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ABSTRACT

This work on the development of simplified methods of analysis which are suitable for

application to earthquake resistant design of buildings is organized in three parts.

In Part I, the accuracy of the response spectrum analysis (RSA) for estimating the max-

imum response of a building directly from the earthquake design spectrum is evaluated with

the objective of developing better simplified analysis procedures suitable for preliminary design

of buildings and for inclusion in building codes. It is demonstrated that: (1) For a fixed funda··

mental period T 1 of the building, the response contributions of the higher vibration modes

increase, and consequently the errors in the RSA results increase, with decreasing beam-to-

column stiffness ratio p. (2) For a fixed p, the response contributions of the higher vibration

modes increase, and consequently the errors in the RSA results increase, with increasing T 1 in

the medium- and long-period regions of the design spectrum. (3) The RSA results are accurate

enough for design applications.

In Part II, recognizing that the earthquake response of many buildings can be estimated

by considering only the first two vibration modes in the response spectrum analysis (RSA) pro-

cedure, a simplified response spectrum analysis (SRSA) procedure is presented. The SRSA

method should be very useful in practical application because, although much simpler than the

RSA method, it provides very similar estimates of design forces for many buildings. With the

development of the SRSA, a hierarchy of four analysis procedures to determine the earthquake

forces are available to the building designer: code-type procedure, SRSA, RSA, and RHA --

response history analysis. The criteria presented to evaluate the results from each of pro-

cedure, and to decide whether it is necessary to improve results by proceeding to the next pro-

cedure in the hierarchy, utilize all the preceding computations and are therefore convenient.

In Part III, formulas for base shear, height-wise distribution of lateral forces, and compu-

tation of overturning moments specified in three design documents --Uniform Building Code,

Mexico's Federal District Building Code, and ATC-3 design provisions-- are evaluated in light

• I
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of the results of dynamic analysis of buildings. It is demonstrated that these formulas do not

properly recognize the effects of important building parameters which control the significance

of higher mode contributions in the building response. An improved procedure, which recog­

nizes the influence of these parameters, to compute the earthquake forces for the initial, prel­

iminary design of buildings is presented. Starting with the earthquake design spectrum for

elastic or inelastic design and the overall, general description of the proposed building, this

procedure provides an indirect approach to estimate the response in the first two vibrations

modes of the building. The procedure recognizes the important influence of those building

properties and parameters that significantly influence its earthquake response without requir­

ing the computations inherent in standard dynamic analysis by the response spectrum method.

The procedure represents a major conceptual improvement over present building codes with

very little increase in computational effort.
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PREFACE

This work on the development of simplified methods of analysis which are suitable for

application to earthquake resistant design of bUildings is organized in three parts:

• Part I: Elastic Earthquake Response of Building Frames

• Part II: Simplified Procedures for Elastic Analysis of Buildings

• Part III: An Improved Code-type Analysis Procedure for Preliminary Design

iv
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PART I

ELASTIC EARTHQUAKE RESPONSE OF BUILDING FRAMES





1. INTRODUCTION

The response spectrum method plays an important role in practical analysis of multistory

buildings for earthquake motions. The maximum response of the bUilding is estimated directly

from the elastic or inelastic design spectrum characterizing the design earthquake for the site

and considering the performance criteria for the building. The resulting estimates of max­

imum forces and deformations provide a basis for preliminary design for buildings. These esti­

mates may be accurate for the final design of many buildings but could be refined for the

unusual or important buildings by response history analysis. Furthermore, most building

codes specifications for earthquake forces are based on simplifications of the response spectrum

method of analysis.

In order to develop better simplified analysis procedures suitable for preliminary design of

buildings and for inclusion in building codes, it is therefore necessary to evaluate the accuracy

of the response spectrum estimates of maximum building response. Because the errors in these

estimates are related to the significance of the contributions of the vibration modes higher

than the fundamental mode, it should be useful to investigate the contributions of the various

vibration modes to the response of buildings.

These issues are, of course, not new. They have been the subject of many investigations,

most of them restricted to idealized shear buildings. For example, the response of idealized 4­

story shear buildings with three different values of the fundamental vibration period due to

recorded and simulated ground motions was determined by response history analysis, response

spectrum analysis, and random vibration analysis and the results were compared [11]. Modal

contributions in the response of 10-story shear buildings to simple ground motions, described

by a half-cycle displacement pulse, and to EI Centro 1940 ground motion were investigated for

a wide range of fundamental vibration periods of the building [13]. One of the most

comprehensive investigations was due to Roehl [9], wherein the response of five-story moment­

resisting plane frames to a half-cycle displacement pulse was determined for a wide range of

3
Preceding page blank
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parameters. The beam-to-column stiffness ratio was varied to cover the complete range of

frame behavior, from the vertical flexural beam at one extreme to the vertical shear beam at

the other end. The fundamental vibration period was also varied over a wide range. Among

other issues, the significance of the higher mode contributions in building response was investi­

gated and its dependence on the beam-to-column stiffness ratio and fundamental vibration

period was identified.

The work of Roehl is extended to study the response of the same class of moment­

resisting plane frames to an ensemble of earthquake ground motions. The ensemble average of

the maximum response is determined by response history analysis and response spectrum

analysis for a wide range of values of the beam-to-column stiffness ratio and fundamental

vibration period. Based on these results, the response contributions of the various vibration

modes are studied and the accuracy of the response spectrum estimates of maximum response

is investigated. The results of this investigation provide a basis for developing improved

simplified analysis procedures for preliminary design of buildings in Part II of this report.



2. SYSTEMS AND GROUND MOTIONS

2.1 Systems analyzed

The systems analyzed are idealized as single-bay, five story moment resisting plane

frames with constant story height = h, and bay width = 2h (Figure 1). All members are

prismatic with constant cross-section. Only fiexural deformations are considered in the

analysis of these frames. All the beams have the same flexural stiffness (Elb ) and the column

stiffness (Ele ) does not vary with height. The structure is idealized as a lumped mass system

with the same mass m at all the fioor levels. The rotational inertia of the sections is neglected

in all members. The damping ratio for all the natural modes of vibration is assumed to be 5

percent.

As shown by Roehl [9], only two additional parameters are needed to completely define

the system: the fundamental mode period T [ and the stiffness ratio p. This ratio was origi-

nally defined by Blume [1], as a joint rotation index, based on the properties of beams and

columns in the story closest to the mid-height of the frame:

p=------
~ Ele / L e

column.

(1)

where h is the moment of inertia of a beam, Lb is the beam length, Ie is the moment of iner-

tia of a column, and L c is the column length; and the summations include all the beams and

columns in the mid-height story. For the selected class of building frames defined in the

preceding paragraph, equation (1) reduces to

(2)

For this selected class of building frames with a particular p value, as noted by Roehl [9], the

natural vibration mode shapes tP" and the ratios between the natural vibration frequen,cies

W n /w[ are independent of the fundamental vibration period T [ (Appendix B). By varying the

stiffness ratio p, the complete range of behavior of the frame can be covered, from the fiexural

5
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FIGURE 1 Idealized building frame.
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beam with tile beams imposing no restraint to joint rotation (p = 0) to the shear beam (p =

00) in which the joint rotations are completely restrained and deformations occur only through

double-curvature bending of the columns. Intermediate values of p represent frames with both

beams and columns undergoing bending deformations with joint rotations.

The ratios of the natural frequencies for a wide range of p values are presented in Table 1

and plotted in Figure 2. The natural vibration mode shapes for six ditferents values of pare

presented in Table 2 and three of these cases are plotted in Figure 3. It is readily apparent

from this data that the stiffness ratio p must have great importance in determining the

dynamic (and static) behavior of the frame. The mode shapes for the two extreme cases p = 0

and p = 00 are quite different, and the values of the frequency ratios show important changes

with p especially for the higher modes. The effects of these differences in the mode shapes and

frequency ratios on earthquake response of frames will be discussed later.

2.2 Ground Motions

Eight simulated motions were generated to model the properties of ground motions

recorded on firm ground in the region of strong shaking during magnitude 6.5 to 7.5 earth­

quakes in the Western United States [5]. The random process model, its parameter values,

and the simulation procedure used is identical to earlier studies [4,6,10]. The simulation pro­

cedure consisted of generating samples of stationary Gaussian white noise, multiplying the

white noise by an intensity function of time (Figure 4) to represent a segment of strong shak­

ing at constant intensity preceded by a quadratic build-up of intensity and followed by an

exponential decay in intensity; passing the resulting function through a second order linear

filter with frequency = 2.5 cps and damping ratio = 60 percent to impart the desired fre­

quency content, as indicated by the spectral density (Figure 4), and finally performing a base

line correction on the filtered function [3]. The resulting motions are shown in Figure 5 and

the maximum values of acceleration, integrated velocity, and displacement are listed in Table

3. They differ from the values presented in reference [5] by an intensity-scaling factor. As will
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Table 1: Ratios of natural vibration frequencies of idealized frames.

Adapted from Roehl (1971).

WI W 2 I W 3 Wi W 5
P f~ )1/2

- - - -
WI WI WI WI

I
t mh 3 I

0 0.16563 6.3853 18.0923 34J}637 52.0702

0.00001 0.16574 6.3817 18.0806 34.9404 52.0349

0.0001 0.16679 6.3500 17.9768 34.7330 51.721.5

0.001 0.17638 6.0659 17.0435 32.8660 48.8987

0.0125 0.26284 4.5691 11.8654 22.3609 32.9174

0.05 0.40661 3.7267 8.4281 14.9965 21.4433

0.1 0.51813 3.4755 7.2294 12.2209 16.9698

0.125 0.56051 3.4119 6.9167 11.4699 15.7401

0.5 0.88165 3.1343 5.5716 8.1628 10.2844

1 1.05563 3.0507 5.1829 7.2279 8.7764

2 1.18110 2.9947 4.9299 6.6406 7.8534

5 1.29510 2.9526 4.7451 6.2254 7.215,5

10 1.34184 2.9364 4.6757 6.0727 6.9844

50 1.38336 2.9226 4.6168 5.9443 6.7915

500 1.39328 2.9193 4.6030 5.g145 6.7470

00 1.39439 2.9190 4.6015 5.9112 6.7421
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Table 2: Natural vibration mode shapes of idealized frame.

Adapted from Roehl (1971).

Mode Number
p Story

1 2 3 4 5

1 0.0611 -0.4403 1.4150 -3.2749 6.1358

2 0.2221 -1.0746 1.5795 0.6731 -7.0564

0 3 0.4508 -1.1156 -0.7390 2.3497 6.2089

4 0.7178 -0.3224 -1.5389 -2.7989 -3.6567

5 1.0000 1.0000 1.0000 1.0000 1.0000

1 0.1115 -0.4579 1.2817 -2.8617 5.3933

2 0.3439 -1.0078 1.2578 0.7755 -6.1182

0.05 3 0.5997 -0.8996 -0.8400 1.9148 5.5105

4 0.8250 -0.0762 -1.2992 -2.5404 -3.3954

5 1.0000 1.0000 1.0000 1.0000 1.0000

1 0.1419 -0.5101 1.2314 -2.5538 4.5184

2 0.1023 -1.0339 1.0544 0.8755 -5.3428

0.125 3 0.6608 -0.8281 -0.9240 1.5715 4.9384

4 0.8658 0.0410 -1.1414 -2.3426 -3.182g

5 1.0000 1.0000 1.0000 1.0000 1.0000

1 0.1953 -0.6351 1.2434 -2.1092 3.0955

2 0.4738 -1.0897 0.7575 1.0995 -4.1252

0.5 3 0.7201 -0.7349 -1.0726 1.0276 4.0680

4 0.9002 0.1881 -0.9210 -2.0539 -2.8654

5 1.0000 1.0000 1.0000 1.0000 1.0000

1 0.2448 -0.7499 1.2903 -1.8411 2.2930

2 0.5176 -1.1010 0.5316 1.2873 -3.4903

2 3 0.7476 -0.6557 -1.1643 0.6949 3.6537

4 0.9129 0.2670 -0.7896 -1.9006 -2.7232

5 1.0000 1.0000 1.0000 1.0000 1.0000

1 0.2846 -0.8308 1.3099 -1.6825 1.9188

2 0.5462 -1.0882 0.3728 1.3979 -3.2284

00 3 0.7634 -0.5943 -1.2036 0.5212 3.5132

4 0.9189 0.3098 -0.7154 -1.8310 -2.6822

5 1.0000 1.0000 1.0000 1.0000 1.0000
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Table 3: Properties of simulated ground motions.

Ground Motion Maxima

Simulation
No.

DisplacementAcceleration Velocity
(g' s) (in/sec) (in)

-

1 0.3145 23.199 10.006

2 0.2375 24.278 23.070

3 0.2795 20.536 11.866

4 0.3512 16.363 16.856

5 0.2807 17.526 12.381

6 0.3024 13.872 8.790

7 0.3152 22.001 21.930

8 0.3325 22.227 13.870

Average
0.3017 20.000 14.772Values
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be seen later, the response of the building frames will be normalized so that they will be

independent of the ground motion intensity.

The elastic response spectrum for 5 percent damping for each of the eight ground

motions was computed using a modified version of the computer program SPECEQ [8]. The

average of the eight response spectra is presented in Figure 6 together with the ensemble aver­

ages of the maximum ground acceleration, velocity, and displacement.

The concept of frequency (or period) regions based on the shape of the pseudo-velocity

response spectrum plotted on log-log paper, which is useful in interpreting earthquake response

spectra and structural response, is taken from [7]: When plotted in this form, the central por­

tion of the spectrum can be approximated by a horizontal line and two 45° diagonal lines as

shown by the dashed lines in Figure 7. The region to the left of the intersection point b is

defined as the "low-frequency" region of the spectrum, the region between points band c is

defined as the "medium-frequency" region, and the portion to the right of point c is defined as

the "high-frequency" region. It is sometimes desirable to subdivide the low-frequency region

into an "extremely low-frequency" sub-region for which the displacement response spectrum Sd

is equal to or less than the maximum ground displacement ug and a "moderately low­

frequency" sub-region where Sd is greater than ug • The high-frequency region is similarly sub­

divided into a "moderately high-frequency" sub-region for which the pseudo-acceleration

response spectrum Sa is greater than the maximum ground acceleration ii"g, and an "extremely

high-frequency" sub-region for which Sa is for all practical purposes equal to ag • The boun­

daries of these sub-regions are identified in Figure 7 by the points a and d.

For the average response spectrum of Figure 6 the trapezoidal approximation to the spec­

trum and the boundaries of the frequency regions are as shown. The relative positions of

points b, c, and d are reversed because the spectrum is plotted against period rather than fre­

quency. In the rest of this study the equivalent terms long-period region, medium-period

region, and short-period region will be used to refer to the different regions of the spectrum

because the response results are presented in terms of period rather than frequency.
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The shapes of the spectra in Figures 6 and 7 have the same general characteristics but

the boundaries between the different regions occur at rather different values of period (or fre­

quency). In particular, the period values at points b and a for the average spectrum of the

simulated earthquake motions (Figure 6) are much longer than for the EI Centro spectrum

(Figure 7). This is due to the different values of the spectrum amplification factors [7] for the

average and EI Centro response spectra. The amplification factor is the ratio of an ordinate of

the trapezoidal approximation to the response spectrum to a ground motion parameter. In the

moderately short period region it is the ratio between the constant spectral pseudo-acceleration

and the maximum ground acceleration. In the medium period region, it is the ratio between

the constant spectral pseudo-velocity and the maximum ground velocity. In the moderately

long period region, it is the ratio between the constant spectral displacement and the max­

imum ground displacement. For the average spectrum of Figure 6 these ratios are approxi­

mately: 2.5, 1.4, and 2.5 respectively which are much different than the values of: 3.1, 2.1, and

1.5, respectively, for the EI Centro spectrum of Figure 7. Furthermore, the maximum ground

acceleration, velocity, and displacement are not in the same proportions for both spectra,

which is yet anotber reason for the observed differences in the period values for the two spec- .

tra at the boundaries'of the various period regions.



3. ANALYSIS PROCEDURES

The idealized building frame described in Section 2.1 is analyzed using standard methods

of dynamic structural analysis: response history analysis and response spectrum analysis. Only

a summary of these procedures is presented here but more details including their implementa­

tion are available in Appendices A and B.

3.1 Response History Analysis

The time-variation of response of the idealized building frame to earthquake ground

motion can be computed by the following procedure [2]:

1. Define the ground acceleration ag (t) by the numerical ordinates of the accelerogram.

2. Define structural properties

(a) Compute the mass matrix In as a diagonal matrix of masses lumped at the floor levels

(b) Compute the lateral stiffness matrix k of the building frame having one degree-of­

freedom, the lateral displacement, per floor. This matrix is computed by static con­

densation of the vertical and rotational degrees of freedom from the complete stiffness

matrix determined from the stiffness matrices of structural elements.

(c) Estimate modal damping ratios en'

3. Solve the eigen-problem

(3)

to determine the natural frequencies Wn (natural periods Tn = 21r/Wn) and modes </In of

vibration.

4. Compute the response in individual modes of vibration by repeating the following ste-ps for

each mode:

19
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(a) Compute the modal response Yn (t) by solving

(4)

where L n = tPn
T m 1, Mn = ¢>n

T m ¢>n, and 1 is a vector of as many elements as the

number of stories, all equal to unity.

(b) Compute the lateral floor displacements from

(5)

(c) Compute equivalent lateral forces from

(6)

(d) Compute the forces in structural elements --beams and columns-- story shears and

story overturning moments by static analysis of the structure subjected to the

equivalent lateral forces. In particular the base shear and the base moment are calcu-

lated from

N

Von (t) = 'E f jn (t )
;=1

N

M On (t) = 'E f jn (t) hj
j=l

(7a) .

(7b)

where f jn is the equivalent lateral force at the jth floor and hj is the height of this

floor above the base.

5. Determine the total value of the response quantity r (t) from

N

ret) = 'E rn(t)
n=l

by combining the modal contributions rn(t) to the response quantity.

(8)

Such response history analyses were carried out for each of the eight simulated ground

motions described in the preceding section. The maximum of each of the response quan tities

of interest during each simulated motion was determined. The ensemble average of the
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maximum response was obtained by averaging the maximum value corresponding to each of

the eight simulated ground motions.

3.2 Response Spectrum Analysis

The maximum response of the idealized buildings frame during a specified earthquake

ground motion can be estimated by the following procedure [2J:

1. Determine the average of the response spectra for the eight simulated ground motions.

2. Define structural properties as outlined in computational step 2 of Section 3.1.

3. Solve the eigen-problem of equation (3) as mentioned in computational step 3 of Section

3.1.

4. Compute the maximum response in individual modes of vibration by repeating the follow-

ing steps for each mode:

(a) Corresponding to period Tn and damping ratio en. read the ordinate San of the

pseudo-acceleration response spectrum of the earthquake ground motion.

(b) Compute maximum values of the lateral floor displacements from

(9)

(c) Compute the maximum values of the equivalent lateral forces from

(10)

(d) Compute the maximum values of forces in structural elements, story shears and over-

turning moments by static analysis of the structure subjected to the equivalent lateral

forces of equation (10). In particular the base shear and base overturning moment are

calculated from

L Z

Von = _n_ Sen
Mn

W' San
n

g
(lla)
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(lIb)

where Wn* and hn* are known as the effective weight and effective height for the nth

mode.

5. Determine an estimate of the maximum r of any response by combining the modal maxima

rn for the response quantity in accordance with

(12)

The square-root-of-the-sum-of-the squares (SRSS) combination of the individual modal

maxima is adequate because the idealized frame analyzed here has well separated vibration fre-

quencies.

3.3 Computer Program Implementation

A special purpose computer program was developed to implement the analysis procedures

outlined on the preceding section. It takes advantage of some special features of the problem

to improve computational efficiency. The details of the implementation of the analysis pro-

cedure, a flow chart of the program, and the necessary input data are presented in Appendix

B. Although the program can only analyze the idealized frame described in Section 2.1, it

allows the choice of performing only response-history analysis (RHA), only response spectrum

analysis (RSA), or both analyses for any number of earthquake ground motions and pseudo-

acceleration response spectra. The input to the program is the fundamental period, the value

of the stiffness ratio p, the modal damping ratio (assumed to be the same in all modes) for the

frame to be analyzed; and the time variations of the ground accelerations for RHA and the

pseudo-acceleration response spectrum for RSA.



4. EFFECT OF FRAME ACTION

The ensemble average of the maximum response computed by response history analysis

(RHA) is plotted against the fundamental vibration period T 1 of the building in the form of

response spectra. Such plots are presented in Figures 8 and 9 for the values of p = 0, 0.125,

and 00 and six response quantities: top floor displacement it l) relative to the base, base shear

Vo, base overturning moment M o, the largest moment Mb among all the beams, the largest

moment Me among all the columns, and the largest axial force Pc among all the columns. The

response quantities Ul), V0' and M 0 are selected as representative of the overall behavior of the

system, and Mb , Me, and Pc as indicative of its local behavior.

The response quan tities are presented in dimensionless form as defined in the figures,

where ug and ag are the ensemble averages of the maximum ground displacement and ground

acceleration, respectively; W; and h; are the effective weight and effective height for the flrst

vibration mode of the building. The normalization factors for Vo and M 0 are the base shear

and moment for a rigid (Le. zero vibration period) single-degree-of-freedom system with

lumped weight W; and height h;. They depend on the geometry of the frame and stiffness

ratio p, but not separately on m, Ie or h. Similarly the normalized responses depend on the

time variation of the ground motions but not on their intensity.

Over a wide range of fundamental periods T l' the top floor displacement does not vary

appreciably with p, Le. it is not sensitive to variations in the ratio of stiffness between beams

and columns (Figure 8). The base shear V0 and base overturning moment M 0 vary

significantly with p for T 1 in the medium- and long-period regions of the earthquake response

spectrum (Figure 8), with the variation in M 0 not as great as in Vo' In the short period

region, they do not vary appreciably with p (Figure 8) and a significant part of the variation is

because the normalizing factors, W; and h:, depend on p (Table 4). The variation of

responses with p is closely related to the significance of the higher mode contributions in

response, which as will be shown in Section 5, generally increase with decreasing p and also

23
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Table 4: Effective weight and height for fundamental vibration mode.

W* h;1
p

Total Weight Total Height

0 0.6787 0.7\)36

0.05 0.7642 0.7568

0.125 0.7963 0.7420

0.5 0.8350 0.7238

2 0.8615 0.7113

00 0.8795 0.7027
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depend on T J and the response quantity considered.

The general trends in the variation of the three local response quantities -- beam moment,

column moment, and column axial force-- with p are the same (Figure 9). As p decreases, Mb

and Pc tend to zero and Me decreases to the values for a cantilever bending beam. Actually

what decreases is the normalized value of Me , expressed in terms of the flexural stiffness of the

column which increases when p decreases. For a fixed value of T J' the column stiffness

increases as p decreases, and therefore the actual Me may increase even though its normalized

value decreases.

In Figure 9, Mb is the largest moment over all beams, and Me and Pc are the largest

moment and axial force over all columns of the building frame. In order to examine the loca­

tions of the largest member forces, response spectra for the forces in the beams and columns of

each story are presented in Figures 10-12. These results demonstrate that, over a wide range of

T J values, the maximum forces occur in the first or second story of the frame. The magni­

tudes of these forces decrease at higher stories with the rate of reduction tending to be greater

for the larger values of p.
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5. MODAL CONTRIBUTIONS

The ensemble average of the maximum response computed by response history analysis

(RHA) is plotted against the fundamental vibration period of the building in the form of a

response spectrum. Obtained by considering varying number of vibration modes in RHA, such

plots are presented in Figures 13-18 for three values of p = 0, 0.125, and 00 and the six nor­

malized response quantities defined in Section 3.

For the subsequent interpretation of the response results it is useful to introduce the con­

cept of unit modal responses. It is the response of the structure in an individual mode of

vibration with unit value for the pseudo-acceleration. The unit response in the nth vibration

mode is given by equations (9) and (11) with Sa" = 1 for the floor displacements, base shear

and base moment. Obviously, the maximum value of any response quantity due to an indivi­

dual vibration mode is the product of the unit response in that mode and the ordinate Sa" of

the pseudo-acceleration response spectrum corresponding to that mode. In discussing the con­

tributions of various vibration modes to the response, it is useful to normalize the unit

response in the nth mode as a fraction of the corresponding value for the flrst mode. Such

normalized unit modal responses for the top floor displacement u 5' base shear Va' and base

moment M 0' presented in Table 5, vary with p but not with vibration period or ground

motion. The period dependence of the relative modal contributions to a response quantity is

all represen ted by the spectral ordinates for the various modes.

The response contributions of the vibration modes higher than the fundamental mode

increase with increasing fundamental vibration period T 1 in the medium- and long-period

regions of the earthquake response spectrum. For a flxed p, the mode shapes, the normalized

unit mOdal responses, and the ratios of vibration frequencies do not change with T l' Thus,

the increased contribution of the higher modes is due only to the relative values of the

response spectrum ordinates, which in turn depend on the spacing of vibration periods and on

the shape of the response spectrum. For the selected spectrum, as the fundamental vibration
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Table 5: Normalized unit modal responses.

TOP DISPLACEMENT, Us

Mode p = 0 p = 0.05 P = 0.125 P = 0.5 P = 2 p= 00

1 1.0 1.0 1.0 1.0 1.0 1.0

2 -0.0598 -0.0959 -0.0997 -0.1009 -0.1004 -0.0991

3 0.0082 0.0189 0.0235 0.0278 0.0284 0.0275

4 -0.0017 -0.0043 -0.0060 -0.0084 -0.0090 -0.0085

5 0.0003 0.0008 0.0011 0.0017 0.0019 0.0018

BASE SHEAR, Vo

Mode p = 0 p= 0.05 P = 0.125 p= 0.5 P = 2 p= 00

1 1.0 1.0 1.0 1.0 1.0 1.0

2 0.3040 0.1789 0.1475 0.1223 0.1089 0.0991

3 0.1033 0.0775 0.0647 0.0475 0.0355 0.0275
.

4 0.0485 0.0385 0.0325 0.0215 0.0132 0.0085

5 0.0176 0.0137 0.0111 0.0063 0.0032 0.0018

BASE OVERTURNING MOMENT, M o

Mode p = 0 p = 0.05 P = 0.125 P = 0.5 P = 2 p= 00

1 1.0 1.0 1.0 1.0 1.0 1.0

2 0.0873 0.0156 -0.0030 -0.0195 -0.0284 -0.0340

3 0.0182 0.0158 0.0143 0.0111 0.0081 0.0060

4 0.0064 0.0043 0.0028 0.0002 -0.0011 -0.0014

5 0.0020 0.0017 0.0014 0.0009 0.0005 0.0003
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period increases within the above-mentioned spectral regions, the ratio of the pseudo­

acceleration spectrum ordinate for a higher vibration mode to that of the fundamental mode

generally increases (Figure 19), resulting in increased response contributions of the higher

modes.

The increase in response contributions of the higher modes varies with the response quan­

tity. As suggested by the normalized unit modal responses (Table 5), for a fixed value of p,

Figures 13-15 demonstrate that among the overall response quantities the higher mode contri­

butions are much more significant for the base shear Vo than for the top floor displacement Us

or base overturning moment Mo. Similarly Figures 16-18 indicate that, among the local

response quantities, the higher mode contributions are more significant for the column moment

Me than for the beam moment Mb and column axial force Pe . Column moments are closely

related to the story shears which are affected more by higher mode contributions, whereas

beam moments and column axial forces are closely related to story overturning moments which

are affected less by higher modes.

In addition to the already discussed trends in the results, the base shear and to a lesser

degree the base overturning moment, display increasing contributions of higher modes as T 1

decreases in the short-period spectral region (Figures 14 and 15). While this trend can be

explained in part by the relative values of the spectral ordinates for the various vibration

modes, the more important reason is that the individual modal responses of very short-period

structures are essentially all in phase or some are of opposite phase. This is displayed in Fig­

ure 20 where the contributions of individual modes to the base shear, normalized to the max­

imum contribution of the first mode, are presented as a function of time; and the time instants

at which modal maxima occur are noted. As a result, almost the full maximum response in a

higher mode is directly added to the fundamental mode response, instead of some value less

than the maximum if the modal responses were not in phase.

Obviously the higher vibration modes also affect the shear and moments in all stories in

addition to the base shear and moment. These effects are summarized in Figures 21 and 22
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wherein the height-wise variation of story shears and moments, expressed as a, ratio of the

respective values at the base, are presented for buildings with selected values of T l' The dis­

tribution of only the fundamental mode response, which is the same regardless of T l' is also

included. In a lumped mass system, such as the frame considered here, the shear remains con­

stant in each story with discontinuities at each floor. However, such a plot would not be con­

venient in displaying the differences among various cases and the alternative presentation with

shears varying linearly over story height is used. It is apparent that the higher mode contribu­

tions not only influence the magnitude of the story shears and moments but also their distri­

bution because the various vibration modes affect different portions of the building to varying

degree. The distribution but not necessarily the actual values of forces in the upper stories is

especially affected by the higher mode contributions.

We next examine how the higher mode contributions to earthquake response of the build­

ing frame are affected by the stiffness ratio p which varies from infinity for a shear beam (with

rotation of joints fully restrained) to zero for a bending beam (With no restraint to joint rota­

tion provided by the beams), with intermediate values of p representing frames with both

beams and columns undergoing flexural deformations. As p decreases, the normalized unit

modal responses, associated with the higher vibration modes, for the base shear (and base

moment) increase, especially for the second mode (Table 5). At the same time the ratios of the

modal vibration frequencies increase, spreading the frequencies over a wider portion of the

spectrum, thus increasing the effects of the spectrum shape, with these increases depending on

the location of T 1 (Figure 19). For the selected spectrum and within the period range con­

sidered, the effects of the spectrum shape are especially significant if T 1 is large, with the

effects decreasing as T 1 decreases within the moderately long-period region of the spectrum,

which explains the trends observed in Figure 14.

The effect of p on the contributions of the higher modes varies with the response quan­

tity. As suggested by the normalized unit modal responses (Table 5), Figures 13-15 demon­

strate that p affects the higher mode contributions in the base shear more than in the top fioor



45

displacement or base overturning moment. The top floor displacement displays trends oppo­

site to base shear and base moment, in the sense that the higher mode contributions decrease

with decreasing p, but this reverse trend is supported by the normalized unit modal responses

(Table 5). However, these contributions are so small that they are of little consequence. The

stiffness ratio p affects the higher mode contributions in the column moments in the same

manner as base shear but to a lesser degree (Figure 17). Finally, the higher mode contribu­

tions in the beam moment and column axial force, which are closely related to the story over­

turning moments, are smaller and affected little by p (Figures 16 and 18).



6. ACCURACY OF RESPONSE SPECTRUM ANALYSIS

The ensemble average of the maximum response computed by response history analysis

(RHA) and the response computed from the average response spectrum using response spec­

trum analysis (RSA) procedures, is plotted against the fundamental vibration period of the

building in the form of response spectra. The contribution of all five vibration modes were

included in these analyses. Also presented in these plots is the maximum response due only to

the fundamental vibration mode, which is obviously identical whether computed by RHA or

RSA procedures. Response spectra for the six normalized response quantities described in Sec­

tion 4 are presented in Figures 23-28 for three values of p = 0, 0.125, and 00.

The errors in the responses computed by the RSA method, as reflected by the differences

in the RHA and RSA results, are closely related to the significance of the response contribu­

tions of the vibration modes higher than the fundamental mode. ThUS, based on the analysis

of results presented in Section 5, the errors in the RSA results generally increase with increas­

ing fundamental vibration period T 1 in the medium- and long-period regions of the spectrum,

and with decreasing value of the stiffness ratio p. Similarly, these errors increase as T 1

decreases in the short period range of the spectrum but these errors are noticeable primarily in

the base shear (Figure 24) and to a lesser degree in the base overturning moment (Figure 25).

As mentioned in the preceding section, the individual modal base shear responses of a very

short-period structure are essentially in phase, resulting in the combined response being close

to the sum of the absolute values of modal responses and larger than the SRSS estimate which

is close to the first-mode response.

The errors in the RSA results vary with the response quantity in the same manner as do

the significance of the higher mode contributions. Thus, based on the analysis of results

presented in Section 5, among the overall response quantities the largest errors occur in the

base shear values, with much smaller errors in the base overturning moment, and almost no

errors in the top floor displacement. Similarly, among the local response quantities the largest
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errors occur in the column moments, while the errors in the beam moments and column axial

forces are smaller and very similar, but these errors are all smaller than in base shear. These

errors are summarized in Figures 20 and 30 where they are presented as a function of T 1 for

the overall and local response quantities respectively. The errors in the RSA results are

expressed as the RSA value minus the RHA value, and presented as a percentage of the RHA

value. While the errors in the RSA results depend on the response quantity they are all below

15 percent for structures with fundamental vibration period less than the end of the medium

period region, which for the average spectrum of Figure 6 is 8 seconds. Furthermore, the com­

puted responses display some discrepancy between the RHA and the RSA results for very

short periods, with the errors tending to increase as T 1 decreases in this range --to around 5 to

20 percent depending on the value of the stiffness ratio p.

The story shears and overturning moments have a central role in the design procedures

for buildings. The ensemble average of these quantities, computed by the RHA procedure is

compared in Figures 31 and 32 with the responses computed for the average response spectrum

by the RSA procedure. The percentage errors in the RSA results, although not large for T 1 in

the short period region or the spectrum, vary considerably from story to story, especially in

the story shears (Table 6). As a result, the distribution of story shears and moments over the

heigh t (Figures 33 and 34) estimated by RSA, which is close to the first mode distribution, is

different than that from the RHA results, which are close to the summation of the individual

modal maxima occurring at almost the same time instant (Figure 20). As T 1 increases in the

short-period region, the correlation between the modal responses decreases, the maximum

response is essentially due to the fundamental vibration mode, and the distribution of the

RHA and RSA forces are almost identical, (Figures 33 and 34) leading to reduced errors (Table

6). As T 1 increases in the medium-period region, the response contributions of the higher

modes become increasingly significant and the errors in the story shears and moments com­

puted by RSA increase with a tendency for the larger errors to occur in the upper stories

(Table 3).
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Table 6: Errors in the RSA results for story shears and overturning moments

expressed as percentage of the RHA results.

STORY SHEARS

p Story T 1 = 0.09 T 1 - 0.2 T 1 - 0.5 T 1 - 2.2 T 1 - 8

1 -18.72 -9.97 -2.07 -11.03 -11.61

2 -8.96 -4.49 -0.68 -7.76 -14.48

0 3 0.16 -0.30 -0.04 -7.75 -11.54

4 8.90 3.32 -0.85 -12.23 -15.28

5 18.44 6.78 -1.36 -9.74 -14.09

1 -11.91 -6.14 -2.20 -6.96 -11.62

2 -2.80 -1.86 -1.09 -4.98 -7.36

0.125 3 4.44 1.65 -0.42 -7.09 -17.68

4 9.66 4.70 0.65 -5.33 -13.02

5 14.32 6.84 0.52 -15.05 -21.97

1 -6.74 -3.08 -0.43 -3.63 -5.50

2 0.34 -0.04 -0.44 -3.98 -4.27

00 3 5.79 1.79 -0.53 -3.48 -3.44

4 10.00 2.86 -0.46 -6.11 -4.95

5 13.11 4.05 0.06 -10.58 -7.08

STORY MOMENTS

p Story T 1 = 0.09 T 1 - 0.2 T 1 = 0.5 T 1 - 2.2 T 1 - 8

1 -5.47 -2.85 -0.41 -5.98 -7.57

2 0.22 -0.26 -0.21 -0.58 -3.53

0 3 6.05 2.15 -0.63 -10.29 -14.18

4 11.81 4.42 -1.24 -12.45 -17.61

5 18.44 6.78 -1.36 -9.74 -14.09

1 -0.88 -0.45 -0.35 0.83 -0.90

2 3.90 1.51 0.04 -2.71 -4.76

0.125 3 7.84 3.67 0.51 -5.28 ·9.99

4 10.88 5.29 0.94 -8.17 -15.68

5 14.24 6.83 0.53 -15.00 -21.89

1 1.47 0.15 -0.51 -1.47 -0.04

2 5.23 1.54 -0.71 -3.33 -2.82

00 3 8.42 2.48 -0.64 -5.14 -3.64

4 10.92 3.22 -0.31 -8.24 -5.38

5 13.11 4.05 0.06 -10.58 -7.08
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FIGURE 30 Percentage error in local response quantities computed by RSA, relative to RHA

results.
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7. INFLUENCE OF NUMBER OF BAYS

This entire investigation has so far been based on the earthquake response of one-bay,

five story frames with uniform properties. Strictly speaking all the observations presented so

far regarding the effect of the stiffness ratio p, modal contributions, and errors in results of

response spectrum analysis are restricted to this class of frames. However, Roehl [g] has

demonstrated that, for a specified p, the natural frequencies and mode shapes of vibration

practically do not change with the number of bays. The fundamental frequency and mode

shape are especially insensitive to the changes in the number of bays. He showed that, conse­

quently, the overall dynamic response --top fioor displacement, base shear, and base overturn­

ing moment-- of a system having a specified fundamental period and value of p is essentially

independent of the number of bays in the system. He also demonstrated that, with an

appropriate normalization factor which depends on the number of bays, even the local

response quantities --beam moment, column moment, and column axial force-- for single-bay

and multi-bay frames can be inter-related very well. However, it is generally not possible to

estimate the maximum forces in the interior columns of a multi-bay frame from the forces in

the columns of a single-bay structure. Based on these valuable results of Roehl's work [g], it

appears that the conclusions from this investigation regarding effects of p, modal contributions,

and errors in RSA results are also applicable to multi-bay frames.
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8. CONCLUSIONS

The principal conclusions of this investigation of the earthquake response of uniform

five-story frames may be summarized as follows:

1. For a fixed beam-to-column stiffness ratio p, the response contributions of the higher vibra­

tion modes increase, and consequently the errors in results of response spectrum analysis

increase, with increasing fundamental vibration period T 1 in the medium- and long-period

regions of the earthquake response spectrum.

2. In addition to the above-mentioned trend, the response contributions of the higher vibra­

tion modes increase, and consequently the errors in the results of response spectrum

analysis with SRSS combination of modal maxima increase, as T 1 decreases in the short­

period region of the earthquake response spectrum.

3. For a fixed T l' the response contributions of the higher vibration modes increase, and con­

sequently the errors in the results of response spectrum analysis increase, with decreasing

value of p.

4. The contributions-of the higher vibration modes, the errors in the results of response spec­

trum analysis, and how these errors are affected by T 1 and p vary with the response quan­

tity. Among the overall response quantities, the higher mode contributions are much more

significant for the base shear than for the top fioor displacement or base overturning

moment. Among the local response quantities, the higher mode contributions are more

significant for the column moments than for the beam moments or column axial forces.

5. While the errors in the results of response spectrum analysis depend on the response quan­

tity they are all below 15 percent for building frames with fundamental vibration period

less than the end of the medium-period region of the spectrum. There is a tendency for the

errors to be larger in the upper story forces but the trend is not consistent or systematic.
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Based on the results presented in this part of the report, improved simplified analysis

procedures for preliminary design of buildings are developed in Part II.
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APPENDIX A: ANALYSIS PROCEDURE DETAn..S

A.1 Model Frame

The systems analyzed are idealized as single-bay, flve story moment resisting plane

frames with constant story height = h, and bay width = zh (Figure 1). All members are

prismatic with constant cross-section. Only flexural deformations are considered in the

analysis of these frames. All the beams have the same flexural stiffness (Elb ) and the column

stiffness (Ele ) does not vary with height.

A.2 Formulation of Stiffness Matrices.

Element Stiffnesses

For the beams, only two degrees of freedom are considered. The equilibrium equation for

each beam can be written as

[ I OJ ] _ [OJ]
1 - k b °0i i

(A-I)

where 1 OJ, OJ and rOi' 0i are the forces (moments) and corresponding rotations at the ends of

the beam and k b is the beam stiffness matrix which, under the assumptions above and using

the definition for p given in Section 2 p = h /4 Ie = h /4 I, can be written as

_ Eh [4 z] _ EI [4 z]
k b - zh 2 4 - zp h 2 4 (A-2)

For the columns, four degrees of freedom are considered. The equilibrium equations for

each column can be written as

[

/ OJ ] [OJ]10i = k °i
1uk e Uk

1ul Ul

(A-3)

where / Oi, OJ and 1 Oi' 0i are the forces (moments) and corresponding rotations at the ends of
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the column; f k, Uk and f I, Ul are the forces and lateral displacements at the corresponding

floor levels; and k c is the column stiffness matrix which, under the assumptions above, can be

written as

-6 6
4 2

h h

-6 6
2 4

h hEfck c h -6 -6 12 -12
(A-4)

h h h 2 h 2

-6 6 -12 12

h h h 2 h 2

This matrix can be rewritten in partitioned form as

(A-5)

and then the equilibrium equation above can be partitioned as

(A-6a)

(A-6b)

Global Stiffness

The global equilibrium equations can also be written in partitioned form, separating the

lateral displacements u from the joint rotations 8, then

(A-7)

where k T is the global stiffness matrix.

From the form of equation (A-7) it should be clear that the individual element stiffness

matrices (kb and k c ) contribute only to some of the submatrices of k T . The beam stiffness

matrices k b contribute only to k ee and the column stiffness matrices contribute to all the sub-

matrices in k T but in a very special form: each of the submatrices of k c contributes only to
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the corresponding submatrix of k r , that is, k c 00 into k oo, k c 0" into k o" and so on.

Lateral Stiffness

Since there are no forces (moments) applied at the joints, f o = 0 and the second line of

the partitioned equilibrium equation yields

o = k eu U + k oo ()

then

() = -koi k o" u = T u

and

f,. = k,." u + k" 0 T u = (k"" + k" 0 T) u = k u

thus

k = k",. + k"o T

A.3 Formulation of mass matrix

(A-8a)

(A-8b)

(A-g)

(A-IO)

The structure is Idealized as a lumped mass system with the same mass m at all the floor

levels. Therefore, the mass matrix is diagonal

m

m

m= m

m

m

(A-ll)

which only includes the lateral displacements degrees of freedom.



AA Formulation of damping matrix

The damping in the structure is approximated by considering it as a fraction of the criti-

cal damping for each natural vibration mode of the structure. Therefore, no damping matrix

needs to be defined. For completeness,

c = [ cii ]

where only the lateral displacement degrees of freedom are included.

A.5 Equations of motion

(A-I2)

The dynamic equilibrium condition for the frame, under a base excitation defined by

ground accelerations ag (t) is:

m u( t) + c li( t ) + k u(t ) = -m 1 ag (t ) (A-I3)

where 1 is a vector with as many components as floor levels in the building, all equal to unity.

Defining a set of modal coordinates, Y 1, Y 2 , •• , , Ys such that

5

u( t) = 'E 4>" Y" (t )
11=1

(A-14)

where 4>" is the nth natural mode of vibration of the frame satisfying the eigen problem equa-

tion

(k - w; m) </I" = 0

with w" = the nth mode natural frequency, and the orthogonality conditions

(A-I5)

{0 for m ~n

4>J m 4>" M" for m =n

4>J c cP" ={ 0 for m ~n

2en W nMn for m =n
(A-I6)

4>! k cPn ={0 for m ~n

w;M" for m =n
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where en is the damping ratio on the nth mode. Using the modal coordinates the equation of

motion can be reduced to a set of uncoupled equations of the form

(A-I7)

The damping ratio for all the natural modes of vibration is assumed to be 5 percent so en
is set to 0.05.

A.6 Response history analysis

The solution of the modal equations of motion can be written as:

L n 1 Jt -e w (t-r)
Yn(t)=--i--- ag(r)e n n sinwnD(t-T)dr

An WnD 0

(A-IS)

r:--:::2 L n
where WnD = Wn VI - e;. By defining On = -- and Y n (t) = On un*(t) the expressions for the

Mn

response quantities, that are presented next, will be simplified considerably.

Modal Responses

The different response quantities, for each mode, can be computed from the following

expressions:

- Story displacements

(A-I9)

- Equivalent lateral forces

(A-20a)

or in terms of the mass matrix

(A-20b)

- Story shears: at the ith floor level



or in matrix form

where
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5

V;n Ct) = ~ f kn (t )
k=;

(A-21a)

(A-21b)

s=

1 1 111

1 1 1 1

III

1 1

1

(A-21c)

is a summation matrix which is nondimensional. The base shear, in particular, can be com-

puted from

- Story overturning moments: at the ith floor level

5

M;nCt) = ~Chk -h;_l) iknCt)
k=i

where hi is the height from the base to floor level i. In matrix form

where

12345

1 234

H = h 1 2 3

1 2

1

(A-22)

(A-23a)

(A-23b)

(A-23c)

is a summation matrix which has dimensions of length. The base overturning moment, in par-

ticular, can be computed from

- Joint rotations: from equation (A-8)

(A-24)
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-Beam moments: for each beam, apply equation (A-I), then

-Column moments: for each column, apply equation (A-6a), then

For the first story columns () in (t ) = Utn (t) = o.

- Column axial forces

(A-25)

(A-26)

(A-27)

Using statics, compute Poi (t) = axial force on the ith story column from the moments on the

end of the beams on the stories above.

On the kth story:

Pehn(t) = 2
1
h { Mbin(t) + Mbjn(t») + Pc HI n(t)

where MUn (t) and Mbin (t) are the end moments of the beam on the kth story.

Total response

(A-28)

The total response r (t) for any response quantity r is obtained by adding the individual

mode responses Tn (t)

N
T(t)= Ern(t)

n=1

where N is the total number of modes considered.

Maxima oj the responses

(A-2g)

For each response quantity of interest T (t) the maximum throughout the complete time-

history r is determined by monitoring the response as it is being computed.
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A.7 Response spectrum analysis

Modal coordinates maxima

The maximum Yn of the modal coordinates Yn (t) can be obtained directly from the dis-

placement response spectrum as

(A-30)

where Sdn (wn ,en) is the ordinate of the displacement response spectrum for damping en = 0.05

at frequency W n corresponding to the ground acceleration ag (t).

Modal response maxima

After the values for Yn are known, the maxima of the modal responses can be obtained

from equations (A-lg) through (A-28) by substituting Yn for Yn (t) to obtain Tn rather than

Total response max£ma

An estimate of the total response maxima is obtained using the square-root-of-the-sum-

of-the-squares (SRSS) combination rule. Then,

(A-31)

Although more sophisticated modal combination formulas are available they are not

needed in this case because the vibration frequencies are well separated and the estimates from

SRSS will be almost identical to the estimates of the other combination rules.



APPENDIX B: IMPLEMENTATION OF ANALYSIS PROCEDURE

Based on the definition of the problem in Section 2.1 and the details of the analysis pro-

vided in Appendix A it is possible to formulate the problem in terms of nondimensional

response quantities taking advantage of the particular characteristics of the model frame used.

Furthermore, using this new formulation it will be shown that the natural vibration mode

shapes and the ratios of the natural vibration frequencies depend only on the geometric

characteristics of the frame and the value of the stiffness parameter rho.

B.l Formulation of stiffness matrices

Element stiffness

For the beams,

For the columns,

El
k b = 2p­

h [: :] (B-1)

EI °h k eoo

EI k Oh2 c uO

EI °h2 k c Ou

El k O
'"'j;3 e 1<1<

(B-2)

Note that among the above matrices only k bo depends on the stiffness ratio p.

Global stiffness

Since the individual element stiffness matrices contribute only to parts of the global

stiffness matrix k T , we can write:

EI k O £1 k O
h 3 1£1' };2 uO

k t El k O £1 k O
(B-3)

};2 Ou h 00
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Note that only ko~ depends on p, through the contributions of the beam stiffness matrices kf.

Lateral Stiffness

From equation (A-8) in Appendix A,

1 kO-1 kO 1 TO
=- h 00 h U = h U

Then equation (A-g) changes to

f = EI k 0 EI k 0 1.. TO = EI k O
" h S "" + h ,,9 hUh 3 U

and

Note that TO and therefore k O depend on p.

B.2 Formulation of mass matrix

Clearly, the mass matrix can be written as

rn= m 1= m rno

where I is a diagonal matrix with all its elements equal to 1.

B.3 Formulation of damping matrix

(B-4)

(B-5a)

(B-5b)

(B-6)

Although it is not needed since damping is being included at the modal equations level it

can be presented for the sake of completeness as

(B-7)
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B.4 Equations of motion

The equation of motion in Appendix A [equation (A-13)] can be written

using the definition of modal coordinates, Y1' Y 2 , .•• , Yo

o
u(t) = ~ <Pn Yn(t)

n=1

the eigen problem equation can be written as

which is equivalent to

where

(B-8)

(B-9)

(B-lO)

(B-ll)

and

Clearly, the eigen vectors of the new problem t/Jn satisfy the orthogonality conditions

={ 0 for m ~n
1/1;[ rno ,pn MO for m =nn

1/;:£ CO ,pn ={ 0 for m ~n

2En an Mno for m =n

T \) { 0 for m -I:n
1/Jm k tPn = a 2M ° for m =nn n

where En is the damping ratio on the nth mode.

(B-12)

From the equations above it should be clear that the mode shapes (q,n or ,pn) and the

ratios between the natural frequencies of vibration (an /a1 or Wn /w1) do not change as the fun-

damental period T 1 = 21r/w1 changes. In fact, the fundamental period can be computed from
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T_21l"_~Jmh~
1 - W

l
- (Xl EI (B-13)

therefore, any value of T 1 can be obtained by adequately adjusting the values of E, I, h, and

m.

The modal equations of motion (equation (A-17)] will still be different for each fundamen-

tal period case, but all the terms in them can be directly computed from the invariant quanti-

ties (under T 1 changes).

(B-14a)

(B-14b)

but Ln and Mn always occur together as On = Ln /Mn thus

(B-15)

B.5 Response history analysis

Solut£on of modal equat£ons

Rather than evaluating the Duhamel integral in equation (A-18), the solution of the

modal equations can be obtained through direct numerical integration using the Newmark {3-

method with {3 = 1/6, which corresponds to assuming linearly varying acceleration within each

integration step [B.I]. The basic equations of the integration scheme, written for time t, are:

(B-16)

which corresponds to the equation of motion, and

(B-17a)

(B-17b)

Writing these expressions in incremental form
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and

(B-18)

~x ~t
.. ~t (B-19a)=Xt +~x -

2

~x ~t + Xt
~t2 ~ .. ~t2

(B-19b)= Xt --+ x --
2 6

where ~x, ~x, ~x, and ~Y are the changes in the quantities x, x, X, and y going from time

to time t + ~t (one integration step of duration ~t).

The third equation necessary to compute the change ~x in the accelerations x after one

integration time step can be obtained by substitution of equations (B-19) in equation (B-18),

then

~X
~t 2 ~t2

1+ 2ew-+w--
2 6

(B-20)

Equations (B-H)) and (B-20) allow to compute the increments in the state variables x, x, and

X if the increments in the excitation yare known. The integration algorithm can be summar-

ized as:

1. Initialization

X o = 0, Xo = 0,

2. For t = 0, ~t, 2~t, 3~t, ... , until satisfied

.. ..
Xo = -Yo

(a) Compute increments in excitation y and in state variables x, X, and x

~y = Yt+At - Yt

~x from equation (B-20)

~X from equation (B-19a)

~x from equation (B-19b)

(b) Compute new state variables at time t + ~t
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The integration was carried out using a constant value of the time step At. The same

value was used for all the modal equations and it was selected as the smallest of T 1/50, T sl5,

and 0.01 but rounded so that an exact number of steps occur between two consecutive data

points in the input ground motions (digitized at 0.02 sees.). The actual expression for the

computation of the time step is

ilt
0.02

0.02
1 + ---------

{
T1 Ts }min -, - ,0.02
50 5

(B-2l)

T 1 and T s are the periods of the first and last mode respectively. This time-step guarantees

the convergence and stability of the integration scheme for all the modes while providing

enough accuracy even for the highest mode. The integration was carried along after the end

of the excitation for a duration of 1.5 T 1 to include the possibility of maxima occurring during

that time.

Modal responses

Taking advantage of the invariance of the mode shapes and the frequency ratios, the

responses on each mode can be computed in terms of the unit modal responses defined in Sec-

tion 5. Then the response quantities of interest can be computed from equations (A-19)

through (A-28) as

- Floor displacements

Un (t) = Yn(t) 4>n = Y" (t) u~

-Equivalent lateral forces

f,. = Yn (t )w; rn 4>,. = m Yn (t) rno tPn = w; m Y,. (t) f~

- Story shears

(B-22)

(B-23)

(B-24)
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-Story overturning moments

M" (t) = w; mh Y" (t) M~

- Joint rotations

(),,(t)= ~ Yn(t)()~

- Beam moments

-Column moments

For the first story columns ()}n (t) = 'UJn (t) = o.

- Column axial forces

(B-25)

(B-26)

(B-27)

(B-28)

Using statics, compute Pci (t) = axial force on the ith story column from the moments on the

end of the beams on the stories above.

On the kth story:

1
Pclen (t) = 2h ( Mbin (t) + Mbjn (t) ) + Pc Ie+! n (t)

1 E1 Y ( MOM 0) 0= -h -2 net) bin + bjn + Pc k+1n
2 h

(B-29)
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where Mb~n and Mbfn are the end moments of the beam on the kth story.

Equations (B-22) through (B-29) define each of the unit modal responses r O in terms of

the original nondimensional stiffness and mass matrices and the invariant mode shapes. The

values of Yn (t) were computed as described before (Section B.5) and since the structure

characteristics (E, I, h, m) were not included in the formulation the actual responses com-

puted were just Yn (t) r O which automatically includes part of the normalization used for the

response quantities.

Taking advantage of the invariance of the unit modal responses rno when the fundamen-

tal period T 1 changes, they were computed in advance for each p case and then used for each

of the different fundamental period cases considered, avoiding in this form a considerable

amount of numerical computations. To include the rather special normalization used for story

shears and overturning moments the values of the first mode effective weight and height W;
and h; were also compute --only once for each p case-- and included in the corresponding unit

modal responses. From the definitions of W; and h;

(B-30) .

h •1 (B-31)

These quantities are incorporated in the definitions of V ~ and M~ so that the only extra nor-

malization needed to arrive at the response quantities presented in the results is to divide by

ag or ug , the maximum of the ground acceleration or the ground displacement, respectively.
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Total response

The total response r (t) for any response quantity r is obtained by adding the individual

mode responses rn (t), then

N

r(t)= :Ern(t)
11.=1

(B-32)

where N is the total number of modes considered. The values of r (t) were computed at each

step of te integration of the modal coordinates Yn (t).

Maxz'ma of the responses

After each step in the numerical integration the values of the responses were checked

against the previous maximum for the corresponding response and if necessary the maximum

was updated.

B.6 Response spectrum analysis

Modal coordinates maxima

The maximum of the modal coordinates are computed directly from the accelerations·

response spectrum. The ordinates of which are considered known for the adequate values of

period (frequency) and damping (5 percent in all cases). Then,

Modal response maxima

(B-33)

After the values for Yn are known, the maxima of the modal responses can be obtained

using the unit modal responses as defined in equations (B-22) through (B-29) in the

corresponding expressions of the form

for each of the response quantities of interest.
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Total response max£ma

An estimate of the total response maxima can be obtained using the square-root-of-the-

sum-of-the-squares (SRSS) combination rule. Then,

[

N ] 1/2- ,,-2r = L.J rn
n=1

B.7 Computer program outline

(B-34)

A complete, although not very detailed, flow chart of the computer program developed to

carry out the computations described before is given in the following paragraphs. The pro-

gram is written in FORTRAN (1966 standard) and is actually implemented on the CDC 7600

computer at the Lawrence Berkeley Laboratory Computer Center.

PROGRAM SPRPSTN

Read p parameter value

Form total stiffness matrix k¥

Compute lateral stiffness matrix kO

Form mass matrix In°

Compute frequencies a; and mode shapes VJn

Compute unit modal responses r O

Perform response history analysis (details follow)

Perform response spectrum analysis (details follow)

Go back for a new p case

RESPONSE HISTORY ANALYSIS PROCEDURE

Read number of ground motions to use

For each ground motion
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Read ground acceleration time-history ag (t)

Read number of fundamental period cases

Read array with fundamental period values T I

For each fundamental period case

Compute actual mode frequencies W n = WI (an la l )

Select integration time step At

Perform numerical integration procedure (details follow)

Print results

NUMERICAL INTEGRATION PROCEDURE

Initialize state variables Yn (0), Yn (0), Yn (0), n

Compute number of steps during the excitation

For each integration step

. ..
Compute increments AYn , AYn , AYn

1, ... ,5

Compute new state variables (at time t + At)

Compute modal responses Tn (t)

Compute total responses r (t)

Check for maxima of total responses r

Compute number of steps after excitation ends

For each in tegration step

Compute increments (with zero excitation) AYn , AYn , AYn

Compute new state variables (at time t + At)

Compute modal responses rn (t)

Compute total responses r (t)

Check for maxima of total responses r
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RESPONSE SPECTRUM ANALYSIS PROCEDURE

Read number of response spectra to use

For each response spectrum

Read number of fundamental period cases

Read array with fundamental period values T I

For each fundamental period case

Compute actual mode frequencies W n = WI (an ja l )

Read spectral acceleration ordinates San

Compute modal maxima of responses rn

Estimate maxima of total response r by SRSS

Prin t results

REFERENCES

B.1 Newmark, N.M., "A Method of Computation for Structural Dynamics," Journal of the

Engineering Mechanics Division, ASCE, Vol 85, No EM3, July, 1959, pp 67-94.
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APPENDIX C: NOTATION

maximum ground acceleration due to earthquake ground motion

time-history of ground acceleration due to earthquake ground motion

modulus of elasticity

equivalent lateral force at jth floor level in nth natural vibration mode

time-history of vector of equivalent lateral forces fin (t)

vector of maximum equivalent lateral forces in the nth vibration mode

acceleration of gravity

story height

height from base to floor level j

effective height in the nth natural vibration mode

momen t of inertia of beams

moment of inertia of columns

stiffness matrix

length of beam

length of column

participation factor for the nth natural vibration mode

lumped mass at jth floor level

mass matrix

modal mass in the nth natural vibration mode

base overturning moment

maximum base overturning moment
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N

ret)

s.

Un (t )
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time-history of base overturning moment in nth mode

maximum base overturning moment in nth mode

maximum moment among all beams

maximum moment among all columns

maximum overturning moment at story i

total number of stories in the structure

maximum axial force among all columns

time-history of response quantity r

maximum of response quantity r

time-history of nth vibration mode contribution to response quantity r

maximum of nth vibration mode component of response quantity r

pseudo-acceleration response spectrum

spectral pseudo-acceleration ordinate for nth natural vibration mode

displacemen t response spectrum

pseudo-velocity response spectrum

time variable

fundamental vibration period of a multi-degree of freedom system

natural vibration period in the nth mode

maximum ground displacement due to earthquake ground motion

lateral displacement at fifth (top) fioor level

maximum lateral displacement at fifth (top) fioor level

time-history of lateral displacements vector in nth vibration mode

vector of maximum lateral displacements in nth vibration mode



Von (t )

W*n
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maximum ground velocity due to earthquake ground motion

base shear

maximum of base shear

time-history of base shear in nth mode

maximum of base shear in nth mode

maximum of story shear at story i

effective weight associated with the nth natural vibration mode

. ..
Yn (t), Yn (t), Yn(t) time-history of nth modal coordinate and its time derivatives

1

p

w

vector with all components equal to 1

damping ratio in the nth natural vibration mode

beam-to-column stiffness ratio

natural vibration mode shape

nth natural vibration mode shape

natural vibration frequency in radians per second

nth natural vibration frequency
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PART II

SIMPLIFIED PROCEDURES FOR ELASTIC ANALYSIS OF BUILDINGS

Preceding page blank





1. INTRODUCTION

While dynamic analysis procedures have been available for many years, the earthquake

forces considered in the design of most buildings are computed by the Equivalent Lateral

Force Method specified in the governing building code. However, the codes recommend

dynamic analysis for unusual buildings, but generally do not provide enough guidance on when

the code formulas should be abandoned in favor of dynamic analysis, whether the dynamic

response should be determined by response history or response spectrum analysis, and how

such analyses should be implemented. This is perhaps one of the major reasons why many

building designers refrain from dynamic analyses, making them increasingly dependent on code

formulas, thus perpetuating them further.

Another reason why dynamic analyses find only limited use in building design is that

such analyses are much complicated in concept as well as implementation compared to the

simple and readily usable code formulas. It should therefore be useful to develop simplified

versions of dynamic analyses which are easier to implement than standard methods and pro­

vide results that are sufficiently accurate for the design of many buildings. With the availabil­

ity of such a method, dynamic analysis could be conveniently used in the design of many

buildings.

The objectives of Part II of this investigation are: (1) to review briefly the accuracy of

response spectrum analysis (RSA) in comparison to response history analysis (RHA); (2) to

present a simplified response spectrum analysis (SRSA) method and evaluate its accuracy; (3)

to identify a hierarchy of four analysis methods: code-type formulas, SRSA, RSA, and RHA

methods; and (4) to present criteria to decide the least complicated of these methods which

would provide sufficiently accurate results for a particular design application.

This investigation is restricted to elastic analysis of planar vibration of buildings without

any torsional effects. The SRSA method may however be applied to approximate, inelastic

analyses in which the design forces and deformations are obtained by response spectrum

91
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analysis of the structure based on an inelastic design spectrum instead of the elastic spectrum.



2. EVALUATION OF RESPONSE SPECTRUM ANALYSIS

In order to examine the contributions of various vibration modes of a building to its

response and to evaluate the accuracy of the response spectrum analysis method, the max­

imum earthquake response of a class of multistory buildings is presented. The buildings

analyzed are idealized as single-bay, five-story moment-resisting plane frames with mass and

stiffness properties uniform over the height. The response of these idealized frames to eight

simulated ground motions, for which the average response spectrum is presented in Figure 1, is

determined. Standard procedures were employed for both the response history analysis (RHA)

and the response spectrum analysis (RSA) of the dynamic response of the idealized frame to

the simulated ground motions. The RHA was carried out by the mode superposition method,

and the maximum of each of the response quantities of interest during each simulated motion

was determined. The ensemble average of the maximum response was obtained by averaging

the maximum values corresponding to each of the eight simulated motions. In the RSA the

maximum value of each of the response quantities of interest was estimated as the square­

root-of-the-sum-of-the squares (SRSS) combination of individual modal maxima, computed

directly from the response spectrum of Figure 1.

The ensemble average of the maximum base shear, computed by the RHA method is

plotted against the fundamental vibration period of the building in the form of response spec­

tra. Four sets of plots obtained by considering 1,2,3 and all 5 modes, respectively, are

presented in Figure 2. Response results are presented for three values of the beam-to-column

stiffness ratio parameter p, representing a bending beam (p = 0), shear beam (p = 00) and a

frame. It is apparent that the significance of the responses contributions of the vibration

modes higher than the fundamental mode increase with increasing fundamental vibration

period T l' and with decreasing value of the parameter p. However, over a useful range of fun­

damental vibration period T 1 and the stiffness ratio p, two vibration modes are sufficient to

predict the earthquake response of the frame; over a restricted but still useful range of

g3
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parameters even one mode is adequate. These observations, based here on the response results

for the base shear in the building, are also supported by the results for the other response

quan tities presented in Part I of this report.

The ensemble average of the maximum base shear, computed by including the contribu­

tion of all five vibration modes in the response history analysis (RHA) and in the response

spectrum analysis (RSA) procedures is plotted against the fundamental vibration period of the

building in the form of response spectra in Figure 3; also included in these plots is the max­

imum response due only to the fundamental vibration mode, which is obviously identical

whether computed by RHA or RSA procedures. It is apparent that the differences between

the RSA and the RHA results are closely related to the contributions of the higher vibration

modes. These differences increase with increasing fundamental vibration period T 1 and with

decreasing value of p.

The response spectrum for the base shear in the uniform five-story building frame com­

puted by RHA and RSA methods was presented in Figure 2. The error response spectra show­

ing the percentage error in the RSA results as a function of the vibration period for the six

response quantities considered are presented in Figure 4. As indicated by these results and

discussed in Part I, the response contributions of the vibration modes higher than the funda­

mental mode increase, and consequently the differences between the RHA and RSA results

increase, with increasing fundamental period T 1 and with decreasing value of the stiffness ratio

p. While the errors in the RSA results depend on the response quantity they are all below 15

percent for structures with vibration period less than the end of the velocity controlled region,

which for the average spectrum of Figure 1 is eight seconds. Furthermore, the computed

responses display some discrepancy between the RHA and the RSA results :for very short

periods, with the errors tending to increase as T 1 decreases in this range --to a,round 5 to 20

percent depending on the value of the p parameter.
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3. SIMPLIFIED RESPONSE SPECTRUM ANALYSIS

3.1 Response Spectrum Analysis

It is apparent from the preceding discussion that, over a useful range of fundamental

vibration periods, the earthquake response of building frames may be satisfactorily estimated

from the earthquake response spectrum by considering the contributions of only the first two

modes of vibration; even the first mode alone is sufficient in many cases. The response spec­

trum analysis (RSA) procedure to estimate the maximum response is well known [5]. It is

summarized here from [4] for convenient reference and to provide a basis for presenting the

simplified version of the procedure:

1. Define the smooth elastic design spectrum for the structure at the particular site.

2. Define structural properties:

(a) Compute mass matrix m for the building with its mass appropriately lumped at fioor

levels,

(b) Compute the lateral stiffness matrix k of the building frame from the complete

stiffness matrix by condensing out the vertical and rotational degrees of freedom at the

joints,

(c) Estimate modal damping ratios e".

3. Determine the first one or two, as necessary, natural frequencies W n (natural periods

T" = 21r/wn ) and the modes ,p" of vibration.

4. Compute the maximum response in individual modes of vibration by repeating the follow­

ing steps for the first one or two, as necessary, modes of vibration:

(a) Corresponding to period T" and damping ratio e", read the pseudo-acceleration ordi­

nate San of the elastic design spectrum of the earthquake ground motion,

(b) Compute the effective weight W,,' (or portion of the weight) of the building that parti­

cipates in the nth mode of vibration from

gg
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[£wi tPin] 2
J =1

Wn" = -"----:-;N,.-----~

E Wi tPln
i=1

(l)

where wi = mj g is the weight at the jth floor level, tPjn is the modal displacement of

the jth floor, and N is the total number of floor levels. Also compute the effective

height hn" from

N

E hi Wj tPin
• j=1

hn = -'---"""'N-:-----

E wi ¢>jn
j=1

where hi is the height from the base to the jth floor level.

(2)

(c) Compute the maximum values VOn and M on of the base shear Von(t) and base over-

turning moment M On (t) from

VOn
San W·=-- ng

and

M on = hn' Von

(3)

(4)

(d) Compute the maximum value of the equivalent lateral force at the jth floor level from

Wi ¢>in
N

:E wi ¢>in
i=1

(5)

and repeat this computation for all floors.

(e) Compute the floor displacements, or deflections, due to the lateral forces Tjn from

_ 1 g-
uin = -2 - fjn

W n Wj

and repeat this computation for all floors.

(6)
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(f) Compute the maximum deformation (or drift) in the jth story from the floor displace-

ments using

(7)

and repeat this computation for all stories.

(g) Compute internal forces (story shears, story overturning moments and member forces)

by static analysis of the structure subjected to equivalent lateral forces Tjn'

5. Determine an estimate of the maximum r of any response quantity (displacement of a

floor, deformation in a story, shear or moment in a story, etc) by combining the modal

maxima rn for the response quantity in accordance with the square-root-of-the-sum-of-the-

squares (SRSS) formula:

(8)

in which only the lower modes that contribute significantly to the total response need to be

included in the summation.

The SRSS formula generally provides a good estimate of the maximum response for

systems with well separated natural periods of vibration, a property typically valid for

planar motion of a building. For structures with this property, the SRSS method provides

results essentially identical to the CQC method [7]. However for very short fundamental

periods --periods in the first third of the acceleration controlled region of the spectrum--

the maximum value of a response quantity is better estimated by the absolute sum combi-

nation of the modal maxima:

N

~Ir;,
n=!

(9)

since in that range of periods the modal responses are in phase and their maxima occur

almost simultaneously (see Part 1).
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3.2 Computation of Natural Frequencies and Modes of Vibration

Among all the computational steps in the response spectrum analysis (RSA) procedure,

the evaluation of the natural frequencies and modes of vibration of the structure is one of the

most, if not the most, time consuming steps; analytically and conceptually it is the most com­

plicated step. Computation of the vibration properties requires a solution of the matrix equa­

tion

(10)

which in mathematical terminology defines an eigen-problem. For a N -DOF system, such as

the idealized N -story building with mass lumped at floor levels, the mass and stiffness matrices

are of order N. Solution of the eigen-problem leads to the N natural frequencies and modes of

vibration: W n, <Pn, n = 1,2, ... N.

Many methods have been developed for computer analysis of the eigen-prohlem for com­

plex structures such as multistory buildings. For many applications these procedures are

overly complicated in the early stages of the structural design process. Furthermore computer

programs may not be readily available, or the structural designer may not be experienced in

their proper use. Thus there is a need for simplified procedures which are conceptually simple

and can be implemented by the non-specialist in dynamics of structures on a pocket calcula­

tor. The Stodola and Rayleigh methods [2,5) are especially convenient for this purpose.

3.2.1 Fundamental Mode

The fundamental frequency and mode of vibration may be determined by the Stodola

method, which is presented here in a form especially suited for multi-story buildings with

masses lumped at the floor levels:

1. Compute the earthquake forces specified by the governing building code, e.g. the Uniform

Building Code [9], or by appropriate design recommendations, e.g. the equivalent lateral

force procedure in the ATC-3 design provisions Ill. The earthquake force at the jth floor
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level is F j .

2. Develop a preliminary design of the building to resist the forces computed in step 1, along

with dead and live loads specified by the code.

"3. By static structural analysis, compute lateral displacements Uj at all fioors due to the code

earthquake forces F j acting simultaneously at all the floor levels. This requires solution of

the static equilibrium equations

(11)

Normalize the computed displacements by dividing them by the top (Nth) floor displace-

ment:

(12)

The displacement at any other floor or any convenient reference value, such as the largest

of all floor displacements, may be used to normalize the computed displacements.

4. Compute the distribution of inertia forces associated with the deflected shape from step 3:

f j = mj Uj (13)

5. Compute lateral displacements ~j at all floors by static analysis of the building SUbjected

to forces f j applied simultaneously at all floor levels. Normalize the computed displace-

ments by dividing them by the top (Nth) floor displacement

(14)

6. Compare displacement vectors U (consisting of floor displacements Uj ) used in step 4 and

u (consisting of floor displacemen ts Uj) computed in step 5. If they do not agree to a

desired degree of accuracy, repeat steps 4 and 5 with previous values of Uj replaced by Uj

computed in step 5. After a few such iterative repetitions, the two vectors wiII agree to a

sufficient degree of accuracy. Then proceed to the next step.

7. The fundamental mode shape ,pI is given by the displacement vector u computed in the

final iteration cycle.
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8. Compute the fundamental frequency WI from

(15)

or preferably from the Rayleigh quotient for ,pI

(16)

At the expense of additional computational effort, the latter equation is more accurate and

is consistent with the usage for the second mode to be described later.

3.2.2 Second Mode

As is well known and described in text books [2,5J the Stodola method can be modified to

include a sweeping matrix to eliminate the first mode contribution in the deflected shape.

With this modiflcation introduced in each iteration cycle, the iterative process will converge to

the second mode, leading to its vibration properties in a manner analogous to that described

above for the fundamental mode. However, the contributions of the second vibration mode to

building response are relatively small compared to those of the fundamental mode. Thus, it .

seems unnecessary to compute the vibration properties of the second mode to a high degree of

accuracy. Therefore we avoid the Stodola method with iteration in computing the vibration

properties of the second mode. Instead we develop a simple procedure whIch directly --

without iteration-- provides a good approximation to the second vibration mode.

The deformation response u(t) of a multistory building with mass lumped at the floor

levels subjected to ground motion will be identical to the response of the structure on fixed

base subjected to external forces at each floor level equal to floor mass times the ground

acceleration, acting opposite to the sense of ground acceleration ([4], page 61). The ground

motion can therefore be replaced by effective forces -mi ag (t), j = 1,2, ... N. Expressed in vec-

tor form these effective forces are:

p( t ) = -m 1 ag ( t ) (17)
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where 1 is a vector with as many components as floor levels in the building, all equal to unity.

The vector -m 1 defines the spatial variation of the forces and the ground acceleration aq (t)

defines their time variation. The effective forces can be expressed in terms of their modal com-

ponents:

where

and the nth modal mass

N L
p( t ) = -m 1 ag (t ) = -ag (t) :E ~ m 4>n

n=1 n

N

L n = 4>nT m 1 = :E mi<Pin
i=1

(18)

(19)

(20)

Because of orthogonality properties of the modes, dynamic forces defined by the nth term in

the series of equation (18) cause response only in the nth mode and no other modes are

excited. In particular, having determined the exact frequency and shape of the fundamental

vibration mode, the response due to the fundamental mode accounts for the first term in the

series. The spatial variation of remainder of the effective forces

(21)

then provide an effective means to determine an approximation to W 2 and 4>2' the frequency

and shape of the second natural mode of vibration of the structure.

These approximate results ZJ2and 4;'2 can be determined by the following procedure:

1. By static structural analysis, compute lateral displacements Uri at all floors due to the

forces Pri defined by equation (21) acting simultaneously at all the floor levels. This

requires solution of the static equilibrium equations

k U r = Pr (22)
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2. Determine the approximate second mode shape ~ by normalizing the computed displace-

ments by dividing them by a convenient reference value, say the top floor displacement

UrN: Thus the modal displacement at the jth floor is given by

(23)

3. Compute the second mode frequency from the mode shape using the Rayleigh quotient

(24)

Two useful properties of the approximate frequency ZJ2 and mode '4:2 can be demonstrated

(Appendix A): Firstly, the approximate frequency ZJ2 is always larger than the exact value w2 •

Secondly, the approximate second mode shape '4:2 is orthogonal to the exact fundamental mode

shape q,1; and is a linear combination of the higher vibration modes q,2' q,3' ... q,N with this

combination dominated by the second mode.

The simplifled procedure presented to determine an approximation to the second natural

frequency and mode of vibration is closely related to the well known Rayleigh and Stodola

methods. Traditionally, the Rayleigh method is applied to determine the fundamental vibra- .

tion frequency from an assumed shape which is an approximation to the fundamental natural

mode of vibration. In contrast, the Rayleigh method has been utilized here to determine the

second natural frequency from an approximation q,2 to the second mode shape determined as

described above, an idea that has been mentioned earlier [2]. Alternatively, the simplified pro-

cedure may be viewed as a single iteration in the Stodola method to determine the second

mode with the starting vector equal to unit value at all fioors [2]. Both of these observations

are further discussed in Appendix A.

~

The simplified procedure described above to determine q,2 is similar (see Appendix A) to

the recent procedure to develop a series of Ritz vectors for dynamic analysis [15]. However,

the two procedures differ in the selection of the flrst vector. In this work it is selected as the

exact first mode shape but as the static deflected shape due to lateral forces equal to the floor
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masses in the Ritz method [15]. As a result, orthogonalization of the subsequent vectors

through the stiffness matrix, which requires solution of a reduced eigen-problem, necessary in

the Ritz Method is avoided in this work.

3.3 Simplified Response Spectrum Analysis

Procedures, which are conceptually simple and can be conveniently implemented on a

pocket calculator, to determine the first two natural frequencies and modes of vibration of a

building have been presented. Furthermore, as noted earlier the earthquake response of build-

ing frames over a useful range of periods can be estimated from the response spectrum for the

ground motion by considering only the first two modes of vibration; even the first mode alone

is sufficient in many cases. Combining these two ideas provides the basis for a simplified

response spectrum analysis (SRSA) method. This method is the same as the RSA method for

one or two modes presented in Section 3.1; wherein the vibration frequencies and modes are

computed by procedures presented in Section 3.2.

Because the second mode shape is not computed exactly, equation (6) provides only an

approximate relationship between lateral forces fi2 and displacements ";;i2' Thus the displace­

ments computed contain the approximations inherent in the mode shape. In fact, £2 and ~2 do

not satisfy the equilibrium equation

(25)

but instead they satisfy the quadratic form

(26)

a result of computing ~2 from equation (24).



4. EVALUATION OF THE SRSA METHOD

4.1 Systems Considered

The rectangular plane frames analyzed in this study are idealized as single- bay, moment-

resisting plane frames with constant story height = h, and bay width = 2h (Figure 5). Only

flexural deformations are considered in the members which are assumed to be prismatic. The

modulus of elasticity E is the same for all members but the moments of inertia of beams h

and columns I c --same for both columns in any story-- may vary over the height, as in cases 3

to 5 of Figure 5, with the ratio of the two same in all stories. The mass of the structure is

assumed to be concentrated at the floor levels and the rotational inertia is neglected. The

damping ratio for all the natural modes of vibration is assumed to be 5 percent.

Each building frame shown in Figure 5 is completely characterized by two additional

parameters: the period of the fundamental mode of vibration T 1 and a stiffness ratio p. The

latter was originally [3] defined as the ratio of the sum of the stiffness of all the beams at the

mid-height story of the frame to the summation of the stiffnesses of all the columns at the

same story, Le.

:B EIb /Lb
beam.

p = ---::"-----=-=,....-::--:B EIc /Lc
column.

For the one-bay frames considered in this study, this parameter reduces to

p = h /4 I c

and it has the same value for all stories.

(27)

(28)

This parameter is a measure of the relative beam-to-column stiffness and hence indicates

the degree of frame action. The extreme values of p, 0 and 00, represent the foHowing limiting

cases of a frame respectively: flexural beam with the beams imposing no restrain t to join t rota-

tions; and a shear beam in which the joint rotations are completely restrained and deforma-

tions occur only through double curvature bending of columns. An intermediate value of p
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FIGURE 5 Stiffness and mass characteristics for 5 one-bay frame cases. All frames have con-

stant story height h and bay width 2h.
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represents a frame in which beams and columns undergo bending deformations with joint rota­

tion.

The effective weights W; and W; for the first two vibration modes ([4], page 84),

expressed as fraction of the total weight of the building are presented in Table 1. Both exact

and approximate values, W; and W;, for the second mode are inclUded.

4.2 Earthquake Design Spectrum

All the building frames are analyzed for the earthquake input characterized by the

smooth design spectrum of Figure 6. This spectrum is developed by well established pro­

cedures [10] for excitations with maximum ground acceleration ag , velocity vg , and displace­

ment ug of 19, 48 in/sec, and 36 in, respectively. With this data and from the shape of the

design spectrum it is apparent that the maximum response of short period structures is con­

trolled by the ground acceleration, that of long-period structures by the ground displacement,

and that of medium period structures by the ground velocity [13,14]. Thus the spectrum can

be subdivided into acceleration-controlled or short-period, velocity-controlled or medium­

period, and displacement-controlled or long-period regions as shown in F'igure 6 [14].

Amplification factors for the acceleration-, velocity- and displacement-controlled regions were

taken from [10] for 84.1 percentile response and 5 percent damping ratio to consliruct the spec­

trum shown in Figure 6. It will be shown in later sections of this part of the study that the

quality of the results from the approximate methods of analysis can be correlated to the rela­

tive position of the fundamental period of the structure with respect to the different regions of

the spectrum just defined.

4.3 Vibration Frequencies and Mode Shapes

In the SRSA method, the natural frequency and shape of the fundamental mode of vibra­

tion are computed by the Stodola method. By performing a sufficient number of iterations,

these vibration properties can be computed almost exactly. On the other hand, no attempt is
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Table 1: Modal effective weights for different frame models.

'" ,...,

Frame W* W* W; W; + W;1 2

Case p - -W W W; W

0 0.6787 0.2063 1.0936 0.9043

1 0.125 0.7963 0.1175 1.2409 0.9422

00 0.8795 0.0872 1.2282 0.9866

0 0.6287 0.1930 1.0990 0.8408

2 0.125 0.7998 0.0918 1.3366 0.9225

00 0.8300 0.0915 1.3311 0.9518

0 0.6557 0.2034 1.1160 0.8827

3 0.125 0.7405 0.1420 1.2500 0.9180

00 0.8043 0.1213 1.3347 0.9665

0 0.5786 0.2468 1.1410 0.8602

4 0.125 0.7005 0.1654 1.2910 0.9141

00 0.8056 0.1343 1.2800 0.9775

0 0.4568 0.3621 1.0665 0.8430

5 0.125 0.5600 0.3122 1.0980 0.9028

00 0.6583 0.2983 1.0609 0.9728
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made in the SRSA method to exactly compute the natural vibration frequency and shape of

the second vibration mode. The approximate results obtained by this procedure are compared

in Figure 7 with the exact frequency and shape of the second vibration mode obtained by com­

puter analysis of the eigen-problem. Considering the simplicity of the SRSA procedure, the

quality of the approximate results is surprisingly good, which indicates that the SRSA pro­

ced ure should be very useful in practical application

4.4 Earthquake Responses

4.4.1 Overall and Local Response Quantities

The maximum response, computed by the RSA procedure --wherein the contribution of

all the natural vibration modes of the frame are included-- and by the SRSA procedure, is

plotted against the fundamental vibration period of the frame in the form of response spectra.

Such plots are presented in Figures 8 to 13 for the uniform five-story frame (Case 1) for three

values of p = 0, 0.125, and 00 and six response quantities: top fioor displacement uN, base

shear Va' base overturning moment M o, the largest moment Mb among all the beams, the larg­

est moment Me among all the columns, and the largest axial force Pc among all the columns.

The response quantities are presented in dimensionless form as defined in Figures 8 to 13,

where 'fig and ag are the maximum ground displacement and acceleration, respectively; W;

and h; are the effective weight and height, respectively, for the first vibration mode of the

building (Section 3.1, see also [4]). The values chosen to non-dimensionalize Va and Moare the

base shear and moment for a rigid single-degree-of-freedom system with lumped weight W;

and height h; .

It is obvious from Figures 8 to 13 that the responses of the uniform five-story frame

(Case 1) computed by the SRSA method are very close to those from the RSA method. For

purposes of evaluating the SRSA method, the response results obtained by the RSA are

treated as exact, because that is the best that can be expected from the SRSA method. As

discussed later the RSA results themselves contain errors in the sense that they are not
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identical to the exact, response history analysis results. The percentage error, deflned as the

difference in the responses computed by the two methods and divided by the RSA response

value, is presented in Figures 14 to 19, along with similar results for the other cases presented

in Figure 5. Positive error indicates that the response computed by the SRSA method exceeds

that computed by the RSA method.

Figures 14 to 19 lead to the following observations: The errors in the SRSA results tend

to increase with increasing fundamental vibration period T l' and with decreasing stiffness ratio

p. This increase in error is closely related to the contributions of the vibration modes higher

than the fundamental mode, which as shown in Part I and in [ll], increase with increase in T 1

and decrease in p. The errors in the SRSA results tend to be larger in buildings with non uni­

form variation of mass or stiffness or both over height (Cases 3, 4, and 5) compared to uniform

buildings (Cases 1 and 2). As indicated by comparison of Cases 1 and 2, the errors in the

SRSA results tend to be larger for the taller buildings. While the errors in the SRSA results

depend on the response quantity and on the height-wise distribution of the mass and stiffness

and on the height of the frame, the errors are all below about 5 percent for frames with funda­

mental vibration period T 1 shorter than about 4 seconds, the value corresponding to the end

of the velocity-controlled region on the response spectrum (Figure 6). However, the errors can

increase to more than 20 percent for T 1 around 10 seconds (Fig.ure 15) but for most cases and

response quantities they are less than 5 percent even at this very long period. Among the

overall response quantities, the largest errors occur in the base shear values, with much smaller

errors in the base overturning moment, and almost no errors in the top floor displacement.

Among the local response quantities, the errors in the column axial forces are very small; the

larger errors in column moments and beam moments are similar in magnitude but are smaller

than in base shear.

The SRSA method may lead to responses smaller or larger than those from the RSA

method, depending on T l' p, and the response quantity. This behavior is related to the rela­

tive importance of the modes higher than the second mode which are not considered in the



p=o CASE NO.
I

--- 2
I- ---- 3

------.- 4
_.-._. 5

I-

P =0.125
-

.----

I-

P =etJ
~

.

l-

I I I

20

10

0

-10

-20

."
l;::s

d /0.-
~

0
~
~

~ 0
CD
bIl
td.....
d
CD -10u
~

CD
l:l..

-20

10

0

-10

-20
0.1

122

Fundamental Period T h sees.
10

FIGURE 14 Percentage error in top-story displacements computed by simplified response spec-

trum analysis (SRSA) method, relative to response spectrum analysis (RSA) results, for 5

frame cases.



123

20
p=O

10

...-----. .... \

_--:::r"'--'- -- ,
0 ~--

-10 2

-20
P =0.125

0

I~

s:: \0.-
I-<

oo'!!-'"0
I-< .. --:,..--::-";; ~
I-< -_ ... -:::::==:==...--~----
~ 0 '\I
d)

~, ""-bI)
~ '~, /1 ,2....s:: '\', 4d) -\0 ,,'u
I-< '\"d)

---5~ ,
" :3-20

P=c()
.4

10 ..
,'~ 3,,,.

~~... I
...-~i::~---~ ~1/J-5

0 "".".---::::'" - "2

-10

-20
0.1 10

Fundamental Period Tt, sees.

FIGURE 15 Percentage error in base shear computed by SRSA method, relative to RSA

results, for 5 frame cases.



124

p=o
~

4 CASE 1,2
.. ..,...1.-0:-.._=c:c-- ~ ~..: ......... /3..~:"

~~--5

I-

P =0.125
I-

5

- --- ----- --_...... "..

--~~: 2
I 4

'3

~

P = c£)

~

CASE I TO 5

\

-
I I I

20

10

0

-10

-20
0

I~
d 10.-
l-<
0
l-<
l-<
~ 0Q)
Of)
C\j.....
d
Q)

-10Co)
l-<
Q)

~

-20

10

o

-10

-20
0.1

Fundamental Period TI, sees.
10

FIGURE 16 Percentage error in base overturning moment computed by SRSA method, relative

to RSA results, for 5 frame cases.



125

P =0./25
~

4
5 ..'

2 _~
--~-r-/ "-;"3- --

j--7
CASE I

~

P=a:J
~

3
2 ....··>4

~~-... /5
_~.-:'::__~...... ..uf...........-

I

---

J I I

-20

10

o
l:i
l:l.-
I-< -10o

JS
~ -20
~....
l:l
CI.>

~
CI.> 10

I:l-.

o

-10

-20
0.1

Fundamental Period TI, sees.
10

FIGURE 17 Percentage error in maximum beam moment computed by SRSA method, relative

to RSA results, for 5 frame cases.



126

20
p=O

10 ~
CASE 1,2

.....,.~_ / 3

0 ._.:C-" .-.; ......... /.
·~~_5
4 ...•

-10 0-

-20

I~"
P =0.125

~ 10 ~.-
I-;

0
..-.~.3I.. 2I-;

I-; _ ...~.~ ~ 4
~ 0 -_._---_.-~ ~'- \
Q)

~~ ::1'~OIl 1
t':l

~':"5.....
~ 3 ...Q)
u -10 ~I-;
Q)

l:l-t

-20
P =CO

.4
10 ~

,
,' .... 3

..,;:~.... I
...... ,;~~ 5

0
~:::;~z:::~- ~.-

-to 0-

-20 I I I
0.1 I 10

Fundamental Period Tb sees.

FIGURE 18 Percentage error in maximum column moment computed by SRSA method, rela-

tive to RSA results, for 5 frame cases.



127

-20

10

I~
0

~.-
1-;

0 -\01-;
1-;

~
Q)
bO
d -20.....
~
Q)
u
1-;
Q)

Q.; 10

o

-10

-20

P =0.125
l-

CASE I

\ 2,3,4
/

----...
5

I-

P=CO
I-

1~/2
--,. ......_- ......... 3

5

I-

J I J

0.1
Fundamental Period Tl, sees.

/0

FIGURE 19 Percentage error in maximum column axial force computed by SRSA method,

relative to RSA results, for 5 frame cases.



128

SRSA method and to the nature of the approximation introduced in the computation of

second mode response by the SRSA method. For example, if the stiffness ratio p is small, the

SRSA method overestimates the base shear value for frames with shorter vibration periods but

underestimates it for frames with long vibration periods. As seen in Figure 2, the response of

the uniform 5-story frame computed by response history analysis including the contribution of

the first two vibration modes is essentially equal to the response considering all the five modes

if the fundamental vibration period T 1 is within the acceleration-controlled region of the spec­

trum, because the contributions of the 3rd, 4th and 5th modes are very small. On the other

hand, as T 1 increases the contributions of these higher modes become increasingly significant

and the two-mode response is smaller than the five-mode response. Because the SRSA method

overestimates the effective weight W; of the second mode (Table 1) and underestimates the

vibration period T 2 (because it overestimates the frequency w2 , Figure 7), which for the

selected response spectrum leads to a larger spectral ordinate, the contribution of the second

mode as computed by the SRSA method tends to be larger than in the RSA method. Thus

the SRSA method will overestimate the response if it is essentially given by the combination of

the first two modes, which is the case for shorter T 1; but will tend to underestimate the

response at longer periods where it ignores the significant higher mode contributions although

this is partially compensated by overestimation of the second mode response.

Thus, the SRSA method, considering the contributions of the first two vibration modes,

provides overall and local response values that are within five percent of the RSA values for all

the frame cases studied (Figure 5), over the entire range of p, provided the fundamental period

T 1 is below the end of the velocity-controlled region of the spectrum. If T 1 is within the

acceleration-controlled region of the spectrum, only the fundamental vibration mode needs to

be considered in the SRSA method.
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4.4-2 Height-wise Distribution of Story Shears and Overturning Moments

The height-wise variation of story shears and story moments computed by the RSA and

SRSA methods is presented in Figures 20 to 23 for the uniform 5-story frame (Case 1). In a

lumped mass system, such as the frames considered here, the shear remains constant in each

story with discontinuities at each floor. However, such a plot would not be convenient in

displaying the differences among various cases and the alternative presentation with shears

varying linearly over story height is used. Results are presented for four values of T l' chosen

to be representative of the different period regions of the response spectrum. The height-wise

variation is presented in two forms: actual values, (Figures 20 and 22) and the ratio of story

shears (and moments) to base shear (and moment) (Figures 21 and 23). The percentage error

in the results computed by the SRSA method, defined in the same manner as for the overall

and local response quantities is presented in Tables 2 to 7 for all the frame cases (Figure 5).

Consistent with the earlier observations from errors in overall and local response quantities

computed by the SRSA method, the errors in the story shears and moments also tend to

increase with increasing fundamental vibration period T 1 and with decreasing p; and are larger

for the taller frames and for frames with non-uniform distribution of mass, stiffness, or both,

over height. The magnitudes of errors vary over the height of the frame, being larger in the

upper stories where the contributions of the higher vibration modes are shown to be more

significant (see Part I, also [6,8,11]).

However, even for the frame with highly-irregular mass and stiffness distributions over

the height (Case 5) and for the taller frame (Case 2), the errors are within 10 percent provided

the fundamental vibration period T 1 is below the midpoint of the velocity controlled region of

the spectrum (on a logarithmic scale), which is 1.6 sec. for the spectrum of Figure 6. The

response of the 5-story frame with uniform distributions of mass and stiffness (Case 1) is accu­

rate over a wider range of T l' up to the end of the velocity controlled region of the spectrum

(Tables 2 to 7). Therefore, the errors in the height-wise distribution of story shears and

moments impose a stricter limit on the range of fundamental periods in which the SRSA
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Table 2: Percentage error in story shears

computed by the simplified response spectrum analysis (SRSA) method,

with respect to response spectrum analysis (RSA) results. p=O

Frame Story T 1 = 0.22 T 1 = 1.27 T 1 = 4.11 T 1 = 10.0Case

1 0.03 1.96 2.24 -15.63

2 0.03 0.78 2.65 -0.47

1 3 -0.07 -0.54 -11.71 -59.05

4 -0.02 0.36 -0.98 -28.20

5 -0.18 -0.77 -6.44 -26.20

1 O. 2.10 2.30 -18.20

5 O. 1.70 3.40 -7.40

2 10 -0.10 -0.50 -10.80 -58.20

15 O. 0.50 1.30 -11.30

20 -1.00 -3.40 -15.40 -48.30

1 0.03 2.35 3.16 -25.13

2 0.04 1.29 5.20 -5.99

3 3 -0.07 -0.65 -9.82 -53.68

4 -0.05 0.21 -5.64 -48.86

5 -0.15 -0.69 -4.29 -27.97

1 0.10 3.94 0.84 -26.90

2 0.07 1.78 4.86 -7.55

4 3 -0.17 -1.95 -24.14 -73.05

4 -0.03 1.04 -3.69 -36.91

5 -0.51 -2.66 -11.43 -36.85

1 0.11 3.38 -3.06 -27.44

2 0.03 1.64 0.36 -14.69

5 3 -0.20 -2.59 -29.43 -78.35

4 -0.06 0.39 -8.42 -44.13

5 -0.46 -2.78 -14.00 -38.14
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Table 3: Percentage error in story shears

computed by the SRSA method, with respect to RSA results. p = 0.125

Frame Story T 1 = 0.22 T 1 = 1.27 T 1 = 4.11 T 1 = 10.0Case

1 0.06 1.12 -0.74 -12.82

2 O. 0.13 -0.36 -14.94

1 3 -0.02 -0.56 -7.21 -35.76

4 0.02 0.89 0.77 -15.35

5 -0.33 -3.77 -16.47 -31.77

1 0.10 1.30 1.30 -5.80

5 O. 0.10 O. -7.60

2 10 O. 0.30 -1.70 -13.70

15 -0.10 -0.10 -1.40 -10.40

20 -1.00 -10.70 -39.90 -67.10

1 0.14 1.82 -3.52 -20.03

2 0.03 0.76 0.36 -17.40

3 3 -0.06 -1.13 -10.76 -48.13

4 0.03 0.58 -5.03 -26.83

5 -0.28 -2.59 -12.98 -21.48

1 0.32 3.03 -3.32 -12.66

2 O. 0.25 -1.94 -18.78

4 3 -0.03 -1.41 -13.49 -43.41

4 -0.10 1.70 -1.85 -16.28

5 -1.01 -7.74 -24.75 -33.73

1 0.73 3.50 -4.47 -14.27

2 -0.04 -0.16 -6.80 -20.89

5 3 0.03 -0.72 -10.12 -32.80

4 0.04 0.46 -4.28 -18.18

5 -0.78 -5.75 -20.74 -31.47
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Table 4: Percentage error in story shears

computed by the SRSA Method, with respect to RSA results. p = 00.

Frame Story T 1 = 0.22 T 1 = 1.27 T 1 = 4.11 T 1 = 10.0Case

1 0.05 0.70 1.54 6.05

2 -0.01 -0.25 -1.28 -6.76

1 3 0.03 0.32 -0.17 -0.82

4 -0.02 0.12 0.53 1.25

5 -0.34 -4.00 -11.96 -20.41

1 0.10 1.20 2.00 3.60

5 O. -0.10 -0.80 -7.20

2 10 O. 0.40 -0.50 -5.30

15 -0.10 -0.40 -1.80 -7.00

20 -0.80 -9.40 -34.10 -57.80

1 0.22 2.27 3.08 9.18

2 -0.01 -0.02 -1.03 -5.23

3 3 -0.01 -0.55 -3.86 -17.38

4 0.12 1.18 -0.20 0.50

5 -0.43 -2.81 -5.52 -9.32

1 0.26 2.31 3.26 12.03

2 -0.06 -0.73 -2.19 -10.25

4 3 0.12 0.75 -0.57 -1.35

4 -0.03 0.50 0.93 4.59

5 -1.40 -8.69 -16.20 -21.77

1 0.43 2.36 2.24 3.86

2 -0.26 -2.10 -6.18 -17.59

5 3 0.14 0.82 0.33 0.08

4 -0.11 -0.35 -0.54 -0.87

5 -0.73 -4.06 -8.56 -16.70
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Table 5: Percentage error in story overturning moments

computed by the SRSA method, with respect to RSA results. p = o.

Frame Story T j = 0.22 T j = 1.27 T j = 4.11 T j = 10.0Case

1 0.01 0.18 1.12 -1.77

2 O. -0.01 -0.32 -9.59

1 3 0.01 0.22 1.09 -4.69

4 0.01 0.42 1.33 0.18

5 -0.18 -0.77 -6.44 -26.20

1 O. 0.20 1.20 -2.00

5 O. O. -0.20 -7.70

2 10 O. 0.40 2.10 3.20

15 O. O. -2.30 -14.00

20 -1.00 -3.40 -15.40 -48.30

1 0.01 0.30 2.12 -5.01

2 O. O. -0.10 -7.13

3 3 O. 0.17 0.57 -17.66

4 0.03 0.66 4.04 1.93

5 -0.15 -0.69 -4.29 -27.97

1 0.02 0.64 2.75 -5.86

2 -0.01 -0.06 -1.14 -20.97

4 3 0.02 0.58 1.70 -12.84

4 0.05 1.14 4.04 -1.75

5 -0.51 -2.66 -11.43 -36.89

1 0.04 1.04 2.20 -3.78

2 -0.01 -0.08 -2.19 -27.54

5 3 0.01 0.47 -0.22 -12.79

4 -0.01 0.40 0.78 -4.85

5 -0.46 -2.78 -14.00 -38.14
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Table 6: Percentage Error in story overturning moments

computed by the SRSA Method, with respect to RSA results. p = 0.125.

Frame Story T 1 = 0.22 T 1 = 1.27 T 1 = 4.11 T 1 = 10.0Case

1 O. -0.04 -0.40 -3.15

2 0.01 0.16 0.63 1.30

1 3 0.03 0.75 3.17 0.03

4 -0.01 0.40 1.20 0.03

5 -0.33 -3.77 -16.47 -31.77

1 O. O. -0.10 -0.80

5 O. 0.40 1.40 5.50

2 10 O. 0.80 3.00 7.30

15 -0.20 -2.30 -7.80 -16.60

20 -1.00 -10.70 -34.20 -67.10

1 O. 0.05 -0.22 -2.34

2 O. 0.04 -0.09 -3.46

3 3 0.04 0.66 1.57 3.45

4 0.04 1.19 3.62 4.62

5 -0.28 -2.59 -12.98 -21.68

1 0.01 0.03 -0.53 -3.44

2 0.02 0.24 0.20 -1.45

4 3 0.11 1.76 4.39 10.21

4 -0.01 1.06 1.68 1.22

5 -1.01 -7.74 -24.75 -33.73

1 0.05 0.54 0.54 1.59

2 -0.01 -0.15 -2.20 -19.12

5 3 0.09 1.00 1.95 5.03

4 -0.10 -0.34 -1.78 -2.80

5 -0.78 -5.75 -20.74 -31.47
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Table 7: Percentage error in story overturning moments

computed by the SRSA method, with respect to RSA results. p = 00.

Frame Story T 1 = 0.22 T 1 = 1.27 T 1 = 4.11 Tj=lO.OCase

1 O. O. 0.01 0.07

2 0.02 0.30 OJl5 4.22

1 3 0.01 0.12 1.62 5.06

4 -0.09 -0.75 ~1.60 -3.58

5 ~0.34 -4.00 -11.96 ~20.41

1 O. O. O. 0.20

5 O. 0.40 1.60 6.40

2 10 O. 0.60 2.40 6.00

15 -0.20 ~2.50 ~g.OO -16.30

20 -0.80 -9.10 -34.10 -57.80

1 O. O. ~0.01 -0.04

2 0.02 0.26 0.12 2.16

3 3 0.09 1.12 2.46 g.ll

4 0.06 1.26 3.38 8.34

5 -0.43 -2.81 -5.52 -9.32

1 O. -0.02 -0.03 -0.14

2 0.07 0.74 1.36 6.98

4 3 0.10 1.38 3.10 11.11

4 -0.29 -1.17 -1.07 0.65

5 -1.40 -8.69 -16.20 -21.77

1 0.01 0.06 0.02 0.02

2 0.03 0.10 -0.58 -3.27

5 3 -0.01 0.21 0.54 1.88

4 -0.28 -1.27 -1.89 -3.74

5 -0.73 -4.06 -8.59 -16.70
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method considering the first two modes contributions will provide satisfactory results than the

limit obtained from the errors in the overall and local response quantities.

4.4.8 Extrapolation of Observations on S'RSA Method

The simplified response spectrum analysis (SRSA) procedure includes the con tribu tions of

only the first two vibration modes of the structure, whereas all the modes can be recognized in

response spectrum analysis (RSA). In particular, the effective weight of the building frame

included in computing the base shear by the SRSA method is only a portion of the total

weight of the building, whereas the entire weight is accounted for when all the vibration

modes are included in the RSA method. The effective weights W; and W; for the first two

modes and the combined value computed in the SRSA method depend on the vibration mode

shapes and therefore on p. On the other hand, the significance of the contributions of the

higher vibration modes vary with the fundamental vibration period T 1 in addition to their

dependence on p. Thus it would seem that the effective weight included in the SRSA method

would provide an indication of the accuracy of the responses computed by the method, but

only a partial indication because the additional dependence of higher mode contributions on

T 1 Is not recognized in the effective weight values. This expectation is confirmed by compar­

ing the effective weight values presented in Table 1 with the errors in responses computed by

the SRSA procedure presented in Figures 14 to 19 and Tables 2 to 7. In general, the larger

the portion of the effective weight considered, the smaller the errors in the SRSA results. The

aforementioned observations regarding the accuracy of the SRSA results, which were based on

results for the five frame cases of Figure 5, may therefore be extrapolated to other frames with

different number of stories or dissimilar variation of mass and stiffness over height. This seems

reasonable provided the total effective weight included in the SRSA method exceeds 85 percent

of the total weight, a value exceeded in all the cases and p values considered in this study.
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4.4.4 Fundamental Mode Analysis

As shown in Figure 3, for buildings with fundamental vibration period T 1 within the

acceleration-con trolled region of the earthquake response spectrum, the fundamental mode

alone provides essentially the same results as those obtained by including all the modes in the

RSA method. Thus, in this range of vibration periods, only the first mode needs to be con­

sidered in the SRSA method. In order to ensure that the errors in the results from one-mode

analysis are within reasonable limits it is recommended that t,his simplification may be

employed only if the effective weight in the fundamental vibration mode of the building

exceeds 75 percent of the total weight (Appendix B).



5. HIERARCHY OF ANALYSIS PROCEDURES

5.1 Analysis Procedures

With the development of the simplified response spectrum analysis (SRSA), four analysis

procedures to determine the earthquake forces are available to the building designer. Listed in

order of increasing complexity these procedures are:

• Code-type Procedure, such as the lateral forces specified in the building codes [9,12], the

equivalent lateral force procedure developed in the ATC-3 design provisions [1], or the

improved code-type analysis procedure developed in Part III of this Report.

• SRSA --Simplified Response Spectrum Analysis.

• RSA --Response Spectrum Analysis [4J.

• RHA --Response History Analysis [4].

With the increasing complexity in these analysis procedures comes improved accuracy in

the analysis of the structure. The computation of base shear in the Uniform Building Code

(UBe) uses a fundamental vibration period obtained from an empirical formula based on·

overall building dimensions. Except for the additional force Ft assigned to the top of the

building the UBC lateral forces are distributed over the height of the building under the

assumption of linearly varying fioor displacements in the fundamental mode shape [4]. Assign­

ment of an additional force F t at the top of the building is intended by the code to roughly

and implicitly account for the contributions of the higher vibration modes to building

response. The SRSA method will obviously lead to better values of base shear, lateral forces

and member forces because it is based on exact analysis of the fundamental mode period and

shape, and the contribution of the second vibration mode to building response is explicitly

computed from a very good approximation to the frequency and shape of this mode. The RSA

method will obviously lead to even improved accuracy in the computed earthquake forces

beca,use the period, shape, and earthquake response in each of the modes are analyzed exactly.

142
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As demonstrated in the preceding section, this improvement over the SRSA method is of little

consequence if only two vibration modes provide a sufficiently accurate description of the

response, but becomes substantial if the higher modes contribute significantly to building

response. Finally, response history analysis (RHA) provides exact response of the idealized

building because it avoids the errors in the RSA method arising from combining the modal

maxima without the benefit of knowing the time-variation of the modal responses. These

errors, which were examined in Section 2, would exist no matter which of the available combi­

nation rules, SRSS (equation (8) with all modal terms), or CQC [7J are used; because for the

frames with well-separated vibration periods considered herein the two combinations rules lead

to essen tially identical results.

Because the four analysis procedures listed earlier in increasing order of complexity pro­

vide increasingly accurate results for the structure, they should be considered in sequence,

proceeding no farther than the least complex method that leads to sufficiently accurate results.

What remains to be developed are the criteria for transition from one procedure to the next.

5.2 Transition from Code Analysis to SRSA Method

Initially, before the building has been designed only the code-type analysis procedures can

be used to compute the earthquake forces, because the other three analysis procedures men­

tioned above require building properties that are not available at this stage of design. Because

the code-type analysis procedures are based on an assumed shape for the fundamental mode

and implicit, indirect recognition of the higher vibration mode can tribu tions, they may not

always provide sufficiently accurate results. Thus, a procedure should be developed to evalu­

ate the quality of the results from a code analysis and, if necessary, to improve the results by

proceeding to the SRSA method, which is next in the hierarchy of analysis procedures.

One such procedure, which was included in the seismic provisions prepared by ATC-3,

the Applied Technology Council [1], is quoted with minor editorial changes:
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1. Compute lateral forces and story shears using the code procedure.

2. Approximately dimension structural members.

3. Compute lateral displacements of the structure, as designed in step 2, due to lateral forces

from step 1.

4. Compute a new set of lateral forces, with the base shear from step 1 distributed in accor­

dance with the displacements computed in step 3; in computing the lateral force at a.ny

floor this involves replacing the story height in the UBC or story height to the power k in

the ATC-3 equivalent lateral forces formulas by the displacement at the particular floor

computed in step 3. Compute the story shears from this new set of lateral forces.

5. If at any story the shear computed in step 4 differs from that computed in step 1 by more

than 30 percent the structure should be reanalyzed using response spectrum analysis (RSA)

procedure. If the difference is less than this value the RSA procedure is unnecessary, and

the structure should be designed using the story shears obtained in step 4; they represent

an improvement over the results of step 1.

In evaluating the effectiveness of this method, we will focus our attention on the underly-.

ing concepts; whether the 30 percent limit in step 4 is appropriate is of secondary concern

because it can be modified if necessary, provided the basic procedure is conceptually correct.

Steps 3 and 4 of this method are equivalent to one cycle in an iterative procedure, based on

the Stodola method, for calculating the fundamental mode of vibration. Thus, the lateral dis­

placements computed in step 3 represent an improved shape for the fundamental vibration

mode compared to that implied in the code formula for lateral forces, e.g. the linear shape

implied in the UBC formula. Thus, the method described above will provide an improved

approximation to the lateral forces associated with the fundamental mode of vibration, but it

does not consider the contribution of the higher modes of vibration.

This expectation is confirmed by the results presented in Tables 8 to 10, wherein for each

selected structure the percentage difference in story shear values computed in steps 1 and 4 of

the procedure described above --starting from the equivalent lateral forces distribution
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provided by the ATC-3 design provisions-- are presented, along with the percentage error in

the story shear from step 4 relative to the value computed from the response spectrum

analysis (RSA) method. Each table, corresponding to a particular value of p contains results

for four fundamental periods selected to be representative of different regions of the response

spectra for all the five stories of buildings of cases 1, 3, 4, and 5 and for five selected stories of

the 20-story building of case 2 (Figure 5).

These results lead to the following observations: For short-period buildings (T 1 = 0.15 or

0.48 sees., Le. within the acceleration-controlled region of the spectrum), whose response is

almost entirely due to the fundamental mode of vibration, the equivalent lateral force (ELF)

procedure of ATC-3 provisions [1] or UBC [9] provides very accurate results if the implied

linear shape of the fundamental vibration mode is an excellent approximation to the actual

shape of the fundamental mode (e.g. Case 1, p = 0.125, Table g); the results are in consider­

able error if the fundamental mode shape is much different (e.g. Case 5, p = 0, Table 8) but in

these cases the results from step 4 of the above-described procedure are very close to the RSA

values. For long-period buildings (T 1 = 1.55 or 5.0 sec., Le. within the velocity- or

displacement-controlled regions of the response spectrum) whose response contains significant

contributions from the higher modes of vibration, the results from step 4 of the above­

described procedure may be only slightly different than those from the ELF procedure (e.g.

Case 5, p = 0, T 1 = 5.0 sec., Table 8) indicating that the latter provided a good approxima­

tion to the fundamental mode response; but because the higher-mode contributions are not

reflected in the step 4 results, they may contain large errors, exceeding 100 percent in the

selected example.

It is therefore concluded that the preceding procedure from ATC-3 provisions is effective

in identifying the errors in the ELF procedure and providing an improved set of design forces

only if the building response is almost entirely due to the fundamental mode of vibration. For

such cases, any large differences in the story shears computed in steps 1 and 4 simply indicate

that the first mode response was not well represented by the code formulas, but they provide



Table 8: Percentage difference in story shears values computed in steps 1 and 4 of the ATC-3 procedure

and percentage error in the step 4 value; p = o.

T j ~= 0.15 T j = 0.48 T, = 1.55 T j = 5.0

Step -1 .. USA

RSA

Step -1 - Step 1

Step 1

Step -1 .. nSA

HSA

Step -1 .. Step 1

Step 1

Step 4·· nSA

RSA

Step -1 - Step 1

Step 1

Step -1 - RSA

HSA

Step -1 - Step 1

Step 1

StoryFrame
Case

I

2

3

4

5

O.

4.4

10.4

16.4

21.8

O.

0.3

0.6

0.3

-1.0

O.

4.4

10.4

16.4

21.8

O.

0.5

1.0

07

-1.3

O.

1.0

2.0

2.5

2.1

O.

7.3

I 1l.1l

15.5

-8.7

O.

-0.7

-2.6

-5.1l

-10.0

O.

28.2

11-1.5

65.0

-lll.4

2

3

I

5

10

15

20

I

2

3

-1

5

O.

3.4

11.2

Ill.1

25.7

O.

4.7

11.6

Ill. I

26.3

O.

0.3

0.6

0.1

-2.11
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Table Q: Percentage difference in story shears values computed in steps 1 and 4 of the ATC-3 procedure

and percentage error in the step 4 value; p = 0.125.

T, = 0.15 T, = 0.48 T, ~= 1.55 T, = 5.0
Frame Story
Case Step 4 - Step 1 Step 4 - HSA Step 4 - Step 1 Step 4- RSA Step 4· Step 1 St.ep 4·· nSA St.ep 4 ... St.ep 1 Step 4·· RSA

Step 1 HSA Step 1 RSA Step 1 RSA Step 1 RSA

1 O. O. O. O. O. O. O. O.

2 2.2 0.1 2.2 0.5 -1.1 1.3 -2.6 10.11

1 3 2.8 0.2 2.8 0.8 -1.5 5.8 -8.6 1'1.0

1 1.3 -0.1 1.3 -0.5 -10.1 -1.1 -16.11 -0.8

5 -2.2 -0.11 -2.2 -3.5 -17.0 -18.1 -26.3 -10.3

1 O. O. O. O. O. O. O. O.

5 0.1 0.2 0.4 0.5 -2.1 2.7 -3.0 10.2

2 10 -1.8 0.5 -1.8 0.8 -0.1 3.3 -13.0 7.1

15 -7.0 0.5 -7.0 -1.1 -18.8 -7.4 -25.11 -16.2

20 -15.0 1.1 -15.0 -1.2 -30.2 -25.5 -30.6 -61.0

1 O. O. O. O. O. o. O. O.

2 3.2 0.1 3.2 0.7 -0.1 5.3 -1.6 21.8

3 3 6.3 O. 6.3 1.3 -1.3 11.6 -5.4 22.6

4 8.3 -0.7 8.3 -0.1 -3.7 3.7 -11.0 8.11

5 8.1 -1.11 8.4 -5.1 -7.8 -17.0 -17.8 -27.11

1 O. O. O. O. O. O. O. O.

2 4.11 0.2 4.0 1.6 -0.6 10.5 -3.3 20.6

4 3 82 -0.1 8.2 2.1 -3.5 13.8 -10.1 24.3

4 87 -1.1 8.7 -2.0 -8.4 -2.1 -18.5 0.1

5 6.'1 -3.6 6.4 -10.6 -11.11 -211.1 -27.7 -42.8

1 O. O. O. O. O. O. O. O.

2 7.3 1.1 7.3 5.7 0.5 21.2 -2.11 28.11

5 3 20.11 0.3 20.0 10.1 2.1J 56.1 -7.3 83.11

4 24.7 -1.8 24.7 4.3 2.0 30.6 -11.0 10.5

5 21.5 -1.6 2-1.5 -3.7 -2.3 1.6 -17.11 -0.7

,....
....
~



Table 10: Percentage difference in story shears values computed in steps 1 and 4 of the ATC-3 piocedure

and percentage error in the step 4 value; p = 00.

T, = 0.15 T, =·0.48 1\ ~~ 1.55 T, ".05.0

Frame I I
Case Story Step ·1 - Step 1 Step 4 - RSA St.ep 4 .- Step 1 Step 4 _. [{SA Step 4 - Step 1 Step 4 - RSA Step 4·· Step 1 Step 4- RSA

Step 1 RSA Step 1 {{SA Step 1 RSA Step 1 [{SA

O. O. D. D. D. D. D. O.

2 -1.3 0.3 -1.3 0.7 -4.3 2.8 -5.6 5.7

3 -3.9 0.7 -3.9 0.8 -10.5 2.3 -14.1 2.7

4 -7.9 0.9 -7.9 -0.2 -17.8 -3.9 -23.8 -9.7

5 -13.2 0.9 -13.2 -2.1 -25.9 -137 -33.8 -30.7

O. D. O. D. D. D. D. D.

5 -1.0 0.3 -1.0 0.6 -3.3 3.0 -4.3 83

2 I 10 -4.3 0.7 -4.3 D.1l -11.3 2.7 -15.1 4.4

15 -10.0 0.9 -10.0 -0.9 -21.4 -7.6 -28.2 -17 ..~

20 -18.1 0.3 -18.1 -3.4 -32.7 -2:J.9 -41.7 -55.5 I .......,.
I ao

O. d. D. O. O. O. D. D.

2 0.8 0.1 0.6 0.7 -2.4 4.0 -3.8 7.2

3 I 3 1.3 0.1 1.3 1.0 -5.5 6.2 -9.3 8.8

4 1.5 -0.3 1.5 -0.5 -9.1 0.1 -15.5 -0.9

5 0.5 -1.1 0.5 -5.3 -13.6 -17.5 -22.5 -25.3

O. O. O. o. O. o. O. D.

2 -0.1 0.5 -0.1 1.1 -5.0 7.1 -7.3 10.3

4 I 3 -1.2 0.7 -1.2 1.:J -11.1 5.8 -16.7 71

4 -3.8 0.2 -3.8 -2.0 -17.9 -7.8 -26.3 -9.7

5 -8.1 -1.2 -8.1 -8.1 -25.3 -:J6.4 -35.7 -36.3

O. O. O. O. O. O. O. O.

2 I..~ 1.4 1.5 5.5 -4.2 203 -7.0 22.1

5 I 3 10.7 -0.5 10.7 4.1 -4.1 25.9 -12.6 :l7.8

4 10.3 -2.3 10.3 -0.3 -8.1 12.1 -HU, 19.7

5 6 .) -3.7 n.:J -'1.2 -15.0 0.3 -27.6 0.3
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no insight into the significance of higher mode contributions. Thus, it is inappropriate to use

the differences between results of steps 1 and 4 as a basis for deciding whether the structure

should be reanalyzed by the RSA method, which better accounts for higher mode contribu­

tions.

In light of these comments, the preceding procedure from ATC-3 provisions should be

modified as follows to evaluate the quality of results from a code-type analysis and to identify

the need to employ the SRSA method, which is next in the hierarchy of analysis procedures:

1. Estimate the fundamental vibration period T I of the building. If T I is within the

acceleration-controlled region of the earthquake design spectrum, proceed to the next step;

otherwise the higher mode effects may be significant and analyze the structure by the

SRSA method.

2. Compute the effective weight W; for the approximation to the fundamental mode of vibra­

tion of the building implicit in the lateral force distribution specified by t,he building code.

If W; exceeds 75 percent of the total weight of the building (Section 4.4.4), proceed to the

next step; otherwise the higher mode effects may be significant and analyze the structure

by the SRSA method.

3. If T I is within the acceleration-controlled region of the earthquake design spectrum and the

effective weight W; exceeds 75 percent of the total weight, use the preceding ATC-3 pro­

cedure, with one change: The 30 percent limit in step 4 should be deleted as a condition for

requiring reanalysis by the RSA method, but an appropriate practical limit may be intro­

duced t,o decide if the changes in the story shears from steps 1 and 4 make it necessary to

re-dimension the structural members.

5.3 Transition from SRSA to RSA Method

Based on the preceding results and their interpretation, the SRSA method would provide

a sufficiently accurate estimate of building response for purposes of its design provided two

conditions are satisfied: Firstly, the fundamental vibration period T I of the building is below
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the midpoint of the velocity-controlled region of the spectrum. This acceptable region may be

extended to the end of the velocity-controlled region of the spectrum for buildings with a large

p value, resulting in close to shear beam behavior. Secondly, the effective weights W; and W;
for the first two vibration modes combine to account for more than 85 percent of the total

wei!~ht of the building. Thus, if either of these two requirements are not satisfied, a response

spectrum analysis (RSA) of the building should be performed before its design is finalized.

5.4 Transition from RSA to RHA Method

As seen earlier the errors in results of a response spectrum analysis (RSA) tend to

increase with the fundamental vibration period T 1 of the building, reaching as much as 15 per­

cent for uniform 5-story buildings with T 1 at the end of the velocity con trolled region of the

selected spectrum. Thus, it may be necessary to go beyond the RSA method to response his­

tory analysis of earthquake forces for tall buildings with fundamental period in the

displacement-controlled region of the spectrum, T 1 exceeding 4 seconds for the earthquakes

considered here, and for buildings with unusual distributions of mass and stiffness over height,

for which sufficient experience or rational basis is not readily available to predict the accuracy

of the RSA method. In some cases, such as a soft~first story building, although the stiffness of

the soft story is much less than the stiffnesses of the other stories, the RSA method may still

be good enough because the response of such building is dominated by the first natural vibra­

tion mode.

If the response history analysis is considered necessary in a particular situation, it should

be carried out not for only one ground motion but several design ground motions and the

statilstics of the response should be examined. This is necessary for two reasons: Firstly, the

response spectrum of a single ground motion with all its irregularities is not compatible with

the smooth design spectrum specified in design criteria for actual projects. Secondly, the way

in which individual modal responses of some buildings combine may be sensitive to the details

of the ground motion and it would obviously be inappropriate to base the design decisions on

a single ground motion.



6. CONCLUSIONS

Recognizing that the earthquake response of many buildings can be estimated by consid­

ering only the first two modes of vibration in the response spectrum analysis (RSA) procedure,

a simplified response spectrum analysis (SRSA) procedure has been developed. The

simplification is achieved mainly in evaluating the natural frequencies and modes of vibration

of the structure, which is one of the most time consuming steps in the RSA procedure; analyti­

cally and conceptually it is the most complicated step. Procedures based on the Rayleigh and

Stodola methods, which are conceptually simple and can be conveniently implemented on a

pocket calculator, have been presented to determine the first two natural frequencies and

modes of vibration of a building. Over a wide range of values for the fundamental vibration

period T 1 and the stiffness ratio p, the SRSA method is shown to provide responses that are

accurate enough for purposes of design. If T 1 is within the acceleration-controlled region of

the spectrum, only the fundamental vibration mode response needs to be considered in the

SRSA method.

With the development of the simplified response spectrum analysis (SRSA), a hierarchy of

four analysis procedures to determine the earthquake forces are available to the building

designer. Listed in order of increasing complexity and improving accuracy these procedures

are: code-type procedure, SRSA --simplified response spectrum analysis, RSA --response spec­

trum analysis, and RHA --response history analysis. These four procedures should be con­

sidered in sequence proceeding no farther than the least complex method that leads to

sufficiently accurate results. The criteria presented to evaluate the accuracy of the response

results from each procedure, and to decide whether it is necessary to improve results by using

the next procedure, utilize all the preceding computations and are therefore convenient.

In particular, a procedure is developed to evaluate the quality of results from a code-type

analysis and, if necessary, to improve the results by proceeding to the SRSA method. It is

shown that one such procedure, which was included in the ATC-3 seismic provisions, is
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conceptually deficient. A rational procedure is presented, which recognizes all the important

para,meters: the shape of the design spectrum, the fundamental vibration period T l' the

stiffness ratio p, and the effective weights for the first two vibration modes.

It is believed that the simplified response spectrum analysis (SRSA) will provide results

for earthquake-induced forces and deformations that are sufficiently accurate for the final

desil~n of many buildings. In all cases, it will provide the basis for a very good preliminary

desil~n. Thus the SRSA method should be very useful in practical design applications because,

although much simpler than the RSA method, it provides very similar estimates of design

forces for many buildings.

Buildings are usually designed to deform beyond the yield limit during moderate to

intense ground shaking. In many cases, the effects of inelastic behavior on the design forces

and deformations can be considered by response spectrum analysis based on the design spec­

trum for inelastic systems associated with an allowable ductility factor instead of the elastic

design spectrum. The SRSA method presented herein would also be convenient for such

simplified inelastic analyses.
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APPENDIX A:

APPROXIMATE SECOND VIBRATION MODE SHAPE AND FREQUENCY

Several useful properties of the approximate second mode shape 4>2 and the approximate

second mode frequency %can be easily shown by expressing ~ and ;;'2 in terms of the exact

mode shapes 4>11 and frequencies wn of the structure using the orthogonality conditions

satisfied by the exact vibration modes of the structure

and

(A.l)

4>nT m 4>m = M1I

if;nT k 4>m = w;M1I

From equations (21) to (23) in Section 3.2.2

for n = m (A.2)

(A.3)

where 1 is a vector with all components equal to unity. But, since the mode shapes 4>11 are

orthogonal through m

then

N L
1 = ~ ~ 4>11

n=1 n
(A.4)

(A.5)

Therefore, the approximate second mode shape 4>2 is orthogonal, through the mass and the

stiffness matrices m and k to the exact first mode shape 4>1' because

(A.6)

and
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(A.7)

Tha~ 4J2 is in fact an approximation to the exact second vibration mode shape can be shown by

considering the following expression

(A.8)

and recognizing that the frequency ratios (w2/w n ), by definition, are always less or equal to 1

and decrease as n increases. For example, for a uniform cantilever shear beam (w2 /w n ) =

3/(2n -1) and for a uniform cantilever bending beam (W2/Wn) = 6.27, 1.0, 0.36, 0.18, 0.11, 0.07,

... , 2.23/(n -1/2). Also, the values of the participation factors (Ln / M n ) for the type of structures

considered in this study (plane frames) normally decrease as the mode number n increases, but

this is not necessarily so for other types of structures, especially three dimensional structures.

From equation (24) in Section 3.2.2 the approximate second vibration mode frequency is

computed from

(A.9) .

but, using equation (A.5)

(A.lO)

and

(A.11)

then

(A.12)

and
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Therefore,

(A.13)

'"wi =

N W*
E-"-~

,,=2 !J W"

N W*
E-"--\-

"=2 !J W"

(A.14)

From the equation above, by re-arranging the terms can write

N W* [:: (E-"
""'2

= wi "=2 !J (A.lS)w2
N W*

{ :: ) 4:E-"
"=2 !J

then, clearly W 2 is an approximation to the second mode frequency because the frequency ratios

(w2/w,,) are always less or equal to 1 and the effective weights W,,* normally decrease as the

mode number n increases making the ratio of the two sums above close to 1.0, but always

larger. For example, for the uniform cantilever shear beam (;:;)2/W2) = 1.0616, and for the uni-

form cantilever bending beam (~/W2) = 1.0226. In Figure 6 the exact and approximate second

vibration mode shapes (<P2 and ~) and frequencies (w2 and w2) for the five frame cases con-

sidered in this part of the study are compared.

From a strictly mathematical perspective ~ is the vector that results from making the

initial vector x 2* = k-l m 1 orthogonal (through the mass matrix m) to the exact first mode

shape <PI using the Gram-Schmidt orthogonalization procedure [2], which can be summarized

as:

Given two vectors Xl and x 2*, want to obtain a third vector X 2 such that xt III X2 = 0, that is

Xl and X2 are orthogonal through the matrix ID. Consider X 2 = x 2* - O! Xl' to satisfy the ortho-

gonality condition O! must be

T *Xl mX2
O!=

xtmx I

(A.16)
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For our case "1 = ¢Jl' and "2* = k-1 m 1 so that, using equation (AA),

Therefore,

and

1 N L n 1 T L 1 1
a = - ~ ----2 tPl m tPn - - -

M 1 n=lMn W n - M 1 W 1
2

(A.17)

(A.18)

(A.H))

The procedure to compute 4:2' as presented in Section 3.2.2, is also equivalent to perform-

ing one iteration of the Rayleigh Method for the computation of higher modes frequencies and

mode shapes [2J starting from the vector 1. The Rayleigh Method can be summarized as:

Given a starting vector "2" and the known first mode shape ¢Jl' take

and (A.20)

The resulting vector "2 will be orthogonal to the first mode shape tPl through m and k and also

a betljer approximation to the second mode shape tP2 than the starting vector x2**.

For our case, "2** = 1 therefore ¢J? m x2" = L 1 so that, from equation (A.20)

(A.21)

This sequence of steps corresponds exactly to using one iteration of the Stodola Iteration

procedure for computing the second mode shape described in [2J:

Given a starting vector Xo and the known first mode shape ¢JI compute the approximation x I*

to the exact second mode shape 4>2 from
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(A.22)

where

s = ( I - ~ q,l q,? m )
1

For our case }fa = 1 then

x/ = D21 = D S 1 = k-1m ( I - ~ q,l q,? m ) 1
I

(A.23)

(A.24)

(A.25)

(A.26)

The approximate second mode shape ';h corresponds to the first of the set of Ritz vectors

proposed by Wilson et ai. [15] to represent the loading Pr (t) = p(t) - PI(t) (Section 3.2.2).

This approximate second mode shape ';h together with the exact first mode shape q,l form an

alternative basis to solve the problem to the one produced by the procedure proposed by Wil-

son et ai. using only the first two Ritz vectors. Because the two bases span different subspaces

(of the N-dimensional vector space spanned by the N exact vibration mode shapes) the solu-

tions obtained by the two procedures are in general different. For very special cases, when the

static spatial distribution of the loading is proportional to a linear combination of two of the

exact vibration mode shapes, both procedures produce exactly the two natural vibration modes

of the system represented in the loading. It can be easily shown that the final Ritz vectors in

the procedure proposed by Wilson et al. [15] correspond to the approximation to the exact

vibration mode shapes computed after one iteration of the Subspace Iteration algorithm for

the computation of vibration frequencies and mode shapes for the system with mass and

stiffness matrices m and k (starting the iteration with a very special set of vectors, orthogonal

through the mass matrix m) [AI], and since it is known that the convergence of this algorithm

is good only for the first half of the vectors considered it can be expected th::tt the secone
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mode shape approximation obtained by the Ritz vectors from Wilson's approach using only

two vectors will be poor and can introduce rather large errors in the computed lresponse.
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APPENDIXB:

ERRORS IN BASE SHEAR FROM ONE MODE ANALYSIS

BY SRSA METHOD

In the response spectrum analysis (RSA) method the maximum of the base shear Va is

computed from equations 3 and 8 in Section 3.1 as

[

N S 2 ] 1/2
Va = :E (~ Wn*)

n=l 9
(B.1)

If the fundamental vibration period of the structure T 1 is within the acceleration-controlled

region of the spectrum, then the acceleration response spectrum ordinates for the higher modes

San are always smaller, or at best equal, than that of the first mode Sal> that is San :s Sal for n

= 2, 3, ... N, and the maximum of the base shear can be written as

Sal [N ] 1/2 S [ N ]
1/2

Va < :E Wn*2 :s ~ W;2 + 'E Wn*2 (B.2)
9 n=1 9 n=2

Sal [ N 2r/
2

< W;2 + (n~2Wn*)
9

For the type of structures considered in this study the effective weights of the individual vibra-

N

tion modes Wn* add up to the total weight of the structure W, that is W = :E Wn', and there-
n=l

fore the maximum base shear can be expressed a.s

9
(B.3)

The maximum ba.se shear computed considering only the first mode contribution is given

directly by

- Sal *
Val = -- WI

9
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To estimate the error in the single mode approximation value for the base shear VOl com-

puted by SRSA we can compare it to the base shear Vo computed from RSA considering the

contributions of all the vibration modes to the response using the ratio V01I"VO' :£i'or structures

with fundamental vibration period within the acceleration-controlled region can use the bound

for Po computed above (Equation B.3), then

w"1 (B.5)

Defining rj = W; /W, the ratio of the first mode effective weight to the total weight of the

structure, the equation above can be written as

(B.B)

where 0 < 17 ~ 1. The variation with 17 of this lower bound for the ratio VOI/VO is shown in

Figure Bl. For values of 1] larger than about 0.60, that is when the first mode effective weight

W; Is larger than 60 percent of the total weight of the structure W, the bound for the ratio

V01 /'(;'0 is not sensitive to changes in rj and is always larger than about 0.85. For 'fJ below 0.6·

the variation of V01/ Vo is almost linear with 1] so the quality of the approximation to Vo

obtained from VOl deteriorates rapidly.

If the errors in the single mode approximation to the maximum base shear VOl are to be

kept within 5 percent of the maximum base shear values computed by RSA Vo, the lower

bound for the ratio VodVoshould be 0.95. Therefore need to solve for 'fJ from

(B.7)

with 0 < 'fJ :::; 1 which gives 'fJ 2: 0.753. Thus if W; /W 2: 0.75, that is the first mode effective

weight is larger than 75 percent of the total weight of the structure, then VOI/VO will always

be la,rger than 0.95, that is the error in the approximation for the maximum base shear

obtained by considering only the first mode contribution is less than 5 percent, provided the
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fundamental vibration period of the structure T 1 is within the acceleration-controlled region of

the spectrum.
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APPENDIX C: NOTATION

time-history of ground acceleration due to earthquake ground motion

maximum ground acceleration due to earthquake ground motion

modulus of elasticity

inertia force at fioor level j due to displacements Uj

approximate equivalent lateral force at jth floor level iII second natural vibration

mode

maximum equivalent lateral force at jth floor level in nth natural vibration mode

vector of approximate equivalent lateral forces in the second vibration mode liz

lateral force at jth fioor level specified by the code formula

added lateral force at top fioor level specified by the code formula

vector of code lateral forces Fj

acceleration of gravity

story height

height from base to floor level ;'

effective height in the nth natural vibration mode

momen t of inertia of beams

moment of inertia of columns

stiffness matrix

length of beam

length of column

participation factor for the nth natural vibration mode
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Mil

N

Prj

p(t)
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lumped mass at jth floor level

mass matrix

modal mass in the nth natural vibration mode

time-history of base overturning moment in nth mode

maximum base overturning moment in nth mode

maximum base overturning moment

maximum bending moment among all beams

maximum bending moment among all columns

maximum overturning moment at story i

total number of floor levels in frame

spatial distribution of lateral effective forces in higher modes, jth floor level, used

to compute 4:2

time-history of lateral effective forces due to earthquake excitation

vector of lateral effective forces Prj

maximum axial force among all columns

maximum of response quantity r

maximum of nth vibration mode component of response quantity r

pseudo-acceleration response (design) spectrum

spectral pseudo-acceleration ordinate for nth natural vibration mode

displacement response (design) spectrum

pseudo-velocity response (design) spectrum

time variable

fundamental vibration period of a multi-degree of freedom system



U

Uz

u(t)

1\

Ui

u
1\

U

w
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natural vibration period in the nth mode

normalized lateral displacement at jth floor level

lateral displacement at jth floor level due to lateral forces f i

maximum ground displacement due to earthquake ground motion

maximum top floor displacement

lateral displacement at jth floor level due to lateral forces Prj

approximate displacement at jth floor level in second mode

maximum lateral displacement at jth floor level on the nth vibration mode

vector of lateral displacements Uj

vector of lateral displacements uri

vector of approximate lateral displacements in second mode ';;j2

time-history of lateral displacements vector

normalized lateral displacement at jth floor level

lateral displacement at jth floor level due to lateral forces F j

vector of normalized lateral displacements Ui

1\

vector of lateral displacements Ui

maximum of ground velocity due to earthquake ground motion

maximum of base shear

maximum of story shear at story i

time-history of base shear in nth mode

maximum of base shear in nth mode

weight lumped at the jth floor level

total weigh t of the structure
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effective weight in the approximate first mode of vibration

effective weight in the approximate second mode of vibration

effective weight in the nth natural vibration mode

vector with all components equal to 1

maximum inter-story drift at jth story in the nth natural vibration mode

damping ratio in the nth natural vibration mode

beam-to-column stiffness ratio

jth component of the nth natural vibration mode

jth component of the approximate second vibration mode

natural vibration mode shape

nth natural vibration mode shape

approximate second vibration mode shape

natural vibration frequency

nth natural vibration frequency

approximate second vibration frequency
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1. INTRODUCTION

Since the early 1960's, the earthquake response of multistory buildings has been one of

the most extensively researched subjects in earthquake engineering. Analytical procedures and

computer programs have been developed to determine the earthquake response of structures;

static, cyclic tests have been conducted on bUilding components; dynamic tests on full-scale

models of small buildings and medium-scale models of larger buildings have been conducted on

shaking tables; experimental data has been correlated with analytical results and advanced

analytical techniques have been applied to investigate the performance of buildings affected by

past earthquakes. Hundreds of publications reporting the results of such research have

appeared.

However very few of the advances in analytical structural dynamics have found their way

into building codes in the United States or many other countries. Although the code formulas

for base shear and lateral forces have gone through changes every few years, the underlying

concepts in the Uniform Building Code are still based on the 1959 recommendations of the

Structural Engineers Association of California [13]. Several years ago it became apparent that

the analysis and design provisions should be comprehensively reviewed, the current state of

knowledge should be evaluated, and a coordinate set of provisions should be developed. In

response to this need the ATC-3 design provisions were published in 1978 [1], but so far they

have not been incorporated in building codes. However, at about the same time a new version

of Mexico's Federal District Building Code, which incorporated many recent research results,

was developed [6,11].

The principal procedure specified in most building codes to estimate earthquake forces is

an Equivalent Lateral Force Procedure. Formulas for base shear, height-wise distribution of

lateral forces, and computation of overturning moments are the key elements of this pro-

cedure. Such formulas contained in the three design documents mentioned above are

evaluated here in light of the results of dynamic analysis of buildings. It is demonstrated that
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these formulas do not properly recognize the effects of some of the most significant building

parameters. An improved procedure to compute the earthquake forces for the initial, prelim­

inary design of buildings is presented.

Buildings designed for code forces are expected to deform beyond the yield limit during

moderate to intense ground shaking. However, inelastic response history analysis, especially

three-dimensional analysis, is an impractical requirement in the design of most buildings. It is

believed that for many buildings satisfactory approximations to the design forces and deforma­

tions can be obtained by response spectrum analysis based on the design spectrum for inelastic

systems associated with an allowable ductility factor instead of the elastic design spectrum.

This is the concept underlying simplified, inelastic analysis procedures in building codes, e.g.

the ATC-3 seismic design provisions or Mexico's Federal District Building Code [6,1l]. It is

therefore appropriate to base this study on elastic analysis and response of buildings. Further­

more, at this stage, this investigation is restricted to planar vibration of buildings without any

torsional effects.



2. ANALYSIS PROCEDURES

2.1 Response Spectrum Analysis Procedure

The maximum response of a multistory building to horizontal earthquake ground motion

can be estimated from the earthquake design spectrum by the following procedure [4]:

1. Define the smooth, elastic design spectrum for the structure at the particular site.

2. Define structural properties:

(a) Compute the mass matrix m of the building with its mass appropriately lumped at

fioor levels.

(b) Compute the lateral stiffness matrix k of the building from the complete stiffness

matrix by condensing out the vertical and rotational degrees of freedom at the joints.

(c) Estimate modal damping ratios En.

3. Solve the eigen problem

(1)

to determine the l}atural frequencies wn (natural periods Tn = 2 1r/wn ) and the modes 4>n

of vibration.

4. Compute the maximum response in individual modes of vibration by repeating the follow­

ing steps for each mode of vibration:

(a) Corresponding to period Tn and damping ratio en, read the ordinate San of the

pseudo-acceleration design spectrum

(b) Compute the effective weight W; (or portion of the weight) of the building that parti­

cipates in the nth mode of vibration from
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[j~lWj ~jn] 2

N

~ Wj ~ln
;=1

(2)

where Wj = mj g is the weight at the jth floor level, ~jn is the modal displacement of

the jth floor, and N is the total number of floor levels. Also compute the effective

N

E h j Wj ~jn
" j=lhn = -=-..N7""----

E Wj ~jn
i=l

where hi is the height from the base to the jth floor level.

(3)

(c) Compute the maximum values Von and M on of the base shear Von(t) and base over-

turning moment M on (t) from

Von
San

W"=-- ng

and

M on = hn* Von

(4)

(5)

(d) Compute the maximum value of the equivalent lateral force at the jth floor level from

Wj ~jn

N

E Wi ~in
i=l

(6)

and repeat this computation for all floors.

(e) Compute the floor displacements, or deflections, due to the lateral forces Tin from

and repeat this computation for all floors.

(7)
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(f) Compute the maximum deformation (or drift) in the jth story from the floor displace-

ments using

(8)

and repeat this computation for all stories.

(g) Compute internal forces (story shears, story overturning moments and member forces)

by static analysis of the structure subjected to equivalent lateral forces Tin'

5. Determine an estimate of the maximum T of any response quantity (displacement of a

floor, deformation in a story, shear or moment in a story, etc) by combining the modal

maxima Tn for the response quantity in accordance with the square-root-of-the-sum-of-the-

squares (SRSS) formula:

(9)

The SRSS formula generally provides a good estimate of the maximum response for

systems with well separated natural periods of vibration, a property typically valid for

planar motion of a building. For structures with this property, the SRSS method provides

results essentially identical to the CQC method [5]. However for very short fundamental

periods --periods in the first third of the acceleration-controlled region of the spectrum (see

Section 3.2)-- the maximum value of a response quantity is better estimated by the abso-

lute sum combination of the modal maxima:

(10)
n=\

since in that range of periods the modal responses are in phase and their maxima occur

almost simultaneously (see Part I).



176

2.2 Building Code Analysis

The principal procedure to estimate earthquake forces, specified in the Uniform Building

Code (7), ATC-3 design recommendations [1), and Mexico's Federal District Code [6,l1J is an

Equivalent Lateral Force procedure. Based on an estimate of the fundamental vibration

period, formulas are specified in these building codes (for convenience in writing, at times, we

refer to ATC-3 recommendations as a building code although they have not been adopted in a

code) for the base shear and distribution of lateral forces over the height of the building. The

desig;n shears and moments for the various stories of the building are determined from static

analysis of the building subjected to the lateral forces, with some codes permitting reductions

in the resulting story moments. The formulas for base shear and equivalent lateral forces are

presented in this section along with some observations on their relation to corresponding for-

mulas in the response spectrum analysis procedure.

2.2.1 Base Shear

For the present purposes the formula for the design base shear in the above mentioned

building codes and design recommendations can be expressed as

(11)

where W is the total weight and the seismic coefficient G depends on the fundamental vibra-

tion period T. The seismic coefficient specified in three codes are displayed in Figure 1 and

may be expressed as follows:

Uniform Building Code (UBC):

(12)
T > 0.31 sec.

T < 0.31 sec.

15 v'TI0.12
G=

1

wherein the seismic zone coefficient Z, and the structural-type coefficient K have been selected

asl.
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ATC-3 Recommendations
Rock Site, A a = A v = 0.4

Tv =0.3/

2

3

3

T, sees.

T, sees.

c
0.16

Mexicos's Federal District Code
Zone I, Firm Ground

0.16(°1-8 )1/2 [1.25-0.25(°1-8 ) 1/2J

° 2
T, sees.

3

FIGURE 1 Seismic coefficient in building codes.



178

ATO-3 Recommendations:

c=

2.5 A a

R
1.2 A~

R T 2/ 3

T < 0.33 sec.

T > 0.33 sec.

(13)

for rock site. In equation (13), A~ and A" are the seismic coefficients representing effective

peak velocity-related acceleration and the effective peak acceleration, respectively, and R is

the reduction factor to account for effects of inelastic behavior.

Me:c£co's Federal D£str£ct Code (MFDO):

c=

Sa

g

Sa {
~ 1 ~ 0.5 r

T r }
[1-(;))

(14)

where the pseudo-acceleration design spectrum Sa is given by

1"0+ (A - 00) :
T < Ta

S a
_a = A Ta < T < T~

g T r

A (-~) T > T~
T

(15)

For Zone I, firm ground: a 0 = 0.03, A = 0.16, Ta = 0.3 sec., T~ = 0.8 sec., r = 1/2. To

evaluate the base shear, the seismic coefficient is divided by the factor p! which is related to

the allowable ductility factor fl as follows

ll+L (fl - 1)
Ta

fl' - fl (16)

The seismic coefficients displayed in Figure 1 are for Uniform Building Code, ATC-3

recommendations with A. = A" = 0.4 and R = I, and Mexico's Federal District Code with fl

= 1. Because the seismic coefficient is determined after reduction by R or fl' in ATC-3

recommendations and Mexico's Federal District Code respectively, the ordinates of the seismic
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coefficient spectrum for these two codes are not directly comparable to the Uniform Building

Code. However the comparison of the spectral shapes, especially for T greater than Tv will be

useful. Each of the above design codes include variations in the above formulas to account for

soil conditions, importance of the structure, but these factors are not considered in the present

evaluation.

Among the three building codes considered, only the MF'DC explicitly specifies the

pseudo-acceleration design spectrum and recognizes that the base shear in buildings with fun-

damental vibration period larger than Tv, especially in "flexural" structures, exceeds the pro-

duct of (Sa / iJ) and the total weight. The ATC-3 recommendations start with a design spec-

trum and raise its descending branch in the velocity- and displacement-controlled regions to

decay at a slower rate with increasing T.

2.2.2 D£str£but£on oj Lateral Forces

The distribution of lateral forces over the height of the building is to be determined from

the base shear in accordance with the formulas for the lateral force at the jth floor:

Un£form Bu£lding Code (UBC):

Wj hj

N

:E Wi hi
i =1

(17)

with the exception that the force at the top floor computed from equation (17) is increased by

an additional force

Pt I~.07 T Va

0.25 Va

T < 0.7 sees.

0.7 < T < 3.6 sees.

T > 3.6 sees.

(18)

where Wi is the weight at the ith floor and hi is the height of the ith floor above the base.

Except for the additional force Ft assigned to the top of the building the UBC lateral forces

are distributed over the height of the building under the assumption of linearly varying floor
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displacement in the fundamental mode shape. Assignment of an additional force Ft at the top

of the building is intended by the code to roughly and implicitly account for the contributions

of the higher vibration modes to building response.

A TO-8 Recommendations:

Wj hf
N

:E Wi hI
;=1

(19)

in which k is a coefficient related to the vibration period T as follows:

k ~!~T + 1.5)/2

T :S 0.5 sees.

0.5 :S T:S 2.5 sees.

T > 2.5 sees.

(20)

The height-wise distribution of lateral forces is based on the assumption that the horizontal

accelerations of floor masses are proportional to the elevation above ground for buildings with

T 1 ~; 0.5 sec., to the square of this elevation for T 1 2: 2.5 sec.; and to an intermediate power

of this elevation for intermediate values of T l' These force distributions are intended to recog-

nize the changing fundamental mode shape and increasing higher mode contributions to

response with increasing T 1 [3].

Mexico'8 Federal District Code (MFDC):

Fj = vot
1)

Wi hi
+ V t2) Wi hl

(21)N 0 N

:E Wi hi :E w; hi
2

;=1 ;=1

where the base shear 1/0 of equation (11) has been separated into two parts: Vo(l) and V O(2) ,

distributed over the height assuming that the accelerations of fioor masses are proportional to

their elevation above ground, and to square of this elevation, respectively. These base shear

components are

(22)

V (2)
o

Sa { T. r }
W g 1.5 r [ 1 - (T) ] (23)
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The height-wise distribution of lateral forces is approximated by specifying horizontal accelera­

tions proportional to elevation above ground, to the square of this elevation, or intermediate

between these. The acceleration distribution implied in equation (21) passes smoothly from a

straight line when T = T. to a parabola as T tends to infinity. This variation in acceleration

distribution with fundamental vibration period T is intended to recognize the changing funda­

mental mode shape and increasing higher mode contributions to response with increasing 1\

[11].

2.2.3 Story Shears and Moments

The design shears for the various stories of the building are determined from static

analysis of the building subjected to the lateral forces computed from the above equations.

The story moments can be similarly determined from the lateral forces by methods of

statics. However, as will be seen in Section 4.3, there is a rationale for reducing the statically

computed overturning moments to obtain the design values. The design value of moment in

any story may then be expressed as a reduction factor multiplied by the statically computed

moment. This reduction factor is specified in ATC-3 recommendations as 1.0 for the top 10

stories; between 1.0 and 0.8 for the next 10 stories from the top, linearly varying with height;

0.8 for the remaining stories. In Mexico's Federal District Code it is specified as varying

linearly from 1.0 for the top story to 0.8 for the bottom story, with the additional requirement

that even after modifying the computed moments at any story by the reduction factor, it

should not be less than the product of the story shear at that elevation and the distance to the

center of gravity of the portion of the building above the elevation being considered. This

reduction factor is specified as 1.0 in the UBC, implying no reduction in the statically com­

puted moments.



3. SYSTEMS AND DESIGN SPECTRUM

3.1 Systems Considered

The rectangular plane frames analyzed in this study are idealized as single-bay, moment-

resisting plane frames with constant story height = h, and bay width = 2h (Figure 2). Only

flexural deformations are considered in the members which are assumed to be prismatic. The

modulus of elasticity E is the same for all members but the moments of inertia of beams h

and columns Ie --same for both columns in any story-- may vary over the height, as in cases 3

to 5 of Figure 2, with the ratio of the two same in all stories. The mass of the structure is

assumed to be concentrated at the floor levels and the rotational inertia is neglected. The

damping ratio for all the natural modes of vibration is assumed to be 5 percent.

Each building frame shown in Figure 2 is completely characterized by two additional

parameters: the period of the fundamental mode of vibration T 1 and a stiffness ratio p. The

latter was originally [2] defined as the ratio of the sum of the stiffness of all the beams at the

mid-height story of the frame to the summation of the stiffnesses of all the columns at the

same story, Le.

p=-----
}J EIe ILe

eolum".

For the one-bay frames considered in this study, this parameter reduces to

p=h 14Ie

and it has the same value for all stories.

(24)

(25)

This parameter is a measure of the relative beam-to-column stiffness and hence indicates

the degree of frame action. The extreme values of p, 0 and 00, represent the following limiting

cases of a frame respectively: vertical cantilever with the beams imposing no restraint to joint

rotations; and a shear building in which the joint rotations are completely restrained and

deformations occur only through double curvature bending of columns. An intermediate value
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FIGURE 2 Idealized building frames.
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of p represents a frame in which beams and columns undergo bending deformations with joint

rotation.

3.2 l~arthquakeDesign Spectrum

The earthquake excitation is characterized by the smooth design spectrum of Figure 3

which is constructed by the well known procedures proposed by Newmark and Hall. This

spectrum is for ground motions with maximum acceleration 'iig , velocity vg , and displacement

ug equal to 19, 48 in/sec, and 36 in, respectively. With this data and from the shape of the

design spectrum, it is apparent that the maximum response of short period structures is con­

trolled by the ground acceleration, that of long period structures by the ground displacement,

and t;hat of intermediate period structures by the ground velocity. The spectrum can thus be

divided , as shown, into acceleration-controlled, velocity-controlled, and displacement­

controlled regions. Amplification factors for these regions were selected from [8] for 84.1 per­

centile response and 5 percent damping ratio to construct the spectrum.

'The design spectrum of Figure 3 is replotted in Figure 4 as a normalized pseudo­

acceleration spectrum to emphasize that the spectral acceleration is constant in part of the

acceleration-controlled region, varies as liT in the velocity-controlled region, and as 1/T2 in

the dlsplacemen t-con trolled region.
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FIGURE 3 Design spectrum for ground motions with maximum ground acceleration a~ = 1g,

velocity v~ = 48 in/sec, and displacement UK = 36 in; 84.1 percentile response and damping =

5%.
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4. EVALUATION OF BUILDING CODE ANALYSIS PROCEDURES

4.1 Base Shear

The maximum response associated with the selected design spectrum, computed by the

RSA procedure --wherein the contribution of all the natural vibration modes of the frame are

included-- is plotted against the fundamental vibration period T 1 in the form of response spec­

tra. Such a plot is presented in Figure 5 for t,he base shear in the uniform five-storY frame

(Case 1) for three values of p = 0, 0.125, and 00. The base shear is presented in dimensionless

form, having been normalized with respect to the effective weight W; participating in the first

vibration mode of the building. Also presented is the base shear considering the contribution

of only the fundamental mode of vibration, which in the normalized form of Figure 5 is the

same for all p values and is identical to the design spectrum of Figure 4.

It is apparent from Figure 5 that the norm3,lized base shear for buildings with fundamen­

tal vibration period T 1 within the acceleration-controlled region of the spectrum is essentially

identical to the contribution of only the fundamental vibration mode. However, for buildings

with T 1 in the velocity- or the displacement-controlled regions of the spectrum, the response

contributions of the vibration modes higher than the fundamental mode can be significant.

They increase with increasing T 1 and decreasing p for reasons discussed elsewhere (see Roehl

[IOJ and Part I of this report).

If the seismic coefficient G in building codes was defined as Sa 1/{/, the pseudo­

acceleration ordinate at T 1 normalized with respect to the acceleration of gravity, the code for­

mulas -- equation (ll)-- would accurately predict the base shear for buildings with T 1 within

the acceleration-controlled region of the spectrum provided the effective weight W; was used

instead of the total weight W in computing the code shear. However, the base shear formula

in building codes is based on the total weight W, which obViously is always larger than W;,

resulting in a larger base shear. This is confirmed by replotting the results of Figure 5 in the

form of a seismic coefficient spectrum as shown in Figure 6 wherein the base shear is
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FIGURE 5 Normalized base shear in uniform five-story frame computed by response spectrum

analysis (RSA) for three values of p.
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normalized with respect to the total weight. Within the acceleration-controlled region of the

spec1irum, for buildings with the same total weight the base shear decreases with decreasing p

because W; decreases with p (Table 1); and the code value for base shear exceeds the RSA

value for all p values. However in the velocity- or displacement-controlled regions the higher

mode contributions can be significant enough for the RSA value of base shear to exceed the

code value. The code formula is inadequate for longer period buildings because it does not

properly recognize the contributions of higher vibration modes and their dependence on the

buildling parameters T 1 and p.

In order to further evaluate the response behavior in this period range, the curve o:T-fJ is

fitted to the normalized base shear response spectrum of Figure 5. The parameters 0: and 13,

for each of the velocity- and displacement-controlled regions of the spectrum are evaluated by

a least-squared error fit --that minimizes the error defined as the sum, over the range of

periods considered, of the squares of the differences between the ordinates of the "exact" and

thefltted curve on a logarithmic scale-- to the computed response with the following con­

straints: Firstly, the ordinate of the fitted curve at .T = Tf} is equal to the "exact" value

computed by RSA procedure, which for all values of p can be replaced by the ordinate of the

fiat part of the normalized pseudo-acceleration spectrum. Secondly, the curves fitted to the

veloeity- and displacement-controlled spectral regions have the same ordinates at T = Td ,

the period value at the junction between the two regions. Comparison of the" exact" response

spectra of Figure 5 with the fitted curves (Figure 7) indicates that the selected functions pro­

vide a satisfactory approximation to the computed response. The correlation coefficient

presented in Table 2 indicates how closely the "exact" response can be approximated by the

function o:T-fJ in each of the two spectral regions considered; a correlation coefficient = 1

represents a perfect fit, decreasing as the fit becomes poorer. This process of fitting curves

aT-t/ to the normalized base shear spectrum computed by the RSA procedure was repeated for

all the frame cases of Figure 2, and the resulting values of 13 are presented in Table 3.
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Table 1: Ratio of first mode effective weight W; to total weight W

for different frame models.

Frame
p = 0 p = 0.05 = 0.125 P = 0.5 P = 2Case p p = 00

1 0.679 0.764 0.7{16 0.835 0.862 0.880

2 0.629 0.785 0.800 0.814 0.824 0.830

3 0.656 0.714 0.741 0.773 0.792 0.804

4 0.579 0.662 0.701 0.750 0.784 0.806

5 0.457 0.531 0.560 0.601 0.634 0.658
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Table 2: Correlation coefficients for least-squared error fit of functions aT-(J

to the exact normalized base shear in uniform 5-story frames.

Spectral Regions

p
Acceleration- Velocity- Displacement-

controlled controlled controlled

0 l. 0.971 0.999

0.125 l. 0.987 0.999

00 l. 0.972 0.984
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Recalling that the difference between the normalized pseudo-acceleration response spec­

trum and the normalized base shear represents the contributions of the vibration modes higher

than the fundamental mode, it is apparent from Figure 7 that these contributions can be

approximately represented by raising the spectrum curve by changing the exponent -13 for T.

The degree to which the spectrum needs to be raised for the velocity- and displacement­

controlled spectral regions depends on the stiffness ratio p; the spectrum need be raised very

little for shear buildings (p = (0), but to an increasing degree with increasing frame action,

Le. decreasing p (Figure 7). The spectral modifications also depend on the number of stories,

and mass and stiffness distributions of the building (Table 3).

Presented in Figure 8 are the fitted curves for normalized base shear from Figure 7 along

with the seismic coefficients specified by VBC and MFDC codes and ATC-3 design recommen­

dations [equations (12)-(16)]. All the curves presented in Figure 8 have been normalized to a

unit maximum value. It is apparent that the seismic coefficient in bUilding codes decreases

with increase in period at a rate slower than demonstrated by dynamic analyses; but this does

not necessarily imply that the codes are actually conservative. Furthermore none of the codes

recognize that the normalized base shear, as predicted by dynamic analYsis, in the long-period

range depends significantly on the stiffness ratio p. However Mexico's Federal District code

recognizes that, for long-period buildings, the base shear computed from V o = (Sa / g) W

should be increased to recognize that, in general, the longer the fundamen tal period of vibra­

tion the more important will flexural deformations tend to be relative to shear deformations

and the more significant will the contributions of higher modes tend to be relative to the fun­

damental. But, even the MFDC code does not explicitly recognize that this increase in base

shear depends not only on the fundamental period T 1 but also on the stiffness ratio p.

In summary, bUilding codes attempt to account for the contributions of the higher modes

of vibration to the base shear in a simple, empirical manner by increasing each of the two fac­

tors that are multiplied. The total weight W is used instead of the first mode effective weight

W:; and, for long-period buildings, the seismic coefficient used is increased above the design
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Table 3: Exponents 13. and I3d in T-{J

for the decaying portion of the base shear response spectrum.

Frame Spectral
p = 0 p = 0.125Case Regions p = 00

Velocity -0.641 -0.921 -0.982
1

Displacement -0.682 -1.296 -1.779
-

Velocity -0.600 -0.957 -0.964
2

Displacement -0.710 -1.570 -1.692

Velocity -0.616 -0.866 -0.951
3

Displacement -0.702 -1.220 -1.688

Velocity -0.487 -0.823 -0.954
4

Displacement -0.690 -1.258 -1.722

Velocity -0.242 -0.613 -0.801
5

Displacement -0.875 -1.148 -1.525
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spectrum by raising its descending branch. Both of these concepts lead to the desired result of

increasing the design base shear but the increases are not handled rationally because their

dependence on building parameters T 1 and p is not recognized.

The above investigation has been concerned with the velocity- and displacement­

controlled regions of the spectrum. In defining the seismic coefficient in the very-short period

range, the MFDC recognizes the decrease in pseudo-accelerations as the period decreases, but

the VBC or ATC-3 do not. In the later two, the flat part of the spectrum extends to zero

period. The periods Ta and T. at which the fiat part of the spectrum begins and ends, respec­

tively, vary from code to code.

4.2 Story Shears

Having examined the base shear computed by response spectrum analysis (RSA) pro­

cedure and compared it with code formulas, we next extend our investigation to story shears.

The distribution of story shears over the height of the uniform 5-story frame (Case 1), com­

puted by the RSA procedure including the contribution of all five modes of vibration, is

presented in Figure 9 for three values of p, and four values of the fundamental period chosen

to be representative of different period regions of the spectrum. Also presented are RSA results

considering only the fundamental mode of vibration. The distribution of lateral forces, com­

puted from the story shears of Figure 9 as the differences between the shears in consecutive

stories, is presented in Figure 10. In a lumped mass system, such as the frames considered

here, the lateral forces are concentrated at the fioor levels and the shear remains constant in

each story with discontinuities at each floor. However, such plots of lateral forces and story

shears would not be convenien t in displaying the differences among various cases and the alter­

native presentation with lateral forces and shears varying linearly over story height is used.

It is apparent from both these figures that, for the entire range of p, the contributions of

the vibration modes higher than the fundamental mode are negligible in the response of build­

ings with short fundamental vibration period. Results generated for many more T 1 values
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than the four presented in Figures 9 and 10 indicated that the above observation is valid for

T 1 within the acceleration-controlled region of the spectrum. The higher mode contributions

become increasingly significant as T 1 increases in the velocity- or displacement-controlled

regions of the spectrum. For a particular T 1 value, they are more pronounced as p decreases

implying increasing frame action.

Figures 11 and 12 display the data presented in Figures 9 and 10 in reorganized form

along with the distribution of lateral forces prescribed by the three building codes and the

resulting story shears. As indicated by this comparison and other results not included here,

for buildings within the acceleration-controlled region of the spectrum, the distribution of

lateral forces and story shears specified by the three building codes are essentially identical and

between the extremes predicted by RSA for p = 0 and 00. With increasing fundamental

vibration period T l' the code dietributions for lateral forces and story shears increasingly differ

from the RSA results, especially for the smaller values of p, because under these conditions the

higher modes contributions become more significant.

For long-period buildings, with T 1 in the velocity- or displacement-controlled regions, the

higher mode contributions are pronounced enough to cause reversal of the curvature in the dis­

tribution of lateral forces, which the code formulas do not recognize. To account for this effect

it has been suggested that the lateral forces be represented by a third-degree polynomial with

its coefficients determined by a least-squared error fit to the RSA results [12], but this pro­

cedure appears impractical for 'ode applications.

The RSA results and code forces presented in Figures 9-12 were all for uniform 5-story

frames (Case 1). Whereas most of the plots are indicative of what to expect even for taller

buildings, the lateral forces specified by UBC are an exception. In this case, the only part of

the lateral force distribution that changes with vibration period T 1 is the additional force Ft

concentrated at the top of the building. Therefore, as shown in Figure 13, the distribution of

story shears near the top of the building is affected by the total number of stories in the build­

ing. Thus the seemingly good quality of results from UBC in Figures 11 and 12 for 5-story
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buildings may not be valid for much taller buildings.

4.3 Overturning Moments

The maximum overturning moments due to earthquake ground motion, characterized by

the design spectrum of Figure 3, were computed by including the contribution of all five modes

of vibration in the response spectrum analysis (RSA) procedure. The base overturning

moment is plotted in Figure 14 against the fundamental vibration period T 1 in the form of

response spectra for three values of p = 0, 0.125, and 00. The base overturning moment has

been presented in dimensionless form, having been normalized with respect to W; h;, the pro­

duct of the effective weight W; and effective height h;, both for the first vibration mode of

the building. Also presented is the base overturning moment considering the contribution of

only the fundamental mode of vibration, which when presented in the normalized form of Fig­

ure 14 is the same for all p values and is identical to the design spectrum of Figure 4. The dis­

tribution of story overturning moments over building height is presented in Figure 15 by plot­

ting the ratio of the story moments to base moment for the same four values of T 1 selected

earlier.

These figures demonstrate, similar to what was observed in the preceding sections, that

the contributions of the higher modes of vibration increase with increasing T 1 and with

decreasing p; but, as is well known, these contributions are less significant to the overturning

moments compared to what they were for story shears. In particular, the higher modes contri­

butions are negligible for buildings with T 1 within the acceleration-controlled region of the

spectrum, irrespective of the p value; and for shear beams (p = 00) irrespective of the T 1 value.

The RSA results of Figure 15 are displayed in Figure 16 in reorganized form along with

the distributions of story overturning moments determined from the three building codes. For

buildings with period T 1 within the acceleration-controlled region of the spectrum and even

extending into a part of the velocity-controlled region of the spectrum, the code distributions

are quite accurate. Their discrepancy relative to the RSA results increases with increasing T l'



205

5.-------------------------.

'-
.~

~
"0
~
...rs::
Q)

e
0

::E 0.500s::.-s::
""";:j.....
"""Q)

>
0
Q)
rJ')

as
C:l:l
~
Q)
N

~ 0 Ie .
"""o
Z

0.05

RSA, 1MODE, ALL P

RSA,5 MODES

p=O
P = 0.125
p=a:>

0.1

Fundamental Period Th sees.
10

FIGURE 14 Normalized base overturning moment in uniform five-story frame computed by

response spectrum analysis (RSA) for three values of p.



l'-:l
o
O"l

p =CK)

4.11,2.78

1.55

0.48

0.5 I 0 0.5 1 0 0.5

Ratio of Story Overturning Moments to Base Overturning Moment, MiM 0

./T1 = 4.11 sec
\

2.78
1.55

0.48

o

5 r\: p=O r\ P=O.125 ~ I

4

l-<
(I)e3

::3
Z
>.
8 2...
tfl

FIGURE 15 Distributions of story overturning moments in uniform five-story frame computed

by RSA including 1 or 5 modes for four values of T1 and three values of p.



207

RSA
BUILDING CODES

2

4

3

2

T, =0.48 sec T, = I. 55 sec

,

• \-"-~ MFDC

" usc
ATC-3

T, =4.11 sec

o 0.5 I 0 0.5 I

Ratio of Story Overturning Moments to Base Overturning Moment, M/M 0

FIGURE 16 Comparison of story overturning moment distributions for uniform five-story

frame from building codes and RSA for four values of T, and three values of p.



208

especially for buildings with smaller values of p, because the higher mode contributions, which

become increasingly significant, are not properly recognized in the code formulas. However,

the discrepancy in overturning moments computed by codes is much smaller than it was for

shears, because the higher mode contributions to the moments are less significant.

A static analysis of a bUilding with a particular T 1 and p subjected to the corresponding

lateral forces presented in Figure 10 would provide the correct story shears, because the lateral

forces were determined by statics from the story shears, but not the correct story overturning

moments. This is demonstrated by presenting the ratio of overturning moments in a story

computed by two procedures: (a) response spectrum analysis considering all vibration modes,

presented in Figures 1;4 and 15; and (b) static analysis of the building subjected to the lateral

forces of Figure 10. This ratio is akin to the reduction factor J specified in building codes. It

is presented in Figure 17 for the base overturning moment as a function of the fundamental

vibration period T 1 for three values of p; and in Figure 18 over the height of the building.

The reduction factors never exceed unity, implying that the approximate value of overturning

moment obtained from the lateral forces always exceeds the" exact" value obtained by the

RSA procedure. The two values are identical for all values of T 1 if only the contribution of

the fundamental vibration mode is considered. Thus, the discrepancy between the two values

is directly associated with the fact that higher vibration modes contribute differently to shears

and moments.

Because the lateral forces specified in building codes from which the story shears are com­

puted by static analysis, are intended to provide estimates of story shears, the preceding obser­

vations from results of RSA procedure demonstrate that the overturning moments will be

overestimated if they were also computed from the lateral forces by statics. Thus building

codes usually specify reduction factors by which the statically-computed moments should be

multiplied. These reduction factors defined earlier for the three codes being considered are

presen ted in Figures 17 and 18. The reduction factors specified by UBC and MFDC are

independent of the fundamental period T l' except for the slight variation arising in the latter
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to satisfy an equilibrium requirement. However, the ATC-3 procedure specifies a reduction

factor which depends on the total number of stories in the building. In order to include that

feature the ATC-3 values are presented in Figure 17 as a function of N, the total number of

stories, using the rough empirical relationship that T 1 = 0.1 N; and in Figure 18 for three

different values of N.

It is apparent that some reduction in the story moments relative to the statically com­

puted values is justified in light of the results of dynamic analysis. Thus no reduction at all as

in DBC is inappropriate. However, even the other two codes considered do not recognize that

the reduction factor depends significantly on the building parameters T 1 and p.



5. IMPROVED CODE-TYPE ANALYSIS

The equivalent lateral force (ELF) analysis procedure specified in building codes is

intended to provide an initial estimate of the earthquake forces without a preliminary design

of the building. It was demonstrated in Sections 3 and 4 that the earthquake forces are espe­

cially affected by two overall building parameters, fundamental vibration period T 1 and

beam-to-column stiffness ratio p; but the effects of these parameters are not properly recog­

nized in building codes. Based on the preceding results, a procedure to estimate the earth­

quake forces for the initial preliminary design of buildings, which recognizes the important

influence of these parameters on building response to earthquakes, is presented next.

5.1 Base Shear

Based on the results of Figure 5 and their analysis presented in Section 4.1, it is recom­

mended that the base shear be computed from

(26)

where C is a seismic coefficient and W; the effective weight of the building that participates

in the fundamental vibration mode, both to be determined by the procedures to follow.

The seismic coefficient spectrum, showing C as a function of vibration period Tv should

be constructed by modifying the normalized pseudo-acceleration design spectrum for the site

obtained by well established procedures [8]. The modifications to this spectrum are intended

to directly account for the contributions of the modes of vibration higher than the fundamen­

tal mode to the base shear. These higher-mode contributions depend on building properties,

the most significant of which are fundamental vibration period T 1 and stiffness ratio p. Based

on the results of response spectrum analysis and their interpretation presented earlier the

design spectrum a-b-c-d-e is modified as shown in Figure 19. The spectrum is left unchanged

in the acceleration-controlled region a-b-c of the spectrum, but is modified in the velocity- and

212
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displacement-controlled regions as follows: Through point c draw curve cd' proportional to

T-P
• and extending to T = Td ; on the log-log plot of Figure 19 this will be a straight line as

shown. Through point d' draw curve d'e' proportional to T-Pd , which in the log-log plot of

Figure 19 is another straight line. The exponents f3. and f3d depend on building properties,

the most significant of which is the stiffness ratio p. Values for exponents f3. and f3d for the

velocity- and the displacement-controlled regions of the spectrum were presented earlier in

Table 3 for the five frame cases of Figure 2. These exponents were determined from a least­

squared error fit, as described in Section 4.1, to the response spectrum for the normalized base

shear computed by response spectrum analysis of each building frame [see Part II of this

report].

The effective weight W: in the fundamental vibration mode can be computed from equa­

tion (2) based on estimates of the height-wise distribution of building weight and of the funda­

mental mode shape. A procedure to determine an approximation to the mode shape, depend­

ing on the stiffness ratio p, will be described later. Alternatively, the data presented in Table

1 may be used to estimate W: /Wand hence W:.

5.2 Modal Responses

Once the total base shear has been determined from equation (26), the next question is

how should the total earthquake force given by the base shear be distributed over the height

of the building. It has been demonstrated [see Parts I and II of this report] that, over a useful

range of fundamental vibration periods, the earthquake response of building frames can be

satisfactorily estimated by response spectrum analysis considering the contributions of only the

first two modes of vibration; even the first mode alone is usually sufficient in the acceleration­

controlled region of the spectrum. Thus if we could separate the total base shear into the first

mode contribution and ascribe the remainder to the second mode it would be possible to distri­

bute each modal base shear over the building height in accordance with the corresponding

mode shape. This is an indirect, approximate way to determine the response in the
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fundamental and second modes of vibration. The total response can then be obtained by

appropriately combining the modal responses.

The base shear can be separated into two parts as follows: The base shear due to the fun-

damental mode of vibration is given by [4]

g
w; (27)

An approximate value of this base shear can be obtained from equation (27) where the

effective weight W; for the fundamental mode is estimated as discussed above and Sal is the

ordinate of the pseudo-acceleration design spectrum. The remainder- of the base shear,

obtained under the assumption that the total base shear is best given by a SRSS combination

of modal values,

(28)

is treated as an estimate of the base shear due to the second vibration mode. Recall that if

the fundamental vibration period of the building is within the acceleration-controlled region of

the spectrum, the base shear is almost entirely due to the fundamental vibration mode (Figure

5) and iT02 would be almost Zero.

Having estimated the base shears due to the tlrst two modes of vibration, the equivalent

lateral forces in each mode can be determined from equation (6), provided the mode shapes

can be estimated. The remainder of the analysis is the same as the standard response spec-

trum analysis described in Section 2.1.

5.3 Vibration Period and Mode Shapes

All that remains to be det.ermined is the fundamental vibration period and the shapes of

the tlrst two modes of vibration; note that the second vibration period is not required in this

analysis. These vibration properties can not be computed exactly without the building having

been designed. In particular, the eigen-problem of equation (1) can not be formulated because
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the stiffness matrix is unknown and the height-wise distribution of the building mass is known

only approximately. Thus, in computing the initial estimate of earthquake forces to start the

process of designing a building, the fundamental vibration period and the two mode shapes

should be estimated based on overall properties of the building and its struc.tural system.

An estimate of the fundamental vibration period is required in most of the existing build-

ing codes. For this purpose, empirical formulas have been developed [1]; these are based on

only a general description of the building type --e.g. steel moment frame, concrete moment

frame, shear wall system, braced frame, etc.-- and overall dimensions such as height and plan

size. Such formulas may be employed in this improved code-type analysis, but it should be

recognized that they often lead to significantly inaccurate values.

After considering three possible functions to describe the fundamental mode shape

[Appendix A], it is recommended that the fundamental mode shape be approximated by

j - 1,2, ...N (29)

where hj = height of the jth fioor above the base and H = total height of the building. The

approximate mode shape of equation (29), with the exponent {) estimated from a least-squared

error fit to the exact fundamental mode shape, is compared with the exact mode shape in Fig-

ure 20 for three of the building frame cases of Figure 2 and three values of stiffness ratio p.

Although the approximate shape is not always excellent, it is obviously better than the mode

shapes independent of p implied in building codes. As shown in Figure 21 and Table 4, the

exponent {) depends on the building properties including the number of stories, height-wise

variation of mass and stiffness, but perhaps most significantly on the beam-to-column stiffness

ratio p. Because the exponent {) varies gradually with p, it can be estimated to a useful degree

of accuracy from the data presented.

The recommended approximation to the second mode shape is

j = 1;2, ...N (30)
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Table 4: Exponent /j in approximation ¢il

to the fundamental mode shape.

Frame
p = 0 p :;= 0.05 = 0.125 P = 0.5 P = 2 P = 00Case p

1 1.745 1.379 1.232 1.034 0.892 0.798

2 1.814 1.188 1.092 0.982 0.911 0.864

3 1.848 1.585 1.455 1.277 1.155 1.078

4 1.815 1.507 1.360 1.162 1.028 0.942

5 1.950 1.699 1.590 1.425 1.299 1.215



218

p=o p= 0.125 p=dJ

I
I

I
I

/
I

/
I

I
/

/
/

/
/

/.
~

/
/

/
/

/
/

/
I

/
/

I
/

I
I

/
/

I.

OL--------

OL.--------
I

01---------
I

CASE 4

CASE 2

CASE I

-- EXACT - - APPROXI MATE

FIGURE 20 Exact fundamental mode shapes of three frame cases for three values of p com-

pared with approximation cPjl = (h/ H)~.



2 , ,

00
~

r::
(1)

r::
o
c..

~

1.5

FRAME CASE

5

t;.;I
I-'
co

100100.10.01
0.51 I I 11.llul I0.001 - ~....8-W..tJl~.~~.I L" I.L III

~_""'-L..J....LW~__-J!L.~.!I~,!.I..J.'..il!...,!.'.......Jil__--l'-....J_L.-Wu.J! ' I ! , ! , '!

Stiffness Ratio, p

FIGURE 21 Variation of exponent 0 --in approximation ¢ il = (hJ H)fJ to the fundamental

mode shape-- with stiffness ratio p for five frame cases.



220

where h o is the height of the node (point of zero displacement) above the base. The approxi­

mate mode shape of equation (30), with h o estimated from a least-squared error fit to the

exact second mode shape, is compared with the exact mode shape in Figure 22 for three of the

building frame cases of Figure 2 and three values of p. Although the approximate shape errs

significantly in some cases, for purposes of preliminary design it should be satisfactory in

estimating the response due to the second mode of vibration. High degree of accuracy is not

important in estimating this response because it is usually much smaller than the first mode

response. As shown in Figure 23 and Table 5 the parameter h 0 is relatively insensitive to the

stiffness ratio p, the number of stories, and other building parameters. It can therefore be

estimated to a useful degree of accuracy from the data presented.

5.4 Computational Steps

The earthquake forces to be considered in the initial, preliminary design of a multistory

building can be estimated from the earthquake design spectrum by the following procedure:

1. Determine the earthquake design spectrum for the building at the particular site. A spec­

trum for elastic design can be determined from estimates of the maximum ground accelera­

tion, velocity and displacement and appropriate amplification factors for the various spec­

tral regions [8]. Procedures have also been developed for constructing an inelastic design

spectrum from the elastic design spectrum for the ductility factor considered allowable in

the design of the building [9,14,15,16].

2. Plan the overall dimensions of the building, the number of stories and their height, height­

wise distribution of building weight, and select the structural materials and structural sys­

tem --moment frame, shear walls system, braced frame etc-- and estimate the stiffness ratio

p.

3. Construct the seismic coefficient spectrum, showing 0 as a function of vibration period T,

by modifying the earthquake design spectrum, from step 1, showing the pseudo­

acceleration S" as a function of T. The design spectrum is left unchanged in the
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Table 5: Parameter ho/H in approximation ¢Ji2

to the second mode shape.

Frame
p = 0 p = 0.05 = 0.125 P = 0.5 P = 2Case p p = 00

1 0.852 0.826 0.817 0.807 0.800 0.795

2 0.801 0.755 0.751 0.749 0.747 0.746

3 0.858 0.841 0.833 0.826 0.822 0.820

4 0.792 0.768 0.758 0.746 0.739 0.734

5 0.831 0.802 0.790 0.774 0.760 0.750
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FIGURE 22 Exact second mode shapes of three frame cases for three p values compared with
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acceleration-controlled region but is raised for longer periods. The variation of Sa with T

is changed from T- I to T-fJv in the velocity-controlled region and from T-2 to T- fJd in the

displacement-controlled region to obtain the seismic coefficient spectrum; see Section 5.1 for

further details. The coefficients f3v and f3d are determined from data such as presented in

Table 3 corresponding to p and other building properties from step 2.

4. Estimate the fundamental vibration period T I' Empirical formulas included in most codes,

based on a general description of the structural system and overall dimension, may be used

for this estimate. However it should be recognized that these formulas often lead to

significan tly inaccurate values.

5. Describe the first two vibration mode shape approximately by equations (29) and (30) with

the parameters 8 and h o estimated from data of the type presented in Figures 21 and 23

and Tables 4 and 5 corresponding to p and other building properties from step 2.

6. Estimate the base shear Va from equation (26) with 0 and W; determined, corresponding

to the building properties from step 2, as follows:

(a) 0 is read from the seismic coefficient spectrum (from step 3) as the ordinate.

corresponding to T I and p (from steps 2 and 4).

(b) W; is estimated either from equation (2), based on estimates of height-wise distribu­

tion of building weight from step 2 and of the fundamental mode shape from step 5, or

from data such as that presented in Table 1.

7. Separate the base shear Va into two parts:

(a) Fundamental vibration mode contribution Val determined from equation (27), with Sa I

read as the ordinate of the pseudo-acceleration design spectrum from step 1

corresponding to the T I from step 4.

(b) Second mode contribution 1702 determined from equation (28), with Va and Val known

from steps 6 and 7(a), respectively.
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8. Estimate the maximum response in individual modes of vibration by repeating the follow­

ing steps for the first two modes:

(a) Compute equivalent lateral forces Tin at all floors from equation (6) with the base

shear ifOn and mode shape value ¢>in available from steps 7 and 5, respectively.

(b) Compute story shear and momen ts by static analysis of the structure su bjected to the

equivalent lateral forces. Forces in individual structural members can not be deter­

mined until their preliminary sizes are estimated.

(c) Compu te floor displacemen ts from equation (7).

(d) Compute story deformations from the floor displacements using equation (8).

9. Determine an estimate of the maximum r of any response (displacement of a floor, defor­

mation in a story, shear or moment in a story, etc.) by combining the first two modal max­

ima 1"1 and 1"2 for the response quantity in accordance with equation (9).

5.5 Data Base Required

Several parameters must be estimated to implement the improved code-type analysis pro-'

cedure just summarized: beam to column stiffness ratio p in step 2; mode shape parameters 8

and h 0 in step 5, and effective weight W; in step 6 all of which depend on p and other struc­

tural properties; and exponents f3v and f3d in establishing the seismic coefficient spectrum in

step 3, which depend on the shape of the design spectrum, p and structural properties. Obvi­

ously data must be developed to provide a basis to estimate these parameters in practical

design application. The data presented in Tables 1, 3, 4, and 5 is a sub-set of the required

data base. The computations necessary to develop a sufficient data base are outlined in this

section.

All the aforementioned parameters depend, in part, on the stiffness ratio p which can not

be computed formally from equation (24) without a preliminary design of the building. In the

initial phase of design, therefore, p should be estimated from limited information: type of
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structural system --moment frame, shear walls, or hybrid systems, etc.-- bay widths and story

heights. The stiffness ratio can be readily estimated for limiting cases; e.g. p should be close to

zero if a single cantilever shear wall provides the lateral resistance of the building; and it

should be very large if the joint rotations are effectively restrained by stiff beams framing into

flexible columns. In order to estimate p for a typical building somewhere between these two

limiting cases, it is necessary to develop an appropiate data base.

To this end, the stiffness ratio p should be computed from equation (24) for actual build­

ings representative of each of the major types of structural systems used for buildings. Once

such a data base is developed, it should be possible to estimate p corresponding to the struc­

tural system proposed for a building to be designed. Such a rough estimate should be satisfac­

tory to obtain an initial estimate of the earthquake forces by the improved code-type analysis

procedure presented in the preceding section. Once a preliminary design of the building is

developed the p value can be determined from equation (24) and the computation of earth­

quake forces refined if necessary.

The effective weight W; and mode shape parameters 8 and ho depend only on the struc­

tural properties and these parameters have been computed (Tables 1, 4, and 5) for the five

frame cases described in Figure 2 for several values of p. Using procedures outlined earlier,

similar data should be generated for additional building cases covering the practical range of

height-wise distribution of mass and stiffness, number of stories, and other important proper­

ties.

The exponents I3v and I3d for the velocity- and displacement-controlled regions of the

seismic coefficient spectrum depend on the shape of the earthquake design spectrum, p and

other structural properties. These exponents have been presented (Table 3) for the design

spectrum of Figure 3, five frame cases described in Figure 2 and three p values. Additional

data should be generated for these five frame cases to at least include all the p values selected

in Tables 1, 4, and 5). Using procedures outlined earlier, similar data should be generated for

additional building cases covering the practical range. Finally, such complete data base should
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be developed for shapes of the various design spectra depending on epicentral distance, local

soil conditions, etc. specified in a particular building code.

Once such a data base is developed, the improved code-type analysis procedure presented

here can be conveniently implemented and included in building codes.



6. SUMMARY AND CONCLUSIONS

The Equivalent Lateral Force procedure in most building codes does not satisfactorily

recognize the fact that vibration modes higher than the fundamental mode may contribute

significantly to the earthquake-induced forces and deformations in a building. These higher

mode response contributions increase with increasing fundamental vibration period T 1 of the

building and decreasing beam-to-column stiffness ratio p. As a result, the code formulas for

base shear, height-wise distribution of lateral forces, and reduction factor for overturning

moment lead to design forces that do not satisfactorily recognize the effects of these important

building parameters.

Based on the limitations of present building codes formulas identified, an improved pro­

cedure to estimate the earthquake forces for the initial, preliminary design of buildings has

been presented. Starting with the earthquake design spectrum for elastic or inelastic design

and the overall, general description of the proposed building, this procedure provides an

indirect approach to estimate the response in the first two vibrations modes of the building.

The procedure recognizes the important influence of those building properties and parameters

that significantly influence its earthquake response without requiring the computations

inheren t in standard dynamic analysis by the response spectrum method. The procedure

represents a major conceptual improvement over present building codes with very little

increase in computational effon.

Several parameters must be estimated to implement this improved code-type analysis

procedure. The data necessary to provide a basis for estimating these parameters in practical

design application have been identified and a sub-set of the required data base has been

presented.
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APPENDlXA:

EVALUATION OF APPROXIMATE FIRST MODE SHAPE ALTERNATIVES

A.I Definition of Approximate First Mode Shapes

Three alternative shapes --Xl' x2, and X 3-- are considered as possible approximations to

the fundamental mode shape. Their components at the jth floor level are given by:

i)xlj = (hj/H)b

ii) x 2 i = (hi /h o) (1 - hi jh o)

iii) x 3i = (h i /H)1/2 + "/ (h i /H)2

Each of the three approximate shapes is expressed in terms of one parameter which will be

determined --as function of p and the frame characteristics-- by a least-squared error fit to the

exact fundamental mode shapes for the five frame cases considered in this part of the study

(Section 2).

The variation with p of the parameters 8, h 0' and "/ for the five frame cases is presented

in Figures A-I, A-2, and A-3 respectively. From a comparison of the curves in these figures

it is apparent that the less sensitive of the three approximations to the fundamental mode

shape to changes in the value of p is Xl' This is a very important quality because p can not be

estimated with a high degree of accuracy at the initial stages of the design process, precisely at

the time when the approximation to the fundamental mode shape is going to be used. Further­

more, since the distributions of mass and stiffness over the height are only known in a very

approximate manner it is also desirable that the parameter defining the approximate funda­

mental mode shape should not be very sensitive to them. Under these criteria, the most reli­

able approximation to the fundamental mode shape will be obtained from Xl' For X 2 , precisely

in the range of p typical of moment resisting frames (see Part I) the value of the parameter ho

is very sensitive to changes in p showing a discontinuity, whose location depends on the frame

characteristics (number of stories and stiffness and mass distribution over height). For X 3

although there is no discontinuity, the dependence on the frame characteristics is somewhat
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larger and the changes in the value of 'Y for small changes in p are quite large, especially for

rather small p values.

A.2 Errors in Approximations

An estimate of the magnitude of the errors for each of the three approximate fundamen-

tal mode shapes can be obtained from:

N 1/2

[ i''5dI(4)i1 - Xki?}
N 1/2

L"5dl4>?I)
k 1, 2, 3

This expression corresponds to the ratio of the Euclidean norms of the error vector (4)1 - Xk)

and the exact fundamental mode vector fiJI' The variation with p of this error quantity for

each of the three approximate fundamental mode shapes considered is shown in Figures A-4 to

A-6. They display the same general trends, the errors are largest for values of p about 0.1 and

decrease towards both extremes. The magnitude of the error quantity Ek , for a given p value,

is in general smallest for X 2 , but for Xl its largest value does not exceed 0.16. Therefore, it can

be expected that the error in the individual components, at each floor level, of the approxima-

tions to the fundamental mode shape will be even smaller. In Figure A-7 the three approxi-

mate fundamental mode shapes are compared to the exact fundamental vibration mode shapes

for three of the frames cases considered in this study and three values of p. Although there

are some differences between the three approximations their overall quality is about the same.

Perhaps being X 2 the best of the three.

Although the errors for Xl are somewhat larger than for the other two approximations, it

is still considered the most viable of the three approximate fundamental mode shapes because

the differences in the errors are not large enough to offset the advantage of having a much

smoother variation of the parameter that defines the shape with frame characteristics, espe-

dally p. Even though the errors can be rather large in some cases they can be considered

acceptable given the overall level of uncertainty inherent in the preliminary design procedure.
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APPENDIX B: NOTATION

ordinate at zero period of the pseudo-acceleration design spectrum, Mexico's

Federal District Code (MFDC)

maximum ground acceleration due to earthquake ground motion

maximum value of the pseudo-acceleration design spectrum ordinate, MFDC

seismic coefficient representing effective peak acceleration, ATC-3 recommenda-

tions

seismic coefficient representing effective peak velocity-related acceleration, ATC-3

seismic coefficient in building codes

modulus of elasticity

maximum equivalent lateral force at jth floor level in nth natural vibration mode

lateral force at jth floor level specifled by building codes

addeitional force at top floor level specified by DBC

acceleration of gravity

story height

parameter in second mode approximation, height from base to node, equation

(30)

height from base to floor level j

effective height in the nth natural vibration mode

total height of building

moment of inertia of beams

moment of inertia of columns

exponent used to define lateral force variation with height, ATC-3
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stiffness matrix

structural-type coefficient, UBC

length of beam

length of column

mass lumped at jth floor level

time-history of base overturning moment in nth mode

maximum value of base overturning moment in nth mode M On (t)

maximum base overturning moment

maximum overturning moment at story j

total number of floor levels in the structure

exponent of liT in decaying branch of pseudo-acceleration design spectrum,

MFDC

maximum of response quantity r

maximum of nth vibration mode component of response quantity r

reduction factor to account for effects of inelastic behavior, ATC-3

pseudo-acceleration design spectrum

spectral pseudo-acceleration ordinate for nth natural vibration mode

displacement design spectrum

pseudo-velocity design spectrum

time variable

natural vibration period

fundamental vibration period of a multi-degree of freedom system

lower limit of natural period for constan t pseudo-acceleration part of the design

spectrum
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lower limit of natural period for constant displacement part of the design spec-

trum

natural vibration period in the nth mode

lower limit of natural period for the constant pseudo-velocity part of the design

spectrum

maximum ground displacement due to earthquake ground motion

maximum floor displacement at jth floor level on the nth vibration mode

maximum of ground velocity due to earthquake ground motion

base shear in building code formulas

part of base shear distributed over the height proportional to h, MFDC

part of base shear distributed over the height proportional to h 2
, MFDC

maximum value of base shear

maximum of story shear at story j

time-history of base shear in nth mode

maximum value of base shear in nth mode

weight lumped at the jth floor level

total weight of the structure

effective weight that participates in the nth natural vibration mode

seismic zone coefficient, UBC

scale factor in aT-{3 least-squared error fit to normalized base shear spectrum

exponent in aT-{3 least-squared error fit to normalized base shear spectrum

value of exponent f3 in the displacement-controlled region of the spectrum

value of exponent f3 in the velocity-controlled region of the spectrum
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parameter in the fundamental mode approximation, exponent, equation (29)

maximum inter-story drift at jth story in the nth natural vibration mode

damping ratio in the nth natural vibration mode

allowable ductility factor, MFDC

reduction factor, related to p" to account for effects of inelastic behavior, MFDC

beam-to-column stiffness ratio

displacement at the jth floor in the nth natural vibration mode

eigen vector or natural vibration mode shape

nth natural vibration mode shape

natural vibration frequency

nth natural vibration frequency
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