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ABSTRACT

This report describes a computer program written to analyze the inelastic response ‘of
viscously damped single-degree-of-freedom systems to either support excitation or external
loadings. Various methods of developing design aids based on computed inelastic response are
discussed. The computer program has been written to allow the user to conveniently obtain
detailed information regarding the inelastic response of a system and to study systematically the
effect of variations in the mechanical and dynamic characteristics of the system and of different

excitations.

Theoretical formulations and solution schemes used in the computer program are
described. The definitions and limitations of different response indicies, including various types
of ductility factors, are examined. Procedures for constructing ductility-based response spéctra
appropriate for design are presented. Several examples of using the computer program for gen-
erating response of single-degree-of-freedom systems and response spectra are presented for
illustration. Observations regarding inelastic behavior of structures are also described. Conclu-
sions regarding the applicability of these results and the need to extend these methods to

multiple-degree-of-freedom systems are offered.
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1 INTRODUCTION

1.1 Introductory Remarks

Buildings and other structures are often designed to respond inelastically when they might
be subjected to rare and unusually intense dynamic loads during their service life. This results
in considerable economic savings relative to designing for such loading on an elastic basis.
Such structures, however, must be designed, detailed and constructed to develop the réquired
inelastic deformations. When this is done properly, the structures will sustain the dynamic

loading with local damage but without collapse.

This design philosophy is often adopted in design of conventional earthquake-resistant
buildings and of impact- or blast-resistant structures. However, inelastic dynamic response is-
complex and difficult to predict using conventional design and analysis methods based on elastic
dynamic behavior [10]. Consequently, it is desirable to have design-oriented analytical tools

capable of accounting for the inelastic dynamic response of structures.

General purpose, finite element analysis, computer programs have been develoged to
predict the inelastic dynamic response of two- and three-dimensional assemblageé of structural
components [1,2,9,11,13,14,20] While such programs are useful in assessing the reliability of a
final design where the geometry and member properties are known, they are generally unsuit-
able for preliminary design. In the initial stages of design little information is available regard-
ing the structure’s mechanical or dynamic characteristics. The designer in this case needs basic
guidance in selecting the overall stiffness and strength of a system in order to limit its inelastic
deformations to accceptable levels. Alternatively, the designer may wish to quickly assess the
sensitivity of the overall response of a proposed structure to uncertainties in its mechanical and
dynamic characteristics or to different excitations. General purpose programs can provide little

guidance in such cases.

Fortunately, it may be feasible to represent certain multiple-degree-of-freedom structures

as equivalent single-degree-of-freedom systems [16,21,22,23 and Appendix B]. In this case, a
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variety of parametric studies can be easily and economically performed using simple structural
models. To facilitate such analyses and the development of general design guidelines, it is
desirable to have a computer program capable of efficiently computing the inelastic response of

such structural models to various dynamic excitations.

1.2 Objectives And Organization

The objectives of this report are to describe a computer program written to analyze the
inelastic responses of viscously damped single-degree-of-freedom systems to either base input
accelograms or direct external load inputs (Fig. 1) and to discuss various methods of developing
design aids based on computed inelastic response. The computer program has been written to
allow the user to conveniently obtain detailed information regarding the inelastic response of a
system and to study systematically the effect of variations in the mechanical and dynamic chara-

teristics of the system and of different excitations.

In Chapter 2, the governing equations of motion for the systems considered are described,
and normalized forms of these equations are derived to illustrate the generalization of the com-
puted responses for a particular system to a family of related systems. The numerical method
used in the program is also described in that chapter with a brief discussion on the accuracy and
stability of the method. Section 2.3 describes the self-adjusting time step scheme adopted in
the program to solve the equations of motion. This method reduces the number of times steps
needed in numerically integrating the equations of motion and automatically controls the accu-

racy of the solution when inelastic events occur.

The two nonlinear force-deformation models incorporated in the program are described in
Chapter 3. These hysteretic idealizations, the bilinear and stiffness degrading models shown in
Fig. 2, are commonly used to analyze many types of structures. However, they are relatively
simple compared to the inelastic behavior exhibited by some types of structures. The use of
seperate subroutines for state determination with each model makes it convenient for the user
to add additional hysteretic models. The last section of Chapter 3 includes a discussion of the

application of the available hysteretic models to account for P-Delta effects due to gravity loads.
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In many cases, it is infeasible to inspect the entire response history and a few numerical
indicies are desirable to summarize the response. In Chapter 4, various response indicies to
quantify inelastic response are discussed. The response indices discussed and incorporated in
the program include maximum response displacement, residual displacement, displacement duc-
tility, cyclic ductility, accumulative displacement ductility, normalized hysteretic energy ductil-
ity, number of yield excursions and yield reversals, number of zero crossings, and various

energy indices.

Development of design guidelines for inelastic systems by means of response spectra is
discussed in Chapter 5. The capability of the computer program in generating different kinds of
response spectra is discussed. The program can a.utomatically compute the responses of sys-
tems obtained by permuting all combinations of user-specified lists of periods, yield strengths
and dampiﬁg values. Alternatively, the user can list the specific combinations of these parame-
ters to be analyzed. These features are useful in constructing constant strength, constant ductil-

ity and other types of response spectra described in Chapter 5.

Examples of using the computer program for generating responses of single-degree-of-
freedom systems and response spectra are given in Chapter 6. Observations regarding inelastic
behavior of structures are also offered. Conclusions and recommendations are offered in

Chapter 7.

In Appendix A, program input specification and output are discussed, and in Appendix B,
modeling of multiple-degree-of-freedom systems by single-degree-of-freedom systems is dis-

cussed.
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2 SOLUTION OF EQUATIONS OF MOTION

2.1 Basic Form of Equation

As mentioned in Chapter 1, the program calculates the response of viscously damped,
inelastic, single-degree-of-freedom systems. For a system subjected to an external forcing func-
tion (see Fig. 1), the governing equilibrium equation at time t is

Mii (1)+Ci ()+R (6)=P (1) 0}
where M is the mass of the system, C is the system’s damping coefficient, R (¢) is its restoring
force and P (¢) is the load acting on the system. As shown in the Fig. 1, the displacement of

the system with respect to its fixed base is denoted as u (¢).

In the case of horizontal earthquake ground motion excitations (Fig. 1) we may write Eq.

1 in the form:
Mii (£)+Cit (£)+R (t)=—Mii, (¢) (2
where M ,C,R (¢) are the same as before. In this case, u (¢) denotes the displacement of the
system relative to the ground and u, (¢) is the displacement of ‘the ground relative to a fixed

reference axis.

By comparison of Egs. 1 and 2, one can note that the equation of motion for a seismically
excited system is the same as that for an externally loaded system if the load P(¢) equals
~Mii, (). However, the precise meaning of u(¢) in each case must be rerﬁembered. When
Eq. 1 is applied to a seismically excited system, u (¢) represents the displacement of the system
with respect to an accelerating base and the total displacement is v (1) = u (1)+ u, (t); however,
when the equation is applied to an externally loaded system, u (¢) also represents the total dis-

placement of the system since the base is fixed.

2.2 Normalized Form of Equations of Motion

Although Eqgs. 1 and 2 can be solved directly for the response of a particular system, it is
frequently desirable to express these equations in a normalized form. In this manner, the

specific parameters that influence response can be more readily identified. In addition, the
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computed responses can be applied to a family of related systems thereby facilitating the

development of design aids. It is convenient to write Egs. 1 and 2, respectively, as

i (042080 0+ R (=21 5)
i (04208 (1) +-2 R (=i, (1) )

where w is the natural circular frequency of the system (w? = K/M) and £ is its viscous damp-
ing ratio (expressed as a fraction of the critical damping ratio). In the case of elastic systems,

where R (t)=K xu (¢), Eqgs. 3 and 4 reduce, respectively, to

() 2080 (Do (z)=%(} )

il (D+2w&0 (D)0’ (1)=—ii, (1) ' ©

In this way, only a single analysis is needed to determine the responses of all elastic systems
having the same frequency and damping ratio subjected to the same excitation. The responses
of the related systems can be conveniently summarized by response spectra (Chapter 5) which
plot, as an example, the maximum responses against frequencies for a constant amount of
damping.

To develop design aids for inelastic systems, it is desirable to normalize equations of
motion for inelastic systems similiarly. In the case of external loadings, it has been suggested

[4] to normalize the hysteretic loops as follow:

u(t)

u,

and p(t)=£k—(ﬂ )

Y

()=
where u, and R, are the yield displacement and force of the system, respectively. The value of
w (1) is often called the displacement ductility of the system and is useful in designing struc-
tures. For example, the maximum value of displacement ductility, g, that the system

undergoes indicates how tough the structure must be detailed to be.

If we additionally define ‘y=—;,, where T is the structural period (T=2%), then

on_du(t) _du dy _Y du(y)
()= du(t) _ 4 duly) (8b)

dr? T? dy?



and Eq. 3 becomes

Uy du(y) W duly) RGy)_ P()
oyt T ay MM ®
Since
R,=Ku, and T2=4772% (10)
we get
R, d%u(y) Ry, du(y) , R(y) P(y)
M dy: XM dy T MM an
or

1 duly) +£duly) RG) Ply)

= 12
47?2 dy? T dy R, (R)) (12

If we rewrite P (y) as —I;—('L)Pmax, we get
. max

1 d2,u('y) L€ d[.L(‘)/) + R (‘)’) =__Pmax P()’) (13a)
47 dy? Twody R, R, P

which can be simplified by introducing the definition

o4
Pmax (14)

‘where expresses a measure of the system’s strength relative to the maximum applied load. In

K=

this case, we get

2 2 :
d:;;') +ame d;;;y) %4772[)(7):4777_1;_(& (13b)
max

. In this way, the displacement ductility responses of all systems having the same shape of resist-
ing force versus displacement curves, the same shape of loading function, the same ratio of
maximum load over yield force, «, and the same ratio of loading duration over structural period

can be determined from a single analysis, and can be conveniently summarized in chart form

[4].

In the case of inelastic seismic response, Eq. 4 can also be normalized by dividing by the

yield displacement of the system and we get

() | e 0 RM) B 0)
U U

(15)
ly ly Mu, u,
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Although others [18] have suggested dividing by the peak ground displacement, the above
equation is more useful in assessing the structural behavior for design purposes. Making the

variable substitutions introduced previously and noting that the terms

R(t) _KR()_ ,R()

a2
My, M Ku ¢ R, ~PW (16)
b (8) K iig (1) ™M, (1)
u, K u, B R, an
Eq. 15 becomes
. . ) 2 M.
L (OD+H20én (D)+o?o (1) =—o (R—)ug (1) (18)

Y
As in the case of external loading, it is helpful to define a nondimensional parameter, n, to

simplify the right-hand éide of Eq. 18.

Ry
Mii

& max

(19)

n=
which expresses a system’s yield strength relative to the maximum inertia force of an infinitely

rigid system. Alternatively, if we define the structure’s yielding seismic resistance coefficient,

C,, such that

R=C,W=C, Mg (20)
then
C
n=—= @20
ugmax/g

and n reveals the strength of the system as a fraction of its weight relative to the peak ground

acceleration expressed as a fraction of gravity. In this case, we get

ol % (1) 22)

i (O)+20é0 () +o?p (H)=—"—

gmax

which is similiar in form to Eq. 13(b). In this final form, the displacement ductility responses
of all systems having the same natural frequency, the same hysteretic characteristics and the
same strength over inertia force index (n) subjected to ground motions having the same shape
can be determined from a single analysis and can be used to summarize the ductility responses

of a family of systems in an efficient way (see Chapter 5).



2.3 Numerical Method

Closed form solutions of the equations of motion only exist for a few types of excitations;
in most cases, numerical methods must be employed. For inelastic systems, the analysis of the
structural responses is usually carried out by step-by-step integration of the equations of
motion. In this approach, the analysis over the entire duration of excitation is divided into a
series of sequential analyses over smaller intervals of time. The response is evaluated at the
end of each time increment (Ar) based on the conditions existing at the beginning of the incre-
ment and the assumed response mechanism during the time increment. For the computer pro-
gram, the response acceleration is assumed to vary linearly while the properties of the system
are assumed to remain constant during the time increment. Because of the assumptions regard-
ing the system’s properties and the response mechanism, dynamic equilibrium will not always
be met byvthe computed responses at the end of a time increment. In particular, large changes
in the stiffness of the structure due to inelasticity within steps can result in substantial equili-
brium violations. To obtain dynamically meaningful responses, the program can repeat the step
using sufficiently small time intervals to achieve the desired level of convergence (see Section
2.4) and the response acceleration at the end of that time increment is adjusted so as to satisfy
dynamic equilibrium (see Section 2.5). The responses at the end of next time increment can

be calculated repeating the same procedure.

There are many other integration methods for solving the equations of motion numeri-
cally besides the linear acceleration method used in this computer program. The choice of the
integration method depends on the efficiency, accuracy and stability associated with the particu-
lar method chosen. Most of the available numerical integration methods assume some form of
variation of the response acceleration between the integration time step leading to the associ-
ated efficiency, accuracy and stability characteristics. Recently, an integration method was
developed for bilinear stiffness systems (which include also elasto-perfectly plastic systems) by
taking advantages of the piece-wise linear characteristics of the force-deformation relationship

[15). It appears that this integration method might be faster than the linear acceleration
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method, particularly for stiff structures. However, because this computer program is oriented
toward generating and obtaining detailed information regarding response (the various reponse
indicies which will be discussed in Chapter 4), considerable amount of effort is spend in com-
puting these response indicies besides integrating the equation of motion. Consequently, it is
believed that the efficiency of the integration methods in solving the equation of motion is not
a very critical factor in overall efficiency of the computer program. For ths reason, the more

commonly used linear acceleration method is adopted for this computer program.

The normalized forms of equations of motion are useful in illustrating the applicability of
the responses of a particular system to a family of related systems. However, in the computer
program the actual numerical solution of the eqﬁations of motion are obtained using the origi-
nal Egs. 1 and 2. This permits calculations to be performed for a particular system. However,

if desired, input can be specified in terms of the normalized variables indicated previously.

At any instant of time t, Egs. 1 and 2 can be written as

Mii (1)+Ci ()+R (1)=P () (23)
where P (t)=—Mii, (¢t) for seismically excited systems. While at t+ Ar they are (assuming

that the time increment is small enough such that the system’s properties remain constant)

Mii G+AD)+Cu (t+A+R (t+A1)=P (t++At1) 4

Subtracting the equations, we get

Ml +A)—ii (D1+Cli ¢+A)—u ()1+[R (t+A1)—R ()]

=[P(t+At)—P(¢)] (25)

and denoting
Aidi (0)=ii (¢+A1)—ii (t) (26a)
Au (@)= (t+A)—u (1) (26b)
Au (=u (t+A)—u (1) | (260)
AR (t)=R (t+A1)—R (1) (26d)
AP(t)=P(t+At)—-P(1) (26¢)

Eq. 11 reduces to

MAGi())+CAu()+AR (1)=AP (1) Q7
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If AR () is denoted as K7-Au (T), the Eq. 27 becomes

MAU()+CAu()+KrAu (t)=AP () (28)
where K is a tangent stiffness of the structure between times t and t+ At, (if K is assumed
constant during a step). This last equation together with the assumption of linearly varying
acceleration is used to obtain the incremental acceleration, Aii (¢), along with Au (¢) and Au (¢).

The actual values of the displacement, Velocity are obtained by
u(t+A)=u ()+Au (1) (29a)

u(t+A)=u (t)+Au (1) (29b)

Instead of calculating acceleration in similiar manner, the actual acceleration is calculated based
on Eq. 14, Sec 2.5, to correct any equilibrium violation. For ground excited structures,
v(t+At)= u(t+At) + u, (t+Ar). For more details on the numerical integration, see Chapter

8 of Dynamics of Structures [7].

The accuracy and stability of the integration method is of important concern. The linear
acceleration method used is only conditionally stable. That is, for elastic systems, results may
diverge rapidly from the true solution if the integration time step exceeds the period of the sys-
tem divided by « [7]. Stability limits have not been established for inelasitc systems. For
accuracy of the integration method, a time increment not exceeding one tenth of the structural
period is a good rule of thumb [7] for elastic systems. For inelastic systems changes in stiffness
within a step can result in equilibrium violations which must be accounted for -to prevent insta-
bility or divergence from the correct solution. Two methods to prevent this are discussed in

the next two sections.

2.4 Time Step Selection

One of the features of the progfam is the use of a varible time increment (At). One
method for minimizing equilibrium violations due to stiffness changes within a step is to use a
very small Az. This results in a large number of incremental calculations and it is difficult to
know a priori what the time increment should be to achieve the desired level of accuracy. By

varying the time increment, the number of steps (calculations) required can be reduced while
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maintaining the desired level of accuracy.

At the beginning of each time step, denoted as time t, a new time increment (A7) is
selected based on four criteria. The first criterion requires that Ar should never exceed At
which is specified by the user during input. This quantity A7 should be selected to achieve the

desired accuracy if the system were to respond elastically.

The second criterion is that At should never be more than the time it would take to reach
the next excitation digitizaton point (these digitizaton points refer to the discretization of a phy-
sically continuous event - the ground movement or the loading on the structure). Thus, the
program will consider the actual record as input, unlike methods which modify the input by
"clipping" peaks in recofds originally digitizéd at L‘mequal intervals or at intervals different from

those used in the analysis.

The third criterion is that At should never be more than the time it would take to reach
the next output time specified. The computed responses can be output at time intervals that

are specified by the user in input as a fraction of Ar.

The last criterion concerns the convergence of the resuits when stiffness changes. Fig. 3
shows instances where the computed responses "overshoot" when the stiffness changes. The
solid lines in the figures represent the paths followed by the computed responses when conver-
gence tolerances are met. The dashed lines represent the correct paths the responses should
have taken. To prevent excessive "overshoot” error, convergence tolerances can be specified by

the user. Overshooting also modifies the shape of the hysteretic curves as seen in Fig. 3.

A convergence tolerance, TCONV, can be specified to minimize the amount of overshoot
and the resulting distortion of hysteretic éurve. Convergence tolerance is checked when the
system yields, unloads from a yielded state, chaﬁges from a reduced stiffness state to another
stiffness state for a stiffness degrading model (defined in Section 3.3), or changes stiffness while

crossing the displacement axis during a step for a stiffness degrading model.

These checks are illustrated in Fig 3. In general, the overshoot convergence tolerance is

assumed to be satisfied in each case if the displacement at the end of a step during which a
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change in stiffness occurs does not differ by more than TCONVxu, from the displacement at
which the stiffness should have changed. The user can select the value of TCONV to achieve

the desired level of convergence.

If the convergence tolerance is not met, the step is discarded and the program returns to
time t to repeat the calculation again with a smaller time increment. In the program, the step is
reduced by a factor of 10. With such a reduction in the time step, the repeated time step may
not encounter a stiffness change. In that case, the reduced time step is used‘for all subsequent
steps until the change in stiffness is again encountered. If the convergence tolerance is satisfied
for the reduced time step, the program continues but reverts to the original time step selection
procedure. If the tolerance is still violated, the program disregards the very last time step and
starts from the beginning point of that step using a time step one tenth of the last one (i.e., one
hundredth of the original). This process is repeated until the tolerances are satisfied or the
time s’iep is reduced 5 times without convergence at which time the program stops and notifies
the user of the failure for convergence in the program output. The variable time step algorithm

is illustrated in Fig. 4.

In summary, the current time increment actually used must meet the following four cri-

teria:

m It does not exceed At

2 It does not exceed the time it takes to reach the next excitation digitization point
(3) It does not exceed the next output time specified

)] Convergence tolerance is met when applicalbe.

The first three criteria for selecting the time increment are checked before the step

begins; while the last criterion is checked at the end of the step.

2.5 Equilibrium Correction

When equilibrium violations are detected by the program and the user specified loading

and unloading tolerances are satisfied, the program automatically imposes equilibrium by
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modifying the acceleration at the end of the step [7]. This is done using the equation

P(t+At)—Cui (t+A1)—R (t+A1)

7, (30)

ii (1+At)=
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3 STIFFNESS MODELS

3.1 Introduction

Two of the more commonly used nonlinear force-deformation models have been imple-
mented in the program and are described in this chapter. The types of structures that are found

to be adequately represented by these hysteretic idealizations are also discussed.

The effects of gravity loads result in changes in stiffness and hysteretic behavior of a sys-
tem. In this chapter, the effects of gravity loads on the two force-deformation models men-

tioned in Sections 3.2 and 3.3 are examined.

3.2 Bilinear Stiffness Model

Bilinear models are frequently used in modeling structures that exhibit stable and full hys-
teretic loops. The bilinear stiffness model is defined by three parameters : the yield point, ini-
tial stiffness, and the post-yield stiffness. The bilinear model is graphically shown in Fig. 2a.
Notice that the yielding always occurs on the two dashed lines - the yielding envelop curves,
and the system always unloads with the initial stiffness until it reaches one of the two yielding
envelop curves. The elastic and elasto-perfectly plastic models are special cases that can be

considered by using appropriate input values. The post-yield stiffness can be of negative value.

3.3 The Stiffness Degrading Model

Stiffness degrading models of the type incorporated are used commonly to represent rein-
forced concrete structures that do not exhibit substantial degradation due to shear and/or bond
deterioration [6,22]. In these cases, the hysteretic loops would be spindle shaped or pinched
[19,22]. The stiffness degrading model also uses a bilinear envelop curve defined by three
parameters : the yield point, the initial stiffness and the post-yield stiffness. The stiffness
degrading characteristics during load reversals are graphically shown in Fig. 2b. There are two
primary differences between this stiffness degrading model and that proposed by Clough and

Johnston shown in Fig. 5. In the Clough and Johnston model {6], the post-yield stiffness is
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assumed to be always zero, while the current stiffness degrading model allows non-zero post-
yield stiffness (either positive or negative). Also, as shown in Fig. 2b, for the current stiffness
degrading model, after the initial yielding, the loading is directed toward the last unloading
point in the direction of motion. The Clough and Johnston model always loads toward the
furtherest unloading point in the direction of motion which can result in unrealistic loops (Fig.

5).

Just like the bilinear stiffness model, the stiffness degrading system will always unload
with the initial elastic stiffness; however, the stiffness degrading system changes its stiffness
when it crosses the displacement axis (zero crossing point) and starts loading in the opposite
direction. There is evidence that the unloading stiffness slope should degrade with cycling and
maximum peak displacement. However, analyses [5] indicate that this degraded unloading
stiffness does not generally have a significant effect on seismic response. After it crosses the

displacement axis, it heads straight toward the last yield point as shown in Fig. 2b.

3.4 Inclusion of P-Delta Effects

Gravity loads can effect the apparent mechanical characteristics of a structure when the
system is displaced horizontally. This geometric nonlinearity is often called the "P-Delta" effect.
The P-Delta effect decreases the system’s tangent stiffness by P/L where P is the gravity load

and L is the system’s height as shown in Fig. 6.

The P-Delta effects can be incorporated into the program by changing the input for the
primary envelops for the bilinear and stiffness degrading model. When P-Delta effects are con-
sidered, the yield displacement », remains the same, while the new initial period (T,), the ini-

tial stiffness (K, ), the post-yield stiffness (PK,), the yield strength (R, ) and n-value (x,) are

changed as follow:

(31a)
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Lid)

PK'=PK, (1— IK (31c)
. __P

R',=R, (1 IK, ) (31d)
T &

n'=n, (1 IK, ) (31e)

This does not exactly produce the correct effect on stiffness degrading models. Notice that in
Fig. 6, the "zero crossing” point for the stiffness degrading model should be shifted away from
the displacement axis by the P-Delta effects. This can not be taken into account by the current
version of the computer program. Instead, the program assumes the stiffness changes at the
zero crossing point and follows the dashed path shown in the figure. Although not strictly
correct, the responses calculated this way are probably of sufficient accuracy for most practical

values encountered for P-Delta effects.
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4 RESPONSE INDICES

4.1 Introduction

While hysteretic curves and response time histories contain all the information on
response, it may not be possible or desirable to inspect these curves for every system analysed.
Consequently, it is useful to define a few simple indices to characterize the response. The max-
imum displacement ductility is commonly used to describe the response of an inelastic system.
It is especially useful for structures with stable hysteretic loops subjected to impulsive loads.
However, when cyclic inelastic action is likely, other indices may provide additional insight into
the behavior of the system. A number of indicies that have been incorporated in the computer

program are discussed in this chapter.
4.2 Ductility Factors

(a) Maximum Displacement Ductility Factor

Displacement ductility is defined as the maximum absohite value of the displacement
response normalized by the yield displacement of the system. This definition of displacement
ductility gives a simple qualitative indication of the severity of the peak displacement relative to
the displacement necessary to initiate yielding and is illustrated graphically in Fig. 7. A max-
imum displacement ductility less than unity represents elastic response; while a value greater

than unity indicates inelastic response.

For monotonic loading conditions, the maximum displacement ductility factor is a good
index of inelastic deformation; however it does not by itself indicate the amount and severity of
inelastic deformations under cyclic deformation histories. In this case the largest inelastic
deformation in a cycle, the number of yield events and reversals and the total amount of inelas-
tic deformation can be substantially larger than indicated by the maximum displacement. These

factors can be important in structures with limited inelastic dissipation capacities.
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(b) Cyclic Displacement Ductility Factor

To get an idea of te severity of the worst inelastic excursion, a cyclic displacement ductil-
ity factor is defined as the largest cyclic displacement excursion normalized by u,. As shown in
Fig. 7, the origin used to define the cyclic ductility is shifted to account for the prior inelastic

action. Mathematically, the value of ductility is computed as

g Umax iU x> U,
| u, ifum<u,

_[_umin ifumin<—uy
Up=

u, ifumin2—u,
U, +u
uc=“u—”—1 > 1.0

Y
Since measuring the total amount of inelastic deformation under cyclic deformation histories is

the main goal in defining the cyclic displacement ductlity, a value of unity is output by the com-

puter program if the response remains elastic.

(¢) Accumulative Displacement Ductility Factor

For structures susceptible to low cycle fatigue failures, ac;umulative inelastic displace-
ments maybe more important than the inelastic deformation in one direction or in one cycle.
To assess the accumulative inelastic displacement, the absolute values of all inelastic deforma-
tions are summed and normalized by u, and, in order for this index to be comparable to the
maximum displacement ductility and for the accumulative ductility to equal one at first yield, a
value of one is added to the above ratio. This is illustrated in Fig. 8. This ductility gives a

measure of the total amount of inelastic deformation the system has experienced.

(d) Normalized Hysteretic Energy Ductility Factor

The amount of the energy dissipated through the hysteretic actions is important for
assessing the required toughness of a system. The energy dissipated can be visualized as the
area within the hysteretic loops developed by the system (see Fig. 9). To express this energy
quantity in a more convenient form, the total energy dissipated by the system during all cycles

can be divided by twice the energy absorbed at first yield plus one. In this form, the ductility
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factor represents the maximum displacement ductility of an equivalent elasto-perfectly plastic
system that dissipates under monotonic loading the same amount of hysteretic energy
(represented by the shaded areas) as the actual system. This is a convenient way of visualizing

this factor.

For elasto-perfectly plastic models, the normalized hysteretic energy ductility factor should
equal the accumulative displacement ductility defined in the previous section. However,
because of differences in computational methods for the two quantities, the results may be
slightly different depending on the converenge tolerance used. Fortunately, for most cases, the

differences in the ductilities are insignificant.

(e) Comments on Ductility Factors

Because ductility factors are attempting to simplify a complex response, they must be used
with caution. In general there is little agreement on the precise definition of ductility and scant
data on the ductility capacity of a structure. Moreover, it must be recognized that the ductility
based on local response (plastic hinge rotation, strain, etc.) will usually be substantially larger

than those based on displacement.

While the definitions introduced above have precise meanings for the single-degree-of-
freedom systems considered, this is not necessarily so for multiple degree of freedom systems
or structures that do not exhibit definite yield points. However, use of the above definitions
individually and in, particular, by comparing them can give a designer a good idea of the type of
response expected of a system [12]. See the examples in Chapter 6 for a comparison of various

definitions of ductility as applied to several structures.

The various ductility factors introduced have been defined to result in identical numerical
values for a monotonic response excursion. In addition, a value of one or less indicates elastic
response in each case. This overcomes some of the difficulties in comparing values that would

result from other methods of normalizing response [8].

The equations of motion were normalized in Section 2.2 in such a way that the values of
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the various ductility factors defined previously will be identical for family of systems having the
same characteristics as described in Section 2.2 and subjected to excitations of the same shape.
However, this does not mean that the displacements or force histories will necessarily be the
same. Fortunately, these parameters can be calculated from the definition of ductility and
knowledge of the system’s mechanical characteristics and the intensity of the excitation (see

Section 4.4).

4.3 Number of Yield Events, Yield Reversals and Zero Crossings

In addition to having some measures of the severity of inelastic deformations, it is also
desirable to have information on their frequency. To give an indication of any bias in yielding,
the number of yield excursions in the positive and negative directions are given seperately.
Yielding is defined for these indicies as an excursion on the primary post-yield envelop curve
(dashed lines in Fig. 2). Note, small hysteretic loops for the stiffness degrading model that do
not contact the primary envelop are not counted. The number of yield reversals is an impor-
tant quantity. For example, successive yield events can occur in the same direction. Thus,
several small yield excursion may have the same effect as one large event. To distinguish this
case from cases where cyclic inelastic deformation reversals occur the number of yield reversals
is given as well. The number of yield reversals is defined as the number of times the system
changes from yielding in one direction to yielding in the opposite direction. Again only contact
with the primary yield envelop is counted. Because of the behavior of the stiffness degrading
model is hysteretic on all cycles once yielding has occurred, the number of zero crossing (for
reversals) is also given. This also gives an indication of the mean frequency of the response

which may degrade with inelastic deformation.

The definitions of the number of yield events, yielding reversals and zero crossings are
illustrated in Fig. 11. Note that number of events does not change for systems normalized as

in Section 2.2 subjected to excitations of the same shape.
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4.4 Maximum Response Displacements, Velocities and Accelerations

(a) Displacement

In addition to controlling inelastic deformations, it is also frequently necessary to control
the maximum relative displacement of a structure. This is done (1) to control the damages to
the nonstructural elements; (2) to mitigate the adverse consequences of P-Delta effects; (3) to
reduce human perception of motion; (4) to prevent pounding against adjacent structures (or
equipment) and (5) to satisfy prescribed code or other displacement limits. Consequently,
information on the maximum displacements of a system are summarized by the computer pro-

gram.

Although the ductilities computed according to the definitions made in Section 4.2 will be
the same for all systems normalized according to Eqs. 13b and 22, the maximum displacements
may be considerably different. To relate the maximum displacements to maximum displace-
ment ductilities, it is helpful to re-write the definition of the maximum displacement ductility

for seismic excitation as

o= umax= U max Kt ax _[i U max (322)
max . - .o
uy Ry/K M. Z'Igma)(."7 T’ gmax
or solving for displacement
Umax=Uy 'K max (32b)
or
umax=%ugmax'#'max (32¢)

From this last equation, we can see that for normalized structures subjected to the same nor-
malized excitation and having the same values of w and 7n, the value of u,,,, is proportional to

Uy, even though pp,, is not. However, n and i,  are related and Eq. 32b is more useful in
practice in determining displacements.

For force excited systems, we can also re-write the definition of the maximum ductility as

=umax= Umax =K'umax= __Ig U max (33a)
Hmo™ "y " " RJK kP |k | P

max
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or

K
umax=ﬂmax?Pmax (33b)
Again, we can see that for normaized structures having the same values of K and « , the value

of u.. is proportional to the P,,.

If two systems are normalized such that they develop the same ductility, the displacement

of one can be determined from that of the other using

U
Ury=u,y —ﬁ (34)

Y1

This equation is convenient when interpreting the computer output.

(b) Velocity

Maximum total response velocity is important in determining the human perception of
motion and maximum relative response velocity is important in determining the strain rate of
the deformation. Similiar to the maximum response displacement, the maximum total response

velocity and the maximum relative response velocity can be normalized as

iIIInax =uyl~"'rrnax=iigmax£5l"" riqax (35a)
l’.’max= uyl:“ max— ugmax'a%l:’fmax (35b)

or if the velocities are known for a particular system, they can be related to those for a related

system with the same n and w by

Uy
wh=ut|—2|  when =i} (35¢)
uyl
and

U
f=il —uﬁ when =i, (35d)
Y1
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(c) Acceleration

Maximum total response acceleration is important in determining the human perception
of the severity of an earthquake and in design of equipments attached to the structure. Similiar
to the maximum response displacement and the maximum total and relative response velocity,

the maximum total response acceleration can be normalized as

T R _ iy
U max =Uy M max™= ugmax_ i’fl“ max (363)
U max= Uyl max™ Ug s w2 M max 36b)

4.7 Energy Indices

For ground motion excited systems, the computer program will keep track of the amount
of energy input, absorbed and dissipated. The amount of input energy can be expressed as the
integral of negative of the sum of the resistance force plus the damping force times the ground

velocity over time. The derivation of this expression is shown in Fig. 12.

Part of the input energy is stored in the system as strain energy. For systems with no
deterioration in unloading stiffness, the recoverable strain energy can be computed as half the
square of the force divided by the initial elastic stiffness. Part of the input energy is stored as
kinetic energy. It can be expressed as one half the product of the response velocity relative to a

stationary reference frame and the mass of the system.

Finally, part of the input energy is dissipated as hysteretic energy and can be computed as
the area within the hysteretic loops developed by the system; and the rest of the input energy is
dissipated as damping energy through the viscous damping mechanism of the system. It can be
expressed, for viscously damped systems, aé the integral of the damping coefficient times the
square of the response velocity over time. The tfme histories and maximum values of these
energy terms maybe output by the computer program if desired (see Appendix A, Section A.1,

Card B.2).
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S RESPONSE SPECTRA

5.1 Introduction

In designing structures, especially in the preliminary stage, one is primarily concerned
with the maximum responses rather than the precise details of the response time histories. To
facilitate design of structures subjected to severe dynamic excitations, it would be helpful to
develop design guidelines which indicate how these peak response parameters vary with the
dynamic, mechanical and damping characteristics of the structure for a particular excitation.
Such guidelines can be easily formulated for single-degree-of-freedom systems using various
options incorporated in the computer program. Various peak response can be tabulated for a
set of user specified combinations of stiffness, strength and damping values. Moreover by tak-
ing advantage of the various methods of normalizing the equations of motion discribed in
Chpater 2, different types of response spectra may be constructed as will be described in this
chapter and illustrated in the next. Once constructed, these spectra can be used to derive the
response of a particular system to a specific type of excitation; to determine the consequences
of different design options; and to identify those combinations of design parameters that satisfy
the response criteria. In addition, various spectra can be combined to derive a composite

design spectra where uncertainties exist as to the precise nature of the excitation.

5.2 Elastic Response Spectra

The peak responses of elastic systems can be conveniently summarized by plots of elastic
response spectra. Stated briefly, an elastic response spectrum is a plot of the maximum
response (maximum response displacement, response velocity, total response acceleration, or
any other response quantity of interest) to a specified load function plotted as a function of
system’s period (or frequency). Such plots are possible because, as can be seem from Egs. 5
and 6 of Section 2.2, the responses of systems subjected to a particular excitation are the same
if they have the same frequency and the same amount of damping. Thus, by solving the equa-

tions of motion for one system with each combinaton of period and damping values of interest,
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one has determined the response of all systems with these values of period and damping. It is
convenient to summarize this data as response sepctra in which the maximum responses are

plotted against periods for a constant damping value.

Typical elastic response spectra for a seismic excitaion are shown in Fig. 13 for the 1940
El Centro earthquake. The maximum responses are plotted in terms of the pseudo-acceleration
(S,), pseudo-velocity (S,) and the relative displacement (S,) in a single graph. Pseudo-
velocity is defined as the product of the natural circular frequency of the system and the rela-
tive response displacement. Pseudo-acceleration is defined as the product of the natural fre-

quency of the system and pseudo-velocity.

S,=peak relative displacement (37a)
Sv=de (37b)
S,=wS,=w’S, (37¢)

When defined this way, it is convenient to take advantage of the relationships existing between
these three quantities to plot them in a four-way log paper, known as tripartite plot, as shown in

Fig. 13.

Elastic response spectra have been widely used in earthquake engineering design [7].
Maximum responses of a single-degree-of-freedom structure subjected to a specific excitation
can be conveniently determined from elastic response spectra if only the natural period and
damping of the system are known. In addition, the sensitivity of the responses to variations in
the period or damping of the system can be easily seen from the spectra. However, the elastic
response spectra for different excitations can be sustantially different. Consequently, for design
response spectra, a variety of excitations representative of those expected at a site should be
considered to obtain a smoothed elastic design response spectra [16]. Methods for doing this

are beyond the scope of this report.

5.3 Inelatic Response Spectra

In cases where only maximum response values are of interest, spectral summarization

similiar to that of elastic response spectra is helpful and efficient in identifying the parameters
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effecting the response of structures. Looking at Egs. 21 and 22 of Seétion 2.2, the ductility
responses of inelastic systems subjected to a specific excitation are uniquely defined for a
specific combination of damping, period and m-value. In design, one is usually interested in
controlling displacement ductility values. Consequently, a useful plot would be to graph .y
as a function of period for a constant value of n and £. Typically, for a single graph the excita-
tion, damping and hysteretic model are held constant and maximum displacement ductility is
plotted as a function of period (frequency) for specified values of . Usually the curves are
plotted on log-log or semi-log scales. Such inelastic response spectra can be called constant
strength response spectra. Spectra for maximum displacement ductility for an elasto-perfectly
plastic system with 5 percent viscous damping subjected to the north-south component of the
1940 El Centro record are shown in Figs. 20 and 21. To use such spectra, one can determine
the maximﬁm ductility or displacement for a particular system for a structure with a period of 1
second and a yield strength of 10 percent of its weight subjected to this record scaled to 50% g
(yp =0.1/0.5=0.2). The maximum displacement ductility can be read from the graph as 7. In

addition, by applying Eq. 32c, the maximum displacement is

=5 (32.2X12) (o2 ) 1=6.85 inches

Q2m)

Alternatively, one can specify the maximum ductility for a given period and interpolate
between curves to find the required n-value. For example, to limit the same structure to a duc-

tility of 4, one would have to use an n-value of 0.3. For 50% g peak ground acceleration, this

corresponds to a yield base shear coefficient of 0.15.

Similiar spectra can be plotted for other response quantities of interests as illustrated in

Chapter 6.

Another useful form of inelastic response spectra involves plotting of m-values
corresponding to a constant displacement ductility as a functon of period. This form of inelastic
response spectra might be called constant ductility response spectra. They are constructed using
interpolation between the curves of the constant strength spevctra as indicated in the example

above. However, as indicated in Fig. 15 and as pointed out in [17], there can be more than one
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n-value corresponding to a given displacement ductility. For example for period of 0.7 second,
the data in Figs. 20 and 21 results in a relation between w and T as shown in Fig. 15. It is

recommended to take the larger n-value for design.

5.4 Construction of Response Spectra Using Computer Program

The output of the computer program is conveniently organized for constructing elastic
response spectra and constant strength inelastic response spectra. As discussed in- Appendix A,
Section A.2, when more than one system is input, various maximum response indices are tabu-

lated to facilitate plotting of response spectra.

Direct derivation of constant ductility response spectra is not incorporated into the com-
puter program. In order to generate the constant ductility response spectra, the user would
have to construct a series of constant strength response spectra, and by interpolation, estimate

the constant ductility response spectra.

Inelastic response is very sensitive to the input excitation, and where uncertainty exists as
to the nature and characteristics of this excitation, design should not be based on spectra
developed for a single excitation. Methods for combining spectra for various types of expected

excitatins to produce a composite design response spectra are beyond the scope of this report.
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6 EXAMPLES

6.1 Introduction

Several examples are presented to iflustrate the capabilities of the program. Moreover,
observations related to the nature of inelastic response under different loading conditions are
offered. Comparisons of the different response indicies previously defined indicate the complex

nature of inelastic response as well as the usefulness in interpreting response.

6.2 Shock Spectra

When systems are subjected to impulsive type of loading, response spectra can be con-
structed similiar to the more familiar earthquake response spectra. Spectra for impulsive types
of loading, frequently referred to as shock spectra, can be constructed using the computer pro-
gram. For example, consider a load history consisting of a single sine pulse base acceleration

time history of duration #; and magnitude iigmax. Shock spectra are constructed for elasto-

perfectly plastic systems with no viscous damping. For these spectra, n-values ranging from 0.2

through 2.0 were used.

It has been shown in Section 2.2 that for a loading of a particular shape, the maximum

displacement ductility depends only on the m-value, the amount of viscous damping and the

t .
parameter —;, for elasto-perfectly plastic systems [4], and only on the amount of viscous damp-

t
ing and the parameter -% for elastic system [4,6]. The shock spectra are usually plotted in

ly
—, for a constant

terms of the displacement ductility, &, and the nondimensional parameter, T

value of 7. Spectra constructed in this manner can be very useful for design where the
assumed load shape can be anticipated or for qualitatively assessing the potential effects of more

complex inputs consisting of a sequence of simple shapes.

The shock spectra computed for the sine pulse loading are shown in Fig. 16. As would be

expected on the basis of simple elastic shock spectra [7], the »-values must be at least slightly
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greater than 2, in order for systems to remain elastic throughout the entire spectrum range. As

can be seen from Fig. 16(a), for n-values less than or equal to 0.8, displacement ductilities tend

to increase with the parameter —;. For n-values greater than 0.8 displacement ductilities ini-

t t
tially increase with —;,— until a peak is reached (between -%=1 and 2), and then they decrease

t
with —;—,. Moreover, it is seen that displacement ductility becomes increasingly sensitive to the

value of n when ¢t; exceeds T.

Another interesting aspect of the response can be assessed from plots of normalized peak

displacement (u,,,,/ iigmax) versus t,/T for systems with constant n-values. For the case con-

sidered, Fig. 16(b) shows that all systems respond identically for small values of t,/T (they all
are elastic in this range); for high r,/T values inelastic structures with low n-values respond
more than stronger elastic systems, but for intermediated ¢;/T values structures with low 7-
values respond less. Similiar trends have been noted previously [16,18]. Interestingly, the
weakest structures considered (n=0.2) develop nearly constant maximum displacements
throughout the ¢,/ T range. This is apparently a result of the fact that a very weak but stiff sys-

tem will yield early and respond nearly the same as a very flexible but elastic system.

To assess the consequences of this, Eq. 32c is re-written as

u X
—T = (27) 2 T (38)
gmax
or taking the logarithm on both sides
log M}_ =2log T+log (27 ) *+1ogu max+1087 (39)

Yg max

For the shock spectra considered, n is constant. If /i,  is taken as a constant (as for

7n=0.2)

logu max=210ng+)\ (40)

where A is some constant depending on the value of n and the constant value of umax/iigmax.
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Thus, for weak systems we would expect displacement ductility to be inversely related to period
(with a slope of 2 on a log-log plot). This general trend can be identified in Fig. 16(a) for -

values less than 0.6.

6.3 Response Time History For Seismic Excitation

Response time histories of a single-degree-of-freedom system can be obtained using the
computer program. The response of a system is computed for the 1940 EI Centro (N-S)
record. The system has an initial elastic stiffness of 1106 kips/in. and a yield displacement of
0.06266 in.. Viscous damping was assumed to be equal to 5 percent of critical. Elasto-perfectly
plastic (EPP) and stiffness degrading (SDM) hysteretic idealizations were assumed for the

structure. No deformation hardening is considered in either case.

Typical results are shown in Figs. 17 through 19. These figures include time histories of
displacement, input energy, recoverable strain energy, hysteretic energy and damping energy.
As can be seen from Fig. 17, the maximum displacement is almost the same for both the
stiffness degrading model and the elasto-perfectly plastic system. However, the displacement
time history of the SDM system consists of less frequent but larger amplitude oscillations than
those of the EPP system. After about 6 seconds, both systems vibrate about a permanent
deformation of about 0.4 inches and it does not appear as though the maximum displacements

would increase with time after 6 seconds ,especially for the EPP system.

From the energy time histories (Fig. 18), we can see that the SDM system would be sub-
jected to considerably more input energy than the EPP system for the same earthquake. For
both systems most of the input energy is being dissipated through hysteresis loop_s and the
effects of viscous damping are smaller. The Kkinetic energy and recoverable strain energy
remain relatively small throughout the response. Unlike the displacement time histories which
stop increasing with time after about 6 seconds, the hysterefic and damping energy increase at
an almost constant rate for both systems. Thus, for systems with limited energy capacity, the

duration of the ground motion may have an important effect on the potential failure.
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The hysteretic loops for the two systems are plotted in Fig. 19. The figures show many
cycles of reversed plastification. Much more hysteretic energy is dissipated for the SDM than

the EPP as can be seen visually from the hysteretic loops as well as from Fig. 18.

6.4 Inelastic Response Spectra

Constant strength and constant ductility response spectra were also constructed for the
1940 El Centro (N-S) record. These spectra were calculated for periods range from 0.1 sec to
1.0 sec at 0.05 sec intervals and then up to 2.0 sec at 0.1 sec intervals. Viscous damping was
again assumed to be equal to 5 percent of critical and an elasto-perfectly plastic hysteretic ideali-
zation was used. For the constant n-value response spectra, defined in Section 5.2, where vari-
ous response parameters are plotted against period for systems with constant n-values. The -
values range from 0.1 to 1.0. The constant ductility response spectra were constructed by inter-
polating the constant m-value response spectra and this involved an iterative process. The
required m-values are refined so that they would not result in computed ductilities more than
one percent different from the desired values. The ductilities considered for the constant duc-

tility response spectra range from 2 to 10.

The response spectra generated are shown in Figs. 20 through 26. All of the spectra are
plotted on semi-log scales, except Fig. 20 which is plotted on log-log scale. Shown in Figs. 20
through 23 are the constant n-value response spectra based on displacement ductility, cyclic dis-
placement ductiltity and normalized hysteretic energy ductility, in that order; and shown in
Figs. 24 through 26 are the corresponding constant ductility response spectra. For the EPP sys-
tem considered, the accumulative displacement ductility values equal the normalized hysteretic
energy ductility spectra. They are consequently not plotted here. However, for other systems,
they provide valuable additional information and if may be desirable to form spectra based on

this parameter as well.

As can be seen from the constant m-value spectra (Figs. 20 through 23), the various
response ductility factors tend to decrease with increases in m-value and with increases in

period. For the constant m-value displacement ductility and cyclic displacement ductility
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spectra, lines of coﬁstant m occasionally intersect and, in some instances, cross over one
another. This results in weaker systems sometimes requiring less ductility than stronger ones.
These intersections and cross-overs correspond to a sharp drop and a positive slope in the n-
value versus displacement graph shown in Fig. 15. This tendency is the consequency of
numerous interrelated factors. The effect of a specific pulse in an earthquake record depends
not only on the factors indicated in Fig. 16 (where this same tendency can be noted in some
cases), but on the system’s acceleration, velocity and displacement at the onset of the pulse.
Since these values are very sensitive to prior inelastic action, the effect of a particular pulse may

be greater or less than expected based on the characteristics of the isolated pulse.

From the constant ductility spectra (Figs. 24 and 26), it is observed that the n-values for
constant ductility generally decrease with increases in ductility and with increases in period.
Because thie constant ductility spectra are constructed by interpolating and refining the constant
n-value spectra, it would be expected that, for constant displacement ductility and (;onstant
cyclic displacement ductility spectra, that intersection and cross-over of lines for some period
regions might occur. However, when two or more n-values would result in the same ductility
the largest value is plotted when constructing these curves. This is believed to be a conserva-
tive assumption for design and accounts for the effect of uncertainties in modeling on response.

Consequently, the constant ductility curves do not cross over one another.

For the constant strength (n-value) spectra of displacement ductility shown in Fig. 20, it
is seen that, on a log-log scale plot, the lines of constant m-value decrease with period in an
almost linear fashion, especially for high ductility levels and low values of . Similiar to the
observations in Section 6.2, this observation can be related to how the normalized displace-:

umax

ments vary with period. It is observed in Figs. 28 that the normalized displacement,

4 max

varies almost linearly with period with a slope less than 2 on a log-log scale plot. Furthermore,
at larger periods the displacements tend to merge as would be expected. Also, as observed in

Fig. 16(b), the displacements tend to become nearly constant (independent of period) as the
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n-value decreases. To assess the reason for these observations, one refers to Eq. 40. For the
constant n-value plot shown in Fig. 28, n is constant. As observed previously, u varies
inversely and approximately linearly with period for constant values of n on a log-log scale plot.
That is,

logu=—axlogT 41)

where « is a positive constant. Therefore, Eq. 39 can be re-written as

u
log| —=|=(2—a)logT+\ (42)

gmax

where A is some constant depending on the value of . From Eq. 42, it is obvious why the

umax

normalized displacement, , would vary almost linearly with a slope less than 2 on a log-

g max

log scale 'plot. Similiar conclusion can be made for the variation of normalized displacement
versus period for constant values of displacement ductility by simply recognizing that u is con-

stant and n varies inversely and approximately linearly with period on a log-log scale plot.

6.5 Comparison of Response Indicies

Comparisons between the different definitions of ductility factors are plotted in Fig. 27 for
constant n-values of 0.8 and 0.2, respectively. By comparison, it is seen that ductilities are con-
siderably larger for the weaker system. As noted previously, all ductility factors generally
decrease with increasing period. The maximum displacement ductility and the cyclic displace-
ment ductility are generally similiar (except for periods between 0.4 and 1.0 seconds) indicating
that inelastic deformations occur primarily in one direction. However, the differences between
displacement ductility and equivalent hysteretic energy ductility are as large as two or three
hundred percent indicating many cycles of load reversals and reversed plastification. More
importantly, this difference varies significantly for different periods [10]. This observation is
important for structures sensitive to low cycle fatigue and/or with limited energy dissipation
capacity, since for a structure with a certain m-value, the designer not only would have to make

sure the structure is sufficiently ductile to develop the required maximum displacement ductil-



-34 -

ity, but also tough enough to dissipate the required hysteretic energy without significant degra-

dation of its restoring force characteristics.

From the constant displacement ductility spectra obtained in Section 6.4, normalized
response (as mentioned in Section 4.4) envelopes can also be plotted against periods to facili-
tate the comparison between the different response indicies at a constant displacement ductility.
The envelopes are shown in Figs. 29 through 31 for a displacement ductility of 4. In Fig. 29,
differences between the displacement ductility and other ductility factors are shown. Similiar
observations as those just observed for constant n-values are evident again for a constant dis-
placement ductility of 4. That is, for structures with limited energy capacity and/or sensitive to
low cycle fatigue, certain periods are preferable over others. Minimum requirements for struc-

tural toughness occur at periods between 1.0 and 1.5 seconds for this input.

The difference between the displacement ductility and cyclic displacement ductility gives
an indication of the directional distribution of the maximum response. The cyclic displacement
ductility as defined can be as large as twice the displacement ductility (minus one) when the
positive and negative displacements are equal. The cyclic displace@ent ductility can be as small
as the displacement ductility if the inelastic deformation occurs in only one direction or when
the response is elastic (the trivial case). From Fig. 29, it is seen that the directional distribu-
tion of response is substantially biased in one direction for periods between (.7 a}nd 1.4 seconds.
Furthermore, it is found that the accumulative displacement ductility (and normalized hys-
teretic energy ductility) are nearly proportional to the cyclic displacement ductility indicating
that there is, for this record, some relation between the energy dissipated and the directional

distribution of maximum response.

In Fig. 30, the variations of the normalized maximum and minimum displacements and
residual displacement versus period are shown for a displacement ductility of 4. Except in a
few cases, the displacement in one direction is significantly larger than in the other direction
indicating again a bias in the inelastic response. It is noted that the pattern of bias in the inelas-

tic response observed in this figure matches closely with the pattern discussed in the preceeding
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paragraph. The normalized residual ductility tcnds to increase with peridd as seen in Fig. 30.
In addition, normalized residual ductility can be as large as 50% of the peak normalized dis-
placement in some instances. Large residual displacement is undesirable because it may make
structural repair infeasible and can accumulate during severe aftershocks leading to structural
instability.

In Fig. 31, the number of yield events versus period is shown and the trend shows that
for more flexible, longer period structures, the number of yield events decreases as expected.
However, there appears to be an even distribution of positive and negative yield events. This is
in contrast with the directional distribution of maximum displacements where the displacement
in one direction is consiétantly larger than the oth;ar direction except in a few cases as shown in
Fig. 30. Thus, the number and magnitude of yield events may not be related. For the EPP
medel, the sum of number of positive yield excursions and number of negative yield excursion
minus the number of yield reservals indicates the number of time the system yielded succes-
sively in one direction only. It can be inferred from Fig. 31 that the number of times the sys-
tem yielded successively in one direction only is about 30% of tﬁe number of positive or nega-

tive yield events.

Although comparisions such as those discussed in this section can give much insight into
inelastic response, caution should be exercised in generalizations drawn from a single record. A
statistical study of trends based on realistic structural models and on an appropriately selected

ensemble of ground motion records is required.

6.6 Construction of Evolutionary Spectra

Because the response spectra presented previpusly relate only the maximum response to
period, the relationship that exists between the response time history and the features of the
excitation time history that cause this response is necessarily absent. One of the ways to incor-
porate the temporal nature of response and to display the relationship between response time
history and excitation time history is through an evolutionary spectrum. An evolutionary spec-

trum is a two dimensional contour plot of the response showing the time of the first occurance
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of each level of the contour. Usually the x-axis refers to time and the y-axis refers to period of

the structure.

The evolutionary spectra shown in Fig. 32 are constructed by the computer program. The
systems are assumed to be elasto-perfectly plastic with viscous damping of 5%. The periods are
selected evenly from 0.1 to 1.0 seconds at 0.05 second interval; from 1.1 to 2.0 seconds at 0.1
second interval. The 7m-values used are based on the Newmark-Hall inelastic design response
spectra [16], for a specified displacement ductility of 4. Consequently, actual maximum ductil-
ity demands are not exactly equal to 4 [10]. The excitation used is the 1940 El Centro (N-S)
record. The response quantity shown in the evolutionary spectra is the equivalent hysteretic
energy ductility. Other response quantities can be used to construct similiar evolutionary spec-
tra. Pre-determined contour levels are selected corresponding to equivalent hysteretic energy at

0.5 interval from 1.0 to 14.5.
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7 CONCLUSIONS

This report describes a computer program for the analysis of inelastic viscously damped
single-degree-of-freedom systems to either support excitations or external loadings. The pro-
gram is best utilitized when used to study the sensitivity of the overall response of a proposd
structure to uncertainties in its mechanical and dynamic characteristics or to variation in excita-
tion. Useful definitions of response quantities are introduced in connection with the various

methods of developing design aids based on computed inelastic response discussed.

The computed responses by the computer program have shown excellent agreement with
results by other computer programs. Improvemeqts and further extension of the computer pro-
gram are possible. For e;xample, inctusion of hysteretic idealizations other than the bilinear and
stiffness degrading models is desirable. Studies on methods for combining response spectra for
different excitations and for normalizing excitations are needed. In addition, studies to assess
methods of applying these methods to systems subjected to biaxial excitations and to complex

multiple-degree-of-freedom systems are needed.
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APPENDIX A : PROGRAM INPUT AND OUTPUT

A.1 Input Specification

The program has been used and tested extensively in mainframe computers like CDC

6400 and CDC 7600 and mini-computers like PDP 11/780, PDP 11/750 and PDP 11/70 using

the UNIX operating system. The following input format should be observed when using the

computer program. The variable names indicated are those used in the computer program.

A. JOB TITLE (8A10) - ONE CARD

columns 1-80 :

Information to be printed in the beginning of the output.

B. SYSTEM DEFINITION

B1. SYSTEM/ANALYSIS INFORMATION (8F10.0) - ONE CARD

columns 1-10 :

columns 11-20 :

columns 21-30 :

XMASS. System’s mass. If XMASS is positive, then the program will con-
sider all combinations of the stiffness (or period) listed in Section B4 and the
yield displacement (or m-value) listed in Section BS in calculation of
responses. If XMASS is negative, then the stiffness (or period) and yield
displacement (or m-value) will be considered in pairs in the order they are
input. (NOTE: a particular system’s mass is not required if m-value and
period are specified for the normalized responses of a family of related sys-

tems, and can be made equal to one arbitarily. See Section 2.2)

PK. Deformation hardening/softening ratio. This ratio should be input as
fraction of the initial elastic stiffness, with zero value permitted for the case

of elasto-perfectly plastic systems.

DELTAT. The maximum time increment to be used in the analysis. How-
ever, the program automatically selects smaller time increments to match the
loading interval, the output interval, or to obtain the specified convergence

tolerance when stiffness changes (see Section 2.4)



columns 31-40 :

columns 41-50 :
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XOUT. A multiplier for obtaining output interval for response time his-
tories. The output time interval will be determined as output time interval
= XOUT * DELTAT. To supress response time histories simply use a

sufficiently large XOUT value. (XOUT = 1.0 is the default).

TCONYV. Convergence tolerance. This tolerance can be used to control the
amount of overshoot and distortion of the hysteretic curve shape (see Sec-

tion 2.4). (TCONV = 0.01 is the default)

B2. SYSTEM/ANALYSIS COMMANDS (1015) - ONE CARD

columns 1-5 :

columns 6-10 :

columns 11-15 :

columns 16-20 :

columns 21-25 :

NSTIFF. Number of stiffness or periods to be specified. A negative value
for NSTIFF will result in periods being read in Section B4, while a positive

value for NSTIFF results in stiffnesses being read.

NUYP. Number of yield displacements or n-values to be specified. A nega-
tive value for NUYP will result in n-values being read in Section BS, while a

positive value for NUYP will result in yield disﬁlacements being read.

NDAMP. Number of damping values to be considered. NDAMP = 1 is the

default.

ITYPE. Hysteretic model identifier.

ITYPE = 1 - bilinear hysteretic model (default)
ITYPE = 2 - stiffness degrading model

IENG. Energy computation option.

IENG = 0 - energy computation desired

IENG = 1 - no energy computation desired

Energy computation is made only if the system is excited by ground

motions.



columns 26-30 :

columns 31-35:

columns 36-40 :

columns 41-45 :

columns 46-50 :
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IPUNCH (output history storage).

IPUNCH

1 - no output history is desired.

IPUNCH

2 - the response displacement, resistance force histories are to
be saved either on punched cards or on Tape 1 depending on the value of

JTAPE (columns 31-35).

IPUNCH = 3 - the response displacement, resistance force, energy ductility
and residual ductlity (defined as the residual displacement over the yield dis-
placement, see (Fig. 14) histories are to be saved either on punched cards or

on Tape 1 depending on the value of JTAPE (columns 31-35).

IPUNCH = 4 - response displacement, velocity, acceleration, résistance
force, input energy, Kinetic energy, recoverable strain energy, hysteretic
energy, damping energy, energy ductility and residaul ductility histories are
to be saved either on punched cards or on tape 1 depending on the value of

JTAPE (columns 31-35).

JTAPE. File disposition for option associated with IPUNCH.

JTAPE = 1 when file is to be punched.

JTAPE = 0 when file is to be written on Tape 1.

IHED. Heading option. If IHED = 0, the information on the first input

card will be repeated on the top of each output page. If the value of IHED

is non-zero, such heading will only appear on the first page of the output.
JPUNCH. For non-negative value of JPUNCH, the spectra (see Appendix
A, Section A.2) will be punched on cards, otherwise spectra will only be
printed.

JPRINT. For JPRINT = 0, the spectra will be written on output file. For

non-zero value of JPRINT, the spectra will be written on the output file and

on Tape 7. The purpose of writing spectra on Tape 7 is to enable the user to
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dispose the detailed output histories and related summaries and the spectra
tables to different output devices (e.g. microfiche) when only the informa-

tion about the spectra is desired.

B3. DAMPING CARDS (8F10.0) - AS MANY CARDS AS ARE NEEDED TO ENTER

DATA

Damping values to be considered are expressed as fractions of the critical damping value (

defined as two times the product of system’s mass and natural circular frequency).

B4. STIFFNESS OR PERIOD (8F10.0) - AS MANY CARDS AS NEEDED

Whether stiffness or period values are input depends on the sign of NSTIFF as described

in Section B2.

B5. YIELD DISPLACEMENT OR N-VALUE (8F10.0) - AS MANY CARDS AS NEEDED

Whether yield displacement of m-value are input depends on the sign of NUYP as

described in Section B2.
C. LOADING

C1. LOAD CONTROL (215,2F10.0,10A5) - ONE CARD

columns 1-5 : KOUNT. Total number of acceleration or external load values to be read.

If KNOUT = 0, then the previous record will be used.

columns 6-10 :  IND. Excitation indicator flag. When IND = 0, the system is excited by

ground motion. When IND = 1, the system is excited by external loads.

columns 11-20 : DT. Time increment between input acceleration or external load values. If
DT is non-zero, the program assumes the excitations input occur at constant
time interval. If DT = 0, pairs of time-acceleration (or pairs of time-
external load) values will be read. The latter case is useful when the excita-

tion is not recorded at equal intervals.
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columns 21-30 : FACTOR (excitation scaling factor). To scale input ground acceleration or
external loads by a constant FACTOR.

columns 31-80 : FMT. Fortran format specification for inputing excitation. The format must

be bracketed within parentheses.

C2. EXCITATION RECORD

As many cards as necessary to read KNOUT number of values according to the specified

format in Section C1).

D. EXECUTION DISPOSITION
(1) To terminate execution, place three blank cards after the excitation record.

©)) To proceed to a new problem, repeat data input starting with Card A, but
note that record need not be input again if the same excitation is to be con-

sidered (see Section C1).

E. STORAGE REQUIREMENT

There are no inherent limits to the number of cases or duration of the record; however,
in each case considered, no more than 10,000 blank common can be used. The length of

blank common required for any record can be estimated as

_ DTxKOUNT
length of blank common =2x KOUNT+|8x XOUTxDELTAT+2

+15x [NSTIFFx NUYP|+NDAMP+NSTIFF+NUYP+2

A.2 Output

The input information is summarized in a table at the beginning of the output for each
system followed by the time history of the input excitation. When a family of systems are
specified in the input subjecting to an identical excitation, only one excitation time history will
be echoed in the output followed by a series of summaries of the responses of the family of

systems. The computed responses can be presented at two levels of detail depending on the
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needs of the user. When complete histories of the responses are desired, the user can specify
in thé input complete time histories of the response displacement, the response velocity, the
response acceleration, the input energy, the kinetic energy, the recoverable energy, the damp-
ing energy, the ground acceleration, the ground velocity and the ground displacement. For
input containing more than one structures, seperate sets of time histories will be generated for
each structure defined in the input and for eaéh excitation record specified. Alternatively, the
output will present only summaries of the maximum and the minimum of the above mentioned

responses as well as the times of their occurance.

Following either one of the presentations of the computed responses, a short summary of
the system properties and response envelopes is tabulated. The information in the summary
include the m-value of the system, maximum positive and negative displacement ductilities,
cyclic ductility, accumulative ductility, normalized hysteretic energy ductility, number of posi-
tive and negative yield excursions, number of yield reversals, number of zero crossing, residual

displacement, and absolute maximum response acceleration, velocity and displacement.

Whenever the responses of more than one system are computed, a summary of selected
responses of all systems is listed in a seperate table in the order of the computation. This is the
spectra referred to in Appendix A, Section A.1, Card B.2. The responses are the maximum and
minimum displacement ductilities, cyclic ductility, normalized hysteretic energy, accumulative
ductility, the magnitude and the time of occurance of the maximum and minimum displace-
ment normalized by the peak ground acceleration, the residual displacement, the number of

positive and negative yield excursions and zero crossings.
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APPENDIX B : EQUIVALENT SINGLE-DEGREE-OF-FREEDOM SYSTEMS

As mentioned in Section 1.1, it is sometimes advantageous and convenient to represent a
nonlinear multiple-degree-of-freedom (MDOF) structure as one or more equivalent nonlinear
single-degree-of-freedom (SDOF) systemss. For linear elastic multiple-degree-of-freedom sys-
tem, it is often useful to decompose such systems into their modal components and use the
principle of superposition to take advantage of the resulting decoupled equations of motion.
Even though modal analysis does not apply in nonlinear cases, design forces for nonlinear
multiple-degree-of-freedom systems have been determined using inelastic response spectra with
elastic mode shapes and periods in conjunction with modal analysis methods [3]. Iterative pro-
cedure have been proposed [24] for analysis wiﬂch require computation of modified mode
shapes, modal frequencies, modal ductilities and modal bilinear hardening ratios for multiple-

degree-of-freedom systems with bilinear stiffness characteristics.

Alternatively, it has been proposed that an equivalent nonlinear single-degree-of-freedom
system be substituted for the original multiple-degree-of-freedom structure. The Q-model
[21,22] is an example of such a simplified approach. The model can be used to calculate the
displacement time histories of multi-story structures subjected to seismic motions. Even
though the stresses and forces of the original structure can not be inferred directly from those
calculated for the equivalent structure, they can be computed readily from the displacements

estimated for the original structure.

The Q-model is basically an one-mode approximation of the response. The equivalent
system (Fig. B1) is selected so that the deflection of the equivalent system is the same as that
for some significant point on the original structure. Furthermore, the constants and resistance
force function are evaluated on the basis of an assumed deflected shape of the actual structure.
Many choices for this shape function are possible. It might be taken as the fundemental mode
shape of the actual structure; or it might be taken as the same as that resulting from the static

application of the dynamic load which for earthquake ground motions may be taken as

1] ™
. 1} |2
1) {m,
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if diagonal mass matrix and unit influence vector are assumed with m, denoting the mass in the
ith dégree-of—freedom and n denoting the total number of degree-of-freedoms. However, in
developing the Q-model, it was found [22] advantageous to compute the assumed deflected
shape shape, X, as follows. First, the structure’s lateral resistance function is idealized by its
base overturning moment versus roof deflection relationship. This is established by performing
an inelastic analysis of the structure with monotonically increasing lateral forces. The forces are
assumed to have a "triangular" force distribution: the lateral force at a given level is propor-
tional ot the product of the height and mass at that level. Such a base moment-roof displace-
ment curve will be curvilinear in general due to the nonlinearities in the structure. For simpli-
city, the curve may be idealized by two straight lines, the knee of the resulting bilinear relation-
ship implying a synthetic yield point [22], see Fig. B2. The shape function, X, is taken as the

deflected shape when the knee of the bilinear force-displacement curve occurs.

With the shape function calculated as just described, the equivalent mass, damping and

loading can be computed as follow:

M,=%' MR (B.2)
C,=%'C% (B.3)
F=—%'M1ii, (t) (B.4)

where M,, C, and F, are the effective mass, damping and loading associated with the
equivalent system. The mass and damping matrices of the actual structure and the ground
acceleration are denoted as M, C and iig(t) respectively. The resistance of the equivalent
structure can be computed as the modal transformation of the applied lateral forces on the
actual structure and can be written as

R.=%'R (B.S)
where R, is the lateral resistance forces of the equivalent structure and R is the applied lateral

force vector on the actual structure.

With the actual structure represented as just described, the equation of motion becomes

M,ii+C,i+R,=F, (B.6)

where u is the displacement of the equivalent structure. The displacement of the actual
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structure can be obtained by multiplying the assumed deflected shape vector by the solution of
Eqn. B.6. Numerical solution of Eqn. B.6 can be obtained by the computer program described

in this report.
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and H.B. Seed - August 1979(PB 80 101 520)a04

"ARMA Models for Earthquake Ground Motions," by M.X. Chang, J.W. Kwiatkowski, R.F. Nau, R.M. Oliver
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"Recommendations tor a U.S.-Japan Cooperative Research Program Utilizing Large-Scale Testing Facilities,”
by U.S.-Japan Planning Group - Sept. 1979(PB 301 407)A06

"Earthquake-Induced Liquefaction Near Lake Amatitlan, Guatemala,"” by H.B. Seed, I. Arango, C.K. Chan,

A. Gomez-Masso and R. Grant de Ascoli - Sept. 1979 (NUREG-CR1341)A03
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Porrer and
A.K. Chopra - July 1980(PB81 124 000)Al3 :
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Systems Subjected to Multiple Support Excitations," by M.C. Lee and J. Penzien - June 1980
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"U-Bar Restraint Element (Type 11) for the ANSR-II Program,” by C. Oughourlian and G.H. Powell
July 1980(PB81 122 293)a03

"Testing of a Natural Rubber Base Isolation System by an Explosively Simulated Earthquake," by
J.M. Kelly - August 1980 (PBS81l 201 360)A04

"Input Identification from Structural Vibrational Response," by Y. Hu - August 1930(PB81 152 308)A05

"Cyclic Inelastic Behavior of Steel Offshore Structures," by V.A. Zayas, S.A. Mahin and E.P. Popov
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Cctober 1980(PB81 154 304)Al0
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"Dynamic Properties of an Eight-Story Prefabricated Panel Building," by J.G. Bouwkamp, J.P. Kollegger
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"Predictive Dynamic Response of Panel Type Structures Under Earthquakes," by J.P. Kollegger and
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"The Design of Steel Energy-Absorbing Restrainers and their Incorporaticn into Nuclear Power Plants
for Enhanced Safety (Vol 3): Testing of Commercial Steels in Low-Cycle Torsional Fatigue," by
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"The Design of Steel Energy-Absorbing Restrainers and their Incorporation into Nuclear Power Plants
for Enhanced Safety (Vol 4): Shaking Table Tests of Piping Systems with Energy-Absorbing Restrainers,"
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"Evaluation of Seismic Design Provisions for Masonry in the United States,” by B.I. Sveinsson, R.L.
Mayes and H.D. McNiven - August 1981 (PB82 166 075)A08

"Two~Dimensional Hybrid Modelling of Soil-Structure Interaction,” by T.-J. Tzong, S. Gupta and J.
Penzien - August 1981 (PB82 142 118)A04

*Studies on Effects of Infills in Seismic Resistant R/C Construction,” by S. Brokken and V.V. Bertero =
September 1981 (FBB2 166 190)A0°

"Linear Models to Predict the lNonlinear Seismic Behavior of a One-Story Steel Frame,” by H. Valdimarsson,
A.H. Shah and H.D. McNiven - September 1981(PB82 138 793)A07

"TLUSH: A Computer Program for the Three-Dimensional Dynamic Analysis of Earth Dams,” by T. Kagawa,
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"Three Dimensional Dynamic Response Analysis of Earth Dams,” by L.H. Mejia and H.B. Seed - September 1981
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"Experimental Study of Lead and Elastomeric Dampers for Base Isolation Systems," by J.M. Kelly and
S.B. Hodder - October 1981 (PB82 166 182)A05
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"DELIGHT.STRUCT: A Computer-Aided Design Environment for Structural Engineering," by R.J. Balling,
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