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PREFACE 

The National Center for Earthquake Engineering Research (NCEER) is devoted to the expansion 
and dissemination of knowledge about earthquakes, the improvement' of earthquake-resistant 
design, and the implementation of seismic hazard mitigation procedures to minimize loss of lives 
and property. The emphasis is on structures and lifelines that are found in zones of moderate to 
high seismicity throughout the United States. 

NCEER's research is being carried out in an integrated and coordinated manner following a 
structured program. The current research program comprises four main areas: 

• Existing and New Structures 
• Secondary and Protective Systems 
• Lifeline Systems 
• Disaster Research and Planning 

This technical report pertains to the second program area and, more specifically, to secondary 
systems. 

In earthquake engineering research, an area of increasing concern is the performance.of secon
dary systems which are anchored or attached to primary structural systems. Many secondary 
systems perform vital functions whose failure during an earthquake could be just as catastrophic 
as that of the primary structure itself. The research goals in this area are to: 

1. Develop greater understanding of the dynamic behavior of secondary systems in a 
seismic environment while realistically accounting for inherent dynamic complexities 
that exist in the underlying primary-secondary structural systems. These complexities 
include the problem of tuning, complex attachment configuration, nonproportional 
damping, parametric uncertainties, large number of degrees of freedom, and non
linearities in the primary structure. 

2. Develop practical criteria and procedures for the analysis and design of secondary 
systems. 

3. Investigate methods of mitigation of potential seismic damage to secondary systems 
through optimization or protection. The most direct route is to consider enhancing 
their perfonnance through optimization in their dynamic characteristics, in their 
placement within a primary structure or in innovative design of their supports. From 
the point of view of protection, base isolation of the primary structure or the applica
tion of other passive or active protection devices can also be fruitful. 

Current research in secondary systems involves activities in all three of these areas. Their 
interaction and interrelationships with other NCEER programs are illustrated in the accompany
ing figure. 
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This report addresses several important issues in seismic design on secondary structural sys
tems. First, some significant effects of primary-secondary system interaction on secondary 
system response are investigated following a stochastic sensitivity analysis. These effects include 
nonclassical damping, primary structural yielding, and primary structural parameter uncer
tainties. These effects are quantified and then translated into necessary modifications of the 
floor response spectra when they are used in the design procedure. 
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ABSTRACT 

In earthquake engIneerIng research, an area of increasing concern is performance of 

secondary systems which are anchored or attached to primary structures systems. Many 

secondary systems perform vital functions whose failure during an earthquake could be 

just as catastrophic as the failure of the primary structure itself. 

The research reported herein is focused on developing a greater understanding of the 

dynamic behavior of secondary systems under seismic loads. It summarizes: 1) a state

the-art review on seismic respohse of secondary systems; 2) stochastic response'sensitivity , 

analysis of secondary systems to parametric uncertainties in the primary structural sys

tems; 3) the development of an approach for modifying floor response spectra widely used 

in current design; and 4) response prediction of secondary systems with primary systems 

exhibiting nonlinear behavior. 

This report begins with a comprehensive review and assessment of the state-of-the-art 

In the area of research on seismic response of secondary systems ( structural or non

structural). A sensitivity factor is then proposed based on the concept of spectral mo

ments. It is shown that this factor can be used for a quantitative assessment of secondary 

system response when uncertainties exist not only in the excitation but also in the param

eters of the primary structures, including parameters characterizing inelastic behavior. 

Furthermore, the analysis leads to a formulation in modifying the floor response spectrum. 

In this approach, based on the sensitivity analysis, the effect of interaction between the 

primary and secondary systems and that of nonclassical damping are accounted for. A 

general modification procedure, not only to determine the effect of structural uncertainties 
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on structural frequencies, but also on structural response magnitudes, is formulated and 

illustrated by numerlcal examples. It lends ltself easily as a design tool. 

Finally, the problem of inelastic behavior of primary structures and its effect on sec

ondary system response is addressed from a quantitatlve point of vlew. Both the approx

imate analysis method developed here, which lS capable of analyzing elasto-plastlc shear 

beam systems, and time history integration method are used to analyze primary-secondary 

system response wlth various structural and ground motion parameters. In comparison of 

the floor response spectrum (FRS) based on yielding primary system with the FRS based 

on the origlnal elastlc system, three cases of amplificatlon impact of nonlinearity in the pri

mary system in terms of frequency shlft and multi-support amplification are investigated. 

The application of these results to design is commented upon. 
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SECTION 1 

GENERAL INTRODUCTION 

Considerable progress has been made over the last two decades in the seismic analysis 

of structural systems, resulting in substantial improvement in analysis, design and con

struction of buildings, bridges, dams, etc, under seismic excitations. More recently, an 

area of increasing concern has been seismic performance of secondary systems which are 

attached or anchored to primary structural systems. They can be broadly classified into 

the following categories. 

Non-structural secondary systems. Computer systems, control systems, machinery, 

panels, storage tanks and heavy equipment are examples in this category. Performance 

integrity of these systems under seismic loads, transmitted through the primary structure 

system, is important since they serve a vital function and their failure may have far reaching 

ramifications. 

Structural secondary systems. Examples of these systems include stairways, struc

tural partitions, suspended ceilings,· piping systems and ducts. For these systems, not. only 

is their seismic behaviour of practical concern, but their interaction with the primary struc

tural systems is also important since their presence is capable of modify{ng structural be

haviour of the primary system to which they are attached. Thus, these primary-secondary 

interactions cannot. be ignored in seismic analysis of either the secondary or the primary 

system. 

While considerable analytical, numerical and experimental work on selSllllC perfor-
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mance evaluation of secondary systems has been conduded over the last decade, it has 

been difficult. to generate a good understanding of the dynamic behaviour of secondary 

systems. The fact that their general behaviour is difficult to ascertain is basically due 

to several inherent dynamic charaderistics of the combined primary-secondary systems. 

They can be summarized as follows: 

(a )Large .1!umber of degrees of freedom. Both primary. and secondary systems are multi

degree-of-freedom systems and the number of degrees of freedom of the combined system is 

in general prohibitively large. Moreover, the large differences in the stiffness, damping and 

mass terms between the primary and secondary systems pose serious numerical problems. 

(b ) Tuning. Resonance effects must be considered since any number of frequencies of 

the secondary system may be arbitrarily close to or coincide with the frequencies of the 

primary system. The presence of other additional secondary systems may cause additional 

tuning problems. 

(c )Attachment configuration. Attachment configurations of the' secondary systems vary 

and can be quite complex, causing difficulties in modelling of the combined system. 

(d ) Non-classica! d';'mping a1ld gyroscopic effects. Non-classical damping occurs when different 

damping ratios exist in the primary and secondary systems and its effects are particularly 

significant at tuning. Moreover, when the secondary system has dynamics of its own, such 

as rotating machinery, it. gives rise to gyroscopic effects. 

(e ) N01l1inearity. Structures are generally designed to dissipate some of the input. energy 

during severe earthquake ground motion by means of inelastic deformation. Hence, seismic 

analysis of the combined primary-secondary system needs to be extended to the inelastic 

range. 
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(f)Local vibration. An equipment, for example, can be an oscillator attached at the 

middle of a floor beam of the primary structure, on which there may be several sets of 

equipment. The effects of the vibration of the beam and other equipment ( Structural and 

nonstructural elements) may be significant. 

The object of this research is to: 

1. Develop greater understanding of the dynamic behavior of secondary systems in a 

seismic environment while realistically accounting for inherent dynamic complexities 

described above that exist in the underlying primary-secondary structural systems. 

2. Develop practical criteria and procedures for the analysis and design of secondary 

systems. 

In this report, a comprehensive reVIew and assessment of the stat.e-of-the-art in the 

area of research and practice on seismic response of secondary systems is presented first in 

Section 2. Included are an appraisal of current engineering practice and design, an update 

of recent advances, and a discussion of possible future research directions. 

As indicated above, tuning is an important consideration in the analysis of secondary 

systems, which is characterized by large peak response values. Thus, for design purposes, 

sensitivity indices relating peak response of a secondary systems to primary structural 

parameter variations need to be developed. The stochastic response sensitivity of secondary 

systems to primary structural uncertainties is introduced in Section 3, where the use 

of spectral moments is suggested as peak response sensitivity indices which provide a 

quantitative measure of relative importance of parameter uncertainties in the design of 

secondary systems. The need for a more comprehensive sensitivity analysis is indicated. 

These results will be particularly useful to designers in order to evaluate relative importance 
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of parameter uncertainties in the primary structure and to determine the desired dynamic 

characteristics of secondary systems. 

One of the applications of the results reported in section 3 is t.o provide a methodology 

for modifying the floor response spectrum commonly used in the analysis and design of 

secondary systems. The proposed procedure, presented in Section 4, not only accounts for 

the effect of structural uncertainties on structural frequencies, but also on the structural 

response amplitude. In addition, the interaction effect between the primary and secondary 

systems and nonclassical damping are accounted for. 

Under the action of severe earthquakes, engineering structures are expected to dissi

pate some of the input energy by means of inelastic deformation. The effect on secondary 

systems of this excursion into the nonlinear range on the part of the primary structure 

is thus of importance. Some work has been initiated in this area, in which the primary 

structure is modeled as a single-degree-of-freedom system and the mass ratio is assumed 

to be small so that a decoupled analysis can be used. It has been shown that the effect of 

inelastic behavior of·the primary structure is a reduction of the secondary system response. 

While analytical studies of multi-degree-of-freedom systems have already indicated the er

roneous nature of this conclusion, better understanding 01 this nonlinear effect is clearly 

needed under more general conditions. In Section 5, an approximate method of analysis 

capable of generating floor response spectra for elasto-plastic shear beam primary struc

tures is developed. Both this method and time hist.ory integration are used to analyze 

primary-secondary systems with various structural and ground motion parameters. 
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SECTION 2 

STATE-OF-THE-ART REVIEW 

2.1 INTRODUCTION 

As seismic safety and integrity of secondary systems become an increasingly important 

issue, it is instructive to provide first a critical evaluation of current engineering practice 

in response calculations and design of secondary systems under seismic conditions. This 

is the objective of this section. A review and appraisal of current practice are given in the 

next two sections. An assessment of more recent advances is then presented, followed by 

a discussion of possible future research directions. 

2.2 CURRENT PRACTICE IN RESPONSE CALCULATIONS AND DESIGN 

Two basic approaches currently exist which provide the basis for engineering analysis 

and response calculations for secondary systems. They are the conventional floor response 

spectrum (FRS) approach, on which some design codes are based [1,125,128] and the 

combined primary-secondary system approach. 

2.2.1 Floor Response Spectrum'Approach 

A conventional method of analysis, in which the primary and secondary systems are 

decoupled and analysed individually, is the method of floor response spectrum. In this 

approach, the behaviour of the primary structural system at. the support points of a sec

ondary system is first determined while neglecting the effect of the secondary system. The 
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response spectra at the support points, or the floor response spectra, are then used as input. 

to the secondary system, from which its response behaviour is det.ermined by using time 

domain analysis or by using one of several modal combination rules. 

To obtain the floor response spectrum, horizontal and vertical time histories at. support. 

points of a secondary system are first calculated based upon the time domain analysis of the 

primary system. These time histories are then used to generate the required floor response 

spectrum for the secondary system analysis. Spectrum peaks are normally expected to 

occur at frequencies corresponding to the peaks of the ground motion spectrum and at. the 

natural frequencies of the supporting structure. In cases involving equipment mounted on 

equipment, the frequencies of all supported structures are normally included [1,128]. 

Other methods of generating the floor response spectrum are acceptable in current 

practice when a good agreement can be established when compared with the time-domain 

analysis [1,125]. 

Spectrum peak broadening. FQr practical design purposes, broadening of the peaks 

of a floor response spectrum is one of the means of accounting for the effect of structural 

frequency variations resul~ing from possible uncertainties in the ground motion spectrum 

and in the material properties of the structure and soil. A suggested method for determin

ing the amount of peak widening associated with the structural frequencies is described 

in the USNRC code [125], where sensitivities of the structural frequencies to each signif-

. icant parameter, such as soil modulus or material density, are first performed. The t.otal 

frequency variation is then determined by taking the square root of the sum of squares 

(SRSS) of-a minimum variation and the individual frequency variations. The amount of 

spectrum peak broadening is generally based on engineering judgement. HoweveL USNRC 
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Regulating Guide [128] recommends that the peak be broadened by 15% if the sensitivity 

study accounting for soil-structure interaction if the calculations are not. performed. 

Combined spectrum and spectrum envelope. "Then a two- or three-dimensional 

analysis is performed: the motion of the primary structure at a given location may have 

contributions from both vertical and horizontal excitations. The combination from each 

individual analysis will generate a response spectrum at the same location and in the 

same direction. In these cases: the ordinates of these individual response spectrum can 

be combined according to the SRSS criterion to predict the total response spectrum at a 

given location and for a given direction [1:4:125]. 

In cases where a secondary system is supported by the primary structure at several 

locations, an upper-bound envelope of the individual response spectrum at these support 

points can be developed. It can be used to calculate a conservative m~ximum response of 

a multi-supported secondary system [4]. 

2.2.2 Combined Primary-Secondary System(P-S system) Approach 

"Thile the method of floor response spectra provides a relatively simpl~' procedure for 

response calculations for secondary systems, the use of this, approach leads to a number of 

deficiencies. The most serious is the fact that it ignores the interaction between primary 

and secondary systems. The floor response spectrum method gives acceptable results for 

secondary systems with relatively small masses and with frequencies which are not tuned to 

a frequency of the primary structural system. "Then the masses of the secondary systems 

can not be ignored or when the two systems are tuned to each other, however, a gross 

error in estimation of the secondary system behaviour can result [88,163]. 

This deficiency can be overcome by performing a coupled analysis in which the sec-
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ondary systems are considered as an integral part of the primary-secondary structural 

system .... Both modal analysis and time history integration method can be used for this 

purpose. More recently, a number of improved or more efficient methods of the coupled 

analysis have been developed. In [76, 79, 148] perturbation methods are used by treating 

the parameters of secondary systems as small parameters, leading to better accuracies in 

.analysing tuned multi-degree-of-freedom systems.· Modal analysis of the P-S system has 

also been developed [35, 37, 201] in which the mode shapes and frequencies of the com

bined system are found by using perturbation techniques and the modal responses are 

subsequently combined using a modal combination rule. A explicit comparison between 

FRS and combine analysis approaches is given in Table 2.1. 

2.2.3 Criteria Pertaining to Decoupled and Coupled Analyses 

Both the floor response spectrum (decoupled) and the combined P-S system analysis 

(coupled) approaches are currently used in response calculations and design practice for 

secondary systems. Depending on the significance of dynamic interaction between primary 

and secondary systems, a design criterion is currently employed in engineering practice in 

deciding whether the decoupled or the coupled approach is required [7,125]. 

Let the mass ratio Rm be defined· by 

Rm = ms/m1' (2 - 1) 

where ms is the total mass of the secondary system and mp is the total modal mass of 

the primary structure associated with the dominant frequencies, and let Rw denote the 

frequency ratio, i.e., 

(2 - 2) 
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Table 2.1 Comparison between FRS and combine analysis approacbes 

Floor response spectrum (FRS) 

0 

~.~ $ ~ , I \i A 
V ~ v 

+*+ " r -- -'- T.H. FRS 

Time History (T • H. ) 

Decoupled analysis 

Neglect Interaction 

Approximate 

Convenient 

Computationally Simple 

Combine analysis 

T.H. 

8 
9 

or Modal Analysis 

Coupled analysis 

--

Account for interaction 

Exact 

Inconvenient 

Computationally Complex 
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where Ws is the fundamental frequency(1es) of the secondary system and u.!p the domi

nant frequency(ies) of the primary structure. Then, as indicated earlier, greater primary

secondary system interaction is expected as Rm increases and as R.i approaches one. Thus, 

regions of validity of decoupled and coupled analysis can be determined according to the 

values of Rm. and Rw. A typical base for a design rule is indicated in Figure 2-1, which 

results from a two-degree-of freedom system analysis, i.e., a single-degree-of-freedom sec

ondary system mounted on a single-degree-of-freedom primary structure (SDOF-SDOF 

P-S system) [51]. In Figure 2-1, R is defined by 

(2 - 3) 

where We is the natural frequency of the combined system [1)2.5]. 

Optional code requirements include torsional and rocking analysis as well as nonlinear 

analysis of the P-S system[I]. 

2.3 AN APPRAISAL OF CURRENT ENGINEERING PRACTICE 

The floor response spectrum approach is simple and familar to designers, and it allows 

the analyst to study .the. secondary system independent of the primary system characteris

tics. In comparison with the combined P-S system analysis, this approach not only leads to 

substantial savings in computational costs but also avoids numerical difficulties that could 

arise in the analysis of the combined system due to large differences that exist between 

properties of the two systems. 
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However, as currently applied, the floor response spectrum approach has several serious 

shortcomings. They include the following: 

(a) As indicated earlier, the interaction between the primary and secondary systems 

is ignored. Import.ant effects such as non-classical damping of the combined system and 

interaction among closely spaced modes of the P-S system are often neglected or improperly 

considered. 

(b) Cross-correlations between support excitations of the secondary system are Im

properly considered or neglected 

(c) The response is artificially separated into 'pseudostatic' and 'dynamic' parts, lead

ing to difficulties in developing proper modal combination rules. 

(d) It is difficult to consider the effect of structural torsion and inelastic deformation 

problem. 

On the other hand, while the combined P-S system analysis should result in an exact 

response determination, it also gives rise to a number of difficulties as indicated below. 

(a) A primary-secondary combination generally results in a system with an excessive 

number of degrees of freedom. 

(b) When large differences exist between properties of primary and secondary systems, 

such characteristics usually render conventional methods of analysis expensive, inaccurate 

or inefficient. 

(c) In the combined analysis, any secondary system modification necessitates a re

calculation involving both primary and secondary systems, a tedious process when only 

secondary systems are of interest. 
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In VIew of the above, it is instructive to address quantitatively varIOUS effects that. 

may render the floor response spectrum approach ineffective and indicat.e areas in which 

a combined P-S system analysis may become necessary. Clearly, clear-cut answers in this 

direction are not always possible, but a discussion of general trends can be attempted. 

2.3.1 Interaction between Primary and Secondary Systems 

Errors in response characteristics and in eigenproperties of secondary systems caused 

by neglecting primary-secondary system interactions have been studied extensively [55,64, 

136]. These investigations clearly indicate that these errors are sensitive to the mass ratio 

Rm and the frequency ratio Rw , which can be more than 100% when Rm becomes large and 

Rw approaches one. This serious degradation effect can be demonstrated by considering 

a simple single-degree-of-freedom primary structure subjected to El Centro earthquake 

excitation. The resulting floor acceleration response spectra obtained from the coupled 

and decoupled analyses are shown in Figure 2-2, which shows that, when the secondary 

system is tuned to the primary system, spectrum amplitude error can exceed 100%. This 

observation is consistent with conclusions reached in studies cited above. In Figure 2-2, T, 

and Tp are the periods of secondary system and primary system, respectively. 

The effect of cross-correlation between closely-spaced modes of the combined syst.em 

has also been st.udied [210], including suggested modification of square root of sum of 

squares (SRSS) criteria for modal combination [q6]. 
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2.3.2 Non-classical Damping 

In general, a primary-secondary structural system is not classically damped due to 

differences that exist between the primary and secondary damping characteristics. Hence, 

the damping matrix of the combined system cannot be diagonalized by the eigenvectors of 

the undamped system. The use of approximate classically damped solution by neglecting 

the off-diagonal terms ofthe resulting damping matrix has been sho",rn to lead to significant 

errors when the damping ratio Rc = cslcp is small, where c, and Cp denote, respectively, 

damping constants of the secondary and primary systems. Quantitatively, this error is 

shown in Table 2.2 for the simple case of a two-degree-of-freedom system, which can be 

considered as a SDOF-SDOF P-S system with two types of excitations pdt) and P2(t) [207]. 

The spring constants are taken to be 

k, = 0.2382kN 1m, kp = 104.88kN 1m 

and the masses are 

m, = 2.2ilkg, mp = 1000kg 

It is noted that the resulting errors are significant only when II Rc is less than 10- 3 in 

this case. In [20i], conditions are proposed under which the approximate diagonalization 

procedure can be used without causing serious errors in major response quantities of the 

secondary system. 

It has also been pointed out that the effect of non-classical damping can be significant 

for tuned secondary systems [59,76]. It is. however, generally difficult to separate the effect 

of non-classical damping from other primary-secondary system interaction effects. As an 

example, consider frequency calculations for a SDOF-SDOF P-S system with damping 

factors (p = 0.05 for the primary system and (, = 0.002 for the secondary system. Both 
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Table 2.2 Response of a Two-degree-of-freedom P-S System ( from (20ij, table II ) 

c, llRm pdt) = O.lsinwt(N) P2(t) Step function 

(N 81m) (cpl c,) Max.% error Max. % error 

. 0.1 0 0.1 0.2 

0.01 0.1 0.1 

0.0025 0.04 0 

0.001 1.1 0.2 

0.00067 3.0 0.4 

0.3 0 0.8 0.5 

0.005 1.2 0.2 

0.0025 1.2 0 

0.0017 1.7 0.2 

0.00125 4.5 0.4 

1.0 0 8,2 1.7 

0.0033 6.9 0.5 

0.0025 2.1 0.1 

0.002 3.2 0.3 

0.001 26 2.0 
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undamped frequencies and non-classically damped frequencies are shown in Table 2.3. 

"\Nhile the error in w, is somewhat. greater under tuned conditions, it is not significant 

when one considers inherent uncertainties that exist in estimating damping characteristics 

of a structural system. 

A more comprehensive parametric study of a single-degree-of-freedom secondary sys

tem mounted on a classically damped multi-degree-of-freedom primary structure is made 

in [213]. Based on both deterministic and stochastic earthquake ground motion inputs, 

the following conclusions were reached. 

(a) The effect of non-classical damping on the secondary system response is signifi

cant when the following conditions are satisfied simultaneously: (i) the secondary system 

frequency is tuned to a primary system frequency, (ii) the mass ratio Rm is small, and 

(iii )the damping factor (, of the secondary system is smaller than the damping factor (,C ( 

unique damping ratio of the equipment) that would result in a classical damped primary

secondary system. Under these conditions, the response solutions using classical damping 

approximations are usually not conservative. 

(b) The effect of non-classical damping on the secondary system response is negligible 

when it is detuned at low frequency. However, it can be significant under the following 

conditions:(i) the secondary system is detuned at high frequency,·(ii) the mass ratio Rm is 

small, (iii) the damping factor (,C is high, and (iv) the ratio of (, and (sc is smaller than 

unity. Non-conservative results again can be expected under these conditions when the 

effect of non-classical damping is neglected. 
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Table 2.3 Frequency Comparison between Undamped and Nonclassicall.r Damped Systems (Rm =0,1) 

Freq. Undamped None. Damp. 

case Rw No. Freq.~wl(Hz) Freq.:w2(Hz) [IWl - w21/Wl]% 

1 0.632 1 0.6900 0.6901 0.014 

2 1.1609 1.1594 0.130 

2 0.775 1 0.8207 0.8213 0.076 

2 1.1953 1.1594 0.155 

3 0.894 1 0.9080 0.9092 0.134 

2 1.2478 1.2451 0.213 

4 1.0 1 0.9615 0.9628 0.132 

2 1.3173 1.3146 0.21 

5 1.095 1 0.9929 0.9939 0.1 

2 1.397 1.3949 0.15 

6 1.183 1 1.012 1.0125 0.052 

2 1.4808 1.4 789 0.125 

7 1.265 1 1.0242 1.0244 0.019 

2 1.564 1.5626 0.093 
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2.3.3 Cross-correlation between Support Excitations 

Vlhen a secondary system is supported at several locations, support excitations are 

generally correlated. Response calculations following code procedures in which the effect of 

this correlation is neglected or the conservative upper- bound envelope response spectrum is 

used can incur significant errors. A quantitative study is given in [206], showing conditions 

under which the effect of this cross-correlation between support excitations can become 

significant. 

Other effects, such as those due to torsional motion or nonlinearity in the pnmary 

system, can also be significant. However, studies that have been made in these areas do 

not appear to be adequate for a quantitative assessment. 

2.4 RECENT ADVANCES 

In view of the preceding discussions, it appears that a desirable approach to secondary 

response analysis would be one having the accuracy given by the combined P-S system 

analysis, but the expediency offered by the floor response spectrum approach. Indeed, 

much of the recent work falls into this category. In addition, some of the P-S system 

interaction effects on the performance of secondary systems need to be better understood. 

In what follows, these recent activities are summarized. 

2.4.1 Floor Response Spectrum Approach 

Recent attempts at improving the floor response spectr'um approach include finding 

more efficient procedures for generating the desired spectrum while including in the spec

trum some of the P-S system effects. 
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In the development of more direct methods of generating the floor response spectrum~ 

a modal analysis approach is used in [19]. By using modal properties of the primary system 

and the ground response spectrum~ floor response spectrum curves can be obtained directly 

from a prescribed base response spectrum. An alternative approach based on Fourier 

transforms has also been developed. 

A random vibration analysis approach is described in [163,165,199]. For a multi

degree-of-freedom(MDOF) system subjected to a stationary random excitation, it is well 

known that power spectral density functions of various floors of a structural system can 

be found directly from that of the ground motion accelerogram and the knowledge of 

primary system dynamic properties. As an input, these floor power spectral densities 

can be used to generate the desired floor response spectrum approximately. The results 

obtained following t.his approach compare well with the time history results, especially after 

improvements[164,165]. A similar approach is taken in [198], but utilizing evolutionary 

power spectra. 

Interaction and non-classical damping. Floor response spectrum including the 

primary-secondary system interaction effect can in principle be extracted from analyses 

involving a combined system analysis, e.g.~ using perturbation techniques or simplified 

modal synthesis [60~80~83,16'i~1841. If the combined system dynamics has taken into ac

count t.he effect of non-classical damping, it will also be included in the resulting floor 

response spectra [59~60,76,166,169,1 71,185]. 

Cross-correlation. Currently~ a major approach to accounting for the effect of cross

correlation bet.ween multiple-supported excitations is to generate cross-correlation spectra 

through random vibration analysis [6,151]. As a result, a new cross-correlated secondary 
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system response can be found which takes into account the effect of cross-correlation 

.between multiple-supported excitations. 

Inelastic response spectrum. Some code provisions for taking into account inelastic 

primary system behaviour exist in current practice (for example, [1]), but a majority of 

them are only suitable for small nonlinearities and for specific structural types. In the 

study of secondary system response behaviour, the determination of inelastic response has 

been made by using equivalent linearization and time history integration techniques. In 

[91], for example, inelastic floor response spectra are generated following a time history 

analysis where the types of hysteresis curves included origin-oriented type, degrading trilin

ear type and slip type. Other investigations in this area include [201 L in which a simplified 

procedure is introduced, from which corresponding inelastic floor response spectra can be 

generated. 

Response sensitivity to uncertainties. The sensitivity of secondary system response 

to uncertainties in structural modelling and in parameter values of .the primary system has 

also received some attention [126) 79,215]. The uncertain tuning parameter is studied in 

[81]. In reference [126], the response uncertainty of secondary systems is characterized by 

a dimensionless K factor, which represents the ratio of actual seismic response to predicted 

seismic response. The K factor is treated as a random variable in order to define degree of 

conservatism, separation of random and modelling uncertainty, and nonlinear effects. It 

may be represented by a product of the form 

(2 - 4) 

where each K] characterizes a certain type of uncertainty. Included in this consideration 
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can be uncertainties in mass, stiffness and damping magnitudes and dist.ributions, dis

cretization, structural modelling, geometric and material nonlineatities, decoupling and 

boundary conditions, design errors, and structural degrading effects. 

2.4.2 Combined Primary-secondary System Approach 

Computational and numerical difficulties associated with the combined P-S system 

analysis as ·outlined in the preceding section have spurred the development of improved 

and more efficient methodology, with major activities in the areas described below. 

~omplex modal analysis and synthesis. VYhen non-classical damping exists, it has 

been pointed out that the damping matrix cannot be diagonalized by the eigenvectors of 

the undamped system. An alternative modal analysis approach is to decouple the equa

tions of motion through the use of eigenvectors of the damped system. Since the damped 

eigenvectors are complex valued, the resulting decoupled equations contain complex pa

rameters. The application of this procedure to the treatment. of non-classically damped P-S 

systems can be found in [60, 77], where response characteristics of the secondary system 

can be determined through numerical integration procedure. 

More recently, an alternative modal decomposition approach employing canonical 

transformation is proposed [213]. The resulting decoupled equations following this proce

dure contain only real parameters, thus avoiding computations to be made in the complex 

field. 

Perturbation analysis. As mentioned earlier, perturbation techniques can be success

fully applied to the analysis of the combined P-S system when the mass, stiffness and 

damping terms of the secondary system can be considered small as compared to those 

of the prImary system [76,79,148]. The procedure allows a direct determination of all 
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dynamic properties of the P-S system in terms of the primary and secondary system char

acteristics. From these dynamic properties, the secondary system response can be obtained 

by using modal combination or other dynamic analysis approaches. The effect of cross

correlation for multiple-supported secondary systems can be included as well as multiple 

effects involving tuning and non-classical damping [79,86]. 

Substructuring. To overcome numerical difficulties associated with the analysis of 

large- dimensional P-S systems, substructuring or structural partitioning has received con

siderable attention in recent years. S:ubstructuring refers to the division of a complete 

structure into a number of substructures whose boundarie~ may be arbitrarily specified. 

It is preferable, however, to make the structural partitioning corresponding to physical 

partitioning. If the stiffness or flexibility properties of each secondary system can be. de

termined, then each can be treated as a complex structural element. A finite element or 

other suitable numerical methods can then be written for the partitioned structure. Once 

the displacements and/ or forces on the boundaries of a substructure are found, then each 

substructure can be analysed separately under known boundary conditions. 

There are basically two avenues open for implementati<;>il of substructuring in dynamic 

studies. The first is essentially an extension of static concepts with the addition of inertia 

and damping terms to the equations of equilibrium, while the second manipulates the 

. eigenvalue-eigenvector representation of a given dynamic system. A more general way is 

the component mode synthesis. A number of variations on the component mode synthesis 

technique exist [12,17,33]' most of which are modifications of the original method of Hurty 

[74]. The component mode synthesis can be extended to damped structures [87,95} and 

to forced vibrations. It is also possible to include rigid-body modes in the formulation 

[98,129]. If attachment modes are employed in the component mode synthesis method, 
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the question of linear independence anses. This is not a problem when fixed-boundary 

normal modes or constraint modes are used, for they form a linearly independent vector 

space. This last problem is alleviated through the use of residual attachment. modes when 

there is no rigid-body motion, and through residual inertia relief attachment modes when 

rigid body modes are present [34,143]. 

Recent research in the component mode synthesis method has focused on improving the 

accuracy [3,102,109,186] as well as efficiency of the methodology, on investigating normal 

truncation [103,191]' and on implementing the technique in general-purpose finite-element 

programs [15,182]. Furthermore, error analyses have been done [118,134] and attempts 

have been made to extend the method to systems with non-classical damping and complex 

eigenvalues and eigenvectors[192]. 

Other considerations. Other investigations dealing with more specialized problems 

include the· study of response of light equipment. mounted on based-isolated structures 

[94,195,212]. Both analytical and experimental results show that the use of the base isola

tion not only can attenuate primary system response, but also can reduce the response of 

secondary systems. Proof tests using full-scale str)lctural models of base-isolated buildings 

for the purpose of protecting facilities and equipment. have been made [18]. 

Seismic response of equipment located within an asymmetric primary structure subject 

to lateral and rot.ational base motion is studied in [85]. In addition, a coupled lateral

torsional floor response spectrum was generated and used to estimate torsional effects 

on the response of secondary systems. The effect of local vibration of structural and 

nonstructural elements is discussed in [40]. Optimum design of primary-secondary systems 

has been presented in [124]. 
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2.4.3 Criteria Pertaining to Decoupled and Coupled Analyses 

Coupled with recent advances in the response determination of secondary systems, new 

criteria have also been proposed in assessing the significance of primary-secondary system 

interaction. In [55], derivations are given from which P-S system interactions involving 

multi-degree-of-freedom systems and under other more general conditions can be assessed. 

A refined criterion based on the perturbation approach is also given in [80]. 

2.4.4 Experimental Work 

Two types of experimental work have been reported. Some tests were performed on 

the integrated primary-secondary systems and others were performed on the secondary 

systems themselves. 

Full scale testing and model testing of primary-secondary systems in the laboratory 

have not been as extensive as analytical and numerical work sununarized above. A one

half scale piping syst.em model mount.ed on a three-story steel frame has been tested 

on a shaking table [151)83]. The performance of specially designed ductile energy ab

sorbers was studied together with conventional hydraulic snubbers to resist the combined 

thermal and seismic loadings. More than one hundred test runs were made, and time 

histories of piping response and hysteretic behaviour of energy absorbers were obtained 

under various two-component excitations (horizontal and vertical). Throughout the tests, 

the primary structure remained in the elastic range. although both the operating and safe 

shutdown earthquakes were considered. Light equipment, modelled as a simple cantilever 

and mounted on the same steel frame was also tested [41.93]. The application of pseudo

dynamic testing techniques to secondary systems \vas attempted [41,131]. In both studies, 

only secondary systems were tested physically while the primary structure was replaced 
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by a mathematical model using substructuring methods. The results have shown that the 
. ~ 

proposed experimental method is viable and economical for testing light secondary sys-

tems mounted on an elastic structure. VVhen 'the interaction between the secondary and 

primary systems as well as inelastic response of the primary structure is involved, a verifi-

cation testing may be required. In [109] and [110], a good correlation between experimental 

evidence and theoretical predictions in using substructuring method is shown. 

Full-scale testings of components and equipment of nuclear power plants were con-

ducted by using a large shaking table [129]. The test. included the primary loop recircu-

lating syst.em (pipeline, pumps, valves and motor): reactor core internals (reactor vessel, 

fuel assemblies, core barrel and support structure), and primary coolant systems (piping, 

pump and hydraulic snubbers). All the test results were compared with computer simu-

lations and good correlations were reported. These results provide invaluable information 

regarding the dynamic behaviour of secondary systems as they are the only experimental 

work using full-scale models. Several shaking table tests of piping systems have also been 

reported ( see, for example, [130, 156]). 

Electric equipment, in particular that used in the nuclear industry, requires a thorough 

investigation under severe vibratory conditions. Usually the equipment is isolated from 

its environment and tested under severe conditions on shaking tables [75]. A 500 kv gas 

circuit breaker has been tested on an earthquake simulator [44] without evaluating the 

interaction of the breaker with the foundation. 

The results of a study of seismic fragility of nuclear power plant equipment are reported 

III [13]. In the first phase of this study, existing test data were collected and evaluated, 

. followed by the development of a methodology for establishing seismic fragility levels in 
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terms of t.est response spectra. In the second phase, additional test data were collected 

and analysed for a group of electrical equipment. 

Owing to scarce availability of large shaking tables, only a lim.ited number of experi

ments have been performed on secondary systems exclusively. Field testing of secondary 

systems [159] and damage inspections after major earthquakes [189] have provided some 

information in this regard. 

The dynamics of various cladding and connection has been investigated experimentally 

[36,50,133]. The influence of windows on structures, and of structural vibrations on the 

glass has been investigated, where flexible framing techniques were suggested. The influ

ence of cladding , in particular precast panels, has been investigated experimentally on 

a 25-story building under construction [49,131]. As a result, an elastic-plastic connection 

possessing stable hysteretic response was proposed to reduce the overall response of the 

structure 

2.5 CONCLUDING REMARKS AND POSSIBLE FUTURE RESEARCH 

DIRECTIONS 

2.5.1 Analysis 

As summarized in the preceding section, significant progress has been made over the 

last few years, leading to a better understanding of the dynamic behaviour of secondary 

systems. A major thrust has been to develop more rigorous methods that can account for 

more realistically the dynamic environment in which secondary systems operate. As work 

progresses, it appears that future research in this area having greatest impact potential 

falls into the following areas. 
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From the point of view of engineering practice and design, improvements on the recently 

developed met.hodologies are needed in several problem areas. They include t.he following: 

Effect of nonlinear primary structural behaviour. under t.he action of severe eart.h

quakes, engineering structures are expected to dissipate some of t.he input. energy by means 

of inelastic deformation. The effect on secondary systems of this excursion into the nonlin

ear range on the part of the primary structure is thus of importance. As indicated earlier, 

some work has been initiated in this area. In [105], for example, the primary structure 

is modelled as a SDOF system and the mass ratio Rm is assumed to be small so that. the 

decoupled analysis can be used. It is shown that the effect of inelastic behaviour of the 

primary structure is a reduction of the secondary system response in most. cases. 

Better understanding of this nonlinear effect is clearly needed under more general 

conditions. For example, similar studies must be performed on MDOF P-S systems and 

on MDOF secondary systems. 

Effect of uncertainties in primary structural parameters. As stressed in the pre

ceding sections, tuning is an important consideration in the analysis of secondary systems, 

which is characterized by large peak response values. Thus, for design purposes, sensitiv

ity indices relating peak response of a secondary system to primary structural parameter 

variations need to be developed. ''''ork is progressing in this area [179,215]. In [179], for 

example, the use of spectral moments are suggested as peak response sensitivity indices, 

which provide a quantitative measure of relative importance of parameter uncertainties in 

the design of secondary systems. 

The need for a more comprehensive sensitivity analysis is indicated. These results will 

be particularly useful to designers in order to evaluate relative importance of parameter 
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uncertainties in the primary structure and to determine the desired dynamic characteristics 

of secondary systems. 

2.5.2 Optimization and Protection 

Mitigation of potential seismic damage to secondary systems can be achieved in sev

eral ways. The most direct route is to consider enhancing their performance through 

optimization in their placement within a primary structure or in innovative design of their 

supports. Preliminary results show that, for example, judicious placement of a secondary 

system not only can enhance its own response characteristics, but also benefit the overall 

P-S structural system. A systematic study of these possible optimization schemes does 

not exist now and is clearly needed. 

As pointed out earlier, base isolation of the prImary structure has been considered 

as a means of protecting secondary systems. More work is warranted in the study of 

potential applicability of active as well as passive control devices. While considerations of 

passive and active control have been mainly directed to primary st.ructures, the protection 

of secondary systems using similar devices at the substructure level also merits serious 

consideration. 

2.5.3 Code and Standard 

The ultimate impact of new methodologies and approaches rests with their usage by 

the design industry. While considerable advances in secondary system analysis have been 

made, crude guidelines such as the use of amplification factors are still being practised in 

various building codes. Similar crude guidelines are being proposed for the revised AS ME 

code related to nuclear power plants. A challengiRg task for researchers in this area is 
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thus the development of accurate yet simple response calculation procedures, which can 

be incorporat.ed int.o codes and standards. 

2.5.4 Experimental Work 

As indicat.ed in the preceding section, experimental work on secondary systems has 

been fragment.ary and not as extensive .. as analytical work. Better understanding of vari

ous factors entering the design and analysis of secondary systems must be gained through 

experimental investigation in the laboratory and in the field. Hence, systematic experi

mental work focusing on the dynamics of secondary systems together with various methods 

of optimization and protection must be considered as one of the important research tasks 

in this important area of investigation. 
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SECTION 3 

STOCHASTIC RESPONSE SENSITIVITY OF SECONDARY 

SYSTEMS TO PRIMARY STRUCTURAL UNCERTAINTIES 

3.1 INTRODUCTION 

Response and eigenvalue sensitivities of a dynamic system to variations of its param

eter values are one of the basic problems in dynamic analysis of structural systems. The 

problem is important because, on the one hand, the parameters of a real structure cannot 

be identified exactly and the degree of inaccuracy in the response calculation caused by 

uncertainties in parameter values is of practical importance. On the other hand, deteriora

tion and degradation take place as structures age, resulting in changes in parameter values. 

This sensitivity problem is particularly important when the response of secondary systems 

is considered. For example, parameter uncertainties in the primary structural system can 

cause tuning in the primary-secondary system, which is characterized by large peak values 

in the secondary system response [27,72,215]. Response and eigenvalue sensitivities are 

also useful in determining the degree of broadening of the floor response spectrum. 

Sensitivi ty analysis for deterministic s}istems has' been well developed (see, for example, 

[45]). More recently, attention has been given to systems under random excitations or with 

random parameter variations. In [li5], for example, an integral measure and a supremum 

measure are proposed as output sensitivity factors for stochastic systems. The analyses of 

deterministic and stochastic structures are generally carried out following the flow charts 

given in Fig. 3-1. 
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Analysis of Deterministic Structure 

Random Structural Random Output 

Input System (Based on Random Input) 

~ 
Deterministic 

Structural 

Parameter Variations 

Analysis of Stochastic Structure 

Random Structural Random Output 

Input System (Based on Random Input 

and Random System Characteristics) 

Random Structural 
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Fig. 3-1 Flow Diagrams for Sensitivity Analysis 
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In this section, response and eigenvalue sensitivities of secondary systems to primary 

structural uncertainties are considered. The emphasis is the peak response sensitivity un

der seismic load. Assuming that peak response is strongly dependent only on the strong

motion portion of the excitation, the system input can be assumed to be weakly stationary 

and, for linear systems, the power spectral density of the response can be obtained. Under 

these conditions, it is proposed that the response spectral moments be used as a response 

sensitivity measure and that second order derivative be used to determine the eigenvalue 

sensitivity. Calculation procedures and numerical results are examined by means of nu

merical examples. 

3.2 SENSITIVITY FACTOR 

3.2.1 Response Sensitivity 

Consider an n-degree-of-freedom primary-secondary structural system subjected to a 

weakly stationary input. The equation of motion has the form 

Mt(t) + ct(t) + K~(t) = F(t) (3 - 1) 

where M, C and K are respectively, n x n 'mass, damping and stiffness matrices. The 

n-vectors 4(t) is the displacement vector and F(t) is the input vector. In steady state, the 

input-output spectral density relationship is [177] 

(3 - 2) 

where Spp(w) and Sxx(w) are the spectral density functions of the excitations and the struc

tural responses, respectively; H(jw) is the system frequency response and the superscripts 

. and T denote complex conjugate and matrix transpose, respectively. 
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Let the components of an m-vector @. represent system parameters with uncertainties. 

They can be written in the form 

(3 - 3) 

where r3 represents nominal system parameter values. It is assumed that the random 
-0 

uncertain vector fT :: [01,02, ... , em] has zero mean and covariance matrix E[ooT] ~ [/-Lij]. 

With @. being stochastic, H(jw) and Sxx(w) are stochastic and Eq.(3-2) can be written as 

(3 - 4) 

The expectation of the ijth elements of Sxx(w,r3) can be represented by [158] 

(3 - 5) 

In the above, b-
J 

is the /h column of H, the symbol 0 denotes the Kronecker pioduct of 

two matrices[157], and "vee" of a matrix is a vector formed by stacking the columns of the 

matrix. For example, let '?!.'j be the jth column of a matrix W. Then 

(3 - 6) 

Expanding H(j(;.',r3) about r3 and keeping terms of second order in f, Eq.(3-5) leads to 
- -0 

E[Sxx(w,r3)] = Sxx(w,B ) + Sl(W,r3 ) 
- -0 -0 

(3 - 7) 

where 

[SdW'@.O)]iJ = (vecDT[SFF(W) 0:t:t r3OT;O' R,.,("",,@.)/-LTs]vecI 
T=l,=l ~ 

(3 - 8) 
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with 

8 2hT(w 6) 82h'(w /3 ) 8h'(w 6 ) 8hT (I."; 6 ) 
R (w (3 ) = h~(w /3) -] "-0 -l- -l , -0 hT(w (3 ) -,' -0 -] "-0 

T,' , -0 -, , -0 8(3or8/30, ' 8(3or8(30, -) . -0 + 8(3or 8{30, 
(3 - 9) 

As seen from Eq.( 3-7), the average of the change, in the response spectral density is 

Sl(W,{3 ) and the corresponding changes in the response spectral moments are 
-0 

k=O,1,2 ... 

Let 

The ratios 

k,=0,1,2, ... 

(3 - 10) 

(3-11) 

(3 - 12) 

can be considered as rational sensitivity factors since spectral moments are related to peak 

response characteristics. In particular, r 0 gives a sensitivity measure of the squared average 

maximum response with respect to parameter uncertainties [197]. 

3.2.2 Eigenvalue Sensitivity [13,32,119,138,160) 76] 

Similar sensitivity factors can be defined for the eigenvalues. Let Oi(@) be the ith natural 

frequency of the structure. Expanding 0((3) about (3 and taking expectations, we have 
- -0 

(3 - 13) 

where 
m m &20 (6 ) 

o ((3 ) = '"' ,,",,[(30T(30' i '-0 'J 
h -0 L ~ ') &6 a6 /.LT' 

1'=1 5=1" 01' OS 

(3 - 14) 

The rational sensitivity fa:dor for 0;((3 ) can be defined as 
-0 
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(3 - 15) 

The second order derivative in Eq.(3-14) can be derived in a straight forward manner 

and the details are given in Appendix C. 

3.3 STRUCTURES UNDER GROUND EXCITATION 

When a primary-secondary structure is subjected to ground acceleration Xo(t), the 

input term in Eq.(3-1) becomes 

(3 - 16) 

where 

1 J 

In this case, it is convenient to define 

g(jw,~) = -H(jw, ~)M[ (3 - 17) 

and 

(3 - 18) 

Equations (3-4) and (3-8) then take the forms 

(3 - 19) 

and 

(3 - 20) 
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"'1, 

The method of determining the second ol-did derivative will be shown in Appendix B. 

The sensitivity factors fk defined by Eq.(3-12) pertain to displacement response. They can 

be modified to correspond to other response quantities by premultiplying or postmutiplying 

g(jw,~) by appropriate matrices. For example, with C1 given by 

P-system 
o -1 0 o I 0 

S-system 
010 

J 

0) 

a modification from g(jw,~) to Clg(jW,~) produces a response which gives the relative dis-

placements XS) - Xpi , where the subscripts sand p are used to identify displacements 

associated with the secondary system and those associated with the primary system; re-

spectively. 

If the absolute acceleration at position XS) is of interest, the required transformation 

P-system 
C2 = (0 0 o I 0 

S-system 
010 

J 

0) 

In practice, the maximum displacement responses of structures are more significant. 

They can be represented by the standard deviation of the response[197] 

(3-21) 

where the subscript s is strong-motion duration, p is exceedance probability corresponding 

to X max , and ls;p is the peak factor. When p=O.5, a representation of the average maximum 

displacement response (Xmax) can be obtained. Assuming that. the peak factor ls;p remains 

constant under parametric variations, it is seen from Eq.(3-12) that 
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which gives 

or, based on Eq.(3-21), 

Xl,max 
10 = X 2 

O,ma:r 

(3 - 22) 

(3 - 23) 

(3 - 24) 

Thus, 10 is also associated with the sensitivity of squared maximum displacement 

- response. It thus takes an added significance in sensitivity studies. 

3.4 SDOF-SDOF P-S SYSTEM 

3.4.1 Formulation 

Consider first a simple single-degree-of-freedom(SDOF) secondary system anchored to 

a SDOF primary structure as shown in Fig. 3-2. Let m p , Wp and (p be the mass, frequency 

and damping ratio of the primary system and m" w, and (, be the corresponding quantities 

- for the secondary system. ~ie are primarily interested in- the sensitivity of the relative 

displacement, x, - X p , to random damping variations in the primary structure. Thus, 

,B = (p = (op(l + c) where E: has mean zero and variance 0-
2

• 

For this case, T(w,j3) as defined in Eq.(3-18) is a scalar and has the form 

(3 - 25) 



Fig. 3-2 SDOF-SDOF P-S System. 
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where -.! is the frequency of the combined primary-secondary two-degree-of-freedom system 

and 

(3 - 26) 

(3 - 2i) 

(3 - 28) 

We have 

(3-29) 

where 

(3 - 30) 

(3 - 31) 

(3 - 32) 

and 

02T(w) =Tl w),_l 02Dl .2..loDl)2 .2..(OD3)2 
0,.2 \ l D 80 + D2 \ 8" + D2 8" 

'>p 1 .. 1' 2 '>p 3 '>p 
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(3 - 33) 

3.4.2 Example 3.1 SDOF-SDOF P-S System. 

It is of interest to consider first the tuned case. Using parameter values listed in Table 

3.1, T("-,,,B) and its second derivative are plotted in Fig. 3-3 and Fig. 3-4, respectively. It 

is seen that the combined P-S system exhibits two resonant frequencies straddling "-'p and 

"-',. 

The sensitivity factors 10, 11 and 12 are shown in Fig. 3-5 as functions of R.., = w,/wp 

under white noise excitation with spectral density so. It is shown that damping uncer-

tainties in the primary structure have a significant effect on the peak secondary system 

response at tuning, but their effect diminishes rapidly as the P-S system moves away from 

the tuned case. 

It is also seen from Fig. 3-5 that 10,11 and 12 provide similar and consistent sensitiv-

ity information, and this property has also been verified in other numerical calculations. 

Hence, it is sufficient to consider only ;'0 in what follows. 

Figures 3-6 and 3-7 show the sensitivity factor 10 as a function of the mass ratio Rm = 

m,/TTlp and the damping ratio R( = (o,/(p. They show that the value of ;'0 stays relatively 

constant as the mass of the secondary system increases although a heavier secondary mass 

will cause an increase in the interaction effect between the primary and the secondary 

system. On the other hand, the response sensitivity is the greatest when the damping 

ratio is small, decreasing as (0' approaches (p. 
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S-system 

P-system 

Combined 

Table 3.1 Properties of P-S System in Example 3.1 

Mass Stiffness Damping Ratio Frequency (Hz) 

k, 0.02 1.1254 

10m, 10k, 0.05 1.1254 

0.9614, 1.3173 
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Fig. 3-3 T(w,/3o) in Example 3.1. 

Fig. 3-4 82Tj8/36 in Example 3.1. 

3-13 



( 
J 

0 •• 

0.' 
1 

cz: 0.7 Z 

0 .. 
\) 
C 0.' ... 
~ .. 
;: 0.5 
;:: 
ii 
Z 0.4 UI 
C/O 

Ool 

04 

0.1 

0.5 0.7 0 •• 1.1 I.l 1.5 
ROJ 

Fig. 3-5 Sensitivity Factor vs. Frequency Ratio. 

3-14 



, 
0." • 
0." 
D." 
0.11 0.1, . 
D." a: 
D.U 0 

~ 

u D.12 c ... D.II 
~ 0.. ~ 

:;; DM 
~ D_ c;; 
z o.a7 -IU .. D_· 

D.., 

D .... 

D~· 

D.e 

0'" 
U 

0 0.4 D.I D .. 
R .. 

Fig. 3-6 Sensitivity Factor vs. Mass Ratio. 

D.' 

a: 
0 0.1 .. 
U 

'" ... 
~ .. 

0.7 :; 
;: 
;;; 
z 
~ 0.1 

DoS 

0.4 

0 0.4 0.1 0.1 

Fig. 3-7 Sensitivity Factor vs. Damping Ratio. 

3-15 



As an accuracy check of the results presented above, a Monte-Carlo simulation is 

performed. For the tuned case considered above, assume the stiffness of the primary 

system, 10K" is normally distributed with mean 10k, and standard deviation k,. The 

combined P-S system is subjected to sixty sets of artificial white-noise ground motions. 

Maximum displacement responses and response standard deviations are obtained by means 

of step- by-step integration together with statistical averaging. The values of the sensitivity 

factor 10 using Eq.( 3-23) and eq(3-24) are calculat.ed and compared with the analytical 

results. These results are tabulated in Table 3.2, showing good agreement between Monte

Carlo simulation and analytical results. 

3.5 MDOF-MDOF P-S SYSTEM EXAMPLES 

Some typical primary-secondary (P-S) structural system configurations are shown in 

Fig. 3-8. In the following examples, we are primarily interested in the eigenvalue sensitivity 

of the system and the response sensitivity of the secondary system to structural parameter 

variations in the primary system. 

Two examples are discussed in what follows. As shown in Fig. 3.8, system S3-1 

represents a three-degree-of freedom secondary system attached to a six-degree-of-freedom 

primary system and system S3-2 replaces the secondary system by a two-degree-of-freedom 

system. Some of their dynamic properties are given in Tables 3.3 and Table 3.4. 'White 

noise base excitation is again assumed with spectral density So. 

3.5.1 RandoUl Uncertainty at Each Floor for Fixed Secondary System 

Let us first consider sensitivities of both eigenvalues and response of the secondary 

system if there exists a random uncertainty at a given floor of the primary system. 
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Table 3.2 Comparison of "Yo value Using Monte-Carlo Simulation and Analytjcal Results 

Max. Shift Monte-carlo Simulation Analytical Results 

,,' x, 
1'0 =-+- 1'0 = x;mu 1'0 

"xo O.ftl.41t 

X. - Xp 1.77 1.694 1.611 

Xp 1.9 1.7-28 1.732 
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Fig. 3-8 . Examples of P-S System 
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Table 3.3 Properties of P-S System S3-1 

P-system S- system 

Mode 1 2 3 4 5 6 !1 2 3 

",,(Hz) 2.714 7.981 12.788 16.847 19.92 21.85 2.716 7.609 10.996 

Combined system 

Mode 1 2 3 4 5 6 7 8 9 

",,(Hz) 1.839 2.873 5.556 7.878 8.287 12.809 16.913 19.933 21.899 

Table 3.4 Properties of P-S System 53-2 

P-system S-system 

1 2 3 4 5 6 1 2 

",,(Hz) 2.714 7.981 12.788 16.835 19.92 21.85 2.715 4.691 

Combined system 

Mode 1 2 3 4 5 6 7 8 

",,(Hz) 1.973 3.719 4.638 8.228 12.872 16.937 19.947 21.909 
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Eigenvalue sensitivity. Assuming that there exists mass or stiffness uncertainty on 

one of the floors (in system S3-1), the eigenvalue sensitivity factors for the first three modes 

are listed in Table 3.5. It is seen that, in most cases, eigenvalue sensitivities decrease as 

mass uncertainty moves from the top floor to the first floor of the primary system, i.e., 

mass variability at the top floors has greater effect than that at the bottom. On the other 

hand, the impact of stiffness uncertainty is the greatest when it occurs at the first floor, 

diminishing as stiffness uncertainty moves to the top. 

Response Sensitivity. For system S3-1, the response quantities of interest are the 

displacement of the top secondary mass relative to the third floor connecting point and the 

absolute acceleration of the top secondary mass. The quantity T(w, 13) for the displacement 

and its second-order derivative are spawn in Figs. 3-9 and 3-10. Their sensitivity to either 

mass uncertainty or stiffness uncertainty at each floor of the primary system is of interest. 

Table 3.6 shows the sensitivity factors as the mass uncertainty or the stiffness uncer-

tainty moves from the first floor to the sixth floor of the primary system. Similar to the . . 

trend seen in the eigenvalue sensitivity, the response quantities become less sensitive to 

mass' uncertainty as it moves from the top floor to the first floor of the primary system, 

whereas just the opposite is true in the case of stiffness uncertainty. The response sensi-

tivity are the greatest when the stiffness uncertainty is at the first floor and the smallest 

when it is at the top floor. 

The conclusions in eigenvalue sensitivity study and in response sensitivity study are in 

agreement. 
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Table 3.5 IO/~2 for P-S 5.vstem 53-2 

Floor of Uncertainty 

{3 "'o/~ 6 5 4 3 2 1 

Mass 0 1 0.0125 0.0105 0.0060 0.0019 0.0030 0.0002 

O2 0.0041 0.0046 . 0.0049 0.0017 0.0014 0.0004 

0 3 0.0119 0.0049 0.0023 0.0109 0.0028 0.0088 

Stiff. 01 0.0096 0.0273 0.0489 0.0891 0.1169 0.1153 

O2 0.0019 0.0021 0.0014 0.0027 0.0122 0.072i 

Os 0.0384 0.0i72 0.0435 0.0021 0.0473 0.0105 
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Table 3.6 "'(0/u2 for P-S System S3-2 

Floor of Uncertainty 

(3 "'(0/u
2 6 5 4 3 2 1 

Mass Disp. 0.0265 0.0218 0.0160 0.0074 0.0045 0.0028 

Ace. 0.0414 0.0248 0.0141 0.0082 0.0035 0.0036 

Stiff. Disp. 0.0203 0.0830 0.1563 0.3688 0.4161 0.4346 

Ace. 0.0657 0.1426 0.2432 0.3716 0.4223 0.4452 
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3.5.2 System Sensitivity at Each Floor for Fixed Random Uncertainty 

Let us now consider sensitivity results in terms of Xpk and X,k, where xpk is the relative 

displacement of the kth floor of the primary system with respective to the third floor, 

k = 4,5,6, and X,k is the corresponding quantities, k = 1,2,3, for the secondary system . 

. It is~shown (in Table 3.7) that the sensitivities to both mass and stiffness variations, 

of the secondary system are more significant than those of the primary system. 

3.6 CONCLUDING REMARKS 

Spectral moments are proposed in this section as sensitivity factors in the study of 

response sensitivity of structural systems to parameter uncertainties under random excita

tions. Their application to the study of response sensitivity of primary-secondary systems 

has shown that spectral moments provide quantitative and consistent response sensitivity 

measures. 

In design and performance evaluation of secondary systems) spectral moments can thus 

provide important information concerning relative importance of parameter uncertainties 

in the primary system. Although not explored in detail here, numerical experimenta

tions show that they can also serve as useful design tools in the determination of optimal 

locations and arrangements of secondary systems within a primary structure. 
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Table 3.7 10/(12 for P-S System S3-1 

Position of response 

{3 10/(12 Zp6 :Z:p5 Xp4 Z.3 Z.2 X.l 

Mass Disp. 0.0124 0.0115 0.0105 0.0204 0.0203 0.0207 

Ace. 0.0212 0.0129 0.0194 0.0283 0.0249 0.0447 

Stiff. 

I 

Disp. 0.2665 0.2655 0.2639 0.4648 0.4625 0.4558 

Ace. 0.2786 0.2698 0.2683 0.45i1 0.4472 0.3510 
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The formulas derived for determining sensitivities of eigenvalues and eigenvectors are 

also useful in examining the total response sensitivity of secondary systems subjected to 

primary system parameters uncertainties. 
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SECTION 4 

AN APPROACH TO FLOOR RESPONSE SPECTRUM 

MODIFICATION 

4.1 INTRODUCTION 

As presented in the preceding section, the sensitivity factors based on spectral mo

ments provide a quantitative and consistent response sensitivity measure. They can be 

used to obtain important information on the response of secondary systems. As one of 

their applications, a methodology for modifying floor response spectrum is studied in this 

section. 

The seismic design or evaluation of secondary systems placed in structures is frequently 

based on the method of floor response spectrum (FRS) [27]. Current procedures are to first 

calculate a raw floor response spectrum. To account for the effect 011 structural frequency 

variations of possible uncertainties in the material properties of the structure and soil, and 

approximations in the modeling techniques used in seismic analysis, the initially computed 

floor response spectra are usually smoothed, and peaks associated with the structural 

. frequencies are broadened. A recommended method of determining the amount of peak 

widening associated with the structural frequency is described below [1 ,128]. 

Let Wj be the /h mode structural frequency which is determined from the structural 

model. The variation in the structural frequency is determined by evaluating individual 
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frequency variations due to the variations in each parameter having a significant effect, 

such as the soil modulus, material density, etc. The total frequency variation Aw) is 

then determined by taking the SRSS of a minimum variation of O.05wj plus the individual 

frequency variation (Aw))n, that is, 

This is widely used as an acceptable method. However, it is not actually shown how 

to determine the frequency variation AWJ from the uncertainties. In practice, the rec

ommended procedures for smoothing and peak broadening of FRS are usually empirical 

in nature. In [69J, a more rigorous procedure is presented which is based on probability 

distributions of the structural and soil parameters and how they jointly determine the 

structural frequency distributions. Both the conventional approach and the approach de

scribed above are based on the following idea: The amplitude of the floor response spectra 

is determined by the dynamic characteristics of the structure, and the location of the peak 

of the floor response spectra is a function of the structural frequency. 

In these analyses: the following problems may exist: The shift of the primary system 

frequency may cause both a horizontal and a vertical shift of the floor response spectrum, 

which need to be accounted for. In addition, while the method of floor response spectra 

is attractive because of its simplicity, it ignores dynamic interaction between primary and 

secondary systems. This interaction can be significant for certain P-S structural systems. 

In this section, a more rational quantitative procedure based on the sensitivity study is 

proposed, which determines the amount of variation of the floor response spectrum due to 

structural parameter variations. The interaction between secondary and primary systems 
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and nor.classical damping are taken into account as well. Moreover, the effect of nonlinear 

primary structural behavior is also considered using the method of equivalent linearization. 

Numerical examples are presented. 

4.2 DEVELOPMENT OF MODIFICATION PROCEDURE 

4.2.1 Response Amplitude Modification 

Consider an n-degree-of-freedom primary-secondary structural system subjected to a 

weakly stationary input. Under ground motions, for a particular response following Eq.(3-

7,3-8 and 3-9), the spectral moments can be expanded in the form 

(4 - 1) 

where 

(4 - 2) 

(4 - 3) 

(4 - 4) 

In the above, the m-vector @. represents uncertain structural parameters. The ratios 

(4 - 5) 
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can be considered as sensitivity factors since the zeroth-order spectral moment is related 

to peak response characteristics (Eq. 3- 24). 

As seen from Eq.(3-24), 

Eq.( 4-4) leads to 

X;'max 
"Yo = , 

XC,max 

E[X;'axl 
x" = 1 + "Yo 

o,ma.:z: 

In addition, expanding )>'dl!) about f3y we have 

where 

Hence, 
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(4 - 7) 

(4 - 8) 

(4 - 9) 
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E[Xm "",] 
X = 1 + //0 

o,ma.x 
(4-11) 

//0 = . (4 -12) 

The difference between the maximum responses with and without parameter uncer-

tainties is 

(4 - 13) 

= 10 - 2//0 

The· variance of the difference is 

= X5,max X;,max 
E[(.6.X(@))2]- [E(~X(@))l2 (4 - 14) 

= 

= 10 - 2vo - //5 

Using the mean plus and minus one standard deviation as the modification criterion, one 

obtains 

E[.6.X(@)] ± (j flX(!3) ~----

X = //0 ± J 10· - 2//0 - //6 
D,ma.x 

(4 - 15) 

Assuming the uncertaintieS' are independent random variables, P.rs in Eqs. (4-5) and 

(4-12) are non-zero only when r = s. 
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In this procedure of determining the sensitivity factor, the effect of the interaction 

between primary and secondary systems and nonclassical damping have been accounted 

for. This is superior to a totally decoupled analysis. 

4.2.2 Frequency Shift. 

Consider random structural parameters, it is seen from Eq.(3-13) that 

(4 - 16) 

.or 

[ 1 Tn Tn &20(/3 ) 
E .6.0i 1 '"' ,",[/3or/3o, ' -0 1 
0·(/3 ) = 0·(/3 ) ~ ~ -')- &/3 &/3 /-Lr, = In, 

t -0 t -0 l' = 1 s =1 J.I OT os 

(4- 17) 

This can be used as the sensitivity factor for the average eigenvalue. The second-order 

expansion of the structural frequency about ~o gives 

(4 - 18) 

Neglecting terms of orders higher than two, the variance of the difference is 

(4-19) 

and 

4-6 



1 m m &11; ((3 ) &11; ((3 ) 
'" '" (3 (3 -0 -0 ~ rln~o) ~ ~ or os &f3or &f3os /-Lrs - I'fl, (4 - 20) 

The mean plus and minus one standard deviation of the frequency difference is given by 

where 

1 
Qn; = 11,(~0) 

(4 - 21) 

(4 - 22) 

Assuming again that the random uncertainties are independent, /-LT' i- 0 only when T = s. 

The first- and second-order derivatives contained in Eqs.( 4-17) to (4-22) are derived in 

Appendix C. 

4.3 NONLINEAR PRIMARY SYSTEM 

4.3.1 Sensitivity of Substitute Structure 

The above discussion is limited to linear primary structures. '\Nhen the primary struc-

tures undergo inelastic deformation, it is also of interest to consider necessary modifications 

of FRS. 

For nonlinear pnmary systems, the determination of the sensitivity factor is much 

more difficult than that for the linear case. Several approximate methods are being used 

to predict the nonlinear structural response. One of the more popular methods is that of 
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equivalent linearization. If an equivalent linearized primary system is obtained, it is easy 

to combine this with the secondary system to form the primary-secondary system. The 

linearized primary-secondary system can be represented by 

.. . 
M:K(t) + cE:K(t) + KE:K(t) = f(t) (4 - 23) 

where KE and CE consist of the primary system's equivalent linear stiffness and damping 

coefficients, Ke and Ce, and elastic secondary parameters K, and C,' respectively. Therefore, 

(4 - 24) 

If we are interested in obtaining the response and frequency sensitivity factors corre-

sponding to the yielding level of a primary system, we need to find the following partial 

derivatives: 

and and 

With them we can derive 

and and then and 

where Y can be either the yielding strength ratio R or ductility ratio J-L. The yielding 

strength ratio is defined by 

R = Fy/Fe ::; 1 (4 - 25) 
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where Fy is the inelastic yielding force and Fe is the elastic force and the ductility ratio is 

(4 - 26) 

where Xm is the maximum displacement and Xy is the yielding point displacement as shown 

in Fig. 4-l. 

If we can successfully obtain an equivalent linearized system. The above derivative 

values can be found by numerical means ( computer programs RSPS and ESPS). These 

derivatives can then be used to obtain the sensitivity of substitute systems and necessary 

modifications to the FRS. 

4.3.2 Substitute Structure 

A simple practical analytical-empirical method for a MDOF yielding system is used to 

perform equivalent linearization. For non-deteriorating systems such as steel frames, it has 

been shown[208] that the effective post-yielding .. stiffness Ke can be reasonably predicted 

by the average stiffness method. For example, if a steel frame is modeled as a bilinear 

hysteretic system, K. can be written as 

(4 - 27) 

where Ko is the pre-yielding stiffness and Q the ratio of post to pre-yielding stiffness. It 

has also been shown that, compared with empirical data, the effective damping based on 

an average stiffness and using an energy method is 

(4 - 28) 
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For simplicity, consider an N-story single-bay frame structure with rigid beams and negligi-

ble column axial deformation (shear-beam type) with J-l, a: and Ko as interstory parameters; 

Eo and f30 being interstory stiffness and damping ratio, respectively. The damping ratio of 

the /h mode of the substitute structure, f3], can be obtained from the interstory damping 

ratio {3m, as 

N N 

(3J = 2:) <Pij - <P,-l,] ) 2 f3m,d 2: (<pt,] - <Pi_l,])2 (4 - 29) 

where <Pi,] is the modal displacement at the ith floor in mode j. 

In order to obtain the derivatives aac;,.Fl and at;l using numerical method, we need to 

obtain .6./.I from .6.R. One simple energy relationship equating the energy increment due to 

.6.R with that due to .6./.I is used (the two shaded areas are equal to each other in Fig. 4-2). 

Other approximate equivalent linearization methods, such as that presented in [209], can 

also be used to obtain the equivalent linearization results. 

4.5 EXAMPLES 

4.5.1 Elastic Case 

The equipment in this example is mounted on the third floor of a six-story shear type 

structure (Fig. 4-3). The primary structure is the same as that of S3-1 whose dynamic 

properties are listed in Table 3.3. 
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Spectral Amplitude Modification. The original FRS in this example is the average 

floor response spectrum when the structure is subjected to 20 artificial ground motions, 

SAS filtered white noise, compatible with ATC-3 acceleration peak A=400 gal, soil type 

S=2 response spectrum ( Appendix D). 

For this original FRS the following three cases are analyzed: 

(1) The secondary system is tuned to the structural fundamental frequency indicated 

as the first peak in Table 4.1. The maximum sensitivity will occur in this case[180]. 

(2) The secondary system is tuned to the structural second frequency (second peak). 

(3) The frequency of the secondary system is equal to the frequency corresponding to 

the lowest point of the floor response spectrum. 

Based on design code requirements[5], let us assume that the coefficients of variance 

(Co V) for stiffness and mass are 0.3 and for damping ratio is 0.5. From the calculat.ed 

sensitivity factor, we can obtain the means and standard deviations of modified values for 

the spectral peaks as shown in Table 4.1. Using Eq.( 4-1.5) we can obtain the modified 

values. For example, considering first peak with only the mass uncertainties 

E [AX (13)' ~ ((3)1 
. 1. J = O'.:l,X, J = -0.1668 ± 0.001 

.... Ylo,max 

III the design, it is more conservative to consider only +0'. Therefore, III the following 

figures we just show these results. 

Frequency Shift Modification. Similarly, the calculated modification factors for the 

first through the sixth mode frequencies are listed in Table 4.2 for masses, stiifnesses, 
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Table 4.1 Amp.litude MocliJication Values for Example 54-1 

I I I 

No. Uncert. !Mass Co V(0.3) i Stiff. CoV(0.3) Damp. CoV(0.5) Total 
I I 

i E[.6.X] (TAX I E[.6.Xl (TAX E[.6.X] (TAX . E[.6.X] (TAX 
I I 1 1st Peak 1-0.1668 0.001 1-0.2617 0.001 0.0457 0.1844 -0.3828 0.2091 
., 

2 2nd Peak:-0.0667 0.1033 -0.1185 0.2913 0.1129 0.2834 -0.0722 0.449 
i I ! 

3 lowst '0.0267 0.0811 '-0.0832 0.0870 0.1437 0.2659 0.0871 0.3249 
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Table 4.2 Frequency Modification values for Example S4-1 

Co V(0.3)1 Stiff. 
I 

Mode Mass CoV(0.3):Damping CoV(O.S) Total 

j I I E[~n] O'~n E[~n) O'~n- I E[~n) O'~n E[An) O'~n 

! I i 

1 0.0061 0.0720 ' -0.0389 0.0607 ! -0.0001 0.0003 -0.0329 0.0964 

1-000381 
I 

2 0.0068 0.071S 0.0614 ; -0.0001 0.0022 -0.0314 0.0969 
I ! ! 3 0.0102 0.0706 1-000362 0.0630 i -0.0018 0.00S6 -0.0278 0.0982 

.- I 
4 0.0123 0.0700 )-0.0317 0.0661 1-0.0033 0.0100 -0.0227 0.0999 

1.0.0198 
I 

5 0.0241 0.0660 0.0711 : -0.0047 0.0148 -0.0004 0.0010 
I I 

6 
, 

0.0886 0.0010 10.04S0 0.OS89 1-0.00S7 0.0178 0.1279 0.0001 , , 
I 
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damping ratios and total uncertainties. Assume the Co V for stiffnesses, masses and damp-

ing ratios are the same as above. From Eq.( 4-21), the first mode frequency shift values for 

the mass uncertainty case are 

E[,:::~Jldi3)J ± 0'.::>11,(13) -------'-'--'- = 0.0061 ± 0.072 
0 1 (130) 

Figures 4-4 and 4-5 show the original and modified FRS with mass and stiffness un-

certainties, respectively. Considering the first peak point, this is a tuned case, and any 

change of the mass or the stiffness will cause the frequency shift of the primary structure 

from the tuned case, leading to a reduction of the secondary system response. Obviously, 

this is due to the interaction between the primary system and secondary system. 

It is known that the recommended modification value in the design code is 15%[1]. 

From our calculations, this value is close to the mean plus 20' for most modes following the 

probabilistic approach. 

The damping uncertainties may cause either an increase or a decrease of the amplitude. 

One safe design rule is to increase the amplitude (Fig. 4-6). In general, smaller frequency 

shift is caused by damping uncertainties as compared to those caused by mass or stiffness 

uncertainties. 

If all masses, stiffnesses and damping ratios are uncertain, the corresponding modifica-

tion values are -17.38% at first peak, +37.62% at second peak and +41.20% at the lowest 

peak in amplitude, noticing that the first peak is reduced. The resulting frequency shifts 

are +6.35% and -12.~3% (first mode) and +6.55% and -12.83% ( second mode). 
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In accordance with these amplitude modification values of the three peaks and the 

frequency shift values, the final design FRS curves are plotted in Fig. 4-7. 

4.5.2 Inelastic Case 

We now investigate the same primary system subjected to the same artificial ground 

motion (filtered white noise) in which first story columns undergo inelastic deformation 

(assuming ductility ratio IL = 4). The tri-linear restoring force model with deteriorating 

stiffness is used (Fig. 4-8). 

The resulting FRS curves for the inelastic primary system and the elastic secondary 

system are shown in Fig. 4-9. If yielding strength level of the first story is uncertain, 

the FRS curve should be modified not only in spectral amplitude but also in frequency as 

shown in Table 4.3 and Fig. 4-10. 

4.6 SUMMARY 

An FRS modification method based on the response and frequency sensitivity analysis 

of secondary systems to primary structural uncertainties is suggested. General conclusions 

are: 

1) Instead of relying upon an engineer's experience judgment or upon a simple deter

mination analysis, this approach gives a quantitative computational procedure by means 

of stochastic analysis. 

2) Instead of considering only the frequency shift in the current code [1], both frequency 

shift and amplitude modification are accounted for. This provides a more complete FRS 

. modification if the structure has uncertainties. 
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Mean 

(T 

Table 4.3 Modification Values of Response and Frequency 

for First-Story Yielding Primary System 

AX ~n 

1st Peak 2nd Peak Lowest Peak 1st Freq. 

-0.01154 0.6390 0.6003 0.0855 

0.3604 0.2110 0.4885 0.2048 
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3) Major deficiencies of the decoupled analysis, which is used by the current code in 

most cases, such as neglecting the interaction effect between the primary and secondary 

systems and neglecting nonclassical damping, are rectified through modification of the 

decoupled FRS. 

4) In this analysis, both uncertainties of dynarni c properties in elastic structures and 

uncertainties in yielding level in inelastic primary structures can be considered. 

5) In the numerical examples, probabilistic significance of the modification values in 

the current design code is given. 

6) Upon simplifying the system to a SDOF-SDOF Primary-Secondary system, some 

simple results and a suggested approach of FRS modification is advanced. 
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Table 4.4 Comparison between Conventional and New FRS Broadening Approaches 

Conventional 

Experience judgement 

Deterministic analysis 

Frequency shift 

Neglect Interaction 

Neglect nonclassical damping 

Suggested 

Quantitative computation 

Stochastic analysis 

Frequency shift and amplitude modification 

Account for interaction 

Account for nonclassical damping 
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SECTION 5 

RESPONSE OF SECONDARY SYSTEM TO NONLINEAR 

PRIMARY SYSTEMS 

5.1 INTRODUCTION 

The nonlinear floor response spectrum together with a method of spectrum modifica

tion has been introduced in the preceding section. This is sufficient for design of secondary 

systems in the case of a yielding primary sy stem. However, it is necessary for designers 

to better understand response behaviour of secondary systems, especially in relation to 

known differences between elastic and inelastic primary systems. This information can 

lead to response evaluations of secondary systems placed on a nonlinear primary structure 

based on their response on a corresponding linear primary structure. 

Some results in this direction have been reported in the literature, most of them utiliz

ing time history integration to obtain numerical solutions. Lin and Mahin[107] simplified 

the MDOF primary-secondary system to a SDOF-SDOF system. Their analytical results 

suggest that the effect of inelastic deformations of the structure is to lower the spectra. 

However, some MDOF analyses [21,123,153] have found that equivalent SDOF models of 

nonlinear MDOF structures often lead to inaccurate representations of secondary system 

response. The calculated results based on MDOF systems directly without reduction of the 

number of degrees of freedom showed that the spectra at high frequencies ( i.e., frequen

cies greater than the structure's fundamental mode frequency) are occasionally increased 

and sometimes quite substantially, where maximum floor response spectra values of two 
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to three times the corresponding linear-structure values can be observed. Reference [21] 

presents the results for a simple lO-story shear beam model subjected to 45 different input 

time histories. A clear observation is that, for some input records, nonlinear behavior 

causes an increases in high frequency secondary system response. 

_ Sewell and Cornell[153] made a somewhat more systematic effort in exanunmg the 

influence of ground motion and MDOF primary structural nonlinearity on the response of 

secondary systems. They discussed the effect of various structural parameters and ground 

motions in detail and confirmed the high frequency amplification phenomenon which can 

be understood as being "internally induced high frequency motion". Obviously, their 

conclusion is easier to understand. When we analyze and test base isolation systems, with 

their associated reduced frequency and increased damping, increased high-mode response 

can be observed. This phenomenon is somewhat similar to the case of inelastic primary 

systems. 

However, for this very difficult and important engineering problem, it is not enough that 

we only know that the high frequency amplification phenomenon "occasionally" occurs, 

but also know clearly cases in which the values of the floor response may be increased 

when yielding occurs in the primary structure. Thus, a more generalized approach to 

determining the response amplification phenomenon is necessary. For this purpose, an 

approximate formulation for determining the floor response spectrum in both linear and 

nonlinear primary structures is first derived, which is based on stochastic analysis and 

the substitute elastic structure method. Then, using this approach and a numerical time 

history integration method, the response of the primary-secondary system with a yielding 

primary structure is investigated. The emphasis is placed on the relationship between 

responses of secondary system before and after yielding in the primary structure. In order 
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to establish a safe design criterion, focus is placed on the analysis of response amplification 

after primary structural yielding. Finally, some comments on design are advanced. 

5.2 AN APPROACH TO DETERMINATION OF INELASTIC FLOOR 

RESPONSE SPECTRUM 

The attempt here is to establish an app-roximate analytical approach which can be 

utilized to obtain the floor response spectrum (FRS) directly from ground motion charac

teristics in the case of both linear and nonlinear primary systems. Several methods in this 

direction have been presented in the linear case[163,198]. A direct and simplified approach 

for the nonlinear case based on stochastic analysis and the substitute linear system method 

is developed in this section. The procedure is as follows: 

(1) In accordance with frequency domain analysis, the power spectral density function 

(PSDF) of the acceleration response process is obtained from PSDF of the associated 

ground motion. 

(2) The acceleration floor response spectrum of interest is derived from PSDF of the 

acceleration response process. 

(3) The acceleration floor response spectrum is used to solve the nonlinear pnmary 

system problem by finding an equivalent elastic system as a substitute for the target 

nonlinear system. 

5.2.1 Floor Response Power Spectrum 

As mentioned in Section 2.2, the power spectrum density function of the floor response 

of interest is obtained by the following equation: 
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(5 - 1) 

where 

H == -(w· M + jwC + Kr1 Mr. (5 - 2) 

Obviously, the resulting floor PSDF reflects the characteristics of the primary system. As 

an example, Fig. 5-1 shows the third-floor PSDF of a six-story shear beam system. 

5.2.2 Floor Power Spectrum and Response Spectrum 

Earthquake-induced ground motions are generally characterized as stochastic pro

cesses. A rational approach to seismic response analysis must therefore be based on 

a stochastic model of ground motion. When a set of ground motions is modeled as a 

stochastic process, the relationship between PSDF of the ground motion process and the 

associated response spectrum with a probability exceedance level (for example, a mean 

response spectrum or a 40% probability of exceedance) can be established. Rosenblueth 

and Bustamante[142] established a relationship between the maximum energy of a sec

ondary system and the constant power spectrum assumed for the earthquake excitation. 

Housner and Jennings [73] later utilized this relationship to obtain the PSDF of the earth

quake acceleration process from the associated average undamped velocity spectrum. Two 

significant methods linking ground motion PSDF to structural response are given by Van

marcke[198] and Kaul[89]. Here, these methods are used for linking floor motion PSDF to 

floor response spectrum. 

Vanmarcke's Approach. The frequency content of the support point motion on the 

primary system can be described by a (time-dependent) spectral density function So(w,t). 
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In the random vibration analysis, the time-dependent spectral density function of sec-

ondary system response is expressed by 

Ss(w, t) = IH,(w, t)12 50 (w, T) (5 - 3) 

where T is the duration of ground motion. The transient squared amplification function 

for the secondary system can be approximated by 

(5 - 4) 

where 

(5 - 5) 

and w, and (s are, respectively, the frequency and da~ping ratio of the secondary system. 

Our attention is focused on the response variance at its peak value when t = T. vVorking 

in terms of the pseudo-acceleration response variance, it can be approximated by 

11;(T) = w; 100 

5 s (w, T)~ 

la
w. To 

::: So(w,T)~ + So(w"T)ws[-.-' -lJ 
o 4~sT 

(5 - 6) 

As mentioned in Section 3.2, the pseudo-acceleration response spectrum and response 

variance have a proportional relationship as given in Eq.(3-21). Equations (5-6) and (3-

21) can be used to obtained the floor response spectrum from the corresponding ground 

motion PSDF. 

Kaul's Approach. A Gaussian stationary acceleration process is assumed here. The 

relationship between PDSF of the secondary system response and PSDF at the support 

point becomes 
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(5 - 7) 

where 

(5 - 8) 

Instead of obtaining the relationship between the response PSDF and response spec-

trum through response variance (Eq. 3-21 ), a probability density function for the value 

Xmax(W) of a local maximum of the secondary system time history and spectral moments 

are used here [23]'. The probabily density function has the form 

(5 - 9) 

in which 

(5 - 10) 

17 = Xmax/~ (5 - 11) 

(5 - 12) 

(5 - 13) 

and the spectral moments are 

(5 - 14) 

Note that 0 < [ < 1 and that An, [ and 17 are functions of the secondary frequency w. 

The acceleration response spectrum value Xmax,p(w) at the secondary system frequency 

"', can be obtained from the spectral moment as 
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(5 - 15) 

where r is the probability of exceedance of response spectrum. 

An approximate procedure results in a direct inverse relation between the floor response 

spectrum and the associated PSDF at. the support point, which is 

2~ 2 -w 
So(w) = -Xma:z: p(w)/{ -2In[-ln(1- r)]} 

7rW' wT 
(5 - 16) 

Both Vanmarcke's and kaul's methods are pretested to obtain the floor response spec-

trum of the P-S system from a ground motion PSDF. Roughly, the approximate results 

match the numerical results, although errors exist between analytical and numerical re-

sults. This is shown in Fig. 5-2 using Vanmarcke's approach. Since qualitative analysis is 

more important in this section, we will use Vanmarcke's method of analysis. 

5.2.3 Substitute Structure 

The method of substitute structure is indicated in Sec. 4.3. Here, the same method is 

used. 

5.3. NUMERICAL COMPUTER ANALYSIS 

The errors associated with approximate methods in solving nonlinear structural sys-

terns impose various limitations on their applications. At the present, the only generally 

applicable method for the analysis of arbitrary nonlinear systems is the numerical step-by-

step integration of the coupled equations of motion[31]. Thus, in the research on primary-
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secondary systems, numerical analysis plays an important role, although it does not often 

provide a general result. 

A modified time history integration program THPS, which is capable of analyzing P-S 

systems as two connected shear type beams, is used to investigate the response behavior 

of inelastic primary systems. 

5.3.1 Input Accelerogram 

The input acceleration waves include natural earthquake records shown in Table 5.1, 

white noise or SAS-filtered white noise artificial ground motion generated by the ASEW 

compu ter program. The filtered white noise is formed by the Kanai- Tajimi model (see 

Appendix D). This is Eq.(5-8) with frequency w, and damping ratio C of secondary system 

replaced by those of soil filter Wg and (g. 

5.3.2 Structural Systems 

The different structural systems which are analyzed for different purposes in this section 

are shown in Table 5.2 and Fig. 5-3 (S5-1, S5-2) .. 

5.3.3 Structural Parameters 

The following parameters are discussed. 

a) Location of the secondary system, i.e., the floor response spectra of interest. 

b) Story in which yielding occurs. 

c) Degree of yielding. 

d) One-story or many-story yielding. 
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No. 

1 

2 

3 

Earthquake 

Imperial Valley 

Mexico City 

Kern County 

Table 5.1 Eartbquake Records 

Date 

5/18/1941 

9/19/1985 

7/11/1952 

Station Site 

El Centro 

Secretariat 

Taft 

5-11 

Camp. 

SOON 

N90W 

S69E 

Peak Acc. (gal) 

341.7 

167.92 

175.9 



Table 5.2 Structural Systems 

NO. N.S.(P) N .S.(S) No. of First Three Freq.(Hz) 

Supports 

S4-1 6 1 1 2.7 7.21 12.5 

S5-1 10 1 1 0.75 5 10 

S3-2 6 2 2 2.7 8 13 

S5-2 10 5 2 0.8 8 13 
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e) Type of restoring force model. 

f) Type of structure. 

g) Type of seismic records. 

h) Simply or multiply supported secondary systems. 

While these eight cases have been analyzed, their results will not be presented individ

ually and only major conclusions are discussed in the next section. 

Two sets of information are used in the analysis. One is the acceleration floor response 

spectra (FRS), and the other is the acceleration amplification factor in the modification 

of elastic floor response spectra to the inelastic case. 

5.4 FACTORS INFLUENCING RESPONSE CHARACTERISTICS 

As mentioned earlier, the analysis of a SDOF-SDOF P-S system has suggested that 

an effect of inelastic deformation in -the primary structure is a response reduction in the 

secondary system. The present analyses show that, while inelastic response spectrum de

pends only on the SDOF systems including their frequency and yielding level (for example, 

ductilities), the floor response spectrum depends on both the SDOF systems and the in

elastic primary structure. The complicated inelastic primary structural properties result 

in very complicated behavior of floor response spectra. As mentioned before, the problem 

of interest is the amplification case, i.e., the case in which the secondary system response 

associated with an inelastic primary system is greater than that associated with an elastic 

primary system. As a result of extensive numerical computation and analyses, the follow

ing three factors responsible for secondary system response amplification associated with 

a yielding primary structure are commented upon. 
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5.4.1 Lower Primary Structural Frequency 

As is well known, structural yielding can cause a reduction of structural frequency and 

an increase in structural damping, the so-call "base isolation effect" [153]. However, there 

is a significant difference between the base isolation effect and the structural yielding effect. 

For base isolated structures, the increase in the period of isolated structures can be of the 

order of two to three seconds, which is far greater than the peak range of the response 

spectrum. In this case, even if in the tuned case, the floor secondary system response may 

not be pronounced. However, primary system yielding may cause only a little change in 

the frequency of the primary system. The floor response spectrum curve may shift only 

slightly from the frequency peak. In this case, the frequency of the secondary system may 

locate within a frequency range around a new peak. Thus, the tuning phenomenon will 

have great effect on the secondary system response. 

The results using the approximate method developed show the above conclusion clearly. 

After yielding of the primary system, the peaks of both response PSDF and· FRS at the 

third floor, the supported point, move to a lower frequency range (Figs. 5-4 and 5-5). 

Fig. 5-6 shows the corresponding amplification factor. As an example, structure S4-1 

subjected to 20 sets of filtered white noise artificial ground motion[26] is analyzed. The 

third floor response spectrum (FRS) in both linear and nonlinear cases (first floor yielding 

displacement ratio Ry/Re = 0.5) and the amplification factor of FRS are shown in Figs. 5-7 

and 5-8, respectively. For this system, it is clear from analytical and numerical results that 

the lower frequency response may increase when the lower story ( lower than the floor of 

interest) of the primary system yields. 
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5.4.2 Internally Induced High Frequency Motion 

Sewell and Cornell describe the reason for high frequency response amplification as 

follows: Upon yielding, the added force excitations internally excite higher modes in the 

structure, and lead to some "bumps" in the high frequency range of the FRS. Similarly, 

linear structures mounted on base isolation systems which incorporate hysteretic damping 

mechanisms ( that may result in severe force-difference loadings) may lead to significant 

(and perhaps unanticipated) high-frequency floor motion[92]. In the above example, if the 

yielding floor is the fourth floor, the analytical and numerical results are shown in Figs. 

5-9, 5-10 and Figs. 5-11, 5-12, respectively. Possible high frequency amplification effects 

can be seen in the numerical analysis as well as in experimental studies. 

Actually, this result can be explained as follows: the change of stiffness and damping 

at a story close to the ground has a greater effect on the first mode; conversely, the change 

of these quantities at a story close to the top has a greater effect on the higher frequency 

modes. 

5.4.3 Multiply Supported Secondary Systems 

It. is easy to understand that primary structural yielding may cause amplifying displace

ment responses for multiply supported secondary systems, since the primary structures 

have greater interstory displacement themselves. Two systems are investigated (Fig.5-3, 

S3-2 and S5-2) subjected to EI Centro earthquake. The resulting interstory displacements 

for both elastic and inelastic cases are shown in Fig. 5-13 (for S3-2) and Fig. 5-14(for 

S5-2). The amplification effect is clearly demonstrated. 
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5.5 PARAMETRIC EFFECTS 

It is desirable to know in which cases the aforementioned three amplifications are likely 

to occur and in what cases the amplifications are greater. In what follows, the effects of 

the major parameters are analyzed by time history integration and discussed. 

5.5.1 Location of FRS and Yielding Floor 

For a gIven P-S system subjected to El Centro earthquake record, the third-floor 

response spectral values are investigated for various story yielding. The conclusion as 

shown in Figs.5-15 to Fig.5-18 is that, if the yielding point is lower than the third floor, 

the lower freq uency subsystem (lower than 2.72 Hz) response may be amplified in the 

inelastic case. Conversely, if the yielding points are higher than the third floor, the short 

period subsystem response may be amplified. These results can not be seen in an equivalent 

SDOF-SDOF system analysis [107]. 

In addition, a different 10-story structural system (S.5-1) having a fundamental fre

quency of 0.75 Hz is investigated. As shown in Figs. 5-19 to 5-22, the results are similar 

to those obtained above. 

5.5.2 Degree of Yielding 

System S4-1 is studied with R= 1, 0.8, 0 .. 5 and 0.1 with different yielding strength 

ratios (R = Fyi Fe) subjected to El Centro earthquake. The results are shown in Figs. 5-23 

to 5-26. Generally speaking, the more serious the yielding, the larger is the amplification. 
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5.5.3 Ground Motion Parameter 

The frequency content of ground motion has an impact on floor response PSDF as indicated 

in Eq.( 5-1), hence they affect the FRS directly. However, the aforementioned three FRS 

amplification effects with primary system yielding still exist. Only two different earthquake 

records show this situation herein. The FRS and amplification factor of the above structure 

subjected to Taft earthquake are shown in Figs. 5-27 to 5-30, and to Mexico earthquake in 

Figs. 5-31 to 5-34. It is seen that, although Mexico earthquake record causes a significant 

low frequency response ( since there exist more low frequency contents in the record), the 

major influence of primary system yielding is in the vicinity of structural modal frequencies. 

5.6 SUMMARY AND COMMENTS RELATED TO DESIGN 

1) A simple approximate approach to obtain the FRS from PSDF of ground motion has 

been presented. Generally speaking, the results using this method are in good agreement 

with numerical results. 

2) The results using both the proposed analytical method and numerical methods show 

uniform conclusion, namely, the following three factors may cause a response amplification 

effect due to primary system yielding. 

a) The yielding of the stories which are lower than the floor of interest of the primary 

structure often causes response amplification at lower frequencies. 

b) N onlinearities at higher stories of the primary systems often cause response ampli

fication at higher frequencies. This result is of importance as applied to equipment which 

often oscillate at higher frequencies. 
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c) Inelastic deformation may easily cause response amplification in the multiply sup

ported secondary systems. 

3) Numerical results not only confirm the above conclusions but also provide insight 

into the response behaviour of secondary systems. 
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SECTION 6 

CONCLUSIONS 

The work reported in this report is aimed at developing a greater understanding of 

the dynamic behavior of secondary systems in a seismic environment and in developing 

practical criteria and procedures for the analysis and design of secondary systems. 

This report has provided a comprehensive review and assessment of thestate-of-t~~-art 

in the area of research and practice on seismic response of secondary systems. Included 

are an appraisal of current engineering practice and design, an update of recent advan<;es, 

and a discussion of possible future research directions. 

A more comprehensive sensitivity analysis has been conducted. Sensitivity factors 

based on spectral moments are defined for the study of response sensitivity of structural 

systems to parameter uncertainties under random. excitations. The use of spectral mo

ments is suggested as peak response sensitivity indices which provide a quantitative and 

consistent measure of relative importance of parameter uncertainties in the design,of sec

ondary systems. The sensitivity measures derived for eigenvalues and eigenvectors are 

useful in the modification of floor response spectrum. These results can be particularly 

useful to designers in order to evaluate relative importance of parameter uncertainties in 

the primary structure and to determine the desired dynamic characteristics of secondary 

systems. 

In design and performance issues, a more rational quantitative procedure based on 

the sensitivity study has been proposed which determines the amount of variation of the 
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floor response spectrum due to structural parameter variations. The interaction between 

the primary structure and secondary systems and nonclassical damping are taken into 

account as well. Moreover, the effect of nonlinear primary structural behavior 'has also 

been considered using the method of equivalent linearization. 

In the last part of this report, an approximate formulation for determining the floor 

response spectrum for both linear and nonlinear primary structures has been presented, 

which is based on stochastic analysis and the substitute elastic structure method. Then, 

using this approach and a numerical time history integration method, the response of the 

primary-secondary system with a yielding primary structure has been investigated. The 

emphasis is placed on the relationship between secondary system responses before and 

after yielding occurs in the primary structure. In order to establish a safe design criterion, 

focus is placed on the analysis of response amplification upon primary structural yielding. 

The following conclusion can be drawn: 

'a) The yielding of the stories which are lower than the floor of interest, of the primary 

structure often <:auses 'response amplification at lower frequencies. 

b) Nonlinear-ities at higher stories of the primary systems often cause response ampli

fication at higher frequencies. This result is of importance as applied to equipment which 

often oscillate, at higher frequencies. 

c) Inelastic: ddoi"mation may easily cause response amplification in the multiply sup

ported secondary systems. • 
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APPENDIX A 

STRUCTURAL CHARACTERISTIC MATRICES 

Only shear beam systems are discussed in this report. Assuming that both the multi-

degree-of-freedom primary system and the multi-degree-of-freedom secondary system are 

of the shear beam type with one or more connecting points, the characteristic matrices 

associated with a P-S system can be easily established. 

For example, for SA-l P-S system as shown in Fig. A-I, the displacement of the 

combined system is 

X p1 

X p2 

Xp3 

:x. = X p4 

X s1 

Xs2 

Xs3 

with mass matrix 

Mp1 0 0 0 0 0 0 
0 Mp2 0 0 0 0 0 
0 0 Mp3 0 0 0 0 

M= 0 0 0 Mp4 0 0 0 
0 0 0 0 171s1 0 0 
0 0 0 0 0 m s 2 0 
0 0 0 0 0 0 msn 

Since there is only one connecting point in this system, the stiffness matrix is 

A-l 



- -- ---

SA-l SA-2 

Fig. A-I P-S Systems 

A-2 



Kpl + Kp2 -Kp2 0 0 0 0 0 
-Kp2 Kp2 + Kp3 + k'l -Kp3 0 -ksl 0 0 

0 -Kp3 Kp3 + Kp4 -Kp4 0 0 0 
K= 0 0 -KP4 Kp4 0 0 0 

0 -ksl 0 0 ksl + k,2 -k," 0 
0 0 0 0 -ks2 k," ..J... k,3 -ks3 

0 0 0 0 -ks3 ks3 

The damping matrix is formed by the following procedure: First, the damping matrices 

of both primary and secondary systems are established using the Rayleigh assumption, i.e., 

they are linear combinations of their respective mass and stiffness matrices as given by 

C = aM + 13K 

Thus, based on the same rule used in forming the stiffness matrix, the damping ma-

trix can be obtained from the damping matrices of the primary and secondary systems. 

Non-classical damping exists when the primary system and the secondary system possess 

different damping ratios. The damping matrix of the combined P-S system takes the form 

Cpl + Cp2 -Cp2 0 0 0 0 0 
-Cp2 Cp2 + Cp3 + Csl -Cp3 0 -C,l 0 0 

0 -Cp3 Cp3 + Cp4 -Cp4 0 0 0 
C= 0 0 -Cp4 Cp4 0 0 0 

0 -C,l 0 0 Csl + Cs 2 -C s 2 0 
0 0 0 0 -C,2 C,2+ C,3 -C,3 
0 0 0 0 0 -C,3 C.s3 

For the SA-2 P-S system, the stiffness and damping matrices are 

KPI + Kp2 + k'l -Kp2 0 0 -k'l 0 
-Kp2 Kp2 + Kp3 -Kp3 0 0 0 

K= 
0 -Kp3 Kp3 + Kp4 -KP4 0 0 
0 0 -Kp4 Kp4 + k,3 0 -k,3 

-k'l 0 0 0 k'l + k,2 -k'2 

0 0 0 -k,3 -ks2 k,2 + ks3 

A-3 



Cp1 + Cp2 + Csl -Cp2 0 0 -Csl 0 
-Cp2 Cp2 + Cp3 -Cp3 0 0 0 

C= 
0 -Cp3 Cp3 + Cp4 -Cp4 0 0 
0 0 -Cp4 Cp4 + Cs3 0 -C,3 

-Csl 0 0 0 Csl + Cs2 -C s 2 

0 0 0 -Cs 3 -Cs2 Cs 2 + Cs 3 

A-4 



APPENDIX B 

DERIVATION OF TRANSFER FUNCTION 

With initial conditions ~(O) = 0 and 4(0) = 0, the Fourier transforms of Eq.(3-1) and 

Eq.(3-16) give 

(B - 1) 

Therefore 

H(w) = [_w 2 M + iwC + KJ- 1 (B - 2) 

Since 

(B - 3) 

and, from Eq.(B-2), 

oH ,8M. OC oK 
8{3 = -H[-w- 8{3 + tW 8{3 + o{3]H (B - 4) 

In the above: M, K and C are linear functions of mil k, and Ci ( if we choose them as 

variables). Hence, the second-order derivatives of these matrices' with respective to these 

variables are zero, giving 

(B - 5) 

It follows from Eq.(3-17) that 

B-1 



and 

8g .8H 8M ....:. = -l-M + H-Jr 
8{3 8{3 8{3 -

B-2 

(B - 6) 

(B - 7) 

(B - 8) 

(B - 9) 



APPENDIX C 

DERIVATION OF EIGENVALUES AND EIGENVECTORS 

C.l Complex Eigenvalues and Eigenvectors 

Consider free vibration of an n-degree-of-freedom system characterized by 

Mi.(t) + C~(t) + K~(t) = 0 (C - 1) 

Let 

Y(t) = [:K(t)] 
- :K(t) 

and \r(t) = [~(t)] 
- :K(t) 

The state space equation is 

A'Y(t) + BY(t) = 0 (C - 2) 

with 

(C - 3) 

where A' and Bare 2n x 2n symmetrical matrices. Using Fourier transform, one obtains 

iOA'Y(O) + BY(O) = 0 (C --: 4) 

A = iA' (C- 5) 

[B + OA]Y(O) = 0 (C - 6) 

The eigenvalues are the solutions of 

C-l 



det[B + OAJ = 0 (C - i) 

The normalized eigenvector Y satisfies 

yT AY = 1 (C - 8) 

Thus the complex eigenvalues and eigenvectors can be obtained. 

C.2 First-Order Derivatives of Eigenvalues 

Assume existence of the derivatives of eigenvalues and eigenvectors as they are in 

most engineering problems. For ith mode, differentiation of Eq.(C-6) with respect to the 

structural parameter (3 gives 

8B 80, 8A 8Y, 
[8(3 + 8(3 A + 0 8(3 JY, + [B + O,AJ 8(3 = 0 

Since (B + OA)Y, = 0, premultiplying Y; gives 

Hence, 

an, (yT AY.) = _ y T[8B 08A1y 8(3 -, - 1 -, 8(3 + '8(3 -, 

C.3 Derivatives of Eigenvectors 

The derivatives of the eigenvectors can be written as 

8Y. n 

--=...!:. = '" C Y = yC 8(3 L.J k - k -
1:=1 

C-2 

(C- 9) 

(C - 10) 

(C - 11) 

(C - 12) 



YT Tl 

~= "'C_yT 
8{3 ~ k - k 

k=l 

From Eq.( C-9), one obtains 

8B 80, 8A 
(B + OA)YC = -[8{3 + 8{3 A + 0 8{3lY, 

and, upon premultiplying Eq.( C-14) by yT, 

yT(B + OA)yQ = _yT F(O)Y, 

( ) 
_ 8B 80, 08A 

F 0 = 8{3 + + 8{3 A + 8{3 

For the kth component, k = 1,. __ , 2n, one obtains 

Therefore 

Differentiation of 

with respect to {3 gives 

C
k 
= yr F(O)Y, 

Ok - 0, 

yT AY = 1 
-1 -1 

C-3 

(C - 13) 

(C - 14) 

(C-15) 

(C - 16) 

(C - 17) 

(C - 18) 

(C - 19) 

(C - 20) 



(C - 21) 

Since }-; and Yk are orthogonal: one obtains 

(C - 22) 

(C - 23) 

CA Second-Order Derivatives of Eigenvalues 

Premultipling Eq.( C-9) by Y; gives 

Y; F(!l)Yi = 0 (C - 24) 

and, upon differentiation with respect to (3, one obtains 

(C - 25) 

(C - 26) 
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APPENDIX D 

UNIFORM SEISMIC LOAD 

In order to compare different analytical methods of structural response analysis, such as 

response spectrum method ( widely used in current design code ), time history integration 

method, and stochastic analysis, a special filtered white noise is used to establish a uniform 

load. The following procedure is used: 

1) In stochastic vibration analysis, the response spectrum fora set of ground motion 

records is related to the power spectral density function of the ground motion. The simple 

formula Eq.(5-16) for this relationship is given by Kaul[89]. 

2) It is noted that both forms of mean power spectral density function of the accelero-

grams and the PSDF compatible with standard response spectra in aseismic design code 

are approximations of the filtered white noise spectral density described by Kanai-Tajimi: 

(D - 1) 

where "'9 is the filter natural frequency, (g is the filter natural damping ratio, and 5 g IS 

strength of white noise excitation. 

For a set of "'9' (9 and So, 59(",) can be obtained. Further, a corresponding acceleration 

response spectrum resulted from Eq.(D-l) can be obtained as well. It is not difficult to 

find a filter which is compatible with a target response spectrum. As a result of this 

procedure, a special filtered white noise, i.e.; the SAS-filtered white noise compatible with 

ATC-3 400-gal design acceleration response spectra is found ( duration is 10 seconds ). 

D-l 



Table D.l gives a list of the filter parameters. A comparison between the design spectra 

and analytical results substituting the parameters to Eq.(D-l) is shown in Fig. D-l. 

3) Using these SAS filtered white noise models, the associated artificial ground motions 

can be generated by following the simulation model 

II' 

Y(t) = L Adwk)COS(Wk + cPk) (D - 2) 
k=l 

where cPk are the uniformly distributed random variables between 0 - 27r, Wk are the discrete 

frequencies, and Ak are the amplitudes, which are related to the PSDF by 

(D - 3) 

Thus, a set. of uniform seismic loads, a design response spectrum, a power spectral density 

function and the number of artificial ground motions have been established. 
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Table D.l 5AS-Piltered white noise parameters 

Matched R.S. 50 Tg (g 

ATC-3, I-soil 0.00016 0.34 0.7 

ATC-3, II-soil 0.00031 0.54 0.85 

ATC-3, III-soil 0.000421 0.9 0.8 
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Fig. D-l ATC-3 Design and Analytical Response Spectra 

D-4 



Name 

RSPS 

ESPS 

RCEE 

THPS 

FDRA 

AFKK 

AFVV 

THBI 

ASEW 

RRSS 

COMPUTER PROGRAM 

Computation function 

Response sensitivity 

Uncertain structural parameters 

including nonlinear uncertainty 

Eigenvector/value sensitivity 

Uncertain structural parameters 

including nonlinear uncertainty 

Real and complex eigensystem analysis 

Real and complex model analysis 

Elasto-plastic time history response 

including energy analysis and damage assessment 

Frequency response function 

Response covariance function 

Analytical floor response spectrum 

using Kaul's method 

Analytical floor response spectrum 

using Vanmarcke's method 

Elasto-plastic time history response 

For base isolation system 

Generation of artificial ground Motions 

Response spectrum 

E-l 

U sage range 

P-S system 

P-S system 

P-S system 

P-S system 

P-S system 

P-S system 

P-S system 

P-S system 

Input PSDF 

or response spectrum 

By code requirement 
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