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ABSTRACT 

In this report we present the seismic analysis of a rotating mechanical 

system in the time domain. The earthquake excitation is assumed to be a 

deterministic function of time. The report is divided into two parts. Part I 

presents the theoret i ca 1 developments of the models. Part II presents the 

corresponding computer ~rograms along with the User's Manuals. 

Literature available on seismic analysis of rotating mechanical systems 

is first reviewed in Part I. A rigid body model is then developed. In the 

rigid body model the rotating system is modeled as a rigid body spinning in 

three-dimensional space. Factors such as gyroscopic effects, rotor-bearing 

interaction effects, base rotation (including Coriolis effects) and base 

translation are included in the model. A numerical example is solved and the 

results are presented in graphical form. 

Fo 11 owi ng thi s, a beam model is presented. The beam model incorporates 

the flexibility of the rotating system using Timoshenko beam theory. In 

addition to the factors mentioned in the rigid body model, factors such as 

rotatory inertia, shear deformation, intermediate disks and flywheels and 

effects of initial stresses due to axial force and axial torque are included 

in the beam model. The solution is obtained using finite elements in the 

spatial domain and finite differences in the time domain. A numerical example 

is solved and the results are presented in graphical form. 

Finally, a three-dimensional elasticity model is proposed. The 3-D 

elasticity model incorporates the flexibility of the system using the three

dimensional theory of elasticity. The solution is obtained using eight-noded, 

isoparametric solid of revolution finite elements in the spatial domain and 

finite differences in the time domain. A numerical example is solved and the 

results are presented in graphical form. Based on the performance of the 

Preceding page blank 
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rigid body, beam and 3-D elasticity models, conclusions are drawn at the end 

of Part I. 

In Part II we first present a User's manual and listings of a computer 

program called GYROT which is based on the rigid body model. This is followed 

by another User's manual and listings of ROBET, which is based on our beam 

model. Finally, we present a User's manual and listings ofAXIST, which is 

based on our 3-D elasticity model. 
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Damping coefficients of the fluid film in ith bearing. 

Vertical distance between G and b. 

Unit vectors along X, Y, and Z axes. 

Timoshenko coefficient 6(1 + v )/(7 + 6 v 

Stiffness coefficients of the fluid film in ith bearing. 

Distance between G and the ith bearing. 

Mass of the rotor. 

Radius of cross section of the rotor 

Displacements of G relative to xbYbzb reference system. 

Area of cross section of the rotor. 

Young's Modulus of the material. 

Dynamic reaction forces in ith bearing. 

9 

Center of the mass of the rotor, also rigidity modulus of the 
material. 

Moment of inertia of the rotor about z-axis. 

Moment of inertia of the rotor about x- or y-axis. 

Absolute displacements of point b. 

Angular acceleration of the base. 

Unit vectors along x, y, and z axes. 

sxb' ~yb' szb Unit vectors along xb' Yb' and zb axes. 

v Poisson's ratio of the material. 

P Mass density of the material. 

'p, 8 , ¢ Precession, nutation and spin angles. 

w Rotational speed of the rotor, a constant. 

Wb Angular velocity of the base. 
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PREFACE 

This is the final report of an investigation on the seismic behavior of 

rotating mechanical systems, supported by National Science Foundation. It 

covers the literature review, a rigid body model, a beam model and a three

dimensional elasticity model. 

The present report is di vi ded into two parts. 

theoretical developments of various models. 

corresponding computer programs and User's manuals. 

Part Ideals wi th the 

Part II presents the 

In Part I, Chapter 1 gives a brief introduction to the seismic analysis 

of rotating mechanical systems. 

used and results obtained by 

This is followed by a review of the models 

various authors. The review covers all 

available literature and we believe that it presents the current state of the 

art in this area. 

Chapter 2 presents a rigid body model. As a first order of 

approximation, the rotating system is modeled as a rigid body spinning in 

three-dimensional space. A rigid body approximation is the first step in our 

analysis sequence. The reader will notice that much of the kinematic 

relations developed in this Chapter is carried over to the higher-order 

models. 

Chapter 3 presents a beam modeL The fl exi bi 1 ity of the rotating system 

is now taken into account using Timoshenko beam theory. The kinematic 

relations developed in this Chapter are very similar to their counterparts in 

Chapter 2. But in developing the kinetic relations, we have departed 

considerably from the rigid body model. A finite element method is used to 

obtain the seismic response in the beam model. 

Chapter 4 presents a 3-D elasticity model. The fl exi bil ity of the 

rotating system is incorporated in the model using three-dimensional theory of 

Preceding page blank 
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elasticity. The kinematic relations developed in this Chapter are similar to 

their counterparts in Chapters 2 and 3. In developing the kinetic relations, 

we have followed a procedure similar to that of beam model. A finite element 

method is used to obtain the seismic response in the 3-D elasticity model. 

Chapter 5 draws conclusions based on the performance of rigid body, beam 

and 3-D elasticity models. This is followed by references and appendices. 

In this report, a deterministic analysis approach is used throughout. 

This means that the seismic excitation is treated as a known function of 

time. Historically, a deterministic approach preceeds a non-determ-jnistic 

approach. A deterministic approach enables us to understand the basic dynamic 

behavior of the system under investigation. It also helps us to develop the 

governing equations for a complex system such as a rotating mechanical 

system. These equations will form the starting point for any non-

deterministic analysis to be conducted in the future. 

The reader will notice that we have adopted a Newton-Euler approach, 

rather than a Lagrangian approach, to formulate the governing dynamic 

equations in this report. A rotating mechanical system is a nonconservative 

system and as such it does not possess a potential function from which the 

generalized active forces can be derived. This makes the construction of 

Lagrangian for this system more difficult, if not impossible. On the other 

hand, the Newton-Euler approach is more direct and can be applied to a 

nonconservative system without any difficulty. 

approach has been adopted throughout this report. 

Hence the Newton-Euler 

In Part II, Chapter 1 presents the GYROT User's manual and the associated 

listings. GYROT is a computer program based on the rigid body model. Chapter 

2 presents the ROBET User's manual and the corresponding listings. ROBET is a 

computer program based on our beam model. Chapter 3 presents the AXIST User's 

manual and the corresponding listings. AXIST is a computer program based on 

our 3-D elasticity model. 
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PART I 

THEORETICAL DEVELOPMENTS 
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1. INTRODUCTION AND LITERATURE REVIEW 

1.1 INTRODUCTION 

The dynami cs of rotating machines has been a topic of interest to 

designers and researcn engineers for many yea rs. Most studies have focused on 

the fo 11 owi ng: 

• rotor stabil ity 

• balancing of the rotor 

• dynami c response of the rotor 

Dynami c response studies include response due to mass unbalance and 

response due to such environmental effects as foundation excitation. 

The performance of rotating machines on such moving vehicles as aircraft 

was a major concern of early des i gners and 1 ed to invest i gat ions on the 

dynamic response of rotating machines to foundation excitation. Research in 

this area has recently been revitalized because of concern regarding the 

performance of rotating machines in earthquake environments. In such 

emergency installations as hospitals and fire stations and in nuclear power 

plants certain rotating machines must remain functional during and after an 

earthquake. 

Figure 1.1 shows the primary circuit of a typical nuclear steam supply 

system in a pressurized water reactor. The heat generated in the reactor is 

carried by a primary fluid that condenses in a steam generator that transfers 

heat to a secondary fluid. The condensed fluid is then pumped up to the 

reactor by the reactor coolant pump. This pump is vital to the nuclear steam 

supply system and ;s the heart of the power plant. Failure of this pump could 

lead to catastrophic consequences. It is therefore essential that this pump 
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remain functional in the event of seismic activity. 

The seismic analysis of rotating machines basically involves a transient 

dynamic response computation. The computation is performed after the 

rotor/bearing system has been suitably modeled and the foundation base has 

been subjected to a motion that simulates an earthquake. 

computations the designer checks the following, whether 

From these 

• the lubricant fluid film preserves a minimum thickness at all 

times so that the rotor and bearing surfaces do not rub 

against each other 

• the dynamic stresses induced in the rotor stay within 

allowable limits 

• the bea ri ng react i on forces can be adequately withstood by 

the supporting structures 

Dynamic response computations in the seismic analysis can be carried out using 

any of the following methods: 

• time history analysis, in which base excitation as well as 

response are treated in the time domain 

• response spectrum analysis, in which excitation and response 

are considered in the frequency domain 



• spectral density analysis, in which excitation and response 

are analyzed as random vibrations 

17 

All of these methods have been employed in the seismic analysis of 

rotors. 

The difference between the seismic analysis of stationary structures and 

rotating structures must be noted at this point. Seismic analysis of 

station'ary structures is well-developed and has become a routine practice in 

industry [1, 2J*. Seismic analysis of rotating components is relatively new; 

it differs from the seismic analysis of stationary structures in that the 

additional gyroscopic effects and rotor/bearing interactions must be 

considerred. It is well known that gyroscopic moments are developed whenever 

the spin axis of a rotating body is rotated. In rotating machines the spin 

axis rotates for any of the following reasons: 

• overall rotation of the structure supporting the rotating 

machine 

• flexibility of the members supporting the rotor 

• differential translational motions of the support points on 

the rotor. 

* Numbers in brackets refer to corresponding items under 'References ' • 



ROTOR-BEARING SYSTEM DESCRIPTION REMARKS 

-~-----------------------~r---------------------~------------------
y 

z 

/' X 

1 

1 

BASE 

~l 1 I -? } 
~ ~ r 

~ BASE 

~.L .L I :> :> 
~ ~ ?' I 

L ~ BASE 

RIGID ROTOR ON RIGID 

BEARINGS. 

BASE TRANSLATION ONLY. 

RIGID ROTOR ON RIG!) 

BEARINGS. 

BASE TRANS LA TION AND 

ROTATION. 

RrGID ROTOR ON 

FLEXIBLE BEARINGS. 

BASE TRANSLATION ONLY. 

RIGID ROTOR ON 

FLEXIBLE BEARrNGS. 

BASE TRANSLATION AND 

ROTATION • 

NO GYROSCOPIC 

EFFECT is FELT. 

GYROSCOPIC EFFECTS 

ARE PRESENT. 

GYROSCOPIC EFFECTS 

ARE PRESENT EXCEPi 

fO~ A SYMMETRICAL 

ROTOR ON IDENTICAL. 

BEARINGS. 

G VRO$COPIC EFFECT 

ARE PRESENT. 



19 

The presence of gyroscopic effects is illustrated in Table 1.1; a simple 

case of a rigid rotor mounted on two bearings is presented for four cases of 

base excitation. Three of the four cases involve gyroscopic effects. 

A vast literature is available on the general dynamic response of 

rotors. This review is restricted to models used and results obtained by 

authors who have specHically addressed the problem of seismic analysis of 

rotating shafts. 

1.2 RIGID BODY MODELS 

Useful results have been obtained by modeling the rotor as a spinning 

rigid body. Some accuracy is sacrificed in ignoring the flexibility of the 

rotor itself, but such analyses provide certain physical insight into the 

problem and avoid complex mathematics. 

Tessarzik model. The axial dynamic response of a rotating machine 

supported on a gas thrust bearing and subjected to stationary random 

envi ronment has been 'obtai ned [3J. The rotor jbeari ng system was modeled by 

the linear, discrete parameter system shown in Figure 1.2. Only the axial 

vibration of the rotor was considered; the effect of rotation of the rotor was 

thus ignored. The film thickness of the gas thrust bearing was the primary 

concern in the analysis. The theoretical random vibration response compared 

well with experimental measurements obtained on an actual turbomachine, 

thereby validating the model. 

Nakamura-Asmis model. The dynami c response of a urani urn cent rifuge 

subjected to seismic excitation has been obtained [4J. The centrifuge was 

modeled as a rigid body spinning in three-dimensional space (see Figure 1.3) 
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Rotor/bearing interactions were modeled by two sets of orthogonal springs and 

dashpots at each of the two bearing locations. Loci of the journal centers 

were obtained for Taft and El Centro earthquake excitations. The uranium 

centrifuge that was analyzed was found to be safely designed; safety was 

experimentally confirmed. 

A similar model was proposed independently [5, 6J to study the dynamic 

response of a heat transport pump in the CANDU reactor. Response was obtained 

as a function of time using numerical integration of the governing 

equations. Responses were obtained for a unit step base excitation and the El 

Centro earthquake excitation. Gyroscopic effects were found to be of 

considerable importance. Contrary to common belief, it was found that 

gyroscopic effects did not necessarily strengthen or reduce motion of the 

assembly in the direction of excitation. It was also found that the 

gyroscopically-induced forces could be kept within reasonable values by 

providing close fitting, stiff supports. It was suggested that 

gyroscopically-induced forces could be minimized by mounting the equipment so 

that the external forces excited only the translational modes. 

A ri gi d body models i mil a r to that descri bed above has been proposed [7] 

to obtain the transient dynamic response to seismic excitation. 

Schweitzer-Iwatsubo model. A refined model for a rotating system can be 

obtained if the lubricant fluid film and the bearing support are modeled 

separately as springs and dashpots. Such a model facilitates inclusion of the 

influence of bearing masses in the analysis. One such model has been proposed 

[8J and used [9J for seismic analysis (see Figure 1.4). Emphasis was on 

reliability analysis. The earthquake excitation was treated as a 

nonstationary random process. Such physical parameters as mass, stiffness, 

and damping coefficients were allowed to vary randomly from their design 
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FIG.1.4 SCHWEITZER-IWATSUBO MODEL 
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va 1 ues. The authors used the pri nci p 1 es of random vi brat i on to obta in the 

displacement response, system failure probability, and the period of first 

collision with the guard. 

Oynarrli c response of gyroscopes to base excitation has been studi ed [10, 

11], but these studies were restricted to gyroscopes. Rotor/bearing 

interaction effects were not included in these anayses. Such studies are less 

likely to be of interest to designers of rotating shafts. 

1.3 BEAM KlDELS 

A more realistic model for the rotor is obtained if rotor flexibility is 

included in the analysis. In a limited number of studies, the rotor has been 

modeled as a beam for seismic analysis. 

Villasor model. The dynamic response of a reactor coolant pump to 

earthquake excitation has been obtained [12] using the ANSYS finite element 

computer program. A major feature of this work was the use of beam, spring, 

and fluid elements to model the rotor and all of its supporting members (see 

Figure 1.5). The effect of rotation is not included in the analysis. The 

seismic analysis was performed using the response spectrum method; seismic 

velocity was the input excitation parameter. Nodal stresses and displacements 

were obtained. It was concluded that the reactor coolant pump was adequately 

designed to withstand the imposed seismic loading. 

Lund model.. An important element in the seismic analysis of rotating 

systems is the proper inclusion of rotor/bearing interaction effects. The 

nature of interaction is complicated by the fact that the restoring force 
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acting on the rotor in a fluid film is not collinear with the perturbing 

force. It is therefore necessary to use at 1 east four stiffness and dampi ng 

coefficients -- two collinear and two cross-coupled in each case -- to 

describe the dynamic characteristics of a fluid-film journal bearing [13J. 

The damping coefficients for the fluid-film bearing are symmetric, but 

the stiffness coeffi c; ents are not symmetri c [14, 15J. Thi s important aspect 

of the problem has been recognized by Lund [16J. He proposed a beam model for 

the seismic analysis of a rotor that includes shear deformation, rotatory 

inertia, gyroscopic moments, internal hysteresis damping, and rotor-bearing 

interaction effects (see Figure 1.6). The vertical amplitude response of the 

rotor due to foundation shock pul se and to random excitation were obtained 

using a modal method developed earlier [17J. 

Shimogo model. The seismic response of a rotor supported on two bearings 

has been obtained [18J by modeling the rotor as a rigid rotor, a flexible 

rotor with distributed mass, and a flexible rotor with lumped mass (see Figure 

1.7). The seismic excitations acting on the two bearings were assumed to be 

stationary Gaussian random processes. The rotor-bearing interaction was 

properly modeled, as done earlier by Lund. The authors concluded that the 

flexibility of the rotor should be taken into account in the seismic analysis 

for proper estimation of the bearing reaction forces. 

1.4 SUMMARY OF REVIEW 

The need to design reliable machines for earthquakes environments has 

focused attention on the transient dynamic response of rotating machines to 
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base motions. This type of analysis differs significantly from traditional 

structural dynamic analysis because of the presence of gyroscopic effects and 

rotor-bearing interaction effects. 

A rigid body model for the rotor spinning in three-dimensional space 

seems to be satisfactory for predicting lubrication film thickness and bearing 

reaction forces when th(~ rotor is supported on only two bearings. In all the 

models reported in this review, the base is subjected only to translational 

excitations. A rotating machine mounted on a structure would, however, be 

subjected to base rotations as well as base translations in an earthquake. 

When the rotor is supported on more than two bearings or the stresses and 

deflections in the rotor are to be estimated, the beam model should be used. 

Existing beam models reported in this review do not include the effects of 

base rotat ion. 
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2. RIGID BODY MODEL 

2.1 SCOPE OF CHAPTER 

In this chapter, we present a seismic analysis in which the rotating 

system is modeled as a spi nni ng ri gi d body. A ri gi d body model represents the 

first order of approximation in our analysis. It includes such factors as 

gyroscopic effects, rotor-bearing interaction effects, Coriolis effects due to 

base rotation and the effects of base translation. The dynamical problem is 

formulated using Newton-Euler approach. A numerical example is solved for the 

case of a typical rotating system and the results are presented in graphical 

form. 

2.2 FORMULATION OF THE PROBLEM 

Consider an axially symmetric rigid body spinning about its axis of 

symmetry and executing arbitrary motion in space. Its motion can be 

conveniently described using Euler angles as shown in Figure 2.1. XYZ is a 

reference system which preserves fixed orientation in space (i. e. no 

rotation) with the center of mass of the rotor as its origin. xyz is another, 

non-spi nni ng, reference system with its ori gi n at the center of mass of the 

rotor, but xyz can execute precessional (lji) and nutational (8) motion. In 

addition to these precessional and nutational motions, the rigid rotor can 

possess a spin (~) motion about the z-axis of the xyz reference system. 

The Newton I s Law of Mot i on for the ri gi d body can be written vectori ally 

as 
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F = 

and (2.1 ) 

where F is the resultant force acting on the rotor, aG is the absolute 
~ 

acce 1 erat i on of the center of mass of the rotor, MG is the moment due to 

exernal forces taken about the center of mass and HG is the angular momentum 

of the rotor computed about its center of mass. A general expression for the 

time rate of change of the angul ar momentum can be deri ved as [19, 20J 

where 

.. 
(I - IO) ;2 HG = {I0

8 + I </>Iji Sin 8 + Sin 8 Cos e} E: 
X 

~ 

+ {IOIji Si n 8 - I </>8 + (21 0 - I) lji8 Cos 8} E: 
~y 

+ {I</> + I Iji Cos 8 - I ljiG Si n 8} E: z 

E: x' E: and E: z 
~y 

are the unit vectors along the x, y and z axes. 

(2.2) 

lis 

the moment of inert i a of the rotor about the z-axi sand 10 is the moment of 

inertia about the x- or y-axis. A detailed derivation of (2.2) is given in 

Appendix A. 

Let us consider the case when the xyz reference system assumes an 

orientation with 8 ~ rr/2 and Iji ;; 0 as shown in Figure 2.2. The rotor is 

supported on two beari ngs and the beari ng-base unit wi 11 be consi dered as 

another ri gi d body with a body-fi xed reference system xbYbzb. The ori gi n b 

of the xbYbzb coordinate system is so chosen that in equilibrium position 

point G lies on the Yb axis. The lubricants in the bearings provide stiffness 

and damping for the relative motion between the rotor and the bearings. In 

the seismic analysis of such a rotor-bearing system, the base is subjected to 
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known translational and rotational motion. The analyst aims at predicting the 

translational and rotational response of the rotor. 

The base excitation due to earthquake results in small, perturbational 

rotations and translations of the base about its equilibrium position. The 

rotor responds with small, perturbational rotations and translations of the 

xyz reference system from the positi on of 6 = TT /2 and \)I = a as shown in 

Figure 2.2 Let be the known angul ar velocity and a b be the known 
~ 

angular acceleration of the base given by 

(2.3) 

The small, perturbational translations of the center of mass of the rotor 

relative to the reference system can be speci fi ed by the 

displacements xG' YG and zG along the xb' Yb and zb axes. Similarly, the 

small, perturbational rotations of the xyz system relative to the xbYbzb 

reference system can be specified by the small rotations ex' ey and 6 z about 

the xb' Yb and zb axes and the sequence in which these rotations take place 

becomes immaterial. Since the rotations of the base Gxb ' 6yb and 6 zb about 

xb' Yb and zb axes are also small, perturbational motions, it can be taken 

that 
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E xb = EX = 

~ ~ 

k (2.4) E b = E = 
~y ~y 

and E zb 
~ 

= E
Z 

= -j 

This leads to the approximate expressions 

e = 1T /2 + e xb + ex 

e = e + 8 xb x (2.5) 

e = e + e xb x 
,I. = 8 + 8 

''I' yb y 

In addition, it will be assumed that the spin velocity of the rotor remains 

constant so that 

.. 
~ = w(a constant) and ~ = 0 (2.6) 

Substituting (2.5) and (2.6) in equation (2.2) and retaining only the first 

order terms we get the linearized expression 

..... . . 
HG = {I O (e xb + 8x ) + IW(8yb + 8y }} ~xb 

(2.7) 
•••• • e 

+ 00 (8yb + 8y ) - leo (8 xb + ex)} ~yb 

In the above expression, terms involving Iw are the familiar gyroscopic 
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moments caused by the rotation of the spin axis. 

The absolute acceleration of the point G can be obtained by considering 

the motion of the point b and the relative motion of G with respect to the 

XbYbZb reference system. Even though the unit vectors in various reference 

systems shown in Figure 2.2 can be approximately equated to their counterparts 

as shown in equations (2.4), their time derivatives cannot be equated in a 

similar manner. Hence, 

(2.8) 

where 

ab = Xb E: xb + Yb E: b + Zb E: zb -y 

r = xGE: xb + (h + y G) ~yb + zGE: zb (2.9) 

V = xGE: xb + Y GE: b + zGE: zb rel - -y 

and are 1 = xGE: xb + Y GE: b + zGE: zb - -y 



37 

This leads to 

., 

aG = {xG 28 zbYG + 28yb ZG 

.. .. .. . .. 
(8 zb 8xb + 8yb )ZG+ Xb + h(8 xb 8Yb - 8zb )} ~xb + 

.. .. 
{YG + 28 zbXG - 28 xbZG + (8 xb8yb + 8zb )XG -

.. ...... .. 
{ZG - 28 ybXG + 28 xbYG + (8 zb8xb - 8yb ) xG + (8yb6Zb + 6xb ) YG -

(2.10) 

The external forces and moments acting on the rigid rotor can be 

evaluated by considering the rotor-bearing interaction. The nature of the 

interaction is complicated by the fact that the restoring force acting on the 

rotor in a fluid film is not collinear with the perturbing force in the xbYb 

plane. Thus a perturbing force in the xb direction gives rise to restoring 

forces in both the xb and Yb directions and vice versa. Therefore, it is 

necessary to use at least four stiffness and damping coefficients, two 

collinear and two cross-coupled in each case, to describe the dynamic 

characteristics of a fluid-film journal bearing [13J. If xi' Yi and zi are 

the displacements of the rotor relative to the ;th bearing along the xb ' Yb 

and zb axes, then the forces act i ng on the rotor at the ith stat i on can be 
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written as 

. 
F. = - (k . x. + k .y. + c . x. + c .y.) € b 

1 XXl 1 XYl 1 XXl 1 XYl 1 ~X 

. 
- (k . x . + k .y. + C • X. + C .y.) € b yXl 1 yYl 1 YXl 1 YYl 1 ~y 

(2.11) 

. 
- (k . Z. + C • Z .)€ zb 

ZZl 1 ZZl 1 
~ 

Here the damping coefficients may be symmetric (cxyi = cyxi ) but the stiffness 

coefficients are not symmetric (k xyi t- kyxi ). For oil-lubricated bearings, 

these coefficients are functions of the rotational speed (they are functions 

of the bearing Sommerfeld number) [21J. For gas lubricated bearings, they are 

not only functions of speed but, because of compressibility effects, they also 

depend on the time history of the rotor motion. Using these coefficients, the 

external forces and moment acting on the rotor can be written as 

. . 
+ (~lkxx1 - ~2kxx2)8y + (c xx1 + cxx2 )xG + (c xy1 + cxy2 )YG + 

. . 
(-~lCxy1 + ~2Cxy2)8x + (~lcxx1 - ~2cxx2)8y} ~xb 

. 
+ (~lkyx1 - ~2kyx2)8y + (cyx1 + cyx2 )xG + (cyy1 + Cyy2 )YG + 

. 
(-~lCyy1 + ~2Cyy2)8x + (~lCyx1 - ~2Cyx2) 8y} ~yb 

. 
-{(k zz1 + kzz2 )zG + (c zz1 + czz2 )zG} €zb (2.12) 
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. 
+ (-Zl Cyxl + t 2cyx2 ) xG + (-t 1cyy1 + t 2cyy2 )YG 

. . 
+ (t 1cxx1 - Z2c xx2)x G + (t 1cxy1 - t 2c Xy2 )YG 

(2.13) 

Using (2.7), (2.10), (2.12), and (2.13), the governing equations of motion as 

given by the vector equations (2.1) can be written in convenient matrix form 

as 

.. 
[M] {X} + [C] {X} + [K] {X} = {F} (2.14) 

where 

(2.15) 
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[MJ is a diagonal mass matrix given by 

m 0 0 0 0 

0 m 0 0 0 '.,', 

[MJ = 0 0 m 0 a (2.16) 

0 0 0 Io 0 

0 0 0 0 Io 

Matrices [CJ and [KJ and vector {F} can be further subdivided as 

(2.17) 

[C 1J is a symmetrical damping matrix given by 
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(c xx l + cxx2) ( C xy 1 + C xy 2 ) 0 (-2 1 C xyl ( 21C xx1 

+ 22C xy2) -Q,2 c xx2 ) 

(c + c ) 
yxl yx2 

(c + c ) 
yyl yy2 0 (- 21 Cyy1 

(2
1

C
yx1 

H
2

Cyy2 ) -2
2

C
yx2 

) 

[C 1J = 0 0 (c + C ) 0 0 
zzl zz2 

(-t
1 

C
yx1 

(-2
1 

Cyy1 0 2 
(2 1 Cyy1 

2 
- (21 Cyx1 

+ 2
2

C
yX2

) +2
2

C
yy2 

) 2 
H 2Cyy2 ) 

2 
H 2Cyx2 ) 

(2
1

C
xx1 

(2
1 

C
xy1 

0 2 
- (2 1 Cxy1 

2 
(2 1Cxx1 

-i
2

C
xx2

) -2
2

C
xy2 

) 2 
H

2
C

xy2 
) 

2 
H 2Cxx2 ) 

(2.18) 

[C2J and [C3J are due to gyroscopic and Coriolis effects, respectively, and both 

are skew-symmetric. They are given by 

= 

o 

o 

o 

o 

o 

o 

o 

o 

o 

o 

o 

o 

o 

o 

o 

o 

o 

o 

o 

-I(,a) 

o 

o 

o (2.19) 

100 

o 
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o -2m8 Zb 
o o 

. 
2m8 Zb 

o -2m8 Xb 
o o 

2m8 Xb o o o (2.20) 

o o o o o 

o o o o o 

[K1J is the stiffness mat ri x due to the fl ui d fil m and is gi yen by' 



(k + k ) xxI xx2 (k + k ) xyl xy2 

(k + k ) yxl yx2 (k + k ) yyl yy2 

[K 1J 0 0 

(-2 1 kYXl (-2 1 kyYl 

+ 22kyx2 ) H2kyY2 ) 

(2 1 k xxI (2 1kXy1 

-Z2kxx2) -22kXy2 ) 

o 

a 

(-21 k xyl 

+ 2l XY2 ) 

(-2 1 kyYl 

+ 22k yy2) 

(k + k ) zzl zz2 0 

a 2 
(2 1 kyYl 

2 
H2kyY2 ) 

0 2 -{2 1kxy1 
2 

H 2k
XY2

) 
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(21k
YX1 

-22k
YX2 

) 

0 

2 -(21kyx1 

+ 2~kYX2) 

2 
(21kxxl 

2 + 22kxx2 ) 

(2.21) 

In general [K 1J will be unsymmetrical due to unsymmetry in the fluid film 

bearing stiffness coefficients (k xyi f kyxi )' [K2 J is the supplementary 

stiffness matrix due to the base rotation and is given by the unsymmetrical 

matrix 
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(~2 + ~2 ) 
. . .. . 0 .. 

-m m(6
xb

6
yb 

- 6 ) m(6
zb

8
xb 

+ 8
yb

) 0 0 
yb zb zb 

. , 02 °2 . . .. 
m(8

xb
6
yb 

+ 8
zb

) -m (8 z b + 8 xb ) m(8yb6zb - 8 xb) 0 0 

. . .. . . .. '2 '2 
[K2J= m (8 zb8 xb - 8yb ) m(6

yb
8

zb 
+ 8

xb
) -m(6

xb 
+ 8yb ) 0 0 

o o o o o 

o o o o o 

(2.22) 

{F 1} is the force vector due to base translation and {F 2} is the force vector 

due to base rotation. They are given by 

o o J (2.23) 

.. .. 
-mh(8 xb8yb - 8zb ) 

mh (~2 + ~ 2 ) 
zb xb 

•• o. 

-mh(8
yb

6zb + 8
xb

) (2.24) 
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When the excitation is confined only to base translation (i.e. no rotation) 

[C3J and [K 2J become null matri ces and {F 2} becomes a null vector. Then the 

governing equations reduce to those of Nakamura [4J and Asmis [5, 6J if the 

cross-coupling terms in the fluid film stiffness and damping matrices are 

ignored. When both the trans 1 at ion and rotation of base are taken into 

account, the [CJ and [KJ matrices become functions of time. It can also be 

seen that when a symmetrical rotor (i.e. R.1 = R. 2 ) is mounted on identical 

bearings (i.e. kijl = kij2 and Cij1 = Cij2)' the translational and rotational 

mot i on of the rotor are decoup 1 ed and if the base is subjected on 1y to 

translational excitation, no gyroscopic effect is felt in the rotor motion. 

This special case has been pointed out in Table 1.1. 

In the seismic analysis, solution for {X}from (2.14) is sought when the 

rest of the quantities are known. 

2.3 NUMERICAL EXAMPLE 

The governing equations given by (2.14) can be solved numerically using 

di rect integration approach. Among the many techniques that are available to 

carry out the numerical integration, the one due to Newmark [22, 23J is highly 

suitable for seismic analysis. The Newmark's integration scheme is an 

implicit, unconditionally stable technique and is widely used by seismic 

engineers. Table 2.1 presents the steps invol ved in Newmark's integration 

scheme. 

As a numerical examle, the seismic response of a typical rotor-bearing 

system wi 11 now be presented. The parameters of the rotor-bearing system 

chosen for the analysis are given in Table 2.2. The axial degree of freedom 

is not considered in the numerical example for the sake of simplicity. The 
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Table 2.1 Newmarkls Integration Scheme 

. .. 
1. Initialize {X}o' {X}o and {X}o to zero. 

2. Set a = 1/2, a = 1/4 

2 = a/(a • llt) a2 = 1/(a • llt) a = 1/(a • llt ) a1 , 
0 

a = 3 1/(2a) - 1 a4 = (a/a) - 1 , a = 5 (a/a - 2) • II t /2 

a -6 - (l-a).llt a = a 7 • llt 

3. Calculate 

. .. 
+ [C]t (a 1{X}t _ llt + a4{X}t_llt+ a5{X}t - llt) 

.41 ."" 

5. Compute {X}t = aO ({X}t - {X}t _ llt) - a2 {X}t _ llt - a3 {X}t - llt 

•• .... $" 

{X}t = {X}t _ llt + a6 {X}t _ llt + a7{X}t 

6. Repeat from step 3 for all intervals 
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Table 2.2 Parameters of the Rotor-Bearing System Analyzed 

m :::: 24 x 103 kg. 1/,1 :::: 4.52 m. 

I :::: 4.57 x 103 kg • fll2 1/,2 :::: 4.74 m. 

10 :::: 3.60 x 105 kg' m2 h 1. 00 m. 

w :::: 3000 rpm 

kxxl :::: 5.89 x 108 N/m kxx2 :::: 6.76 x 108 N/m 

kxy1 
:::: 5.10 x 107 N/m kxy2 == 2.16 x 107 N/m 

kyxl :::: -1.29 x 109 N/m kyx2 :::: -1. 49 x 109 N/m 

kyyl :::: 1.87 x 109 N/m kyy2 :::: 2.27 x 109 N/m 

cxxl :::: 2.80 x 106 N • s/m cxx2 :::: 3.10 x 106 N • s /m 

cxyl -4.10 x 106 N • s/m cxy 2 == -5.00 x 106 N • s/m 

cyxl . :::: -4.10 x 106 N • s/m cyx 2 :::: -5.00 x 106 N • s/m 

Cyyl :::: 1.17 x 107 N • s/m Cyy2 1.37 x 107 N • s/m 



48 

base is subjected to El Centro excitation as shown in Figure 2.3. The data 

for these translational accelerations are available at intervals of 0.02 

seconds [24]. The base ;s also subjected to simulated angular accelerations 

as shown in Figure 2.4. 

Figure 2.5 presents the displacements of the rotor axis relative to the 

bearings. Figure 2.6 presents the dynamic forces exerted on the bearings. 

These forces are in addition to the static weight of the rotor carried by the 

bearings. The entire computation took only 1.2 seconds of CPU time in IBM 

System 370/168. Plots such as Fi gures 2.5 and 2.6 ai d the designer in 

checking whether a minimum lubrication film thickness is maintained and the 

loads on the bearings are within allowable limits. 

A major contribution of the present chapter is the incorporation of the 

effects of base rotation in the analysis. To assess the importance of the 

inclusion of base rotation, results were obtained for the case in which the 

base is subjected only to translational motion given by Figure 2.3. For this 

case, Figure 2.7 presents the displacements of the rotor in the bearings and 

Fi gure 2.8 presents the dynami c forces exerted on the beari ngs. It can be 

seen from these figures that the displacements and forces are under-predicted 

if the effects of base rotation are not included in the response computations. 

A computer program called GYROT has been prepared, along with a User's 

manual, to automate the seismic response computation using the rigid body 

model presented in this chapter. The User's manual for GYROT and 1 istings of 

the program can be found in 'Part II: Computer Programs' of this report. 
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2.4 MERITS AND LIMITATIONS OF RIGID BODY MODEL 

In thi s chapter it was shown that factors such as gyroscopi c effects, 

rotor-beari ng interact 1 on effects (i.e. st i ffness and dampi ng prov; ded by the 

lubricants in the bearings), and effects of base rotation can be directly and 

systematically incorporated in the seismic analysis of a rotating mechanical 

system. Modeling the rotating system as a spinning rigid body enabled us in 

keeping the mathematical complexities to the minimum and helped us in 

understanding the role played by the various factors mentioned above. The 

rigid body model is also computationally economical (i.e. less computational 

time) and is easy to program. 

However, it should be pointed out that in modeling the rotating system as 

a ri gi d body we ha ve ignored the fl exi bil ity of the body itself. The effects 

of initial stresses due to axial force, axial torque and spin of the system 

cannot be included in the rigid body model. Also, if the rotating system is 

supported on more than two bea ri ngs, a ri gi d body model wi 11 not predi ct the 

relative motion between the rotor and the bearings correctly. 

In the chapters that follow, we will develop models that do not have the 

above mentioned limitations. This is achieved by including the flexibility of 

the rotating system in our analysis. 
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3. BEAM MODEl 

3.1 SCOPE OF CHAPTER 

Following the development of a rigid body model in the previous chapter, 

we now present a beam model to predict the dynamic response of a rotating 

mechanical system. In this beam model, the flexibility of the rotating system 

;s included ;n the analysis using Timoshenko beam theory. The Timoshenko beam 

theory is known to be superior to the classical Bernoulli-Euler beam theory in 

predicting the dynamic response of Ishortl as well as 110ng l beams. The beam 

model presented in this chapter includes the following factors: 

1. Rotatory inertia 

2. Shear deformation 

3. Gyroscopic effects 

4. Rotor-bearing interaction 

5. Intermediate disks and flywheels 

6. Axi al thrust 

7. Axial torque 

8. Base translation, and 

9. Base rotation. 

The dynamical problem is again formulated using Newton-Euler approach. 
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The governing differential equations are posed in an integral form using 

Galerkin's method. A numerical solution to the problem is obtained by using 

finite elements in the spatial domain and finite differences in the temporal 

domain. 

3.2 FORMULATION OF THE PROBLEM 

The rotor is considered to be a shaft having circular cross section and 

is modeled using Timoshenko beam theory. The governing equations of motion of 

the rotor are derived by isolating an elemental disk of the rotor. This 

elemental disk will be treated as a rigid body to obtain such kinematic 

quant i ties as acce 1 erat i on and rate of change of angul ar momentum. The 

elastic properties of the rotor will be taken into account while evaluating 

the forces and moments act i ng on the e 1 ementa 1 di sk • 

3.2.1 KINEMATIC RELATIONS 

Consider a rigid, circular elemental disk spinning about its axis and 

executing arbitrary motion in space. Its motion can be conveniently described 

using Euler angles as shown in Figure 3.1. XVZ is a reference system which 

preserves fixed orientation in space (i.e. no rotation) with the center of 

mass of the elemental disk as its origin. xyz is another, non-spinning 

reference system with its ori gn at the center of mass of the rotor, but xyz 



58 

z 

FlG.3jEULER ANGLES FOR THE GENERAL MOTION OF 

A RIGID DISK 



59 

can execute precessional (1jJ) and nutational (8) motion. In addition to the 

precessional and nutational motions, the rigid elemental disk can possess a 

spin (~) motion about the z-axis of the xyz reference system. 

The Newton IS Law of Motion for the elemental disk can be written 

vectori a lly as 

F = 

and (3.1) 

where F is the resultant force acting on the elemental disk, aG is the 

absolute acceleration of the center of mass of the elemental disk, MG is the 

moment due to externa 1 forces taken about the center of mass and HG is the 

angular momentum of the elemental disk computed about its center of mass. A 

general expression for the time rate of change of the angular momentum can be 

derived similar to (2.2) as 

.. 
IT ~2 HG = p { IT 8 + IpH Sin 8 + Sin 8 Cos 8} ds EX 

~ .. 
+ P{IT 1jJSin 8 - Ip <p8} ds E 

~y 
(3.2) 

.. .. 
+ p{Ip <p + Ip1jJ Cos 8 - Ip 1jJ8 Sin 8} ds E 

~z 
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FIG.3.2ROTOR AND BASE REFERENCE FRAMES 
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where € ,€ and €z are the unit vectors along the x, y and z axes. Ip is the 
~x ~y 

second moment of the cross sectional area about the z-axis and IT is the 

second moment of the cross sectional area about the x- or y-axis. For 

circular cross sections Ip = 2I T• 

Let us consider the case when the xyz reference system assumes an 

orientation with 8 ~ rr/2 and 1jJ ~ 0 as shown in Figure 3.2 The rotor is 

supported on beari ngs and the beari ng-base unit wi 11 be cons i dered as a ri gi d 

body with a body-fi xed reference system xbYbzb' The ori gin b of the xbYbzb 

reference system is so chosen that in equilibrium position the axis of the 

rotor. is parallel to the zb axis and lies in the Ybzb plane. The lubricants 

in the bearings provide stiffness and damping for the relative motion between 

the rotor and the bearings. In the seismic analysis of such a rotor-bearing 

system, the base is subjected to known translational and rotational motion. 

The analyst aims at predicting the transient dynamic response of the rotor. 

The base excitation due to earthquake results in small, perturbational 

rotations and translations of the base about its equilibrium position. The 

rotor responds with small, perturbational rotations and translations of the 

xyz reference system from the position of 8 = rr /2 and 1jJ = 0 as shown in 

Figure 3.2 Let wb be the known angular velocity and a b be the known angular 
~ 

acceleration of the base given by 
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(3.3) 

The small, perturbational translations of the center of mass of the elemental 

disk relative to the xbYbzb reference system can be specified by the 

displacements uX ' uy and Uz along the xb' Yb and zb axes. Similarly, the 

small, perturbational rotations of the xyz system relative to the xbYbzb 

reference system can be specified by the small rotations 

the xb' Yb' and zb axes and the sequence in which these rotations take place 

become immaterial. Since the rotations of the base Gxb ' 8yb and 8zb about the 

xb' Yb and zb axes are also small, perturbational motions, it can be taken 

that 

~ ~ 

i € xb = € = 
X 

~ ~ 

k € b = € = (3.4) ~y ~y 

~ ~ 

and -j € = € = zb Z 

This leads to the approximate expressions 
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G = I[ /2 + e + G xb x 1/1 e yb + G y 

e = Gxb + e 1/1 Gyb + e (3.5) x y 
~. .. 0> 

G = ') 
xb + G \ji = e + e x yb y 

In addition, it will be assumed that the spin velocity of the rotor remains 

constant so that 

¢ = w(a constant) and ¢ o (3.6) 

Substituting (3.5) and (3.6) in equation (3.2) and retaining only the first 

order terms, we get the linearized expression 

HG = p{IT(exb + s"x) + Ip W(~Yb + ~y)} ds ~xb 

+ p{IT(e·yb + "Sy) - Ip w(~Xb + ~x)} ds E: b 
~y 

(3.7) 

In the above expression, terms involving IptiJ are the familiar gyroscopic 

moments caused by the rotation of the spin axis. 
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The absolute acceleration of the point G can be obtained by considering 

the motion of the point b and the relative motion of G with respect to the 

XbYbZb reference system. Even though the unit vectors in vari ous reference 

systems shown in Figure 3.2 can be approximately equated to their counterparts 

as shown in equations (3.4), their time derivatives cannot be equated in a 

similar manner. Hence, 

where 

r 

V rel 
~ 

a rel 

This leads to 

aG = a b + wbx((e)b x r) + ctbX r + 2u»b x V rel + a rel (3.8) 
~ ~ ~ 

.. 
= Xb €xb+ Vb ~yb + Zb €zb 

= u € b + (h + u ) € b + (s + uz ) €zb x x y ~y 

(3.9) 

= U € b + U € b + U € b x x y~y z z 
~ 

=U£b+U€b+U€b 
x~ x y ~y z z 
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aG = a E: b + a E: b + a E: b 
x~ x y ~y z z 

where 

.... .. .... .. 
+ (6 zb6xb + Gyb)uz + Xb + h(6 xb 8

Yb 
- 8zb ) + S(8 zb 8xb + Gyb ) 

and 

. . . .. . . . . 
az = Uz 28 ybU x + 28 bU + (8 zbGxb Gyb)U x + (Gyb6Zb + 6xb )Uy x y 

(3.10) 
(8 2 ·2 . . .. ·2 ·2 

- + Gyb)u z + Zb + h(8yb6Zb + 6 xb) - S(6 xb + 6yb ) xb 

It is worth noting that in the kinematic relations developed in this 

section, the rotatory inertia, the gyroscopic effects and the base motions 

(including translation and rotation) have been taken into account. 
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3.2.2 KINETIC RELATIONS 

The free body diagrams of the elemental disk in the Ybzb and xbzb planes 

are shown in Figure 2.3. It is the flexural motion of the rotor that is of 

interest to us. Following Timoshenko beam theory [25J, the effect of 

transverse shear can be included in the model by expressing 

Qx = kAG 
au (af By) 

au (3.11) 

Qy = kAG (at + Bx) 

The moment-curvature relations are given by the classical expressions 

aB 
Mx EIT 

x = as 
aB (3.12) 

M = EIT --y 
Y as 

The effects of initial axial force P and initial axial torque T can be 

included in the analysis by observing from Figure 3.3 that 
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aQ 'dey 
F x + P f ) ds = as -+ E: as x x 

aQy ae x + f ) ds f.y + (as - P ---as y 

(3.13) 

aM au as 
MG= {¥ - Q + P(a/ + e ) + T -y-} ds E: X Y x as 
~ ~ 

ary au ae x + + Q - P( __ x + e ) - T-} ds ~y as x as y as 

Here fx and fy are the external forces per unit length, distributed along the 

rotor axis in the xb and Yb directions. In particular, these forces act at 

di screte poi nts along the rotor where the beari ngs are located. If (ux)i and 

(uy)i are the displacements of the rotor relative to the ;th bearing along the 

Xb and Yb axes, then we can express 

n •• 
fx = - i~1{(kxX)i(uX)i + (kxy);(uy ); + (cxx);(u x); + (CXy);(Uy );} o(s - s;) 

n •• 
fy - - i~1{(kyx)i(ux); + (kyy);(Uy ); + (cyx);(Ux)i + (cyy);(Uy );} o(s - si) 

(3.14) 

where n denotes the total number of bearings and 0 stands for Di rac's delta 

function. si's are the z-coordinates of the bearing locations. Here, the 
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damping coefficients may be symmetric (cxyi = cyxi) but the stiffness 

coefficients are not symmetric (k xyi ' kyxi )' 

Using (3.4). (3.7), (3.10) and (3.13), the governing equations of motion 

(3.1) can be written as 

3Qx ae 
+ p-1 + f = pAax as as x 

aQ ae 
Y.. p_x + f = pAay as as y 

(3.15) 

~ Q P (~ _ e ) _ T a e x {I (0' ..) I (. + e· )' 
as + x - as y as- = PTe yb + e y - P 10 e xb x J 

The above four equations and the four equations given by (3.11) and (3.12) 

form a tota 1 of ei ght equat ions. The ei ght unknowns to be solved from these 

equations are: two shear forces, Qx and Qy ; two bending moments Mx and My; 

two displacements, ux and uy ; and two rotations, ex and eye 
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3.3 METHOD OF SOLUTION 

The equations of motion as given by (3.15) are in the form of partial 

differential equations involving spatial variable s and temporal variable t. 

A numerical solution to the problem will be attempted by employing finite 

elements in the spatial domain and finite differences in the time domain. 

It has been recognized that the inclusion of the effects of initial axial 

torque and the effects of rotor-bearing interaction renders the problem 

nonconservative [26, 27J. A finite element approach to solve the rotor 

dynamic problem has been attempted in the past [28J using Hamilton's extended 

principle. In this chapter we have used a more direct approach by deriving 

the governing equations from Newton's laws of motion. This approach has the 

advantage of giving the designer a better physical insight into the problem. 

The governing differential equations as given by (3.11), (3.12) and (3.15) 

must be rendered in an integral form before they can be solved using finite 

element method. This is achieved by the application of Galerkin's technique. 

3.3.1 GALERKIN'S TECHNIQUE 

In the Galerkin's technique, the displacements ux' uy and rotations 

8
x

' 8y will be treated as the primary unknowns. Let aux ' auy , a8 x and a8y 

be arbitrary variations from their actual values. Then, according to 

Galerkin's technique, the equations of motion given by (3.15) can be written 
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in an integra 1 form as 

.. •• aM au a8 
+ {pI

T
(8

xb 
+ 8) + p Ip61(8yb + 8) ___ x + 0 - P(--y + 8 )- T--X} 88

x x y as y as x as 

.... •• _ aMy _ au 
+ {pIT (8yb + 8y ) - p I p<a>(8 xb + 8 x ) as Ox + P(as x - By) 

ae 
+ T2} as (3.16) 

subject to the constraints (3.11) and (3.12). It is to be noted that equation 

(3.16) is also a statement of the principle of virtual work. The equivalence 

between the principle of virtual work and the Galerkin's technique is well 

known to finite element analysts [29]. Using partial integration, equation 

(3.16) can be written in a more convenient form as 

s2 .. . . . . 
J [p Aa 8u + pAa 8u + pIT(e xb + G ) 8e + p Ipw (8yb + 8 ) 88 

x x Y Y x x Y x 
s1 

.. . , . . 
+ pIT ( 8yb + 8 ) 88 - pIp w(8 xb + 8 )88 - f 8u - f 8u 

Y Y x Y x x Y Y 
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au 
+ Q o(~ x as 

au a8 38 
-8 )+Q 8(~+8 )+M 8( __ X)+M 8(--y) 

y Y as X X as y as 

au au au au 
+ Pe 8(~) - Pe 8(--Y) - P(--Y + 8 )88 + P( __ x - 8y } 88y Y as X as as X x as 

a8 
+ T8 8 (_X_ ) - T8 X 

Y as 

a8 
Ca/ ) ] ds 

(3.17) 

The shear forces Qx' Qy and bending moments Mx' My appearing on the left hand 

side of equation (3.17) can be replaced by the unknown displacements, 

rotations and their derivatives using equations (3.11) and (3.12). 

3.3.2 FINITE ELEMENTS 

Consider a typical rotor element with two nodes (see Figure 3.4). The 

unknown displacements and rotations will be expressed in terms of unknown 

nodal values and known shape functions as 
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FIG.3.4 A FINITE ROTOR ELEMENT 
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where 

ux = (U)1 N1 (s) + (U x) 2 N 2 (s) 

uy = (U Y ) 1 N 1 (s) + (U y) 2 N 2 (s ) 

8 = ( G X ) 1 N 1 ( s) + ( G X ) 2N 2 (s ) X 

8 = (GY)l N1(s) + (G
Y

)2 N2(s) y 

N1(s) = (s2 - s)/(s2 - sl) 

N2(s) (s - sl)/(s2 - sl) 

(3.18) 

(3.19) 

It is worth noting that a simple linear interpolation for the displacements 

and rotations has been used. Equations (3.18) can be expressed more 

conveniently in a matrix form as 

(3.20 ) 

where [NJe is a matrix of shape functions and {q}e is a vector of nodal 

displacements and rotations given by 

(3.21) 
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We also note that 

<5 {u } = [N J <5 {q } e e e (3.22) 

Substituting (3.20) and (3.22) in (3.17) and carrying out the necessary 

differentiations and integrations, we can express (3.17) in a matrix form as 

(3.23) 

Here, [MJe is the elemental inertia matrix. [CJe is an elemental matrix that 

can be written as 

(3.24) 

where 

[CGJe - Gyroscopic matrix, 

[CCJe - Coriolis matrix due to base rotation, 

[COJe - Damping matrix due to bearing(s) located at the node(s). 

[KJe is an elemental matrix that can be written as 

(3.25) 



76 

where 

Conventional stiffness matrix for the beam element, 

Geometric stiffness matrix due to initial axial force, 
Geometric stiffness matrix due to initial axial torque, 

Supplementary stiffness matrix due to base rotation. 
Stiffness matrix due to bearing(s) located at the node(s). 

{Q}eis a vector of nodal forces and moments due to base translation and 

rotation. The elemental matrices and the nodal force vector are given 

explicitly in Appendix B. It can be seen that [MJe, [COJe , [KCJe and [KpJe 

are symmetric matrices; [CGJe and [CCJe are skew-symmetric matrices; [KTJe , 

[KRJe and [KBJe are nonsymmetric matrices. These elemental matrices are to be 

properly assembled to obtain the global matrices. 

3.3.3 INTERMEDIATE DISKS AND FLYWHEELS 

The effect of intermediate disks and flywheels can be included in the 

analysis by considering them as spinning rigid disks that execute motion in 

three-dimensional space. Consider the node i where a rigid disk has been 

mounted on the rotor. The equations of motion for such a rigid disk have been 

derived in considerable detail in Chapter 2. It suffices to point out that 

these equations of motion can be written in a form similar to equation (3.23) 

as 
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• T 
+ [C]d {q}.+ [K]d {q}.] = o{q}. {Q}. 

1 1 1 1 
(3.26) 

Here, {q}iis the vector of displacements and rotations at the ith node. [MJd 

is the inertia matrix for the disk. [CJd is a matrix that can be written as 

where 

[CGJd - Gyroscopic matrix for the disk, 

[CCJd - Coriolis matrix due to base rotation 

(3.27) 

[KJd is a supplementary stiffness matrix due to the base rotation. {Q}; is a 

vector of nodal forces and moments due to base translation and rotation. 

These matrices and vector for the disk are given explicitly in Appendix C. 

3.3.4 CHECK PROBLEMS 

Before solving for the seismic response, which involves transient dynamic 

response computation, the performance of the finite elements formulated above 

must be tested against some known, closed form dynamic solutions available in 



78 

literature. Three such check problems were solved and they are given below. 

3.3.4.1 FREE VIBRATION OF A TIMOSHENKO BEAM 

Consider a beam of uniform cross section, simply supported at both 

ends. When both shear deformation and rotatory inertia are taken into 

account, the frequencies of free vibration wn of such a beam are given by the 

roots of the equation 

-[ + (1 + (3.28) 

Using the finite elements developed in this chapter, the eigenproblem is posed 

as 

[M] {X} = (3.29) 

It is well known in finite element literature that when simple linear 

interpolations as given by equations (3.19) are used, difficulties arise due 

to 'shear locking' phenomenon. particularly at low aspect ratios. This 

problem can be overcome by resorting to reduced, single point integration [29, 

30. 31J of the element stiffness matrix. Table 3.1 shows the comparison of 

the finite element and exact natural frequencies for various aspect ratios of 
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the beam. It is seen that reduced integration provides very good results at 

both low and high aspect ratios. 

3.3.4.2 BUCKLING OF A TIMOSHENKO BEAM 

Consider a simply supported beam of uniform cross section, acted on by an 

axial compressive load PC" When shear deformation is taken into account, the 

buckling loads are given by the roots of the following equation. 

p2 + kAGP - kEITAG c c 
2 (n1T/R.) :: a (3.30) 

Using the finite elements developed in this chapter, the corresponding 

eigenproblem is posed as 

(3.31) 

Table 3.2 compares the finite element and exact results. The reduced, single 

point integrations were performed on both the conventional and geometric 

stiffness matrices. It is again seen that reduced integration leads to better 

results at low as well as high aspect ratios. 
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3.3.4.3 FREE VIBRATION OF A ROTATING TIMOSHENKO BEAM 

Consider a rotating beam of uniform cross section, simply supported by 

bearings at both ends. When shear deformation, rotatory inertia and 

gyroscopic effects are included in the analysis, the frequencies of free 

vibration ~n are given by the roots of the equation 

2 
p 

kEG 

+ 

(3.32) 

Using the finite elements of this chapter, the corresponding eigenproblem is 

posed as 

(3.33) 

The above form of matrix eigenproblem was solved using an algorithm due to 

Gupta [32J. The forward and backward travelling frequencies thus obtained are 

compared in Table 3.3 against the exact values for various rotational 

speeds. Reduced i ntegrat i on was used in the eva 1 uat i on of the stiffness 

matrix. The agreement is found to be satisfactory. 
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3.3.5 NUMERICAL INTEGRATION 

The governing equations for the rotor can be obtained by properly 

assemb 1 i ng the e 1 ementa 1 and di sk mat ri ces and vectors. The fi na 1 set of 

equations can be written in a matrix form as 

.. . 
[M] {X} + [c] {X} + [K] {X} = {F} (3.34) 

The above matrix equations can be solved numerically using direct integration 

approach. We have used the Newmark's integration technique outlined in Table 

2.1. 

3.4 EXAMPLE PROBLEM 

As an example problem. the seismic analysis of a rotor-bearing system 

shown schematically in Figure 3.5 was carried out using the beam model. 

Additional parameters for the rotor-bearing system needed for the calculation 

are given in Table 3.4. The base of the rotor-bearing system was subjected to 

El Centro excitation shown in Figure 3.6. In some cases, the base was also 

subjected to simulated angular accelerations shown in Fig. 3.7. The rotor was 

divided into 19 finite elements. 
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I 

TABLE 3.4 PARAMETERS FOR THE ROTOR-BEARING SYSTEM 

p = 7BOO kg/m3 

FOR THE FLYWHEEL 

m= 5000 kg 

I = 2500 kgem2 

FOR THE BEARINGS 

{kxx)I = 0~5B90 x 109 HIm 

(kYX)I = -0.1290 x 1010 N/m 

(cxx)I 1= 0.2BOO x 107 N.s/m 

(cYX)I = -0.4100 x 107 N.s/m 

(kxx)II = 0.6760 x 109 N/m 

(kyx)II = -0.1490 x 1010 HIm 

(cxx)II = 0.3100 x 107 N.s/m 

{cyx)II = -0.5000 x 107 Nos/m 

(kxyh = 

(kyy) I = 

v = 0.3 

Cd = 3000 rpm 

10 = 1267 kg.m2 

0.5100 x lOB N/m 

0.lB70 x lOla HIm 

{cxy)I = -0.4100 x 107 N.s/m 

{cyy)I = 0.1170 x 108 N.s/m 

(kxy)II = 0.2160 x 108 Him 

(kyY)II = 0.2270 x 1010 HIm 

(cxy)II = -0.5000 x 107 N.s/m 

(cyy)II = 0.1370 x lOB N.s/m 
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The results can be better presented and di scussed under the foll owi ng 

four cases. 

Case 1. Spin vs. No Spin 

An important aspect of the sei smi c ana lys is of rotating system that 

distinguishes it from the seismic analysis of a stationary system is the 

presence of gyroscopic effects. 

Figures 3.8, 3.9 and 3.10 present the displacements of rotor in the 

bearings, dynamic reaction forces in the bearings and shear forces and bending 

moments at midspan of the rotor as functions of time when the rotor is 

spinning at 3000 rpm and the base is subjected to only translational 

excitations shown in Figure 3.6. The x and y components of displacements and 

forces in bearings I and II are denoted with proper subscripts in Figures 3.8 

and 3.9, and in the subsequent figures to follow. 

Similar results are presented in Figures 3.11, 3.12 and 3.13 when the 

gyroscopic effects are not taken into account. This means that the effect of 

spi n speed is ignored, but the st iffness and dampi ng provi ded by the fl ui d 

film lubricants in the two bearings are retained. This is analogous to the 

analysis procedure of Villasor [12J and is similar to the various ex'isting 

structural dynamics computer codes. 

It can be clearly seen by comparing the two sets of figures that the 
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gyroscopic effects tend to magnify the response of the rotating system. 

Ignoring the effects of spin speed will underpredict the response and lead to 

unreliable estimates. 

Case 2. Base Rotation vs. No Base Rotation 

It is a common practice in seismic analysis to consider only the 

translational excitations of the base. Figures 3.14, 3.15, and 3.16 present 

the response of the rotating system when the base is simultaneously subjected 

to base translational excitations shown in Figure 3.6 and base rotational 

excitations shown in Figure 3.7. Comparison of Figures 3.8, 3.9 and 3.10 

(base translation only) and Figures 3.14, 3.15 and 3.16 (base translation and 

rotation) shows the relative importance of inclusion of base rotation in the 

analysis. The base rotational components amplify the dynamic response and 

must be included in the analysis for reliable response computations. 

Case 3. Rigid Body Model vs. Beam Model 

I n the prey; ous chapter, we developed a r; gi d body model for the rotor 

that takes the effects of base rotation into account. Figures 3.17 and 3.18 

present the displacements of rotor in the bearings and dynamic reaction forces 

in the bearings using the rigid body model. Comparison of these figures with 
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Figures 3.14 and 3.15 shows that the rigid body model overly underpredicts the 

response of the rotating sytem. 

A single run for the beam model took about 36 seconds of CPU time in IBM 

System 370/165 for execution. A single run for the rigid body model took 

about 2 seconds of CPU time for execution. 

Case 4. Effects of Axial Force and Axial Torgue 

The results presented so far do not incl ude the effects of any ax; al 

force or axial torque. Figures 3.19, 3.20 and 3.21 present the responses when 

an ax; a 1 force of 2500 kN is app 1 i ed and an ax; a 1 torque of 500 kN.m is 

transmitted. Comparison of these figures with Figures 3.14, 3.15, and 3.16 

reveals the magnification in the response due to initial axial force and 

torque and demonstrates the necessity to include them in the analysis. 

A computer program called ROBET has been prepared, along with a User's 

manual, to automate the seismic response computation using the beam model 

presented in this chapter. The User's manual for ROBET and a listing of the 

program can be found in IIPart II: Computer Programs I of this report. 

3.5 MERITS AND LIMITATIONS OF BEAM MODEL 

In this chapter it was shown that the fl ex; bil ity of the rotati ng system 
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can be included in the seismic analysis using Timoshenko beam theory. The 

beam model includes such factors as rotatory inertia, shear deformation, 

gyroscopi c effects, rotor-beari ng interaction (i .e. stiffness and dampi ng 

provided by the lubricants in the bearings), intermediate disks and flywheels, 

initial stresses due to axial thrust and axial torque, base translation and 

base rotation (including Coriolis effects). The beam model is clearly 

superior to the rigid body model developed earlier. Since the beam model 

developed in this chapter uses a finite element solution procedure, the 

correspondi ng computer program has been written along the famil i ar, wi de ly 

used fi nite element codes such as SAP IV and NASTRAN. Hence the user wi 11 

find it easier to use the beam model and may also choose to include it along 

with other general purpose seismic analysis codes available in his 

organization. For the beam model, the computing time and the cost of 

computing are very reasonable. 

One limitation of the beam model is that it can be used only for shaft-

like rotating systems. A uranium centrifuge, for example, is a cylindrical 

shell-type structure rotating about its axis at a high speed and a beam model 

cannot be used to obtain the seismic response of such a centrifuge. Another, 

though minor, limitation of the beam model is that the initial stresses due to 

spin of the system cannot be included in the analysis. A three-dimensional 

mode 1 of the rotat i ng system wi 11 avoi d these 1 i mitat ions and is 1 i ke ly to 

enlarge the range of application. 



4. 3-0 ELASTICITY MODEL 

4.1 SCOPE OF CHAPTER 

107 

In the 1 ast two chapters we presented a ri gid body model and a beam model 

to obtain the seismic response of a rotating mechanical system. We now present 

a three ·dimensional elasticity model in which the rotating system will be 

modeled as a spinning elastic solid of revolution. 

The dynamical problem is formulated using Newton-Euler approach. The 

governing differential equations are derived from the three dimensional theory· 

of elasticity. A numerical solution to the problem is obtained using eight

noded isoparametric, ring-type elements in the spatial domain and finite 

differences in the temporal domain. 

4.2 FORMULATION OF THE PROBLEM 

The rotating body is a body of revolution, with the spin axis as the axis 

of revolution. The governing equations of motion of the rotating body are 

derived by isolating an elemental ring of the body. This elemental ring will 

be treated as a rigid body to obtain such kinematic quantities as acceleration 

and rate of change of angular momentum. The elastic properties of the rotating 

body will be taken into account while evaluating the forces and moments acting 

on the elemental ring. 

4.2.1 KINEMATIC RELATIONS 

Consider a rigid, circular elemental ring spinning about its axis and 

,3xecuting arbitrary motion in space. Its motion can be conveniently described 

using Euler angles as shown in Figure 4.1. XYZ is a reference system which 
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~~~----~-----------------4~ 

FIG.4.1 EULER ANGLES FOR THE GENERAL MOTION 

OF A RIGID RING 

x 
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preserves fixed orientation in space (i.e. no rotation) with the center of mass 

of the elemental ring as its origin. xyz is another, nonspinning reference 

system with its ori gi n at the center of mass ·of the ri ng, but x:yz can execute 

precessional (1jJ) and nutational (e) motion. In addition to the precessional 

and nutational motion, the rigid elemental ring can possess a spin 

(~) motion about z-axis of the xyz reference system. 

The Newton IS Law of Motion for the elemental ring can be written 

vectori ally as 

F = (2p1Trdrdz )a
G 

and (4.1) 

where F is the resultant force acting on the elemental ring, aG is the 
~ 

absolute acceleration of the center of mass of the elemental ring, MG is the 
~ 

moment due to externa 1 forces taken about the center of mass and HG is the 
~ 

angular momentum of the elemental ring computed about its center of mass. A 

general expression for the time rate of change of the angular momentum can be 

derived as 

3 .. ·2 
~G = p1Tr {e + 2~1jJSine + 1jJ Sine Cose} drdz ~x 

3 .. • • 
+ p1Tr {1jJSine - 2~e} drdz ~y 

(4.2) 

3···· •. 
+ 2p1Tr {~ + 1jJCosB - 1jJeSine} drdz E: 

~z 

where E: ,E: and E: are the unit vectors along the x, y and z axes. p is the 
~x ~y ~z 

mass density of the material and r is the radius of the elemental ring. The 

cross sectional area of the elemental ring is given by drdz. 
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Let us consider the case when the xyz reference system assumes an 

orientation with 6; TT/2 and 1jJ ;- 0 as shown in Figure 4.2. The rotating 

system is supported on bearings and the bearing-base unit will be considered as 

a ri gi d body with a body fi xed reference system xbYbzb' The ori gin b of the 

xbYbzb reference system is so chosen that in equil i bri urn pos it i on the axi s of 

the rotating body is parallel to the zb axis and lies in the Ybzb plane. The 

lubricants in the bearings provide stiffness and damping for the relative 

motion between the rotating body and the bearings. In the seismic analysis of 

such a rotating system, the base is subjected to known translational and 

rotational motion. The analyst aims at predicting the transient dynamic 

response of the rotating body. 

The base excitation due to earthquake results in small, perturbational 

rotations and translations of the base about its equilibrium position. The 

rotating body responds with small, perturbational rotations and translations of 

the xyz reference system from the pos it i on of 8 = TT /2 and 1jJ = 0 as shown in 

Figure 4.2. Let ~b be the known angular velocity and ~b be the known angular 

acceleration of the base given by 

Wb = 6 b E b + 6 kE b + 8 k~ b 
~ x ~x ylJ"y ZIJ"Z 

(4.3) 

The small, perturbational translations of the center of mass of the elemental 

ring relative to the xbYbzb reference system can be specified by the 

displacements ux ' uy and Uz along the xb, Yb and zb axes. Similarly, the small 

perturbational rotations of the xyz reference system relative to the xbYbzb 

reference system can be specified by the small rotations 6x ' 8y and 8z 
about 
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BASE 

FIG.4.2 RING AND BASE REFERENCE FRAMES 



112 

the xb' Yb' and zb axes and the sequence in which these rotations take place 

becomes immaterial. Since the rotations of the base 6 xb ' 6yb and 8zb about 

the xb' Yb and zb axes are also small, perturbational motions, it can be taken 

that 

- -
E b = E = i -x -x -

(4.4) 

- -and E b = E =-i -z -z " 

This leads to the approximate expressions 

6 = If /2 + 6xb + 6 1jJ = 8yb + 6 x Y 

6 = 6xb + 6 1jJ = 6yb + 6 (4.5) x Y 

6 =. 6xb + 6 1jJ = 6yb + 6y x 

In addition, it will be assumed that the spin velocity of the rotor remains 

constant so that 

.. 
~ = w (a constant) and ~ = 0 (4.6) 

Substituting (4.5) and (4.6) in equation (4.2) and retaining only the first 

order terms, we get the linearized expression 



113 

(4.7) 

In the above expression, terms involving ware the familiar gyroscopic moments 

caused by the rotation of the spin axis. 

The absolute acceleration of the point G can be obtained by considering 

the motion of the point b and the relative motion of G with respect to the 

xbYbZb reference system. Even though the unit vectors in various references 

systems shown in Figure 4.2 can be approximately equated to their counterparts 

as shown in equat ion (4.4), thei r time deri vat i ves cannot be equated ina 

similar manner. Hence, 

where 

~b = X~xb + y ~yb + Z~zb 

V 
~rel = U E b + U E b + U E b 

x~x y~y z-z (4.9) 
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Thi s 1 eads to 

where 

and 

8 b)u z y 

. . . . . . 
+ (8 zb8xb + 8yb )U z + Xb + h(8 xb8

Yb 
- 8zb ) + Z(8 zb8xb + 8yb ) 

. . . . 
28ybUx + 28 xbUy + (8 zb8xb 8 b)U + (8 b8 b + 8 b)U y x y z x y 

(4.10) 

It should be pointed out that in the kinematic relations developed in this 

section, the gyroscopic effects and the base motions (including translation and 

rotation) have been taken into account. 
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4.2.2 KINETIC RELATIONS 

We now turn to the evaluation of forces and moments acting on the 

elemental ring. Since the rotating system is a solid revolution, the stresses 

acting on the elemental ring, and hence the forces and moments, can be 

evaluated more conveniently in cylindrical polar coordinates. 

4.2.2.1 RELATIONS IN CYLINDRICAL POLAR COORDINATES 

The rotating solid of revolution is under a state of initial stress. The 

initial stresses can result from: 

(1) Steady spin of the body about the axis of revolution. This will 

result in initial stresses cr(O) cr(O) cr(O) and T(O) forming an axi-symmetric 
rr' ~~' zz zr ' 

distribution of initial stresses. 

(2) Axial thrust on the rotating system. This will result in initial 

streses cr(O) cr(O) cr(O) and T(O) again forming an axi-symmetric distribution 
rr' ~~' zz zr ' 

of initial stresses. 

(3 ) Torque transmitted by the rotating system. This will result in 

initial (0) (0) stresses Tr~ and T~Z' forming an anti-symmetric distribution of 

initial stresses. 

All the six components of initial stresses mentioned above are independent 

of ~. 

Let cr rr , cr<p<p' cr zz ' Tr<p' T<pZ and Tzr be the incremental stress components 

and u, v and w be the incremental displacement components along the r, <p and z 

directions, respectively. The components of incremental strain, within the 

framework of linear theory, are given by 
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err 
au =-ar 

e
H 

=.!!.+l~ 
r r a4> 

aw ezz =-az 
(4.11 ) 

er 4> =1.~+~_.Y. r a4> ar r 

e4>z 
= 2!. + 1. aw 

az r a4> 

ezr 
= ~ + aw 

az ar 

The components of incremental rotation are given by 

1 au aw) w = 1:2 (_. - -4> az ar 
(4.12) 

The incremental stress and strain components are related to each other by 

Hooke's law 

E {v )} = (I + v) err + (1 - 2\1) (err + eH + ezz 
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E \J 

°zz = (1 + \I) ezz + 
(l - 2\1 ) (err + e~~ + ezz) 

E 
er~ (4.13) T r~ = 2(1 + \I) 

E 
T~Z = 2(1 + \I) e~z 

E T = 2(1 + \I) ezr zr 

where E is the Young's modulus of the material and \I is the Poisson's ratio. 

Consider an isolated element of the ring as shown in Figure 4.3. In 

evaluating the resultant force acting on this element of the ring due to 

seismic excitation, the effects of initial stresses must be taken into 

account. Within the framework of linear theory, the forces acting on the 

element of the ring along the r, ~ and z directions are given by [33J as 

F = l [_d_ {ro + r (1 + e ) 0 (
0) + r ( I/:2 e r,l, - W )-r (0) + r ( I/:2 e + w )-r (O)} 

r r dr rr rr rr 'I' z r~ zr ~ zr 

+ -+- {rT + r (1 + e ) T (0) + (l!.2 e - w ) T (0) + (I 1.2 e + w ) 0 (
0) } 

aZ zr rr zr I: r~ z ~z I; zr ~ zz 

F l[d {r +r(lle +w)o(O)+r(l+e )T(O)+r(ll2 e _W)T(O)} 
~ =r- --ar- Tr~ 12 r~ z rr H r~ I: 4>Z r zr 
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+ _d_ {rT + r( 1/2 erA. + W )T(O) + r(l + e )T(O) + r( 1f2 e - W )a(O)} 
dZ </>z ~ Z zr <I></> </>z </>z r zz 

Fz = 1. [_d_ {rT + r ( 1f2 e - W ) a (0) + r ( 1f2 e + w )T (0) + r (1 + e ) T (
O)} r d r z r z r </> rr </>z r r<j> zz z r 

+ ~ {ra + r(1/2e - W )T(O) + r(1/2eA.Z + w )T(O) + (1 + e )a(O)}J rdrd</>dz oZ zz . zr <j> zr ~ r </>z zz zz 

(4.14) 

4.2.2.2 RELATIONS IN CARTESIAN COORDINATES 

Since the incremental displacements, stresses and strains are periodic in 

</>, one can seek the solution to the problem using harmonic decomposition. In 

this, the unknown displacements, stresses and strains will be expanded as 

fourier series in </>. The displacements, for example, will be expanded as 

00 

u = Uo + ~ U 
n=l nc 

00 

Cosn</> + U Sinn</> ns 

v = Va + ~ Vnc Cosn<j> + VnsSinn<j> 
n=l 

00 

w = Wa + ~ W Cosn</> + WnsSinn</> 
n=l nc 

(4.15) 



120 

Here, UO, Va, and Wa correspond to the zero harmonic, and Unc ' Uns ' ••• , Wns 

correspond to the nth harmonic. Solutions for the various harmonics can be 

found independently and then superposed to obtain the overall solution. 

The zero harmonic modes, Ua and Wo, can be excited by a base motion along 

the axial direction of the rotating system. However, the more important 

bending modes due to base excitation are represented by the first harmonic 

terms [34]. So we shall restrict our attention to the expansion 

u = U1c Cos~ + U1s S;n~ 

v = VIs Sin~ + VIc Cos~ (4.16) 

w = W1c Cos~ + W1s Sin~ 

It should be noted that both the symmetric and anti-symmetric harmonics 

have been retained in (4.16). This is because of the presence of gyroscopic 

effects that couple the flexural motion in two mutually perpendicular planes. 

The expansion in (4.16) leaves us with six independent, unknown Fourier 

coefficients of displacements; namely Ulc' Uls' VIc' VIs' W1c and WIs' These 

coefficients, however, have the disadvantage that they cannot be interpreted as 

the displacements of a physical point on the rotating system. This makes it 

difficult to relate these coefficients to the bearing reaction forces which are 

specified in literature as functions of the displacements and velocities of the 

rotor axis relative to the bearing. So we shall adopt an expansion, which is 

similar to (4.16) but morre in line with our kinematic relations, as 
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v = -u Sin~ + u Cos~ x y ( 4.17) 

w = -r6 Cos~ + r6 Sin~ y x 

The above expansion involves only four unknown coefficients, namely u
X

' 

uy ' 6 ,and 6, and thi s time these coeffi ci ents can be interpreted as the x y 

displacements of the center of mass of the elemental ring and the rotations of 

the elemental ring. 

In a similar fashion, the incremental stresses and strains can be expanded 

as 

o = 0 Cos~ + 0 Sin~ zz zzc zzs 
(4.18) 

T = T Cos~ + T Sin~ zr zrc zrs 

and 
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e = e Cos~ + e Sin~ zz zzc zzs 

(4.19) 

Equations (4.11), (4.12), (4.17) and (4.18) can now be substituted in (4.14) to 

find the forces acting on an element of the ring along the r, ~ and z 

directions. Resolving these components of forces along the x and y directions 

and taking their moments about the center of mass of the ring, and integrating 

these forces and moments along ~, we fi na lly obta in the forces and moments 

acting on the elemental ring shown in Figure 4.2 as 

a au (0) au (0) + 2 - (r _x , + r __ x 0 ) ] drdz E 
az ar zr az zz-x 

au au) 
[ a ( ) + a ( + ) + 2 .L (r ..J.. 0(0) + r ..J.. ,(0 ) 

+ 'IT Tr rOrrs + rTr~c Tz rT zrs rT~zc ar ar rr az zr 

+ 2 _a_ (r ~ ,( 0) + r ~ 0 ( 0) ) ] drdz E 
az ar zr az zz -y 
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a a a a(r8x) rt(O)+ (0) a(r8x) (0 
M - 1£ [ ( rT ) + ( ro ) - T + - {r v r8 T + r T 

G - ar zrs az zzs 4>ZC ar ar rr y r4> az zr 

+ a(r6y ) (0) 
arT r4> 

(0) a(r8) (0) 
8 + Y T J rdrdz E 

X
O 4><1> az 4>Z ~x 

a a a (r8) (0) (0) r a (r 8y ) ..- (0 ) 
-1£ [_a_ (rT ) + - (ro ) + T + - {- r y 0 + r8 T - -L} ar zrc az zzc 4>zs ar ar rr x r4> az zr 

a(r8) (0) (0) a(r8) 
+ _a {_ r y T + r8 T - r Y 0 ( 0 ) } 

az ar zr x 4> az zz 

a(r8 X) (0) + 8 0(0) + a(r8x) (O)J rdrdz E 
+ arT r4> Y H a z T 4>z ~y 

(4.20) 

Using (4.4), (4.7), (4.10) and (4.20), the governing equations of motion 

for the spinning elemental ring can be written as 

a a a au (0) au (0) 
1£[- (ro - rT ) + -az (rTzrc - rT4>zs) + 2- (r _x_ 0 + r-;:-1<- T ) 

~r rrc r~s ~r ~r rr ~ zr o 't' 0 0 0z 

a au (0) oUx (0) 
+ 2 - (r _x T + r - 0 )J = 21£p ra x oZ or zr az zz 

1£ [_0_ (ro + ) + 0 (r + r ) + 2 _a (r ~ 0 ( 0 ) + r ~ T (0 ) ) 
or rrs rTr<l>c Tz Tzrs T4>ZC ar ar rr az zr 

+ 22- ( ~ T(O) + r~o(O))J = 
az r or zr oZ zz 

a 0 (r8 ) 
[ a ( ) + 2- (ro ) T + { r x nr a-r rT zrs az zzs - epzc ar ar 

a(r8 ) 
(0) + r8 T(O)+ r x T(O)} 

orr y rep az zr 
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a a(r8x) (0) (0) a(r8 ) 
+ - {r T + r8 1" + r x az ar zr y ~z ax 

a a a a(r8) (0) (0) a(r6) (0) 
-1Tr[- (r. ) + - (rcr ) + T + - {-r y cr + r6 1" - r y T } ar zrc az zzc ~zs ar ar rr x r~ az zr 

a(r8) (0) (0) a(r6) ~(O)} 
+ ~ {- r y 1" + r6 1" - r y v az ar zr x ~z az zz 

(4.21) 

4.3 METHOD OF SOLUTION 

The equations of motion given by (4.21) are in the form of partial 

differential equations involving spatial variables r, z, and temporal variable 

t. A numerical solution to the problem can be obtained by employing finite 

elements in the spatial domain and finite differences in the time domain. 

Solid of revolution elements have been used in the past to study the 

seismic behaviour of axisymmetric tower structures [34J. The solid of 

revolution elements developed in this paper differ from those of Liaw and 

Chopra [34J because of the inclusion of both the symmetric and anti-symmetric 

harmonics in the displacement functions given by (4.16) and the special form 

of Fourier coefficients given by (4.17). The governing differential equations 

must be rendered in an integral form before they can be solved using finite 
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element method. This is achieved by the applicationi of Galerkin's technique. 

4.3.1 GAlERKIN'S TECHNIQUE 

In the Galerkin's technique, the displacements ux' uy ' and rotations 

e , e x y 
will be treated as the primary unknowns. Let OU , ou ,06 and 86 x y x y 

be arbitrary variations from their actual values. Then, according to 

Galerkin's technique, the equations of motion given by (4.21) can be written 

in an integral form as 

" au (0) au (0) " au (0) au (0) _ 2 _0 (r _x 0 + r _x. ) _ 2 _0 (r _x • + r _x 0 )}ou 
ar ar rr az zr az ar zr az zz x 

+ {2p ray ~ r (ro + r. ) - ~ (rT + rT ) 
o rrs r~c az zrs ~zc 

-2~ ( ~o(O) + r~T(O)) - 2L (r~T(O) + r~o(O))} OU 
ar r ar rr az zr az ar zr az zz y 

2 .. . . a a + r {pr ((8 xb + 8 ) + 2w(8 b + 8 )) -ar- (rr z rs ) -az (rozzs ) + T 
X Y Y ~zc 

a a (r8 ) (0) (0 ) a (r8 ) 
• (0)) (r x + r8 • ~ + r x 

ar ar O'rr y r az zr 

a a (r8 x) (0) + r8 • (0) + r 
a(r6 x ) 

0'(0)) - 3Z (r ar • az zr y ~z zz 
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a a (r6y ) (0) + r6 ,(0) 
_ r a(r6y ) ,(0) ) + - (- r orr ar ar x rep az zr 

a a (r6) (0) 
+ r8 ,(0)_ 

a (r6 ) 
0(0) ) + - (-r y , r y 

az ar zr x epz az zz 

a (r6 ) (0) + (0) + a(r6x) (0) 
+ x 06 ] drdz = 0 ar 'rep 6yOepep az 'epz} y 

(4.22) 

The above equation (4.22) is also a statement of the principle of virtual 

work. When (4.22) is partially integrated, certain boundary terms appear as a 

result. These boundary terms correspond to the boundary conditi ons at the 

locations of the bearings. If (ux)i and (uy)i are the displacements of the 

rotor axis relative to the ith bearing along the xb and Yb axes, then the 

forces due to bearing lubricants can be expressed as 

n 
L: 

i =1 

. . 
{ (k ) . (u ). + (k ). (u ). + (c ). (u ). + (c ). (u ).} 0 (z xx 1 x, xy 1 y, xx 1 X 1 xy, Y 1 

n •• 
f = - L: {(k ).(u). + (k ).(u). + (c ). (u x),. + (c ).(u ).} 0 (z - z.) Y i =1 yx 1 X 1 yy 1 Y 1 yx , yy, Y 1 1 

(4.23) 

where n denotes the total number of beari ngs and 0 stands for Di rac • s delta 

function, zi's are the z-coordinates of the bearing locations. The damping 

coefficients may be symmetric (cxyi = cyxi) but stiffness coefficients are not 

symmetric (k xyi ~ kyxi )' 
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4.3.2 FINITE ELEMENTS 

Consider a typical solid of revolution element with eight nodes (see 

Figure 4.4). It is an eight-noded isoparametric element where the 

displacements are assumed to vary parabolically within each element. The 

unknown displacements and rotations will be expressed in terms of unknown 

nodal values and known shape functions as 

8 
u = 2: Ni (sl' s2) (U ). x i =1 x 1 

8 
uy = 2: Ni (sl' s2) (U ). 

i=l Y 1 

8 
e = 2: N; (sl' s2) (0 ). (4.24) 
x i =1 x 1 

8 
0 = E Ni (sl' s2) (0 ). 
Y i =1 Y 1 

where sl and s2 are the natural coordinates for the element. Expressions for 

the shape functions Ni (sl' s2) can be found in [ J and, in fact, it is 

possible to formulate a variable node element in which the number of nodes can 

be chosen between 4 and 8. 

Equations (4.24) can be expressed more conveniently in a matrix form as 

(4.25) 

where [NJ
e 

is a matrix of shape functions and {q}e is a vector of nodal 

displacements and rotations given by 
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(4.26) 

It should be pointed out that (Ux)i and (Uy)i are not the displacements of the 

ith node itself; they are the displacements of the center of mass of the 

elemental ring passing through the ith node. (ex); and (ey); are the 

rotations of this elemental ring. 

We note that 

o{u} = [N] o{q} e e e (4.27) 

Substituting (4.25) and (4.27) in the partially integrated form of (4.22) and 

carrying out the differentiations and integrations we get 

(4.28) 

Here, [M]e is the elemental intertia matrix. [C]e is an elemental matrix 

that can be written as 

(4.29) 

where 

[CG]e - Gyroscopic matrix, 

[CC]e - Coriolis matrix due to base rotation, 

[C] - Damping matrix due to bearing(s) located at the node(s). D e 
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[KJe is an elemental matrix that can be written as 

(4.30) 

where 

[KCJe - Conventional stiffness matrix, 

[KGJe - Geometric stiffness matrix due to initial stresses, 

[KRJe - Supplementary stiffness matrix due to base rotation, 

[KSJe - Stiffness matrix due to bearing(s) located at the node(s). 

{Qje is a vector of nodal forces and moments due to base translation and 

rotation. [MJe, [COJe, [KCJe and [KGJe are symmetric matrices; 

[CGJ e and [CCJe are skew-symmetric matrices; [KR]e and [KB]e are non

symmetric matrices. These elemental matrices are to be properly assembled to 

obtain the global matrices. 

The elemental matrices mentioned above are obtained after performing a 

numerical integration over the element using a Gaussian scheme. It may be 

mentioned that the conventional and geometric stiffness matrices can be 

derived by minimizing the potential 
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(4.31) 

where 

e l = (2J!) (1.2J! _ X) + (.!! + 1. ~)(~) + (aw) (1 aw) 
r<j> ar r a<j> r r r a<j> ar ar r a <j> 

e l = (.!! + 1. ~) (~) + (~) (1 ~ _ ~) + (aw) (1.. aw) 
<j>z r r a<j> az az r a<j> z az r a<j> 

e l = (2J!) (2J!) + (~) (~) + (aw) (~) 
zr ar az ar az ar az (4.32) 

We have adopted a more direct Newtonian approach to the problem because it 

seems to be more appropriate to the rotating system under consideration. 

4.3.3 CHECK PROBLEMS 

The performance of finite elements formulated above must be tested 

against some known, closed form dynamic solutions available in literature, 

before we use them in our seismic analysis. Two such check problems are given 

below. 
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4.3.3.1 FREE VIBRATION OF A BEAM 

The frequencies of free vibration of a simply supported Timoshenko beam 

are given by the roots of equation (3.28). Using the finite elements 

developed in this chapter, the eigenproblem can be posed as 

[M] {X} = (4.33) 

Table 4.1 shows the comparison between the finite element and Timoshenko beam 

natural frequencies for various aspect ratios. It can be seen from Table 4.1 

that the eight-noded element gives better results than the four-noded 

element. It is also observed that reduced, 2 x 2 integration gives better 

results for low aspect ratio beams. But for higher aspect ratios, 3 x 3 

integration gives better results. 

4.3.3.2 BUCKLING OF A BEAM 

The buckling loads for a simply supported, Timoshenko beam are given by 

the roots of equation (3.30). Using the finite elements developed in this 

chapter, the eigenproblem can be posed as 

(4.34) 

Table 4.2 compares the fi nite el ement and Timoshenko beam buckl i ng loads for 

various aspect· ratios. Here again we see that the eight-noded element has a 

superior performance over the four-noded element. For low aspect-ratios, the 

reduced 2 x 2 integration gives better results. But for higher aspect ratios, 

the 3 x 3 integration gives better results. 
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4.4 EXAMPLE PROBLEM 

As an example problem, the seismic analysis of a rotor bearing system was 

obtained using the 3-D elasticity model. The geometry of the rotor is shown 

in Figure 4.5. The bearings are located at nodes 3 and 18. The stiffness and 

damping coefficients for the lubricants in the bearings were taken from Table 

3.4 

The base was first subjected to purely translational excitations given by 

the El Centro earthquake history in Figure 3.6. The displacements of the 

rotor in the bearings are given in Figure 4.6 with proper subscripts. The 

dynami c react i on forces on the beari ngs are shown in Fi gure 4.7. Fi gure 4.8 

shows the bending stress at midspan. 

The base was then subjected to translational as well as simulated 

rotational excitations as given in Figure 3.7. The displacements of the rotor 

in the bearings are given in Figure 4.9. The dynamic reaction forces on the 

bearings are shown in Figure 4.10. Figure 4.11 shows the bending stress at 

midspan. 

A typical run for the example problem took about 2 minutes of CPU time in 

IBM System 3081. 

4.5 MERITS AND LIMITATIONS OF 3-D MODEL 

In thi s chapter, we have shown that the fl exi bil ity of the rotating 

system can be included in the seisimic analysis using three-dimensional theory 

of elasticity. This represents the most general treatment of the problem thus 

far. The three-dimensional elasticity model is superior in formulation to the 

beam and rigid body models. Since the method of solution is based on a finite 



136 

ts 
9.0m II 14 II 9 6 4 

T 
@ ® CD 0,3m 17 12 7 2 

_.L ---
18 15 13 10 8 5 3 

BEARING I BEARING ]I 
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element procedure, it can be easily implemented along with other finite 

element codes in the user's organization. 

A major limitation of the 3-D model is the cost. A price has been paid 

for the general treatment of the rotor-bearing system in the form of large 

memeory requirement and relatively large computing time. The 3-D model is 

recommended for those problems where accurate model ing is of greater concern 

over the cost of computing. 
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5. CONCLUSIONS 

In this re~0rt we have presented a rigid body model, a beam model and a 

3-D elasticity model to predict the seismic response of a rotating mechanical 

system. 

In the rigid body model, the rotating system is modeled as a rigid body 

spinning about its axis of symmetry. It is shown that factors such as 

gyroscopic effects, rotor-bearing interaction effects (i.e. stiffness and 

damping provided by the lubricants in the bearings), effects of base rotation 

(including Coriolis effects) and base translation can be directly and 

systematically incorporated in the seismic analysis. The rigid body model 

keeps mathematics to the minimum and is easy to program. It is 

computationally economical. 

The beam model incorporates the flexibility of the rotating system using 

Timoshenko beam theory. In addition to the factors mentioned in the rigid 

body model, factors such as rotatory inertia, shear deformation, intermediate 

disks and flywheels and effects of initial stresses due to axial force and 

ax i a 1 tor que are inc 1 uded in the beam mode 1. The beam mode 1 uses a fi n ite 

element approach and the solution can be obtained within reasonable computer 

time and cost. We strongly recommended it for all shaft-like systems. 

The 3-D elasticity model incorporates the flexibility of the rotating 

system using the three-dimensional theory of elasticity. This enables the 

Preceding page brank 
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model to take into account such factors as effect of initial stresses due to 

spin and systems that do not have the appearance of a shaft, in addition to 

the factors menti~ned in the beam model. The 3-D elasticity model is the 

most-rigorous of the three model and also the most expensive. We recommend 

the 3-D model for those systems that do not look like a shaft and where cost 

of computation is not of great concern. 

A more general three-dimensional model is under development. The three-

dimensional model uses eight-noded, isoparametric solid-of-revolution finite 

elements. It is expected that the three-dimensional model will increase the 

range of problems that can be solved under seismic analysis of rotating 

mechanical systems. 
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APPENDIX A 

EXPRESSION FOR THE RATE OF CHANGE OF ANGULAR 

MOMENTUM OF A RIGID BODY USING EULER ANGLES 

Consider the axially symmetric rigid body shown in Figure 2.1. We have 

an xyz coordi nate system with its ori gi n at the center of mass G. The xyz

system undergoes precessional (</J) and nutational (8) motions. In addition, 

the rigid body undergoes a spin (~) motion about the z-axis. 

Because of the rotational symmetry of the body about the z-axis, the x. 

y, and z axes become the principal axes of inertia with the corresponding 

principal moments of inertia being 10 , 10 and 1 respectively. The rate of 

change of angular momentum for such a body is given by 

HG :: {I a + (I - I ) w W } E: 
o X 0 Y z ~x 

+ {I a + (I - I) W w} E: 
oy 0 Z x ~y 

(A.1 ) 

+ Ia E: z-vz 

where the angular velocity and angular acceleration of the rigid body are 

gi ven by 

+ W E: 
Z Z 
~ 

. 
8 E + ~ sin 8 E: + (8 + ~ cos 8) E 

X ~y Z 

(A. 2) 

Preceding page blank 
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+ a E: 
Z Z 
~ 

... . . 
= (6 + ~~ sin 6) E: x 

.. . . 
+ (~ sin 6 + ~ 6 cos 6 - ~6) E: 

~y 

.. ... 
+ (~ cos 6 - ~6 sin e + ~) E 

Z 

Substituting (A.2) and (A.3) in (A.I) we get 

~G = { I e + I~; Si n e + (I - I )~2 Si n e cos e} E 
.- 0 0 x 

.. 
+ {I ~ Sin e - I~e + (21 - I) ~e cos e} E a 0 ~y 

.. ... 
+ {I~ + I ~ cos e - I ~e sin e} !z 

(A.3 ) 

(A. 4) 



[M] = e 

[c ] = 
G e 

pA9.,f3 

o 

0 0 

pAR,/3 0 

pI T9.,f3 

(SYM) 

o o 

o 0 

o 

(SKEW-SYM) 
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APPENDIX B 

BEAM ELEMENT MATRICES 

Let R, = s2 - s, 

(l)-Inertia Matrix 

0 pAR,/6 0 0 0 

0 0 pAR,/6 0 0 

0 0 0 pI r9.,f 6 0 

pIr 9./3 0 0 0 p IT9.,f 6 

pA9.,f3 0 0 0 

pA9.,f3 0 0 

pIT9.,f3 0 

pI T9.,f3 

(2a) Gyroscopic Matrix 

0 0 0 0 0 

0 0 0 0 0 

pI pw9.,f 3 0 0 0 pIpw9.,f6 

0 0 0 -pl pwR,/6 0 

0 0 0 0 

0 0 0 

0 plpw9.,f3 

0 



154 (2b) Coriolis Matrix 

0 
. 

- 2pA8 z b9.J 6 -2pA8zb9.J3 0 0 0 0 0 

0 0 0 2pA8zb9.J6 0 0 0 

0 0 0 0 0 0 

0 0 0 0 0 

[C] = C e (SKEW - SYM) 0 
. 

-2pA8zb9.J3 0 0 

0 0 0 

0 0 

0 

(2c) Bearing Damping Matrix 

(Cxx ) 1 (CXY ) 1 0 0 0 0 0 0 

(Cyx)l (Cyy ) 1 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 
[C ] = o e 0 0 0 0 (Cxx )2 (CXY )2 0 0 

0 0 0 0 (CyX )2 (CyY )2 0 0 

0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 

The above damping matrix is applicable only to those elements whose 

node(s) are supported on bearing(s). 



(3a) Conventional Stiffness Matrix 

kAG/Q, 0 0 kAG/2 -kAG/Q, 0 

kAG/Q, -kAG/2 0 0 -kAG/ Q, 

(kAGQ,f3 0 0 kAG/2 
+ EIT/Q,) 

( kAGQ,f3 -kAG/2 0 
+ ElT/ Q,) 

[K ] = C e (SYM) 
kAG/Q, 0 

kAG/Q, 

o kAG/2 

-kAG/2 0 

(kAGQ,j6 0 
-Elr/i) 

o (kAGi/6 
- EIT/i) 

o -kAG/2 

kAG/2 o 

o 
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Upon reduced (single point) integration the above conventional stiffness 

matrix reduces to 

kAG/ Q, 0 0 kAG/2 -kAG/i 0 0 kAG/2 

kAG/Q, -kAG/2 0 0 -kAG/i -kAG/2 0 

(kAG'M4 0 0 kAG/2 ( kAGQ,/4 0 
+ EIT/~) - EIT!Q,) 

( kAGJ1,f4 -kAG/2 0 0 (kAG £/4 

[Ke] e = (SYM) 
+ EIT/t) - EIT/i) 

kAG/Q, 0 0 -kAG/2 

kAG/t kAG/2 0 

( kAGQ,/4 0 
+ ElT/i) 

( kAGi/4 
+ EIT/i) 
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(3b) Geometric Stiffness Matrix Due to Axial Force 

0 0 0 -1/2 0 0 0 -1/2 

0 1/2 0 0 0 1/2 0 

-9../3 0 0 -1/2 -R./6 0 

-R,f3 1/2 0 0 -9../6 

[KpJ e = p (SYM) 0 0 0 1/2 

0 -1/2 0 

-9../3 0 

-9../3 

Upon reduced (single point) integration, the above geometric stiffness 

matrix reduces to 

0 0 0 -1/2 0 0 0 -1/2 

0 1/2 0 0 0 1/2 0 

-9.,/4 0 0 -1/2 -9.,/4 0 

-R,f4 1/2 0 0 -9../4 

[KpJ e = p (SYM) 0 0 0 1/2 

a -1/2 a 

-9../4 0 

-9../4 
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(3c) Geometric Stiffness Matrix Due to Axial Torque 

0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 () 

0 0 0 -1/2 0 0 0 -1/2 

0 0 1/2 0 0 0 1/2 0 

[~]e = T 
0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 

0 0 0 1/2 0 0 0 1/2 

0 0 -1/2 0 0 0 -1/2 0 
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(3e) Bearing Stiffness Matrix 

(kxx ) 1 ( kXY ) 1 0 0 0 0 0 0 

(kyx ) 1 (kyy) 1 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 

0 0 0 0 0 a a a 
[~]e = a a 0 0 ( kxx ) 2 ( kxY )2 0 0 

a a 0 0 (kyx ) 2 (kyy) 2 a a 

a a 0 a 0 a 0 0 

a a 0 0 0 a 0 0 

The above stiffness matrix is applicable only to those elements whose 

node(s) are supported on bearing(s} 

(4) Force Vector Due to Base Motion 
.. 

-pA2(8 zb8xb+ 8yb )(2s, + s2}/6 
.. 

- pAX b2/2 - pAh 2(8xb8Yb - 8zb}/2 
.. ·2·2 

- pAYb2/2 + pAh2(8zb + 8xb )/2 -pA2(8yb8zb - 8xb )(2s, + s2)/6 

- p2(IT8xb + Ipw 8yb)/2 

{Q} = 
e - P2(IT8yb - Ipw 8xb )/2 

.. .. 
- pAX b2/2 - PAh2(8xb8yb - 8zb )/2 - pA2(8zb8xb + 8yb )(S, + 2s2)/6 

.. ·2·2 
- pAYb2/2 + pAh2(8 zb + 8xb )/2 - pA2(8yb8zb - 8xb)(S, + 2s2)/6 

- pt(I
T

8xb + Ip W8yb )/2 

- P£(I T8yb - Ip w8xb )/2 
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[M]d = 

[CGJ d 

[CCJd = 

[KJ d = 

(2 ) 

mi 

0 

0 

0 

APPENDIX C 

DISK MATRICES 

(1) Inertia Matrix 

0 0 

m. 
1 

0 

0 (10) i 

0 0 

[C]d = [CG]d + [CC]d 

0 

0 

0 

( 0 ) i 

(2a) Gyroscopic Matrix 

0 0 0 0 

0 0 0 0 

0 0 0 (I);w 

0 0 -( I) i W 0 

(2b) Coriolis Matrix 

0 -2m.8 b 0 0 
1 Z 

2m.e b 0 0 0 
1 Z 

0 0 0 0 

0 0 0 0 

(3 ) Supplementary Stiffness Matrix 

·2 ·2 mi (exb8yb - ezb) 0 -m. (e b + e b) 1 y z 

m;(8xb8yb + ezb) 
·2 .2) 0 -m. (e b + e b , z x 

0 0 0 

0 0 0 

161 

0 

0 

0 

0 
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{Q}. = 
1 

where 

m. 
1 

(I) . 
1 

(I ). o 1 

(4) Force Vector Due.to Base Motion 

.. .. -1 -m.Xb - m.h(e be b - e b} 

l~ 1 (.: Y -2 z 

-m.Yb+ m.he b+ 8 b) I 1 1 Z X < 

= Mass of the ith disk 

= Moment of inertia of the ith disk about the 
spin axis 

= Moment of inertia of the ith disk about an 
axis perpendicular to the spin axis and 
passing through the center of mass of the 
disk. 
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1. GYROT USER'S MANUAL 

1.1 PURPOSE 

GYROT is a computer program written in Fortran to carry out the seismic 

analysis of a rigid rotor in time domain. GYROT is a part of a series of 

computer program packages that are developed at the School of Meehan i ca 1 and 

Aerospace Engineering, Oklahoma State University under the sponsorship of 

National Science Foundation. These computer programs are intended for the use 

of designers who want to carry out seismic calculations for rotating 

mechanical systems. 

This user's manual describes the way in which the data is supplied to the 

program. It also includes a listing of the program and a sample output. 

1.2 BACKGROUND THEORY 

GYROT is based on the rigid body model developed in Part I, Chapter 2 of 

this report. 

GYROT is a self-contained program. The only external subroutine used is 

a commonly available IMSL routine LEQT2F to solve a set of linear simultaneous 

equations. 
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Card /I 

I 

2 

3 

1.3 INPUT DATA 

Data and Description 

AMASS,AI,AIO,ALI,AL2,H,RPM (7FIO.5) 

AMASS - Mass of the rigid rotor, in kgs. 

AI 

AIO 

- Moment of inertia of the 2otor about the 
axis of rotation, in kg.m • 

- Moment of inertia of 
axis perpendicular 
rotation and pa2sing 
of mass, in kg.m • 

the rotor about an 
to the axi s of 
through the center 

ALI - Distance between the location of the 
fi rst bea ri ng and the center of mass of 
the rotor, in m. 

AL2 - Distance between the location of the 
second bea ri ng and the center of mass of 
the rotor, in m. 

H - Vert i ca 1 hei ght of the center of mass of 
the rotor from the base reference poi nt 
b, in m. 

RPM Rotat i ona 1 speed of the rotor in 
revolutions per minute. 

NFREE (I5) 

NFREE - Number of degrees of freedom for the 
rotor. 

Note: - NFREE is either 5 or 4. If NFREE :::; 5, 
then the stiffness and damping coefficients 
of the bearings in the axial direction (i.e. 
of the thrust bearing) must be supplied in 
the following cards. If the axial degree of 
freedom is to be deleted from the analysis, 
then set NFREE :::; 4. If NFREE is set to 4, 
the computer pri nts out a message that liTHE 
Z DEGREE OF FREEDOM IS DELETED". 

AKXXl,AKXYI,AKYXl,AKYYI,AKZZI (5Ell.4) 

These are the stiffness coefficients of bearing 
#1. If NFREE = 4, then leave AKZZI blank. 
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5 

6 

7 

8 

9 

5 

CXX1,CXY1,CYX1,CYY1,CZZ1 (5E11.4) 

These are the damping coefficients of bearing 
#1. If NFREE = 4, then leave CZZ1 blank. 

AKXX2,AKXY2,AKYX2,AKYY2,AKZZ2 (5E11.4) 

These are the stiffness coefficients of bearing 
#2. If NFREE = 4, then leave AKZZ2 blank. 

CXX2,CXY2,CYX2,CYY2,CZZ2 (5E11.4) 

These are the damping coefficients of bearing 
#2. If NFREE = 4, then leave CZZ2 blank. 

TIME,ACCX,ACCY,ACCZ,VELX,VELY,VELZ (7F10.5) 

These are the initial conditions for the base 
translation. Set TIME = 0.0 

ACCX,ACCY,ACCZ are the initial accelerations of 
ponit b in the ~b' Yb and zb directions, 
respectively, in m/s • 

VELX,VELY,VELZ are the initial velocities of point 
b in the xb' Yb' and zb directions, repsectively, 
in m/s. 

ACCTX,ACCTY,ACCTZ,VELTX,VELTY,VELTZ (6F10.5) 

These are the initial conditions for the base 
rotation. ACCTX,ACCTY,ACCTZ are the initial 
angular acceleration of the base a~out the xb' Yb 
and zb axes, respectively, in rad/s • 

VELTX,VELTY,VELTZ are the initial angular velocity 
of the base about the xb' Yb' and zb axes, 
respectively, in rad/s. 

TIME,AX,AY,AZ,TX,TY,TZ (7F10.5) 

TIME Time at which the acceleration data is 
specified, in seconds. 

AX,AY,AX are the linear acceleration of the base 
reference point b in the xb' Yb' ~nd 
zb directions, respectively, in m/s • 

TX,TY,TZ are the angular acceleration of the 
base about the xb' Yb' and zb axes, 
respectively. in rad/s 2• 

/6-6 



6 

/(7 

Note: Card #9 must be repeated for all the time 
values at which the base acceleration data 
is gi ven. The program is termi nated by 
supplying a blank card in this place. The 
value of TIME must be supplied in the 
increasing sequence and the program stops 
whenever it reads the value of TIME as 
zero. 
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1.4 LISTING OF GYROT 
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1.5 SAMPLE INPUT DATA 
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1.6 SAMPLE RESULTS 
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2. ROBEl USER1S MANUAL 

2.1 PURPOSE 

ROBET is a computer program written in Fortran to carry out the seismic 

analysis of a flexible rotor in time domain. It is the second of a series of 

computer program packages that are developed at the School of Mechanical and 

Aerospace Engineering, Oklahoma State University under the sponsorship of 

National Science Foundation. 

This user's manual describes the way in which the data is supplied to the 

program. It also includes a listing of the program and a sample output. 

2.2 BACKGROUND THEORY 

ROBET is based on the beam model developed in Part I, Chapter 3 of this 

report. ROBET uses two-noded finite rotor elements, such as the one shown in 

Fi gure 3.4. 

ROBET is a self-contained program. The only external subroutine used is 

a commonly available IMSL routine LEQT1B to solve a set of linear, banded 

simultaneous equations lacking symmetry. 



26 

Card # 

1 

2 

1%) 

2.3 INPUT DATA 

Data and Description 

NNOD,NELEM,NNOEL,NFREE,NEQ,NLC,NUC,IKC,IKP (915) 

NNOD 

NELEM 

NNOEL 

NFREE 

NEQ 

NLC 

NUC 

IKC 

IKP 

RPM 

P 

T 

H 

NBEAR 

NOISK 

Number of nodes in the model 

Number of elements in the model 

Number of nodes per element = 2 in our 
case 

Number of degrees of feedom per node = 
4 in our case 

Number of final set of equations 

Number of lower codiagonals (excluding 
di agona 1 ) 

Number of upper codi agona 1 s (excl udi ng 
diagonal) 

Index for conventional stiffness matrix 
= 0 for reduced i ntegrat ion, =! 0 for 
exact integration. 

Index for geometric stiffness matrix 
due to axial force = 0 for reduced 
integration, =! 0 for exact integration. 

RPM,P,T,H,NBEAR,NDISK,NPINT 
(4E11.4,3I5) 

Spin speed of the rotor in revolutions 
per minute 

Axial tension on the rotor, in N. 

axial torque on the rotor in the +z 
direction, in N-m. 

Height of the rotor axis from the base, 
in m. 

Number of bearings in the system. 

Number of disks (and flywheels) in the 
system. 



3 

4 

5 

NPINT 

ze(l) 

IO(I,J) 

Note: 

NOD(LK,J) 
EYM(LK) 

EPR(LK) 
ERHO(LK) 

EAREA(LK) 

EAIT (LK) 

NODIS (I ) 

o IMASS (I ) 

DIO(I ) 

DI(I) 

27 

Number of points at which internal 
stresses are to be evaluated. 

ze (I ) , I D (I , 1 ) , I D (I , 2 ) , I D (I , 3 ) , 10 (I ,4 ) 
(El1.4,415) 

z coordinate of the ith node, in m. 

Index tor the jth degree of freedom at 
the itll node. 

Thi s ca rd must be repeated for each of. the 
NNOD nodes. 

J=l corresponds to (Ux)i 
J=2 corresponds to (U )i 
J=3 corresponds to (eY). 
J=4 corresponds to (ex)~ 
ID(I,J) i 0 to deleteYt~e jth degree of 
freedom at ith node. 

ID(I,J) = 0 to keep the jth degree of 

freedom at ith node. (Leave it blank). 

NOD(LK,1),NOD(LK,2),EYM(LK),EPR(LK),ERHO(LK), 
EAREA(LK),EAIT(LK) (215,5E11.4) 

JTH NODE OF THE (LK)TH elemen~n 
Young'2 modulus for the (LK) element, 
in N/m • 
Poisson's ratio for the (L~)th element 
Mass

3
density of the (LK)t element, in 

kg/m • 
Area of cr02s-section of the (LK)th 
element, in m • 
Tran~~erse second mqrent of area of the 
(LK) element, in m • 

Note: This card must be repeated for each of 
the NELEM elements. 

NODIS(I),DMASS(I),DIO(I),DI(I) 
(I5,3E11.4) 
Node number at whi ch the ith di sk (or 
flywheel) is l~~ated. 
Mass of the i di sk (or flywheel), in 
Kg. h 
Transverse moment of inert~a of the it 
disk (or flywheel), in Kg.m • 
Pol ar moment of inert i

2
a of the ith di sk 

(or flywheel), in Kg.m • 
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6 

7 

8 

9 

10 

/65 

NOBER(I) 

BK(I,J,K) 

BC(I,J,K) 

Note: This card must be repeated for 
each of the NDISK disks (or flywheels) 
in the model. If NDISK=O, skip this 
card. 

NOBER(I),BK(I,1,1),BK(I,l,2),BK(I,2,1), 
BK{I,2,2) (15,4E11.4) 

Node number at which the ith bearing is 
located. 

The (j,k)th coefficient in the 
~Hffnes~ matrix for the lubricants in 
1 bearlng. 

BC(I,1,1),BC{I,1,2),BC(I,2,1),BC(I,2,2) 
(4E11.4) 

The (j,k)th coefficient in the dampinA 
matrix for the lubricants in it 
bearing. 

Note: The 6th and 7th cards must be repeated 
for each of the NBEAR bea ri ngs. If NBEAR=O, 
skip these cards. 

NELP(I) (15) 

NELP(I) Element number in which the ith 
internal stress point is located. 

Note: This card must be repeated for each of 
the NPINT points. If NPINT=O, skip this 
card. 

TIME,ACCX,ACCY,ACCZ,VELX,VELY,VELZ 
(7F10.5) 
TIME=O.O 
ACCX,ACCY,ACCZ are the initial 
acceleration of point b ~ the xb' 
Yb,and zb directions, in m/s • 
VELX,VELY,VELZ are the initial velocity 
of point b in the xb' Yb' and zb 
directions, in m/s. 

ACCTX,ACCTY,ACCTZ,VELTX,VELTY,VELTZ 
(6F10.5) 
ACCTX,ACCTY,ACCTZ are the initial 
angular accleration of the ~ase along 
xb' Yb' and zb axes, in rad/s . 
VELTX, VELTY, VELTZ are the initial 
angular velocity of the base along xb' 
Yb and zb axes, in rad/s. 



11 

TIME 

AX,AY,AZ 

TX,TV,TZ 

TIME,AX,AY,AZ,TX,TY,TZ 

Time at which the accleration 
specified, in s. 
are the linear acceleration 
point b in th~ xb' Yb 
directions, in m/s 
are the angular acceleration 
base along the lb' Yb 
directions, in rad/s . 

29 

data is 

of the 
and zb 

of the 
and zb 

Note: This card must be repeated for all the 
time values at which the base acceleration 
data is given. The program is terminated by 
supplying a blank card in this place. The 
value of TIME must be supplied in the 
i ncreas i ng sequence, and the program stops 
whenever it reads the value of TIME as zero. 
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2.4 LISTING OF ROBET 
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2.5 SAMPLE INPUT DATA 
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3. AXIST USER'S MANUAL 

3.1 PURPOSE 

63 

AXIST is a computer program written in Fortran to carry out the seismic 

analysis of an elastic rotor in the time domain. It is the third of a series 

of computer program packages that are developed at the School of Mechanical and 

Aerospace Engi neeri ng, Ok 1 ahoma State Uni vers ity under the sponsorshi p of the 

National Science Foundation. 

This user's manual describes the way in which the data is supplied to the 

program. It also includes a listing of the program and a sample output. 

3.2 BACKGROUND THEORY 

AXIST is based on the 3-D elasticity model developed in Part I, Chapter 4 

of this report. AXIST uses eight-noded isoparametric, solid of revolution 

elements, such as the one shown in Figure 4.4. 

AXIST is a self-contained program. An externa 1 subrout i ne used is a 

commonly available IMSL routine LEQTIB to solve a set of linear, banded 

simultaneous equations lacking symmetry. 

The user is also required to supply a subroutine called INSTR which gives 

the initial stresses in the rotating system at any (r, z) location. 

Card # 

1 

3.3 INPUT DATA 

Data and Description 

NNOD, NELEM, NNOEL, NFREE, NEQ, NLC, NUC, 
NGASl, NGAS2 (915) 

NNOD 
NELEM 

Number of nodes in the model 
Number of elements in the model 

2/3 
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2 

3 

NNOEL 

NFREE 

NEQ 
NLC 

NUC 

NGASl 

NGAS2 

Number of nodes per element 
= 4 or 8 
Number of degrees of freedom per 
node = 4 in our case 
Number of final set of equations 
Number of lower codiagonals 
(excluding diagonal) 
Number of upper codiagonals 
(excluding diagonal) 
Number of Gaussian points in the 
~l direction 
Number of Gaussian points in the 
~2 direction 

RPM, P, T, H, NBEAR, NP1NT (4Ell.4, 2I5) 

RPM 

P 

T 

H 

NBEAR 

NP1NT 

RC (1), 
ID(I,4) 

RC(I) 

ZC (I) 

Spi n speed of the rotor in 
revolutions per minute 
Axi a 1 tens i on on the rotor, in 
N. 
Axial torque on the rotor in the 
+z direction, in N-m. 
Height of the rotor axis from 
the base, in m. 
Number of bearings in the 
system. 
Number of points at which 
i nterna 1 stresses are to be 
evaluated. 

ZC ( 1) , 10 (I , 1 ) , 10 (I , 2) , 10 (I , 3) , 
(2El1.4, 415) 

r coordinate of the ith node, in 

m. d' t f th ,th d ' z co or . 1 na e 0 e 1 no e, 1 n 

1D(I,J) - ~~dex for the jt~hdegree of 
freedom at the i node. 

Note: Thi s card must be repeated for each 
of the NNOD nodes. 

J=l corresponds to (Ux)i 
J=2 corresponds to (Uy); 
J=3 corresponds to (8x)i 
J=4 corresponds to (8y); 

1D(I,J) f 0 to delete the jth degree of 

freedom at ;th node. 

1D(I,J) = 0 to keep the jth degree of 

freedom at ;th node. (Leave it blank) 



4 

5 

6 

7 

8 

65 

(NOD(LK,J), J=l, NNOEL), EYM(LK), EPR(LK), 
ERHO(LK). (813, 3E11.4) 

NOD(LK,J) - jth node of the (LK)th 
element 

EYM(LK) - Young's modulus 2for the 
(LK)th element, N/m 

EPR(LK) - Poisson's ratio for the 
(LK)th element. 

ERHO(LK) - Mass density of
3 

the (LK)th 
element, in kg/m 

Note: This card must be repeated for each 
of the NELEM elements. 

NOBER(I), BK(I,l,l), BK(I,1,2), BK(I,2,1), 
BK (I , 2,2) (I 5, 4E11. 4) 

NOBER (I) - Node number at wh i ch the i th 
bearing is located. 

BK(I,J,K) - The (j,k)th coefficient in 
the stiffness matrix for the 

BC (I, J,K) 

lubricants in ith bearing. 

The (j,k)th coefficient in 
the damping matrix for the 
lubricants in ith bearing. 

Note: The 5th and 6th cards must be 
repeated for each of the NBEAR bearings. If 
NBEAR = 0, skip these cards. 

NELP(I), XI1(I), XI2(I) (I5,2F10.5) 

NELP(I) - Element number in which the 

XI1(I ) 

XI2(I) 

ith internal stress point is 
located. 

- Gaussian coordinate along 
~1 direction for the ith 
stress point. 

- Gaussian coordinate along 
~? direction for the ith 
stress point. 

TIME, ACCX, ACCY, ACCl, VELX, VELY, VELl 
(7F10.5) 

These are the initial conditions 
for the base translation. Set 
TIME= 0.0. ACCX, ACCY, ACCl are 
the initial accelerations of 
point b in the xb' Yb and zb 
directions, respectively, 
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9 

10 

m/s 2 . VELX, VEL Y, VELZ are the 
in it i a 1 ve 1 oc it i ees of po i nt b 
in the xb' Yb' and zb 
directions, respectively, in 
m/s. 

ACCTX. ACCTY, ACCTZ, VELTX, VELTY, VELTZ 
(6F10.5) 

These are the initial conditions for the 
base rotation. 
ACCTX, ACCTY, ACCTZ are the initial angular 
acce 1 erat ions of the base about tfe xb' Yb 
and zb axes, respectiely. in rad/s . 
VELTX, VELTY, VELTX are the initial angular 
ve 1 oc i ties of the base about the xb' Yb and 
zb axes, respectively, in rad/s. 

TIME, AX, AY, AZ, TX, TY, TZ (7F10.5) 

TIME - Time at which the 
acceleration data is 
specified, in seconds. 

AX, AY, AZ are the linear accelerations 
of the base reference point b 
in the xb' Yb' and zb 
dir2ctions, respectiely, in 
m/s 

TX, TY, TZ are the angular accelerations 
of the base about the xb' Yb 
and zb axes, respectively, in 

rad/s 2. 
Note: Card #10 must be repeated for all the 
time values at which the base acceleration 
data is given. The program is terminated by 
supplying a blank card in this place. The 
value of TIME must be supplied in the 
increasing sequence and the program stops 
whenever it reads the vaue of TIME as zero. 
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3.4 LISTING OFAXIST 
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