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,. The earthquake induced ground motions, in general, have six components: three I

translational and three rotational. These components are also correlated in general.

[

' In this study, the response spectrum methods have been developed to obtain the struc
tural design response for such correlated components. The forces induced in a structure
depend upon the orientation of the structure with respect to the impinging seismic I
waves. An approach has also been developed to obtain the maximum or the worst-case I
response which could possibly be induced in the structure when it is oriented in a par- II

ticular direction. The numerical results demonstrating the application of these
approaches are presented for the proportionally as well as the nonproportionally damped I

structures. The results indicate that a systematic approach, as given in the report, "
should be used to obtain the worst-case response to avoid an unconservative structural

I design. Also, the rotational components of a ground input should not be customarily I
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CHAPTER 1

INTRODUCTION

1.1 BACKGROUND AND SCOPE

The earthquake induced ground motions, as felt by

structures, will, in general, have six components: three

translational and three rotational. However, for the seis

mic dea1gn of structures, it is a common pract~-e to cn~

sider only the three transl~tional components. In practice,

a structure is analyzed for these components applied along

the structural axes. The responses obtained for the three

components are then combined by the square-root-of-the-sum

of-the-squares procedures [1,35] to obtain the total

response. This assumes that the three excitation components

are uncorrelated.

In general, however, this assumption is not true.

penzien and his colleagues have studied the correlative

character of the translational components in a series of

papers [26,27]. The correlation between the components

considered along any three arbitrarily selected structural

axes can be shown to depend upon the orientation of the axes

with respect to the impinging seismic wave. In this study,

this correlation between the translational as well as the

rotational components has been considered.

The rotational components are customarily neglected "as

being of minor consequence" ~n Qeismic structural analyses.

Only a few researchers, notably Newmark [23], Rosenblueth

[28,29], Tso and Hsu [40] and Nathan and Mackenzie [22],
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have considered the rotational components in their work.

Here, the Newmark's approach [23] is utilized in describing

the rotational components. This is based on a simple

representation of the ground motion components as traveling

waves. (Earlier, the idea of ground motion as a traveling

wave was also considered by Bogdanoff, Goldberg and Schiff

[4] to evaluate the effect of transmission time on the

response of long structures.) With this representation, the

rotational components are related to the jerks of the

translational components and the shear w~vo velocity of

Qropagation. Here, the methods to obtain the design

response for such correlated excitations are developed.

For the purpose of describing the seismic design input

for the calculation of the design response for an earthquake

component, the smoothed elastic response spectra are now

commonly used [13,24,41]. For linear structures, the method

of the square-root-of-the-sum-of-squares of the modal

responses, commonly abbreviated as SRSS, and its several

modifications are used. several investigators [2,9,29,33,

35] have established the theoretical basos fnr the SRSS and

its modifications. However, most of these studies have so

far been directed to the classically damped structural s a_

terns where the damping matrix of the structure can be

uncoupled by the undamped norm~l modes. Recently, Singh

[33] has extended the application of the response spectrum

approach to the nonclassically damped systems also. The

theoretical basis of this approach was established by the
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stationary random vibration theory. However, no numerical

validation of this approach by simulation is available. In

this study a numerical validation of this response spectrum

approach is provided for its application to the nonclassi

cally damped structures subjected to uncorrelated transla

tional components. As a by-product, the validation results

for the classically damped systems are also obtained.

After validating the response spectrum methods for the

calculation of design response for uncorrelated components,

here similar response spectrum approaches have been

developed for the correlated six cnmponent inputs. These

approaches, developed for the correlated components, can

employ the component response spectra directly in their

methodology.

The response of a structure is shown to depend upon the

orientation of the structure with respect to the impinging

seismic waves. For a particular orientation, the induced

response could be the maximum. Here, this maximum response

is being referred to as the worst-~Ase response. A direct

methodology is developed to obtain the worst-case response,

irrespective of the orientation of the structure. The

numerical results demonstrating the application of this

methodology are presented. The rotational components have

also been considered in this approach and it is shown that

the effects of these can be significant for tall and large

structures.
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The currently used seismic response evaluation proced

ures are usually based on the method of mode displacement of

structural dynamics. However, some specific advantages can

be realized by emploving thp method of mode acceleration.

Here, therefore, an alternative response analysis approach,

based on the method of mode acceleration, has also been

developed for the proportionally damped structural systems.

This is a generalization of the approach proposed by singh

and Mehta [38], which is now applicable to the correlated

six component inputs. This approach is computationally more

efficient than the mode displacement approach in as much as

it requires only first few modes for a sufficiently accurate

evaluation of the response; the effect of the omission of

the high frequency modes in this approach is rath~r inconse

quential, even for the stiff structural systems. The numer

ical results demonstrating the effectiveness of this alter

native approach are also presented.

1.2 REPORT ORGANIZATION

In Chapter 2, the development of the response spectrum

approach for the classically as well as the nonclassically

damped structures, subjected to three uncorrelated compon

ents, is described. Some of the formulation in Chapter 2

may be available elsewhere, but it is given here for the

sake of completeness, and also because it is needed in the

subsequent chapters. A new modal superposition approach,

developed for the time history analysis of the noncla~~j-
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cally damped structures, is also presented in this chapter.

The numerical results obtained for the validation of the

response spectrum approaches for the nonclassically as well

as classically damped structures are presented.

Chapter 3 describes the development of the mode dis

placpment procedures used with the correlated excitation

components. The relationships between the rotational and

translational components are developed here. The correl~

tion matrix of the correlated six components is defined in

terms of the autocorrelations and spectral density functions

of the uncorrelated principal excitation components. The

analytical development for the identification of the "worst

case" response are given. The numerical results for the

classically and nonclassically damped structures, employing

the methodology developed in this chapter, are presented.

In Chapter 4, the analytical formulation of the

response spectrum approach employing the method of mode

acceleration and the numerical results obtained with this

approach are given.

The summary and general conclusions are given in Chap

ter 5. More detailed and specific conclusions are given in

various chapters themselves where the numerical results pre

taining to the topic of the chapter are presented.

The appendices provide the details of some analytical

developments and expressions used in the main text.



Chapter II

RESPONSE FOR THREE UNCORRELATED EARTHQUAKE
COMPONENTS

2.1 INTRODUCTION

For the calculation of structural design response for

earthquake loads prescribed in terms of response spectra,

the method of SRSS is most commonly used in practice. In its

simplest form, the method consists of obtaining the maximum

modal responses using response spectra and then their combi-

nation by the simple square-root-of-the-sum-of-the-squares

(SRSS) procedure. Several modifications to this mode res-

ponse combination rule have been suggested which especially

acount for the correlation between modal responses. This

method and its modifications are applicable to the struc-

tures for which the energy dissipation can be defined in

terms of modal damping ratios. Mathematically speaking it

means that the damping matrix of the system is proportional

or classical [5].

Herein, the SRSS method as used in practice and itsmo-

dification are reformulated and refined to obtain more accu-

rate numerical results for structures subj ected to mul ti-

component earthquakes. Three translational components of

6
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excitation are considered and assumed uncorrelated. The

correlated components are considered in the next two chap

ters. A comprehensive numerical simulation study is con

ducted to verify the SRSS procedures.

The cases where the damping matrix of a system is non

proportional or nonclassical, a response spectrum procedure

similar to the SRSS can still be used (see Singh[33]).

Here, this procedure is formulated such that the effect of

peak factors can be included in the calculation of design

response. Again, the formulation is developed for three un

correlated earthquake components. A comprehensive study of

correlation between modal responses of a nonproportionally

damped structure is also conducted.

The verification of this response spectrum procedure

for nonclassically damped systems is also done by a compre

hensive simulation study. To obtain numerical results for

nonclassically damped systems by the modal analysis proce

dure for ground acceleration defined in digitized time his

tory form, a new step-by-step time history analysis approach

has been developed. This new approach has been used to ob

tain results for two ensembles of time histories. These re

sults are discussed in the later part of this chapter.
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2.2 ANALYTICAL BACKGROUND

The equations of motion of a mul ti-degree-of-freedom

structure subjected to earthquake induced ground motion

along its geometric axes can be written as:

[M]{u} + [C]{u} + [K]{u} = - [M][r]{E} (2.1)

where [M] = mass matrix; [C] = damping matrix; [K] = stiff

ness matrix; {u}= relative displacement vector; {E} = the

acceleration vector of the ground motion components; [r] =
the matrix of the ground displacement influence coeffi

cients, the columns of which are the influence coefficient

vectors {r~l for each excitation component. In general, the

earthquake motions as felt by a structure will have six com

ponents, and thus [r] will be a Nx6 matrix where N is the

number of degrees-of-freedom. In this chapter, only three

translational components of excitations are considered and

are assumed to be uncorrelated. The more general case of

six correlated excitation components is considered in the

next two chapters.

As mentioned earlier, the SRSS procedure is most com

monly used for the evaluation of design response for design

inputs defined in terms of response spectra. This requires

that a modal analysis approach be used. Thus here the solu

tion of Eq. 2.1 by a modal analysis approach is sought.
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The classical normal mode approach can only be used for

a very special form of damping matrix [C]. Such damping ma-

trices are often called proportional, Rayleigh or classical.

A proportional damping matrix is a linear combination of the

mass and stiffness matrices. Such matrices can be decoupled

by the normal modes of the system. Another form of damping

matrix which also possesses a similar property was defined

by Caughey [5]. For classical [C], the solution of Eg. 2.1

can be obtained by the normal mode approach. However if [C]

is not classical, that is it can not be diagonalized by the

undamped modes of the system, a complex or damped mode ap-

proach is used. In the following sections, both types of

structural systems, i.e., systems with classical as well as

nonclassical damping matrices, will be considered.

2.3 CLASSICALLY DAMPED STRUCTURES

If the damping matrix [C] is classical, then Eg. 2.1

can be decoupled into its modal equations by standard trans-

formation [7]. One such decoupled modal equation is:

..
V. + 2S.w. V.

J J J J

2
+ w. V.

J J
_{o.]T {E(t)]

J
(2.2)

where V. = the j th principal coordinate or the modal dis
J

frequency;naturalplacement; wj
T

{¢ .] [C ] {¢ . J/2w .m .
J J . J J

is

.th
J

jth modal damping ratio; {¢ . J
J

Sj

= rela-
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tive displacement mode shape; is the jth

modal mass ; fo.J = the vector of participation factors with
]

its elements as the participation factors for the excitation

T
components, defined as O£j ={¢j J [M] frg,J/mj £=1,2,3. The

superscript 'T' represents the transpose of a matrix or vec-

tor, and dot over a time varying quantity represents its

time derivative.

A response quantity of design interest, like displace-

ment, member forces and moments which are linearly related

to displacement, can be written in terms of modal quantities

as follows:

S(t) - -~ ~J' [L}T (t [E(t)} h.(t-1) d1
j=l J ~ 0 J

(2.3)

where ~. = j th normal mode shape of the response quantity
J

S(t) which can be obtained by linear transformation from the

.th. t f J d h (t ) . th . 1J elgenvec or l¢j I an j lS e lmpu se response

. function of Eg. 2.2.

We are interested in the calculation of design res-

ponse. It is a high value such that it is not likely to be

exceeded very often when earthquakes occur. To obtain this,

the ensemble of earthquake motions which can occur at the
..

site should be considered. Thus the components X£(t) should

be modeled by random processes to obtain the design res-
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ponse. The design response then may be considered to be a

value which will have a small probability of exceedance.

The magni tude of such response depends upon the root mean

square (RMS) value of response, probabi Ii ty of exceedance,

correlation character of the response random process, etc.

In practice, however, this design response usually can be

obtained as a factor times the maximum RMS response. This

factor is called the "peak factor" [42]. Herein, thi s sim-

plified approach is used to define the design response. A

brief development of the RMS expressions and peak factors

are given in the following sections.

2.3.1 AUTOCORRELATION OF RESPONSE

Using Eq. 2.3, the autocorrelation function of the res-

ponse can be written as:

EX[S(t 1 )S(t 2 ] =

~ ~ C4
k

{LlT(jt1t2[EX[{E(tl)l{E(t2)lT]
j=1 k=l J J 0 0

h j ( t 1 - T 1) h k ( t 2 - T 2) d T 1 d T 2] ) { 0k 1 (2 . 4 )

where Ex[.] denotes the expected value of [.]. For a given

correlation matrix, Ex [ {E (t 1 ) 1{E (t 2 ) 1T], of the excitation,

Eq. 2.4 can be evaluated at least theoretically. If the ex-

ci tation components are stochastically nonstationary, then
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the definition of autocorrelation matrix and evaluation of

Eg. 2.4 are very cumbersome. Therefore, often with the main

purpose of simplifying the analysis, the earthquake motions

are assumed to be stationary random processes. With this as-

sumption, the motion components can be characterized by the

auto- and cross- spectral density functions. Furthermore, in

this chapter only uncorrelated components are considered.

Thus the cross- spectral densi ty functions are zero. Al so,

only stationary response situations are considered. (The ef-

feet of these simplyfing assumptions on the calculation of

design response is evaluated by a simulation study, de-

scribed later.) Employing standard analytical manipulations

of random vibration for stationary input and response, the

autocorrelation function in Eg. 2.4 can be shown to be:

3 N N
EX[S(t 1 )S(t 2 )] = L L L ~J'~k ~~J.o~k

~=l j=l k=l

(2.5)

where <P~(w) is the spectral density function (SDF) of the

~th excitation component and H.(w) is the well-known complex
J

frequency response function defined as:

2
1 / (w

J
' - w2 + 2i~.w.w)

J J
(2.6)
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The stationary value of the mean square response can be ob-

tained from Eq. 2.5 by setting t 1 =t 2 =t.

2.3.2 DESIGN RESPONSE

To obtain the design response, Sd' the root mean square

value is to be multiplied by the response peak factor. Let

this factor be C, then

(2.7)

For earthquake motions defined by a spectral density

function, Eq. 2.7 can be used to obtain the design response.

However, a direct prescription of the spectral density func-

tion for earthquake motion has not been possible so far. The

main difficulty being that earthquake motions are inherently

nonstationary random processes and thus they can not be mo-

deled by spectral density function which, strictly speaking,

exist only for a stationary random process. In practice,

seismic design input is often characterized by smoothed

ground response spectrum curves [13,24]. As it is often

convenient to use spectral density function in an analysis,

such as in Eq. 2.5, numerical methods have been developed

[11] to obtain this from smoothed ground spectra.

A response spectrum value represents the maximum res-

ponse of an oscillator. This maximum response value is also

equal to the RMS response times the peak factor. For exam-
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pIe, if the psuedo acceleration response spectrum value for

the 2,th component of excitation at frequency w. and damping
J

~. is Rn (w.), and the peak factor relating the maximum res-
J ",a J

ponse to the root mean square relative displacement response

is C2.dj'

2 J+OO
C2.d'J _00

then, using Eq. 2.7

2 4
= R n (w.)/ w.

",a J J

(2.8)

in which the divi sion of Rn (w.)
Xoa J

converts it into

the corresponding spectral displacement value, R~d ( w . ). The
. J

peak factor, C2.dj' depends upon the central frequency, band

width and duration of the motion and can be obtained by

procedures such as developed by Vanmarcke [44] and Mason

[20] .

Eq. 2.8 defines the relationship between a response

spectrum curve and the spectral density function of ground

motion. To obtain the spectral density function from this

equation, the method described by Vanmarcke [42] and Gaspar-

ini and Vanmarcke [11] can be used 0 Thi s wi 11 define the

spectral density function at discrete frequencies W.o Such
J

numerically obtained spectral density functions can be used

in Eq. 2.5 and 2.7 to obtain the RMS and the maximum res-

ponse. If the variation of spectral density function bet-

ween discrete frequencies is assumed linear, then the fre-

quency integral in Eq.

form.

2.5 can also be obtained in closed
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Although all the curves of a set of prescribed design

spectra, such as in References 24 and 41, supposedly belong

to the same ground motion, the spectral density functions

obtained by the above procedure for individual response

spectrum curves of different damping ratios may not be the

same. This internal inconsistency in the prescribed motion

has been observed quite often, and is due to several rea

sons: (1) the process of development of a design spectrum

[11], (2) the assumption of stationari ty for nonstationary

earthquake motions, and (3) approximations involved in the

calculation of peak factors. With the current state-of-the

art of random vibration analysi s for earthquake motions,

this inconsistency can not be resolved, or at least has not

been resolved rationally yet.

Thus, realizing that this internal inconsistency in the

definition of spectral density functions from a prescribed

spectrum can not be resolved with the current state-of-the

art, the explicit use of ~~(w) in response calculations has

been avoided herein. This can be accomplished if Eg. 2.8 can

be directly used in Eq. 2.5 to obtain the mean square res

ponse. This, indeed, can be done, as is shown by Singh and

Chu [35]. For this, Ex[S2(t)] in Eg. 2.7 is expanded into

terms with j=k (called the single summation terms) and j~k

(called the double summation terms or also cross terms) as

follows:
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3 N 2 2

C
2 r {r ~J' ~£.J'

£.=1 j=l

N
+ 2 r

j=l

(2.9)

where N(w) is defined as:

(2.10)

The integral in the double summation term can be further

split into partial fractions, leading to

N 2 2

E ~J' ~£.J' IO£.(w].)
j=l

N N
+ 2 E t ~J'~k ~£.J·~£.k [A1 I O£. (w

J
.) + A2 IlR, (w

J
.)

j=l k=j+1

(2.11)

where and are the frequency integrals de-

fined as:

+00

IO£.(w j ) = f_ oo
tQ.(w) I H. (w) 1 2 dw

J

I H (w j ) =
f+oo

~Q.(w) w2 IH . (w) 1
2 dw

-00 J

(2.12)

(2.13)
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and the coefficients of the partial fractions AI' A2 , As and

A4 are defined in Appendix C.

It is seen that the frequency integral IOQ.(w
j

) in Eg.

2.12 can be defined in terms of the psuedo acceleration

spectrum and peak factor according to Eq. 2.8. To define the

integral I 1Q.(w
j

) in Eg. 2.13 we need to have a relationship

similar to Eg. 2.8. This relationship is defined in terms of

the relative velocity spectrum value as follows:

2

CQ.vj (2.14)

upon the du-

central fre-

spectrum value

at frequency w. and
J

for the relative vel-

excitation

relative velocity response=

component of

damping ~., and C" . = the peak factor
J ...vJ

ocity response of the oscillator. C" . depends
"'VJ

ration of motion, the band width and effective

where R" (w.)
..v J

for the Q. th

quency of the relative velocity response.

The use of relative velocity spectra is rather uncommon

and these are rarely prescribed for designs in smooth spec-

tra form. In the absence of such availability these can,

however, be obtained by making simplifying assumptions. See

Reference 32. For example, for the oscillator frequencies

wi thin the range of excitation frequencies, the relative
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velocity spectrum is almost the same as the psuedo velocity

spectrum. For higher oscillator frequencies, however, rela-

tive velocity decreases faster than psuedo velocity. Thus

for frequency values higher than the so-called zero period

acceleration (ZPA) frequency, relative velocity spectrum may

be assumed to be zero. For the in-between frequencies, a

log-log linear variation to achieve a value equal to the

psuedo velocity spectrum value at some earlier frequency may

be assumed [32]. However, these are approximations, and cer-

tainly a more appropriate approach would be to obtain the

smoothed relative velocity spectra for design in the same

way as the psuedo acceleration spectra were obtained [24].

In the simulation study, to be described later, these rela-

tive veloci ty spectra were obtained for the ensembles of

earthquake motions.

Employing Eqs. 2.8 and 2.14 in Eq. 2.11, the design

response in terms of response spectrum values can be written

as:

+A2(R~V(Wj)/C~Vj)2 + A3(R~d(wk)/C~dk)2 + A4(R~v(wk)/C~vk)2]

(2.15)
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To obtain the peak factors required in this equation, the

Vanmarcke's approach [42] is used. A brief outline of this

approach is given in section 2.5.

Eg. 2.15 defines a response spectrum approach which

also incorporates the effect of modal peak factors in the

calculation of design response. Often, however, the peak

factors involved in Eg. 2.15 are assumed to be the same.

Wi th this assumption, the design response can be rewritten

as:

(2.16)

thwhere 8 t is the response for the t component of excitation

defined as:

2 N 2 N N

St = l: Stj + 2 l: l: Stjk
j=1 j=1 k=j+1

where

(2.17)

(2.18)

2 2

+ A3 Rtd(wk ) + A4 Rtv(wk )] (2.19)

It is seen that the total response for three uncorre-

lated components is equal to the square root of the sum of

the squares of the responses of the individual components.
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See also the work of Chu, Amin and Singh [8]. Eq. 2.17 is

the same expression as developed by Singh and Chu [35] for

one excitation component. The single summation term in Eq.

2.17 is the same as· the conventional SRSS approach. The

double summation terms which represent the effect of corre-

lation between modes are important in certain cases. The

numerical results for Eqs. 2.15, 2.16 and 2.17 are presented

and compared with the time history results later in Section

2.8.

The modal correlation coefficient for one component,

say the th£ component, can be defined as follows [2]:

(2.20)

Whereas this correlation coefficient considering all the ex-

citation components can be written as:

=
(2.21)

These two coefficients can have different values. However,

the coefficient in Eq. 2.20 is a more important indicator of

the importance of the double summation terms.

It is seen that the correlation coefficients defined by

Eqs. 2.20 and 2.21 do not depend on t ..
J

That is, they re-

main the same for all response quantities. However, they are
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affected by the closeness of modal frequencies (a well known

fact), damping values and frequency characteristics of the

input. The correlation is also high when the modal frequen

cies are higher than the highest frequency of the input, see

Reference 38.

Here, the numerical values of the modal correlation

coefficients are presented for the structure shown in Fig.

2.1. For this structure, the mass and stiffness properties

as well as the eccentricity between mass and stiffness cen

ters, represented by the e/r parameter (eccentricity divided

by the radius of gyration of a floor slab), can be easi ly

adjusted to create closely spaced frequencies. Tables 2.1

and 2.2 show the modal frequencies, damping ratios and par

ticipation factors for the structures with the e/r values of

.0 and .05. It is seen that when the e/r value is small the

frequencies are closely spaced.

Tables 2.3a and 2.4a show the modal correlation coeffi

cient defined by Eq. 2.20 for these values of e/r. It is

seen that the correlation is strong among the nearby modes

when e/r is small. In such cases it becomes essential to

consider the double summation terms in the calculation of

design response [30,31].

Tables 2.3b and 2.4b show the modal correlation coeffi

cient as defined by Eq. 2.21, when two excitation components
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are considered. These values are quite different from those

in Tables 2.3a and 2.4a. In fact, the high correlation bet

ween modes 1 and 2 for one component becomes small when two

components are considered. This is because the double summa

tion terms of two components in Eq. 2.19 tend to cancel each

other out to give a small value of Pjk'

2.4 NONCLASSICALLY DAMPED STRUCTURES

In this section, the evaluation of design response for

nonclassically damped structures is described. For nonclas

sically damped structures, the normal mode approach can not

be used, and the 2N-dimension state vector approach [10,21]

is required. With this approach, it is possible to develop

an SRSS procedure as shown by Singh [33]. Here, a brief de

scription of Singh's formulation is given as it is used in a

later section of this report where a new modal time history

analysis approach is developed, as well as in the following

chapters where correlated seismic components of the input

are considered. The development presented here is also

different from that given by Singh [33] in as much as it

considers three components and includes the peak factor in

the evaluation of design response.

In the state vector approach, Eq. 2. 1 is rewritten,

wi th the help of an identity equation, in the following

form:



(2.22)
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3 ..
[A] {y} + [B] {y} = - t {D t } Xt(t)

£=1
.. th

where Xt(t) is the £ component of ground acceleration vec-

tor {E} and

[0] [M]

[A]=

[M] [el

and

, [B] =

-[M] (0]

[0] [K]

(2.23)

{y} = (2.24)

is the 2N- dimension state vector of response.

Using the complex eigenvector matrix, [¢], of the fol-

lowing eigenvalue problem

P [A] {¢} + (B] {¢J = {OJ (2.25)

Eg. 2.22 can be decoupled. (In Eg. 2.25, P is the eigenvalue

and {¢ J is the corresponding eigenvector.) For this the

state vector {y J is expressed in terms of the eigenvector

matrix [¢] and the complex-valued principal coordinates {Zj

as,

{yJ = [¢J {Z} (2.26)
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Substituting in Eg. 2.22 and invoking orthognal properties

of the eigenvectors, the following equation for the .th
J

principle coordinate is obtained:

Zj - Pj Zj = (2.27)

where Z. =jth principal coordinate,
J

genvalue and

p.=the complex jth ei
J

~=1,2,3 (2.28)

in which [¢.J = the lower part of the jth complex eigenvec
J

tor of Eq. 2.25 and

* TA. = [if;. 1 (2p. [M] + [C]) { ¢ . J
J J J J

The solution of Eq. 2.27 can be written as

(2.29)

3 Jt .. p.(t-"C)
Z. = L F 2' X~ (t) e J dT

J 2=1 0 J
In terms of Eq. 2.30, a response

(2.30)

quantity S(t) of de-

sign interest can now be written as follows:

3 2N
g~ .Jt .. p.(t-"C)

S(t) = L L X!I.(T) e ] dT 1 (2.31)
~=1 j=l J 0

where

qll.j = g. F~j (!I.=1,2,3) (2.32)
J
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in whi9h gj is the modal response of S(t). This can be ob

tained in terms of {If>.} and a vector {T} which transforms
J

the relative displacement into the response S(t) as follows:

(2.33)

Here we are primarily interested in the calculation of

the maximum value of S(t), i.e., the design response. Thus
..

as in the previous section, the excitation components X1(T),

.. ..
XZ(T) and X 3 (T) are considerd as sample functions of random

processes. Again, to simplify the analysis, the random pro-

cesses are assumed to be stationary and the RMS value re-

quired to define the maximum response is obtained.

2.4.1 RESPONSE AUTOCORRELATION

In Eg. 2.31 the complex and conjugate terms are paired

and the autocorrelation function is defined as follows:

3 ~ ~ Jt1Jt z .. .,r i. i. Ex[X£(t1)X£(tz)]
£=1 j=l k=l 0 0

(2.34)



26

the accelerations in directions Xl' Xz and X3 are assumed to
.. ..

be independent. Expressing EX[X~(Tl)X~(TZ)] in terms of the

spectral density function ~~(w), and carrying out the stan-

dard algebraic manipulations of random vibration, Eq. 2.34

can be written as

3 N N +00

EX[S(t 1 )S(tZ)] = L { L L
loo

~l(w)
ft=l j=l k=l

(2.35)

For large t 1 and t z the response becomes stationary. Consid-

ering such a situation, the integrals in the parentheses can

be shown to be

iwt 1

= Gn.(w) H.(w) e
"'J J

(2.36)

J:z -iwTz Pk(tz-Tz) * P*k(tz-Tz)
e {q~k e + qftk e JdTz

t z-+oo
* *

iwt z
= Gftk(w) Hk (w) e (2.37)
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where

= 2 (A~j + iwa~j) (2.38)

arein which A~j is half the real parts of Gtj i a tj and b tj

the real and imaginary part of qtj' respectively; and wj and

~j' which are analogous to the modal frequency and damping

ratio, are defined in terms of the real and imaginary parts

of p. as follows:
J

W. = Ip.1
J J

~. = - Real(p.) / (w.)
J J J

(2.39)

Substituting Eqs. 2.36 and 2.37 in Eq. 2.35, the autocorre-

latibn function of the response is obtained. The mean

square value of this response is obtained by setting

3 N N
Ex[S2(t) ] = L L L

.Q.=l j=l k=l
+00

*100

*
[~k'.(w) G.Q.j (w) G.Q.k(w) ] H. (w) Hk(w) 1 dw

J

(2.40)

Thi s expression of the mean square response is a li ttle

different from the one given by Singh [33]. Here the separa-

tion of modal terms is expliciti it can be of help in the

study of modal correlations and their relevance to the res-
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ponse evaluation procedures used withnonclassically damped

structures.

2.4.2 DESIGN RESPONSE

To calculate the design response Sd' the root mean

square value is to be amplified by the peak factor, C, as:

2 3 N N
Sd = C2 L { L L

~=1 j=l k=l
+00

* *Loo

[~£(w) G£j (w) G~k(w) ] Hj(w)Hk(w) } dw

(2.41)

As design inputs for earthquake analyses are defined in

terms of smoothed response spectrum curves, we will develop

Eg. 2.41 in terms of response spectrum values. For this,

Eg. 2.41 is expanded into terms with j=k and j;tk as:

2 3 N +00

Sd = C2 L { I 1 ~~(w) IG£j(w)1 2 IH.(w)1 2 dw
Q.=1 j=l -00 J

N N
+ L I

j=l k=l
j;tk

+00

Loo
(2.42)

The terms with j;tk can also be written as:

+00L
oo

~~ (w)

dw)

(2.43)
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where

V~jk = a~j a~k' W~jk = (a~jA~k - a~kA~j)

(2.44)

Eg. 2.43, after simplification, can also be written as:

2 N N
I 8 I L ~~(W)N'~(w)IHJ.(w)12IHk(w)12 dw
~=1 j=l k=j +1

(2.45)

where

wn = V~jk

2 2
w~2 = U~jk (W. + Wk - 4~j~kWjWk) V~jkJ

2 (t3kwk - ILw. ) W~jkJ J

2 2
w~3 = -(W. + wk - 4t3jt3kWjWk) U~jkJ

2 2
w. wk VQ.jk + 2(~jWk - ~kWj)WjWk WQ.jkJ

2 2

wQ.4 = w. Wk UQ.jkJ

(2.46)

The integrand of Eg. 2.45 can be further broken into partial

fractions as follows:

(2.47)
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where AlIt' A l

2t , AI
3t and A l

4t are defined in Appendix C.

With this division into partial fractions, Eq. 2.42 can

now be written in terms of the frequency integrals IOt(w j )

and I 1t (w j ), defined by Eqs. 2.12 and 2.13, as follows:

2 3 N 2 2

Sd = C2 L { L 4 [AR,j IOR,(w) + aR, j IH(w) 1
R,=1 j=l

N N
+ 8 L L [A l

H IOR,(w j } + A' I H (w j )
j=l k=j+1 2t

+ AI IOQ.(wk ) + AI I H (wk ) 11 (2.48)3Q. 4Q.

Employing Eqs. 2.8 and 2.14, the design response can

now be written in terms of response spectrum values and peak

factors as follows:

(2.49)
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This equation defines the design response in terms of ground

response spectrum values and modal response peak factors.

Here again, if the peak factors are assumed equal, Eg.

2.49 can be written as:

2 3 2

Sd = L Sit
1t=1

where Sit is defined as:

2 N 2 N N
SI/. = L Sltj + 2 L r Sltjk

j=l j=l k=j+l

in which

(2.50)

(2.51)

(2.52)

(2.53)

Eqs. 2.50-2.53 are similar to the Eqs. 2.16-2.19 for

proportionally damped systems. Again the double summation

terms in Eq. 2.51 represent the effect of correlation bet-

ween modes. The correlation coefficient between two modes

thfor the It excitation component is defined as follows:

(2.54)
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When mqre than one component is considered, this coefficient

is defined as

3

L S~J'k I
~=1

(2.55)

where

2

S~j =
2 2

A£j IO~(Wj) + a~j I1~(Wj) (2.56)

S~jk = A'1~IO£(wj)+A'2£I1£(Wj) + A'3£IO£(wk)+A'4£I1~(Wj)

(2.57)

Here, unlike the proportional systems, this correlation is

seen to depend on the response quantity of interest. Thus,

different response quantities could have different degrees

of correlation in their modal responses.

Here again, the system shown in Fig. 2.1, but with non-

proportional damping characteristics, was considered to ob-

tain the modal correlation coefficients for the responses of

story shear, torsional story moment and column bending mo-

ments. Results are presented in Tables 2.5 through 2.10. A

scrutiny of these results shows that for low e/r values, the

modal correlation is high. However, it changes drastically

without any specific pattern when e/r becomes large. For

example, see the values of the correlation coefficient bet-
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and 2 for story shear in the xl-and

x2-directions for e/r=.05. Also, the values change, again

not with any specific pattern, when two components of exci-

tation are considered simultaneously. Thus modal correla-

tion does not seem to hold the same significance in this

case as it did for the proportionally damped systems. Thus

a complete expression with all modes included in the summa-

tion should be used in Eg. 2.49 for the calculation of de-

sign response.

2.5 EVALUATION OF MODAL AND RESPONSE PEAK FACTORS

In the previous sections, response spectrum approaches

for the calculation of design response of classically and

nonclassically damped structures were described. These ex-

pressions, in general, require the peak factors C, C9.dj and

C" .. Here, the Vanmarcke's approach [42) used for the cal
"'VJ

culation of these factors is outlined.

In this approach, the peak factor C is obtained from

the solution of the following equation:

1. - exp( - IT/2 o C)e

where,

n

2
C

In[ 2n( ----------) ) =
2

-Q sl ( 2IT In(p) )

(2.58)

(2.59)
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(2.60)

(2.61)

in which s = duration of earthquake ( equivalent stationary

duration)j p = probability that response will be less than

the design response where the design response =C 00 =C AO

and A is the mth spectral moment [43] defined as equal to
m

(2.62)

in which ~R(w) is the spectral density function of the res

ponse quantity for which the peak factor is being obtained.

The parameters Q and 0 are often referred to as the

cental frequency and band width parameters of the response,

and these are defined in terms of the zeroth (mean square

value) , st nd .1 and 2 moments of the response. However, ~f we

want to use response spectra as input, it is not possible to

define the 1st spectral moment. Thus here the bandwidth par

ameter is defined in terms of the oth, 2nd and 4th moment as

follows:

o = J1. (2.63 )

This definition of bandwidth parameter was used by Longuet-

Higgins [19]. This parameter has similar characteristics to

the one defined by Vanmarcke, Eg. 2.60.
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This approach requires that the spectral density

function of the response quantity be known. If the spectral

density function for the acceleration of the ~th component

is t~(W}, then the spectral density functions for the rela

tive displacement and relative velocity of an oscillator

with frequency w
j

and damping 6j can be written as:

(2.64)

(2.65)

where ~~dj (w) and ~. . (w) I

",vJ
respectively I are the spectral

density functions for relative displacement and relative

velocity response . These density functions are used in the

calculation of the C~dj and C~vj values by the approach de

scribed.above.

To obtain C, the spectral density function of structur-

al response is required. This density function can be easily

identified from Eqs. 2.11 and 2.47 I respectively, for the

classically and nonclassically damped system as follows:

Classically Damped System:

t (w)s

3
= L

lI,=l

(2.66)
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Nonclassically Damped System:

3 N 2 Z
i (w) = 1: {1: 4 (A~. + w2 all .) IH

J
. (w) I 2

s £=1 j=l J J

N N
+ 8 1: 1: [ (A' H + wZ A'.2 R,) IH

J
. (w) I 2

j=l k=j+l

It is clearly seen that the spectral moments which are re-

quired in the calculation of CR,dj and CR,vj can be directly

used to obtain the corresponding spectral moments for the

response quantity S wi thout explicitly knowing ~ s (w) • For

thexample, the m spectral moment of response can be obtained

from Eg. 2.62 as:

+00

A = Jsm -00

mIw I ~ (w) dws (.2.68)

which, say, for a classically damped system can be written

as:

A (w)sm

3
= 1:

~=1

N N

+ 2 L 1: ~J'';k llR,J.o£k [A l A£dJ'm + Az A~vJ'm
j=l k=j+l

(2.69)
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ththe m spectral moment of response Sj and
. th

A~djm and A~vjm' respectively, are the m spectral moments

of displacement and velocity responses in the jth mode for

the 2,th excitation component.

In actual practice, the spectral density function of

the input motion will not be known. Thus, to obtain the

peak factors some assumption about this will have to be

made. To see how sensitive the response results are to this

assumption, two different spectral density functions were

employed for the calculation of peak factors. The Kanai-Ta-

jimi [15,39] form, as defined by Eg. 2.73, and the easy-to-

use white noise spectral density function with cut-off fre-

quency of 30 cps. were used. An attempt was also made to

use ground spectra in the calculation of peak factors. In

this method the spectral moments of the modal responses were

obtained in terms of response spectra. For example, the mo-

ments for the calculation of C~dj were obtained as:

2

A2,djo = k R2,a(w j ) (2.70)

2

A2,dj2 = k R~v(Wj ) (2.71)

2 2 2 2 2

A2,dj4 = k [A -R.ea(w j ) +2w.(l-2~.)R.e (w.)] (2.72)g ] ] v ]

where A = maximum ground acceleration. Some problems were
g

encountered in the evaluation of the moments of the relative
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velocity in terms of response spectra. Here, thus, Cn . was
x.vJ

assumed equal to C~dj in the numerical evaluation of the re-

sults. It is noted that the factor k appears both in the mo-

ments of response quantity S as well as in the moments of

the modal responses. Thus it cancels out, and can be assumed

equal to 1 without affecting the results.

For illustration purposes, the modal peak factor values

obtained by this approach for the structure shown in Fig.

2.1 for the Kanai-Taj imi spectral density function, white

noise spectral density function and smoothed response spec-

tra, are shown in Table 2.11. It is seen that they are not

drastically different from each other.

2.6 SIMULATION STUDY

In the development of the expressions for the design

response, several simplifying assumptions were made. Proba-

bly the most questionable one is the assumption of statio-

narity of input and response. Also, the relationships bet-

ween spectra and spectral density function and the procedure

for the evaluation of peak factors have inherent assump-

tions. Thus, to verify the validity of these equations for

the calculation of design response, a comprehensive simula-

tion study has been conducted.

The simulation study consists of:
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1. synthetic generation of an ensemble of earthquake mo

tions with similar frequency contentj

2. development of the mean and mean-plus-one-standard

deviation values of the ground response spectra for

the ensemble;

3. evaluation of the design response using the expres

sion developed in previous sections for the seismic

inputs defined by the spectra developed in step (2);

4. calculation of the maximum value of the structural

response of interest by the step-by-step time history

analysis method for the ensemble of time histories;

and

5. calculation of mean and mean-plus-one-standard devia

tion values of the maximum response obtained in step

(4) .

The values obtained in step (3) with mean spectra as

inputs are compared with the mean of the maximum value ob

tained in step (5); likewise the value wi th mean-plus-one

standard deviation spectra as input in step (3) are compared

with the mean-plus-one-standard deviation values obtained in

step (5). A good comparison of these values will verify the

response evaluation procedure used in step (3), in spite of

the assumption made in its derivation.
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This comparison of the results has been made for struc-

tures with different properties, different input motion

characteristic and different response quantities. The res-

ponse quanti ties which have been considered in this study

are the story shear, story torsional moment and column bend-

ing moments.

As broad-band response spectra [13,24,41] are used as

seismic inputs for design purposes, the frequency content of

the motions used in this study was also defined by a b!oad

band Kanai-Tajimi type of spectral density function of fol-

lowing form:

3
f(w)= L s.

i=l ).

4 2 2 2

W).' + 4~. w. W
). J.

2 2 2 2 2
W. -w ) 2 + 4~. w. w

). ). J.

-30~w~30 cps. (2.73)

The parameters,

given in Table 2.12.

and ~' of this density function are
).

This density function has also been

used in several earlier studies.

A sample function of ground motion with frequency char-

acteristic defined by this density function can be generated

as a summation of randomly phased harmonics according to the

following expression[7]:

(2.74)



41

where Ns = number of harmonics, wk = k Aw, Aw = frequency

interval size = w INc s' and t k are uniformly distributed ran-

dom variables between 0 and 2IT.

Using Eg. 2.74, several independent sample function

were obtained. To introduce nonstationari ty, these time

histories were modulated by an envelope function e(t) [1]

as:

(2.75)

Two different forms of e(t) were used and these are shown in

Figs. 2.2. They essentially differ in the duration of their

strong motion phase. Thus, this simulation study has been

carried out for the two ensembles with their total and

strong motion phase durations of (15,4) and (30,15) seconds.

The first set has 75 time histories in its ensemble and is

referred to as IS-sec. time history set. The second set had

39 time histories and is referred to as 30-sec. time history

set. A typical sample function of the IS-sec. set is shown

in Fig. 2.3. The mean and mean-plus-one- standard deviation

psuedo-acceleration and relative velocity spectra for these

sets are also shown in Figs. 2.4 through 2.11.

The step-by-step time history analysis methods used in

step (4) of the simulation study for classically and non-

classically damped systems are described in the following

section.
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2.7 TIME HISTORY ANALYSIS OF STRUCTURES

To solve Eq. 2.1, a numerical step-by-step integration

procedure can always be used with any type of damping matrix

[C]. The most commonly used step-by-step procedure is based

on the assumption of linear variation of acceleration res

ponse between any two consecutive time steps of integration.

The analysis becomes unstable and the solution blows up if

the time step of integration is not small. Thus, the time

step should be small enough so as not to cause any instabil

ity in the higher frequency or shorter period modes. Some

times this can cause problems if the structure has many de

grees of freedom and the highest frequency is very large. In

such cases, unconditionally stable procedures like the Wil

son-8 method [7] are most appropriate. These unconditionally

stable procedures tend to damp out the higher modes com

pletely, which may be desirable in some cases and undesira

ble in others. In most cases, however, these procedures can

be successfully used. Yet, because they assume linear varia

tion of acceleration response, these procedures are approxi

mate.

For structures which behave linearly, another commonly

used method is the mode superposition approach. The cur

rently available approaches assume that the damping matrix

[C] is classical; that is, it can be decoupled by the normal
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In such cases, each decoupled modal equation is

solved either by the assumption of linear acceleration res-

ponse as discussed in the previous paragraph or by the Duha-

mel's integral approach. The latter approach is exact in as

much as no assumption such as the linear variation of res-

ponse between two time steps is made. One such approach was

proposed by Nigam and Jennings [25]. This approach has been

used here for the time history analysis of proportionally

damped systems. In this approach the recursive solution of

the decoupled normal mode equation such as Eg. 2.2, defining

the state vector at time step t i +1 in terms of the state

vector at step t., for three excitation components can be
~

written as follows:

V. t. 1J ~+

A12 Vj

V. t.
J ~

+

(2.76)

..
Where X£(t) = acceleration at ti' X£(t i + 1 ) = acceleration at

t i + 1 and the elements Alli Blli etc. are defined in Refer

ence 25.

Knowing the modal response time hi stories, the time

hi stories of di splacement !u} can be easi ly obtained by a

simple mode superposition procedure. Other response quanti-
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ties such as bending moment can also be obtained at each

time step by simple linear transformation of {u}.

Often the modal superposition procedure is preferred,

as it lends a greater flexibility and control over the

step-by-step time history integration of each modal equa

tion. If it is considered appropriate, costly numerical

integration of higher mode equations with smaller time steps

can be avoided if the higher modes are known to contribute

insignificantly to the calculated response. Also, if the

higher modes are to be included, then only their own equa

tions need to be solved with shorter time steps and the oth

er modal equations can still be integrated with larger time

steps.

To take advantage of these attributes of the modal ana

lysis approach, and also to obtain results which will be

comparable to the design response results obtained from Egs.

2.48 and 2.50, which necessarily employ the modal analysis

techniques, here a new modal step-by-step time history inte

gration approach has been developed for the calculation of

the response of nonclassically damped systems. This ap

proach as described in the following section, is mathemati

cally exact as no assumption about the variation of res

ponse, like the linearity of acceleration response between

two consecutive time steps, is made.
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TIME INTEGRATION OF NONCLASSICALLY DAMPED STRUCTURES

For nonclassically damped systems, a numerical integra-

tion approach employing Fourier transforms was described by

Itoh [14]. Another approach in which coupled equations are

analyzed was presented by Clough and Mojtahedi [6]. Here a

different modal time history integration scheme is de-

scribed.

In this approach, Eq. 2.1 is first decoupled into

2N-modal equations such as Eq. 2.27. The complete solution

of this equation will consist of the homogeneous solution

plus a particular solution as:

Z. = Z.h + Z.
J J JP

(2.77)

where Zjh and Zjp are the homogeneous and the particular so

lutions, respectively. The homogeneous solution of Eq. 2.27

can be written as:

p.t
= c.e J

J
(2.78)

where c. = constant of integration. The particular solution,
J

Z. , can be obtained by any standard integration technique.
JP

For example, the general form of the particular solution,

using the variation of parameter technique, can be written

as:

3 Jt p. (t-t)
ZJ. P = L F Il. . Xil. (t) e J dt

fI.=1 J 0
(2.79)
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However, for the digitized time hi story as shown in Fig.

2.12 with linear variation between two consecutive time

steps, an alternative approach to obtain the particular so-

lution may be algebraically more convenient. The accelera

tion X~(t) for the i th step between the i th and (i+1)th dis

crete points of the time history can be written as follows:

(2.80)

where t is measured from t. and h is the size of the time
J.

step. Substituting Eg. 2.80 into Eg. 2.27, the modal equa-

tion becomes:

3
Z. - Pj Z. = }: F~j ( a~ + b~t)

] ]
~=1

where

a e = X~(ti)

..
bl/. = [X~(ti+1) - X~ (ti ) ]/h

(2.81)

(2.82)

(2.83)

The particular solution corresponding to such a forcing

function inthe xl/.-direction can be obtained by the method of

undetermined coefficients as:

(2.84)
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The complete solution of Eg. 2.79 can thus be written

as:
p.t

Z. = c.e J
J J

3 2

+ 1: [F~. {b~+p. (a~+b~t)/p.j]
~=l J J ]

(2.85)

To obtain c., the initial condition on Z. at the beginning
J J

of the time step will be used. Thus at t=O., Eg. 2.85 gives~

3 2

C. = Z. ( t=O) - L F". (b" + p. a" )/p .
] ] £=1 "'J '" J '" ]

(2.86)

where Z . (t=O) is the same as Z. at time step t. , i. e. ,
J J l

Z. (t. ) . Using Eqs. 2.85 and 2.86, the solution at the end of
J l

the time step t=h, that is (ti +1 ), can be obtained as:

3 2 p.h
= {Z.(t.) - L F".(b,,+p.a,,)/p.je J

J l £=1 x.J x. J x. J

(2.87)

Thus, knowing the solution Z.(t.) at the beginning of a
J l

time step, the solution at Z.(t. 1) at the end of the step. J l+

can be obtained from Eq. 2.87. A complete solution of Eg.

2.81 at all discrete time points can be obtained for a degi-

tized acceleration time history if the initial value

in the first step is known.

of Z.
J

To obtain the initial value of Z. in terms of the res
J

ponse {uj and {ul of the system, Eg. 2.26 is used. For ex-

ample, if the system was in motion with certain initial vel-

ocity and displacement at the start, i.e.,
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(2.88)

t=O

the initial value of Z. at t=O can be obtained from Eg. 2.25
J

as follows:

(2.89)

Premultiplying by [¢IT[Al, and using the orthogonality of

complex modes with respect to [Al, we obtain:

(2.90 )

The variables and constants in Eg. 2.87 are complex

quantities. However, a recursive scheme to obtain real and

imaginary parts of Z. at any time step can also be deVised.
J

Expressing the complex quantities in Eg. 2.87 in terms

of their real and imaginary parts as

Z . ( t.) = ZR' ( t.) + i ZI . ( t. )
J l J l J l

-~.W. + i
J J

Zj(ti + 1 ) = ZRj(ti + 1 ) + i ZIj(t i + 1 )

Pj = -~jWj + iWjJl.-~; = (2.91)

= c . + i
2,J

e . + i
2,J f2,j

and substituting in Eg. 2.87, it can be written as:
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ZRj(ti +1 ) + iZ rj (ti +1 ) =
-e.w.h

e J J [Cos(wd,h) + i Sin(wd.h)] [ZR.(t.) + iZr.(t.)
J J J 1 J 1

3
+ E {(e~.+if~.)[X~(t·+l)-X~(t.)]/h +

£=1 ~J ~J ~ 1 ~ 1

3
- L r(e~.+if~.)[X~(t'+l)-X~(t.)]/h-

£=1 ~J ~J ~ 1 ~ 1

(2.92)

Comparing the real and imaginary parts in Eq. 2.92, two sim-

ultaneous equations are obtained to obtain ZRj andZ 1j at t

= t i +1 . These equations can be written in the following ma

trix form:

=

( Il. ) ( Il. )
B II BIZ X£(ti )

3
+ L

1l.=1
( Il. ) ( £ )

X£(t i +1 )B ZI B 22 (2.93)

where the elements of the two matrices are defined as fol-

lows:
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-a.w.h
All = e J J Cos(wdjh) (2.94)

-S.w.h
A 12 =-e J J Sin(wdjh) (2.95)

-S.w.h
A 2l = e J J Sin(wdjh) (2.96)

-S.w.h
A 22 = e J J cos(wdjh) (2.97)

(£) -S.w.h
B ll = e J J [(c£j-e£j/h)Cos(wdjh)-(d£j-f£j/h)Sin(wdjh)]

(2.98)

(2.99)

(2.100)

(II.) -S.w.h
B22 = e J J [e£j Sin(wdjh) + f£j cos(wdjh)]jh

(2.101)

Eqs. 2.93 define the recursive solution of Eg. 2.27. The so-

lution marches from t=O to the last discretized time step.
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2.7.2 DISPLACEMENT AND MEMBER RESPONSE OF NONCLASSICALLY
DAMPED STRUCTURES

Eg. 2.93 defines the complex valued principal coordi-

nates at discrete time steps. In terms of this solution the

other response quantities like displacements {u} and member

forces, S(t), which are linearly related to {u} can also be

obtained. For example, a response quantity can be written

in terms of Zj

S(t)

as:

2N
= L

j=l
g. Z.

J J
(2.102)

where g. is the modal value of the response quantity defined
]

by Eg. 2.33, with its real and imaginary parts as:

g j = gRj + i g I j

Combining the complex and conjugate pairs

(2.103)

N
S(t) = L

j=1
* *(g. Z. + g. Z.)

] J ] ]
(2.104)

Substituting in terms of real and imaginary parts

(2.105)

N

S(t) = 2 ~=1 (gRj ZRj - gIj ZIj)

To verify the correctness of

(2.106)

the formulation of this

new procedure for nonclassically damped structural systems,

a classically damped structure was analyzed by this method
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and the Nigam and Jenning's approach, Eg. 2.76, discussed in

the earlier part of the section. The two approaches provided

exactly the same response values. This cross-validated the

two approaches.

To further cross check the method numerically, another

slightly different formulation which obtained the particular

solution by Eg. 2.79 was developed. The details of this for

mulation are given in Appendix A. The numerical results ob

tained by these two methods for the same system again gave

exactly the same results, thus further validating this new

numerical integration scheme.

2.8 NUMERICAL RESULTS

For the verification of the response spectrum (RS) ap

proaches presented in the previous sections, the numerical

results have been obtained for a three-story torsional

building and a stick model with 10 lumped masses.

The torsional building consists of three rigid floor

slabs connected by four corner columns. The mass centers of

the slabs and stiffness centers of the stiffness elements

provided by the column have been displaced to cause a tor

sional moment. The damping is provided by the dampers in

the Xl- and Xz directions. By adjusting the stiffness, ec

centrici ty between mass and stiffness centers and damping
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values, a variety of structural systems with different dy

namic characteristics can be created. For example, by ad

justing the lateral and torsional stiffnesses and eccentric

i ty between the mass and stiffness centers, a structural

system with well separated to closely spaced frequencies can

be created. For closely spaced modal frequencies, modal

correlation is high as was shown in Sections 2.3 and 2.4.

Also, by adjusting the damping values in the Xl- and X2 di

rections a varying degree of nonproportional damping effect

can be introduced in the damping matrix of the structure.

The system with three eccentricity ratio parameters has

been considered: e/r=.Ol, .05 and .30. Here, e = eccentric

ity between the mass and stiffness centers and r = radius of

gyration of the slab mass. The modal frequencies, damping

ratios and participation factors for the proportionally

damped system are shown in Tables 2.1 and 2.2 for two sys

tems with e/r=.Ol and .05 under the columns of normal modes.

For nonproportionally damped systems, the frequencies and

damping ratios are defined by Eqs. 2.39. These values are

shown in the same tables under the columns of complex modes.

It is seen that for e/r=.Ol, the modal frequencies are

closely spaced.

The numerical values have been obtained for the base

story shears in the Xl- and X2 directions, base story tor-
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sional ·moment and column bending moment about the Xl and X2

axes in one of the columns of the base story. The results

have been obtained for 15- and 30-sec. time history ensem

bles, with mean as well as mean-plus-one-standard deviation

(mean+1 sdv) spectra of the ensembles. The results have

also been obtained for excitation applied in one as well as

in two directions.

The results are shown in Tables 2.13 through 2.34. The

resul ts obtained under the normal mode section employ un

damped normal modes of the structure with modal damping va

lues defined in section 2.3. Thus, here the off-diagonal

terms of [¢]T[C][¢] were ignored. The results in the time

history analysis were obtained with these modal parameters,

using the modal time history analysis approach described in

section 2.6. These are shown in Column (2) of the tables.

The results in Column (3) were obtained by the response

spectrum (RS) approaches, Eq. 2.17, which assumes the peak

factors to be equal. For the results in Columns (4), (5)

and (6), Eq. 2.15 was used which includes the modal and res

ponse peak factors. To obtain the peak factors, three

different forms of input were used: Kanai-Taj imi spectral

density function, white noise spectral density function and

the response spectra of the ensemble. The response results

in Column (3) through (6) are shown in the ratio forms. That
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is, they are the ratios of the results obtained by the Eq.

2.17 or Eq. 2. 15 divided by the time hi story ensemble re

sults.

The results shown in the section of the complex modes

are obtained by the 2N-dimensional state vector approach.

For the results in Column (3), Eq. 2.51 without peak factors

was used, whereas for the results in Columns (4), (5) and

(6), Eq. 2.49 was used.

The lower part of each table, entitled percent error,

shows the difference between the results obtained by the

normal and complex mode approaches. It shows the effect of

the assumption of proportionality of damping matrix when in

fact it is not. The differences between the results for the

the normal and complex mode approaches obtained by the time

hi story analyses are, approximately, of the same magnitude

as the results obtained by the response spectrum analyses.

Also, in most cases this difference is larger when the fre

quencies are closely spaced as is seen from the results in

the tables for ejr=.Ol and becomes small when the frequen

cies are well separated as in the tables for ejr=.30.

The results obtained for a simple stick model, which

has well separated frequencies, are also obtained. This 10

story shear structure with 10 degrees-of-freedom is shown in

Fig. 2.13.

Table 2.35.

The frequencies and damping ratios are shown in

Tables 2.36 and 2.37 show comparative results
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for the total shear force at each story obtained by time

history analysis and by the normal modes approach.

Tables 2.13 through 2.26, 2.36 and 2.37 are for the

mean of the maximum response and tables 2.27 through 2.34

are for the mean-plus-one-standard deviation of the maximum

response. Also, the results for one as well as two excita

tion components are shown in the tables. Almost half of the

tables are for IS-sec. time history ensemble inputs and the

remaining ones are for the 30-sec. time histories inputs.

A general compari son of the results obtained by the

time history analysis and response spectrum approaches shows

a rather good agreement. The response spectrum approaches

which consider peak factors seem to give better results for

small and large eccentricities. For e/r=.OS, the results ob

tained by the response spectrum are in general lower than

time history results for the response quantities in the di

rection of the excitation (e.g. Xl- base shear, and bending

moment along the xl-direction). Whereas, the base shear in

the direction orthogonal to the direction of excitation, as

well as the torsional moment, are over estimated by the res-

ponse spectrum approach (e.g., Tables 2.17 and 2.18). How-

ever, when two components of excitation are considered, the

response spectrum approach gives a very good comparison with

the time history results.
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In most cases it was noticed that the comparison bet

ween the time history and response spectrum approaches im

proves when peak factors are inc luded, although there are

some cases where this is not necessarily true. For column

bending moment response in the Xz -direction, some problems

were encountered in the calculation of the peak factor value

These were the limiting cases for which Vanrnarcke's approach

is not applicable. The problem values are shown by , in

the Tables.

These observations are in general true for the mean and

mean-plus-one-standard deviation results. This means that

the response spectrum approach will predict accurate design

response for any percentile spectra used as seismic inputs.

In practice the mean-plus-one-standard deviation spectra are

usually prescribed as design inputs [24,41].

To see which input for peak factor evaluation provided

better response, the mean and coefficient of variation of

the ratios reported in Columns (4), (5) and (6) of the Ta

bles 2.13-2.34 are obtained and shown in Table 2.38. It is

seen that on an average all three inputs led to a good esti

mate of maximum response when compared with the time history

ensemble results. Out of the three, the response spectrum

and white noise inputs provided a little better comparison

than the Kanai-Tajimi input. As white noise is quite easy

to use, its use is recommended for the calculation of peak
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factors in the evaluation of design response by the response

spectrum approach.



Chapter III

RESPONSE FOR SIX CORRELATED EARTHQUAKE
COMPONENTS BY MODE DISPLACEMENT APPROACH

3.1 INTRODUCTION

In Chapter 2, the structural response for only uncorre-

lated translational earthquake components acting along the

structural axes was considered. In reality, however, a

structure will experience all six components: three transla-

tional and three rotational components of an earthquake.

Also, these components will in general be correlated with

each other. In this chapter, the methods are developed to

obtain design response for such six correlated earthquake

components.

Penzien, et al. [16,17,26,27] have investigated the cor-

relative character of the translational ground motion compo-

nents in a series of papers. They have opined that there

exists a set of orthogonal directions along which the compo-

nents are uncorrelated. These directions were called the

principal directions of excitation. The direction corres-

ponding to the most intense excitation was called the major

principal excitation axis, and the other two directions were

designated as intermediate and minor principal excitation

axes. It was also observed that the epicentral direction

59
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and the major principal axis tend to coincide, though this

tendency was not very strong.

Here it is assumed that such principal excitation axes

do exi st and remain fixed during an earthquake. In general

they will not be fixed as the contribution of different

types of waves to an earthquake motion will change as the

motion progresses with time. Consideration of such changing

principal directions in the calculation of design response

seems mathematically and practically impossible at this mo-

ment. We will, therefore, assume that the principal excita-

tion axes are fixed.

For an arbitrary orientation of a structure with re-

spect to the principal excitation axes, the motions compo-

nents experienced along the structural axes will be corre-

lated. Here the effect of this correlation is included in
,

the calculation of response.

For design purposes, we are interested in the evalua-

tion of maximum response, irrespective of the direction of

impinging ground motions. Here, a method is developed to

obtain this maximum response in terms of response spectra of

principal components and structural properties.

In Section 3.2, the relationships between the principal

components and the translational and rotational components

as experienced by a structure are established. This is fol-
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lowed by a development of the correlation matrix of the ex-

citation components in Section 3.3. This correlation matrix

is then used in Section 3.4 to define the mean square and

design responses for a given orientation of the structure.

Section 3.5 is devoted to the development of a method to ob-

tain the maximum response, followed by Section 3.6, giving

the numerical results for the structures subj ected to two

and three principal components. These results include the

effect of the rotational components.

3.2 CORRELATED AND UNCORRELATED EARTHQUAKE COMPONENTS

Let the primed coordinate axes, X'l, x'z and X'3' be

along the geometric axes of the structure, as shown in Fig.

3.1. The principal excitation axes are shown by the un-

primed set Xl' X2 and X3 along which the acceleration compo-
.. ..

nents Xl' X2 and X3 , respectively, are uncorrelated. By a

simple geometric transformation, the acceleration components
.. ' .. ' .. '
Xl' X2 and X3 along the structural axes can be defined

in terms of uncorrelated components as:

(3. I)

where {EIJ= the vector of excitation components along the

structural axes, {EJ = the vector of uncorrelated or princi-

pal excitation components and [D] = the matrix of direction

cosines, all defined as:
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and [D] = d 2. 1

(3.2)

citation axis

in which d = the direction cosine of the mth principalmn

with respect to the nth structural axes.

ex-

Very few studies in earthquake engineering have consid-

ered the rotational components of ground excitations. We be-

lieve, Newmark [23] was the first person to consider the ro-

tational effects of ground motions. He related the

rotational excitation to the translational components and

defined the ground spectrum for rotational components. Later

on, Rosenblueth [28,29], Nathan and Mackenzie [22] and Tso

and Hsu [40] have also considered the effects of the rota-

tional components on buildings in their investigations. In

this section, Newmark's approach [23] is used to define the

three rotational components of excitation.

To define the instantaneous values of the rotational

components of excitation, the following relationship between

the translational and rotational deformations is used:

I ,

[ax·/ax.
J ~

I I

ax. lax. ]/2
~ J

(3.3)

where i, j and k denote the axes, ~k(t) = the rotation about

the k-axis, expressed in terms of the spatial derivatives of

displacements X. and x ..
~ J
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The earthquake motions occur due to propagation of

waves through the earth's crust. Usually, there wi 11 be

several types of waves mixed in a motion. However, we will

assume that the motion at a site has only one predominant

wave which propagates with the wave frequency w. The ground

displacements along the coordinate axes can then be written

as:

X.
1

3
A. f(L k.x. - wt)

1 j=l J J
(3.4)

where k. is the wave number or the number of wave lengths
J

contained in 2II radius associated with direction j. In

earthquake structural engineering, Bogdanoff, Goldberg and

Schiff [4) were the first ones to use the wave-form repre-

sentation for the earthquake induced ground motions to study

the travelling waves effect on long structures such as

bridges.

Eq. 3.4 is used to define the spatial derivatives re-

quired in Eq. 3.3 as follows:

aX./ax. = A. k. f'
~ J 1 J

(3.5)

where f'(u) denotes the functional derivative of feu) with

respect to u. This derivative, however, can also be defined

alternatively in terms of the time derivative as follows:

A. W f'
1.

(3.6)

Thus, from Eq. 3.5
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w
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(3.7)

Substituting for wjk.
J

tion j, we obtain:

c. = shear wave velocity in direc
J

aX·/ax. =
1. J (3.8)

The shear wave velocities could be different in different

directions. For simplicity, however, we wi 11 assume that

these velocities are the same in all directions and are

equal to c. Substi tuting in Eg. 3.3 and differentiating

with respect to time twice, we obtain the expression for the

rotational acceleration as follows:

1 d .• '
= - 2c dt [Xj(t)

.. ,
X.(t)]

1.
(3.9)

Thus, a rotational acceleration component is related to the

jerks of displacement components in the plane of rotation.

Using Eq. 3.9, the three components of rotational accelera-

tion felt by a structure can be written as:

.. 1 d .. ,
)(2 (t) 1'!'l(t) - 2Cdt [X3 (t) (3010a)

1 d .. , .. ,
'!'2(t) = - 2cdt [X1 (t) X3 (t) 1 (3010b)

1 d
,

¥3 (t) = - 2Cdt [X2 (t) X1 (t)] (3010c)

or in matrix form:
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- 2c dt

o

1

-1

-1

o

1
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1

-1

o

(3.11)

,
Substituting for the excitation vector fEll from Eg. 3.1,

we obtain,

..
'1'1

f 2 = [G~l [D]T {El

'f3

(3.12)

,
where [G 1 denotes the 3x3 matrix in Eg. 3.11. Consoli

1

dating Egs. 3.1 and 3.12, the matrix representation of the

six components of the excitation, applied along the struc-

tural axes, in terms of principal components is as follows:

fE' (t) l = [TlT [D]T fE(t) l (3.13)

.. , ... , .. ,
where fE'l= fX1 X2 X3

excitation components acting along the structural axes and

[Tl is the time derivative operator matrix defined as:
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1 0 0 0
-1 a 1 a
2Cat 2c at

[T] 0 1 0
1 a

0 -1 a= 2c at 2'Cat

0 0 1
-1 a 1 a

02C at 2c at
(3.14 )

It is analytically expedient to decompose matrix [Tl into

two constant matrices as:

[T] 1 a= [Gtl +-- [Gz ]2c at
(3.15)

where [GIl and [Gz ] are the constant transformation matric-

es, defined as follows:

1

[G 1 1 = 0

0

0

[ G 2 l = 0

0

o

1

o

o

o

o

o

o

1

o

o

o

o

o

o

o

1

-1

o

o

o

-1

o

1

o

o

o

1

-1

o

(3.16a)

(3.16b)

Using Eg. 3.15 in Eg. 3.13, we obtain

(3.17)

This form of excitation will be used to evaluate the struc-

tural response.
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3.3 CORRELATION MATRIX OF EXCITATIONS

In the evaluation of design response, we will need the

autocorrelation and cross-correlation functions of the exci-

tation components. These are developed in this section.

Using Eg. 3.17, the correlation matrix of {E' (t) J can be

written as:

T . 1 a
Ex[{E(t 1 )}{E(tz )J ][D]([G 1 ]+ 2c atz[Gz ])

(3.18)

in which the correlation matrix of the principal excitation

components is a diagonal matrix, as each component of the

excitation is a zero mean random process and is uncorrelated

with the other components. As discussed in Chapter 2, we

will assume that these components can be represented by sta-

tionary random processes. Thus, the correlation matrix of

principal excitation components can be written in terms of

their spectral density functions as follows:

+00

Ex [ {E ( t 1 ) J {E ( t z ) 1T] = f
-00

iw(t 1 -t Z )

[t] e dw (3.19)

where [t] is a diagonal matrix of the spectral density func-

tions, defined as:

[~] =

t 1 (w)

o

o

o o

o (3.20)
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't(W) is the spectral density function of the tth principal

excitation component. Substituting Eg. 3.19 into Eg. 3.18,

we obtain:

(3.21)

It is seen that since [t] is a diagonal matrix, the matrix

product [D]T[t][D] in Eg. 3.21 can be written as:

t 1 (w)

o

o

o

o

o

o

~3(W)

(3.22)
3 T

= L {d t l ~ t ( w) { d t l
t=l

thwhere {dtJ = t row of the coordinate transformation matrix

[D] which consists of the direction cosines of the tth prin-

cipal excitation axes in the primed coordinates. Substitut-

ing Eg. 3.22 back into Eg. 3.21, and taking the proper time

derivative, the correlation matrix for the six excitation

components can be written as:
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3
= I

2,=1

T T W 2 T T
{ [G 1 l {d2,J {d2,J [G 1 ]+ - [G 2 ] {d2,J {d2,J [G2 ]

4c 2

iw T T T T- 2C ([ G 1 ] {d2, J {d2,] [G 2 l- [G 2 ] [d2,] {d2,] [G 1 ]) ] dw

(3.23)

The first and second terms in the above equation are the au-

tocorrelation functions of the translational and rotational

components, respectively. The third term, associated wi th

the imaginary quantity, represents the cross-correlation

between translational and rotational components.

is used in the calculation of the design response.

3.4 STRUCTURAL RESPONSE

Eq. 3.23

The equations of motion of a multi degrees-of-freedom

structural system, subjected to an input defined by Eq. 3.17

as follows:

[MJ[~] + [Cl{~J + [K][u] = - [M][r]{E'(t)] (3.24 )

Here, [r] is the influence coefficient matrix of order Nx6,

with its 2,th column, lr
t
], being the ground displacement in

fluence vector for the ~th component.

As we are primarily interested in the evaluation of de-

sign response for seismic inputs prescribed in terms of
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ground response spectra, it is necessary to use the modal

analysis approach. The following formulations are, there-

fore, developed in terms of the modal responses.

3.4.1 CLASSICALLY DAMPED STRUCTURES

As in Eg. 2.3, a response quantity of design interest,

S(t), can be written in terms of the modal quantities as:

N
S(t) = L

j=1
TJt~. iLl iE'(T)l h.(t-T)dT

J J 0 J
(3.25)

where ~j' {ojl and hj(t) are the same as defined in Chapter

2. The autocorrelation function of S(t) can be written as:

~ ~ (~'~k1tlJtz hJ.(tl-Tl)hk(tz-T2)
j=l k=l J 0 0

i°j 1T Ex [ {E' (T 1 ) liE' (T 2) 1T] iOk l dT 1 dT 2 (3.26)

Substituting for EX[(E'(t 1 )J{E'(tz )!T] from Eg. 3.23

into Eg. 3.26, the stationary autocorrelation function of

S(t) can be written as follows:

3
EX[S(t 1 )S(tz )] = L

Q.=1

N N
L E ~J'~k
j=l k=l

+00 iw(t1-t Z )loo PQ. (w) H j (w)H*k(w) e

T T T
{OJ! [G 1 L {d~l {d~l [G 1 ] (okl
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(3.27)

For given spectral density functions of the excitation

components, Eq. 3.27 can be used to obtain the mean square

response. However, our main aim is to employ the input res-

ponse spectra which are commonly used to prescribe design

earthquakes. For this purpose, we will further simplify Eq.

3.27. Employing the transpose property of the scalar quan-

tities in Eq.

the mean square value defined by this equation can be writ-

ten in matrix notations as:

(3.28)

where [de lis the vector of direction cosines of the 9, th

principal component . The 3x3 matrix [Re ] is a response ma

trix, which is defined for the 9,th excitation components as

follows:

+oo

too
+oo

ioo

I:

N N

[R9,]=~=l ~=l~j~kf[fljk]

+~j~k[ [f2jk ]

(3.29)
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where

(3.30a)

(3.30b)

(3.30c)

The three terms in Eq. 3.29 are caused by the transla-

tional, the rotational and the correlation between transla-

tional and rotational excitation components, respectively.

We will now define [R~] in terms of the response spec

tra rather than the spectral densi ty functi ons. For thi s,

the frequency integrals in Eq. 3.29 are split into partial

fractions to give the following:

N N
+I I ~J'~k !

j=1 k=j+1
I

[r 1jk ]( A1IO~(wj)+A2Il~(Wj) + A3IO~(wk)+A4Il~(wk)

t

+ [r 2jk ]( B1IO~(wj)+B2IH(Wj) + B3IO~(wk)+B4IH(wk)

I

+ [r3jk ]( CIIo~(Wj)+C2Il~(Wj) + C3IO~(wk)+C4Il~(wk) ) I

(3.31)

where A1 ,.. A4 , B1 ,.. B4 and C1 ,.. C4 are the coefficients

of partial fractions and are defined in Appendix C. The
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, , ,
elements of matrices [r Ijk L Jr2jk l and [r3jk] are de-

fined as follows:

, 6 6

rlmnjk = l: L G G (l . lqk + l qj lpk)
p=1 q=1 Imp Inq PJ

(3.32a)

6 6

r 2mnjk = L L G G (l .l k + ~ .l k)/4c 2

p=4 q=4 2mp 2nq PJ q qJ P

(3.32b)

6 6

r3mnjk=~=1 ~=I (G2mpGInq-GlmpG2nq)(~pj~qk-lqj~pk)/2c

(3.32c)

I

f 3 'k can be further simplified
mnJ

ments of matrices [G 1 ],

The elements r andImnjk

by substituting the ele-

flmnjk = I .r k + J~ .r kmJ n nJ m
(3.33)

I 6

f3mnjk =-( L G (~ . r - rnj ~pk)2c p=4 2mp PJ nk

6
-l: G (rmj ~ - rqj ~mk) (3.34)

q=4 2nq qk

The frequency integrals 10 9. (w j ) and 119. (w
j

) are defined in

Chapter 2. These can be expressed in terms of the psuedo

acceleration and relative velocity response spectrum values

as in Eqs. 2.8 and 2.14.
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For the case when rotational effects of traveling waves

are ignored, Eg. 3.31 simplifies to:

N 2 ,

= 1: ~Jo [f1JoJo] IOQ.(WJo)
j==l

(3.34)

The effects of rotational components on the design response

have been numerically evaluated and discussed in section

3.6.

3.4.2 NONCLASSICALLY DAMPED STRUCTURES

Using the 2N-dimensional state vector approach, equa-

tions similar to those in the preceding section can be der-

ived for the mean square response of nonclassically damped

structural systems excited by the correlated components.

For the six excitation components, the differential equation

in terms of the principal coordinates, similar to Eq. 2.27,

can now be written as:

Z.
J

p. z. == (F.jT (E'(t)l
J J J

(3.35)

tha 6x1 vector, the Q. element of which is de-where

fined

(F. j is
J

in Eq. 2.28. The response quantity, S(t), of design

interest can also be written as:
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2N Jt p.(t-T)
set) = r {g.}T{E'(T)} e J dT

j=l 0 J
(3.36)

thin which {g.} is a vector of six elements, with the ~ ele-
J

ment defined as:

, ~=1, .. 6 (3.37)

Considering the complex and conj ugate terms in pai rs,

the response autocorrelation function can be written as:

N N Jt1Jtz
EX[S(tdS(t z )] = r r

j=lk=l 0 0

T p.(tl-Td p*.(tl-Tl)
( {gj J e J + {g* j JT e J )

Ex[ {E' (t l ) 1{E' (t z ) }T] (3.38)

Substituting for Ex[ [E' (t l ) J lEI (t z ) JT] from Eg. 3.23, com-

bining the complex and conjugate terms as done in Chapter 2,

and after some manipulations, the stationary autocorrelation

function can now be written as:

EX[S(t1)S(t Z )]=

3 N N +00

r ~ r J
~=1 J=l k=l -00

[G
J
. JT [ [G 1 ]T{dQ.J {d~IT[Gl] + £ [Gz ]T{dQ.J {d~JT[G2]

4c 2

(3.39)



76

where [G.l is a 6xl vector, defined as:
J

(3.40)

in which the elements of vector [a j l and rAjl are defined by

Eq. 2.38. Here, however, £ varies from 1 to 6. The mean

square value is obtained by setting t 1 =tZ=t.

Each term in Eq. 3.39 has two scalar quantities, such

These scalars can also be written inas T T
[G j l [G 1 ] 1d Q.l.

transpose form as was done in Eq. 3.27 to obtain Eq. 3.28.

This leads to the mean square response as defined in

Eq.3.28. That is,

3
Ex [ S z ]= I [ dQ. l T [ R£ ] [d£ l

Q.=1
(3.41)

where the response matrix [R£] is now defined as:

N N
[ R 1 = E E

Q.
j=l k=l

1 [G 1 ] lGjl lG~lT[Gl]T + wZ[GzJ[Gjl lG~lT[Gz]T/4c2

(3.42)

thHere, also, [R£] is a 3x3 Hermitian matrix. The (m,n) ele-

ment of this response matrix can be defined as:
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N N
R = L L {9.mn j=l k=l
6 6
r r
p=l q=l

G GImp Inq

+00

Loo

* *G .G . ~ n ( W) H
J
. ( W) H

k
( W) dw

PJ qJ '"

6
+I
p=l

6
+I
p=l

6
r G G
q=l 2mp 2nq

/

+00 w2 * *
- G . G . ~9. (w) H

J
. (w) Hk(w) dw

_00 4c 2 PJ qJ
6

L (G2mpG1nq - GlmpGnq)
q=l

(3.43)

Each frequency integral in Eq. 3.43, can now be defined

in terms of the frequency integrals 10 9. and 11 9. by splitting

the integrand into partial fractions as follows:

R9.mn

N
= 4r{A .A .10n(w.) + a .a .lln(w.)

j =1 mJ nJ '" J mJ nJ '" J
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1 66
+ 2C r r (G2mpGlnq - GlmpG2nq)

p=l q=l

(3.44)

are the

fraction factors A'l , ... ,pq

C'4 are definedpq

to nonclassically

A'4pq' B'lpq'···' B'Spq and C'lpq'··· and

in Appendix C. Eq. 3.44 is applicable

where the frequency integrals, I O~ (w
j

) and I H (W
j

) ,

same as before and the partial

damped systems and can be used with prescribed ground spec-

tra to obtain the design response. Again, in Eq. 3.44, the

first and second terms in the single and double summation

parts on j and k are the responses caused by the transla-

tional and rotational components of excitation, respective-

ly. Whereas, the third term in double summation over j and

k is due to the correlation between the translational and

rotational components.

For the case of purely translational excitation, that

is, when the rotational effects of traveling waves are ig-

nored, Eq. 3.44 simplifies to:
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N
4 1: [ A "A . I 0 lI. ( W .) + a . a . I 111. (w

J
" ) 1

j =1 mJ nJ J mJ nJ

(3.45)

The effects of the rotational excitation components on the

response of nonproportionally damped systems are numerically

evaluated in Section 3.6.

3.5 MAXIMUM DESIGN RESPONSE

Eqs. 3.28 and 3.41 when mUltiplied by their peak fac-

tors will give the design response for any given orientation

of a structure relative to the principal components. Howev-

er, the orientation of a structure relative to the princi-

pal components will never be known in advance. Our main in-

terest is to obtain the maximum value of the design

response, irrespective of the orientation of the structure.

That is I we are interested in the evaluation of the "worst

case" response. In this section a methodology to obtain the

maximum mean square response is described. The methodology,

however, can also be used to obtain the design response, if

the peak factor effects are inc luded. Thi s approach is a

generalization of the approach proposed by Singh and Ashtia-

ny [37] earlier.

Rewrite Eq. 3.28 or 3.41 as follows:
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(3.46)

where [d} is a 9xI vector and [R] is a 9x9 matrix as:

[d]= and [R]=

o.

o.
(3.47)

The direction cosines [dIl, [d2l and [d3l are orthogonal

vectors with the following constraints:

~=m

(3.48)

and consequently

( 3 • 49)

We are interested in a particular set of {dI]' {d2 ] and (d3 ]

such that EX[S2] is maximum.

For this, the Lagrange multiplier approach can be used.

We define our auxiliary function as:

L(A) = {dl T [R] (d] - A({d]T{d] - 3) (3.50)

where A is the Lagrange multiplier. For the extreme value

of L(\), its partial derivative with respect to {dj must be

zero. This gives:

[R] {dj - A{d] = 0 (3.51)
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Eq. 3.51 is equivalent to three independent equations:

(3.52a)

(3.52b)

(3.52c)

These equations are to be solved in conjuction with the

constraints given in Eq. 3.48.

Each equation in Eqs. 3.52 is an eigenvalue problem by

itself. Corresponding to each set, there will be three ei

genvalues and a set of three-orthogonal eigenvectors. Thus,

there exist nine possible direction cosines along which if

the principal components are applied, they will give an ex

treme value of L(A). These provide local maxima and minima,

and a systematic search will have to be made to obtain the

absolute maximum value.

The eigenvalues of Eqs. 3.52 directly provide the res

ponse values due to the excitation for which matrix [R] is

defined. Thus, if we have solved the eigenvalue problem ,

for, say the 1st excitation components, i.e.,

(3.53)

the three eigenvalues All l A12 and A131 respec~ively, define

the response due to the excitation 1 when it is applied



( 1 )

along the {d I,
1

( 1 )

{d
2
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( 1 )
and {d

3
directions. Here

{d;i)l is the eigenvector of Eq. 3.53 for eigenvalue Ali'

To show this, consider Eq. 3.53 for the eigenvalue Ali as

Premultiplying this

A .{d(i)l {o.}
l~ 1

(i) T
by {d1 I and invoking

(3.54)

the const-

raint, Eq. 3.48, we obtain:

(3.55)

which, as seen from Eq. 3.28 or Eq. 3.41, is the response

due to the 1st component of excitation alone. Eq. 3.55 can

also be written in general form as:

(3.57)

is also noted that

where AQ,i and [d~i)} are

response matrix, [R~]. It

the . th. .
~ e~genpa~rs for the ~ th

{d (i)IT [R ]
!I. !I.

(3.57)

There are 6 possibilities of maximum response in each

eigenvector set. Thus, totally there are 18 possible combi-

nations one will have to examine to obtain the global maxi-

mum response. The eigenvalues and eigenvectors can be di-

rectly used to obtain the responses in various combinations
( i )

of the axes and exci tations. For example, let !d 1 I be
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the i t~ eigenvectors of [R 1 1, and let the principal compo-

nents I, 2 and 3 be applied along the eigenvectors I, 2 and

.3. Then the total mean square response can be obtained from:

(3.58)

in which All is the response due to exci tation-l applied
( 1 )

along direction {d 1, the second term represents the
1

re sponse due to excitation-2 applied along direction
( 1 )

[d 1, and the third term represents the response due to
2

( 1 )

excitation-3 applied along direction (d 1.
3

A more gen-

eral expression for all possible combinations can be written

as:

s = A + l: (d (m) l T [Rk ] r d (m) l
mn mn k;t:m (k=l,2,3) £ ( £

Q,;t:n ( £=1, 2 ,3 )

S' = A + I (d(m) 1T [Rk1 (d(m) J
mn mn k;t:m (k=l,2,3)

Q, Q,

£;t:n ( £=3 ,2, 1 )

(3.59)

(3.60)

These eighteen possibilities are enumerated in Appendix D.

Herein, the principal directions represented by the el-

genvectors of matrices [R 1 1, [R 2 ] and [R 3 1 are called prin-

cipal response directions.

It is seen that the principal response directions are

different for each response quantity because ~. and G . are
] mJ



84

different. Since the response matrix [R£ Jdepends upon the

~th excitation spectral density function, the principal res-

ponse directions will also depend upon the frequency charac-

teristics of the exci tation. If the frequency characteris-

tics of the input spectral density function are not

significantly different, their response matrices and corres-

ponding principal directions will not be much different

either. Especially, when the spectral density functions are

proportional, i.e.,

P2 ~dw)

P3 ~dw)

(3.61a)

(3.61b)

then all three sets of principal response directions will be

identical. In such a case, the search for the maximum res-

ponse is simplified considerably, as Eq. 3.58 can then be

written as:

Ex(S2) ,
Al 2 (3.62)

It is seen that thi s procedure does not require any

trial on structural orientations to obtain the worst case

response. For an arbitrarily assumed directions of the

structural axes, one only needs to establish [R1J, [R 2 J and

Once these have been established, the procedure de-
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scrlbed above Cdn be used to identify the maximum response,

without any re-analyses of the structure.

Numerical results showing the application of this meth

odology are given in the next section.

3.6 NUMERICAL RESULTS

In this section, several sets of numerical results are

presented for structures subjected to five and six correlat

ed earthquake components. The purpose of this presentation

is to: ( 1) compare the maximum response obtained by Eqs.

3.59 and 3.60 wi th the conventional response spectrum ap

proachi (2) show that in most cases the directions of the

principal exci tation axes corresponding to the worst case

response are different from the geometrical axis of the

structure, and (3) study the effects of the rotational com

ponents on the maximum response. The input motions in this

study are defined in terms of the spectral density func-

tions, ~1 (w), ~2(W) and ~3(W), respectively, of the major,

intermediate and minor principal excitation components.

These spectral density fuctions are assumed to be of Kanai

Tajimi form as defined by Eq. 2.73 but with different param

eters. These parameters were chosen rather arbitrarily and

are given in Table 3.1. These components represent three

broad band inputs wi th different intensities and somewhat

different frequency content characteristics.
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Three seemingly different types of structure have Deen

considered in this study: 1) two mUltistory torsional struc

tures with three and six rigid floors supported on columns,

and 2) a space frame of an arbitrary shape. The character

istics of these structures and their calculated response are

described in the following sections.

3.6.1 TORSIONAL STRUCTURE

The three story torsional structure considered here is

similar to the one considered in Chapter 2 and shown in Fig.

2.1. For this structure the column stiffnesses in three

stories are k 1 =6k, k 2 =2k and k 3 =k, where k is the combined

stiffness of the columns in the top story. The mass proper

ties of the three floors are m1 =3m, m2 =2m and m1 =m, where m

= the mass of the top floor. Each floor has 3 degrees-of

freedom: two horizontal translation and a rotation about the

vertical axis. The frequency characteristic of this struc

ture can be easily changed by changing the frequency parame

ter w2 = kjm. The results have been obtained for three va

lues of this parameter equal to 10., 33.4 and 50. cps. The

eccentricity parameter ejr has also been varied. The values

of ejr= .01, .05 and .30 have been considered. The modal

frequencies and damping ratios obtained by the normal and

complex mode approaches are given in Tables 3.2, 3.3 and

3.4.
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The response quantities obtained for thls structure

are: the base shears in two horizontal directions, the base

torsional moment and the bending moments about the two axes

of a column. Since these quantities are not affected by the

vertical excitation significantly, this component of excita

tion has not been considered. However, the effect of verti

cal excitation in introducing the rotational components has

been considered. Thus, this system is subjected to only

five excitation components: two translational components

acting in the horizontal plane and three rotational compo

nents acting about the two horizontal axes and one vertical

axis. Table 3.5 shows the participation factors for these

five components for the system with e/r=.Ol and w = 10. cps.

The root mean square values of various response quanti

ties are shown in Tables 3.6 through 3.11. Thses have been

normalized by mg, the weight of the top slab. The moments

have mg-ft. units. For each response quantity, the numeri

cal values have been obtained by:

1. The worst- case response approach: In thi s, Eqs. 3.28

and 3.41 have been used for proportionally and nonpropor

tionally damped systems. These values are shown in Column

(2) of Tables 3.6 through 3.11.

2. The conventional response spectrum approach with five

components: In this, the translational and the rotational
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components of excitation are applied along the geometric

axes of the structure. The ratio of this value to the maxi

mum value obtained in (1) above is shown in Column (3) of

Tables 3.6 through 3.11. The ratio shows the magnitude of

under estimation which will result if no search for the

worst-case response is made.

3. The worst-case response approach for only translation

al components: Here the rotational effects of the input are

ignored. These values are shown in Column (4:) of Tables 3.6

through 3.11. The ratios of the values in Column (4:) to the

values in Column (2) are shown in Column (6) of the tables,

and these show the effect of the rotational components.

4:. The conventional response approach with only two prin

cipal components: In this case, the principal components are

applied along the geometric axes. No rotational components

have been considered. The ratio of this value to the maximum

value obtained in step (3) is shown in Column (5). This ra

tio shows the magnitude of possible under estimation of the

response if no search for the worst-case response is made.

Tables 3.7 through 3.9 are for the shear wave velocity,

c=1000. fps and Tables 3.10 and 3.11 are for the shear wave

velocity, c=2000. fps.

It is seen that, for c=1000. fps, the contribution of

the rotational components to the response is quite large.
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There will be a considerable underestimation of the res

ponse, as shown by the ratios in Column (6), if the rota

tional effects of the excitation are ignored. Furthermore,

it is also necessary to make a search for the worst-case

response, as established in Section 3.5, otherwise some un

derestimation of the response is likely to occur. This is

shown by the ratios in Columns (3) and (5) of these tables.

A structural model with the floor slab possessing six

degrees-of-freedom, instead of three considered above, was

also used to examine the effects on the response of the ro

tational inertias of the slab about the two horizontal axes

The numerical results of the two structural models, however,

did not differ much. This was because, in the model with six

degrees-of-freedom per floor slab, the axial stiffness of

the columns was relatively large to prevent the slab rota

tions about the horizental axes.

The results are also shown for a 6- story, 18 degrees

of-freedom structure in Tables 3.12 and 3.13. The length of

each story in this model was 14 ft., and thus total height

of the structure was 84 ft. Comparing the results in Columns

(6) of Tables 3.12 and 3.13 with the corresponding results

in previous tables, it is seen that the effect of rotational

a taller structure willcomponents is now larger. That is,

be affected more by the rotational components. It, there-



90

fore, seems that the rotational components of an excitation

should not be neglected, especially for tall buildings.

The numerical results are also affected by the parame

ter e/r; however, no special trends in the results are ob

served.

A comparison of the results in the tables for c=1000

and 2000 fps clearly shows that an increase in the shear

wave veloci ty reduce the effect of rotational components.

This is due to the fact that the terms associated with the

rotational components in Eqs. 3.28 and 3.41 are always di

vided by c 2 .

3.6.2 SPACE FRAME STRUCTURE

The space frame structure considered here is shown in

Fig. 3.1. In the analytical model, each j oint has six de

grees-of-freedom. The mass and stiffness properties of the

frame are given in Table 3.14. Only a proportionally damped

system with a constant modal damping ratio of ~=.02 is con

sidered. The modal frequencies and the participation fac

tors of the system are given in Table 3.15.

The numerical results of the root mean square response

for the axial force, bending moment and maximum flexural

stresses in various members are shown in Tables 3.16 through

3.19. The values are in kips-in. units. The results are ob-
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tained with and without rotational components. The results

with all six components are shown in Columns (2) to (6), and

the results for only translational components are shown in

Columns (7) to (12).

The response values in Columns (2) and (7) are the

worst-case response values. Whereas, those in Columns (3)

and (8) are obtained with the principal components applied

along the geometric axes. The values in Columns (3) and (8)

are reported in the ratio form.

A comparison of the values in Columns (2) and (7) of

these tables shows that the rotational components contribute

significantly to the responses. in this case again. Of

course, this contribution depends upon the shear wave veloc

i ty as well as the size of the structure. Also, some res

ponse quantities are affected more than others by the rota

tional components.

Again, it is seen that if no search for the maximum

response is made, the calculated value may be underestimat

ed; see Columns (3) and (9). This under-estimation will de

pend upon the symmetry of the structure and the characteris

tics of the input motions. Thus, the cases shown here are

not typical; there could possibly be some cases where these

effects are even more pronounced.
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Columns (4) to (6) and (10) to (12) in Tables 3.16

through 3.19 show the orientations of the principal excita

tions with respect to the structural axes to cause the maxi

mum response, i.e., the worst-case response. This orienta

tion is given in terms of three angles, shown in Fig. 3.1.

These angles can be obtained from the direc~ion cosine ma

trix obtained for the worst-case response. It is seen that

the directions for the worst-case response do not necessari

ly coincide with the structural axes.



Chapter IV

RESPONSE FOR SIX CORRELATED EARTHQUAKE
COMPONENTS BY MODE ACCELERATION APPROACH

4.1 INTRODUCTION

The previous two chapters were devoted to the analyti-

cal development of the response spectrum approaches, which

were based on the method of mode displacement of structural

dynamics. These approaches required that the seismic inputs

be prescribed in terms of the psuedo-acceleration and rela-

tive velocity spectra.

Often in these approaches, only a first few modes are

used in the analysis, as usually the higher modes do not

contribute much to the response. However, there are si tua-

tions involving certain response quantities or certain

structures where the contribution of the high frequency

modes can not be neglected without affecting the accuracy of

the results. This truncation of the modes leads to the, so-

called, "missing ,mass" effect.

To improve the accuracy of the results wi th only a

first few modes, recently Singh and Mehta [34,38J have pro-

posed an alternative response spectrum approach for the cal-

culation of design response for a single excitation compo-

nent. This approach is based on the "mode acceleration"

method [3,18,45J of structural dynamics.
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It requires the
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defined in terms of relative

acceleration and relative velocity spectra.

Herein, i similar response spectrum approach, based on

the method of mode acceleration, is developed for the calcu-

lation of worst-case design response of structures subjected

to the six correlated earthquake components. The inputs to

this approach are defined in terms of the relative accelera-

tion and relative veloci ty spectra of the three principal

excitation components.

In the next section, the mode acceleration formulation

is given for the calculation of mean square and design res-

ponse for correlated multi-component excitations. The res-

ponse equations are cast in the same form as in the previous

chapter so that the same methodology can be applied to ob-

tain the.worst-case design response. The numerical results

are presented to demonstrate the advantage of the mode ac-

celeration formulation over the mode displacement formula-

tion given in the Chapter 3.

4.2 ANALYTICAL FORMULATION

Here, we will only consider proportionally damped sys-

terns. For a linear multi-degree-of-freedom system with equa-

tions of motion as Eq. 3.1, a response quantity, S(t), of

interest can be written as:

S(t)
N
L
j=l

~. V.(t)
J J

(4.1)
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V.(t) is defined by the solution of Eq. 2.2 and
J

represents the di splacement in mode j. In Chapter 3, the

solution of Eq. 2.2 in terms of Duhamel's integral was sub-

stituted in Eq. 4.1 to obtain Eq. 3.25. This equation then

formed the basis of the formulation developed in Chapter 3.

Since the mode displacement V.(t) was directly used in Eq.
J

4. I, the formulation of Chapter 3 is called the mode di s-

placement formulation.

A different expression is obtained if V.(t) in Eq. 4.1
J

is expressed in terms of modal acceleration V.(t) and modal
J

velocity V., by employing Eq. 2.2. That is,
J

(4.2)

Eq. 4.2 forms the basis of the mode acceleration formula-

tion, to be presented in the following section.

4.2.1 MEAN SQUARE AND DESIGN RESPONSE

We are interested in the evaluation of design response.

To obtain this, the mean square response is required. This

can be obtained from the autocorrelation function of S (t) ,

which can be written as follows:
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N N
EX[S(t 1 )S(t 2 )] = I I ~J' ~k

j=l k=l

1~jjT Ex[{E'(t1)HE'(tz)jT] 1~kl

t 1~jjT( 26kwk Ex[1E'(t1)jVk(tz)] + Ex[1E'(t1)jVk(t2)]

+ 1okJT( 26 j
w

j EX[{E'(tZ)jVj(t d ] + EX[{E'(tz)jVj(tdJ

.... ..
+ 46j6kWjWk EX[Vj(t1)Vk(t Z )] + EX[Vj(t1)Vk(tZ)J

... . ..
+ 26 j wj EX[V j (t1 )Vk (t 2 )J + 26k w

k
EX[V

k
(t 2 )V

j
(t 1 )]

(4.3)

Various auto- and cross- correlation terms in the above

equation have been obtained in terms of the input autocorre-

lation matrix, Eg. 3.23, and are given in Appendix B. Sub-

stituting these in the above equation, the following is ob-

tained for the mean square response:

3
Ex [ S2] = I {d£ ] T [RQ,] {d£ 1

£=1
(4.4)

thThe response matrix [RQ,] for the Q, excitation can be writ-

ten as:

N N 2 2

[R£ ] = I I (~ . ~k /W. wk )
j=l k=l J J

+00 +00

{ [ f 1 j k] f ~ Q, ( W) dw + [f2 ·k ]1 q; Q, ( W) W2 dw ]
. -00 J -00

N N 2 2 +00
*of I I (~ j~k /w. wk ) ( 1 ~Q,(w)Hj(w) Hk(w)

j=l k=l J -00
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[ r 1 j k] W2 + [r2 j k] W 4 + [r3 j k] - i w3 1 dw

(4.5)

Again, [R~] is a 3x3 Hermi ti an matrix. To define thi s ma

trix in terms of response spectra, the frequency integral in

Eq. 4.5 are appropriately spli t into partial fractions, to

give as follows:

[R~] =

N 2 4 , 2 2

+ L (~ ,/2 w,) f [ r 1 ' , ] [2 w . ( 1- 2 e ' ) I 1 ~ ( W ' ) - I 2 ~ (w . ) ]
j=l J J JJ J J J J

I 2 2

+ [r2jj ] [2w j (1-2e j )12~(Wj )-13~(Wj)]

N N 2 2

+I L (~J'~k / WJ'W k )
j=l k=j+1

,
{ 4ejekWjWk [r 1jk] [A l 11£ (w j )+A212~ (w j )+A 3 1 H (wk )+A 4 12~ (w k )]
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,
+ [r2jk][B1Il~(Wj)+B212~(Wj)+B3Il~(Wk)+B4I2~(Wk)]

,
+ [r3jk][C1Il~(Wj)+C2I2~(Wj)+C3Il~(Wk)+C4I2~(Wk)]

,
+ [r1jk ] [A l 12~(Wj )+A213~(Wj )+A3I2~(wk)+A4I3~(wk)]

,
+ [r 2 j k ] [B 1 I 2 ~ (w j ) +B 2 I 3 ~ (w j ) +B 3 I 2 ~ (w k ) +B4 13 ~ (wk ) ]

,
+ [r 3 j k] [C 1 I 2 ~ ( W j ) +C 2 I 3 ~ ( Wj ) +C 3 I 2 ~ (wk ) +C4 I 3 ~ ( wk ) ]

,
4(pjWj-Pkwk)(lrljk][C1Il~(Wj)+C212~(Wj)+C3Il~(Wk)+C412 ~(wk)]

,
1" [r 2 j k] [C 1 1 2 Q. ( W j ) +C 2 1 3 Q. ( Wj ) +C 3 I 2 ~ ( wk ) +C4 1 3 Q. ( wk ) ]

,
-4([fljk][(6jwj)2 11Q.(w

j
) + (P k wk )2 11Q.(wk )]

,
+ [f 2 j k] [ (6 j W j ) 2 I 2 ~ ( Wj) + (PkWk ) 2 12 Q. (w k ) ]

, 2

+ [r3jk](-PjWj[Wj I1Q.(w j ) - I 2 Q.(w j )]

2

+PkWk[Wk Il~(Wk) - I 2 Q.(Wk )]

, 2 2
1- [r1jk][W j 11Q.(w j ) - 12~(Wj) + w

k I 1Q. (wk ) - 1 2 Q. (w k ) ]

, 2 2

+ [r
2jk

][W
j 12~(Wj ) - 13~(Wj) + w

k I 2~ (wk ) - 1 3 Q. (w k ) ]

,
-t [r 3 "k][-POw" L)~(w") + Pkwk I 2~ (wk ) ] 1

J J J ..:... J

(4.6)
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2 • 2

in which Ag~ and Ag £ are the mean square values of the

ground acceleration and rate of change of he ground acceler-

ation, respectively, which are defined in terms of the ac-

celeration spectral density function as follows:

2 +00

Ag£ =[00
f ~ (w) dw (4.7a)

. 2 +00

Ag £ =J_
oo

P£(w) w2 dw (4.7b)

The integrals IH(w
j

) and 12~(Wj) are mean square values of

the relative velocity and relative acceleration response of

an oscillator of frequency w. and damping 6. and are defined
J J

as:

+00

IH(w j ) =J P~(w) w2
I H . (w) 1

2 dw (4.8)
-00 J

+00

12 £(w j ) =f"" P£(w) w4
I H . (w) 1

2 dw (4.9)
J

These integrals can be obtained in terms of the relative

velocity and relative acceleration response spectra through

their respective peak factors. Another integral, 13~(Wj)'

which is required in Eq 4.6, can also be defined in terms of

the above mean square values as follows:

+00

I 3 £ ( wJ') = 1 p~ ( w) W6 IH . ( w) I 2 dw
-00 J

. 2 2 2 4

= A n +2w.(1-26.)I 2n (w.) -w.l 1n (w.)
gx. J J x. J J x. J

(4.10)
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The matrix [P£J in Eq. 4.6 ca~ b~ further simplified by

collecting terms with similar coefficients. An element of

this matrix can be written in a simplified form as follows:

R =Q.mn

N N 2 2 2 I '2

1: 1: (~'~k/W ,w. ) [f 1 'kA n + f2mnJ'kAgn]
j =1 k=l J J K mnJ gx. x.

'4 • 2

+ f 2 mn j k [ Wj I H ( Wj) - Ag Q. ] 1

N N 2 2

+1: 1: (tJ,t k / wJ,Wk )
j=l k=j+l

I • 2

+l flmnjk[FlIl£(Wj)+F2I2£(Wj)+F3IlQ.(wk)+F4I2Q.(Wk)+FsAgQ.]

, . 2

+ f2mnjk[F'lIIQ.(Wj)+F'2I2£(Wj)+F'3IIQ.(Wk)+F'4I2Q.(Wk)+F'SAgQ.J

, • 2

+ f3mnjk[F"lI1Q.(wj )+F"2 I 2Q.(w j )+F"3I1Q.(Wk)+F"4I2Q.(wk)+F"SAgQ.] 1

(4.11)

" "where F1 ,.· FSi F1 , . . FSi and F1/ .. and FS are de-

fined in terms of All' .A41 B1/ •• • and B4 and are given in Ap-

pendix C. f etc are the same as defined in ChapterImnjk .

3 , Eqs. 3.32 and 3.33.
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PSUEDO-STATIC RESPONSE

No special advantage is gained if Eq. 4.11 is used in

lieu of Eq. 3.31 for the evaluation of Rn • To obtain accu-...mn

rate response, Eq. 4.11 will also require a complete set of

modes, especially for the evaluation of the first two terms.

These terms, however, can be obtained by a simple static

analysis without an evaluation of the modal quantities.

The following analysis shows that the response associ-

ated with the first two terms in Eq. 4.6 is precisely the

mean square value of the response of the following psuedo-

static problem:

[K] {u 1 = [M] [rl fE'ls (4.12)

where fu 1 = a vector of the time dependent displacements
s

obtained as a solution of Eq. 4.12, without any considera-

tion of the vibration effects. The response quantity, Set),

is related to {u 1 by a simple linear transformation as:s

Set) = fk IT fu I
l S

(4.13)

We will now show that the mean square value of this

quantity is directly related to the first ~erm of Eq. 4.6.

For this, we expand fu 1 in the vector space of {¢.I, the
s J

modal vectors of Eq. 3.1, as follows:

N
fu} = LV. f¢·}

S j =1 sJ J
(4.14)
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where V . are the coefficients of the expansion. To obtain
sJ

these coefficients, we substitute Eq. 4.14 into Eq. 4.12,

premultiply the result by {¢.jT, and invoke the orthogonali
J

ty condition of the modes, i.e., {¢.jT[K]{¢kj=lSk' w~, to
J J J

give as follows:

(4.15)

{¢.jT[M][r] {E'j
J

v . =1----------
SJ

2
The denominator in Eq. 4.15 is equal to w.. Substituting

J

for {¢. IT[M][r] = {o.jT in Eq. 4.15, we obtain
J J

v . = {o.jT{E' 1 / w~
SJ J J

(4.16)

Substituting for Vsj in Eq. 4.14 gives:

N
({o.jT{E'})

2
{u ] = L (¢ . 1 / w.s J

,
Jj=1 oJ

(4.17)

Using Eq. 4.13, the psuedo-static value of the response

quantity, S(t), can now be defined as:

S(t) (4.18)

Since the response mode shape ~. is equal to
J

T
{k. j (¢. L

~ J
the

above equation reduces to:

S(t)
N

= L
j=1

(4.19)
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The mean square value of the static response from Eq. 4.19

can then be written as:

(4.20)

The covariance matrix of excitation in Eq. 4.20 can now

be defined from Eq. 3.23 by letting t 1=t Z=t as follows:

3 +00

EX[{E'(t)l{E'(t)lT] = ~=lLoo ( [G1JT{d~lid£lT[G1J

T T
+ W

Z [Gz ] {d£l {d£l [G z ]/4c z ) ~£(w)dw (4.21)

The imaginary term associated with the odd powers of w will

cancel out when integrated over the frequency domain.

Further, substituting for A
g

£ and Ag £ from Eqs. 4.7 in Eq.

4.21, we obtain:

Ex [ {E' (t) J {E' (t) JT ]
3

= I
£=1

Substituting Eq. 4.22 in Eq. 4.20,

(4.22)

(4.23)
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In Eq. 4.23, the terms like {rj1T[G 1 ]T{d£l are scalars and,

Tthus, they can also be rewritten as {d£l [G 1 ] {rJ. Making

such changes, Eq. 4.23 can be rewritten as:

(4.24)5d JT [R(s)] {d J
l £ £ £

3
Ex[S2] = L

£=1

where the response matrix [R~S)], associated with the

psuedo-static response, is defined as:

(4.25)

which can be rewritten as:

: p ( s) ]
N N ~ .~k 2

= L L
]

[r ljk] AI "£
j=l k=l W2

j w2
k g£

·2 (4.26)
+ [r

2jk
] Ag£

Eq. 4.26 is identical to the first two terms of Eq. 4.6.

Thus, the first two terms of Eq. 4.6 can be obtained by a

psuedo-static analysis of Eq. 4.12.

We will now develop a procedure to obtain this psuedo-

static response matrix in terms of Ag £ and Ag £ without

evaluation of the modal quantities.

We rewrite Eq. 4.12 as
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(4.27)

From this

(4.28)

where (u 1 is obtained as a solution of the following lisp

near simultaneous equations:

The response quantity S' (t) can also be obtained from Eg.

4.28 as

6
S(t) = E Sp Ep(t)

p=l

where

Eq. 4.30 can also be rewritten as:

S(t) = IS' JT [E'l

(4.30 )

(4.31)

(4.32)

where now 1s' J is a 6x1 vector. The mean square value of

S(t) is then obtained as

Ex [S2 (t) ] = {S' 1T Ex [ {E' } !E' JT] {S' 1 (4.33)

Substi tuting for the covariance matrix from Eq. 4.22 and

after ~ome algebraic manipulation, we obtain
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3
Ex[S2(t)] = 1: id9.]T( [G 1 J 1S']lS'IT [G 1 ]

T
Ag29.

9.=1

+ _1_ [G 2 ] 1S ' ] 1s' ]T [G2 ]T A
g

2
9.) 1d9.]

4c 2

(4.34)

which can be rewritten as:

Ex[S2J (4.35)

where is the response matrix associated with the

psuedo-static response and is defined as:

(4.36)

By substituting for [G 1 ] and [G 2 ] from Eq. 3.1, and carrying

out the matrix multiplications, a term of this matrix can be

defined as follows:

( s) 2
R = s' S' AQ,mn m n gQ,

1
6 6 . 2

+- I 1: G G S' S' AgQ,
4c 2 p=4 q=4 2mp 2nq p q

(4.37)

It is seen that in the above equation, the first term is as-

sociated with the psuedo-static response for the translatory

motion and the second term is due to the rotational effects.

T:,us, to evaluate the first term of Eq. 4.6, we first

need to obtain the six elements of is']. These are obtained
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by a simple algebraic solution of linear Eqs. 4.29 and the

use of Eq. 4.31. Eq. 4.37 then gives the terms required to

define the first term of Eq. 4.&.

The total response, defined by Eq. 4.4, can now be

written as a sum of the psuedo-static and dynamic responses.

That is,

3
Ex(S2) = I

£=1
{d}T ([R(s)j + [R(D)]) fd l

£ Q, £ t £.
(4.38)

in which an element of the dynamic response, [R~D)], is

the same as Eq. 4.11 without the first two terms and a typi

cal element of the static response matrix, [Ri S
)], is giv-

en by Eq. 4. 37 .

The mean square response for the case of purely trans-

lation components is obtained by neglecting the terms as so-

ciated with the rotational effects 0 In such a case, an ele-

ment of the response matrix [R£] can be written a

R = S' S' A2
£mn m n g£

N f

+1: (~2./2w4.){rl .kr2w2.(1-2~2.)Iln(wo)-I2n(w.)]
j=l J J ronJ J J ~ J ~ J

N N
+I L (~J·~k / W

2

J
ow 2

k )
j=l k=j+l

r 1 ron j k [ F 1 I H ( Wj) + F 2 12 £ ( Wj )

(4.39)
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Here again, the first term represents the psuedo-static

response and the remaining terms represent the dynamic part

of the response.

The main advantage in the use of Eg. 4.11 or 4.39 is

that only a first few modes are necessary in calculation of

the response, because the terms associated with I1~ and I 2 £

become small

for the modes with frequencies higher than the input fre

quency.

To obtain the design response, Eg. 4.11 and 4.39 need

to be multiplied by the square of the response peak factor.

The peak factor can be evaluated as described in Chapter 2.

The numerical results presented here, however, are only for

the mean square response.

4.3 THE WORST-CASE MEAN SQUARE RESPONSE

The evaluation of the worst-case response, irrespective

of the orientation of the structure, is done in exactly the

same manner as in Chapter 3. The only difference being that

in Chapter 3 the response matrix [R~] is defined by the mode

displacement approach and here by the mode acceleration ap

proach.
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4.4 NUMERICAL RESULTS

The main purpose of the development in this chapter was

to alleviate the problem associated with the evaluation of

the high frequency modes for the calculation of design res

ponse. It was claimed that if the mode acceleration approach

is used, the higher modes can be excluded from the summation

process without significantly affecting the accuracy of the

resul ts. Here, some numerical results are presented which

support this claim and also demonstrate the advantages of

adopting the mode acceleration approach over the mode dis

placement approach.

To show this, the torsional multistory structure used

in Chapters 2 and 3 has been analyzed again. By changing the

frequency parameter w=~ kim , flexible to stiff structural

systems can be obtained.

The input to this structure consists of the five

earthquake components: two translational components applied

in the horizontal plane and three rotational components ap

plied about the two horizontal axes and a vertical axi s.

The numerical results have been obtained for the root mean

square response values of the story shears, torsional moment

and column bending moments. To show the effectiveness of the

mode acceleration formulation, the response results have

been obtained with all nine modes (complete set) as well as
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with only the the first three modes. The results are shown

in Tables 4.1-4.5 and are in the mg-ft units. The values

obtained with all nine modes are called "exact" values.

Both formulations, the mode displacement presented in Chap

ter 3 and the mode acceleration presented in this chapter,

provid exactly the same values when all the nine modes are

used in the analysis. Two types of response values are ob

tained for each case:

1. The maximum response, in which the methodology de

scribed in section 3.5 was used. These values are shown in

Column (1) for nine modes, in Column (3) for 3 modes with

the mode displacement approach and in Column (5) for 3 modes

wi th the mode acceleration approach. The values in Column

(3) and (5) are shown in the ratio form. That is, they are

divided by the values in Column (1).

2. The response, with inputs applied along the geometric

axes of the structure, without making any search for the

maximum response. These values are designated as "RS" in Ta

bles 4.1 through 4.5 and their ratios to the values in Co

lumn (1) are shown in Columns (2), (4) and (6).

The Tables 4.1 through 4.3 are for a stiff system with

frequency parameter, w= 50 cps. The lowest frequency of

this system is 20.8 Table 4.1 is for e/r=.01 and has closely

spaced modes, whereas Tables 4.2 and 4.3 are for e/r=.05 and
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e/r=.30. The frequencies of the system with e/r=.30 are not

closely spaced.

The response ratios shown in Column (3) indicate that

the mode displacement approach severely underestimates the

response when only the first few modes are used. The mode

acceleration approach, however, provides an excellent esti

mate of the response, even with the first few modes. Similar

conclusion can be drawn for the response values shown in Co

lumns (2), (4) and (6). The comparison of values in Column

(2) with Column (I), Column (4) with Column (3) and Column

(6) with Column (5) shows that if no search is made for the

maximum value, the calculated response is likely to be un

derestimated. This underestimation is about 10 to 18% for

the response values shown here. With other structural sys

tems with gross asymmetry in the plan, the underestimation

can be significantly large.

Tables 4.4 and 4.5 are for the structural systems which

are not so stiff. In these cases it is seen that the mode

displacement approach also gives better response values with

only the first few modes. This is because the high frequen

cy modes, which are neglected here, are not very dominant

now. The values obtained by the mode acceleration approach

are even better.
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It is, thus, seen that the mode acceleration approach

will, in general, provide more accurate response values than

the mode displacement approach for the same number of modes

used in the analysis. The use of the mode acceleration ap

proach in lieu of the mode displacement approach is, thus,

recommended.

It is, however, noted that the mode acceleration ap

proach requires the input to be defined in terms of the re

lative acceleration and relative velocity spectra. Such pre

scriptions of the input are, rather, uncommon currently.

The psuedo acceleration spectra are more commonly prescribed

as the design inputs. However, in principle there should be

no special difficulty in the development of the design in

puts in the form of the relative spectra.



Chapter V

SUMMARY AND CONCLUSIONS

This study is centered around the subject of evaluation

of the design response of structures subjected to multicom

ponent earthquake motions. For design purposes, the earthq

uake motions are often characterized by the smoothed ground

response spectra which supposedly represent the spectral

characteri sties of the ground motions expected at a si te.

The analytical development work in thi s study has I there

fore, been directed toward the development of approaches

which can employ the ground spectra as inputs in their meth

odology for the calculation of design response.

The method of the square-of-the-sum-of-the-squares is

commonly used for the calculation of the design response

from given response spectra. In Chapter 2, this method has

been reevaluated and refined to include the modal peak fac

tors in the calculation of design response for the classi

cally as well as nonclassically damped structural systems

subj ected to three uncorrelated exci tation components ap

plied along the structural axes. The concept of the modal

correlation often used in the context of closely spaced

modes has been further explored, especially for the multi

component excitations and the nonclassically damped systems.

113



114

It is observed that though the correlation between two

closely-spaced ~odes may be strong and significant for one

component of excitation, it loses its significance when mul

ticomponents are considered. In facti the significance of

this correlation, and thus the importance of the double sum

mation terms in the mode combination procedures, can not be

assessed in a straightforward manner when nonproportionally

damped systems under multicomponent excitations are consid

ered. Since the evaluation of the double summation terms in

the mode combination rules does not pose any special prob~

lem, their inclusion in all the cases is advocated, irre

spective of the closeness of the modal frequencies.

As several assumptions are made in the development of

response spectrum procedures, a comprehensive numerical si

mulation study involving an ensembles of acceleration time

histories has been conducted for the validation of the pro

posed approaches. For the time history analysis of the pro

portionally damped systems, an already available modal su

perposi tion approach has been used. For nonproportionally

damped structures I a new modal superposition time hi story

integration approach has been developed and used. The re

sults obtained by the response spectrum approaches for time

hi story ensemble spectra as input have been compared wi th

the time history ensemble results, both for the proportion~

ally and nonproportionally damped structures. The compari-
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son shows that the response spectrum approaches both for the

proportionally and nonproportionally damped structures can

be used for the accurate predictions of the design responses

from the ground spectra. The inclusion of the modal peak

factors in the spectrum approaches can improve the numerical

accuracy of the results. For the caculation of the peak fac

tors, the easy-to-use band-limited white noise spectral den

sity function, with cut-off frequency encompassing the fre

quencies of the input, can be employed. In an overall

sense, the results presented in Chapter 2 validate the ap

plicability of the response spectrum approaches for the pro

portionally and nonproportionally damped linear structures

for the calculation of the design response.

In Chapter 3, the effect of the inevitable correlation

between the earthquake components, experienced by structures

along arbitrary sets of axes , is considered. Based on the

assumption of the existence of the principal excitation di

rections, as observed by Penzien, et. al. [26,27], the corre

lation between the translation as well as the rotational

components of excitation has been evaluated. The rotational

components are expressed in terms of the spatial derivative

of the translation components and the shear wave velocity,

as was done by Newmark [23]. The correlation matrix of the

six components applied along any arbitrary set of structural

axes is expressed in terms of the autocorrelation of the
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principal components and the direction cosines of the

principal excitation axes. A procedure is developed to ob

tain the maximum value of a structural response quantity,

irrespective of the orientation of the structure. The num

erical results obtained by this procedure are presented for

the proportionally and nonproportionally damped structures.

It is shown that a search for the maximum response, as de

scribed in this chapter, should be made; otherwise the cal

culated response may be significantly underestimated.

The numerical results, showing the effect of the rota

tional components, have also been presented in Chapter 3. It

is shown that the contribution of the rotational components

can be very large. This contribution increases with the

size of the structure. For example, a taller structure will

be affected more than a shorter structure. Likewise, a lar-

ger structure in plan will also be affected more than a

smaller structure because of differential movement caused by

the passage of the sei smic shear wave. The effect of the

rotational components, however, decreases with higher shear

wave velocity. The results indicate that the effect of the

rotational components can not be ignored simply on the basis

of a preconceived notion that these components are unimpor

tant. The results presented here clearly demonstrate the

importance of the rotational components. However, further
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research in this area, especially with a more advanced model

of seismic wave propagation to define these components is

also necessary.

In Chapter 4, the approach of Chapter 3 is applied to

develop a response spectrum approach based on the mode ac

celeration method of structural dynamics. The use of such an

approach is especially desirable if the high frequency

structural modes contribute to the response significantly.

This happens in stiff structural systems. In the commonly

used mode displacement approach, such high modes must be

calculated explici tly and included in the modal analysi s.

In the mode acceleration formulation, these modes, however,

need not be calculated explicitly; their effect can be in

cluded through a simple static analysis of the structure.

The input in this approach must be prescribed in terms of

the relative acceleration and relative velocity spectra of

the ground motion. Again, the formulation in this chapter

considers all six earthquake components. The possible cor

relation between the six components is also considered. The

solution is cast in such a form that the maximum response

evaluation methodology, developed in Chapter 3 can be used.

The numerical results, demonstrating the benefits of thi s

alternative formulation, and also the importance of the ro

tational components in the calculation of the design res

ponse, are presented.
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TABLE 2.1

DYNAMIC CHARACTERISTICS OF STRUCTURE IN FIG. 2.1, ejr=.Ol

COMPLEX MODE NORMAL MODE
APPROACH APPROACH

Mode Frequency Damping Frequency Damping Participation fact.

No. cps. Ratio cps. Ratio xt-direc x2-direc

1 4.4475 .0222 4.4168 .0226 0.8309 -0.8309
--------- --------- --------- ---------

2 4.4480 .0109 4.4482 .0225 1. 1709 1. 1709
--------- --------- --------- ------- .. -

3 4.4489 .0336 4.4797 .0224 -0.8251 0.8251
--------- --------- --------- ---------

4 12.4620 .0623 12.3760 .0619 0.2378 -0.2378
--------- --------- --------- ---------

5 12.4630 .0256 12.7640 .0623 0.3351 0.3351
--------- --------- --------- ---------

6 12.4650 .0991 12.5520 .0628 -0.2361 0.2361
--------- --------- --------- ---------

7 18.0080 .0901 17.8830 .0895 -0.0913 0.0913
--------- --------- --------- ---------

8 18.0100 .0365 18.0100 .0901 -0.1287 -0.1287
--------- --------- --------- ---------

9 18.0130 .1437 18.1380 .0907 0.0907 -0.0907

TABLE 2.2

DYNAMIC CHARACTERISTICS OF STRUCTURE IN FIG. 2.1, ejr=.05

COMPLEX MODE NORMAL MODE
APPROACH APPROACH

Mode Frequency Damping Frequency Damping Participation fact.

No. cps. Ratio cps. Ratio xt-direc K2-direc

4.3041 .0214 4.2937 .0215 0.8425 -0.8425
--------- --------- --------- ---------

2 4.4500 .0222 4.4482 .0223 1.1709 1. 1709
--------- --------- --------- ---------

3 4.5952 .0231 4.6082 .0231 -0.8132 0.8132
--------- --------- --------- ---------

4 12.3206 .0587 12.0307 .0602 0.2411 -0.2411
--------- --------- --------- ---------

5 12.4998 .0481 12.4635 .0623 0.3351 0.3351
--------- --------- --------- ---------

6 12.5713 .0804 12.9119 .0646 -0.2328 0.2328
--------- --------- --------- ---------

7 17.9356 .0892 17.3847 .0870 -0.0926 0.0926
--------- --------- --------- ---------

8 17.9999 .0492 18.0102 .0901 -0.1287 -0.12a7
--------- --------- --------- ---------

9 18.0953 .1321 18.6581 .0933 0.0894 -0.0894
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TABLE 2.3

MODAL CORRELATION COEFFICIENTS FOR PROPORTIONALLY DAMPED
STRUCTURE SHOWN IN FIG. 2.1, e/r=.Ol

Excitation Along Xl

X Mode Number
1 2 3 4 5 6 7 8 9

1 1.0
2 0.973 1 .0
3 0.901 O. 974 1.0
4 0.168 0.173 0.179 1.0
5 0.169 II. 1 74 0.180 0.999 1.0
6 0.170 O. 176 0.181 0.995 0.999 1.11
I 0.215 U,222 0.229 0.758 0.763 0.766 1.0
8 0.216 0.223 0.229 0.758 0.763 0.766 1. lIOO 1.lI
9 0.217 0.223 0.230 0.758 0.762 0.765 0.999 1.0110 1.0

Excitation Along Xl Pond Xz

~
Mode Number

l 2 3 4 5 6 7 9

1.0
2 -0.064 1.1)
] 11.91) 1 -O.1l6 1-J. 1.1)
4 (). 17() (). (ld~! 0.182 1.0
5 0.1)06 n. 1 i 7 -0.003 0.013 1.0
6 Il 172 (J .1)(12 I). 18'1 0.995 0.014 , ,1.1

7 1l.217 () .I)(}4 0.231 0.755 0.037 0.764 l.ll
8 fl. Utl8 0.225 -0.00 I O. !) 33 0.760 1),1) 38 n.Ul0 l.()

? 1J.219 n. I )(11~ [1.232 11.755 0.037 11.763 0.9')<) 0.11t19 1.0

TABLE 2.4

MODAL CORRELATION COEFFICIENTS FOR PROPORTIONALLY DAMPED
STRUCTURE SHOWN IN FIG. 2.1, e/r=.OS

Excitation Along Xl

IX Mode Numbe:::-
1 2 3 4 5 6 7 8 9

I 1.0
2 0.567 1.0
3 n.2!.j.4 0.618 1.0
4 0.140 0.170 0.188 1.0
5 0.145 O. 174 0.194 0.965 1.0
6 0.150 IL 181 0.200 0.908 0.978 1.0
7 0.185 0.219 0.242 0.739 0.767 0.779 1.0
8 0.188 0.223 0.245 0.738 0.763 0.773 0.991 1.0
9 0.191 0.226 IJ. 249 0.739 0.762 0.771 0.969 0.992 1.0

Excitation Along Xl And Xz

IX Mode Number
1 2 3 4 5 6 7 8 9

1 .0
0 .OIG 1.0
IJ . ;' Ij ,l~ .<i !) 1,1) l.r)

Il. 1111 Il. l) I ) ; ~ 1).l()O 1.1)

'I. i)?I. <i. III -(I. r,J(J6 -() . [)()() 1.0
6 Il. I r) .) II .O();.-! (J. ~{J2 [). )1) 1 Il.Ol T 1.11

O. 187 'I . IH) 3 0.243 O. 7 '37 O.il37 11.776 , .0

~ ().I(>J Il. 2?S -ll.OU5 0.016 0.760 O.OlO O.1l11 1.0

9 (J. \9} Il. ()llll n.25(J n.736 0.037 0.768 1).969 n.()()9 1. U

Reproduced from
best available copy.
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TABLE 2.5

MODAL CORRELATION COEFF. FOR BASE SHEARS AND TORSIONAL MOM.
FOR NONPROPORTIONALLY DAMPED STRUC. SHOWN IN FIG 2.1,

e/r=.01

Base Story Shear in Xl

'i\ Mode Number
1 ..,

3 4 5 6 ~ 8 9... I

1 1 . oou
2 -0.940 1.ono
3 -0.975 0.858 1. non
4 0.124 -f).087 -n.136 1.0UU
5 -0.1190 0.063 0.098 -0.921 1.00n
6 -0.157 0.109 0.172 -0.967 0.820 1.000
7 0.157 -0.110 -0.173 0.678 -0.529 -0.708 1. 000
8 -0.125 0.087 0.138 -0.539 0.420 0.560 -0.937 1.000
9 -0.185 0.130 0.206 -0.765 0.597 0.811 -0.972 0.854 1. ril}fl

Base Story Shear In Xz

~
Ivlode Number

1
..,

3 4: 5 6 7 8 '3...

1 1.000
2 -0.94U 1 . ul)n
3 -0.979 0.861 1.000
4 0.122 -0.086 -O.15u 1.IWI)
5 -0.091 0.1163 0.112 -0.')24 1.000
6 -0.140 0.1198 0.173 -1).9132 0.8 118 1. noo
7 0.154 -0.1 U8 -U.189 U.678 -U.526 -0. 743 1.0(1)
8 -0.126 I) .1)89 11.155 -0. ')')2 1).427 1).6U7 -0.943 1 .OOU
9 -0.168 1).118 0.206 -1).735 11.573 0.804 -0.988 0.890 1.(J(II)

Torsiona:' Mome:1t

0\ LvI 0 de NUl':'.ber
1 2

...,
4: 5 6

...,
8 9~ I

1 1. uoo
2 -0.940 1.IJ!)I)
3 -0.979 1).861 1 . non
4 -0.041 0.U.30 0.U49 1 . III )(1

5 U.034 -0./J25 -0.042 -0.9117 1. UUO
6 0./J46 -U.U34 -0.055 -0.974 0.806 1.000
7 -0.054 1).039 1).065 0.21 1• -I). 147 -0.272 1 . r){)Cl
8 0.0 1.8 -1).1135 -1).059 -1).093 0.D65 0.125 -0.904 1./J00
9 0.061 -11.1)45 -0.074 -0.308 0.215 0 . .3 79 -U.974 0.80 1• 1. UUU
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TABLE 2.6

MODAL CORRELATION COEFF. FOR BENDING MOMENTS IN COL. 1 FOR
NONPROPORTIONALLY DAMPED STRUCTURE SHOWN IN FIG. 2.1,

e/r=.Ol

Bending Moment in Xl

~
Node Number

1 2 3 4 5 6 7 8 9

1 1.000
2 . -0. 920 1.000
3 -1).714 0.492 1.000
4 -0.009 0.027 -0.106 1 .0(1)
') D.OO9 -0.U21 ·0.070 -lJ.909 1.000
6 0.061 -0.074 0.120 -0.445 0.385 1.000
7 -0.008 O.03!) -0.125 0.279 -0.189 -0.532 1.000
8 0.014 -0.029 0.094 -D.150 0.101 0.438 -0.907 1.(01)
9 0.052 -0.071 0.147 -0.098 0.078 0.802 -0.478 0.1.86 1 . UOO

Bending Moment in Xz

rx Mode Number
1 2 3 4 5 6 7 8 9

1 1. UOO
2 -0.668 1.000
:1 -U.962 0.488 1.DOU
4 -U.030 0.038 0.025 1.000
5 -C!.126 0.076 0.145 -0.388 1.UOU
6 0.038 -0.049 -0.031 U.975 D.376 1.01)1)

7 -0.u43 0.050 0.045 0.21)') 0.106 -0.268 1. GUU
8 -0. 161 o . 1UoJ 0.182 -0.31)8 o .l123 0.364 -0.290 1.000
') 1).035 -1).U47 -().O;'8 -0.325 -O.U37 0.4U5 -U.')66 1).377 1. ' 100
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TABLE 2.7

MODAL CORRELATION COEFF. FOR BASE SHEARS AND TORSIONAL MOM.
FOR NONPROPORTIONALLY DAMPED STRUC. SHOWN IN FIG 2.1,

ejr=.05

Base Story Shear in Xl

rx Mode Number
1 2 3 4 5 6 7 8 9

1 1 .OO(J
2 0.170 1.000
3 -0,1130 0,128 1.000
4 0.024 -0.071 -0.141 1. ADO
5 0.n05 0.123 O. 187 -U.558 1.000
6 -0.023 0.088 0.166 -0.983 0.533 1.000
7 0.(1)8 -0.119 -0.196 0.641 -0.303 -0.702 1.000
8 -(J.004 0.118 O. 189 -0.599 0.298 0.657 -0.976 1,OOG
9 0.001 0.153 0.237 -0.727 0.430 0.799 -0.961 0.932 1 . i)OO

Base SLory Shear in Xz

~
Mode Number

1 2 3 4 5 6 7 8 9
l

1 1 . (JOO
2 -0.6 Il2 1. 000
1 I). 3313 -0.677 1.(JOI)
4 11.116 -0. 121 0.127 1,(01)
5 -I). 125 1).132 -O.I\B -I),n8 1.0(11)
6 -u. r r~/~ 0.1)25 -(J. 1)2~) -1l.5i\3 O. ;-'1+3 1.1)!)1)
7 i). 132 - (), 13 fl O.lll!1 (),615 -O,II?!l -il.659 1. (11)0
8 -0.123 0.129 -0.134 -0.560 (1.31\6 II. (1)1 -II, '~7 8 1. l j(IU

9 -0. 134 0, 140 -0. 1116 -0.6313 0,4/+2 O.G82 -1).99 I 0.9 1.5 1,1)(11)

To:-sional Momer:t

~
i'jode Number- 2 3 4 5 6 7 8 9-

1 1 . OI)l)
2 -().637 1 . 1)1 II)
3 0.1)61\ -Il,7])3 1.111)1)
II () .1166 II. I) ('j -Il, 12G 1.III)i)
') I) . I) 1 'j Il. (/96 -I),118S -(J.1128 1,(1111)

6 -I) .1)85 -0. 1fin 1),21() -0. 6 117 -(J. I. H) 1 ,orll)

7 ().IJ88 1),112 -1).116 I), ::>21) I). 3';B -(1,5'111 1 11(11)
8 -0.053 -O.U53 U .0')6 -1).1G9 -U.164 U,32/i -0.915 1 . ()I)U

9 -0. 1U6 -0.133 O.? 11) -1).2 16 -0. '100 (1,63 1• -1),979 1).1322 1. ()(:I)

Reproduced from
best available copy.
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TABLE 2.8

MODAL CORRELATION COEFF. FOR BENDING MOMENTS IN COL. 1 FOR
NONPROPORTIONALLY DAMPED STRUC. SHOWN IN FIG. 2.1, e/r=.05

Bending Moment in Xl

Ii\ Mode Number
1 2 3 4 5 6 "7 8 9I

1 1.oon
2 -0.658 1.U1)0
3 -U.452 -0. U13 1 .OUO
4 U. 191 -O.tHO -0.2Ul 1 . I Jill)
5 -0.016 0.0)1) 0.026 -fl. ??? 1.000
6 -0. 191 0.Uty7 U. 191 -(J.8';9 ~0.302 1 .OUO
7 0.223 -0.095 -0.237 0.605 0.281 -0.768 1.000
8 -0. 172 0.079 0.185 -0.484 -0.181 0.592 -0.900 1.000
9 -1).233 0.093 0.246 -0.620 -0.327 0.805 -0.960 0.750 1.0UO

Bending Moment in X2

f>\ Mode Number
1 " 3 4, 5 6 7 8 9.:::

1 1.000
2 -0.725 1.1)111)
3 O.55/j -0.744 1. noo
It 0.087 -0. ()68 0.058 1 .OOU
5 -n.146 0.156 -0. 146 -0.781 1. non
6 0.110 -0. 1ri 8 n.156 -\).197 -U.457 1.000
7 0.049 -I) .026 U.019 0.297 -0.120 -0.251 1.0no
8 -1).130 o . 14n -0.131 -0.522 0.452 0.036 -n.787 1.0UO
q 0.005 -O.W)I) (J.055 -0.157 -0.083 0.378 -0.941 0.5 1)8 1.11110
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TABLE 2.9

MODAL CORREL. COEFF. FOR BASE SHEARS AND TORS. MOM. FOR
NONPROP. DAMPED STRUC. SHOWN IN FIG. 2.1 FOR TWO INPUTS,

ejr=.Ol

EXCITATION ALONG Xl AND X2

Base Story Shear in Xl

1>\ Mode Number
1 2 3 4 5 6 7 8 9

1 1.000
;> -0.716 1 . OWl
3 -I). 71~4 0.140 1.000
II 0.12/1 -0. i)66 -0.105 1.000
5 -u.066 CJ.06 11 0.010 -U.657 1.000
6 -0.112 0.010 0.172 -0.693 0.015 1. GUO
7 0.157 -CJ. U8 11 -U. 13 '; 0.682 -u.380 -0.508 1.000
8 -0.092 0.091 0.01 11 -0.399 0.439 0.008 -0.667 1. (JOO
9 -0.131 0.011 0.205 -0.545 0.008 0.811 -0.694 0.008 1.00U

Base Story Shear in X2

fi\ Mode Number
1 2 3 4 5 6 7 8 9

1 1 . (IOU
2 -0.716 1. (Jun
3 -0.147 O.l!iU 1 . O[)O
II O. 122 -0.065 -0.116 1. 000
5 -0.066 0.1165 O. ()11 -0.658 1 . UO 0
6 -0. 101J G.OO9 O. 172 -0. 704 0.016 1 . ('1,10
I 0.154 -(J.U8? -0. 1I~6 0.682 -0.376 ";0.'),3 1.00U
8 -0.092 U.O<jl 0.01') -0.404 0.439 0.009 -1).668 1.DuO
9 ..,0. 119 0.i)10 O. ;'u5 -0.524 0.()1)8 0.8()4 - I). 70 ') 0.1)118 1.1)111)

Torsional Momen~

X Mode Number
1 2 3 L; 5 6 7 8 9

1 1.000
2 -0.717 1 .0(11)
) -0.7116 0.1 1.0 1.IIUO
4 -0.028 0.U10 0.035 1. UI)O
') 0.009 -O.(JI)') -0.001 -0.6 11') 1.0(1)
I) 0.1)33 -0.00\ -(J.0,)5 -(J.6':!') il. 1115 1 . orr 0
7 -0.025 i).I)01 0.0117 O.23! -11.117 -0.195 1.0IH)
R -0. OliO -1).1101) O.()(IIJ -0. 101 0.1)86 O. (1)2 -1).644 1.000
9 0.044 -0.004 -0.074 -0.218 a.a02 a.379 -1).692 0.007 1. DUO

Reproduced from
best available copy.



130

TABLE 2.10

MODAL CORREL. COEFF. FOR BASE SHEARS AND TORS. MOM. FOR
NONPROP. DAMPED STRUC. SHOWN IN FIG. 2.1 FOR TWO INPUTS,

e/r=.05

EXCITATION ALONG Xl AND Xz
Base Story Shear in Xl

f;\\ Mode Number
1 2 3 4- 5 6 7 8 9

1 1 .000
2 -0.21.1+ 1 .000
3 -().043 -().271 1 . uuo
4 0.075 -0.098 u. (JI)5 1.000
5 -0.076 0.116 -0. (I~'8 -0.792 1.(J(I(J
6 -(1.025 0.069 n. 1(13 -0.739 0.282 1. 000
7 0.075 -U.130 -().020 0.628 -0.347 -0.616 1.0UO
8 -U.089 0.103 -0.075 -0.1.86 0.337 0.287 -0.803 1.000
9 -0.012 O.12U 0.154 -0.520 0.225 0.782 -0. 742 0.250 1.000

Base Story Shear in X2

~
Mode Number

1 2 3 4- 5 6 7 8 9

1 1.000
2 II. (188 1.IJI)11
3 l) . 1,12 I) . (I II :; 1.1111U
4 -0. 1137 -0. 131 o .1)()5 1. UOO
') 0.080 O. L?ll -(I. l)1)6 -0.882 1 . uo I)

6 -U.026 O. ()l)I, -().U~~6 -0.28/) O.U26 1.000
7 -u.045 -0.147 0.076 0.515 -0. 11')0 -0.517 1. Olll)

8 U.122 0.111 -0.U19 -U.311 0. 1117 0.181 -/).792 1.0UO
9 -0. 077 0.109 -0.107 -0.473 0.226 0.660 -0.764 0.239 1.000

Torsional Moment

~
Mode Number

1 ~ 3 4- 5 6 7 8 9

1 1 .0110
~~ -11.214 1.011l)
3 -0.248 -0.266 1 .O()()
II 0.U5U -0.u06 -0. ()l19 1 . (JUO
5 -U . ()III) 0.088 -0.021 -0.821 1.0UO
6 -II. u(l4 -O.151i O. l?O -0.186 -0. 393 1 .i)(lO
7 0.021 0.062 -0.069 0.160 0.077 -U.4116 1. 000
8 U.lJ08 -0.1)1)11 -0.009 -u. 107 0.056 O. un -0.746 1.000
9 -O.U49 -u. 1111 (I. 137 -0.110 -0.239 0.621 -0.753 0.173 1.001l
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TABLE 2.11

MODAL PEAK FACTORS FOR THREE DIFFERENT INPUTS, e/r=.05, s=
7 SEC., P = O. 5

Rsponse Kanai-Tajimi White Noise
Spectra SDF SDF

Mode
Number C~dj C~dj C~vj C~dj C~vj

(1 ) (2) (3 ) (4) (5 ) ( 6)

1 2.830 2.719 2.986 2.870 3.003
-------- ------- ------- ------- ------- -------

2 2.843 2.739 2.998 2.883 3.014
-------- ------- ------- ------- ------- -------

3 2.857 2.759 3.010 2.896 3.025
-------- ------- ------- ------- ------- -------

4 3.190 3.188 3.295 3.221 3.274
-------- ------- ------- ------- ------- -------

5 3.180 3.194 3.305 3.232 3.280
-------- ------- ------- ------- ------- -------

6 3.201 3.200 3.315 3.243 3.287
-------- ------- ------- ------- ------- -------

7 3.241 3.231 3.395 3.333 3.335
-------- ------- ------- ------- ------- -------

8 3.283 3.233 3.404 3.343 3.340
-------- ------- ------- ------- ------- -------

9 3.210 3.235 3.413 3.354 3.345

TABLE 2.12

KANAI-TAJIMI SPECTRAL DENSITY FUNCTION, EQ. 2.73

i s. w. fl i1 1
ft 2 -Sec/rad Rad/Sec

1 0.0015 13 .5 0.3925
------------- --------- --------

2 0.000495 23.5 0.3600
------------- --------- --------

3 0.000375 39.0 0.3350
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TABLE 2.14

MEAN BENDING MOMENT RESPONSES OF COL. 1 OF STRUCTURE IN FIG.
2.1 FOR 15 SEC. INPUTS IN x, -DIREC. , ejr=.Ol

Type Time RS With Peak Factor
of History RS Time History

Response Response Time Resp. I Kanai-I White
Quantity Hlstory Spectral Tajimil Noise

(1 ) (2 ) (3 ) (4) I (5) I (6)

C Bending
0 M Moment in 42.0384 0.95 0.95 0.79 0.88
M 0 xI-Direc.
p D ----------- ----------
L E Bending
E Moment in 3.0408 0.78 0.73
X x2-Direc.

Bending
1. 03N Moment in 49.5760 0.99 1. 01 1. 10

0 M x1-Direc.
R 0 ----------- ----------
M D Bending
A E Moment in 3.9945 1. 42 1. 23 1. 28 1. 22
L x2-Direc.

E
R xl-Direc. 17.9 23.4

% R ----------- -----------
0 x2-Direc. 31.4 138.0
R

TABLE 2.13

MEAN BASE SHEAR AND TORSIONAL MOMENT RESPONSE OF STRUCTURE
IN FIG 2.1 FOR 15 SEC. INPUTS IN x, -DIREC. , ejr=.01

Type Time RS With Peak Factor
of History RS Time History

Response Response Time Resp. Kanai- White
Quantity History Spectra Tajimi Noise

(1 ) (2 ) (3) (4) (5 ) (6)

Ba·se Shear 24.1824 1.00 1. 01 1. 09 1. 03
C in xl-Direc
0 M ----------- ----------
M 0 Base Shear 0.6982 1.13 0.80 1. 50 1.00
P D in xz-Direc
L E ----------- ----------
E Torsional 2.5668 1.10 1. 00 1. 01 1. 00
X Moment

Base Shear 28.4551 0.99 1. 00 1.10 1. 03
N In xl-Direc
0 M ----------- ----------
R 0 Base Shear 0.5265 1. 62 1. 37 1.46 1.14
M D in x2-Direc
A E ----------- ----------
L Torsional 3.1378 1. 41 1.23 1. 27 1.12

Moment

P
E E xI-Direc. 17.7 16.6
R R ----------- ----------
C P x2-Direc. -14.7 22.4
E 0 ----------- ----------
N R Torsion 34.8 72.9
T
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TABLE 2.15

MEAN BASE SHEAR AND TORSIONAL MOMENT RESPONSE OF STRUCTURE
IN FIG. 2.1 FOR 30 SEC. INPUTS IN x\-DIREC., e/r=.Ol

Type
of

Response
Quantity

(1 )

Time
History
Response

(2)

RS
Time

History
(3 )

RS With Peak Factor
Time Historv

Resp. Kanai- White
Spectra Tajimi Noise

(4) (5) (6)

C
o M
M 0
P D
L E
E
X

N
o M
R 0
M D
A E
L

Base Shear
in xI-Direc

Base Shear
in x2-Direc

Torsional
Moment

Base Shear
in x1-Direc

Base Shear
in xz-Direc

Torsional
Moment

28.7411

0.8856

3.0679

34.5225

0.7160

4.1635

1. 03

1. 22

1.11

1. 03

1. 38

0.81

1. 04

0.42

1. 01

1.04

1. 29

1.17

1.10

1. 47

1. 05

1.11

1. 31

1. 17

1.05

1. 10

1. 01

1. 06

1.08

1. 12

P
E E x,-Direc.
R R -----------
C R x2-Direc.
E 0 -----------
N R Torsion
T

20.1

-16.4

20.4

20.0

-5.4

50.9

TABLE 2. 16

MEAN BENDING MOMENT RESPONSES OF COL. 1 OF STRUCTURE IN FIG.
2.1 FOR 30 SEC. INPUTS IN x\-DIREC. , e/r=.Ol

Type Time RS With Peak Factor
of History RS Time Historv

Response Response Time Resp. Kanai- White
Quantity History Spectra Taj imi Noise

(1) (2 ) (3 ) (4) (5 ) (6 )

C Bending
0 M Moment in 50.1255 0.96 0.97 0.84 0.92
M 0 xI-Direc.
P D ----------- ----------
L E Bending
E Moment in 3.8340 1. 08 1. 07
X X2 -Direc.

Bending
N Moment in 60.3229 1. 03 1. 03 1.11 1. 06
0 M x1-Direc.
R 0 ----------- ----------
M D Bending
A E Moment in 5.2751 1. 25 1. 18 1.18 1.13
L xz-Direc.

E
R x,-Direc. 20.3 28.1

% R ----------- ----------
0 xz-Direc. 31. 8 52.1
R
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TABLE 2.17

MEAN BASE SHEAR AND TORSIONAL MOMENT RESPONSE OF STRUCTURE
IN FIG. 2.1 FOR 15 SEC. INPUTS IN x,-DIREC., e/r=.05

Type
of

Response
Quantity

( 1 )

Time
History
Response

(2)

RS With Peak Factor
RS Time History

""'ITiiie 1-1(='e""s":::p'""...::..;r-:.:iK;?-,a::'n:;:,:;a~l':-T=T."wn'"':l'"'tO",e::-1
History Spectra Tajimi Noise

(3) (4) (5) (6)

C
o M
M 0
P D
L E
E
X

N
o M
R 0
M D
A E
L

P
E E
R R
C R
E 0
N R
T

Base Shear
in xI-Direc

Base Shear
in x2-Direc

Torsional
Moment

Base Shear
in x1-Direc

Base Shear
in xz-Direc

Torsional
Moment

xl-Direc.

xl-Direc.

Torsfon

22.8879

7.5267

8.3714

25.8960

7.0282

10.3500

13 .1

-6.6

23.6

0.88

1. 35

1.18

0.92

1. 33

1. 18

18.4

-8.0

23.4

0.91

1. 19

0.92

0.95

1. 14

1. 07

1. 14

1. 19

1.04

1. 09

1.19

1. 05

1. 00

1. 13

1. 04

0.99

1. 08

1. 07

TABLE 2.18

MEAN BENDING MOMENT RESPONSES OF COL. 1 OF STRUCTURE IN FIG.
2.1 FOR 15 SEC. INPUTS IN x,-DIREC. , e/r=.05

Type Time RS With Peak Factor
of History RS Time Historv

Response Response Time Resp. Kanai- White
Quantlty History Spectra Taj imi Noise

( 1) (2 ) (3 ) (4) (5 ) (6 )

C Bending
0 M Moment In 39.4383 0.92 0.95 1.15 1. 02
M 0 xI-Direc.
P D ----------- ----------
L E Bending
E Moment in 15.5099 1. 31 1. 08 1.14 1.11
X x2-Direc.

Bending
N Moment in 45.3322 0.95 .0.97 1. 09 1. 01
0 M xI-Direc.
R 0 ----------- ----------
M D Bendlng
A E Moment in 16.7141 1. 26 1.11 1.12 1. 10
L x2-Direc.

E
R xI-Direc. 15.0 18.9

% R ----------- ----------
0 x2-Direc. 7.8 3.7
R
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TABLE 2.19

MEAN BASE SHEAR AND TORSIONAL MOMENT RESPONSE OF STRUCTURE
IN FIG. 2.1 FOR 30 SEC. INPUTS IN x,-DIREC., e/r=.05

Type
of

Response
Quanti ty

(1 )

Time
History
Response

(2)

RS
~
History

(3 )

RS With Peak Factor
Time Historv

Resp. Kanai- White
Spectra Tajimi Noise

(4) (5) (6)

C
o M
M 0
P D
L E
E
X

N
o M
R 0
M D
A E
L

Base Shear
in Xl -Direc

Base Shear
in xz-Direc

Torsional
Moment

Base Shear
in x1-Direc

Base Shear
in x2-Direc

Torsional
Moment

27.1730

9.8576

10.7569

30.9376

9.1545

13.0475

1.00

1. 20

1. 07

1. 00

1.19

1. 09

1. 03

1.14

0.98

1. 02

1. 12

1. 05

1.17

1.12

0.99

1. 12

1. 12

1. 02

1. 08

1. 06

0.98

1. 05

1. 03

1. 02

P
E E x,-Direc. 13.9 13.8
R R ----------- ----------
C R x2-Direc. -7.1 -8.0
E 0 ----------- ----------
N R Torsion 21.3 23.7
T

TABLE 2.20

MEAN BENDING MOMENT RESPONSES OF COL. 1 OF STRUCTURE IN FIG.
2.1 FOR 30 SEC. INPUTS IN x,-DIREC., e/r=.OS

Type
of

Response
Quantity

(1 )

Time
History
Response

(2 )

RS
Time

History
(3 )

RS With Peak Factor
Time Historv

Resp. Kanai- White
Spectra Tajimi Noise

(4) (5) (6)

C
o M
M 0
P D
L E
E
X

N
o M
R 0
M D
A E
L

Bending
Moment in
x 1 -Direc.

Bendlng
Moment in
xz-Direc.

Bending
Moment in
xl-Direc.

Bending
Moment in
xz-Direc.

47.7437

21.1113

55.1707

22.4227

1. 01

1. 15

1. 00

1. 12

1. 03

1. 05

1. 00

1. 06

1. 16

1. 06

1.10

1. 05

1. 07

1. 02

1. 05

1. 02

E
R x1-Direc. 15.6 15.1

% R ----------- ----------
o x 2-Direc. 6.2 3.5
R
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TABLE 2.21

MEAN BASE SHEAR AND TORSIONAL MOMENT RESPONSE OF STRUCTURE
IN FIG. 2.1 FOR 15 SEC. INPUTS IN x,&x2-DIREC., e/r=.05

Type Time RS With Peak Factor
of History RS Time History

Response Response Time Resp. Kanal- White
Quantity History Spectra Tajimi Noise

(1 ) (2 ) (3 ) (4) (5 ) ( 5)

Base Shear 24. 1900 0.95 0.98 1.13 1. 03
C in x,-Direc
0 M ----------- ----------
M 0 Base Shear 32.5554 1. 00 1. 01 1. 07 1. 02
P D In x2-Direc
L " ----------- ----------
E Torslonal 15.7561 1. 22 1. 10 1. 07 1.11
X Moment

Base Shear 26.5838 0.95 0.98 1.09 1. 01
N in x,-Direc
0 M ----------- ----------
R 0 Base Shear 27.6810 0.92 0.95 1. 08 0.99
M D in x2-Direc
A E ----------- ----------
L Torsional 14.6672 1. 17 1.06 1.04 1. 06

Moment

P
E E xI-Direc. 10.3 10.5
R R ---------'-- ----------
C R x2-Direc. -15.0 -21. 6
E 0 ----------- ----------
N R Torsion -11.4 -16.1
T

TABLE 2.22

MEAN BENDING MOMENT RESPONSES OF COL. 1 OF STRUCTURE IN FIG.
2.1 FOR 15 SEC. INPUTS IN x,-&x2-DIREC . , e/r=.05

Type Time RS With Peak Factor
of History RS Time Historv

Response Response "'TTiiie" Resp. Kanai- White
Quantity History Spectra Taj imi Noise

( 1) (2) (3 ) (4) (5) ( 6)

C Bending
0 M Moment in 46.4398 0.99 1. 00 1. 08 1. 02
M 0 xl-Direc.
P D ----------- ----------
L E Bending
E Moment In 58.2417 1. 05 1. 05 1. 08 1. 06
X x2-Direc.

Bending
N Moment In 48.6731 0.98 0.99 1.06 1. 01
0 M xl-Direc.
R 0 ----------- ----------
M D Bending
A E Moment in 49.6462 0.97 0.99 1.09 1. 02
L x2-Direc.

E
R xI-Direc. 4.8 3.8

% R ----------- ----------
0 xz-Direc. -14.8 -20.9
R
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TABLE 2.23

MEAN BASE SHEAR AND TORSIONAL MOMENT RESPONSE OF STRUCTURE
IN FIG. 2.1 FOR 15 SEC. INPUTS IN x,-DIREC., e/r=.3

Type
of

Response
Quantity

(1 )

Time
History
Response

(2 )

RS With Peak Factor
RS Time History

"TI"iiie- ~Rne=sp=-. .::..:r"'iK-=a-=n'O'a-r1"'_'-r'btWh"':l-'t"'e:-i
History Spectra Tajimi Noise

(3) (4) (5) (6)

Base Shear 20.0987 0.92
C In x1-Direc
o M ----------- ----------
M 0 Base Shear 17.9893 0.94
P D in x 2 -Direc
L E ----------- ----------
E Torsional 14.5467 0.91
X Moment

Base Shear 20.4091 0.92
N in xI-Direc
o M ----------- ----------
R 0 Base Shear 17.8975 0.94
M D in xz-Direc
A E ----------- ----------
L Torsional 14.8616 0.90

Moment

P
E E x,-Direc. 1.5 1.4
R R ----------- ----------
C R xz-Direc. -0.5 -0.5
E 0 ----------- ----------
N R Torsion 2.2 1.3
T

0.95

0.92

0.93

0.95

0.92

0.92

1. 24

0.84

0.81

1. 24

0.84

0.80

1. 06

0.88

0.87

1.06

0.88

0.86

TABLE 2.24

MEAN BENDING MOMENT RESPONSES OF COL. 1 OF STRUCTURE IN FIG.
2.1 FOR 15 SEC. INPUTS IN x, -DIREC .• e/r=.3

Type Time RS With Peak Factor
of History RS Time Hlstory

Response Response 1'"Iiiie" Resp. Kanal- White
Quantity History Spectra Tajimi Noise

(1 ) (2 ) (3 ) (4) (5) (6)

C Bending
0 M Moment in 33.4334 0.93 0.96 1. 09 1. 01
M 0 xt-Direc.
P D ----------- ----------
L E Bending
E Moment in 30.3383 0.95 0.93 0.90 0.90
X x2-Direc.

Bending
N Moment in 34.0675 0.93 0.96 1.08 1. 00
0 M x1-Direc.
R 0 ----------- ----------
M D Bending
A E Moment In 30.2386 0.95 0.93 0.91 0.91
L x2-Direc.

E
R xI-Direc. 1.9 1.9

% R ----------- ----------
0 xz-Direc. -0.3 -0.1
R
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TABLE 2.25

MEAN BASE SHEAR AND TORSIONAL MOMENT RESPONSE OF STRUCTURE
IN FIG. 2.1 FOR 30 SEC. INPUTS IN x,-DIREC., e/r=.3

Type
of

Response
Quantity

(1 )

Time
History
Response

(2 )

RS
Tlme

History
(3 )

RS With Peak Factor
Time History

Resp. Kanai- White
Spectra Tajimi Noise

(4) (5) (6)

Base Shear 23.4013 1.00
C in x,-Direc
o M ----------- ----------
M 0 Base Shear 20.9401 1.00
P :J In xz-Direc
L E ----------- ----------
E Torsional 17.4004 0.91
X Moment

Base Shear 23.7054 1.00
N in xl-Direc
o M ----------- ----------
R 0 Base Shear 20.8217 1.00
M D ln x2-Dlrec
A E ----------- ----------
L Torsional 17.6861 0.91

Moment

P
E E x,-Direc. 1.3 1.3
R R ----------- ----------
C R x2-Direc. -0.5 -0.6
E 0 ----------- ----------
N R Torsion 1.4 1.6
T

1. 03

0.99

0.94

1. 03

0.99

0.93

1. 25

0.92

0.84

1. 24

0.92

0.84

1.11

0.95

0.88

1.11

0.95

0.88

TABLE 2.26

MEAN BENDING MOMENT RESPONSES OF COL. I OF STRUCTURE IN FIG.
2.1 FOR 30 SEC. INPUTS IN x,-DlREC., e/r=.3

Type Time RS With Peak Factor
of History RS Time History

Response Response Time Resp. Kanai- White
Quantity History Spectra Tajimi Noise

(1 ) (2 ) (3 ) (4) (5 ) (6)

C Bending
0 M Moment in 39.4743 0.98 1. 00 1.11 1. 05
M 0 xt-Direc.
p D ----------- ----------
L E Bending
E Moment in 36.5436 0.97 0.97 0.92 0.93
X xz-Direc.

Bending
N Moment in 40.2641 0.98 1. 00 1.11 1. 04
0 M x1-Direc.
R 0 ----------- ----------
M D Bending
A E Moment in 36.5004 0.97 0.96 0.92 0.93
L x2-Direc.

E
R xI-Direc. 2.0 1.8

% R ----------- ----------
0 x2-Direc. -0.1 -0.2
R
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TABLE 2.27

MEAN+l SDV BASE SHEAR AND TORSIONAL MOMENT RESPONSE OF
STRUCTURE IN FIG. 2.1 FOR 15 SEC. INPUTS IN x,-DIREC.,

e/r=.Ol

Type
of

Response
Quantity

(1 )

Time
History
Response

(2)

RS With Peak Factor
RS Time History

'T'I'iTi'e" hR"e:"s=p=-.':;:'~K7a:::n'::a7ic;:-:.:;:.:-tWh=i""t:-:e'-;
History Spectra Tajimi Noise

(3) (4) (5) (6)

Base Shear 28.7081 1.00
C in xt-Direc
o M ----------- ----------
M 0 Base Shear 0.8389 1.11
P D in x2-Direc
L E ----------- ----------
E Torsional 2.9815 1.08
X Moment

Base Shear 34.3384 0.99
N in Xl -Direc
o M ----------- ----------
R 0 Base Shear 0.7083 1.39
M D in xz-Direc
A E ----------- ----------
L Torsional 4.0719 1.25

Moment

P
E E x,-Direc. 19.6 19.0
R R ----------- ----------
C R xz-Direc. -15.6 5.3
E 0 ----------- ----------
N R Torsion 36.6 58.0
T

1. 00

0.83

1. 01

0.99

1. 23

1.14

1. 05

1. 33

1. 03

1. 06

1.27

1.15

1. 02

1. 02

1. 00

1. 02

1. 09

1.13

TABLE 2.28

MEAN+1 SDV BENDING MOMENT RESPONSES OF COL. 1 OF STRUCTURE
IN FIG. 2.1 FOR 15 SEC. INPUTS IN x, -DIREC. , e/r=.Ol

Type Time RS With Peak Factor
of History RS Time History

Response Response Ti'iiie Resp. Kanai- White
Quantity History Spectra Tajimi Noise

(1) (2) (3 ) (4) (5 ) ( 6)

C Bending
0 M Moment in 49.7289 0.94 0.94 0.84 0.99
M 0 xt-Direc.
P D ----------- ----------
L E Bending
E Moment in 3.9170 0.87 0.84
X x2-Direc.

Bending
N Moment In 59.7547 0.99 1. 00 1. 06 1. 02
0 M xt-Direc.
R 0 ----------- ----------
M D Bending
A E Moment in 5.1956 1. 26 1.15 1.15 1. 12
L x2-Direc.

E
R x1-Direc. 20.2 26.5

% R ----------- ----------
0 xz.-Direc. 32.6 92.2
R
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TABLE 2.29

MEAN+l SDV BASE SHEAR AND TORSIONAL MOMENT RESPONSE OF
STRUCTURE IN FIG. 2.1 FOR 30 SEC. INPUTS IN x,-DIREC.,

e/r=.Ol

Type
of

Response
Quantity

(1 )

Time
History
Response

(2 )

RS With Peak Factor
RS Time Histor
~ "R'e:-s"'p=-.~:::';;K':"a=n':'a-?i"'-T-;'Wh=i-:;t:-:e:-i
History Spectra Tajimi Noise

(3) (4) (5) (6)

Base Shear 32.0267 1.01
C in xl-Direc
o M ----------- ----------
M 0 Base Shear 1.0599 1.19
P D in x2-Direc
L E ----------- ----------
E Torsional 3.5650 1.14
X Moment

Base Shear 39.7997 1.02
N in Xl -Direc
o M ----------- ----------
R 0 Base Shear 0.8713 1.23
M D in x2-Direc
A E ----------- ----------
L Torsional 4.9136 1.13

Moment

P
E E x,-Direc. 21.8 21.8
R R ----------- ----------
C R x2-Direc. -17.8 -15.0
E 0 ----------- ----------
N R Torsion 37.8 36.4
T

TABLE 2.30

1. 03

0.87

1. 07

1. 01

1.18

1. 10

1. 09

1. 35

1. 10

1. 07

1.17

1. 08

1. 06

1. 10

1. 07

1. 04

1. 03

1. 05

MEAN+1 SDV BENDING MOMENT RESPONSES OF COL. 1 OF STRUCTURE
IN FIG. 2.1 FOR 30 SEC. INPUTS IN x,-DIREC., e/r=.Ol

Type Time RS With Peak Factor
of History RS Time Historv

Response Response TTilie Resp. Kanai- White
Quantity History Spectra Taj imi Noise

(1 ) (2 ) (3 ) (4) (5) (6)

C Bending
0 M Moment in 56.6765 0.97 0.98 0.91 0.96
M 0 x 1 -Direc.
P D ----------- ----------
L E Bending
E Moment in 4.7725 1. 32 1. 29
X x2-Direc.

Bending
N Moment in 69.8549 1. 01 1.00 1. 07 0.95
0 M xl-Direc.
R 0 ----------- ----------
M D Bending
A E Moment in 6.2817 1.15 1.10 1. 08 1. 05
L x 2 -Direc.

E
R xl-Direc. 21.1 26.2

% R ----------- ----------
0 x2-Direc. 31.6 13.2
R
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TABLE 2.31

MEAN+1 SDV BASE SHEAR AND TORSIONAL MOMENT RESPONSE OF
STRUCTURE IN FIG. 2.1 FOR 15 SEC. INPUTS IN x,-DIREC.,

e/r=.OS

Type
of

Response
Quantity

(1 )

Time
History
Response

(2 )

RS With Peak Factor

RS J--,=-=--=.T...i:::m",e~H~i-o:sc:t:..:;o~r""",Y:7"::~'"
~ Resp. Kanai- White
History Spectra Tajimi Noise

(3) (4) (5) (6)

Base Shear 25.9092 0.94
C ln x,-Direc
o M ----------- ----------
M 0 Base Shear 9.7278 1.21
P D in x2-Direc
L E ----------- ----------
E Torsional 10.3743 1.10
X Moment

Base Shear 30.8444 0.95
N in x,-Direc
o M ----------- ----------
R 0 Base Shear 9.0535 1.20
M D in x2-Direc
A E ----------- ----------
L Torsional 12.9587 1.09

Moment

P
E E x,-Direc. 14.6 15.7
R R ----------- ----------
C R x2-Direc. -6.9 -7.9
E 0 ----------- ----------
N R Torsion 24.9 23.5
T

TABLE 2.32

0.96

1.11

1. 01

0.97

1. 08

1. 03

1.12

1. 09

1.00

1. 07

1.09

0.99

1. 02

1. 07

1. 01

1. 00

1. 03

1. 02

MEAN+1 SDV BENDING MOMENT RESPONSES OF COL. 1 OF STRUCTURE
IN FIG. 2.1 FOR 15 SEC. INPUTS IN x,-DlREC., e/r=.05

Type Time RS With Peak Factor
of History RS Tlme Hlstory

Response Response "T'i'iiii3 Resp. Kanai- White
Quanti ty History Spectra Taj imi Noise

(1 ) (2 ) (3 ) (4) (5 ) (6)

C Bending
0 M Moment in 46.0620 0.97 0.99 1. 13 1.04
M 0 xl-Direc.
p D ----------- ----------
L E Bending
E Moment in 20.1079 1. 17 1. 07 1. 06 1. 04
X x 2 -Direc.

Bending
N Moment in 53.8456 0.97 0.98 1. 07 1. 01
0 M xt-Direc.
R 0 ----------- ---------- -------
M D Bending
A E Moment in 21.4019 1. 15 1. 06 1. 04 1. 04
L xz-Direc.

E
R xl-Direc. 16.9 16.9

% R ----------- ----------
0 x2-Direc. 5.4 3.8
R
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TABLE 2.33

MEAN+l SDV BASE SHEAR AND TORSIONAL MOM. RESPONSE OF
STRUCTURE IN FIG. 2.1 FOR 15 SEC. INPUTS IN x, -&xz -DIREC. ,

e/r=.05

Type Time RS With Peak Factor
of History RS Tlme Hlstory

Response Response Time Resp. Kanai- White
Quantity History Spectra Tajimi Noise

(1 ) (2) (3 ) (4) (5 ) ( 6)

Base Shear 28.5099 1. 00 1. 01 1.11 1. 05
C in x, -Direc
0 M ----------- ----------
M 0 Base Shear 39.8522 0.98 0.98 1. 01 0.99
P D in xz-Direc
L E ----------- ----------
E Torsional 21.3731 1.09 1.01 0.96 1. 01
X Moment

Base Shear 31.9329 0.98 0.98 1. 05 1. 01
N in x1-Direc
0 M ----------- ----------
R 0 Base Shear 33.4897 0.94 0.95 1.04 0.98
M D in x2-Direc
A E ----------- ----------
L Torsional 18.9684 1. 03 0.97 0.93 0.96

Moment

P
E E xI-Direc. 12.0 9.1
R R ----------- ----------
C R x2-Direc. -16.0 -19.4
E 0 ----------- ----------
N R Torsion -11.3 -15.7
T

TABLE 2.34

MEfu~+1 SDV BENDING MOMENT RESPONSES OF COL. 1 OF STRUCTURE
IN FIG. 2.1 FOR 15 SEC. INPUTS IN x,-&x2-DIREC., e/r=.05

Type
of

Response
Quantity

(1 )

Time
History
Response

(2 )

RS With Peak Factor
RS Tlme Hlstory

TTiiiE! l-R=e"'sp'--.'::';:':'::';;K"'a-=n'-'a-71:"::_Tfwn;"-'.1-:;t:-:e:-4
History Spectra Tajimi Noise

(3) (4) (5) (6)

C
o M
M 0
P 0
L E
E
X

N
o M
R 0
M D
A E
L

Bending
Moment in
xI-Direc.

Bending
Moment in
x2-Direc.

Bending
Moment in
x,-Direc.

Bending
Moment in
x2-Direc.

53.9901

70.7030

57.6737

59.6700

1. 02

1. 01

0.99

0.97

1. 03

1. 01

0.99

0.97

1. 08

1. 02

1.04

1. 01

1. 04

1. 01

1. 01

1. 00

E
R x,-Direc. 6.8 3.7

% R ----------- ----------
o x2-Direc. -15.6 -19.4
R
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TABLE 2.35

DYNAMIC CHARACTERISTICS OF STRUCTURE IN FIG. 2.13

Mode Frequency Damping Participation
Number cps. Ratio Factor

1 1. 064 .0113 318.984
------ --------- --------- -------------

2 3.168 .0274 -104.733
------ --------- --------- -------------

3 5.200 .0455 60.908
------ --------- --------- -------------

4 7.117 .0611 41.404
------ --------- --------- -------------

5 8.850 .0776 29.975
------ --------- --------- -------------

6 10.438 .0890 22 .180
------ --------- - - - - -,._- -- -------------

7 11.765 .1008 16.298
------ --------- --------- -------------

8 12.825 .1102 11. 512
------ --------- --------- -------------

9 13.605 .1169 7.734
------ --------- --------- -------------

10 14.085 .1245 3.603
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TABLE 2.36

MEAN STORY SHEAR RESPONSES OF STRUCTURE IN FIG. 2.13 FOR 15
SEC. INPUTS

Time Rs With Peak Factor
Story History RS Tlme Hlstory
Number Response Tlriie" Resp. Kanai- White

(x10 6 ) History Spectra Tajimi Noise
(1 ) (2 ) ( 3 ) (4) (5 ) (6 )

1 0.4717 0.96 0.99 1.13 1. 02

2 0.4541 0.97 1. 00 1. 12 1. 01

3 0.4262 0.92 1. 01 1.11 1. 02

4 0.3962 0.99 1. 02 1.10 1. 02

5 0.3666 0.98 1. 01 1.08 1.00

6 0.3328 0.96 1. 00 1. 06 0.98

7 0.2910 0.94 1. 00 1. 03 0.96

8 0.2388 0.92 0.99 1. 01 0.95

9 0.1735 0.90 0.98 0.99 0.94

10 0.0928 0.89 0.98 0.97 0.94

TABLE 2.37

MEAN STORY SHEAR RESPONSES OF STRUCTURE IN FIG. 2.13 FOR 30
SEC. INPUTS

Time Rs With Peak Factor
Story History RS Time History
Number Response Tlriie" Resp. Kanal Whlte

(xl0 6 ) History Spectra Tajimi Noise
(1 ) (2 ) (3 ) (4) (5 ) (6)

1 0.6739 0.99 1. 03 1.11 1.04

2 0.6546 1. 00 1. 03 1. 09 1. 03

3 0.6221 1. 00 1. 03 1. 08 1. 02

4 0.5840 0.99 1. 02 1. 07 1. 01

5 0.5418 0.97 1. 01 1. 04 0.99

6 0.4880 0.96 1.00 1. 02 0.97

7 0.4207 0.94 0.99 1. 01 0.96

8 0.3414 0.93 0.99 0 .99 O. 95

9 0.2454 O. 91 o '18 0 97 0 .94

10 0.1298 0 .89 0.98 O. 96 O. 94
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TABLE 2.38

MEANS AND COEFFICIENTS OF VARIATION OF RESPONSE RATIOS GIVEN
IN TABLES 2.13 THROUGH 2.34

Without Wi th Peak Factor
Peak Factor IResp. Spect rCl Kanal-TaJIIDI wrl I te No I se

Type of
Response Mean COV. Mean COV. Mean COV. Mean COV.

xl-Shear 0.98 0.04 1. 00 0.05 1. 14 0.04 1. 05 0.03
c -------- ------ - ----- ------ ------ ------ ------ ------ ------
0 M x2-Shea r 1.08 0.12 0.96 0.18 1. 12 0.17 1. 02 0.06
M 0 -------- ------ ------ ------ ------ ------ ------ ------ ------
P D Torsion 1. 04 0.10 0.98 0.05 0.96 0.10 0.97 0.07
L E -------- ------ ------ ------ ------ ------ ------ ------ ------
E xl-MolD. 0.97 0.03 0.98 0.03 1. 02 O. 11 0.99 0.06
X -------- ------ ------ ------ ------ ------ ------ ------ ------

x2-MolD. 1. 04 0.14 1. 00 0.12 1.02 0.07 1.00 0.06

xl-Shear 0.98 0.04 0.99 0.03 1.12 0.05 1.04 0.03
N -------- ------ ------ ------ ------ ------ ------ ------ ------
0 M x2-Shea r 1. 13 0.19 1. 08 0.12 1.10 0.14 1. 01 0.06
R a -------- ------ ------ ------ ------ ------ ------ ------ ------
M D Tors ion 1. 04 0.15 0.99 0.20 0.99 0.14 0.99 0.09
A E -------- ------ ------ ------ ------ ------ ------ ------ ------
L xl-Mom. 0.98 0.03 0.99 0.02 1. 07 0.03 1.01 0.03

-------- ------ ------ ------ ------ ------ ------ ------ ------
x2-Mom. 1.09 0.13 1.05 0.08 1. 06 0.09 1.03 0.08

ave ra II
Mean and cav 1. 033 0.128 1.001 0.112 1.058 0.117 1. 012 0.065
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TABLE 3.1

PARAMETERS OF THE SPECTRAL DENSITY FUNCTIONS OF THE
PRINCIPAL COMPONENTS

Excitation i slI.i wlI.i ~h

in Direction ft 2 -Sec/rad Rad/Sec

1 0.0015 13.5 0.3925
----- ------------- --------- --------

1 2 0.000495 23.5 0.3600
----- ------------- ----'----- --------

3 0.000375 39.0 0.3350

1 0.0010 15.5 0.5000
----- ------------- --------- --------

2 2 0.00033 27.5 0.4000
----- ------------- --------- --------

3 0.00025 42.0 0.3000

1 0.0005 10.5 0.3000
----- ------------- --------- --------

3 2 0.000165 19.5 0.2000
----- ------------- --------- --------

3 0.000125 33.0 0.1800
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TABLE 3.2

DYNAMIC CHARACTERISTICS OF STRUCTURE IN FIG. 2.1 FOR ejr=.Ol
AND w=10 cps.

COMPLEX MODE NORMAL MODE
APPROACH APPROACH

Mode Frequency Damping Frequency Damping
No. cps. Ratio cps. Ratio

1 6.2367 .0064 6.2362 .0097
--------- ---------

2 6.2375 .0129 6.2369 .0097
--------- ---------

3 8.3126 .0499 8.2941 .0500
--------- ---------

4 12.7959 .0195 12.7943 .0293
--------- ---------

5 12.8008 .0391 12.7959 .0293
--------- ---------

6 16.0028 .0794 16.0341 .0792
--------- ---------

7 17.7107 .0275 17.7211 .0206
--------- ---------

8 17.7189 .0138 17.7211 .0207
--------- ---------

9 36.8324 .0194 36.8473 .0194

TABLE 3.5

PARTICIPATION FACTORS OF STRUCTURE IN FIG. 2.1 ejr=.Ol AND
w=10 cps. FOR THE EXCITATION COMPONENTS

Mode Participation factors in x£ direction

No. x, x 2 X, x, x.

1 1.437 -1 .437 62.30 62.30 0.028

2 1.437 1.437 -62.31 62.30 0.000

3 -0.031 0.031 -1.14 -1.14 1. 574

4 -0.071 0.071 -7.29 -7.29 0.028

5 -0.072 -0.072 7.30 7.30 -0.078

6 -0.037 0.037 -0.45 -0.45 0.107

7 0.666 0.666 -8.03 8.03 0.000

8 -0.665 0.665 -8.03 -8.03 -0.040

9 -0.003 0.003 -0.04 -0.04 1.515
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TABLE 3.3

DYNAMIC CHARACTERISTIC OF STRUCTURES IN FIG. 2.1 FOR e/r=.Ol
AND w=33.4 cps.

COMPLEX MODE NORMAL MODE
APPROACH APPROACH

Mode Frequency Damping Frequency Damping
No. cps. Ratio cps. Ratio

1 20.8464 .0064 20.8420 .0097
--------- ---------

2 20.8468 .0129 20.8455 .0097
--------- ---------

3 27.7855 .0499 27.7239 .0500
--------- ---------

4 42.7679 .0195 42.7606 .0293
--------- ---------

5 42.7844 .0391 42.7643 .0293
--------- -------.--

6 53.4845 .0794 53.5906 .0792
--------- ---------

7 59.1926 .0275 59.2417 .0206
--------- ---------

8 59.2207 .0138 59.2347 .0207
--------- ---------

9 123.1072 .0194 123.1527 .0194

TABLE 3.4

DYNAMIC CHARACTERISTICS OF STRUCTURE IN FIG. 2.1 FOR e/r=.Ol
AND w=50. cps.

COMPLEX MODE NORMAL MODE
APPROACH APPROACH

Mode Frequency Damping Frequency Damping
No. cps. Ratio cps. Ratio

1 31.1429 .0127 31.0945 .0100
--------- ---------

2 31.1429 .0069 31.1847 .0097
--------- ---------

3 41.6840 .0498 41. 5749 .0498
--------- ---------

4 63.8978 .0199 63.7959 .0296
--------- ---------

5 63.9182 .0391 63.9754 .0293
--------- ---------

6 80.1976 .0778 80.2826 .0772
--------- ---------

7 88.5897 .0281 88.6053 .0206
--------- ---------

8 88.6289 .0143 88.7469 .0222
--------- ---------

9 184.4679 .0194 184.5359 .0194
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TABLE 3.6

BASE SHEARS, TORSIONAL MOMENT AND COLUMN BENDING MOMENTS FOR
STRUCTURE IN FIG 2.1, c=1000. fps, e/r=.Ol, w=lO. cps.

Translational Translational
and Rotational Excitation in

Excitations xl-&xz-Direc.

Type of Maximum RS Maximum RS 4/2
Response Resp. Max. Resp. Max.

( 1 ) (2 ) ( 3 ) (4) (5 ) (6)

Shear in 18.075 0.900 11. 876 1.000 .657
xl-Direc.
--------- ------- ------- ------- ------- ------
Shear in 25.422 0.869 16.527 0.964 .650

C xz-Direc.
0 M --------- ------- ------- ------- - - - _.- -- ------
M 0 Torsional 0.329 0.986 0.206 0.986 .626
P D Moment
L E --------- ------- ------- ------- ------- ------
E Moment in 45.121 0.900 29.625 1.000 .657
X xl-Direc.

--------- ------- ------- ------- ------- ------
Moment in 63.435 0.869 39.741 0.964 .626
x 2 -Direc.

Shear in 20.795 0.898 13.592 1.000 .654
xl-Direc.
--------- ------- ------- ------- ------- ------
Shear in 20.795 0.870 13.592 0.961 .654

N Xz -Direc.
0 M --------- ------- ------- ------- ------- ------
R 0 Torsional 0.314 0.995 0.198 0.990 .631
M D Moment
A E --------- ------- ------- ------- --_."- --- ------
L Moment in 51. 902 0.898 33.905 1. 000 .653

xl-Direc.
--------- ------- ------- ---.---- ------- ------
Moment in 51.902 0.869 33.905 0.961 .653
xz-Direc.
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TABLE 3.7

BASE SHEARS, TORSIONAL MOMENT AND COLUMN BENDING MOMENTS FOR
STRUCTURE IN FIG 2.1, c=1000. fps, e/r=.Ol, w=50. cps.

Translational Translational
and Rotational Excitation in

Excitations Xl-&x2-Direc.

Type of Maximum RS Maximum RS 4/2
Response Resp. Max. Resp. Max.

( 1 ) (2 ) (3 ) (4) (5 ) (6 )

Shear in 4.319 0.921 3.349 1.000 .775
xl-Direc.
---------- ------- ------- ------- ------- ------
Shear in 4.319 0.829 3.349 0.867 .775

C x2-Direc.
0 M --------- ------- ------- ------- ------- ------
M 0 Torsional 0.074 0.984 0.001 0.996 .014
p D Moment
L E --------- ------- ------- ------- ------- ------
E Moment in 10.793 0.921 8.362 1.000 .775
X x1-Direc.

--------- ------- ------- --,,----- ------- ------
Moment in 10.793 0.829 8.362 0.867 .775
x2-Direc.

Shear in 4.319 0.921 3.349 1.000 .775
x1-Direc.
--------- ------- ------- ------- ------- ------
Shear in 4.319 0.829 3.349 0.867 .775

N x2-Direc.
0 M --------- ------- ------- ------- ------- ------
R 0 Torsional 0.073 0.984 0.001 0.996 0.014
M D Moment
A E --------- ------- ------- ------- ------- ------
L Moment in 10.794 0.921 8.362 1.000 .775

xl-Direc.
--------- ------- ------- ------- ------- ------
Moment in 10.794 0.829 8.362 0.867 .775
x2-Direc.

L
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TABLE 3.8

BASE SHEARS, TORSIONAL MOMENT AND COLUMN BENDING MOMENTS FOR
STRUCTURE IN FIG 2.1, c=1000. fps, e/r=.3, w=10. cps.

Translational Translational
and Rotational Excitation in

Excitations Xl-&x2-Direc.

Type of Maximum RS Maximum RS 4/2
Response Resp. MaX: Resp. Max.

( 1 ) (2 ) (3) (4) (5 ) (6 )

Shear in 17.734 0.903 11. 513 1.000 .649
x1-Direc.
--------- ------- ------- ------- ------- ------
Shear in 18.073 0.894 11.742 0.983 .650

C x2-Direc.
0 M --------- ------- ------- ------- ------- ------
M 0 Torsional 3.869 0.981 2.998 0.981 .775
p D Moment
L E --------- ------- ------- ------- ------- ------
E Moment in 43.621 0.893 27.875 1.0bO .639
X xl-Direc.

--------- ------- ------- ------- ------- ------
Moment in 44.392 0.885 28.404 0.983 .640
x2-Direc.

Shear in 17.819 0.902 11.557 1.000 .649
xl-Direc.
--------- ------- ------- ------- ------- ------

Shear in 17.819 0.893 11.557 0.984 .649
N x2-Direc.
0 M --------- ------- ------- ------- ------- ------
R 0 Torsional 3.831 0.982 2.972 0.982 .776
M D Moment
A E --------- ------- ------- ------- ------- ------
L Moment in 43.820 0.893 27.981 1.000 .639

xl-Direc.
--------- ------- ------- ------- ------- ------
Moment in 43.820 0.884 27.981 0.984 .639
x2-Direc.
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TABLE 3.9

BASE SHEARS, TORSIONAL MOMENT AND COLUMN BENDING MOMENTS FOR
STRUCTURE IN FIG 2.1, c=1000. fps, e/r=.3, w=50. cps.

Translational Translational
and Rotational Excitation in

Excitations Xl-&x2-Direc.

Type of Maximum RS Maximum RS 4/2
Response Resp. Max. Resp. Max.

( 1 ) ( 2 ) ( 3 ) (4 ) ( 5 ) (6)

Shear in 4.329 0.921 3.352 1.000 .774
xl-Direc.
--------- ------- ------- ------- ------- ------
Shear in 4.329 0.830 3.352 0.867 .774

C x2-Direc.
0 M --------- ------- ------- ------- ------- ------
M 0 Torsional 0.066 0.775 0.032 0.996 .485
p D Moment
L E --------- ------- ------- ------- ------- -------
E Moment in 10.538 0.917 8.107 1.000 .769
X xl-Direc.

--------- ------- ------- ------- ------- -------

Moment in 10.539 0.826 8.107 0.867 .769

i x2-Direc.

Shear in 4.329 0.921 3.352 1.000 .774

I
x1-Direc.
------~-- ------- ------- ------- ------- ------
Shear in 4.329 0.830 3.352 0.867 .774

,N x2-Direc.
0 M ---_..----- ------- ------- ------- ------- ------
R 0 Torsional 0.068 0.982 0.032 0.996 0.471
M D Moment
A E --------- ------- ------- ------- ------- ------
L Moment in 10.539 0.917 8.107 1.000 .769

xl-Direc.
--------- ------- ------- ------- ------- ------
Moment in 10.539 0.826 8.107 0.867 .769
x2-Direc.
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TABLE 3.10

BASE SHEARS, TORSIONAL MOMENT AND COLUMN BENDING MOMENTS FOR
STRUCTURE IN FIG 2.1, c=2000. fps, e/r=.Ol, w=10. cps.

Translational Translational
and Rotational Excitation in

Excitations Xl-&x2-Direc.

Type of Maximum RS Maximum RS 4/2
Response Resp. Max. Resp. Max.

( 1 ) (2 ) (3) (4 ) (5 ) (6 )

Shear in 13.701 0.959 11.876 1.000 .869
x 1 -Direc.
--------- ------- ------- ------- ------- ------
Shear in 19.136 0.925 16.527 0.964 .864

C xz-Direc.
0 M --------- ------- ------- ------- ------- ------
M 0 Torsional 0.244 0.988 0.206 0.986 .844
P D Moment
L E --------- ------- ------- ------- ------- ------
E Moment in 34.185 0.959 29.625 1.000 .867
X xI-Direc.

--------- ------- ------- ------- ------- ------
Moment in 47.738 0.925 39.741 0.964 .832
x2-Direc.

Shear in 15.708 0.958 13.592 1.000 .856
xl-Direc.
--------- ------- ------- ------- ------- ------
Shear in 15.708 0.923 13.592 0.961 .856

N x2-Direc.
0 M --------- ------- ------- ------- ------- ------

R 0 Torsional 0.234 0.992 0.198 0.990 .846
M D Moment
A E --------- ------- ------- ------- ------- ------
L Moment in 39.191 0.958 33.905 1.000 .865

x 1 -Direc.
--------- ------- ------- ------- ------- ------
Moment in 39.191 0.923 33.905 0.961 .865
x2-':Direc.
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TABLE 3.11

BASE SHEARS, TORSIONAL MOMENT AND COLUMN BENDING MOMENTS FOR
STRUCTURE IN FIG 2.1, c=2000. fps, e/r=.3, w=10. cps.

Translational Translational
and Rotational Excitation in

Excitations Xl-&x2-Direc.

Type of Maximum RS Maximum RS 4/2
Response Resp. Max. Resp. Max.

( 1 ) (2) ( 3 ) (4 ) (5 ) (6 )

Shear in 13.037 0.983 11.513 1.000 .883
xl-Direc.
--------- ------- ------- ------- ------- ------
Shear in 13.291 0.969 11.742 0.983 .883

C x2-Direc.
0 M --------- ------- ------- ------- ------- ------
M 0 Torsional 3.227 0.981 2.998 0.981 .929
p D Moment
L E --------- ------- ------- ------- ------- ------
E Moment in 31. 736 0.979 27.875 1.000 .878
X xl-Direc.

---------- ------- ------- --_._--- ------- ------
Moment in 32.309 0.966 28.404 0.983 .879
x2-Direc.

Shear in 13.089 0.983 11. 557 1.000 .883
xl-Direc.
--------- ------- ------- ------- ------- ------
Shear in 13.089 0.969 11. 557 0.984 .883

N x2-Direc.
0 IvI --------- ------- ------- ------- ------- ------
R 0 Torsional 3.198 0.982 2.972 0.982 .929
M D Moment
A E --------- ------- ------- ------- ------- ------

L Moment in 31.860 0.979 27.981 1.000 .878
xl-Direc.
--------- ..... _----- ------- ------- ------- ------
Moment in 31.860 0.966 27.981 0.984 .877
x2-Direc.
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TABLE 3.12

BASE SHEARS, TORSIONAL MOMENTS AND COL. BENDING MOM. FOR A
SIX STORY STRUCT. IN FIG. 2.1, c=1000 fps, e/r=.3, w=33.4

cps.

Translational Translat:ional
and Rotational Excitations

Excitations

Type of Maximum RS Maximum RS 4/2
Response Resp. Max. Resp. Max.

(1 ) (2 ) (3 ) (4) (5) (6 )

Shear in 30.138 0.767 12.835 0.997 .426
xl-Direc.
----- ... --- ------- ------- ------- ------- ------
Shear in 30.138 0.762 12.835 0.984 .426

N xz-Direc.
0 M --------- ------- ------- -----.-- -_._---- ------
R 0 Torsional 10.060 0.999 7.744 0.998 .770
M D Moment
A E --------- ------- ------- -----_ .... ------- ------
L Moment in 51. 692 0.754 20.540 0.995 .397

xl-Direc.
--------- ------- ------- ------- ------- ------
Moment in 51.692 0.752 20.540 0.989 .397
xz-Direc.

TABLE 3.13

BASE SHEARS, TORSIONAL MOMENTS AND COL. BENDING MOM. FOR A
SIX STORY STRUCT. IN FIG. 2.1, c=2000 fps, e/r=.3, w=33.4

cps.

I I Translational 1 Translational I
I land Rotational I Excitations I
I I Excitations I I

I Type of IMaximuml RS IMaximum I RS I 4/2
IResponse I Resp. I Max. I Resp. I Max. I
I (1) I (2) I (3 ) 1 (4) I (5 ) I (6 )

Shear in 117.904 I 0.895 112.835 I 0.997 .717
Xl -Direc. I I I I
---------1-------1-------1-------1------- ------

Shear in 117.904 I 0.887 112,835 0.984 .717
N IXz-Direc. I I
0 MI--------- -------1-------1------- ------- ------
R OITorsional 9.363 0.998 I 7.744 0.998 .827
M DI Moment I
A EI---------I------- -------1------- ------- ------
L IMoment in130.683 0.859 20.540 I 0.995 .669

1Xl -Direc. I 1
1---------1------- ------- -------1------- ------
1Moment in130.683 0.855 20.540 I 0.989 I .669
IXz-Direc. I I I I 1
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TABLE 3.14

MASS, STIFFNESS, AND CROSS SECTIONAL PROPERTIES OF THE SPACE
FRAME IN FIG. 3.1

Member Length d A Ix Iy Iz
Number (inch) (in. ) (in. ) Ksi Ksi Ksi

1 301. 12.75 36.9 641.7 641. 7 1283.4
2 312. 12.75 36.9 641.7 641. 7 1283.4
3 354. 12.75 36.9 641.7 641.7 1283.4
4 294. 12.75 36.9 641.7 641.7 1283.4
5 71. 10.75 11. 91 160.7 160.7 321.4
6 101. 10.75 11. 91 160.7 160.7 321. 4
7 108. 10.75 11. 91 160.7 160.7 321. 4
8 51. 10.75 11. 91 160.7 160.7 321.4

JOINT COORDINATES IN INCH

joint Xl X2 X3

Number (inch) (in. ) (in. )

1 48.0 0.0 0.0
2 90.0 78.0 0.0
3 -6.0 95.0 6.0
4 -6.0 -12.0 6.0
5 48.0 18.0 300.0
6 88.0 76.0 312.0
7 0.0 90.0 360.0
8 0.0 0.0 300.0
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TABLE 3.15

NATURAL FREQUENCIES AND PARTICIPATION FACTORS FOR THE SIX
COMPONENTS OF EXCITATION OF SPACE FRAME IN FIG. 3.1

Mode Frequency Participation factors in x direction
p

No. cps. Xl X2 X3 X" Xs X6

1 0.564 -0.5460 2.3337 -0.1074 -774.17 -141.40 -121.33
2 0.633 2.2605 0.5021 0.1388 -116.31 686.11 -160.03
3 1.210 0.2753 0.5557 -0.0448 -174.15 74.00 95.06
4 2.673 0.0984 0.0759 -0.5542 -253.73 180.40 -0.5346
5 8.831 0.0562 -0.0302 -0.3229 - 79.29 98.53 -1 .81t84
6 10.276 0.0098 -0.0208 0.3323 126.48 -121.03 9.0406
7 11. 853 -0.0346 -0.0142 0.0190 17 .51 - 2.78 2.0906
8 13.241 -0.1365 0.0757 1.2742 383.52 -378.99 12.3191
9 13.990 0.01n8 0.0056 -0.6682 -201.43 192.39 -0.5572

10 15.')41 -0.0937 0.1096 1.1526 304.69 -308.01 -3.5955
1 1 26.0278 0.0053 0.0138 -0.2616 -92.31 93.5/j 3.1276
12 37.9432 -0.0015 0.0051 -0.0959 -60.98 30.19 0.5635
13 52.2059 -0.0119 0.0026 0.0010 -9.13 -22.05 0.6944
1/~ 69.26/19 0.0049 -0.0071 0.6293 231.97 -218.81 -0.4193
15 81.4734 0.0144 0.0104 1.0235 314.65 -326.39 -0.7878
16 86.4329 0.0092 0.0276 0.7315 206.00 -215.84 -0. 5L~46
17 93.78(;6 0.0030 0.0047 0.0175 2.79 -2.95 -0.1664
18 101.5223 -0.0065 0.0137 0.0177 -0.57 4.77 -0.2279
19 106.8117 -0.0057 0.0021 -0.0048 -10.36 22.25 0.5578
20 110.2381 -0.0011 0.0112 0.0361 10.18 -8.87 O. LI8 1t6
21 117.7470 -0.0029 -0.0237 -0.0450 -14.50 25.65 0.6562
22 127.9208 0.0010 0.0116 0.0565 17 .86 -19.76 0.5118
23 140.8611 0.0035 0.0124 O. 1291 35.81 -22.49 -0.3713
24 161.7969 -0.0011 -0.0012 -0.0263 -6.71 -0.65 0.1323
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TABLE 3.16

AXIAL FORCES IN THE SPACE FRAME OF FIG. 3.1, c=1000. fps

SIX COMPONENTS EXCITATION 3 TRANSLATIONAL EXCITATION

Membe r Max. RS Anale in DeQ. Max. RS ffi Anale in Dea.
No. Response MaX. Response 'f.1ij'X,

(11 I? ) (3) ( 11) (5 ) (G) (7 ) (8 ) (9 ) (10 ) (11) (12 )

1 14.88/1 .895 117 22 12 5.510 .932 .374 110 -3 3

2 15.472 .911 117 24 1 3.719 .991 .236 17 -3 3

3 16.886 .879 117 23 46 4.324 .918 .256 108 3 72

4 24.111 .842 117 25 10 5.738 .914 .238 13 -2 95

5 7.962 . 906 117 21• 42 0.682 .904 .086 15 12 88

6 5.884 .897 117 25 15 1.686 .979 .170 13 -7 6

7 10.002 .903 117 20 84 2.286 .835 .229 78 2 72

8 13.163 .915 116 24 70 0.639 .824 .049 14 -6 28

TABLE 3.17

BENDING MOMENTS ABOUT x3-AXIS IN THE SPACE FRAME OF FIG.
3.1, c=1000. fps

SIX COMPONENTS EXCITATION 3 TRANSLATIONAL EXCITATION

Member Max. RS Anqle in Deq. Max. RS ill Angle in Dea.
No. Response J:1"a'X: Response Ha"X':

(1 ) (2 ) ( 3 ) (4 ) (5 ) (6 ) (7 ) (8 ) ( 9) (10 ) (11 ) (12 )

1 195.44 .962 32 -18 16 144.53 .994 .740 11 -3 2

2 228.15 .926 43 -22 12 1511.85 .986 .679 12 -3 94

3 147.24 .988 5 -10 23 124.83 .992 .848 12 -3 9

4 197.36 .967 34 -15 111 149.96 .997 .760 8 -4 2

5 137.05 .838 110 10 123 103.32 .839 .753 101 2 1

6 308.83 .816 119 23 11 108.21 .989 .350 8 -2 99

7 106.06 .803 118 23 79 23.56 .754 .222 144 -84 71

8 299.35 .854 119 24 8 125.59 .991 .420 9 -3 108
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TABLE 3.18

COMBINED NORMAL STRESSES IN THE SPACE FRAME OF FIG. 3.1,
c=1000. fps

SIX COMPONENTS EXCITATION 3 TRANSLATIONAL EXCITATION

Anale in Dea. Max. RS ill Annie in Dea.Membe r Max. RS
J:1a'X.Na. Response J:1a'X. Response

(2 ) (3 ) (4 ) (5 ) (6 ) (7) (8 ) ( 9) (10 ) (11) ( 12)(1)

.987 16 -6 16 1. 818 .989 .940 19 -3 31 1.934

.951 124 19 1 1.629 .990 .804 20 -3 32 2.026

.990 16 -6 11 1.681 .991 .945 21 -3 33 1.778

.988 16 -6 16 2.099 .990 .963 17 -3 34 2.180

.850 111 13 43 4.247 .858 .683 101 2 35 6.222

10.245 .809 119 23 12 3.254 .963 .318 10 -2 946

5.056 .844 112 12 98 3.466 .828 .685 103 3 847

10.956 .861 119 24 8 4.471 .979 .408 11 -3 978

TABLE 3.19

AXIAL FORCES IN THE SPACE FRAME OF FIG. 3.1, c=2000. fps

SIX COMPONENT S EXCITATION 3 TRANSLATIONAL EXCITATION

Member Max. RS Annie in Dea. Max. RS ill Annie In DenNa. Response 11aX. Response Ma"X"": (2 )
(1) (2 ) ( 3 ) ( 4) (5 ) ( 6) (7) (8 ) (9 ) ( 10) (11) ( 12 )

1 8.886 .913 116 19 1 5.570 .932 .627 110 -3 3
2 8.233 .936 121 23 1 3.719 .991 .452 17 -3 3
3 9.229 .889 116 21 77 4.324 .918 .469 108 3 72
4 12.707 .873 118 26 12 5.738 .914 .451 13 -2 95
5 4.011 .909 116 25 28 0.682 .904 .170 15 12 88
6 3.202 .939 130 24 12 1.686 .979 .527 13 -7 6
7 5.362 .896 113 17 93 2.286 .835 .426 78 2 72
8 6.603 .915 116 24 81 0.639 .824 .097 14 -6 28
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TABLE 4.1

BASE SHEAR, TORSIONAL MOMENT AND COLUMN BENDING MOMENT OF
STRUCTURE IN FIG. 2.1, e/r=.01, w=50 cps.

Exact Response Approximate Response
Value Using 3 Modes By

9 Modes Mode Displc. Mode Accl.

Type Maximum SRSS R-Max. SRSS R-Max. SRSS
of Resp. Max. A-Max. A-Max. A-Max. A-Max.

Response (1 ) (2) (3 ) (4) ( 5) (6 )

Base Shear in 4.319 .921 .786 .702 .990 .913
Xl-Direction

Base Shear in 4.319 .829 .786 .642 .990 .821
x2-Direction

Torsional 0.073 .984 .430 .423 1.000 .984
Moment

Bending
Mom. of Col. 1 10.794 .921 .786 .701 .990 .913
in xl-Direc.

Bending
Mom. of Col. 2 10.801 .829 .786 .642 .990 .913
in x2-Direc.

TABLE 4.2

BASE SHEAR, TORSIONAL MOMENT AND COLUMN BENDING MOMENT OF
STRUCTURE IN FIG. 2.1, e/r=.05, w=50 cps.

Exact Response Approximate Response
Value Using 3 Modes By

9 Modes Mode Displc. Mode Accl.

Type Maximum SRSS R-Max. SRSS R-Max. SRSS
of Resp. Max. A-Max. A-Max. A-Max. A-Max.

Response (1 ) (2 ) (3 ) (4) (5 ) (6)

Base Shear in 4.319 .921 .786 .702 .991 .913
Xl-Direction

------------- ------- ------ ------ ------ ------ ------
Base Shear in 4.319 .829 .786 .643 .991 .821
x2-Direction

------------- ------- ------ ------ ------ ------ ------

Torsional 0.065 .982 .600 .585 1. 077 1.062
Moment

------------- ------- ------ ------ ------ ------ ------

Bending
Mom. of Col.l 10.753 .920 .787 .702 .990 .820
in xl-Direc.
------------- ------- ------ ------ ------ ------ ------

Bending
Mom. of Col.2 10.844 .830 .756 .642 .990 .821
in x2-Direc.
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TABLE 4.3

BASE SHEAR, TORSIONAL MOMENT AND COLUMN BENDING MOMENT OF
STRUCTURE IN FIG. 2.1, e/r=.3 , w=50 cps.

Exact Response Approximate Response
Value Using 3 Modes By

9 Modes Mode Displc. Mode Accl.

Type Maximum SRSS R-Max. SRSS R-Max. SRSS
of Resp. Max. A-Max. A-Max. A-Max. A-Max.

Response (1 ) (2) (3 ) (4) (5 ) ( 6)

Base Shear in 4.329 .921 .800 .718 .991 .913
xl-Direction

------------- ------- ------ ------ ------ ------
Base Shear in 4.329 .830 .800 .656 .991 .822
x2-Direction

------------- ------- ------ ------ ------ ------ ------
Torsional 0.068 .982 2.221 2.103 1. 371 1.357

Moment
------------- --- .... --- ------ ------ ------ ------ ------

Bending
Mom. of Col.1 10.539 .917 .802 .715 .991 .909
in Xl-Direc.
------------- ------- ------ ------ ------ ------ ------

Bending
Mom. of Col.2 11.117 .834 .798 .662 .991 .825
in X 2-Direc.

TABLE 4.4

BASE SHEAR, TORSIONAL MOMENT AND COLUMN BENDING MOMENT OF
STRUCTURE IN FIG. 2.1, e/r=.Ol, w=33.4 cps.

Exact Response Approximate Response
. Value Using 3 Modes By

9 Modes Mode Displc. Mode Accl.

Type Maximum SRSS R-Max. SRSS R-Max. SRSS
of Resp. Max. A-Max. A-Max. A-Max. A-Max.

Response (1 ) (2 ) (3 ) (4) (5 ) (6 )

Base Shear in 6.186 .849 .886 .725 .980 .832
Xl-Direction

------------- ------- ------ ------ ------ ------ ------
Base Shear in 6.186 .798 .886 .694 .980 .780

x 2-Direction
------------- ------- ------ ------ ------ ------ ------

Torsional 0.072 .984 .472 .468 1.032 1.015
Moment

------------- ------- ------ ------ ------ ------ ------
Bending

Mom. of Col.l 34.593 .849 .396 .324 .438 .372
in xl-Direc.
------------- ------- ------ ------ ------ ------ ------

Bending
Mom. of Co1.2 34.628 .798 .396 .310 .438 .349
in x2-Direc.
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TABLE 4.5

BASE SHEAR, TORSIONAL MOMENT AND COLUMN BENDING MOMENT OF
STRUCTURE IN FIG. 2.1, e/r=.Ol, w=10 cps.

Exact Response Approximate Response
Value Using 3 Modes By

9 Modes Mode Displc. Mode Accl.

Type Maximum SRSS R-Max. SRSS R-Max. SRSS
of Resp. Max. A-Max. A-Max. A-Max. A-Max.

Response (1 ) (2 ) (3 ) (4) (5 ) (6)

Base Shear in 20.796 .898 .988 .885 .996 .894
Xl-Direction

------------- ------- ------ ------ ------ ------ ------
Base Shear in 20.796 .870 .988 .860 .996 .866
x2-Direction

------------- ------- ------ ------ ------ ------ ------
Torsional 0.314 .995 .965 .961 .987 .983

Moment
------------- ------- ------ ------ ------ ------ ------

Bending
Mom. of Col.l 51.902 .89B .989 .885 .996 .893
in xj-Direc.
------------- ------- ------ ------ ------ ------ ------

Bending
Mom. of Co1.2 52.077 .870 .988 .860 .996 .866
in xz-Direc.
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,Figure 2.1: A MULTISTORY TORSIONAL BUILDING WITH ECCENTRIC

MASS AND STIFFNESS CENTERS
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Appendix A

TIME HISTORY ANALYSIS OF NONCLASSICALLY DAMPED
SYSTEMS

To cross check the formulation developed in section

2.7, here an al ternative formulation is developed. Using

the particular solution obtained by Eq. 2.79, the complete

solution of Zj' can then be written as:

p.t 3 Jt p.(t-T)
Z. = c. e J + I F9- . X9- (T) e J dT

J J 9- =1 J 0
(A. 1)

..
where t is again measured from t i . For X9-(T) varying linear-

ly between any two consecutive time steps, the above equa-

tion also can be written as:

p.t 3 ft p.(t-T)
Z. = c. e J + I F Q, . (a~ + b T) e J dT

J J 11.=1 J 0 9-
(A.2)

For a linear behaving structure, response quanti ty S (t) ,

which is linearly related to the displacement vector {uJ can

be written as:

S(t)
2N

= I
j=1

g. Z.
J J

(A.3)

in which g. = the jth modal response is defined by Eq. 2.33.
J

Cow~ining complex and conjugate pairs of the above equation:

N
S(t) = I

j=1
* *(g. Z. + g. Z.)

J J J J

177

(A.4)



S(t)

where

N
= l:

j=l
2 Re (g. Z.)

J J
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N
= l:

j=l
S . (t)

J (A.S)

P t 3 ft p. (t-1 )
S.(t)=2 Re[g.c. e j +l: gJ.F£'J' (an+bnt)e J dT]

J J J £.=1 0 ~ ~

(A.6)

Substi tuting for g. c. =
J J

gjF£.j = q£j = a£.j + i b£.j'

r j + is j , Pj = -Bjwj + iWdj and

The real part of Eg. A.6 become:

-f).W.t
Sj (t) = 2 e J J [r j cos(wdjt) - Sj Sin(wdjt)]

3 Jt -f:).W.(t-1)
+ 2 I (a£ + b 1) e J J

£=1 0 £

[a£j Cos Wdj(t-T) - b£j Sin Wdj (t-1)] d1

(A.7)

To obtain unknown real and imaginary parts, r. and s., of
J J

the constant of integration, the initial condition on the

response will be used. To apply the initial conditions we

also need the derivative of S.(t).
J

-f).W.t
S.(t) = 2 e J J (-B.w.[r. Cos(wd.t) - s. Sin(wd.t)]

J JJ J J J J

- w
d

. [r.
J J

3
+ l: (2a£J.(a£+b£t) +

£=1

Sin(wd·t) + s. Cos(wd.t)Jj
J J J

f
t -f).W.(t-1)

2 (a +b 1) e J J
o £. £
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-Wdj [aQ.j Sin wdj (t-l) + bQ.j Cos wdj (t-l)] ] dl

(A.8)

Applying the initial conditions, S . ( t=O ) and S. (t=O ), on
J J

Eqs. A.7 and A.8 and proceeding similarly as explained in

Chapter 2, the unkown value of r. and s. can be written as:
J J

r j = ~ Sj(t=O)

1 3 ..
Sj = 2w

dj
[-6 j

w
j Sj(t=O)-Sj(t=O) +2~=1 aQ.jxQ.(t=O)]

(A. 9)

(A.IO)

where S. (t=O) and S. (t=O) are the same as S. and S. at
J J J J

the time step t.. Substi tuting r. and s. in Eqs. A. 7 and
1 J J

A.8, the solution at t=h, that is at time step t.+_ can be
1 1

obtained as:

-S.w.h
S (t ) = e J J. . 1J 1+

!S.(t.) Cos(wd·h)
J 1 J

and

1
wdj
3

+I
£=1

3
+ I

£=1

[-6.w.S.(t. )-S.(t.)
J J J J. J J.

(A.l1)
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-B.w.h
Sj (t i + 1 ) = e J J (-Bjw j [Sj (t i ) Cos(wdjh)

--l- i - B.w . S.(t.)-S.(t.)
wdj J J J l J l

3 .•
+I 2a~J' X~(ti)l Sin(wdJ·h)]
~=1

3
S. (t. )-S. (t.) +2Z a~J.x£(ti) ]COs(wdJ.h)

J l J l Q. =1
-[-B.w.

J J

3
+ Z [2 a~. (aQ. +

~=1 J

-Bjwj(aQ.j P~cj - b~j P~sj) -wdj(a~j PQ.sj + b~j P~cj) ]

(A. 12)

Where PQ. . and PQ. . are defined as:
CJ SJ

_-.Jh
o

-B .w. (h-'t:)
P Q.cj (aQ. +bQ. t) e J J Cos wdj (h-t) dt (A.13)

Sin wdj(h-t) dt (A.14)

The closed form solution of the above integrals can be writ-

ten a c '
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(A.16)

in which P 1 , P 2 , P 3 and P 4 defined as:

P 1 = -6 .w. Cos(wdjh) + wdj Sin(wdjh)
J J

2
P 2 = w2 .(2l3.-1) cos(wdjh) - 2p.w.wd · Sin(wdjh)J' J J J J

P 3 = -wdj cos(wdjh) - 6.w. Sin(wdjh)J J

2 2
P 2 = 26. w .wd · cos(wdjh) + w.(2p.-l) Sin(wdjh)J J J J J

(A.17a)

(A.17b)

(A.17c)

(A.17d)

A

Thus, using Eqs. A.ll and A.12, Sj{ti + l ) and Sj(t i + l )

at the end of each time step can be obtained by knowing the

initial value at that time step, Sj(ti ) and Sj(t i ).

complete solution of these equations at all discrete time

points can be obtained for a digitized acceleration time

history if the initial values of S. ans S. in the first
J J

step are known. By the same procedure, explained in section

the initial values of S. and S. at t=O can be ob-
J J

tained as:

S. (t=O)
J

2N
= I

j=l
g. Z. (t=O)

J J
(A.lS)
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2N
S. (t=O) = r gJ' Z.(t=O)

J j=l J
(A.19)

in which Z . (t=O) is defined by Eg. 2.90 and Zj ( t=O ) , simi-
J

lar to Z . (t=O) , can be written as:
J

*Z . (t=O) = {¢ j 1[A J {y Jt=O / A. (A.20)J J

Therefore, if the system starting acceleration ({ul), veloc-

i ty ({ul) and displacement ({ul) is known. The initial

value of Z. and Z. at t=O will be known, so as S. and S.
J J J J

at t=O.

Now Substi tuting for P9.cj and P9.sj from Egs. A.13 and

A.14 in Egs. A.II and A.12 These two simultaneous egua-

tions can be written in the following matrix form:

S. All
]

=

S. t. 1 A2l
J l+

3
+ r

9.=1

(A.2I)

where the elements of the two matrices are defined as fol-

lows:



-6 ,W ,h
== e J J

-6 ,w.h
== e J J
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[Wd ' Cos(wd,h) + 6,w, Sin(wd·h)] jWd'
J J J J J J

(A.22)

(A.23)

-6.w,h W,2

e J J -L. Sin(wdJ,h)w
dj

(A.24)

-~.W ,h
A22 == e J J fWd' Cos(wd,h) - 6.w. Sin(wd,h)] jWd'

J J J J J J

1
[ an' (PI -h~ P 2 )

"-J W '
J

a£, 2
- -U w, Sin(w

d
.h)

wdj J J

(A.25)

(A.26)

(A.27)
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(Q ) 2
£'21 =--2

W.
J

- 2 ( b n' S. W. - an' wd ·) S. W • Wd . ]
x.J ] J x.] J J] ]

(A.28)

(£) 2 -f).w.h 1
B 2 2 =~! - e ] J hw. 2

] ]

2

+ (bQ.jSjw j - aQ.jwdj ) P 4 J + aQ.j Wj

+ ( b . 6 .W. - an' Wd ·) [Wd · -
Q.] J J x.]] J

2
h

B.w
d

· ]
W . ] J

J
(A.29)
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Appendix B

CORRELATION TERMS IN EQUATION 4.3

In this Appendix, various auto- and cross- correlation

terms required in Eq. 4.3 are obtained

B.l

This term can be written as:

T . a T
Tl={K

j
j Ex[ {E' (t 1 ) lVk (t 2 ) J= at

2
{6'j j Ex[ {E' (t 1 ) jVk (t 2 )]

(B. 1)

Substituting for V
k

(t 2 ), as solution of Eq. 2.2 as:

(B.2)

we obtain:

(B.3)

Substituting for Ex[ lE' (t 1 ) J {E' (1) jT] from Eq. 3.23, and

considering the stationary response at t 2 + oo , the above egua-

tion can be written as:
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(o.} T Ex [ (E' (t 1 ) 1vk ( t 2 ) 1 =
J

NE +00

E -a L p' .IT[G1]T T [G1 ] P'k}
£=1

at 2 J {d£ 1{d~ 1
-00

w2
{o.lT[G2 ]T T [G2 ] {ok}+-- (d~ 1{d~ J

4c 2 J

+ iw ( (0. JT[G1]T T [G 2 ] {ok J{d~ 1(d~ J2c J

{¢.JT[G2 ]T T [G 1 ] (ok J- {d~ J {d~ J
J

*
iW(t 1-t 2 )

q,~(w) Hk(w) e dw J (B.4)

Since the products term like

they can also be wri tten as

[G1]T {d~J

[G 1 ] P'j 1

are scalars,

in Eq. B.Il.

Also carrying out differentiation with respect to t 2 and

substituting for the vector and matrix products as in Eqs.

3.30, the above equation reduces to:

dw

dw

(B.5)
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Simila~ll" ~~~ stationary values of othe~ related cross-co~-

relation terms are obtained as:

{ t j } T Ex [ [E' (t 1 ) }Vk ( t 2 ) J =

NE +00 * iW(t 1 -t 2 )

L {dg, J T [[ T1 .k J J w2 4' ~ (w) Hk (w) e dw
£=1 J_oo

dw

(B.6)

{t JT Ex [ [E' (t 2 ) } V . ( t 1 ) J =k J

NE +00 iw(t 1 -t 2 )

- I {d JT [ [T 1jk] L oo
iw 4'~(w) H. (w) e dw

£=1 ~ J

+00 iW(t 1 -t 2 )

+ [T2jk J
Loo

iw 3 p£(w) H. (w) e dw
J

(B. 7)

{tkJ
T

EX[{E'(t 2 )JV j (t d J =

NE +00 iW(t 1 -t 2 )

~=l {dg,}T [[T1jk J L
oo

w2 4'g,(w) Hj (w) e dw



+

188

dw

B.2

+

Term:

iw(t1-t Z )

e clw] !d£l

(B.B)

(B.9)

substituting for the correlation matrix of the ground accel-

eration terms from Eq. 3.23, and letting t 1-+00 and t z-+oo , we

get

Ex[Vj(t 1 ) Vk(t z )] =

NE +00 * iw( t 1 -tz )
L !d £ JT [[ r 1 'k] ( ~ £ ( w) H

J
, (w) Hk ( w) e dw

£=1 J L oo

dw

(E. 10)
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Using Eq. BolO, other related autocorrelation functions in-

volving the derivities of Vj and Vk can be obtained as fol

lows:

n+ma

(B.ll)

+

+00

f n+m+2 *[ r ] w 4' (w) H
J
. ( w ) H

k
( w)

2jk -00 £

( _l'w
n +m+ l ) ~ (w) H ( )H*( )'t'£ j W k w

..
Thus EX[Vj(t 1 ) Vk(t z )] can be obtained from Eq. B.12 in

which n=l and m=2. And

(B.13)

Also Ex[Vj(t 1 ) Vk(t z )] can be obtained from Eqo Bo12 in

which n=m=lo
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Appendix C

COEFFICIENTS OF PARTIAL FRACTIONS

C.l CLASSICAL DAMPED SYSTEMS

C.l.l

Partial fraction coefficients All AZI A3 and A4 used in

Eqs. 2.19 I 3.31 and 4.6 are obtained from solution of the

following simultaneous equations:

[Q] !Al = lWl (C. l)

where

0 1 0 1 Al Wl

1 u 1 s Az W2

[QJ= {Al= lWl=
u v s t A3 W3

V 0 t 0 A4 W4 (C.2 )

in which

2 2 4
U = -2w ( 1 26k ) v = wkk

2 z "S = -2w. ( 1 - 26 j ) t = w. (C.3)
J J

2 2
Wl = O. Wz = l. W4 = w. WkJ

2 2
W3 = -CWo + Wk - 46 j l)kW

j wk ) (C.4)
J
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Coefficients of partial fractions B1 , B2 , B3 and B4 ,

used in Eqs. 3.31 and 4.6, are obtained from solution of the

following set of simultaneous equations:

[Q] IBJ = {W' j

in which [Q] remains the same, and

1.

(C.S)

{BJ= {W '] =

2 2
Wj W

k
2 2

-(Wj+Wk-4PjSkWjWk)

o. (C.6)

C.l. 3

Coefficients of partial fractions C l , C2 , C3 anctl C4 ,

used in Eqs. 3.31 and 4.6, are obtained from the solution of

the following set of simultaneous equations:

[Q] IC] = {W" J

in which [Q] remains the same, and

C1 o.

C2 ( Sj Wj - Skwk)
{C]= {W"j=

C3 (SkWj-SjWk)wjwk

C4 o.

(C.7)

(C.B)
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C.1.4 , '" "
F1 ,·· FS ' F1 ,·· FS ' Fl'" AND FS

The partial fraction coefficients F1 , F2 , F3 , F4 , FSi

, """"F4 , FS ; and F1 , F2 , F3 , F4 and

used in Eg. 4.11, are defined as follows:

, ,
F

1
, F

2
, F

3
,

"FS '

(C.9a)

2 2

F2 = A1 + 2[2~j~kWjWk + wj (1-2S j )]A2 + 4(Sjwj-6kwk)C2 -1.

(C.9b)

(C.9c)

2 2
F4 = A 3 + 2[2S j SkWj Wk + wk (1-2Bk )]A 4 + 4(6jwj-6kwk)C4 -1.

(C.9d)

(C.ge)

(C.10a)

2
- w.

J
(C.10b)

(C.I0c)
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(C.I0d)

(C.I0e)

where A1 I •• A4 i B1 I •• B4 i and C1 I •• and C4 are defined by

Eqs. C.I, C.S and C.?
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C.2 NONCLASSICAL DAMPING SYSTEM

C.2.1 A1£, A2 £, A3 £ AND A4 £

The partial fraction coefficients A
H

, A
2

£, A3 £

and A
4

£, used in Eg. 2.48, are obtained from solution of

the following simultaneous equations:

(C.12)

where lQ] remains the same; and elements of [W£l are defined
I

by Eg. 2.46 and {A£l = {Al £ A2 £ A3 £ A4 £l

C 2 ~ A A A AND A.. ~ lpg' 2pg' 3pq 4pq

The partial fraction coefficients A1pq' A2pg '

A3pq and A4pg ' used in Eg. 3.44, are obtained from the

solution of following simultaneous equations:

(C. 13 )

where

as:

[Q] remains the same and {A land [W 1 are definedpg pg
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A Co1pq

A C12pq
I

{A j=
A

{W j= C2pq 3pq pq

A C34pq

(C.14)

in which

Co = a .a
PJ qk

2 2
C1 = A .A a .a (w. +wk -4S j Sk Wj Wk )

PJ qk PJ qk J

(C.15a)

(C.1Sb)

2 2
C2 = apjaqk wj wk -

2 2

C3 = Apj Aqk wjwk

(C.15c)

(C.1Sd)

C.2.3 B1pq ' B2pq ' B3pq ' B4pq AND BSpq

The partial fraction coefficients
,

B3pq ' B4pq and BSpq ' used in Eq. 3.44, are obtained as

follows:

4

B = -w. A
2Pqlpq J

2 2
B = A + 2w. (1-26.) A2pq 1pq J J 2pq

4

B = -wk A3pq 4pq
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2 2
B = A + 2i;;k (1-2 Pk ) A4pq 3pq 4pq

,
B,... = A + A4~pq 2pq pq (C.16)

C.2.4

The coefficients of partial fractions Clpq ' C2pq ' C3pq,
and C4 ,used in Eq. 3.44, are obtained from the solutionpq

of the following simultaneous equations:

{W" 1pq (C.l?)

where

"C CoIpq
I 11

C C
12pq

I

{Cpql= C (W" l=
3pq pq

C o.4pq

in which

"Co = (a .A k - A .a k) + 2(~,w'-~kwk)a .a k
PJ q PJ q J J PJ q

" 2 2
C1 = - (apjAqk - Apjaqk)(wj +wk -4~j~kWjWk)

(C.18)

(C.19a)

+ 2(~.w. -~kwk)A .A k + 2w.wk(~kw. -~.wk)a .a k
J J PJ q J J J PJ q

(C.19b)

" 2 2
C2 = (a .A k - A .a k)w,wk + 2w.wk(~kw.-~.wk)A .A k

PJ q PJ q J J J J PJ q

(C.19c)
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Appendix D

RESPONSE COMBINATIONS

The eighteen possible response combinations expressed

by Eq. 3060 and 3.61 are enumerated here.

D.l EXCITATIDN-l

( 1 )
JT [R2 ] [d

( 1 ) ( 1 )
JT [R2 ] {d

( 1 )
S11 = A11 + {d l + {d )

2 2 3 3
(D. 1)

( 1 )
]T [R3 ] {d

( 1 ) ( 1 )
]T [R2 J [d

( 1 )
S = A11 + [d j + [d ]

11 2 2 3 3
(D.2)

( 1 )
]T[R 2 J [d

( 1 ) ( 1 )
)T[R 3 J [d

( 1 )
S12 = A12 + [d j + [d ]

1 1 3 3
(D.3)

( 1 )
jT[R 3 J {d

( 1 ) ( 1 )
JT [R2 ] [d

( 1 )
S = A12 + [d ] + [d )

12 1 1 3 3
(D04)

( 1 )
jT [R 2 ] [d

( 1 ) ( 1 )
)T[R 3 ]{d

( 1 )
5 13 = A1 3 + [d ) + {d )

1 1 2 2
(D.S)

( 1 )
)T[R 3 ][d

( 1 ) ( 1 )
]T [R2 J [d

( 1 )

S = A13 + [d ] + {d ]
1 3 1 1 2 2

(DoS)

D.2 EXCITATION-2

( 2 )
JT[Rd{d

( 2 ) ( 2 )

JT[R 3 Hd
( 2 )

S21 = A2 1 + {d ] + [d J
2 2 3 3

(D.?)
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S = A33 +
33

( 3) T ( 3)

{d J [Rz ] {d J
1 1

199

(3) T ( 3)

+ {d J [Rtl {d J
z z

(D.18)




