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ABSTRACT

In this paper, an attempt 1s made to introduce qualita-~
tive information in the damage assessment of structures using
fuzzy sets theory. By using the fuzzy quantification theory,
the weighting of each damage factor is given through the data
obtained from the past observations or inspections. The rank
of damages 1in underlying structures 1s determined by means of
a multi-criteria analysis, which is one of the <comprehensive
evaluation systems of alternatives and can be used to deal
with the rated values of damage factors, The rgsults which
are obtained from the multi-criteria analysis are interpreted

by using the concept of semi-ordering.
INTRODUCTION

It is widely recognized that a3 considerable number of
structures presently require repairing and alteration. Under
this situation, it is a timely and important task to estab-
1lish a method of evaluating the démage state of structures.
However, damage assessment of structures s very difficult

because of the lack of available data and the complex mechan-



ism of analysis f[l=-4).

In this paper, an attempt 1s made to introduce qualita-
tive information in damage assessment using fuzzy sets
theory. By wusing the fuzzy quantification theory, the
welghting of each damage factor is given through the data
obtained from the past observations or 1nspections, Damage
factors are chosen as items whose grades of membership to
each category are rated by using linguistic variables such as
"very small", "small®”, "medium", "large", "very large". Simi-
larly, the external criteria (e.g., damage state) are given
in the verbal form of "no damage", "slight damage’™, "moderate
damage", "severe damage", "destructive damage', through the
subjectiv; assessment of engineers.

By using a weighting. ratio, the rank of damages in
underlying structures 1s determined by means of the multi-
criteria analysis, which 1is one of the comprehensive evalua-
tion systems of alternatives and can be used to deal with the
. rated values of damage factors. Moreover, if the structures
under consideration increase in number, the new dafa can be
used effectively to.lead to a reasonable estimation. Here,
.the multi-criteria analysis 1is performed according to the
extension principle in fuzzy algebra. To make the calcula-
tion easier, L-R type fuzzy numbers are adopted to represent
all the linguistic variables. Finally, the results which are
 obtained from the multi;criteria analysis are interpreted by

using the concept of semi-ordering. A numerical example {is



presented to illustrate the applicability of the method

developed herein.

DETERMINATION OF WEIGHTS BASED ON

FUZZY QUANTIFICATION THEORY

There are several kinds of information which are avail-
able in the damage assessment of structures. For example, we
can consider such information as 1) the examination of design
documents, 2) the visual examination, 3) the field testing,
4) the laboratory testing, 5) the structural analysis [5}.
While the second information (1l.e., 1ltem 2)) is easier to
collect, it is usually obtained in a qualitative manner which
is wmeaningful but not precisely defined. In other words, the
results of observation or inspection are generally reported
in sueh evaluation forms as being ranked by A (severely dam-
aged), B (damaged), C (slightly damaged), etc. The boun-
datries of A and B or B and € are not sharp even according to

the existing inspection manuals,

In this paper, anm attempt is made to deal with the ambi-
gulty or vagueness assoclated with the subjective judgement
in a quantitative way. To bridge between the subjective
judgement and the objective analysis, we use the fuzzy sets
theory [6] through which a more meaningful solution may be
obtained for complex prodblems in the state of nature., By
using type I fuzzy quantification theory [7], the weighting

of each damage factor is determined, The fuzzy quantifica-



tion theory [8] was proposed ﬁor the regression or discrimi-
nation analysis of qualitative data. In particular, type II
theory 1is useful in the discrimination of the statistical

data.

Here, damage factors are chosen as "items" whose grades
§f membership to each "category"” are rated by using linguis-
tic variables such as "very small {(Vs)", "scall (S)", "medium
(M)*, "large (L))", "very large (V1)"., For example, S, M and
L are characterized as shown in Fig, 1. Similarly, "external
criteria™ (e.g., damage states) are given in the verbal form

of "no damage (N)", "slight damage (S1)", '"moderate damage

(M)", "severe démage (Se)", "destructive dacwage (D)".

The fuzzy gquantification analysis 1is <carried out by

using the discrimination function y(xa) {9]:

K 11 ‘
y(x_ ) = L I s H (x_ ), @ = 1,2,.0.,0 (1)
T ga1 k=1 TR Ay 70 |
‘where By is the membership function of fuzzy category A, ,
1x : ik

i is a category weight, K is the total number of {tems, 1

i
is the item number of the i-th category, and n is the sampie
number. As 2 measure of discrimination, the ratio of vari-

ances, nz, is employed:

(2)

where 02 and Gé denote the fuzzy total varliance and the fuzzy

variance between groups, respectively.
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where EZ is the mean value of A with respect to each
1k ik
external criterion B_, and W is. the mean value of A with
T Aik ik

respect to the total extermnal criterion,

The category weight which provides the best discrimina~
tion can be obtained by maximizing the ratio nz. The maximum

value of n2 is found when fts partial derivative with respect

to ajl is equal to zero.
M n K li — _ —r _
I z p I v (x ) (v - ) (v -~ H, ) a
r=1 w=1 i=1 k=1 °r % Ay AT Ay Ayt ik
2 M n K li
=n° £ I £ I w, (X)) (w (x)D)-7W )
r=1 a=1 i=1 k=1 Zp & Ay et Ay
(u (x ) -, ) a
Ajl' a Ajl jl
(j=19-0°:K;l=1s0“’1j) ‘ {5)

Eq. 5 implies that the underlying problem may result in an
éigenvalue problem. The eigenvector corresponding to maximum
eigenvalue‘provides the category welghts whiech are sought.
Using the category welghts obtained, the weights of damage

factors are determined as the "range" of items:

W, = max a - min a (&) -
i k ik K ik

The larger the wvalue of Wi is, the greater effect the factor

gives to the damage assessment.



APPLICATION OF FUZZY MULTI-CRITERIA

ANALYSIS TO DAMAGE ASSESSMENT

Concordance analysis [l10]}, whiech 1is a

multi-criteria analysis, has been developed

comprehensive evaluation of

alternatives. While

evaluating method
of structures {117,

of

it often suffers from the

imprecision the data
‘ inspections. To account for this kind of ambiguity or
ness, inguistie

duced into the concordance analysis.

In the fuzzy concordance analysis, the impacf matrix P

and welght W are defined as

» 3
Ppy =TTz By
i \\\‘ ,,"' |
o~ 1 = - “/’ i
= ' -
P : ,f'. Pij ™. }
- ~ - ¢
', ~
2 S Prs
\ /
W= [WI, wzg .o 0y Wi,..., WJ]
where gij is a fuzzy set representing the damage state of
j-th Ffactor for the i{-th structure, W, is the welght of

h|

j-th factor, and I and J are the numbers

of structures

factors, It 1is noted that W

’ ~
Using the fuzzy impact matrix P and the weight W, the

discordance index d . is defined as follows:

i1

ambiguity

representative
to provide a
this

is quite useful for the damage assessment

or

obtained £from the observations or
vague-

variables defined by fuzzy sets are intro-

(7)

(8)
the
the

and

i is not a fuzzy but crisp number.

fuzzy
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d . = = {W = } (9)
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in whieh D , = {j I;ij>;i’jh The numerator means the differ-
ii

ence of the damage states regarding the j~th factor between
the i~th and i“-th structures, while the denominator is a

normalizing factor.

Since Eq. 9 is an equation of fuzzy quantities, its exe-
cution cannot be performed by ordinal arithmetic operations.
Therefore, the extension prineciple [12] is adopted to compdte
the equation. In general, the extension principle is defined
as follows: |

U?(t) = max pin{uy (8;),e0., by (sn))' (10)
t—f(sl,...,sn) 1 n

where §i (i = 1,2,444,0) 1is a fuzzy set defined on the real

nunber, MYy is its membership function, and u; is the member-

ship function of ; (= f(;l"°";;)) which is. a2 function of

ﬁl. Because the direct computation of Eq. 10 is usually

time-cousuming, an approximation 1Is employed herein; all

fuzzy numbers are given by L-R type fuzzy numbers [13]. The

L-R type fuzzy numbers are defined as

1L (Eii) (x <m, a>0)

U~(x) = - (11)
i R (F57) (x >m, B> 0)

where m 1s the median, and ao and B8 are the measures of
.dispersion about left and right sides, respectively. The L

function must satisfy the follouwing conditions:



1) L(-x) = L{(x)

2) L{0)} =1

3y L(x) is a'decreasing function on [0, +«)

Also, R function must satisfy the above conditions. Using the
expression of L-R functiouns, any membership function can be

specified by only three parameters m, & and 8, as shown in

Fig. 2.

A
b (x) = (m, 0, B) o (12)

Then, the summation @ and product ) of two fuzzy numbers m

and W are easily calculated as follows:

(m’a’B)LR® (n)Y)s)LR,= (m+n)a+TOB+6)LR (13)
(m,¢,8) 2 @ (0,Y,8) ¥ (mn,mytna,mé+nB) (14)
It should be noted that Eq, 14 is true only when m and n are

positive, !

For all pairs of the underlying étructures, the fuzzy

discordance index d . {8 computed and summarized as the
i1

fuzzy discordance matrix D:

( ’y g )
12 ¢+ Y41
-~ Pald
dyy = - 4y
~ ~ . . . »
D=1({d .] = (15)
11 L ] L J . .
~. aq' L ] *
dry dp - -
h V4

Using the above fuzzy discordance matrix, the fuzzy discor-~

~S
dance dominance index Di is defined as
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Lo d ~ ~

D, = I d, .- I d,. (16)
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Di is a relative measure of the damage state of the {-th

structure. Eq. l6 may be computed according to the extension

principle.

Lad

As abovementioned, the damage_measure Di’s are obtained
as fuzzy sets. Now the problem is how to Interpret these
fuzzy discordance dominance indices. It is often difficult
to distinguish which is greater or smaller hetween two close
fuzzy numbers. To determine the more practical ranking for
the gi’s obtained, the concept of semi-ordering [14] is used.

. ~e

The semi~ordering, £, between two fuzzy numbers A and B is

defined as follows [15]:

(a4

. Ll s ~ ~ A ~ o~ ~ o~

A LB €> B = max (A,B) and A = min (A,B) {(17)
where de and min are specified using the extemsion princi-
ple., Supposing that ¢ = max (K;E) and C° = nin (X,gﬁ, the

membership functions of € and €° are expressed as

ng(z) = "max min(ux(x),ug(y)) {18)
z=pax(x,y)
UE(Z) = max min (uz(X), Hr(y)) (19)

z=min(x,y)

If the semi-ordering D

i ~

£ EG is satisfied for a pair of

N

5, and Dy, it can be sald that the i-th structure is less
damaged than the j?th structure, On the other hand, 1f the
semi-ordering is not satisfied, the two structures don”’t

differ in‘their‘damage states.,



NUMERICAL EXAMPLE

As an {llustrative example, <consider the diagonosing
problems of bridges for earthquake damage. Usually, the fol~-
~lowing items are considered In the inspection of the damage
state. of bridges; 1) name, 2) road and river, 3) site, &)
length and width, 5) construction year, 6) design specifica~-
tion, 7) wvisual exaqination, 8) documents, 9) ground condi-
tions, etc. For the sake of simplicity, the results of items
5), &), 7), 9) are used in this example. ~Assume that those
items are evalua;ed by means of linguistic variables such as
very small, small, medium, large, very large and crisp (C)
(see Table 1). Here, crisp C means that there 1s no data
about the 1item. As stated previously, the damage states
(e.g., external criterla) are given in the verbal form of no
damage, slight damage, moderate damage, severe damage and
‘ destructive.damage. Using these fuzzy data, the ranges of
- each daﬁage factor are obtained as shown 1nVTab1e 2, through
the fuzzy quantification analysis. In the <calculation, the
membership functions shown {n Fig. 3 are used for Vs, S, M
and L. The results indicate that items 2 and 9 play important
roles in +the damage assessment of bridges. Note that the
fesults of Table 2 are normalized as the maximum value should

be one.

By using the above weights of damage factors, the fuzzy
concordance analysis is applied to evaluate the new ten

bridges, whose impact matrix is shown in Table 3, In Table

10



4, the membership functions. adopted for Vs, S, M, L, V1 are
given, which are specified by the L-~R type fuzzy numbers,
Performing the fuzzy concordance analysils with these data,
the fuzzy discordance dominance indices are obtained as shown
in Fig. 4, where the results of five bridges are depicted.,
Based on the concept of semi-ordering, the results of Fig. 4
can be interpreted as shown in Fig., 5. Fig. 5 idmplies that
the most damaged bridge is No. 6, the least damaged 1is No.
10, the next less damaged is No. 3, and the damage degrees of
No. 2 and No. 9 are between No. 6 and No., 3 but they have no
distinct' difference, whereas the usual concordance analysis
provides the damage order of No. 6, No. 2, No, 9, Ne. 3, VNo.

10.
CONCLUSIONRS

In this paper, a method of evaluating the damage state
is 'presented, which 1s important and useful for maintenance
;f bridge structures. Considering the complex mechanism and
the lack of quantitative avallable data, fuzzy sets theory is
introduced to <couple the quantification theory and the

multli-e¢riteria analysis.

The main conclusions obtained through this investigation

are as follows:

1., By using the fuzzy quantification theory, it 4is possible
to account for the ambigdities involved in categorizing

items and determining external ceriteria. This pethod can

11



provide rational and reliable weights for damage factors

in a quantitative form.

The multi-criteria analysis 1is wuseful for the damage
assessment Qf structures, Especially, the introduction
of linguistic variables makes it possible to enhance the
capability of the multi-criteria analysis in the treat-
meat of available information. In othe; words, qualita-

tive as well as quantitative Iinformations are effec-

tively considered.

Since there still exist ambiguities in the £inzl solu-
tions to the problem of damage assessment, the strict
ranking of damaged structures may be frequently meaning-
less, Therefore, the —concept of semi~ordering can be
used to give more meaningful classification with which
an économicai program of repair and/or maintenance can

be established.
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Table 2. Weights of Damage Factors

WO 00~ N e
o
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—
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Table 3. 1Impact Matrix

1
i 2 3 4 5 6 7 8 9
1 S L v, S S s s S
2 M L V.M M M M M
3 M Vs L M S M S M
4 L L S v v v v \'
S S S S S
5 v, v, s s v, S v, S
6 S v, M v, v, v, ¥, Vv,
7 L vV, M $ v, S v,
8 S M v, L v, L M L
9 v, L v 8 S $ S S
s
10 v v v S M M S v
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Fig. 1 Membership functions of linguistic variables

L-R type membership

Fig. 2 L-R type fuzzy numbers
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Fig. 5 Total evaluation of damage state
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PROBABILISTIC AND FUZZY REPRESENTATION

OF REDUNDANCY IN STRUCTURAL SYSTEMS

by
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MAéANOBU SHINdZUKA
Columbia University, New York, NY, USA

JAMES T. P. YAO

Purdue University, West Lafayette, IN, USA

 ABSTRACT

It" 1s desirable to design structures with redundant load
paths 1a order to minimize the potential of catastrophic
failures, 1In mathematical analyses of relatively simple and
idealized structures, the degree of redundancy is usually
clearly defined. However, for more <complex and real-world
structures, it is difficult to define or quantify the améunt
and effect of redundancy. In this paper, several available
definitions of redundancy are reviewea and examined. To
account for the often unclear definition of structural redun-
dancy, probabilistie and. fuzzy interpretations of several
alternative measures are given and discussed wusing several

illustrative examples.

20



INTRODUCTION

It is desirable to design structures with redundant load
paths to minimize the potential of catastrophic fallures
which could cause death and Iinjury to people. For example,
the .accident of Alexander Keeland gave us & valuable lesson
to re~recognize the 1Importance of structural reiiability.
Meanwhile, several syﬁposiums or workshopé have been held

with the emphasis on the necessity of redundancy [1].

Structures with multiple load paths (i.e., redundant
structures) are sald to be fail-safe, because these struc-
tures remain safe even with the failure of certain elements.
However, the meaning of fail-safe Iin structural systems is
somewhat different from that 1Iin electrical and mechanical
Systems. While =electrical civcuits or mechaunical systems
‘have redundant elements to compensate the funection of the
elements which are broken or falled, there are no such com=-

~pletely redundant elements ian structural systems. Usually,

" some bracing or horizontal members of space trusses are said

to be redundant members, but they may not always resist
applied 1loads when certain primary members fail. This
implies that the problem of structural redundancy shoﬁld be
discussed 1in conjunction with damage assessment. It 1is
timely and important to evaluate how redundant members or
elements of structures can be used to avoid a catastrophic
fallure in the presence of severe damage, Then, the struc-—

tural redundancy has significant implications in terms of (a)

21



the tolerance of the structure for flaws and overload, and
{(b) the strategy for 1inspectlion and repair throughout the

. 1ife of the structure.

For relatively simple structures with no damage, their
failure modes may be clearly defined. 1In addition, thelr
probabilities of failure cam be calculated using the theory
of structural reliabiiity. On ﬁhe other hand, for complex
structures with damage resulting from corrosion, <cracks and
other types of deterioration, theif failure modes can no
longer be defined in a clear manner. Moreover, the alterna=
tive load paths in actual structures and future environmental
conditions are frequently unknown. When we wish to assess
the effect of redundancy, it is difficult to evaluate the

importance of various structural members using conventional

analyses.

In this paper,‘available definitions of redundancy (such
as redundant factor [2], reserve registance factor, and resi-
dual résistance factof [3]) are reviewed and examined. To
account forvﬁhe often unclear definition of structural redun-
dancy, probabilistic and fuzzy Interpretations of several
alternative measures are given and diskussed. In addition,

potential applications are i1llustrated using numerical exam-

ples.

22



SEVERAL DEFINITIONS OF STRUCTURAL REDUNDANCY

In mathematical analyses of relatively simple structures
(e.g., idealizéd trusses), the degree of redundancy 1s
clearly defined, However, the degree‘ of redundancy {tself
does not nmnecessarily express the safety level of the truss.
It is, for lnstance, not always true that structures with a
high degree of redu&daqcy are séfer than structures with a
iow degree of redundancy. The advantage of highly redundant
trusses may Pe attained when the members are appropriately
designed and carefully constructed, 1In order to 1llustrate
the relationship Dbetween structural reliability and redun-
dancy, consider a ten-bar truss as shown {ia Fig. 1. Because
the truss has one degree of redundancy, the failure of any
oﬁe menber among members number 3 through 8§ does not neces-
sarily lead to the collapse. On the other hand, the failure
"of any one member among nembers number 1,2,9 and 10 iomedi-
ately causes the collapse., Moreover, 1f the redundancy is
created by very weak members, the degree of redundancy can be
deceiving. | Therefore, the structural redundancy should be
coﬁsidered from'the_standpoints of both member strength and

system strength,

To account for the significant uncertainty in applied
loads and resistances, reserve strength 15 needed in struc-—
tural design. As a measure of reserve strength, reserve
resiétance factor (REF) is defined by the ratioc of the ulti-

"mate strength to the design load [3].
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~environmental load at collapse

REF = design environmental load

(1)
Residual resistance factor (RIF) is also given by the ratio

of the residual strength to the collapse strength [3],.

RIF = environmental load at collapse (damaged)
environmental load at collapse (undamaged)

(2)

Product of REF and RIF 1indicates whether the damaged struc-

ture will survive the design load without suffering collapse.

As an alternative measure of redundancy, redundant factor

"(RF) is defined as follows [2]:

RF = intact strength (3)
intact strength-damaged strength

These factors are useful to evaluate the structural redun-
dancy, and at least better than the degree of rédundancy.
There are, however, difficulties in calculating these fac-
tors, i1.e., the estimation of the strength of damaged struc-—
tures. The property and degree of damage canm vary widely 1in
lindividual structures depending on their environmental and
other conditions. It is therefore doubtful that sufficient
aata will be collected to establish a precise analytical
model, Moreover, there exists a cOntinuuﬁ of damage states
:instead of the binaryv situation (failure or survival) as
treated in the usual theory. Several investigétors [4,5]
"established descriptivé terms such as "slight'", '"moderate®”,
and "severe" damage states, which are useful 1in practice but
cannot be clearly defined for complex existing structures.
In order to assess the effect of structural redundancy on the
safet&- of damaged structures, it is desirable and useful to

blend the structural analysis with the subjective feelings of
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inspectors or designers.
PROBABILISTIC AND FUZZY REPRESENTATION OF REDUNDANCY

If a structure is very simple, e.g., 3 uni~axial tensile
bar, the collapse load 1s proportional to the limit strength
pf the material. .Then, the structural redundancy. is supplied
by its member reserve strength. The reserve strength is a
result of the conservative design procedure. As  ilmplicit
reserves, the folloﬁing sources are considered: {(a) code
safety factor, (b) material reserve strength, (¢) member
reserve strength, (d) corrosioa allowance, (e) conservative
hypothesis in analysis, and (f) nomstructural elements. In
the above simple structure, the reserve strength can be cal~
culated.withOut much difficulty. Meanwhile, the complexity
of a2 structure may add load-carrying.capacity td the struc-
ture, This added capacity is due to the system redundancy,
which 1is closely related to the degree of redundancy. As an
example, consider a single beut frame shown in Fig. 2. In
this case, the collapse load is no longer directly propor-
" tional to the ultimate strengtﬁ of material or member, Dbut
depends on its topblogy and geometry and the applied load as
well. The coliépse locad can be estimated by using the_ plas-

tic theorem.

As mentioned previously, difficulty lies in the calcula-
tion of the residual resistance factor. Since the boundaries

between several damage categories are unclear and imprecise,

25



the damage state is represeqted in terms of linguistic vari-
ables which are defined by fuzzy sets. Thus, the residual
resistance factor is also defined by a fuzzy set, To explain
how to obtain the fuzzifiéd residu§1 strength, consider a
single bent frame again. It is considered that the overall
reserve strength can be represented by the overall coilapse
load., Based on the lower bound in the plastic theorem, the
overall collapse load of the frame can be found by solving

the following linear programming problem ([6].

maximize A
Subject to CH = AF (&)
|Mi} < Mp
where
A = amplification féctor providing the collapse load A F
F = applied load
Mi = bending moment at the i-th portion of the frame
M = bending moment vector consisting of Hi
M = plastic moment capacity corresponding to M

P 1

= connection matrix

o

The above constraints represent the equilibrium and yield

conditious.

Now assume that the plastic moment capacity Mo, changes
N* : ’ H*
to Mpi due to some damage. As aboveneationed, Mpi is speci-

fied by a fuzzy set, Then, the collapse load of the frame

with damage can be obtained as a solution of the following

fuzzy linear programming problem [7]:
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maximize A
Subject to CM = AF (5)

where the symbol denotes a fuzzy quantity. Using X and X,

the fuzzy redundant factor £ can be defined as

P = 5 | (6

It 18 usually difficult to estimate the «collapse load

because of the uncertainties associated with the applied
load, the structural strength, and other eanvironmental condi-
tions. To consider the varlations of the load strength, REF

is probabilistically defined as

s
REF = gﬁ (7
D

where Sc and SD are random variables representing load and

Hesign load, respectively. In this paper, we define the

reserve strength in terms of the probability of reserve

strength, based on the definition of REF,.

S
p = Plg= < V] (8)
D

where P{*] is the probability of event * and v is a constant
being greater than 1.' On the other hand, we define the resi-
dual strength in ferms of a fuzzy set., RIF 1s defined here
as a fuzzy reductlion factor §, which is evaluated by using
such linguistic wvarliables as '"severe™, 'more or less",

"slight", and "no" damages.
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RIF =

wf wul
[k

0
R=)

(9)

2]

~

where Sc denotes the collapse load of damaged structures,
Similarly to Eq. 8, the probability of residual strength can

ar e

be defined as follows, using the ratio of Sc to the design

load SD.

ﬁ = P[S < V} (10)

: *
It should be noted that § 1is a fuzzy probability. By wusing
the reduction factor %, Eq. 10 {is rewritten as

* ¢Sc

g = P[g;— < v]

] (11)

From Eqs. 8 and 11, we can define another redundancy factor

as a new measure of structural ability to sustain damage

without collapse.

g = probability of reserve strength (12)
£ probability of residual strength
where E; varies within the range between 0 and 1 with te =0
indicating a nonredundant structure and ¥_ = 1 indicating a

"completely" redundant structure,

*
For such simple cases as the uni-axfial tensile bar, J
can be easlly calculated as follows provided that the joint

probability demsity function of'Sc and S £

s s (s sD), and

D? <5p c,

¥ are given [8].
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* .
p = ffg fg g (8.5 sp) ds dsg (13)
¢ D
where 2 1s the domain of Sc‘/SD < v/%. It is, however, noted
that Eq. 13 must be executed by means of the extension prin-

ciple {9] because ¥ is a fuzzy quantity. Supposing that Sc

and SD are statistically independent, Eq. 13 1s expressed as

8

D .
T o
b= Jo g f5 (s) £5 (sp) ds_ds,
c D
[} SD
= ]0 Fo (g—) £. (sp) dsg (14)
c D .
where FS is the cumulative distribution function of Sc and
c

fSc and fSD are the probability density funectlons of Sc and

S respectively.

D!

For structures with multiple ioad paths; it is necessary
to counsider the effect of system redundancy. As {t is well
known, system redundancy of a structure is influenced by its
topology and geometry, the nature of comp;nent failure, and
the relationship between ﬁember failure modes, As an 1llus-
trative example, consider truss as shown In Fig. 3., The
mechanism of its system failure is ideally described by use
~of the fault tree diagram, as shown in Fig. 4. In this case,

p is calculated as [10}.

where P,» Py and py are the probabilities of reserve strength

with respect to members 1, 2 and 3, respectively. Similarly,

%
P is calculated as follows:
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ok ek JOE TN
B 1059105, 95, (16)
where O and () denote the subtraction and multiplication obey-

ing the extension principle, respectively. In addition to

the calculation of p andlﬁt » the fault tree analysis 1is use-
ful for rating member importance. For strugtures without
damage, member importance can be determined by use of the
importance analysis in the faultrtree strategy. The redun-
aancy factor ?f'developed herein can be used as an alterna-

tive measure of member importance for structures with damage.

=]
0
2}
i
o

1= Fey . (17
P

e %

* : , ‘
where 51 is the probabfility of residual strength which {s
calculated for the structure with damage in only the i-th

member., The smaller ¥ the greater the member force. This

f"
is why the damage on that member provides a greater influence

on the system carrying capaclty.
ILLUSTRATIVE EXAMPLES
Example 1., Single-Bent Frame

Assume that the beam is slightly damaged and the columns

are very slightly damaged. In this case, the moment capaci-

ties of the beam and column, MpB and Mpc’ are changed as
M = Y
* L ]
5 = 3 M (19)
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where the reduction factors 3; and ¢c are given by "slight"
‘and "very slight", whoselmembership functfions are shown in
Fig. 5. In Fig. 5, the abscissa u is the sﬁpport of % such
that u = o means collapse and u = 1 means no damage. Solving
the fuzzy linear programming pfoblem given by Egq. 5, the
fuzzy redundancy factor % is calculated as shown in Fig, 6.
" In Fig. 6, the solid line means the redundancy factor wusing
the overall collapse load, whereas the broken line means the
redundancy factor using the weakest member strength, These
results 1imply that the influence of structural damage on the

overall strength 1s greater than that on the member strength.
Example 2, Uni-axial Tensile Bar

This example is used to explain how to calculate the
probability of residual strength, Asgume that Sc and S, are
statistically independent and follow the lognormal distribu-
tions whose mean values and coefficiaents of varlation are
(240 MPa, 0.,1) and (140 MPa, 0.2), respectively. It 1is also
postulated that v is one and % is evaluated as "slight" whose
membership function is specified on Fig. 5. Using Eq. l&;

the probability of residual strength is expressed as

| In § ug /u
~® 'Sc SD

p =292 (- )

= 0.2/0,604 + 0.4/0.45 + 0.6/0.315 + 0.8/0.208 + 1/0.131
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+ 0.8/0.079 + 0.6/0.046 '+ 0.4/0.026 + 0,.2/0.015 (20)

where VS and VS are the coefficients of wvariation of Sc and
c D

SD’ respectively. It is noted that the effect of the reduc-

tiomn factor‘is neglected in the <calculation of Ve - The
¢

.above results indi;ate that‘0.131 is the most dependable, but

other values have some possibil;ty of residual strength;

Frqm the definition of the redundancy factor (Eq. 12), ff is

calculated as Fig. 7. Comparing these diagrams of ff, it 1is

possible to rate the degree of residual strength in the more

informative manner.
Example 3. A Lifeline System

Congsider an example of lifeline system to demonstrate
the efficlency of the rgdundancy factor ff proposed herein.
The problem'is what degree of decreasing' in serviceablility
will be estimatéd when lifeline systems suffer from certain
kinds of damage. For the sake of simplicity, consider a sim-
ple water supply network shown in Fig. 8 [1l1]. In this case,
serviceability is measured by using the probability that the

flow at node B is less than a required amount.

Considering the event that no water is supplied at node
B as the top event (fallure event), we can obtain the fault
vtree-diagram shown in Fig. 9. It is, however, not easy to

calculate the occurrence probability of the top event,
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because there exist several basic events which appear twice
in the fauit tree. Tb solve the complex fault tree problem,
the concept of cut sets are adopted. If the flow capacities
- of 1ndiviﬁual links are deterministic, ghe flow capacity‘of
.the network system is represented by the <capacity of the
minimum cut set [12]. However, since there are uncertainties
in the capacity of the individual 1link, the network capacity
will be well-defined in terms of probabllity. The mean capa-
clty aad corresponding coefficients of variation of the links
are summarized 1in Table l. In this case, the capacity of a

cut set is the sum of the link capacities:

i
| Py Y
where Ci is the capacity of the i-th cut set and C‘j' is the
capaclty of the j-th link, and n, is the number of the links.

i
For the eight possible cut sets shown in Table 2, the fuzzy

probabilities of less than 200 cfs flow are given in Fig. 10,
These results are obtained on the assumptions that link 1 1is
very slightly damaged and 1link 6 1s slightly damaged, .but
other links have no damage. It is also postulated that the
indiﬁidual link c;pacities Cij are uncorrelated and the
effects of the damage on the coefficlents of variation Of_cij
can be neglected. In Fig. 10 it can be seen that this damége
~provides no influence for cut sets No, 2, No. 4, No. 5 and
No. 6, but causes the reduction of the functional performance

of cut sets No. 1, No. 3, No. 7 and No. 8. While the usual

redundant -factor (e.g., Eg. 3) cannot distinguish the damage
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'state of cut set 1 from that_of cut set 3, the present factor
ff enables us to elucidate thelr difference by means of the
shapes of their membership grades, This 1s 2lso true in the

comparison of the damage states of cut set 7 and cut set 8,

Using the PNET method [13), the probability that the

network £flow 1is less than 200cfs can be easily calculated,
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which accounts for the effect of the correlations between the‘

cut sets, Analogously to the PNET‘method, the fuzzy proba-
bility for the damage state can be. deriQed; thgt is, the
capacity of the individual link 1is multiplied by the reduc-
tion factor & and all the arithmetic operations are executed
according to the extension principle. Fig. 11 indicates the
calculated result of tf that the damage causes no serious
deterioration in the‘ capability of water supply. However,
maintenance should be carefully carried out because the pos=-

" sibility of great influence still remains. Using Eq. 17, the

importance of the individual links is calculated, as shown in

Fig. 12. In this case, f:i is defined as.the fuzzy probabil-
ity that the flow capacity at node B is 1less than ‘200 cfs
?hen only the 1i-th link is slightly damaged. Fig. 12 implies
that the order of link importance is No. 4, No. 1, No, 7, No.
.5, No. 2, No. 3, and No. 6. The 1link No. 6 can be conslidered
to be a redundant link the fallure of which will not result

in a functional failure of the water supply network.



- CONCLUSIONS

In this paper, several definitions of structural redun-
dancy are reviewed and examined from the viewpoint of its
importance in 2 damaged condition. While a4 structure {is
highly redundant, some elements or members may not be effec-
tive In cafrying the applied load, thei: presence - will con=-

tribute significantly to the system safety 1in a2 damaged

state. It is, therefore, 1important to evaluate how redundant

elements or members can contribute to afoid a catastrophic
failure when the structure suffers fron damﬁge. However,
damage assessment intrinsically Iincludes unclear and impre-
clse features due to the individuality of structures or the

varlety of euvircnmental conditions.

To consider the oftenkunclear definition of structural
redundancy, probabilistic and fuzzy interpretations of
several alternative measures are given and discussed by using
several ifllustrative examples., By representing damage states
in terms of fuzzy sets, the redundancy factor can be fdzzi—
fied, which may provide a more fnformative basis for the
design of damage-toierant structures. To calculate the col-
lapse load (or system reserve strength), it 1s convenient and
desirable to use the fuzzy mathematical‘ programming tech-

nique.

Both the reserve resistance factor and the residual

resistance factor are probabilistically represented to con-
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sider the uncertainties aésoqiated with &appllied 1loads and
structural resistaﬁces,, In addition, the residual resistance
factor 1s defined by introducing a fuzzy reduction factor
‘which 1s given 1in terﬁs of linguistic variables such as
severe, motre or less,.and slight. Based on probabdilistic and
fuzzy considerations, a new redundancy factor 1is proposed
herein. This factor may be used as a measure of the system
redundancy and the 1importance of individual elementé or
members to the system strength in a damaged condition. Using
this the fault treé analysls and the system reliability

. theory are useful for evaluating the redundancy factor numer-~

ically.
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Table 1. Statisticecs of Link Capacities

Link No. Mean Capacity C.,0.V. of Capacity

- o - — -l

1 70 cfs 0.15
2 80 ‘ 0.15
3 90 0.15
4 100 | 0.15
5 100 | 0.15
6 40 0.15
7 70 0.15

(After Ang and Tang [11)).

Table 2., Possible Cut Sets

- — A § e ———— -

Cut Set No. Links in Cut Set

1 1,4,7

2 2,4,7
3 1,3,5

4 1,4,-6,5
5 2,3,5

6 2,4,5,-6
7 1,3,6,7
8 2,3,6,7

“-6”"denotes the fact that water in link 6 flow in an opposite

irection. Hence its capacity 1{s not included when calculat-
"ing the total capacity of the cut set. (After Ang and Tang([ll])
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Fig. 3 A Three-Bar Truss
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Fig. 7 A Membership Function for Redundancy Factor

Fig. 8 A Lifeline System
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