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Abstract

A numerical procedure for computing the nonlinear transient response of

coupled fluid-structure systems is developed. The study concentrates on two types

of nonlinear behavior in concrete dams: water cavitation and tensile cracking of con

crete. The fluid is considered compressible and inviscid, undergoing small amplitude

motion. The computational procedure employs a mixed pressure-displacement finite

element formulation for the fluid and a displacement formulation for the structure.

The formulation for the fluid includes the effects of cavitation through a bilinear

equation of state. Upon discretization, the coupled nonlinear equations of motion

are symmetric and are solved by a fully implicit time integration method.

The effect of water cavitation on the earthquake response of concrete grav

ity dams when subjectec_ to representativeground motions is investigated. Assuming

the material in the dam is linear elastic, the response results show that water cavita

tion has little influence on maximum displacements and stresses in the dam. However,

peak accelerations at the dam crest may increase by a factor of two. This may have

an important consequen::e by amplifying the response of stiff appurtenant equipment

attached to the dam crest. The effect of reservoir bottom materials, modeled by an

approximate absorbing boundary, reduces the hydrodynamic pressures on the dam,

hence reducing the magnitude of displacements and stresses.

The second n:mlinear effect studied involves the tensile cracking of mass

concrete. The crack band model with a smeared crack representation is used to

model mass concrete. Microcrack initiation is determined by a strain criterion and
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strain-softening behavior defines the formation of a crack surface in conjunction with

an energy release requirement. Criteria for crack closure and reopening of cracks are

established based on experimental results. The cracking model is incorporated into

the finite element displa,:ement formulation for the dam.

The response of a typical concrete dam with empty and full reservoir sub

jected to various ground motion records is examined. The response results demon

strate that concrete tensile cracking has an important effect on the displacement

and stress responses of g::avity dams. The vibrational period increases as the dam

becomes more flexible. Large compressive stresses normal to the cracked surfaces

develop due to cracking, but they are still small compared with the concrete com

pressive strength. With a full reservoir, cracking starts in the dam at the heel and

extends along the base of the dam. At a later time in response history, the cracking

at the base stabilizes but extensive cracking develops in the upper part of the dam

propagating completely across the cross section. The extensive cracking could result

in severe damage of the dam and possible release of water in the reservoir.
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Chapter 1

Introduction

The computation of the dynamic response of fluid-structure systems has

received considerable attention in the past decade. An important fluid-structure

interaction problem is determining the earthquake response of a concrete dam im

pounding a large reservoir of water. Although dynamic analyses assuming linear

behavior provide important information regarding the characteristics of earthquake

response, a precise evaluation of the dam performance is not possible because the

material behavior, particularly the strength, is not represented. Because of the catas

trophic consequences of a dam failure, engineers require reliable analytical procedures

to predict the conditions under which a dam may fail. A realistic dynamic analysis of

a concrete dam should include the effects of significant nonlinearities in the response

to earthquake ground motion. Experimental and analytical studies have identified

several sources of nonlinear behavior in dam-water systems, such as the formation

and collapse of gaseous regions in the impounded water due to cavitation, tensile

cracking of concrete in the dam; and opening, closing and slippage of joints between

monolith blocks [14,18,30). Recognizing the importance of nonlinear behavior in as

sessing dam safety, this investigation presents a numerical procedure for computing

the nonlinear dynamic response of fluid-structure systems, with particular emphasis

on concrete gravity dams in which water cavitation and concrete tensile cracking in

the dam are considered. Even though the motivation is to compute the earthquake

response of dams, the numerical procedure is applicable to other fluid-structuresys-

1
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terns in which the fluid is invisdd and undergoes small amplitude motion.

1.1 Review of Literature

1.1.1 Fluid~StructureInteraction

Researchers have develop~d several methods of analysis for fluid-structure

systems. The available methods use a finite element idealization of the structure

with displacements as the response quantity, but they differ in the formulation for

the fluid. Saini, et al [40), and Zienkiewicz, et al [47J, used hydrodynamic pressure as

the unknown variable in a finite element discretization of the fluid domain. However,

the unsymmetrical equations of motion of the coupled fluid-structure system require

special time integration methods for transient analy.sis [35,49]. Another approach

is to represent the fluid response in terms of a potential function for displacement

or velocity [27,48). Again the coupled equations of motion are unsymmetric, but

the irrotationality condition on fluid motion is automatically satisfied, as with the

pressure formulation. A third major formulation uses displacements of the fluid as the

response quantity. This method was used early by Chopra, et al [13J, and substantial

contributions have been made by Bathe and Hahn [5}, Olson and Bathe (32), Hamdi,

et al [19] and Wilson and Khalveti [46].

The major advantages of the displacement formulation are that the fluid

elements can be coupled to the structure elements using standard finite element as

sembly procedures and the equations of motion are symmetric. The disadvantage of

the displacement formulation, compared to the scalar formulations, is the large num

ber of displacement components, particularly for three-dimensional fluid domains.

Also, because the displacement formulation gives excessively stiff elements, reduced

integration is often employed. However, reduced integration is related to a differ-
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ent differential operator for the fluid motion [32], and it also introduces spurious

vibration modes associated with the vorticity of the fluid.

Another major approach for computing the response of fluids involves a

combination of the formulations described above. Liu and Chang [24] developed

a mixed solution procedure in which the pressure is approximated in a different

manner than the fluid velocity. The transient analysis procedure explicitly solves

for the pressure, which is then used in an implicit solution for the velocity. In

another mixed approach, Olson and Bathe [33] used pressure and velocity potential

as the unknown functions for the fluid to overcome shortcomings in the displacement

formulation for certain classes of fluid-structure systems. Although the choice of

these scalar functions reduces the number of unknowns and results in symmetric

equations of motion, special interface elements must be developed to couple the

fluid and structure domains. In a different application, Taylor and Zienkiewicz [44]

presented a mixed formulation for viscous fluid flow. The work combined independent

approximation of the velocity, pressure and deviatoric stress (due to viscosity), and

it demonstrated an improved representation of nonlinear material models.

As mentioned earlier, however, the nonlinear behavior of the fluid may be

important in the dynamic response of fluid-structure systems. Fluids can not develop

an absolute pressure less than the vapor pressure of the fluid. If the fluid pressure

reaches the vapor pressure, dissolved gasses form vapor pockets due to cavitation of

the fluid. The effects of cavitation have been investigated in the context of earth

quake response of concrete gravity dams. Clough and Chang [14] modeled dam-water

interaction including cavitation by two methods: an added mass approximation and

a finite element pressure formulation, in which water compressibility was neglected in

both cases. Their results, interpreted in terms of separation and impact of the reser

voir on the dam, demonstrated that impact of the fluid due to collapse of cavitated
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regions near the dam face can increase tensile stresses in the upper part of the dam by

20-40%. A more accurate representation of cavitation requires consideration of fluid

compressibility, such as the bilinear fluid model proposed by Bleich and Sandler [10].

This fluid model was used in a recent study of concrete dams by Zienkiewicz, et al

[48], in which the authors concluded that cavitation does not significantly alter the

maximum stresses in the dam. The evidence regarding the importance of cavitation

on the earthquake response of concrete gravity dams is still inconclusive from these

limited studies. Furthermore, there has been no investigation of cavitation effects on

concrete arch dams, where dam-water interaction effects are more important than

for gravity dams [16].

1.1.2 Tensile Cracking in Concrete

Analytical methods for the modeling of tensile cracking in concrete have

been the subject of intense research. Studies have been mainly devoted to applica

tions for reinforced concrete in w:Q.ich two major approaches have been employed. Ngo

and Scordelis [28J studied the static behavior of reinforced concrete members includ

ing tensile cracking using finite elements with the locations of the cracks predefined.

The cracks were modeled by the separation of nodes between elements, a technique

called the discrete crack approach. This idea was later generalized by Nilson [29J who

modeled cracking; allowing; automatic determination of crack locations. The discrete

crack approach, however, has a severe computational disadvantage because the topol

ogy of the finite element mesh must be redefined at every load stage. To remedy this

problem, Rashid [37] proposed a model in which the cracks were assumed uniformly

distributed over a finite element, in a concept known as the smeared crack approach.

The smeared crack approach has been used extensively along with a maximum tensile

strength criterion for determining crack initiation. Nevertheless, the smeared crack
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approach has been criticized [6,7], because after crack initiation the force required

to propagate the crack depends on the size of the finite element. To overcome this

problem, Baiant and Cedolin [7] introduced the blunt crack band model, which used

fracture mechanics concepts, to_ modify the smeared crack approach. Tensile crack

ing was recognized as a fracture process and the energy required to form a surface

crack-(fracture energy) was used as an additional material parameter. Bazant and

Oh [8] presented a comprehensive study on the accuracy and generality of the crack

band theory, a method following the blunt crack approach, to predict tensile cracking

behavior of plain concrete.

An early application of these models to concrete dams was conducted by

Pal [34], who used a smeared crack approach. The Koyna dam was analyzed ne

glecting dam-water interaction, and the nonlinear compressive and tensile behavior

of concrete was accounted for by adjusting an equivalent uniaxial stress-strain con

stitutive relationship according to the current state of stress. The response results

show that tensile cracks formed near the change in downstream slope, in the upper

part of the dam, but the cracking did not extend through the croSs section. The

findings in this study must be taken cautiously since the fracture energy was not

properly considered in the model. In another investigation, Chapuis, et al [12], used

local singular finite elements to obtain stress intensity factors to determine fracture

conditions. The Pine Flat dam was exposed to an artificially generated earthquake

with a O.lg peak acceleration. Dam-water interaction was taken into account by per

fonning linear analyses to obtain the stress history at the locations at which cracking

was likely to occur. The response results indicate that cracking at the heel of the

dam (upstream face) is not critical. In the upper part of the dam, at the change in

slope, cracking propagates from the upstream face over various elements and turns

into the body of the dam, stopping without reaching the downstream face. The
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upper portion of the dam appeared to remain stable.

Mlakar [26] studied the response of three dams of different heights, sub

jected to the horizontal and vertical components of the Parkfield ground motion. The

dam-water interaction was approximated by means of added masses attached to the

dam j corresponding to hydrodynamic pressures in the fundamental mode as obtained

from a linear analysis. In the shorter dam, it was found that extensive cracking occurs

around the dam heel immediately after crack initiation. In the other two cases with

taller dams, cracking started at the heel and was followed by the initiation of new

cracks in the upper portion of the dam. In certain cases, cracks propagated through

the cross section nearly instantaneously after crack initiation, although no indication

of the crack orientations was provided. The constitutive model employed in these

studies does not seem to account for proper release of fracture energy. In addition j

the added mass approach for the fluid-structure interaction can only represent the

general characteristics of the interaction at the fundamental frequency, disregarding

effects of compressibility and the contribution of higher vibration modes.

•
The discrete crack approach has also been used to model tensile cracking

in concrete gravity dams, Skrikerud and Bachmann [41] developed a computational

procedure that takes into account the initiation, extension j closure and reopening of

discrete cracks. Dam-water interaction was not considered. Each crack was mon-

itored and the topology of the finite element mesh redefined based on the state of

cracking. Analysis of the Koyna dam indicates that the upper part of the dam would

separate completely as the cracking extends through the cross section due to a sim

ulated earthquake with a 0.5g peak acceleration. The response was also dependent

on the mesh refinement and orientation.

The significance of tensile cracking of mass concrete on the earthquake
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response of gravity dams is still not well understood based on these few investigations.

The models employed have several limitations making it difficult to draw conclusive

and reliable predictions about the safety of gravity dams.

1.2 Objectives and Organization of Report

The objective of this study is to develop a numerical procedure to compute

the nonlinear dynamic response of concrete dams during earthquakes. The model

includes dam-water interaction with water compressibility, cavitation of the water,

tensile cracking of concrete in the dam, and the approximate effects of the elastic

materials that may be deposited at the reservoir bottom. The procedure employs

a mixed pressure-displacement finite element formulation for the fluid, where the

fluid pressure and displacement are approximated independently, and a displacement

formulation for the structure. This approach, which parallels the work in Ref. [44],

retains the ease of coupling the fluid elements with the structure elements, but avoids

the need for reduced integration and allows easy incorporation of the bilinear fluid

model to include the effects of cavitation. Tensile cracking of conc~ete is considered

using the crack band theory with a smeared crack representation. Considerations

for dynamic loads, such as closure and reopening of cracks, are established based on

experimental results.

In Chapter 2 the numerical technique for computing the nonlinear tran

sient response of fluid-structure systems is developed. The coupled governing equa

tions are discretized, and the equations of motion are shown to be symmetric. A

fully implicit and an implicit-explicit time integration methods are used to solve the

equations of motion. Chapter 3 examines several fluid elements based on the mixed

pressure-displacement finite element formulation introduced in Chapter 2. Through

eigenvalue analyses and the patch test, the suitability of the elements is evaluated.
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Also, the details for the numerical integration of the element matrices are given as

w~ll as the algorithm for the fluid state determination when cavitation is allowed.

An application of the numerical procedure is presented in Chapter 4, in which the

earthquake response of typical gravity dams including cavitation is examined.

Chapter 5 discusses the inclusion of concrete tensile cracking as the pre

dominant material nonlinearity in concrete dams, and describes the crack band the

ory with modifications for computing dynamic response. The cracking model is

incorporated in the procedure developed in Chapter 2 and the algorithm for the

state determination is detailed. In Chapter 6, the nonlinear response of a typical

dam-water system, including concrete cracking, to representative ground motions is

assessed. The ground motions ate scaled to quantify the amount of cracking, and

empty and full reservoir conditions are considered. Chapter 7 presents the conclu

sions of this investigation and recommendations for fu:rther study.



Chapter 2

Analytical Procedure for Dynamic Response of Fluid-Structure
Systems

2.1 Introduction

An analytical procedure for computing the nonlinear transient response

of coupled fluid-structure systems is developed in this chapter. A mixed pressure

displacement finite element formulation is used for the fluid and a standard dis

placement formulation for the structure. In addition to the interaction between the

fluid and the structure, the method includes an approximate model of interaction

between the fluid and the elastic materials that may deposit at the bottom of the

reservoir. The resulting equations of motion for the coupled system are symmetric.

A fully implicit and implicit-explicit time integration schemes are employed to solve

the equations of motion.

2.2 System Considered

The system under consideration, which is shown in Fig. 2.1, consists of

a structure domain, Qs, and a- fluid domain, QF, with a common interface, rSF.

The normal, n, to the boundary of the fluid points out of the fluid domain. A time

dependent displacement, Ug, such as due to an earthquake ground motion, may be

specified along a portion of the fluid reservoir bottom, r FU, in which materials such

as sediments may exist, and structure boundary, r su. The free surface of the fluid

is represented by the boundary r Fp. For very large, or infinite, fluid domains, it is

necessary to truncate the domain at a boundary, rFP', to give a numerical problem

9
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of tractable size. The boundary condition on the truncated boundary must represent

the radiation of energy out of the fluid domain.

2.3 Equations of Motion for the Fluid

2.3.1 Governing Equations

An inviscid fluid undergoing small amplitude, irrotational motion satisfies

the momentum balance equation,

(2.1)

the continuity equation,

and an equation of state,

p = f(p)

(2.2)

(2.3)

for homentropic flow (3,231. In Eqs. 2.1 to 2.3, yt == yt(x, t) is the velocity of the fluid

particle at position x and time t with respect to a fixed frame of reference; p = p(x, t)

and p == p(x, t) are the change in pressure and density from the reference values Po

and Po, respectively; and f(p) is a function that is described later in this section.

The total fluid velocity, v t , can be expressed in terms of the relative velocity, v, as

(204)

in which vg is a specified ground velocity.

The reference (or hydrostatic) pressure can be obtained from the reference

density, Po, by solution of

Vpo:= pog

where g is the acceleration due to gravity.

(2.5)
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2.3.2 Boundary and Initial Conditions

In addition to Eqs. 2.1 to 2.3, boundary conditions must be specified at

the ·fluid boundaries. The derivations of the boundary conditions are presented in

Appendix A. The boundary condition at the free surface is

on rFP (2.6)

where a linear surface wave may develop. At the fluid-reservoir bottom boundary

the condition is

(2.7)

where pr and c.,. are the density and the velocity of pressure waves in the reservoir

bottom materials, respectively; v is the interaction velocity, between the fluid and the

materials at the bottom of the reservoir. The condition at the truncated boundary

is

(2.8)

in which Co is the velocity of pressure waves in the fluid. Finally, at the fluid-structure

interface the boundary condition is,

P = Pb on fSF (2.9)

where Pb is the, yet unknown, hydrodynamic pressure at the fluid-structure interface.

At rest initial conditions for the fluid are assumed; that is,

v t =0, p = 0, and p = 0 at t =0 (2.10)

2.3.3 Governing Equations in Terms of Displacements

Anticipating that the equations of motion for the structure, formulated in

terms of displacements, will be coupled with the equations for the fluid, the small
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amplitude fluid motion may be represented by the total fluid displacement, ut, where

v t = il t and v g == ug • The total fluid displacement can be expressed as

(2.11)

where u is the displacement of the fluid with respect to the specified motion, ug ,

at the base of the fluid-structure system. Observe also that this representation of

the fluid displacement yields, v::::: u. Substitution. of Eq. 2.11 into Eq. 2.1 gives the

momentum balance equation in terms of relative fluid displacement

POll +Vp+ POllg =0 (2.12)

Integration of Eq. 2.2 over time with the initial conditions, Eq. 2.10, gives the change

in density of the fluid,

(2.13)

because \iTUg = 0 when the boundaries rFU and r Sll move in a rigid manner. In

terms of the fluid displacement, the boundary conditions in Eqs. 2.6-2.9 are,

p::::: -po(nTg)nT(u+ ug ) on rFP (2.14)

To on rFU (2.15)p =Prcrn u

p = poconT(i'J. + ug ) on TFPI (2.16)

P= Pb on fSF (2.11)

In Eq. 2.15, prcr can be alternatively expressed as [15J,

(2.18)

where Q r "is the wave reflection coefficient, which is defined as the amplitude of the

reflected hydrodynamic pressure waves due to a unit vertically propagating pressure



13

wave incident on the reservoir bottom. It is believed [15] that values of the wave

reflection coefficient, an may range between 1 and O. For rigid reservoir bottom

materials, a r = 1, and for very soft reservoir bottom materials, a r = 0, meaning full

absorption of vertically incident pressure waves.

2.3.4 Equation of State Including Cavitation

The equation of state for an ideal, barotropic fluid gives the hydrodynamic

pressure as a unique function of the change in density, p (see Eq. 2.3). The equation

of state is [3]

(2.19)

However, f1.uids can not develop an absolute pressure less than the vapor pressure

of the fluid. When the absolute pressure, P + Po, equals the vapor pressure, Pv

(measured with respect to the atmospheric pressure), dissolved gasses in the fluid

form a cavitated region. With continued expansion of the cavitated region, the

density decreases at the roughly constant vapor pressure. The gaseous, or cavitated,

region is maintained until external forces increase the density of the fluid enough to

collapse the cavitated region.

To model the effects of cavitation, Bleich and Sandler [10] proposed a

continuum model of the fluid in which the fluid is linearly compressible if the absolute

pressure is greater than the vapor press~re. However, if the pressure drops below

Pv, the gaseous, cavitated region is represented as a f1.uid with a velocity of wave

propagation near zero. This model results in a bilinear equation of state, where the

velocity of wave propagation depends on the density [10],

for > Pv - Pop- 2
Co

(2.20)
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£ < Pv - Poor P _ 2
Co

(2.21)

The constant f30 represents the resistance of the cavitated region to expansion. The

constant is normally assumed zero, but Bleich and Sandler state that it should be

nonzero if the cavitated region is in contact with the fluid-structure interface [10].

The bilinear equation of state is depicted in Fig. 2.2.

2.3.5 Weak Form of Governing Equations

The finite element discretization of the fluid can be obtained from the weak

form of the governing equations. The weak form of the momentum balance equation,

Eq. 2.12, is

(2.22)

where ou is an arbitrary displacement field. Use of the divergence theorem on the

second term in the integrand of Eq. 2.22, with the boundary conditions, Eqs. 2.14-

2.17, gives,

- f ouTnpo(nTg)nT(u +ug ) df - r VTou P dO.JrFP JOF

+ r SuTnpb dr + r ouTpougdo.=OJrSF Jo. F

(2.23)

In a displacement finite element formulation, the equation of state is sat-

isfied point-by-point in the fluid domain by substituting Eqs. 2.20-2.21 into Eq. 2.23

and relating density to displacements by the continuity equation, Eq. 2.13. The

present mixed formulation satisfies the "equation of state in the "weak," or average

sense. The weak form of the equation of state is obtained by expressing the density
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in terms of the pressure, from Eqs. 2.20-2.21, multiplying by an arbitrary pressure

field, op, and integrating over the domain of the fluid, DF,

where

C =Co, p'U =0, for p 2:: Pv ~ Po
o

(2.24)

(2.25)

'II. (1 - ,B5)(Pv - po)
p = ,

(,Boco?
(2.26)

Substitution of the continuity equation, Eq. 2.13, into Eq. 2.24 gives the weak form

of the equation of state used in the present formulation

(2.27)

The mixed finite element formulation of the fluid domain is based on the

weak form of the governing equations, Eqs. 2.23 and 2.27. The evaluation of the

integrals in Eqs. 2.23 and 2.27 require that the functions u and eu be piecewise con-

tinuous; however, P and op may be discontinuous functions because their derivatives

do not appear in the integrands.

2.3.6 Finite Element Discretization

In the present formulation, different or mixed finite element approxima

tions for the displacement and pressure are adopted. In each element, the displace-

ments are given by

u =NfuI (2.28)

(2.29)

where Nf are specified, piecewise continuous, shape functions for node I, UI and OUI

are vectors of displacements at node I, and repeated subscripts indicate summation
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over the nodes of an element. Independent of the displacements, the pressure field

in an element is approximated by

(2.30)

(2.31)

where RI is a specified pressure function, corresponding to pressure parameter PI,

that is continuous over the element but may be discontinuous across element bound

aries. The pressure parameters, PI, are not necessarily associated with nodes because

of the relaxed continuity requirements for the pressure function in the weak forms.

The criteria for selecting the displacement and pressure shape functions will be es

tablished in Chapter 3.

Working first with the weak form of the equation of state, Eqo 2.27 is

divided into integrals over element subdomains, fiFe' Substitution of Eqso 2,28-2,31

into Eq, 2.21, then gives

(2.32)

where nr = VTNf. For arbitrary 0PLI the solution of Eq. 2.32 for the pressure

parameters in an element is

(2.33)

where

(2035)

(2.36)
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Returning to the weak form of the momentum balance equation, the sub

stitution of Eqs. 2.28-2.31 into Eq. 2.23, with the integration performed over the

element subdomains, for arbitrary 8UI, gives

,,{ F·· (F' F")' (k)F T F.t- mIJuJ + c[J + CIJ UJ + f IJUJ - gKIPK + PI
e

(2.37)

where the summation indicates assembly over the elements in the fluid domain, and

mfJ ::: 1 (Nf)TPaN) dQ
OF e

cf; = { (NflnpoconTNf df
JrFl"e

F
II /r F T T FCIJ = (N]) nprCrn N J dr

rFUe

(kf )fJ :: - i (Nf)Tnpo(nTg)nTN~ dr
rFl'e

pf = 1 (NnTn Pb dr
rSFe

(2.38)

(2.39)

(2.40)

(2.41)

(2.42)

The terms that are proportional to the ground motion in Eq. 2.37 result from the

fact that ug = NJrJug for the matrix rJ representing rigid-body motion of the

element,

Substitution of Eq. 2.33 into Eq. 2,37 at the element level and assembly of

the element contributions gives the equations of motion for the fluid

where C F ::: C F' +C F", and MF, CF', CF", Kf and PF are assembled from the

element matrices defined in Eqs. 2.38-2.42. The matrix RF represents rigid-body

motion of the discretized fluid domain, The vector of nonlinear restoring forces, FF,

is assembled from

f F T
I ::: -gKIPK (2.44)
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which upon substitution of Eq. 2.33 yields

(2.45)

where

(2.46)

is the tangent stiffness matrix for the fluid element.

In Eq. 2.43, the velocity dependent damping force and dynamic force pro

portional to the ground velocity develop because of the radiation condition at the

truncated and absorptive boundaries. Because of the assumption of inviscid fluid

there is no internal damping, so a finite fluid domain with rigid boundaries will have

no damping. Also note that ground displacement components tangential to the free

surface and the absorptive boundary, and ground velocity components tangential to

the truncated or absorptive boundaries do not introduce forces on the right hand

side of Eq. 2.43; the terms are retained for the case of general ground motion.

2.3.7 Irrotationality Condition

The motion of the fluid is irrotational if the initial conditions are irrota-

tional. This is shown by taking the curl of Eq. 2.1 to find that curl vt = 0, which

upon double integration with respect to time, and recognizing that curl ug = 0, gives

the irrotationality condition in terms of fluid displacement: curl U = 0. However,

because of errors introduced by discretization and time integration of the equations

of motion, vorticity can develop in the numerical solution. The condition of irro-

tational motion can be satisfied numerically by augmenting the weak form of the

momentum balance equation, Eq. 2.22, with a penalty constraint [19,46]

(2.47)
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where w == curl u and a is a penalty parameter.

In the finite element discretization,

(2.48)

(2.49)

where Wr == curlNf. Substituting Eqs. 2.48-2.49 into the weak form, Eq. 2.47,

adds a stiffness term to the equations of motion for the fluid, Eq. 2.43,

where K F == Kf+K!:, and K!: is assembled from

(2.51)

The penalty parameter, a, must be large enough to enforce the irrotation-

ality constraint, and Eq. 2.51 must be evaluated numerically with reduced integration

to prevent locking of the elements [46]. Selection of a is discussed in Chapter 3.

2.4 Equations of Motion for the Structure

Using standard procedures for the finite element discretization of the struc-

tural domain, ns, the equations of motion for the structure subjected to ground

motion are

where US is the vector of displacements of the nodes with respect to the motion, U g ,

of boundary, r SUi M S and CS are the mass and damping matrices of the structure,

respectively; and F S is the vector of restoring forces. For a linear, elastic structure,

FS :::: KSUs , where K S is the stiffness matrix of the structure. The vector pS is
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assembled from the vector, p1, of forces on the elements due to the pressure, Pb, at

the fluid-structure interface,

(2.53)

in which Ny is the shape function for node I of the structure.

2.5 Coupling of Fluid and Structure

The fluid and structure are coupled by the compatibility requirement that

the normal displacements at the interface, rSF, are equal. To enforce compatibility,

the equations of motion for the fluid domain, Eq. 2.50, are partitioned into displace~

ment components normal to rSF, denoted by subscript B, and all other components,

denoted by subscript F. Thus, Eq. 2.50 for the fluid becomes,

[~f: ~f~] {g: }+ [egF ~] { g: }+ [~f: ~f~] {~: }
+{ F~ } __ [M~F M~B] { RF }.. _ [e~'p 0] { RF } •

Ff; - Mf;F Mf;B RB uy 0 0 RB ug

-[~~B:: (K~FB] { ~~ } ug - { :~ } (2.54)

Eq. 2.52 for the structure is partitioned into displacement components normal to

fSF' denoted also by subscript B, and all other components, denoted by subscript

S,

M~S ] { i!.B } + [e~B e~s] {-qB } +{
M ss Us e SB ess Us

_ [M~B M~s] {RB }.. +{ P~ }
M s MS R S U g 0

SB SS
(2.55)

The partitioned equations of motion, Eqs. 2.54 and 2.55, include transfor

mation of the displacements at the fluid-structure interface into components normal

and tangential to the interface. The normal components are placed in· partition B,
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and the tangential components are placed in partitions F or S. Each interface node

then has 2n -1 degrees-of-freedom, where n is the number of spatial dimensions. The

transformations are carried out using standard procedures, one node at a time, at

the element level and are presented in Appendix B. Fig. 2.3 shows the partitioning

of the displacement components for the two domains and fluid-structure interface.

For compatibility of the normal displacements along the interface, the

shape functions Ny for the structure elements and Nf for the fluid elements must

be identical for common nodes on the interface. Consequently, the forces due to

hydrodynamic pressure at the interface are automatically in equilibrium, P~ =P~,

according to Eqs. 2.42 and 2.53.

Using the compatibility conditions and the resulting equilibrium of forces

at the interface, the combination of partitioned Eqs. 2.54 and 2.55, a direct assembly

operation, gives the coupled equations of motion for the fluid-structure system,

When needed, the pressure in a fluid element is computed from P = RKPK, where

PK is given by Eq. 2.33, in which hLK and pic are determined from the density,

p = -poBfUj (from Eq. 2.13).

The coupling of the response of the fluid and structural domains is repre

sented very directly by the symmetric equations of motion in Eq. 2.56. The mass and
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stiffness contributions of the fluid and structure are simply added at the common

·normal degrees-of-freedom along the interface. It is not necessary to compute inte

grals over the interface to represent the coupling. The bandwidth of the matrices is

typical of standard displacement elements, with the exception of the normal degrees

of-freedom on the interface which can be handled effectively by profile storage of the

matrices.

2.6 Solution of Coupled Equations of Motion

For convenience in describing the solution of the equations of motion for

the fluid-structure system, Eq. 2.56 can be expressed as

(2.57)

where X = [U~ U~ U~J, and the definitions of M, C, CF, K, KF, F and R

follow from the corresponding terms in Eq. 2.56. Because the restoring force, F, is

a nonlinear function of X, Eq. 2.57 must be solved in the time domain. The present

study applies two methods of time integration to the solution of Eq. 2.57; a fully

implicit method and an implicit-explicit procedure. Both time integration schemes

follow the description in Ref. [21].

2.6.1 Fully Implicit Method

If the solution at time step tn is known, X n = X(t n ), X n = X(tn ) and

X n =X(tn), the solution at time step tn+1 = tn + f).t is sought,

MXn+1 + CXn+l +KXn+ 1 +F n+l = -MRug(n+l) - CFRug(n+l) - KFRug(n+l)

(2.58)

where
- 2 ••

X n+1 = Xn+l + (f).t) ,8Xn+1 (2.59)
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in which
_ • (~t)2 '.
Xn+l = X n +~tXn +-2-(1- 2,8)Xn

X= Xn +~t(l- "Y)Xn

(2.60)

(2.61)

(2.62)

In Eqs. 2.59-2.62, ~t is a specified time step, and ,8, "Yare parameters of the time

integration procedure. In'the procedure, Eq. 2.58 is expressed as an equivalent static

problem in terms of Xn+l by substitution of Eqs. 2.59-2.62. Because the restoring

force, F n+l, is a nonlinear function of Xn+l, the equivalent static problem can be

solved by a Newton-Raphson procedure that iterates until convergence is achieved.

The algorithm, described in [21], applied 'to Eq. 2.58 is as follows:

1. X n, Xn,Xn are known; set iteration counter, i =O.

2. Predict response at t n+l;

(2.63)

(2.64)

(2.65)

3. Form vector of unbalanced forces;

(2.66)

where F~+l is assembled from the element contributions as follows,

(a) Fluid Elements. For each fluid element the resisting forces are calculated

from Eq. 2.44. Chapter 3, presents a detailed procedure for the state

determination of the fluid.
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(b) Structural Elements. The resisting forces for the structural elements are

evaluated using standard procedures. Chapter 5 presents a detailed treat

ment of nonlinear models for the structure, particularly the effects of

tensile cracking in concrete.

4. Obtain the equivalent dynamic stiffness matrix

(2.67)

where K~, as defined in Eq. 2.46, and K~, the tangent stiffness matrices for

the fluid and structure, are assembled from the element contributions, which

are conveniently computed in Step 3.

5. Solve for the incremental displacements

K*6.X= 6.F

6. Update the response

'+1 .
X~+1 = X~+l +6.X

.. i+l _ 1 Hl-
X n+1 - (.6.t)2,B(X n+l - X n+1)

• '+1 7' ., '+1
X~+1 == Xn+l +.6.t 'Y X~+l

(2.68)

(2.69)

(2.70)

(2.71)

7. Check if the unbalanced force and incremental displacements are within ac

ceptable tolerances. If so, the last iterate gives the solution for X n+1 , Xn+l

and Xn+!. If not, increment the iteration counter, i +- i +1, and go to step 3.

To start the time integration, at rest initial conditions are assumed, so X o = 0,

Xo = 0; Xo can be obtained by solution of Eq. 2.57 at time zero.
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2.6.2 Implicit-Explicit Method

The fully implicit method requires the assembly and factorization of the

tangent stiffness matrices for the fluid and the structure at every iteration in every

time step. Although, as it will be shown through example, equilibrium convergence

in a time step is rapid, it is possible to avoid the assembly and factorization of

K* by evaluating the nonlinear restoring force explicitly. There is no advantage in

evaluating the nonlinear restoring force in the fluid explicitly because of the near

incompressible behavior of the fluid. However, when nonlinear models for the struc-

ture are included (Chapter 5) there may be computational advantage in evaluating

FS explicitly. The impliCit-explicit algorithm is nearly identical to the fully implicit

algorithm described above, with two exceptions [21]:

L In Step 3, the unbalanced force is computed based on an explicit evaluation of

the restoring force in the structure using the predicted displacements;

- CX~+l - KX~+l - { ~}}i -{i~ } (2.72)

n+l S n+l

where the fluid restoring force is evaluated as before, but the structure restoring

force, Fs, is evaluated at the displacements Xn+l1 which do not change during

a time step.

2. The effective dynamic stiffness matrix is

* 1 i K F
K = (~t)2,BM + ~t,BC + +K T (2.73)

in which the structure elements do not contribute to the tangent stiffness ma-

trix.
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2.7 Application to One-Dimensional Systems

To demonstrate the numerical procedure developed in the previous sec

tions, the transient response of an idealized fluid-structure system is computed. The

structure is represented by a single degree-of-freedom oscillator, and the fluid is

modeled as a one-dimensional domain. For the one-dimensional domain, there are

no surface waves and the motion is irrotational by definition. The fluid is discretized

using two-node elements with constant pressure over the element and linearly vary

ing displacement. For this case, the displacement and mixed formulations give the

same element stiffness matrix.

2.7.1 Response to Pressure Pulse

The system considered is shown in Fig. 2.4, where a 5 ft. long fluid domain

is discretized by forty elements. A constant pressure pulse is applied at the far end

of .the fluid. The structure has a mass of 10 lb-sec2 /ft and stiffness of 104 Kjft . For

the fluid, Po =1 Ib-sec'1./ft4 and Co =5000 ft/sec . This problem was considered in

Ref. (24] and is included here for comparison.

The response of the system is computed for two cases, a linear fluid (f3o = 1)

and a fluid that cavitates (f3o = 0) when the dynamic pressure is less than zero (as

sume Po = Pv = 0). The equations of motion were solved using the fully implicit time

integration method with (3 = 0.25 and I = 0.5. Based on accuracy considerations a

time step of At =2 xlO-5 seconds was used. The response of the system is shown

in Fig. 2.5, where normalized pressure, plfJo, in the fluid at the structure interface

and displacement, uk/Po, of the structure are plotted with respect to time, tcol L.

For the linearly compressible fluid, the response results represent the pressure peaks

and arrival time well, and they are in close agreement with the results iIi Ref.[24].
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Cavitation, of course, limits the minimum pressure ofthe fluid, as clearly shown in

Fig. 2.5. In addition, cavitation limits the magnitude of the subsequent maximum

pressure peaks. However, for this system and loading, cavitation has a negligible

effect on the displacement of the structure. Even with the bilinear model for the

cavitating fluid, convergence of the solution procedure was very rapid, in at most

two cycles of iteration in a time step.

2.7.2 Response to Ground Motion

The idealized one-dimensional fluid-structure system shown in Fig. 2.6, has

a radiating boundary at the end of the 900 ft long fluid domain, which was discretized

by twenty elements. The structure has a mass of 58.7 K-sec2 /ft, natural vibration

frequency of 30 rad/sec, yield strength and yield displacement of 1320 kips and 0.30

in, respectively. For the fluid, Po =1.94lb-sec2/ft4 and Co =4720 ft/sec. The ground

motion is idealized by a sinusoidal ground acceleration with a peak value of ·0.31g

and an excitation frequency equal to 0.70 times the natural vibration frequency of

the structure. Artificial damping is included in the fluid to eliminate high-frequency

noise from the numerical solution. Numerical experiments demonstrate that the

response is not sensitive to the small amount of artifical damping.

Several cases of the fluid-structure system were considered. First, a linear

fluid and a cavitating fluid [with Po = 40 psi, and Pv = 0] were considered. In

combination, a linear structure and a nonlinear structure, modeled as an elasto

plastic spring, were also considered. The yield strength of the spring was chosen

to be two-thirds of the maximum force developed in the linear structure (without

the fluid) due to the ground motion. A time step of /:it = 0.01 sec was adequate

for a linear system or one nonlinear component. For an elasto-plastic structure and
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bilinear fluid, a time step of 0.005 sec was necessary for an accurate solution. Again,

the convergence of the procedure was very rapid, never requiring more than three

iterations.

The response of the linear model of the structure is shown in Fig. 2.7, where

the pressure in the fluid at the interface and displacement of the structure relative

to the ground motion are plotted with respect to time. The fluid near the interface

cavitates when the motion of the structure in the downstream direction attempts

to generate a negative pressure. As the structure reverses direction, the cavitated

region collapses, producing larger peak pressures at higher frequencies than if a linear

fluid is assumed. The cutoff iIi negative pressure results in larger displacements in

the downstream direction. The maximum displacement in the upstream direction is

generally reduced (except for the second cycle) by the increased resisting pressure

associated with the collapse of the cavitated region near the structure. Including the

effects of cavitation increases the maximum displacem,ent (and hence force) in the

structure by 18%.

The response of the elasto-plastic model of the structure is shown in Fig.

2.8. The pressure variation for a linear fluid and elasto-plastic structure are very

similar to the case of a completely linear system. The displacement of the structure,

however, shows a residual displacement in the upstream direction due to yielding of

the spring in that direction. When cavitation is included, the effect on pressure is

very similar to the previous cases of a linear structure. However, cavitation changes

the cycle at which first yield occurs (in the downstream direction) and increases the

ductility demand from 1.34 to 1.53. Because of the cutoff in pressure, cavitation

reduces the residual drift of the structure by approximately one-third.
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Fig. 2.1 fluid-structure system.
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Fig. 2.2 Equation of state of fluid including
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Fig. 2.3 Degrees of freedom in partitioned equations of
motion for fluid-structure system.
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Chapter 3

Finite Elements for Fluid Domain

3.1 Introduction

A family of fluid elements based on the mixed pressure-displacement finite

element formulation, introduced in Chapter 2, is thoroughly examined in this chapter.

The study is restricted to two-dimensional domains, although the formulation can

be extended to three-dimensional domains. Mixed quadrilateral isoparametric finite

elements for the fluid domain are presented with constant or linear pressure variation

and linear or quadratic displacement variation. The displacements are associated

with nodal points in the element, i.e 4, 8, or 9-nodes, but the pressure parameters

are not necessarily related to nodes. The satisfaction of the irrotationality condition

on fluid motion introduces a constraint which is enforced by a penalty function, as

described in Section 2.3.7.

One of the requirements for completeness in a finite element solution is that

the element represent rigid body displacements of the domain. For two-dimensional

solid domains, rigid body motion consists of two translations and one rotational com

ponent. For the case of inviscid fluid, however, the rigid body motion requirement is

broader because of the absence of shear stress resistance. A fluid finite element must

be able to represent fluid flow, in which the translational and rotational components

are already considered. This necessary distinction aids the interpretation of some

results presented in this chapter.

Selection of the shape functions for displacement and pressure in the mixed

formulation requires care in order to obtain a convergent element for the fluid domain.

37
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The weak forms of the governing equations for the fluid, Eqs. 2.23 and 2.27, show that

interelement continuity ofthe pressure is not required because pressure derivatives do

not appear in the integrands. Thus, a variety of shape functions for the pressure are

admissible. In this study the pressure variation in the fluid elements is represented

by polynomial functions. It is possible to express the pressure functions in terms of

global coordinates of the domain, or natural coordinates of the element, as used for

displacement shape functions. The number of terms in the pressure functions must

be sufficient to avoid rank deficiency of the fluid stiffness matrix, Eq. 2.46. Also,

careful selection of the pressure functions is necessary to avoid overconstraining or

locking of the solution(1l,20,44]. These considerations are addressed in Section 3.3.

The need to satisfy the irrotationality condition on fluid motion requires

the use of a penalty function. The element stiffness matrix, the fluid stiffness plus the

. penalty matrix, must possess sufficient rank to avoid singularity of the global fluid

stiffness matrix. Therefore, an eigenvalue analysis is used to verify that the number

of pressure functions and the integration order of the irrotational matrix provide a

non-singular stiffness matrix for an assemblage of fluid elements. Furthermore, a

patch test is carried out to verify that the requirements for convergent fluid elements

are satisfied.
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3.2 Displacement Approximation

Standard shape functions are used for the displacements, Nf, Eq. 2.28,

for node 1. Namely [4,51],

4 - node element: N{ = t(1 + 8[s)(1 + tit),

8 - node element: N{ = t(1 +s[s)(1 + t[t)(S[S + tit -1), for 1 = 1,2,3,4

N{ = t(1- s2)(1- tIt), for 1 = 5,7

N{ = t(1- t2)(1 +SIS), for 1 = 6,8

9 - node element: Nf = Hs2 + SIS)(t2+ tIt), for 1 = 1,2,3,4

N{ = ~(1 - s2)(t2+tit), for 1 =5,7

N{ = !C1- t2)(S2 +SIS), for 1 = 6,8

N{ =(1 - s2)(1 - t2) for 1 = 9
(3.1)

3.3 Pressure Approximation

Because of the assumption that the fluid is inviscid, the fluid finite element

must only represent, through its stiffness matrix, those resisting forces associated

with compressional (volumetric) deformation. The pressure functions, RI, Eq. 2.30,

which have a primary importance in establishing the fluid element stiffness matrix,

kfJ, Eq. 2.46, must meet certain requirements to interpolate properly the pressure

within an element and provide a convergent element. Specifically, the pressure func

tions must be invariant under coordinate transformation and linearly independent,

to guarantee the existence and uniqueness of the inverse of matrix hLK, Eq. 2.34.

The rank of hLK, defined as the number of linearly independent rows and columns
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in a matrix (42], is obviously the same as the number of independent pressure func

tions. The minimum number of the RI functions is determined by the rank of hLK

(and hIJ) needed to avoid singularity of the element stiffness matrix, including the

irrotationality constraint and surface waves contributions. Further, as reported in

Ref. [44], for two-dimensional problems the number of terms used for the pressure

functions can be, at the most, the number of new nodes added by each element in

a finite element mesh without overconstraining the solution. Thus, for the 4-node

element one pressure function suffices, while for the 8 and 9-node elements three and

four pressure functions can be used, respectively. This requirement is later verified

in the eigenvalue analysis and patch test described in Section 3.6.

For two-dimensional problems it has been shown that using complete poly

nomials in global coordinates of the domain provides better results than polynomials

in natural coordinates of the element (44,50]..Based on these findings, global coor

dinates are used in this study. The vector of pressure functions for each element is

then given by
4 - node element; R = L1 J

8 - node element; R = L1 x y J (3.2)

9 - node element; R = L1 x Y xy J
where x and yare the global coordinates of the domain. The isoparametric formula-

tion can be used to express the global coordinates in an element as x = NrXI and

y = NfYI' where XI and Y1 are the coordinates of the node I.

The matrix gLJ, Eq. 2.35, is a function of both RI and NI, and its rank is

the minimum of either the number of pressure functions or the order of kfJ minus

the number of modes that produce fluid flow [44]. The fluid element stiffness matrix,

kfJl should have only non-zero eigenvalues associated with volumetric change. This

can also be stated as having kfJ with a rank equal to the number of constraints
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imposed on the element and is the same as the number of pressure functions.

To illustrate this, Figs. 3.2-3.4 show the mode shapes associated with the

non-zero eigenvalues of the elements (related to compressional deformation) and

the ranks of hLK, gLJ and kfJ for rectangular finite elements of 4, 8 and 9-nodes,

respectively. The element considered has an aspect ratio of 1.5 and unit thickness.

The eigenvalues, result from solving k F x = AiX, are scaled with respect to the fluid

bulk modulus, poc5, such that .xi = Adpoc5. It is clearly noticed that when fluid

flow is prevented, by imposing displacement boundary contraints, the matrix kfJ is

rank deficient, justifying the need of the irrotationality constraint and surface waves

conditions to avoid singularity of the global fluid stiffness matrix. Remedies to this

shortcoming will be presented in Section 3.6.

3.4 Numerical Integration of Fluid Element Matrices

Standard Gaussian quadrature is used to integrate numerically the fluid

element matrices. The number of integration points required to integrate a polyno

mial function is determined by the order of the polynomial. If n integration points

are used, then a polynomial of order 2n - 1 can be exactly integrated [17]. The

integration is performed by mapping the finite element domain, OFe, from global

coordinates (x, y) to natural coordinates (s, t). In the following subsections the nu

merical integration of the fluid element matrices is presented.

As opposed to the displacement finite element formulation for the fluid

domain [46], it is important to point out that the numerical evaluation of the tangent

stiffness matrix for the fluid, kfJ' through the matrices hLK and gLJ, does not require

reduced integration to prevent overconstrained elements.
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3.4.1 Matrix hLK

Numerically, hLK, Eq. 2.34, is determined as,

where to is the thickness of the element; Wi and Wj are the weights of the integration

points i and j of position (Si, tj) within the mapped element; and I J I is the de-

terminant of the Jacobian of the transformation from global to natural coordinates.

For a linear fluid, in which c2 Po is a constant function, the order of the numerical

integration is only based on the degree of the pressure functions. Examining RI,

in Eq. 3.2, it is observed that for the 4-node element a lxl order of integration is

needed, while for the 8- and 9-node elements a 2x2 order of integration suffices. For

nonlinear fluid or arbitrary quadrilaterals, the order of integration adopted is the

same as that for linear fluid, mentioned above.

Notice that the state of the fluid is a function of the nonlinear pressure

wave velocity, c, representing cavitation. The value of C depends on the density of

the fluid and is evaluated at each integration point based on the current state of the

element by:

• Compute the density, p:

From Eq. 2.13, p(Si, tj) = -poBfCsi, tj)U[

• Compare pes' t·) with P 't - Pv-PO(Si,tj) •
" J crt - C5 '

poCSi, tj) is the hydrostatic pressure at the integration point,

From Eq. 2.25, if p(Si,tj);:: Pcrit then C(Si,tj) = Co

From Eq. 2.26, if p(Si, tj) < Pcrit then C(Si, tj) = f3oco
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3.4.2 Matrix gLJ

The element matrix gLJ, Eq. 2.35, is independent of the state of the fluid

and is computed numerically as

gLJ = toLL WiWjRL(Si,tj)B)(Si, tj) I J I (3.4)
j

The order of integration is determined by the degree of the functions Rr and the

derivatives of Nf, given by Bf. Thus, for the 4-node element Rr is a constant

function and the derivative of Nf is constant in one coordinate and linear in the

other, so a Ixl order of integration is required. Using the same reasoning, a 2x2

order of integration is needed for the 8 and 9-node elements.

3.4.3 Vector PL

This vector PL' Eq. 2.36, represents the unbalanced pressure in the element

due to cavitation. It is a function ofthe state of the fluid and is evaluated numerically

by

1£ "'''' R( )pU(si,tj)IJIPL = to L.J L.J WiWj LSi, tj
i j po

For the numerical integration of this vector, the order of the integrand depends upon

the degree of RI and the nonlinear function pl£. Based solely on the function Rf,

the integrand has a degree of one, therefore PL could be integrated with only one

integration point. However, in nonlinear problems, equilibrium convergence requires

a more accurate computation of the unbalanced forces than of the tangent stiffness

matrix. Because the variation of the function pl£ is not precisely known, a 2x2

numerical integration order is adopted. Furthermore, for computational efficiency

PL is conveniently evaluated along with the matrices hLK and gLJ in the same loop.

Since the state of the fluid affects pl£(Si, tj), due to cavitation, the following procedure

is used at each integration point:
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• Compute the density, p, as for the matrix hLK

• Compare p(Si' tj) with Perit == P"-P~~8i,tj) ;
o

PO(Si, tj) is the hydrostatic pressure at the integration point,

From Eq. 2.25, if P(Si,tj) ~ Pcrit then

From Eq. 2.26, if p(Si, tj) < pcrit then

ptf,(Si' tj) == 0
1-(3,2

ptf,(Si' tj) == TPerit

These matrices are similar to those extensively used in finite element dis

placement formulations for solids and their numerical integration is well documented

in many textbooks [4,20,51]. The consistent mass matrix, mfJ' requires 2x2 inte

gration for a linear displacement variation and 3x3 integration for a quadratic one.

The other matrices, cf;, cf;' and (kJ )fJ' which are integrated over the boundaries,

require second and third orders of integration depending upon whether the displace-

ment'variation is linear or quadratic.

3.4.5 Matrix (k!:;)lJ

As described in Section 2.3.7, the irrotational stiffness matrix, is added

to the element stiffness matrix, Eq. 2.51, kfb to constrain vorticity introduced by

the discretization and time integration of the equations of motion for the fluid. It

accomplishes this by increasing the rank of the element stiffness matrix and therefore

preventing singularity of the global fluid stiffness matrix. The penalty matrix is

computed as

(k!:;)1J == a toI:L WiWj(Wf(si, tj)lW)(Si, tj) I J I (3.6)
j

This matrix must be evaluated numerically with reduced integration to prevent lock-

ing of the elements, that is, lxl or 2x2 order of integration for the 4 or 8 and 9-node
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elements, respectively. A later section will establish rules for the numerical integra

tion and selection of the penalty parameter, a.

3.5 State Determination

The tangent stiffness matrix, Eq. 2.46, and nonlinear resisting forces,

Eq. 2.44, due to cavitation, are based on the current state of the fluid element.

The state determination procedure for computation of those terms is as follows:

1. Compute hLK, gLJ and P'L from Eqs. 3.3- 3.5

2. Form the partitioned array:

3. Solving a linear systems of equations, compute:

Note that the second submatrix gives the negative of the pressure parameters,

PK, Eq. 2.33. This equation solution involves 1,3 and 4 equations for the 4, 8

and 9-node element, respectively.

4. Multiply by gkl:

[gkI(hLK)-lgLJ I gkI(hLK)-lgLJUJ - gkI(hLK)-lp'L]

The first submatrix is the tangent stiffness matrix, (kr)f.T, and the second the

vector of nonlinear restoring forces, fr = -gkIPK.

3.6 Eigenvalue Analysis, Penalty Parameter and Patch Test

An eigenvalue analysis is carried out to evaluate the selection of the pres-

sure functions, R[, and to verify the necessity of the rotational constraints in the

fluid to avoid rank deficiency of the fluid stiffness matrix. The test example, depicted

in Fig. 3.5, is a water tank with rigid walls; it has also been studied in Ref. [46].
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The water has a density, Po = 1.941b-sec2/ft4j and pressure wave velocity, Co =4720

ft/sec.

A parametric study for the penalty parameter is also performed. Several

values for a are considered to investigate the sensitivity of the sloshing and com

pressional frequencies of a single fluid finite element, with 4, 8 or 9-nodes. The

convergence of the first sloshing and compressive frequencies are investigated using

the same example as that of the eigenvalue analysis. This section ends with a patch

test for an assemblage of fluid elements to verify the requirements for a convergent

element.

3.6.1 Eigenvalue Analysis

The fluid finite elements considered in the eigenvalue analysis have 4-nodes

with 1 pressure function, 8-nodes with 3 pressure functions, and 9-nodes with 4 pres

sure functions. For single elements 'the number of non-zero eigenvalues representing

compressional modes was discussed in Section 3.3 and is shown in Figs. 3.2-3.4. The

4-node element has one compressional mode and seven zero-energy modes, some of

which correspond to vorticity and surface sloshing. When considering the rigid water

tank with one 4-node finite element, as shown in Fig. 3.6(a), fluid flow constraints

provide only six displacements boundary conditions; thus, one zero-eigenvalue related

to rotation is left. This zero-eigenvalue vanishes when one rotational constraint is

included. The addition of surface sloshing stiffness does not have any effect on the

deformation of a single element. When the rigid water tank is modeled with two

finite elements, Fig. 3.6(b), there are only two non-zero eigenvalues associated with

compression, and ten zero-energy modes, some associated with vorticity and sloshing.

After including seven displacement boundary conditions to restrain fluid flow, there
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is a remainder of three zero-eigenvalues which are eliminated when two rotational

constraints (one for each element) and surface sloshing are included.

As mentioned in Ref. [46], a large (high frequency) eigenvalue correspond

ing to a rotational constraint is associated with each integration point. This was

verified using the rigid water tank, modeled with one and two finite elements. In

both cases, when the irrotationality penalty matrix was fully integrated, with 2x2 in

tegration order, the fluid stiffness matrix including the penalty matrix has only high

frequency eigenvalues related to vorticity, eliminating the compressional frequencies.

The elements are overconstrained by full integration of the penalty matrix and the

solution locks. Therefore, a reduced integration on the irrotationality penalty matrix

is required.

For the 8-node element with three pressure functions, Fig. 3.3 shows that

the fluid stiffness matrix has three compressional modes and thirteen zero-energy

modes. The results for the rigid water tank discretized with this type of element, in

which surface sloshing and the irrotational penalty matrix computed with reduced

integration are taken into account, are depicted in Fig. 3.7. In both cases, for one

and two finite elements, the penalty matrix is integrated at four points, however,

only three and seven rotational modes are introduced, respectively. The remaining

rotational mode has been replaced by a zero-energy mode associated with shear

deformation. This apparently unexpected result is readily confirmed because shear

deformation is not accounted for in the weak form for momentum balance. When

four pressure functions are used instead, the problem becomes overconstrained, as

pointed out in Ref. [44], because more constraints are introduced than degrees of

freedom for each element added to a mesh.

The same analysis is performed on the 9-node element, with four pressure
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functions (Fig. 3.8). As with the 8-node element, a 2x2 reduced integration rule is

used for the penalty matrix. Although, there are four high frequency eigenvalues

related to rotation, one of them is in fact related to a shear deformation mode.

This is the principal difference between the 8 and 9-n.ode elements. Whereas in

the 8-node element the shear mode has a zero eigenvalue, in the 9-node element the

eigenvalue corresponding to shear mode is grouped with the high frequency rotational

eigenvalues. As a result, shear deformation is constrained in the 9-node element..

Figs. 3.9,3.10 and 3.11 show the first sloshing and compressional frequen

cies, obtained from the generalized eigenvalue problem (including mass), for the rigid

water tank modeled with one and two 4, 8 and 9-node finite elements, respectively;

the corresponding modes shapes are also shown. Notice in Figs. 3.9 and 3.10 that

single 4-node and 8-node elements are not able to reproduce sloshing. The reason is

that in a single 4-node element, there are two constraints imposed in the element,

one compression and one rotation, and only two degrees of freedom. In a single

8-node element, there are seven constraints in the element, three compressions and

four rotations, and seven the degrees of freedom. Thus, for both elements sloshing

is not reproduced. When a reduced integration rule (one gaussian point) is used for

the irrotational penalty matrix in the single 8-node element, see Fig. 3.10, a sloshing

mode is produced since the number of constraints is less than the number of degrees

of freedom.

The rate of convergence for the first compressional and sloshing frequencies

of the water in the rigid tank are shown in Figs. 3.12 to 3.14, for the three types

of elements studied, as a function of the number of elements versus percent error

with respect to the exact solution. The exact solution for the first sloshing and

compresional frequencies are 2.24 and 1186.30 rad/sec, respectively [46]. Observe

that fast convergence is achieved for all the elements, particularly the 9-node element



49

(Fig. 3.14). Of special interest is the performance of the 8-node element, Fig.

3.13, when the rigid water tank is modeled with one and four elements. For both

cases, sloshing can not be reproduced because of the excess of constraints imposed

as compared with the number of degrees of freedom. For a large two-dimensional

finite element mesh, adding a new 8-node element will add only three new nodes,

that is, six new degrees of freedom. However, since seven constraints are introduced

by the new element, some modes will be eliminated. This is not the case for the 4

and 9-node elements. Hence, although the 8-node element shows convergence for the

sloshing and first compressional mode, it fails to reproduce some vibrational modes.

3.6.2 Penalty Parameter

The appropriate value of the penalty parameter, Q, is evaluated through
\~,

a study ofsingle 4, 8 and 9-node fluid elements'. The natural frequencies of a rect-

angular element, with the same geometry and properties as the tank problem in

Fig. 3.5, without boundary restraints are computed for two values of the penalty

parameter: five and fifty times the water bulk modulus, poc5. Tables 3.1-3.3 present

the frequencies for the three types of elements. Note that the rotational modes are

related to very high frequencies, an order of magnitude larger than the compressional

frequencies for the larger value of Q. The sloshing frequencies are not affected by the

value of Q whereas the compressional frequencies show a slight influence. In general,

values of the penalty number over fifty times the fluid bulk modulus do not signifi-

cantly change the frequencies and provide sufficient separation of compressional and

rotational modes to have little effect in the dynamic response.
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3.6.3 Patch Test

A patch test is conducted for both a uniform and an arbitrary mesh of

4, 8 and 9-nodes fluid finite elements to assure that the elements represent correct

pressures in the patch. Fig. 3.15 shows the assemblage of elements used for the test,

with the same geometry and fluid properties as the rigid water tank of Fig. 3.5. A

uniform pressure is applied at the free surface and body forces are not considered.

Both, the 4 and 9-node elements passed the test by representing exact pressure in

the elements. The 8-node element in the uniform rectangular mesh failed the test,

however, it passed it for the arbitrary mesh.

Summarizing, the 4 and 9-node elements performed well in representing the

vibrational characteristics of inviscid fluid and proved to be convergent. On the other

hand, it seems that the 8-node element with three pressure functions is unreliable

and its further use will not be considered. A value of the penalty parameter of fifty

times the fluid bulk modulus has been found adequate and will be adopted in this

study.

3.1 The Mixed versus Displacement Formulation

In the mixed formulation the pressure variation is approximated by inde

pendent pressure parameters and the equation of state is satisfied in the average

sense. In the displacement formulation for fluids the pressure function is evaluated

by the satisfaction, point-by-point, of the equation of state, Eq. 2.20-2.21, from the

displacement function. The term in the weak form of momentum balance, Eq. 2.23,

that is affected by the choice of formulation is the nonlinear restoring force, that is

(3.7)
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In the displacement formulation, the equation of state, Eqs. 2.20-2.21, is

substituted directly into the weak form of momentum balance. The density is then

expressed in terms of displacements by Eq. 2.13, which upon substitution into Eq. 3.7,

and considering Eq~. 2.25-2.26, gives:

(3.8)

The substitution of displacement shape functions (Eqs. 2.28-2.29) into Eq. 3.8, with

integration over the elements, for arbitrary CUI, gives the nonlinear restoring force,

for the fluid elements as

(3.9)

where

(3.10)

is the tangent stiffness matrix for the fluid element, and

(3.11)

is the vector of unbalanced forces due to cavitation. As reported in Ref. [46], Eq. 3.10

provides a excessively stiff element and requires reduced numerical integration. In

contrast, the tangent stiffness matrix, Eq. 2.46, in the mixed formulation does not

require reduced integration. As demonstrated in Ref. [25J, the mixed formulation

and displacement formulation with reduced and selective integration give the same

stiffness matrix for 4, 8 and 9-nodes elements for linear problems.

No major advantage exists between the displacement and mixed formula-

tions when computing the tangent stiffness. In the displacement formulation, the

element stiffness matrix, Eq. 3.10, must be recomputed, using reduced integration,

on the matrix triple product, whenever cavitation takes place. In the mixed formu-

lation, only hLK, Eq. 2.34, needs to be recalculated since gLJ, Eq. 2.35, remains
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constant. Ho\yever, an equation solution and matrix multiplication are required to

form the element stiffness matrix, as described in Section 3.5. Although not a very

common practice, if it is desired to store matrices gLJ for computing the tangent stiff

ness in the mixed formulation, it requires less storage than B[ in the displacement

formulation.

The major advantage of the mixed over the displacement formulation for

the fluid is in computing the nonlinear restoring force when cavitation is permitted.

In the displacement formulation, full numerical integration of the restoring forces, ff,
Eq. 3.9, is required for accurate restoring forces because the formulation attempts to

satisfy the equation of state throughout the element. On the other hand, in the mixed

formulation, where the equation of state is satisfied in the average sense, the restor

ing forces ff (Eq. 2.44 or Section 3.5) are only calculated by integration over fewer

points, reducing the computational effort considerably. Considering the 9-node ele

ment, where in the displacement formulation the vector of nonlinear restoring forces

is evaluated by 3x3 integration; in the mixed formulation only 2x2 integration is

necessary. It can be argued that reduced integration on the restoring forces approx

imately produces the same averaging results as in the mixed formulation. However,

in the case of nonlinear problems it has not been shown that reduced integration

produces the same 'average' restoring forces as does the mixed formulation which,

explicitly formulates the averaging in the weak form of the equation of state.
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Table 3.1: Frequencies of a single 4-node element (rad/sec)

Mode No. a =5poc5 a =50poc5 Mode Type

1-4 0 0 rigid body
5 2.66 2.66 sloshing
6 4.47 4.47 sloshing
7 2793.92 2793.92 compressional
8 6247.40 19756.01 rotational

Table 3.2: Frequencies ·of a single 8-node element (rad/sec)

Mode No. a = 5poc5 a = 50poc5 Mode Type

1-6 0 0 rigid body
7 2.69 2.69 sloshing
8 4.08 4.08 sloshing
9 6.05 6.05 sloshing
10 2793.92 2793.92 compressional
11 3385.26 3386.74 compressional
12 5816.36 5880.48 compressional
13 6247.40 19756.01 rotational
14 7722.05 24153.67 rotational
15 13270.27 41940.43 rotational
16 13971.40 44181.44 rotational
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Table 3.3: Frequencies of a single 9-node element (rad/sec)

Mode No. a = 5poc5 a = 50poc5 Mode Type

1-7 0 0 rigid body
8 2.71 2.71 sloshing
9 3.74 3.74 sloshing
10 6.51 6.51 sloshing
11 2793.92 2793.92 compressional
12 3385.26 3386.74 compressional
13 5816.36 5880.48 compressional
14 6247.40 6247.40 compressional
15 6247.40 19756.01 rotational
16 7722.05 24153.67 rotational
17 13270.27 41940.43 rotational
18 13971.40 44181.44 rotational
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Chapter 4

Earthquake Response of Gravity Dams with Fluid Cavitation

4.1 Introduction

Early studies on the effects of water cavitation on concrete dams were based

on simplified models such as a rigid dam with incompressible fluid. The ground

acceleration needed to produce water cavitation in dam-water systems was found

to be inversely proportional to the square root of the dam height [14]. Also, for

a rigid dam cavitation can be only initiated at depths greater than 33 ft. below

the reservoir free surface. These criteria, however, do not apply to flexible dams

impounding compressive fluid, in which the acceleration along the height of the dam

depends on the vibrational characteristics at the dam-water system.

In this chapter, the numerical procedure described in Chapters 2 and 3 is

applied to two-dimensional models of concrete gravity dams impounding a reservoir

of compressible fluid allowing cavitation. First, parameters regarding the finite el

ement modeling of the fluid are evaluated. Secondly, typical concrete gravity dams

are studied to assess the significance of cavitation on the earthquake response to

horizontal and vertical ground motion. Finally, the effects of reservoir bottom ma

terials, which partially absorb incident hydrodynamic pressure waves, on cavitation

are analyzed.

4.2 Modeling of Fluid Domain

Several parameters involved in the finite element modeling of the fluid do

main are investigated. The major factors considered in the discretization of the fluid

71
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are: the extent of the fluid domain, element size and element order, time step for

numerical integration and artificial damping for the fluid. For this purpose, a typical

concrete gravity dam-water system is selected for study. The tallest nonoverflow

monolith of Pine Flat dam is used for this study, and the model is shown in Fig. 4.1.

The concrete in the dam is assumed to be homogeneous and isotropic, with linear

elastic behavior and properties: unit weight, 155 Ib/ft3 ; modulus of elasticity, 3.25

million psi; Poisson's ratio, 0.2. For the amplitude of motion expected during earth

quakes, it is valid to assume that a single monolith responds in a state of plane stress

independent of adjacent monoliths (15J. Energy dissipation in the dam is represented

by viscous damping. The damping matrix for the dam is taken proportional to the

stiffness matrix to provide 5 percent of critical damping at the fundamental frequency

of the dam alone. The infinite fluid domain in the upstream direction is modeled

by a finite domain with an approximate radiating condition at the upstream end, as

discussed in Chapter 2. The impounded water is considered to behave bilinearly to

represent the effect of cavitation. The water has a density, Po, of 1.94 lb-sec2 /ft4 ;

pressure wave velocity, Co, of 4720 ft/sec.

The S69E component of the earthquake record at Taft Lincoln School

Tunnel (1952) is used for the horizontal ground motion input for the evaluation of

the fluid finite element modeling. For consistency with the results in Section 4.3, the

ground motion is scaled from a peak ground acceleration of 0.18g to Ig.

4.2.1 Extent of Fluid Domain

The fluid domain must extend a sufficient length in the upstream direction

to minimize reflections of pressure waves from the truncated boundary. To examine

the required extent of the fluid domain, the water is assumed linearly compressible
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(no cavitation). Two values for the aspect ratio of the fluid domain, L/H = 2

and 3, where L is the upstream length of fluid domain, and H is the dam height,

were used in the 400 ft. gravity dam-water system. The gravity dam-water system

is modeled by a 4-node coarse mesh, as depicted in Fig. 4.2, for L/H =3. For

L/H = 2, the last two columns of finite elements in the fluid are eliminated. The

hydrodynamic pressure at location A, near the upstream face of the dam, and location

B, 640 ft. in the upstream direction, are shown in Fig. 4.3. A good agreement is

obtained for both L/H ratios at location A. However, spurious wave reflections at

the truncated boundary affect the pressure response at location B, although the

pressures are smaller than in location A. Therefore, a L/H ratio of 3 is adopted for

all subsequent response analysis of this system.

4.2.2 Element Size

Two different mesh refinements were examined with the 400 ft. concrete

gravity dam-water system. The size of the element was selected by considering the

time needed for the passage of pressure waves across a finite element, the pressure

wave velocity, and the time step for integration of the equations of motion. The

selection of the time step is discussed in Section 4.2.4. First, a 4-node coarse mesh,

Fig. 4.2, and a 4-node fine mesh, Fig. 4.4, were adopted. For the linear fluid, the

dam displacement response is compared with previous results [15], using a different

modeling and solution procedure. The displacement of the dam crest for the two

meshes is shown in Fig. 4.5. The peak horizontal displacement, 7.44 in, differs by

about 9 percent from the one in Ref. [15], 8.06 in. This difference can be attributed

to the modeling and assumptions employed in this study and the one in Ref. [15],

in which the fluid domain is modeled as a continuum assuming a vertical upstream

face and the dam discretization is much more refined. Thus, the 4-node fine mesh is
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considered satisfactory for investigating the effects of cavitation.

4.2.3 Element Order

The response of the 400 ft. gravity dam-water system is compared for both

the 4-node fine mesh for the fluid, Fig. 4.4, and the coarse mesh of Fig. 4.2 using

9-node elements. For the linear fluid, Fig. 4.6 shows that the response at the dam

crest represents the peak displacements better with the 9-node element mesh, when

compared to the results in Ref. [15]. However, the number of degrees-of-freedom

in the coarse 9-node mesh is nearly twice as much as for the 4-node element mesh,

increasing the computational effort considerably, particularly for nonlinear response

with cavitation. Because of the involved computation of the 9-node elements and

the good performance of the 4-node fine mesh, the later is adopted for modeling the

fluid in the cavitation study.

4.2.4 Time Step for Numerical Integration

The time step in the numerical integration of the equations of motion,

Section 2.6, is an important parameter in determining the accuracy of the solution.

Even though the fully implicit numerical integration procedure is unconditionally

stable for the case of linear fluid, a time step small enough to obtain an accurate

solution and to allow the passage of waves through the finite elements is necessary.

The relationship between the size of the finite element and the time step

is given by [4]

a = At Co (4.1)

where a is the size of the smallest finite element that lies in the direction of the wave

propagation and At is the time step of integration. More crucial, however, is the
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time step when cavitation in the fluid is allowed and the response is nonlinear. In

this study, numerical experiments showed that stability of the nonlinear solution is

not difficult to achieve if artificial damping for the fluid is included. For the linear

case, the time step value was governed by the traveling of waves over an element,

generally 0.02 or 0.01 seconds. Accuracy determined the time step for the nonlinear

cases, usually half the time step used for the linear problem.

4.2.5 Artificial Damping in Fluid

One of the characteristics of the fully implicit numerical integration pro

cedure described in Section 2.6, is the lack of numerical damping. This damping is

sometimes a desirable property because it reduces high frequency noise that might

disturb the solution, particulary in the presense of response nonlinearities. The for

mation and subsequent collapse of the cavities in the fluid induce high frequency

pressure pulses which may distort and sometimes destabilize the numerical solution.

In order to minimize this shortcoming, a small amount of artificial damp

ing in the fluid is introduced. The additional damping is considered proportional

to the stiffness of the fluid, and is evaluated at the first natural frequency of the

impounded water. Amounts ranging from 0.05 to 0.75% of critical damping were

investigated using the 400 ft. concrete gravity dam-water system with fine 4-node

mesh, Fig. 4.4. Fig. 4.7 shows the effect of artificial fluid damping on the displace

ment of the dam crest, assuming a linear fluid. A value of 0.10% of artificial damping

closely approximates the peak displacements, whereas a damping of 0.75% reduces

the displacement amplitude considerably. Numerical experiments showed that when

the dam-water system is subjected to the first 9 seconds of the Taft ground motion,

scaled to 19 peak ground acceleration, and then allowed to vibrate freely, the solu-



76

tion is unstable when cavitation is permitted and the artificial damping ratio is less

than 0.10% with l:1t = 0.01 seconds and also l:1t = 0.005 seconds. Consequently, an

artificial damping ratio of 0.10% is used in the response analyses presented in this

chapter.

4.3 Response of Gravity Dam·Water System

4.3.1 Gravity Dam-Water System and Ground Motion

The geometry of a monolith of the Pine Flat dam is taken as a typical

example to study the significance of water cavitation on the earthquake response of

gravity dams. Two concrete gravity dam-water systems with dam heights of 400 ft.,

Fig. 4.4, and 600 ft., Fig. 4.8, are considered. The aspect ratio for the fluid domain

is LIH == 3. The material properties and model of the concrete dam are the same as

those used in Section 4.2. Energy dissipation in the dam is represented by viscous

damping with a ratio of 5% at the fundamental frequency of the dam alone and with

a stiffness proportional damping matrix. Further, the dam is assumed to behave

linear elastically and in plane state of stress. The finite element mesh for the dam

monolith is composed of 4-node nonconforming plane stress elements [43]. Concrete

cracking, the major source of nonlinearity in the dam, is not included in this chapter,

but it is incorporated in Chapters 5 and 6.

The vapor pressure of the water, measured with respect to the atmospheric

pressure, is Pv = -15 psi, and the coefficient of resistance of a cavitated region to

expansion, (30, is 0.01. The fluid penalty parameter considered is fifty times the water

bulk modulus, poc~, as determined in Chapter 3. An artificial damping of 0.10% is

added to the fluid domain to stabilize the solution in presense of the highly nonlinear

response of a cavitating fluid.
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Two ground motions were selected for the evaluation of cavitation effects:

the 1952 Kern County earthquake recorded at the Taft Lincoln School Tunnel, and

the 1971 San Fernando earthquake recorded at the abutment of Pacoima Dam, a

concre~e arch dam. The S69E component of the Taft ground motion, which has a

broad spectrum, was scaled from 0.18g to a peak horizontal ground acceleration of 19,

because large accelerations are needed to induce cavitation. The vertical component

of the Taft ground motion was also considered, scaled by the same factor as the

horizontal component. The S16E component of Pacoima earthquake, which has a

narrow band spectrum, with a peak ground acceleration of 1.17g was taken unsealed.

The vertical component of Pacoima ground motion was considered as well.

4.3.2 Effects of Cavitation on the Response of Gravity Dams

The response of the 400 ft. concrete gravity dam-water system, Fig. 4.4,

due to the S69E component of the Taft ground motion is shown in Figs. 4.9-4.10. A

time step of 0.02 and 0.01 seconds was found adequate for accurate response of the

system with linear and cavitating fluid, respectively. The hydrodynamic pressures

in fluid elements A, Band C (see Fig. 4.4) are shown in Fig. 4.9; the horizontal and

vertical displacements of the dam crest are shown in Fig. 4.10. The displacement in

the upstream direction is positive and in the downstream direction negative.

A comparison of the responses for linear and cavitating fluid clearly shows

the inability of water to sustain a pressure less than the vapor pressure if cavitation

is permitted. Cavitation is initiated when the dam is displaced in the upstream

direction and is accelerating downstream; a half-cycle later, as the velocity of the

dam is decreasing from its maximum value, the cavitated regions in the fluid collapse

and produce large pressure peaks ofshort duration. The large pressure pulses induced
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by the first collapse of the cavitated region subsequently produce a large amount of

additional cavitation that is not indicated by the hydrodynamic pressure on a linear

fluid. Although there is a large amount of cavitation in the water, the effect on

maximum displacement is very small, as shown in Fig. 4.10.

Of interest, however, is the acceleration response of the dam crest, relative

to the ground motion, in which cavitation has a major effect. Fig. 4.11 shows that

for the linear fluid the maximum acceleration at the dam crest is 2.5g, whereas for

the cavitating fluid this peak acceleration more than doubles to 5.5g. Comparing Fig.

4.11 with 4.9 for the cavitating fluid, the peak acceleration occurs at the same time

(at about 8.2 seconds) as the high pressure pulse impinges on the dam, an expected

result since the acceleration is proportional to the hydrodynamic pressure gradient

at the upstream face of the dam. Even though the amplified accelerations are of

high frequency, they may be of considerable importance for the design of secondary

equipment and appurtenances needed for the dam functionality.

As with displacements, the effect of cavitation on maximum principal

stresses in the dam is minor. The maximum principal stresses at six different lo

cations in the dam are shown in Table 4.1. The maximum stresses occur mostly near

the geometric transition between the vertical and the sloping faces, upstream and

downstream, which acts as a stress concentration. Most importantly, the stress mag

nitudes exceed the concrete tensile strength, indicating that at amplitudes of ground

motion that induce cavitation, tensile cracking of concrete will be important, and

most likely a dominant nonlinear response effect. Models to represent the inability of

concrete to transmit significant tensile stresses and subsequent tensile cracking will

be examined in Chapter 5 and 6.

The wave propagation phenomenon explained in Ref. [48J in regards to the
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cavity movement within the fluid domain is clearly confirmed in Fig. 4.12, where

cavitation zones at different times during the response are depicted. Note how the

formation of cavities evolve with time and they propagate in the upstream direction

where lower pressure in the flui~ exists. A summary of the fluid elements that

cavitate during the ground motion are shown in Fig. 4.13, where intensity of the

shading is proportional to the number of cavitation events in the elements during

the response to the ground motion. High cavitation is defined when an element

undergoes cavitation more than 150 times; intermediate cavitation in between 100

and 150; low between 50 and 100; and minimal for an element cavitating less than

50 times. Note that cavitation decreases with depth and in the upstream direction

because the hydrostatic pressure increases with depth and linear analysis [15J shows

that hydrodynamic pressure decreases exponentially upstream.

The response of the concrete gravity dam-water system of 400 ft., Fig. 4.4,

when subjected to the S16E component of Pacoima ground motion is depicted in

Figs. 4.14-4.15. The hydrodynamic pressure at three different fluid elements, A, B

and C, Fig. 4.4, are shown now in Fig. 4.14; the horizontal and vertical displacement

of the dam crest can be seen in Fig. 4.15. The observations on the effects of cavitation,

are the same as noted for the dam subjected to the Taft ground motion. However,

less cavitation takes place as shown in Fig. 4.16. Table 4.2 the maximum stresses in

the dam at various locations.

Because for rigid dams, the required acceleration to produce cavitation

decreases with height, a taller dam is analyzed to evaluate the effect of dam height

on cavitation. A 600 ft. concrete gravity dam-water system, depicted in Fig. 4.8, is

subjected to the Taft and Pacoima ground motions. The dam geometry is obtained

by uniformly scaling the geometry of the 400 ft. dam. The time steps for this case

were the same as for the 400 ft. gravity dam-water system. The response for the
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scaled horizontal component of the Taft earthquake is shown in Figs. 4.17-4.18. It

is observed that less cavitation takes place. This behavior, which contradicts the

conclusion for rigid dams, is explained by the reduction of dynamic amplification of

the fundamental mode on the 600 ft. dam for the particular Taft ground motion.

Fig. 4.19 depicts the cavitation pattern in the water and Table 4.3 lists the maximum

stresses at selected locations in the dam. When the 600 ft. height system is subjected

to the Pacoima earthquake, no cavitation takes place in any of the fluid elements;

therefore its response is not shown. Tables 4.2-4.3 show the maximum stresses at

six differents locations in the dam. The comments made for the magnitude of the

stresses in the 400 ft. dam are the same here.

4.3.3 Significance of Vertical Ground Motion on the Response of Gravity

Dams

The displacement response of the 400 ft. concrete gravity dam-water sys

tem due to the vertical component of Taft ground motion is shown in Fig. 4.20.

The vertical ground motion is scaled by the same factor as used previously for the

horizontal ground motion. In this case, no cavitation occurs; however, a comparison

with the displacement response due to S69E component of Taft, Fig. 4.10, indicates

the response to the horizontal and vertical components are nearly in phase, particu

larly between the seventh to the tenth second. This observation is confirmed when

the dam-water system is subjected to both components simultaneously, in which the

effect of the vertical component is very large, Figs. 4.21-4.22, producing considerable

amount of cavitation and large differences in the displacement response. Fig. 4.23

depicts the cavitation pattern in the water. Table 4.4 shows that unlike the case of

horizontal ground motion, maximum stresses increase significantly, as much as 29%,

as the water cavitates. Hence, it appears that vertical ground motion is of great
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importance to the dam response when cavitation is included.

The 600 ft. concrete gravity dam-water system is also subjected to the

scaled vertical component of the Taft earthquake. The displacement response for

vertical ground motion only is shown in Fig. 4.24 and as in the case of the 400 ft.

dam, no cavitation takes place. Figs. 4.25-4.26 show the response for the vertical and

S69E components simultaneously. A small difference is found with the response of

the S69E component alone, Figs. 4.17-4.18, although a little more cavitation occurs

(see Fig. 4.25). The cavitation pattern in the water is depicted in Fig. 4.27, in which

little difference is observed with respect to Fig. 4.23. The maximum stress change,

including cavitation, is around 7%, as can be noted from Table 4.5.

For linear fluid, it has been reported [15] that when rigid reservoir bottom

materials are assumed, the significance of the dam response to vertical ground mo

tion is overestimated. Therefore, a realistic model must account for the presence of

sediments in the reservoir bottom. This issue is studied in the next section.

4.4 Effects of Reservoir Bottom Absorption

The presence of sediment materials at the reservoir bottom allows a partial

absorption of incident hydrodynamic pressure waves. The effect of reservoir bottom

materials is approximately modeled by the boundary condition of Eq. 2.15. The

m~nitude of these effects depend upon the wave reflection coefficient, aT' which for

all the previous cases was 1- rigid reservoir bottom materials. In this investigation,

absorptive reservoir bottom materials are represented by wave reflection coefficients

of: aT = 0.5 and aT = o. It has been found that the response of concrete gravity

dams is reduced in all cases, consistent with results in Ref. [15], as can be observed

from Figs. 4.28 and 4.31. In the case of aT = 0, very little cavitation takes place.
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When the dam-water system, H = 400 ft., is subjected to both the S69E

and vertical components of the scaled Taft ground motion, for a r = 0.5; the re

sponse changes considerably compared to the response with a r = 1, as noted in

Figs. 4.32-4.33. The presence of sediments undoubtedly affects the contribution of

the earthquake vertical component to the total response. Moreover, the increase in

maximum stresses due to cavitation is reduced to the same level as when horizontal

motion is only considered, that is, a 3% difference.
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Table 4.1: Maximum principal stresses in dam (psi). Concrete
gravity dam-water system, H = 400 ft., due to the S69E com
ponent of Taft ground motion, scaled to 19 peak acceleration.
Locations on dam shown below.

Location Linear Fluid Nonlinear Fluid

1 1491 1471
2 1982 1920
3 438 474
4 940 911
5 1102 1114
6 1482 1373
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Table 4.2: Maximum principal stresses in dam (psi). Concrete
gravity dam-water system, H = 400 ft., due to the S16E compo
nent of Pacoima ground motion. See Table 4.1 for locations on
dam.

Location Linear Fluid Nonlinear Fluid

1 1848 1857
2 2530 2378
3 547 499
4 1185 950
5 1406 992
6 1558 1252

Table 4.3: Maximum principal stresses in dam (psi). Concrete
gravity dam-water system, H = 600 ft., due to the S69E compo
nent of Taft ground motion, scaled to 19 peak acceleration. See
Table 4.1 for locations on dam.

Location Linear Fluid Nonlinear Fluid

1 1741 1756
2 2289 2272
3 600 592
4 1274 1276
5 1462 1401
6 1659 1643
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Table 4.4: Maximum principal stresses in dam (psi). Concrete
gravity dam-water system, H =400 ft., due to both the S69E
and vertical components of Taft ground motion, scaled to 19
peak horizontal acceleration. See Table 4.1 for locations on dam.

Location Linear Fluid Nonlinear Fluid

1 1921 2477
2 2604 2883
3 666 775
4 1411 1176
5 1623 1312
6 1771 1472

Table 4.5: Maximum principal stresses in dam (psi). Concrete
gravity dam-water system, H =600 ft., due to both the S69E
and vertical components of Taft ground motion, scaled to 19
peak horizontal acceleration. See Table 4.1 for locations on dam.

Location Linear Fluid Nonlinear Fluid

1 2193 1963
2 2702 2559
3 732 781
4 1558 1568
5 1799 1713
6 1993 1939
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Chapter 5

Tensile Crack Model for Concrete Dams

5.1 Introduction

The nonlinear behavior of mass concrete is important as the stresses ap

proach the compressive and tensile strengths. Concrete dams resist gravity and hy

drostatic loads mostly in compressive stress fields. Under current design criteria for

static loads, the compressive stresses are much less than the compressive strength of

concrete. For such designs, static tensile stresses either do not exist or are very small.

However, the response of a concrete dam to earthquake ground motion produces large

dynamic compressive and tensile stresses. Linear analyses [15] have shown that total

compressive stresses rarely exceed sixty percent of the compressive strength, which

is a reasonable limit value for a linear behavior of concrete in compression. There

fore, the nonlinear behavior of concrete under compressive stresses can generally be

neglected in the earthquake response of dams. On the other hand, the low ten

sile strength of concrete will be exceeded at several locations in a concrete gravity

dam during a severe earthquake [15]. In such cases, the linear response results are

no longer valid since the concrete can be expected to crack under the large tensile

stress. Because of the importance of tensile cracking in concrete dams, it is the only

nonlinear material behavior included in this study.

Concrete cracks when the strain approaches a limit tensile strain. As the

strain increases, microcracks, which are always present in concrete, coalesce to form

a crack surface. In the representation presented in this chapter, microcracks are as

sumed to be distributed continuously within a certain width. This mode of concrete
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cracking and the recognition of cracking as a fracture process is used in the so-called

crack band theory. The crack band theory is developed in this chapter with mod

ifications for computing dynamic response. The cracking model is incorporated in

the analytical procedure developed in Chapter 2 which is then used to evaluate the

earthquake response of a typical concrete gravity dam. The nonlinear dynamic anal

ysis procedure requires the computation of the tangent stiffness matrix and restoring

forces at every load increment~ which are described along with. algorith.ms for their

evaluation.

5.2 Models for Representing Tensile Cracking in Concrete

A concrete cracking model must possess methods for crack representation,

crack initiation, and criteria for crack propagation. When considering response to

dynamic loads additional criteria on crack closure and reopening are necessary. An

other important consideration for dynamics loads is the dependence of the concrete

behavior on loading rate.

Two major ~pproachesfor crack representation have been used in the con

text of the finite element method: the discrete crack approach and the smeared crack

approach. The discrete crack approach models tensile cracking by discrete gaps in

the mesh, separating common nodal points and altering the finite element mesh when

cracking OCcurs. Because of the computational difficulty of redefining the mesh at

each load increment, a simpler crack representation has been used [37]. Instead of

representing a crack as a discrete discontinuity, tensile cracks are considered contin

uously distributed or smeared, in the same direction over an element. Even though

the smeared crack was originally developed for reinforced concrete, inwhich the re

inforcement helps to smear cracks, it can be used for plain and mass concrete as

well. The major disadvantage of the smeared crack approach is that it does not
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provide information about crack width and spacing which is important in determin

ing transfer of shear forces across the crack due to aggregate interlock. Extensive

discussions of the advantages and disadvantages of both methods are summarized in

Ref. [2]. Although both approaches have shortcomings, the smeared crack model is

usually preferred because it can be readily incorporated into finite element analysis

procedures.

Early attempts to model concrete cracking with a smeared representation

were based solely on the tensile strength criterion for crack initiation [34,37]. How

ever, when the finite element mesh is refined, the load required to extend the crack

decreases as the element size is reduced [6]. This dependence of the response on ele

ment size has been criticized [6,7], because the results are unobjective with respect

to the element size. A way to eliminate this dependence has been suggested [7],

by considering concrete cracking as a fracture process and using fracture mechanics

principles to determine crack propagation in concrete. Specifically, the energy re

quired for crack propagation, known as fracture energy, is a characteristic property

of the material, independent of the size of the finite element. The blunt crack band

approach [7] introduced the fracture energy of concrete as a material parameter in

conjunction with the smeared crack concept in modeling cracking of plain concrete,

demostrating accuracy and objectivity with respect to the element size.

The blunt crack band method, as originally presented, provided several

ways to model tensile cracking, one of which evolved into what is now known as

the crack band theory [8]. Ref. [8] shows the effectiveness of the crack band theory

based on experimental results on small specimens, such as the uniaxial direct test

and flexural tension tests. Other researches have used similar models obtaining also

accurate responses [39]. In this study, the crack band model with a smeared crack

representation is used to model mass concrete. Crack initiation and formation are
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determined by a strain and fracture energy criteria, respectively. The model for

postcracking behavior is based on experimental evidence.

5.3 The Crack Band Theory

In the crack band theory, fracture of mass concrete is represented by pro

gressive microcracking of the material in a zone or 'crack band'. Within the crack

band, the fractured concrete behaves nonlinearly with respect to the strain accross

the band, while outside the band the material is assumed to behave in a linear elastic

manner. Microcracking, along with bond rupture in the concrete paste or along the

aggregate-paste interface, has been identified as a strain-softening behavior, in which

the stress decreases as the strain increases (Fig. 5.1). As the strain increases, the

microcracks coalese to form a crack surface; in the process releasing energy due to

fracture. In the crack band model, the strain softening behavior is represented by a

stress-strain relationship that preserves the fracture energy of the material. [8].

As mentioned earlier, the smeared crack representation avoids the need to

modify the topology of the finite element mesh and can also consider the formation

of cracks in any arbitrary direction. Concrete cracking is then taken into account by

modifying the material stiffness relationship to recognize the increased flexibility of

the element perpendicular to the crack band.

5.3.1 Crack Initiation

A maximum tensile strain criterion is adopted in the crack band model

to determine crack initiation. Although not actually the case, the stress-strain re

lationship for tensile behavior is assumed linear up to fracture for simplicity. The
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maximum tensile strain is taken as

II
(t =-

E
(5.1)

where If and E are the concrete tensile strength and Young's modulus of elasticity,

respectively. These material parameters must be modified to account for rate of

loading. Typical constant increases are assumed in the current model. The tensile

normal strength to the plane of cracking is affected by the stress parallel to the

crack [22]. This is particularly important when high compression occurs. However,

in concrete dams large compressive stresses do not occur, therefore, the effects of the

biaxial stress in determining crack initiation are not considered.

In the finite element implementation, the principal strains and directions

are computed at each integration point in the element if the material is currently

uncracked at the load increment. If the maximum principal strain exceeds (t, then

microcracks are assumed to have initiated in a direction orthogonal to the maximum

strain. After crack initiates at an integration point, the crack orientation is fixed

and saved for later crack monitoring. Once a crack forms, the concrete material is

no longer isotropic; it becomes orthotropic with the local coordinate axes coinciding

with the crack directions, as shown in Fig. 5.2. A second crack is permitted to form

only in a direction orthogonal to the first crack. Consequently, only two orthogonal

cracks are allowed at each integration point, with the directions fixed after the first

crack forms. Cracks are allowed to close and reopen as described below.

5.3.2 Postcracking Behavior

The postcracking model of concrete used here is based on experimental ev

idence described in Ref. [45], where displacement-controlled direct tension tests were

conducted on small cylindrical concrete specimens. The response of a direct uniaxial
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monotonic tension test is depicted in Fig. 5.3(a), in which the strain-softening be

havior can be clearly identified. The result of a direct cyclic uniaxial tension test is

shown in Fig. 5.3(b), where it can be observed that after a maximum tensile strain

is reached (point A), the stress decreases with increasing strain. This is an example

of strain softening due to progressive microcracking. At point B, in Fig. 5.3(b), the

strain is decreased, unloading the specimen, until the microcracks are fully closed

(point C) by application of a compressive load. When the strain is increased again,

reloading the specimen in tension, the crack opens to its previous value (point B)

and microcracks continue to progress. Notice that when unloading takes place, the

path of the stress-strain curve tends to return to the origin. Upon reloading the

curve comes back to the softening behavior with the same slope of the corresponding

unloading path. Fig. 5.3(b), shows that the envelope corresponding to cyclic loading

is approximately the same as the curve for monotonic loading, Fig. 5.3(a).

After crack initiation, the stress normal to the crack decreases with in

creasing crack width. Many curves have been suggested for the softening behavior

of mass concrete [39]. Fig. 5A(a) shows the idealized stress-strain curve, based

on Fig. 5.3(a), considered for this study, in which for simplicity linear softening is

adopted. During cyclic loading, some cracks may start to close and others may re

open as shown in Fig. 5.3(b). To account for crack closing and reopening a criterion

based on Fig. 5.3(b) is considered and its idealization is shown in Fig. 5.4(b). Ob

serve that a completely closed crack behaves elastically, but it will reopen freely with

any value of the tensile strain.

The uniaxial stress-strain relationship for mass concrete after crack initia

tion is then

(1 = f: +Et (f - ft) for ft < f < f max



127

for € > €max (5.2)

where E t , the softening modulus, is the slope of the softening branch (negative). The

value of the softening mod ulus is established using fracture mechanics principles as

described below.

The fracture energy, Gf, corresponding to the opening of all microcracks

per unit area of crack surface can be evaluated as [8]

(5.3)

where We is the width of the fracture process zone or crack band width associated

with cracking; and €f is the fracture strain, the additional strain caused by the

opening of the microcracks [see Fig. 5.1(b)]. The fracture energy, Eq. 5.3, can be

related to the area under the complete uniaxial stress-strain diagram, W, shown in

Fig. 5.1(a) (see Appendix C). For linear softening behavior, the fracture energy, Gj,

is given by

1[1 1]'2Gf = We 2" E - E
t

It

The softening modulus, E t , is then obtained as

E = [.!.._ 2Gf ]-1
t E 1'2t We

(5.4)

(5.5)

The concrete crack parameters G/l fracture energy, and We, crack band width, are

obtained experimentally. For optimum fits from a wide range of experimental data

on concrete specimens, it is suggested [8] that We = 3da , where da is the maximum

aggregate size in the concrete.

Because the cracks are assumed to be smeared over an element, the finite

element size, h, will be restricted to the crack band width. In the case of concrete

dams, however, such a small element size is prohibitive. Consequently, larger element
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sizes may be permitted provided that the fracture energy is preserved. Considering

h> We as element size, the slope of the softening branch, Eq. 5.5, is:

(5.6)

(5.7)

For values of h greater than 2Gf Ell?, a vertical drop in the stress-strain curve

must be used, as shown in Fig. 5.5(a). The fracture energy is still preserved in this

case by replacing the maximum tensile strength, If, by a smaller equivalent strength,

feq [8,9J. The equivalent strength is obtained recognizing that the area under the

uniaxial stress-strain diagram, for a vertical stress drop, Fig. 5.5(a), is related to the

fracture energy by the element size. That is,

Gj = h f;q
2E

then solving for leg, gives

and

leg = / 2E
h
GJ if h 2: 2~?E

E t =-00 (vertical drop)

(5.8)

these modifications are valid for a. mesh which is not too crude. Crack closing and re

opening are taken into account by the stress-strain relationship shown in Fig. 5.5(b).

5.3.3 Material Stiffness Relationship

The incremental stress-strain relationship in crack directions is given by

(5.9)

where dC11 , dC12 and d1'12 are the components of the incremental stress vector, and dE1,

df2 and d'12 are the components of the incremental strain vector, with both stress
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and strain expressed in the coordinate axes corresponding to the crack directions

(Fig. 5.2). D' is the material stiffness matrix in local crack orientations and is given

by (Appendix C):

1. Linear elastic behavior:

[

E' vE' 0]
D' = vE' E' 0

o 0 G

where E' = E((1 - v2 ) and v is Poisson's ratio.

2. Strain-Softening behavior:

(a) One crack;

[

E' vE'
D' = vt: E +;~E:

where E: = EtE((E -v2Et); Et = Et(€l).

(5.10)

(5.11)

(b) Two cracks;

[

Etl 0
D' = 0 E t2

o 0

where E t1 = Et(€l) and E t2 = Et(€2)

3. Spedal Case (vertical stress drop):

(a) One crack;

(5.12)

(5.13)

(b) Two cracks;

[
00

D'= 0 0
o 0

(5.14)

To avoid numerical instabilities, a very small number is used in the diagonal

positions of Eq. 5.13- 5.14 instead of zero.
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Due to crack roughness and aggregate interlock, the crack surface is capable of

trasmitting shear stresses. This is included in the model by a shear reduction factor,

{3g, applied to the elastic shear modulus, G. Even though, the ability of the crack

surface to resist shear depends upon the crack width, this relationship is still not

clear and in lieu of experimental evidence, an empirical factor is assumed.

The material stiffness matrix in crack local coordinates is then transformed

to global coordinates by a standard matrix transformation [51]

in which
cos2 (J sin2 (J sin(Jcos(J]
sin2 (J cos2 (J -sin(Jcos(J

-2sin(Jcos(J 2sin9cos9 cos29 - sin29

where (J is the angle of crack orientation as shown in Fig. 5.2(b).

5.4 Equations of Motion for Nonlinear Structure

(5.15)

(5.16)

The coupled nonlinear equations of motion for the fluid-structure system,

Eq. 2.57, are expressed in terms of dynamic displacements relative to the ground

motion and the static displacements. However, because the nonlinear behavior of

the structure is a function of the dynamic plus static displacements, the equations

of motion for the structure, Eq. 2.52, must be modified. Hence, Eq. 2.52 can be

rewritten as

(5.17)

where F5 and Fs(U t ) are the vectors of restoring forces in the structure due to

the static and total displacements (dynamic plus static), respectively. The term,

FS(U t ) - F5' in Eq. 5.17, can be interpreted as the vector of restoring forces needed
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to mantain equilibrium in a relative displacement configuration. The current design

practice in concrete dams results in dams that do not crack under static forces. Thus,

the vector of restoring forces due to static displacements, F~, is related to the static

displacements, U~, by F~ = KSU~. The coupling between fluid and structure

remains without modification, except for the restoring forces in the structure as

shown in Eq. 5.17.

The vector of unbalanced forces, Eq. 2.66, F~+l' in the numerical integra

tion procedure is modified according to Eq. 5.17, and can be computed as:

(5.18)

where F~~ii is the vector of restoring forces in the fluid and F;~~(X t ) is the vector

of restoring forces in the structure due to the current displacement X t = X +X o.

The vector of unbalanced forces, Eq. 2.66, becomes

ex· i Kx i FF(i) (S(i) (Xt) S)
- n+l - n+l - n+l - F n+l - F 0 (5.19)

The evaluation of the structure tangent stiffness matrix and vector of restoring forces

is presented in the next section, using the proposed model for concrete cracking.

Unlike the cavitation studies in Chapter 4, the critical damping ratio in

the dam is taken proportional to the tangent stiffness matrix rather than to the

linear stiffness matrix. The concrete elements that undergo cracking will experience

a decrease on stiffness. Therefore, the stiffness proportional damping will decrease

and the dissipation of energy will mainly come from the fracture process needed

to form a surface crack. Also, the reduction in damping will ensure that viscous

damping forces do not keep the crack from opening.
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5.5 State Determination

The state determination involves computing restoring forces and the tan

gent stiffness matrix for the model of the dam. Both are functions of the incremental

and current strains. The incremental strain determines the next load direction:

loading, unloading or reloading. The current strain vector is used to evaluate the

material stiffness matrix defined in Section 5.3.3. The algorithm to compute the

structure tangent stiffness and vector of restoring forces is as follows:

1. From the incremental and relative displacements of the structure, Eqs. 2.68

2.69, the current displacements are given by

(5.20)

As explained in Section 2.6, the subscript (n +1) indicates time step and the

superscript (i + 1) the iteration.

2. Compute the incremental and current strains for the structure from

(5.21)

and

(5.22)

where B S is the matrix that relates the strains with the displacements through

derivatives of the shape functions.

3. With the incremental and current strains, predict the vector of incremental

stresses, ~O'i+l, from

The integration is performed assuming that the direction of dE is constant

within iterations (i) and (i + I). The tangent material stiffness matrix in

global coordinates, D t
( E), is determined as follows:
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(a) Compute the principal strains corresponding to £i+l: £1 and £2.

(b) Check for crack initiation;

• One crack, £1 > ft. Use Eq. 5.11 or Eq. 5.13 and save crack orienta-

tion.

• Two cracks, £1 > £2 > ft. Use Eq. 5.12 or Eq. 5.14 and save crack

orientation.

• Form the material stiffness matrix in crack directions, D'.

(c) Crack already formed in one or two directions;

• Compute incremental strains in crack directions.

• If one crack already formed along direction-I, compute crack param

eters in direction-1 according to loading (reloading) or unloading.

• Check initiation of second crack along direction-2

• If cracks already formed along directions-1 and 2, compute crack pa

rameters in directions-1 and 2 according to loading (reloading) or

unloading.

• Form the material stiffness matrix in crack directions, D'.

(d) Transform the material stiffness matrix from local crack axes to global

axes using Eq. 5.15.

4. Obtain the current stresses from

(5.24)

5. The vector of restoring forces in the structure, F;~t1), is assembled from the

element contributions, f~~i:1) , in which

(5.25)
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6. The tangent stiffness matrix is computed from the element contributions, kfJ,

where

(5.26)

and assembled in the structure tangent stiffness matrix, K¥. D t corresponds

to the last increment in the integration of the incremental stresses, Eq. 5.23.

For an efficient evaluation in the computer implementation, many of the steps are

performed in the same loop over the integration points of an element. The remaining

part of the time integration procedure is the same as described in Section 2.6.

5.6 Evaluation of Crack Band Model

In order to evaluate the accuracy of the crack band theory and the need

to consider fracture energy for objective results, a notched beam of plain concrete

studied in Ref. (39], is analyzed using the model developed in this chapter. The

finite element discretization and geometry of the beam is depicted in Fig. 5.6(a).

The mesh consists of 122 nodal points and 96 isoparametric 4-node elements. The

material properties are: Young modulus of elasticity, 30000 Njmm2; Poisson ratio,

0.2; tensile strength, 3.33 Njmm2 ; fracture energy, 124 N/m; and shear reduction

factor of 0.001. The crack band in this case is 20 mm.

Unlike the solution strategy presented in Ref. [39], in which displacements

are applied, concentrated loads are applied on two locations a.t the beam as shown

in Fig. 5.6(a). Fig. 5.6(b) shows the experimental and numerical load-deflection

curves at midspan. Because loads rather than displacements were applied, it was not

possible to follow the post-peak response. The total load was applied in twenty and

forty increments, and no difference in response was found. Nevertheless, notice that

the numerical solution closely follows the experimental response up to the maximum
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load. The maximum load attained by the beam using the maximum strength criterion

without strain-softening behavior is indicated by Point A of Fig. 5.6(b). Obviously

this result is unobjective. Therefore, objectivity with respect to the element size is

essential to predict the behavior of concrete under tensile loads.

5.7 Summary

In this chapter the concrete models for tensile cracking have been exam

ined. The crack band theory with a smeared crack representation has been adopted

to model the tensile behavior of concrete. Extensions have been included in the model

to account for dynamic loads, and has been incorporated in the numerical procedure

presented in Chapter 2. The next chapter will analyze the earthquake response of

representative concrete dams to assess the importance of tensile cracking.
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a) Stress-strain behavior

b) Strain-softening behavior

Fig. 5.1 Concrete tensile stress-strain diagram
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a) Uncracked element
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b) Cracked element

Fig. 5.2 Coordinate axes for crack directions
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Fig. 5.3 Load-displacement relationship obtained from
displacement controlled direct tension test on
concrete cylinders (Ref. 45).
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Fig. 5.4 Idealized stress-strain diagram with
strain-softening.
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a) Vertical stress drop behavior 0
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Fig 5.5 Idealized stress-strain diagram with
vertical stress drop.
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Fig. 5.6 Notched beam test case (Ref. 39)
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Chapter 6

Earthquake Response of Gravity Dams Including Concrete
Cracking

6.1 Introduction

Previous studies on the effects of concrete tensile cracking on the response

of concrete gravity dam systems have been based on simplified assumptions for

the cracking model or dam-water interaction. Several studies have neglected the

fluid [34,41] or used added masses in the upstream face of the dam, corresponding

to hydrodynamic pressures in the fundamental vibration mode [26]. It is unrealis-

tic to neglect water because dam-water interaction because it produces significant

changes in the dynamic response, and the assumption of added masses disregards

the participation of other vibrational modes and the effect of water compressibility.

The tensile concrete behavior has been mainly modeled using the smeared crack ap

proach [26,34], but the problem of objectivity with respect to the element size arises,

possibly providing unreliable response results as described in Chapter 5.

In this chapter, the tensile cracking model developed in Chapter 5 is em-

ployed with the numerical procedure described in Chapter 2 to compute the earth-

quake response of a typical concrete gravity dam. The analysis includes the effects

of dam-water interaction, with water compressibility, using the crack band model

for tensile crack behavior of concrete under cyclic loads. The response of the Pine

Flat dam with empty and full reservoir is examined in detail when subjected to two

representative earthquake ground motions. In addition, the effects of reservoir bot-

tom absorption and the importance of response to vertical ground motion on tensile

143
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cracking are also studied.

6.2 Modeling of the Dam-Water System

The dam under consideration is the tallest nonover:flow monolith of the

Pine Flat dam, H = 400 ft. The model of the dam-water system is the same as used

in the cavitation studies, described in Sections 4.2 and 4.3. Since the crack band

theory requires small elements to obtain objective results, a refined dam-water finite

element mesh is used. The two-dimensional dam monolith is discretized by 136 4

node elements with 162 nodes and the water domain by 224 4-node constant pressure

fluid elements with 255 nodes, as shown in Figs. 6.1 and 6.2. Damping in the dam is

represented by a stiffness proportional damping matrix as used in Section 4.3, with

a critical viscous damping ratio of 5%. Artificial damping in the fluid is not included

when cavitation in the water is not permitted.

The tensile strength of concrete in the dam is taken equal to the modulus of

rupture. Because there is no direct data on material properties for the Pine Flat dam,

the modulus of rupture is computed for a modulus of elasticity of 3.25 million psi,

which gives Ii = 425 psi according to Ref. [1]. The dynamic loading on the concrete

requires that the tensile strength and Young's modulus of elasticity be increased for

the involved stiffness and strength due to strain rate effects. An average increase

of 25% is used [36], raising the concrete modulus of elasticity and tensile strength

to E = 4.06 million psi and Ii = 531 psi, respectively. The fracture energy, Gf,

is taken as 0.43 lb/in, a reasonable value for most concretes (8). For the purpose

of establishing a crack band width, a maximum aggregate size of 8 in. is adopted,

which gives a crack band width of 24 in. The shear reduction factor, f3g, is taken as

0.1 [39].
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Even though a refined mesh is used, the size of the elements range from

17 ft. at the crest to 32 ft. at the base (Fig. 6.1). For the crack band theory, strain

softening can only be represented for elements with a maximum size of (Eq. 5.6)

2Gf E
hma:c = R (6.1)

For the material properties given above, hma:c = 12.4 in., which is considerably

less than the size of the elements in the mesh. Therefore, the tensile strain-stress

relationship with a vertical stress drop, Fig. 5.5, must be used. The equivalent

tensile strength for elements larger than hma:c is given by Eq. 5.8. As can be deduced

observing Fig. 6.1, the equivalent strength decreases from the crest to the foundation

level, ranging from 96 psi at the bottom elements to 130 psi at the top elements.

However, these low values will cause premature cracking at the dam heel, a region

of stress concentration. It then seems reasonable to scale proportionaly the tensile

strength such that the largest elements, the ones next to the foundation, have an

equivalent strength equal to If, 531 psi. The elements at the upper part of the dam

then have an equivalent strength of 729 psi. The scaling still preserves the fracture

energy, an essential requirement for objective results.

6.3 Response of Pine Flat Dam

As in the cavitation studies, Chapter 4, the Pine Flat dam is subjected to

two ground motions: the S69E and vertical components of Taft ground motion scaled

by various factors to illustrate effects of tensile cracking; and the S16E component

of the Pacoima ground motion. In all the cases, a time step of 0.02 seconds is used

to compute the response of the linear model of the dam, and 0.01 seconds when

cracking in the dam is allowed.
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6.3.1 Effects of Concrete Cracking

To examine the effects of concrete cracking on the response of Pine Flat

dam, the first case analyzed is the dam with empty reservoir, that is dam-water

interaction is neglected. Because of the relatively small earthquake forces on the

dam without impounded water, it is necessary to scale the S69E component of Taft

ground motion. With scale factors of 1, 1.5 and 2, the dam does not show any

cracking. A scale factor of 2.5 (ag = O.4g) is required to induce cracking in the

dam. The displacement time history at the dam crest is shown in Fig. 6.3, in which

positive displacement is in the upstream direction and negative in the downstream

direction. A comparison of responses for linear and nonlinear concrete shows the

vibration period and crest displacements increase after cracking initiates, at a time

of 5.03 seconds, when the dam is displaced in the upstream direction.

The time history of total stress at locations A and B (Fig. 6.1) in the dam

is depicted in Fig. 6.4. These locations were selected because they represent points

of high stress concentrations, as was shown in Section 4.3.2, with equivalent tensile

strengths of 729 and 531 psi, respectively. For purpose of comparison in the stress

plot, the discontinuous line shows the stress at points A and B in the horizontal

direction (O'xx) when the dam behaves linearly elastic. The continuous line shows

the total stress in the horizontal direction up to crack initiation, beyond that time

the crack orientation is known and the stress normal to the crack is plotted.

Note that at location A the stress drops to zero after the cracking releases

the tensile stress. The local redistribution of stresses produces a large compressive

stress at location A when the crack closes. Figs. 6.5 shows the crack pattern when

cracking starts and one and one-half cycle later when the dam is displaced in the

downstream direction. A continuous line indicates an open crack and a discontinuous
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line a crack that was previously open but closed at this time. Cracking initiates in

the downstream face at 5.03 seconds [Fig. 6.5(a)] and propagates to the upstream

face [Fig. 6.5(b)]. At 5.63 seconds the cracks have propagated nearly aceross the

cross section, 6 out of 8 elements, at which time the numerical procedure does not

converge possibly indicating failure of the dam.

The response of Pine Flat dam with full reservoir when exposed to the

unsealed S69E component of Taft ground motion (ag = 0.18g) is shown in Figs. 6.6

6.7. Because dam-water interaction is now included, the unsealed ground motion

produces substantially larger response than for the dam with empty reservoir. In this

case cracking starts at an earlier time, 3.71 seconds, in the response. There is a slight

period lengthening compared to the linear model. However, the displacement at the

dam crest, Fig. 6.6, increases for the two cycles after cracking initiates, but decreases

afterwards. The reason for the increase in displacement is the loss of stiffness which

results in a longer period, and the decrease is due to an increase in damping from

release of energy due to fracture and the possible consequence of moving to a lower

ordinate in the earthquake spectrum. The stress history at location A, Fig 6.7, is also

affected, with an increase in stress during the first two cycles after crack initiation,

followed by a reduction in total stress. The stress at location B (dam heel) drops to

zero after cracking because of the release of tensile stresses. A half-cycle later, when

the dam moves upstream, the cracks developed at the heel close, producing a large

compressive stress compared with the linear response. This behavior is consistent

with the downward vertical displacement. Figs 6.8(a) shows that cracking initiates

at the heel of the dam, an expected result since at that location the concrete is in

a high state of tensile stress because of the hydrodynamic forces and the low static

compression produced by the hydrostatic forces. Fig. 6.8(b) depicts the crack pattern

at a later time, which continues unchanged until the motion ends. Observe that the
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extension of the cracking stabilizes and the dam remains intact. All tensile cracks

will close under the static loads after the ground motion, and the dam remains stable.

To study the effect of more extensive cracking, the Pine Flat dam was

subjected to the S69E component of Taft ground motion, scaled by factors of 1.5 and

2 (ag = 0.27g and 0.36g, respectively). Figs. 6.9 and 6.10 show the large changes in

response due to the ground motion scaled by 1.5. Clearly, tensile cracking lengthens

the vibration period and increases peak displacements at the dam crest. Cracking

at the dam heel also extends further accross the base, as shown in Fig. 6.11, but still

remains stable.

To examine further the importance of concrete cracking, the response of

the dam to Taft ground motion scaled by a factor of 2 is shown in Figs. 6.12-6.14.

Cracking initiates at the heel, at a time of 3.71 seconds, when the dam is moving

downstream, as in the previous cases. However, one half-cycle later, as the dam moves

in the upstream direction, at a time of 4.01 seconds, cracks at the heel stabilize and

close as shown in Fig. 6.14(b). At the same time, new cracks develop in the upper

portion of the downstream face of the dam, propagating accross the cross section in

the upstream direction, Fig. 6.14(b). When the dam is then moving back towards

the downstream direction, the cracks at the foundation level reopen, at a time of

4.13 seconds [see Fig. 6.14(c)], and the cracks located in the upper portion of the

dam continue to propagate due to the release of tensile stresses. Additional cracks

start developing in the upstream face, until the cracking extends completely across

the dam at a time of 4.19 seconds, near the change in upstream slope as shown in

Fig. 6.14(d). This may indicate a complete separation of the upper part of the dam,

beyond which the numerical procedure fails to converge.

To demonstrate the dependence of the nonlinear response to different
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earthquakes, the response of the Pine Flat dam with full reservoir subjected to the

816£ component of Pacoima ground motion (ag = 1.17g) is depicted in Figs. 6.15

6.16. Cracking has little effects on the displacement response up to 3.2 seconds

(see Fig. 6.15), even though cracking initiated at the heel at a time of 2.15 seconds

(Fig. 6.16). The stress history in Fig. 6.16 shows a large increase in compressive

stresses in the heel, but still an order of magnitude less than compressive strength of

concrete. Right after 3.2 seconds, when the dam is moving in the downstream direc

tion, extensive cracking takes place propagating from heel to toe at the foundation

level until the plane of cracking completely crosses the base of the dam as shown in

Fig. 6.17(b). As a result, a large rotation of the dam about the toe occurs. This

can be deduced from the pronounced increase of both the negative horizontal and

positive vertical displacements in Fig. 6.15. One-half cycle after, at a time of 3.71

seconds, when the dam is at the maximum upstream position, the dam rotates back

closing some of the cracks at the downstream face at the base. However, extensive

new cracks open in the upper part of the dam at the downstream face [Fig. 6.17(c)].

In the next half-cycle, at a time of 3.83 seconds, the cracking at the base of the dam

has stabilized and the formation of new cracks in the upstream face occurs, propa

gating accross the upper part of the dam completely [Fig. 6.17(d)]. At this point,

the numerical solution does not converge for times greater than 3.85 seconds.

As explained in Chapter 4, the Taft ground motion needed to be scaled to

19 peak acceleration in order to induce cavitation. In all the cases studied in this

chapter, cavitation of the water never takes place. Therefore, it can be concluded that

tensile concrete cracking is the predominant nonlinearity in the dam-water systems

analyzed. Also, the importance of dam-water interaction has been clearly demon

strated in which the time of crack initiation, displacement and stress responses, and

cracking locations are significantly different from the case of an empty reservoir.
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6.3.2 Effects of Reservoir Bottom Absorption

The effects of an absorptive reservoir bottom on the response of Pine Flat

dam is examined assuming a wave reflecting coefficient of a r = 0.5 for the reservoir

bottom materials. For comparison purposes the dam-water system is analysed for the

Taft ground motion. The response for a scaling factor of 1.5 is shown in Figs. 6.18

6.19, and as in the cavitation studies displacement and stress responses are reduced.

Also, the cracking pattern changes. Crack initiation and propagation occur over a

smaller area of the dam cross section, as can be seen from the crack patterns in

Fig. 6.20.

When the dam~water system is exposed to the 569E component of Taft

with a. scale factor of 2, the response is reduced (Figs. 6.21-6.22) by the presence

of sediment materials. Examining the crack patterns at different times, Fig. 6.23,

two differences can be observed with respect to a non-absorptive reservoir bottom,

Fig. 6.14. The cracking extension involves fewer elements and the cra.ck pattern at

the upper part of the dam has been shifted up. Nevertheless, the solution still fails

to converge for times greater than 4.20 seconds.

Finally, the Pine Flat dam-water system is subjected to both the 869E and

vertical components of Taft ground motion simultaneously, with a scale factor of 2.

As concluded from the cavitation studies, in Section 4.3.3, the vertical ground motion

can be only included realistically with consideration of reservoir bottom absorption.

For this purpose, a value of a r = 0.5 is considered. The response to both components

of Taft is shown in Figs. 6.24-6.25. It can be noticed that the displacement and

stress time histories have not changed much compared with the response to the

569E component only and a r = 1 (Figs. 6.9-6.10). Furthermore, the crack patterns

show less cracking, as shown in Fig. 6.26. Thus, for these cases the contribution of
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the vertical ground motion to the nonlinear response of the dam is minimal when

the characteristics of the reservoir bottom materials are included.
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Fig. 6.4 Stress response of Pine Flat dam with empty reservoir due to the
S69E component ofTaft ground motion; scale factor = 2.5.
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a) time =5.03 sec

Fig. 6.5 Tensile crack pattern in Pine Flat dam with empty reservoir due to
the S69E component of Taft ground motion; scale factor =2.5.
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a) time =3.71 sec

Fig. 6.8 Tensile crack pattern in Pine Flat dam with full reservoir
due to the S69E component of Taft ground motion.
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b) time =5.94 sec

Figo 608 (continued)
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a) time =3.71 sec

Fig. 6.11 Tensile crack pattern in Pine Flat dam with full reservoir due to
the S69E component ofTaft ground motion; scale factor = 1.5.
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b) time =5.94 sec

Fig. 6.11 (continued)
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a) time =3.71 sec

Fig. 6.14 Tensile crack pattern in Pine Flat dam with full reservoir due to
the 569E component of Taft ground motion; scale factor =2.



169

b) time =4.01 sec

Fig. 6.14 (continued)
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c) time =4.13 sec

Fig. 6.14 (continued)
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a) time =2.15 sec

Fig. 6.17 Tensile crack pattern in Pine Flat dam with full reservoir
due to the S16E component of Pacoima ground motion.
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Fig. 6.17 (continued)
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c) time =3.11 sec

Fig. 6.17 (continued)
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d) time =3.83 sec

Fig. 6.17 (continued)
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-
a) time =3.71 sec

Fig. 6.20 Tensile crack pattern in Pine Flat dam with full reservoir
due to the S69E component of Taft ground motion;
scale factor = 1.5; a r =0.5.
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b) time =5.94 sec

Fig. 6.20 (continued)
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a) time =3.71 sec

Fig. 6.23 Tensile crack pattern in Pine Flat dam with full reservoir
due to the S69E component of Taft ground motion;
scale factor = 2; a r = 0.5.
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b) time =4.01 sec

Fig. 6.23 (continued)
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Fig. 6.23 (continued)



187

" I," ",.
"IPH·" '..........~

"'VU1,N..

""+' ",,1""
'II"~~ lr t K, ,

, )ll0l;r~Jnu

\ •• \ .\'->."\ \,.-

1\ 1\ '.

\ .--

... - -

d) time =4.19 sec

Fig. 6.23 (continued)



188

.... ,....----,------r----""T"""---..,....------.------
N

- with cracking
- - - without aacking•·..

~ 0
t5' 0

Z ~;:. G- Y~z
5 •Q. ·~ ..
en 1
w
a: ....
()

:E Cj'
~ N·
~

..
~
Z G
W 0:Ew
()

:s ....
Q. 0en
C

~ 0

~ 0
w
> ....

y
G

Y
N·..
10.0 1.0

TIME (SECONDS)

Fig. 6.24 Displacement response of Pine flat dam with full reservoir
due to both the S69E and vertical components of Taft ground
motion; scale factor = 1.5; a r = 0.5.



189

o
Gr-----r------r---"""T"------,----....------.

1.0

, ,~

" ,\
\ :" ,', '\ '" ' ".,• " \.1

,
I

-Ci5
~

0...
)(-<
z
0

~g
-I

0

~
N-C I

~ 0

~
G-w I

CI:

~
G

~ 0
~ oi

t:::-
OO 0
~

00....
~ 0
CO
Z ,
0

~ 0

§ G
j'

0
,..:
~

0

to..,
10.0

TlME (SECONDS)

Fig. 6.25 Stress response of Pine flat dam with full reservoir due to both
the S69E and vertical components ofTaft ground motion;
scale factor = 1.5; a r = 0.5.



190

,/

a) time =3.71 sec

Fig. 6.26 Tensile crack pattern in Pine Flat dam with full reservoir due
to both the S69E and vertical components of Taft ground
motion; scale factor =1.5; a r =0.5.
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b) time =5.94 sec

Fig. 6.26 (continued)
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Chapter 7

Conclusions and Recommendations

A numerical procedure for computing the nonlinear transient response of

coupled fluid-structure systems has been developed. The primary motivation for

developing the analysis procedure is to compute the earthquake response of concrete

gravity dam-water systems. The analytical model includes dam-water interaction

effects, cavitation of the water, tensile cracking of concrete in the dam, and the

approximate effects of the materials at the reservoir bottom.

The fluid is considered compressible, irrotational and inviscid, undergoing

small amplitude motion. The computational procedure employs a mixed pressure

displacement finite element formulation for the fluid, where the fluid pressure and

displacement are approximated independently. It is shown that reduced integration

of the fluid element stiffness matrix is not required, and the inclusion of surface wave

effects and a constraint on irrotational motion increases the rank of the element

stiffness matrix, eliminating singularities in the global fluid stiffness matrix. The

mixed formulation for the fluid allows easy incorporation of the bilinear fluid model

to include the effects of cavitation. Unlike the displacement formulation, in which the

equation of state is satisfied point-by-point throughout the element, the equation of

state in the mixed formulation is satisfied in the average sense over the element. This

results in faster convergence, mainly when computing the nonlinear restoring forces

due to cavitation. A standard displacement finite element formulation is used to

discretize the structure. The coupled nonlinear equations of motion for the fluid and

the structure are symmetric and solved by a fully implicit time integration method.
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The eigenvalue analysis of several two-dimensional fluid finite elements

has shown that the 4 and 9-node elements with one and four pressure functions,

respectively, represent well the vibrational characteristics of inviscid fluid and are

convergent. A parametric study using the 4 and 9-node elements has found that

a penalty parameter of fifty times the fluid bulk modulus suffices to enforce the

constraint on irrotational motion.

In application to the earthquake response of concrete gravity dam-water

systems, a series of studies have been conducted assuming linear elastic behavior of

the concrete in the dam and cavitating water in the reservoir. Response results show

that significant water cavitation occurs for dam heights greater than 400 ft. and peak

ground accelerations around 19. The influence of water cavitation on displacements

and maximum principal stresses in the dam is very small, increasing peak response

about 3%. However, cavitation has a large effect on peak accelerations at the dam

crest. This may have an important consequence by amplifying the response of stiff

appurtenant equipment attached to the dam crest. The large stresses produced

by the ground motions required to induce cavitation, exceed the concrete tensile

strength, indicating the potential importance of tensile cracking on the earthquake

response. The effect of reservoir bottom materials, modeled by an approximate

absorbing boundary, reduces the large hydrodynamic pressure pulses on the dam

produced by cavitation; hence reducing the magnitude of displacements and stresses.

The reduction of hydrodynamic pressure due to cavitation is more significant for

vertical ground motion than for horizontal motion.

The earthquake response of concrete gravity dams including the tensile

cracking of the mass concrete has also been investigated. The crack band theory

with a smeared crack representation is used to model mass concrete. Microcrack

initiation is determined by a strain criterion, and strain-softening behavior defines



195

the formation of a crack surface in conjunction with a release of fracture energy. The

cracking model is incorporated into the finite element procedure with a displacement

formulation using the smeared crack approach. The criteria for crack propagation,

closure and reopening of cracks have been established based on experimental results.

The response of a typical concrete dam with empty and full reservoir sub

jected to various earthquake ground motion records has been examined. The re

sponse results demonstrate that concrete tensile cracking has an important effect in

the displacement and stress responses. The vibrational period increases as the dam

becomes more flexible due to the formation of tensile cracks. Compressive stresses

normal to the cracked surfaces increase, although they are still small compared with

the concrete compressive strength. With empty reservoir, cracking in the dam starts

at the downstream face at the upper part of the dam, and propagates towards the

upstream face. With full reservoir, cracking in the dam initiates at an earlier time

compared to the case of empty reservoir. Cracks initiate at the heel and extend

along the base of the dam and, depending upon the intensity of the ground motion,

produce a large rotation of the dam about the toe. At a later time in the response

history the cracking at the base stabilizes, but then extensive cracking develops in

the upper part of the dam propagating completely across the cross section. When

the effects of reservoir bottom materials are included, cracking initiation and prop

agation do not differ much from the case of rigid reservoir bottom materials. The

extensive cracking indicated in the response would result in severe damage of the

dam and possible release of water in the reservoir. This behavior, however, does not

necessarily imply that the dam has failed since rocking and sliding motions of the

separated upper portion of the dam are possible.

Tensile cracking in the concrete appears as the dominant nonlinear effect in

the earthquake response of concrete gravity dams. It greatly affects the displacement
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and stress responses, and occurs at levels of ground motion insufficient to produce

cavitation in the water. The extensive cracking observed is likely to take place

in concrete gravity dams under severe earthquakes, since the ground motions used

in this study, with peaks accelerations of 0.36g and 1.17g, are not unrealistic for

design earthquakes. This should call the attention on the current design practice in

which dams are analyzed and designed to withstand high levels of ground motion

without significant tensile stresses in the concrete. The general conclusions from

this investigation are valid for similar gravity dams and earthquakes, however, the

response depends on a particular dam and ground motion.

Because of the limitations on element size in the crack band theory with a

smeared crack representation, future research is necessary to improve the modeling

of tensile cracking in very large structures, such as concrete dams, under dynamic

loads. Experimental testing of mass concrete under dynamic loads will provide useful

information in regards to the formation, propagation, closure and reopening of tensile

cracks. Future investigations should also focus on the dynamic stability of the upper

part of a dam which may separate because ,pf the extensive tensile cracking.



Appendix A

Boundary Conditions for Fluid Domain

This appendix presents the derivations of the boundary conditions used in

the equations of motion of the fluid domain.

A.1 Free Surface Boundary Condition

Under the presence of a gravity field, a vertical displacement, 1](x), of the

free surface, where positive x opposes gravity, produces a pressure in the fluid of

P = Po9 1](x). The acceleration of gravity, 9, can be expressed in vector notation as

9 = - nT g, therefore

(A.I)

For small amplitude motion, 1](x) is small. Consequently, it can be assumed [23] that

the velocity i}( x) equals the fluid particle velocity normal to the free surface, thus

(A.2)

Differentiating Eq. A.I with respect to time and using Eq. A.2 yields the free surface

boundary condition in Eq. 2.6,

(A.3)

A.2 Radiation Boundary Conditions

A.2.1 Reservoir Bottom Boundary

Pressure waves on the reservoir bottom are assumed to excite only verti

cally propagating dilatational waves in the reservoir bottom elastic materials [15,38].
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This approximation allows to consider the interaction fluid-reservoir bottom by the

solution of the one-dimensional wave equation. In Ref. [15], it was shown that

(Ao4)

where q = PolPrCr, is the admittance or damping coefficient for the reservoir bottom

materials and vg is the ground velocity. Substituting Vp from Eq. 2.1 (momentum

balance) into Eq. AA, and integrating with respect to time yields

(A.5)

Combining Eq. 204 and Eq. A.5, gives the boundary condition at the reservoir bottom,

Eq.2.7

(A.6)

A.2.2 Truncated Boundary

The boundary condition in Eq. 2.8, which represents a viscous damper,

approximately provides for radiation of pressure waves at the truncated boundary,

rFpt, of a large, or infinite, fluid domain. It is essentially expressed from Eq. Ao4, in

which the ground acceleration at the truncated boundary is zero. That is

(A.7)

Since there is no change of the fluid accross the truncated boundary, q = l/eo.

Following the same steps as in Section A.2.1, the truncated boundary condition in

Eq. 2.8 is

(A.8)



Appendix B

Coordinate Transformations for Rotated Degrees-of-Freedom

A transformation of degrees-of-freedom is required when their orientation

does not coincide with the global coordinate system. This is the case at the fluid

structure interface, fSF, and the fluid-reservoir bottom boundary, fFU, (Fig. 2.3),

in which compatibility of displacements normal to the interface must be enforced.

Considering that the global coordinate system in two dimensions is oriented with

the x - y axes, the relationship of displacements between the global and the rotated

x' - y' system is given by [4]

U'=RU

where R is an orthogonal matrix defined as

R = [co~O sinO]
-smO cosO

(B.1)

(B.2)

in which 0 is the angle of rotation, and the prime in Eq. B.l refers to the x' - y'

coordinate system. It can be shown [4], that the submatrix kIJ, corresponding to

the degrees-of-freedom associated with the global coordinate system x -y, can be

transformed into the rotated coordinate system x' - y', as

(B.3)

The same tramsformations are required for the velocity and acceleration

components, so the mass and damping submatrices in the rotated coordinate system
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are given by

m'IJ = RmIJRT

C'IJ = RCIJRT

(B.4)

(B.5)

In the fluid-reservoir bottom boundary, the groung motion components must also

be transformed accordingly; that is U'g = RUg, u~ = RUg and u~ = RUg. In the

computer implementation these transformations are performed at the element level,

so only the non-prescribed degrees of freedom are considered in the global matrices.



(C.2)

Appendix C

Strain-Softening Characteristics

Considering a system of continuously distributed microcracks with coor

dinate axes representation as shown in Fig. 5.2(b), the stress-strain relationship

including softening is given by [8]

{
:~ } = [_~~~1 _~~;1 ~ ]{:~ }+{ ci } (C.l)

112 0 0 (j3gG)-l T12 0

where €1, €2, and 112 are the components of the strain tensor while softening takes

place. 0"1 and (72 are the normal components of stress and dT12 is shearing stress. €J

is the fracture strain and is a function of (71 only. For linear softening, Fig. 5.l(b),

the fracture strain can be derived as

€J = ~f u: - (71)

Gjl is the slope of the (7 - €f diagram. Upon substitution of Eq. C.2 into Eq. C.l

yields

(C.3)

(CA)

in which
1 1 1

E t = E - GJ

The incremental stress-strain relationship corresponding to Eq. C.3 is then given by

{ :;, } = [_~~~l -~r (pg!J-1]{;~: } (C.5)
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where d€l, d€2, and d"(12 are the increments of strain while softening takes place. dCTl

and dCT2 are the increments of normal components of stress and dT12 is the increment

of shearing stress. Inverting the compliance matrix, Eq. C.5, the cracked material

stiffness matrix is obtained from

(C.6)

where E: =EtEI(E - v2Et ); E t = Et(€t). When two cracks develop, the behavior of

both cracks is considered independently, which is equivalent to setting the Poisson's

ratio in Eq. C.6 equal to zero. Then

(C.7)

in which Etl = E t( €l) and E t2 = Et(€2)' The material stiffness matrix for the vertical

stress drop behavior follows from Eq. C.6, for one crack, and from Eq. C.7 for two

cracks, with E: =0 and Etl =E t2 =0, respectively.

For linear softening, Fig. 5.1(b), the fracture energy, Eq. 5.3, is obtained

as
/2

Gf = We _t_
2Cf

Using Cf from Eq. CA, Gf can be expressed as

1[1 1] '2Gf =We - - - - It =WeW2 E E t

(C.8)

(C.9)

Notice that the fracture energy, Gf, and the area under the complete uniaxial stress

strain diagram for linear softening behavior, W (Fig. 5.4), are related through the

crack band width, We'
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