave does not penetrate deeply and most of its energy is con

tained in the upper layers near the surface. However, the etiects are dependent 

on the 3-dimensional configuration of local geology and hence the direction of 

arriving waves. The propagation of surface waves in laterally varying media is a 

problem which can not generally be solved analytically; one must rely on the 

recorded data to assess these effects. The data presented here indicate that 
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Fig. 3.25a Smoothed Fourier amplitude spectra of the selected 
trailing accelerations in Fig. 3.248 - ML. 
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Fig. 3.25b Smoothed Fourier amplitude spectra of the selected 
trailing accelerations in Fig. 3.24b - JPL. 
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Fig. 3.25c Smoothed Fourier amplitude spectra of the selected 
trailing accelerations in Fig. 3.24c - ATR. 
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local geology effects on surface wave propagations are dependent on the direc

tions of arriving waves. 

3.8 Spatial Variations of Ground 1I0tions 

Spatial variations of ground motions are of particular interest to engineers in 

designing extended structures such as suspension bridges, long-span highway 

bridges, darns and pipelines. In analyzing the response of such structures to 

earthquake ground motions, one may involve in considering multiple support 

excitations. The records obtained at ML and ATH during the 1971 San Fernando 

and the 1968 Borrego Mountain earthquakes have provided data for studying 

spatial variations of ground motions. Since the motions for the San Fernando 

earthquake were stronger than those for the Borrego Mountain earthquake, only 

the results for the San Fernando earthquake are presented and discussed 

herein. 

Because the instruments were triggered independently, some efforts were 

made to synchronize the time reference on these two stations. As shown in Sec

tion 3.3.4, we have aligned the records by matching two velocity curves and 

assuming that body waves arrived simultaneously and hence in phase at these 

stations. The match was done by eye; it is possible that small errors in the time 

synchronization remain. To be more precise, a least square fit of the motions 

corresponding to body waves was made. The differences in acceleration and 

velocity between the ML and ATH records were computed for each component 

and their squares were integrated from 0- to 7.2-sec. As shown in Fig. 3.12, 7.2-

sec is the time before surface wave arrivals. The results for different values of ts 

which is the shift of ATH records along the time axis, are shown in Fig. 3.26. The 

markers indicate ~he points where numerical values were evaluated. Since the 

sample interval is 0.02-sec for the acceleration and is 0.04-sec for the velocity, ts 
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is chosen as a multiple of the corresponding time interval. In the velocity fit. 

the optimal value of ts is D.68-sec. which agrees with the match done by eye in 

Fig. 3.12. On the other hand. in the acceleration fit. the optimal ts is 0.66-sec for 

the north and the vertical components and is 0.68-sec for the east component. 

As a result. all the analyses performed here have been repeated for two different 

values of ls. i.e .. 0.66- and 0.68-sec. Since the differences in the results are 

found inSignificant. only the results for ts=O.66-sec are presented here. 

Fig. 3.27 shows the relative displacements between ML and ATH in three com

ponents. The peak values are 3.02-.2.77- and 1.70-cm for the NS. the EW and the 

vertical components. respectively. All these peaks occurred during the surface 

wave arrivals. It is noted that the distance between ML and ATH is about 1200 

feet. The longitudinal relative displacement in the EW component is of interest 

to bridge or pipeline engineers. For instance. if a 1200 feet span bridge is to be 

built at this site, then the structure must be designed to tolerate or allow a 2 77 

centimeters longitudinal relative displacement between two piers. Another 

important parameter in designing the oil or gas pipelines is the ground strain 

developed during strong earthquakes. The average longitudinal strain between 

ML and ATH can be estimated as the ratio obtained by dividing the relative longi

tudinal displacement by the distance between ML and ATH. If a pipe had been 

buried along the line between ML and ATH. the maximum axial strain of the pipe 

would have been about 7.6x10-!i. 

In analyzing the linear response of a structure to earthquake excitations at 

two supports, the input motions can be separated into the in-phase and out-of

phase components. Furthermore, for a symmetric structure with two supports. 

the in-phase motions could excite the symmetriC modes but not antisyrnmetric 

modes. whereas the contrary is true for the out-or-phase motions. Let a 1 (t) and 

a2(t) be the recorded ground accelerations at stations 1 and 2. respectively, in a 
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given direction, the in-phase component, ajn(t), and the out-of-phase com

ponent. aout(t). are given by 

To compare the frequency content of these two components for the W~ and ATH 

motions recorded during the San Fernando earthquake. Fig. 3.28 shows the 

Fourier amplitude spectra for the in-phase and the out-of-phase components in 

the NS. EW and vertical directions. The Fourier transforms were computed from 

the 20.48-sec portions of the in-phase and the out-or-phase accelerations. The 

data were tapered and the Fourier amplitudes have been smoothed once. The 

relative frequency content of in-phase and out-of-phase motions are dependent 

upon wave periods and apparent velocities of waves propagating across two sta-

lions. For example. for a monochromatic wave train of period T traveling across 

the stations With an apparent velocity. Ce.. two staUons would have the same 

motions if the distance of two stations is suffiCiently smaller than or is equal to 

a multiple of the apparent wavelength. he. = Ca T. As we have indicated in the 

previous sections that body waves were incident nearly vertically at these sta-

lions during the San Fernando earthquake. hence Ca ~ 00 and the in-phase 

motions would be expected to have been stronger than the out-of-phase 

motions. However, because the amplitudes of the motions at two stations differ 

Significantly (Fig. 3.4), the amplitudes of the out-of-phase motions are compar-

able to those of the in-phase motions. For the surface waves traveling across 

these stations, their periods must be sufficiently long so that the out-of-phase 

motions are considerably smaller than the in-phase motions. Comparison of the 

in-phase and out-of-phase spectra in Fig. 3.28 indicates that in dynamic analysis 

of a 1200 feet span bridge with fundamental period longer than 2 seconds, the 

assumption that the same motions act simultaneously at two supports would be 
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acceptable for the fundamental mode response. On the other hand, the out-of

phase motions are not negligible in the response of higher modes. 

3.9 Summary 

Accelerograms recorded at four stations in the Pasadena area during the 

1971 San Fernando, the 1970 Lytle Creek, the 1968 Borrego Mountain and the 

1952 Kern County earthquakes have been studied. The nature of strong ground 

motions in this area was investigated in both the time and frequency domains. 

The first shear wave and surface wave arrivals were approximately identified in 

some of the accelerograms. 

The 1971 San Fernando earthquake was recorded at SL, ML. ATB and JPL. 

Comparisons of the accelerograms obtained from this earthquake have showed 

the following features: (1) Strongly polarized motions in the east-west direction 

are observed at SL but are not at ML or ATH. Slightly polarized motions in the 

S82E direction are observed at JPL. (2) Seismic body waves arrived at ML and 

ATH stations nearly vertically. while they arrived at SL at some angles other 

than zero. (3) The shakings at ML. ATB and JPL are not significantly greater 

than those at SL. (4) Relative to SL, the ground accelerations at ML, ATH and JPL 

are dominated by longer period waves. (5) The duration of strong shaking in the 

area was approximately 8 seconds. which is the same as the duration of the slip· 

ping process of the fault. (6) The trailing motions at ML and ATB are dominated 

by relatively long period waves and have larger amplitudes than the trailing 

motions at SL. 

Analysis of the accelerograms obtained from the San Fernando earthquake 

indicated that the first surface wave arrived at the area approximately 4.5 

seconds after the first shear wave. Ground displacements at all stations are 

dominated by the surface wave of 4- to 5-sec period. A high degree of coherence 
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in the wave forms of ground velocities has been observed at all stations. How

ever. there are differences of the frequency content in the trailing motions 

between 51 and other stations. The variation of the frequency content of the 

ground motions on the horizontal plane with Uie orientation of the a.ccelero

graph was shown by the maximum and the minimum Fourier amplitude spectra. 

The total power spectra indicated that the motions at ML. ATH and JPL during 

the San Fernando earthquake consist mainly of waves with lower frequencies 

than 3.0 Hz. while the SL motions are dominated by waves with frequencies 

between 3.5 and 5.5 Hz. 

The 1970 Lytle Creek earthquake was recorded at ML and JPL. Most energy of 

the recorded motions is concentrated at frequencies between 1.7 and 5.0 Hz. 

The accelerograms obtained at ML, ATH and JPL during the 1968 Borrego Moun

tain earthquake consist of surface waves whose amplitudes are comparable to 

shear waves. The motions are dominated by waves having frequencies lower 

than 2.0 Hz. The 1952 Kern County earthquake was recorded at ATB. The 

recorded motions consist mainly of long-period waves having frequencies lower 

than2.0 Hz. The duration of ground shaking was about 25 to 30 seconds. 

The Fourier amplitude spectra for the overall mot.ions as well as for the 

selected trailing motions recorded during different earthquakes at the same sta

tion are compared. The comparison indicates that there are no repeated spec

tral peaks which can be identified as site periods. Moreover, local geology effects 

are less evident on the leading parts of the accelerograms than on the trailing 

parts. and depend on the 3-dimensional configuration of local geology and the 

direction of arriving seismic waves. 

The San Fernando records obtained at ML and ATH on the Caltech campus 

are compared to investigate their differences. The ATH records are approxi-
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mately shifted with respect to the ML records. Despite the marked difference in 

the ground accelerations between ML and ATH. a good degree of similarity in the 

velocity curves has been observed. The Fourier amplitude spectra for different 

parts of the accelerograms were compared. In general the ML and ATH spectra 

agree well up to 2.0 Hz. At frequencies between 2.0 and 6.0 Hz the ML spectra 

are of larger amplitudes than the ATH spectra. The difference does not seem to 

be related to different wave arrivals. The inertia soil-structure interaction of 

the ML building might have occurred in the trailing motions, although no 

signiticant soil-structure interaction was observed in the early part of the 

motions. The difference of the recorded motions at ML and ATH during the 1968 

Borrego Mountain earthquake, which is smaller in amplitudes than the 

difference in the San Fernando earthquake, is attributable to the low-pass tilter 

effects of the larger size of the ATH building foundation. 

By approximately adjusting the origin of the Am records. spatial variations 

of the ground motions at ML and ATH. which are about 1200 feet apart, during 

the 1971 San Fernando earthquake have been studied. The Fourier amplitude 

spectra of the in-phase and the out-of-phase components of the differential 

motions were obtained. Relative displacements between ML and ATH were also 

presented. 
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CHAPrER4 

STUDY OF lDCAL GEOLOGY EFFECTS ON THE STRONG GROUND MOTIONS 

IN THE PASADENA AREA 

4.1 Introduction 

The accelerogram recorded by an accelerograph is the result of many com

plex processes which transfer seismic energy from the earthquake source to the 

recording instrument. As the earthquake fault ruptures over a finite area of the 

fault. seismic waves are radiated from different points on the fault. Before the 

seismic waves arrive at the station, the energy is absorbed by anelastic wave 

propagation and scattered by random heterogeneities along the travel path. 

Finally. the local geology underlying the station and the instrument modify the 

Signal further. Each process. as a first approximation. can be represented by a 

linear filter. The recorded 'signal can then be viewed as the convolution of each 

filter. In other words, regarding the earthquake source as the input. the effect 

of each process can then be represented by a transfer function and the 

recorded signal is the output. If we denote the Fourier transform of an earth

quake source as I(f). the effect of travel path as T(f). the effect of local geology 

as S(f) and the instrument response function as R(f). the Fourier transform of 

the recorded ground motions. F(f). is then given by 

F(f) = R(f) S(f) T(f) I(f) (4.1) 

where f is the frequency. 

To derive the transfer function S(O for the local geology. it is necessary to 

choose an idealized model for the subsoil profile and assume the type of 

incident wave. For a subsoil profile in which the material properties do not vary 

Significantly in the horizontal direction and the effect of the curvature of layer 

boundaries can be neglected. a semi-infinite layered system consisting of 
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horizontally stratified layers overlying a homogeneous half-space is the simplest 

and most widely used model. The bedrock underlying a.n alluVium site is 

modeled by the half-space. Surface waves are usually not considered in the 

study of local geology effect because of the difficulty in conSidering the irregular 

boundary between the alluvium and the bedrock. We then make a simplifying 

assumption that the curvature of the spherical wavefronts is small for body 

waves whose wavelengths are much smaller than the distance traveled and con

sider the propagating body waves to be plane waves. The transfer function is 

derived by finding the steady state response of the layered system to incident 

plane harmonic body waves from the bedrock. The incident body waves can be 

p, SV or SH waves, and the incident angle at the half-space can be nonzero. The 

analytical methods and numerical examples for deriving the transfer function 

have been given in Chapter 2. The transfer function representing the effect of 

the layered system is defined as the ratio of the FOUrier transform of the 

response at the free-surface divided by that at the bedrock, or divided by that at 

the bedrock outcrop if there were no superficial layers on the top. 

The effect of local geology on recorded ground motions can be examined by 

considering the ratio of the Fourier amplitude spectrum of ground motions 

recorded at an alluvium site to that from the same source recorded at a nearby 

surface rock site, provided that both sites are in the same azimuthal direction 

and have nearly equal epicentral distances. This ratio, denoted by E(f), is given 

by E(f) = lFa(f) I/lFr(f) I where the subscripts a and r indicate the alluvium and 

rock sites, respectively, and I I represents the Fourier amplitude. We shall call 

it the observed amplitude ratio or the observed site transfer function. The 

observed site, transfer functions from nuclear explosion data have been used to 

empirically evaluate local geology effects (e.g., Borcherdt, 1970; and Rogers & 

Hays, 1978). 
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Since the downhole records at the bedr:-ock are usually not available, The 

suggestion has been made to evaluate local geology effects by assuming that the 

earthquake motions at a nearby surface rock site are the same as the motions 

that would have been recorded at the surface of the bedrock if there were no 

soils on the top. The motions at the rock site are taken as input to the subsoil 

profile for a local site, the response at the free surface is then computed from 

the transfer function between the free surface and the half-space outcrop of an 

analytical model (e.g., Schnabel et al., 1972; and Joyner et al., 1981). The com

puted time history response can then be used to compute response spectra. If 

downhole records are available. they can be the input to the subsoil profile (Tsai 

& Housner. 1970; Joyner et al .• 1976; and Johnson & Silva, 1981). 

During the 1971 San Fernando earthquake, strong motion records were 

obtained at the Seismological Laboratory (SL, rock site). the Millikan Library and 

the Athenaeum (ML and ATH. alluvium sites) of the California Institute of Tech

nology. In Section 4.3, the observed site transfer functions are computed for 

the overall motions and for the trailing motions. The features of observed site 

transfer functions are discussed. 

The approximate subsoil conditions underlying the Caltech campus are avail

able. These data provide an opportunity to test the adequacy of the assump

tions described above and the analytical models given in Chapter 2. In Section 

4.4, we assess how much of the local geology effects can be evaluated by analyti

cal methods, having available geotechnical data, by comparing the observed 

amplitude ratios between ML, ATB and 5L with the computed amplitude ratios 

from the subsoil profile. To investigate how well a simple model predicts the 

observations, a systematic frequency domain identification technique is 

employed to find the optimal model parameters which produce a least-squares 

match between the observed amplitude ratios and the theoretical results from 
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the model. 

4.2 The Site and the Data from the 1971 San Fernando Earthquake 

In Chapter 3, we have described the local geology in the Pasadena area and 

analyzed the strong motion accelerograms recorded during the 1971 San Fer

nando earthquake. The local subsoil conditions underlying the Caltech campus 

were investigated by Shannon &. Wilson, Inc. (SW-M, 1978). The boring, which 

extended to a depth of 400 feet below the ground surface, was drilled in 1975 at 

a location about 200 feet southwest of the Millikan Library. The shear wave velo

cities at low levels of strain were measured by using the downhole method. The 

alluvium consists primarily of medium to very dense, silty sands with the water 

table standing about 240 feet below the surface (SW-AA, 1978). The P-wave and 

S-wave velocities of the subsoil profile are shown schematically in Fig. 4.1. The 

in situ shear wave velocities of the subsoil to a depth of 400 feet below the 

ground surface are adopted from the report by Shannon &. Wilson, Inc. and 

Agbabian Associates (SW-AA, 1978, 1980). Other wave velocities of the 900 feet 

subsoil profile are estimated and indicated by the dashed lines in Fig. 4.1. The 

Seismological laboratory, which is about 3 miles from the Callech campus, is 

underlain by granitic basement rock. 
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by SW-AA(1978), while the dashed lines are estimated. 
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4..3 Obsened Site Tl1lI1Sfer Functions 

4.3.1 The First 2O.48-sec Portion of the Accelerogram 

The Fourier amplitude spectra of selected 20.4B-sec portions of the accelero

grams recorded at the Seismological Laboratory(SL), the Millikan Library(ML) 

and the Athenaeum(ATH) were calculated. For each station, the Fourier ampli

tude spectra for the transverse and radial components as well as for the three 

recording components were computed. The truncated acceleration data were 

tapered at the leading and trailing 10% ends. Each Fourier amplitude spectrum 

was smoothed by passing the corresponding power spectrum by the Hanning 

window (~, ~, ~ weights) two times. The observed site transfer functions between 

ML (or ATH) and S1... in corresponding directions were then obtained by dividing 

the twice-smoothed ML (or ATH) Fourier amplitude spectra by the twice

smoothed SL amplitude spectra. The ratios are then smoothed twice with the 

Hanning window. The results are shown in Figs. 4.Za, band c for the north, east 

and vertical components, respectively, and shown in Figs. 4.3a and b for the 

transverse and radial components, respectively. The accelerograms as well as 

the twice-smoothed Fourier amplitude spectra and the twice-smoothed ampli

tude ratios are shown in these figures. 

Based on the analysis in Chapter 3, the ML and ATH accelerograms have been 

aligned so that they have approximately the same time origin. The SL accelero

grams were also aligned approximately with the ML and ATH accelerograms. The 

shift of the accelerogram in the time axis does not affect the values of Fourier 

amplitudes. To facilitate comparison, the observed amplitude ratios between 

ATH and 8L are plotted on the same diagram as those between ML and 8L. It 

should be noted that the peak amplitude ratios at the low and the high fre

quency ends corresponding to small amplitudes in the SL spectra are 
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Accelerograms, Fourier amplitude spectra and Observed 
amplitude ratios for ML, ATH and SL - north component, 
San Fernando earthquake. Dashed lines indicate the data 
from which the Fourier transforms are computed. 



c 
C 
-In 

~-

z: 
~a 
I-cr 
It: 
"'111 -'_ 
til 
(.J 
cr 

-175-

TIME - SEC 

COMP EAST 

~L 

ML 
ATH 

so 

Q~~ __ ~ __ -L __ ~ __ ~ __ L-~L-~ __ ~~~~~~~~~~~~. 

~r---~--~----~---r----r---~---'----~---r----r---~---'----~---r--~ 

.. 

FREQUENCY - HZ 

CO"1P EAST 

"ILISL 
ATH/SL 

Fig,., 4,,2b Similar to Fig. 4.2a for the east component. 



1 

Z 
~C 
0-cr 
It: 
~1I'l - ... 
ti' 
u cr 

u 
1&.! 
In 

• 
c c ... 
" 

c 

IlD 

ClCQ 

i<! 
C 
::! ... 
:; .. 
IL. :s:: a: 
rr: 
i<! _N 
rr: 
::! 
a ... 

lEI ... 
!rID 
rr: 
III 
c 
;:, .... ..... 
...J 
"-:s:: a: 

0 

Fig. 4.2c 

SAN FERNANDO EARTHCUAKE FEB 9. 1971 

TIME - SEC 

L 

" 

fRECUENCI - HZ 

CC"IP DOI'IN 

~L 
ML 

ATH 

COMP DOWN 

MLiSL 
ATH/SL 

aa 

15 

Similar to Fig. 4.2a for the vertical component. 



c c 

~ 
" " " " I' ': 

1" , ' ': n : • n: , 
I :: : 
I· 

I 
L' 

" . ... ," , 
:rOC 

-177-

SAN FERNANDO EARTHCUAKE FEB 9. 1971 

• n 
II 

" 

TIME - SEC 

COMP TRANS • 

SL 
ML 

ATH 

o~ __ -L __ ~ ____ ~ __ ~ ____ ~---L __ ~~ __ ~ __ ~ __ ~~ __ ~ ____ ~~~~~ __ ~ 

o~---r--~r---~---T----r----r--__ r---~---T----~---r--__ r---~--~--~ 

FREQUENCY - HZ 

COMP TRANS. 

ML/SL 
ATH/SL 

Fig. 4.3a Similar to Fig. 4.2a for the transverse component. 
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insignificant. The dashed lines in the top plot indicate the portion of the 

accelerogram from which the Fourier' transfrom was computed. According to 

the analysis in Chapter 3, this portion of the accelerogram consists of P, Sand 

surface waves. 

There are several significant features of the observed site transfer functions 

in these figures: 

(1) The observed amplitude ratios between ATH and SL are different from those 

between ML and SL. This is because of the dissimilarity in t.he accelerograms 

recorded at M1 and ATH, which has been discussed in more detail in Section 

3.3.4. The locations of the peak amplitude ratios differ Significantly at fre

quencies higher than 2.5 Hz, especially in the north and radial components. 

However, for frequencies lower than 2.5 Hz the peaks in two observed ampli

tude ratio spectra are located '1.t tbe same frequency, although their ampli

tudes are not exactly equal. It lS :lr:li',cely that the subsoil profile underlying 

M1 and ATH could differ Significantly enough to cause the difference of the 

ground motions at these two stations. 

(2) At the frequency where the dominant peak amplitude ratio occurs, the 

Fourier amplitudes are not necessarily predominant in the ML and ATH spec

tra. For example, in the east component of the observed amplitude ratios 

between ML and S1 (Fig. 4.2b) the dominant peak is located at 0.76 Hz 

whereas the Fourier amplitude in ML spectra at this frequency is not prom

inent. This is different from the dynamic response of a building where the 

spectrum of roof motions shows prominent peaks at the first few modal fre

quencies of building vibration. To illustrate this, Fig. 4.4 gives an example of 

the dynamic response of a nine-story steel frame building at the Jet Propul

sion laboratory(JP1) in Pasadena during the 1971 San Fernando earthquake. 
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SAN FERNANDO EARTHQUAKE. FEB 9. 1971 
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Fig. 4.4 Accelerograms recorded at the basement and the 9th floor of 
JPL building - S08W component. Fourier amplitude spectra and 
the amplitude ratios between the 9th floor and the basement. 
Fourier transforms are computed from the data between O.O-sec 
and the dashed line. 
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Data reduction for the accelerograms in this figure was identical to the 

process for Figs. 4.2 and 4.3. As shown in Fig. 4.4, the amplitude spectrum of 

roof motions shows prominent peaks at the first and second modal frequen

cies, and the amplitude ratios at low frequencies are much smoother than 

those in Figs. 4.2 and 4.3. It has been demonstrated that the earthquake 

response of this building can be modelled by considering shear beam type 

motions. If the soil column had vibrated in the same way as the bUilding, the 

amplitude spectrum of the surface motions would have prominent peaks at 

the modal frequencies of the shear vibration of soil column. However, the 

observations here do not indicate this, so a simplified model of vertically pro

pagating shear waves will not predict the behavior of local subsoils as well as 

it does for the building. This is to be expected from the fact that the earth

quake motions of such a building are vertically traveling shear waves, 

whereas the motions of the soil column are not all from vertically traveling 

waves. 

(3) The transfer functions are quite different in different directions, whereas a 

simplified model of vertically propagating shear waves predicts no difference 

between the transfer functions of individual components in the horizontal 

directions. It does not appear that these differences are predictable by the Z

dimensional model of considering inclined incident SH, P and SV waves. In 

Chapter 3, we have seen that strongly polarized motions were observed in the 

east-west direction at SL but were not at ML or ATH. The change of seismic 

wave ray paths resulting from the irregular 3-dimensionallocal geology in the 

area might have caused this. On the other hand, the data might have indi

cated the inadequacy of the assumption that the SL motions represent the 

underlying bedrock outcrop motions beneath the ML and ATH. To use the 

recorded data· at an alluvium site and a nearby rock site to empirically 
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characterize the local geology effect, a more realistic empirical site transfer 

function, which is independent of recording axis, is desirable. In what follows 

we shall define and examine a direction-independent observed site transfer 

function. 

Let IF %(f) I and IF y(f) I be the Fourier amplitude spectra for two perpendicu-

1ar recording horizontal axes, x- and y-axes, at a station, we note that the total 

power of the horizontal components, i.e., 

(4.2) 

is an invariant quantity of the orientation of recording axes. For more details 

on this, see Huang (1982). We may define an average Fourier amplitude as 

(4.3) 

to represent the Fourier amplitude spectra in all the horizontal directions. 

Obviously. it is not the same as the arithmetic average of IFx(f) i and I Fy(f) !. 

The observed amplitude ratios can then be defined by 

_ IF(!) 1m 
Ea(f) - I F(f) I SL 

I F(f) I Ani 

or = IF(f) /SL 
(4.4) 

where the subscripts ML, ATH and SL indicate the Millikan library, the 

Athenaeum and the Seismological Laboratory. respectively. Ea(f) can be inter-

preted as the square root of the ratio of the total power spectrum of ML or ATH 

divided by the total power spectrum of SL. and is a function of frequency. It is 

called the average observed amplitude ratio in this report. Fig. 4.5 gives the 

average Fourier amplitude spectra for ML. ATH and SL, and the average observed 

amplitude ratios. The amplitude ratios are all smaller than 4.0. 

4.3.2 The Trailing Part. of the Accelerogram 

As analyzed in Chapter 3. significant differences of ground motions between 
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Fig. 4.5 Average Fourier amplitude spectra for ML, ATH and SL, and 
average observed amplitude ratios between ML, ATH and SL. 
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ML. ATH and SL have been observed in the trailing parts of the accelerograms. 

Some long-period waves are dominant in the ML and ATH trailing motions but 

not in the SL record. Although the trailing motions were smaller than the 

preceding strong motions, as a result of these motions the duration of the 

ground shakings at ML and ATH was longer than that at SL. 

To investigate local geology effects on the trailing motions. the accelerogram 

was truncated by a 10.24-sec window at a selected trailing part. The truncated 

data were tapered and the corresponding Fourier transforms were computed. 

The observed amplitude ratios were then obtained by dividing the once

smoothed Fourier amplitudes at ML and ATB by those at SL. The accelerograms, 

once-smoothed Fourier amplitude spectra and once-smoothe~ amplitude ratios 

are shown in Figs. 4.Sa, band c for the north, east and vertical components, 

respectively. The dashed lines indicate the truncated data. It is clear from the 

Fourier amplitude spectra in these figures that most energy of the trailing 

motions at ML and ATH is concentrated at frequencies lower than 2.0 Hz. On the 

other hand, the SL amplitude spectra, shoY\'ing the humps near 0.30 Hz and 5.0 

Hz, are almost fiat at frequencies lower than 2.~ Hz. Consequently, large ampli

tude ratios occur mainly at frequencies between 0.5 Hz and 2.0 Hz. AJ; compared 

to the results in Figs. 4.2 and 4.3, the amplitude ratios for the trailing motions 

are larger than those for overall motions. 

It should be noted that the amplitude ratios corresponding to small Fourier 

amplitudes near 0.0 Hz and at the high frequency end are ignored. The peaks in 

the Fourier amplitude spectra or the observed amplitude ratio spectra near 1.6 

Hz in the north component and near 1.0 Hz in the east component are larger at 

ML than at ATH. The fundamental frequencies of the ML building vibrations dur

ing the earthquake in the NS and EW directions were about 1.6 Hz and 1.0 Hz 

(McVerry, 1979), respectively, thus inertia soil-structure interactions might have 
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Fig. 4.6a Fourier amplitude spectra and Observed amplitude ratios for 
the trailing motions at ML. ATH and SL - north component. 
Dashed lines indicate the selected trailing accelerations 
from which the Fourier transforms are computed. 
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Fig. 4.6c Similar to Fig. 4.6a for the vertical component. 
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contributed to the trailing motions of ML basement. 

Since the trailing motions at the ML and ATH consist of relatively long period 

waves. it is of practical interest to understand their origins and their infiuences 

on long-period structures. Fig. 4.7 shows the east component accelerograms 

obtained in the basement and the 10th floor of the Millikan Library during the 

1971 San Fernando earthquake. The east-west fundamental period increased 

from 0.59-sec to 1.0-sec during the first ten seconds of the response. with the 

structure responding at this period during the remainder of the strong motion 

(McVerry. 1979). The dominant period of the trailing motions at the ML base

ment was 1.0-sec (FLg. 4.5b). which coincided with the the fundamental period of 

the building response. As a result. the building experienced essentially funda-

mental mode vibrations between 17 and 30 seconds. 

Figs. 4.Ba and b show the results for the transverse and radial components. 

The observed amplitude ratios are different in different directions. The 

amplifications of weak rock motions in the trailing part by the local geology do 

not appear to be associated with the late arriving body waves from the bedrock. 

If late arriving body waves had been strongly amplified at frequencies between 

0.5 Hz and 2.0 Hz. the early arriving body waves would have also been strongly 

amplified. However. the amplifications of early arriving body waves were rela-

tively small. Furthermore, the observed amplitude ratios of the trai1ing motions 

decay rapidly as frequency increases. As demonstrated hy the numerical exam-

pIes in Section 2.4, the amplifications of body waves in a multilayered system 

are not much higher at low frequencies than at high frequencies. 

The difference in the trailing motions at ML. ATH and SL may be associated 
I 

with local geology effects on the surface wave propagations. As surface waves 

propagate horizontally across the valley. complex wave scatterings along the 
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Fig. 4.7 Recorded accelerograms in the basement and the 10th floor 
of Millikan Library during the San Fernando earthquake _ 
east component. 
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nonhorizontal boundary between the bedrock and the alluvium will have 

occurred. Part of the energy of incident surface waves is scattered into body 

waves which are trapped inside the alluvial valley and propagate in surface-wave 

modes. Converted body waves resulting from the scattering of incident surface 

waves as well as transmitted surface waves might have contributed to the trail

ing motions at ML and ATH. 

In Chapter 3. we presented the particle displacement trajectories for ML, ATH 

and SL on the plane consisting of the radial and vertical directions and noted 

that each trajectory was dominated by a large retrograde loop. The large retro

grade loop. which was followed by the trailing motions considered here. was 

identified as the Rayleigh wave having 4- to 5-sec period. This long-period sur

face wave. having arrived at this area approximately 4.5 seconds after the first 

shear wave arrival. was not much affected by the local geology as it propagated 

from SL to ML and ATH. The wavelength of a 4-sec surface wave with 1.5 

miles/sec velocity is about 6 miles. The propagation of such a long-period wave 

is not affected by the soil deposit whose vertical dimension at ML and ATH is 

about 900 ft being much smaller than the wavelength. The local geology effects 

are expected to increase with increase of frequency because the high frequency 

surface wave does not penetrate deeply and most of its energy is contained in 

the soil deposit near the surface. However. the observed amplitude ratios in 

Figs. 4.6 and 4.6 indicate that strong amplifications occurred at frequencies 

between 0.5 and 2.0 Hz but did not occur at frequencies higher than 2.0 Hz. This 

seems to be associated with the mode conversions of surface waves along the 

nonhorizontal interface between the soil and the bedrock. and the fact that a 

high frequency wave attenuates quickly within the soil. In fact the dipping 

structures can transmit part of the energy of inCident fundamental Love and 

Rayleigh modes into higher Love and Rayleigh modes (Drake and Mal. 1972). The 
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numerical results by Drake (1980) could be helpful in explaining why observed 

amplitude ratios were much higher at low frequencies than at high frequencies. 

Drake (1980) studied surface wave propagations across an alluvial valley with 

a 45° dip at its side by the finite element model. In his numerical model. he 

found that there are large amplifications of surface wave motions within the 

alluvial valley at a frequency of 0.5 Hz. These large amplifications do not occur 

at frequencies higher than 0.5 Hz. He explained that at frequencies higher than 

0,5 Hz, all of the energy in the incident fundamental Love or Rayleigh wave 

modes from the side of the alluvial valley is transferred within the alluvial valley 

to higher surface modes, which have smaller surface amplitudes than the 

corresponding fundamental mode in the soil deposit. Furthermore, soil damp

ing wilhin the alluvial valley is more effective on the surface amplitudes at fre

quencies higher than 0.5 Hz. 

More numerical experiments by the finite element or the finite difference 

method are needed to throw light on the effects of local geology on the surfaee 

wave propagations. 
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4.4 Comparisions of Computed and Obsei wed Site Tl'IUUIfer Functions 

In this section observed amplitude ratios shown in Fig. 4.2c (vertical com

ponent) and Figs. 4.3a and b (transverse and radial components) are compared 

with the amplitudes of computed transfer functions to evaluate the applicability 

of the mathematical models described in Chapter 2. To compute site transfer 

functions, we have to specify the type of incident wave and the angle of 

incidence at the half-space. 

As seen in Chapter 3, the portion of the accelerogram from which the Fourier 

transform was taken consists of body and surface waves. However. as imposed 

by the mathematical model, we can only consider body waves. The 1971 San 

Fernando earthquake had a focal depth of about 8 miles and the thrust-fault 

rupture extended to the ground surface. The stations in the Pasadena area 

were at epicentral distances less than 25 miles. Since the source dimension was 

comparable to the source-to-receiver distance, seismic waves from different 

parts of the fault must have approached the stations from different directions. 

This means that the observed ground motions rotated into transverse com

ponent are contributed not only by SH waves but by P and SV waves. Similarly, 

SH wave motions may also be seen in the radial component and we cannot really 

isolate SH waves from P and SV waves. However, it is difficult to determine the 

details and we shall consider SH waves in the transverse component, and P and 

SV waves in the radial and vertical components. 

To specify the angle of incidence at the bedrock, it is noted that the first part 

of the accelerograms has indicated that seismic body waves have arrived from 

the bedrock at some angle other than OD. Furthermore, seismic waves generated 

from different paints of the fault might have been incident from the bedrock at 

different angles. However, for simplicity, we shall assume one incident angle. 



- 195-

The incident angle may be approximately estimated from the geometry of the 

earthquake source, the epicentral distance of the recording station. and the 

crustal structure in southern California. A 30° incident angle was chosen in this 

stUdy. 

Since the relative content of incident P and S waves from the bedrock is not 

mown, we shall ch.o.ose one type .of incident wave to c.ompute the transfer func

tions. Because the strong phase shakings are mainly contributed by incident 

shear waves, we shall consider only incident shear waves in the analysis, i.e., 

incident SH waves for the transverse component and incident SV waves for the 

radial and vertical components. With this choice we neglect the contributions of 

incident P waves from the bedrock. It should be noted that incident SV waves 

from the bedrock at 30c angle may produce a comparable amount of vertical 

motions to horizontal motions at the ground surface. This has been demon

strated by the numerical examples in Chapter 2 (e.g., Fig. 2.21). 

The comparisons are presented in Section 4.4.1 for the transverse component 

and in Section 4.4.2 for the radial and vertical components. The amplitudes of 

the computed transfer function from the model are compared with the observed 

amplitude ratios between ML and SL as well as with those between ATH and SL. 

The initial estimates of model parameters shown in Fig. 4.1 are first utilized to 

compute site transfer functions. A systematic frequency domain identification 

method is then employed to determine the optimal model parameters which 

produce a least-squares match between the computed and observed amplitude 

ratios. 

4.4.1 TrBmmmre Component 

The shear wave velocities of a 7-layered model shown in Fig. 4.1 and Table 

4.1{a} are first utilized to calculate the site transfer function of 30° incident SH 
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waves. The quality factors (Q's). which were not measured in situ, are estimated 

herein. The amplitudes of the computed transfer function are compared with 

the observed ML/SL and ATH/SL amplitude ratios in Fig. 4.9(a). Comparisons in 

this figure indicate that the computed and observed results do not compare so 

well in detail; the locations and the amplitudes of most of the peaks do not 

match. For example, the first peak of computed amplitude ratios is located 

near 0.90 Hz while the first observed peak is near 0.68 Hz. At frequencies higher 

than 3.0 Hz, the computed amplitude ratios are larger than the observed ratios. 

To reduce the computed amplitude ratios at high frequencies, the soil damping 

may be increased (Le., decrease Q factor). 

To investigate how well this simple 7-1ayered model predicts the observed 

amplitude ratios, a systematic frequency domain identification technique is per-

formed .by finding the values of the model parameters which produce a least

sq1.:!.a.res fit over a specified frequency band between the observed amplitude 

ratios and the computed amplitude ratios from the model. That is, we seek to 

minimize a measure-of-fit, J, which is defined by 

(4.5) 

where 

j6f = frequency, j = integer I M = frequncy spacing in the spectra. 

TML/SL(j-M) = observed amplitude ratios between ML and SL in the 
transverse component at frequency jM. 

TATHlSL(j.6f) = observed amplitude ratios between ATH and SL in the 
transverse component at frequency jM. 

jl6f~f~j2.6f = the frequency band of identifications. 

T(j.M) = computed amplitude ratios from the model of incident SH 
waves. 

It is noted that the observed amplitude ratios in (4.5) were obtained from twice-
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smoothed Fourier amplitudes whereas the ratios shown in Figs. 4.2 and 4.3 have 

been further smoothed twice. The normalized error E defined as 

J 
E = -j_-j-------------------------

.~ [(TKLlSLOM»2 + (TATH.ISL(jLlf»2] 
l=ll 

(4.6) 

may be used to indicate how good the match is. E will be reported when the 

results of the identifications are presented. 

For simplicity, the model parameters allowed to vary during the course of the 

identification are the shear wave velocities. ca's, the quality factors. Q's. and the 

incident angle at the bedrock, ea. The thickness and the density of each layer, 

and the number of layers are unchanged. Hence the measure-of-fit J is a fune-

tion of csl' ... , esB, Qsl' .... QsB and eB (see Chapter 2 for notations). To obtain 

the least-squares fit, J is minimized with respect to cm' Qm (i=1.2 .... ,8) and ea 

by the method of steepest descent. Appendix B gives a brief description on 

numerical minimization of a function of several variables with no constraint by 

the method of steepest descent. 

The identification was first performed over the frequency band from 0.15 Hz 

to 2.54 Hz The low frequency limit is chosen to avoid long-period data process-

ing errors. The high frequency limit is set at 2.54 Hz because the locations of 

the peaks in the ML/SL and ATH/SL amplitude ratio spectra agree well at fre-

quencies below 2.54 Hz. Initial values of model parameters for the analysis are 

those listed in Table 4.1(a). The initial match is shown in Fig. 4.9(a). The final 

estimates of model parameters are listed in Table 4.1(a) and the results are 

presented in Fig. 4.9(b). The match was pretty good at the peaks near 0.68 Hz 

and 2.34 Hz but several local peaks within the frequency band could not be pro-

duced by the 7-layered model. During the course of the identification, the nor-

malized error was reduced from 0.279 for the initial estimates to a final value of 
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0.135. The final estimates of shear wave velocities for the 4th. 5th and 6th 

layers increased from their initial values while those for other layers decreased. 

Furthermore, the final shear wave velocity of the 7th layer is smaller than those 

of the 4th, 5th and 6th layers. 

During the identification it was observed that the measure-of-fit J was insensi

tive to the changes in the quality factors and the incident angle. This is because 

of the low frequency band of identification we chose. The numerical examples in 

Chapter 2 (Fig. 2.15) have demonstrated that the transfer functions of incident 

SH waves at low frequencies are not sensitive to the changes in the quality fac

tors and the incident angle. As a result. the final estimates of the quality factor 

and the incident angle were not much deviated from their initial values 

(Table 4.1(a». Because of the high quality factors in the model, the computed 

amplitude ratios are larger than the obserled ratios at frequencies beyond the 

frequency band of identifications. 

Another match was performed by broadening the frequency band of 

identifications. The high frequency limit increases from 2.54 Hz to 7.91 Hz. It is 

noted that the amplitude ratios beyond 7.91 Hz corresponding to small ampli

tudes in the spectra (Fig. 4.3a) are ignored. The identification started with the 

final shear wave velocities obtained in the previous narrow-frequency-band 

identification. However. the initial values of the quality factors were reduced to 

bring down the computed amplitude ratios at high frequencies. The results of 

the identifications are listed in Table 4.1(b) and presented in Fig. 4.10. 

Fig. 4.10(a) shows the initial match between the observed amplitude ratios and 

the computed results from the initial model parameters in Table 4.1(b). The 

final match is shown in Fig. 4.10(b). The normalized error of final match is 0.22 

which is too high for a good match. However. the final match does represent the 

best least-squares fit to the observations for a 7-layered model in the frequency 
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Table 4.1 
Parameter Estimates of a 7-Layered Model for 

the.site at Caltech .(Shear Wave l'roperties) 

(a) 
Frequency Band of Identifications = 0.15 - 2.54 Hz 

Transverse Component (Inclined Incident SH Wave) 
Initial Estimates Final Estimates 

Layer No. c, 
(ft/sec) Qs 

c. 
(ft/sec) Q. (:~f) 

1 620 8.00 568 8.00 100 

2 1100 8.00 990 8.00 lOB 

3 1600 10.00 1327 10.05 116 

4 2000 15.00 3085 15.05 114 

5 2500 20.00 2950 20.00 120 

6 3100 25.00 3757 25.00 120 

7 3600 30.00 2172 30.00 125 

half-space 8000 100.00 7763 100.00 150 

Incident Angle 30.00 30.01 

Normalized Error = 0.279 !Normalized Error = 0.135 

(b) 
Frequency Band of Identifications = 0.15 - 7.91 Hz 

Transverse Component (Inclined Incident SH Wave~ 
Initial Estimates Final Estimates 

Layer No. c, 
(ft/sec) Q. 

cs 
(ft/sec) Qs C:;f) 

1 568 5.00 915 5.00 100 

2 990 5.00 1617 4.99 lOB 

3 1327 6.00 979 5.84 116 

4 3085 B.OO 372B 7.96 114 

5 2950 8.00 3279 7.98 120 

6 3757 10.00 3738 9.96 120 

7 2172 12.00 2212 11.93 125 

half-space 7763 100.00 7525 100.00 150 

L'1cident A.,.'1g1e 30.01 30.03 

tNormalized Error = 0.29~ iNor!Ilalized Error = 0.220 
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(ft) 
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82 
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SAN FERNANDO EARTHQUAKE fEB 9. 1971 

(a) 

fRECUENC~ - HZ 

CO!1P TRANS. 

- CO!1PUTED 

CBSERVED 
--- HLiSL 
----- AiH/SL 

i"-~--'----r' .. -r-'~r---..---T"'""-"T'"""-"""'-""""-"""--' 

(b) 

FRECUENcr - HZ 

CO!1P 7RRNS. 

.- CC!1PUTED 

OBSE~VED 
--- ML/SL 
-_ ..... A7H/SL 

Fig. 4.9 Comparison of observed amplitude ratios and computed amplitude 
ratios from (a) initial estimates, (b) final estimates, of 
model parameters - transverse component. Dashed lines indicate 
the frequency band (0.15 - 2.54 Hz) of identifications. 
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SAN FERNANDO EARTHQUAKE FEB 9. 

(a) 

fREQUENCY - HZ 

(b) 

FRECUENCY - HZ 

CaMP TRANS. 

-- COMPUTED 

OBSERVED 
--- ML/Sl 
----- ATH/SL 

CaMP TRANS. 

-- COMPUTED 

OBSERVED 
---- ML/SL 
----- Ai"H/SL 

15 

Fig. 4.10 Comparison of observed amplitude ratios and computed amplitude 
ratios from (a) initial estimates, (b) final estimates, of 
model parameters - transverse component. Dashed lines indicate 
the frequency band (0.15 - 7.91 Hz) of identifications. 
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band rrom 0.15 Hz to 7.91 Hz. The normalized error may be reduced by chang

ing the number of layers in the model. but this is not easy to implement in the 

computer programs without sacrificing the computational efficiency. The thick

ness of each layer can be varied during the identification. but the total thick

ness of the subsoil profile should remain constant and an identification tech

nique with this constraint must be employed. 

It should be pointed out that the identification performed herein considers 

only the match of amplitudes. If an underlying bedrock record, having a com

mon time base with the surface record, is available or the S1 record is shifted 

exactly in the time axis to represent the corresponding input at the bedrock 

outcrop, the identification can be performed by matching both the amplitudes 

and phases. On the other hand, once the response at the free surface of a given 

subsoil profile subjected to the S1 motions is computed. the time-axes of M1 and 

ATH records can then be approximately adjusted to compare with the computed 

surface motions. To do this, the final subsoil profile derived from the broad

frequency-band (0.15 - 7.91 Hz) identification is chosen. The transfer function 

of 30.03° incident SH waves has the amplitudes shown in Fig. 4.10(b) and the 

phases. The surface response is the inverse Fourier transform of the output 

transform which is the product of the Fourier transform of the S1 motions and 

the transfer function. The computed surface motions are compared with the 

recorded transv~rse-component motions at ML and ATH in Fig. 4.11. It can be 

seen that the computed surface motions look more like the recorded motions at 

ML and ATH. especially the frequency content. However, the agreement is by no 

means perfect in detail. This is not surprising in view of many simplifications 

involved and from the fact that one computed output will never match simul

taneously two different recorded outputs. 
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SAN FERNANDO EARTHCUAKE FEB 9, 1971 

CO"lP TRANS. 

A7h 
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c -,In 
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Fig. 4.11 Comparison of accelerograms recorded at ML, ATH and computed 
surface motions from the final model ~n Table 4.1(b) and the 
5L motions. Transverse component. 
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4.4.2 Radial and Vertical Components 

The 8-wave and P-wave velocities in Fig. 4.1 were used to compute the radial 

and vertical transfer functions of 30° incident SV waves. The quality factors 

were estimated. In each layer the P-wave quality factor is assumed to be the 

same as the 8-wave quality factor, Le., Qp = Qs. The amplitudes of computed 

transfer function are compared with the observed amplitude ratios in Fig. 

4.12(a) for the radial component and in Fig. 4.13(a) for the vertical component. 

Obviously. the match is poor. To pursue a good match, the identification tech-

roque used for the transverse component was employed for the radial and verti-

cal components. However, the measure-of-fit J herein is defined as 

(4.8) 

where 

RMLlSL(j~f) = observed amplitude ratios between ML and 8L in the radial 
component. 

RA'rH/SL(j~f) = observed amplitude ratios between ATH and 8L in the radial 
component. 

R(j~f) = computed horizontal amplitude ratios from the model of 
inclined incident SV waves. 

VMI..lSL(j~f) = observed amplitude ratios between ML and 8L in the vertical 
component. 

VATH/SL(j~f) = observed amplitude ratios between ATB and 8L in the vertical 
component. 

V(jM) = computed vertical amplitude ratios from the model of 
inclined incident SV waves. 
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The normalized error E is defined as 

J 
E= ~i-~:----------------------~------------------------

.~ r (R)4W'SL(jtlf»)2 + {RATH/SL(jtlf»2 + (VlIL/SL(jtlf»2 + (VATIVSL(j6f) )2] 
l=l1 

(4.9) 

During the course of the identification, the wave velocities cBI Cp of each layer 

and the incident angle were allowed to vary while the quality factor and the 

thickness of each layer are fixed. The identification was performed only over the 

frequency band from 0.15 Hz to 2.54 Hz. The results of identification are listed 

in Table 4.2{a) and presented in Figs. 4.12(b) and 4.1'3tb). The normalized error 

was reduced from 0.310 for the initial estimates to a final value of 0.197. It can 

be seen in these figures that the match is poorer for the vertical component 

than for the radial component. In the radial component, the first two peaks of 

observed amplitude ratios located near 0.54 Hz and 0.85 Hz could not be pro-

duced by the 7-1ayer model; instead the first computed peak is located between 

these two observed per...ks at 0.73 Hz. 

In computing the radial and vertical transfer functions we assumed the sys-

tern was excited only by inclined incident SV waves. The radial and vertical 

responses at the bedrock outcrop and the free surface to inclined incident SV 

waves consist of converted P waves as well as SV waves. The poor match in the 

radial and vertical components might have indicated that the response of the 

system to inclined incident P waves cannot be neglected. To include the contri-

butions from incident P waves, we have to know their amplitudes and arrival 

times relative to incident SV waves. As demonstrated in Figs. 2.23 and 2.24 in 

Chapter 2, the transfer function for the combination of incident P and SV waves 

is irregular and is sensitive to the changes in the relative amplitudes and arrival 

times which are usually different in different earthquakes. Moreover, one can 

probably never completely separate P-wave and S-wave motions generated by a 
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Table 4-.2 
Parameter Estimates of a 7-Layered Model for 
the Site at Caltech (S- and P-Wave Properties) 

(a) 
Frequency Band of Identifications = 0.15 - 2.54 Hz 

Radial and Vertical Components(Inclined Incident SVWaveJ 
Initial Estimates Final Estimates 
cs 

(ft/sec) 
cp 

(ft/sec) 
cs 

(ft/sec) 
cp 

(ftlsec) Qw=~ (::f) 
620 1400 610 1394 5.00 100 

1100 2200 1073 2183 5.00 108 

1600 3100 1327 3019 6.00 116 

2000 3800 1191 3BB8 B.OO 114 

2500 4500 2524 4561 B.OO 120 

3100 5600 3222 5836 10.00 120 

3600 6400 3241 6713 12.00 125 

8000 14000 8765 13673 100.00 150 

30.00 29.94 

Normalized Error == 0.310 Normalized Error = 0.197 

(b) 
Frequency Band of Identifications = 0.15 - 2.54 Hz 

Radial Component (Inclined Incident SV Wave) 
Final Estimates 

Layer No. 
cs cp Qs=Qp 

pg H 
(it/sec) (it/sec) (pcf) (ft) 

1 610 1394 5.00 100 6 

2 1072 2183 5.00 108 17 

3 1290 3019 6.00 116 82 

4 1203 3880 8.00 114 220 

5 2592 4559 8.00 120 53 

6 3448 5833 10.00 120 222 

7 3354 6713 12.00 125 300 

half-space 8817 13638 100.00 150 00 

Incident Angle 29.94 

!Normalized Error = 0.18~ 
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SRN FERNANDO EARiHCUA~E FEB 9. 

(a) 

i: 
• I 5 ' n . 

HZ 

(b) 

FRECUENCY - HZ 

1971 

CO'1P RACIAL 

-- COloiPUTEO 

OBSERVED 
MLiSL 

----- AiH/Sl 

;" I. 

:. ! ~ :. 

CO"!!' R!1C!AL 

-- COII\~U7EO 

Fig. 4.12 Comparison of observed amplitude ratios and computed amplitude 
ratios from (a) initial estimates, (b) final estimates, of 
model parameters - radial component. Dashed lines indicate 
the frequency band (0.15 - 2.54 Hz) of identifications. 
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SAN FERNANOO EARTHCUAKE FEB 90 1971 
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Fig. 4.13 Similar to Fig. 4.12 for the vertical component. 
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strong earthquake. Therefore, the modet considering both incident P and SV 

waves was not used in this study. 

It is interesting to note that when the measure-of-fit J in equation (4.8) was 

computed only for the radial component, the final estimates of wave velocities 

(Table 4.2(b)) were almost identical to those obtained by matching both the 

radial and vertical components. The final matches for the radial and vertical 

components shown in Fig.4.14 are not much different from those in Figs. 4.12(b) 

and 4.13(b). 

The initial and final estimates of the wave velocities for the 7-layered subsoil 

profile are summarized in Fig. 4.15. In the initial profile indicated by the solid 

lines. the P-wave and S-wave velocities increase with increasing depth. As shown 

in Fig. 4.1. only the S-wave velocities down to 400 ft deep were measured. other 

velocities were initially estimated. The final estimates of the identifications are 

shown by the dashed lines in Fig. 4.15. The shear wave velocities are quite 

different in three final estimates and a unique subsoil profile was not achieved. 

It should be pointed out that Fig. 4.15 shows the optimal wave velocities for a 7-

layered subsoil model to produce a least-squares match between the computed 

and observed amplitude ratios within a selected frequency band. Since the 

number· of layers and the thickness of each layer were fixed during the 

identifications. no claim for the uniqueness of the subsoil profile can be made. 

The final Q factors range from 5.0 (10% critical damping) for the top layer to 

12.0 (4.2% critical damping) for the bottom layer; the model with higher Q values 

led to computed amplitude ratios that were too high compared to observed 

amplitude ratios at high frequencies. 
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SAN FERNANOC EARiHCUAKE FEe 9. 1971 
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Fig. 4.14 Comparison of observed amplitude ratios and computed amplitude 
ratios from final estimates of model parameters which are 
obtained by matching the radial component only. 
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Fig. 4.15 The initial estimate and different final estimates of the 
subsoil profile underlying the Caltech campus. 



-212-

4.4.3 mscmssion 

We have treated the soil column underlying the Caltech campus as a linear, 

time-invariant system. The recorded motions at ML and ATH during the 1971 

San Fernando earthquake are the two outputs of the system. We assumed all 

the input excitations during the earthquake were represented by the body waves 

incoming from the underlying bedrock and neglected other body waves and sur

face waves from surrounding soils. This assumption is not completely valid for 

the San Fernando earthquake for which surface waves have significant contribu

tions to the ground motions in the Pasadena area. Since the downhole records 

at the bedrock were not available, we further assumed that the recorded 

motions at 5L were the input to the system. 

To compute the transfer function between the input and the output of the 

system, we have to determine the type of body wave incident from the bedrock 

and the angle of incidence at the bedrock. The incident angle was chosen to be 

30" in this study. The computed transfer function was not sensitive to the 

change in this angle, because the angle of propagation in each layer is small as 

the waves penetrate from the bedrock into the layers. We considered incident 

SH waves for the transverse component whereas for the radial and vertical com

ponents we considered only incident SV waves and neglected incident P waves. 

The transfer functions for the combination of incident P and SV waves can be 

obtained only if their relative amplitudes and arrival times are mown. The 

applications of the model considering both incident P and SV waves are usually 

limited by the fact that relative contributions of P and 5 waves incident from 

the bedrock at different frequencies are not mown and are usually different in 

different earthquakes. The analysis is usually performed in engineering by con

sidering only incident 5H waves. Furthermore, the theoretical transfer function 

for incident SH waves is not sensitive to the angle of incidence at the bedrock. 
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Therefore, most analytical models assume vertically propagating shear waves. 

The fact that observed amplitude ratio is quite different for different direc

tions might imply that the SL motions are not the appropriate input to the sub

soil profile. However, because of the lack of downhole measured bedrock 

motions the recorded motions at SL were used as input to the subsoil profile. 

Regardless of the input, if the output (free surface response) can be predicted 

by the model the surface motions should not be different at two nearby points 

on the free surface. The fact that the ML and ATH motions are quite different 

implies that part of the motions is not site-dependent. The Fourier amplitude 

spectra shown in this chapter indicate that the agreement between the ML and 

ATH motions is only in the frequency band from 0.0 to 2.0 Hz or to 2.5 Hz. This 

frequency band is too narrow to give similar ground accelerations at two sta

tions. 

4.5 Summary 

Local geology effects on strong earthquake ground motions have been investi

gated by studying the recorded accelerograms at ML. ATB (alluvium sites) and SL 

(rock site) in the Pasadena area during the 1971 San Fernando earthquake. 

Relative to S1, the ground accelerations at ML and ATB were dominated by lower 

frequency waves and were longer in duration. However, the ground shakings at 

ML and ATH were not significantly greater than those at SL. 

The observed amplitude ratio has been obtained by dividing the Fourier 

amplitude of the motions at ML or ATB by that at SL. It is found that observed 

amplitude ratios differ markedly in different horizontal directions. The average 

observed amplitude ratio, which is based on the total energy and is independent 

. of recording direction, is defined and can be adopted to represent the local geol

ogy effects. It could be useful to reduce the uncertainties in statistically 
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evaluating the local geology effects from earthquake and nuclear explosion data. 

The Fourier amplitude spectra of the trailing parts of the accelerogr~ indi

cate that most energy of the trailing motions at ML and ATH is concentrated at 

frequencies between 0.5 Hz and 2.0 Hz. while the SL amplitude spectra are 

almost fiat at frequencies lower than 2.0 Hz. Observed amplitude ratios between 

ML(or ATH) and SL are much higher at low frequencies from 0.5 Hz to about 2.0 

Hz than at high frequencies. The difference in the trailing motions at ML(or 

ATH) and SL may be associated with local geology effects on the surface wave 

propagations. 

Observed amplitude ratios for overall motions were compared With the ampli

tudes of the computed transfer function from the analytical .model given in 

Chapter 2. Some model parameters were adopted from geotechnical measure

ments. A 7-1ayered structure overlying a half-space was chosen to model the 

subsoils underlying the Caltech campus. The system is linear and time

invariant. To compute the transfer function for the system. a single incident 

wave at a specified angle of incidence from the half-space was assumed to be the 

only input to the system. i.e .. incident SH wave for the transverse component 

and incident SV wave for the radial and vertical components. 

The initial values of the model parameters produced poor matches between 

the observed and computed amplitude ratios. Therefore. a systematic fre

quency domain identification technique was employed to find the optimal model 

parameters. Le .. wave velocities and quality factors. which produce a least

squares match between the observed and computed amplitude ratios over a 

specified frequency band. The number of layers and the thickness of each layer 

were fixed during the course of the identification. It appears that the agree

ment between the computed and observed amplitude ratios is better for the 
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transverse component than the radial and vertical components. The final shear 

wave velocities are quite different from the identifications of different com

ponents and a unique subsoil profile is not achieved. 

Although the analytical model explains some of the differences between the 

SL records and the ML. ATH records. for example. the difference in the frequency 

content (Fig. 4.11). it is not capable of calculating the surface motions at ML and 

ATH very accurately from the SL records. The fact that observed amplitude 

ratios are quite different in different directions might imply that the SL motions 

are not the appropriate input to the subsoil system. Furthermore, the fact that 

the motions at ML and at ATH are quite different at frequencies higher than 2.5 

Hz indicates that part of the motions is not site-dependent. 

Possible limitations of the theory in evaluating the influence of local geology 

on earthquake ground motions were discussed. The analyses in this chapter 

indicate that the analytical method over-simplifies the actual seismic environ

ment in the Pasadena area during the 1971 San Fernando earthquake. Using a 

simplified model and a nearby surface rock record to compute the surface 

motions at an alluvial site, regardless of the relative content of various wave 

types and the 3-dimensional local geological configuration, can involve large 

errors. 
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CHAPTERS 

SU1nIARY A.~D CONCLUSIONS 

In what follows the studies presented in the previous chapters are briefly 

summarized and some general conclusions drawn are presented. Some sugges

tions for future research are also offered. 

I. A two-dimensional model for inclined propagation of P and S plane waves in a 

horizontal-layered structure has been studied. This model is more realistic and 

closer to the actual seismic environment within a local geology than the one

dimensional model of vertically propagating waves. The transfer function 

between the free surf ace motions and the half-space outcrop motions to a single 

train of incident SH, P or SV wave from the half-space at a specified angle was 

derived by the matrix method. Two numerical examples were given to examine 

the effects of material damping and incident angle on the transfer function. The 

limItations of the two-dimensional model for evaluating local geology effects on 

earthquake ground motions were discussed. The general conclusions are 

(1) The effects of material dampings on the transfer function are most 

significant at high frequencies. As damping increases, more high order 

reflections in the layered structure are attenuated. more high-frequency 

motions are dissipated, and the amplitudes of surface motions become 

smaller. 

(2) The transfer function for an incident SH wave is not much affected by the 

incident angle. whereas the coupling effects on the transfer function for an 

incident SV or P wave become more prominent as the incident angle 

increases. 

(3) If the amplitudes, arrival times and incident angles of all incident body 

waves from the bedrock are known, the surface response of a given layered 
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structure can be computed from the analyticl model by using the superposi

tion principle and the Fourier transform method. However. the use of a two

dimensional model to compute the surface motions during a strong earth

quake is not straightforward. because the relative content of incident P and 

S waves from the bedrock are not known. 

(4) The transfer function between the surface response and the half-space 

outcrop response to multiple incident waves having different arrival times 

and different incident angles is more complicated than that for a single 

incident wave at an incident angle. Furthermore. the transfer function 

between the output and the input depends upon the detailed character of 

the input. For nearby shallow-focus earthquakes. seismic waves emitted 

from different parts of the fault will approach the bedrock from different 

directions and at different angles. hence. completely satisfactory results can 

not be expected when using the transfer function of a single incident wave to 

relate the motions at two different points of the subsoil profile during a 

nearby shallow-focus earthquake. 

II. Analysis of the data recorded at four stations. Le., SL (rock site). ML. ATH and 

JPL (alluvial sites). in the Pasadena area during the 1971 San Fernando earth

quake gives the following conclusions: 

(1) Compared to SL. the ML. ATH and JPL accelerations are richer in lower fre

quency waves ( < 3.0 Hz). however. the intensities of shaking at ML. ATH and 

JPL are not significantly greater than those at SL. 

(2) A high degree of coherence in the wave forms is observed in the ground 

velocities at all stations. 

(3) Long-period (4- to 5-sec) surface waves are contained in all the accelero

grams, which in fact dominate the ground displacements and are not 
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atIected by the local geology in the area. 

(4) The accelerograms at both rock and alluvial sites are dominated by a strong 

part having relatively high accelerations. This part is mainly due to the 

arrivals of shear waves from the source, and its duration( - B seconds) is 

about the same as the duration of the slipping process of the fault. 

(5) The motions having periods from 0.5- to Z.O-sec are prominent in the trailing 

portions of the accelerograms at ML. ATH and JPL. but not at SL. These trail

ing motions are associated with surface waves which propagated across the 

area, and body waves which were trapped within the surface layer. 

ID. Comparison of all the accelerograms recorded in the Pasadena area during 

four past earthquakes leads to the following conclusions: 

(1) Local geology effects are less eVident on the leading portions of the accelero

grams than on the trailing portions. 

(Z) The accelerograms obtained from distant earthquakes exhibit surface waves 

with amplitudes comparable to the preceding body waves. 

(3) No significant site periods have been identified at any of the sites. It is not 

appropriate to characterize such sites by a site period. 

(4) The 3-dimensional configuration of local geology and the direction of arriv

ing waves do have infiuence in modifying the incoming seismic waves. The 

analytical model, which assumes horizontal layers for the local geology, can 

not take into account the etIect of nonhorizontallayered structure. 

IV. The accelerograms recorded at SL, ML and ATH during the 1971 San Fer

nando earthquake have been used to evaluate the analytical model for the local 

geology in the Pasadena area. The observed amplitude ratio was obtained by 

dividing the Fourier amplitude of the motions at ML or ATH by that at SL. 
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Observed amplitude ratios were compared with the computed ampl.itude ratios 

from the analytical modeL The two-dimensional model with 7 layers overlying a 

haU-spaC€ was -chosen to represent the subsoil profile underlying the Caltech 

campus. Values of some model parameters were adopted from geotechnical 

investigations. The transfer function was computed for a single incident SH or 

SV wave from the half-space at an incident angle. A systematic identification 

technique was also employed to find the optimal wave velocities and dampings of 

the 7-layered model which produce a least-squares fit between computed and 

observed amplitude ratios. The general conclusions are 

(1) The assumption that the SL motions are the same as the motions at the 

bedrock outcrop underlying ML and ATH is not correct for the San Fernando 

earthquake, because observed amplitude ratios between the sites differ 

markedly in different horizontal directions. 

(2) The proposed Average Observed Amplitude Ratio, which is based on the total 

energy and is independent of recording direction, is recommended for sta

tistical evaluations of local geology effects upon earthquake and nuclear 

explosion motions. 

(3) Observed amplitude ratios between the trailing motions at ML, ATH and 

those at SL are large at frequencies from 0.5 to about 2.0 Hz and decay 

rapidly at higher frequencies. The differences in the trailing motions at ML, 

ATH compared to SL are associated with the surface layer of alluvium at the 

ML and ATH sites. Numerical experiments, by the finite element or the finite 

difference method, are needed to throw light on the effects of such local 

geology on surface wave propagation. 

(4) When using the SL motions as input to the subsoil profile with low soil damp

ing, stronger surface motions are predicted than are actually observed at ML 
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andATH. 

(5) The San Fernando earthquake records indicate that the motions at ML and 

ATH differ markedly at frequencies between 2.0 and 6.0 Hz. There is no evi

dence of significant soil~building interaction. It is also unlikely that the local 

geology underlying these two stations can differ markedly to cause the 

difference. It is concluded that this difference must result from body waves 

refracting and refiecting ~ithin the alluvium layer. 

(6) Although the analytical model explains the difference of the frequency con

tent between the SL records and the ML. ATH records. it does not seem to be 

capable of accurately calculating the surface motions at ML and ATH from 

the motions at SL. 

(7) The agreement between observed and computed amplitude ratios is 

improved, but not significantly. by using the optimal values of model param

eters. Hence. the anal)'! leal model oversimplifies the local geological struc

ture in the Pasadena area and the actual seismic environment in the area 

during the 1971 San Fernando earthquake. 

V. The ground motions recorded at Mexico City during two distant earthquakes 

are often used to illustrate the success of the one-dimensional model. and Mex

ico City is often mentioned as a site where marked local geology effects can 

occur. However. it must be pointed out that the records obtained at Mexico City 

such as those shown in Fig. 1.2 contain essentially surface waves. The earth

quake was located at approximately 260 kilometers from MexiCO City and had a 

focal depth of about 20 kil,?meters. For such a shallow-focus earthquake at 

large distance. most seismic energy is expected to arrive in the form of surface 

waves. It is interesting to note that the Borrego Mountain earthquake was 

located at about 215 kilometers from Pasadena and had a focal depth of 9 
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kilometers (Tables 3.1 and 3.2). The records obtained in the Pasadena area dur

ing the Borrego Mountain earthquake (Fig. 3.18) have features similar to those 

recorded in Mexico City. Both records consist essentially of surface waves in 

their trailing parts. The dominant 2.5-sec motions in Mexico City are due to the 

effects of local geology on surface waves rather than on body waves. 

VI. The strong motion data recorded in the Pasadena area have provided an 

opportunity for studying the nature of earthquake ground motions in the area 

and investigating local geology effects on ground motions. The general picture 

emerging from study of these data is more complicated than had been assumed 

for most analytical models. The results of this study indicate that a better 

understanding of the spatial variation of ground motions. of the role played by 

ditierent types of waves and their relative contributions to an accelerogram. and 

of the propagation directions of the waves is needed for assessing local geology 

effects on ground motions. Further research should give a high priority to 

deploying a local array so that the data during future earthquakes will give a 

reasonably complete picture of the nature of ground motions in a local area. 

Since 1971. more accelerographs. in addition to the accelerographs already 

located in the basements of Millikan Library and Athenaeum. have been installed 

at several locations on the Caltech campus. Some are located in the basements 

of multistory buildings and some on the first floor of one-story buildings. These 

instruments are centered around Millikan Library where more instruments have 

been installed to measure structural response. The instruments added since 

1971 will provide data for gaining a better insight into: (a) the local distribution 

of earthquake ground motions. (b) the soil-structure interaction phenomenon, 

(c) the free-field motion in the local area. (d) the etiects of embedment of the 

building and the size of the building foundation on recorded ground motions. 

Furthermore. the records from ditierent earthquakes will permit analysis of 
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source effects and travel path effects. 

The value of the data would be significantly increased by the following 

improvements: (a) All the accelerographs to have a common time base. (b) The 

orientations and the locations of the accelerographs should optimize the value 

of the data and should be determined accurately for future analysis purposes. 

(c) The accelerographs should be spaced closely enough so that the waves hav

ing frequencies lower than a certain frequency. e.g .. 6.0 Hz. are not aliased; this 

requires spacing of about 100 feet. 

It would be desirable to extend the array on the Caltech campus to include 

the SL and JPL stations. To provide data for the local geology effect and the 

variation of ground motions across the valley. the instruments can be installed 

at several locations between Seismological Laboratory. Jet Propulsion Labora

tory and the campus. The more frequent occurrence of weak ground shaking 

makes it desirable to record these motions and to aL3.1yze them. especially, as 

the soil behaves linearly under small strains. Sensors with low trigger level and 

high gain recorders can be deployed to record small local earthquakes or large 

distant earthquakes. as well as large close earthquakes. 

As funds are available. the array should be extended to include down-hole 

instruments, The data will permit analysis of the variation of ground motion 

with depth and assessment of the validity of the analytical models for the sub

soil profile. and give a 3-dimensional picture of the nature of wave propagation 

through this local site. It is desirable to install the sensors at the depth of 50, 

100. 300. 500. 700 and 900 (bedrock) feet. 
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APPENDIX A 

List of Symbols in Chapter 2 

lIeaning 

upgoing and downgoing SH wave amplitudes within the jth 
layer (complex-valued), Eq. 2.2.1. 

displacement amplitude of SH waves at the free surface 
(complex-valued). Eq. 2.2.9. 

4x4 matrix for the jth layer defined by Eq. 2.3.22. 

elements of matrix [a]j' Eq. 2,3.23. 

coefficients defined by Eqs. 2.2.11 and 2.2.12. 

x- and z-components of Ai' Eq. 2.2.32. 

upgoing and downgoing P wave amplitudes within the jth 
layer (complex-valued), Eq. 2.3.1a. 

attenuation vector within the jth layer, Eq. 2.2.32. 

matrix defined by Eq. 2.3.27. 

potential amplitudes of incident P and SV waves in the half
space. Eq. 2.3.33. 

potential amplitudes of refiected P and SV waves in the half
space, Eq. 2.3.33 . 

. potentials of reflected P and SV waves. respectively, in the 
half-space 'Without top layers due to incident P waves, Eq. 
2.3.38. 

potentials of reflected P and SV waves, respectively, in the 
half:'space without top layers due to incident SV waves. Eq. 
2.3.46. 

upgoing and downgoing SV wave amplitudes within the jth 
layer (complex-valued), Eq. 2.3.1b. 

matrix defined by Eq. 2.3.32. 

elastic wave velocities (real-valued), C = Cp for P waves and 
c = Cs for S waves. Eq. 2.2.20. 

constant for the jth layer defined by Eq. 2.2.33c. 

elastic shear wave velOCity in the jth layer (real-valued), Eq. 
2.2.18. 

coefficients defined in Eq. 2.3.13a. 

coefficients defined in Eq. 2.3.40. 

coefficients defined in Eq. 2.3.48. 

crustal transfer function ratio for incident P waves. defined 
by Eq. 2.3.36. 
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crustal transfer function ratio for incident SV waves. 
defined by Eq. 2.3.45. 

coefficient defined by Eq. 2.3.35. 

coefficient defined by Eq. 2.3.44. 

thickness of jth layer. 

matrix for the jth layer defined by Eqs. 2.2.8b and 2.2.29. 

i = V"'"=I 
propagation matrix at Zj = 0 in the jth layer. Eq. 2.3.16. 

inverse of [J(On, Eq. 2.3.19. 

propagation matrix Zj = Hj in the jth layer. Eq. 2.3.14. 

propagation vector within the jth layer. Eq. 2.2.32. 

x- and z-components of Pj' Eq. 2.2.32. 

quality factors, Q = Qp for P waves and Q = ~ for S waves. 
Eq.2.2.20. 

quality factor of the jth layer. Eq. 2.2.17. 

coefficients defined by Eq. 2.3.13b. 

time. 

transfer function between the motions at the top of layer j 
and the top of layer k due to incident SH waves. Eq. 2.2.13. 

transfer function between the motions at free surface and 
the top of half-space due to incident SH waves. Eq. 2.2.15. 

transfer function between the motions at free surface and 
the half-space outcrop due to incident SH waves, Eq. 2.2.16. 

transfer function between the motions at free surface and 
the half-space outcrop in a single layered system due to 
incident SH waves, Eq. 2.4.1. 

transfer function between the motions at free surface and 
the half-space outcrop in a elastic single-layered system 
due to incident SH waves, Eq. 2.4.4. . 

horizontal and vertical transfer functions between the 
motions at free surface and the half-space outcrop due to 
incident P waves, Eqs. 2.3.41 and 2.3.42. 

horizontal and vertical transfer functions between the 
motions at free surface and the half-space outcrop due to 
inCident SV waves. Eqs. 2.3.49 and 2.3.50. 

displacements of P and SV waves within the jth layer in the 
positive x- and positive z-directions, Eqs. 2.3.8 and 2.3.9. 

displacements at the free surface in the x- and z-directions 
due to incident P or SV waves from. the half-spa.ce, Eq. 
2.3.25. 

displacements at the free surface in the x- and z-directions 
due to incident P waves from the half-space. Eq. 2.3.34. 
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displacements at the free surface in the x- and z-directions 
due to incident gy waves from the half-space, Eq. 2.3.43. 

displacements at the half-space outcrop due to incident P 
waves, Eq. 2.3.39. 

displacements at the half-space outcrop due to incident SV 
waves. Eq. 2.3.47. 

displacements of SH waves within the jth layer in the y
direction, Eq. 2.2.1. 

viscoelastic shear wave velocity of the jth layer defined by 
Eq. 2.2.16 (complex-valued). 

viscoelastic wave velocities, V = Vp for P waves and V = VB for 
S waves, Eq. 2.2.20 (complex-valued). 

real and imaginary parts of V, VR > 0 and VI ~ 0, Eq. 2.2.22 

x-coordinate for all layers. Eq. 2.3.1. 

displacement-stress vector at the free surface, Eq. 2.3.25. 

displacement-stress vector at Zj = 0 in the jth layer, Eq. 
2.3.16. 

displacement-stress vector at Zj = Hj in the jth layer, Eq. 
2.3.14. 

potential vector in the jth layer. Eq. 2.3.14. 

z-coordinate for the jth layer, Eq. 2.2.1. 

complex impedance ratio between the jth and the j.;..l th 
layer. Eqs. 2.2.6 and 2.2.26. 

matrix for the jth layer defined by Eq. 2.2.6a. 

angle between the propagation and attenuation vectors in 
the jth layer. Eq. 2.2.32. 

angle between the propagation and attenuation vectors of 
incident waves at the half-space, Eq. 2.3.34b. 

coefficients defined byEq. 2.3.13c. 

critical damping ratio, Eq. 2.2.19. 

propagation angle of gy waves in the jth layer, Eq. 2.3.2a. 

propagation angle of SH waves in the jth layer, Eq. 2.2.25. 

incident angle of shear waves at the half-space, Eq. 2.2.30. 

propagation angle of P waves in the jth layer, Eq. 2.3.2a. 

incident angle of P waves at the half-space, Fig. 2.4. 

horizontal wavenumber defined by Eq. 2.3.4 for P. SV waves 
and by Eq. 2.2.30a for SH waves. 

complex wavenwllber. P or S wave, defined by Eq. 2.2.21. 

real and imaginary parts of ICc, "R > 0 and "I sO, Eq. 2.2.21. 
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P and SV wavenumbers in the jth layer, Eq. 2.3.3. 

horizontal and vertical P wavenumbers in the jth layer. Eq. 
2.3.2a. 

horizontal and vertical SV wavenumbers in th jth layer. Eq. 
2.3.2b. 

complex SH wavenumber in the jth layer defined by Eq. 
2.2.2. 

horizontal and vertical SH wavenumbers in the jth layer 
defined by Eq. 2.2.25. 

Lame's constant. Eq. 2.3.10. 

shear modulus of the jth layer (real-valued), Eq. 2.2.17. 

complex shear modulus of the jth layer defined by Eq. 
2.2.17. 

mass density of the jth layer. Eq. 2.2.6. 

shear stresses of P and 'EN waves within the jth layer in the 
z- and x-directions. respectively. Eqs. 2.3.10 and 2.3.1l. 

shear stresses of SH waves within the jth layer in the y
direction, Eq. 2.2.3. 

angle between the propagation vector and the normal to 
the layer boundary in the jth layer. Eq. 2.2.32. 

angle formed by the propagation vector of incident waves 
from the half-space and the normal to the layer boundary. 
Eq. 2.3.34a. 

P wave potential in the jth layer. Eq. 2.3.1a. 

SV wave potential in the jth layer. Eq. 2.3.1 b. 

frequency, c.> ~ o. 
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APPENDIX B 

Numerical Minimization of a Function of Several Variables 

by the :Method of Steepest Descent 

l£t F be a real. single-valued function of N real variables Xl. X2 •...• XN. The 

function F represents the measure-of-fit. J. and Xl. X2 •...• XN the model param-

eters in Chapter 4. To minimize the function F(Xl. x2. . '. XN) with respect to 

the variables Xl. X2 ....• xN with no constraint. the method of steepest descent 

(or the first-order gradient method) is employed in Chapter 4. In what follows, 

we shall briefly describe this method. 

To find the values of Xl. X2 ....• xN which produce the minimum value of F. 

we may make initial estimates xP. x~· .... x~. A line search is then carried out 

along the negative gradient direction of F with respect to Xl. X2. . ..• XN at the 

point xp. x~ ..... x~. In other words. the method of steepest descent is defined 

by the iterative alogrithm 

Xf+l xf 
:F (xf •...• x~) 

x~+l x~ 
Xl 

= - Sk 

xk+l ~~ BF k 
f:-<x1 ' ...• x~) 

XN 

or in vector form 

where sk is the non-negative scalar s minimizing F(XX - s Gk). Thus. from the 

point XX we search along the direction of the negative gradient - Gk (evaluated 

at XX) to find the point which minimizes F. this minimum point is taken to be 
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)(k+l. The gradient of F is then evaluated at XX+1 and the process is repeated 

until a selected convergence criterion is satisfied. In problems in which the gra~ 

dient is difficult to evaluate in closed form, the gradient can be approximately 

determined by numerical differentiation, Le., evaluating F near XX with one com

ponent of xI< perturbed slightly, the corresponding derivative being then approx-

imated by the ratio of the change in F to the change in that component. 

The line search for the minimum point Sk along the negative gradient direc-

tion is implemented by taking successive increments of s, that is, s=O, 6, 20, ", 

and the step-size 6>0. The value of F(s)=F(XX-sGk) is evaluated at each sand 

the search terminates with three successive values such that F(Sj-l»F(sj) and 

F(sj)<F(Si+l) for Sj-l<Sj<Si+l, so the minimum point lies between 51-1 and Si+l' An 

upward concave parabola is then fit to three such pOints and the minimum of 

the parabola is determined at Smin which is given by 

Smin is taken to be the Sk which minimizes F along the line. The value of a new 

point -x,k+l is found and F(-x,k+l) calculated. If F(s=6) is bigger than F(s=O), the 

value of step-Size is too large and the search must be performed by using 

smaller step-Size than 6, for example, * 6. In the analysis of Chapter 4, if the 

fractional change of F between iteration k and k+l is less than 0.002, conver-

gence is assumed to have occurred and iteration is stopped, otherwise the itera-

tive process is repeated. 
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