
PB86-110996

SEISMIC WATER PRESSURES ON DAMS FOR
ARBITRARILY SHAPED RESERVOIRS

by

Long-Cheng Huang and Allen T. Chwang

Partially sponsored by

National Science Foundation

Grant CEE-8020564 AOI

IIHR Report No. 291

Iowa Institute of Hydraulic Research
The University of Iowa
Iowa City, Iowa 52242

September 1985

REPRODUCED BY
NATIONAL TECHNICAL
INFORMATION SERVICE

u.s. DEPARTMENT OF COMMERCE
SPRINGFiElD. VA. 22161





SEISMIC WATER PRESSURES ON DAMS FOR
ARBITRARILY SHAPED RESERVOIRS

by

Long-Cheng Huang and Allen T. Chwang

Partially sponsored by

National Science Foundation

Grant CEE-8020564 AOI

IIHR Report No. 291

Iowa Institute of Hydraulic Research
The University of Iowa
Iowa City, Iowa 52242

September 1985





ABSTRACT

Thi s report represents essenti ally the thesi s submitted by Long-Cheng

Huang in partial fulfillment of the requirements for the degree of Doctor of

Philosophy in Civil and Environmental Engineering at The University of Iowa.

Professor Allen T. Chwang was supervisor of the research project and thesis

advisor.

An accurate hydrodynamic pressure distribution on the vertical upstream

face of a flexible dam due to ground excitations is obtained, by analytical

and numerical methods, for a three-dimensional, arbitrarily shaped reservoir

with a rigid vertical side boundary.

The solution for the velocity potential is expressed analytically in

terms of a set of line integrals along the reservoir boundary. These

integral s are then converted into a matri x equation with the boundary being

divided into a sufficiently large number of segments and the average value of

the velocity potential along each segment is used to represent that segment.

The matrix equation is solved numerically and the hydrodynamic pressure

distribution on the dam-reservoir interface is determined in terms of the

velocity potential through the Bernoulli equation. An integration of· the

hydrodynamic pressure distribution yields the total earthquake loading on a

dam.

The effect of the surface waves and the compressibility effect of water

on seismic water pressures have been studied in detail. The present results

are in good agreement with the analytical solutions derived by Huang and
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Chwang (1982) and Kadle and Chwang (1982) when the reservoir has a simple

geometric shape such as a rectangle, a circle, or a semi-circle in the rigid

dam case. By expressing the deformation of a dam at the interface of the

coupled dam-reservoir system as a linear combination of the fir'st four mode

shapes of the dam itself, the effect of the dam flexibility is briefly

discussed. It is found that the compressibility of water and the flexibility

of a dam change s i gnifi cantly the hydrodynamic pressure forces acti ng on the

dam.
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CHAPTER I

INTRODUCTION

1.1. Review of Pertinent Literature

Du ri ng an ea rthquake, a dam accelerates into and away from the

reservoir, and as a result develops a hydrodynamic pressure in excess

of the hydrostatic pressure. Depending on the intensity of the

ground excitation, this pressure can be large enough to cause damage

to a dam. In vi ew of the di sastrous consequences of a dam fail ure

during an earthquake, it is necessary to develop an adequate

analyti cal method to study the earthquake effect on a dam-reservoi r

system.

For an infinitely long reservoir, Westergaard (1933) first

deri ved an expressi on for the hydrodynami c pressure exerted on a

rigid dam with a vertical upstream face by an incompressible fluid in

the reservoir. The "added mass" theory was presented in his paper by.

ignoring the effect of surface waves.

Si nce the pi oneeri ng work of Westergaard, a seri es of

invest i gat ions have been conducted to study the sei smi c response of

rigid dam-reservoir systems for incompressible and compressible

water. Kotsubo (1959, 1961) obtained a general solution for both

transient and steady-state hydrodynamic pressures acting on a rigid
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concrete dam. Chopra (1967) demonstrated that the hydrodynamic

response of a compressible fluid during an earthquake is different

from that of an incompressible fluid.

For a dam whose upstream face is not vertical, Zanger (1953) and

Zanger and Haefeli (1952) determined the hydrodynamic pressures

experimentally using an electrical analogue. They concluded that the

hydrodynamic pressure on a dam with the upstream face vertical for

more than half of the total height would practically be the same as

that of a fully vertical dam. Recently, Chwang and Housner (1978)

and Chwang (1978) found that the normal-force coefficient remains

practically constant at around 0.5 for all slopes.

The effect of a fi nHe reservoi r on the hydrodynami c pressure

was investigated by Werner and Sundquist (1946) and by Chwang

(1979). Chwang (1979) found that for horizontal accelerations the

hydrodynamic pressure force decreases as the size of the reservoi r

decreases. He also found that the effect of vertical acceleration on

the pressure force exerted on a dam is simply to adjust the

hydrostat i c pressure by repl aci ng the gravitati ona 1 constant by an

effective gravitational acceleration if the fluid in the reservoir is

incompressible, and this is true for any arbitrarily shaped

reservoir. The possibility of cavitation at some point on the

upstream face of a dam has been di scussed, and the effl~ct of non

horizontal bottom has also been studied.

The effect of fluid stratification in the reservoir on

hydrodynamic pressure was analyzed by Chwang (1981). who also

discussed the effect of surface waves.
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A series of papers by Chopra (1968, 1970) and Chakrabarti and

Chopra (1973a, 1973b, 1974) revealed that the elasticity and flexi

bi 1ity of a dam have al so· profound effects on the hydrodynami c pres

sures. In these papers, the deformation of the interface of the

coupled dam-reservoir system was expressed as a linear combination of

the normal modes of vibration of the dam itself.

A11 the aforementioned papers treated the dam-reservoi r system

as a two-dimensional problem, considering only the planar vibration

of a linearly elastic dam cross-section without taking into account

the abutment and the si de confi nement of the reservoi r whi ch, in

real ity, can be expected to affect the hydrodynamic pressures con

siderably. Therefore the two-dimensional analysis appears to be an

approach that is too over-simpl Hied to predict accurately the dy

namic behavior of a three-dimensional coupled dam-reservoir system.

Three-dimensional rectangular dam-reservoir systems with verti

cal side-boundaries were analyzed by Huang and Chwang (1982). Both

longitudinal and lateral harmonic excitations were investigated, and

the effect of compressibility of water, seismic wave attenuation,

phase difference between two ends of a reservoir, and the possibility

of resonance were al so di scussed. The effects of the sei smi c atten

uation and the phase difference were found to be small. Kadle and

Chwang (1982) investigated the three-dimensional circular and semi

ci rcul ar dam-reservoi r systems, the effects of surface waves were

di scussed in detai 1 and the resonances were found to occur when the

rat i 0 of the fl ui d depth to the peri ad of the ground mot i on was
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greater than 360 m/sec. In both papers, the dam was assumed to be

ri gi d.

1.2. Outlines and Assumptions

The present work is concerned with the boundary irregularity

effect on seismic water pressures on dams during earthquakes,

i ncl udi ng the compress i bi 1ity and the surface wave effects of the

fluid and the flexibility effect of the dam. The hydrodynamic

pressure is the real part of the complex pressure due to a horizontal

. -iwt
acceleratlon, ae , in the x or y direction.

The following assumptions are made in this study:

(l) The fluid is compressible and inviscid and the flow is

irrotational with the presence of surface waves.

(2) The upstream face of a dam is vertical.

(3) The reservoir bottom is horizontal and the side boundary

is vertical and rigid.

(4) There is no density strat ifi cat i on of the f1 ui din the

reservoir.

(5) The amplitude of the excitation is small.

By analytical and numerical methods, the velocity potential can

be expressed "in terms of a set of line integrals along the boundary,

and so can the hydrodynamic pressure. The effects of surface waves

and the compressibility of water are included in this study. The
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results obtained are checked with the existing theoretical solutions

for reservoi rs with simpl e shapes. By express; ng the deformation of

a dam as ali near combi nat i on of the fi rst four mode shapes of the

dam itself, the flexibility effect of the dam is also investigated.
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CHAPTER II

THEORETICAL ANALYSIS

2.1. Governing Equations and Boundary Conditions

We sha11 analyze a dam-reservoi r system in whi ch the reservoi r

is arbitrary in shape with a constant depth h and vertical side boun

darYt and the vertical dam has a constant width bt and height H.

Let the coordi nate ori gi n be located at the center of the base

of the dam. The x-axis is in the direction perpendicular to the

upstreain face of the dam and lies in the horizontal ground plane.

The y-axis is perpendicular to the x-axis in the horizontal planet

and the z-axis is pointing vertically upwards. The bottom of the

reservoi r is at z = O. The profile of free surface is denoted

by z = h + n(xtYtt). The arbitrarily shaped reservoir is bounded

by aDt and the upstream face of the dam which is located at x = 0t

extending from Y = -b/2 to b/2 (see Fig. 1).

It is assumed that the ground acceleration is ae- iwt along the

positive x (longitudinal) or the positive y (lateral) direction.
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2.1.1. Dam

The motion of the flexible dam is governed by

"
[M] f. + [C] ~+ [K] f. = f, (2.1)

where ~(x,y,z,t) ;s the displacement vector, [M] the mass matrix, [C]

the damping matrix, [K] the stiffness matrix and £.. the applied

external force vector which includes the normal hydrodynamic pressure

force and the ground acceleration force at the base and on the side

boundaries due to an earthquake.

The displacement of the upstream face of the dam in the x

direction, relative to the base, can be expressed as a linear

combination of its normal-mode shapes

1; (y ,z,t) = r Y.(t) f. (y,z),
j=1 J J

(2.2)

where Yj(t) is the generalized coordinate and fj(Y,z) is the normal

mode shape for the jth mode of the dam. In reality, onl.y the first

few modes (say, J modes) of the dam are important,

The boundary condit ions on 1; (y, z, t) for a f1 exi b1e dam are as

follows:

(i) The dam is clamped at the bottom (z = 0) and at two sides

(y = oJ: b/2). Therefore, the displacement 1; and its

normal derivative must vanish at the clamped boundary.
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(ii) The dam is free at the top (z = H). Hence, the shear

stress and the moment must vanish at z = H.

The total acceleration in the x direction on the dam-reservoir

interface due to a ground acceleration ae- iwt at the base of the dam

is

.. . t J ..
r; (y ,z,t) = ~ ae -lW + !: Y. (t) f. (y ,z) , (2.3)

j=l J J

where dot denotes differentiation with respect to the time t, ~ = 1

when the acceleration is in the x direction and ~ = a when the

acceleration is in the y direction. For a harmonic ground

excitation, the generalized acceleration response for the dam is of

the form

(2.4)

-* -where Yj(w) is the complex frequency response of Yj(t). Substituting

(2.4) into (2.3), we have

r;(y,z,t)
J .. * . t= [~a + !: Y.(w) fJ.(y,z)]e- 1W

•
j=l J

(2.5)
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2.1.2. Reservoir

For inviscid, irrotational motions of compressible water in a

reservoir, the velocity vector has a scalar potential~. If the

motion of the water is assumed to be small in amplitude. the equation

of motion for the water is the wave equation

(2.6)

where q>(x,y,z,t) is the velocity potential and Co is the speed of

sound in water.

to ~ by

The hydrodynamic pressure P(x,y,z,t) is related

(2.7)

where p is the undisturbed density of water.
a

The boundary conditions for ~ subjected to an acceleration of

ae- iwt are as follows:

(i) Normal velocity at the bottom of the reservoir must

vanish:

04>az (x,y,O,t) = O. (2.8)

(ii) Normal velocities of the fluid on the upstream face of

the dam (x = 0) and on reservoi r boundary a0 must be the

same as those of the solid:
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alj> . J .. * . t
~x (O,y,z,t) = 1. [Aa + E V.(w) f.(y,z)]e- 1W , (2.9)
(J Jl W j=1 J . J

alj> i -iwtan (x,y,z,t) = a wA(x,y) e on aD, (2.10)

where A(x,y) is an attenuation function, and a/an denotes

the normal derivative.

(iii) The linearized kinematic boundary condition at the free

surface is

an alj>at (x,y,t) - az (x,y,h,t) =a at z =h. (2.11)

(iv) The linearized dynamic boundary condition at the free

surface is

it (x,y,h,t) + gn(x,y,t) = 0 at z = h,

where 9 is the gravitational constant.

(2.12)

Combining (2.11) and (2.12), we obtain the free-surface boundary

condition

., 2.. + ~,j,
0't' g~z=O
~ 0

at z = h. (2.13)
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.. *
J Y. (00 )

Let Ijl(x,y,z,t) = Ijlo(x,y,z,t) + E J a Ijlj(x,y,z,t)!, where Ijl.
j=l J

satisfies the governing equation

222 2aljl. oljl. a4>. 1 aljl.
~ +:--f +:--f =2"~ (j = 0,1,2, •••J).

ax oy az Co at

4> satisfies the boundary conditions (2.8), (2.10), (2.13) and
o

(2.14)

04>
o (0 t) = i 6ae- iootax- ,y,z, 00 on the dam. (2.15)

4>. satisfies the boundary conditions (2.8), (2.13) and
J

a4> • .
~ (O,y,z,t) = ~ a fj(y,z) e- ioot on the dam, (2.16)

04> •
~ (x,y,z,t) = 0 on 0 D. (2.17)

2.2. Velocity Potential

The solution of (2.14), subject to the boundary conditions

(2.15) to (2.17), can be obtained by the method of separation of

variables as

i -ioot
4> j (x,y,z,t) = awe [1/1 jo(x,y) cosh (koz)

co

+ E 1/1. (x,y) cos (k z) ]
m=l Jm m



(j = 0,1,2, •••J),

where ko satisfies the dispersion relation

or

and km satisfies

1 + C k h tan (k h) = 0,. m m

and the wave-effect parameter C (Chwang, 1981) is given by

C - 9- -yo
w h

In equation (2.18), Wjo (x,y) satisfies

v2JP. + l.l 2 W. = 0,
JO 0 JO

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23a)

12

where v2 is the two-dimensional Laplacian operator in the x-y space

and

(2.23b)
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An alternate form of equation (2.23b) is

where

(2.23c)

is a dimensionless parameter, which measures the compressibility

effect of water. B == 0 means the water ;s treated as incompres-

sible. The boundary conditions for 1)1 are
00

atjlool 26 00
-- == - ---'=---= on the dam,
ax x=o koh l+CO 2

o

01/1 00 2 00an- = n A(x,y} 2 on aD,
° l+COo

(2.23d)

(2.23e)

and for ljI. (j=1,2, •••J) are
JO

<lljl jo I 2 h
- =-~~2r-f f.(y,z) cosh (koz) dz on the dam,
ax x=o h(l+CO } 0 J

o

(2.23f)

where

a1/l .
JO - 0
~-

on aD, (2. 239)

(2.23h)

Let M be the largest integer such that k <w/c. Then for m<M, 1)1.
m - 0 - Jm

(x,y) satisfies



where

"2'10 +. 2 ,10 0
v 'i' jm ).1m 'i' jm = (m ~ M), (2.24a)

14

(2.24b)

When km = w/co' resonance occurs (see Kadle and Chwang, 1982). For

m>M, ljI. (x,y) is a solution of
Jm

where

2 2VljI. -8 ljI. =0Jm m Jm (m > M), (2.25a)

The boundary conditions to be satisfied by 1jI. 's areJm

(2.25b)

and

on the dam,

on 3D,

(2.26a)

(2.26b)

on the dam, (2.26c)
3lj1 .

I 2
hJrn = f . (y, z) cos (krnz) dzax x=O h(1-CO 2) b J

m
aljJ .Jm _ 0an--

where

Om = sin (k h).m

on aD, (2.26d)

(2.26e)
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Hence <p (x,y,z,t) can be obtained in terms of the functions 1j! .
Jm

(x,y) (j = 0,1,2, •••J and m = 0,1,2,3, ••• ) which can be determined

numerically for an arbitrarily shaped reservoir, as is discussed in

the next chapter.

If there are no surface gravity waves (i.e. C = 0), (2.18)

reduces to

i -iwt co= a ~ e [ E 1j!jm(x,y) cos (kmz)J
m=1

(j = 0,1,2, ••• J), (2.27)

where km
(2m-l )1f

= 2h

2.3. Hydrodynamic Pressure Distribution

Since the governing equations and the boundary conditions are

linear, the principle of superposition applies. The hydrodynami c

pressure P(x,y,z,t) due to harmonic ground motion can be expressed as

P(x,y,z,t)
""*J Y. (w )

= Po (x ,y , z, t) + L J P. (x,y , z, t ) .
. 1 a JJ=

(2.27)

We note that Po(x,y,z,t) is the hydrodynamic pressure for a

rigid dam, and Pj(x,y,z,t) corresponds to the pressure j·or the jth

mode of vibration with the base of the dam being fixed.
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The hydrodynamic pressure at the dam face can be obtained as the

real part of (2.7) at x = O. Therefore, by (2.7) and (2.18),

Pj(O,y,z,t) (j = O,1,2, ••• J) is

+ !: "'. (O,y) cos (k z)]},
m=l Jm m

where Re denotes the real part.

(2.28)

The hydrodynamic-pressure distribution on the dam, normalized

wi th respect to p ah, is
o

P(O,y,z,t) C C·
p ah = pi cos wt + po Sl n wt,

o
(2.29a)

where the in-phase pressure coefficient Cpi is given by (2.27) and

(2.28) as

in which

.. *
J Y. (w ) .

C co J CJ
Pi = . +!: a pi '

p1 j=l
(2.29b)

(j = O,1,2, ••• J), (2.29c)



and the out-of-phase pressure coefficient Cpo is given by

17

in which

J
= CO + Lpo

j=1

.. *Y. (lil ) .
J Ja Cpi t

(2.29d)

(j = O,1,2, ••• J), (2.2ge)

where 1m denotes the imaginary part. Alternatively, the dimension-

less pressure distribution on the dam may be expressed as

C cos lilt + C si n lilt = C cos (lilt - 6 )pi po P P ,

where

2 + C 2)1/2 -1
Cp = (C pi 6 p = tan (Cpo/C pi ).po '

(2.29f)

(2.29g)

2.4. Force and Moment Coefficients

The hydrodynamic pressure force acting on the dam, normalized

2with respect to poah , is obtained by integrating (2.29) with respect

to z from z = 0 to z = h. Hence, we have the dimensionless force

coefficients as

(2.30a)
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where

.. *
J Y. (w ) .

Cfo = CfOo + 1: J Cf J. 0 a 0
J=

(2.30b)

(2.30c)

(2.30d)

(2.30e)

Q ~ 0
j 10m

Cfo = -h Im{i<h1/!jO (O,y) + 1: kh1/!jm(O.y)} (j = 0,1.2, •.. J).
o m=l m

(2.30f)

In genera 1, Cf is a function of y. The total force coeffi ci ent

can be obtained by integrating (2.30) with respect to y from y = -
b b
2" to y= 7·

The hydrodynamic moment acting on the dam, normalized with

respect to p oah
3

, is obtained by integrating (2.29) multiplied by z

with respect to z from z = 0 to z = h. This yields
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and

c ,j
ml

G = k h 0 (I-C) - 1.m m m

(2.31d)

(2.31e)

O.1.2 •.•. J).

(2.3lf)

(2.31g)

(2.31h)

The total moment coefficient can be obtained by integrating

b b(2.31) with respect to y from y = - 2 to Y =2'

2.5. Complex Frequency Response

It is to be noted that the hydrodynamic pressure P(x.y,z,t) on

the dam has been expressed in terms of the unknown complex frequency
.. *

response for the generalized acceleration Yj(w), which is determined

as follows.

Equation (2.1) corresponding to the jth-mode vibration of the

dam, due to a ground acceleration ae- iwt at the base, can be written

as



20

F2 ·(w) •• 2
[M. + ~ ] Y

J
. (t) + 2~ .w .M .Y.(t) + w. M. Y. (t)

J J J J J J J J

[ ( )] - iw t= - t:. aE j + Foj we, (2.32)

where

f .2 (y, z) dy dz,
J

b
H 2

Mj = f f m(y,z)
o b

-2

b
H "2

E. = f f m(y , z) f. (y , z) dy dZ,
JOb J

-2

(2.33a)

(2.33b)

F . (w )
OJ

b

h 2 *:: f f p (y, z;w )
abo

-2

b
h "2

= f I
a b

-2

f . (y , z) dy dz,
J

(2.33c)

(2.33d)

is the mass distribution for the dam, ~. is the
J

is the natural frequency corresponding to the jth-

in which m(y,z)

damping ratio, w.
J

mode of the dam, P~(y,z;w) is the complex frequency response of
J

Pj(O.y,z,t). and A is defined in (2.3).

Substituting (2.4) into (2.32), the complex frequency response

for a generalized acceleration is obtained as



"'*
Yj (00 ) (2.34)
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The generalized coordinates are obtained by integrating

'Y.(t) = 'Y~(oo) e- ioot twice with respect to time:
J J

1"* -ioot= - 2" Yj (00) e
00

(2.35)

Thus, the displacement of the dam can be determined from (2.2) and

(2.35).

Since the displacement of the dam relative to the base is

expressed as ali near combi nat i on of the fi rst J n'erma l-·mode shapes

of the dam itself, the hydrodynamic pressure on the dam can be

determined from (2.29) and (2.34).
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CHAPTER III

NUMERICAL METHODS

In Chapter II, the velocity potential is expressed analytically

in terms of the function 1/Ijm(x,y). In order to complete the solution

for the velocity potential~, it is necessary to determine the

function 1/Ijm(x,y) which satisfies the Helmholtz equation and the

appropriate boundary conditions. The solution of Helmholtz equation

can be expressed in integral forms as a function of the values of

1/1. and a1/l. fa n on the boundary aD.
Jm Jm

3.1. Boundary-Integral-Eguation Method

By applying Green's identity formula and choosing the Hankel

function of the first kind and zeroth order, H~I)(lJmr) as the

fundamental solution of the Helmholtz equation (2.24), the function

1/I jrn at any position ~ inside the reservoir can be expressed as (see

(A.9) in Appendix A.l)

(3.1)
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where kk is the position vector of a boundary point, r is the

distance Ix - xkl, and n is in the outward normal direction. The

integration is performed along the boundary aD of the reservoir

travelling in the co~nter~clockwise direction. If the point X(x,y)

approaches a boundary poi nt from the i nteri or of the reservoi r, then

the factor i/4· in (3.1) should be replaced by i/2 for a smooth

boundary or i1r/2a for a pointed boundary with an interior angle (1.

(3.1)

the field point X is allowed to approach a

the boundary is sectionally smooth,

Equation (3.1) leads directly to a solution of ljJjm(~) anywhere

in the reservoi r if both ljJ. and aljJ. /a n are known everywhere on the
Jm Jrn

Although aljJ. jan is known from the boundary condition,
. Jrn

is not known on the boundary. In order to determi ne the values

boundary.

t/I.
Jm

of 1jI. on the boundary,
Jrn ..

boundary point x.. If
1

reduces to (see A.I0))

(3.2)

Therefore the

solving (3.2).

anywhere inside

values of ljJ. on the boundary can be obtained by
Jm

Consequent ly, the funct i on 1jJ. (x) can be determi ned
Jrn

the reservoir from (3.1).

Solutions of (2.25) can be obtained by the same mE?thod. Let

Ko (~mr) be the modified Bessel function of the second kind and

zeroth order. The funct i on tjJ. at any poi ntx ins i de the reservo; r
Jrn

can be expressed as (see (A.15))
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where the notation is defined as before. If the point ~ approaches a

boundary point from the interior of the reservoir, then the factor

1/2rr in (3.3) shaul d be repl aced by l/w for a smooth boundary

or l/a for a pointed boundary with an interior angle a.

Allowing the field point; to approach a smooth boundary
. +

pOlnt Xi' we have

(3.4)

Therefore, by (3.3) and (3.4), (2.25) can be solved everywhere inside

the reservoi r.

3.2. Matrix Representation of the Solution

In order to solve (3.2) for values of W. on the boundary for an
Jm

arbitrarily shaped reservoir, the integral equation will be

approximated by a matrix equation. The entire boundary of the

reservoir is divided into a sufficiently large number of segments, N,

where along each segment the average values of
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on that segment are used. Then the integral in (3.2) can be replaced

by a finite summation,

where

+ +
rik is the distance between the points xi and xk and is defined as

1
+ + Irik = xi - xk = rki ,

Xi is the position vector for the field point on the boundary,

~k is the position vector for the source point on the boundary, and

6. Ski s the 1ength of the kth segment of the boundary.

The segments of the boundary are numbered counter-cl ockwi see It

should be noted that because of this approximate presentation of the

boundary, the original curved boundary is replaced by a boundary

composed of straight-line segments.

Equation (3.5) can be written in a matrix form as

where

(i G + I) X =i GY2 n - 2- (m ~ M) , (3.6)



+ (3.7a)1. = 1/Ijm(xk) k = 1,2, ••• N,

01/1 '
y =~ (x) k = 1,2, ••• N, (3.7b)- n k
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lifi=k
l,'k = o"k {

Oifi*k

i = 1,2, ••• Nt

k = It2p •• N,

k = 1,2 p •• N,

k = 1,2, ••• N.

(3.7c)

(3.7d)

(3.7e)

Evaluation of these matrix elements will be discussed in the

next section. It sho~ld be noted that special care must be taken in

evaluating the matrices, especially for the element i=k.

To solve (3.4), the same approximate method is used in which the

entire boundary of the reservoir is divided into N segments. Thus,

(3.4) can be written in a finite summation form

1 N + 0 0 +

= - if k:l [ljijm(xk) an Ko(Smrik) - Ko(Smrik) an-ljijm(xk)]8sk

(3.8)

or written in a matrix form as

(1 U + I) Z =1 U W
1T n - 1T -

(m > ML (3.9)



where

+ (3.I0a)Z = tjJ, (xk) k = 1,2, ••• N,- Jm

otjJ ,

w=~(x) k = 1,2, ••• N, (3.10b)- n k
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1ifi=k
I,'k=o'k{

, Oifi* k

i = 1,2, ••• N,

k = 1,2, ••• N,

k = 1,2, ••• N

(3.I0c)

(3.I0d)

K (a r. k) II sko m 1
k = 1,2, ••• N (3.10e)

3.3. Evaluation of Matrices

In Section 3.2 the formulation of an approximate solution to the

integral equation is discussed. In thi s section the method for

evaluating the matrices defined in (3.6) and (3.9) will be discussed.

3.3.1. Matrix Elements Defined in (3.6)

(i) Off-diagonal elements of matrix Gn

As defined in (3.5), the notation ~i (xi 'Yi) (i = 1,2 p •• N)

refers to the field points, and "t<k(xk'Yk) (k = 1,2, ••• N) refers to
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the source points. The elements (Gn)ik for i F k can be evaluated as

follows:

(3.11)

where J1 and V1 are Bessel functions of the first and second ki nd of

order 1, and ri k =I (x 0 - xk)2 + (Yi - Yk)2 is the distance between,
the mid-points of the ith segment . and the kth segment of the

I

boundary.
ar ° k

The term~ in (3.11) can be written as

(3.12)

In (3.12), the differentiation with respect to the outward normal

direction on the boundary can be changed into that in the tangential

direction along the boundary by the relations

~ _~ ~ _ ax
an - as' an - - as· (3.13)

arO
k

aro
kPerforming the differentiation of -'- and ' in (3.12) and

0\ ~
incorporating the definition of rik yield

(3.14)
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Writing (3.14) in a difference form, we have

(3.15)

Therefore, the off-diagonal elements of the matrix Gn can be

evaluated by substituting (3.15) into (3.11).

(ii) Diagonal elements of matrix Gn

Since the source and field points are located at the mid-point

of straight-line segments which have been used to approximate the

boundary, a diagonal element of matrix Gn corresponds to the

condition of coincidence of a particular field point and source

point. Due to the singular behavior of the Hankel

function Hp)(JJmr) as JJm"-"O, special attention must bE! given in

evaluating these diagonal elements.

The asymptotic behavior of Hf!)(lJmr) as umr+O is

.£_1_
IT JJ r·

m
(3.16)

Therefore, the diagonal elements of matrix Gn can be evaluated as the

limiting value as r approaches zero,



The definition of r is

ar
1· 1 's. l' an= 'IT Ll 1 1m r--

~O

2 2r =/(x-x.) + (y-y.) ,
1 1

(3.17)
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where (xi, Yi) are the coordinates of the mid-point of the ith
or

segment on the boundary. Thus the term an can be expressed as

_ x-xl' 0 v Y-Yl' 0
::..J... + __ (_ ~).

- r (a 5) r as· (3.18)

ox ~
The terms (x-xi) , (Y-Yi ), as' and ascan

series in the neighborhood of (Xi,Yi)'

be expressed in Taylor

lW
2 lW-s3x-x. = (x ).As + (x ). As + (X

SSS
)l' . +

1 S 1 SS 1 • ... , (3.19a)

(3.19b)

(3.20)

where the subscript s refers to the differentiation with respect to

S, the index i means that the values of interest are evaluated at the



mid-point of the ith segment.
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ay
The expressions for y - Yi and as can

be obtained in exactly the same way.

Thus the term lim ~~/r in (3.17) can be evaluated by using the
~O

definition of r, (3.19) and (3.20). Neglecting the higher-order

terms in these relations reduces them to

(3.21)

Therefore, the diagonal elements of the matrix Gn can be found from

(3.17) as

(3.22)

In (3.22), the first and second derivatives are evaluated at the mid-

point of the ith segment of the boundary.

For a boundary which is originally composed of straight lines,

the value of xsYss and Yssxs in (3.22) are both equal to zero.

Hence, the diagonal elements of matrix Gn are equal to Zl~ro. For a

curved boundary which has been approximated by straight-line

segments, the expression of the first and second derivatives, Xs and

xss' can be written in a difference form as

(3.23a)

(3.23b)
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where xi is the x coordi nate at the mi d-poi nt of the i th segment of

the boundary, x. 1 is the x coordi nate at the begi nni ng of the i th
1- "2"

segment and x. 1 is the x coordinate at the end of the ith segment ofl+z
the boundary; AS. l' AS., and AS. 1 are the lengths of the (i-l)th,

1- 1 1+

ith, and (i+l)th segments of the boundary. The derivatives Ys and

Yss can be evaluated in a similar way by changing x to y in (3.23).

(iii) Off-diagonal elements of matrix G

The elements (G)ik for i 1- k can be evaluated directly from the

expression:

(3.24)

(iv) Diagonal elements of matrix G

The diagonal elements of matrix G correspond to the case of i=k

in (3.24). As before, due to the singular behavior of the function

H~l)(llmr), special attention must be given in evaluating the

diagonal elements of matrix G. Using the asymptotic formula

of H;l) (llm r ) as the argument llmr approaches zero,

(3.25)

we have the average value of (G)ii as



1
"2" II S;

Jo
2 u r

[l+i :rr {in ~ + y)J dr} t>Si
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2 \l lls.
={I + i :rr (in m4 1 - 1 + y)} lis;.

where i = 1,2, ••• N, and 1 = 0.577216 is Euler's constant.

3.3.2. Matrix Elements Defined in (3.9)

(3.26)

The elements of the matrices defined in (3.9) can be evaluated

by the same method as described in Section (3.3.1).

(i) Off-diagonal elements of Un

(3.27)

where Kl (8 mr) is modified Bessel function of the second kind and

fi rst order.

(ii) Diagonal elements of Un

Special care is given to evaluate the diagonal elements of Un.

By using the asymptotic behavior of Kl (Smr) as Smr+O,
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the diagonal elements of Un can be evaluated as

where xs ' Ys' xss and Yss are given by (3.23).

(iii) Off-diagonal elements of U

(3.28)

(3.29)

(U) i k = K (B r. k) ~ sk.o ffil
(3.30)

(iv) Diagonal elements of U

Using the asymptotic formula of Ko (Bmr) as Bmr+O,

(3.31)

and performing the integration to determine the average value of this

function over the length of the segment interested, we obtain

B ~s.

[ n n m 1 1 + J'.. 4 - y L.\ si

where y is Euler's constant.

(3.32)

After the matrices are evaluated, the only terms left to be
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determined to solve the matrix equation are the elements which

involve the normal derivatives on the boundary. However, tile normal

derivatives are given by the boundary conditions. Dividing the

boundary into N segments and assuming no attenuation of ground

excitations between the dam and the far end of the reservoir, we can

cos (kmZ) dz can be evaluated by employing the
() ()

that an = - ax at x = o.

repl ace A(x ,y) at the ith segment by (~) i for 1onqitudi na 1

excitations or ('- ~~); for lateral excitations. For a flexible dam,
h

the integral J f j (y ,Z)
o

trapezoidal rule. It should be noted
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CHAPTER IV

RESULTS AND DISCUSSION

A theory for an arbit rari ly shaped reservoi r has been presented

in Chapters II and III. The numerical method will be tested by

checking the results with existing analytical solutions for a system

which consists of a rigid dam and reservoir with a simple geometric

shape. A rectangular-plate dam will be used to investigate the

flexibility effect on the response of a three-dimensional dam

reservoir system.

4.1. Response of a Rigid Dam

A rectangle, a circle, and a semi-circle are chosen as the

representative plan-form shapes of a simple reservoir (see Fig. 2) to

test the present numerical method. These three shapes are chosen for

several reasons: (1) existence of the corresponding theoretical,

closed-form solutions; (2) the boundary of a rectangle represents an

extreme case that it is composed of four straight lines, along each

of which the direction of the tangent to the boundary remains

constant; (3) the boundary of a ci rcl e is another extreme case for

which the tangent to the boundary changes its direction continuously;
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and (4) the boundary of a semi-circle contains one straight line and

a cil'cular arc.

The dimensionless pressure, force, and moment coefficients are

given by (2.29), (2.30) and (2.31) respectively. The terms with j =

o are the only terms for the response of a rigid dam. The local

pressure coefficient is dependent on the dimensionless groups z/h,

y/h, C (defined in (2.22)), B (defined in (2.23c)), and thE~ size of

the reservoir. The force and moment coefficients are, however,

independent of z/h, but depend on all other parameters. B is a

measure of the compressi bi 1ity of water. 8 = 0 means the water is

treated as incompressible. C is a ratio of the gravity effect to the

inertial effect due to harmonic ground motion; C = 0 indilcates no

surface waves.

The period of the ground acceleration, T, during a typical

earthquake may range from 0.1 to 10 seconds. If the reservoir height

h, is assumed to be 300 ft, then the maximum value of B is approxi

mately 4 and that of C is 0.27. Since C is inversely proportional to

hand B is directly proportional to h, the value of B increases as C

decreases.

4.1.1. Rectangular Reservoir

A theoretical solution for the earthquake response of a three

dimensional rectangular dam-reservoir system has been obtained by

Huang and Chwang (1982). The hydrodynamic pressure is not a function
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of y/h for a longitudinal excitation. By dividing the boundary into

N segments, the numeri ca1 results wi 11 be obtai ned and compared with

the theoretical ones.

It is expected that as the number of segments, into whi ch the

boundary of the reservoir is divided, is increased, the numerical

results will agree better with the theoretical solutions. A compari

son of the theoretical and numerical results for three different

values of N with C = 0 and C = 0.2 are shown in Figs. 3 and 4

respectively. For the case with C = 0 (no surface waves), it is seen

that as N increases, the numerical results of the approximate method

agree better with the theoretical predictions. However, with C =

0.2, there is a large difference between the theoretical and

numerical results near free surface (z/h = 1) for N = 40, and the

effect of N is si gni fi cant. With the presence of surface waves, a

sufficiently large N should be taken that the maximum segment length

is much less than the wave length. Based on the numerical results,

Lee (1969) suggested that the ratio of the 1ength of the 1argest

segment to the smallest wave length should be less than 0.1. N = 78

is used in the following study for a rectangular reservoir.

The i nfl uence of the reservoi r 1ength, 1. /h, on the pressure,

force and moment coeffi ci ents are shown in Fi gs. 5 and 6. These

coefficients increase monotonically as 1./h increases, and remain

almost constant when 1./h is greater than 5. The limiting value of Cp

at z/h = 0, and Cf and Cm as t/h -+ QO are 0.742, 0.543 and 0.218

respectively (Huang and Chwang (1982)).
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The effect of C on the hydrodynamic pressure is shown in Fig.

7. It shoul d be noted that the pressure at the undi sturbed water

surface (z/h ::: 1) is no longer zero when surface waves are present.

In fact, the surface wave can play an important role as seen in Fig.

7 for C ::: 0.15 and C ::: 0.25. The pressure at the bottom of the dam

decreases as C increases, but it ;s oscillatory near water surface.

The effect of B on the hydrodynamic pressure for C ::: 0 is shown

in Fig. 8. It is found that when B ::: klh, first resonanc,e occurs.

Resonance also occurs at frequencies III ::: C k (m ::: 2,3, ••• ).o m
Therefore, when B is greater than knh (n fixed), there are n modes of

standing waves (see (2.18) and (2.24b)). As a resul t, the

hydrodynamic pressure becomes osci 11 atory. Thi scan cl early be seen

in Fig. 9, which shows the corresponding force coefficient for C ::: a

and C ::: 0.05. We note that the force coefficient with C= 0.05 is

less than that with C ::: a when B is small, and the resonance

frequencies are slightly higher when the wave is present.

All the results presented so far are due to a longitudinal

excitation. For a lateral excitation, the results are shown in Fig.

10 and rig. 11.

The hydrodynami c pressure coeffi ci ent Cp at vari ous values of

y/h is shown in Fi g. 10. We note that the magnitude of Cp increases

as y/h increases and Cp is zero at the plane y ::: a (i •e. center of

dam) • The value of Cp due to the compressibility effect is also

found to be oscillatory for large values of B, as shown in Fig. 11.
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4.1.2. Circular Reservoir

Theoretical analysis for the response of a circular dam

reservoir system was made by Kad1e and Chwang (1982). The local

pressure coefficient Cp depends on the dimensionless parameter5 R/h,

z/h, C and B, where R is the radius of the circular reservoir. The

force and moment coefficients, however, are independent of z/h, but

depend on all other parameters. Only excitations in the x direction

are considered in circular and semi-circular reservoirs.

The pressure di stri but i on at the dam face is shown in Fi g. 12

for an incompressible fluid without surface waves (B = 0, C = 0), for

N = 72 and varying values of R/h. The pressure at any height

increases with increasing R/h, until it reaches a maximum for a

certain value of R/h. Then, with further increase in R/h, the

pressure diminishes and attains a finite value as R/h ... co. Similar

behavior is also found for the force and moment coefficients, Cf and

em, as seen in Fig. 13. The theoretical values of Cp at z/h = 0, Cf

and em as R/h ... ClO are 0.742, 0.543 and 0.218 respectively, which are

precisely the values obtained for a rectangular reservoir

as 2/h + ex>.

The behavior of the pressure distribution with an increase in

R/h can be explained. Initially, the pressure increases as the

amount of the fluid in the reservoir increases, as long as the total

mass in the reservoir is less than the "added mass li
• It keeps

increasing until the total mass exceeds the "added mass ll
• There is

another factor affecting the pressure at the dam face. This is the
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When the reselnvoi r is

small, there is a component of the hydrodynamic pressure at the dam

face, due to the side walls. However, when the reservoir 'is large

enough, this effect is negligible. Hence, the pressure falls and

stab; 1i zes as R/h + a>.

The vari ati on of the pressure coeffi ci ent Cp wHh the

compressibility parameter B is shown in Fig. 14 for R/h 5 and C =

O. The pressure increases with small B. However, it becomes

oscillatory when B is large. The force coefficient Cf versus the

compressibility parameter B is shown in Fig. 15 with C = 0 and C =

0.05. Again, resonance occurs when B > I. With a small wave-effect

parameter C, the force coefficient is decreased and the resonance

frequencies are slightly higher.

The hydrodynamic pressure distribution on a dam for various

wave-effect parameter C is shown in Fig. 16. The curves are similar

to the ones for a rectangul ar reservoi r. Cp is asci 11 atory near the

water surface.

4.1.3. Semi-Circular Reservoir

Theoretical results for the response of a semi-circular dam

reservoir was obtained by Kadle and Chwang (1982). The pressure

coefficient depends on the dimensionless parameters R/h, rlR, C and

B. The force and moment coefficients, however, are independent of

z/h but depend on all other parameters.
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The pressure coefficient Cp at the dam face ;s shown ;n Fig. 17

for a reservoir of size R/h = 5, for N = 68 and various r/R. The

fluid is considered to be incompressible with no surface waves (B =

0, C = 0). The maximum value for any fixed location r/R is attained

at the bottom of the dam (z/h=O). Also, the maximum Cp at any height

occurs at the central plane of the dam (r/R = 0), and decreases

slightly as r/R increases to 1.

The overall behavior of a semi-circular reservoir is similar to

that of a rectangul ar reservoi r. The i nfl uence of R/h on the force

and moment coefficients are shown in Fig. 18. The hydrodynami c

pressure distribution at the center of a dam for various values of

the wave-effect parameter C is shown in Fig. 19. The compressibility

effect on the force coefficient Cf is shown in Fig. 20 for C = 0 and

C = 0.05.

4.2. Response of a Flexible-Plate Dam

A rectangular plate dam in a rectangular reservoir or in a semi-

circular reservoir is used to illustrate the flexibility effect on

the seismic response of dams. Rectangular plates with width to

height ratios of 2 and 10 are chosen as examples. The plate is fixed

(clamped) at the bottom (z = 0) and at two vertical side boundaries

(y = ± %L and is free at the top (z = H). For simplicity, the plate

height is assumed to be equal to the reservoir depth (H = h) in the

following study.
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The natural frequencies Wj and normal-mode shapes fjCY,z) (j ==

1,2,3 •••• ) for a rectangular plate with width b, height hand

thickness d, can be obtained by solving the classical equation for a

free vibrational plate (Gorman, 1982)

'" 4f . 4 4 2oaf. af. 1lW.
J+2 J +-...l -Lf --0-zr 22 4- D . ,

3y 3yaz 3z J
where

D ==
E d

3

2
12 (l-v )

(4.1a)

(4.1b)

is the flexural rigidity of the plate, m is mass of the plate per

unit area, E is Young's modulus and v is the Poisson ratio for the

plate material.

At fixed (clamped) boundaries, the boundary conditions for

af . ( ±b /2 , z)
f j (± b/2,z):: J 'dy :: 0,

af .(y,O)
f j (Y. 0):: J'd Z == O.

At the free boundary z :: h, we require

(4.2a)

(4.2b)

a2f . a2f .

--t- + v --.J... :: 0 at z :: h, (4.2c)
az 'dy

2

3 3f . a3f .
J + (2-v) J :: 0 at z :: h. (4.2d);;r 2

'oy az
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The solution of equation (4.1) satisfying the boundary

conditions (4.2) was obtained by Gorman (1982, pp. 204-219) in terms

of six sets of infinite Fourier series, three for symmetric modes and

three for antisymmetric modes. The dimensionless eigenvalues A}
defi ned by

(4.3)

are functions of the Poisson ratio v and the 'aspect ratio b/h.

Therefore, the jth eigenvalue Af can be determined numerically by

substituting the six sets of truncated Fourier series into equation

(4.1), then applying the boundary conditions (4.2), and finally

equating the determinant of the finite-dimensional characteristic

matrix to zero.

The first four mode shapes and the corresponding dimensionless

frequencies Ai for a rectangular plate with v = 0.17 and aspect ratio

of 2 and 10 are shown in Fig. 21. We note that, for a plate with an

aspect ratio of 2, the first, third, and fourth mode are symmetric

with respect to the center of the pl ate and the second mode is

antisymmetric. For a plate with an aspect ratio of 10, the first and

the third modes are symmetric and the second and the fourth modes are

antisymmetric.

The complex frequency response for a generalized acceleration

'Y~(w) for jth-mode is determined from (2.34). In addition to the
J .. *

dimensionless parameters of the fluids, Y.(w) also depends on the
J
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ratio of the natural frequency of the dam to the exciting frequency,

w/w, the rigidity of the dam, and the mass ratio of watl~r to the
p h

dam, S, where S is defined as _0_ (Me;, 1979). The following
m

parameters are used in this study:

b/h = 2 and 10, H/h = 1, d/h = 0.3,

Co = 4720 ft/sec,

\I = 0.17,

S = 1.34.

The materi a1 constants E, v and S correspond to the concrete. An

artificial damping ratio of 0.05 for concrete is introduced.

A rectangul ar reservoi r with b/h = 2 and R..jh = la, and a semi-

circular reservoir with R/h = 5, which corresponds to a dam with b/h

= 10, are considered here as representative shapes of a reservoir.

The pressure distribution on one half of a dam for each mode are

shown in Fig. 22. We note that the pressure distribution at the

center of the dam is zero for anti symmetric modes. Figure 23 shows a

comparison between the pressure distributions on a dam when different

numbers of modes are cons i dered. It is seen that on ly the fi rst mode

has a significant effect. In the following study, 4 modes are used.



46

The hydrodynami c force response is shown in Fi 9S. 24 and 25 for

a rectangular reservoir (b/h = 2) and a semi-circular reservoir (b/h

= 10), respectively.

The fi rst four natural frequencies normal i zed by co/h are 1.83,

4.08, 5.94, and 7.44 for a dam with bjh = 2, and are 0.83, 0.91, 1.04

and 1.21 for a dam with b/h = 10. They are shown on the abscissas in

Fig. 24 and Fig. 25 by open circles.

Resonance occurs at the natural frequencies of the coupled

system. The natural frequency of the dam plays an important role in

the hydrodynami c response. In the case of b/h = 10 (Fi g. 25), the

natural frequencies of the dam alone are less than the resonance

frequencies of the coupled system for a semi-circular reservoir. The

hydrodynamic force is reduced when the exciting frequency is smaller

than the natural frequency of the dam alone. However, it increases

considerably when the exciting frequency gets larger. The first two

natural frequencies for the coupled system are smaller than the first

resonance frequency of a ri gi d dam-reservoi r system. In the case of

b/h = 2 (Fig. 24), the first natural frequency of the dam alone is

greater than the first one of the rigid dam-reservoir system. On the

other hand, the first fundamental frequency of the coupled system is

very close to that of the reservoir. The second natural frequency of

the coupled system is between the first two frequencies of the

reservoir and is less than that of the dam alone.

The flexibility effect on the response of a coupled system

depends on the natural frequenci es of the dam and of the reservoi r.
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It becomes important when the exciting frequency is larger than the

natural frequency of the dam alone.

*It should be noted that the pressure Pj(x,y;w) (j ::: 1,2,. •• 4)
.. *

and the complex frequency response of general acceleration Yj(w) are

coupled. By assuming the exciting amplitude to be small, matrix

elements for rigid dam case is adopted to solve the pressure
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CHAPTER V

CONCLUSIONS AND RECOMMENDATIONS

The hydrodynamic effect of an earthquake on a three-dimensional,

arbitrari ly shaped dam-reservoi r system was analyzed and descri bed.

-iwtFor a ground motion ae ,a hybrid analytical-numerical method was

developed and found to accurately predict the hydrodynamic

response. The effect of surface waves and compressi bi 1ity of the

fluid in the reservoir was discussed in detail, with the effect of

flexibility of the dam also included. The present results are in

good agreement with the analytical solutions derived by Huang and

Chwang (1982) and Kadle and Chwang (1982) for rigid dams and

reservoirs with simple geometric shapes, such as a rectangle, a

circle, or a semi-circle.

In the presence of surface waves, a large segment number N into

which the entire boundary is divided should be taken, such that the

largest segment length is much less than the smallest wave length. A

ratio of one-tenth was suggested. With the presence of surface

waves, the pressure is oscillatory and plays an important role near

the free surface.

The resonance of the fluid in the reservoir occurs when the

compressibility effect parameter B is greater than 'Tr/2 (hiT> 1180
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ft/sec). The present method predicts the resonance accurately for an

arbitrarily shaped reservoir. The pressure distribution on a dam is

affected by the shape of a reservoir. Therefore, three-dimensional

dam-reservoi r ana lysi sis necessary to cal cul ate the hydrodynami c

response (pressure, force and moment).

The flexibility effect is also included in this study. Only the

first few normal-modes are important. The flexibility of a dam

changes significantly the hydrodynamic pressure force actin~J on the

dam.

For any horizontal excitation, the hydrodynamimc response can be

obtained by decomposing it into a longitudinal and a lateral

component. The responses obtai ned here are due to a harmoni c ground

acceleration. For any arbitrary ground motion, the responSl2 can be

obtained by integration in the frequency domain.

A linear motion was assumed in" this study. In a large variety

of practical systems, this assumption may not be valid and the non

linearity effect should be studied.
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APPENDIX A

SOLUTION OF THE HELMHOLTZ EQUATION

The derivation of a solution to the two dimensional Helmholtz

equation in a bounded domain will be presented in this appendix. For

convenience, the subscripts jm and mwill be dropped.

A.I. Derivation of Equation (3.1)

let aD be a closed curve boundi ng a domai n Din the x-y pl ane~

Green's second identity gives

f
aD

a~ a$ 2 2
($ an - <P an) ds = f f (tjJv ~ - <p'i7 tjJ) dA,

o
(A.I)

where a/an denotes differentiation along the outward normal direction

on the boundary aD.4> and 1jJ are regul ar. twi ce continuously differen-

tiable functions within the domain D and on the boundary aD. let $

be a regular solution of the Helmholtz equation

(A.2)
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and ep be the fundamental solution of (A.2), H6 1) (fl ,r), wherE' H6 1) is

the Hankel function of the first kind and zeroth order, 'which is

singular at the origin. Now, let the singularity be locatled at an

interior point~. To avoid the singularity, Green's second identity

will be applied to the domain Dl. bounded by aD and by a circle Sg

of radius e: with its center at x (see Fig. A.I). . Thus, Green's

second identity becomes

(A.3)

Since the singularity is outside the domain 01, both 4> and 1jJ are

regular solutions of the Helmholtz equation (A.2). Therefore, the

right-hand side of (A.3) equals to zero. Thus, (A.3) reduces to

(A.4)

a (1) (1) dWf [1/1 an (HO (\.I r)) - HO (fl r ) an] ds =
aD

- { [1jJ ~ n (H6 1
) (fl r) )

e:

(A.5)

where r is measured from the poi nt 1<. Note that on the bounda ry

\' a/an = - alar, (A.4) can be written as

ab[W ;n (H61~flr)) - H61~flr) ;~]dS ={ [1jJ ~r (H61~ur)) - H6
1
(llr) ';~J ds.

£
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We now let E tend to zero. The right-hand side of (A.5) can be

wri tten as

(A.6)

By using the asymptotic behavior of the Hankel function for small

argume nt (IJ 1'+ 0)

the limit of (A.6) can be evaluated. The first and second terms in

(A.6) reduce to

err
= 1i m f 1/1 (i .?- 1.) E de

E+ 0 0 1T E

(A.Sa)

(A.8b)

Substitute (A.8) into (A.5), we obtain

(A. 9)
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In order to determi ne the functi on 0/ on the boundary. ~,e 1et the

field point x be on the boundary. The circle Sc: in Fig. A.J reduces

to a semi-circle (see Fig. A.2). In the limit as c: tends to zero.

the contribution to the integral in (A.8a) from the semi-circle is

only half of that due to a complete circle, i.e., 2io/(x). Therefore.

we have

(A.IO)

where r = I"~k -xi \. and both Xi and Xk are on the boundary aD.
• -+-

Similarly, if the pOlnt Xi is a corner point on the boundary (see

Fig. A.3), (A.9) reduces to

(1) a -+- +
KO (llr) an \j!(xk)] ds(xk)'

(A.ll)

where the interior angle a is defined in Fig. A.3. For a smooth

curve, a is equal to n, thus (A.II) is identical to (A.lO).

A.2. Derivation of Equation (3.3)

Following the same approach described in the previous section,

we let. and \j! be regular, twice continuously differentiable

functions within the domain D and on the boundary aD, w,~ further

assume that \j! be a solution of Helmholtz equation
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(A.12)

and ~ = Ko(l3r), where Ko is the modified Bessel function of the

second kind and zeroth order. Then, Green1s second iaentity becomes

Using the asymptotic behavior of the Bessel function for small

argument (13 r+ 0)

K (13 r) ..... - t n (13 r) ,
o

(A.14a)

(A.14b)

and letting the radius E of the small circle approach zero, we have

\

(A.IS)

If the field point; is a boundary point ~i' (A.15) reduces to

(A.16)

If the point ~i is a corner point on the boundary (A.19) becomes
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(A.I7)

where the interior angle a is defined in Fig. A.3. For a smooth

curve, a is equal to'Tl'.
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Figure 1. Schematic diagram of an arbitrarily shaped dam
reservoir system.
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(i) First mode (A 2 = 32.07)

(ii) Second mode (A 2 = 71.59)

(iii) Third mode (A2 = 104.41)
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(iv) Fourth mode (A 2 = 130.62)

(a) b/h = 2
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Figure 21. Normal mode shapes of a rectangular plate with
(a) b/h = 2, (b) b/h = 10.



(i) First mode (\2 = 363.62)
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(b) b/h = 10

Figure 21. (Continued)
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Figure A.l. Definition sketch for a bounded domain
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Figure A.2. Definition sketch for an interior point approaching
a boundary poi nt on a smooth boundary.

Figure A.3. Definition sketch for an interior point approaching
a corner point on the boundary.
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