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ABSTRACT

The reliability of two methods of structural identification is

assessed employing noise-contaminated data.

The statistical properties of the results of the transfer

function approach and those of the IOOda1 minimization technique are

compared, at different levels of noise, with the exact values of the

IOOdal Parameters being estirrated. Comparison indicates that the rrodal

minimization is a far superior technique for structural Parameter

estimation using linear models.
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1. INI'RODUCTION

Mode1s of engineering structures are not corrp1ete without the

prescription of the values of all parameters involved. For linear

models, two techniques, the transfer function approach ( TFA ) and the

moda1 minimization technique ( MMT ), provide a means for determining

errpirical values of these structural parameters directly from the

earthquake response of real structures. These values of the parameters

can be used to check the accuracy of the values given by methods used

in design. They can also be used to provide typical values for

parameters, such as dartping, which are difficult to determine during

the design process.

The most widely applied method is the traditional frequency­

domain transfer function approach ( TFA) where an attempt is made to

estimate modal parameters, mainly the natural frequencies of the lower

modes, from properties of the dominant peaks in the transfer function.

A nurrber of studies [1,2,3,4,5] have estimated the transfer function

from the ratio of the Fourier transforms of the corrplete time

histories of the measured base and response accelerations, although a

few have used successive time segments in a moving-window approach to

atterrpt to trace the apparent change in the natural frequencies due to

nonlinear behavior [6,7]. These approaches suffer from several

difficulties which produce results of questionable reliability. The

fundamental difficulty is that estirration of nonparametric models,

such as the transfer function, . requires long time windows to achieve

statistical reliability. Even when the corrplete acceleration

histories are used, the transfer function approach may allow only the



fundarrental translational frequencies of a building to be estirrated

with confidence. The damping estimates are especially questionable.

Darrping is inherently difficult to estimate accurately· with any

method, but the problem is accentuated because of the ill-conditioned

nature of the calculation of the transfer function from a ratio where

the denominator often approaches zero, and because only a f€M data

points are finally used to estimate the darrping.

In response to dissatisfaction with the performances of the TFA

and other methods for system identification of linear dynamic

systems, such as the equation-error method and optimal filter

method, output-error techniques were developed to identify linear

models from strong-motion records [8,9]. The periods, dampings and

effective participation factors of the dominant modes in the reponse

are estimated by least-squares minimization of the output-error, which

is the difference between either the time histories of the model and

recorded responses or their Fourier transforms. The mode I response is

corrputed using the recorded base accelerations as input. The two

methods give effectively the same estimates because of Parseval's

identity relating square-integrals in the time and frequency domains.

one of the advantages of the output-error methods, of which the MMT is

a special case, is that they can substantially reduce the effects of

modal interference by sirnul taneous ly estimating the Parameters of the

lower modes. They can also enhance reliability by sirnul taneously

estimating the modal parameters from the measured response at all

locations in a building, if more than one location was instrumented.

Another advantage is that they can be used to study how well linear

models can approximate the strong-motion response of structures since
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they provide those values of the Pararreters of .the rrodel which best

match the recorded rrotions. If the match is not satisfactory, then it

must be the mathematical form of the model which is at faul t and not

poor va1ues for the pararreters.

Actual results obtained from both the TFA and an output-error

method equivalent to the one studied here are presented in Table 1.

Estimates for the Periods are generally close but those for the

damping factors differ substantially. This fact raises the question

of the re1iabi1i ty of each method. The purpose of this study is to

obtain a better idea about the re1iabi1i ty of the ~ techniques; in

Particular, when effects such as noise in the discretized data are

taken into account •

The procedure which has been fo11owed in order to stUdy the

reliability of the methods is numerical in nature. First, a model is

synthesized, i.e., the mechanical rrodel along with all the pararreters

are defined from the outset so complete knowledge of the properties of

the structure is available. second, the response at some degree of

freedom of the structure is calculated numerically using the

excitation signal which has been provided together with an appropriate

numerical integration scheme. Third, a disturbance is artificially

introduced into the input and output signa1s. In the present study,

white noise is superirrposed on the respective signals. Fourth, the

two techniques are applied to the noise-corrupted signals and the

pararreters are estimated. Lastly, corrparison between the estimates

obtained from the techniques and the values used to construct the

model provides information about the accuracy and reliability of both

techniques.

This procedure is performed on a statistical meaningful test

3



Building
Direc­
tion

T](Sec) Tz(Sec) e-)(%)
R.3 R. 9 R.3 R. 9 R. 3 R. 9

e-z{%)
R.3 R. 9

1900 Avenue of N44E 4.27 4.37 1.42 1.45 5.2 4.4 2.0 5.2
the Stars S46E 4.26 4.24 1.41 1.47 6.5 2.2 2.5 5.5

KB Valley Center S09W 3.34 3.30 1.17 1.15 11.3 8.6 6.3 8.2
15910 Ventura Blvd. S18E 3.27 3.05 1.11 1.11 8.9 6.3 6.6 7.6

Sheraton-Universal NOOW 2.13 1.98 0.66 0.55 4.9 7.3 5.0 8.3
3838 Lankershim Ave. N90W 2.27 2.24 0.72 0.67 4.1 6.2 8.4 11. 6

Bank of California N1lE 2.38 1. 74 0.67 0.49 10.4 12.9 6.0 8.3
15250 Ventura Blvd. N79W 2.94 1.88 0.98 0.58 9.0 5.8 8.0 5.1

Holiday Inn N90W 1.26 1.20 0.60 -- 16.4 17.3 13.0
8244 Orion Blvd. NOOW 1.49 1.42 0.49 0.30 9.7 19.2 9.2 26.0

Holiday Inn S52W 1.17 1.17 8.8 5.0
1640 S. Marengo Ave. N38W 1.03 1.06 9.0 17.8

Table 1. Results of t.vJo studies [3,9] applying strong-rrotion
identification to records from the 1971 san Fernando
earthquake. (After Ref. 10 )
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sanple. The mean of the sanples and the standard deviation from the

mean value provide a good basis for comparing the results obtained

from both techniques.
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2. PRX:EDURE

The study of the accuracy of the two techniques is perfonred by a

series of numerical tests on synthetic data. An experiment on a real

structure presents problens concerning, am::>nq others, the large an'Ount

of time needed to Perform the experiments, the economic resources, and

the inaccuracy of the rceasuring devices. There is also uncertainty in

what the correct valueS of the parameters shou.ld be. These and other

difficul ties can be avoided by using a Irore analytical approach.

Numerical analyses present the advantage that all the inforrration

concerning the structure is well defined since the ITDdels of the

system and the associated parameters are stipulated from the outset.

Numerical errors, such as roundoff, do not present a problem in this

study since their magnitudes are rruch smaller than those of the errors

arising from other sources.

2.1. Model of the structure---
. The structure that was ITDdeled in this study was a ten story

building. Since the nature of the excitation was predetermined to be

of the form of horizontal grourxi accelerations, it was acceptable to

choose a shear bui1ding as the roode1. The shear bui1ding is

characterizedby columns which offer only lateral flexibility through

bending. Viscous darrping is assumed to act on the structure in the

lateral direction, too. Figure 1 shows the mechanical !rOdel for

this type of structure.

The stiffness, danping and mass matrices for the structure can be

6
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Figure 1. Damped linear chain model ( shear
structure) with N degrees of freedom.
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easily calculated because of the idealizations mentioned above. The

system of equations governing the ( lateral) motion of the system can

then be written as

MY + CY + KY = -MX ( 1 )

where Y is the response vector associated with the degrees of

freedom of the structure, M is the mass matrix, C is the damping

matrix, K is the stiffness matrix, and! is the ground motion. The

dots indicate time differentiation. By errploying the modal

decorrposition method the equations are reduced to a system of

independent ordinary differential equations [11]. Each differential

equation corresponds to a vibrating mode of the structure and takes

the form of the governing equation of a single degree of freedom

oscillator. The forcing function for each equation is associated with

the ground accelerations but not to the solution of the other modal

equations, Le., there is no coupling among the equations.

The parameters of each mode ( e.g., natural frequency) are

calculated readily given the stiffness, damping and mass matrices.

Conversely, given the set of all modal parameters and the mass matrix,

it is possible to construct the stiffness and darrping matrices [8].

These rrodal parameters wi11 be taken as the independent set of

parameters in the equations. The aim of the study was to determine

the values of these parameters using the two techniques and to compare

them with the exact values obtained directly from the stiffness,

damping and mass matrices. In the following, the set of modal

parameters wi 11 be denoted by the vector a:

a = (cui, ~i , Pi i = 1, 2, ••• , N )

8



Natural Darrping Participation
Mode # Period (Frequency) Factor Factor--- (sec) (Hz)

1 1.0 1.0 0.05 1.2673
2 0.3358 2.978 0.05 -0.4068
3 0.2045 4.890 0.05 0.2259
4 0.1495 6.689 0.05· -0.1429
5 0.1199 8.340 0.05 0.0934
6 0.1019 9.814 0.05 -0.0601
7 0.0904 11.06 0.05 0.0366
8 0.0829 12.06 0.05 -0.0199
9 0.0782 12.79 0.05 0.0087

10 0.0756 13.23 0.05 -0.0021

Table 2. Values of the parameters describing the vibration m::x:1es
of a ten degree-of-freedom shear building.



where N is the number of modes, and for the i th mode, CUi is

the natural frequency, ei is the darrping factor and Pi is the

participation factor.

The shear building roodel consisted of ten floors, i.e., ten

degrees of freedom, plus ~ ground level where the excitation was

app 1ied. The exact va 1ues of the moda 1 parameters of the structure

which are to be estimated are shown in Table 2. These values were

computed from expressions given and derived in the appendix.

2.2. Generation of the excitation signal

The excitation of the building roodel corresponded to that typical

of earthquakes, since the aim was to compare these techniques for

applications to strong-motion records from structures.

The generation of artificial earthquake acceleration signals has

been an active area of research during the last two decades [12]. The

approach followed here is sinple and yet presents a number of

important features characteristic of real earthquake ground

acceleration signals.

The steps followed to generate the ground motion signal are shown

schematically in Figure 2. The first step of the procedure was to

generate a "white-noise" signal, i.e., a discrete signal

independently distributed in time with a given Gaussian distribution

( zero mean, unit variance) at each time step. This signal was then

mul tiplied by an envelope function which had similar temporal

characteristics to those found in real earthquake acceleration signals

10
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Figure 2. Construction of an earthquake acceleration signal.
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b) Time envelope function (nl=2, nZ:~O.20)

c) Unfiltered signal.
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( power-law grCMth at first, followed by constant magnitude and then

exponential decay in the tail). At this point the signal had the

correct temporal characteristics but the frequency content was much

too uniform. Real earthquake signals present several spectral

characteristics, sorre of which were incorporated in the synthetic

signals generated here. For exanple, near the d.c. level ( i.e., 0 Hz )

the amplitude rises approximately as the square of the frequency, while

at high frequencies the amplitude decays with frequency.

Fil tering procedures can be used to rrodulate the frequency

content of an existing signal. The approach followed here

corresponded to filtering the signal with a single degree of freedom

oscillator. The rrodulated white-noise signal was treated as the input

ground acceleration and the relative velocity of the oscillator was

taken to be the output signal. The velocity spectrum takes the

correct value of zero at 0 Hz and at high frequencies it decays with

frequency. This spectrum, however, does not rise as the square of the

frequency near t."le dec. level (only the relative acceleration

response does ). Still, it gives a IIDre realistic frequency content

for artificial earthquake signals than that given by the displacement

or acceleration of the oscillator. The transfer function of the

velocity filter and the resul ting signal are shown in Figures 2d and

2e, respectively. Other techniques could have been enployed to

rrodulate the frequency spectrum of the signals but the single-degree-

of-freedom approach is sirrple and yet corrputationally efficient.

The procedure just mentioned was performed on each neM signal.

In order to lessen any possible bias towards either technique, the

parameters governing the time envelope and the single degree of
.

freedom filter were generated with a random routine. The value of the



Parameter Mean value Standard deviation

t 1 3.0 sec 0.5 sec
Time

tz 5.0 sec 0.5 sec
Envelope

n1 1.5 0.5
Function

nZ 0.15 0.05

SooF

Filter

2.5 Hz

0.70

0.5 Hz

0.10

Table 3. Typical values of the parameters used to generate
earthquake ground motion signals.
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parameter in question was always assumed to be Gaussian distributed

with a prescribed nean and variance. Typical values of these are

shown in Table 3. Figure 3 shows one such earthquake ground

acceleration record and its Fourier transform. Comparison with a real

acceleration signal is favorable as can be seen in Figure 4.

The noise signals applied to the input and output signals were

also constructed as mcx:iulated white noise ( zero m=an, unit variance ).

Since the tests invo1ved different arrounts of noise added to the

input and output signals, a neasure of the size of the signals was

needed. The root-nean-square ( r.m.s. ) value of the signals was used

for this purpose.. An r.m.s. value for the the earthquake signal was

prescribed and the corresponding va1ue was determined for the response

signal. The ratio betvJeen the r.m.s. of the noise signal and that for

the earthquake or response signals provides an indication of the

arrount of noise present in the noise-corrupted signals. Various

noise-to-signal r.m.s. ratios were errployed to study the influence of

noise in the re1iabi1i ty of the nethods.

Typical signals generated in this study consisted of 2048

acceleration points at a tine interval of .02 seconds representing

40.96 seconds of roc>tion. This tine interval corresponds to a Nyquist

frequency of 25 Hz. Strong roc>tion signals of past earthquakes shCM

very small arrplitudes at frequencies over 15 Hz.

2.3. calculation of the structural response

The response of the system to the excitation signal was

calculated using the mcx:ial decorrposition method. The integration of

the equations of motion -in the mcx:ial domain was performed using the

15
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Figure 3. Earthquake ground acceleration si~nal generated
numerically ( r.m. s. = 52.42 cm/s2 ).
a) Time domain. b) Frequency domain.
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Figure 4. Earthquake ground acceleration signal from
El Centro Earthquake 1940 ( r. m. s. =52.41 cm/8 2).
a) Time domain. b) Frequency domain.

17



Nigam-Jennings algorithm [13 J.

The Nigam-Jennings algorithm is particularly useful for

earthquake excitations since it calculates the exact solution to the

governing differential equations for each modal single-degree of

freedom prob lem. This so1ution is exact given that 1inear

interpolation between ground acceleration points is a valid

assumption. The motion at any degree of freedom of the structure can

t..'len be calculated from the solution of the rrodal equations and the

knowledge of the mode shapes of the structure. Figure 5 presents the

response of the tenth degree of freedom ( roof response ) of the

structure to typical earthquake ground acceleration signals ( those

shown previously in Figures 3 and 4 ).

2.4. Transfer function technique

The transfer function technique assumes that the structural

behavior is linear. This enables the analyst to interpret the

structure as a linear filter, i.e., a linear system that modifies the

frequency content of the input signa l.

The transfer function H(eu) of the structure ( or a filter) is

defined by the relation

Y (Cc.l) = H(eu) X(Cc.l) ( 2 )

where Y(c4 and X(c4 are the ( complex) Fourier transforms of the

recorded roof acceleration and base motion signals of the system,

respectively, and Cc.l is the frequency. The initial conditions are

assumed to be zero. The amplitude of the complex-valued function H(Cc.l)

will peak close to the natural frequencies if the damping is small.

18
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The half-power frequency band-width of the function at the value j212

of the maximum value is proportional to the arrount of damping present

in the lOOde [11]. The height of the anplitude of the transfer

function at the natural frequency is proportional to the value of the

participation factor for the mode in question.

The absolute value of a typical transfer function for a mul tip le­

degree-of-freedom structure is shown in Figure 6. The inset shows

the transfer function for a single-degree-of-freedorn oscillator with

the corresponding moda1 Parameters. The Parameters can be determined

from the relative heights and widths of the peak only if the damping

is small ( narrow peaks ). These quantities are rrore difficul t to

calculate when there are rrore than one lOOde since there is a linear

superposition of signals, each coming from a different vibrating mode.

If the resonant peaks are narrow enough in order that there is little

interference arrong the modes so that the structural Parameters can be

determined in a similar way as in the inset of Figure 6, then it is

possible to obtain the Parameters of interest directly from the plot

of H(cu) versus cu.

Even though the function H(w) is corrp1ex, on1y the amplitude of

it is useful for determining any structural Parameters. The phase

information is difficult to utilize since the noise introduces a

chaotic-type of phase behavior. Thus the expected phase change of "

radians through resonance does not show up clearly. The addition of

noise to the input and output signals also causes errors in the
.

empirically determined transfer function. The actual transfer

function is given by the relation

20
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y (cu)
H(cu) = ---

x(cu)
( 3 )

but the empirically determined transfer function H(cu), is given by

Ii (cu) =
y (cu) + N2 (cu)

X (cu) + N1 (cu)
( 4 )

where N1 (cu) and N2 (cu) are the Fourier transforms of two independent

noise signals. The amplitude of typical estimated transfer functions

corresponding to various noise levels is shown in Figure 7.

Comparison between the rea1 transfer functions shown in Figures 8a

and 8b, and the ones in Figure 7 indicate that 40 % and 60 % noise

levels appear to be representative of real situations ( there is the

possibility that the "noise" present in the real signals is partly due

to rrode11ing errors as we 11 as measurement errors ). The procedure

followed to estimate the parameters in these high-noise cases involved

an operator drawing a curve through the points in such a way that a

smooth curve is obtained. It is often possible to distinguish

resonant peaks from spurious peaks since noise in long records

produces spikes of very narroW widths.

It is important to mention that for the tests done, the operator

knew the exact results. Thus, for data containing large noise levels,

the results are probably biased in favor of the TFA. If the transfer

function of a structure were to be determined from just one record

( at noise levels similar to 40%, say, as indicated above ), it is

probable that poorer estimates would be obtained for the properties of

the resonant peaks.

The Fourier transforms were carried out in discrete form using

22
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roof response.

b) Union Bank 42- story building. Los Angeles. CA.
Input signal: sub-basement acceleration. output
signal: 19th floor response.
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Hall's FFT algorithm [14]. Typical spectra for the signals ranged

from 0 to 25 Hz.

2.5. Modal minimization technique

This technique is based on the concept of minimizing the error

between the actua1 response and the response predicted by the rrode 1

for a given set of Parameters. In an idealized noise-free situation,

the minimum error would be zero irrp1ying that the actual and predicted

responses agreed exactly. In this case, the rrodal parameters used to

obtain the predicted response must be the correct values ( see ref. 8

for a discussion of uniqueness of Parameter estimates ). In

practice, however, the minimum error wi 11 not be zero because of the

presence of noise ( inducing errors in the estimates of the modal

Parameters ) or because of rrode1 error. The approach requires a

useful definition of "error" and an efficient algorithm to vary the

va1ues of the Parameters in such a way that the minimum va1ue of the

error is obtained without excessive corrputation.

The definition of error used in the automated procedure employed

in this study [8] is given by

J(~) = ( 5 )

where Ra (t) and ~(t,~;~ are the actual and predicted responses

of the structure in the time interval from ~ to t.E, respectively.

The predicted response Fp is computed from the mode1 with rroda 1

Parameters ~ using the excitation signal ~(t). The words "response"

and "excitation" denote the time history of any of the mechanical
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quantities whose ooservations are available when studying the

structure, e.g., accelerations, displacements, stresses, etc. In the

present study the response corresponds to the roof acceleration and

the excitation to the base acceleration. The integration of the error

was perfonned utilizing SiJrpson's rule on all discrete data points

Ra (~) and ~ (tn,!:a) in the time interval from ti to ~ .

The algorithm enployed to vary the Parameters in the automated

procedure corresponded to a variation of the steePest descent

method [8].
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3. RESULTS AND DISCUSSION

The results will be· shown in the form of graphs of estimated

parameter values plotted against noise level. In each graph seven

different curves are plotted. The noise-to-signal ratios employed to

construct the curves were 0%, 20%, 40% and 60%. Three dashed curves

correspond to the results obtained from the Jrodal minimization

technique and three dotted curves correspond to the resul ts obtained

from the transfer function approach. The solid line corresponds to

the exact solution for the parameter under consideration.

For both sets of three curves, the middle curve represents the

mean· values obtained from a series of ten runs while the two outer

curves correspond to the values of the mean plus and minus twice the

standard deviation, reSPectively. In this way an idea of the

distribution of the values for each level of noise is obtained. The

accuracy of these for the MMT is discussed in section 3.4.

3.1. Periods of oscillation

The periods corresponding to the first three rrodes were estimated

using the two techniques. Figures 9a, b. and c present 1:..'1e values for

modes 1, 2 and 3, reSPectively.

A number of features are evident from these graphs. First, the

resul ts from both techniques are fairly accurate at all noise levels,

the standard deviation growing roughly linearly with noise. It is

clear, however, that the MMT is a much trore reliable technique for

determining the periods of oscillation of the modes. The mean-value
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curves for the MMT results fall close to the exact-value line and the

mean-plus-two-standard-deviation curves remain close to the mean-value

curve. '!be results suggest that the larger the roode nuni::ler, the

better the performance of the MMl' relative to the TFA.

The mean-value curves for the TFA results are reasonably close to

the exact values for the first two roodes, but not for the third roode.

With no noise, there is a bias in the resul ts for the TFA since the

mean-value curves start at a value different from the exact value.

One possible reason for this behavior is the fact that the transfer

function signals considered were discrete versions of the true

transfer function. '!bese discretizations introduced errors since the

true peaks in the continuous function were not necessarily identified

by the algorithm designed for this purpose. These errors are shown

schematically in Figure 10.

There is another possible contribution to this bias. The half­

~ method assumes that for low levels of danping the natural

frequency W n differs negligibly from the frequency wp at which

the transfer function peaks. Analytically, this is written as

Wn
=

V1 - 2i2 '

At 5 %danping, say, w'p is approximately 1.0025 wn which irrplies

that the natural frequency Wn differs by 0.25 % , approximately,

from the "peak" frequency wp. The bias in the graphs show that wn ,

as calculated by the TFA, is in error by -0.9%, -l.~ and 2.3 %in

roodes 1, 2 and 3, respectively. '!hus it is possible that this

approximation contributed significantly to the error, particularly for

the first rrode resul ts.
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Bias in the results of the MMT, if- any, may be due to the fact

that the algorithm is an iterative one and the solution may not have

converged to the exact value. Improverrent can be guaranteed if a

smaller tolerance level of convergence is assigned. Computational

time, however, may increase dramatically if the convergence levels are

reduced to the same order as the nurrerical roundoff error.

3.2. Damping factors

Figures Ha, b and c show the curves for the variations of the

values of the damping factors with noise level.

Again, the results show that the MMT gives much more reliable

estimates than the TFA. Also, the results from the TFA show erratic

behavior. The mean-value curves do not seem to follow any consistent

pattern and their values are far off from the exact value. This is

more pronounced at larger values of noise, as expected. There is a

bias at the zero noise level as for the periods. This may be due to

the fact that the peaks were not calculated accurately and when

calculating./2l2 of the peak arrplitude, a level too low on the

resonant peak is obtained. This then means that the half-power

bandwidth is too large when determining the damping factor. Besides

this source of error, there is also interaction among the modes. The

peaks of the transfer function can be skewed to either side depending

on where the interacting mode is located in the frequency domain

relative to the natural frequency being considered. This is also a

reason for bias in the periods. Figure 12 shows schematically this

influence.
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The rnean-plus-two-standard-deviations curves for the TFA show

erratic behavior, too. The standard deviation values should only be

used as an indication of the scatter of the resul ts. In Figure lla

the curves for the fundarnentalIrode seem to indicate the existence of

negative values of the darrping factor in the noise level region above

40 %, but the numerical results ( and physical requirements )

constrain the values to be in the positive range. Actually, this

inp1ies that the distribution of the va1ues cannot be taken to be

Gaussian. Due to the lack of information of the type of distribution

and to the lack of a large sarrple of data, care must be taken in

interpreting the rnean-plus-two-standard-deviations curves when their

values are well away from the mean value.

The results of the TFA exhibit another characteristic which was

not expected. The standard deviation values decreased at some higher

noise levels in the signals. This feature can be seen in the

narrowing of the "standard deviation" curves ( see, for exarrple, noise

levels 20 and 40 % for rrode 1, noise levels 40 and 60 % for rrode 3 ).

one possibility that explains this behavior is that the operator is

able to discern noise when the latter presents itself as narrow peaks,

but the resul ts may be biased when noise appears in other forms. This

ilrplies that the nurOOer of sarrples is not large enough to obtain a

statistically significant distribution for the TFA values at each

noise level. (even though the nUITi:>er of sarrples was large enough for

the MMT, which gives much smaller standard deviations).

The results from the MMT are Irore consistent than those from the

TFA in that the mean-value curve does not shaw large discrePancies

with respect to the exact-value line. The "standard deviation" curves

also shaw Irore consistent behavior: the separation of the curves
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increases proportionately to the noise level. What is not fully

understood is the fact that the reliability of the results irrproves as

the rrode nUlt'ber is increased. Normally, this TNOUld not be expected

since the higher the rrode, the poorer the signal-to-noise level.

3.3. Participation factors

The values obtained for the roof participation factors are shown

in Figures 13a, band c.

The curves from the TFA are, again, somewhat erratic, especially

in the second. and third rrodes. The mean-value curve in all graphs is

biased away from the exact-value line. The trend is roore visible as

the rrode nUlt'ber increases. The "standard deviation" curves spread out

considerably as the noise level increases, except for the third rrode

from the 40% to the 60 %noise level, where the standard deviation

curves contract. The resul ts ShCM that the TFA is very unrel iable since

the scatter is large and, in rrodes 2 and 3, the exact-value line falls

outside the region bounded by the "standard deviation" .curves.

The resul ts from the MMT are lOOre reliable than those from the

TFA but still do not predict the values accurately. In rode 1 the

mean":'value curve veers away from the exact-value line and the mean­

plus-tWo-standard-deviations curve indicates that the scatter is

small, so the results will consistently predict values smaller in

magnitude than the exact. The results for roodes 2 and 3 also indicate

a bias in the MMT results, but it is smaller than for rrode 1. The

bias in the results can be introduced since the error functional J(~)

is sensitive to the ratio of the danping factor to the participation
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factor but not to their independent values taJ.

3.4 Statistical validity of~ MM.r results

The statistical validity of the MMT resul ts was evaluated by

conpa.rinq the results obtained fran sanples with increasing sizes.

The values of the IOOdal parameters for the ten story shear building

were estimated for the following sanple sizes: 2, 5, 10, 15, 20, 25,

30, 40, 50, 60, 80 and 100. '!'he input and output record signals were

corrupted with a fixed 20% noise-level ( i.e., 20% noise-to-signal

r.m.s. ratio ).

The variation of the statistical parameters with sample size are

shown in Figures 14a, b and c. In these figures, three solid lines

are drawn and correspond to the mean and the mean plus and minus

twice the standard deviation, respectively. Corrparison be'bleen the

values for a salll?le-size of ten with those belonging to larger sample

sizes indicates that the r~sults shcr.m in previous sections are

statistically rreaningful.
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4. <::.'CN.:LUSICNS

The conparison of the numerical results for a sample of ten tests

show that the MMT ( IOOdal minimization technique ) is a much IOClre

accurate and reliable technique than the TFA ( transfer function

approach) for estimating the values of the periods, danping factors

and participation factors of the first few l'OCldes of vibration of an

engineering structure. In these tests, the periods were estimated IOClst

accurately while the daIlping and participation factors sh<:::Med larger

scatter.

The better performance of the MMT can be attributed to a number of

factors. First, the MMT makes use of all the infonnation in the data

whereas the TFA concentrates on data in the neighborhood of peak and

half-pc7tIeI' points. second, the reliability of the TFA is worsened

because of the discrete nature of the CO!Tt'uted transfer function.

Third, the TFA becanes unreliable when lOOdal interference is strong

while the MMT is relatively insensitive to it. Finally, the MMT

irrtx>ses a parametric roode1 from the outset whereas the TFA i.rrq:x::>ses it

only after the en;>irical transfer function has been determined, so

there are more physical contraints in extracting the model from the

noise-contaminated data in the MMT.
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APPENDIX A

DERIVATIOO OF THE~ PARAMETERS OF ~ SHEAR BUIIDIN:; K>DEL

The equations of fOOtion are given by equation ( 1 ), Le.,

..
MY+CY+KY=-MX (Al)

Because of the nature of the relative fOOtion I, the base acceleration

g can be written as Xl where i is the vector with N COlTpJnents

i = (1, 1, 1, ••• , 1 ) • ( A2 )

Due to the properties of the shear building nDdels, the matrices M, C

and K take the following forms:

M = m I

C = c U

K = k U

( A3 )

where I is the identity matrix and U is a synrretric matrix of the form

2 100

1 2 1 0 0

U = 0 1 2 1 0 0

o 0 1 :2 1 0 0

The values m, c and k are defined schematically in Figure 1. This

matrix U can be decorrposed into U = 2 I + W, where W is

the matrix of off-diagonal ones shown in the matrix above.
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Al. Eigenfrequencies and eigenvectors

The eigenfrequencies and eigenvectors are found by considering

the harogeneous problem

M Y + K Y = o. ( A4 )

The danpinq matrix 'WOuld have normally changed the eigensolution but

for shear buildings the lOOdeshapes for the da1tp3d and undafit:>ed

problems are identical since the danpinq matrix C satisfies the

equation C M-1 K = K M-1 c, [A-ll.

A form of the solution Y = !. sin(wt+e) is introduced into

Equation A4. In the last expression, !. is the lOOdeshape, w is the

frequency, t is time and e is the phase. Equation A4 then becomes

- w2 M f + K f = <Q ( AS )

and after substituting in for M and K

Uf = IJ.!. ( A6 )

where IJ. = w2 (m/k) > 0, since M and K are positive definite.

After introducing the expression for U in Equation A6, the following

expression is obtained

W f = (2 - p.) !.

= A f •

( A7 )

From Equation A7 the following difference equation is obtained:

f· 1 + f· 1 = A f·1- 1+ 1
i E ( 1, 2, • • ., N )
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It is required that f O = 0 and f N+l = f N . Assuming a form for !t

such as

f i = sin (ai) , ( A9 )

and after introducing it into Equation A8, leads to the relation

A sin (ai) = sin[a(i-l)] + sin[a(i+l)]

= 2 sin(ai) cos (a) • ( A10 )

It must be the case that A = 2 cos (a) • Also, since f N+l = fN'

sin[a(N+l)] = sin (aN}

This implies that 'a' must satisfy the relation

a (N+l) = (-1) jaN + j rr j E {l, 2, • • • }

or, equivalently,

j rr
a = ( All )

If j is even then sin (ai) =0 and thus f = O. If j is odd then

the expression above simplifies to

a·J =
2N+l

( A12 )

The final expression for A is

2j-l
,\ = 2 cost -rr)

2N+l

and that for CUj is
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2j-l TT
= 2Vk/m sin( - - )

2N+l 2
( A14 )

It is clear that given the values for k and m, it is possible to

generate the frequencies for all nodes. For the tests performed in

this study, the value of I,.) 1 was arbitrarily ,set to 2 TT rad s- ~ This

defines the value far the ratio Vkim and so the values of all other

frequencies are readily conputed as shown in Table 2. The

eigenvectors corresponding to these eigenfrequencies are given by

f· (j)
]. = sin (aji)

2j-l
= sin( - iTT)

2N+l
( A15 )

where i represents the degree-of-freed.om and j the rocxie.

A2. Modal participation factors

The Participation factors and the effective Participation

factors are calculated from the inhOl'OClgeneous equation of roc>tion.

The first step is to construct the nonsingular nodeshape matrix F in

the following way:

( A16 )

The solution Y can then be written as

.!(t) = F l.(t)

where l.(t) is a vector of time varying coefficients. Substituting
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for:f in Equation A1 and premultiplying by FT gives

FT M F l + FT C F i + FT K F Z = - FT MXi ( A17 )

The effective mass, damping and stiffness matrices are defined by the

the following expressions:

Me = FT M F

Ce = FT C F

Ke = FT K F

( AlB )

Because of the nature of M and making use of Lagrange's trigonometric

identities to solve for the product FT F, Me can be rewritten as

M = m FT Fe

= 1/4 (2N+1) mI. ( A19 )

Premultiplying Equation A17 by Me- 1 leads to

..
-'x £ ( A20 )

where the vector E contains the participation factors. The vector E.

is given by

(2N+1)
( A21 )FT i=

£ = ~1 F
T

M 1:.
4

which, in cortq:X)nents, takes the form

1 cos tr (2j-l) / (4N+21] - cos tr (2j-l) /2]
p.

J =
N+l/2 sin tr [(2j-l) / (4N+2)]

( A22 )

The effective participation factors are defined as
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= F·· o·
~J ~ ] ( A23 )

where the index i refers to the degree-of-freedom and j refers to

t.~e rrode. For a ten degree-of-freedom shear building, the effective

participation factors associated with the tenth degree-of-freedom

( N=10 ) are given by

1 2j-1
= - sin" (10 --

10.5 21

COS" [ (2j-1) /42J - cos 11 [ (2j-1) /2]

sin" [(2j-1) /42J

( A24 )

Values of these factors for the ten rrodes are given in Table 2 in the

report.
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