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Abstract

In this thesis, the nature of hysteretic response behavior of structures
subjected to strong seismic excitation, is examined. The earthquake ground
motion is modeled as a stochastic process and the dependence of the response
on system and excitation parameters, is examined. Consideration is given to the
drift of structural systems and its dependence on the low frequency content of
the earthquake spectrum. It is show.n that commonly used stochastic excitation
models, are not able to accurately represent the low frequency content of the
excitation. For this reason, a stochastic model obtained by filtering a modula-ted
white noise signal through a second order linear filter is used in this thesis.

A new approach is followed in the analysis of the elasto-plastic system.
The problem is formulated in terms of the drift, defined as the sum of yield
increments associated with inelastic response. The solution scheme is based on
the properties of discrete Markov process models of the yield increment process,
while the yield increment statistics are expressed in terms of the probability
density of the velocity and elastic component of the displacent response. Using
this approach, an approximate exponential and Rayleigh distribution for the
yield increment and yield duration, respectively, are established. It is suggested
that, for duration of stationary seismic excitation of practical significance, the
drift can be considered as Brownian motion. Based on this observation, the
approximate Gaussian distribution and the linearly divergent mean square value
of the process, as well as an expression for the probability distribution of the
peak drift response, are obtained. The validation of these properties is done by
means of a Monte Carlo simulation study of the rapdom response of an elasto-
plastic system,

Based on this analysis, the first order probability density and first pas-
sage probabilities for the drift are calculated from the probability density of the
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velocity and elastic component of the response, approximately obtained by gen-
eralized equivalent linearization. It is shown that the drift response statistics
are strongly dependent on the normalized characteristic frequency and strength

of the excitation, while a weaker dependence on the bandwidth of excitation is

noted.
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Chapter 1. INTRODUCTION.

The safety of structures subjected to strong seismic excitation is of major con-
cern for Civil Engineers, since the destructive effect of such an earthquake may
have severe social and economic implications. Since the begining of this century
large seismic events, such as the San Francisco earthquake of 1906 and the Tokyo
earthquake of 1923, directed the attention of the scientific community toward
the seriousness of the earthquake problem and the need for antiseismic structural
design. In the last decades, intensive research has led to major improveménts
in antiseismic design and a better overall understanding of earthquake related
problems. However, recent events, such as the Mexico City earthquake of 1985,
suggest that structural safety problems are far from being solved and confirm

that future research is required.

Most structures exhibit hysteretic response behaviour when subjected to
strong seismic excitation. Thus, the analysis of such nonlinear systems is of
major significance in the field of Earthquake Engineering. Due to the stochastic
nature of earthquake excitation, the theory of random vibration is often used for
this purpose. However, in general, analytical results on the response of nonlinear
systems to stochastic excitation, as opposed to the case of a deterministic input,
are far more difficult to obtain. The implication is that models of both structural
systems and earthquake excitation should be simple, while maintaining their
ability to capture the basic features of the physical problem.

Two basic methods, the now classical equivalent linearization and the yield
increment approach, exemplified by the works of Caughey (43) and Karnopp
and Scharton (39), respectively, have been followed in the analysis of the ran-
dom response of hysteretic systems. Caughey, the first to examine the random
response of a bilinear hysteretic system, obtained approximate results for the

velocity and displacement response, for the case of white noise excitation, using
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the Krylov-Bogoliubov method of equivalent linearization. It should be noted
that this approximate method is based on the assumption of narrowbanded re-
sponse behaviour and that Iwan and Lutes (44} showed that in the case of an
elasto-plastic or nearly elasto-plastic system, the narrowbandness assumption is
not applicable and leads to inaccurate response statistics. Thus, the applicabil-
ity of this and similar techniques is restricted to the case of hysteretic systems
which exhibit hardening behavior. This result is a consequence of the approx-
imation technique which does not provide information regarding the nature of

the hysteretic response behavior.

In contrast, the method proposed by Karnopp and Scharton is physically
motivated. They formulate the problem in terms of the yield increment asso-
ciated with inelastic response. The yield increment statistics were calculated
from the stationary probability density function of an associated linear system.
Although the method provides the basis for understanding hysteretic response
behavior, computational difficulties which result from the complexity of the dif-
fusion equation for the yield increment process, limit its applicability and they

obtained no results regarding the drift statistics.

A significant factor in analyzing the random response of structural systems
is the approximate modeling of earthquake excitation as a stochastic process.
Housner (25) was the first to introduce a stochastic model when he defined the
earthquake process as the sum of a large number of impulses which arrive at
random times, i.e., a white noise process. Refinements to the model include
stationary models (see Kanai (26), (27); Tajimi, (28)) and transient models
(see Shinozuka and Sato (34); Jennings, Housner and Tsai (33); Saragoni and
Hart (35)). Of particular significance is the work By Hanks and McGuire (61)
and Boore (30) who propose approximate analytical model for the acceleration

spectrum. The importance of their contribution, particulary with respect to



-3-

the w-squared asymptotic expression for the low frequency of the earthquake
acceleration spectrum, is more fully discussed in a later section.

The objective of the research conducted in this thesis is to continue the
progress in the area discussed above by developing solution techniques which
provide an understanding of the hysteretic response behavior for a general class
of models, including the elasto-plastic system. For this purpose, particular at-
tention is given to the nature of the drift response and its dependence on both

system and excitation parameters.

The problem is formulated in Chapter 2 through a discussion of available
models of hysteretic behavior and seistnic excitation. Based on this investigation,
it is determined that the multilinear hysteretic model is the appropriate one to be
considered in the remainder of this research. Additionally, a stochastic seismic
model, capable of defining the basic features of earthquake ground motion, is
chosen for application in this analysis.

In Chapters 3 and 4 consideration is given to two classes of problems corre-

sponding to hysteretic models exhibiting hardening behaviour and to the elasto-
plastic system.

Approximate solutions for the second order response statistics of systems
exhibiting hardening behavior are examined in Chapter 3. Following the for-
mulation of Asano and Iwan (48), the hysteretic restoring force is expressed in
terms of an additional state variable corresponding to the elastic component of
the displacement response. A higher order equation of motion which is indepen-
dent of the response history is then derived. Accurate estimates of the second

order response statistics are obtained by the method of transient equivalent

linearization.

Chapters 4 and 5 address the nature of the drift response behavior and thus

represent the core of the contribution towards a better general understanding
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of hysteretic behavior contained in this thesis, More specifically, in Chapter 4
the drift of an elasto-plastic system is expressed as the sum of yield increments
associated with inelastic response. The approximate diffusion equation for the
drift is obtained by considering simplified discrete Markov process models of
the yield increment process. Through the analysis of these models, the drift
properties are obtained. It is shown that for stationary seismic excitation of long
duration the drift approaches Brownian motion behavior. This implies that the
probabilistic structure of the drift process is defined by a single parameter.
Finally, in Chapter 5, an approximate solution scheme is derived for the
calculation of the response statistics of an elasto-plastic system. The dependence

of the response on system and excitation parameters is then examined.
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Chapter 2. MATHEMATICAL FORMULATION OF THE PROBLEM.

The objective of this Chapter is to examine the analytical models related to

the inelastic response of structural systems to strong earthquake excitation.

2.1 Equation of motion.

Although structural systems can be examined from a continuum point
of view, the complicated geometry and the inhomogeneous material properties
make such an approach extremely complex and ineffective. For this reason, by
appropriate discretization of the equation of motion, the structure is commonly
modeled as a finite-dimensional dynamic system. In the case of a linear equa-

“tion of motion, further simplification of the problem is obtained by using modal
analysis. Then, the system response can be accurately predicted by considering
the contribution of first significant modes of oscillation. In many cases, even
a single-degree-of-freedom (SDOF) analysis may provide useful information re-
garding the dynamics of the structural system. The SDOF analysis is often
applied in nonlinear systems where analytical solutions for the multi-degree-of-
freedom (MDOF) system are practically impossible to obtain.

Figure 2.1 gives an example of a simple structural system which is approx-
imated as a SDOF. The equation of motion for the single-degree-of-freedom
system is given by

mi + (2, 4,t) = ~mift), (2.1

where z, & are the relative displacement and velocity of the mass, f(z,z,t) is
a general nonlinear restoring force and 4(t) represents the ground motion ac-
celeration. Although the system governed by equation (2.1) represents a very
simplified form of the actual structural system, it can be considered as a general
basis for the investigation of the. inelastic structural response to seismic excita-

tion and can provide useful information regarding the features of the response
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Figure 2.1
Single degree-of-freedom (SDOF) model of a structural system.
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and dependence on system and excitation parameters. For this reason, the anal-
ysis presented in this thesis is based on the single-degree-of-freedom oscillator.

A detailed examination of models for the restoring force is presented in
Section 2.2, while the modeling of the earthquake excitation as a stochastic

process is discussed in Section 2.3.

2.2 Models for hysteretic behaviour.

2.2.1 Review.

The restoring force related to the inelastic constitutive material behaviour
is, in general, of hysteretic form. The history dependence of the equation of
motion makes the analysis of such systems extremely difficult. Because the
study of history dependent systems becomes even more complex in the case
of a stochastic excitation, in nonlinear random vibration analysis, models for
hysteretic behaviour are frequently defined in terms of additional state variables.

A class of models based on this principle is the one initially introduced
by Bouc (38) and later generalized by Wen (56). The hysteretic behaviour is
modeled by defining a state variable z(t), for which the following equation of

motion is satisfied.

mz + go(z, £) + 2(t) = —ma(t), (2.2a)
2= —alt|z" — fz|z"|+ Az  for n odd, (2.2b)

or,
2= —a|t]z""Yz| - Bzz" + Az for n even, (2.2¢)

where a, 3, A,n-are model parameters and go(z,%) is a general nonhysteretic
component of the restoring force. This class of models has been generalized for
different types of constitutive behaviour such as stiffness deterioration, pinching

of hysteretic loops and two dimensional problems. A detailed review of all these



-8-

models has been done in a recent paper by Wen (58). The main weakness of the
model is the lack of physical motivation and the inconsistent behaviour under
cyclic loading, as is illustrated in Figure 2.2. The merit of the model lies in its
simplicity and succesful application in different fields of structural engineering,

such as random vibration and system identification.

2.2.2 The distributed element model for hysteresis.

The simplest form of hysteretic behaviour is elastic, perfectly plastic be-
haviour for which the restoring force-deflection diagram is plotted in Figure
2.3a. A physical system that exhibits such a constitutive relation is illustrated
in Figure 2.3b. It consists of a linear spring, with stiffness K, in series with a
Coulomb or slip damper with maximum allowable force Kz,. This system can
be considered an ideal elasto-plastic unit.

Following the approach used in Section 2.2.1, a state variable y(¢) can be
defined as the elastic component of the deflection. Then, y{t) will satisfy the

following incremental equation

dy = {0 if |y| = z, and ydz > 0; (2.3)

dz otherwise,

where z, represents the yielding level. Equation (2.3) specifies that the elonga-
tion of the spring element is restricted to ~z, < y < zy.

Consider a system that exhibits such constitutive behaviour. Then, in the

presence of additional viscous damping, the equation of motion will become
Z + 2¢wot + wgy = —a(t), (2.4a)

¥ = 2g(y), (2.4b)
where

oly) = {0 if |y| = z, and yz > 0; (2.4¢)

1 otherwise,
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n = 1. (a) An example of stiffness strengthening under symetric cyclic loading.
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and
k
2
w§ = — 2.4d
3== (2.4d)
is the natural frequency of the linearized system corresponding to small displace-

ments.

An alternative formulation for this model was used by Asano and Iwan (48),

by defining a state variable ¢ , such that
v=g1(¢,z,zy). (2.5)
The equation of motion may then be approximated by
%+ 2¢wo + wig1 (¢, £, 7,) = —a(t), (2.6a)

¢ = g2(d, %, 7,), (2.6b)

where

91(¢, Z, -"’y) = ¢{h{¢p+zy) —h(¢—zy)} + 2y {h(d — zy)h(2) — h(—¢ — zy)h(—Z)},
(2.6¢)
03(6,,34) = S{h(d+2,)~h(B—1g)+h (B2, )(~2)+h(~d=2,)h(2)}, (2.64)

where h(...) is the unit step function and ¢ is defined on the whole real axis. For
applications to probabilistic problems, the formulation used by Asano and Iwan
has the advantage that the response variables are defined on a infinite domain.
Approximate distributions, sﬁch as Gaussian or Hermite polynomial expansions,
can be applied for this case, as it will be shown later in this thesis.

When analyzing the inelastic response of hysteretic systems, it is very im-
‘portant to consider the drift, or the plastic deformation of the structure. For
the elastoplastic unit, the drift, z, is exactly the relative displacement of the slip

damper element, or

z2=1I—y. (2.7)
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In contrast with the case of an elasto-plastic system, the drift of the hysteretic
model described in Section 2.2.1 cannot be defined in terms of the response
variables. From Figure 2.2b it can be also noted that the constitutive relation
of the model described by equation (2.2} introduces artificial drift in the system
response. .

A more general class of hysteretic systems is the distributed hysteretic
model introduced by Iwan (37). Consider such system, consisting of a linear
spring with stiffness magwd, a linear viscous damper and a distribution mw(¢)

of normalized elasto-plastic elements with yielding level £, such that

[ w(@de = (- ao)ut. (23)

The equation of motion for the system subjected to earthquake excitation will

then be given by

£ + 2woi + QowaT + /:o w(&)g1(4(8), £, £)dé = —aft), (2.9q)
where
8
¢((9§, t) = g2(¢(£’t),x’ E)' (Z-Qb)

It was shown by Iwan that the continuous distributed model defined by equa-
tions (2.8) and (2.9) is capable of describing the hysteretic behaviour of a large
class of structural systems. A special case of the continuous distributed model
is the multilinear hysteretic model, illustrated in Figure 2.4. The system corre-
sponds to a discrete distribution of elasto-plastic elements. For n such elements,

equation (2.9) reduces to the following form

. |
£+ 2wod + aowiz +wf D agi(di, £,3,,) = —(t), (2.10a)
=1
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Figure 2.4
The Distributed-Element model for hysteresis.
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where

é; = g2(dis£,2y,); fori=1,.,n (2-108)

and

Z a; = (1 — og). (2.10¢)

=1

Although from the physics of the problem the coefficients oy, a; 7 = 1, ..., 1,
are nonnegative quantities, the mathematical model derived can be also used for
negative values of those parameters. In particular, the parameter ag gives the
asymptotic behaviour for large deflections. Linear gravity effects can be modeled
approximately by taking a negative value for the parameter ogp.

The analysis presented in this thesis is based on the multi-linear hysteretic
system. In Chapter 3, the response of systems exhibiting hardening behaviour
(g > 0, oz > 0 for ¢ = 1,...,n) and the dependence on excitation and system
parameters is examined. Finally, the nature of the drift of structural systems
subjected to seismic excitation, as well as its dependence on the frequency con-

tent of the excitation, are discussed in Chapters 4 and 5.
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2.3 Stochastic modeling of strong earthquake ground motion.

2.3.1 Introduction.

A successful antiseismic study should be based on a knowledge of all ’poten-
tial earthquake excitations that could strike the site of a structure in consider-
ation. Theoretically, the class of possible ground motions could be determined
if information were available regarding the local conditions, material properties,
neighbouring fault systems and the nature of expected fault rupture processes.
The lack of such information and the complexity of the analytical problem that
must be solved make this approach practically impossible to achieve. Alterna-
tively, empirical methods can be applied in order to define appropriate models
for the seismic excitation. It appears that deterministic models cannot be used
for this purpose unless an analytical approach is applied to calculate the displace-
ment feld from a given fault mechanism. Defining the excitation as belonging
to a general class of signals with prescribed time and frequency domain prop-
erties (duration, peak acceleration, total energy, energy distribution over the
frequency range, etc.), appears as a more suitable approach. Stochastic models
of the seismic excitation are an example of such an approach, and often have
been used in examining the seismic response of structural systems.

The only limitation of the stochastic models is that the analytical methods
for the analysis of nonlinear systems subjected to random excitation are far
more complex than for the case of a deterministic input. For this reason, the

mathematical description of the stochastic models should be relatively simple.
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2.3.2 Stationary models.

Stationary stochastic models have often been used for the representation of
the frequency content of long duration seismic ground motion. Consider an input
earthquake acceleration, d(t), of duration #,. The Fourier amplitude spectrum

of the excitation, A(w), and the total energy, Iy, are defined as

to
|/ (t)ezp=idt| = [[ a(t)ezxp™*“dt| (2.11)

and .
[}

Iy= [ a®(t)dt. (2.12)
a

It can be proven by application of the Parseval’s relation that

Io = /0 " (o)t = /:a?(t)dt= - /_ :Aﬁ(w)dw. (2.13)

From equation (2.13) it can be noticed that the Fourier amplitude spectra, A(w),
describes the distribution of the excitation energy over the frequency domain.

For a stationary stochastic model, the frequency content of the excitation is
given by the power spectral density, ®,,{w). The relationship between ®,,(w)
and A(w) can be established in the case of a long duration strong ground motion
acceleration, as follows. Recall, that for a weakly stationary random process,
a(t), the spectral density function, ®,,(w), is defined as

1
Baa(w) =, lim mE[[A“(w to)!?], (2.14q)

where A*®(w,to) is the finite Fourier transform over a record of length tq, or
to .
Afo(w,tg) = / a(t)ezp™*“tdt, (2.148)
. 0
Equations (2.11) and (2.14) imply that

Bualu) = lim - E[A2(w)], (215
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which suggests that the spectral density function ®,4(w) is proportional to the
mean square value of the excitation Fourier amplitude spectrum.

A stationary stochastic model of the seismic excitation is defined ’by specify-
ing the spectral density function, ®,,(w). As can be seen from equation (2.15),
®,4(w) is given by the analytical amplitude spectrum, A(w), of the actual earth-
quake ground motion. Boore (30), by analyzing the available records of seismic
ground motion acceleration, obtained the following approximate expression for

A(w)

CMO w2

AW = 2 T wro]

511+ (w/wm)?]|~ /e~ wR/2Q8 (2.16a)

where C, My, we, W, 8, @, B and R are model parameters. From equation

(2.16a), the asymptotic behaviour for A(w) is obtained as
Aw) ~w? asw—0 (2.16b)
and
Alw) ~e™  as w — oo. (2.16¢)

For applications to the nonlinear random response of structural systems,
the stochastic excitation models should be mathematically tractable. Analytical
results in the theory of random vibration can be obtained primarly for the case
of Gaussian white noise excitation. For this reason, the models discussed in
this section are obtained by appropriate filtering of a white noise excitation.

Consider the excitation, a(t), defined as
a(t) = M, [z(t)], (2.17a)
where z(t) is the solution of the following equation

L., [I(t)] = &(t)’ (2.176)
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where £(t), is a zero mean Gaussian white noise excitation with autocorrelation

and spectral density function given by

Ele()] =o, (2.18a)
Ree(r) = E[£(t)£(t + 7)] = Soé(r), | - (2.180)

and
Bee(w) = %‘;—, (2.18¢)

and M,,, and L, are n; and nz order linear operators with n; < n,.
The spectral density function of the process a{t), ®,4{w) is then given by

_ So [Hp(w)?

Pel) = o e )

(2.19)

where H *(w) and H},' (w) are the transfer functions corresponding to the linear
operators M,,, and L,,, respectively. For nonlinear problems, the stationary
stochastic model defined by equation (2.17) can be simply incorporated into
the equation of motion and the problem is reduced to the case of white noise
excitation. The rational filters are also physically motivated, and correspond
to the modeling of the earth as a discrete dynamic system. For this reason,
excitation models given by equation (2.17) are often used in the analysis of the
random response of nonlinear structural systems.

* An example of such a physically motivated formulation is the model defined
by Kanai (26), (27) and Tajimi (28), often used in earthquake engineering. The

excitation, d(t), is given by

a{t) = z,(t) + £(t) = —2w, 2, — wg z,, (2.20a)

where

By + oty + wlz, = —E(2) (2.208)
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and ¢,, w, are model parameters reflecting the local site conditions. The spectral

density function for the Kanai-Tajimi filter is

So  wi+4¢2wiv?
21 (w2 — w?)2 + 4¢2wiw?’

QK-—T = (221)

This is illustrated in Figure 2.5a for different values of the model parameter, $ae

In Chapter 3 it will be shown that the drift of hysteretic structures is highly
dependent on the low frequency content of the earthquake ground meotion ac-
celeration, The Kanai-Tajimi filter does not give a good representation for this
frequency range. Recall that the asymptotic behaviour forw — 01is ®,44(w) ~ w
(equation 2.16b), while in the case of the Kanai-Tajimi filter, ®,,(0) = £2. It
is suggested that the K-T model can not be used in the analysis of the hys-
teretic response behaviour. For this reason, an alternative model is introduced

in Section 2.3.4.
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Power spectral density function of two stochastic seismic excitation models. (a)
Kanai-Tajimi spectrum. (b} Normalized Kanai-Tajimi spectrum. {c) Proposed
model for stochastic seismic excitation (eqn. 2.27).
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2.3.3 Nonstationary models.

Stationary models can only be used for the case of long duration excitation,
for which transient information is of no practical significance. In order to ac-
count for the transient nature of the seismic excitation, the time modulation of
a stationary process may be-considered. Define the process a(t) as a time modu-

lation of the zero mean stationary process w(t) by applying a time window ¥(t),

alt) = Y()w(t). (2.22)

In this case, the nonstationary mean square value or the envelope function for

the process a{t) is given by
Ela®(t)] = $°(t)ol, (2.23)

where o, is the stationary RMS value of the process w(t).

The envelope function of the excitation, defined by equation (2.23), provides
the required information regarding the time domain properties of the process.
Several empirical forms of modulation functions have been proposed in the lit-
erature. The intensity, duration and buildup time of the seismic excitation are
expressed in terms of a few model parameters. The simplest form is defined by
a boxcar type modulation, where

i <t<T,:
Pp(t) = { g’ HO<t< Ty (2.24)

, otherwise.

Jennings, Housner and Tsai (33) defined a modulation function composed of a
quadratic buildup phase, a constant phase and an exponentialy decaying tail.

Shinozuka and Sato (34) proposed the form:

Po(t) = Ale™* — ™)  B>a>0. (2.25)
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Finally, Saragoni and Hart (35) suggested an envelope of the form:
PYa(t) = At%e™?* o8 > 0. (2.26)

The effect of modulation on the frequency content cannot be given in a
simple form. It should be noted that in the case of a short duration signal,
the frequency decomposition of the modulation function can alter the desired
frequency content possessed by the stationary process. It is understood that the
effect will be less evident for the case of a long duration excitation.

The modulated stationary model cannot be applied for cases in which a
significant change in the frequency content is noticed during the duration of the
record. To represent such cases, Saragoni and Hart (35) introduced an excitation
mode] defined by three distinct, modulated stationary processes accounting for
the arrival of longitudinal, shear and surface waves. For the modulated filtered
white noise (MFWN) models, the order in which filtering and modulation are
applied lacks a physical interpretation. Indeed, modulation should be associated
with source mechanisms, while the filtering is the result of the transition path.

A more physical model is the filter modulated white noise (FMWN) process,
which is obtained by passing a deterministic modulated Gaussian white noise
signal through a filter with prescribed transfer function. The observations made
in the previous section regarding models for filters and modulation functions
remain valid for the FMWN model. A comparison between the two methods
was done by Smith (60). To summarize his conclusions, it can be proven that
for a modulated stationary process, the envelope function is given by the square
of the modulation function, while the frequency content of the filter is in general
altered. In contrast, for a FMWN model the frequency of the filter is pre-
served, while the envelope function is in general altered. For a smoothly varying

modulation and spectral density function, the two methods give approximately
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identical results, as shown by Shinozuka and Sato (34) and Smith {60). This
comparison suggests the difficulty that can be encountered in trying to define a

time series of finite duration with a specified amplitude spectrum (Boore {30)).

2.3.4 Proposed model for stochastic seismic excitation.

Even though the number of available stochastic models for the earthquake
excitation is quite large, only a few of them can be used for analytical inves-
tigation of the random response of hysteretic systems. As mentioned earlier,
the only models that can be used systematically for this purpose are the ones
obtained by passing a modulated white noise signal through a linear filter. For
this reason, the white noise process and the Kanai-Tajimi filter are frequently
used for the stochastic analysis of structural systems. In Section 2.3.2, it was
shown that these models cannot be used in the analysis of hysteretic structural
behaviour, due to the incorrect modeling of the low frequency content of the
seismic ground motion acceleration.

For applications to the modeling of earthquakes that possess a characteristic

frequency, the following model for the excitation &(t), is proposed

—&(t) = 2¢wyz,4(t), (2.27a)
where
By + 2wty +wizy = e(t)E(t) (2.275)
and initial conditions
z,4(0) = £,4(0) = 0. (2.27¢)

A boxcar type envelope function, e(t), of duration T, is employed , where

_J1 ifte(0,T,); '
@ =1{5 Sheri (2219
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Wy, ¢y are model parameters and £(t) is a white noise process described by
El¢(t)] =0 (2.27¢)
and
E[£(1)€(2 + 7)] = Sod(r). (2.271)
A similar model was proposed by Kameda (29), but it has not been used very
often for the stochastic analysis of hysteretic systems. This model belongs to
the same family of models as the Kanai-Tajimi filter, in the sense that both are
obtained by the use of a second-order linear filter.
By allowing T, — o0, a stationary process is obtained for which the spect.ra,l
density function ®,(w) is given by
Sy 4¢2w2u?
27 (w? — w2)? + 4¢2wiu?’

A comparison between the spectral density of the present mode! and the

d,(w) = (2.28)

Kanai-Tajimi model is given in Figure 2.5 for different values of the parameter
¢g- The acceleration spectrum in the case of the proposed model possesses
an a.symptotic which is linear in omega for w — 0. This can be viewed as
an improvement over the Kanai-Tajimi filter. At the same time, the model
parameters have a precise physical interpretation; w, corresponds to the peak
frequency of the process, ¢, is a measure of the bandwidth and Sy accounts for

the strength of the process.

" The envelope function of the process, o2(t), defined as
o2(t) = Ela*(t)] = 4c2w2E(32(1)), (2.29)
is illustrated in Figure 2.6 for different values of the bandwidth of excitation, ¢,,

and for duration T, = 15T,. T, represents the natural period of the linear filter.

As T, — oo, the envelope function reaches a stationary value, 2, given by

02, = Sowyty. (2.30)
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Practically speaking, this value is achieved after only a few periods of excitation,
as noticed in Figure 2.6.

The boxcar type modulation function used in this model is a simplified
representation of the central portion of the strong motion and accounts approx-
imately for the shear wave contribution to the strong motion. As a FMWN
model, the modulation function is altered by the filtering process, as shown in
Figure 2.6. The buildup and tail components of the envelope function should
not be considered as a realistic explanation of the actual phenomenon because
they are described in terms of the same model parameters ¢;, w,. For an actual
earthquake, these components contain information regarding the longitudinal
and surface wave contributions to the record.

A stochastic seismic model for applications in the analysis of hysteretic
structures is proposed in this section. Although of a very simple form, the
proposed model is capable of defining the basic features of earthquake ground
motion, such as duration, strength and frequency content. Because of the in-
fluence of the low frequency content of the excitation on drift response, the
proposed model is prefered over the Kanai-Tajimi model. It is also selected over
other more complex models, due to its applicability in the analysis of nonlin-
ear random vibration problems. In the numerical examples illustrated in this
thesis, the bandwidth of excitation is chosen equal to ¢, = 0.25 and ¢, = 0.50,
corresponding to narrowbanded and broadbanded excitation, respectively. The
duration is choosen equal to T, = 25T, where T is the natural period of the
system. For actual structural systems, T, = 25T}, corresponds to a duration of

approximately 5-75 sec.
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Chapter 3. APPLICATION OF EQUIVALENT LINEARIZATION
IN THE ANALYSIS OF HYSTERETIC SYSTEMS.

3.1 Introduction.

The objective of this Chapter is to identify the basic features of the ran-
dom response of hysteretic structural systems subjected to stochastic seismic
excitation. Approximate solutions for the second order response statistic; of
such systems have been introduced by Caughey (43), Kobori, Minai and Suzuki
(46},(47), Asano and Iwan (48) and Wen (57). Caughey was the first to propose
an approximate solution for the random response of a bilinear hysteretic system
subjected to white noise excitation. The parameters of an equivalent linear sys-
tem were calculated with the method of slowly varying parameters. As shown by
Iwan and Lutes (44), the method produces very good results for the case of nar-
rowbanded response, while for an elasto-plastic or nearly elasto-plastic system,
the method underestimates the RMS value of the displacement response by up
to 60 percent. Kobori, Minai and Suzuki (47) and Wen (56) formulated the hys-
teretic constitutive behaviour in terms of additional state variables. Following
this procedure, a higher dimension and independent of response history equa-
tion of motion is obtained. With the use of generalized equivalent linearization,
and for white noise excitation, Asano and Iwan (48) and Wen (57), obtained
accurate estimates of the second order response statistics.

The discussion presented in this Chapter is based on the random response of
multilinear hysteretic systems; the problem is solved approximately by transient
equivalent linearization (Asano and Iwan). The formulation of the solution
scheme and numerical results for transient and stationary response statistics
are presented in Sections 3.3 and 3.4, respectively. A comparison between this

approximate scheme and the equivalent linearization introduced by Caughey is
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presented in Section 3.5.

In Section 3.5, it is shown that the nature of hysteretic response behaviour
cannot be described only in terms of the RMS value of the process. For this
reason, the drift and the frequency content of the displacement response are ex-~
amined in Sections 3.6 and 3.7, respectively. In particular, the dependence of the
displacement response frequency content upon the stochastic seismic excitation

model is also discussed in Section 3.7.

3.2 Equation of motion.

The equation of motion for the nondeteriorating hysteretic system described

in Section 2.2.2 is given by the following set of equations

E + 2¢wot + aowiT + ws ) | cig1($i, F,7y,) = —a(t) (3.1a)
=]
és’ = 92(45{’:“:’ zy.') Vi = 1,n, (3-1b)

where

"
Z a; = 1—ag, (3.1¢)

i=1
and g;{...) and g(...) are nonlinear functions given by equations (2.6¢c) and
(2.6d).
Following the analysis presented in Section 2.3, a general stochastic model
for the earthquake ground motion acceleration, a(t), obtained by filtering a

modulated zero mean Gaussian white noise signal through a second order linear

filter, is defined as
—a(t) = 2¢waZg(t)by + wiz,(t)ba, (3.1d)
where z,(t) is the solution of the following equation

Bg + 2gwgdy + Wiz, = e(t)€(2), (3.1¢)



-29-

with
£,(0) = £,(0) =, 3.1)

and e(t), £(t) are defined in Section 2.3 by equations (2.27d)- (2.27f).

By setting b; = by = 1, the Kanai-Tajimi model is recovered, while b; = 1,
ba = 0 corresponds to the model defined by the equations {2.27a)-(2.27c). The
equation of motion, (3.1), can be put into the following m-dimensional stochastic

differential equation form

du
i a(u) + e(t)yw(t), | (3.2)

with m = n +4 and u, w(t), a(u) defined as

uT = {z’ is ¢1: seey ¢n’ Ly, i’g} (3.30,)
w,(t) = £(t); wi;(t) =0 fori=1,..,m—-1 (3.38)
ai(u) = ug
n
az(u) = —2¢wots — apwiuy + 2¢webi1tm + wgbgum_l —w? Z a;g1(Uite, Ua, Ty,)
=1

a;(u) = ga(uj,uz, 2y, ,) 7=3,....,m—2
am-1{0) =u,
am(0) = —2¢wotim — wgum_l
(3.3¢)

The system governed by equations (3.2) and (3.3} is a nonlinear dynamic
system subjected to nonparametric stochastic excitation. For the case of filtered
white noise excitation, the problem can be rigorously formulated in terms of
the diffussion equation for the probability density of the response process. In

this chapter, the method of generalized equivalent linearization is used for the
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calculation of approximate velocity and displacement response statistics. For a
rigorous examination of the theory of stochastic processes and nonlinear random
vibration, see Ito (2), Stratonovich (3), (4}, Caughey (6), Lin (7) or Crandall
and Mark (8).

3.3 Equivalent linear system.

The equivalent linearization technique is a method applied directly to the
equation of motion of the system. It was introduced independently by Booton
(15) and Caughey (14). Later the method was generalized by Iwan and Yang
(16), Spanos and Iwan (19), Atalik and Utku (17) and for general nonstationary
response, by Iwan and Mason (18). The idea of the method is to approximate

the nonlinear stochastic equation
du

= =afu) + e(t)wit) (32)
by a linear equation,

dy

- Ay +e(t)w(t). (3.4)

The parameters of the equivalent linear system are calculated such that the
norm of the difference between the two sets of equations is minimized by y(t),
the solution of equation (3.4). The minimization is performed in the mean value
sense. That is, one looks for the set of parameters A;;, components of the matrix
A, which will minimize the expected value of the norm of the error ¢*, defined

as
« _ T
e =¢ (y)ely), (3.5a)
where
e(y) = aly) — Ay. (3.55)
The case most examined and for which the following analysis is valid, is the case

of zero mean response of a nonlinear system subjected to zero mean Gaussian

white noise excitation.
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From the minimization of the mean of €*, an expression for the parameters

of the linear system is obtained in the form

ElyyT]A = Elya™(y)]. (3.6)

Atalik and Utku(17), by considering a Gaussian distributed process y, and as-

suming continuity of the partial derivatives in equation (3.7), obtained the fol-
lowing expression for A

Ay = E[Z—: u=yl- (37)

For Gaussian white noise excitation, y, the solution of equation (3.4} is a multi-

dimensional Gaussian distributed process, and the covariance matrix satisfies

the following covariance equation:

%Q = AQ+ QAT + BDBT, (3.8a)
where
Q(te) = Qo (3.86)
and
Qi; = Ely:y;). (3.8¢)

For w(t) given by (3.3b) and (2.27d)-(2.27f), it is implied that
(BDBT)iJ' = 5,-,,,53-,,,_62(#)50. (3'9)

By applying equation (3.7), and for a(u) given by (3.3c), the following expression

for the matrix A is obtained:

[0 1| 0 0 | 0 0
—aowg ~ By I —alwng —anwocz,, I wgbz 2'§gwgb1
_____ __|_.__..-__,...‘.._______,...|.__.___._,.._
o Cy I Cs1 0 0 | 0 0
A= c 0 0 | ;

0  Cin | 0 0 Caw | O 0
_______ ‘___.______._.____._._l______ -
0 0 | 0 0 | o 1

\ o 0o | 0 0 | —w? —2¢uw, /



where

-39

n
By = 2¢wp + wj Z o;Cyi,

and forz=1,..,n

g1 5133‘2733)

E

Oz,

ll
&

6.7:1

ag?(zla ZIa, I3)

E

=
{agl(zl, T2, T3)
=2

Cu=E [392(331, T2,y !L'a)
Bzg

=1

TL=Ui 43, B2=UL,Ty=Ty, -

]

T1=Ui$+3,T3=U, T3 =Ty, -

-

T1=Wi43,T2=U, B3 =By, -

T SU£2,T3=U3,T3=Ty,;

(3.11)

(3.12a)

(3.126)

(3.12¢)

(3.124)

It should be pointed out that the functions g (z1,2,2z3), g2{(z1, 22, 23) are not

continously differentiable in a rigorous sense. Nevertheless, it can be considered

that the derivative of the unit step function h(z), defined as

={

exists in a2 weak sense, and is equal to

dh
az

if x>0
otherwise

= é(z).

In the previous equation §(z) is the Dirichlet delta function.

(3.13q)

(3.135)

By substituting equations (2.6c) and {2.6d) into (3.12), an expression for

the coefficients (Cji, 7 = 1,

wadit = 1.,

,n) is obtained. This expression is a

generalization of the results obtained by Asano and Iwan (48), and is given by

Ty,
C b
1

Zy,

W’“‘?}’)

(3.14)
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=3

T T, >°% Z,.pP:
Coi = erf 2 ) - erfc( 2 ) 3.15
= (\/ 204/ /2704 204i(1 - p7) (5.13

3

_.1_ d‘”_(]':_eL). 35’4,;(1-— 5 _PiZyi [O% e";%:: {1+erfc( Ty i )}
4 Ogi o \ 27 V204i(1 - p?)

(3.16)

Ca;

Cus = %(1 + erf( I;;ﬁ)) \/_/ et erf (ﬁt} dt, (3.17)

where 04, 0z, Os4i, p; are defined by the following relations

o5 = Qa2 = E[4?) (3.18a)
04 = Qitzi+z = Bl¢F] - (3.18))
i = Qaiso = Elidi] (3.18¢)

pi = \/‘% (3.184)

In equation (3.18), erf(x) and erfc(x) are the error function and the complemen-
tary error function respectively, defined as
z

erf(x) = \/_ et dt (3.19a)

and
erfc(x) = 1 — erf(x). (3.198)

An approximate solution for the transient response covariance matrix, Q,
can be obtained by solving the set of simultaneous equations (3.7) and (3.8) for
the particular values of the parameters of the equivalent linear system given by

the relations (3.10)-(3.12) and (3.14-3.19). The integration of equations (3.7),
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(3.82) is in general done numerically. It should be pointed out that the ex-
pression (3.17) for (Cy;; ¢ = 1,...,n) contains an infinite integral, which cannot
be expressed in terms of elementary functions and a numerical integration will
require a high computational effort. Asano and Iwan (48) have shown that for
small values of (p;; i=1,...,n), equation (3.17) can be replaced by
o2
Cu = %(1 + erf(\/:;i_@)) - %e’%ﬁ-ﬁi;ﬁg, (3.17)

which corresponds to the first term in the series expression of the infinite integral

in the equation (3.17). For cases of practical interest, the error introduced by
using equation (3.17°) instead of (3.17) is negligible while the computational
effort is reduced by about 25 times.

Because the probability density function of the response of a linear system
subjected to zero mean Gaussian excitation is a zero mean Gaussian distribution,
the covariance matrix, Q(t), gives a full probabilistic description for the response
statistics.

As shown in Appendix A, in the case of a stationary excitation and if a sta-
tionary solution of the covariance equation exists, the spectral density function,

® .., and the transfer function, H, (iw), of the displacement response are given

by

8..(w) = Sy 4ggzwgb%w2 +w3b% 1 (3.20)
=ELT (29) (w2 — w?)? + 4¢2wlw? (R2 + I2) )
and
1
= R 7 .
Hz(iW) T + t S (3 21)
where
7
_ 2 2 2 2 0;C0;Cy
R:n = (aOQJp — W ) +w Wq £ w_z-i—_""é'gf (3.22@)

n
' aiczicsic‘ti}
I, =w|B, - 2 ——— . .
w[ 0 — W i_E; e (3.228)
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3.4 Numerical results of equivalent linearization.

Consider the bilinear hysteretic system illustrated in Figure 3.1. The equation

of motion is given by
% 4 Uwot + apwdz + (1 ~ ao)wigi(4,2,Y) = —d(t) (3.23a)

and
é = go(¢,2,Y), (3.238)

with g; and g2 given by equation (2.6). By introducing the state variable, ¢,
a third-order equation of motion for the drift response variables is obtained,
while the equation of motion given by equation (3.23) becomes independent of
the time history of the response. For the analysis presented in this section, the
excitation model given by equation (2.27), is considered, i.e. by =1 and b =0
in equation (3.1d).

For the case of a bilinear hysteretic system, the normalized excitation peak
frequency, w;, normalized time, 7, ductility ratio, iz, and normalized excitation

RMS value, o, can be defined as follows {Appendix B):

wh = el (3.244)
0

T = wgl (3.24b]

Ra = 'lx; (3-24.6)

and

oj_ Ta _ V‘S’Owggg
¢ wiY wiy

Without loss of generality, the analysis for the elastic, perfectly plastic system

(3.24d)

governed by equation (3.23), is done for the normalized system corresponding
to parameters values

Y=1 and wy=1, (3.25)
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Figure 3.1
The bilinear hysteretic model.
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while the results obtained are given in terms of the dimensionless groups defined
by (3.24).

By applying the equivalent linearization described in Section 3.3, the tran-
sient mean square value for the displacement and velocity response are obtained.
In Figures (3.2) and (3.3), the results predicted by this approximate solution
scheme are compared to numerical simulation results for cases corresponding to
a9 = 0.1, and for w,/wy = 0.50 and 1.0, respectively. The very good agreement
between the two sets of results suggests that equivalent linearization can be suc-
cesfully used for the prediction of transient response statistics. It can be also
noticed that for stationary excitation, the solution for displacement and velocity
response becomes stationary in mean square value. In order to illustrate the ac-
curacy of equivalent linearization, a parametric investigation for the stationary
response statistics is presented in this section. The seismic excitation model,
described by equation (2.27), is used in the analysis that follows.

In Figure 3.4, the variation of the RMS value of the response with the
normalized RMS value of the excitation and with g is examined for bandwidth
of excitation ¢, = 0.50. From the results presented in Figure 3.4, it can be
noticed that for w,/wy ~ 1, the displacement response of the bilinear hysteretic
system is smaller than the response of the corresponding linear system (o = 1).
A similar conclusion can be drawn from the results illustrated in Figure 3.5, for
bandwidth of excitation ¢, = 0.10.

In Figure 3.6, the dependence of the response statistics on the characteristic
frequency of the excitation is examined for ap = 0.1, and for bandwidth of
excitation, ¢, = 0.50. It can be concluded that a very strong dependence on the
strength of the excitation is observed for wgy/wg < 1, while for w,/wq, 2 weaker

dependence is noted.

The results presented in Figures 3.4, 3.5 and 3.6 suggest that the RMS value
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- Covariance of Nonstationary Response. Bilinear hysteretic system subjected

to fltered white noise excitation (egn. 2.27), Sp=2.0, ¢,=0.30, wy/we=0.50,
0=0.10 and ¢=0.05. (a) Displacement response. (b} Velocity respounse.
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for the displacement and velocity response predicted by the approximate solution
are in very good agreement with the simulation data, even for small values of
o, and for the whole range of inelastic response. Less accurate estimates are
obtained for the displacement statistics and for cases corresponding to wy/wg >
1. But even in these cases the maximum error is 25 percent, which implies that
equivalent linearization, presented in Section 3.3, can be succesfully used in the
prediction of second-order response statistics for the bilinear hysteretic system.

In Figure 3.7b, a comparison between the RMS value of the displacement
response of a bilinear hysteretic system and a smooth multilinear hysteretic
system, is presented. The restoring force of the related hysteretic systems are
illustrated in Figure 3.7a. It can be noticed that equivalent linearization gives
even better results for the case of a multilinear hysteretic system. As expected,
the bilinear hysteretic systems gives the asymptotic behaviour of the multilinear

hysteretic system for cases corresponding to elastic and strong inelastic response.

3.5 Comparison between second- and third-order equivalent linear systems.

Consider the bilinear hysteretic system illustrated in Figure 3.1, for which

the equation of motion is given by
4+ 2wez + f(z,£,t) = (i), (3.26a)
where 7(t) is a white noise excitation, with autocorrelation function given by
Eln{t)n{t + )] = Soé(r), (3.260)

and f(z,%,t) is the normalized hysteretic restoring force. By applying the
Krylov-Bogoliubov method of equivalent linearization, Caughey (43), derived
an analytical expression for the parameters w,, and ¢,,, of a second-order equiv-

alent linear system.
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Displacement response.
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The equation of motion of the second-order equivalent linear system is given by

E + 2eqWeq + w2z = 1(t), (3.27a)
with
2 o« :
(f’ﬂ) =1- [8—(-1—‘—‘@-)-] ] (272 + (A2)"Y)(z — 1)}/2e="2dz  (3.27h)
Wo T 1
and
Soq = ¢(W0/Weq) + (Wo/Weqg) 2(1 — o) (wX) = 2erfc(A~1/2). (3.27¢)

The parameter A is expressed in terms of the stationary RMS value of the

displacement response, ¢2, or

A =202/Y2 (3.274)

Iwan and Lutes {44) showed that in the case of a nearly elasto-plastic sys-
tem, or ap = 1/21, the second-order equivalent linear system is not able to
accurately predict the displacement statistics. It was suggested that for an
elasto-plastic system, the drift component of the response can not be modeled
by a second-order linear system. In Figure 3.8, the stationary RMS values of
the displacement response, obtained by the equivalent linearization described
in Section 3.3, are compared with numerical simulation results, and with the
correponding approximate solution of equation (3.27). It can be noted that for
values of 0,/Y between (0.0,0.4), the third order equivalent linear syétem gives
similar results to the second order system. For higher values of 6,/Y, though,
the results of the third order system are more accurate.

In Figure 3.9, the power spectral density of the response predicted by the
second- and third-order equivalent linear systems is compared with the corre-

sponding numerical simulation results. Recall that for a second-order equivalent
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Spectral density function of the displacement response. Bilinear hysteretic sys-
tem subjected to white noise excitation, Sy=1.0, ¢=0.05 and ay=0.10. Compar-
ison of the approximate results obtained by second- and third-order equivalent
linearization with numerical simulation results.
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linear system, subjected to white noise excitation, the power spectral density

function of the displacement response is given by

So 1
27) (w2, — w?)? + 4¢2 w2 w? ’

Do (w) = ( (3.28)

By applying the results derived in Appendix B, an expression for ¢, (w) for the

case of the third-order linear system is obtained as

So
- — 3.29
with
(1 - QQ)C204 y
1 — a9)CaC3Cy
I, =wl|2¢ + (1 — ao)wiCy — wg( = 1_ o . (3.29¢)

From the results presented in Figure 3.9, it can be concluded that the third-order
linear system gives a much better approximation for the frequency content of the
displacement response. The two peaks structure of the power spectral density,
P, (w), should be attributed to the elastic component of the displacement and
to the drift of the hysteretic system.

The analysis presented in this section indicates that the second moments
of response are not sufficient for the description of hysteretic behaviour. In
particular, is suggested that for large inelastic response, the drift of hysteretic
systems becomes the most significant response variable. This implies that for
a better understanding of hysteretic behaviour, the dependence of the drift on
system and excitation parameters should be examined. In Section 3.6, the drift is
defined for the case of a bilinear hysteretic system, while in Section 3.7 a detailed
examination of the frequency content of the hysteretic response is presented.
Finally, in Chapters 4 and 5, the random response of an elasto-plastic system is

examined by formulating the problem in terms of the drift process.
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3.8 Drift of a bilinear hysteretic system.

For the bilinear hysteretic system illustrated in Figure 3.1, the drift, 2(t), is
defined as

2(t) = =(t) — y(t). (3.30)

Because equivalent linearization described in Section 3.3 is formulated in terms
of the elastic component of the displacement, y(t), second-order statistics for
the drift, z(¢), can be obtained from the response statistics of the variable z and

y- Recall that y(¢) is given by

y(t) = g1(¢(2), 2(2), Y) (3.31)

with g; defined by equation (2.6¢c). By substituting equation (3.31) into {3.30),
the following expressions for the mean and the mean square value of the drift
are obtained:

E[z{t)]=0 (3.32a)
and

0? = E[2%] = E[z%] - 2E|z9.($,%2,Y)] + E[¢%(¢,2,Y)]. (3.328)

Numerical results for the transient RMS value of the drift obtained from equa-
tion (3.32b), are illustrated in Figure 3.10. A very good agreement between
the approximate results and the simulation data is noticed. From the results
presented in Section 3.5, it can also be concluded that in the case of white noise
excitation, the low frequency content of the displacement response is predicted
by equivalent linearization. This implies that for white noise excitation, the
second moments and the frequency content of the drift response are accurately
predicted by the third-order equivalent linear system. A more detailed discus-

sion on this issue is presented in Section 3.7.
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Transient RMS value of the drift response. Bilinear hysteretic system, S3=2.0,
¢,=0.50, g=0.10 and ¢=0.05. (a) wy/wo=0.50 (b) wy/we=1.0,
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3.7 On the frequency content of the displacement response.

In Section 3.3, an expression for the spectral density function of the displace-
ment response of a multilinear hysteretic system, was obtained for the excitation
mode] described by equation (2.27). In the particular case of a bilinear hysteretic
system, equation (3.20), becomes

So 4¢3wiw? 1

Peel) = G W7 =) + dge? (RE+ 1)

(3.33)

with R, and I, given by equation (3.29b) and (3.29c). A comparison with
simulation data for ¥, is illustrated in Figure 3.11 for the case wy/wo = 0.50,
So = 2.0 and bandwidth of excitation ¢, = 0.50. In contrast with the case of
white noise excitation, it can be noticed that the third-order equivalent linear
system is not able to predict the low frequency content of the displacement
response, corresponding to the drift of the system.

This observation can be generalized for excitation models satisfying
$44(0) = 0. (3.34a)

From equation (3.29), it is implied that the zero frequency content of the dis-

placement response of the equivalent linear system is given by

B,.(0) = 3“0;‘8-@. (3.34b)

Hence, for $,,(0) = 0 and from equation (3.34b), it is implied that &,,(0) = 0.
From the simulation results presented in Figures 3.9 and 3.11, it can be con-
cluded that the low frequency content of the displacement response is nonzero,
regardless of the seismic excitation model. Because the ground motion accel-
eration spectrum satisfies equation (3.34a), it is also implied that equivalent
linearization cannot be used for the prediction of the low frequency content of

the displacement response of hysteretic structural systems,
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Spectral density function of the displacement response, for an excitation with

no zero frequency content. So=2.0, ¢=0.05, a=0.10 and wy/we=0.50.
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Finally, in Figure 3.12, a numerical simulation study of the influence of the
excitation frequency content on the displacement response of a bilinear hysteretic
system is presented. The two excitation models used in this study are described
by the same RMS value and characteristic frequency at w,/wg = 1.0. It can be
noted that the low frequency content of the excitation has a significant influence
on the drift response. The model A is the Kanai-Tajimi filter, often used in
the modeling of the seismic excitation. As mentioned in Section 2.3, the Kanai-
Tajimi filter does not accurately represent the low frequency content of the
ground motion acceleration spectrum. In contrast, the excitation model B, is
also obtained by filtering a white noise signal through a second order linear
filter {equation 2.27), but satisfies the condition @GQ(O) = 0. Based on this
observation, it is suggested that the excitation model B should be used in the

analysis of hysteretic structural response to earthquake excitation.
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The influence of excitation low frequency content on the drift response of a
bilinear hysteretic system. @y=0.10 and ¢=0.05. Comparison between Kanai-
Tajimi filter and the proposed excitation model (numerical simulation).
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3.8 Concluding remarks.

In this chapter, the response of a multilinear hysteretic system to stochastic
seismic excitation was examined. It was concluded that the second-order dis-
placement and velocity response statistics can be accurately predicted by equiva-
lent linearization, for the case of strictly positive parameters ag, (e; £ = 1,...,n).
The good agreement between the approximate results and the numerical simula-
tion results was noticed for a broad range of excitation and system parameters.

The equivalent linearization used in this chapter was also compared to the
second order equivalent linearization, introduced by Caughey. It was shown
that the transfer function of the higher order linear system is able to represent
the peak frequencies associated with the elastic component and the drift of the
displacement response. Nevertheless, for excitation models characterized by no
zero frequency content, it was shown that the response frequency content cannot
be modeled by any equivalent linear system with a bounded transfer function.
This suggests that the drift represents a characteristic feature of the hysteretic
response behaviour, and that for a better understanding of the process, further
investigation is required. To this end, the analysis presented in Chapters 4 and
5 is related to the formulation of the hysteretic response in terms of the drift

Process.
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Chapter 4. THE ELASTIC, PERFECTLY PLASTIC SYSTEM.

4.1 Introduction.

In Chapter 3 a general class of hysteretic systems was examined. It was
shown that for a multilinear hysteretic system and for strictly positive model
parameters ag, (&, i = 1,...,n) in the constitutive equation (2.10), the second
moments of the displacement and velocity response can be accurately predicted
with the use of the equivalent linearization technique. The drift component of
the displacement was defined for the case of a bilinear hysteretic system and it
was concluded that. the equivalent linear system cannot predict the frequency
content of the drift response for the case of a stationary excitation with no zero
frequency content. The analysis presented in Section 4.3 will show that for the
same class of excitation models, and in the limiting case corresponding to ag = 0,
equivalent linearization fails to predict the nonstationarity of the displacement
response. This suggests that the nature of the drift can not be explained in
terms of an equivalent linear system and that for a better understanding of the
process further investigation is required.

In this chapter, the random response of the elastic, perfectly plastic system
is examined. By considering the drift as the sum of yield increments associated
with the inelastic response, the problem can be formulated in terms of the yield
increment process, as will be shown in Section 4.4. It will be concluded that
an exact diffusion equation for the process cannot be obtained. For this reason,
discrete Markov process models for the drift of an elasto-plastic system are
introduced in Section 4.5. These models give a physical interpretation for the
process, while providing information regarding the response statistics and a
measure of structural safety in terms of survival probabilities for type-D barrier

crossings. Although defined for the random response of the elasto-plastic system,
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they also offer the basis for the understanding of hysteretic response behaviour
in general. '
In Section 4.6, the analytical results predicted by the discrete Markov pro-
cess models are compared with Monte Carlo simulation results. It will be con-
cluded that even if the probabilistic structure of the yield increment process
is extremely complex, for long duration of the stationary excitation the drift
statistics can be obtained using the properties of the simplified discrete Markov

processes. A discussion of this issue is presented in Section 4.7.

4.2 Equation of motion.

For the case of an elastic, perfectly plastic system, illustrated in Figure 4.1,
subjected to the stochastic seismic excitation model defined by equation (2.27),

the equations of motion (2.6) and (2.27) are reduced to the form

£+ Awot + wigi(d, Z, Y) = 2¢wgty (4.1a)
¢ =g2(6,Y) (4.15)
£, + 2¢qwaty + wgmg = e(t)£(1), (4.1¢)

with initial conditions
z{0) = £(0) = ¢(0) = z4(0) = £,(0) = 0. (4.1d)

In Appendix B it is shown that by an appropriate change of variables, a nor-
malized excitation peak frequency, w/, normalized time, 7, ductility ratio, u.,

and normalized RMS value of the excitation, ¢/, can be defined as follows

(4.24)

£
i
&€

T = wot (4.26)
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»*» — wg/wQ = 0.3
QO — wy/wo=0.5
AN —  wy/we=07
+ —  wy/wo=10
<> ——  wyfwo=1.5

@"—' wg/w0=3.0

'l— wy/wg=5.0

Figure 4.0
Legend of the numerical simulation data for the response statistics of an elasto-

plastic system.
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/1 Y

Figure 4.1
The elasto-plastic system,
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x
by = v (4’26)
and
ot = Za_ _ V5w (4.2d)
=Y T BV '

Without loss of generality, the analysis for the elastic, perfectly plastic system
governed by equation (4.1) is based on the normalized system corresponding to
parameters values

Y=1 and wo=1, (4.3)

while the results obtained are given in terms of the dimensionless groups defined

by {4.2).

4.3 Equivalent linear system.
4.3.1 Formulation.

Following the procedure developed in Chapter 3, an equivalent linear sys-
tem associated to the elasto-plastic system governed by equation (4.1), can be
defined. It should be pointed out that the normalized restoring force in (4.1a)
does not depend on the displacement z. This implies that the stochastic dif-
ferential equation (3.2) for the response vector u represents a set of uncoupled
equations, corresponding to the linear equation

111 = al(u) = Uqg (4.4@),
and the nonlinear stochastic differential equation
ug = a;(uz,ug,u4,u5) + e(t)w;(t) fori =2,...,5, (4.41))

with :
az(u) = —2¢us + Agwaus — g1(us, uz, 1)

as(u) = gz(us, Uz, 1)
424(11) = Us

as(u) = —2¢,waus — wiug
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and gy, g, defined by (2.6). Because equation (4.4b) does not depend on uy, the
parameters of the equivalent linear system C,;, Cs;, Ca1,C41, are determined
only by the response statistics of the variables (ug,us,us,us) and are given
by equations (3.14)-(3.17). This suggests that for an elasto-plastic system, the
covariance matrix for the response variables (z, 9, z,,%,} can be obtained inde-

pendently of the response statistics related to the displacement z.

4.3.2 Comparison of the approximate results to numerical simulation
results.

In Figure 4.2, the results for the mean square value displacement and ve-
locity response obtained by the equivalent linearization technique are compared
with the corresponding simulation results obtained from a set of 250 samples, for
the case wy, = 1, ¢, = .50, ¢ = 0.01 and S5,=0.40. The two sets of results seem
to agree with respect to the velocity response statistics, while for the case of the
mean square value displacement, equivalent linearization is not able to predict
the divergent response behaviour. Instead, the solution for the equivalent linear
system exhibits stationary behaviour. This kind of result is typical for the case
of the excitation model defined by (2.27), corresponding to an excitation with
zero low frequency content, as will be shown in Section 4.3.3.

In Figures 4.3a, 4.3b, a parametric investigation for the stationary RMS
value of the velocity response is shown. The results obtained by equivalent
linearization are compared with numerical simulations for the case ¢ = 0.01,
and for ¢, = 0.50 and 0.25 respectively. From this analysis, it appears that the
equivalent linearization technique can be used only for the calculation of the

velocity response statistics.
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Figure 4.2

Nonstationary Covariance of the response of an elasto-plastic system. Equivalent
linearization cannot predict the linearly divergent covariance of the displacement
Tesponse, if the acceleration spectrum satisfies the condition $,4(0)=0. Sy=0.40,
$y=0.50, wy/wo=1.0 and ¢=0.01. (a) Displacement response. (b) Velocity re-
spornse.
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Parametric investigation for the stationary RMS value of the velocity response.
Bandwidth of the excitation (a) ¢,=0.50 (b) ¢,=0.25. Legend of the simulation
data given in Figure 4.0.



4.3.3 Interpretation of results.

Consider a two-dimensional stochastic process (z, ), for which £, the time
derivative of the process z, is a stationary stochastic process with spectral den-
sity function @:z(w). Then for ¢ — oo the following asymptotic expression for
the mean square value of the process z is obtained (Crandall, Lee, Williams
(45)):

o2(t) < 2n®;:(0)t  ast— oo. (4.6)

Following the calculations performed in Appendix A, an expression for the spec-
tral density function of the velocity response, 7, of the equivalent linear system
can be derived. In the case of an elasto-plastic system with @9 = 0 and n = 1,

this expression is

1
<I>m(w) = Qaa(w)w, (4.7&)

where ®4,(w) is the spectral density function for the stationary excitation pro-

cess (). R; and I; are given by

C21C41
. = =27 1 .
R w[ 5103, {4.70)
21 31041
I, =2¢+Cyy — ._a_____cc, )
¢+ Oy 23 gl (4 76)

For w = 0, substituting {4.7) into (4.6) yields

P 4a(0)
(2¢ + C11 — C21C41/C51)?

o2(t) < 27 t ast— oo. (4.8)

This implies that equivalent linearization predicts a linear divergent behaviour
for the mean square value of the displacement only in the case of an excitation
with ®,,(0) # 0. Monte Carlo simulation results and the analysis presented in
the following sections suggest that the linear divergent behaviour for the mean

square value of the drift is a property of the elasto-plastic system subjected to
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stationary stochastic excitation, and is not dependent upon the frequency con-
tent of the excitation. This implies that for long duration seismic excitation, in
which the acceleration spectrum satisfies the condition ®,,(0) = 0, the equiva-
lent linearization results cannot be used for the calculation of the mean square
value displacement and drift response. It is also‘implied that the drift of a hys-
teretic system can not be explained in terms of an associated linear system and
further investigation is required for understanding the drift process.

Finally, as suggested in Section 4.3.2, the response statistics for the variables
(£,9) are accurately predicted by equivalent linearization. This can be viewed
as a consequence of the fact that the equation of motion represents a set of un-
coupled equations for which the response statistics of the variables (&, ¢) possess
a stationary solution and are independent of the response statistics associated

with the displacement response z.

4.4 Formulation in terms of the drift process.

4.4.1 On the relationship between drift and yield increment process.

In section 4.3 it was shown that the statistics for the drift component of the
response of an elasto-plastic system subjected to stochastic excitation cannot be
predicted by an associated linear system and that for a better understanding of
the hysteretic response behaviour, the nature of the drift of hysteretic systems
should be examined. The objective of this section is to formulate the problem
in terms of the drift component of the displacement response and to discuss the
related diffusion equation.

Consider an elasto-plastic system subjected to a zero mean stationary Gaus-
sian stochastic excitation, @(¢). Such a system and the corresponding normalized
restoring force are illustrated in Figure 4.1. Without loss of generality, consider

the simplified case corresponding to wg = 1 and Y = 1, for which case the



equation of motion is given by
E+ 2z +y=—a(t) (4.9a)

and
v = zg(y), (4.98)

where y is the elastic component of the response, ¢ accounts for the additional

viscous damping, while g(y) is given by

_J0 iflyl=1and yz>G; 4.9
9(v) {1 otherwise. (4.9¢)

For such a system, the drift, z, is defined as the inelastic component of the

response, or

z=z-9. (4.10)

A time history sample of z{t) is illustrated in Figure 4.4 for the model parameter
values Sy = 0.40, w, = 1.0, ¢; = 0.50 and ¢ = 0.01. It can be noticed that the
drift response exhibits three distinct types of behaviour, associated with elastic
response and yielding in the positive and negative direction, respectively. The
three states Sy, S, S3 so defined are illustrated in Figure 4.5 and correspond

to the elastic state Ss, or

Ss={(z,%,¥)] 2 i<1} (4.11a)
the plastic state Sy, associated with yielding in the positive direction, or

51 = {(Is z, y)l >2y=1 }a (4.110)
and S, corresponding to yieldéng in the negative direction, or

S; ={{(z,%,¥)) 2 y=-1}. (4.11¢)
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Time history of the drift response.
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Define d; as the yield increment associated with the i** yield occurance, or

di = 2(t) - 2(t})),

(4.12)

where t{(:') and t%) represent the beginning and the ending time of the 1tk yield

increment, respectively. In equation (4.12), ti") and t{) are also random variables

with t,(:) < ti,i) and é(t,(:.) ) = 0. For the response belonging to the plastic state

Sy, or for
(z(t),2(t),y(t)) € 51,
the equation of motion is given by

y{t) =1

and

Z(t) + 2¢2{(t) + 1L = —alt).
For the response belonging to the plastic state Sg, or for
(z(8), £(t),y(¢)) € Sa,

the equation of motion is
y(t) = -1
and

Z(t) +2¢2(t) — 1 = —a(t).
Finally, for the case of elastic response, or for
(=(t),2(t), y(t)) € Sa,

the equation of motion is

() =0

(4.13a)

(4.13¢)

(4.14a)

(4.14b)

(4.14¢)

(4.15a)

(4.150)
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and
g(t) + 2¢9(t) + y(t) = —a(t). (4.15¢)
The analysis in this chapter is carried out using the excitation model defined
by (2.27), or
—d(t) = 2¢w,t4(t) (4.16qa)

Z(t) + 2eggy (1) + wlz(t) = £(1), (4.165)

corresponding to the case 7, — oo and for £(t), a zero mean Gaussian white noise
process with spectral density function So/27. As discussed in Section 2.3.4., for
the stochastic seismic excitation model governed by equation (4.16), the model
parameters wy, ¢; and S represent the peak frequency, spectral bandwidth and
strength of the excitation, respectively.

The four-dimensional random process, u(i)T, is defined as
3T PR : iy - i
u® " = ), u6), 7 (6)), 2,610))- (4.17)

Now, {z(t),y(t),z4(t), £4(t)) is the solution of the stochastic differential equa-
tions (4.13)-(4.16) with continuity conditions

3(t4)) = u(es?) (4.18a)
A =gt =0 (4.185)

and
y(ty)) = y(tl)) = £1 (4.18¢)

By definition, tg) is the first passage time associated with the first passage of the
barrier level y(t,(f)) = =+ 1 for initial conditions y(tf(:'-lj) =1or y(t,(f_l)) = —1.
Similarly, y(t.(:)) is the first passage time associated with the first passage of
the barrier #{ fj)) = 0, and for initial conditions é(tl(f)). From equations (4.13)-

(4.18) and from the definitions of tg) and &, it is implied that u®® is a discrete
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Markov process. But from the results presented in Section 4.3, it can be assumed

that (2(2), y(t), z, (), Zg4(t)) is a stationary stochastic process, which iroplies that

the diffusion equation for the process u{i) can be assumed independent of ¢.
Consider a time T, for which n(T) yield increments have occured between

t=0and t =T, such that

1T < T <>+, (4.19)
Then for large T
(1)
DI (4.20)
=1

The relation (4.20) holds in an approximate sense, in order to account for the
possibility of an yield occurence at the time T'.

The yield increment d; is defined by {4.12) as
d; = 2(t®) — z(el). (4.12)

For uld) stationary in ¢, the yield increment process d; can be considered as a
zero mean stationary process described by the probability density functions
Pay(di) = pa, {diti,)

Pdy.dg (dia dj’) = Pdy da (d*-Ho’ dJ'-H'o)

(4.21)
Pdy,....dp (Biys o i) = Pdy,.oidi (Qiytigs eees Biytio) -
The second moments @, of the yield increment process d; are defined as
Q; = Eldid;:y;). , (4.22)

By applying equation (4.20), the mean and the mean square value of the

drift are given by
E[2(T)] =~ 0, (4.23q)
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n(T
E[23(T)] = E[(Z d;)?). (4.235)

For large T, the random process n(T) can be considered independent on (d;,7 =

1,...,n(T)), which implies that

E[z*(T)] = E[n(T)Qo+2(n(T)-1)Q1+2(n(T)—2)Q2+...42Q(n(1)- 1)} (4-24)
In equation {4.24), the expectation is taken with respect to the random variable
n(T). From equation (4.24), it can be seen that the second moment of the drift
response can be calculated if the probabilistic structure of the yield increment
process and of the random process, n(T'), are known.

The probabilistic structure of the process d;, defined by equation (4.19) can
be derived from the diffusion equation of the process u!?). But the calculation of
the diffusion equation for the process u involves two first passage problems, as-
sociated with the first passage times t,(f) and tg) , and no exact solutions for these
problems are available at this time. However, based on the linear divergence of
the mean square value drift, it can be assumed that for large n{T), the following
approximate expression can be derived for the autocorrelation functions of the

yield increment process

n(T)Qo + 2(n(T) = 1)Q1 + 2(n(T) = 2)Q2 + ... +2Q(n(1)-1) = An(T)Qo + Ey.

(4.25)
A justification for equation (4.25) will be given in Section 4.5, when analysing
the discrete Markov process models for the drift. For the case of mutually
independent yield increments, the coefficient A is equal to one. For this reason
A is defined as correlation factor, and will give a .measure of the yield increments
correlation. ’

Substituting {4.25) into (4.24) yields

E[23(T)] = Eo + AQoE[n(T)] = Eo + vy T AQy, (4.26)
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where 1y 1s the expected value for the rate of yield occurences. In the case
of a stationary excitation, the stationarity of the yield increment process is

approximately achieved after the first yield occurence. Define
T.. = E[t{"] - | (4.27a)

as the expected time of the first yield occurance. It can be assumed that for
t > T.z, the mean square value drift exhibits a linear divergent behaviour. Then

for t > T,., equation (4.26) may be written in the following equivalent form:
o2(t) = Bl2(t)] = ehQo + vy AQo(t — Tua). (4.278)

From equation (4.27) it can be noticed that the mean square value drift
is determined from the response statistics Qq, vy, €5 and A. In Sections 4.4.2
and 4.4.3 it will be shown that the first order probability density of the yield
increment process can be derived from the stationary probability density of
the velocity response. Due to the complexity of the problem, an analytical
expression for the correlation factor 4 can not be determined. For this reason,
discrete Markov process models for the drift are introduced in Section 4.5. Based
on these models and on the Monte Carlo simulation results presented in Section

4.6, an approximate expression for 4 is obtained.
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4.4.2 Response statistics for the upcrossing velocity process

Because of the symmetry involved in the problem, consideration need only to
be given to the case corresponding to yielding in positive direction, or for y = 1.
As shown in Figure 4.5, at time t,(,‘.) the response leaves the elastic state 53
with an upcrossing velocity é(t,(f)) and yielding will occur until the velocity 2(t)
becomes equal to zero. But, as discussed in Section 4.4.1, the Markov process
u(l) possesses a stationary solution, which implies that a stationary solution for
the yield increment, yield duration and upcrossing velocity processes will exist.
To account for both plastic states S; and S», the absolute value of the upcrossing

velocity v!(,i) is defined as follows:
vl = 56l (4.28)

From the continuity equation (4.18a), it is implied that the stationary prob-
ability density function of the process vy, py,(vy), is related to the the stationary
probability density p} (Z,y) of the response variables (£,y} corresponding to the
elastic state S3. Based on the definition of the conditional probability for a dis-
crete process, Karnopp and Scharton (39) showed that this relationship is given

by

. p;y(vwl - 5)
v = lim o
Po, (vy) = lim I pL, (51— odz

for v, > 0. (4.29)
Equation (4.29) was also used by Vanmarcke and Veneziano (40) and Grossmayer
(41), for the calculation of drift increment statistics. A more careful look at the
relationship between py,(vy) and p} (Z,y) will prove that equation (4.29) is
actually in error.

Consider {z, £}, a two-dimensional stochastic process, for which it is desired

to calculate the conditional probability density p:(Z,to|lz = zo), conditional

upon the upcrossing of the barrier level z = z, for t € (to,t9 + dt). Then, p;



T =z9— Zdt

—ZIg zo

Figure 4.8

Phase plane of the stochastic process (z,z). The marked domain corresponds
to trajectories for which upcrossing of the threshold £ = 25 occurs at times
7 € (t,t + dt).
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should satisfy the condition

/ ps(%,t0|z = zo)dE = 1. (4.30)

-0

But from Figure 4.6, it can be seen that

£
pi(Z,tolz = zo)dt = A* / Pzs (2, £, 10 )dzdZ, (4.31a)
zo—zdt
or
Pa{Z, to|x = zo)dz = A*Ep,:(z = z0, &, to) didt, (4.31b)

where A* is a constant that is determined from equation (4.30). Hence, the

following expression for p; is derived

'y (2.: ¢ lz - xO) - ipmdz(z = 2015:3 tO)
AT E0 fooo ipx¢($=xo,i,to)di.

(4.32)

Using equation (4.32), and for stationary probability density function, the cor-

rection for equation (4.29) is given by

VyPiy (Vyr 1 —€)
e—0 f0°° £ps (2,1 — €)dz

for uy, > 0. (4.33)

Of special interest is the case corresponding to Gaussian distributed prob-

ability density p} (vy,1), or

»2
P}y (vy,1) = B e W7, (4.34)
From (4.33) and (4.34)
2
v - v
Poy(vy) = %Eg'e 2%, (4.35)

The mean and mean square values for the upcrossing velocity v, are then cal-

Efvy] = \/gb, (4.36a)

E[vZ] =2b% (4.365)

culated as
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4.4.3 First-order probability density for the yield increment process.

To account for both plastic states S§; and Sz, the absolute value of the drift

increment dgf) and yield duration tg) are defined as follows:
d) =|di| , (4.37a)

1) =) —¢0); (4.375)

dg) and tg{,'.) are stationary random processes and dz(f) given by

. £y +2()
dV) = /t o |2(t)|dt. (4.38)
b

Without loss of generality, consider that the time t = 0 represents the
beginning of a yield increment in the positive direction. In this case, the equation

of motion for the velocity v(t) = 2(t) is given by
v+ 2¢v+1=-aft) forte (0,ty), (4.39a)
where ¢, is the first passage time of the barrier level v =0, or

v(ty) =0, (4.396)

given that at time ¢t =0
v(0) = vy, (4.39¢)

vy is a random variable with probability density function given by (4.33). The

drift increment d,,, defined by (4.38) can be expressed in terms of v(¢) as

d, = / " ). (4.40)

From the formulation of the problem, it is implied that ¢, represents the

stopping time of a first passage problem and as a consequence, exact solutions
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for the probability distributions of ¢, and d, are very difficult to obtain. Instead,
the following approximate solution is defined.
Consider the excitation —&(t) to be composed of a deterministic mean value

mg(t) and the random process (t), or
—d{t) = mo(t) + €(t), (4.41)

and assume that for small yield durations ];:—&%I & 1, and that m(t) remains
constant during the yield occurance. Then, for ¢ & 1, the stochastic differential

equation (4.39a) reduces to the deterministic equation

with v(0) = v,. The assumption regarding the constant value of the mean value
for the excitation is justified in the case of small duration yield occurences and
for the excitation model described by a single peak spectral density function
and zero low frequency content. Indeed, in this case the excitation exhibits
oscillations at the characteristic frequency w, and strong autocorrelation for
small time differences.

From equation (4.42) it is implied that

v(t) & vy — (1 —mg)t fort e (0,t,) (4.43)
and
ty A e (4.44)
YT (1=-me) )
From (4.40)
vy
dy % S (4.45)

The mean and mean square values for the drift increment and yield duration
can be easily calculated as

Blt) = o Bl (4.40)
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1

EIdy] = 2(1 - mo)

Ev2]. (4.47)

In the case corresponding to Gaussian distributed probability density, p}, (vy, 1),

the following simplified expressions for the yield increment statistics are ob-

tained:
.E[r,,]:(—1—_1—m—07 %b (4.48)
Eld,) = a —lmo)b2 (4.49)
and
Eld,] = .(T:-"'Wb**. (4.50)

4.5 Two-state Markov process mode] for the drift of an elasto-plastic
system.

In Section 4.4 it was shown that by expressing the drift as the sum of
vield increments associated with inelastic behaviour, the random response of an
elasto-plastic system is determined from the yield increment statistics. Because
of the complexity of the problem, an exact solution of the diffusion equation for
the yield increment process can not be obtained. For this reason, the analysis
presented in this section is based on a simplified Markov process model for the
drift. For this model, the second order statistics and an asymptotic expression
for the first passage probability of type-D barrier levels are derived in Sections
4.5.2 and 4.5.3, respectively. A discussion on the generalization of the results

for the actual yield increment process is presented in Section 4.5.4.
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4.5.1 Discrete Markov process models.

Consider the two-state process, S(*), defined as the inelastic state in which
the i** yielding occured. Then the yield increment, d;, is described by the
magnitude, d,{,i) , and the direction of yield occurence determined by the process
50G), For the models introduced in this section, it is considered that d_,(,i) and

SG) are independent processes, or
dey(S(‘),dL‘)) =ps(s(i))pdy(dg(;))_ (4-51)

it is also considered that the magnitude of the yield increments are mutually
independent processes, while S} is a two-state Markov process, with transition

probabilities, p* and p~, defined as
pT = P(81]81) = P(S:|Sz) (4.52a)

and

p~ = P(51|52) = P(82]5.), (4.52b)

and P(...) is defined as the probability of the event in parenthesis. Based on

their definitions, it is implied that
pT+p  =1. (4.52¢)

Equations (4.51) and (4.52), imply that the transition probability for the
stationary process, (d!(,i), S (‘)), is given by

psa, (d5t9); 50+ (¢l 50y = py (dU+)) p(glita)|g()), (4.53)

For the simplified yield increment model the mean square value of the yield
increment, Qg, and the transition probabilities, p™ and p~, are equal to the

corresponding values of the actual yield increment process. In order to account
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for the possible correlation between the magnitude of yield increments, two
extreme cases are considered, as follows.

For the deterministic steady-state response of an elasto-plastic system, the
magnitude of yield increments is constant. Based on this observation, the type-
A model is defined as a process with constant rﬁagnitude yield increments. The
other extreme case corresponds to uncorrelated dg). As shown in Section 4.4, the
first order probability density of d, is approximately exponentially distributed.
For this reason, the type-B model is defined as a process with mutually inde-

pendent and exponentially distributed magnitude of the yield increments.

4.5.2 First order probability density of the drift response.
The drift, 2(™), is defined as the sum of vield increments, or
2™ =3 "d.. (4.54a)
i=1

This implies that for zero mean yield increments, the drift is a zero mean process,

with covariance, aL")’, given by
ol = B2 = nQo + 2(n ~ 1)Q1 + oo + 2Qucry, (4.54b)

where Q; are the autocorrelation functions of the yield increment process. But

for the yield increment model, with transition probability given by equation
(4.53), @, is given by

Q; = Eldiyyds] = E[d}+9)dl)| Elsgn(d;y ;di)). (4.55a)

Because the d,g’.) were assumed mutually independent, it follows that

E[d_?,]’ if g =05

E?(d,], ifj>1. (4.550)

Q; = Elsgn(des;ds) {



-82-

Now, S(*) is a two-state Markov chain and because the yield increment is

a zero mean, stationary process

1

P(sY =5) =P(s¥) = 83) = 5 (4.56)

Following standard procedure for the treatment of Markov chains, it can be

shown that

P(SU+) = 5|56 = 5,) = P(SEH) = 5[50 = 53) = Z{1+ (1= 7)),

(4.57a)
and that
P(§0+) = g,|80) = §5) = P(S6+9) = §,}5() = 5,) = %[1 — (1 -2p7)
(4.575)
From equations (4.52), (4.56) and (4.57)
E[sgn(diy;d:}] = (1 —2p7), (4.58a)
which implies that
—- E[dﬂ’ if 3 = 0;
= { B*d,[(1 - 207), 521 (4.586)
Define |
Bo=1-2p". (4.59)

Then, by substituting (4.58), (4.59) into (4.54b), the following expression for
E[2(™’] is obtained:

nfo(1 — B3 fo(l ~6572) B

E[()?] = nE(d3]+2E%(d, | [ +((n—1)Bo—1)

1- 8o (1 - Bo)2 1-8 )
(4.60)
For n — oo this becomes
(n)?] 2 ZEZIdy]ﬁO] _ 2B0E?[dy]
B[z n[E[dy]-i- T— 4o =0 (4.61)
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Equation (5.65) suggests that for the conditional random walk process examined
in this section, the mean square drift is linearly divergent as n — oo, or

E[z") = nAQq + Eo, (4.624)

where A is the correlation factor defined in Section 4.4, and is equal to

2E%[d,] Bo

A=1+ . 4.62b
El) 1- o (4620
The * offset”, Es, is given by
2/30E2[dy]
Ey= ——5=c¢ 4.62c
e P AT oQo ( )
and
260 E%(dy]
€ = ———r 2, (4.62d)
Eld3)
For the type-A process,
E*d,| = E[d2], (4.63)
and the correletation factor A is given by
+
a=2. (4.64q)
p
while € is given by
2p7 —1
€g = L—?——Q*l (4.64b)
2p~

In the case of the type-B process, the mean and the mean square value of d, are

related through the relationship
2E2{d,| = E[dZ], (4.65)

which implies that for the type-B process, the correlation factor and the offset

coefficients are given by

A= — (4.66a)
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and
(2p” - 1)
4p‘2

For both processes A and B, it can also be shown that as n — oo, the drift,

€y = (4.665)

2(™), defined by (4.54a), becomes a Gaussian distributed process.
Grossmayer (41) defined the increment d, as the sum of all successive yield

increments in the same direction. The change of drift during an open loop , dn,
was defined as . ) )

(3) =
dn n

(4.67a)

From the definitions of the related processes, the coefficient 4, for Grossmayer’s
model can be derived as
p+

3 2
- =2 2 2 87
A 32(1+p_) (4.67b)

4.5.3 First passage probability for the conditional random walk.

In Appendix C it is shown that for the type-B process, as n — oo, the
survival probability for the type-D barrier at |z| = b, defined as

Wé“) = Prob({z(i)\ <b Yi=1,..,n}, (4.68)

is just a function of the ratio between b and UL”), and does not dependent on n.

Hence,
b

O'L")

W™ & po(—3)- (4.69a)

In equation (4.69a), po(-y) represents the survival probability of Brownian motion
for a type-D barrier at |z| = ~4t, and is given by |
. 4 =] (_l)k _(3k+1 2,2
== — N
Pol) =~ :L_; D" "% : (4.695)
Because the type-A process is a conditional random walk with constant

increments, for large n it will converge to a Wiener process. This implies that
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the first passage probability of a type-D barrier level at |z| = '70‘(.,”) will again
be given by po(7).

The connection with Brownian motion can be better understood if the in-
crement A is defined as an average of k succesive yield increments d(*). Then,

for n = nik,

nik ny k "1

A =3 g = 3 (Z d((k—1)3'+-')) —EY Al (4.70)
i=1 7=1 “i=1 =1

For large enough &, the AU} can be considered as mutually independent and

Gaussian distributed increments. Define the type-C model as a process with

mutually independent and Gaussian distributed increments. The mean square

value drift for the type-C process is then given by

ag"Jz ~no%. (4.71)
But from (4.62a)
E[z™] = ndQq + Eo. (4.62a)
Hence,
4= 24 4.72
= BT (472

which relates the correlation factor A to the second moments of the A and dy
processes.

For large n, the type-C process will behave like a random walk converging
towards Brownian motion. This can be illustrated by considering the first pas-
sage problem for the process C and for a type-D barrier at |z| = ~ol™. The
transition probability density is given by

)z -:—-—--1 = e z)dz. .
P = g [ (2)d (4.7
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The survival probability is given by

23

I S O S
W' = —7— e “ae a ...e a  dzy.dz,,
' (27)30} J=voaym -17ayn
n times w74)
4.74
or by an appropriate change of variables, ¢; = Z%;’
n 1 el 2 nt? n{ta-ty)3 n(tn~ty._1)3
wi™ = TE [ / e e T e dtydty,.  (4.75)
TNj3 J—y )

n times

Equation (4.75) represents an approximate solution for the survival probability
at time ¢ = 1 for a Brownian motion and for the type-D barrier at |2| = ~. An
approximate solution may be obtained by discretizing the time interval (0, 1)
into n time intervals, and applying the transition probability of the process at
times {t; = Jri, J=0,.n— 1). As n — oo, Wb(n) converges to po{y) defined
by equation (4.69h). Based on numerical diffusion of the probability density
function, it can be concluded that good estimates for po(+y) can be obtained for
n > 10.

For computational purposes, the series expansion expression for po(7), given
by (4.69b), can be efficiently applied for low barrier levels, or for small 4. For
high barrier levels, a similar expression for po(~) can be obtained (see Simon
(10)), as

po(7y) = Prob(u € T') — Prob(z € B), (4.76a)

where u is a normal distributed variable and T', B are defined as
T=(-%7MUE5U(=37-5)U.. (4.765)

and

B= (737U (-7-3)U(Br,T)U.. (4.76¢)
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For large values of 4, by applying an asymptotic expansion for the complemen-
tary error function, an approximate expression for po(<y) can be obtained as

po(y) = 1~ %e";[l - ,71—2 : (4.77)

The generalization of the properties derived in Sections 4.5.2 and 4.5.3, to

the continous-in-time drift of an elasto-plastic system is discussed in Section
4.5.4, while a comparison of the analytical results with Monte Carlo simulation

results is examined in Section 4.6.

4.5.4 Interpretation of results.

In this section, discrete Markov process models for the drift of elasto-plastic
systems subjected to stationary stochastic excitation are examined. As discussed
in Section 4.4.1, the mean square value drift can be expressed as a function of

the yield increment statistics through equation (4.24), or
B(z4(T)] ~ Eln(T)Qo+2n{T) ~1)Qu+2(n(T)—2)Q-+-+2Q(n(r)—1)]» (4.24)

where expectation is taken with respect to the number of yield occurences, the
random process n(T). But for the discrete conditional random walk model it
was shown that for large n(T), equation (4.54b) can be expressed in terms of

the correlation factor A and autocorrelation functions @y, as following:

n(T)Qo + 2(n(T) — 1)@ + 2(n(T) - 2)Q2 + ... + 2Q(n(7)-1) = An(T)Qo + Ey.
(4.78)

As also mentioned in Section 4.4.1, it is suggested that even in the general
case of a drift increment process, such a relationship should be valid. For au-
tocorrelation functions of the actual yield increment process satisfying equation
(4.78), the mean square value of the drift is linearly divergent, and is given by

equation (4.26)

E[2*(T)]) = Eo + AQoE[n(T)| = Eg + vy TAQy, (4.26)
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where vy is the expected value for the rate of yield occurences. In the case
of a stationary excitation, the stationarity of the yield increment process is
approximately achieved after the first yield occurence. Because the behaviour
of the elasto-plastic system is different before and after this first occurence, a
time shift Ty is introduced in equaﬁon (4.26) corresponding to the start of the
equivalent discrete Markov process. Then, for the discrete process, T should

satisfy the equation

vy(Tez —Th) = 1. (4.80)

The approximate expression for the mean square drift is given by
o3 (t) = ,Qo + vy AQo(T — Tez) (4.81a)

and

€, = €g + A. (4.81b)

For process A, substituting equation (4.64) into (4.81b), yields

2

o U 2 1) (4.82a)
2p~
For process B, substituting (4.66) into {4.81b), yields
, 4p7 -1
€g = ——a5—. 4.82%
0 -2 ( )

Although the drift is a continuous process, equation (4.27b) suggests that for
large vy T, the drift statistics can be predicted from the the properties of an
associated discrete random process corresponding to vy T yield increments.

Of the three random walk models for the drift (processes A, B and C) it
appears that the most realistic approximation is given by the type-C process,

which also offers an interpretation for the coefficient 4. Recall that the process
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C is defined as a random walk with Gaussian distributed increments A®) ob-
tained by averaging k succesive yield increments dg;'). It is not clear, however,
how large k should be in order to achieve the statistical independence of the
increments A(), This implies that such a model cannot be used succesfully for
the computation of the correlation factor A. /

A more detailed examination of the applicability of the discrete Markov
process models for the drift response of an elasto-plastic system is discussed in

the next section.

4.6 Monte Carlo simulation study of the Brownian nature of the drift.

4.6.1 Introduction.

In Section 4.5, the properties of a conditional Markov process model for the
drift of an elasto-plastic system were examined. The model was based on the
assumption that the magnitude of the yield increments are mutually independent
processes, while the direction of yield occurence is a two state Markov process
corresponding to the plastic states S; and Sa. In order to account for the possible
correlation between the magnitude of the yvield increments, the processes A and
B were defined for the modeling of strong and weak correlation, respectively.
It was suggested that for large duration of the stationary stochastic excitation,
the drift becomes a Brownian motion. No indication was given, however, on
whether such large durations correspond to problems of practical significance.
Because no analytical tools are available to examine this issue, a Monte Carlo
simulation study of the elasto-plastic system subjected to stationary stochastic
excitation is reported in this section.

The purpose of this numerical simulation study is to examine the applica-
bility of the discrete Markov process models for drift of an elastoplastic system

subjected to stochastic excitation. Based on the properties of the discrete model,
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it is suggested that certain drift properties should be invariant with respect to
system and excitation parameters. For this reason, the following properties are

verified on the whole sample set of 54 simulation cases:

Property 1. -stationarity for the response variables z, y, dé,i) s

t;‘.), pT, vy, approximately for times ¢t > T...

Property 2. -Brownian motion nature of the drift for long dura-

tion of the stationary seismic excitation, which implies:
a. -linear divergent mean square value drift.

b. -zero mean Gaussian distribution of the drift re-

sponse.

¢. -distribution for the normalized peak drift response
independent of ¢, and given by po(z—';‘:-{%()ﬂ).

The system and excitation parameters used in this analysis are selected to
represent cases of practical interest. In the 54 cases examined, the ratio between
the characteristic frequency of the excitation and the natural frequency of the
system is chosen as w,/we =0.3, 0.5, 0.7, 1.0, 1.5, 3.0 and 5.0, while the values
¢;= 0.25 and 0.50 are selected for the bandwidth of the excitation, to represent
narrow and broad banded excitation, respectively. The results presented in this
analysis mostly correspond to peak ductility ratios between one and ten, which
is considered the domain of practical interest.

Because the objective of this study is to examine whether the Brownian
motion model can be applied for excitation durations of practical interest, the
duration of the simulated records is chosen as 25T, were T is the natural period

of the system.



-91-

4.8.2 A Monte Carlo simulation program for the random response of
an elasto-plastic system.

The simulation program used in this analysis is designed for the purpose
of examining the properties of the yield increment and drift of an elasto-plastic
system. Because the system responds linearly in each of the three states, 5,

S2, S5 defined by (4.11), the equation of motion is solved exactly for each case,

or
with
W7 = {z), 1 {4.83b)
a0+ 7 _ (a6+9) gy, (4.83c)

and (Aj, Bj; 7 = 1,2,3) correspond to the state S; and for time steps
dt=T7, /100, where T is the natural period of the system. The {ransition times
t},k), 1) corresponding to the beginning and the ending time of the k" yield

occurence are numerically calculated as the solutions of the following equations

y(ti) = +1 (4.84a)
and
£(t{¥)) = 0. (4.84b)

Because t,(f) and tg) are determined for each yield occurance, the duration of

each yielding occurence

£ =) — ) (4.84¢)

and the corresponding yield increments

d) = z(¢®)) — 21V (4.84d)
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are calculated.

From the 250 simulated records of the response variables (z, &, 2,y), the cor-
responding transient mean square values are calculated, as well as the expected
time of the first yield occurance T*'™. It is observed that for times t > T2im,
stationarity in mean square value for (%,y) is approximately achieved. Follow-
ing the stationarity assumption it is also assumed that for ¢t > T2™, the (,y)
process is ergodic, which enables the creation of large samples for the yield in-
crement and velocity response. The sequence of yield increments is stored for
each record, which allows the calculation of stationary transition probabilities
pT and p~.

As basic properties of a Wiener process, the Gaussian distribution and the
survival probability of the drift response are also examined. The peak response
distributions at times t = 15T and ¢ = 25T and the drift probability distribu-
tions at times ¢ = 107, and ¢ = 207, are calculated for each simulation study.

A discussion of the results is presented in Sections 4.6.3 and 4.6.4.



-93-

4.8.3 Correlation factor and first-order statistics.

For all 54 cases studied in this analysis, a linear divergence for the mean squa.ré
value of the drift and stationarity in mean square value for the response variables
(Z,y) is noticed. It is also verified that Properﬁy 1 is approximately valid for
times ¢ > T,.,. In order to illustrate the stationarity for the yield increment
statistics, the simulated records are divided into ten equal time intervals of
length 2.5T,, and the expected values E(/}[p*], V-g}-j), EW(d,] corresponding to
the 7%* time interval are calculated. It is noted that the specified statistics are
independent of 7, for 7 > 3, which implies that for future simulation studies, the
ergodicity assumption can be applied for times ¢ > 57%.

The linear divergence in mean square value of the drift implies that for

t > Tz, 02(t) is approximately given by

o2(t) = Alt - Ty), (4.85a)
with
A = Avy Qg (4.850)
T, =T, — -2 (4.85¢)
1 = Lex AUY, (2.00¢

where A is the correlation factor defined as a function of the yield increment
autocorrelation functions. Based on equation (4.85a), a numerical simulation
estimate for the correlation factor, A, is obtained from a least square linear fit
of the mean square value of the drift time history, and for t > T, +Tj. Followfng
this approach, A is calculated as

sim _ __ Deim

— e .
Jime;m

p (4.86)

In Figure 4.7, a comparison is shown between the (A4, ;Lf) values obtained

from Monte Carlo simulation and the analytical results predicted by the discrete
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Markov process models. Recall that for type-A process, the correlation factor is

given by
o+
A=, (4.64a)
p
while for process B, by
1 .
= —— 4.66
A= (4660)

The correlation factor for Grossmayer’s model is

3 2t .0
—{1 4+ —)~. 4.67b
1+ 20 (1.67)

A=

<

From the results presented in Figure 4.7, it can be seen that equation
(4.64a), corresponding to the process A, is in better overall agreement with
the simulation data. This suggests that for the actual process, the magnitude of
the yield increments are not mutually independent. Nevertheless, for w,/wg > 1
the simulated results show an increasing divergence from the process A model,
while approaching the analytical results predicted by process B. It can be con-
cluded that even if the dependence of the correlation factor, A, on system and
excitation parameters is very complex, an approximate relation between 4 and
;Lf can be derived. In the analysis presented in Chapter 5, it is assumed that A
is given simply by

-+
A=

ik

(4.64a)

The transition probabilities p* and p~ also provide a measure of the nar-
rowbandness of the response. For small values of pt /p~, the response is narrow-
banded and a yield increment in one direction will be most probably followed by
yielding in the opposite direction. In contrast, for larger values of p*/p™, the
response becomes broadbanded and the sequence of yield increments approaches
a random walk type of behaviour. It should be pointed out that this definition

of narrowbandness of the response relates to the short duration behaviour of



-96-

the system. As it will be shown later in this section, the large time scale be-
haviour of the drift approaches a Brownian motion independent of the system
and excitation parameters.

In Figure 4.8, the values for the offset coefficient, ¢}, obtained from numer-
ical simulation studies are compared to the expression of ¢, obtained from the
discrete Markov process model (equation 4.82). It can be noticed that even if
neither model is in very good agreement with simulation data, an approximate
value €} = 0.5 gives good conservative estimates for the offset of the mean square
value of the drift. For large durations of the excitation and for most problems
of practical interest, the offset, £y, becomes negligible. Nevertheless, for cases
in which the offset is of practical significance, equation (4.27b}, with €, = 0.5,
can be used as a simple approximation for the transient mean square value drift
response. An illustration of this simplified solution is shown in Figure 4.9.

Finaily, in Figure 4.10, the probability distribution of the drift response
at time ¢ = 207} is illustrated for the values of model parameters S = 0.40,
wg = 1, ¢ = 0.01 and ¢, = 0.50. The simulated data are obtained from a set of
2500 samples. It can be seen that the drift response indeed becomes Gaussian
distributed. For actual structural systems, 20T} corresponds to a duration of the

excitation in the range (4-60) sec., and can be considered of practical interest.
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Offset coefficient, €, versus the ratio of transition probabilities p+ /o~ . Com-
parison between analytical and numerical simulation results.
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Probability distribution of the drift response at time ¢ = 20T and for 5,=0.40,
wp/wo=1.0, ¢;,=0.50. Numerical simulation data obtained from 2500 samples of
drift response. ‘
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4.6.4 The first passage problem.

For a Brownian motion, the first passage probability of a type-D barrier

level at |z] = v0,(t) is equal to

Peos (|2

and is independent of . Equation (4.87) also gives the probability distribution

<7 Vs (0)) = o) (4.8

for the peak drift response

Zmaz(t) = sren(g.:i) [2{s)]- {4.88q)

From (4.87) and (4.88a) it is implied that

Pro b( 5 (t()t) ) = po(). (4.88b)

In Figure 4.11, the simulated probability distributions for the normalized peak

drift response at t = 15Ty and 25T, are compared with the corresponding an-
alytical curve po(7), for the parameters values So = 0.40, ¢, = 0.50, ¢ = 0.01
and w, = 1.0, and for 2500 simulated records. It can be seen that in this case,
the analytical results are in excellent agreement with the simulation results. A
statistical examination of the first passage probability is performed over the 54
cases considered in this analysis, as follows.

Define «;:(t), as the normalized peak drift response for the ** studied
case, corresponding to survival probability p;. This implies that for the i** set

of excitation parameters, the survival probability for the drift response is given

by

Prob(zf:::(nt()t) < "],‘,,'(t)) = pj. (4.890.)

Consider the mean m? (¢} and the RMS value ¢J (t) of the variable v, :(¢), defined

as

mJ (t) = Z v4.i( (4.895)

tﬂl
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Probability distribution of the normalized peak drift response at time t=157),
and 25T, for Sp=0.40, wy/we=1.0, ¢;=0.50. Numerical simulation data ob-
tained from 2500 samples of drift response. The results suggest the Brownian
motion nature of the drift of an elasto-plastic system.
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Q
-2
=

[V

]

[
[]=

Fg 20l i) (4.89¢)
where N is the number of simulation cases considered. In Figure 4.12a and 4.12b,
the analytical prediction for the first passage probability distribution, po(v),
is compared to the corresponding simulation results, mf; (t) + a?; (t), for cases
corresponding to Ef)i < 1 and for durations t = 25T, and ¢ = 15T}, respectively.
It can be noticed that the simulation results, calculated from a set of 36 samples,
are in excellent agreement with the analytical prediction. Similar conclusions
can be drawn for cases corresponding to gi- > i, as illustrated in Figure 4.13.
In this case the simulation results were calculated from a set of 27 samples.
In Figures 4.12 and 4.13, the results are also compared to the approxiniate
expression for po(y), given by equation (4.77). From this comparison, it can be
concluded that the approximate expression (4.77), can be used for large values
of the normalized peak response, or for v > 1.5.

Finally, if one considers the small sample used for each simulation study
(250 records), the results may be considered in excellent agreement with the

analytical prediction.
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4.7 Conclusion.

The analytical results and the simulation study presented in this Chapter
suggest that for long duration strong motion excitation the elasto-plastic system
exhibits a Brownian motion type of behaviour. Such behaviour is observed for
durations of at least 15T, which for an actual structural system corresponds
to duration of approximately 3-45 sec. The implications of this observation are
very significant for the analysis of the random response of elasto-plastic systems.

For the case of a stationary excitation, the drift response is a zero mean
Gaussian distributed random process, with transient mean square value given

approximately by
oZ(t) = Qol0.5 + vy A(t — Tez)] fort > Tep. (4.90a)

The peak drift probability distribution is approximately given by

Prob (

It was shown that the dependence of the correlation factor, 4, on system and

el <) = ol (4908

excitation parameters is very complex. It also appears that an analytical expres-
sion for A is extremely difficult to obtain. From the results derived in Section
4.5 and their comparison with simulation results presented in Section 4.6, it can
be concluded, however, that at least an approximate relation between A and
the transition probabilities p* and p~ can be derived. The strong correlation
between the two quantities also suggests the need of a solution scheme for the
calculation of the transition probabilities p™ and p~. In the analysis presented

in this thesis, it will be assumed that the correlation factor is simply given by

A=— (4.64a)
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From these observations it is concluded that the random response of an
elasto-plastic system subjected to stationary stochastic excitation is approxi-
mately determined by the conditional probabilities, p* and p~, mean square
value yield increment, Q,, the mean rate of yield occurence, vy, and the ex-
pected time of the first yield occurence, T,,. Based on the analytical results
obtained in this chaptier, an approximate solution for the problem is introduced
in Chapter 5.

The analysis presented in this chapter provides useful information regarding
the nature of the displacement response behaviour. A measure of the narrow-
bandness of the elastic component response is given by the transition proba-
bilities p™ and p~. In contrast, the drift component of the response does not
exhibit oscillatory behaviour and can be approximately considered as a Brown-

ian motion.
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Chapter 5. APPROXIMATE SOLUTION FOR THE RANDOM
RESPONSE OF AN ELASTO-PLASTIC SYSTEM.

5.1 Introduction.

From the analysis presented in Chapter 4, it was concluded that the drift
statistics can be approximately expressed in terms of the transition probabilities,
pT and p~, mean square value yield increment, Qg, and the mean rate of yield
oécura.nce, vy. Based on this observation, an approximate solution for the
random reponse of an elasto-plastic system subjected to filtered white noise

excitation is derived.

As will be shown later in this chapter, pT, Qg and vy can be calculated
from the stationary probability density p;y(:i:, y), of the velocity, #, and elastic
component of the displacement response, y. Karnopp and Scharton (39), Van-
marcke and Veneziano (40) and Ditlevsen (42) calculated p;  from the response
of an associated linear system governed by equation (4.15¢). It is understood
that such an assumption is approximately valid only for the case of infrequent
and small plastic deformations. To avoid this restriction, Grossmayer (41) cal-
culated p}, from the response statistics of an equivalent linear system, defined
as the limit of a reccurent algorithm.

In the method presented in this chapter, there is no need for consideration
of an associated linear system because, as shown in Section 4.3, the elasto-plastic
system is formulated in terms of an additional response variable ¢, correpond-
ing to the elastic component of the displacement response. In Section 4.3 it was
also shown that the equivalent linear system defined by equations (3.7}, {3.8)
and (3.14)-(3.18) gives very good approximate results for the response statistics
associated with the variables (z,4). But for |¢| < 1, y = ¢ and g = &, which

implies that p;,, can be calculated by the equivalent linearization technique and



-108-

is a zero mean two-dimensional Gaussian distribution. Based on p},, the yield
increment statistics are obtained in Section 5.2, while in Section 5.3, a new so-
lution technique for the calculation of the mean rate of yield occurence, vy is
presented. Estimates for the transition probabilities, p* and p~, are calculated
in section 5.4, from an approximate solution of the first passage problem as-
sociated with the crossing of the yielding level by the y process. Finally, the
results for the drift statistics obtained by this approximate solution scheme, are

discussed in Section 5.4.5.

5.2 Yield inecrement statistics.

5.2.1 Response statistics for the upcrossing velocity process.
In Chapter 4 it was shown that the conditional probability density py,(vy)

can be expressed in terms of pj, as

oy (1) = lim o Pin(l0:1 9
R ARE LA} I £pl,(£,1 — €)d

for v, > 0. (4.33)

But, p}, is a zero mean two dimensional Gaussian distribution with covariance

-matrix Q® defined by (2.63c) and (3.32). Thus

s 1o — 1 _ (z - “11)2.
p_.;,y(-'li, 1) = ZW\/WGXP( 252 ), (5.1&)
with
Qip
= —= 5.156
and .
Q::Q¢¢ — Q3
§2 = 2é 5.1c
' Qss (5.1¢)
From equations (4.33) and {5.1)
1 (vy — J“x,r)2
p,y(vy) = BTﬂexp(—T), (52(2)
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where B(¥) is defined by
ao 2
Uy — @
B ;—_/f; vzexp(_ﬂ_zz_sz_y_)_)dvy (5.2b)

A recurrent algorithm for the calculation of B{¥)'s is presented in Appendix D.
From (5.2), the mean and mean square value for the upcrossing velocity v, are

then given by

B2

[vy = "-BTL)' (5.3&)
B(3)

[UZ] = B() (5'36)

For most cases examined in this analysis

1Qiol € VQizQsps- (5.4a)

Hence it can be assumed that piy is approximately a zero mean Gaussian dis-
tribution, which implies that the probability density p,, (vy) is approximately
Rayleigh distributed, and given by

2
) v
oy () = ipemn(=i5). (5.41)

The RMS value b can be calculated from (4.36a) as

b= \/%E[vyl. (5.4¢)

This is used to define a simplified probability density function for the process
V.

In Figure 5.1 and 5.2, the values for E{v,] and E[v2] obtained by equivalent
linearization and equation (5.3), are compared with Monte Carlo simulation
results for different values of Sy, w,/wo= 0.30, 0.50, 0.70, 1.0, 1.50, 3.0, 5.0 and
for bandwidth of the excitation ¢,= 0.25 and 0.50, respectively. The results are
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presented in terms of the dimensionless groups defined by (4.2). It can be ob-
served that the approximate solution gives very good overall results for a wide
range of model parameters. Less accurate estimates are obtained for cases corre-
sponding to wy/we = 0.30, 0.50 and weak excitation. The approximate Rayleigh

distribution for the random varibale v, is noticed for most cases examined.

5.2.2 Yield increment and yield duration statistics.

By substituting equation (5.2) in equations (4.46) and (4.47), the following ex-

pressions for the yield increment statistics are obtained:

1 B(2) N
1 BB
Eld,| = 20 =) B (5.6)
and
(5)
Bl = 7 (5.7)

4(1 = mg)2 BV~

In equations (5.5)-(5.7), mq corresponds to the expected value of the excita-
tion, conditional on yielding occurence in the positive direction. The equivalent
linearization technique described in Section 4.3 was formulated in terms of the
response variables {Z, ¢, z,, Z4} and for an excitation model defined by equation

(4.162), as

—a(t) = 2¢,waig. (4.16a)

By considering the transformation {4.16), an approximate zero mean three- di-
mensional Gaussian distribution for the response variables (z,$,—a) can be
derived. Call this solution piga(E,#,d) and the related covariance matrix Q®.

Now,

y=gl(:i7’¢’Y= I)v (5.8)
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and y=1 corresponds to the values (£,¢) € [0,00) x [1,00). This implies that

mg is given by o . ‘
m _ 26 I3 1T apagald, 6, 0)dédida
R IS I pagald,6,0)didida

By performing the integrations in equation (5.9), the following expression for

(5.9)

mg is obtained:

Qa N Qo
1 Alﬁ%exp( 2Q¢¢)+A2Q1/z

dd

my = ==z 3 s (5.10(1.)
2 =t*(1 + erf t))dt
\/—fm e (1 + erf(—rbst])
where A;, A; and p are given by

A =1+ erf( Qs ) (5.100)

V/2Q48(QasQs — Q2,)

_ / Qiz :

Ag=1-— erf(\/ 200y, = Q§¢)) (5.10¢)
_ Qs (5.104)

" VB0

In Figure 5.3, the approximate results for mgq obtained from equivalent
linearization and equation (5.9) are illustrated. It can be noticed that for
wy/we < 1, mg is positive, while for w,/wg > 1, mg is negative. For cases
corresponding to wg/wo = 1, g is practically equal to zero.

By substituting equation (5.10) into equations {5.5)-(5.7), the expected val-
ues E(t,], E[d,], E[dZ] are obtained. The approximate results are shown in
Figures 5.4, 5.5 and 5.6 respectively. It can be noticed that the yield increment
statistics are strongly dependent on the characteristic frequency and the RMS
value of the excitation, while a weaker dependence on the bandwidth of the ex-
citation is observed. For drift response of practical interest, and for w, Jwo < 1,

large magnitude yield increments are observed. By comparison with Monte
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Carlo simulations results, it is concluded that the solution scheme defined can
be used in the prediction of the yield increment statistics, even for cases corre-

sponding to large inelastic response.

5.2.3 Concluding remarks.

In Sections 5.2.1 and 5.2.2, an approximate solution scheme was developed
for the calculation of the first order probability for the yield increment process.
The method is based on the calculation of the stationary response statistics for
the variables uT ={z, ¢, 74, #,} with the use of the equivalent linearization tech-
nique. The mean values for the processes d,, ¢, and v, were calculated from the
stationary solution of the equivalent linear system, with tiie use of the equations
(4.33), (5.2) and (5.5)-(5.7). By assuming a constant value for the excitation
during yielding, simple relations between d,, t, and v, were established. It
should be pointed out that relations (4.44) and (4.45) can be used not only for
the calculation of mean values for the yield increment statistics, but also as a
transformation for the associated probability density functions of the random
variables d, and £, as shown in Figure 5.7.

The first order probability density of the yield increment process is approx-
imately determined if a Rayleigh distribution is assumed for the v, process.
Then, by substituting equations (4.44) and (4.45) into equation (5.4b), and by
appropriate change of variables, the approximate exponential and Rayleigh dis-
tribution for the random variables d,, t, is established. Based on simulation
results, Vanmarcke (40) also suggested that the drift increment process has an
exponential distribution, while Grossmayer (41) considered a Gaussian distri-
bution for the yield increment duration t,. The difference between the results
obtained by Grossmayer and the results presented in this section, may be at-

tributed to the stochastic excitation model. For the case of seismic excitation
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with a characteristic frequency, w,, and no zero frequency content, the proba-
bility density p,, is approximately Rayleigh distributed. In contrast, for white
noise excitation, irregular clumping of the yield level crossing by the process
y, may occur. In this case, a complex structure for the probability density
Piy(&,y) is observed, and the simplified transformations (4.44) and {4.45) can
not be used for the calculation of first order probability density of the yield

increment process.

5.3 Mean rate of yield occurence.

In previous analyses by Vanmarcke and Grossmayer, the mean rate of
yield occurence vy was calculated as the crossing rate of the inelastic barrier
levels, y = &1, divided by the mean clumsize of an associate linear system. An
alternative approach is introduced in this section. The solution is based on the
ergodicity of the elastic component of the response. For the ergodic process y,
vy is given by

1 Bt 1

Vy = z - = : ; ==, 5.11)
E - 2R B + 2] 2] (

where tgi) and ts) are the durations of the 1** segment of inelastic and elastic

response, respectively, or

£ = ¢(8) 49 (5.12a)
and
ty) =gt e, (5.126)

Because the segments of inelastic and elastic response alternate, the sta-
tionary yielding probability py is given by

Ely)]
Bt + E[t1)

pr = (5.13)
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But py can be calculated from the the stationary probability distribution of the

response variables (£, ), as

py = erfc (ﬁ) (5.14a)

From (5.11), (5.13) and (5.14a)

Py
vy = , (5.14b)
Blty]
or
Bl) ; 1
vy = B(Q)erc(\/m) (1 — mo) (5.14¢)

where Q440, mo, B(1) and B(3) calculated in Section 5.2. In Figures (5.8a) and
(5.8b) the analytical results for the mean rate of yield occurance, obtained from
(5.14¢) and for the cases ¢,=0.50 and 0.25, are illustrated. It will be noticed
that there is a good overall agreement between the analytical results and the
simulation data. The method is not so accurate for the cases w,/wy =0.30 and
0.50 and for bandwidth of the excitation ¢, =0.25. The error, however, may be
attributed to the less accurate results predicted by equivalent linearization for
these parameter values.

From the analytical results, it can be deduced that in general there are
less than two yield occurances per period of oscillation. The number of yield
occurances per period is practically independent of the strength of the excitation
for the case wy/wg = 1. On the contrary, the number of yield occurances is
strongly dependent on the excitation strength in the other cases. By comparing
these results with the yield increment statistics shown in Figures 5.4, 5.5, 5.6, it
can be noticed that for a small ratio of w,/wy, few increments of large magnitude
are present. However, for wy/wy = 1, the yield increments are more uniformly

distributed in time. This suggests a strong dependence of the yield increment
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statistics on the characteristic frequency of the excitation. On the other hand,
the bandwidth of the excitation does not appear to play a very significant fole
in the yielding mechanism.

Finally, the simplicity of the solution scheme used in this analysis should
be pointed out. Based on the ergodicity assumption, it was shown that the rate
of yield occurance can be simply calculated from the stationary probability and

mean duration of yielding.

5.4 Transition probabilities p* and p~.
5.4.1 Formulation. |

Without loss of generality, consider that the time ¢.=0 corresponds tc the
end of a yield occurance in the positive direction, as illustrated in Figure 5.9.
For ¢ € (0,13), the elasto-plastic system behaves elastically, where ¢, corresponds

to the next crossing of the barrier levels y = 1. The equation of motion is given
by

g+ 2%y +y=-at), (5.15q)

with initial conditions
y(0) =1 (5.156)
y(o) = 0. (5.15¢)

The transition probabilities pt and p~ give the stationary probability for the
direction of the next yield occurance, or
p* =Probly(ts) = 1] (5.16)
and
p~ = Probly(ty) = —1]. (5.17)

These can be calculated from the first passage probability of the corresponding

barrier levels y = £1.
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An illustration of the transition between the two inelastic states, corresponding
to yielding in positive or negative direction.
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Strictly speaking, the problem is ill posed because the initial condition lays
on the boundary of the safe domain. For this reason, an exact solution can not
be obtained. The approximate solution scheme proposed in this section is based
on the relationship between the survival probability W(¢) and the conditional

transition probability ¢;(y,y,t), where

dw, e . o Lo
ps(t) = T 9q5(1,9,t)dy —/ vgs(—1,9,t)dy. (5.18q)
0 -00
It can be shown that
0 1
W) = f f as(y, 9, t)dydy. (5.18b)
-0 74 =1

From equation (5.18) it is implied that the transition probabilities p* and p~

are given by

o o
pt = / / ¥gs(1,9,t)dyat (5.194)
0 0
and
= ) 4]
P == / f ¥9s(—1,9,t)dydt. (5.195)
¢ -0
Define
] [s <]
Py (t) = / / 99s(1, 9, 7)dydr (5.20a)
g J0
t Q
po () = - /0 / 996(—1, 9, 7)dydr | (5.206)
—o0

as the probabilities of leaving the safe domain (-1, 1) at time s € (0,¢), through
the barrier levels y =1 and y = —1, respectively.

Equation {5.18a) also can be written in the form

T Waft) (e 1) + (1), (5:210)
with |

ay(t) = W—:m /0 " 995(1,9,t)dy (5.215)
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1 o
a.(t) = ——— 1q{—1,9,t)dy. 5.21c
) =~y | wl-1.5.00 (5.210
The solution for W;(t) satisfying (5.21a) is given by
t
W (t) = exp [—/ (e (7) + e (7))dr|. (5.22)
0
But from equations {5.20) and (3.21), the following expressions are obtained:
t
it (t) = [ o () Wa(r)dr (5.23a)
0 .
¢
pg (t) =[ a_(r)Wy(r)dr. (5.236)
0

Equation (5.22) is often used for the calculation of the reliability function of
a random process, and a.(t) and a_(t) are empirically calculated from the
transition probability of the process. The derivation of equation (5.22) offers an

alternative interpretation for the functions ay(t) and a-{(¢).

5.4.2 Transition probability density for elastic response.
For the excitation model used in this analysis, the ground motion acceleration
is given by

—i(t) = 2ewaty (5.24a)
g + 2gwoly + wizy = (1), (5.248)

where £(t) is a Gaussian white noise signal. This implies that the generalized
response vector v¥ = {y,4,z,,Z,} will satisfy the linear stochastic differential
equations (5.15) and (5.24). While the initial conditions (y,y):=¢ are given
by (5.15), the initial conditions for the (z,,%,) process are obtained from the
first passage problem associated with the inelastic response. Due to the com-
plexity of this problem, an exact solution for the probability density function

p(z4(0), %4(0)) is practically impossible to obtain. The following solution scheme

is proposed.
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Consider that the time ¢ = —E[t,] rei:resents the starting time of an ideal-
. ized yield occurance in the positive direction. Define m., and m; , the expected
values for the variables z, and Z,, conditional on yielding in positive direction.
Following the procedure developed in Section 5.2.2, mg, and m;, can be calcu-
lated from equivalent linearization (see equation 5.10). It is assumed that for
the idealized yield occurance, m;, and m;, represent the exact mean values for
the variables (z,,%,) at time Ty = —1E[t,|. Because (z,,%,) is a solution of
a linear stochastic differential equation, an approximate expression for E|z,(0)}]

and E[£,(0)] is obtained as

E[.’Bg (0)] = e—‘?g“"gTY ((S’gwgmmg +fm§:g) sin(wngy) + mmgcos(wngy)> (5.25&)
Wai/ 1- YQQ

and

E[£,(0)] = e~ svwsT¥ (- <-~——CF‘—'7——m%——g:€——m¢g)sin(wngy]-i-migcos(wngy)),
W1 - gg 1-¢2
(5.250)

with wygq given by

w2y = wZ(1-¢2). (5.25¢)

It will be assumed that (z,(0),£,(0)) are Gaussian distributed, with mean

values given by (5.25), and covariance approximately given by the stationary

values
02 (o) = 4;:‘;3 (5.264)
3,0 = 4:&9. (5.26b)
02, (0)3,(0) = O (5.26¢)

From equations (5.15b), (5.15¢), (5.25) and (5.26), it is implied that the prob-

ability density function of the process v at time ¢ = 0 is Gaussian distributed,
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with mean m® and covariance matrix Q9, such that

mg =1,
m) = 0,
2 (5.27)
mg = E{xg(())],
my = E[‘tg(o)]
and
00 0 0
00 0 0
o _
QR"=13 0 o2 o 0 | (5.28)
; 2

O 0 0 0&9(0)

But, v satisfies the linear stochastic differential equations (5.15) and (5.24) with

initial conditions

xp(—~—1»(v ~m%T Qo v —m?).

- h — 1 23
Plu(0):9(0), 700,500 = o Taram 2

(5.20)
The transition probability density function of the process {y,9}, pys{y.¥,1), is
Gaussian distributed and is obtained from the solution of the mean and covari-

ance equation associated with the linear stochastic equations (5.15) and (5.24).

5.4.3 Approximate solution for the first passage of the yielding levels.

It was previously shown that the conditional probabilities, p* and p~ can

be expressed in terms of the crossing rates of the thresholds y =1 and y = -1,
o4 (t) and a{t), or
p*= [ arma (5.300)
0
P~ = / o (t]Ws(t)dt, (5.300)
0

where Wy (t), a(t}, a_{t) given by (5.21) and (5.22). Because an exact solution

for the conditional transition probability density function ¢5(y,y,t} cannot be
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obtained, an approximate solution for the calculation of the crossing rates is pro-
posed in this section. The solution scheme is based on the transition probability

density function p,g;{y,y,t) calculated in the previous section.

Define p*(t) as

p*(t) = ./_ 11 [_ - Py (¥, 9, t)dydy. (5.31)

Then, p*(t) is the probability that the response at time ¢, belongs to the safe
domain (—~1,1). A very important property of the reliability function Wy(t) is
that for all t, it should satisfy the following inequality:

Wilt) < p*(t) ¥t (5.32)

Equation (5.32) is a consequence of the diffusion equations for the two prob-
ability functions, While all trajectories that at time ¢ are in the safe domain
¥ € (—1,1) contribute to p*(t), trajectories that crossed the safe domain bound-
ary at times r € (0,t), are not accounted for the reliability function Wy(t).
Consider aZP?(¢) and aZ?(t), as approximate estimates for the rates of
barrier crossings of the thresholds y = +1. Then, a sufficient condition on

afP(t) and oPP(t) such that inequality (5.32) is satisfied is given by

affP(t) + a2 (t) 2 B4 (t) + B- (1), (5.33q)

with
Balt) = oo [ : 9p(1,5,6)dg (5.335)
p-0)= -0 [ ~ipl-1.3,8)di (5.33¢)

This result may be shown by noting that from Section 5.4.1, p*(¢t) is given
by

p'(0) = exe(- [ 1B (7) + B()]dr). (5.34)
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From (5.22), (5.33a) and (5.34) it is implied that for 37" (t) and «ZP"(¢), satis-
fying equation (5.33),
Wilt) < 5() . (5.52)

A consequence of this property is that the Poisson approximation for the
crossing rates a4 (t) and a_(t), may under certain circumstances violate the
condition (5.32). Recall that, based on the Poisson approximation, the crossing

rates, a4 (t) and a_(t) are given by

ar(t) = /0 N yp(1,9,t)dy (5.35a)
a-(t) = - ]_ ’ yp(—1,3,1)dy. (5.355)

In particular, for the calculation of the conditional probabilities p* and p~,
the Poisson approximation produces a solution that violates relation (5.32), as
illustrated in Figure 5.10. The poor performance of this approximate method
may be attributed to the transient nature of the problem and the non zero mean
of the response process (y,7y). In most problems of randorn vibration related to
the first passage problem of type-D barrier by a zero mean process, the Poisson
approximation gives conservative results for the reliability function. For this
reasomn, it is suggested that the applicability of the method should be limited to
these cases.

With respect to the transient nature of the problem, it should be pointed
out that the crossing of the thresholds y = +1 is expected to occur during the
first period of oscillation of the linear system, as suggested from the results
presented in Section 5.3. In the approximate solution scheme presented in this

section, it is assumed that the crossing rates o, (t) and e..(t), are given by

ar(t) = = fo " yp(1,9,t)dy (5.36a)
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4]
a-(t) = -5}:7({)' /_oo !}P(—l, gat)dl’b (5'366)

with v > 1. It can be shown that in this case, the condition (5.33) is satisfied. By
substituting (5.36) in (5.30), the estimates for p* and p~ are obtained. Equation
(5.30) is integrated numerically from t = 0 to ¢t = T*, where T* is defined such
that

pT(T*) +p~ (T*) = .99. (5.37)
In Figures 5.11a and 5.11b, the results produced by this approximate solution
scheme are compared to numerical simulation results, for the cases ¢, =0.50
and 0.25, respectively, and for v = 1.15. Very good agreement between the
results produced by the two methods can be noticed for most values of model
parameters.

From the results illustrated in Figure 5.11, a strong dependence of p*/p~
on both the characteristic frequency and strength of the excitation is observed
for the case of a narrowbanded seismic excitation (¢, = 0.25). For broadbanded
excitation, a weaker dependence is noticed. A weaker dependence on the fre-
quency content and strength of the excitation can be also observed for cases
correponding to wy/wo > 1.

Finally, the dependence of p*/p~ on the probability density of the initial
conditions, z,(0) and £,(0), should be pointed out. From the results illustrated
in Figure 5.12, it is noticed that by setting E{r,(0)] and E[£,{0)] equal to zero,
the approximate method produces very poor estimates for p¥ and p~. It is
suggested that even if the excitation is a zero mean process, the conditional mean
values, E[z,(0)] and E[£,(0)], are different than zero, and strongly dependent

on the frequency content of the excitation.
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of simulation data given in Figure 4.0.
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Figure 5.12
The significance of the mean values E[z,(0)] and E{z,(0)], in the calculation of
the transition probabilities, p* and p~.
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5.4.5 Numerical results for drift statistics.

As shown in Section 4.6.3, for t > T,., the mean square value of the drift is

approximately given by
o3(t) = Qol0.5 + vy A(t — Tez)] for t > Teg. (4.90a)

By considering the approximate expression for the correlation factor, given by

(4.64a),

pt
A —, (4.64a)
P
an expression for the mean square value drift increment per cycle, §o2, is ob-
tained as
pt
50’2 = Vy—:QoTo, (5.38)
p

with vy, Qo, p* and p~ given by equations {5.14c), (5.7), (5.30) and (5.36).

The results for §o2, obtained by the approximate method introduced in this
section are illustrated in Figure 5.13a and 5.13b, for bandwidth of the excitation
¢g = 0.50 and 0.25, respectively. Comparison with the corresponding numerical
simulation results, indicates a good overall agreement between the two sets of
results. It is observed that the approximate method gives a maximum error of
50% for the RMS value of the drift, in the case of small inelastic response or
for values of w,/wo > 1. These errors are attributed either to the equivalent
linearization estimates for the velocity statistics, or to the simplified expres-
sion (equation 4.64a), for the correlation factor A. Nevertheless, the solution
scheme presented in this section represents a first attempt to calculate transient
drift statistics for the random reponse of an elasto-plastic system, and can be
considered a good approximate solution for the problem.

The results illustrated in Figure 5.13 provide information regarding the

influence of excitation parameters on the drift response. It is suggested that
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the mean square value of the drift depends primarly on the total energy of
the excitation and on the character-istic frequency around which the energy is
distributed. By contrast, the bandwidth of the excitation does not appear to
play a very significant role. This can also be observed from Figure 5.14, in which
the influence of the bandwidth of the excitation ’is examined, by comparison to
the results for 602 obtained for ¢, = 0.25 and 0.50. A dependence on ¢, is
observed only for large values of w,/we.

Equation (4.90a) can be used for the calculation of the transient RMS value
of the drift response. The expected time of first yield occurance, T, is given
by

Tep = /0 ” W, (t)dt, (5.39a)

where W, is the reliability function associated with the first passage of a type-D
barrier level at |y| = 1 by a linear oscillator initially at rest, and subjected to
an excitation model given by equation (4.1). In this case, (y,¥) is a zero mean
stochastic process, and as shown in the Figure 5.15, the results produced by the
Poisson approximation are in very good agreement with the simulation data, and
can be used as estimates of T.z. In Figures 5.16a and 5.16b, two examples for
the transient RMS value of the drift obtained by the solution scheme described
in this section, are illustrated. The transient solutions are compared with the
equivalent linearization results described in Section 4.3, and the corresponding
simulation data. It can be concluded that for durations of excitation T, > T..,
the approximate solution scheme can be successfully used for the prediction of
drift statistics, while for durations T, < T, the drift RMS value is accurately
predicted by the equivalent linearization technique.

Of great interest for the damage analysis of hysteretic structural systems is
the dissipated hysteretic energy, F,. In the case of an elasto-plastic system, it

can be shown that the normalized expected value for Ej is linearly divergent
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with time, and is given by

L

E{Ep] = ES + 6EPT0 r

(5.40)

where §E,, is the normalized mean dissipated hysteretic energy per cycle, and is

equal to

$E, = UyE[dy}To. (5.41)

In Figures 5.17a and 5.17b, the results for 6E, predicted by the approximate
analytical solution, are illustrated for bandwidths of excitation ¢, = 0.50 and

0.25, respectively.

5.5 Conclusion.

Based on the analytical results obtained in Chapter 4, an approximate solution
for the random response of elasto-plastic systems has been presented. It has been
shown that the probabilistic structure of the drift response is determined by the
stationary probability density, ps,(Z,y), of the velocity, &, and of the elastic
component of the displacement response, y. It is suggested that there is no need
for the consideration of an associated linear system, as was previously done by
Karnopp (39), Vanmarcke and Veneziano (40), Grossmayer (41) and Ditlevsen
(42). By formulating the problem in terms of the variables z, z and y, very good
estimates for p;, (&, y) are obtained by standard equivalent linearization.

By contrast with other available solutions, the method presented in this the-
sis is not limited to the calculation of yield increment statistics. By introducing
the correlation factor, A, it is shown that the RMS value of the drift response can
be calculated from the yield increment statistics. Because an analytical solution
for A is practically impossible to obtain, an approximate relationship between A
and the transition probabilities, p* and p~ has been established. The transition

probabilities, p* and p~, have been defined as the transition probability from
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one inelastic state to another, and are calculated in Section 5.4 by an approx-
imate solution of the related first passage problem. A new procedure for the
evaluation of the mean rate of yield occurance, 1y, is also presented in Section
5.3. ’

Transient RMS values of the drift, predicted by the approximate solution
introduced in this Chapter, are found to be in very good agreement with simula-
tion results. It is suggested that, for small durations of the stochastic excitation,
response statistics may also be calculated by equivalent linearization. By con-
trast, for long durations of the excitation, equivalent linearization fails to predict
the linearly divergent behaviour of the mean square value of the drift.

Based on the seismic excitation model introduced in Section 2.3.4, it has
been shown that the drift statistics are strongly dependent upon the total energy
of the input and on the characteristic frequency around which the energy is
distributed. The bandwidth of the excitation appears to influence the drift
- response statisti-cs only for the case corresponding to large values of w,/w,.

Finally, the applicability of the approximate method for more complicated
seismic excitation models, obtained by filtering a white noise excitation, is sug-
gested. The stationary yield increment statistics are then obtained from equiv-

alent linearization, following the procedure developed in this Chapter.
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Chapter 6. SUMMARY AND CONCLUSIONS.

The objective of the analysis presented in this thesis is to determine the fea-
tures of the hysteretic response of structural systems subjected to strong seismic
excitation. The analysis is based on system and exitation models presented in
Chapter 2. The nonlinear structural constitutive relation. is modeled by a non-
deteriorating multilinear hysteretic system. By formulating the restoring force
in terms of additional state variables, a higher order and history independent
equation of motion is obtained. In particular, for the case of a bilinear hys-
teretic system, such formulation enables the decomposition of the displacement
response in terms of the elastic and inelastic components, while the additional
state variable corresponds to the elastic deformation of the structural system.

Because of its influence on the drift response, consideration is given to
the modeling of the excitation frequency content. It is shown that commonly
used stochastic excitation models are not able to accurately represent the low
frequency content of the earthquake spectrum. For this reason, a stochastic
excitation model obtained by filtering a white noise signal through a second order
linear filter is used in this thesis. The model is able to represent the low frequency
content of the excitation, while the characteristic frequency, bandwidth, strength
and duration of the seismic excitation are simply described in terms of four model
parameters.

The following issues have been addressed in the body of this thesis: 1) the
nature of hysteretic response behavior; 2) the influence of the structural system
parameters on the response; 3) the influence of the frequency content of the
excitation; and 4) the computational aspects of the problem.

In order to fully understand the hysteretic response behavior it is appro-
priate to express the displacement as the sum of the elastic component of the

displacement and the drift of the structural system. In all of the cases examined,
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the elastic component exhibits a narrowbanded response corresponding to oscil-
lations at the natural frequency of the system. In contrast, the drift response
depends upon the features of the hysteretic system. The bilinear hysteretic
model is of particular interest and importance because it reveals the asymptotic
properties of any nondeteriorating hysteretic system for the case of elastic and
strong inelastic response. In the case of a bilinear hysteretic system, the na-
ture of the drift response depends upon the parameter «q, corresponding to the
asymptotic stiffness of the system for large deflections. It is shown that in the
case of stationary excitation, when ag > 0, stationary solutions of the displace-
ment and velocity response are obtained. Alternatively, for an elasto-plastic
system, i.e., ag = 0, the mean square value of the drift response is linearly di-
vergent independent of the excitation frequency content. For this reason, the

two classes of structural systems are treated separately.

In Chapter 3, the method of generalized equivalent linearization is used in
the analysis of systems exhibiting hardening behavior and accurate estimates
for the transient and stationary RMS values of the velocity and displacement
response are obtained. It is shown that for an excitation with no zero frequency
content, the low frequency content of the displacement response, cannot be pre-
dicted by equivalent linearization. As a consequence, the method fails to predict
the linear divergent mean square value of the displacement and drift response
in the case of an elasto-plastic system. It is important to note that equivalent
linearization has a dual interpretation; 1) as a linearization of the equation of
motion; or, 2) as a Gaussian closure of the associated F-P-K equation. In Chap-
ter 4 it was shown that under stationary stochastic excitation, the drift response
of an elasto-plastic system can be approximately considered as Brownian mo-
tion. As a consequence, the drift process is approximately Gaussian distributed,

which suggest that accurate results obtained by equivalent linearization, even



-146-

for the case of a nearly elasto-plastic system, may be attributed to the Gaussian

closure interpretation of the technique.

In Chapter 4, a new approach is followed in the analysis of the elasto-plastic
system. The problem is formulated in terms of the drift, defined as the sum of
yield increments associated with inelastic response. The analysis is based on
the properties of discrete Markov process models of the yield increment process,
while the yield increment statistics are expressed in terms of the probability
density of the velocity and elastic component of the displacent response. Using
this approach, an approximate exponential and Rayleigh distribution for the
yield increment and yield duration, respectively, are established. It is suggested
that, for duration of stationary seismic excitation of practical significance, the
drift can be considered as a Brownian motion. Based on this observation, the
approximate Gaussian distribution and the linearly divergent mean square value
of the process, as well as an expression for the probability distribution of the
peak drift response, are obtained. The validation of these results is accomplished
by means of a Monte Carlo simulation study of the random response of an elasto-

plastic system.

The analytical results presented in Chapter 4 also suggest that yield incre-
ment and drift statistics can be calculated from the probability density p;,(%, y),
of the elastic deformation, ¥, and velocity response, . Based on these results, an
approximate solution scheme for the calculation of the response statistics of an
elasto-plastic system is introduced in Chapter 5. It is suggested that there is no
need for the consideration of an associated linear system, as was previously done
by Karnopp and Scharton (39), Vanmarcke and Veneziano (40), Grossmayer
(41) and Ditlevsen (42). By formulating the problem in terms of the additional
state variable, corresponding to the elastic component of the displacement, good

estimates for p;,(£,y) are obtained by standard equivalent linearization. Sta-



-147-

tionary response statistics for the yield duration, yield inci‘ement, rate of yield
occurance, dissipated hysteretic energy and RMS value of the drift are then ob-
tained, and found to be in very good agreement with the simulation results. It
is shown that the drift response statistics are ;trongly dependent on the nor-
malized characteristic frequency and strength of the excitation, while a weaker
dependence on the bandwidth of excitation is noted.

Based on these results, it is suggested that transient equivalent linearization
and the approximate solution scheme introduced in Chapter 5 can be used in
the analysis of a large class of hysteretic systems. Finally, it is concluded that
the understanding of the behaviour of the yield increment process is crucial for

the understanding of hysteretic response behavior.
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Appendix A. APPROXIMATE EXPRESSION FOR THE SPEC-
TRAL DENSITY FUNCTION OF A MULTILINEAR HYSTERETIC
SYSTEM SUBJECTED TO FILTERED WHITE NOISE EXCITA-
TION. SOLUTION BY EQUIVALENT LINEARIZATION.

Consider the equivalent linear system associated with the hysteretic model
analyzed in Chapter 3. For a duration of excitation T, — oo and i a stationary
solution of the covariance equation (3.8) exists, an expression for the spectral

density function of the displacement response z, can be derived of the form
Przlw) = Qaa(ﬂz(i‘*’){zs (A1)

where H.(iw) is the transfer function for the variable z, and ®,, is the spectral
density function of the stationary stochastic excitation d(t) corresponding to
the case T, — co. For the seismic excitation model corresponding to stationary

solution of the equations (3.1d)-(3.1f), a(t) is defined by
—a(t) = 2¢waLoby + nggbg (A.2a)

Eg + Agwoty + w:xg = {(t), (4.25)

where £{t) is a zero mean Gaussian white noise signal with spectral density
function So/(27). This is a special case of the model described by the equation

(2.17), corresponding to n; = 1, np = 2 and
Mz, (t)] = 2¢woi by + nggbZ’ (A.3a)

- Lizg(t)] = &4 + 2qwoiy + wlz,. (A.3b)

The corresponding transfer functions are given by

1

Hy(iw) = wZby + (fw)2¢,woby’

(A.4a)
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1
(wE — w?) + (1) 25wy

Hy (iw) = (4.4b)

Using equation (2.19), the spectral density function of the excitation, ®4q(w) is
given by
42 24202 + wib 8,

Poalw) = (w2 — w?)? + 4¢2w2w? (27)°

(4.5)

For the equivalent linear system governed by the equations (3.4) and (3.10},

the equation of motion is given by

T+ aong + Boz + wg E o; Coip; = ——&(t), (A.6a)
=1
and
¢: = Cyz + Caid; for i=1,..,n. (A.6b)

The transfer function of the response variable = can be obtained in the form

-—-———1 N - . a;C iC’ i
H (i) = (aowg - wz) + (iw) By + w§ ;(zw)af—c;-, (A7)
ar
_1 =R, + 1] A8
sz(z-w) = iz g, ( . CL)
where
— 2 ;C9;Cy;
Rx—(ao—w +w Woz; 2+CZ" (4.86)
o 021.031041
Iz=w[30— Z t:z_{_cz } (A.8¢)

Following {A.1), (A.5) and (A.8), the expression for the spectral density function

of the stationary response variable z is obtained as

SO §.2 Zblw + w4b2 1
(27) (wZ —w?)2 + 4g§w3w2 (RZ + I2)’

Dua (W) = (A.g)
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Appendix B. DIMENSIONLESS GROUPS FOR THE RANDOM
VIBRATION OF A MULTILINEAR HYSTERETIC SYSTEM.

Consider the equation of motion for the general multilinear hysteretic sys-

tem governed by equation (3.1):

w
& + 2wo + aqwiz + wi Z ;g1 (@i, £, Ty;) = Aqwatyby + wgngg, (B.1a)

i=1

q'S = g2(¢i’ 5:9 xy.') 1= 1: ey Ty
Eg + gty + w:;’% = e(t)¢(t),

£4(0) = 74(0) =0

and

n
Za;:l.

=1

Consider also the following transformations

andfor Y >0

Define

T= Wot,

I
&

3]

CTLE
I

3
I

-

o Nle Slw N

H
@

d

()= =),

-
oy
-
-
[
[
-

(B.1b)
(Bl.c)

(B.1d)

(B.1e)

(B.2a)

(B.2b)

(B.2¢)

(B.2d)

(B.2¢)

(B.3a)

corresponding to differentiation with respect to 7 of the quantity in parenthesis.

By applying (B.2a), the following relation is derived:

d
a—t(...) =Wy

d

= ().

(B.3b)
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From (2.6c), {2.6d), (B.2) and (B.3)
gl(¢‘ia i7 zy;) = Ygl( :‘.s (x')'sm;,-)’ (3'40')

0262 £, Tyy) = WY ga(éhs (=)', 21). (B.4b)

Substituting (B.2), (B.3) and (B.4) into (B.1), the equation of motion for 2, z,

is derived as

n 2
(2" + 2¢(2') + oz’ + Z a:91(95, ('), 2,,,) = 24 (:—z) (z5) 01 + (Z—z) g ba.

=l

(B.5a)
(¢") = g2(90, (2)s2y,) i=1,..0m, (B.5b)
2
(.’1‘:')"-{-2 f_g(lp+ We r_:()&.:_ B
=y ¢y o ;) " z, = e (r)£'(7), (B5.¢)
(z5)(r=0) = (Z4)(r=0) =0, (B.5d)
where e'(7) defined as

! — 1, ifr < WOT:.v;

e'{r) = {0, ifr > woT, ’ (B.5e)

and £'(r) is a zero mean Gaussian white noise process, with spectral density

Sp/(w3Y ?). Based on equation (B.5), it is concluded that the following dimen-

@ @ @ Q) e

can be defined for the problem of a multilinear hysteretic system subjected to the

sionless groups

stochastic excitation model defined by (2.27). This excitation model corresponds
to the filtering of modulated white noise excitation through a second order linear

filter.
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Appendix C. SURVIVING PROBABILITY FOR A CONDITIONAL
RANDOM WALK WITH EXPONENTIALLY DISTRIBUTED IN-
CREMENTS.

Consider a two-state Markov process F, corresponding to F = +1 and with

transition matrix

+ -
P P S +
(= - > , C1
p (p p+) 4 D (C1)

where pT and p~ are defined as
pt =P(F® =1|FC-Y = 1) = P(F0) = —1|Ft-Y = —i), (0.2;1)
p~ = P(FY) = 1|Ft-D = 1) = p(F® = —1|FE-D = 1), (C.26)
Define 2{™ as a conditional random walk, such that

2% = 3 d¥Fe), (C.3)

=1

where (d(i); ¢ = 1,...,n} are exponentially distributed and mutually independent

increments, or
p(d(i'i'l);_p(i'*‘l]fd(");}f‘(")) = p(d(‘-'H))p(F(H'l)fF(i)), (C.4a)

pa(d®) = e=4" B4y, (C.4b)

and h(...) the unit step function. For the case of zero start, symmetric with

respect to F, initial conditions
(=) = 5(0), (C.5a)

pV (20} = ¢~ 1=™1 (C.5)

and |

p(FV =1) =p(FV = —1) = 7. (C.5¢)

[ 3 e
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The survival probability of the process z{n) W,f"'), for crossing of the type-D

barrier at |z| = b, is defined as
W™ = Prob(|z¥)| < b for 0 < i < n). (C.6)
The conditional transition probability density functions j;o{") can be expressed as
p(2) = 51 (2) + 930 (), (C-7a)

where p{")(2) and p{")(2) correspond to F©) = 1 and FG) = —1, respectively.
By applying {C.2), (C.3) and {C.4), p(li) (2), pg)(z) will satisfy the following

diffussion equations

P () = / =) p* o) (2) + p7p}) (a)ldz (C.75)
and b
py (2) = j e~ === oy () + p7p{ ()] dz, (C.7¢)

with boundary conditions

i (~b) = p{)(8) = 0, (C.7d)
and initial conditions
p%(z) = §(0) (C.Te)
pD(e) = ze7h() (c.79)
A (z) = e*h(-3) (¢:10)

The survival probability is then given by

. b
Wb(’) = / p1)(z)dz. (C.8)
-5
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The solution of equation (C.7) is expressed in terms of an eigenfunction expan-
sion, as follows.

Consider a, p;(z) and pz(z) an eigenvalue and the corresponding eigen-
functions associated with equation (C.7). Because of the nature of the problem,
(C.T) is asymptotically stable, or |a| < 1, and p; and p. satisfy the following

integral equations

api(z) = 4/-35 e"(""'”)[p"'pl(m) + p” pa(zx)|dz (C.9a)
and . |
apa(z) = _/ e~ (== (p* py(2) + p~ py(z)de, (C.9b)

with boundary conditions

p1(—b) = p2(b) = 0. (C.9¢c)

By differentiating (C.9) with respect to z, it can be shown that p, and ps satisfy

the following differential equations

dp -
a—gzl =(pT - &)pL +p P2, (C.10a)

dP2__ - +
a—dz =—p~p1+{a—p")p2, (C.108)

or by differentiating one more time with respect to z

dzpl 2
d®ps
=z T =0, (C.118)

where

=2 = >0. (C.11c)
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The general expressions for the solutions of equation (C.11) are

p1{z) = Asin(Bz) + Azcos(Bz), (C.12q)
pz(é) = Cysin(fz) + Czcos(fz). (C.12b)

From (C.7),
p(z) = (A; + Cy)sin(Bz) + (A2 + Ca)cos(Bz). (C.12¢)

From (C.12a}), (C.12b) and (C.10a)

_affAs — (@ —pt)A,

Cy = s C.13a

1 -~ | ( )
A —pt)A

C, = XAt ;Ci PT)Aa (C.13b)

while from the boundary condition {C.9),

A
ﬁ- = tan(8b), (C.14a)
g—f = —tan(4b). (C.140)

By substituting (C.13) into {C.14)

afat +a—p*

afgr ~ (a—p)

= 1. (0.15)

From (C.15)

af (tan(ﬂb) - tanz(i’b)) = 2(a —p*). (C.18)

But {C.16) is a second-order equation in (tan(88}) and for tan{88) # 0,

af(tan(fb))? — 2(a — p*)tan(Bb) — af = 0, (car)
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or,
a—pt+ — pT)2 + 22 -
(tan(g)) 1.2 = —= \/(O; 3 AR (C.184)
Substituting 32 from {C.11c) yields
a—pt Lp af
(tan(Bd)) 1,2 = ____Eaﬁ_.._?’... =T (C.18b)

Equation (C.18.b) gives two families of eigenvalues, satisfying the following equa-

tions
oy
tan 5 = fb——-—- C.19
a.n(ﬁi ) ﬁl b(l _ le) 3 ( a’)
or
tan(Bb) = —B2b >2 (C.19%)
T T o —p7) |
respectively.
Both families will also satisfy the following equation:
tan(261,3b) = —2B1,26 =12 (€.20)

2b{at,2 +p~ —pt)’
For o, satisfying equation {C.20), the following relations for the coefficients

Ay, Aq, Ty, Cs are derived

_A -t _Asfatpm —pt
A1+ 1 = SHa ™ -5 - atanon)] = 2222 o] (C:210)

and

Ax+Cy = f_i{(a+p‘—p+)tan(ﬁb)+aﬂ] = ;)A% [a+p“—p++ta§éb)} (C.215)

From (C.21) it can be seen that for @, 8, satisfying (C.19a),

AV +cM =0 and AV +cV =D, #0 (C.224)

and

p(2) = Dicos{f,2), (C.225)
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while for ay, B, satisfying (C.19b),
AP+ =0 and AP +c®=D,#0 (C.22¢)

and

p(z) = Dasin{f,2). | (C.22d)

It can be seen from the equation (C.22) that the family of eigenvalues satisfying
(C.19a) corresponds to even eigenfunctions, while the family satisfying {C.19b),
corresponds to odd eigenfunctions.

A solution for (C.192) and (C.19b) can not be obtained in the general case.
In the analysis that follows, it will be considered that n is large, or that n — oc.

In Section 4.5.2 it was shown that

o™ = 5—_E[d2] = ;n: as n — oo. (C.23)
For barrier level b, such that
| b=~yol®, (C.24)

and for 4 ~ O(1), a solution for the survival probability will be derived using

the eigenvalue expansion. Recall that

Wy =3 als, (C.25)

i=1
where a; are the corresponding eigenvalues satisfying (C.20). Consider the first
k such eigenvalues that are significant in the series expansion (C.25). Because
for + = 1,..k, o ~ O(1), it is implied that as n — o0, @; — 1. But from
(C.11c) it can be shown that for ¢ = 1,...,k, 8; — 0. Recall that
p~% = (s — p*)?

Bt = N : (C.11c)
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Solving for o,

o1+ B3 - 2aip* — (p~* —p*?) =0, (C.26)

or, for oy — 1,

ot +pmy /14 a3l
“= 1+ 67 '
For f#; <« 1, after performing the calculations in (C.27), the following ex-

(C.27)

pression for «; is obtained:

, .
= 1— -+ 0(a%). C.27h
o =1- -+ 0(8") (c.270)

But «;, §; satisfy (C.20), or

1,2
tg(281,20) = —208,2b - . C.20
9(281,25) B1,2 2b(ar + 7 = p7) (C.20)

and for o™ — oo and for v ~ O(1), b — oo and the solution of (C.20) is

approximately given by

tg(28b) = 0 (C.28q)
or ‘
i
Bi~ . (C.28b)

By substituting (C.28b) into {C.27b}

a; 2l —~ 8?27;2“ , {C.29q)
and for b given by {C.23) and (C.24)
Tyl g%’ (C.296)
and as n —+ oo
3,3

ol x e T (C.30)
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Equation (C.30) implies that for the first k significant eigenvalues( ay, i =
1,..., k), a becomes independent on n and p~, while depends only on 7 and +.
The reliability function is given by
o
W =3 "ars;, (C.25)
i=1 :
Consider an approximate expression for W(") obtained as a finite sum trunca-

tion of (C.25)

w VZ: aé; (C.31)
and §; are calculated from iie initial co;l-—c_ilitions. The eigenfunctions
pl2i+l) = D2,‘+1COS*(—2-L.2-1-6—-1—)-713 (C.32q)
and
p®) = Dy, sin2lZ (C.32b)

2b

are orthogonal on {—b, b), and for symmetric initial conditions, it is implied that
Dzj =0, (033)

For zero initial conditions and after performing the calculations, the coefficients

D34 are given by

4 (__1)23+1
T 27+1
Substituting (C.33) and {C.34) into (C.31) the approximate expression for Wb(")

Dojiy = (C.34)

is obtained
( 1 2_1-[-1 _ ~2 3

(’*)
Z=:1 T i (C.35)

Although (C.35) was obtained as a truncation of the related infinite series ex-
pansion, it can be considered that for large n, or for n — oo, the approximate

expression (C.35) will converge to the limit, or
. 23+1 -3'.3

(n) (-1 -
W Z 7 +1 _ . (C.36)
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Appendix D. MOMENTS OF A WINDOWED GAUSSIAN DIS-
TRIBUTION.

Define B*) as
co 2
© = [ pregp(_ 2=
B /(; z”exp( 5o )dz. (D.1)
Now,
o0 _ 2 oo 2
5 = [T (o - mep(-E T ds o m [T (-
0 0
(D)
By performing integration by parts in equation (D.2), it is implied that
a2
B(k) — .Szzk-le:cp(—- (-’5 zs;n') )!wzo + SZ(k _ 1)B(k—2) + mB(k-—l), (DS)
or
B®) = mpt®*-1 ¢ (k — 1)s2BE2 for k > 2, (D.4a)
with
B = \[‘ 1+ erf D.4
1+ exf( o) (D.4e)
B — exp( )+ m\[ 1 + erf( \/_s B (D.44d)

Equation (D.4) gives a reccurant algorithm for the derivation of the moments,
B%)_ As mentioned in Section 5.2., the vield increment statistics can be calcu-

lated as a function of B(*),
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Analyses of Strong-Motion Earthquake Accelerograms

Response Spectra
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Analyses of Strong-Motion Eartlquake Accelerograms
Fourier Amplitude Spectra
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