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ABSTRACT

Because of cost, cylindrical, ground supported liquid storage tanks
are often not fixed to their foundation, even in seismic areas. For
such an unanchored tank made of steel., the weight of the c¢ylindrical
shell is mostly insufficient teo prevent local uplift due to seismic over-
turning moments. Although, for properly designed connecting pipes,
uplift itself 1is not a problem, it results in larger vertical
compressive stresses in the tank wall at the base, opposite to where the
uplift occurs, These compressive stresses have often caused buckling,
even in earthquakes which did not cause much damage to other structures.

Various investigators have studied the behavior of unanchored tanks
experimentally, but, due to the complexity of the problem, so far very
little theoretical work has been done. Two methods of analysis for
static lateral loads are presented: An approximate one in which the
restralining action of the base plate 1s modeled by nonlinear Winkler
springs, and a more comprehensive cone 1in which the two dimensional
nonlinear contact problem is solved by the finite difference energy
method. The theoretical results are compared with existing experimental
results and with the approach from curren£ U.S. design standards. The
theoretical peak compressive stresses are in good agreement with the
experimental results, but in some cases exceed those calculated by the

code method by more than 100%.
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Finally, a new design concept, by which the tank wall is
preuplifted all around its circumference by inserting a ring filler is
described. It will be shown theoretically and experimentally that this

preuplift method substantially improves the lateral load capacity.
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1. INTRODUCTICN

1,1 MOTIVATION

For anchored tanks, the tank wall is effectively fixed to a founda-
tion which is sufficiently heavy to prevent uplift in the event of an
earthquake. This means that the anchor bolts must be able fo transmit
the earthquake induced vertical tension in the tank wall to the founda-
tion. Methods for the seismic analysis of such tanks are well
established [Jacobsen (1949), Housner (1957, 1963), Veletsos and Yang
(1977}, Shaaban and Nash (1975), Haroun (1980), Haroun and Housner
(i981, 1982 a,b), Liu and Lam (1983)], and complicating effects such as
the excitation of modes with a higher circumferential wavenumber due to
imperfections and geometrically nonlinear effects in the shell have also
been considered [Turner (1978), Haroun (1980), Zul and Shinke (1984),
Tani et al. (1984)].

In practice, anchoring a tank requires a large number of anchor
bolts and suitable attachments welded onto the tank wall, so that the
tension forces in the anchor bolts can be distributed evenly in the tank
wall. Poorly designed attachments, or an attempt to earry too high a
bolt force on a single attachment could-result in tearing of the tank
wall. Also, a fairly massive foundation may be required, especially for
a larger tank. Thus, anchoring a tank is expensive, and, as a result,
many tanks are unanchored, even in seismiec areas. This is especially

true for large capacity, broad tanks.
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When an unanchored tank is subjected to strong ground shaking, the
lateral force due to hydrodynamic pressures acting on the tank wall is
of the same order of magnitude as the weight of the liquid. Unless the
tank wall uplifts, the overturning moment induced by this lateral force
can only be balanced by the stabilizing effect of the weight of the
tank. For typical‘steel tanks the weight of the tank is much less than
the weight bf the contained liquid. Therefore, the weight of the tank
is insufficient to bal;nce the overturning moment due to hydrodynamic
pressures acting on the tank wall, and the tank wall uplifts locally, as
shown in Fig. 1.1. As 3 result, a crescent—-shape strip of the base
plate is also lifted from the foundation. The weight of the fluid rest-
ing on the uplifted portion of the base plate provides the resisting

moment against further uplift,
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It must be emphasized that unanchored tanks are special in that
only the weight of fluid resting on the uplifted portion of the base
plate contributes to the stabilizing moment, whereas the entire mass of
liquid contributes to the overturning moment. This is different from
the usual case in which the entire weight of a structure and its
contents contributes to the stabilizing moment. As a resuit, unanchored
fluid storage tanks are particularly prone to uplift problems.

Evidence of uplift can be found in the 1964 Alaska earthquake, dur-
ing which snow found its way underneath the base plate of some tanks
[Hanson (1973)] and during the 1971 San Fernando earthquake, when an
anchor bolt of a 30 ft tall and 100 ft diameter tank was pulled up by
14 in [Figure 7.2; in Jennings (1971)].

Although uplift itself is not necessarily associated with serious
damage, it can be accompanied by large deformations and major changes in

the stresses in the tank. The consequences of large uplift can include,

(i) Damage and breakage of connecting pipes.

(ii) Buckling of the tank wall because the vertical compressive
stresses in the portion of the tank wall which remains in contact
with the ground on the other side of the tank are greatly
inereased.

(iii) Fracture at the Junction between the base plate and the shell

wall due to cyclic plastic hinge rotations.
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Therefore, it is important to understand and be able to predict the
behavior of unanchored liquid storage tanks in earthquakes.

As will be seen in the nextﬁsubsection. some experiméntal studies
on unanchored tanks have been performed. However, because of the
complexity of the problem, not much theoretical work has been done.
Although the experiments provide useful information for certain
prototype ténks, the resultsrare not directly applicable for other tank
dimensions. Also, an improved understahding of the behavior of
unanchored tanks can be gained from theoretical analysis and comparison

with existing experimental results.

1.2 BACKGROUND

A very large number of papers have been published on the dynamic
behavier of anchored tanks. However, here the attention is focused on
the somewhat more scanty literature on unanchored tanks. Publications

on unanchored tanks can be divided into three categories,

(i) Those documenting and evaluating the damage to unanchored tanks
during past earthquakes.
(ii) Experimental studies.

(iii) Theoretical studies.

These will be dealt with in the next three subsections.
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1.2.1 Experience from Past Karthquakes

The Prince William Sound, Alaska, earthquake of 1964 caused
extensive damage to oil tanks, most of which appear to have been
unanchored, as reported by Rinne (1967). For one of the tanks, plastic
deformations in the base plate (presumably developing due to uplift)
caused the tank to remain uplifted by 2 in after the earthquake. Many
tanks buckled near the base due to vertical compressive stresses. A few
of them cocllapsed as a consequence. Rinne defined a buckling resistance
coefficient, Cp, to be the lateral force coefficient applied to the
total weight of the tank and contents1 for which the overturning stre552

at the base is equal to a "theoretical buckling stress"s. He found that

tanks for which Cp > (.44 did not buckle at the base, whereas tanks for
which Cp < 0.44 did. He concluded that there must have been a substan-
tial amplification or resonance buildup of the lateral forces. An
alternative explanation is that the tanks buckled at lower lateral
forces because of the large concentration of compressive stresses which

occurs if the tank uplifts.

1 Rinne approximated the total weight of the tank and contents by 1.1
times the weight of the contents, and assumed that the lateral force
acts at a height of 0.4 h above the base, where h is the height to
which the tank is filled.

2 The maximum vertical compressive stress at the base as calculated
with the assumption that the tank is anchored.

3 The "theoretical buckling stress” used by Rinne is about 0.18 times
what is generally known as the classical buckling stress [Timoshenko
and Gere (1961), p. 458, equation 11-11.
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Hanson (1973) took another look at the damage to tanks during the
1964 Alaska earthquake. He performed a calculation to estimate a peak
compressive stress for an unanchored tank which exceeds the peak
compressive stress for the anchored case by a factor of more than 5.
Thus he concluded that a 20%g maximum ground acceleration and a lightly
damped spectral veloeity of Sv = 2,0 ft/s was sufficiently intense to
account for the observed damége. He also made the important suggestion
that the base be thickened near the junction with the shﬁll wall., This
makes it possible for the base plate to carry the weight of the fluid on
a larger uplifted portion. Thus a larger hold—-down force can be
developed. Finally, Hanson made the interesting cobservation that a
possible source of roof damage is that "uplift on one side of the tank
requires the roof to act as a structural diaphragm to hold the top of
the shell circular. This diaphragm action tends to make the roof buckle
unless it has been désigned as a structural element.” It will be seen in
Chapters 3 and 4 that, for a tank without a roof, uplift can indeed
result in large cut-of-round distortions of the tank cross section
associated with inextensional deformation modes of the cylindrical
shell,

During the 1971 San Fernando earthquake [Jennings (1971)] several
tanks were also damaged, including a 100 ft diameter, 30 £t tall wash-
water tank at the Balboa Water Treatment Plant which experienced 14 in
of uplift as evidenced ?y a pulled up anchor bolt. The tank was
reported to be 1/2 to 3/4 full at the time of the earthquake and did not

buckle at the base. However, at the top, the tank wall buckled inward,
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possibly due to subatmospheric pressures induced by the increase in the
enclosed volume which is associated with uplift.

The Imperial County earthquake [Leeds (1980)1, of magnitude
ML = 6.6, also caused damage to a number of tanks located about 5 km
from the Imperial Fault. Since strong ground motion data were available
for nearby sites, Haroun (1983) was able to compare the observed damage‘
with predictions based on existing methods of analysis. He computed
overturning moments assuming that the tanks were anchored and rigid, and
determined the actual and allowable maximum compressive stresses using
the procedure recommended in the API standard 650 [American Petroleum
Institute (1979}}. He concluded that the current standards and codes
for seismic analysais of unanchored tanks lead to a conservative design.
However, it is not clear whether the conservatism lies in the assumption
that the lateral loads are the same as for a rigid anchored tank, in the
method of estimating the peak compressive stress, or in the buckling
criterion.

Moore and Wong (1984} collected an extensive set of damage data
from the 1980 Livermore earthquake, the 1978 Miyaki-Ken—Oki earthquake
in Japan, the 1971 San Fernando earthquake, and from Alaska. From this
set of data and experimental results {Clough (1977), Niwa (1978), Clough
and Niwa (1979), Niwa and Clough (1982)], they concluded that the
maximum width of the uplifted strip of the base plate and the allowable
vertical stress in the tank wall given in the API standard 650 are too
small. By modifying these quantities they obtained good correlation

with the observed damage.
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Finally, the damage to a number of unanchored tanks during the 1983
Coalinga earthquéke was studied by Manos and Clough (1985). Based on
accelerographs from a nearby site recorded during the main event, and
accelerographs from the tank sites recorded during aftershocks, they
estimated peak ground accelerations ranging from 0.33% to 0.82g for the
tank sites. Damage included buckling of the tank wall at the base, dam-
age to floating roofs, spilling of oil over tﬁe top of many tﬁnks, and
damage to connecting pipes. All tanks included in the study were
unanchored, Manos and Clough concluded that current U.E. practice
[American Petroleum Institute (1979)] underestimates the sloshing
response of tanks with floating roofs and does not adequately address

the uplifting mechanism of tanks with floating roofs.

1.2.2 Experimental Studies

A number of shaking table testé were performed at the University
of California at Berkeley [Clough (1977), Niwa (1878), Manos and Clough
(1982)] using aluminum models, and for a full scale stainless steel wine
tank [Niwa and Clough (1982)]. Based on the modulus of elasticity of
aluminum, the models satisfy the requirement for similarity to steel
prototypes which are three times larger. Uplift and out-of-round defor-
mations of the cross section were a dominant feature of the response,
and resulted in larger displacements and stresses in the tank wall. 1In
several cases the measured vertical oompyessive stresses in the tank
‘'wall exceeded the code allowable values, without any signs of buckling

or other distressl Manos and Clough (1982) measured stresses 2.85 and
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2.35 times larger than the allowable from the AWWA [American Water Works
Association (1979, 1984)] and API standards respectively. They also
showed that the peak compressive stresses could be reduced by using a
flexible foundation.

The observed response was quite complex, and the author believes
that more can be learned from the test results than has been learned to
date. Certainly these experimental results are an important basis for
comparison with any analytical models.,

Somewhat simpler experimental results are obtained from static tilt
tests [Clough and Niwa (1979), Manos and Clough (1982), Shih (1981)] in
which a lateral load is induced by tilting the tank. Shih (1981) has
shown that the stresses due to tilting are similar to those induced by
seismic lateral loads (if the inertia associated with out-of-round dis-
tortions is neglected). Some of the results of these tilt tests will be
used in Chapters 4 and 5, for comparison with analytical results.

Shin (1981), and Shih and Babecock (1980, 1984) use a different
approach for their experimental work: Their mylar tanks satisfy the
requirements for similarity with steel tanks 40 times larger. As a
result, models as small as 5 in in diameter can be used to represent
steel prototypes of a realistic size. Such models are easy to
fabricate. Since they are not damaged by buckling of the shell, the
same tank can be used in a number of buckling experiments. Another
advantage of mylar tanks is that residual stresses due to welding are
avoided. On the other hand, since mylar sheets are too flexible for the

use of straingages, stresses can only be determined by analysis. Also,
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for plastic deformations of the steel prototype, the similarity condi-
tions break down because mylar does not yield. Thisvis important if‘the
steel prototype experiences some plastic deformation prior to buckling.
The mylar tanks were tested on a shake table (with harmonic and
transient excitation), and by statie tilt. Test conditions which were
varied include tank dimensions, base fixity condition (anchored or
unanchored), top condition (with or without a2 roof or stiffeniﬁg rim},
and water level. In one of the transient tests the intensity of motion
which produced buckling for an anchored tank iz up to 18 times larger
than for the unanchored case. Alaso, the experiments for the anchored
case indicate that buckling occurs at stress levels close to the classi-

cal value,

1.2.3 Theoretical Work

Despite the very large number of publications oﬁ the behavior
tanks in earthquakes, only a few deal with the analysis of unanchored
tanks.

The method of analysis that has enjoyed the widest use is that of
Wozniak and Mitchell (1978), which has been adopted in the AWWA and API
standards: Using a rigid-plastic beam model for the base plate shown in
Fig. 1.2, the maximum hold-down force due to the weight of fluid resting

on an uplifted portion of the base plate is.

* Eg. 1.1 is valid for any consistent set of units.
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internal pressure, p

ST T T =l S S e e

Figure 1.2: Rigid-plastic beam model used vy Wozniak and Mitchell
(1978) to calculate the hold-down force due to the weight of
fluid resting on the uplifted portion of the base plate.

Note: Since the moment at the plastic hinge location, H, is a
maximum, the shear must vanish there. Therefore, the unknown
distance HE and the force N can be determined by balancing
the vertical forces and moménts for the free body HE. The hold
down force is equal to the weight of fluid resting over the
portion HE of the base plate.



N
N |
max y
1.
B
. ,:— —
8 y

Figure 1,3: Assumed distribution of vertical forces in the tank
wall at the base in the model of Wozniak and Mitchell (1978).
Note: The parameters N and B are determined by balancing the
vertical forces and moments acting on the cylindrical shell.
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N, = t[f‘yp]’h . (1.1)

No = hold down force per unit length along the circumference of

the shell, which is also the vertical membrane tension

developed in the shell at the base.

t = thickness of the base plate.
fy = yield stress of the base plate.
p = hydrostatic pressure acting on the base plate.

For a rigid-plastic beam, the force N_ is independent of the amount of
uplift., In reality however, the displacements required to develop the
plastic hinges are so iarge that small deflection theory is no longer
applicable. Nevertheless, Wozniak and Mitchell assumed that the hold
down force given in Eq. 1.1 would be developed around the entire
circumference except in a contact region which spans an angle 2p. 1In
this contact region, the vertical force iq the tank wall at the base is
assumed to vary linearly with respect to a coordinate y measured along
the loading axis as shown in Fig. 1.3. The resulting assumed distribu-
tion of vertical forces in the tank wall contains two unknown param-
eters: The maximum vertical force in the tank wall, denoted by Nmax in
Fig. 1.3, and the angle spanned by the contact region, 2B. These two
unknowns can be determined by balancing the vertical forces and moments
acting on the shell.

What makes the model of Wozniak and Mitchell particularly simple is

thét the magnitudes of the displacements do not enter in the calcula-

tion. Other simplified methods have been proposed by Clough (1977),
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Shih (1981), Cambra (1983), Ishida et al. (1985) and Leon and Kausel
(1986). None of these consider the deformations of the shell in deter-
mining the extent of the contact region and the distribution of vertical
stresses therein.

Auli, Fisher and Rammerstorfer (1985) present an analysis in which
the vertical restraining action of the base plate and the foundation is
mcdeled by a circular bed of nonlinear Winkler springs. In tension
these springs represent the restraining action due to the weight of
fluid resting on an uplifted portiocn of the base plate, and in compres-
sion they represent the rigidity of the foundation. A4 number of
different models were studied in order to obtain the force-deflection of
the springs in tension. In the one which best addresses the uplift
problem, Auli et al. use the finite element method to solve the
axisymmetric problem in which the base plate experiences a uniform
uplift all around the circumference. The resulting relationship between
uplifting force and ublifting displacement is then assumed to be appli-
cable lccally when the uplift varies around the circumference. Auli
et al. also performed a stability analysis for the shell with and
without imperfections, and found that buckling at the base occurred at
stress levels close to the classical value.

The concept of using equivalent Winkler springs to model approxi-
mately the restraining action due to the base plate is alsé used in
Chapter 4. The method of analysis presented therein was completed
before the work of Auli et al. (1985) was known to the author or

published, and can therefore be considered to be developed
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independently. It will also be seen in Chapter § that there are
instances when this method is not satisfactory.

So far the discussion on methods of analysis for unanchored tanks
has focused on the analysis of the tank for given lateral loads., Rock-
ing affects the dynamics of the tank, and therefore also the lateral
load level. A number of papers address the problem of the dynamic
analysis of liquid filled tanks including rocking [Ishida (1980), Sakai
et al. (1984), Haroun and Ellaithy (1985)]. In some cases the base of
the tank is assumed to participate in the rocking motion, in others the
base of the tank is assumed to remain flat, and only the shell undergoes
the rocking motion. What happens for an unanchored tank is somewhere in
between these two extremes: Close to the tank wall, the base plate
participates in the rocking motion, but at the center the base plate
remains in contact with the ground.

Ishida and Kobayashi (1985) use a four degree of freedom dynamic
model for a rocking tank. In order to obtain the properties of a rota-
tional spring which resists the rocking motion for an unanchored tank,
they assumed that the shell rotates as a rigid body. They also used a
circular bed of nonlinear Hinklef aprings to model the resistance to
vertical displacements of the tank wall at the base. An elastic-plastic
beam model with axizl tension served to estimate the resistance to
uplift provided by the base plate. Ishida and Kobayashi also performed
shaking table experiments, and compared the results with those from a

time history analysis for their four degree of freedom system.
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An effect which is not included in any of the dynamic rocking ana-
lyses is the vertical displacemept of the combined center of gravity of
the tank and contents: At any time, the vertical displacement field for
the base plate can be decomposed into one component which is
antisymmetric in the coordinate y (Fig. 1.3), and a component which is
symmetric in y. During a cycle of rocking motion, the antisymmetric
part élso undergoes one cycle of motion, but the symmetric part
undergoes two. Furthermore, the spatial average of the symmetric part
over the base plate is non-zero, indicating that the center of gravity
of the fluid undergoes two cycles of vertical motion for each cycle of
rocking. This not only increases the effective period of oscillation,

but may also contribute towards dangercusly high hydrodynamic pressures.

1.3 SCOPE AND ORGANIZATION

The author believes that it is important to gain a thorough under-
standing of the statics problem of the tank subjected %o lateral loads
before much confidence can be placed in any dynamic solution. Therefore
attention is focused on the analysis of the tank under given lateral
loads, and comparison with (for the most part existing) experimental
results.

Since, in a time history analysis, the solution to the dynamic
problem is obtained by solving a statics problem at each time step, the
solution presented is a key ingredient for solving the dynamic problem.
The method of analysis chosen for the static case is such that it can

readily be incorporated in a dynamic analysis. Also, any simplifying
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approximations which may emerge from studying the static solution are
also applicable for the dynamic case.

Although it is certainly desirable to obtain a dynamic solution to
the problem, the uncertainty in the maximum seismic lateral load a tank
might experience during its lifetime due to incomplete understanding of
the dynamic behavior is probably no larger than the uncertainty about
the intensity and fréquency content of ground motion that might occur.
Therefore, for design purposes, a justifiable approach is to design the
tank for a given lateral load, which is estimated with due consideration
of botih sources of uncertainty.

In Chapter 2 the axisymmetric problem in which the tank is
uniformly uplifted all around the circumference is solved. After study-
ing the behavior of the shell in Chapter 3, the relaticnship between
uplift and hold-down force from the axisymmetric analysis of Chapter 2
is used to define the properties of a bed of equivalent nonlinear
Winkler springs at the base. The analysis of the tank on such a bed of
springs is formulated in Chapter 4. The validity of this equivalent
springs method is verified in Chapter § by solving the coupled, non-
axisymmetric problem for the base plate and shell by the finite differ-
ence energy method. Both geometric and material nonlinearities are
considered ih the analysis. Finally, a new design concept is proposed
and evaluated in Chapter 6, and the main conclusions are summarized in

Chapter 7.
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The symbols used are redefined in each chapter, except that the
nomenclature for Chapter 3 also applies for Chapter 4. Thus, for exam—
ple, in Chapter 2, u denotes the radial displacement of a point on the
base plate, whereas in Chapter 3 the same symbol is redefined to denote

the vertical displacement of a point on the cylindrical shell.
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2. AXISYMMETRIC UPLIFT PROBLEM

When the tank wall uplifts due to earthquake induced overturning
moments, it pulls the base plate up with it. Consequently, part of the
weight of the fluid resting on the uplifted portion of the base plate
becomes effective in resisting overturning moments. In this section the
relationship between the radial extent of the uplifted portion of the
base plate and the vertiecal uplift of the tank wall is studied by solv-
ing the axisymmetric problem in which the tank is uniformly uplifted all
around its circumference {see Fig. 2.1). It will be seen that due to
geometrically nonlinear effects in the base plate, membrane stresses
develop which are of :rimary importance.

In strict terms, the solution to the axisymmetric preoblem is not
applicable if the uplift varies around the circumference. However, if
the uplifﬁed width in the radial direction is small compared to the
radius of the tank, and if the variations in vertiecal uplift are
gradual, intuition suggests that the relation between vertical uplift
and the uplifted width determined from the axisymmetric solution may be
approximately applicable at any given point on the circumference. Thus,
although axisymmetric uplift does not occur in an eartrncuake, the solu-
tion to this problem may be useful in devéloping an approximate method

of analysis for seismic lateral loads.
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Figure 2.1: Definition of Axisymmetric Uplift Problem.
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2.1 DEFINITICN OF THE PROBLEM

The axisymmetric uplift problem considered is shown in Fig. 2.1.
Point E will be referred to as the edge, and point C, as the contact
point. The displacements are taken toc be u and w in the r and z
coordinate directions, respectively.

it 1s assumed that

a) The foundation is rigid and frictionless:;

b) The tank is weightless and stress free when it is empty;

¢) Both the base plate and the shell remain elgstic, but a plastice
hinge can form at the edge, E. The stresses and displacements
due to the hydrostatic fluid load and an axisymmetric uplift
force per unit length, P, applied at the top of the tank, are

to be determined.

2.2 AXISYMMETRIC SHELL PROBLEM

Since the radial displacements of the shell are relatively small,
the linear theory for an axisymmetrically loaded cylindrical shell
(Timoshenko and Woinowsky-Krieger, 1959) is applicable. According to
this theory, bending moments and shears in the shell decay rapidly with
distance from the edge. As a result, the.shell may be assumed to be
sufficiently long that the solution depends only on the thickness and
elastic properties of the lowest course of the shell. In addition, the
fluid pressure is taken to be constant over the region of influence of

the shell. With these assumptions, the displacement and rotation of the
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shell at the edge are found to be given by

a(pa-Vy_P) 2
u = -—TE*—§*—'+--L—'[M~1H] (2.1)
t 2D
3"s s
. = = [2M-AH] , (2.2)
S 2Ds

in which

u = radially outward component of displacement of the edge;

d_ = rotation of the shell-wall at edge, taken to be positive in

the anti-clockwise direction, as shown in Fig. 2.1;
H = radially inward force acting on the shell;

M = moment acting on the shell at the edge, defined to be

positive when it acts in the same sense as the rotation ds;

D_ = Est:/[12(1—V§)], the flexural stiffness of shell:

s
Es'“s = Young's modulus and Poisson’s ratio for the shell,
respectively;
- ¥ 2, %
A= [tsa] /[3(1-“8)] , the characteristie length, which

determines the rate of decay of bending moments in the

shell;

p = Fluid pressure at the edge (point E in Fig. 2.1).
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a = Radius of tank, as defined in Fig. 2.1. Equations 2.1 and
2.2 will be used in the boundary conditions for the solu-
tion of the base plate problem.

2.3 GENERAL THEORY FOR BASE PLATE

For a typical tank the uplift may be of the order of 50 times the
base plate thickness. Since linear plate theory is only applicable for
deflections which are small compared to the plate thickness, a nonlinear
theory is required. The moderate deflection theory, also known as the
Von Karman plate theory [used by Timoshenko and Krieger (1959) and
Stoker (1968)] is applicable as long as the deflections are not too
large compared to dimsnsions of the plate. For even larger displace-
ments, the large deflection theory must be used. Here the equations for
large deflections are developed first, then the approximations of the
Von Karman theory are introduced.

In the development of the large deflection theory the following

assumptions are made in addition to those listed in Section 2.1:

1. The strains are small. As a result, the differences between
natural strains and engineering strains, or Piola-Kirchoff
stresses and Cauchy stresses, are negligible.

2. lChanges in the distance of any point in the plate to the mid-
surface are negligible,.

3. The pressure p is applied at the mid-surface.
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A typical segment of the base plate is shown in Fig. 2.2. It is
assumed that a point on the midsurface of the base plate moves from a
peint (r,0) in the original (empty, not uplifted) configuration to a
point (R,w) = (r + u,w) in the loaded (full and uplifted) configuration.
The membrane forces, denoted Nr in the radial direction and N9 in the

tangential direction, are given by

Nl" = K(gr + \)u/l") (2.3)

Ne = K(\)Br'.'ulr) » (2-4)

in which &, is the strain in the radial direction, and K is the exten-

sional rigidity given by
K = Et/(1-9D) (2.5)

in which E, V and t are Young’s Modulus, Poisson’s Ratio, and the thick-
ness of the base plate, respectively.
The radial and tangential moments, are taken to be positive when

they induce tenaion on the bottom of the base plate, and are given by

M., = D(d' +V sin ¢/r) (2.6)

My = D4’ + sin é/r)y ., (2.7)

in which ¢ is the slope angle defined in Figs. 2.1 and 2.2, D = Kt2/12
is the flexural rigidity of the base plate, and the prime denotes
differentiation with respect to r. Here the radial and circumferential

curvatures, d' and sin ¢/r, respectively, are taken to be the rate of
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change of the unit normal vector to the mid surface per unit length in
the original configuration. The radial shear force is denoted by Qr’
and acts as shown in Fig. 2.2. The shear force, the membrane forces,
and the moments are expressed as forces per unit length in the original

configuration.

Considering the changes in w and u for an infinitesimal change in

the material coordinate gives
W o= - (1+er) sin ¢ (2.8)
u’ = (R-r)* = €, - (1+ar)(1- cos &) . (2.9)

The vertical and radial equilibrium equations for the segment of

the base plate shown in Fig. 2.2 may be written as

rQ. cos ¢ - rN, sindé = F, (2.10)
rQ, sin ¢ + rN cosd = F, , (2.11)
in which

R
F, = r, Q. - f DRdR (2.12)

R

(o]

W r

Fy = r N, + [ pRaw +ﬁ[ Ngdr . (2.13)
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In Egs. 2.12 and 2.13 Nr and Q. are the radial membrane force and the

0
shear force at the contact point. This shear force is generated by a
concentrated line reaction exerted by the foundation on the base plate.
The concentrated contact reaction occurs without deformations since the
foundation is assumed to be rigid. Without the contact reaction no
solution would be possible; it is required for the sudden change in
shear force. In reality however the foundation always has some flexi-
bility, and the concentrated line reaction redistributes over a finite
width.

A third equilibrium equation results from considering the moments
acting about the tangential axis on an element of the plate shown in
Fig. 2.3. In obtairng this equilibrium equation, note that the verti-

cal components of the moments M, cancel, and only the radial component

Me cos B changes through an angle d8. The resulting moment—shear rela-

tien is

(rM)* = Mg cos 8 + (1+s,)rQ, . (2.14)

There are now nine equations, 2.3, 2.4, 2.6 through 2.11 and 2.14
for the nine variables: u, w, Br' e Nr‘ NB’ Mr’ Me' Qr' Many of the
variables could readily be eliminated, but here it is found convenient
t0 leave any simplifications of the governing equations for later, when
the method of numerical solution is discussed.

The boundary conditions are as follows. At r = .. the contact

point C:



w =0,d = 0,M = ¢ (2.15)
K(1Wu/r = K(14W)e, = N ) (2.16)

The last conditions arise because, since the foundation is frictionless,
the entire portion of the base plate which remains in contact with the
ground is in a statg of uniform, isotroplc membrane forces
(Nr =Ng =N, for r {r)).

At r = a, the edge, Eqs. 2.1 and 2.2 for the shell need to be
considered, The horizontal radial force and moment reaction conditions

are:

H = Nr cos 4 + Q, sin ¢ , (2.17)

and M = -M (2.18)

If no plastic hinge forms, the additional condition is & = ds; if a
plastic hinge does form, the moment at the edge must be. the lesser of
the yield moments of the base plate, or the shell. Defining the lesser

of these two moments by My, the yield condition is

The effect of a stiffening ring at the edge could alsc be included, but

is omitted here for simplicity.
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2.4 SQOLUTION FOR MODERATE DEFLECTIOQONS

For moderate deflections sin & is replaced by & and cos ¢ by unity,
except that in Eq. 2.9, 1- cos ¢ is replaced by %dz. In addition, terms
containing the factor de are neglected in Eqs. 2.8 and 2.9, and the
radial component of the shear force er is neglected in Egq. 2.11. Thus

Eqs. 2.6, 2.7, 2.8, 2,9, 2.10, 2,11 and 2.14 become:

M, = D(d' + Vé/r) (2.19)
My = D(V4' + d/r) (2.20)
W o= -4 (2.21)

w' = sr_wz (2.22)
rQ. - rNd = F_ (2.23)
W= F, (2.24)
(er)' = Mg + rQ, (2.25)

Finally, the difference between R and r is neglected in Eq. 2.11 to give

r
Fv = ro Q- J. prdr , (2.26)
R
o

and the horizontal component of the pressure force is neglected in Eq.

2.13 to give
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r
Fp = ro N+ [ Near . (2.27)

r
o

All other equations and boundary conditions remain the same except that

the edge condition for radial force (Eq. 2.17) becomes H = N This

P
nonlinear contact problem is solved by the shooting method: The loca-
tion of the contact point, as well aé the radial membrane force (Nro)'
and the shear (Qro) at the contact point are assumed. This defines an
initial value problem starting at the contact point, which is readily
solved numerically. However, unless by chance the correct values of Nro

and Qr were assumed, the solution of the initial value problem will not

0
satisfy the boundary conditions at the edge. The mismatch in the

boundary condition may be expressed as an out-of-balance force, termed
Hob’ and an out-of-balance moment, M. These out-of-balance forces
depend on Nro and Q_ . They must vanish in order that the correct solu-
tion to the problem be obtained. Symbolically, these requirements may

be written as

Hob(Nrb’Qro

t
(=]

) (2.28)

Mob(Nro’Qro

)

|
(=

(2.29)

These equations can be solved numerically, by Newton’s method, to any
desired degree of accuracy. The gradient matrix can be obtalned from a
set of linear, ordinary differential equations which are derived by
considering a perturbation to the governing equations. or, more

conveniently, by computing the gradient matrix numerically. Finally,
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solving the problem for a number of locations of the contact point, a
parametric description of the relationship between any two variables of
interest can be obtained.

Consider now the solution of the initial value problem in which Nr
and Qr are known at the contact point. Perhaps the most natural
approach is to eliminate all variables except the displacements u and w
from the equations. This gives two coupled ordinary differential equa-
tions, of 3rd order in w and 2nd order in u, which can be solved by
standard numerical methods. This was attempted by the author who found
that assuming that u'’ and w''’ vary linearly between nodal points, and
using a metheod similar to Newmark'’s method of integrating the equations
of motion, gives very poor results for any practicable step size, h. It
is expected that similarvproblems would be encountered for other numeri-
cal methods. The reason is that tns equations contain the terms
u’ + w'2/2 for the radial strain. Except very close to the contact
point, the magnitude of both u’ and w'2/2 is much larger than the
magnitude of the sum. For the case in which u'’ and w'''’ are linear; u’
is quadratic, w' is cubiec, and w'2/2 is a sixth degree polynomial.
Although u' and w'2/2 are smooth, the sum can exhibit strong variations
over a steplength, h. A similar phenomenon occcurs in the finite element
method, and is known as membrane locking [Belytschko et al. (1984)].

The method described below avoids these difficulties by using an
integrated version of the radial equilibrium equation, assuming that the
radial strain varies smoothly within each step, and then calculating the

corresponding variation in u.
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It follows from Eqs. 2.3, 2.19, 2,20, 2.23, 2.24 and 2.25 that

¢’ = [(F, + th)/D + d/r - d'1/r (2.30)

e, = (F/K-Va)/r . (2.31)

From the boundary conditions at the contact point (Egs. 2.15, 2.16), it

is readily shown that at r = rot

(un [ sy Wi d, d': d": Fha F )

r v

r N N Q
. ¢=S.ro __"ro o
= (K(1+“) ? K(l""“) ¥ 0’ 0'3 OJ D 2 Po Nrop I‘o anj (2.32)

The variables on the left hand side of Eq. 2.32 will be termed the state
variables‘. Any quantity of interest can be expressed as a function of
these state variables. Now, suppose all state wariables are known at
r=r,., and characterize their values at this point by a subseript 1.
Thus, u(rl) = Uy, and so on. Let ry =pry+ h for a small step h, and
characterize the values of the variables at r = r, by a subseript 2.
Thus u(rz) = Uy, and so on. Assuming next that e, and #¢’? vary linearly
between r = re. and r = Py than all state variables at r = r, may be
obtained as a function of e, and dz"s by evaluating the following

expressions in sequence.
@', = d'p +hid'"] +d"",)/2 (2.33)

* They are not state variables in the strict mathematical sense of the
word, because they are interrelated.
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dy, = &, +hd'y +h7(20"] + 6" 1) /6 (2.34)
Wy = wy - hd; - b6’ [2 - n3(3d"7, + 4'1y) /24 (2.35)
u, = u; +hle,y +e4)/2 - h(d + d2)/4 (2.36)

2 1 r1 ¥ Er2 1% % '
Fo, = Fpy + Kafug/ry + up/ry + Weg+ep) /2 (2.37)
Fop = Fy - ph(r2+x?1)/2 _ (2.38)

Equations 2.33 to 2.35 are obtained by exact integration. Equations
2.36 to 2.38 result from trapezoidal integration, and Eq. 2.38 is exact
if the fluid pressure p is constant between r; and r,. Equations 2.33
to 2.38 together with Zgs. 2.30 and 2.31 applied at r = r, are the set
of 8 equations which determine the state variables at r = r, given their

value at r = rye Numerical solution is simplified by the following

iterative procedure:

3 re — re —
1. Start with ¢ g =@ y and 8hy = Enqp-

v
2. Calculate ¢2. ¢,, Wy, Uy, Fpg, F,p from Eqs. 2.33 to 2.38.
3. Calculate d"z and e,y from Egs, 2.30 and 2.31.

4. Repeat steps 2 and 3 until convergence in d"z and LI

This scheme is applied repeatedly, starting with the values of the state
variables at the contact peint given in Eq. 2.32, until the entire solu-
tion to the initial wvalue problem is generated. With this solution
method, accurate results can be obtained with relatively large step

sizes, h. The results are identical to those that would be obtained by
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subdomain collocation: the average of the residual over each element
vanishes. For the example presented in the next section (a = 57 in,

t = ts = 0,078 in, p = 8.67 psi) for a 9 in width of the uplifted strip,
9 steps at h = 1 in gives results accurate to 0.11% in Mr’ 1.5% in w,
2.3% in u, 4.8% in ¢4, 2.5% in'Nr and 2.4% in NO' For 36 steps at

h = 0.25 in, these percentages become 0.01%, 0.08%, 0.12%, 0.29%, 0.14%,
and 0.15%, respectively, Of several methods attempted by the author

this one yields the most accurate results for a given step size,

2.5 EXAMPLE PROBLEM

One tank for which stresses in the baseplate have been measured is
the stainless steel wine tank tested by Niwa and Clough (1582). This
tank has a radius of a = 57 in, the thicknesses of the base plate and
the lowest course of the shell are t = ts = 0,078in., It is assumed that
the tank is filled with water to a depth of 20 ft, for which the
hydrostatic water pressure is 8.67 psi. The elastic¢ properties for the
stainless steel are taken to be E = 29 X 106 psi, and V = 0.3. Based on
a yield strength of 70 ksi for the stainless steel, the yield moment for
the plastic hinge which is allowed to form at the edge is found to be
Hy = 106.5 in-1b/in. The displacements, shear forces. bending moments,
and membrane forces for widths of the uplifted strip of 9 in and 18 in
are shown in Figures 2.4 to 2.8. In Fig. 2.6 the shear force Qr is
plotted as the continucus line, and the broken line shows the total

shear, including the shear force Qr and the vertical component of the

membrane force, —-¢ Nf (see Fig. 2,2), The difference between the broken
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line and the continuous line is the vertical component of the radial

membrane force, ¢ Nr' For the case when small deflection theory is
applicable, ¢ Nr is negligible compared to Qr, and the broken and
continuous lines would coincide. Figure 2.6 shows that even when the
width of the uplifted strip is only 92 in, small deflection theory would
be in error. For an uplifted width of 18 in, the shear is car?ied
almost entirely by the membrane force Nr’ except in localized boundary
layers near the edge and countact point.

The radial membrane forces are shown in Fig. 2.8, They are
generated almost entirely by nonlinear effects: Due to the finite slope
of the baseplate in the radial direction, &, there is a tendency for the
baseplate to move radially inwards. This inward displacement is
restricted by the tank wall and also by the base plate itself which
resists any axisymmetric deformation. Such restrictions to inward
motion generate the radial membrane stresses. The restraining effect of
the tank wgll is represented by the radial membrane force at the edge.

_ The increase in the membrane force inward from the edge is due to the
restriction from the baseplate itself. It arises because the baseplate
is being deformed into a non-developable shape. As a consequence of
membrane action, the bending moments (Figs. 2.7 and 2.9) are relatively
small and do not increase as the uplifted width is inecreased from 9 in
to 18 in. In contrast, for the linear theory. the bending moments
increase as the square of the uplifted width, and the shape of the bend-

ing moment diagram is close to parabolic.
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tested by Niwa and Clough (1982).
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2.6 SOLUTION FOR LARGE DEFLECTIONS
The governing equations for large deflections have already been
developed. It remains to cast them in a convenient form for numerical

implementation: Solving Egs. 2.1 and 2.11 for Qr and N gives
Q. = EFV cos ¢ + F, sin d]/r (2.39)
N = [—Fv sin ¢ + F, cos d]/r . (2.40)

r

Substituting Egqs. 2.6, 2.7 and 2.39 into Eq. 2.14 gives

é¢'’' = [(1+ey)(Fv cos ¢ + F, sin &)/D + sin ¢ cos d/r-d']/r .(2.41)

Substituting Eq. 2.40 intoc Eq. 2.3:

e, = [(—Fv sin ¢ + Fy cos d)/K-Vu]/r . (2.42)

The numerical solution procedure is identical to that for moderazte
deflections except that Egs. 2.30 and 2.31 are replaced by Eqs. 2.41 and

2.42, and Eqs. 2.35 to 2.38 are replaced by

w, = w - h[tive ) sin gy + (1+e ) sin d,}/2 (2.43)
2
U, = u; o+ h{ 2;1 eri + (1+eri)(1-cos di) 1/2 (2.44)
2_p2
Foa = Fyq - p(RS-RY) /2 (2.45)
Frp = Fpp + POi=¥)) (Ry#R)) /2 + Rh[uy/r +up/r, Ve j+e ) ]/2 . (2.46)

in which
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Ri = ry +ouy . i=1,2 . (2.47)

Equations 2.43 to 2.47 are obtained by trapezoidal integration of Egs.
2.8, 2.9, 2,12 and 2.13, In evaluating I-cos ¢ for small values of 4,
the Taylor series expansion must be used to aveid numerieal truncation
errors. By considering enough terms, l-cos ¢ can be evaluated to the
full accuracy of the machine used.

As an example, the wine tank tested by Niwa and Clough (1982) is
considered again. The results for large deflections are so close to
those for moderate deflections that the difference could not be seen on
a plot. This confirms that the deflections in this problem (involving
rotations up to around 0.2 radians) are characterizable as moderate, not

large.,

2.7 COMPARISON WITH EXPERIMENTAL RESULTS

Ir ﬁhe width of the uplifted strip is small compared to the radius
of the tank, the conditions in the uplifted portion of a rocking tank
appear to be much the same as the conditions for the axisymmetric uplift
problem with the same amount of uplift at the edge. If this is so for a
rocking tank, for which stresses are changing as a function of the
circumferential angle, @, the stresses and displacements for any value
of & may be approximated by those from the solution of the axisymmetric
problem with the appropriate vertical uplift at the edge. When this
hypothesis applies, the variations in stresses and displacements in the

circumferential direction will be referred to as weak. The comparison
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between experimental and thecretical radial membrane strains shown in
Fig. 2.10 is based on the assumption that cjircumferential variations are
weak and that the hydrodynamic pressure is small compared to the statie
fluid pressure, so that its effect on the uplifted portion of the
baseplate may be neglected. At time 8.0s in Niwa and Clough's experi-
mental resulis, a peak uplift of about 1.6 in occurs. The experimental
peints in Fig. 2.10 represent the measured radial strains at various
locations at time 8.0s, and the continuous curve represents the
axisymmetric solution for the case when the uplift at the edge is 1.6
in. As can be seen from Fig. 2.10, both theory and experiment show very
high membrane strains, but the spatial variations of membrane strain
differ: Theory predicts a steady increase in the radial membrane strain
towards the edge, due mainly to Poisson's ratio strains induced by the
very large hoop compressive force, Ne (Fig. 2.8). 1In contrast, the
experimental strains increase from 12 in to 6 in from the edge, then
drop dramatically, being close to zero at 3 %n from the edge. Possible

reasons for this discrepancy include:

a) The neglected effect of hydrodynamic pressures.

b) Inapplicability of the assumption that the axisymmetric solu-
tion appliés to non—axisymmetric uplift (assumption of weak
circumferential variations).

05 Experimental error.

d) Buckling of the base plate due to the large compressive

stresses in the circumferential direction.
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Figure 2.10: Theory versus experiment comparison of radial

membrane strains.

0 Experimental points, scaled from figures in Niwa and
Clough (1982) at time=8s.

-—— Axisymmetric solution for a verical uplift at the
edge (W=1.62 in) matching the measured vertical uplift
at time=8s.

[Note: Since original experimental data are no longer

available, experimental strains had to be scaled from the

figures in the journal paper. The error bars indicate the
error in this scaling operation only.]
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Which one of these explanations applies, or what combination, is not
clear, but some assessment is possible.

Hydrodynamic pressures have been measured in the experiment, and
are of the order of one-half the hydrostatic pressure. If variations in
the circumferential direction are indeed wgak. it would be possible to
carry out the axisymmetric analysis with a modified pressure, thus
obtaining a solution which includes the effects of hydrodynamic pres-
sures. Such a corrected theoretical solution would exhibit much the
same trends as the solution already obtained. Therefore the effect of
hydrodynamic pressure alone is not considered to be a valid explanation
for the drop in the experimental radial membrane strain close to the
edge.

The assumption of weak circumferential variations is debatable: If
it applies, the large circumferential compressive forces Ne in the base
plate must vary around the circumference just as the uplift does. It
seems that, unless this is accompanied by large shear forces, Nre’ such
changes in Ne would violate equilibrium in the c¢ircumferential direc-
tion. However, it is hard to understand how the relatively slow varia-
tion in uplift around the c¢circumference could cause the rather dramatic
change in strains observed.

Buckling of the base plate by circumferential compression is
thought to be the most likely explanatign. Based on the theory of
buckling of plates under uniform uniaxial stress, and an estimated
effective half wavelength of 5 in in the radial and circumferential

directions, a buckling circumferential force of N9 = 2000 1b/in was
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calculated. Although, due to prebuckling curvature, the actual buckling
stress is somewhat higher than that predicted by the theory for flat
plates, buckling still seems likely before the maximum circumferential
force (Ne = 5954 1b/in shown in Fig. 2.8 for 18 in uplifted width) is
reached.

To define more precisely when buckling by circumferential compres-
sion may be expected_to occur, the computer program BOSORS (Buckling of
Shells of Reveolution) developed by Bushnell (1974) was used. The
capabilities of this program include material and geometrically non-
linear analysis of shells (and as a special case, plates) of revolution
subjected to axisymmetric locads, and determination of bifurcation loads
for non—axisymmetric buckling modes. Numerical solution_of the govern—
ing equations is based on the finite difference energy method. Just as
in the finite element method, the strains at integration points are
expressed in terms of nodal displacements, and the contributions to the
stiffness matrix from each integration point are summed. However,
whereas in the finite element method a displacement field is defined
within each element, and strains are computed by differentiation of this
displacement fleld; in the finite difference energy method, strains are
computed by finite difference expressions directly in terms of nodal
displacements. Although the capabilities of BOSOR5 do not include
contact problems, knowledge of the prebuckling solution from the shoot-
ing method makes it possible to simulate the prebuckling conditions in
the base plate by Jjudicious choice of constraints and loading. Details

of how this can be achieved are given in Appendix A.
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Using BOSORS to look at the stability of asymmetric modes for vari-
ous locations of the contact point, it is found that the c¢ritical mode
occurs for n = 33 circumferential waves, when the radial extent of the
uplifted width is 12.75 in, the vertical uplift of the tank wall is 1.31
in, and the circumferential force at the edge is 3415 lb/inﬂ The
buckling modes are shown in Fig. 2.11. Also this type of buckling is
illustrated in Fig. 2.12 for a mylar tank.

After the base plate buckles, the magnitude of circumferential
compressive force, |N9|, increases more slowly with increasing uplift.
Via Poisson’s effect, this means that the radial membrane strains also
inerease mcre slowly. In addition, since the radial membrane tension is
for the most part generated by the hoop compressive forces, the radial
membrane tension, Nr’ also increases more slowly. Finally, there are
local effects associated with buckling which vary over a half-
wavelength. These can further influence experimental strain readings.
Thus, bifurcation buckling appears to be the most likely explanation of
the difference between theory and experimental points in Fig. 2.10,

However, the other effects discussed may be contributing factors, too.

2.8 CONCLUSIONS

Solutions to the problem of uniform axisymmetric uplift of an

unanchored filled liquid tank indicate that:

1. Large membrane stresses develop in the base plate. These

membrane stresses carry a large part of the fluid pressure on
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Figure 2.11: Buckling mode (eigenvector) for the wine tank of Niwa
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Figure 2,12:

Reflected light photograph of the buckles in the base plate
of a mylar tank similar to the ones used by Shih(1981). An
axisymmetric uplift of 1/16" was applied by inserting a ring
filler under the shell wall at the edge. The ring filler
consists of a sheet of plexiglass with a hole of diameter a
few hundredth of an inch less than the inner diameter of the
shell. The dimensions of this tank are 5" for the diameter,
and 0.002" for the thickness of the shell and the base plate.
It is filled with water to a depth of a few inches.
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the uplifted portion of the base plate.

Bending stresses are relatively small except at the cylinder
base plate joint, where a plastic hinge 1s expected to form.
For the realistic example studied, results obtained by the
large deflection theory are virtually identical to those from
the moderate deflection (Von Karman) plate theory.

For large enough uplift, buckling of the base plate due to the.
circumferential compressive forces occurs.

Buckling of the base plate is the most likely explanation of
the difference between the thecretical and experimental radial

membrane strains shown in Fig. 2.10.
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3.  ANALYSTS AND BFHAVIOR OF THE CYLINDRICAL SHELL

In this chapter, some elementary solutions relevant for understand-
ing the behavior of the shell subjected to seismic loads and uplift are
discussed, and certain results are developed for later use.

If the material yields at a critical section inlthe shell, such as
near the base, it is likely that buckling would occur as a consequence
of the drastic reduction in the material stiffness. Hence, from a
design viewpoint, it is desirable to prevent yielding in the shell.
Also, for the purpose of analysis of a tank at loads below the collapse
load, plasticity in the shell need not be considered.

The importance of considering geometric nonlinearities in the shell
ls more debatable, and will be discussed later. As a first approxima-
tion, linear shell theory is assumed to hold.

The linear analysis of cylindrical (or, more generally, conical)
shells using annular finite elements is well established, e.g., Klein
{1964). This approach has been used by Haroun (1980), who also included
the nonlinear effects of the hoop force due to the hydrostatic pressure.
These results, as well as added stiffness matrices for the pressure-
rotation effect on the hydrostatic pressure, are summarized in Appendix
B. In the followling pages some elementary solutions in the linear
theory of cylindrical shells are examined; these results are relevant in
understanding the behavior of an unanchored fluid storage tank.

Using superposition, the solution for an unanchored tank can be

expressed as the sum of':
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a) the solution for an anchored tank subjected to the loads
experienced by the unanchored tank, and
b) the solution for imposed displacements at the base of the tank,

and no other applied loads.

These two solutions will be discussed in sections 3.2 to 3.4, after

presenting some basic definitions.

3.1 DEFINITIONS

The coordinates and displacement components are defined in Fig.
3.1. All definitions coinecide with those of Flhége (1960}, Chapter 5§,
except that the angle which defines the point on the circumference is
denoted by € instead of Flﬁége's #. In accordance with Fﬁggge's nota-
tion, the components of displacement are taken to be u in the direction
of increasing x, v in the direction of increasing 6, and w in the radi-

ally outwards direction. The internal membrane forces, N_, N,, N

b's 8’ "xe’

Nex’ are defined in Fig. 3.1b, and the internal moments Mx‘ Mg+ Mg and

0
Mex are taken to be positive when they generate a positive stress at the
inside of the shell. Shears Qx and Qe, defined in Fig. 3.1b, are

positive when they act radially inward on the face for which the ocutward

pointing normal is in the positive x and 6 directions, respectively.

The thickness of the tank is denoted by t, and the radius by a.



(a) (b)

Figure 3.1: Dimensions, coordinate system, and stress resultants for the cylindrical
shell.

—EG-
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3.2 COMMENTS ON THE SOLUTION FOR AN ANCHORED TANK

For an anchored tank, no inektensional modes are possible. This
means that it is not possible to deform the shell without generating
membrane strains. Smoothly varying loads from fluid pressure are
carried mostly by membrane action with relatively little deformation of
the shell. Except very close to the base, stresses and displacements
can be accurately determined from the statically determinate membrane
theory. Even close to the base., the solutien can be obtained with good
accuracy by superposing the solution from the membrane thecry (which
involves radial displacements at the base) upon an approximate solution
for compensating imposed radial displacements at the base., which is

discussed in the next section.

3.3 COMMENTS ON SOLUTION FOR IMPOSED RADIAL DISPLACEMENTS AND ROTATIONS
AT THE BASE

The axisymmetric solution for a semi~infinite cylinder subjected to
imposed radial displacements and rotations about the eircumferential
axis at the end (Timoshenko and Woinowsky-Krieger, 1959) 1is relatively
aimple, and has been used in Chapter 2 to formulate the boundary condi-
ticns for the axisymmetric analysis of the base plate. Solutions for
imposed radial displacements and rotations that vary around the
circumference are much more complicated. However, the author has shown
that, as long as the variations in imposed displacements are slow in the
sense ;hat the change in imposed displacement over a length of (at):’/2 is

small, the axisymmetric solution, applied locally, is a good approxima-—
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tion to the much more complicated solution for imposed displacements
which vary as functions of 6. Furthermore, as the thickness to radius
ratio, t/a, becomes very small, the error in the radial displacement and
its derivatives up to the 4th order decrease like (t/af%. Since this
result is not used extensively in what follows, the somewhat lengthy
derivation is omitted. Instead, the rangé of validity of the approxima-
tion is verified numerically using the solution given by Fluége (1960)
for a semi-infinite cylinder with loads applied at the base, x = 0.

Suppose the radizl displacement and rotation at the base are given by

W
= U, _cosnoe ,
[ aw/ax 1x=0 h

in which Uh is a constant 2 X 1 vector. Then, from the solution for the

non-axisymmetric problem, the applied shear force and moment at the base

are
aM
0 ++ < )
X a 4o
= P, cos nd ,
Mx h
L
in which
Pp = Eppln -

where Khn is a 2 X 2 matrix. If the axisymmetric sclution is applicable
locally, Khn must be independent of n. The ratio of the elements of Khn

to the corresponding elements of K are shown in Fig. 3.2. For a given

ho
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Figure 3.2: Solution for imposed radial displacement and rotation at
the base: Ratio of the exact value to the approximate wvalue from
the axisymmetric solution for
a) Radial force at base (Q +M 6 /a at x=0) due to imposed radial
displacement (w=l at x=5) x

b) Moment (M_) at base due to imposed radial displacement, or
radial force due to imposed rotation

c) Moment (Mx) due to imposed radial rotation (w'=1 at x=0),
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value of Poisson’'s ratio, these ratios depend on the harmonic number n,
and the radius to thickness ratio (a/t). However, in the shallow shell
thecry they depend only on a normalized harmonic number,
n/[3(1-\)2)a2/t2]%. Plotting the ratios obtained from the general {(not
necessarily shallow) shell theory as functions of this parameter, it was
found that tpe curves for aft = 500, 1000, and 2000 are indistinguish-
able. Hence, the shallow shell theory is seen to be essentially exact
for a/t ratios typical of steel tanks. The error in applying the
axisymmetiric seolution locally for values of the normalized harmonic
number up to 1.0 is seen to be 20% at most., An important implication of
this result is that if the circumferential displacement v of the edge of
the base plate is ne;.igible, then, in as far as the boundary conditions
at the edge are concerned, the assumption of weak circumferential varia-
tions in the base plate is acceptable,
3.4 COMMENTS ON THE SOLUTION FOR IMPOSED VERTICAL DISPLACEMENTS AT THE

BASE

Due to diaphragm action of the base plate, it is assumed that the
horizontal displacements (radial and circumferential} at the base
vanish. The rotation of the tank wall about the circumferential axis is
assumed to be unrestrained and a vertical displacement U is imposed at

the base. Thus the boundary conditions at the bése are
u = U,v = w = 0, M = 0 at x=0 . (3.1)

For a vertical displacement at the base,
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U = cos né , (3.2)
the vertical force at the base is

P = [-Nx]x=o = K, cos né , (3.3)

in which P, the vertical force at the base, is taken to be positive when
it -acts upwards. The seqﬁenee of stiffness coefficients, Kﬁn’ defines
the relation between vertical forces and displacements at the base. For
n==0, Eq. 3.2 defines an upward rigid body motion, for which Kvo = 0.
For n = 1, the base undergoes a rigid body rotation about a horizontal
axis @ = + nf2. So Kv1 = 0‘. For n » 2 however, the tank is deformed
and the stiffness coefficients are non-zero. It will be seen that for
small n, the stiffness coefficients for a tank with a baseplate, but
without a roof are of the order of (a/t)2 times smaller than for the
same tank with a roof. This radical difference arises because a tank
without a roof can accommodate the displacement at the base without

membrane strains.

3.4.1 Inextensional Deformation Modes of a Cylindrieal Shell

For an inextensional eylindrical shell, the strains at the

midsurface must vanish. Thus

* Except that when nonlinear effects discussed in Appendix B are
ineluded, Kv1 becomes negative.



u' = 0
w+v =0 (3.4 a-c)
vi+w = 0 ,
in which
K .o 8
()' = a 3% () , () Y™ () . (3.10)
The general solution to Eqs. 3.4 is
u = U
v = =(x/a)U’ +V (3.5 a-c)
w o= (xfa)u°r -v- ,

in which U and V are arbitrary functions of © only.
If the horizontal displacements at the base are zero (u = v = 0 at

x =0), then V = 0. As a result, Egqs. 3.5 reduce to

u = U
v = —(x/a)u’ (3.6 a-c)
w o= (xfa)u" " .

Egs. 3.6 represent the inextensional modes of an unanchored tank without

a roof. For U = cos nb, these become

u = ¢os nd
= n(x/a) sin né (3.7 a-c)
W= —nz(x/a) cos né .

A roof inhiblits out—of-round displacements at x = L. It follows
that only rigid body modes, but no inextensional deformation modes are

possible. Hence, a tank with a roof cannot be deformed without
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generating membrane strains.

3.4,2 Sclution for a Tank With a Roof

For the analysis of the c¢cylindrical shell the axisymmetric finite
elements developed in Appendix B can be used. However, a compatible
roof element needs to be added. For a typical roof consisting of a
steel plate supportéd by trusses, the rigidity in the vertical direction
is negligible, For the in-plane direction on the other hand, the
rigidity due to the steel plate is large, but the effect of the trusses
may be neglected. Hence, the stiffness matrix for a roof element can be
derived by solving the plane stress problem for a disk with loads
applied at the circumference. Timoshenkoe and Goodier (1970), p. 133
give a general expression for the Airy stress function for problems in
polar coordinates. The sclution of interest is obtained by selecting
those terms which are not singular at r = 0. For the case in which the

displacements at the circumference {(r = a) are

W = W, cos né
. (3.8 a,b)
v = vn sin né »
the radial and shear forces at circumference are
Nr = Nrn cos né
. (3.9 a,b)
NPB = Nan sin n@ ’

* For the case n = 0, sin né is to be replaced by unity.
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in which

Nen [ ¥n ]
N = Kg, v , (3.10)

rén j l. n J

where KRn’ the in plane stiffneés matrix for the roof, is given by

~
E,t 1 0 7 :
—RR =
a(l-VR) { 0 0 for n=20
E.t 1 1 7
= —RR_ =
Keo = 4 239, { 11 for n=1
Eptp 2n—(1-9) 2-n(1-V)
a(1+p) (3-9g) { 2-n(1-%) 2n-{1-V)
\ .

for n)2 , (3.11)
where ER’ VR’ tR are Young's modulus, Poisson’s ratio and the thickness
of the roof, respectively. The finite element analysis of the tank with
a roof proceeds by adding this in-plane stiffness matrix of the roof
into the approximate locations of the global stiffness matrix of the
shell. The results for a typical tank are shown in Fig. 3.3 by saquare
markers.

For comparison, consider the plane stress problem in a halfplane
with loads applied at the edge. Let x be the coordinate direction
normal to the boundary, such that x is positive in the halfplane, and
let y be the coordinate tangential to the boundary. Let u and v be the
displacements in the x and y direction, respectively. Specify the dis-

placements at the edge as



Etn

Dimensionless Stiffness

0. 60

50

30

20

Co

/ Tank Properties:
/ a=1000 t
/ () L=1000 t
/ =
; tp=t
/ v =v=0,3
R
/ E_=E
/ R
Boundary Conditions at

base: v=w=w'=0

P

T T T
10 20 30 40 5

Harmonic Number, n
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cos (ny/a)
0 .

[ =3
n

i

Thus, the variation in u has the same wavelength as in the shell
problem. As in Eq. 3.3, the normal force at the boundary can be written

as

—o.t = K, cos (nyfa) .

From the solution of the plane stress problem®*

K _ 2Etn
v (3-9)(1+))a °

This stiffness is shown in Fig. 3.3 as curve (b). As might be expected,
for large n, the radius of curvature of the tank wall is small compared
to the circumferential wavelength, and the stiffnesses for the tank and
the halfplane coincide. More importantly, in this example., for any

n 2 2, the stiffness for the tank with a roof is no less than half the
stiffness of the halfplane.

From the comparison of the tank with a roof to the semi-infinite
cylinder, it is seen that the roof has more of a stiffening effect than
a semi-infinite continuation of the e¢ylinder. This occcurs because the
solution for a semi-infinite cylinder with a large ratio of a/t contains
terms in the expressions for the stresses and displacements which decay

very slowly in x (Flugge. 1960).

* The general solution to this problem is given by Timoshenko and
Goodier (1970). The stresses and displacements decay like
exp (-nx/a) or x exp (-nx/a).
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3.4.3 Inextensional Solution for a Roofless Tank

When inextensional modesvare possible, they are often s0 flexible
compared to deformational modes involving membrane strains that the dis-
placements associated with membrane strains become negligible compared
to those associated with inextensional deformations. Under such condi-
tions, the use of inextensional theory is in order.

Consider the determination of the vertical force fhat must be

aprlied at the base to generate the displacements described by Egs.

3.6: It can be obtained from the principle of virtual work by applying
an inextensional virtual displacement. As a first step, the strains and
stresses through the thickness of the shell need to be determined. For
this purpose, substitute the inextensional displacement field (Egs. 3.6)
into what Ffﬁgge (1960) refers to as the exact* strain-displacement
relations for a cylindrical shell, expand the resulting expressions in
powers of the distance from the mid-surface, and neglect terma of second

and higher order, to obtain

e, = 0
gg = - E§ [ U(4) + gt? ] (3.12 a-c)
a
_ 2z (3) (1)
Txo = az [ U + U ] ’

in which e is the vertical strain, €g the circumferential strain, Tyo
the engineering shear strain, z is the distance from the mid-surface

(positive so that a + z is the distance of the point from the axis of

* The expressions are exact for infinitesimal displacements.
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the cylinder), and

p(m _ 47U (3.13)

de”

Now consider a virtual, inextensicnal deformation arising from a verti-
cal virtual displacement 58U at the base, and the corresponding virtual
displacements du, &v and &w, and virtual strains 5ex, See and 87x9
obtained by substituting U = &U into Egs. 3.6 and 3.12. Equating the
virtual work done by the vertical force at the base, P, and loads pr, P
and px distributed over the surface of the cylindef to the virtual

change in strain energy yields

an [ L
I l(PSU + f (pxau + prsw + p98v)dx a§9
o L 0
2n L t/2
Ee Ev "
- 8 o —8
= J' I J‘ _“2 ﬁxe * 2014)) vaej dz dx ade . (3.14)
6 0 -~t/2

By substituting for the real and virtual strains from Eqs. 3.12, and for
the virtual displacements from Egs. 3.6, performing the integrations in

x and z, and integrating by parts in &, Eq. 3.14 reduces to

2n L
z * z L]
f P+ I (px +3 P + a pe)dx 30 ade
0 0
2n

= k| [U(s) + (2-aD0'® 4+ (126 u?P - nzu(z)] 5U add , (3.15)
0 .
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where
3.4
K - —BLLT
5 36(1-vDa’

e = [sa-wan .

Finally, since §U is arbitrary,

L
E L) _E L]
P+ f (a pr * a pe + px)dx
1]

KS[U(S) + (2-a3) (8 & (1-2aH P - nzu(z’} .

The corresponding stiffneas coefficient for U = cos né is

2
Et3L4(n2+a2)jn2-1) n

vn 36(1-92)a’

2

(3.16)

(3.17)

(3.18)

(3.19)

Comparing this expression to the stiffnesses for the tank with a roof,

it is seen that for small n these inextensional modes are of the order

of (a/t)2 times more flexible, Under such conditions, the inextensional

theory is a good approximation. However, the stiffness of the inexten-

sional modes increases like ns, and for

n = (6a/t]® ,

(3.20)

the flexibility due to inextensicnal modes is of the same order as that

for deformations involving membrane strains. This phenomeneon is

illustrated in Fig. 3.4.
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3.5 CONCLUSIONS

The main purpose of this chapter is not to present techniques for
the analysis of the shell. 7That is done in Appendix B. Rather, it is
to review some relevant elementary solutions in order to help the reader
interpret and evaluate the results of the following chapters.

The principal conclusions drawn from the results presented are:

1. If the circumferential displacement v at the junction between
the base plate and the shell is negligible., then in as far as
the determination of the radial forge and moment exerted by
the shell on the base plate is concerned, the assumption of
weak circumferential variations in the base plate 1s accept-
able.

2, For an unanchored tank without a roof, very flexible inexten—
sional deformational modes exist, which involve out of round
deformations of the shell. These displacements increase
proportionally with the distance from the base. A roof
prevents such inextenszionz]l modes, and is therefore expected
to have an important effect on the behavior of unanchored
tanks. “

3. Although for some loading and boundary conditions, the
behavior of a eylindrical shell is well deseribed by the
analytical approximations of this chapter; for an uplifting
tank, the behavior is sufficiently complicated to require the

use of numerical methods, such as the finite element method.
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The formulation for axisymmetric elements used for this
purpose, including a first order approximation for geometri-

cally nonlinear effects, is given in Appendix B.
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4, ANALYSIS OF A SHELL ON A BED OF VERTICAL NONLINEAR SPRINGS

In Chapter 2 the variations in the circumferential direction were
said to be weak if the conditions in the baseplate at any circumferen-—
tial location, ¢, were fully determined by the vertical uplift of the
edge at the same location, and did nét depend on the vertical uplift of
the edge at other locations. If this is the case, and furthermore the
foundation can be represented by Winkler springs, then the unanchored
tank subjected to lateral loads can be modeled by considering the shell
(and roof if present) to be mounted on a circular bed of vertical,
nonlinear springs. The force per unit length-deflection relationship
for these nonlinear springs in tension is determined from the
axisymmetric uplift solution, and in compression from the properties of
the foundation.

In addition to the vertical boundary condition at the base of the
shell, the conditions for radial and circumferential displacements and
for rotation about the circumferential axis need to be described. If
the assumption of weak circumferential variations is followed strictly,
the radial force and the moment at any location are determined from the
axisymmetric solution by the vertical displacement at the same location.
In the circumferential direction, the stiffness of the base plate acting
as a diaphragm is large compared to the corresponding stiffness of the
shell. Hence, circumferential displacements at the base are small and

may reasonably be assumed to vanish.
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Simpler boundary conditicns for radial displacement and rotation
are possible if interaction effects are small. In this case the verti-
cal force is hardly affected by the non—vertical displacements, and the
boundary conditions for radial displacement and rotation have little
bearing on the solution for vertical displacements. éince the base
plate offers a relatively large resistance to horizontal (radial and
circumferential) displacements, and a relatively small resistance to
rotations about the circumferential axis, it is assumed here that
horizontal displacements of the shell wall vanish at the base, and that
rotations about the ecircumferential axis are unrestrained. This assump-
tion is made only for the purpose of defining the relationship between
uplift and vertical forces acting on the shell at the base,

The formulation and solution for a tank on a circular bed of
nonlinear Winkler springs will be given in Section 4.1 for a limiting
case for which an analytical solution is possible, and in Section 4.2
for a more general case. Definitions given in Chapter 3 also apply here

and are nct repeated.

4.1 ANALYTICAL SOLUTION FOR A LIMITING CASE

For an inextensional shell without a roof, Eq. 3.18 gives rise to
the possibility of solving contact problems analytically. Consider the
case in which the foundation is perfectly rigid in compression, and any
uplift causes a tensile force Nx = N, at the base.‘ Thus,

0

* This is the assumption made by Wozniak and Mitchell (1978) in what

has become part of the design standard of the American Water Works
Association (1979).



v2o0 for 6 = Rl

, U=0 for & :R, , (4.1 a,b)

where R1 is the uplifted region and R2 is the region in contact with the

base. Since the foundation is rigid, P need not be finite in R It

9°
may contain Dirac delta function singularities corresponding to verti-
cally upward point reactions. However, dipoles and higher order
singularities are not permitted, because they involve tensile as well as
compressive forces. Such tensile force cannot be generated (Egs. 4.1).

With reference to Eq. 3.18 it is seen that this means that U(7)

may be

discoantinuous, but all lower derivations must be continuocus everywhere.
Suppose now the contact region, Rz, has some finite extent. Then U

and all its derivatives vanish in R2. Since the first six derivatives

of U must be continuous, this means that the boundary conditions for the

solution in the uplifted region R1 are

v(® < Por N =0,1,..0.6 . (4.2)

at the boundary between regions Rl and R2. Thus, for the solution in

region R there are 7 boundary conditions at each of 2 boundaries, a

1°
total of 14 conditions. These are more boundary conditions than can, in
general, be accommodated by the solution of an 8th order differential
equation. As a result, it appears to be impossible to obtain a solution
" in which the contact region has a finjite extent,

A more fruitful approach is to seek solutions in which the contact

region R2 consists of one or more discrete contact points. While the

solution of such problems may be of some theoretical interest, their



- 73 -

practical vaiue is limited because the membrane deformations due to
point reactions in the vicinity of the contact points cannot be
neglected. On the other hand, away from the contact pointa, the effect
of local membrane strains associated with the peoint reactions may well
be small,

Here only the simplest contact problem is considered, the case in
which there is 2 single contact point. Since there can be no moment
applied at a contact point, this means that loads applied to the tank
must be such that the tank is Just at the point of overturning.

Let the distributed loads due to lateral fluid pressure and the

weight of the tank wall be

P, = -f(x) cos 0
Pg = 0 (4.3 a-c)
P, = vt

in which Ty is the unit weight of the tank wall material. Substituting
Egs. 4.1a and 4.3 into Eq. 3.18, and factorizing the differential

expression in U gives

2 2 2
K_ —d-z— — (—d; + 1) 4—‘21 = -F,+F, cos 8 , (4.4)
d6 de do

in which FO = 7ttL + NO’ and Fl = z § f(x)dx is proportional to the

overturning moment due to lateral fluid pressure on the tank wall.
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The general solution to Eq. 4.4 which is symmetric in 6 is

2
2 (FI/FO)G cos @

s 2a 8(1+a2)

+ C1 + 62 cos & + C3 6 sin 6 + C, cosh(e®) , (4.5)

4

in which Ci are arbitrary constants to be determined from the boundary
conditions. The simplest case occurs when F1 is sueh that the tank is

at the point of overturning. This happens when
(4.6)

Under such conditions overall equilibrium can only be satisfied if there

is a single contact point at & = xn. The boundary conditions at this

point are
W = t™emn = o for n = 0,1
(4.7 a,b)
U(n)(n) = U(n)(—n) for n =

2'3}0.0‘6 *

Since U is symmetric in @, all even derivatives are also symmetric in 6,
and therefore satisfy the continuity conditions at & = . However, the
odd derivatives are antisymmetric and must therefore vanish at 6 = xn.

Hence the boundary conditions reduce to
'™ = 0 for n=0,1.35 . (4.8)

Egs. 4.8 are four conditions for the four arbitrary constants C1 to C4.
However, the solution is not unique. This can be expected because the

tank is free to rotate about the contact point. For positive
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displacements in the vicinity of the contact point., U(Z)(n) must be non-

negative. A limiting case cccurs when
1@ =0 . (4.9)

Using this condition in addition to Egs. 4.8 leads to a unique solution

for the constants C1 to C4. The resulting expression for U is

UKs ngnz 92 cos @ + n2 5+3g2
- - + 8 sin o
Fo 2 o2 4(1+a2) 2,2
2(1+a“)
_ rlcosh(a®) — cosh(an)]
2
a3(1+a2) sinh{an)
[1 _anzll, _iiinf_. n_cosh(en)
- |+ - - "~ y {l+cos 8) .(4.10)

2 2
la 4(1+a7) (1442 a(1+a2) sinh(an) |

By differentiating this expression according to Eqs. 3.6, the radial and
tangential displacements are obtained. At any given location, the

result can be expressed in the form

Ty

2 L

0a L
t f(a

8 _ 0
a

» V), (4.11)

t

in which 8 stands for a displacement, and f(.,.) is a dimensionless
function. The resulting deformed shape is shown in Figs. 4.1 and 4.2

for L/a

1 and 2, respectively.
As a numerical example, for a typical tank of radius a = 30 ft,
height L= 30 ft, thickness t = 0.25 in, made of steel

(E = 30 X 106 psi, ¥V = 0.3, T, = 0.28 1b/in3) with no tensile force
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Figure 4.1: Deformed shape of an unanchored, roofless,
inextensionﬁl tank subjected to lateral loads.
L/a=1, Fo a“/(E £7)=0.25, v=0.3
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Figure 4.2: Deformed shape of an unanchored, roofless,
inextensional tank subjected to lateral loads

L/a=2, F, a*/(E t2)=1.0, v=0.3
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generated at the base (No = 0), the scale factor for the deformed shape

is
Fa a2/Et3 = 7.0 .

This means that the deformations would be 28 times larger than those
shown in Fig. 4.1. For N, > 0, the deformations increase even more. In

reality such large deformations do not occur because

1. Geocmetrically nonlinear effects become dominant;

2. Lateral loads change with a period which is short compared
with the time 1t would take for the computed deformations to
develop;

3. The tensile force developed at the base is not independent of
the amount of uplift, but increases with increasing uplift.
This tends to prevent very large amounts of uplift. In fact,
for a roofless tank with no bending rigidity at all, and
disregarding effects 1 and 2, the distribution of vertical
stresses at the base, as determined from the solution of the
shell problem, does not depend on the distribution of uplift
around the circumference, and must therefore be the same as
for an anchored tank. Under such conditions the distribution
of vertical stresses at the base for an qnanchored tank is the
same as for the anchored tank. Furthermore, uplift at any
location on the circumference can be determined directly from

the force—defleetion relation for the foundation.
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4. Roofless tanks are required to have a stiffening rim or wind
girder at the top, which tends to reduce the out-of-round
deformations.

While the sclution for an inextensional tank without a roof
provides some insight intoc the behavior of the cylindrical shell under
conditions of seismic uplift, it alsc points to the need for a more
general method of analysis, one that includes the effects of membrane
strains, a more general force—-uplift relationship at the base, and the
tendency of the hydrostatic internal fluid pressure to prevent out of

round defeormations of the shell.

4,2 NUMERICAL SOLUTI{N FOR THE GENERAL CASE

In this section, a numerical solution for the problem of the shell
on a circular bed of nonlinear Winkler springs is given. The VWinkler
springs represent the restraining actien of the foundation and the
baseplate. It is azsumed that the atif'fness of the foundation is
finite. As a result, finite displacements at the base imply finite
forces, and no singularities in tne solution are expected. Under such
conditions, numerical scluticns by Gallerkin’s method can be expected to

converge to the correct solution.

4.2.1 Formulation

Consider the cylindrical shell, loaded, with or without a roof,
with boundary conditions at the base gilven by u =0, v=w=0, M =0,

Suppose the imposed displacement, U, is expressed as a cosine series in
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the form

=

U = Uu cos n® . (4.12)
n

&

Then, using the axisymmetric finite «lements described in Appendix B,

the vertical force at the base can be obtained in the form

N
P = 2: Pn cos nd , (4.13)
n=0

where P, the vertical force acting on the shell at the base, is taken to

be positive when it acts upwards, and

Pn = Fn + K?n &n . {4.14)

In Eq. 4.14, Fn are the Fourier components of the reaction at the base
that would be present if the displacements at the base were zero all
around the circumference, and 4s in Eq. 3.3, Kvn are the vertical stiff-
ness coefficients of the shell.

At any point, the force acting on the circular bed of Winkler
springs is equal in magnitude and opposite in direction to that acting

on the shell. Thus, the eguation for the springs is
-Pp = £ , (4.15)

where f£(U) is the vertical force per unit length (positive upwards) act-
ing on the Winkler springs. For positive U, i.e., an upward deflection,
f(U) is determined from the axisymmetric solution for the base plate

given in Chapter 2. For negative U, f(U) is given from the properties
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of the foundation. For the present formulation f(U) is assumed to be a
known, nonlinear funection. Substituting Eq. 4.14 into Eq. 4.13 and
using the resulting expression for P along with Eg. 4.12 in Eq. 4.15

gives

N N
(F, + K, U) cos ne + r( [ U, cos nB) = 0 . (4.16)

n=0 n=0

Following Galerkin's method, multiply Eq. 4.16 by cos m@,

m=0,1,2,....N, and integrate around the circumference to obtain

2n
N
n&m(Fm + Kvam) + j. f‘(nz_o Un cos ne)cos mé d6 = 0 , (4.1i7)
o =

in which

8 = 2 for m=290

(4.18)
= 1 otherwise .

The integral in Eq. 4.17 needs to be evaluated numerically. To avoid
locking of the problem, it is judged advantageous to make the number of
integration points equal to the number of Fouriler harmonics used, N,
Physically, this is equivalent to replacing the continuous circle of
Winkler springs by discrete springs at loéations 6 = in/N;

i=0,1,...,2N-1, Thus Eq. 4.17 becomes

N N g
2 nir min _ _
Kvmamnm + 3 ;:0 1y f(ngo Un cos )cos N = Fmam , (4.19)

where
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for i=... —ZN.—NJOJNDZN 3 sae

¥y

N

otherwise , (4.20)

are weighting factors which arise because the peoints at @ = 0,n only
occur once, wWhereas other points occur at each side of the circumfer-
ence.,

Equations 4.19 for m = ¢,1,2,...N are N + 1 coupled nonlinear equa~
tions for the unknown Fourier components of the displacements Uo,
U1""'UN' They can be solved numerically. However, in many practical
cases, the stiffness of the foundation in compression is very high
compared with other stiffnesses. As a result, the displacemenﬁs at
points that remain in contaet with the foundation are very small,
Computing these displacements by summing Fourier components which are
not small in absolute value is potentially an illconditioned calcula-

tion., Difficulties can be avoided by the following transformation of

variables. Denote the displacement at & = jn/N by UJ. Thus,

N
pd - 3;0 U cos(nin/M) . (4.21)

From Appendix C, Eq. C8, the inverse relation as derived from the theory

of discrete Fourier transforms is

27n

N
U= N j;o ijJ cos(njn/N) . (4.22)

Thus Eq. 4.19 can be rewritten in terms of what might be termed the

nedal displacements Uj as follows:
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Zym N j
Konln W L YJU cos(mjn/N)
2 & j
+ 5 2;0 1,000 costmin/N) = -Fi8 . (4.23)

Finally, multiplying Eq. 4.23 by (2/N)ym7i cos(min/N), summing for
m=0,1...N, and making use of the discrete orthogonality relation given

in Eq. C6 of Appendix C yields

N 27 -
}: s, 08+ el = F, (4.24)
3 N
=0 )
in which
22 N 2
Sij = (ﬁ) 147 mZO Kvmsm"m cos(min/N) cos(mjn/N) (4.25)
2y N
=i
o= —ﬁi 3;6 ¥ 8 F_ cos(min/N) . (4.26)

Equation 4.24 can be solved numerically by Newton's method with the
advantages that the matrix of coefficients Sij is symmetric, and only
the diagonal terms of the Jacobian or tangent matrix change at each

iteration.

4,.2,2 Implementation

If the number of Fourier harmenics, N, is large, a large number
of Newton iterations and/or loading steps are required to obtain a
converged solution at load levels that are typical for earthquake

resistant design. In addition, the computational effort for each
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iteration increases like Ns. To reduce the effort for large N, the
program was implemented with the capability to restart the analysis with
a larger value of N. To achieve this, the nodal displacements U'j can be
interpolated as follows: Suppose N1 is the value of N for the first
run, and N2 > N1 is the value of N for the restart. Then the nodal dis-

placements for the restart can be obtained from

1
UJ = i Un cos(njﬂ/NZ) H j = Olll.lctNZ » (4-27)
n=0

in which Un are the Fourier amplitudes for the displacements at the last
load step of the first run, as obtained from Eq. 4.22 with N = N1,

With the restart capability. the user of the program can start with
a small value of N, increase the loads to the desired level in several
loadsteps, and restart at the desired load level with a larger value of
N. In this case convergence to a more accurate solution occurs in only
a few iterations. It 1s then possible to restart the program with an
even larger value of N, Thus a high degree of accuracy can be achieved

with a much reduced amount of computational effort.

4.2.3 Resulis

The analysis is performed for two tanks for which experimental
results from tilt tests by Clough and Niwa (1979), and Manos and Clough
(1982) are available. These will be dealt with in sections 4.2.3.1 and
4,2.3.2 respectively. Most of the discussion of the results is reserved

for Chapter 5, where the same tanks will be reanalyzed by a more
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comprehensive method.

4.2.3.1 Tall Tank Tested bv Clough and Niwa (1979)

Design details for this 1§ ft tall, 7 ft-9 in diameter aluminum
tank are shown in Figure 4.3. The shell is fabricated out of three 5 ft
courses, the lower two being 0.090 in thick, and the third 0.063 in
thick. For the present analysis, it i1s modeled with 35 axisymmetric
elements of lengths varying between 2 in near the base and top, and 8 in
at midheight. HNonlinear effects due to the internal hydrostatic pres-
sure described in Appendix B are included. The wind girder (stiffening
ring at the top rim) is modeled as a 2 in long thickened shell element,
assuming perfect bonding between the stiffening elements and the shell,
plus a 1-1/16 in X 3/16 in rectangular ring element at the appropriate
radial eccentricity to model the horizontal leg of the angle which forms
the outer part of the stiffening rim. The 4 X 4 stiffness matrix for
such a ring stiffener is given in Lee and Nash (1982), and restated in
Appendix D. The ring satiffener is attached to the top node of the
finite element model of the shell with zero vertical eccentricity.
Although in reality, the centroid of the stiffener is 3/32 in below the
top node of the finite element model, the assumption of zero vertical
eccentricity makes it possible to use the readily available results from
Lee and Nash (1982) and is expected to be a good approximation.

The roof consists of a flat, 1/16 in thick aluminum plate,
stiffened by two angle sections. The contribution to the stiffness

matrix from the flat plate is calculated from Eqs. 3.11. This stiffness
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alone is sufficient to suppress any out-of-round displacements at the
top. Therefore, neglecting the in-plane stiffness of the angles hardly
affects the stresses and displacements in the shell,

For the axisymmetric analysis of the base plate, it is assumed that
the entire base plate consists of one continuous sheet of 0.09 in thick
aluminum. In reality, the inner part of the base plate consists of a
1/8 in thick steel plate and i1s therefore stiffer, but this is offset by
the flexible joint between the 1/8 in thick steel plate and the 0.09 in
aluminum sheet (Detail-D in Fig. 4.3). The 2 in overlap of the base
plate beyond the shell wall is included as a ring with only an axial
stiffness provided by 0.18 sqg. in of zluminum. The fluid pressure act-—
ing on the base plate is calculated for zero tilt and assumed to be
constant.,

The properties of aluminum are taken to be E = 10 X 106 psi for
Young's modulus, and ¥ = 0.25 for Poisson'’s ratic. The yield stress of
the aluminum is taken to be sufficiently high to prevent formation of a
plastie hinge at the junction between the tank wall and the base plate.
To verify the sensitivity of the results to the last assumption, the
axisymmetric analysis was repeated for a plastic moment capacity of
60.75 in-1b/1lb corresponding to a yield strength of 30 ksi. EQen for
large uplift, when some hinge rotation occurs, the uplift force is not
sensitive to such rotations.

The force per unit length-deflection relation, F(U), for the
Winkler springs, for positive U, as obtained from the axisymmetric

analysis, is shown in Fig. 4.4. Linear interpolation is used for values
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between the points shown in Fig. 4.4, For negative U, compressive
forces, the Winkler springs are taken to be linear with a stiffness of
4.7 x 10'° 1b/in%. This high stiffness simulates a rigid foundation.

In applying the loads from fluid pressure to the shell, special
care had to be taken in the vicinity of the free surface, where the
fluid pressure only acts over part of the circumference of the shell.
At such locations, the fluid pressure on the wetted part of the
circumference can be expressed as a cosine series containing only two
terms, one of order zerc and one of order one. However, on the dry part
of the circumference, the same expression 1s not valid since the pres-
sure is zero. For the purpose of applying the loads, the pressure at
every elevation must bLe expressed as a cosine series which is valid on
the entire circumference. ¥here the circumference is partially wetted
such a cosine series contains infinitely many terms. Expressions for
the coefficients are given in Appendix E.

The analysis is performed for a 13 ft water depth, a tilt angle of
6.45°, and with and without the enclosing roof.

Convergence of the numerical method is studied in Figs. 4.5 and
4.6, The maximum uplift Is seen to converge very rapidly. Although ;n
Fig. 4.5 convergence is from below, this is not necessarily the case.
The maximum vertical compressive force at the base converges somewhat
slower, because for N = 2 and 5, contact with the foundation occurs at
only one of the discrete Winkler springs.' When this is the case, the
force in the one Winkler spring that is in compression may well be a

good approximation to the total compressive force transmitted from the
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foundation to the structure, but the length of the contact region is
less than the tributary length (na/N) for a discrete spring. As a
result, the calculated maximum vertical compressive force per unit
length is too low, and increases proportiocnately with N until there is
more than one Winkler spring in compression, or, equivalently, until the
length of the contact region exceeds the tributary length for a discrete
spring.

The distribution of vertical stresses at the base of the shell is
shown in Fig. 4.7 together with the experimental results by Clough and
Niwa (1979)‘. As can be seen, both thecry and experiment show a higher
compressive stress for the closed case. The reason for this is that the
raof suppresses the inextensional deformation modes, leading to an
increase in the vertisal stiffness coefficients Kvn and a decrease in
the length of the contact region.

Perhaps the most marked diserepancy between theory and experiment
cccurs at & = 0, At this point, the uplift and the theoretical vertical
tension in the shell wall is a maximum, but the experimental stress is
zero. Almost equally surprising are the large tensile stresses at
6 = 135° and 270° that were measured, but not indicated by the theory,
Although these discrepancies are significént. the most important
comparison is for the large compressive stresses. In design, the plane
of motion i1s unknown and the design must accommodate these stresses at
—_:_EE;_E;hparison neglects the small stresses {about 20 psi) caused by

the weight of the tank wall. These stresses are included in the

analysis, but not in the experiment where only the changes in
stresses from tilting were measured.
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any point in the circumference, For large compressive stresses, the
theory and experiment agree quite well.
The Fourier coefficients for the displacements are shown in Table

4.1.

TABLE 4,1. Fourier Amplitudes of Vertical Uplift at Base, Un’ Theory
Versus Experimental Results from Fig. 5.15 of Clough and
Niwa (1979)

Open Top Closed Top
n Theo?y Experiment Theory  Experiment
(in) (in) (in) (in)
0 0.1%5 .46 0,193 .39
1 0.:44 54 0.205 44
2 0,032 .06 0,003 .03
3 -0.003 .04 -0.003 .03

Both theory and experiment show larger displacements for the open case.
However, for n = 0, 1, the experimental displacements are about double
the theoretical displacements.

For larger n, the thecoretical displacement coefficients are essen-
tially 2zero, and the experimental values are also =mall, probably of the
same order as the error in measuring them and scaling them from figures
in the experimenters’ report.

A comparison of the analytical resﬁlts with the compressive
stresses calcﬁlated by the code procedure of Wozniak and Mitchell (1978)

is shown in Fig. 4.8. For the code analysis of the aluminum model, the
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yield stress of the base plate 1s taken to be 12 ksi, the appropriately
scaled value for a mild steel prototype with a yield stress of 36 ksi.
At a tilt angle of approximately 6.5°, the compressive stress calculated
by the code procedure increases to infinity. For larger tilt angles the
hold down force calculated by the code procedure is insufficient to
prevent overturning. On the other hand, for smaller tilt angles, the
maximum compressive stress from both the present analysis and the
experimental results (the latter available for the open top case only)
are higher than those from the code approach. Two reasons for this
difference are offered: Firstly, the distribution of vertical
compressive stresses is different from that assumed in the code
analysis., In fact, for the open case at tilt angles between 1° and 5°,
the maximum compressive stress does not oceur at 6 = 180°. Secondly,
and meore importantly, in the‘oode analysis, it is tacitly. but errone-
ously assumed that the hold down force is fully developed for any amount
of uplift, no matter how small. In reality, a substantial amount of
uplift is required to develop the hold down force, and, as a result, the
length of the contact region decreases and the maximum compressive
stress increases.

Since developing the required heold down force for an infinitesimal
amount of uplift seems to be advantageous, the question that comes up
naturally is whether the tank can be designed so that such conditions
are achieved. It was in this context that the author conceived what
might bg termed the preuplift method: An annular filler is inserted

under the tank wall as shown in Fig., 6.1, uplifting an annular region of
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the base plate. For a properly designed filler, most of the weight of
the fluid resting on that annular reglon is then carried by the filler
in compression. As a result, for the tank wall to loose contact with
the filler, the vertical tension in the tank wall must exceed the pre-
compression in the ring filler. The effect of such preuplift on the
behavior of a mylar t;nk is studied in Chapter 6 by analysis and experi-

ment.

4.2.3.2 Broad Tank Tested by Manos and Clough (1982)

Design details for this & rt tall and 12 ft in diameter alumi-

num tank are much the same as for the tall tank discussed in Section
4,2.3.1, The shell consists of two 3 ft courses of aluminum of
thicknesses of 0.08 in and 0.05 in for the lower and upper course,
respectively., The entire base plate consists of an outer annulus and an
inner portion. Both parts consist of 0.08 in thick aluminum sheet and
are joined by a double ring of 3/32 in countersunk rivets at 3 in spac-
ing. As before, the base plate is modeled as one oontinuous sheet of
0.08 in thick aluminum. All other design details, including the wind
girder, are identical to those for the tank of Section 4.2.3.1 and are
treated in the same way. The stiffness of the foundation in compression

11lb/in2 in order tc simulate a rigid foundation.

is taken to be 10
The case considered is for the top open, 5 ft water depth, and 16°
tilt. In order to prevent the water from overflowing due to the tilt,

the experimenters built an external structure to extend the tank. The

forces resulting from water pressure acting on the external structure
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were transmitted directly to the foundation and need therefore not be
considered in the analysis of the tank. Also, to prevent leakage
between the external structure and the tank a membrane was provided.
The force exerted by the membrane on the tank is small, and was there—
fore neglected.

Theoretical and experimental results for this broad taﬂk are shown
in Figs. 4.9 to 4.11. The experimental stresses are the changes in
stresses due to tilting‘, measured 2 in above the base. Perhaps the
most remarkable feature of the vertical stress distributions is the
bimodal distribution of compressive stresses predicted by the theory,
which is not seen in the experimental data. Although surprising at
first, the theoretical result becomes more plaunsible when cne bears in
mind that the tank under consideration is broad and has no roof. As a
result, inextensional deformation modes can bg expected to play an
important role. For an inextensjonal tank, there would be a number of
discrete contact points. For the case of Fig. 4.10, there would prob-
ably be two such contact points located near the maxima of compressive
stress shown in the figure. As the inextensionality requirement is
relaxed, the compressive point reactions redistribute over a finite
length resulting in a compressive stress distribution like that of Fig.
4,10,

Although the bimodal distribution of compressive stresses is
consistent with what one might expect from the inextensional theory.
_—:_¥E;—€Héoretieal stresses alsc include a 7 pasi uniform compression at

zero tilt, which is negligible compared to stresses associated with
tilting. '
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comparing it to the unimodal experimental stress distribution does raise
some questions about the validity of the analysis and the assumptions
made. It will be seen in Chapter 5 that the bimodal distribution of
compressive stresses persists when the assumption of weak circumferen—
tial varlations in the base plate is relaxed. Also, decreasing the
stiffness of the foundation in compression to 107lb/in2, a value more
appropriate for a layer of mortar on a steel tilt table, does not
noticeably change the stress distribution. An assumption which is more
debatable for the case of a broad tank than for taller tanks, is that
the changes in pressure acting at any point on the shell due to tilting
are small compared to the hydrostatic pressure at zero tilt. If this is
not true, then it is not appropriate to linearize the shell problem
about the full, but otherwise not loaded {(or tilted) condition, as was
done in Appendix B.

The stress distribution from the code approach of Wozniak and
Mitchell (1978) is shown in Fig. 4.10 as line (b). Again the peak
compressive stress is seen tc be much lower than that from the present
analysis and the experimental results.

As was the case for the tall tank (Fig. 4.7}, the experimental
vertical stresses are very spall at 8 = 0, where the maximum uplift
occurs, wWhile large vertical tensions were measured at 8 = 900, and
270°.

A puzzling feature of the experimental stress distribution is that
the area above the zero line appears to benlarger than the area below

the zero line, indicating that there is a substantial net force acting
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downward, at an angle from the vertical equal to the tilt angle a. How-
ever, equilibrium of forces in that direction indicates that the net
force (or the change in the net force due to tilting) can be no larger
than the weight of the tank wall, which is very small.‘

As for the tall tank, the measured uplift exceeds that-predicted by
the theory. Here the maximum differs by a factor of 1.5 as compared to
a factor of 2.4 and 2.3 for the n = 0 and n = 1 Fourier coefficients of

the uplift of the tall tank.

4,3 CLOSING REMARKS

It is seen that there are some significant differences between the
results from the tank analysis described in this chapter, and those from
experiments. Although some of these differences may be due to sxperi-
mental error, and the error from scaling the results from the experi-
menters’ reports, the consistency of certain trends in the test results
strongly suggests that there are other reasons. For one, the assumption
of weak circumferential variations in the base plate, which formsthe
basis of the analysis for the tank on nonlinear Winkler springs, may not
be a good one. Other possible reasons inelude: Geometrically nonlinear
effects in the shell, which are not considered in the linearized formu-
lation of Appendix B, yielding of the aluminum, initial strains (either
due to fabrication procedure, or due to yielding that may have occurred
during previous testing of the tanks), flexibility of the joint between

* To be precise, the average compressive stress at zero tilt is 7 psi,
and it decreases by (1-cos a) times that amount for a tilt angle a.
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the inner and outer parts of the base plate, friction between the base
plate and the foundation, or other modeling considerations. These
possibilities will be discussed further in the next chapter, when the
same experimental data are compared to the results of a more
comprehensive analysis which does not rely on the assumption of weak

circumferential variations.
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5., NON-AXISYMMETRIC ANALYSIS QF AN UNANCHORED TANK

In Chapter 4 it was seen that, in some instances, the measured
stresses and displacements due to tilting of two aluminum tanks differed
significantly from analytical resulis based on the assumption of weak
circumferential variaticns in the base plate. In this chapter, that
assumption is relaxed, in order to verify its validity and to see to
what extent it might be the cause of the difference between theoretical
and experimental results. This requires solution of the two—-dimensional

nonlinear contact problem for the base plate.

5.1 ASSUMPTIONS

The analysis employs the following assumptions

1. Linear, small deflection theory is appliecable for the shell,
bﬁt nonlinear effects due to the internal hydrostatic pressure
described in Appendix B are included. This means that the
shell problem is linearized about the full but otherwise not
loaded (or tilted) conditiom.

2. The moderate deflection Von Karman theory is used for the base
plate. This also implies that strains in the base plate are
small, and that the radii of curvature are much larger than
the thickness.

3., The base plate material is elastic-perfectly plastic, with a
Von Mises yield surface and a yield stress in uniaxial tension

of cy. [e.f., in Chapter 2 it was assumed that the moment-
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curvature relation is elastic-perfectly plastic, which is not
the same assumption].

4. In compression, the foundation under the base plate behaves
like a bed of Winkler springs with a modulus of subgrade reac-
tion k0 (foundation pressure per unit deflection). In addi-
tion, there is a circular bed of Winkler springs of stiffness
ke (force per unit length per unit deflection) under the tank
wall., Neither set of Winkler springs can sustain tension.

5. The foundation is frictionless, except at certain locations
¢lose to the center where sliding of the tank can be prevented

by horizontal Winkler springs.

5.2 FORMULATION

For the non—axisymmetric anslysis of the base, the finite differ-
ence energy method (FDEM) with an expansion of the displacements into a
Fourier series is used. This method haz been used with considerable
success by Bushnell (1970, 1974, 1981) in his BOSOR (Buckling Of Shells
Of Revolution) computer code. However, in his formulation, finite dis-
placements are considered only for the n = 0 Fourier harmenic. The
higher Fourier coefficients of the displacements are infinitesimal.
Herein, all Fourier coefficients are allowed to be finite. This couples
the equations for the Fourier coefficients resulting in a much more
complicated problem requiring a much la;ger computational effort.
Despite this coupling, the FDEM has several advantages over the finite

element method:
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a) Membrane locking problemg are avoided.

b) Fewer degrees of freedom are required for a given accuracy.

e) There are no rotational degrees of freedom.

d) Less computational effort is required to form the tangent
stiffness matrix.

e) The expansion of the displacements as a Fourijer series is
compatible with the finite element formulation for the shell
given in Appendix B.

f) The method is simpler to implement.

On the other hand, the boundary conditions are a little more
complicated, convergence is not necessarily from below, and the computer
code had to be developed by the author. On balance, the advantages
cutweigh these minor drawbacks.

Before concentrating on the details of the analysis of the uplift-
ing part of the base plate, three regions which are treated separately
must be estazblished.

The first is a concentric circular inner portion of the base plate.
of radius al. chosen by the analyst such that no part of the inner por-
tion ever uplifts. It is modeled by annular finite elements, possesses
conly horizontal degrees of freedom, and can be attached to the founda-
tion by linear, horizontal Winkler springs which prevent sliding of the
tank.

The second region is the shell and roof. It is modeled with the

axisymmetric cylindrical shell elements of Appendix B, with added



- 107 -

stiffnesses due to the roof (Eq. 3.11) and ring stiffeners (Appendix D).

Since the equations for the first and second region are linear,
their internal degrees of freedom be eliminated by static condensation
to obtain linear boundary conditions for the third region, which is the
outer annular portion of the base plate. A portion of this third region
is uplifted. It has horizontal and vertical degrees of freedom, and is
nonlinear due to plasticity, contact, and finite displacements. The
rest of the discussion will concentrate on this nonlinear region. Since
most of the computational effort i= spent here, it 1s advisable to make
this nonlinear region as small as possible by making the radius of the
inner part of the base plate, a,, as large as possible.

The finite element formulation of structural problems involving
geometric and material nonlinearities is well known [Zienkiewicz (1977),
Bathe (1982)], and will not be repeated here. The essential first steps

which vary somewhat from problem to problem are the following:

(i) To establish a finite set of generalized displacements which at
any time define the configuration of the structure.
(ii) To express the strains‘ in terms of those generalized displace-

ments.

* Here stresses and strains are to be understoed in a generalized
fashion as vectors of equal dimension such that the dot product of
the stress with an increment in strain is the change in strain
energy density. This is the only requirement for the choice of
stress and strain vectors. The exact nature of these vectors
depends on the structural element being modeled. Also, the change
in strain energy density may be a change in strain energy per unit
volume, per unit area, or per unit length.
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(iii) To be able to calculate stresses and the tangent material matrix
(partial derivatives of the stresses with respect to the strains)

for any history of strains.

Once these three steps are achieved, the rest of the finite element
formulation follows standard procedures,

The only difference between the finite element method and the
finite difference energy method (FDEM) is that in the FDEM, displace-
ments are specified at certain nodal points without specifying exactly
how the displacements vary in between nodal points, and the strains are
only defined at certain "integration points”‘ as finite differences of
the nodal displacements.

Consider now step (i), describing the configuration of the
structure in terms of a finite set of generalized displacements. Let
there be NN real nodes, which are actually circles, equally spaced with
the first node on the inner boundary, r = ay, and the NNth node on the

outer boundary r = a. Thus the ith node 1s located at

r, = a; + (i-1)h , (5.1}

where

h = (a—al)/(NN—l) . (5.2)

* These "integration points” are equivalent to the Gaussian
integration points often used in the finite element method when
numerical integration of the variations of the strain energy density
is required. Here they coincide with nodal points.



Figure 5.1: Definition of nodal displacements for
nonlinear portion of the base plate.

-601-
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Furthermore, in order to enforce the boundary conditions, a Oth node and
an {NN+1)}th node are required at locations defined by Eg. 5.1 with

i =90, and i = NN+1 respectively. It is also advantageous to define
intermediate nodes, with the ith intermediate node located at

r=r, -h/2, for i =1,2,..., NN, NN+1.

i
As illustrated in Fig. 5.1, the nodal displacements are

NW n
W, = [ v, N (8) (5.3)
n=0

at nodes 1 = 0,1,2,..., NN, NN+1; and

NH n
u, = Z: u; cos noé (5.4)
n:
NH n
v, o= g;l vy sin ne (5.5)

at the intermediate nodes, i = 1,2,..., NN+1. In Egs. 5.3 to 5.5 u, v,
and w represent the displacements in the radial (positive outwards).,
gircumferential (positive anticlockwise as seen from on top), and verti-
cal (positive upward) directions, respectively. The superscript n is
used to identify the coefficients of the expansions, and should not be
interpreted as an exponent. NH and NW are the order of the last terms
in the Fourier series for horizontal and vertical displacement
components, respectively. Finally Nn(e) is a cosine series of order NW

which satisfies
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= 0 for me {0,1,2,....NW}-{n} . (5.6)

From the theory of discrete Fourier transforms (see Appendix C), it is

readily established that

k=0
in which
vy = 1/2 for 4= ...-2,-1,0,1,2,...
= 1 otherwise

The advantage of ﬁsing Eq. 5.3 rather than a simple cosine series is
that added stiffness due to vertical Winkler springs representing the
foundation is added into the diagonal elements of the stiffness matrix.
Since, for a rigid foundaticn, the added stiffness may be very large,
this is not only convenient, but essential to avoid excessive truncation
errors. In essence, using Eq. 5.3 rather than a simple cosine éeries is
equivalent to introducing the change of variables made in Section 4.2.1.
Before proceeding to step (ii), which is to express strains in
terms of the generalized displacements, it is appropriate to consider
how the variations in straln energy density will be integrzted, in order
to establish what quantities should be used as strains for each
structural element, and at what points the expressions for the strains

are required. Four types of structural elements are considered here.
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1. The base plate itself.

2. The annular bed of Winkler springs of stiffness ko (pressure
per unit deflection) in compression.

3. The circle of Winkler springs under the base of the tank wall,
with stiffness ke (force per unit length per unit deflection)
in compression.

4. Linear constraints applied at any given real node, such as the
boundary conditions due to the inner part of the base plate at
node 1, and the boundary conditions due to the shell at node

NN.

Expressions for the variation in strain energy for each of these four
structural elements will be given in Sections 5.1.1 to 5.1.4. These
contributions must be summed to obtain the total variation in strain

energy.

5.2.1 Base Plate

Of the stress components arr' Sne0 %0g° 7rz' gz and Oy where
z is the vertical coordinate (positive upwards, with z = 0 denoting the
midsurface of the plate), only the first three are non zerc. The varia-
tion in the strain energy per unit volume at location (r,6,z) can be

written as
5U(r,0,z) = GaTc , (5.8)

in which



s = [o, o o‘re] (5.9a)

e = [E &g 2§r9] (5.9b)

are the strains. The contribution to the variation in strain energy due

to the plate is

a n t/2
_[ _[ [ su(r,8.2)dz rdé dar . (5.10)
a, -m -t/2

in which t is the thickness of the base plate. Replacing the integra-
tions with respect to r and 6 by summations, and taking advantage of the

symmetry of the integrand with respect to 6, expression 5.10 becomes

t/2
Ne
2n An
121 eV, ri[NC j};o Yy/ne I/ 8U(ry » ¥ z’dzl o (54D
~t/2

in which NC, the number of integration points around the circumference,
is chosen depending on the accuracy desired. The remaining integration
across the thickness of the plate is alsc done numerically using
Simpson’s rule with five integration points across the thickness. This
scheme is exact when the cross section remains elastic, and has the
advantage over Gaussian integration that there are points on both
surfaces of the plate. Thus yielding starting on the surface of the
plate is "detected” immediately. Furthermore, if the section beconmes

fully plastic in pure bending, Simpson’s rule with five integration
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points is also exaét.

Following Kirchhoff'’'s hypothesis that plane sections remain plane,

the strains are written as

e, = g, -2 Kr'
€g = 89~ Z /(9 (5.12 a-c)
trg = tpg ~ ZKyg o

in which .. Eg and E,.g are the midsurface (or membranre) sirains, and
Kr' KB and /(re are the curvatures. Their values at a generic integra-

tion point located at (r,8) = (ry, jn/NC) are given by:

i
e, = i ) (uf,-uDecos(njn/NC)
n=0
,-1 NH 2
+ % LE Z-o (wH1 N (Jn/NC)]
n_
NH
gy = Z: 2 (vi i+1)cos(njn/NC)
n=1 1

NH

1 n._n

+ 2: or (ui+ui+1)cos(njn/NC)
n=0 " i

2

NW
1
+ ’/z[ri ;0 w N® (JT\'/NC)]

]
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NH . .
28r9 = z: [ﬁ (vi+1-vi) - E;_ (u ui+1)
n=1 i
- 5%; (vi i+1)] sin(njn/NC)
Nw W
i n s T
+ = (w WK (jn/NC)M 5': w.N (jn/NC):(
{Zh ngﬂ i+1 i ry 450 i'n
1 %? n
K, = =5 (wy_=2wy+ws N (n/NC)
r h2 s=0 3t i+1
1 v n
Ky = 5 z: w, N° (jn/NC)
ri n=0
i
1 NW
AT }; (W], W54 YN (3n/NC)
i n=0
Keg = ?’ _l_h‘wtilﬂ Wril_ﬁ ‘—ZZ'W'; N® (jn/NC) {5.13 a-f)
n=0 ri r-i m

Eguations 5.12 and 5.13 define the strains in terms of the general-
izéﬁ displacements. It only remains to establish the stress-strain
relationship, and the tangent material matrix. This is done in Appendix
F, using the method of radial return (or elastic predictor, radial

corrector method).

5.2.2 Annular Bed of Winkler Springs

The variation of the strain energy for the annular bed of Winkler

springs is
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a n _
f J' k C(w)&w rd® dr (5.14)
a, -m
in which
C{x) = x if x¢0
= 0 otherwise . (5.15)

In equation 5.14 the vertical displacement w can be considered to be the
"strain,” and 8 denotes a variation. With numerical integration expres-
sion 5.15 becomes

h};l Yi/NN N0 on Yn/Nu ke Clwy)dw; . (5.16)

Note that the integration in P is replaced by summation over NW polnts,
which would normally be less than the number of points (NC) used for
integrating the strain energy in the plate. As in Section 4.2, this is
considered advantageous in order %o avoid locking problems. It also
means that these sprimngs affect only the diagonal elements of the stiff-

ness matrix.

5.2.3 (Circular Bed of Winkler Springs

In Chapter 6, tanks for which the tank wall is preuplifted by
placing a annular filler under the tank wall (Fig. 6.1) will be
analyzed. For such a tank, the force per unit length in the circular

bed of springs under the tank wall is keC(w—wppe), in which wpre is the
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preuplift. As a result, the contribution to the variation in strain

energy for these springs is

n
] k Clw=wy )8w ad® (5.17)
-1
which is approximated by
2ra ? no_ n
W KeCONNYpre) S¥n (5.18)
n=0
In this chapter preuplift is not applied, and therefore w = 0.

pre

5.2.4 Linear Constraints

A linear constraint at nocde i arises from the static condemsation
of any linear, axisymmeiric structure attached to node 1. Thus, there
iz a constraint at node 1 due to the inner part of the base plate, and
at node NN due to the cylindrical shell and roof. The variation of the

strain energy for sueh constraints can be written in the form

Max (NH,NW) T
L 6nna an (Fn+ann) , (5.19)

in which

1 otherwise , (5.20)



where

9O, = [un n "n xﬁ] ’
-%(u§+ui+1) for n=20,1,2,...,NH
C otherwise ,
-%(vi+vi+1) for n=1,2,...,NH
0 otherwise ,
27 /NW
n k
v w, cos{nkn/NW)
NW k;, k/NW "1
for n=20,1,...,NW
a otherwise .,
2y NW
n/NW 1. _
NW 2;0 Yk/Nw 2n (wi+1 wi 1)cos(nkn/NW)
for n=490,1,...,N0
0 otherwice ,

(5.21)

(5.22)

(5.23)

(5.24)

(5.25)

are the nth Fourier coefficients of the displacement components in the

r, &, z directions (base plate coordinates) and the rotation about the

¢circumferential axis respectively.

matrices,

Fn’ 4 X 1 vectors, and Kn’

4 X 4

are obtained from the static condensation of the attached

structure.

The elements of the 4 X 1 vector (Fn+ann) are the nth

Fourier coefficients of the forces per unit length and the moment per

unit length acting on the attached structure in the directions of the
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displacements un, vn' wn and the rotation xn, respectively.

5.3 CRITERIA FOR CHOOSING NW, NH, AND NC

The convergence studies in Chapter 4 (Fig. 4) can be used as a
guide in choosing the number of Fourier harmonics required for the vert-
ical displacement, NW. For the choice of NH, the number of Fourier
harmonics for the horizontal displacements, and NC, the number of
integration points in the circumferential direction, the following
results were helpful.
Result 1:

If no ylelding occurs, then the numerical integration in the

circumferential direction indicated in epression §.11 is exact if
NC > max(2NW,NH) . (5.26)

This result can be obtained by using eqs. 5.8 to 5.13 to evaluate the
nature of the integrand, and the discrete orthogonality relation of
Appendix C. It can also be shown thaé the variation in strain energy
due to bending is integrated exactly if NC > NW.

Result 2:
If

a) there is no yielding, and
b) the horizontal loads are of Fourier om.'.er'.l 2NW,

then the horizontal displacements are of Fourier order 2NW. Thus,
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W= v? = 0 for n > 2NW .

This means that under such conditions, making NH greater than 2NW serves
no useful purpose.

Briefly, the reason iz that vertical displacements of Fourier order
NW induce membrane strains of Fourler order 2NW. If no horizontal dis-
placements are allowed while the vertical displacements are applied, the
horizontal forces that are required to achieve this are also of Fourier
order 2NW., Releasing these, restraining forces results in horizontal
displacements of Fourier order 2NW.
Result 3:

Since the variation in the strain energy is not integrated exactly,
the displacements do not necessérily converge from below. A special

case occurs when

a) NW =1, and
b) NN and NC are sufficiently large to achieve easentially exact
integration of the variation of the strain energy in the base
plate.
What 1s special about this case 1s that even though the distributed
Winkler springs are replaced by discrete springs on the axis of loading,
the vertical displacement at any point on the circumference is in
between the displacements at the discrete springs. This means that for

a rigid foundation the displacements are non—-negative cover the entire

* Herein a funection £(8} is said ﬁo be of “Fourier order” N if it can

be written in the form £(6) = ) f o170,
) =0 n
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circumference. Hence, the displacements (or, strictly, the work done by

the applied loads) are a lower bound.

5.4 IMPLEMENTATION AND COMPUTATIONAL CONSTDERATIONS

The generalized displacements are arranged into a vector q as

follows
_ro.1 NW o NH _1 NE o W
q - [Wo WO LR Wo ul ase ul V1 “ey Vl Wl s . w]_
(6] NW o NH 1 NH (e} NW -
WNN 0 VNN Unm+1 0t Pmel YNN+1 000 RN+ YNNe1 0 "NN+1] »(5.27)

the total number of degrees of freedom is
NUMDOF = (NN+2)(NW+1) + (NN+1) (2NH+1) . (5.28)

The generalized displacements which affect the stresses and strains at

the ith node are arranged into an "element displacement vector” qi as

follows
_ o NW c NH _1 NH _o " NW
qi - [wi—l > v e 1_1 ui .o ui vi a e vi wi a6 8w wi
o NH 1 NH (e] NW
ui+1 vee Ugg vi+1 cus vi+1 wi+1 PP “i+1]

The number of elements in this element displacement vector is
NBD = 3(NW+1) + 2(2NH+l1l) , (5.29)

which is also the half-bandwidth of the tangent stiffness matrix.
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Newton Iteration was used to solve the nonlinear algebraic system
of equations., The computational effort to factorize the tangent stiff-
ness matrix at each iteration ié approximately proportional to NUMDOF
(NBD)z. which for NH = NW is in turn approximately proportional to

NN (W) 2.

5.5 TEST PROBLEMS

The computer program developed for the non-axisymmetric analysis of
the base plate will be referred to as NAACAP (Non-Axisymmetric Analysis
of Annular Plates). Constraint conditions can be imposed at any of the
nodes. Using this feature, and setting the foundation stiffness to
zero, the program can be used for annular plate problems for which the
solution can also be obtained with the BOSORS proéram developed by
Bushnell (1974).. For various axisymmetric problems, including one
involving a large amount of plastic deformation, the results from the
two programs are in good agreement.

In addition, to test the program for non—axisymmetric deformations,
with strong geometrically nonlinear effects, the following problem
involving bifurcation buckling with a relatively small number of
circumferential waves is sclved: An annular plate of thickness t = 1 in,
modulus of elasticity E = 29 X 106 psi, Poisson’s ratio § = 0.3, inner
radius 100 in and outer radius 200 in is simply supported
(u=v=w=0, Mr = 0} at the inner edge, and free at the outer edge.

* Scme of the features and capabilities of this program are deseribed
in Appendix A.
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A transverse pressure p is applied. This produces an axisymmetric
deformation of the plate. However, as the pressure increases, large
compressive membrane forces develop near tﬁe outer edge in the
circumferential direction. These stresses eventually cause buckling in
a non—axisymmetric mode. From the BOSORS analysis, the buckling pres-
sure is found to lie between p = 0.21 psi and p = 0.22 psi as indicated
in Fig. 5.2 h& the vertical lines. The circumferential wavenumber for
the critical buckling mo&e is n =3, This means that the displacements
for the buckling mode vary like cos 36 or sin 36 in the circumferential
direction.

For the NAAOAP analysis, the tangent stiffness matrix should become
singular as the bgckling pressure is approached. To avoid this, a small
transverse line load (force per unit length = 0.003 1b/in coé 36) is
applied at the outer edge. This introduces a small displacement (about
0.001 in in the transverse direction) with a circumferential variation
similar to that for the buckling mode. The non—axisymmetric line load
is kept constant, whereas the pressure p is increased gradually.

The NAAOAP analysis was performed with NN = 21 for the number of
nodes, NW = NH = 3 for the number of Fourier coefficients to be
included, and NC = 7 to achieve exact integration in the circumferential
direction. The n = 0 and n = 3 Fourier coefficients of the transverse
displacement at the outer edge are shown in Fig. 5.2. (Then=1and n
= 2 Fourier coefficients are less than 1077 in. The n = 6 Fourier
coefficient is in excellent agreement (better than 0.2% for pressures up

to the buckling pressure) with the axisymmetric solution from BOSORS.
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Also, for the n = 3 Fourier coefficient, the behavior is exactly what
might be expected: The small displacement due to the non-axisymmetric
line load is greatly amplified as the critical pressure is approached.
Beyond the critical pressure the non—-axisymmetric deformation increases

rapidly.

5.6 RESULTS

As in Section 4.2.3, the analysis is performed for the tall and
broad aluminum tanks tested at the University of California at Berkeley
[Clough and Niwa (1979), Manos and Clough (1982)]. These will be
discussedlin Sections 5.5.1 and 5.5.2. In addition, a mylar tank tested
by Shih (1981) is analyzed, and the calculated uplift is compared with

the experimental readings in Section 5.5.3,

5.6.1 Tall Tank Teste Clough and Niwa (1979

This tank, and the assumptions made in modeling it, are described
in Section 4.2.3.1. The only difference in this section is that the
assumption of weak circumferential variations in the base plate is
relaxed, and the changes in pressure acting on the base plate due to
tilting are included. However, the effect of changes in the elevation
of a point on the base plate on the pressure at that point are
neglected. (Recall that the latter are included in the analysis of the

shell).
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The stiffness in compression for the circular bed of Winkler
springs at the edge is taken to be 10111b/in2. and for the annular bed
of springs under the nonlinear portion of the base plate, the stiffneas
is taken to be 101%1b/1n°.

The inner radius of the annular, nonlinear portion of the base
plate is a, = 38,5 in (see Fig. 5.1). This allows for a maximum width
of the uplifted strip of 8 in. NN = 17 is used for the number of nodes,
resulting in a radial spacing of 0.5 in between nodes. The inner part
of the base plate 1s attached to the foundation with horizontal Winkler
springs of stiffness 2.500 lb/in3 over a circle of radius 7.5 in at the
center of the tank,

Based on the convergence study in Fig. 4.6, NW = 30 is chosen so
that accurate values of the vertical stresses can be obtained. For the
horizontal displacements, NH = 12 is judged sufficient. Finally,

NC = 61 is used to achieve exact integration around the circumference.

The results are shown in Table 5.1 lines 4 and 9, and Figures 5.3
to 5.7. In scme cases the results of the experiments and the approxi-
mate analysis of Chapter 4 are also shown for comparison. Some of the
features of these results deserve discussion:

Figures 5.3 and 5.4 indicate that the base plate is uplifted radi-
ally inwards from locations where the shell wall (outermost node or cir-
cle) is in contact with the foundation. This occurs because the fluid
pressure acting on the shell wall causes it to rotate about the
circumferential axis at the edge. This rotation is also experienced by

the base plate, and causes the base plate to uplift slightly inward from



- 127 -

Fourier Amplitudes of Vertical Uplift at Base (in) for the

Tall Aluminum Tank Tested by Niwa and Clough (1979) [6. 45°

0.54

0.234
0.267
0.362

0.468

0.44

0.205
0.234
0.323

0.43¢

0.06

0.032
0.034
0.038

0.038

0.03

0.003
0.003
0.004

0.004

-0.003
-0.004
-0.004

-0.004

0.03
-0.003
-0.003
-0.003

-0,003

the edge.
TABLE 5.1.
tilt, 13 ft water depthl
1. Harmonic number, n 0
Open_Top:
2. Experiment;1 0.46
3. Approximate theory of Chapter 4 0.195
4. Present analysis2 0.225
5. Modified present analysis 0.316
6. Modified present analysis4 9.422
Closed Top:
7. Experiment 0.39
8. Approximate theory of Chapter 4 0.193
9, Present analy3132 0.222
10. Modified present analy3153 0.313
11, Modified present analysis4 0.428
Notes:
1. Experimental data obtained from Clough and Niwa (1979) with the
authors’ permission.
2. Standard analysis, assumptions include no ylelding, and the base
plate modeled as one continuous sheet of 0.09 in thick aluminum.
3. Modified analysis, includes plasticity in the base plate with a
yileld stress of 12 ksi, and a perfectly flexible gasketed joint in
the base plate.
4,

Modified analysis as described in note 3, but the tilt angle was
incrgased to 8.5° with subsequent unloading to a tilt angle of

6 45 L
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Figure 5.3: Nodes {circles) and contact points (stars) for the
analysis of the nonlinear portion of the base plate of thg tank
tested by Clough and Niwa (1979). [13ft water depth, 6.45° tilt,
open top] Each star indicates a discrete Winkler spring in

compression,
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Figure 5.4: Nodes (circles) and contact points (stars) for the
analysis of the nonlinear portion of the base plate of the tank
tested by Clough and Niwa (1979). [13ft water depth, 6.45° tile,
closed top] Each star indicates a discrete Winkler spring in
compression.
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Figure 5.7: Stresses at the junction between the base plate and shell
for the tank tested by Clough and Niwa (1979). [closed top, 13ft
water, 6.45° tilt] Dashed lines show the stress in the base plate,
The continuous lines show the corresponding stress acting on the
shell. The mismatch is partly due to discretization error, and
partly due to the force carried by the 0,18in" circumferential
stiffener, which models the 2in overlap of the base plate beyond

the shell wall.
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The vertical Stresses at the base are in good agreement with those
from the approximate analysis. The peak compressive stress also agrees
with the experimental result, but the small stress atle = 0 and large
tension at @ = 90° and 270° observed in the experiment are not matched
by the theory.

The sharp peaks in shear stress near 6 = 180° (Fig. 5.6) appear to
be assoéiated with the iarge rate of change in the vertical compressive
stresses. Similar sharp peaks were obtained in the approximate analysis
of Chapter 4 with N = 100 for the number of Fourier harmonics. This
suggests that these peaks are not due to discretization error, but arise
from some other cause. On the other hand, choosing NH = 12 does not
allow circumferential displacements at the base which have Fourier
components of ordér ny 13, Such displacements could release some of
the stress associated with the peaks. Thus, while the peaks exist, the
‘analysis may exaggerate them somewhat.

The experimental shear stresses were measured 5 in above the base,
It seems likely that at this elevation the sharp peaks would barely be
noticeable., Even if the peaks were present § in above the base, not
enough measurements were taken to detect them. Finally, although the
peaks are remarkable, the stress levels are still low compared to the
vertical compressive stresses.

The vertical displacements at the edge (Table 5.1) are a little
larger than those from the approximate analysis of Chapter 4, but still
siénificantly smaller than the experimental displacements. In order to

examine to what extent these differences might be due to plastieity and
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the flexibility of the gasketed joint in the base plate {(Detail D in

Fig. 4.3), the analysis is repeated with the following assumptions:

(i) The base plate material is elastic-perfectly plastic with a yleld
stress uniaxial tension of 12 ksi. This corresponds to a yleld

stress of 36 ksi for the hypothetical steel prototype.

(ii) The gasketed joint in the base plate is perfectly flexible. To
balance the lateral component of force which the shell exerts on
the base plate, a shear force which varies like sin ® in the
circumferential direction is applied at the inside edge of the

outer annular portion of the base plate.

For this modified anhalysais, the nonlinear portion of the base plate
extends inward from the edge to the gasketed joint. The tilt angle was
increased gradually to Clough and Niwa's (1979) "standard” tilt angle of
6.45°, Then, in order to examine the effects of residual plastic
strains resulting from previous loading of the tank, the tilt angle is
increased to 8.5° (the largest tilt angle for which Niwa and Clough
(1979) report results) and reduced again to the standard tilt of 6.45°,
The analysis is performed with NN = 21, NW = 5, NH = 4, NC = 6 which is
Jjudged sufficient for accuratg values of the n = 0 and n = 1 Fourier
coefficients of the displacements. Results (Table 5.1), lines 5, 6., 10
and 11) indicate that plasticity in the base plate and the flexibility
of the gasketed joint increases the n =0 and n = 1 coefficients for the

uplift by a factor of 1.4, Loading to a tilt angle of 8.5° and unload-
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Figure 5.8: Relationship between the uplift force applied at the edge
(base plate shear plus vertical component of radial membrane force)
and uplift for the tall tank tested by Clough and Niwa (1979).

(a) non-axisymmetric solution, closed top, 6.45" tilt
(b) non-axisymmetric solution, open top, 6.45 tilt
{c) axisymmetric solution
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Figure 5.9: Relationship between membrane forces in the base plate at
the edge and the vertical uplift at the edge for tall tank tested by
Clough and Niwa (1979).

(a) non-axisymmetric solution, closed top, 6.45° tilt
(b) non-axisymmetric solution, open top, 6.45° tilt
(c¢) axisymmetric solution
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Figure 5.10: Relationship between vertical displacement, radial dis-
placement and rotation at edge for tall tank tested by Clough and
Niwa (1979).

(a) non-axisymmetric solution, closed top, 6.45° tilt
(b) non-axisymmetric solution, open top, 6.45° tilt
(c¢) axisymmetric solution
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Figure 5.11: Relationship between bending moments in the base plate at

the edge, and uplift for the tall tank tested by Clough and Niwa
(1979).
{a) non-axisymmetric solution, closed top, 6.35O tilt
(b) non-axisymmetric solution, open top, 6.45  tilt
{c) axisymmetric solution
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ing further increases the n = 0 and n = 1 coefficients of the uplift by
a factor of 1.3 to 1.4, Including all these effects results inn =10
and n = 1 Fourier coefficients of the uplift which are reasonably close
to the experimental values.

The comparison between the results from the comprehensive analysis
of this chapter and thie approximate method of Chapter 4 serve to evalu-
ate the assumption of weal circumferential variations. In figs. 5.8 to
5.11 this assumption is examined more closely by looking at the rela-
tionship betweeti the vertical uplift and various quantitlies of ;nterest.
An example of such & guantity of interest is the vértical uplifting
force acting on the base plate at the edge. This uplift force is also
equal to the vertical tension in the shell wall. For a given tilt
angle, the values of the uplift force and the vertical uplift can be
sampled at varicus points around the circumference for which some uplift
occurs, and plotted, as in Fig. 5.8, lines (a) and (b). If the
circumferential variations are indeed weak, this relationship between
the uplift force and the vertical uplift should coincide identically
with that from the axisymmetric solution {Fig. 5.8, line (e¢)]. As can
be seen, the agreement for this case is fairly good.

Figures 5.9 to 5.11 are similaﬁ plot; for other quantities of
interest. Perhaps the plot which best reveals how the assumption of
weak circumferential variations might break down is the ocne for the
circumferential membrane force, NB’ at the edge (Fig. 5.9). It appears
that the large circumferential compression that might be expected from

the axisymmetric solution where the uplift is a maximum redistributesto
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other points on the circumference, As a result of this circumferential
spreading of the compressive force Ne. the axisymmetric solution
overestimates the circumferential compression where the uplift is a
maximum, but where the uplift is small and the circumferential compres-
sion exceeds that from the axisymmetric solution.

For reasons explained in Chapter 2, the circumferential compression
at the edge determines to a large extent how ﬁuch membrane action is
present in the base plate. For small circumferential compression at the
edge, there is little membrane action, and a smaller uplift force is
required for a given amount of uplift. Hence, the circumferential
spreading of the circumferential compression should decrease the uplift
force for large values of uplift and increase it for small values of

uplift. This is what is observed in Fig. 5.8.

5.6.2 Broad Tank Tested os _and Clou 1982

The description of this tank and the assumptions made in modeling
it can be found in Section 4.2.3.2. Results are shown in Figures 5.12
and 5.13., It is seen that in this case relaxing the assumption of weak
circumferential variations in the base plate increases the vertical
uplift by a factor of more than 2. One reason for this might be that
flexible inextensional modes in the shell wall make a distribution of
vertical uplift at the edge possible, for which relatively little

membrane action is developed in the base plate.
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Figure 5.12: Nodes (circles) and contact points (stars) for the
analysis of the nonlinear portion of the baseplate for the tank
tested by Manos and Clough (1982). [5ft water depth, 16° tilt,
open top] Each star indicates a discrete Winkler Spring in
compression. '
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Figure 5.13: Comparison of Results from the analysis in this Chapter
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line)}, and the experimental readings (markers joined by a dashed
line) for the broad aluminum tank tested by Manos and Clough (1982).
[5ft water depth, 167 tilt, open top]. The experimental data are
used with the authors' permission.
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Another contributing effect is that, where the base plate uplifts
the most, the fluid pressure is reduced due to tilting. This applies

especially to broad tanks because

a) For a given tilt angle, the change in pressure due to tilting
is a larger fraction of the pressure at zero tilt.
b) A larger tilt angle is required to generate a given overturn-

ing moment.

This effect is included in the analysis of this chapter, but not in the
approximate analysis of Chapter 4.

The breakdown of the assumption of weak circumferential variations
is confirmed in Fig. 5.14, where the uplifting force for larger values
of the uplift is seen to be much smaller than would be expected from the
axisymmetric solution,

Given the large change in the vertical uplift that occurs upon
relaxation of the assumption of weak circumferential variations, it is
remarkable that the distributicn of vertical stresses hardly changes.

It still exhibits the bimodal distribution of compressive stresses which
is not seen in the experimental data. The analysis even indicates that
the shell wall uplifts at 6 = 180°, As was explained in Section
4.2.3.2, this is consistent with what might be expectéd from the
inextensional shell theory. Although the experimental vertical stresses
do not confirm this, the measured radial displacements at the top rim do
give an indicatiqn that there may be some tendency for uplift at

e = 1800. To see this, note that if there is uplift at 6 = 1800, then
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Figure 5,14: Relationship beﬁween vertical uplift at the edge, and the
vertical uplifting force for the broad tank tested by Manos and

Clough (1982) o
(a) non-axisymmetric solutionm, open top, 16~ tilt

(b) axisymmetric solution
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TOP RIM
RADIAL DISPL.

Figure 5.15: Top rim radial displacements. Reproduced from Fig. 5.2.1
in Manos and Clough (1982) with the authors’ permission.

[5 £t water depth, 16° tilt, rigid foundation, open top].

it 1is expected that the uplift at @ = 180° is a local maximum. This
means that the second derivative of the uplift with respect to 6
(denoted by U'° in Chapters 3 and 4) is negative. From Eq. 3.6¢c it is
seen that the radial displacement must therefore be negative, i.e.,
inwards, This is exactly what is shown in Fig. 5.15. Although Eq. 3.6c
applies for inextensional tanks only, the argument is still relevant,
because for a broad, roofless tank such as this one, inextensional

deformation modes play an important role.

5.6.3 Mylar T h (1981

In his Figure 5.7, Shih (1981) gives the results of a static tilt
test on an unanchored mylar tank. The tank used is 5 in in diameter,
10.5 in tall, and the thickness is 0.002 in for both the base plate and
the shell. A stiffening rim was provided which essentially prevenis

out-of~round



- 146 -

deformations at thé top. For the analysis, the same effect i1s achieved
with a 0.02 in thick, flat mylar roof. Shih set the tank on a tilt
table at a constant tilt angle of 10.3° and gradually filled it with
water, measuring the vertical uplift1 and the width of the uplifted
strip of the base piate.2

In modeling the tank, the elastic properties for mylar are taken to

be E = 0.735 X 10%

psi for Young's modulus, and ¥ = 0.3 for Poisson’s
ratio. Sliding of the tank is prevented by horizontal Winkler springs
of stiffness 103 lb/in3 on a 2 in diameter circle at the center of the
tank. The stiffnesses for the vertical springs are taken to be

k= 3,446 1b/in® under the base plate, and k_ = 516,900 1b/in’ at the
edge.

The radial spacing of the nodes in the nonlinear portion of the
base plate is 0.05 in. The analysis is performed with NW = NH = 3,

NC = 4, This is sufficient to obtain accurate values of the uplift.

In the analysis, the loading processa by filling of the tank is
simulated by computing the appropriate load vector at each loading step.
This means that the water level increases from one loading step to the
next. As a result, the stiffnesas matrix of the shell also changes due
to the nonlinear effects asscciated with the hydrostatic pressure. For

simplieity, such changes in the stiffness matrix of the shell are not

included in the analysis. Instead, the stiffness matrix of the shell is

1 With feeler gauges.

2 By inserting dye under the uplifted porticn of the base plate, the
extent of the uplifted portion became clearly visible.
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computed for a water depth of 6.5 in and assumed to remain constant.
The analytical results areJcompared with Shih’s experimental read-
ings in Fig. 5.16. The agreement is acceptable, if one considers the
uncertainty in measuring the displacement with feeler gauges. Some of
the differences between theory and ekperiment may also be due to the
stiffening effect of a bead of epoxy used to bond the shell to the base

plate.

5.7 SUMMARY AND CLOSING REMARKS

The comprehensive method of analysis developed in this chapter
enables the assumption of weak circumferential variations in the base
plate to be relaxed. In doing so it is seen that for a tall tank, this
assumption is acceptable. For a broad, roofless tank, however, the
assumption seems to be acceptable for calculating the distribution of
vertical stresses in the shéll at the base, but not for calculating the
uplift.

Significant differences between thecretical and experimental
resu}ts remain, even after relaxing the assumption of weak circumferen-
tial variations in the base plate. Exactly why these discrepancies
oceur is not clear. However, a number of possible explanations can be
suggested and evaluated.

Due to its high thermal conductivity, aluminum is difficult to
weld. Therefore, some imperfections and residual stresses are inevit-
able. There may also be some additional residual stress from forming of

the aluminum sheet. Whereas for‘the linear behavior of a structure, the
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changes in stresses due to external loading are unaffected by residual
stresses, this does not apply for the base plate of a tank, for which
the_behavior is markedly nonlinear. In particular, it seems likely that
there were some residual circumferential tension due to welding at the
shell-base plate joint. This tends to reduce the membrane action in the
base plate, resulting in larger uplift for a given tilt angle.

It was seen that for the tall aluminum tank, yielding of the alumi-
num, and the flexibility of the gasketed joint in the base plate have a
atrong influence on the uplift. The broad aluminum tank did not have a
gasketed joint, but its behavior may have been affected by yielding of
the aluminum at the time the tilt test was performed, or by residual
plastic strains resulting from previous loading of the tank.

Some important effects may have been lost in the linearized formu-
lation for the shell. It would appear, for example, that the relatively
sharp peaks in the distributiou of compressive stresses at the base may
be redistributed by the geometric shortening that occurs when a vertical
line on the shell wall becomes a curve. This would, result in a somewhat
lower peak compressive stress.

Finally, friction between the bhase plate and the foundation is not
considered in the analysis. Such friction forces can change the
distribution of membrane forces in the base plate. This in turn may
affect membrane action in the uplifted portion of the base plate.

In summary, there are several possible reasons for the differences
between the theoretical and experimental results. What is not clear is

exactly what effects are responsible for the differences in each case.
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Resolving this would require imp:oved capabilities for analysis, includ-
ing a fully nonlinear formulation for the shell, in conjunction with

carefully designed experiments.
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6. TBE PREUPLIFT METHGOD

For an unanchored tank, uplift is necessary so that the earthquake
induced overturning moment can be balanced by the weight of the fluid
resting on an uplifted portion of the base plate. Thus uplift enables
the weight of the water to participate in stabilizing the tank. How-
ever, uplift also can result in damage to connecting pipes or buckling
of the shell wall due to the concentration of vertical compressive
stresses at the bhase.

The questicn that comes up naturally in this eontgxt 1s:v Is it
possible to reap the benefits of uplift ﬁstabilization by the weight of
the fluid resting on an uplifted portion of the base plate) without
incurring its detrimenial effects? This can indeed be achieved, if the
tank wall is preuplifted all around its circumference by a ring filler,

as shown in Fig. 6.1.

1K

RING
FILLER

B~

C1SELIS BSOS PN ISl

Figure 6.1: A preuplifted tank.
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The ring filler is designed in such a way that it carries not only the
weight of the tank wall and roof, but also the weight of part of the
fluid which rests on the preuplifted portion of the base plate, For
uplift teo occur, this prelcad on the ring filler must be overcome by the
seismically-induced vertical tension in the shell wall. Thus, for light
to moderate ground shaking the tank wall remains in contact with the
ring filler all around its circumferénée. and the tank behaves essen-
tially as if it were anchored even under shaking that would otherwise
cause substantial uplift. Furthermore, it will be seen that even under
ground shaking strong enough that the tank wall locally looses contact
with the ring filler (i.e., major amounts of uplift), preuplift improves
the performance of the tank for any glven lateral load. This conclusion
is supported by experimental and theoretical results. First the experi-
ments and method of analysis are described, then the results presented

in the figures are discussed.

6.1 EXPERIMENTS

A mylar tank was fabricated following the methods of Shih (1981):
The vertical seam in the tank wall was lapped and bonded with 1/4” wide
double sided tape. At the junction between the shell wall and the base
Plate (henceforth referred to as the edge), a thin bead of epoxy was
used as a bonding agent., At the top, a lucite ring prevents any out-of-
round deformations of the cross section.

The dimensions f'or the model tank are 5" for the diameter, 9-7/8"

for the height, and 0.002” for the thickness of both the tank wall and



Figure 6,2: Experimental setup for tilt
tests on a mylar tank.

Figure 6.3: Buckling of an unanchored mylar
tank.

et 5N
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the base plate. Since the modulus of elasticity for mylar, 735,000 psi
+9% as quoted by Shih (1981) from Weingarten, et al. (1960), is a factor
of 40 less than that for steel, thé model tank satisfies the conditions
of similarity with a steel tank 40 times larger. This means that the
hypothetical steel prototype is 16'-8" in diameter, 32'-11" tall, and
both the tank wall and the base plate are 0.08" thick. This shell
thickness 1s close to the minimum that would be required to support the
hydrostatic watef pressure, 1f the tank were full.

The test setup is shown in Fig. 6.2. A static lateral load was
induced by tilting the specimen on a tilt table which was designed for
calibrating accelerometers. In doing so, the vertical lap Jjoint in the
shell was oriented on the axls of loading, opposite to the region of

vertical compression. Two types of tests were performed:

(i) The tank was filled with water to a depth of 4-9/16" at zero
tilt, and the tilt angle was increased in increments of about
3°, measuring the maximum uplift at each increment with
feeler gauges (results in Fig. 6.5).

(ii) The tilt angle was held fixed, and the tank was filled slowly
through the aluminum tube visible in Fig. 6.2, until the
first signs of a buckle (much smaller than the one shown in
Fig. 6.3) could be dstected visually, using light reflected
on the tank wall. The water levels at buckling are shown in
Fig. 6.7 for various tilt angles. Fach experimental point is

the average of two readings,
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In the buckling tests, the first buckle always formed near the base, at
the axis of loading. If the water level was increased further, the
buckle gradually increased in size and more buckles formed (as in Fig.
6.3). This agrees with Shih’s (1981) observation that unanchored tanks
do not collapse for water levels significantly higher than the water
level at which the first buckle can be detected. However, in contrast
to Shih (1981), who measured collapse water levels, here all experimen-
tal data relate to ineipient buckling. The author considers this to be
a more appropriate fallure criterion, because mylar tanks probably owe
much of their post buckling strength to the fact that the mylar does not
yleld at stress levels which, when scaled to prototype stresses, are
well above the yield stress for the mild steels out of which tanks are
typieally made.

All tests were performed with and without preuplift. The ring
filler consists of a 1/32" thick square sheet of plexiglass with a hole
whose diameter is a few hundredth of an inch less than the inner diame-
ter of the tank. This insures that the entire circumference of the tank
wall is supported by the filler even if there is a small error in
centering the filler.

To prevent slipping of the tank it was bonded to its foundation at

the center by a 1/4" square piece of double sided tape.

6.2  ANALYSIS
From Chapter 5§, for the tall aluminum tank tested by Clough and

Niwa (1979), the results from the comprehensive method of analysis are
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in close agreement with those from the approximate analysis method
described in Chapter 4. The theoretical maximum compressive stresses
also agree with the experimental results. Since the mylar tank under
consideration in this chapter has about the same height to diameter
ratio as the tall aluminum tank of Chapter 5, the approximate method of
analysis is used. For the case with preuplift, the vertical uplift
varies gradually around the circumference, therefore the accuracy of the
approximate method may be expected to be better for the case with
preuplift.

Consider the problem of the tank for which the base plate has been
replaced by a ring of nonlinear Winkler springs. The force per unit
length-deflection relationship for such springs is shown schematically
in Fig. 6.4. For a tank without preuplift, the applicable curve is
ABCD. The segment BCD of this curve is obtained from the axisymmetric
uplift solution, and segment AB is taken to be linear, with a slope ke
that is representative of the stiffness of the foundation in compres-
sion. In the analysis reported herein a large number, ke = 1061b/in2.
is used to simulate a rigid foundation.

Preuplift can be accounted for simply by modifying the force-
deflection relation of the Winkler springs. In this case the force-
deflection relation is represented by curve A'CD in Fig. 6.4, in which
the segment A’'C is taken to be a straight line of slope ke’
representative of the flexibility of the foundation and the ring filler
in compression. In the present analyses, the ring filler as well as the

foundation are taken to be rigid. Correspondingly, ke = 1061b/in2 is
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FORCE |

U, UPLIFT

Figure 6.4:
Schematic force-deflection relation for the nonlinear

Winkler springs at the base of the tank, without
preuplift (curve ABCD), and with preuplift UO {curve
A'CD).
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used, as for the case with no preuplift.

6.3 DISCUSSION OF RESULTS

The theoretical and experimental values of the uplift obtained with
and without preuplift are shown in Fig. 6.5 as a function of the tilt
angle. For the preuplifted case, the uplift shown in Fig. 6.5 ineludes
the preuplift. The uplift due to tilting is much smaller for the _

" preuplifted case. Also, for tilt angles greater than about 10°. both
theory and experiment indicate that the total uplift 1s less for the
preuplifted case.

The agreement between theory and experiment for the case without
preuplift is excellent. However, two compensatory effects may have been
involved: On one hand it was found that the approximate method of
analysis, based on the assumption of weak circumferential variations in
the base plate, yields a maximum uplift slightly (10 to 20%) smaller
than that from the more comprehensive analysis. On the other hand, the
stiffneas of the bead of epoxy, which bonds the base plate to the shell,
and the stiffness of a small extension of the base plate on the outside
of the tank wall were neglected in the analysis.

For the case with preuplift, Fig. 6.5 indicates that uplift due to
tilting is less than predicted by the analysis. Perhaps one of the more
important contributing factors to this difference is the stiffening
effect of the bead of epoxy at the edge: When the tank is uniformly
uplifted all around the circumference, the edge tends to move radially

inward. Due to the restraining action of the shell and the bead of
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epoxy, this gives rise to a radial membrane tension in the base plate.
For a larger radial tension at ghe edge, more membrane action is
developed in the base plate, and the held down force for a given amount
of uplift is increased. This means that the restraining action due to
the axial stiffness of the bead of epoxy will tend to decrease the
uplift for a given water level and tilt angle.

The axia; stresses at the base, as obtained by analysis, for a
water level of 4-9/16" and a tilt angle of 10° are shown in Fig. 6.6.
The stresses are expressed as a fraction of what is generally referred

to as the classical buckling stress [Timoshenko and Gere (1961)], given

by

fo = 3(i-vH 17" Et/R (6.1)

in which E, V¥, t, R are Young's modulus, Poisson’s ratio, the thickness
and the radius of the shell, respectively. The location on the
circumference is defined by an angle @, which is measured from the axis
of loading, with @ = 0 on the side which is subject to uplift, Clearly,
the maximum compressive stress at & = 180° is dramatically reduced by
preuplift. No attempt was made to measure the stresses in the mylar.
The stress distributions in Fig. 6.6 suggest that buckling due to
the vertical compressive stress would occur at a higher tilt angle
and/or water level if the tank is preuplifted. This is confirmed by the
experimental data in Fig. 6.7, where the tilt angle for a given water
depth at buckling is seen to be 1.5 to 2.0 times larger for the case

with preuplift., Since the lateral load is approximately proportional to
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the tilt angle, this means that the preuplift increases the lateral load
capacity by a factor of up to 2.

In order to obtain the theoretical tilt angles and water depths at
buckling, it was assumed that the shell buckles when the peak vertical
compressive stress reaches the classical buckling stress given in Eq.
(6.1). This assumption is open to debate. On one hand, exﬁeriments on
e&lindrical shells in uniform axial compression [Weingarten, et al.
(1960), Babcock (1974), Shih (1981)] indicate that the buckling loads
are extremely sensitive to imperfections in the shell, and may be less
than half the classical buckling load. On the other hand Shih (1981}
found in his tilt tests on anchored mylar tanks, that the calculated
peak compressive stress at buckling was about 1.24 times the classical
value, He al=o discusses how the nonuniformity in the prebuckling
stress field can result in higher buckling stresses. For an unanchored
tank, one might expect that this effect of nonuniformity is even more
pronounced, because the region of large vertical compressive stresses is
smaller.

The theoretical tilt angles and water levels at buckling, obtained
with the classical buckling criterion, are shown in Fig. 6.7, by broken
lines. They confirm that preuplift substantially increases the lateral
load capacity. Also, the agreement with the experimental data is cer-
tainly acceptable, if one considers the uncertainties in the buckling

stress.
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The calculated peak compressive stress at the tilt angles and water
levels for which incipient buckling was observed in the experiments will
be referred to as the experimental buckling stress. The ratios of these
experimental buckling stresses to the clasaical value of Eq. (6.1) are
plotted in Fig. 6.8. The average value is 0.83 as indicated by the bro-
ken line. Fig. 6.8 also indicates that neither the internal pressure
(which is propor£ional to the water level), nor the circumferential
angle spanned by the contact region, or whether or not the tank is
preuplifted seem to have amy significant influence on the experimental

buckling stress.

6.4 CLOSING REMARKS

Both the theoretical and experimental results presented show that
preuplift substantially increases the capacity of an unanchored tank to
withstand lateral locads due tc tilting. There is little doubt that the
same conclusion would apply for seismic lateral loads.* However, a

number of questions remain unanswered at this time.

(1) Uplift will affect the dynamic response of the tank, by
increasing its period of oscillation. For a preuplifted
tank, this increase in the period of oscillation is less
pronounced. Depending on the relative frequencies of the
earthquake and the tank, this means that the preuplifted

_tank may experience a lateral load which is higher or lower

* Shih (1981) has shown that for an anchored tank, the stresses due to
tilting are similar to seismically induced stresses.



(11)

(1ii)

(iv)

~ 166 -

than that for the case without preuplift.

The static stresses in the base plate induced by the
preuplift may have some detrimental effect over long periods
of time. Indeed, for most mild steel tanks preuplift
results in flexural yield at the shell-base plate junction.
This means that the weld at the junction must be stronger
than both the shell and the base plate, and embrittlement of
the heat affected zone must be avoided.

Some of the effectiveness of the preuplift could be lost due
to creep strains in the base plate developing before the
earthquake.

When, after a cycle of uplift, the tank wall descends upon
the ring filler, the rapid vertical deceleration of the tank
wall may well contribute to a large local hydrodynamic pres-—
sure acting on the preuplifted portion of the base plate.
This could increase the plastic strains in the base plate
and at the junction with the shell wall. As a result some
of the effectiveness of the preuplift could be lost, and,
ultimately, there may be some danger of tearing at the
shell-base plate junction. This problem could be avoided if
the ring filler is designed so that under normal operating
conditions, it fills the space between the base plate and
the foundation, but carries vertical loads only at the edge.
This can be achieved by choosing a crbss section of the ring

filler which matches the deformed shape of the base plate
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due to a uniform uplifting force applied at the edge only.

Some of these questions also apply to unanchored tanks without
preuplift., For example, the local hydrodynamic pressures mentioned in
(iv) above may contribute to the formation of the "elephant foot bulge”
so commonly observed. While these issues remain to be studied, and in
some cases may limit the effectiveness of preuplift somewhat, the author
concludes that preuplift will in most cases significantly improve the

behavior of unanchored tanks subject to earthquake loads.
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7. S RY AND CLOSURE

When a cylindrical steel tank is subjected to earthquake loads, the
seismically induced vertical teﬂSion in the shell wall at the base
exceeds the vertical compression due to the weight of the tank wall and
\roof (if present). This is true even for relatively light ground shak-
ing. For an unanchored tank, the resulting net vertical tension causes
the shell wall t6 uplift. The base plate 1s therefore also uplifted.
Thus a hold-down force is developed due to the weight of fluid resting
on the uplifted portion of the base plate.

The analysis of this problem requires consideration of the shell
and the base plate, including nonlinear effects due to finite displace-
ments, yielding of the steel, and loss of contact with the foundation.

The assumptions made in the method of analysis recommended in the
current design standards of the American Water Works Association and the
Aperican Petroleum Institute are in most cases not applicable, and can
result in calculated peak compressive stresses which are too low. On
the other hand, the allowable peak compressive stress is also much lower
than .that observed. Therefore the current design standards are
inconsistent rather than necessarily unconservative.

In an attempt to provide a more realistic idealization of the
problem, two methods of analysis have been developed. Both are based on
the moderate deflection, Von Karman, theory for the base plate, and a

linearized formulation for the shell.
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The first method of analysis is an approximate one in which the
tank‘wall is supported from below by a c¢circular bed of nonlinear Winkler
springs. When in tension, these Winkler springs represent resistance to
uplift provided by the base plate. When in compression, the Winkler
springs represent the stiffness of the foundation. The force-deflection
relation for the Winkler springs is determined from the solution of the
axisymmetric problem in which the tank wall is uniformly uplifﬁed all
around the circumference. Three computer programs are used for this
approximate analysis: One to solve the axisymmetric uplift problem, one
to perform a static condensation on the tank wall, and the third uses
the output of the previcus two to solve the contact problem. Each of
these could be run on a personal computer.

The second method of analysis is a more comprehensive one in which
the non-axisymmetric problem for the partially uplifted base plate is
solved. This is achieved by the finite difference energy method, using
an expansion of the displacements as a Fourier series in the
circumferential direction. Since both material and geometrical
nonlinearities are included, the variations in the strain energy need to
be integrated numerically. A tangent stiffness matrix is obtained in
which there is coupling between the various Fouriler coefficients of the
displacements. This makes for a large amount of computational effort if
a large number of Fourier coefficients are included in the analysis: A
typical problem with 31* Fourler coefficients for the vertical displace-
ments and 13* Fourier coefficients for th; horizontal displacements toock

.* Including the ccefficient of order zero.
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10 to 15 minutes on a CRAY XMP-2-4 computer. This is about the number
of Fourier coefficients required for accuracy in the vertical stresses
in the shell wall at the base. However, accurate values of the uplift
displacements can be obtained using only two or three Fourier coeffi-
cients. As a yesult the computational effort is reduced by two to three

2—103). This is important in apply-

orders of magnitude {a factor of 10
ing the method for dynamic analfsis: The inertial forces and
hydrodynamic pressures can be obtained with fairly good accuracy and
relatively little computational effort from a time history analysis,
using a small number of Fourier coefficients. The most severe inertial
forces and hydrodynamic pressures can then be applied as statie loads in
a subsequent analysis using a larger number of Fourler coefficients, in
order to obtain accurate values of the stresses.

In comparing the results from the approximate method of analysis
based on the assumption of weak circumferential variations in the base
plate to the more comprehensive approach, it is seen that for a tall
aluminum tank which was loaded by applying a static tilt, the results
from the approximate method of analysis are in close agreement with
those from the more comprehensive method. For a broad, roofless tank
however, the approximate analysis is distinctly less satisfactory.

As expected, the analyses show that uplift results in a large -
increase in the peak compressive stress in the tank wall at the base.
For a given lateral load, these calculated peak compressive stresses are
in good agreement with experimental results. In some cases they exceed

the stresses calculated by the procedures outlined in the current API
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and AWWA standards by a factor of more than 2. On the other hand,
experiments on mylar tanks indicate that the peak compbressive stress at
which buckling occurs is close to the classical value, which is much
larger than the allowable compressive stress permitted by the current
design standards.

For most fluid storage tanks, the thickness to radius ratio is such
that vertical compressive stresses can be expected to cause elastic.
buckling before they cause yielding. This is especially so if buckling
ocecurs well before the classical buckling stress is_reached. However,
as has been suggested by Chen (1984), the combination of vertical
stresses close to the classical buckling stress, hoop stresses due to
internal hydrostatic and hydredynamic pressures, and bending stresses
due to the restraint at the base may well cause the materiai to yield
before the point of elastic Instability. In such cases plastic buckling
can be expected to occur soon after the onset of yielding, because of
the decrease in the material stiffness. This would probably result in
. what is generally referred to as an elephant foot bulge.

Hence, yielding as well as elastic instability should be considered
as a possible failure mechanism for the tank wall. Whereas for elastic
instability., internal pressure tends to lncrease the buckling stress,
for yielding, internal pressure produces hoop tension and bending
stresses which combine with the axial compressive stress to produce =z
more severe loading conditien. This is;éspecially important if the
internal pressures are amplified by resonant breathing m;des {Haroun and

Tayel (1984, 1985 a,b), Sakai et al. (1984), Veletsos and Kumar (1984)1,
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and by the vertical motion of the base assoclated with rocking.

Although agreement of the theoretical results with available
experimental results is good in some cases, in other cases there are
significant discrepancies. These discrepancies could be due to geome-
trically nonlinear effects in ;he shell, yielding of the aluminum,
residuél stresses (due to welding, forming of the aluminum sheet, or due
to plastic strains that may have developed durihg previous testing of
the tanks), friction between the base plate and the foundation, or other
inaccuracies in the mathematical idealization of the tank. Which of
these effects is responsible for the discrepancies in each particular
case, and to what extent experimental errors may also be involved is not
clear.

In order to explain more precisely the differences between theoret-
ical and experimental results, it seems that a program that allows an
interplay between testing and analysis would be required. In an
integrated program, experimental features could be addressed by special
analyses and potential problems indicated by the analysis could be
investigated experimentally. For example, the influence of friction
between the foundation and the base plate could be virtually eliminated
by greasing the surfaces. The tank could be annealed in order to
eliminate residual stresses. Or, if this is impractical, an attempt
could be made to estimate the residual stresses and they could be
included in the analysis. Finally, a high strength material could be
used to eliminate the effect of plastiecity; or, alternatively, if

plasticity is important the entire loading history for the tank could be
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reproduced analytically.

In any future experiment it would be important to measure the
stresses and displacements at several locations on the uplifted portion
of the base plate, since this is where the geometrically nonlinear
effects are most pronounced. The stress—strain behavior of the material
should be determined experimentally. Also, the effect of heating and
cooling from nearby welds on the stress-strain behavior should be
investigated.

Using the preuplift method (Fig. 6.1) the holdfdown force due to
the weight of the fluid resting on an uplifted strip of the base plate
can be developed without many of the undesirable consequences of uplift.
It is shown by analysis and experiment, that for a 5 in diameter and 9-
7/8 in tall mylar tank, a preuplift of 1/32 in increases the resistance
to lateral loads due to tilting by a factor of up to 2,

Some questions regarding the preuplift method remain to be
investigated: For example, preuplift affects the dynamics of an
unanchored tank and therefore has some influence on the maximum lateral
force and overturning moment. Also, the relatively large stresses in
the base plate during operating conditions may have some detrimental
effects such as creep, and the possibility of leakage due to the growth
of microcracks. The loss of the effectiveness of the preuplift due to
creep strains could be evaluated by an axisymmetric analysis, if a suit-
able description for the creep behavior of the steel c¢an be found.
Although these issues deserve to be studied in more detail, it appears

that the seismic performance of unanchored tanks can be improved
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significantly by preuplift.
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APPENDIX A — BUCKLING ANALYSIS OF BASE PLATE WITH BOSORS

This appendix explains the use of the computer program BOSORS by
Bushnell (1974) to determine the critical load for circumferential
buckling in the base plé.te. Since BOSORS does not have built-in
capabilities for contact problems, a separate analysis is required for
each loeatioﬁ of the contact point. The BOSORS mathematical model for
the example problem of Chapter 2 is shown in Fig. Al. In this figure
and in the rest of this appendix the node numbers used refer to those
specified by the user. The program inserts additional nodes at junc-
tions in order to model the boundary conditions.

The base plate is modeled as a single conical segment beginning at
(r,z) = (0,0) and ending at {(r,z) = (57,0). Nodes 1 to 21 are equally
spaced on the portion of the base plate which remains in contact with
the ground. Nodes 21 to 73 are also equally spaced, and the actual
spacing is chosen such that node 21 is at r = ro the location of the
contact point. At this node no rotation or vertical displacement are
allowed.

The shell is modeled by a second segment with 61 equally spaced
nodes coverlng a length of 15 in. This length is considered sufficient
to model accurately the constraint provided by the shell for rotations
and horizontal displacements. In addition, although the vertical stiff-
ness of a 15 in length of shell is lower than that for the full length
of the shell, it is seen from Fig. 2.11 that this vertical stiffness is

sufficient to Suppress any vertical displacements associated with the
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buckling mode at the edge.

At the junction between the base plate and the shell, continuity of
all displacement components and the rotation is required. The plastic
hinge is allowed to form naturally by yielding of the material, which is
taken to be linearly strain hardening from 70 ksi ét first yield to 70.5
ksi at 1% strain for loading in uniaxial tension. The stress resultants
A(membrane forces and bending moments) are obtained by numerical integra-
tion of the stresses at 7 points across the thickness of the plate, For
the prebuckling analysis, the flow theory of plasticity is used with a
Von Mises yield surface, and for the buckling analysis the deformation
theory of plasticity is used.

The loading is applied as shown in Fig. Al, the applied pressure pa

and the uplift force Pa being given by

P, = &p (D1)
Pa = gP » (D2)
in which
p = actual pressure as defined in Chapter 2,
P = uplift force determined by the shooting method (P depends
on r, ), and
¢ = loading parameter,

Thus the loads are applied proportionally such that when the load param-
eter reaches unity, the conditions for the contact problem are matched.

Although the loading path in this analysis is different from that for
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the contact problem in which the radius to the contact point changes,
this hardly affects the prebuckling conditions, since path dependencies
can only be introduced due to yielding at the plastic hinge. As long as
the direction of loading does not change, such path dependencies are
limited to interaction effects between the various bending and membrane
stresses, which are neglected.

To verify that the prebuckling conditions are suitably simulated by
the above procedure, stresses and displacements obtained with BOSCORS
were compared to those obtained by the shooting method. Fig. A2 shows
the comparison of vertical displacements, radial bending moments and
circumferential membrane forces. Similar agreement was obtained for
other quantities. The most noticeable difference is in the hoop
compressive force near the edge. It occurs due to interaction between
radial bending and circumferential compreasion: 1In the presence of
large radial bending moments the capacity in circumferential compression
is reduced. The efféct of a finite plastic hinge length in the BOSORS
model upon the response near the edge is apparent in Fig. A2a. Since
the extent of such local effects is small compared to the buckling
wavelength, they were neglected,

The trial and error procedure for determining the buckling load is

as follows:

1. Estimate the radius to the contact point, rye when buckling
occurs using results obtained by the shooting method, and sim-

ple plate buckling formulae.
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Figure A2: Comparison of prebuckling conditions from the BOSORS analysis
(continuous lines) to those obtained by the shooting method (broken
lines). .
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Construct the BOSORS model consistent with the chosen value of
ro, and determine the yalue of the lcad parameter & at
buckling. If it exceéds unity, try agaln with a smaller value
of ro; if it is less than unity, try agaln with a larger value
of r..

Keep trying until the value of ro is found for which buckling
occurs at &€ = 1. For the example tank considered, this occurs
for ro = 44.25 in, corresponding to an uplifted width of

12.75 in.
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APPENDIX B - CYLINDRICAL AXISYMMETRIC SHELL ELEMENT

Klein (1964) has presented a derivation of the stiffness matrix for
conical, and, as a special case, cylindrical shell elements in which the
displacements and stiresses vary as trigonometric functions in the
circumferential direction. However, for the special case of a ¢ylindri-
cal element his results are no; stated in a convenient form. Haroun
(1980) considers the specific case of a c¢ylindrical element, but did not
state the elements of the stiffness matrix explicitly. In the following
pages, an outline of the derivation of such explicit expressions is
given, and the final results are stated. The second section in this
appendix is devoted to the added stiffness arising from non-linear

effects due to internal fluid pressure.

Bl., DERIVATION OF STIFFNESS MATRIX FROM LINEAR SHELL THEORY

The derivation is based on what Fl;ége (1960) refers to as the
"exact"* relationship between the strains at any point and the
midsurface displacements, and the principle of virtual displacements.
Thus, the need to use classical shell theory and stress resultants is
avoided. This approach is generally known as the degeneration approach.
A typical element, and the coordinate system used are shown in Fig. Bl.

It coincides with that of Flugge (1960), with Flugge's & replaced by 9.

The thickness of the shell, t, is taken to be uniform throughout the

* Flugge’s "exact” strain-midsurface displacement relations are only
exact for infinitesimal displacements. In other strain—midsurface
displacement relations given by Flugge’s (1960) the additional
assumption that the thickness 1s very small compared to the radius
is made,
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element, and the radius to the midsurface is a. As is indicated in Fig,
Bl, the intersection of the plane x = 0 and the cylinder will be termed
node 1, and the intersection with the plane x = Le' where L is the
length of the element, will be termed node 2.

The displacement components of the midsurface are defined as:

u = Vertical component of displacementf positive in the direc-
tion of increasing x.

v = Circumferential component of displacement positive in the
direction of inecreasing 6.

w = radial displacement, positive ocutward.

These displacements vary as functions of x and 6. The 6 dependence may
be eliminated by ﬁaking use of the orthogonality of trigonometric func-
tions. In particular it is well known (Flhége. 1960) that in the

linear shell theory the solution for radial and vertical loads varying

as cos n@, and tangential loads varying as sin né may be written as

u = u cos nd {Bla)
vn sin no for n#o

v.= v for n=0 (B1b)
o

W = W cos n® , | (Ble)

in which U, Vv, W, are functions of x énly. In the finite element

model it is assumed that u, and v, vary linearly between nodal points,

and wn varies as a cubic polYnomial. Thus the displacement in the ele-
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ment is fully determined by the values of u_, v_, w_, and dwn/dx at the
nodal points. These nodal displacements are arranged into an element
displacement vector q as follows

1 1 1 1.2 2 2 2T
q, = [ u, Vo W (dwn/dx) LI (dwn/dx) ] K (B2)

in which ui = displacement L at node 1, ete. The Fourier coefficients

of the displacements are then given by
v = Nq_. . (B2)

in which the 3 X 8 interpolation matrix N is given in Table Bl.
Using the relation between midsurface displacements and the strains

at any location within the shell given in Flugge (19606), the strains

can be expressed in the following form:
¢(x.6,z) = o(0) B(x,2z) q (B3)

in which the variables in parentheses indicate functional dependence,

and

2z = Distance from point under consideration to the mid surface,
positive when the point under consideration is on the out-

side of the mid surface,
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g = 3 X 1 vector containing the vertical strain, the engineering
shear strain, and the hoop or circumferential strain in the
order stated.
cos nd

6 = sin né .

cos né
B = 3 X 8 matrix of interpolation functions and their

derivatives given in Table Bl,

Nodal loads are defined as forces or moments applied at the midsurface
of the shell, expressed as a force or moment per unit length measured
along the midsurface of the shell., Any twisting moments acting about x
axis are replaced by their statically equivalent tangential and radial

shear forces. This leads to the following nodal forces:

P®™ = Vertical membrane force at node i acting in the direction of
increasing x.

’I‘i = Tangential shear force at node 1 acting in the direction of
increasing 6.

Q" = Radial shear force at node 1 acting radially outwards.

M®™ = Moment at node i acting in the same sense as the rotation

dw/dx.

These nodal forces are arranged into an element load vector as follows:
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R = [Pl ™ ol M p? 12 o? M2 ]T . (B4)

Note that R depends on 6. Since all radial and vertical loads vary as

cos nB®, and all tangential loads vary as sin n@, R can be expressed as
R = &R , (B5)

in which Rn is indepehdent of 8, and G is a8 X8 diagonal matrix, the
first and last four elements of which are given by cos n®, sin n@,
cos nB, cos né in the order stated.

The principle of virtual displacements can be written

L

e t/2 2n 2n
[ f se"petaszrdoqzax = [ (8 8a)T(BR a0 ,  (B6)
0 -t/2 0 ]
in which
Sqn = Arbitrary virtual displacement wvector.

be = ©B 6qn = virtual strains associated with virtual displace-

ments Bqn.
v
p= —E— Iy 1 (B7)
= > ]
1-v

(1-%) /2

Substituting for & from Eq. B3 gives
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Le ¢/2 2 2n

T T T T
Sqn I I B J. & "Dodé B(a+z) dzdx q, = Bqn f
0o -t/2 0 o

5 d® aRn

. (B8)

Finally, carrying out the integration with respect to 8, and considering

the arbitrary nature of the variation 6q gives

Ra, = R_ .
in which
Le t/2
K = j' | BTDB(1+2/a)dz dx
0 -t/2

is the 8 X 8 symmetric element stiffness matrix. Carrying out the

(B9)

(B10)

integrations indicated in Eq. 10, expressing the integrals as a power

series in (t/a), and neglecting terms of the order (t/a)5 and higher

gives:
f L n2(1+k)
11 55 192 LLe 2 322
Et [n(1-3
K = —K =
12 5§ 1_\)2 L 4a ]
Kyg = Ky = —2[v+ nzk('l?’]
2a(1-V%")
K = K =._EL_a_k_+i[2k(_1ﬂ)_\)]
14 58 2 L 12a 17 2
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2. 11 L§[1+(n2-1)zk]

Kyy = Kjg = —E% 5—3—‘% > + kn2(V+1/5)

1~y Le 210 a

2, 9 L [1+(n2-1)2K] 2
K - -Et |_l2a’k , e 12 n'k
37 1*02 LZ 70 a2 5 Le
| 2 2 .2
e |6 ofe 13 Lil+@*-D%k1 2

K3g = Kyg = 2| .2 ~ 2 *7s

1-9% | LY 420 a ]

3 2 ..2 2
A 2, . L2 [1+(n"-1) “k] . 4 L, n’k
44 - Kgg = 2 | L 2 15
1-Y e 105 a
3 2 .2 2
e faaZe  Lol1+n®-DI Lo’k
Kes = T 3| L - 2 VIR I (B11)
1-9° | e 140 a )
rin which
2
R S
K 7 (B12)

Because of the large amount of algebra involved and the possibility of
errors, Eqs. Bll were obtained with the aid of z symbolic manipulation
computer program, and verified numerically on an example. For the
reader who wishes to use these elements and check numerical values of
the elements of the stiffness matrix, an example is provided in Table
B2.

The total strain energy in an element is %maqTKq for n # 0, and

naqTKq for n = 0, not simply %qTKq, as 1s usually the case.



Properties:

TABLE B2.

Radius to mid-surface:

Length of element:

Thickness of shell:

Elastic properties:

Harmonie¢ number:

Resulting Element Stiffness Matrix. K:

695716,32
5723.4432
—6868.1641
-27512.145
-682361.62
~74404.762
-6868.0997
27512.145

265822.26
5342.6256
18318.993
74404.762
-227665.97
2288.6320
-12210.,012

1438.6122
7448,0615
6868.0997
2288.6320
87.780661
1322.,6171

74405.101
27512.145
12210.012
-1322.6171
15951.194

[}
n

695716.32
~5723.4432
6868.1641
-27512,145

360

symmetric

265822.26
5342.6256
-18318.,993

Element Stiffness Matrix - Numerical Example

30x 105 , y = 0.3

1438.6122
~7448.0615

74405,101

=

-161-
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The performance of the element was checked for a semi-infinite
cylinder with loads applied at the edge x = 0. For this problem the
analytical solution is given in-?lhége (1960). The finite element
model was constructed by discretizing a finite length of the cylinder,
enforcing the boundary conditions for a semi-infinite cylinder (avail-
able from the analytic solution) at one end, and applying edge loads at
the other end. The numerical tests were carried out for n = 0 and
n =95, and a cylinder with a/t = 720, which is typical for a tank. It
was found that the elements performed very well: DBetter than 5%
accuracy was obtained with elements of length equal to the characteris-

tic length of the cylinder,

#2
A= {““*EL—~5- ] s
3(1-V%) I
close to the edge, and better than 1% for half that element size. If
only axial force and tangential shear is applied at the edge, better
than 5% accuracy in the displacements u, v and w was obtained for an
element length of a/4, and better than 1% accuracy for half that element
length, This indicates that in a region where bending stresses are
negligible, element lengths of a/4 to a/8 can be used. If bending
stresses are important, the element length should be of the order of

(at)®.
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Bz. ADDED STIFFNESS DUE TO NON-LINEAR EFFECTS

Much like the air pressure in a soap bubble tends to maintain its
spherical shape, the fluid pressure in a cylindrical storage tank tends
to maintain its round shape. This increase in the stiffness of the
shell due to the hydrostatic fluid pressure is a non-linear effect. By
established methods for the finite element solution of problems involv-
ing geometric nonlinearities (Zienkiewicz, 1977), the tangent stiffness
matrix for a shell element subjected to an internal pressure p can be
obtained. The added stiffness due to initial circumferential hoop
forces has been derived by Haroun (1980) and is given in Table B3 for
the coordinate system used here.

Another effect which can be of some importance is the pressure-
rotation effect, VSince the direction of the normal to the shell surface
changes, so does the direction of the pressure load. In addition, the
area of an element on the shell changes, so the magnitude of the pres-
sure force changes. Changes in area are proportional to membrane
strains which tend to be much smaller than the rotations (expressed in
radians). Hence, the pressure rotation effect is more important than
the change in area, Here hoth effects are included. However, the
effect of changes 1in the elevation of the free surface due to deforma-
tions of the shell is not considered.

Let ? 6 and ; be orthonormal unit vectors pointing in the direction
of increasing r, © and x respectively (see Fig. Bl). Then, in the
deformed shell, the position vector of a point (8,x) on the midsurface

of the shell is



TABLE B3, Initial stress matrix Ka to be added to the element stiffness matrix K defined in Eqgs.
Bl11l and B12 in corder to account for the circumferential stresz due to a uniform internal

pressure p.

2
n L
—8 0
3
(1+n2)L
3
- Db
Ko = a
symmetric
L

0 0
n L n L2
Intbe nte

10 10
2 2.2
BwmdL, 1Ll
35 210
2. 3
+ L
(1+n°)
105

0 0 0
2 2
1+n")L
(14n ] 3n I.E _ nL
(1 10 15
2 2,,2
3n L, 9(1+n”)L ) 13(1+n )Le
10 70 420
2 2\, 2 2..3
nlL 13(1+n )Le _ {(14n )Le
15 420 140
0 0 0
2 2
{1+n°)L Tn Le _ n Le
3 10 10
2 2,,.2
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13(1+n”) o _ 11(1+4n z&g
35 210
2..3
{1+n )Le

105

%61~
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A A
R = (a+w)r + fa + (x+u)x . , (B13)

Assume that the pressure p is constant over an element. From Fig, B2 it
is seen that the force exerted by the pressure over an element dédx of

the shell is given by
- 38R 3R
af p(ae de) X (ax dx) , (B14)

evaluating the cross product, and neglecting terms which are quadratic

in the displacements gives

A A A

df = (Xxt+Y6+Zr)adedx , (B15)
in which
x = - B
a
Y = g (v-w") (B16 a-c)
Z = p+ g (u'+w+v")
) where
¢ = 8 . - 9
() 3% () and () = 36 () .

X, Y and Z represent the forces per unit area acting in the vertical,
tangential, and radial directions, respectively. The vertical and
tangential forces are due to the pressure-rotation effect. In the
expression for the radial force Z, the first term is due to the direct
pressure, and will be omitted since it is already present in the usual

linear fermulation of the problem. The additional terms in Eq. Bléc
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arise due to the change in area.
Substituting Eqs. Bl into Egs. Bl6, and noting that the hydrostatic

pressure p is a function of x only and not of &, it is seen that

{(X,Y,2) = (Xn cos nd , Yn sin né , Zn cos no) , (B17)
where
x = 2
n a n
Y = £ (v 4nw) (B18)
n a 'n 'n
- 4] ’
Zn P+ (u n+wn+nvn) .

The corresponding nodal loads are given by

% % |
&Y,

N 2y

R = | Az | (B19)
0

Substituting from Table Bl, Eqs. B2, and Eqs. B18 into Eqn. Bl19, and

performing the integration yields
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R = -K_q , (B20)

for the energy equivalent nodal loads for the pressure-rotation effect,
in which Kp is given in Table B4. Kp represents an added stiffness due
to the pressure-rotation and the change in area of an element of the
shell. The sum of the added stiffnesses due te the 1lnitial hoop force

and due to the pressure-rotation effect is given in Table BS.

B3.  DISCUSSION OF SYMMETRY

Note from Table B4 that there are two pairs of elements in Kp
which make the matrix non-symmetric. The reason for this is that the
pressure load as defined here iz non-conservative. To see this,

consider the following closed cycle of deformations:

0. Start with an undeformed shell element.

1. Extend the element in the vertical, x-direction so as to
increase its length from Le to Le + ALe. Since this involves
only‘vertical displacements, the work done by the pressure

force during this step is

2. Expand the element in the radial direction so as to increase
its radius from a to a + Aa. The work done by the pressure

force during this step is



TABLE B4. Added element stiffness matrix Kp due to the pressure rotation effect and the effect of

changes in the area over which the pressure acts.

(2] ]

alL
0 - a —e
2 12
L nL an
. - R - _ e
3 20 20
2
13 Lg 11 Le
35 210
3
_Le
105

Symmetric except for
the elements shown

f
8 o

a Ak,
2 12
2
3
nle AL,
20 30
oL 13 12
- ___ €
70 420
. 2 3
3L Lo
220 140
+ 2 EEQ
2 12
L L2
—_— e —e
20 20
2
13 Le 11 Le
35 210
3
Le

-86T1-



TABLE B5. Total added stiffness matrix Ka = Ko + Kp. This matrix must be added to the stiffness
matrix defined in Eqs. Bl1 and B12 in order to obtain the tangent stiffness matrix for an

element subjected to a uniform internal pressure p.

n” L L
2, _2 Ze
3 2 12
2 2
L L
n Tn EEQ
3 20 20
2 2.2
a 13 n Lg 11 n Le
2 35 210
2,3
n Le
105

Symmetric except for
elements shown

1
N

0 a - EEQ
2 12
2 2
L anlL o
n n ) nlL
6 20 30
2 2,2
3nlL 9 n Lg - 13 n Le
20 70 420
2 2,2 2 .3
EEQ, 13 n Le _ n %g
30 420 140
aL
0 a £
2 12
2 2
n Le n Le ) EEE
3 20 20
2, )
13 n Le 11 n Le
35 210
n2 L3

~661-
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2 2
AW, = p(Le+ALe)n[(a+Aa) 2] .

3. QRemove the extension in the vertical direction, sco as to
reduce the length of the element back to Le. As in step 1,

only vertical displacements are involved. Thus

4. Remove the expansion in the radial direction, bringing the
element back to its original, undeformed configuration. The

work done by the pressure load during this final step is

AW4 = —pLen[(a+Aa)2 - az]p .

The total work done by the pressure force during this closed cycle of

deformation is

_ _ 2
AW = AW, = pALen[ZaAa+(Aa) ] s

1

which is non-zero. This proves that the pressure force is non-
conservative. Hence, it should come as no surprise that the finite ele—
ment formulation leads to a non-symmetric matrix.

Considef now the physical problem of liguid in a tank. Since for
any configuration of the tank, the liquid has a well defined gravita-
tional potential, the hydrostatic preasure acting on the tank is a
conservative load, and for any conservative system, the tangent stiff-
ness matrix is symmetric. However, for the tank-water system to be

conservative in the mathematical formulation of the problem, it would be
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necessary to consider the effect of changes in elevation of the free
surface due to deformations of the shell, and the effect of changes in
elevation of any point on the shell wall on the pressure at that point.
Such a formulation would lead to a symmetric stiffness matrix. Hence,
the lack of symmetry of the matrices given in Tables 4 and 5 is a result
of approximations made in ﬁheir derivation,

Computationally, non-symmelric matrices are undesirable because of
the additional computational effort and storage required. Since here
the lack of symmetry arises from neglecting an effect which is presumed
to be unimportant, it seems reascnable to make the matrix symmetric. In
an attempt to do this one might consider only the pressure-rotation
effect, and not the change in area of an element of the shell. In this
case, the 1st, 2nd. 5th and 6th rows of Kp, would remain unchanged, but
the 3rd, 4th, 7th and 8th rows would become zero. This would make the
matrix Kp much more non-symmetriec, Thus there is a good reason to
include the effect of changes in area of an element of the shell wall,

Consider the lack of symmetry in the matrix Kp that remains when
the effect of changes in area 1is considered. Those elements of the
matrix Kp which do not have a symmetric counterpart on the other side of
the diagonal will be referred to as the "non-symmetric elements” of Kp.
They are Kp31 = _Kpli = Kp57 = -Kp75 = p/2. Note that they are
independent of element properties. Furthermore, if two elements
subjectéd to the same internal hydrostatic pressure are conhected, and
their stiffness matrices are superposed in the appropriate way, the non-

symmetric elements of the matrices related to the connected node cancel.
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For a storage tank, the hydrostatic pressure varies with elevation, so
for any pair of elements the average hydrostatic pressure for the upper
element is slightly lower than for the lower element, as is shown in
Fig. B3, Hence, the non-symmetric elements of the element stiffness
matrix do not cancel completely when the global stiffness matrix is
formed. For node B of Fig. B3 the non-symmetric elements in the global
added stiffness matrix Kp are ky, = -kgq = (p2-p1)/2. They apply to
degrées of freedom 1 and 3 shown in Fig. Bl. If the origin of these
non-symmetric terms is traced through the derivation given above, it is
seen that: The non—-symmetric elements above the diagonal are due to the
vertical component of the pressure force arising from the rotation w'/a.
The non-symmetric elements below the diagonal on the other hand are due
to the increase in radial component of the pressure fobce arising from
changes in area associated with the vertical membrane strain u'/a.
Since strains tend to be much smaller than rotations, it is tempting to
achieve symmetry by changing the sign of the non-symmetric elements
below the diagonal. 1In the following such a modification will be
Justified further.

Consider the determination of k31 directly, with reference to Fig.
B3: In the undeformed configuration of Fig. B3a, the nodal force for

degree of freedom 3 is

RS = ”"[911‘1"1’21‘2] .
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Figure B3: Pressure forces acting on 2 Shell Elements,
(a) undeformed configuration
(b) deformed configuration -
(displacement A for degree of freedom 1)
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Next apply a displacement A in the direction of degree of freedom
number 1. The resulting configuration is shown in Fig. B3b, together
with the pressure distribution that corresponds to the assumption that
the pressure is a constant at a given location on the shell. In this

deformed configuration, the nodal force for degree of freedom 3 is

2o ]
'

’/:[DI(L1+A) + pz(Lz'A)]

Rg + kg, A with  k

B

31 = - %(pz“pl) .

However, more realistically, one might assume that the pressure at a
given elevation is a constant., Thus if a point on the shell moves vert-
ically, it may move into a region of different pressure. In this case,
the nodal force for degree of freedom 3 is obtained by applying the
pressure distribution of Fig. B3a to the elements in their deformed
configuration of Fig. B3b. Omitting terms of order A3 or higher, the

resulting energy consistent nodal force is found to be
R3 = ¥ pz(LZ-A) + % pl(L1+A) + (pz—pl)A .
which can be re-written in the form

= 0 = -
R3 = R3+k31A with k31 +¥.~.(p2 pl) .

Thus, with the assumption that the pressure is a constant at a given
elevation, the non-symmetric element k31 changes sign, and the lack of
symmetry disappears. Similar considerations for other elements of the

global stiffness matrix lead to the conclusion that the other elements



- 205 -

are not affected‘ by the possibility that the pressure at a given point
on the shell may change due to vertical displacements at that point,
Hence, it is recommended that the added stiffness matrix be taken to be
symmetric by using the upper triangular part of the matrices given in

Tables 4 and §.

B.4  CONCLUDING REMARKS

It must be emphasized that the added stiffness matrix derived here
is the change in the tangent stiffness matrix due to loading by the
hydrostatic fluid pressure. Additional seismic loads produce further
changes ip the tangent stiffness matrix and introduce coupling between
the various Fourier harmonics (Tani et al. 1984). Ignoring these
effects is equivalent to linearizing the problem about the full, but
otherwise unloaded state. This is a good approximation only if addi-
tional loads due to the earthquake are small compared to the hydrostatic
fluid pressure. That 1s, the hydrodynamic pressures must be small
compared to the hydrostatic pressure. Under strong shaking, the
hydrodynamic pressures are often of the same order as the hydrostatic
pressure. Under such conditions accurate soclution of the non-linear
problem would require simultaneous solution of non-linear equations at
every load or time step. Therefore, although the analysis based on the
tangent stiffness matrix derived in this appendix requires no more
effort than a fully linear analysis, the accuracy for large seismic
loads is open to question.

% Except for the term k14, where degree of freedom 4 is the rotation,
for which the effect is of higher order in the displacements.
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APPENDIX C - RESULTS FROM THE THEORY OF DISCRETE FOURIER TRANSFORMS

The fundamental relation on which the theory of discrete Fourier
transforms is based, quoted, for example, in Brigham (1974), can be

written in the form

2N-1
t} elmran/N oy for r = ... -2N,0,2N,...
n-—

= 0 otherwise ; (Cc1)

or, taking the real part of Eq. C1,

ZN-1
):o cos(nrn/N) = 2N for r = ... -2N,0,2N,...
n=
= 0 otherwise (C2)
but,
2§31 N 2N
cos(mrn/N) = yncos(nrn/N)-P X% yncos(nrn/N) . (€3)
n= n=0 0=
where
y = for n = _2N,-N,0,N,2N
0 3 . ,~N,0,N,2N,...
= 1 otherwise . {C4)

f

Substituting n 2N-m, the last sum becomes
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2N N
r?;ﬂ yncos(nr'n/N) = m[zo ‘ymcos[ﬂr(ZN—m)/N] ,

which by periodicity and symmetry of the cosine function is seen to be
equal to the first term on the right hand side of Eq. C3. Hence Eq. C2

becomes*

fOl" I" = ¢ w0 -2N'0.2Nl|'0

n
=

N

X v_cos(nrn/N)
n

n=0

1y otherwise . (C5)

Using Eq. C5 it can be shown that

=

2 . . _
N L YpY4 cos(min/N) cos(nin/N) = 8.

1

It

for o, . = 0,1,2,...,N , (C6)

where amn is the Kronecker delta. Furthermore, Eq. C6é can be used to

show that if

N
x(6) = z: x, cos né
n=0

and

* A different form based on values of the cosine function at
8 = mr(n-1/2) /N does not involve y_ factors, but in the formulation
of problems this form does not leaH directly to quantities of
physical interest at & = 0 and n.
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=

x> = x{in/N) = X, cos(nin/N) , (cn

5
&

then {

27n N i
X = v.x  cos(nin/N) . (C8)
N oL, i
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APPENDIX D -~ STIFFNESS MATRIX FOR A RING ELEMENT

From Lee and Nash (1982), the elements of the 4 X 4 stiffness
matrix for a ring stiffener, wiiich is compatible with the element stiff-

ness matrices of Appendix B are

ot o’
Ky, = EI, %y +ar 2
a a
[e] [s]
2 4 2
K., = [n. _n'e n-a
14 = BLp (g - G T
la a a
'_0 GJ [+]
n2
Kyo = ERTS
a
n nle
Kpg = EAT P +73
0
ga | 2.]* kI 2.2
K = =7 1 +,n_g + —2 (1-n")
33 2 | a 4
a . a
(o] Q
2 2
EI_ T 2 GI
Ko = 158 R (b1 a=f)
a | o a | o

a = radius to midsurface of shell, as in Appendix B

a2 = radius to centroid of ring stiffener
e=a-a-~= radial eccentricity (vertical eccentricity must be zero)
A = cross sectional area of the ring stiffener

I_ = second moment of area for the cross section of the ring about the

vertical axis
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Iz = second moment of area for the cross secticn of the ring about
the horizontal axis

It = torsional constant for the ring cross section

E = Young'’s modulus for the ring

G = Shear modulus for the riﬁg

n = Fourier harmonic»number (as in Appendix B)

The elements of the 4 X 4 spiffness matrix for the ring not stated
in Eqs. D1 are either determined from symmetry, or are zero.

Lee and Nash (1982) alsc included the effects of prestress in the
ring. As a result, they also need to consider the reduction of pre-
stress in the shell due to the presence of the ring. This requires the
axisymmetric problem to be solved before stiffness matrices for
asymmetric loads can be formed. However, in the author’s judgment. the
stiffening effect due to prestress is approximately the same no matter
whether the hydrostatic internal pressure is carried as a prestress in a
ring stiffener or in the shell. Hence, assuming that all the internal
hydrostatic pressure is carried as a prestress in the shell is expected
to be a good approximation. This is the assumption which was made in
Appendix B wherein the membrane theory was used to calculate the pre-
stress in the shell. Thus, using the ring element without prestress
along with the formulation for the shell in Appendix B accounts for all

of the prestress.
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APPENDIX F

In this appendix expreassions for the internal fluid pressure acting
on the shell wall during a tilt test are given, and expressed as a
Fourier series. The definitions of Section 3.1 are used here without
restating them. Also, let the location of the surface at zero tilt be
at x = X, and d = Xy~ X be the depth under the surface at zero tilt.
Then the pressure distribution around the circumference for any given x
can be written in the form

lod
» - I
n=

pn cos né |, (E1)
0

in which three different expressions for the Fourier coefficients pn

apply depending on whether the circumference is fully wetted, partially

wetted, or not wetted.

For x < xs - a tan e, the circumference is fully wetted, and

Do = yfd cos a
p1 = —1fa sin a
P, = 0 . n?2 (E2 a-c¢)

in which Te is the unit weight of the fluid.

For xs -—atana ( x < Xy + a tan a, the circumference is partially

wetted. The end of the wetted portion occurs at 6 = 100 in which
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cos 8 = df(a tan a) . (E3)

The coefficients for a Fourier series which is valid on the entire

circumference are

Te
Py = [d oS a(n-eo) +a sina sin 00]

va [ : ' sin 29o n—eo
pl = ‘;‘ -d cos « 8in 90 + a sin a e 2

27f i sin neo [sin(n+1?@o sin(n—l)eo] ?
Pp = & -d cos a. n + a sin « ] 2(nel) * T el 1]

forn) 2 . (E3)

Finally, for x Xg + a tan a, the circumference is entirely above the

fluid, and

p. = 0 for alln . (E4)

In order to obtain tﬁe nodal load vector for an element, it is necessary
to multiply the Fourier cocefficlients pn by the appropriate interpolation
functions (given in Appendix B) and to integrate vertically. When the

inside of the element is fully wetted, this integration can be performed

analytically. Otherwise, numerical integration must be used.
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APPENDIX F — STRESS—STRAIN RELATION FOR THE EBASE PLATE

In this appendix the stress-strain relation for an elastic-
perfectly plastic material with a Von Mises yileld envelope in plane
stress 1s adapted for use in the non—axisymmetric analysis of the base
plate of Chapter 5. The assumption that during each loadstep, yielding
occurs at a constant stress equal to the stress at the end of the
loadstep 1s adopted. It is shown that this gives rise to what is
generally known as the method of radial return, or elastic predictor,
radial corrector method.

As in Eqs. 5.9 the stresses and strains are arranged into vectors

o= ["r % "re]T (F1)

and

e = [gr &g 28PO]T , (F2)

respectively. The vertical strain e, is alsoc nonzero, but need not
enter in the derivation. Rather than using the results for six
components of stress and strain, and specializing them for plane stress
conditions, it is much more convenient to derive the results directly
for plane stress conditions. For this purpose note that if Drucker'’s
postulate is valid for any closed stress path it 1is, in particular,

valid for any closed stress path for which o, = 6., = =0, It

rz ~ %8z

follows that the flow rule for plane stress conditions can be written as
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dep‘ = £E di

e , (F3)

in which the partial differentiation with respect to the stress vector

denotes the gradient with respect to the stress components, epl are the

plastic strains, and

2

2+
Flo) = ’/chAc—cy with A = -1 2 | (F4)
J

is the yield function, which vanishes on the yleld surface, and ay is
the uniaxial yield stress. The elastic stress strain relation can be

written as

o = Dt (F5)
where
ée‘ = g —ept (F6)
are the elastic strains, and
v ’ ]
p = —E— 1y 1 . . (F7)
1-y? '
ot (1Y) /2]

Using Egqs. F3, F5, F6, and the consistency condition,

= (25T =
dF = (ac) do L (F8)

one obtains
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5;)

aF gF. T
i { oo ]
8F, T . 3F J
&' gD

de . (F9)

The expression in square brackets is the tangent material matrix. To

evaluate 1t as a function of the stresses, note from Eq. F4 that

9F _ Ac

3o . (F10)

The tangent material matrix enables the.increment in stress due to
an infinitesimal strain increment to be determined. However, in the
analysis of the base plate, the strain increment from one loadstep to
the next is finite, rather than infinitesimal; this requires additional
attention.

Henceforth, let ¢ and e denote the stresses at the end of the
loadstep and let o, and e, be the stresses and strains at the beginning
of the loadstep. The problem at hand is to determine o given ¢, e and
o In general, o depends on the path from €, to ¢ in the three dimen-
sional strain space. It is therefore necessary to make an assumption
which will define this strain path. Perhaps the most natural assump-
tion, and the one that is generally preferred (Krieg and Krieg, 1977;
Schreyer, Kulak and Kramer, 1979), is the assumption that the total
strain path is a straight line from one loadstep to the next. If this
agsumption is adopted, a set of ordinary differential equations can be
defined for the stress path and the stress o at the end of the loadstep.
For plane stress conditioﬁs, this set of ordinary differential equations

needs to be solved numerically.
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An alternative assumption, which turns out to be more convenient

mathematically, is that the plaspic strain path is a straight line from

one loadstep to the next. This means that yielding must occur at

constant stress. In addition, to define the stress and strain paths, it

is assumed that the constant stress during the yielding process is the

stress at the end of the loadstep, o. As a result, the plastic strain

increment for the loadstep can be written as
APt = A ae .

The stress at the end of the loadstep is

o = D(a—epl-Asp[) ,

o]
which, after substitution from Eq. F11 becomes
*
¢ = o - A DiAe ,

where

*

- _.pt
‘a = D(e eg )

is sometimes referred to as the elastic predictor stress.

{F11)

{F12)

(F13)

(F14)

From Eq. F13,

o can be expressed as a function of the unknown parameter A as follows

o = (Ix D)1

(F15)

which when substituted into Eq. F4, and enforcing the yield condition,

F = 0, gives an equation in which the only unknown is A.

equation by Newton iteration, note from Eq. F15 that

To solve this
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de _ _ -1
da = (I"’l DA) DAc ]

(F1e)

and, using the chain rule, the derivative required in the Newton—-Raphson

iteration can be expressed as

&g 8E\T do
da d¢° dr ’

which, on substitution from Egs. F10 and F16, becomes

SE _ _(adT(z+a08) Y DA .

(F17)

(F18)

The numerical procedure for finding the plastic strains at each loadstep

is

1. Caleulate o  from Eq. F14, and F{oc') from Eq. F4.

*®
2. If F(o ) < 0, no yield occurs during the loadstep, and o

If F(c.) > 0, continue the procedure, starting with c°

dF

*

=g .

*

[« 2

3. Compute == from Eq. F18, with o = o,, and obtain an improved

da i

estimate of A from

= 1+1, ; dF

4. Calculate ai+1

F(ci+1).

5. Repeat steps 3 to 4, incrementing i, each time, until

from Eg. F15 with A = 1i+1' and compute
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IF(c)/cgl {2 .

This assures that the distance from the yield surface is no
more than e times the yield stress. The value used for ¢ is

0.5 X 1074,

The method presented here is generally known as the radial return
method, which according to Schreyer et al. (1979) originated from
Mendelson (1968). It has been found to give results that are in reason-
ably good agreement with those from the assumption that the total strain

path is a straight line, no matter how large the loadstep.
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£

602
256
025

469/AS

470/AS
471/AS
223/A8
319/as
326/AS
110/As
400/AS
102/A8
688/AS
553/AS
698/AS
950/AS
951/AS
492/AS
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Yolume IV
NTIS
Part Report No, 2ccession No,
A EERL, 72-100 B 212 603
B EERL, 73-100 PB 220 837
C EERL 73-101 PB 222 514
D EERL, 73-102 PB 222 969/AS
E EERL, 73-103 PB 229 240/AS
F EERL 73-104 PB 229 241/AS
G EERL 73-105 PB 231 224/AS
H EERL 74-100 BB 232 327/AS
I EERL 74-101 P8 232 328/AS
J,K,L,M EERL 74-102 PB 236 111/AS
N,O,P EERL 74-103 PB 238 447/AS
Q,R,S EERL 74-104 PB 241 554/AS
T,U EERL 75-100 B 243 493/AS
v, W,Y EERL, 75-101 PB 243 494/AS
Index Volume EERL, 76-02 PB 260 929/AS
S REPORTS~14









