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ABSTRACT 

Linear models of JPL Building 180 were identified from its strong­

motion records obtained in the 1971 San Fernando earthquake using two 

system identification techniques, both of which revealed a previously 

undetected time-shift of about 0.08 second between the digitized base­

ment and roof records. Optimal alignment of the records produced 

improved matches between the measured and model responses, and overcame 

difficulties encountered in extracting physically reasonable estimates 

for the parameters of the third and· higher modes from the original 

records. 

The two complementary identification techniques provide optimal 

estimates with standard errors for the periods, dampings and effective 

participation factors of the dominant modes in the response. One method 

performs a least-squares match between the calculated and recorded 

response in the time domain, and the other in the frequency domain. 

Akaike's information criterion is used to determine the number of modes 

to include in the models. 

The fundamental periods identified for JPL Building 180 lengthened 

during the response by 40% and 6~o for the longitudinal and transverse. 

directions respectively, starting from values close to those measured in 

vibration tests. The effective overall damping factors for the funda­

mental modes in the two directions were 3.6% and 4.4% of critical. 

-iv-





1. INTRODUCTION 

Two structural identification techniques were used to determine 

optimal linear models of the 9-story. steel-framed JPL Building 180 from 

its strong-motion accelerograph records obtained in the 1971 San 

Fernando earthquake. The study revealed a previously undetected lack of 

synchronization. amounting to several timesteps of 0.02 seconds. between 

the digitized basement and roof records. even though the accelerographs 

were interconnected to provide a common time-base. Optimal synchroniza­

tion of the records led to improved matches between the measured and 

model responses. and overcame difficulties encountered in extracting 

physically reasonable estimates for the parameters of the third and 

higher modes from the original records. A possible explanation for the 

non-synchronization of the records from the interconnected instruments 

is provided. 

A summary of the application of system identification to strong 

motion earthquake acceleration records from structures is provided in a 

recent review article [3]. 

The two identification techniques used in this study are output­

error methods. one minimizing a measure-of-fit in the time domain (2,4J 

and the other in the frequency domain [12,13]. Recorded seismic base 

motion and response are used to estimate the periods. dampings and 

effective participation factors of the dominant modes by systematic 

iteration to the values which produce least-squares matches of the time 

histories or the Fourier transforms of the calculated and recorded 

responses. There are theoretical reasons for expecting the results from 

the time- and frequency-domain methods to be nearly equivalent. This is 
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confirmed in this study by the good agreement between the parameter 

estimates when the two methods are applied to the same data. 

Sensitivity analyses provide standard errors for the parameter 

estimates. together with a measure of the amount of interaction between 

the estimates of the various parameters. Akaike's information criterion 

(AlC) [1] is applied to determine a trade-off between the closeness of 

the fit and the number of modes used in the model. Including more modes 

than indicated by the AlC produces a marginal improvement in the 

measure-of-fit. but the estimates of the additional parameters are 

likely to be unreliable. 

During the San Fernando earthquake. the acceleration at the roof of 

JPL Building 180 reached 0.37g and 0.21g in the longitudinal (S82E) and 

transverse (S08W) directions respectively. These values were among the 

largest recorded in instrumented buildings during the earthquake. but 

damage was limited to minor non-structural cracking. 

In the present study. it was found possible to determine time­

invariant linear models appropriate for the overall response. and also 

to trace the temporal variation of the effective linear parameters due 

to nonlinear structural behavior by determining optimal linear models 

for a series of short segments of the response. The fundamental periods 

lengthened during the response by forty and sixty percent for the 

longitudinal and transverse directions respectively, starting from 

values close to those measured in vibration tests. The second mode 

periods lengthened by around thirty percent. The effective overall 

dampings were 3.6 and 4.4 percent for the fundamental modes in the 
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longitudinal and transverse directions, with values of about 5 and 7 

percent during the maximum response. 

2. JPL BUILDING 180 

2.1 Description of the Building 

JPL Building 180 (Figure 1). designed in 1961. is a 9-story, steel­

frame structure on the campus of the Jet Propulsion Laboratory. 

Pasadena. California. The building is 146 feet high from the foundation 

to the roof. with horizontal dimensions of 220 feet by 40 feet. The 

lateral resistance in the transverse north-south direction is provided 

by welded steel spandrel trusses and by steel columns partially encased 

in concrete. The longitudinal loads are carried by a frame consisting 

of steel girders and columns. The long north and south faces of the 

building are formed by glass curtain walls. while the east and west end­

walls consist of precast concrete panels supported by the steel frame. 

The foundation is formed by continuous strip footings running longitudi­

nally. More detailed descriptions of the building and site conditions 

are contained in the design report by Brandow and Johnston [6]. and in 

the studies by Nielsen [16] and Wood [19.20]. A summary of the building 

properties and a presentation of the records obtained in the basement 

and on the roof during the San Fernando earthquake can be found in a 

report by Foutch. Housner and Jennings [9]. 

A series of vibration tests, starting with those of Nielsen [16] 

during the construction phase. have revealed considerable variations in 

the dynamic properties of the building as a result of earthquake shaking 
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and structural alterations. The variation of the fundamental periods in 

these tests has been summarized by Foutch and Housner [8]. 

As well as the strong shaking from the San Fernando (February 9, 

1971) earthquake which was centered fifteen miles to the northwest of 

JPL, less severe response had been recorded in the building during the 

earlier Borrego Mountain (April 8, 1968) and Lytle Creek (September 12, 

1970) earthquakes. 

2.2 Previous Analyses of the Earthquake Records 

Previous analyses of the earthquake behavior of the building have 

been performed by Udwadia and Trifunac [18], Wood [19,20], Brandow and 

Johnston [6], Beck [2] and McVerry [12]. 

Udwadia and Trifunac [18J used a moving-window Fourier analysis 

approach, picking out the effective periods of the first two modes in 

each direction as a function of time from peaks of the ratio of Fourier 

transforms of 8-second segments of the basement and roof records. Their 

method was essentially a non-parametric frequency-domain approach in 

which a "transfer function" was first estimated, with a parametric model 

then imposed to interpret the locations of the major peaks as modal 

frequencies. The elongation of the principal periods during the earth­

quake were identified by this approach, but their study demonstrated 

several short-comings typical of direct transfer function applications 

to records of structural response in earthquakes. The short-comings of 

the moving-window transfer function approach generally limit the estima­

tion to the modal periods, since the dampings and participation factors 

are difficult to estimate reliably. 
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Transfer functions estimated from earthquake records are usually 

very jagged. unlike their theoretical counterparts which are smooth 

curves with well-defined peaks at the lower modal frequencies. The 

jaggedness is caused by the combined effects of the time-variation and 

amplitude nonlinearity of the system. finite length and discrete sam­

pling of the records. the neglect of the effects of the initial and 

final conditions introduced by the truncation of the records. and mea­

surement noise in the data. Because of the irregularity of the transfer 

function estimated from the data. it is often difficult to identify more 

than the first one or two modal frequencies with confidence. In addi­

tion. the half-power bandwidths are generally poorly defined because of 

the jaggedness of the estimated transfer function curves which. together 

with the possibility of interference between closely-spaced modes, makes 

estimation of damping and participation factors difficult. Usually 

smoothing is introduced in the calculation of the transforms of the 

excitation and response. and again in the estimated transfer function. 

While this leads to smoother functions to inspect, smoothing introduces 

bias into the damping and participation factor estimates since it 

reduces the amplitude and increases the bandwidth of all peaks. By 

imposing the parametric model at the outset of the analysis and matching 

the response over a broad frequency band. as in the present study, 

rather than introducing the parametric interpretation only at the final 

stage and then estimating the parameter values from only a few data 

points on poor~y-defined peaks. a frequency-domain approach can be 

successful. 
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It is to be noted that the effects of truncation of the records may 

assume major importance if segments of the response are used, such as in 

moving-window analyses, particularly for later portions of the records 

which often consist mainly of free-vibration decay of motion induced by 

earlier excitation. The terms arising from the initial and final condi-

tions in the frequency-domain input-output relation (i.e. the second and 

third terms in equation 6 in Section 3.1) may then contribute more to 

the response than the conventional transfer function expression con-

tained in the first term of equation 6, preventing estimation of the 

damping and participation factors unless the parameters v and dare 
pr pr 

also determined. Fortunately for Trifunac and Udwadia's application, 

where they traced the variation in only the modal periods, the trunca-

tion effect is not serious. The ignored terms contain the same denomi-

nators as the conventional transfer function expression so they also 

peak at the modal frequencies. The present studies show that in fact 

all the modal parameters can be estimated from segments of the records 

using either time-domain or frequency-domain approaches, provided that 

the end conditions are taken into account. 

The comments about the jaggedness of estimated transfer functions 

certainly apply to the JPL Building 180 records. Figure 2 shows the 

transfer fun"ction calculated from the first 40.96 seconds of the San 

Fernando S82E records. The frequencies of the modes dominant in the 

response are approximately 0.8, 2.5 and 4.0 Hz (Figure 3), but there are 

many more sharp spikes which make interpretation of the estimated 

transfer function difficult. 
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Wood [19] used trial-and-error modification of simple models of the 

structure synthesized from the design data to achieve better visual 

matching between the recorded responses and those calculated for the 

models. Two models were synthesized for each direction based on the 

stiffnesses of the frame members and the story masses calculated from 

the design drawings. The "full-composite" models were considered 

appropriate for small amplitude motions, such as in vibration tests and 

small earthquakes, in which the concrete encasing the steel columns 

remains uncracked. For larger-amplitude motions, Wood suggested the 

"partial-composite" models, which were based on the assumption that the 

concrete in the flexural tension zones of the columns would crack and 

provide no flexural stiffness. From a study of the calculated response 

of the models to the basement acceleration recorded in the San Fernando 

earthquake. using 5 percent damping in all modes, the· partial-composite 

models were indeed found to give better matches of the roof records. 

The partial-composite models were then refined by trial-and-error 

adjustment of the values of the first three modal periods and all the 

damping factors to better match the Fourier amplitudes of the roof 

accelerations. Although the partial- and full-composite models produced 

substantially different modal periods, the roof participation factors 

were insensitive to the different stiffness distributions, so Wood used 

the participation factors given by the partial-composite model rather 

than estimating them when matching the measured earthquake response. 

His study is one of the most successful examples of the trial-and-error 

approach to the adjustment of synthesized structural models to match 

recorded earthquake response (Figure 8a). The results suggested that 
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the peak stresses in the structural frame approached, but did not 

exceed, the yield level during the San Fernando earthquake. 

Brandow and Johnston [6] also used trial-and-error modification of 

a design model to match the earthquake response. Their study, performed 

soon after the earthquake, achieved a much poorer match than that 

obtained by Wood. Their results are more typical of this type of 

approach, many such studies for other structures being given in a NOAA 

report [15]. 

The properties of Wood's and Brandow and Johnston's models are 

summarized in Table 1. 

The availability of much vibration test data, the opportunity to 

perform identifications for the different response levels of the three 

earthquakes, and the chance to compare the results with those of the 

earlier analyses, made the earthquake response of JPL Building 180 

attractive for study using the present systematic identification tech­

niques. The building records from all three earthquakes have been 

studied [12] prior to discovering the lack of synchronization, but only 

the San Fernando records are studied in this paper. 

3. THE IDENTIFICATION TECHNIQUES 

3.1 The Structural Models 

The class of models considered is rigid-base, planar, linear models 

possessing classical normal modes, as commonly used in earthquake­

resistant design. Beck [2} has shown by considerations of identifiabil­

ity and accuracy that the appropriate parameters to es.timate for linear 
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TABLE 1 

SYNllIESIZED MODELS OF JPL BUILDING 180 

(a) Wood's Full Composite Models 

S08W S82E 
Mode Period Partieipa tion Period ! Partieipa tion 

(sec) Factor (sec) I Factor 
1 1.163 1.322 1.089 

I 
1.288 

2 0.338 -0.487 0.361 -0.438 
3 0.165 0.253 0.213 0.234 
4 0.095 -0.140 0.147 -0.127 
5 0.061 0.077 0.108 0.065 
6 0.044 -0.035 0.084 -0.032 

(b) Wood's Partial Composite Models 

-
·S08W S82E 

l\lode Period Participation Period Participation 
( sec) Factor (sec) Factor 

1 1.457 1.306 1.209 1.303 
2 0.469 -0.460 0.418 -0.463 
3 0.259 0.242 0.257 0.240 
4 0.168 -0.139 0.184 -0.113 
5 0.118 0'.079 0.142 0.047 
6 0.087 -0.042 0.114 -0.018 -

(e) Wood's Refined Models (to fit earthquake responses) 

S08W S82E -Mode Period I Damping I Partie. Period I Damping I Partie. 
(se e) (%) Factor (se c) (%) Factor 

1 1.440 3.0 1.306 1.290 4.0 1.303 
2 0.436 3.0 -0.460 0.420 6.0 -0.463 
3 0.235 I 4.0 0.242 0.260 I 6.0 I 0.240 
4 0.167 2.0 I -0.139 0.184 5.0 I -0.113 
5 0.117 2.0 0.079 0.142 2.0 U·047 
6 0.087 2.0 -0.042 0.114 2.0 -0.018 



- 13 -

TABLE I (CONT • ) 

(d) Brandow and Johnston's Models 

S08W S82E 
Modal 

Periods Tl T2 T3 Tl T2 T3 

Initial 
1.12 0.37 0.22 1.06 0.38 0.23 

Model 

Adjusted 
1.25 0.42 0.24 1.23 0.45 0.28 Model 

Damping (% Critical) of Modes 

Time Segment S08W S82E 
0-5 sec 6.6 5.0 
5-10 sec 4.9 3.7 
10+ sec 3.3 2.5 
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models of structures from earthquake records are the periods, dampings, 

and effective participation factors at the recording locations, of the 

dominant modes in the measured response. The complete mode shape cannot 

be identified from the records of the excitation and the response at the 

limited number of locations usually available. This lack of identifia-

bility of the mode shapes and the presence of model and measurement 

error prevent reliable estimation of the elements of the damping and 

stiffness matrices. Consequently, a modal approach was taken in both 

the time- and frequency-domain methods. 

The equations of motion for a linear, planar model governing the 

displacement relative to the base, ~. in terms of the mass, damping and 

stiffness matrices (M. C and K) in response to a base acceleration z 

may be wri tten 

~ + C~ + K~ = -Miz (1) 

where every element of the column vector 1. is unity. ~[o'dal decomposi-

tion gives an uncoupled equation for x • the rth mode contribution to 
pr 

the relative displacement at position p: 

• 2 
x + 2~ w x + w x = -c z pr r r pr r pr pr 

( 2) 

For a model with R modes, the total response at p at time t for the dis-

placement relative to the base. x (t). is then: 
p 

x (t) 
p 

= 
R 
[ 
r-l 

x (t) 
pr 

(3 ) 
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The parameters of the rth mode are the modal period, T (=2~/w ), 
r r 

the fraction of critical viscous damping, ~r' and the effective partici-

pation factor at position p, c , defined as: pr 

( 4) 

Here 9 is the value of the rth mode shape at p and d is the rth mode pr .,. 

shape vector. Note that c is independent of the normalization of the 
pr 

mode shape, unlike the more conventional definition of the participation 

factor which does not include the factor 9 
pr 

Furthermore, the parame-

ters T ~ and c for each mode can be shown to be the parameters which 
r, r pr 

are specified uniquely by the base motion and the response at position p 

of a model of the type given by equation (1) [2]. 

In the time domain, digitized records of the base acceleration and 

response acceleration are available at equally-spaced intervals, usually 

of 0.02 seconds. Velocity and displacement records are calculated by 

numerical integration. In this study, the model equations (2) were 

solved using the Nigam-Jennings algorithm [17]. 

The frequency-domain version of the model response is obtained by 

taking finite Fourier transforms. The transforms ApT(w) of the relative 

acceleration at p over the segment of duration T from time ti to t
f 

is 

defined as: 

= ( 5) 
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with a similar definition for the transform ZT(w) of the base accelera­

tion z(t). The transforms of the measured records are discrete. 

obtained using a fast Fourier transform algorithm which produces the 

complex-valued transform at N equally-spaced frequencies w 
n 

(= 2nn/T = naw, n = 0 ••• N-1) from 2N equally-spaced samples of a 

record of length- T = tf-t i • 

For the sampled frequencies, the input-output relation is: 

where 

= 

a = 2't w r r r 

R 

[ 
2 2 w (b -w ) 

r 

r=1 

R 

+ [ 
r=1 

R 

+ [ 
r=1 

d = x (t) - x (t.) 
pr pr f pr 1 

3.2 Parameter Estimation 

. 3 
- 1W a 

r 
c ZT(w) pr + 22 w a 

r 

b 
r 

2 = w r 

v = x (t
f

) - x (t.) 
pr pr pr 1 

The parameter estimation phase of the structural identification 

( 6) 

(7) 

process involves systematically selecting the parameters of the model to 

best represent the behavior of the structure according to some specified 

criterion. A natural method, known as a least-squares output-error 

approach. is to select the parameters of the model to minimize the 
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square of the difference between the recorded response and that 

calculated for the model. 

Beck (2.4] developed a time-domain version. minimizing the measure-

of-fit J1 with respect to the parameters of R modes [T .~.c .x (t.). r r pr pr 1 

x (t.). r=1 •••• RL where 
pr 1 

t
f 

J
1 K1V1 J 2 

= (x -x ) dt 
0 p 

t. 
1 

t
f 

K3V3 J 
.. 

)2dt (a -x 
o p 

t. 
1 

t
f 

+ K2V2 J 
t. 

1 

and the normal iz ing factors are defined by: 

t
f 

t
f 

V1 I / J x2
dt V

2 
1 / J v2

dt = • = 
0 0 

t. t. 
1 1 

• 2 
(v -x ) dt + 

0 P 

( 8) 

t
f 

V3 1 / J 2 
• = a dt 

0 
( 9) 

t. 
1 

Each K. is I or O. according to the quantities used in the identifica-
1 

tion. The "observed" quantities x.v and a are the relative displace-
o 0 0 

ment. velocity and acceleration histories derived from the acceleration 

records in the base and at position p in the structure. and x • x and 
p p 

x are the corresponding quantities calculated for the model from equa­
p 

tions (2) and (3), using as input the measured base acceleration z. In 

practice. only one of the relative displacement. velocity or accelera-

tion has been used at a time (although there is no reaSOn why all three 
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cannot be used simul taneously). and the corresponding J 1 s are referred 

to as J d' J v and J a' 

In the frequency-domain method developed by McVerry [12.13]. a 

least-squares fit of the Fourier transform of the acceleration response 

is performed over a selected frequency band by minimizing J
2 

with 

respect to the modal parameters (a .b.c .d .v .r=l •••• R), where r r pr pr pr 

= 

1 max 

L 
1=1 . m1n 

1 
max 

L 
1=1 . m1n 

Here A(lAw) is the finite Fourier transform of a • the "observed" 
o 

relative acceleration at p (obtained from the recorded quanti ties by 

(10) 

subtracting the base acceleration from the absolute acceleration). while 

ApT(lAw) is the corresponding model response from equation (6). It is 

also possible to apply the technique using Fourier transforms of the 

relative velocity or displacement. Note that the match in (10) is of 

the complex-valued transform. thereby including the phase information as 

well as the amplitude. 

From Parseval's theorem for discrete Fourier transforms, the 

frequency-domain error criterion of equation (10) is equivalent in the 

time domain to performing a least-squares match of the response at the 

sampling times provided all the FFT frequency points are used in J
2

• 

Although the evaluation of the time-domain integral measure-of-fit J is 
a 

performed numerically using repeated applications of Simpson's rule. 

which deviates from a summation of the discrete data points by weighting 

odd and even points differently, and the frequency band in J
2 

is usually 
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limited to the significant response to save computation time, it is 

shown in this study that the estimated parameter values from the time­

and frequency-domain methods are essentially equal. 

Detailed descriptions of the nonlinear optimization algorithms for 

performing the minimization of expressions (8) and (10) have been 

presented previously [2,12], and will not be repeated here. With both 

methods, it is possible either to determine a single time-invariant 

linear model appropriate for the entire response or, by considering a 

series of models for short segments of the records, to study the changes 

of the effective linear parameters due to nonlinear and time-varying 

behavior. 

3.3 Standard Errors for the Parameter Estimates 

The methods outlined in the last section produce optimal estimates 

of the parameters according to two essentially equivalent criteria of a 

widely used least-squares output-error form. In this section the esti­

mation process is placed within a probabilistic framework, leading to 

expressions for the precision of the estimates as well as their optimal 

val ues. 

By making the assumption that the errors between the measured 

output and calculated model output are Gaussian, the optimal estimates 

in the 1 east-squares sense are easily shown to be the maximum -1 ikel ihood 

estimates also. This result allows the well-known properties of maximum 

likelihood estimates to be used to provide asymptotic distributions for 

the least-squares estimates derived from a large number of data. 

Unfortunately, the interpretation of these results, derived from 
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classical statistics, introduces some conceptual difficulties which can, 

however, be avoided by adopting a Bayesian approach. With a posterior 

distribution for the parameter estimates based on the data and on a 

noninformative prior distribution. the most pr.obableestimates A 

posteriori are shown to be identical to the maximum likelihood, and 

hence least-squares, estimates. Resul ts very similar to those of the 

classical approach are obtained for the distribution of the estimates. 

but with subtle changes so that their interpretation poses none of the 

previous conceptual difficulties. 

As the starting point, the measured response (which may be the 

acceleration, velocity or displacement) at time t is represented as x , 
n n 

the model response at time t for a parameter vector 9 as m(t Ie), and n - n-

their difference as e 
n 

x 
n 

= m(t Ie) + 8 
n - n 

(11) 

The errors 8 are assumed to be from a Gaussian white noise process 
n 

2 
which has variance a and mean zero, and so are independent for 

different times. Under these assumptions, the probability distribution 

for a response vector ~ = (x1 ,x2 , ••• 

vector it is: 

T 
x ) • given a model parameter 

n 
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N 
p(~I~) = n p(x Ie) 

n=l 
n-

N 
= n peen I~) 

n=1 

1 
exp 1- _1_ N [V,.(tnl~ Y I L = 

(2rra2)N/2 2i n=1 

1 
exp 1- 2:2 J(~ I (12) = 

(2rra2)N/2 

It can be seen that the output-error measure. 

J(~) = 
N 

L 
n=1 

[ X -met le>]2 n n-
(13) 

arises naturally in this probabilistic formulation based on a Gaussian 

white noise assumption about the errors. 

The classical maximum likelihood estimation of the parameters ~ 

involves maximizing the distribution p(~J~). or equivalently its 

logarithm L (~.a2) 

2 
L(~.a ) 

N 2 1 = - - log (21[a ) - -2 J(~) 
2 2a 

(14) 

From this expression. it is easily seen that the maximum likelihood 

1\2 1 1\ 
estimates are given by a = N J(~) for the output-error variance. and by 

1\ 
the parameters ~ which minimize J(~). which is the least-squares output-

error cri terion. 
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The equivalence of the least-squares and maximum likelihood methods 

.allows use of the well-known result for maximum likelihood estimates 

(e.g •• Goodwin and Payne [101. section 3.5) that for a large number N of 

~ 
data points the distribution of ~ asymptotically approaches a multi-

dimensional Normal distribution with mean 9 and covariance matrix 
-0 

S-1(e ,a ). The parameters 9 and a are the "true" values of 9_ and a 
-0 0 -0 0 

and the sensitivity matrix S is defined by 

f-
a2 

log p(~I!!.,a) 1 
[s(e,a)l .. = E I - 1J as.as. 

l 1 J J 

[a2
J(6) 1 1 -I 

= -E 
2a2 as i ae j 1 
.l.. 

N am( tie) am( tie) 
[ n- n-

(15) = 2 as. ae. a n=l 1 J 

There are both practical and conceptual problems with this result. 

The practical difficulty of evaluating the sensitivity matrix at the 

~ 
unknown "true values" 9 and a is overcome by using the estimates ~ and 

-0 0 

a. However, fundamental difficulties lie in what is meant by the "true" 

values of the parameters, and how the confidence regions derived from 

~ 
the normal distribution of ~ are to be interpreted. 

~ 
The probability distribution for ~ is in terms of hypothetical 

"true" values ~o' When some physical constant is being estimated, with 

the variation in the estimates being due to measuring inaccuracies. the 

concept of the true value is valid and understandable as that which 

would have been obtained in the absence of errors. However, it is 
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impossible to define what is meant by io in the structural identifica-

tion application where the parameters refer to a model which is just an 

approximate and simplified description of the real structural dynamics. 

For example, the assumption of a time-invariant linear model is clearly 

shown to be incorrect by the changes in the optimal value of the parame-

ters estimated from successive segments of the strong-motion 

records. For some of the parameters, especially the modal periods, 

these changes are much greater than the error bounds calculated for the 

individual short segments or the overall records. In such 

circumstances. the concept of true parameter values is meaningless. 

The second fundamental difficulty is in interpreting what is meant 

A 
by the distribution for i. In the classical approach, the concept of 

probability is usually related to a measure of long-run proportion, and 

the distribution refers to the values of i which would be found in 

repetitive trials. In structural identification from earthquake 

records, and many other applications of parameter estimation, there is 

not the lUxury of repeated experiments. There is a unique set of 

records, and what is· required is the capability to make valid inferences 

about the model parameters i from a single set of samples ~, without the 

interpretation having to resort to the concept of a repetition of 

hypothetical random experiments which cannot be performed. 

These problems of interpretation can be overcome by taking a 

Bayesian approach. In Bayesian statistics, probability is interpreted 

as a measure of the plausibility of some proposition on the basis of 

specific information, which may consist of observational data and 

assumptions. The propositions may refer to observable events, but they 
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may also refer to hypotheses about the parameters of a model. for exam-

pIe. The classical interpretation of probability as frequency in the 

long run is not required. As will be shown below. the distribution of i 
A 

can be defined directly in terms of estimates i from a single set of 

data. with no need to resort to the artifice of repeated experiments. 

In the Bayesian approach. the posterior probability density 

p(~,al~) for the parameter vector i and the error variance a
2 

is propor-

tional to the product of the prior probability density p(~,a) and the 

likelihood function p(~lft.a) as used earlier. By Bayes' rule, 

p(~I~,a)p(~,a) 

p(~) 

The marginal distribution of ~. 

p(~) = f p(~lftla)p(ft,a)dftda 
ft.. a 

(16) 

(17) 

does not depend on the parameters. If a uniform prior distribution is 

taken, p(ft,a) is also independent of the parameters, so 

(18) 

where c is not dependent on i or a. (For a uniform prior. the range of 

the allowable parameters must be kept finite to ensure finite 

integrals. ) 

In the Bayesian approach. one can choose the maximum a posteriori 

(~UlP) estimates which maximize p(~.al~) as representing the most plausi-

ble estimates given the data~. Equation (18) shows that for the 
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uniform prior the ~~ estimates are the maximum likelihood estimates, 

and hence with Gaussian modelling of the errors they are also the least-

squares output-error estimates. 

The distribution p(~.al~) in terms of J(~) is 

= ~ N/2 exp [- ~ J(~) 1 
(2na ) 2a 

( 19) 

""'2 1 0"\ 0"\ 
Thus, the MAP estimates are the optimal estimates a = N J(~, and ~ 

which minimizes J(~) • 

0"\ 
Consider now an expansion of p(~.al~) about the optimal parameter 

0"\ 

0"\ 0"\ aJ(~) 
values ~. remembering ~ is defined by --a-~-- = ~. 

exp (-
_I_ rJ(~ 0"\ 

0"\ c 0"\ T aJ(~) 
p(~.al~) = + (~~) a!!. 

(2n~)N/2 2~ l 

1 (e--ru T 
a

2
J(ID 0"\ ... ] + 

o!!.2 
(~~ + 2 -

exp (-

2 0"\ 

(~l 0"\0"\ _1_ o"\ToJ(~ 
p(!!.. a I~) (~~ 2 ( 20) 

4~ a!!. 

This has the form of a multidimensional Normal distribution with 

0"\ ~1 0"\ 
mean ~ and covariance matrix S • where the sensitivity matrix S is 

given by: 



-26-

A. -L 
a2

J(ID 
s .. = lJ 

2~ 
ae.ae. 

1 J 

N 
a2

J(ID 
= A. ae.ae. 

2J(ft) 1 J 
(21) 

The second derivative matrix of J is given by: 

= (22) 

In practice, the relatively small second term is neglected in the 

calculation of the sensitivity matrix (it would be zero if the model 

fitted the data exactly). Thus the expression used to calculate the 

covariance matrix of the parameters is identical to that determined by 

the maximum likelihood approach: 

A. 
s .. 

lJ 
= 

A. 
am(t Ie} n-

ae. 
J 

However, the multidimensional Normal distribution is now for ~ 

A. A. 

(23 ) 

about the known ~, while previously it was for ~ in repeated sampling of 

K about the hypothetical and unknown ~o. Note that it is now exact to 

111.111. 
evaluate the sensitivity matrix at (~,a) while previously it was 

evaluated at this parameter state as an approximation to the required 

evaluation at (e .a ). 
-0 0 

The covariance matrix should be interpreted as indicating the 

precision with which the values of the parameters are specified by the 

data, rather than as a measure of the error about "true values" which 



-27-

cannot be defined. The change in the optimal values of the parameters 

between different segments of the data because of changes in the struc-

tural system during the response may considerably exceed the standard 

error for the different segments, showing the inappropriateness of the 

concept of true parameter values for a model which is merely an approxi-

mation to the actual system. 

The precision of the parameter vector ~ as a whole may be studied 

using the full posterior density for ~ given by equation (20). The 

multidimensional normal distribution of the vector containing K parame-

ters leads to confidence regions at level y = l-a of the form 

( 24) 

where 
2 

Xi; a is the value of the K degree of freedom chi-squared variable 

which has· probability a of being exceeded. Typically a is chosen as 

~ 
0.1, 0.05 or 0.0l. The inequal ity defines a hyper-ell ipse centered at ~ 

in the K-dimensional parameter space. 

At. 
Some of the parameter estimates will be poor if the S matrix is 

ill-conditioned, in which case the hyper-ellipse will be very elongated 

in particular directions. A fast check for the possible near 

At. 
singularity of S, without calculating its eigenvalues, is to calculate 

the ratios, ~., of the diagonal elements to the largest diagonal element 
1 

At. 
Skk' and the interaction coefficients P ij : 

~i 
A 

maximum diagonal element of S (25) 
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= (26) 

"-
If an~. is nearly zero or a Ip .. I is nearly unity. S is ill-

1 ~ 

conditioned. The case where ~i is zero means J is not dependent on the 

ith parameter. while when Ip .. I is unity the ith and jth sensitivity 
1J 

coefficients are linearly dependent. i.e. 

am(t Ie) n-
aG. 

1 

= 
am( tie) n-

K aG. 
J 

for all t 
n 

(27) 

When sensitivity coefficients are linearly dependent. the parame-

ters cannot be estimated uniquely as there is some line in the ~ space 

along which J does not vary. i.e •• the estimates of the parameters are 

coupled. For the linear structural models. estimates of the damping and 

participation factor of the same mode are often nearly coupled. The 

reason for this is that the resonant amplification of a mode depends on 

the ratio of the participation factor to the damping factor. and most of 

the contribution of a mode to the response comes from frequencies close 

to its resonance. Thus the two individual parameters can be varied 

without greatly affecting the calculated response provided their ratio 

is kept constant. 

To obtain numerical values for the precision of the parameter esti-

mates, it is simpler to consider the marginal posterior density for each 

component 9. separately. rather than the confidence region for the 
1 

complete ~ vector. 

standard error 

~ 
These distributions are Normal with mean 9. and 

1 
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= ( 28) 

When there is no interaction between parameters, i.e., all P
ij 

= 0 

for j#i. or if the interaction is neglected, then: 

= (interaction neglected) ( 29a) 

Often there is significant interaction only between pairs of param-

eters. as for example the damping and participation factor of the same 

mode as discussed above. In that case, where only the jth parameter 

interacts with the ith, 

= = 2 A -¥z 
[ (l-p .. ) S .. ] 

1J 11 

so the standard error is increased by the factor 

I 

over what it would have been in the absence of interaction. 

Note that although the time-domain version of J has occurred 

(29b) 

explicitly in the development given here, in the previous section it was 

stated through an appeal to Parseval's theorem that the time-domain and 

frequency-domain versions are exactly equivalent if all the frequency 

points are used and practically equivalent if the frequency band used in 

the identification includes all the significant response. Thus the 

results for the sensitivity of the parameter estimates are equally 
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applicable to the time-domain and freguency-domain identification tech-

niques. 

The number to be used for N (the number of data pOints) in the 

A 
frequency-domain evaluation of S .. is the number of time-domain pOints 

1J 

used to calculate the FFTs, not the reduced number of frequency-domain 

points in the identification bandwidth. The use of only some of the 

frequency-domain points in the evaluation of J and its second derivative 

matrix is only for computational efficiency. Provided the frequency 

band containing all the significant response is included. the values of 

J and a2J/(a~.a~.) are virtually identical to those obtained from using 
1 J 

all the frequency points. as has been verified by calculation in a few 

cases. In using only the 9.5 Hz band from 0.5 to 10 Hz, for example. in 

the study of JPL Building 180 response instead of the full-band from 0 

to 25 Hz, which gives almost exactly the same values for the parameter 

estimates and J and its second derivative matrix, the computational 

efficiency should not be penalized by reducing the sensitivity matrix by 

a factor of 9.SI2S. or increasing the standard errors by [25/9.S]~. 

The results of this section can be applied to system identification 

in general. The only requirement is that the errors are modelled as 

Gaussian. The form of the system model. as opposed to the white noise 

statistical model for the errors. has not been involved in the error 

analysis, and enters only at the evaluation stage for finding the 

minimum of J and calculating the sensitivity matrix. 
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3.4 Selection of the Number of Modes 

The minimization of the output error produces the optimal model 

containing a given number of modes. As more modes are added. the error 

J at the optimal parameter estimates decreases. However. beyond a few 

modes the decrease in J with an additional mode becomes slight. Often 

the parameters for the additional mode are physically unreasonable or 

their standard errors are large. and the identification algorithm may 

fail to converge because the output error is insensitive to the parame­

ters of the extra mode. Some method is required to determine the 

optimal trade-off between the closeness-of-fit of the model to the data 

and the number of parameters required to represent the model. 

The concept of the optimal or "correct" number of modes is 111-

defined. For a synthesized example where the response was generated for 

a system with ten well-separated modes. and then the excitation and 

calculated response used to identify the known system. only six modes 

couId be identified because the other four modes made an insignificant 

contribution to the response. In such circumstances. the criterion for 

selecting the number of modes can at best indicate whether the addi­

tional mode makes a significant reduction in the error. as the true 

number of modes cannot be determined when some modes make little 

contribution to the response. With continuous linear structural 

systems. the true number of modes is infinite. but in typical earthquake 

response only very few. less than a dozen. make a significant contribu­

tion to the response. Since it is impossible to identify all modes. 

some criterion is required for determining whether a new mode which is 

identified is important. 
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The choice of how many modes to include can be made subjec~ively, 

of course, and this is what was done in our earlier studies. An upper 

limit on the number of modes which could be included was imposed by the 

practical difficul ties of obtaining convergence of the iterative 

identification algorithms. However, the number of modes for which good 

parameter estimates were obtained was usually felt to be one or two less 

than the maximum number which could be identified. Consequently, it 

would be useful to have a set criterion for determining the "optimal" 

number of modes. 

One possible criterion for producing a trade-off between the 

c1oseness-of-fit to time-series data and the number of parameters in the 

model has been suggested by Akaike [1]. Akaike's information criterion 

(AlC) takes the form of an extension of the maximum likelihood method. 

Instead of maximizing the likelihood function p(~I~,K). where K 

indicates the number of parameters to be estimated in the vector ~, he 

minimizes 

AIC(~.K) = -2 log p(~I~.K) + 2K (30) 

as a function of both ~ and K. With the Gaussian noise model. this 

becomes: 

AIC(~,a ,K) = 
2 1 N log (2na ) + :z J(~) + 2K (31) 

a 

Thus, for a given number of parameters K, the optimal parameter 

estimates are the maximum likelihood ones, but the AlC also provides a 

basis for comparing the maximum likelihood models with different numbers 
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of parameters. As more parameters are added to the model, p(~11,K) 

increases, decreasing the first term in the AIC, but the second term 

increases, so that a minimum of the AlC occurs at some optimal number of 

A 
parameters K. If two models had. the same goodness-of-fit as given by 

A 
J(1), the AIC selects the one with fewer parameters, in agreement with 

the principle of parsimony; in fact the model with more parameters must 

decrease J significantly before it becomes preferred. Ripel [11] has 

presented a number of applications of AlC to geophysical data which 

demonstrates its effectiveness in model building. 

The AlC can be interpreted in the Bayesian approach by replacing 

the uniform prior distribution p(1,a) by one in which the prior proba­

bility for a model with K parameters is proportional to e-K• This 

particular weighting is obviously arbitrary - any monotonically decreas-

ing function for positive K would satisfy the principle of parsimony 

that a model with fewer parameters is to be preferred. An obvious 

generalization is to make the weighting e-PK, where P is a positive 

constant, in which case K is replaced by PK in the AIC. The larger P 

the greater the preference for few parameters. 

For the models considered here, the number of parameters K = SR+l 

when there are R modes. Substituting the expressions found earlier for 

~ and ~, and dropping constant terms, the optimal number of modes ~ by 

the Akaike criterion is that which minimizes 

AIC(R) = (32) 
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"' There are N data points to be fitted. and ~ denotes the optimal parame-

ter vector for R modes. 

4. IDENTIFICATION STUDIES 

4.1 Identification with the Unshifted Records 

The initial identification studies of the behavior of JPL Building 

180 in the San Fernando earthquake as reported by Beck [2] and McVerry 

[12] and summarized in this section used the standard unshifted records 

[7]. The studies in the time domain considered the first 20 seconds of 

the S82E records. performing acceleration. velocity and displacement 

matches. while the frequency-domain method was applied to the first 

40.96 seconds of both horizontal components but was restricted to 

acceleration matching. The variation with time of the effective linear 

parameters was investigated in both studies by considering sub-intervals 

of these segments. The results for the segment from 0 to 20 seconds are 

given in this section. in particular noting some problems with the 

values estimated for some of the higher mode parameters. The parameter 

values given in this section. while minimizing the error criterion for 

the original records. are not the best estimates possible from the 

earthquake records; the optimal values presented in section 4.3 based on 

the synchronized records are certainly more realistic. 

The one-, two- and three-mode models of JPL Building 180 identified 

from the first 20 seconds of the unshifted S82E longitudinal components 

of the San Fernando records are listed in Table 2a. Most of the 

frequency-domain identifications were performed over the band 0.50 lIz to 
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TABLE 2 

IDENTIFIED PARAMETER VALUES FROM THE SAN FERNANDO RECORDS 
S82E CO~WONENT (0-20 SECONDS) 

(a) Unshifted Records 

!No. of ! 
'Modes I 

Quantity I Mode 
, r Tr (sec) l~r (%) I II>r I J 

, 
c , 

Matched r 
1 Di spl acement 1 1.27 2.0 0.9 0.9 0.106 

Veloci ty 1 1.26 2.6 1.1 1.1 0.131 

Acceleration 1 1.26 3.5 1.3 1.3 0.350 

Accel era Hon 1 1.26 3.5 1.3 1.3 0.336 
Spectrum 
(0.5-10.0 Hz) 

2 Velocity 1 1.26 2.5 1.00 0.48 0.097 
2 0.35 14.0 -0.52 

Acceleration 1 1.25 4.2 1.50 1.03 0.148 
2 0.37 13.0 -0.47 

Accel era tion 1 1.25 4.2 1.48 1.01 0.142 
Spectrum 2 0.37 13.1 -0.47 
(0.5-10.0 Hz) , 

3 Veloci ty 1 1.262 2.4 1.01 0.33 0.087 
2 0.383 S.O -0.22 I 3 0.308 8.8 -0.46 

Acceleration 1 1.251 4.3 1.50 0.86 ,0.106 
-I 0.380 5.5,0.25 I I I 0.298 11.1 ,-0.39 I I I 

Acceleration 1.253 4.2 1.48 0.84 10.100 I 
Spectrum 0.381 5.4 -0.24 
(0.73-5.81 Hz) 0.299 11.5 -0.40 I 

~~'"--'----'-----'---'---~_~~---L---...J.-__ 



No. of 
Modes 

1 

2 

3 

I 
I 

Quantity 
Matched 

Acceleration 
Spectrum 
(0.5-10.0 Hz) 
Acceleration 
spectrum 
(0.5-10.0 Hz) 

Acceleration 
Spectrum 
(0.73-5.80 Hz) 
Velocity 

\VeloCity 

1 , 
Acceleration 

Acceleration 
Spectrum 
(0.5-10.0 Hz) 

Acceleration 
Spectrum ( ° .73-5 .80 Hz) 

, 
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TABLE 2 (CONT.) 

(b) Aligned Records 

Shift ~iode T( sec) 
n r r 

-2 1 1.239 

3 1 1.271 
2 0.405 

3 1 1.270 
2 0.405 

6 1 1.287 

I 2 0.429 , 3 , 0.342 

4 1 1.277 
2 0.414 
3 0.257 

4 1 1.276 
2 0.414 
3 0.255 

4 1 1.276 
2 0.414 
3 0.255 

4 1 1.277 
2 0.414 
3 0.255 

~ (%) 
r 

4.1 

3.8 
7.8 

3.7 
7.8 

3.4 

I 7.8 , 20.3 

I 1 3.2 
1 7.2 
I . 9.2 

I 3.6 
7.5 

12.0 

3.6 
7.4 

11.8 

3.6 
7.6 

12.8 

c r 
1.56 

1.28 
-0.48 

1.27 
-0.48 

1.14 
,-0.51 
, 0.46 , 
1 1.13 
,-0.43 
1 0.20 

I 1.22 
-0.47 

0.26 

I>r 
1.56 

0.80 

0.79 

1.09 

I 
I , 
1°·90 

1 
1 
'1.01 

J 

0.291 

0.073 

0.070 

to.02O 

I , 
1 
1°·025 

1 
1 
10 •0491 

1.22 1.01 0.0487 
-0.46 

0.25 

1.241.040.0475 

1-~:1~ I 

I 
I 
I , 



5 

5 

Quantity 
, Matched 

IAcce1eration 

, 
Acceleration 
Spectrum 
(0.5-10 Hz) 

Acceleration 

, 

4 

4 

4 

, 

- 37 -

TABLE 2 (b) (CONT.) 

2 

, 3 

, 4 , 
1 

2 

3 

4 

1 

2 

3 

4 

5 

I, 1.2765 
:to.0007 

0.4141 
- ±D.0005 
I 0.253 
, :to.002 

, 0.178 
±O 003 - . 
1.2765 

±D.0006 
0.4142 

±O.0004 
0.254 

:to.002 
0.177 

±O .003 
1.2765 

±O.0007 
0.4141 

:to.0005 
0.253 

:to.002 
0.177 

.±O.003 
0.129 

, ±D .002 

'~r (%) 

1 3.57 
±O .08 
7.6 

±O .2 
,14.3 
, ±1.4 

, 5.9 
±2 4 . 
3.56 

. ±O .05 
7.5 

:to.1 
13.4 
:to .6 

5.0 
±1.3 
3.57 

±O.08 
7.6 

±O .2 
14.4 
±1.4 

7.3 
±3.0 
1.8 

±2.3 

11.22 
:to.02 
-0.47 
±D.01 

, 0.30 

, ±C.02 

,
-0.08 
.±O 02 . 

1.21 
:to.01 
-0.465 
:to .005 
0.28 

:to .01 
-0.07 
:to.01 

1.22 
.±O.02 
-0.47 
.±O.Ol 

0.30 
±C.02 
-0.09 
.±O.03 

, 0.02 
,±O.02 

0.95 0.047 5 

0.98 0.047 7 

, , , , 
I 
1 

IAcceleration' 4 I 1 I 1.2765 I 3.58 11.21 10 •98 10.0474 1 

'

Spectrum I I I ±D.0006 ,±D.05 ,±D.01, , , 
. (0.5-10 Hz), I 2 ,0.4141 , 7.5 ,-0.465, , 

, 

" 

, ±D.0004 ,±O.l ,±O.oos , 
3 I 0.254 ,13.7 0.28' , , 

, "I.±O.002 ,±0.6 1±D.Ol' , I 
, 'I 4 0 .17 7 IS' 5 1-0 .0 8 I I , 

~ __ ~I _____ -,-I ___ I,--s_ ...... I..;;;:;...0..;..j_~_~_-,--::;!..;..~_·3_ ...... I=:--:.°JLll __ 1 
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10.0 Hz. while the Nyquist frequency was 25 Hz. Note that for a model 

with a given number of modes. the agreement between the parameter values 

estimated from the time-domain and frequency-domain matching of the 

acceleration response is excellent. However. the estimates of the 

damping factors and participation factors from the different response 

quantities in the time domain are not in good agreement. 

There are problems with the estimates of the parameters for the 

third mode. The identified period of 0.30 seconds (3.3 Hz) lies in a 

trough of the Fourier amplitude spectrum of the acceleration response. 

and does not correspond to a significant peak of the transfer function 

(Figures 2 and 3). The closest peak of the acceleration spectrum is at 

3.9 Hz. corresponding to the period of 0.26 seconds used as the initial 

estimate in the optimization algorithms. The participation factor also 

has the opposite sign to that expected. It takes a value of -0.39. 

compared to +0.24 for Wood's model or +0.25 for a uniform shear beam. 

There are other problems with the estimates from the unshifted 

records. The participation factor at the roof must be greater than one 

for the first mode. as can be seen from equation (4) bearing in mind 

that the mode shape increases monotonically with height; in fact it is 

1.27 for a uniform shear beam and 1.30 for the partial-composite model. 

The values from the displacement and velocity matches. which are less 

than or close to unity. are therefore suspect. A related point is that 

the sum over all the modes of the participation factors at any location 

should equal unity. For the roof. the participation factor decreases as 

the mode number increases at a fairly rapid rate (it is proportional to 

1 
2n-1 for the nth mode of.a uniform shear beam). and the sum for even the 
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first few modes should be close to unity. For a uniform shear beam, the 

sum of the roof participation factors for the first three modes is 1.10, 

while it is 1.0S for Wood's model. The values of 0.S6 for the three­

mode acceleration fit, and more particularly 0.33 for the velocity fit, 

are much smaller than expected. 

The SOSW transverse response was studied much less extensively than 

the S82E motion. Only the frequency-domain method was used for this 

component. The estimated parameter values. Table 3a. are not so obvi­

ously dubious as those for the third mode in the SS2E direction. How­

ever, the participation factor and damping of the second mode appear 

unusually high. The parameter values were also at greater variance with 

Wood's values than for the other direction. 

4.2 Synchronizing Earthquake Records 

During the early studies discussed in the last section, it was 

speculated that the unrealistic values obtained for some of the parame­

ters might have been caused by nonlinearities in the response. At the 

time. there were no grounds to suspect nonsynchronization of the 

records, particularly since the accelerographs were interconnected to 

give a common time-base. 

However, in later work considering earthquake records from the 

Vogel Building, Wellington, New Zealand [5.14], the prospect arose of a 

time-shift between the digitized records from different locations in the 

structure because of difficulties in determining common time-marks at 

the beginning of the original film records. A straightforward applica­

tion of the frequency-domain identification technique to the records 



- 40 -

TABLE 3 

IDENTIFIED PARAMETER VALUES FROM THE SAN FERNANDO RECORDS 

S08W COMPONENT 

(a) Unshifted Records (0-40 Seconds) 

No. of Quanti ty Mode 
Tr (sec) ~ (%) [cr J Modes Matched c 

r r r 
3 

I 
INo. of 
I Modes 
I 
I 
I 3 
I 
I 
I 
T 
I 4 
I 
I 

I 
I 

I 

Acceleration 1 1.420 6.5 1.49 1.04 0.232 
Spectrum 2 0.401 12.0 -0.76 
(0.27-5.86 Hz) 3 0.207 10.0 0.31 

(b) Aligned Records (0-40 seconds) 

Quanti ty 
Matched 

Acceleration 
Spectrum 
(0.27-5.86 Hz) 

I 

" 

Accel era tion 
Spectrum I (0.27-5.86 Hz) 

. 
',Accel era tion 
Spectrum 

, (0 25-10 Hz) 

Shift 
n 

2 

3 

3 

I 

/ 

Mode 
r 

1 
2 
3 

1 
2 
3 
4 

1 

2 

3 

4 

Estimates ± Standard Errors 

I 
I 

/ 

Tr< sec) 

1.434 
0.436 
0.233 

1.436 
0.444 
0.240 
0.178 

I 1.437 

I . 
/±O .001 

, ±O.002 
o 443 

0.2405 
,±O .0005 

0.180 
(±O.OOl 

I~r(%) 
I 

5.1 
8.4 
6.4 

4.4 
6.0 
7.0 
8.0 

4.4 
±D.1 

5 9 . 
±D.2 
6.8 

±D.2 
5.0 

±D .5 

c r 

1.44 
-0.58 

0.25 

1.35 
-0.54 

0.26 
-0.23 

1.36 
±D.015 

. 
,±D.Ol 
I 0.255 

,-0 53 

,±D.007 
-0.15 
±D .01 

'[c I r 
J 

I 
I 
11 .11 0.180 

I 
I , 
0.84 0.164 

0.94 /0.184 

I 

I , 
l __ 
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TABLE 3 (CONT.) 

(c) Aligned Records (0-20 seconds) 

I 
of I I Shift I Mode 

Estimates .± Standard Errors 
INo. Quanti ty 

Modes I Matched I n I r ITr(sec) ~ (%) c [cr J r r 

! ! I ! 
11.06 10 .198 I 3 IAcceleration I 2 1 I 1.430 4.8 1.42 

I I Spectrum I I 1±D·003 ±O.2 ±O.02 
I 1(0.25-10 Hz) 2 0.436 S.S -0.59 , , I 

, 
'.±O.002 ±O.4 1.±O·OlS 

I 
, 

I I I I 3 I 0.2336 5.8 0.23 
I I 1.±O.0007 ±O.3 ±O.Ol , I 

4 I Accel era tion 3 1 1.433 4.2 1.36 0.93 0.178 
I Spectrum ±O.002 ±O.2 .±D.02 
(0.25-10 Hz) 2 0.444 5.7 -0.53 

.±D.OOl ±O.3 .±D.015 
3 0.2404 6.6 0.25 

.±D.OOOS ±O.3 ±O.Ol 
4 o .lS0 4.7 -0.15 

.±O.02S ±O.6 ±O.OlS 
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from two earthquakes produced unrealistic parameter estimates and poor 

matching for the second mode in the mid-height and roof records. despite 

this mode showing up clearly as peaks in the Fourier amplitude spectra 

at the modal period measured in vibration tests. Because of the 

suspected lack of synchronization of the records. some experimentation 

was carried out on shifting the e.xci ta tion and response records integral 

numbers of timesteps (0.02 seconds) with respect to each other. The 

identifications were repeated for different shifts. allowing the 

measure-of-fit to be minimized with respect to the shift as well as the 

modal parameters. This led to excellent resul ts at the optimal t'ime­

shifts. with the normalized measure~of-fit for one of the components 

being the best yet achieved by the authors for an essentially full­

duration record. Furthermore, the optimal shifts of each of the 

response records with respect to the basement record were consistent in 

that they differed at most by one timestep for those components recorded 

in the same accelerograph. but were different for the various accelero­

graphs. 

One consequence of the shifting of the mid-height record in Vogel 

Building relative to the basement record was that the effective partici­

pation factor of the second mode. which was estimated as -0.34 from the 

unshifted record. became +0.36 when the optimal shift was used. The 

negative value from the unshifted records was unrealistic. since the 

value calculated from the known mass distribution and the second mode­

shape measured in forced-vibration tests was positive. This wrong sign 

for the effective participation factor recalled the previous 

difficulties in estimating the parameters of the third longitudinal mode 
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of JPL Building 180. The almost correct magnitude but wrong sign of the 

mid-height, second-mode participation factor for Vogel Building was 

consistent with the optimal time-shift of 0.10 seconds, corresponding to 

a phase error of 180
0 

at the second mode period of 0.20 seconds (the 

phase change at frequency f from a time-shift nat is 360 fnAt degrees). 

These considerations suggested that it might be worthwhile to re­

examine the JPL Building 180 records with time-shifts, even though they 

were supposedly synchronized. As described in the remainder of this 

paper. the optimal time-shift strategy overcame the problems associated 

with the estimates of the higher mode parameters, and produced improved 

measures-of-fit. It is concluded that the basement and roof records [7J 

are unsynchronized by about 0.08 seconds. 

Discussions with Dr. A. G. Brady and Professor D. E. Hudson lead us 

to believe that this is due to the digitizing process where the origin 

of time was selected as the start of the light traces of the accelero­

graph record. Any difference between the start-up times of the film 

transporting mechanisms would mean that this choice of time origin must 

lead to some lack of synchronization, even if the instruments are 

triggered simultaneously as intended. It would perhaps be better when 

digitizing the film records to choose the position of the time origin by 

ensuring that the first time mark away from the beginning of the light 

traces is assigned the same time value for each record (time marks on 

the RFT-250 instruments installed in the JPL Building 180 are at 0.5 

second intervals). This recommendation is based on the reasonable 

assumption that the differences in time for each instrument to produce 

the timing mark corr.esponding to a common timing pul se is much 1 e ss than 
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the differences in the time to accelerate the film in each accelerograph 

to its operating speed. 

If the above explanation regarding the lack of synchronization of 

the JPL Building 180 records is correct. other sets of digitized 

building records may suffer from a similar defect. Fortunately. it 

should be possible to synchronize the records. at least in the absence 

of structural damage, by making the relative time-shift another unknown 

parameter to be estimated in the system identification, as we have done 

in this study. 

4.3 Identification with the Optimally Shifted Records 

The estimation of the modal parameters of JPL Building 180 from the 

San Fernando earthquake records was repeated treating the shift between 

the records as another parameter to be estimated. The shift which gave 

the best measure-of-fit for acceleration is interpreted as that which 

correctly synchronizes the basement and roof records. 

For the longitudinal (S82E) direction. the segment from 0 to 20 

seconds was studied extensively using both the time-domain and 

frequency-domain methods. The models were built up one mode at a time. 

In the frequency-domain study. the initial estimates of the parameters 

for the new mode were taken as the values for Wood's partial-composite 

model with 5% damping, while for the other modes they were the optimal 

estimates for the model containing one fewer mode. For the time-domain 

identifications, the required initial estimates were the periods, taken 

as Wood's values, and the damping factors, taken as 5% of critical. The 

optimal. estimates for models with different numbers of modes. estimated 
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by matching the acceleration spectrum. acceleration, velocity or dis­

placement at the roof. are given in Table 2b. The velocity matches 

achieved by the op~imal models from the frequency-domain acceleration 

identifications are shown in Figures 4a and b for the unshifted and 

shifted records respectively. Figures Sa. band c compare the measured 

response with that of the optimal three-mode model determined from the 

synchronized acceleration time histories. 

In Table 2b. the shifts between the records are indicated as multi­

ples of the digitized record time-step of 0.02 seconds. A positive 

shift of n time-steps means that point i on the original response record 

corresponds to point i+n on the basement record. that is. the records 

are synchronized by discarding the first n points of the basement 

record. For the acceleration and acceleration-transform matches the 

results are given for the optimal shifts. For the velocity matches the 

results are given for the shifts which are optimal for each of the 

vel9city and the acceleration. 

A comparison of the parameter estimates derived from the original 

unshifted records and the optimally synchronized records for the S82E 

direction reveals several important changes (Table 2). 

The first point to note is the effect that the synchronization has 

had on the third-mode parameters. whose questionable values in the 

original studies prompted this re-investigation. The new third- mode 

period estimate of 0.255 seconds (3.92 Hz) corresponds to a peak of the 

Fourier amplitude spectrum of the acceleration response (Figure 3) an.d 

agrees closely with Wood's synthesized value of 0.257 seconds and his 
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Fig. Sa. Comparison of the measured (---) and optimal 3-mode model 
(- - -) relative displacements. 882E component. The model was 
identified from the optimally synchronized acceleration 
records. 
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Fig. 5b. Comparison of the measured (---) and optimal 3-mode model 
(- - -) relative velocities, S82E component. The model was 
identified from the optimally synchronized acceleration 
records. 
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records. 
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adjusted value of 0.260 seconds. The original estimate of 0.299 seconds 

(3.34 Hz) from the unshifted records, identified using the same initial 

estimate as for the shifted records, lay in a trough of the Fourier 

amplitude spectrum and did not coincide with any of the modes of the 

synthesized models. Similarly. the estimated participation factor now 

takes on a realistic value. It has the correct sign and its value of 

between 0.25 and 0.30 for the various models is in good agreement with 

the synthesized value of 0.24. 

The values estimated for the participation factors of the other 

modes have also changed significantly. The first-mode participation 

factor has reduced from 1.48 to 1.22. compared with Wood's synthesized 

value of 1.30. while the second-mode participation factor has changed 

from -0.24 to -0.47. in agreement with the synthesized value. The sum 

of the participation factors also lies much closer to unity ·than pre-

viously; 1.01 for the three-mode model and 0.98 for the five- mode 

model. as against 0.84 for the three-mode model identified from the 

original unshifted records. 

Another feature is that more modes have now been identified. 

Misalignment of the records has greater effect at higher frequencies. as 

a time-shift of nat modifies the Fourier transform at frequency f by the 

i2nfnAt . factor e • that 1S. changes the phase by 360 fnAt degrees. As the 

estimation of the parameters of each mode is governed mainly by the 

response near the modal frequency. the identification of the higher 

modes is affected more by the phase corruption. At least four modes 

• 
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have now been identified with physically reasonable parameter values. 

while previously the identifications were suspect beyond two modes. 

The synchronization has led to much reduced errors J at the optimal 

shifts for each number of modes. As the higher modes could not be 

matched well previously because of the corruption of the phases around 

their modal frequencies. addition of extra modes produced only modest 

reductions in the error. 

For the acceleration and acceleration-transform matches. the 

optimal shifts agree within one time-step for the two-, three-. four-

and five-mode models. with a value of four time-steps or 0.08 seconds. 

Velocity matching with a three-mode model gave an optimal time-shift of 

six time-steps. However. the shift of 0.08 seconds is considered more 

likely to be the correct one since the acceleration has stronger signals 

for the higher modes. which are more sensitive to the effects of lack of 

synchronization. Furthermore. the velocity records are likely to con-

tain correlated "measurement" errors arising from the integration of the 

noise in the acceleration records which could contribute to the 

discrepancies. When the optimal acceleration shift of four timesteps is 

used for the velocity matching. increasin.g the measure-of-fit J to 
v 

0.025 from the value of 0.020 for the optimal velocity shift of six 

timesteps. parameter values in good agreement with those estimated from 

the acceleration are obtained. This is in contrast to the results from 

the unshifted records. which showed considerable discrepancy between the 

estimates from velocity and acceleration matching (Table 2a). 
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The variation with time of the effective linear models over the 

first 40 seconds of the response was investigated by using the 

frequency-domain method to identify the optimal two- and three-mode 

models for a series of segments of the records (Figure 6). Although 

sufficient segments were studied to trace the variations in the parame­

ters, this aspect of the study was less extensive than that performed 

for the unshifted records [12]. 

The most noticeable variation in the parameters for the longitudi­

nal direction was the lengthening of the fundamental period over the 

first ten seconds of the response, up to the time of the largest motion. 

The first-mode period changed from 1.02 seconds, close to the value of 

0.99 seconds measured by Nielsen [16] in forced vibration tests during 

construction, to a maximum of 1.28 seconds during the largest amplitude 

response, before falling off slightly to 1.23 seconds over the last ten 

seconds of the analyzed record. The value identified for the overall 

response was 1.28 seconds, the same as for the strongest portion ~f the 

motion. 

The second-mode period also varied during the response. and the 

values identified for various segments differed from those found from 

the unshifted records. A double peak around the second-mode frequency 

is one of the features of the Fourier spectrum of the east-west 

acceleration response (Figure 3). With the unshifted records, the 

identifications from the whole record (0-40 seconds), and also for the 

0-20 second segment, produced a second-mode period of 0.38 seconds 

corresponding to the lower-amplitude peak, despite an initial estimate 

corresponding to the more dominant peak at 0.42 seconds which was chosen 
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as the resonant period by Wood. The identification with the optimally 

aligned records produced an effective overall value of 0.414 seconds for 

the second mode period. in near agreement with Wood. However. there was 

a variation of the second-mode period with time which may have 

contributed to the double peak. For different segments of the records 

the identified value varied from 0.31 seconds at the beginning of the 

response to 0.42 seconds for the segment between 10 and 20 seconds 

before dropping to 0.39 seconds over the segment from 30 to 40 seconds. 

The initial value of 0.31 seconds may be compared with Nielsen's vibra­

tion test value of 0.33 seconds. 

The values estimated for the modal dampings were rather different 

using the synchronized records than using the unshifted records. partic­

ularly for the initial portion of the response. Using the unshifted 

records. the identified dampings peaked at 15 and 12 percent for the 

first two modes about 3 seconds from the start of the records. before 

falling to values of 3.5 to 5.0 percent for the first mode. and 4.0 to 

6.0 percent for the second mode. over the last twenty seconds. With the 

synchronized records. the dampings did not reach such large values early 

in the response. The peak values for the first two modes were only 4.5 

and 7.S percent. with the values later in the response similar to those 

estimated from the unshifted re·cords. 

For the 0 to 20 seconds segment. Akaike's information criterion 

(AIC) was applied to obtain a quantitative measure of the number of 

modes required to represent the response most parsimoniously in the 

sense of giving the best trade-off between the closeness of the fit and 

the number of parameters used in the model. Including more modes than 
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indicated by the Ale produces a marginal improvement in the measure-of-

fit, but the estimates of additional parameters tend to be unreliable. 

The values summarized in Table 4 show that four modes provide the most 

parsimonious representation according to the Ale. This agreed with the 

intuitive feeling gained from examining the identification results pro-

duced by adding a fifth mode. For example, the parameter estimates from 

matching the acceleration history (time-domain method) and from matching 

the acceleration spectrum (frequency-domain method) are nearly identical 

for up to four modes in the models (Table 2b), but the two methods gave 

substantially different estimates for the fifth mode. 

The standard errors are included with the parameter estimates in 

Table 2b for the four- and five-mode models, showing that the period 

estimates are the most precise, followed by the participation factors 

and dampings. Furthermore, the estimates of the first and second mode 

parameters are more precise than those of the higher modes. For the 

estimates from matching the acceleration histories, the standard errors 

were calculated using Eq. 28 which requires the inversion of the 

sensitivity matrix. On the other hand, the standard errors for the 

estimates from the acceleration spectrum were calculated using the sim-

ple approximation given by Eq. 29a. This approximation underestimates 

the standard errors for the damping and participation factors, primarily 

because of the interaction between these parameters (see. for example, 

Eq. 29b), but it produces satisfactory results for the period errors. 

The normalized diagonal elements (Eq. 25) of the sensitivity matrix 
A 
S for the four-mode model identified from the 0 to 20 seconds segment of 

the S82E records are given in Table 5, toget~er with the corresponding 



- 57 -

TABLE 4 

A.I.C. VALUES FOR JPL BUILDING 180 S82E RESPONSE 

Values of Akaike's information criterion (AIC) for the models identified 
from the optimally aligned acceleration records for the S82E motion of 
JPL Building 180. The models were identified from the Fourier accelera­
tion spectra over the frequency band O.S to 10.0 Hz for the first 20 
seconds of the motion. The minimum of AlC indicates that four modes 
provide the most parsimonious model. 

AlC = N log J + 2K 
N = number of data points = 1024 
K = number of parameters (5 per mode) 

Modes I I AlC 

1 5 0.291 -1254 
2 10 0.073 -2660 
3 15 0.0487 -3065 
4 20 0.0475 -3080 
5 25 0.0474 -3072 
6* 30 0.0469 -3073 

*Nonsensica1 parameter values and non­
convergence of algorithm for 6 modes. 
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interaction coefficients from the off-diagonal elements (Eq. 26). It 

can be seen that the interaction is insignificant except between the 

damping and participation factor of the same mode. with interaction 

coefficients of 0.68. 0.75. 0.82 and 0.68 for the first four modes. 

Somewhat surprising in the original studies with the unshifted 

records was the extent of the interaction between the estimates of the 

modal frequencies and participation factors. particularly for some of 

the shorter segments. Unlike the interaction between the damping and 

participation factors. no simple explanation for this behavior is 

apparent. For example. for an identification performed for the 15-25 

second interval over the 0.25 to 10 Hz band. the interaction coeffi­

cients between these parameters were 0.71 and 0.67 for the first two 

modes. greater than the values of 0.60 and 0.21 for the interactions 

between the estimates of the dampings and participation factors. Such 

high values for the interaction coefficients indicate that difficulties 

exist in extracting precise estimates of the parameters .from the data. 

apparently caused by the phase distortion induced by the shift between 

the records. For the synchronized records. the interaction between the 

first two modal frequencies and participation factors is much reduced. 

to 0.47 and 0.11 for the 15-25 second interval. 

As with the unshifted records. the response in the transverse 

(S08W) direction has been studied less extensively than the S82E 

component. Three- and four-mode models for the overall response (0 to 

40 seconds) and ·the 0 to 20 second segment have been derived by the 

frequency-domain method. but the detailed temporal variation of the 

parameters has not been re-investigated. The results are presented in 
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Table 3'. Synchronizing the records has less dramatic effects than for 

the S82E direction. mainly because the original estimates were not so 

obviously in error. However. the new estimates agree much more closely 

with those of the synthesized models. and the models have been extended 

from three to four modes. The optimal timeshift for the S08W records is 

three timesteps or 0.06 second. compared with 0.08 second for the S82E 

records. This may be a consequence of the fact that the synchronization 

can only be achieved to within a timestep of 0.02 second. 

For the first mode in the S08W direction. the estimates of the 

damping and participation factor have been reduced from the original 

values of 6.5% and 1.49 to 4.4% and 1.35 respectively from the 

synchronized records, more in agreement with Wood's values of 3% and 

1.31. The changes have been larger for the second mode. The original 

period estimate of 0.401 seconds has become 0.444 seconds. closer to 

Wood's value of 0.436 seconds. while the high value of the damping and 

participation factors. 19% and -0.76. have been reduced to 6.0% and 

-0.54. The third- and fourth-mode periods and participation factors 

agree reasonably well with the synthesized values. but as with the lower 

modes the identified damping values are considerably higher than those 

Wood estimated from his study of the earthquake records. 

The errors for the north-south models are larger than for the east­

west models. and show less reduction with the synchronization of the 

records. This is caused partly by the relatively greater contribution 

of the higher modes not included in the models (i.e •• beyond the fourth) 
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to the response than for the east-west direction, but may also be a 

reflection of a greater amount of nonlinear behavior. 

The nonlinear behavior is revealed by the lengthening of the 

periods. The first mode period for the SOSW direction increased by over 

sixty percent from the pre-earthquake vibration-test value, from O.SS 

seconds to 1.44 seconds. The increase in the other direction was only 

about forty percent. The second-mode period al so showed a considerable 

lengthening, from 0.29 to 0.44 seconds. The SOSW response had a strong 

contribution from higher modes (shown by the high-frequency content of 

the acceleration time history of Figure 7a), each with time-varying 

properties, which produced poorer acceleration matches than for the 

other direction. However, the estimates of the parameters of the lower 

modes were sufficiently accurate to produce a good match of the velocity 

for which the high-frequency content was unimportant .(Figure 7b). 

The resul ts of this study have been compared with those of Wood, 

and have in the main shown excellent agreement. From the success of 

Wood's study, it may appear that the trial-and-error approach is a 

satisfactory method for estimating the values of the structural parame­

ters exhibited in measured earthquake response. However. the trial-and­

error approach is a very lengthy procedure compared with computer 

optimization. 1tloreover. it must be stressed that Wood's study is one 

of the most successful of its type. Meticulous care was taken both in 

the initial synthesis of the model and in the adjustment to match the 

earthquake response. The agreement was considerably better than usually 

obtained by this type of approach. For example, Brandow and Johnston. 

who studied the building less extensively than Wood, did not achieve 
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this level of agreement (Table 1). Furthermore, there were some 

difficulties encountered by Wood in matching the Fourier amplitude spec­

tra of the acceleration responses. In particular, the resonant peaks of 

the measured sp~ctra were broader than those calculated for the models, 

presumably because of the variation of the modal frequencies during the 

response. Wood found the best matches of the overall spectra were 

obtained by overestimating the peak amplitudes by about 30 percent. The 

present systematic approaches automatically produce the parameter values 

which best match the overall spectrum, and not just the peak values. 

Wood also used the participation factors calculated from the synthesized 

models, and estimated only the modal frequencies and dampings from the 

earthquake records. The systematic approaches estimate all the parame­

ters from the records. although accuracy of the estimates of the damping 

and participation factors is not high, primarily because of the interac­

tion between these parameters. The main source of error in Wood's 

matches were offsets between the measured and model response (Figure 8a) 

originally thought to be caused by slight overestimations of the funda­

mental periods. but more likely caused by the misalignment of the exci­

tation and response records revealed in the present study. This 

conjecture is supported by Figure 8b. in which the response of Wood's 

model has been calculated from the base excitation shifted forward with 

respect to the roof record by 0.08 seconds, the optimal shift given by 

the identification studies. As Wood's matches were based on only the 

amplitude spectra, the phase distortions caused by the time-shift 

between the records were not revealed in his frequency-domain matches. 

However, probably the greatest disadvantage of a trial-and-error 

approach to parameter estimation is that it is not known whether the 
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best values have been found or, indeed. what the accuracy of the 

calculated estimates is likely to be. These problems are overcome by 

the systematic techniques discussed here. 

S. CONCLUSIONS 

Linear models of JPL Building 180 have been determined from the 

strong-motion records of its excitation and response in the 1971 San 

Fernando earthquake. Two systematic techniques provided estimates of 

the periods. dampings and participation factors of the dominant modes by 

the least-squares matching of the model and measured responses, one 

method operating in the time domain and the other in the frequency 

domain. Although the basement and roof accelerographs were intercon­

nected, a previously undetected lack of synchronization of about 0.08 

seconds between the two records has been revealed. Optimal alignment of 

the records led to significant improvements in the matches between the 

measured responses and those calculated for the identified models. and 

produced more reasonable estimates for the parameters of the higher 

modes. Earlier studies using the present identification techniques on 

the unshifted records [2.12] produced erroneous values for the estimates 

of the higher mode parameters because of the large phase distortions 

produced at the frequencies of these modes by the lack of synchroniza-

tion. 

It was found possible to determine time-invariant linear models 

appropriate for the overall response. and also to trace the temporal 

variation of the effective linear parameters due to nonlinear structural 

behavior. The values of the effective linear parameters varied signifi-
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cantly, particularly up to the time of the largest motion. The funda­

mental periods in the longitudinal and transverse directions lengthened 

by about forty and sixty percent respectively. starting from values 

close to those measured in vibration tests. The second-mode periods 

lengthened considerably also. The effective periods were similar to 

those calculated by Wood for synthesized models which assumed cracking 

of the concrete encasing the steel columns. These synthesized models 

also indicated that the large period lengthenings were associated with a 

structure which approached but did not exceed yield. The effective 

viscous dampings were 3.6 and 4.4 percent of critical for the fundamen­

tal modes in the longitudinal and transverse directions, with values of 

around 5 and 7 percent during the maximum response. 

Finally, the lack of precise synchronization exhibited by the 

records from JPL Building 180 may be a common feature of digitized film 

records from interconnected accelerographs. If so, the records must be 

synchronized to obtain reliable estimates of the parameters of the 

excited modes of a structure. The techniques discussed in this paper 

are apparently capable of achieving this synchronization to within one 

time-step of the digitized data, at least in the absence of structural 

damage where linear models have been found to give good reproductions of 

the recorded response. Furthermore, synchronization increases the 

number of modes for which the parameters can be estimated successfully. 

This represents a significant improvement in the amount of reliable 

information about structural behavior which can be extracted from 

strong-motion earthquake records. consequently increasing their 
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importance for monitoring structural performance during potentially 

damaging motion. 
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