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Abstract

This study addresses the problem of characterizing strong ground motion for
the purpose of computing the dynamic response of structures to earthquakes. A
new probabilistic ground motion model is proposed which can act as an interface
between ground motion prediction studies and structural response studies. The
model is capable of capturing, with at most nine parameters, all those features of
the ground acceleration history which have an important influence on the dynamic
response of linear and nonlinear structures, including the amplitude and frequency
content nonstationarities of the shaking. Using a Bayesian probabilistic framework,
a simple and effective statistical method is developed for extracting the “optimal®
model from an actual accelerogram. The proposed ground motion model can be
efficiently applied in simulations as well as anaiytiéal response and reliability studies

of linear and inelastic structures.

The random response of linear and nonlinear oscillators subjected to the pro-
posed stochastic excitation is considered. The nonlinearity of the oscillator is ac-
counted for by equivalent linearization. A formulation is developed which approxi-
mates the original lengthy expressions for the second-moment statistics of the tran-
sient response by much simpler expressions. The results p'rovide insight into the
characteristics of the nonstationary response and the effect of the ground motion
nonstationarities. It is found that the temporal nonstationarity in the frequency
content of the ground motion significantly influences the response of both linear and
nonlinear structural models. Simulations are also used to study the sensitivity of
inelastic structural response parameters to the details of the ground motion which
are left “random” by the model. The results can also be used to provide a quan-
titative assessment of the expected structural damage associated with the ground

motion described by the model.
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Chapter 1

Introduction

1.1 Motivation and Objectives

In earthquake-resistant design of major civil engineering projects, there are
two major problems to be considered. One is predicting structural response to
earthquake shaking so that the proposed structure can be designed to respond
satisfactorily. This problem is in the domain of the earthquake engineer. The other
problem is predicting the ground shaking that a structure may experience during its
lifetime. This problem may be considered the domain of the geologist and strong-
.motion seismologist, although earthquake engineers and geotechnical engineers may

also get involved.

The earthquake engineer would like a description of the ground motion which
is complete enough to reliably predict the corresponding dynamic response of a
structure. Peak ground acceleration alone is clearly too crude for this purpose.
A response spectrum provides a better description but it leads to difficulties, for
example, in predicting nonlinear response and in-structure equipment response (the
so-called “response of secondary systems”). Ideally, the earthquake engineer would
like the geologist and seismologist together to provide full time histories of possible
ground shaking and their probability of occurrence during the proposed lifetime of

the structure.

On the other hand, these scientists are limited by current theory and lack
of knowledge of subsurface properties, fault rupture recurrence intervals, and so
on, so that only a relatively simple description of the ground motion is possible.

For example, the source model of Brune (1970) appears adequate for deterministic
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predictions at very low frequencies, given two source parameters such as seismic
moment and corner frequency, but the “high”-frequency content (say over 1 Hz)
observed in accelerograms is generated at the source by local stress concentrations
at “asperities,” a mechanism not well understood. Also, the propagation of these
frequencies is affected by variations in material properties which are uncertain on
the scale of the wave lengths involved. Thus, deterministic prediction of high-
frequency ground motion requires detailed knowledge of the state of the Earth and
the physical processes involved which is not usually available. One way to account
for the uncertainty in such knowledge is to employ a stochastic process which gives

a probabilistic description of the ground shaking.

One goal of this study is to develop a model to characterize ground shaking
which is complete enough for structural response studies and yet is simple enough
for ground motion prediction. Ideally, we would like a description of strong ground
motion which is independent of source and propagation models on the one hand and
of structural dynamics models on the other hand., The description would then form
a “fixed” interface through which ground motion prediction and structural response
prediction can be coupled, while still allowing independent developments in theory
and methodology in these two areas. Thus, we want to avoid expressing the ground
motion in such a way that it is dependent on a particular structural dynamics model.
If response spectra are used, for example, the earthquake engineer faces difficulties
in predicting the inelastic response of a structure, since what is given is the peak
response of a simple linear system. At the same time, if theoretical source models
and propagation models are used to describe the ground motion, these are likely
to be inadequate at “high” frequencies. A more complete description is preferrable
even if it does require complementing the theoretical modelé with an empirical

approach.

The first objective of this thesis is to characterize strong ground motion in

terms of a model in such a way that:

1) It captures with a small number of parameters the essential features of
the ground motion for the purpose of computing dynamic response, including the

amplitude and frequency content nonstationarity of the ground motion, and since
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a small number of parameters cannot give a complete description of the ground

motion time history, a stochastic model is employed.

2) It is simple to use in processing existing accelerograms and estimating the
most probable model that gives the “best” fit, in a statistical sense, to the acceler-

ation data;

3) It is efficient to use in simplified analytical random vibration and reliability

studies;

4) It is computationally efficient in generating artificial accelerograms for com-

puting structural response using simulations;

5) The model parameters are physically meaningful so that they can be related
to variables accounting for the earthquake source mechanism and propagation and

local site effects in a seismic risk analysis.

The second objective of this thesis is to approximate the existing lengthy ex-
pressions for the covariance of the nonstationary response of linear and equiva]ént
linear systems (derived by applying the equivalent linearization met.hod to nonlinear
systems} in such a way that a) the approximations preserve the essential features of
the response without significant loss of accuracy, and b) direct insight into the effect
of the ground motion nonstationarities on the nonstationary structural response can

be gained.

1.2 Summary of this Study

A selective review of existing stochastic models is first presented in Chapter
2, and then a general class of parametric modeis is proposed to stochastically char-
acterize the nonstationarity of both the amplitude and frequency content observed
in strong-motion accelerograms. The model is formulated in both continuous and
discrete time by differential and difference equations, respectively. The discrete-
time formulation leads to a nonstationary autoregressive model of order p (AR(p)).
Using a Bayesian probabilistic framework, a new simple and effective statistical
method is developed in the discrete time-domain for extracting the “optimal® non-

stationary AR{p) model from an accelerogram. Representative accelerograms from
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different earthquake events are studied by special subclasses of the general class of
models in order to assess the extent to which the class needs to be parameterized.
The adequacy of each subclass is judged by analyzing the residuals generated by
each optimal model, by comparing the target accelerogram and a sample of simu-
lated accelerograms, as well as by comparing the corresponding elastic and inelastic
response spectra. Brune’s earthquake source model is incorporated in the model
to increase the accuracy of the spectral amplitudes at very low frequencies. The
correlation between the time variation of the model parameters and the different

wave groups present in strong motion accelerograms is also investigated.

In Chapter 3, a parsimonious probabilistic ground motion model is proposed
based on the findings reported in Chapter 2. The model is capable of capturing,
with at most nine parameters, all those features of the ground acceleration history
which have an important influence on the dynamic response of linear and nonlinear
structures, including the amplitude and frequency content nonstationarities of the
shaking. The model, which is a special case of the general class of models presented
in Chapter 2, is formulated in both continuoﬁs and discrete time by stochastic
second-order differential and difference equations, respectively. The coeflicients of
both equations are treated as slowly-varying functions of time. Statistical proper-
ties of the stochastic processes generated by these equations are studied in detail,
and appropriate conversion relationships are developed to link the two formulations.
The proposed ground motion model can be efficiently applied in simulations as well
as analytical response and reliability studies of linear and nonlinear structures. The
Bayesian statistical method for estimating the model parameters is illustrated by us-
ing representative recorded “target” accelerograms, The applicability of the model
is checked by comparing the statistics of various linear elastic and inelastic response
parameters of a single-degree-of-freedom structure computed for the ground motion
model with the deterministic values of the same response parameters computed for

the “target” accelerogram.

In Chapter 4, random vibration analysis of both linear and nonlinear (softening)
single-degree-of-freedom oscillators subjected to a stochastic excitation is consid-

ered. The nonlinearity of the softening structure is accounted for by the equivalent
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linearization method. A formulation is developed to approximate the original com-
putationally lengthy expressions for the covariance of the transient response of the
equivalent second-order linear oscillator by much simpler expressions. The proposed
approximation holds for a broad range of oscillator and excitation parameters. In
particular, it treats time-varying equivalent linear oscillators with any value of the
damping ratio, as well as excitations with time-varying amplitude and frequency
content. Classically-damped multi-degree-of-freedom linear systems are also consid-
ered and the original equation for the covariance response of two modes is approxi-
mated by a much simpler equation. The approximations reduce the computational
time involved in computing the response by more than an order of magnitude and
they preserve the essential features of the response without significant loss of accu-
racy. The results provide physically meaningful insight into the characteristics of

the nonstationary response to “earthquake-like” excitations.

Chapter 5 uses the ground motion model proposed in Chapter 3 and the ap-
proximate simplified expressions for the covariance response developed in Chapter
4 to provide insight into the effect of the ground motion nonstationarities on the
response of linear and nonlinear elastic structural models. A simple mathematical
analysis demonstrates the effects of softening of nonlinear structural models on their
response. 1t is found that the temporal nonstationarity in the frequency content of '
the ground motion significantly influences the response of both linear and nonlin-
ear structures, and therefore it should not be neglected in the modeling of strong

ground motion.

Conclusions and directions for future work are presented in Chapter 6.



Chapter 2

Modeling of Strong Ground Motion
by Stochastic Differential and Difference Equations

2.1 Imfroduction

Barthquake accelerograms are obviously nonstationary time series. The non-
stationarity is manifested primarily in two different ways. First, the intensity of
the ground acceleration varies with time; after arrival of the first seismic waves, it
builds up to a maximum value over several seconds and then decreases gradually
until it vanishes into the background noise. Second, the frequency content varies
with time with a tendency to shift to lower freduencies as time increases. These
non-stationarities can be attributed partly to the different intensity, frequency con-
tent and arrival times of the P-wave, S-wave and surface-wave grbups, and partly

due to the finite rupture-time and finite fault area.

The time-domain stochastic models that have been employed in the past to
represent one or both of the above non-stationary features have generally had one of
the following two types of structure. In Model 1, shown in Figure 2.1(a), a stationary
white-noise process is passed through a linear system in order to obtain the desired
correlation structure (or power spectral density) and the result is multiplied by a
deterministic envelope function so that the stationary filtered white noise gets the
desired time-dependent variance. In Model II, shown in Figure 2.1(b), the action
of the linear system and the envelope function is reversed, so that stationary white
noise is multiplied by an envelope function to give non-stationary white noise, which
is then fed through a linear system, and the output represents an accelerogram.
Models I and II are also referred to as a “modulated stationary process” and a

“filtered modulated white-noise process,” respectively. The structure of the linear
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system and the envelope function is chosen so that the output stochastic process
resembles certain prominent features observed in real accelerograms. The linear
system is usually assumed to be described in continuous or discrete time by a linear
differential or difference equation, respectively. These equations might have either

constant or time-varying coefficients.

Housner and Jennings (1964) have computed and analyzed the response spectra
of artificial accelerograms generated by Model I. In their work, the output of the
linear system corresponds to the absolute acceleration response of a single-degree-
of-freedom oscillator subjected to white-noise base excitation. The power spectral
density of the acceleration then has the form proposed by Kanai (1957) and Tajimi
(1960). This model was motivated by a simple representation of the dynamics of a
surface layer between the ground surface and the basement rock. In order to remove
the unrealistic nonzero components at the very low frequency, Clough and Penzien

(1975) included a high-pass filter into the low-pass Kanai-Tajimi filter.

The envelope function proposed by Housner and Jennings is composed of a
quadratic build-up phase, a constant phase, and an exponentially-decaying tail.
Based on a theoretical result, Saragoni and Hart {(1974) proposed the envelope

function:

Ft) = at’ezp(—yt) 0Lt < Ty, (2.1)

whereas Shinozuka and Sato (1967) suggested the parametric form:

f(t) = a{ezp(—pt) — exp(—t)) 0<t<To. (2.2)

In these expressions, Ty is the duration of the strong-motion record. The above
functions have simple parametric forms and were assumed to be representative of
the time variation of the amplitude, or intensity, of ground shaking, thereby mod-
elling the rate of build-up, rate of decay, maximum intensity and strong-motion
duration of the accelerograms. These authors employed continuous-time formula-
tions of the models and, with the exception of Saragoni and Hart, the models had
a stationary frequency content. The work of Saragoni and Hart (1974) divides each
accelerogram into three segments and models the frequency content of each seg-

ment by stationary processes. However, the arbitrary division into segments and
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the abrupt change in the frequency content from segment to segment is not very

satisfactory for simulating strong ground motion.

Recently seismologists have also become interested in the stochastic represen-
tation of ground motion with stationary frequency content using simple versions
of models I or II but relating the parameters of the model to theoretical models
for source mechanisms and wave propagation (for example, Boore, 1983 and Safak,
1988).

_ Most recently, Yeh and Wen (1989) modeled the time variation of the frequency
content by continuously changing the time scale of a stationary stochastic process to
obtain a frequency modulated stochastic process. A frequency modulation function
was used to relate the time-varying power spectrum to the original stationary pro-
cess. Methods based on least-squares fit were proposed to separately estimate the
frequency and the amplitude modulation of the model. The energy function and the
cumulative zero-crossings corresponding to the amplitude and the frequency mod-
ulation of the model were fitted to the expected energy function and cumulative

zero-crossings of real accelerograms.

The availability of recorded earthquake accelerograms in terms of discrete
time series, as well as engineering interest in generating artificial accelerograms
for numerical linear and non-linear response predictions, suggest the formulation
of a stochastic ground motion model in discrete time, A general class of discrete
stochastic models are the autoregressive moving-average (ARMA) models, which
are commonly used to give a parsimonious parametric representation of time series

which exhibit significant complexity (Box and Jenkins, 1976, Pandit and Wu, 1983).

Recently, several studies have examined the suitability of ARMA models in
characterizing ground accelerations. These models can be viewed as belonging to
the class of models I and II (Figures 2.1(a) and 2.1(b)), with the linear system repre-
sented by a discrete difference equation. In the work by Chang et al. (1982), several
ARMA models of different orders were identified, parameters were estimated and
statistical measures were evaluated to test the goodness of fit between the mod-
els and the actual data. In the cases studied, it was found that ARMA(2,1) or
ARMA(4,1) models provided good fits to time segments of the earthquake accel-
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eration time histories. Polhemus and Cakmak (1981) also used ARMA(2,1) and
ARMA(4,1) models for the linear system in Figure 2.1(2) and a polynomial expres-
sion for the envelope function. A non-linear least squares procedure was applied
to estimate the number of the polynomial terms needed as well as the values of
" the polynomial coefficients. Using the estimated time-dependent variance of the
. earthquake accelerogram, a “normalized” series was constructed and a stationary
ARMA model was fitted to that series. The estimation of the ARMA parameters
was done according to procedures discussed by Box and Jenkins (1976). Com-
parisons between the response spectra of the original and simulated accelerograms

showed good agreement for periods less than five seconds.

In contrast to the work mentioned so far using ARMA models, which did not
model the nonstationary frequency content observed in accelerograms, Jurkevics
and Ulrych (1978) modeled the time-varying character of both the intensity and
the frequency content using nonstationary AR(p) processes. T he AR parameters
were determined either by segmenting the record or by continuously updating the
parameters in a time adaptive manner. To smooth out short-period variations,
third degree polynomials were fitted to each of the parameters of a second-order
model while Saragoni and Hart’s envelope function was fitted to the white-noise
variance. The procedure was successfully demonstrated for the Orion Boulevard
recording of the 1971 San Fernando earthquake. In a later study (1979), the same
authors used their model to analyze 40 “rock-site” accelerograms obtained during
intermediate-sized earthquakes in Southern California. The results of the analysis
were used to estimate empirical relationships for the duration and attenuation of

shaking amplitude with epicentral distance.

Nau et al. (1980, 1982) used a Kalman filtering technique to estimate sequen-
tially the coefficients of the ARMA model. Also, a numerical technique was devel-
oped for “nonparametric” estimation of the variance (envelope function) of the
earthquake accelerogram. A “nonparametric” scheme for time variation of the
parameters of an autoregressive (AR) model was also suggested by Gersch and
Kit‘;a.ga.wa (1985). They expressed the evolution of the AR parameters by a dif-

ference equation with white-noise forcing terms of unknown variance. The initial
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conditions of the difference equations and the white-noise variances were the only

unknown parameters to be estimated.

In summary, the existing ground motion models formulated in continuous time,
with the exception of that developed by Yeh and Wen (1989), fail to incorporate
the time variation of the frequency content of the ground motion in a manner that
is physically justified and is also efficient to use in both structural response simu-
lations and random vibration analyses. The time variation of both the amplitude
and the frequency content of the ground motion can be efficiently modeled in detail
by employing nonparametric discrete models. However, these models can only be
used to match existing accelerograms and generate artificial accelerograms having
similar statistical properties with the “target” one. The lack of a small number
of physically meaningful parameters in the model restrict their applicability and
make them inappropriate to use in seismic risk studies and in predicting possible
future ground motions from a given seismic environment. Although nonparametric
discrete models generate artificial accelerograms in a computationally efficient way
for use in structural Tesponse simulations, they cannot be used for simplified ana-
Iytical random vibration studies unless a simple continuous version of the model is

available.

In this chapter, a general class of parametric stochastic models is propdsed to
investigate in detail and subsequently model the nonstationarities in both amplitude
and frequency content observed in strong-motion accelerograms. A small number
of SDOF (single-degree-of-freedom) oscillators acting in series and possibly time-
varying replace the linear system in Figure 2.1(a) or (b). Each oscillator is described
either in continuous time by a second-order differential equation or in discrete time
by an AR(2) difference equation. The discrete-time formulation leads to a time-
varying AR(p) model and provides a convenient algorithm for analyzing and sim-
ulating accelerograms. For special subclasses of the general class of models, the
discrete and the continuous model are linked by developing appropriate conversion

relationships.

Certain “target” accelerograms are studied to determine the adequacy of special

subclasses of the general class of models in order to assess the extent to which the
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class needs to be parameterized, The new contributions in this chapter are as

follows:

a) The development of a new simple and effective statistical method, based on
a Bayesian probabilistic approach, to determine the “optimal” model, which is the
most probable stochastic model, for a given subclass and a given “target” accelero-
gram. Kach optimal model is then used to judge the adequacy of the subclass of
ground motion models by analyzing the residuals generated by each optimal model,
by comparing the target accelerogram and a sample of simulated accelerograms
generated by the optimal model, as well as by comparing various linear elastic and

inelastic response paramerers of a SDOF structure.

b) The incorporation of Brune’s model (1970) in the stochastic formulation to

improve the accuracy of the spectral amplitudes at very low frequencies;

¢) The correlation of the time variation of the nonstationary features of the
accelerograms with the time variation of the model parameters and the physical
interpretation of such variations. Certain average trends concerning the time vari-

ation of the model coefficients will be identified;

d) The study of the sensitivity of various response parameters to the details of

the ground motion which are left “random” by the stochastic model.

The findings in this chapter will provide background for developing and jus-
tifying the use of more parsimonious models in Chapter 3. The ultimate goal of
these studies is to develop a simple and more efficient probabilistic representation

of ground motion time histories.

2.2 General Class of Strong Ground Motion Models

The ground acceleration time history at a site during an earthquake is treated
as a specific realization of an appropriate stochastic process. We focus our study on
stochastic processes y{t) generated by the multiple cascading action of M second-
order linear systems. In order to make the ground motion model efficient to use in
analytical random vibration studies and structural response simulations, as well as

in estimation of its parameters, both continuous and discrete time formulations are
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developed. The equivalence between the continuous and the discrete formulation
for specific subclasses of the general class of models is also derived by developing

appropriate conversion relationships.

2.2.1 Continuous Model

The mathematical form of the mode] has the continuous-time representation:

Li(t,8) y; (¢} = y;—1(t), 7=1,..., M,

(2.3)
Yo (t) = f(taé) e(t) 3
with the time-varying operator L;(t,d) being defined by:
Lw—‘i2 2¢;(t, 8 tad 2(¢,0 2.4
i(t.8) = a2 + 2¢; (2, B)wy ’")E +wj( ,8), (2.4)

where y(t) = yar (), and e(t) is a continuous Gaussian stochastic time series with
properties
Ele(t)) =0 and ~ Ele(t)e(r)] = &(t - 7), (2.5)

usually referred to as a continuous stationary white-noise process. The symbol
E[ | denotes mathematical expectation. The coefficients w;{t,4), ¢;{¢,8) and the
modulation function f(t,8) are deterministic. Their time-varying structure is pos-
tulated depending on the application and, in general, it depends on a parameter
set §. These time-varying coeflicients control the time-variation of the amplitude
and the frequency content of the stochastic process y(t). Note that the set of equa-
tions (2.3) is equivalent to a continuous differential equation of order 2M, driven by
a modulated continuous white-noise process. Because of the linearity of equation
(2.3), the process y(t) is a zero-mean Gaussian stochastic process. Therefore, the

autocovariance function (ACF) Ry, (ty,t2) defined as

Ryy (t1,t2) = Ely (1) y (22)], (2.6)

completely describes the probability structure of y(t).
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2.2.2 Discrete Model

Consider values of the continuous stochastic process in Section 2.2.1 at regu-
lar time intervals At, then a stochastic sequence y{kAt) is obtained which can be ap-
proximately described by difference equations. Digitized earthquake accelerograms
are modeled as specific realizations of this discrete stochastic process. To introduce
a discrete model which approximates the sampled sequence, we first approximate
the dynamics of the second-order continuous equation by the second-order difference

equation:

v - @ul - 00 = RO, i=1.M (2)
7)

where y( approximates the value of the process y;(¢) at time ¢t = kAt. The forcing

(0) (0)

function y,.~ of the discrete version of model {2.3) is y(o) = g, '€, where e is a

zero-mean, unit-variance Gaussian white-noise sequence with properties
Elex]=0 and  Elexe] = bms- (2.8)

It is easy to show that the output stochastic sequence {yx} = {y,E:M)} satisfies an
AR model of order p = 2M, given by the difference equation:

ykaa,,k(e yk—z‘i‘ak (B)ek, k=1,...,N (2.9)
i=1

where a;5(8),7 =1, ..., p and o (8) are in general time-varying coefficients which
depend on the parameter set §. From the linearity of equations (2.9), the output
discrete process is also a zero-mean Gaussian process, completely defined by its

autocovariance function Ry = Elyxy]-

In the next section, simplified subclasses of the general class of the model are
studied. The autocovariance functions will be used in the next section to study
the equivalence between continuous and discrete stochastic processes generated by
specific subclasses of the general class of ground motion models (2.3) and (2.7).
The coefficients of the discrete model are chosen such that the discrete and the
continuous stochastic processes have the same statistical properties, that is, the
same autocovariance functions. The resulting conversion relationships allow inter-

pretation of the coefficients of the discrete model in terms of the coefficients of the



- 14 -

continuous model, and vice versa. In Section 2.4, a general methodology is presented
to estimate the model parameters. The methodology is illustrated for specific sub-
classes. Section 2.5 deals with the structural response to ground motions generated
by the ground motion model. Numerical results for the analysis and the modeling

of real earthquake accelerograms are presented in Sections 2.6 and 2.7,

2.3 Subclasses of Strong Ground Motion Model

Although a stationary model fails to describe the nonstationarities obseryed in
accelerograms, its structure constitutes a basis for understanding the more compli-
cated structure of the nonstationary model. Therefore, a mathematical description
of the time-invariant linear system is first introduced, and it is then extended to
include the time-variation of both the amplitude and frequency content which is

observed in real accelerograms.

2.3.1 Stationary Stochastic Model

The stationary model is a special case of model (2.3) where both the oper-
ators L;{t,8) and the modulation function f(t,8) are time-invariant. The mathe-

matical form of the stationary model has the continuous-time representation:

Lj Yy (t) = Yi-1 (t)a j: 11---,Ma

(2.10)
yo(t)=felt),
with the time-invariant operator L; being defined by:
d? a o

where y(t) = yas(t) is a stationary stochastic process. In this case, the parameter set
8 includes the natural frequencies wy, the damping ratios ¢, of each linear equation
in (2.10) and the constant forcing term coeflicient f. Because of the stationarity of
y(t), its autocovariance function depends only on the time difference 7 = ¢; — t5,
that is, Ry, (t1,t2) = RByy (7).

For the case M = 1, the ACF (autocovariance function) R, of the output



-15 -
stationary process y(t) has the simple closed form (Chang et al., 1982):

fz
4w3i¢ cos (— 1)

tang; = 'L',J;];,g—l, w; = wiy/ 1- S? (2125)

1

Ryy (1) = e cos (wlt - ¢1) (2.120)

where

Note that the ACF is a damped cosine wave, defined completely by the natural
frequency and damping coefficient of the model, together with the power f2 of the

input white-noise process.

The sampled stationary stochastic sequence y(kAt) can be approximated as in

(2.7) by the set of the time-invariant second-order difference equations

yl(ca-) B bgg-} ,(C:Q b(z y’(c , = "(J]y;(:]v §j=1,....,.M (2.13)

where yg) approximates the value of the process y;(t) at time ¢t = kAt. Beck and
Park (1984) show how to choose each second-order difference equation so that it
constitutes the minimal-parameter discrete model that best fits the dynamics of the
oscillator described by the second-order differential equation. The coefficients bm
b(J) and c[J ) are selected by imposing two conditions. The first condition enforces
the free vibration solutions of the discrete and continuous second-order equation to

be equal at each time t;, = kA¢, which results in the relationships:

bgj) = 2exp (—wy¢;At) cosh (w,- 7~ lAt) sifg>1 (2.148)
bgj) = —exp (—2w;¢; At) (2.14¢)

For the second condition, the transfer function of the discrete equation is forced
to optimally match the transfer function of the continuous one, in a least-squares
sense, over the frequency band from DC to the Nyquist frequency 1/(2At). This
determines the optimum value of the coefficient cg-l). The accuracy of the approx-
imation deteriorates as the oscillator frequency approaches the Nyquist frequency,
that is, as the number of time-steps per period decreases. For 10 time-steps per

period, a very accurate discrete model is obtained for the oscillator.
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Model (2.13) with forcing function y,(co) = O'(O)Bk is the discrete version of
model (2.10) for the stationary case. The value of o(®) is determined by enforcing
the variances of the discrete and the continuous output processes to be equal. The
output stochastic sequence {y;} = {yi(cM)} satisfies a time-invariant AR model of
order p = 2M of the type

P
Y = Z Yk —-; + o€, k=1,...,.N (2.15)

=1

In the case M = 1, the discrete ACF of the stationary output sequence {y;}
takes the simple closed form (Chang et al., 1982):

g _ o i cos (Aai — pg)
E [yxyr—i] = o5 (V—=az) eos (—pg) (2.16a)
where
— 1) _ (1) — =1 ag  pa=1 ay {1+ as)
ay=b;’, ag=by", Ag=cos ( ),yd—tan s
2/~aq (1 - az)y/—a? —4day
(2.16b)
and the variance o7 has the form:
_ 2
o2 = Blyf] = -2 (2.16¢)

1+az (1-as)? =~ a2

The discrete autocovariance function is also a damped cosine wave, defined
completely by the natural frequency and damping coefficient of the model and the
variance of the discrete white-noise input process. Enforcing equality of the respec-
tive variances in {2.16¢) and in (2.12a) (¢ = 0) for the discrete and the continuous

output processes, the relationship between ¢ and f is obtained in the form:

1- a- 0'2 - f2
l+az(1—ag)®—a2 4wic

(2.17)

The relationships {2.14a-c) are equivalent to equating separately the frequencies
and damping factors of the continuous and discrete ACFs. Thus, these relationships
also imply that the ACF of the discrete process approximates the ACF of the

continuous process at the time intervals where the first is defined. The order of the
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approximation is controlled by the differences in the phases of the two ACFs. The
accuracy of the approximation deteriorates as the oscillator frequency approaches
the Nyquist frequency. For 10 time-steps per oscillator period, the match between
the two ACFs is very good. Note that in the case of M = 1 and for a white-noise
forcing function, Nau et al. (1980) have shown that choosing an ARMA(2,1) model,
rather than an AR(2) model, gives an exact match between the discrete and the
continuous ACF at the points where the first is defined. The transfer function of the
ARMA(2,1) model gives a slightly better fit to the typical strong-motion spectral
amplitudes at the very low frequencies where the AR(2) model has a theoretically
incorrect behavior. However, the frequency content of real accelerograms in this
range is contaminated by noise and so can lead to unreliable estimation. As it
will be seen later, Brune’s source model (1970, 1971}, which is based on physical

considerations, is employed to correct the very low frequency spectrum in this work.

2.3.2 Piecewise Time-Invariant Model

The discrete version of the stationary stochastic model is modified herein
to account in a piecewise manner for the time-variation of both the amplitude and
the frequency content observed in accelerograms. Mathematically, the piecewise
time-invariant (PTI) model is described by the difference equation:

Pes
Yk = D @i kYki T Okes (2.18)

=1

where the coefficients of this equation and the variance of the white-noise input

sequence have the piecewise-constant representation:

L L
air = Za‘ng), Ok = Za“)R,(:], (2.19)
=

{=1
The superscript (I} specifies a time segment of initial and final time ¢;_; = N;_, At
and t; = N;At respectively, and R,(:) is a rectangular window given by
RY=1; N_1Sk<N

(2.20)
=0 ; elsewhere.



— 18 —

The coeflicients aw

T !

they control both the time variation of the frequency content and the intensity

o) are the unknown parameters of the model and together

of the ground acceleration. However, the piecewise-constant representation of the
coefficients a;  accounts primarily for the time variation of the frequency content.
On the other hand, the o(*)’s account primarily for the time variation of the intensity
of the accelerogram. The piecewise time-invariant model will be utilized in Section

2.5 to explore in detail the nonstationarity of strong-motion accelerograms.

In the PTI model, the sequence {y;} within each segment and sufficiently far
from the segment boundaries approaches stationarity. The correlation structure
of the sequence during each segment is described by the expressions developed in
the previous section for the discrete case or the equivalent continuous stationary

0

process. The parameters in those expressions are replaced by the parameters a;
and 0¥ corresponding to each segment {. Close to the boundaries of each segment,
the process {yx} is not stationary since its correlation structure is influenced by the
transient effect arising from the sudden change of the coefficients according to (2.19).
The more the oscillators are damped, the smaller the nonstationary zone close to
the boundaries that is influenced by the transient effect. In applications considered
herein, the oscillators are heavily damped and also, for purposes concerning stable
parameter estimation, the length of each segment is chosen to be much longer than

the time-length of the transient zone. The stationary model is a special case of the
PTI model for L = 1.

2.3.3 Envelope-Modulated White Noise Model

The envelope-modulated white-noise (EMWN) model has the discrete form
ve = fx (ﬁ) e, k=1,...,N. (2.21)

where fx(f) measure the intensity of the accelerogram at time ¢t = kA¢. Examples
of parametric functions previously used in modeling the intensity are the envelope
functions {2.1) and (2.2) and the one proposed by Jennings and Housner (1964).
The EMWN model will prove useful for modeling the intensity of earthquake ac-
celerograms and estimating the envelope parameters independently of the frequency

content.
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2.3.4 Piecewise Time-Invariant Frequency Content Model

The Piecewise Time-Invariant Frequency Content (PTIFC) model has the

discrete time representation

1

yr = fr (8) yx (2.22)

where y,'c, k=1,...,N is the PTI aiscrete process given in equation (2.18). The
piecewise constant representation of the coefficients accounts for the time variation
of the frequency content. The slowly-varying envelope function fi(8), which may
assume the form (2.1), (2.2), or others, models in a continuous manner the variation
of the intensity with time and it does not alter significantly the relative contribution

of each spectral component to the output for each segment.

2.4 Bayesian Methodology for Parameter Estimation

In this section, a probabilistic methodology for estimating the model param-
eters is presented. We use probability in the Bayesian sense of a multi-valued
logic, so p{a/c) denotes a measure of the plausibility of the proposition a given the
information in proposition ¢. Bayes’ theorem is a consequence of the axioms of

probability logic:

p(afbe) = p(b/;,(z)/z;)(a/ o) (2.23)

Bayes’ theorem can be applied to data to extract information about the values of
a parameter set of a model (Box and Tiao, 1973). To illustrate this, let M denote
a given class of stochastic models characterized by a parameter set § and let y
denote a data sample to be characterized by the model. As we are uncertain what
value of § is appropriate before the data is examined, we treat the parameters as
uncertain variables and use probabilities to quantify our uncertainties about their
values. Applying Bayes’ theorem for the parameter set § and the data y, expression
(2.23) takes the form:

p(y/9, M) p (8/M)
p(y/M)

where p(8/M) is the probability distribution of 8 prior to the collection of the data,

p(8/y, M) = (2.24)

and it is a personal judgement of the plausibility of various values of the parameters.
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Relation (2.24) can be rewritten

p(8/y, M) = xp (y/8, M) p (/M) (2.25)

where the form of the p(y/8, M) can be deduced from the structure of the assumed
model, as will be seen later in some specific applications. The constant « is chosen

so that it normalizes p(f/y, M) according to:

fp(ﬁlg,M) =1, (2.26)
Q

where (1 is the range of interest of the parameter set . Relation (2.25), which
gives the posterior probability distribution of the parameter set 8, indicates how
the prior distribution of § is modified by the information from the sample y. The
most probable values § given the data y are those which maximize p (Q [y, M ) over
1. These are used to give the most probable model in M, which is taken to represent
the observed process. This choice is clearly the most rational one if a single model
in M is to be chosen, but it is also the correct choice asymptotically for large sample
sizes in the sense that representing the whole class M by the most probable model

entails no loss of information when the class M is identifiable {Beck, 1990).

2.4.1 General AR(p) Model with Time-Varying Coefficients

Let M, denote the nonstationary AR(p) model

P
Uk =D i (8) Yomi + b (8) ex, (2.27)
=1

where e is a zero-mean, unit-variance Gaussian white-noise sequence and a; ;(8),
br(8), t = 1, ...,p are in general time-varying coefficients which depend on the
parameter set 4. Let also Yy = [¥1:Y2,...,Un] be an observed sequence of the
process of interest, then using Bayes’ theorem for the sets of variables Yy and 4,

the posterior probability distribution of the model parameters is:

p (ﬂ/g NaMp) = Kp (gN/Q, Mp) p{8/M,). (2.28)

From the structure of the AR{p) model, the value yi at the time ¢ = kAt depends

only on the p previous values yx—1,...,Yx—p of the linear process. Therefore, the



921 —

probability distribution of the sequence yi given the parameter values takes the

form:

N .
P (;‘!‘N/.e_: Mp) =p (yN; v ’yl/ﬂsMp) = ]_—I p(yk/yk-—la e syk—ps.e_:Mp) . (2'29)
k=1

Since each ey is a unit Gaussian random variable, the p(yr/Yi=1,-++ s Ye—p, 8, M)

is also Gaussian, given by:

2
p(yk/yk-—-ls s k- pa_.a \/ﬂbk ) €Xp 262 (yk Za-;k yk—i)

(2.30)

It is assumed that the p(8/M,) is a locally non-informative prior distribution for
the parameter set 8, which means that all values of the parameters over a large range
are considered équally plausible a priori (Box and Tiao, 1973). Mathematically, it is
assumed that p(8/M,) is constant over a large but finite range of interest 0. Using
this assumption and (2.28), (2.29), and (2.30), the posterior probability distribution

of the parameters given the data y N and the model M,, takes the form:

N 2 |
: 1 1 1 (yn — 20 a0k (0) ya—i)
g M, = - ————— _ L2 Sl 2.31
#ne) =g 1 % (@) .

Expression (2.31) gives the updated joint probability distribution of the param-
eter set §, given the data sequence y, and the class of models M,. The most
probable value é of the model M,, is obtained by maximizing relation (2.31) and it
defines the “optimal” AR(p) model to represent the given sample accelerogram y N

Defining a more convenient function F(§), such that
F(g)=—Inp (ﬂ/yN,Mp)

=lnc+ Z In by !9) + = Z (s — ‘21 a'(‘;; (8) yk_t) , (2.32).

the optimization problem is converted to a nonlinear minimization of the objective
function F(8).

Expression (2.32) is the general formula for obtaining the most probable non-

stationary AR(p) model and is independent of the choice of the parametric form for
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the coeflicients a; x and bx. The above method is simple and it is developed fully in
the time domain utilizing the acceleration data directly in its digitized form. Un-
like frequency-domain methods which are applicable only to stationary cases, the
present time-domain method a) is applicable to the estimation of the nonstationary
features of accelerograms, >b) it can directly incorporate smooth parametric varia-
tions of the model parameters and ¢) it simultaneously treats the amplitude and
the frequency content nonstationarities. Next, we specialize expression (2.32}) for

specific subclasses of the general class of models.

2.4.2 Pilecewise Time-Invariant Model

Recall that the coefficients of the piecewise time-invariant model have the
representation (2.19), so after algebraic manipulations, the posterior probability

distribution of the parameter set 8 takes the form:

P (Q/QN’MP) = ﬁ p“) (—Qm/QNﬁMp) | (2.38)
=1

where

QU) = (a(ll), ceey ag), 0'(”) s

N b 2
0 { ot _ 1 —1 _ 0,
p ! (Q ]/y-N’Mp) T e g(Ni=Ni-1) xPp 9 [0(1)]2 Z (yk Zai yk“)

fe=s i=1
N;_1+1
(2.34)
Expression (2.33) implies that the parameter subsets 8{) corresponding to different
segments are statistically independent. Thus, the most probable values are obtained

by maximizing each p(ﬂ(‘) /4, M,) independently.

For simplicity, introduce for each ! the set {ﬁy), t=1,...,N (‘)} such that for
alt I:
UNioreppi =0, i=1,...,NO  (2.35)

where N) = N; — N;_;. Then using (2.34), the corresponding objective function

F (")) can be rewritten more conveniently as:

1 P aA  oa
FO@) =tne+ Nino+-— (-2 (1-2)



+575(2,-8,)" (77F) (¢, - &,) (2.36)
where
) (YTY)_IYTQ (2.37a)
Yo  Up+1 '.‘fN i+p
z=ta, ¥T=| 70 " et (2.375)
U1 3;:2 Un
Gp+1 ay
§= y,,:+ 1. a, = af (2.37¢)
IN+p ap

We have dropped the superscript { in equations (2.36) and (2.37) for clarity. For
this case, the minimization of (2.36) results in a closed form expression for the most
probable values of the model parameters in the form 9( ) = (&, () , 6}, where @y) is

given by (2.37a) and &() is given by:

[5(:)]2 =I J_V% (Q“) _2(1))" (g(z) 3 3-“)), (2.35)

2.4.32 Envelope-Modulated White-Noise Model

For the envelope-modulated white-noise model defined by (2.21), the objec-
tive function F(8) takes the form:
2
Yk

N 1 N
Fl@)=Inc+) in fr(d EZ 23" (2.39)

k=1

The condition that is satisfied at the minimum of F(8), is:

aF (.6_) N LY 0 [l"' T ('é)] ~0 (2.40)

a0; — f2 (é) a4;

where 4 is the value at which the minimum is attained and ¢; is the i-th parameter

of the envelope function fx(8). For 8; = «, the scaling parameter for the envelopes
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(2.1) or (2.2), condition (2.40) gives
2

1 N
52 Ye 1 =1 (2.41)

=\ (9)

Therefore using the proposed methodology, the most probable envelope function

fe = fe(@) is chosen so that the process {yx/fk, k = 1, ..., N} has unit sample
variance. In general, the optimum value 8 cannot be determined analytically but

must be calculated numerically using a minimization algorithm.

2.4.4 Piecewise Time-Invariant Frequency Content Model

The procedure which estimates the parameters of a piecewise time-invariant

frequency content {PTIFC) model given an accelerogram is divided into three steps.

Step 1. The envelope-modulated white-noise model is utilized to model the
intensity of an accelerogram in a prescribed interval [to,t1], and the most probable
envelope f(¢t) is estimated by minimizing (2.39). In this case, f(t) is a prescribed
continuous-time measure of the standard deviation of the procéss (equations (2.1)

or {2.2), for example) with the optimal estimates of the parameters.

Step 2. A time series with constant intensity is obtained by dividing the original
accelerogram by the estimate of its time-varying standard deviation fk, according

to
Ge=2 k=1,..,N. . (2.42)
Je '

Step 8. The “optimal” model with frequency content which is either time-
invariant or piecewise time-invariant is obtained using the transformed constant-
variance series {§z, k = 1,...,N} as described in Section 2.4.2. For parameter
estimation purposes, the length of each segment in the piecewise time-invariant

case must be chosen:

a. short enough so that the predominant frequency of the modeled segment re-

mains almost constant over its length and

b. long enough so that the estimation procedure is capable of reliably determining

the information about the frequency content of the segment.
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The estimation procedure was divided into three steps to avoid interaction
during the optimization between the parameters accounting for the time variation
of the amplitude and the frequency content. This interaction, when it was consid-
ered with an inadequate model (for example, the number of segnients L was not
sufficient to model an accelerogram with significant time-varying frequency con-
tent), led to erroneous results for the most probable envelope function. In addition,
the three-step procedure is computationally efficient for the piecewise time-invariant
model. In this case, the most probable model is obtained explicitly by the formu-
las (2.37a) and (2.38) and by an additional numerical minimization of the nonlin-
ear three-parameter function (2.39). However, in the case where the parameters
are optimized simultaneously, a numerical minimization of the nonlinear {pL+3)-

parameter function (2.32) is involved.

2.5 Structural Response and Ground Motion Model Adequacy

The purpose of this section is to study the adequacy of ground motion mod-
els from the structural response point of view. In past studies, the adequacy of a
ground motion model was judged by how well it models certain features of the target
accelerogram. A few studies have compared linear structural response parameters
computed from the simulated and the original accelerograms. However, a few sim-
ulations do not provide enough information about the statistics of the structural
response, nor do they determine whether the structural response corresponding to
the original accelerogram falls within the statistics computed for the ground motion

model.

This section deals with the linear elastic and nonlinear inelastic structural
response to ground motion defined by the ground motion models. A simple hys-
teretic model is first defined and then it is used to formulate the equation of motion
of a SDOF structure in terms of the ductility of the response. Linear elastic models
can be treated as a special case. Finally, the problem of assessing the adequacy of
a ground motion model using the statistics of various response parameters is ad-
dressed. Applications of this study will be given in Section 2.7, where the modeling

of several accelerograms is discussed.
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2.5.1 Nonlinear Hysteretic Model

References and discussion about various nonlinear hysteretic models may be
found in Thyagarajan (1989). For the purpose of this study, it is desirable to use a
simple, practical and yet general enough force-deflection relation which is useful to
model the dynamic behavior of a wide range of softening materials and structures.
The force-deflection relation for the virgin loading of the hysteretic model used in
the present study is given by the differential equation

dR
B -

R

R,

T (2.43)

The three model parameters K, B, and n are sufficient to capture the essential
features of the hysteretic behavior being modeled. K is the initial stiffness, R, is
the ultimate strength and n controls the smoothness of the transition from elastic to
plastic response of the force-deflection curve. The effect of n on the force-deflection
relation is shown in Figure 2.2 taken from Jayakumar (1987). The force-deflection
relation for any loading other than the virgin loading is given by the differential

equation

dR _ R - Ro
- xfi- | B

n

i } (2.44)
where g is the restoring force at the poinﬁ of load reversal chosen appropriately to
satisfy the rules for transient loading presented by Jayakumar (1987). The inconsis-
tencies and difficulties associated with the way other models (Wen, 1976 and 1980,
and Ozdemir, 1976} handle initial loading, unloading and reloading are eliminated
because of a better modeling of the steady-state and transient-loading response
behavior. A more complete discussion and comparison of this model with other
hysteretic models as well as its application in system identification of hysteretic

structures may be found in Jayakumar (1987).

The hysteretic loops for the model (2.44) are closed and exhibit no drift as
shown in Figures 2.3 and 2.4. An important feature of the model is that the initial
stiffness K and the ultimate strength R, may be selected in a manner that is
physically meaningful. For example, they can be determined during design from
material properties and the structural drawings of a building. Next, the model is

incorporated into the equation of motion of a SDOF structure.
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2.5.2 Equation of Motion
The SDOF structure under consideration is schematically shown in Figure

2.5. The governing equation of motion of the structure subjected to a horizontal

earthquake ground excitation y(t) is»
MZ{t) + Cz(t) + R(t}) = —My(t) (2.45)

where M is the mass of the system and C is the viscous damping coefficient. The
displacement of the mass M relative to the ground is denoted by z{(t). The restoring
force R(t) is nonlinear hysteretic and it is given by (2.43) and (2.44). Define the

displacement ductility of the response by

ult) = % (2.46)
where
z, = -f—;- (2.47)

is the nominal yield displacement of the structure, then the equation of motion

(2.45) is given in terms of the ductility of the response as follows

. . w? y(t
() + 2quoilt) + wholt) = —22 1) (2.48)
where
K C
=4/ — d = 2.49
“o M an ¢ 2Muwqg (2.49)
is the initial natural frequency and viscous damping ratio of the structure respec-
tively, 0
R(t
t) = —— 2.50
1) = - (2:50
. is the normalized restoring force, R, is the ultimate structural strength and
R, .
= e 2.51
"= e (2.51)

is the nondimensional parameter expressing the structure’s strength relative to its

weight. The normalized restoring force p(t) is governed by

dp
— =1-—|p? 2.52
» 1—|p|", . (2.52)
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which is the nondimensional version of (2.43}. The structural parameters which
influence the response are the initial angular frequency wo, the damping ratio ¢,
the strength coefficient 5, and the parameter n controlling the transition from the

elastic to the plastic response.

Since a stochastic ground motion model is used to probabilistically handle the
defails of the ground acceleration time history, the structural response to the ground
motion is also going to be probabilistic. Simulations can be used to obtain the
statistical distribution of various structural response parameters. The remainder of
this section deals with the definitions of the probabilistic linear elastic and inelastic
response spectra associated with various structural response parameters, and their

use in judging the adequacy of a ground motion model.

2.5.3 Probabilistic Linear Elastic and Inelastic Response Spectra

The response apectrum can be used in structural engineering to characterize
the response of a single-degree-of-freedom linear oscillator with undamped natural
frequency wg and damping ratioc ¢ to a ground motion input. The spectra plotted
as a function of frequency wyp is one means of assessing the {requency content of the
strong ground motion. For a deterministic input, the response spectrum is defined

as a function of wy and ¢ as
RS (wo, §“) = Orsriaéxoo Iq (t) l (2.53)

where ¢(t) might stand for either displacement or velocity or acceleration of the

oscillator.

When a stochastic model is used to characterize an earthquake, an extension
to the deterministic response spectrum is necessary. If the input of the oscillator
is a stochastic process, then the oscillator response ¢(¢) will be a stochastic process
as well. In this case, the quantity that replaces (2.53) could be the mean response

spectrum defined as

E(RS (wo,¢)] = E[ max |q () l] (2.54)

0<t< oo
The mean response spectrum is a measure of the maximum response ¢(t) attained

- by the oscillator, on the average. A more important quantity for design is the level
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which has some probability of not being exceeded. This leads to the definition of the
probabilistic response spectrum for a level of confidence p as the value PRS(wo, ¢, p)

for which the probability relation
P?’Ob{RS (L‘JO, §) < PRS (w0a gap)} =P . (2‘55)

holds.

The utility of the probabilistic response spectrum is due to the fact that it
answers in probabilistic terms the question of whether a structure will “safely”
sustain a given class of stochastic ground motion. Thus, when stochastic models
are utilized to quantify our uncertainty of the ground motion, probabilistic response
spectra are useful tools to assess the threat posed to structures, despite the simple
theoretical basis of the spectra. For a fixed ¢, the level curves with confidence p not
to be exceeded, where p ranges between 0 to 1, give a good picture of the statistical

distribution of the response quantity under consideration for different wg.

For an inelastic structure, the use of PRS can be extended to provide the statis-
tical distribution of various response parameters indicative of damage. In general,
let ¢(d,) be a response parameter and 8, be the set of the structural parameters
influencing the response. For example, 8, = {ws, ¢,n,n) for the hysteretic structure

(2.48). The mean response defined by

0 (8,) = Elq(4,)] (2.56)

is a measure of the response attained by the oscillator, on the average. The level
curves ¢(8,,p) for a level of confidence p, are defined such that the probability

relation
Prob{g(8,) < ¢(8.,p)} =P (2.57)

holds. The level curves provide information about the statistical distribution of the
response parameter ¢(4,). A probabiliétic inelastic response spectrum is defined
as the set of level curves ¢(f,,p) plotted versus one structural parameter while
holding the other structural parameters fixed. Each curve corresponds to different
values of p ranging between 0 to 1. The inelastic probabilistic response spectra

provide an insight into the statistics of various inelastic response parameters and
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their sensitivity with respect to structural parameters, and with respect to the

details of the ground motion.

These response spectra will be used in Section 2.7 to study the sensitivity of
various structural response parameters to the details of the ground motion which
are left random by the ground motion model, as well as to evaluate the adequacy
of the ground motion models to represent all the important features present in the
accelerograms. For this, the mean response and the level curves of confidence p =
0.01, 0.1, 0.5, 0.9 and 0.99 are computed for 500 simulations using the optimal model
for a given “target” accelerogram. To enable comparisons between different models,
the same 500 white-noise samples are used for each probabilistic inelastic response
spectrum. The response parameter corresponding to the target accelerogram is also
plotted. Since a target accelerogram is considered to be a sample of the underlying
stochastic process, its response in most of the ranges of structural parameters should
lie between the 1% and 99% level curves. In addition, the variation of the mean
response corresponding to the stochastic process should approximately follow the
average variation of the deterministic response.‘ The ranges of structural parameters
for which the target accelerogram. response lies below the 1% and above the 99%
level curves can be taken as the ranges for which the ground motion model does
not perform well. Also, a measure of the sensitivity of the response to the details of
the ground motion which are left random by the ground motion model is provided
by the difference of the logarithm values corresponding to the 1% and 99% level
curves. Therefore, plotting of the probabilistic response spectra on a logarithmic
scale gives a direct measure of the sensitivity by the separation of the 1% and 99% .

level curves.

2.6 Analysis of Earthquake Accelerograms Using Aﬁtoregressive
Models

2.6.1 Moving Time-Window Approach

A moving time-window approach is first used to analyze in detail the non-
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stationarity of the accelerograms. Stationary AR(p) models are fitted to successive
segments of the accelerogram. Each segment is centered at a time ¢,, and has length
w. Using (2.37) and (2.38), the most probable AR model is estimated for each seg-
ment. By moving t,, from the begining to the end of the record using time steps
At,, the nonstationarity of the accelerogram is obtained in terms of the time vari-
ation of the model parameters. For the second-order model, the natural frequency
w1, damping ratio ¢; and standard deviation o, can be computed according to the

expressions {2.14) and (2.16¢c) respectively.

2.6.2 Physical Interpretation of Time Variation of the Model

Coeflicients

The earthquake accelerograms, listed in Table 2.1 under their Caltech record
name, are analyzed using the second-order model. The records are representative
of different types of earthquake events. The acceleration time histories are shown
in Figure 2.6. The objective of this analysis is to investigate in detail the time-
variation of the correlation structure of the accelerograms in terms of the model
pé.rameters and then link it to the corresponding physical processes involved. The
undamped frequency w;, the bandwidth wi¢; and the &amping ratio ¢;, computed
by the moving-window approach, are plotted in Figure 2.7, while the standard
deviation oy, is plotted in Figure 2.8. In the computations, A, = 0.2 seconds and

the value of w is shown in Table 2.1.

Although the plots in Figures 2.7 and 2.8 are complicated, certain similari-
ties are observed regarding their time variation for the different earthquake events
analyzed. In general, there is a high and a low-frequency variation of the model
parameters. The high-frequency variation is a feature of the modeling procedure
and it can be smoothed out by increasing the time length of the segment used in
the analysis. Primary attention is therefore given to the low-frequency variation.
The accelerograms from the San Fernando and the Imperial Valley earthquakes
show a significant time variation of the parameters wy and ¢;. However, the ac-
celerograms from the Helena and Parkfield earthquakes, which are much shorter
in duration, could be considered to have constant frequency centent throughout

the strong shaking, that is, the first four and five seconds of the accelerograms,
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respectively. In general, the undamped frequency w; is decreasing with time while
the damping ratio ¢; is increasing with time. In order to interpret the results, we
consider the physics of the earthquake process and the resulting wave propagation

through the Earth’s structure.

‘Several different kinds of waves are propagated from a disturbance in the Earth.
The complexity of the Earth structure results in dispersive body waves (P and §)
as well as surface waves. P-waves, which are propagated with the highest velocity,
reach the recording site first. S-waves, which have lower velocity of propagation and
lower frequency content than P-waves, arrive at a later time. Surface waves, which
have even lower velocities of propagation and lower frequency content, reach the
recording site after the initial body waves have arrived. The arrival time and the
intensity of each wave type depend on the source mechanism, the distance between
the source and the site and the complexity of the Earth’s structure, resulting in a
complex recording with its frequency content in general moving towards lower fre-
quencies with time. The undamped frequency wy, which is an approximate measure
of the predominant frequency present in the accelerogram, is expected to decrease
with time. The damping ratio ¢, which is a measure of the width of the frequency
range around w; which contributes étrongly to the accelerogram, is expected to
increase with time. The large increase in damping observed in Figure 2.7 at later
times is due to the presence of both the lower-frequency surface waves and the
higher-frequency body waves, resulting in a more broadband process. An observa-
tion commeon for several accelerograms is that the damping ratio of the second-order
model is of the order of 20 to 30% for P and S-waves and only when surface waves
are arriving does the damping ratio increase to values as high as 60% or more.
These observations are important in structural response and should be taken into

account in the ground motion modeling.

The curves in Figures 2.7 and 2.8 can be utilized for identifying the pres-
ence, and quantifying the duration, intensity and frequency content, of the different
wave groups present in strong-motion accelerograms. Such information is difficult
to obtain by direct examination of the acceleration time histories because of the

overlapping of the different wave groups. For illustration purposes, the three com-
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ponents of the C048 record are analyzed. This record was obtained at 8244 Orion
Boulevard in the San Fernando Valley, with the epicenter of the 1971 earthquake
approximately due North of the site. Recall that each wave group has a different
frequency content, and therefore its arrival time corresponds to the time at which
a substantial change of the parameters w; and ¢; of the stochastic model occurs. In
the two horizontal components, such changes occur in Figure 2.7(a,b) at approxi-
mately 2, 10 (see wy-curves) and 15 (see ¢;-curves) seconds. Also, the time variation
of the wave group intensity consists of an initial build-up phase followed by a peak
and then a decaying tail. The peaks show up in Figure 2.8(a,b) at a.pproximately
7, 12 and 19 seconds. These peaks correspond to different wave groups since the
value of the model parameter w; is different for each peak, ranging from 3 to 4 Hz
for the first, 1.5 to 2.5 Hz for the second and 0.5 to 1.0 Hz for the third. Consider-
ing wave propagation phenomenon, the first peak corresponds to an S-wave group
while the second and the third might correspond to surface wave groups (Love and
Rayleigh waves). Weak P-waves show up in the first 2 seconds in the horizontal
components with the value of w; ranging from 4 to 5 Hz. These P-waves clearly
show up as the dominant waves in the first 10 seconds in the vertical component
in Figures 2.7(c) and 2.8(c). The third peak observed in the two horizontal com-
ponent, Is also recorded in the vertical component, suggesting it is possibly due
to Rayleigh waves reflected back from the Santa Monica Mountains to the south
of the site. The problem of reliably identifying the presence of each wave group
in accelerograms ¢an be resolved better by correlating the results obtained from
the analysis of several spatially-distributed accelerograms. This analysis, as well as
the consistency observed between the time variation of the model parameters and
the different wave groups present in strong-motion accelerograms will be used in
future work to develop appropriate relations between the model parameters and the

variables accounting for the regional seismicity and the local site effects.

2.7 Modeling and Simulation of Earthquake Accelerograms

The objectives of this section are as follows:

1) to introduce different subclasses of the general class of models and to verify
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the extent to which each subclass characterizes the important features observed
in real accelerograms by comparing a) the “target” accelerograms with samples of
simulated accelerograms generated by each optimal model, b} the corresponding
response spectra and c¢) the residuals and their Fourier transforms generated for

each optimal model. In particular, the effects of higher-order models are studied;

2) to demonstrate how well the statistical time-domain method performs when

it is used to estimate the model parameters;

3) to use the probabilistic response spectra to study the sensitivity of various
linear elastic and inelastic response parameters to the details of the ground motion

which are left random by each ground motion model.

2.7.1 Modeling of the Intensity Using Variocus Models

The envelope functions (2.1) and (2.2) proposed by previous authors to
model the intensity of the accelerograms are computed by fitting the envelope-
modulated white-noise model. To enable comparisons with the piecewise time-
- invariant results in Figure 2.8, the most probable envelopes are also plotted in
the same Figure for different estimation intervals [to,¢1]. In general, the fit for the
envelope (2.1} is better for the cases where the “energy” in the interval of estimation
is mostly contributed by the shear-wave groups. This suggests that the shape of the
envelope models the time-variation of the intensity of the shear waves quite well.
This observation supports the theory developed by Saragoni and Hart (1974) that
the time variation of the expected intensity of a wave type propagating through the
Earth follows a distribution given by the envelope (2.1). For the time intervals [to, ;]
which include significant energy also from the P-wave and surface-wave groups, the
envelope function gives an overall fit to the data, usually underestimating the high
intensity of the shear-wave groups and overestimating the lower intensity P-wave
(in the case of horizontal components) and surface-wave groups. For these intervals,

using the family of curves (2.2), the fit is generally improved.

The envelope functions (2.1) and (2.2) fail to provide a good fit to the initial

nonzero intensity always present in the digitized accelerograms coming from analog
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accelerographs, and also to the time of the maximum intensity. As can be seen in
Figure 2.8, a significant improvement is obtained by considering the four-parameter

envelope function:
F(t) = et +to)? exp (= (t + to)) 0 <t< T, (2.58)

which is the Saragoni and Hart’s envelope function shifted in time by Zo. Therefore,
since this envelope function is more flexible to fit the data, it is used to model the

intensity of the accelerograms in what follows.

2.7.2 Modeling of the Frequency Content Using PTIFC Models

In order to explore the time variation of the frequency content, we consider
different numbers L of segments and we vary the order p of the AR model from
2 to 8. Although not all of the results are presented, conclusions listed herein are
based on detailed analysis of the accelerograms contained in Table I using differ-
ent subclasses of the model. These accelerograms cover a wide range of ground
motion characteristics in both intensity and frequency content. The NOOW hori-
zontal component of the C048 record which has a significant time variation of the
frequency content is chosen as an example to demonstrate the three steps involved
in the modeling procedure. Figure 2.9 shows the transformed series of stationary
intensity, constructed according to step 2 in Section 2.4.4 for the most probable

envelope function with the form of equation (2.58).

The time-invariant frequency content models are first used to model and simu-
late this component. The “target” accelerogram and one simulation for each of the
second and fourth-order time-invariant frequency content model are shown in Figure
2.10(a,b,c). The plots correspond to the same white-noise sample to aid in compar-
ison of different models. Figure 2.11(a,b) shows the corresponding “white-noise”
sample {é;} that generates the “target” accelerogram for each model correspond-
ing to Figure 2.10 (b, ¢). Such a sample is obtained from equation (2.18) after
replacing its parameters with the computed most probable ones and using the real
acceleration data sequence: It is obvious from the plots (a), {b) and (c) in Figure

2.10 and the plots (a) and (b) of the residuals in Figure 2.11 that a time variation
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of the frequency content is exhibited which is not modeled by the time-invariant
frequency-content models. From the probabilistic linear response spectra curves
shown in Figure 2.12(a,b) for p = 2 and 4, it is concluded that higher-order models
do not significantly improve the match between the probabilistic response spectra
and the response spectra of the “target” accelerogram. Although only the acceler-

ation response spectra are shown, similar response characteristics are observed for

the displacement and the velocity response spectra.

Since the time variation of the frequency content is expected to be of subst_antia,l
importance for strongly excited nonlinear (softening) structures, its incorporation
into the ground motion model must be considered. The piecewise time-invariant fre-
quency content models are thus used to examine the time variation of the frequency
content. Simulations for the NOOW component are shown in Figure 2.10{d,e) for
each of the most probable second and fourth-order piecewise time-invariant model.
For the detail modeling, we arbitrarily chose the number of segments L = 9 and the
lengths of each segment according to the last column in Table 2.2. To enable com-
parison of the different models, the corresponding residuals are plotted in Figure
2.11(c,d). As can be seen from Figures 2.10 and 2.11, the piecewise time-invariant
‘model successfully captures the time-variation of the frequency content of real ac-
celerograms. The improvement obtained by higher-order time-invariant frequency-
content models is small compared to that obtained by second-order models with
time-varying correlation structure. Plots of the probabilistic response spectra curves
are shown in Figure 2.12(c,d). Higher-order piecewise time-invariant models do not

alter the probabilistic response spectra significantly.

Figure 2.13 compares the response spectra of the rest of the accelerograms
shown in Table 2.1 with the probabilistic response spectra computed for the most
probable second-order piecewise time-invariant model. Table 2.2 indicates the num-
ber of segments and their corresponding time-lengths used in the computations. The
probabilistic response spectra in Fiéures 2.12 and 2.13 provide a good fit to the
response spectra of the “target” accelerograms for periods less than approximately
5 seconds. The overestimation of the response spectra for long periods of the linear

oscillator (approximately over 5 seconds) is due to the fact that an AR(p) model
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cannot represent the intensity of the low-frequency content of the recorded accelero-
grams. Complete accelerograms have a zero DC component while AR(p) models
always have a non-zero DC component. The low-frequency content is expected to
strongly influence the response of inelastic structures (Iwan and Paparizos, 1988).
A method that improves the low-frequency content of these models is discussed in
Section 2.7.3.

Based on the statistics of the maximum acceleration of the response in Figures
2.12 and 2.13 and on similar statistics for the maximum displacement and velocity
of the response, it is concluded that the lower the structural frequency, the more
sensitive the response is to the details of the ground motion left random by each
ground motion model. Comparing Figure 2.12(a) and Figure 2.12(c), the sensitivity
of the maximum acceleration of the response to the details of the ground motion
corresponding to the TIFC model is less than the sensitivity corresponding to the

PTIFC model, especially in the range of structural frequencies from 1 to 3Hz.

The Fourier transform of the residuals {&;} for the cases considered in Figure
2.11 are shown in Figure 2.14(a,b,c,d). For a suitable member of the given class
of models, the average variation with frequency of the input spectrum is expected
to be approximately constant like a sample of white noise. Higher order models
match better the observed “exponential-like” decay (Anderson and Hough, 1984) of
the spectral components in the high-frequency content of the accelerograms. The
intensity of this frequency range, which is small compared to the low-frequency
spectral components, is overestimated by the second-order model. This overestima-
tion shows up in Figure 2.14 as a deviation of the spectral intensity of the residuals

at high frequencies below its expected constant value.

Summarizing, in most cases examined, second and fourth-order models pro-
vided a good statistical fit to the data contained within successive sufficiently small
portions of accelerograms. This is in agreement with the results ocbtained by Chang
et al. (1982) and Nau et al. (1980) for the ARMA models. For engineering design
purposes, a piecewise time-invariant second-order AR model provides an acceptable
description of the ground motion, particularly in the range that corresponds to the

larger amplitude spectral components.
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2.7.3 Modeling of the Very Low Frequency Content

An improvement of the incorrect spectral amplitudes present at low fre-
quencies for the AR(p) model can be obtained by including in the previous analysis
Brune’s source model (1970). According to Brune, the source power spectral accel-
eration for shear waves has the normalized shape:

w/we)?
S (w,we) = I:(-—{o—jc%?’ (2.59a)
where w, is the corner frequency. Using certain assumptions, Brune related w, to

the source radius r and the shear-wave velocity 8 by:
2.3
we =27 f, = —iﬁ- ' (2.59b)
r

Several authors, including Boore {1983) and most recently Safak (1988), have used

Brune’s source model for the modeling of ground motion using seismological models,

The proposed modified method which gives the correct low frequency behavior
is schematically shown in Figure 2.15. The critically damped oscillator, which cor-
responds to Brune’s model (2.59a), accounts for the form of the spéctral amplitude
near the source. The linear second-order system, which corresponds to model (2.7),
accounts for the intensity of the source as well as propagation and local site effects.
The power spectral density of the combined model is shown in Figure 2.16 for time-
invariant AR(2) model. It is clear that the modification introduced by Brune’s
model gives an w-square behavior of the very low-frequency spectral amplitudes
of the accelerogram without substantially affecting the spectral amplitudes of the

model (2.7) at frequencies greater than about 2w,.

The equation for the critically damped oscillator has the form:
z =% 2+ 2wed +wiz =y, (2.60)

Using relationships (2.14) and approximating Z by:

“ Zhat — 223 + 2 -
E(t) = =3 sz ~, e = kAL,

the discrete system that corresponds to equation (2.60) is given by the difference

At = sampling period, (2.61)

equation

Zp —2azp_1 + 01-2»’5](:—2 = (yk = 2Yp-1 + yk-2) ’ (2‘62)
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where ¢ = e~ weAt

. The modified model is computationally efficient and generates
artificial accelerograms with the correct low-frequency content. To determine the
parameter of model (2.62), we do not use the estimation method developed pre-
viously because it would be ill-conditioned in view of the low intensity spectral
amplitudes, and hence poor signal-to-noise ratio, in the very low frequencies of real
accelerograms. The corner frequency w. can be computed from source mechanism
studies of the earthquake generating the ground motion; for example, by using
(2.59b). The other parameters of the model are estimated as if Brune’s filter was

" absent since they control the higher frequency content of the model spectrum not

affected by the presence of Brune’s model.

From source mechanism studies of the San Fernando earthquake (McGuire and
Hanks, 1980), the value of the corner frequency is f, = 0.2Hz. The probabilistic
acceleration response spectra computed for the PTIFC model that includes Brune’s
correction are shown in Figure 2.17 for the C048.1 record in Table 2.2. Compari-
son with Figure 2.13 shows no obvious visual difference for oscillator periods less
that about 5 seconds. For oscillator periods over 5 seconds, which correspond to
frequencies less than f, = 0.2Hz, there is an improvement in the match of the prob-
abilistic linear response spectra and the response spectra of the target accelerogram.
Probabilistic linear elastic response spectra for the velocity and the displacement
are shown in Figures 2.18(a) and (b), respectively. A very good “match” between
the deterministic and the probabilistic linear elastic response spectra is observed

for most of the range of structural frequencies.

Figure 2.19 shows the prbbabilistic inelastic response spectra for the accelera-
tion and velocity described in Section 2.5.3. The inelastic spectra for the maximum
ductility and the residual ductility are shown in Figure 2.20. The PTIFC model
corresponding to the C048.1 component in Table 2.2 is used. The structural param-
eters are n = 3, n = 0.3 and ¢ = 0.05. The statistics of the maximum ductility
in Figure 2.20(a) indicate that the response of the structure becomes inelastic with
high probability for initial structural frequencies with values ranging from about
2 to 10Hz. From Figures 2.19(a), 2.19(b) and 2.20(a), and from comparisons with
Figures 2.17(b) and 2.18(a), it is concluded that the more inelastic the response
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is, the less sensitive the acceleration and the velocity of the response and the more
sensitive the displacement ductility of the response are to the details of the ground
motion. However, the residual displacement ductility, shown in Figure 2.20(b), is
much more sensitive to the details of the ground motion than the maximum dis-

placement ductility, velocity and acceleration.

From Figures 2.17, 2.18, 2.19 and 2.20, the probabilistic linear elastic and in-
elastic response spectra match well the response spectra of the target accelerogram,
justifying the adequacy of the PTIFC model for capturing the essential features of

the ground motion as far as dynamic response is concerned.

2.8 Conclusions

A general class of parametric stochastic models, formulated in both continuous
and discrete times by stochastic differential and difference equations respectively,
has been examined for its adequacy to characterize strong motion accelerograms for
use in structural response studies. The ground motion model captures parametri-
cally both the amplitude and the frequency content nonstationarity of the ground
motion and it probabilistically treats the uncertainty associated with the details of

the ground acceleration time history.

Applying Bayesian statistical inference on the discrete formulation, a method-
ology was developed to extract from the given class of models the optimal model
that best fits, in a probabilistic sense, the characteristics of a “target” accelerogram.
In contrast to most other methods for estimating the nonstationary characteristics
of an accelerogram, the proposed methodology is simple to implement, and it can si-
multaneously treat the amplitude and the frequency content nonstationarities. The
methodology is successfully demonstrated for specific subclasses of the general class

of models by using several “target” accelerograms,

The temporal nonstationarities observed in real accelerograms can be mod-
eled by varying the coeflicients of the stochastic equations in a piecewise-constant
manner. Using a moving time-window approach and second-order models, the time-

variation of the frequency content of the accelerograms is adequately described in
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detail in terms of the variation of the undamped frequency and damping ratio (or
bandwidth) of the second-order continuous model, The undamped frequency which
is an approximate measure of the predominant frequency of the ground motion
shifts to lower values as time advances. The damping ratio, which is an approxi-
mate measure of the frequency range that strongly contributes to the ground motion
increases with time. These variations were linked to seismic wave propégation phe-
nomenon. For most of the accelerograms investigated, the portions controlled by P
and S-waves correspond to values of the damping ratio in ihe range of 20 to 30%.
The portions controlled by surface waves, however, correspond to damping ratios
as high as 60% or more. These average trends are useful when structural response

to simulated ground motions is to be considered.

From analysis of several representative accelerograms, it is concluded that the
second-order model captures most of the information contained in successive seg-
ments of an accelerogram over the range of structural frequencies. Higher-order
models do not significantly improve the results. The properties of simulated motions
show general characteristics similar to the characteristics observed in real accelero-
grams. The incorrect low—frequenéy content present in the AR models is improved
by introducing Brune’s source model. The probabilistic linear elastic (displace-
ment, velocity, and absolute acceleration) and inelastic (maximum displacement
ductility ratio, residual displacement ductility ratio, velocity, and absolute accel-
eration) response spectra “match” well the corresponding response spectra of the
“target” accelerogram over the range of structural frequencies. Linear structures
with lower natural frequencies are more sensitive to the details of the ground ac-
celeration time history. In addition, the more inelastic the response is, the less
sensitive the velocity and the acceleration of the response is to the details of a
the ground acceleration time history which has its overall features fixed. However,
the ductility, and especially the residual ductility, of the response are much more

sensitive to these details.

The specific subclass of piecewise time-invariant second-order models therefore
appears adequate for representing the ground motion for the purpose of computing

structural response. However, there are too many parameters in such a model to
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contemplate making it a part of seismic risk analyses where the model parameters
must be related to the seismic environment of a site. In Chapter 3, a more parsimo-
nious ground motion model is proposed which draws on the results of this chapter
and which appears to be promising for seismic risk studies which involve ground
motion time histories rather than simplified represer_itations such as peak ground

quantities.
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Record No. Earthquake Event Component w (sec)
C048.1 San Fernando, 1971 NoOOW 3
C048.2 San Fernando, 1971 S9OW 3
C048.3 San Fernando, 1971 DOWN 2
Bo25 - Helena, Montana, 1935 S9QwW 3
B034 Parkfield, Ca, 1966 N85E 3
El Centro Array, Stn 12 Imperial Valley, 1979 S50W 2

Table 2.1. List of some representative accelerograms for assessing stochastic ground motion model.

Record No. t; tr Number of Time-Length of
(sec) (sec) Segments Each Segment (sec)
C048.1 0 30 9 2,3,3,3,3,3,4,4,5
C048.2 0 30 9 2,3,3,3,3,3,4,4,5
B025 0o | 5 3 2,2,1
B034 0 10 5 2,2,2.2,2
El Centro Array, Stn 12 0 30 9 1,3,3,3,3,4,4,4,5

Table 2.2. Various technical information about the accelerograms in Table 2.1 for PTIFC mod-

elling.
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Figure 2.16. Power spectral density of the AR(p) model {dashed-dotted curved) and the combined
AR(p) and Brune’s model (solid curve). ' '
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Figure 2.17. Comparison between t :
celerogram (solid line), the mean response spectra (dashed-dotted line) and the proba-

bilistic response spectra (dashed lines which from top to bottom correspond to p =0.99,
0.90, 0.50, 0.10, 0.01) computed for optimal PTIFC AR(2) model in Figure 2.10, in-
cluding Brune’s source model. {a} 0.04-20s period, (b) 0.1-2s period.
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Figure 2.18. Comparison between the 5% damped response spectra of the "target” accelerogram
(solid line), the mean response spectra (dashed-dotted line) and the probabilistic
response spectra {dashed lines which from top to bottom correspond to p =0.99, 0.90,
0.50, 0.10, 0.01) computed for optimal PTIFC AR(2) model in Figure 2.10, including
Brune’s source model. (a) Velocity, (b) Displacement.
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line), the mean response spectra {dashed-dotted line} and the probabilistic response
spectra (dashed lines which from top to bottom correspond to p =0.99, 0.90, 0.50, 0.10,
0.01) computed for optimal PTIFC AR(2) model in Figure 2.10, including Brune’s
source model. Structural parameters n = 3, n = 0.3 and ¢ = 0.05. (a) Acceleration,
(b) Velocity.
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0.01) computed for optimal PTIFC AR(2) model in Figure 2.10, including Brune’s
source model. Structural parameters n = 3, n = 0.3 and ¢ = 0.05. (a) Duectility, (b)

Residual Ductility.
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Chapter 3

Parsimonious Probabilistic Modeling of
Strong Ground Motion

3.1 Imtroduction

In Chapter 2, stochastic second-order differential and difference equations were
found to be adequate in modeling the details within a segment of the ‘ground ac-
celeration time history. However, the large number of parameters involved in rep-
resenting the temporal nonstationarity in both the amplitude and the frequency
content of ground motion, make the model inappropriate to incorporate in seismic
risk studies and to use in constructing future acceleration time histories at a site
consistent with a given seismic environment. The purpose of this chapter is to in-
corporate a small number of physically meaningful parameters in the second-order
model in such a way that the model captures the essential features of the motion
for the purpose of computing dynamic response. The findings in Chapter 2 will
provide the background for proposing more parsimonious models. For this, the
coefficients of the stochastic second-order differential and difference equations are
treated as.slowly-varying. Important statistical quantities such as the autocovari-
ance function and evolutionary power spectral density function are first developed
and simplifications are further introduced for broadband processes in Section 3.2.
In Section 3.3, appropriate conversion relé;,tidnships are developed to link the con-
tinuous and the discrete formulations. A nine-parameter ground motion model is
proposed in Section 3.4, Numerical results for verifying the adequacy of the model
are also presented. Several remarks on the practical application of the model are

given in Section 3.5.
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3.2 Stochastic Second-Order Differential Equations with Variable
Coefficients
The earthquake ground acceleration y(t) at a site is treated as a stochastic

process described by the second-order linear differential equation

§+ 2¢,(t)wg(t)g + wg(t)y = f(t)e(t), ' (3.1)

where a dot denotes derivative with respect to t, ¢;(t}, wy(t) are in general time-
varying coefficients, f(t) is a deterministic function and e(t) is a zero-mean Gaussian
white-noise process. Egquation (3.1) is a special case of the set of equations (2.3).
The statistical properties of the process generated by (3.1) are next studied and

simplified for slowly-varying coeflicients and broadband processes.

3.2.1 Anutocovariance Function

Using the generalized Duhamel’s integral, the value of the process y(t) at
time ¢ is

y(t) = [rear@ewas, (3.9)

where h{t,s) is the impulse response function of the system. Making use of (3.2)
and the property (2.5) of the white-noise process, the autocovariance function of
the stochastic process y(t) has the integral form

min{t,a)

Ry, (t,8) = [ h(t, 7Y h(s,7) f2 (r) dr. | (3.3)

0

Letting s = ¢ in the expression for the autocovariance function, the instantaneous

variance R, (t) of the process y(t) takes the form

Ry () = B[] = R (1) = | B2 (t,7) 12 () dr. (3.4)

Under the assumption of slowly-varying coefficients, stated in mathematical terms

as:

M= <1 wmd ) = rwﬁf)(ggl(i)

2a () wy () <1 (9
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where o (t) = ¢ (t) wy (t) and wy (t) = wy (t) /1 —¢2(t), an approximate closed-
form solution for the impulse response function A(¢, s) is derived (Appendix A.1) in

the form:

b e) = exp [_ f: o (7) dT] sin [/jwd () dr] s 1> s.

wq (t) wa (s)
=0;i<s

(3.6)

The impulse response is an exponentially-decaying oscillatory function with
instantaneous rate of decay governed by the bandwidth a,(¢) and instantaneous
frequency of oscillations w4(t). In the special case of constant w, and ¢,, expression
(3.6) simplifies to the well-known exact expression for the impulse response func-
tion of a differential equation with constant coefficients. For the linear differential
equation (3.1), the instantaneous relaxation time is 7.(¢) = 1/a,(t). This time
gives a direct measure of the correlation time 7, of the output stochastic process
y(t). An approximate measure of the time 7,,(s) required for h{t, s) to decay below
n percent of its maximum value is |

Tn(s) > —In (0.01n) fIRX {Teor(t)} (3.7)

This value which depends only on the instant bandwidth ag(t) of equation (3.1)

decreases as the bandwidth increases.

Using the approximate form (3.6) for the impulse response function, the general

expression for the autocovariance function of the process y(t) becomes

Ry, (t,s) \/__r]mm(t P (T) exp {—/jag (&) d€ — /: oy (€) dE]
sin { / wa (€) 45] sin [ / s (8) df] dr.(3.8)

Next, the special case of wide-banded processes is considered. The statistical

properties of y(t) are examined for white-noise excitation and then the results are

extended to the case of slowly-modulated white-noise excitation.

Consider the case where og4(t) is “sufficiently” large or, equivalently, the corre-

lation time 7., is “sufficiently” small so that the slowly-varying coeficients ay(t)
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and wgy(t) can be assumed to remain constant over the time interval [t — r,,¢].
For small enough n, the contribution to the value of the integrals in (3.8) comes
mostly from the integration in the interval [s — 7,,, 5], while the remaining contribu-
tion is negligible. Neglecting the contribution of the integation outside the interval

[s = Tn,s] in (3.8), the autocovariance function is further approximated by

Ruy () B2 = [ 12 1) xp 20, (6) (5 = )

w3 (s)
sinfwg(s) (s — 7)]sin|wa (&) (t —7)]dr ; t>s (3.9)

In the special case of a white-noise input, that is, f() = fo, the integration in

(3.9} is performed analytically, leading to

R{Y) (t,5) = r{2) (r,8) + A(t,5) (3.10)

rlw) (r,s) = foexp [_ag (s) IT”
’ 4wy (s) wa (s) ey (s)

cos{wa (s8) 7| —dg(s)), T=t—s, (3.11)

exp [—ay
4w3 (s

+ 3]

t 1
+ T @), o (812

Aftys) = °e"i’£d Ersg) EU 3 g +5)] [gg () coswq () (t +8) — /1 — ¢2 (s)sinwa (s) (t + s)]
gs) (

and tand, (s) = 4 (s) /wa (s} . The variance of the process y{t) takes the form

R (1) = R (t,t) = rg;w) (t) + B (t) (3.13)
where
r) (g = ——JO
() () EAnEND) (3.14)
e~ 2ag(t)t
B(t) =

fota 7 (8) wg (1)

1 S
s*g T ) + ¢y (2) cos (2wg (t) £) — /1 — ¢2 (¢)sin (2wq (t) t)] (3.15)
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For “sufficiently” large ¢ and s, depending on the value of «o,(t), the contribution
of the terms A(t,s) and B(t) containing the exponential factor exp[—ay(s){t + s)]

becomes negligible.

For large time difference r, the presence of the exponential factor in (3.11)
leads to negligibly small values for rs(,‘;)(r, ). For smaller 7, which yields significant
values for r,(,'z',’)(r, s), the coefficients a,{s) and wy(s) are assumed to remain almost
constant throughout the interval [s,t], and therefore the autocovariance function
in the neighborhood of the time s depends approximately on the properties of the

system at the time s only.

For a slowly-varying function f(¢) whose value can be assumed to remain essen-

tially constant over the time interval [s—7y, 8], expression (3.9) can be approximated
by

Ryy(t,s) m ryy (1,8) = "g(;z) (r,8) f2 (s) : (3.18)

Also, for this case, the variance is given by

Ry (t) = B{™) (2) £ (1) (3.17)

The exact autocovariance function can be obtained numerically by treating
equation (3.1) as a two-dimensional vector differential equation. The covariance
matrix of the output vector process then satisfies the Liapunov matrix differential
equation. Its numerical solution is used as a reference later in the applications to

check the accuracy of the analytical approximations (3.16) and (3.17).

3.2.2 Evolutionary Power Spectral Density Function

A discussion on the evolutionary spectral representation of a stochastic pro-
cess is given in Appendix A.3. Using Priestley’s definition, the EPSD function of
the stochastic process y(t) is derived in Appendix A.3 in the form

t 2
S,y (w,1) = fo h(t,s) f () e=(t=2)ds (3.18)

If we assume as before that the bandwidth o,(t) is “sufficiently” large so that

ay(t) and w,y(t) can be assumed to remain essentially constant over the time-interval
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[$ — 7w, s], then (3.18) takes the approximate form:

1 2

Syy (w,t) = wg (t) l /-_m f (s) exp [—ey, (t) (t — s)]sin [wd (t) (t — s)] e~ wit—9) 4o
(3.19)

In the case of white-noise excitation, that is, f(t) = fo = constant, the inte-

gration in (3.19) can be performed to obtain:
Syy (w,t) = |H (w,1) |2f(?$ (3.20)

where H(w,t) has the form:

1
—w? + w2 (t) + 20, (t) wi

H(w,t) = (3.21)
The quantity H(w,t) can be viewed, in an approximate sense, as the Fourier trans-
form with respect to 7 of the impulse response function h(t + r,t) referred to time
t, that is,
m 3
H(w,t) = [ h(t+rt)e“Tdr (3.22)
) - 00
For a slowly-varying envelope function f(t), the expression for the EPSD is
approximated by:
Syy (w,t) = |H (w,8) 212 () (3.28)

3.2.3 Relation Between ACF and EPSD Function

It can be seen that in the case of sufficiently large value of a4{t) in addition

to oy (t), w,(t) and f(t) being slowly-varying, the covariance function and the EPSD
are related by:

[+ o]

Ry, (t+1,t) = / Syy (w,t) ¥ dw, | (3.24)

00
i.e., Ryy(t+7,t) is the Fourier transform of the EPSD as it is in the case of constant
coeflicients. Therefore, the EPSD is also, in an approximate sense, a complete
description of the stochastic process y(t), since the crucial quantity Ry, (t + r,t) is
completely determined. The EPSD can be viewed as the frequency decomposition

of the total energy at time t.
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3.3 Discrete Equation and Its Relation to the Continuous One

The values of the continuous stochastic process y(t) at regular time intervals
At form the discrete stochastic sequence {y(kAt)}. Let yx be an approximation to
the value of y(t) at the time t = kAt¢, then the sequence {y;} is assumed to satisfy

the second-order difference equation:
vk — a1 () yam1 — a2 (k) s = o () e (3.25)

where a1 (k), as (k) are slowly-varying coeflicients, o (¥} is a deterministic envelope
function and ez , k = 1,..., N is a discrete zero-mean, Gaussian white-noise process
satisfying (2.8). As in the stationary case, conversion relationships between the
parameters of the continuous and the discrete equation are obtained by imposing
two conditions. The first condition enforces the free vibration solutions of the
discrete and the continuous equation to be equal at time t; = kAt , k=1,...,N.
Therefore, the two linearly independent solutions zf) and a:,(f) of the homogeneous

part of the continuous equation must satisfy:
2 (te) —ay (k) 2 (teo1) —az (k) ) (tz-2) =0, i=1,2, k=1,...,N. (3.26)

It is shown in Appendix B that the above condition results in the approximate

relationships:
ay (k) = 2exp (—w, () ¢ (tx) At) cos (wg (tx) /1 — ¢2 (tk)At) (3.27a)
as (k) = —exp (—2w, (tr) ¢, (tx) At) - (3.27h)
For time-invariant coefficients, relationships (3.27) are exact and independent of the

index k.

The second condition, which relates the forcing parts of equations (3.1) and
(3.25), enforces the autocorrelation functions of the discrete and the continuous

process to be equal at the points of definition of the discrete process, that is,
E{y(tx)y (t;5)] = E [yys] - (3.28)

The covariance function of the discrete process is derived in Appendix C and
using equation (3.28) it leads to the relationship

_ f{ts) VAL
o(k) = T )

exp [—ay (t) At]sin{wg (tg) At] . (3.29)
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The assumption of slowly-varying coefficients a,(t) and wgy(t) is involved in the
approximations (3.27) and (3.29). According to the relationships developed herein,
the coeflicients of the discrete model are interpreted in terms of the coefficients of

the continuous model, and vice versa.

3.4 Parsimonious Ground Motion Model

From the previous analysis, it is concluded that the well-known expressions for
the autocovariance function and PSD function of stationary processes generated by
stochastically-excited second-order differential equation with constants coefficients
wg, ¢z and f, can be extended in an approximate sense to the case of slowly-varying
coefficients and heavily-damped equations by just replacing the constants in the
stationary expressions with the corresponding time-varying ones. Therefore, the
statistical structure of the stochastic process at time ¢ is approximately equivalent
to the statistical structure of the stationary process generated by equation (3.1)

holding its parameters w,(t), a,(t), and f(¢) constant at their values at ¢.

Guided by the properties of the stationary process, the EPSD function provides
all pertinent information regarding the frequency and amplitude content of the
stochastic process y(t) at time t. The model coefficients w,y(t), ay(t) and f(t) have
the following interpretations. The instantaneous frequency wgy(t) is an approximate
measure of the predominant frequency present in the process at time t. The damping
ratio ¢g(t) is an approximate measure of the frequency range around wy(t) which
contributes strongly to the output at time t. Using (3.17) to account for the effects
of the time variation of wgy(¢) and ¢,(t), the form of the modulation f(¢) determines
the output variance R, (t) of the stochastic process at time t. The time variation
of R,(t) specifies the way the variance of the stochastic process y(t} changes with
time independently of its frequency content. Such interpretations are not true if
the assumptions requiring the process to be broadband and coefficients to be slowly
varying are removed. For lightly-damped processes and substantial changes of the
model coefficients, the frequency decomposition of the process at time ¢ is given by
the integral form (3.18).

The previous concepts are next applied in the modeling of ground motion. The
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time variation of wgy(t), ¢ {t), and Ry (t) is chosen such that the stochastic process
y(t) resembles certain features observed in real accelerograms. In order to make the
model efficient to use in seismic risk analyses and in future predictions of acceleration
time histories from a given seismic environment at a site, parametric functions need
to be constructed for the time variation of the model coefficients in terms of a few
physically meaningful parameters. The parametric forms accounting for the time
variation of w,(t}, a,{t), and E,(t) should be consistent with physical considerations
and, in addition, they should be general enough to realistically account for the

nonstationarities observed in real accelerograms.

Based on detailed analyses of earthquake accelerograms in Chapter 2, an expo-
nentially decaying function for w,(t) and a linearly varying function for the band-

width a,(t), that is,

wy(t,8) = ¢y + dae~ e (3.30)
ag(t,8) = ¢4 + st (3.31)

provide an overall adequate fit to the observed average time-variation of these quan-

tities. Here, § are the model parameters and those defining the envelope.

The parameters ¢1, ¢2, and ¢ in the expression for wy(t,8) can be related to
physical parameters accounting approximately for the dominant frequencies wy, w,,
and w, of the P, §, and surface waves present in the ground motion, respectively.
Since P-wave groups dominate the motion in the beginning, S-waves dominate at
the maximum, and surface waves dominate towards the end of the earthquake ac-
celeration time history, the relationship between the parameters ¢4, ¢, and ¢3 and

the parameters wp, w,, and w, can be obtained by assuming that

wp = wy(0,8) = @1 + ¢2 (3.32a)
Wo = Woltmazs8) = ¢1 + poe™#3tmen (3.325)
wr = wyfoo,8) = ¢, (3.32¢)

where ¢,, 44 is the time that the intensity of the ground motion attains its maximum.

. Solving for ¢, ¢4, and ¢3, and substituting into (3.30}, the expression for w,(t, 8)
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in terms of the parameters w,, w,, and w, is
(3.33)

The two parameter ¢4 and ¢5 in the expression for éy,(t,8) can be related to
the damping ratio of the second-order model at two different times. For example,
if ¢, and ¢ are the damping ratios corresponding a.ppr.oximately to P and surface
wave groups, respectively, and assuming that w(t,8) =~ w, after sufficient time t,,

then
a(0,8) = ¢4 = &Hwp, _ (3.34a)

and

Qg (t,.,ﬂ) = ¢4 + @5t = Gy (3.345)

In this case, the expression for a,(t,8) in terms of ¢, and ¢, is

, ,
ag(t,8) = wpge + (wrgr — wpfp)t—' (3.35)

The standard deviation I,(t) = \/Ry(t) of the output process y(t), which
accounts for the time-variation of the intensity of the accelerograms, is adequately

modeled by the envelope function

t+ ig

— B — —_—— .
I;(t) = IpamP exp[B(1—~1)], 7= T

(3.36)

For t5 = 0, envelope function (3.36) is the same as the one proposed by Saragoni
and Hart [1974] defined by Equation (2.1). In their work, the explicit parameters

o and ~ are related to the parameters 1,45 and .5 as follows:

g = .__'6_.. a = Inas (____e__..) ) (3.37)

tmaa; + tO , tma:c + tO

The parameters I,u; and #,q4; are the maximum intensity and the time of the
maximum intensity of the ground acceleration, respectively. The variable ¢g is the
time of the first non-zero acceleration before the triggering time, introduced to
provide flexibility in fitting the data, and it is not a real parameter in the model.

The parameter § is 2 nondimensional measure of the duration of the accelerogram.
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If the duration of strong ground shaking is defined by the time interval over which
the intensity is higher than, say, A percent of the maximum intensity I,.z, then
the duration t4y, is related to 3 by: -

Ldur

—_— =85 — 8 = Tgur 3.38a
tmam+t0 2 ! du ( )

where s, 83 are the roots of the equation

In(0.0W\) =B (lns;+1—s;), §=1,2 (3.385)

A nondimensional plot of the envelope (3.36) is shown in Figure 3.1(a) for different
values of 3. The nondimensional duration 74, is plotted in Figure 3.1(b) versus 3
for A = 10 and 20.

Incorporating these average trends into the second-order time-varying model
and including Brune’s source model (Section 2.7.3}, an earthquake accelerogram can
be completely characterized by at most nine parameters ¢y, ¢2, ¢3, ¢4, 5, Imaz,
tmaz, 3 and fo, forming a set §. Utilizing the discrete version (3.25) of the model,
the Bayesian methodology in Section 2.4.1 can be used efficiently to estimate the
optimal model, i.e., the most probable parameter set 4§ that provides, in a statistical
sense, the best fit to a “target” accelerogram. For this, the conversion relationships
(3.27a), (3.27b), and (3.29) between the discrete and the continuous formulation
are used, and the objective function (2.32) is minimized in terms of the parameter
set 4. The estimation procedure will be illustrated for specific accelerograms in the

next section.

3.4.1 Analysis and Simulation of Earthquake Accelerograms

The C048.1 and the El Centro Array, Stn 12 accelerograms given in Tables
2.1 and 2.2 are used as examples to demonstrate results and check the model ad-
equacy. Both records are chosen because they show a significant time-variation of
their correlation structure. The optimal models were computed for both accelero-
grams and the corresponding smooth variations of wy(t), a,(t) and I,(t) are plotted
in Figures 3.2 and 3.4. For comparison purposes, the results from the more detailed

modeling computed by the moving time-window approach in Chapter 2, are also
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shown in the same figures. The discrete model (3.25) is used to synthesize artificial
accelerograms. The original accelerogram and two simulations are shown in Figures
3.3 and 3.5 for each target accelerogram. From these figures, it is clear that the
nine-parameter model captures very well the average time variation of the ampli-
tude and the frequency content. -Also, simulations show characteristics similar to

those observed in real accelerograms.

The optimal model for the C048.1 record is next used to test the basic model
assumptions and check the accuracy of the approximations developed for the auto-
covariance function. Comparison of the approximate autocorrelation function {3.16)
with the exact one computed numerically is shown in Figure 3.6 for different times
s. The dotted lines in Figure 3.6 correspond to the exact autocovariance function
of the equivalent discrete process computed by using the conversion relationships
(3.27) and (3.29). A very good accuracy is observed which justifies the use of the
simple approximate expressions in modeling broadband ground acceleration time

histories.

The EPSD function of the optimal models corresponding to the two recordings
are shown in Figures 3.7(a) and (b). These figures demonstrate that the instan-
taneous frequency components that strongly contribute to the acceleration time
history shift to the lower frequencies as time advances. The effect of this shift on

the response of linear and nonlinear structures will be studied in Chapter 5.

3.4.2 Structural Response and Model Adequacy

The C048.1 record in Table 2.1 is used to study the structural response of
linear elastic and inelastic structures. The probabilistic 5% damped linear elastic
response spectra computed from the optimal model are shown in Figure 3.8 and
they are compared to the response spectra corresponding to the “target” accelero-
gram. Brune’s model with f, = 0.2Hz has been included to correct the very low
frequency components. The probabilistic inelastic response spectra for the accelera-
tion, velocity, displacement ductility, and permanent residual displacement ductility
are shown in Figure 3.9 and they are also compared to the inelastic response spectra

corresponding to the “target” accelerogram. The values of the structural param-
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eters (see Section 2.5) are n = 3, n = 0.3, and ¢ = 0.05. The level curves with
probability of 99, 90, 50, 10 and 1 percent to be exceeded are shown. The mean
value of each response parameter is also shown. It is expected that the 99 and 1
percent level curves on the spectral will provide a lower and an upper bound for the
response spectra of the "target” accelerogram. The response parameters computed
from the “target” accelerogram lie between the 1% and 99% level curves for almost
every range of initial structural frequencies. This is an indication that the ground
motion model performs well in modeling the features of ground acceleration for the

purpose of computing structural response.

The separation between the 1% and 99% level curves is directly proportional
to the sensitivity of the response to the details of the ground motion left random
by the ground motion model. It is observed that the lower the structural frequency,
the more sensitive the maximum displacement, velocity, and acceleration are to the
random characteristics of the ground motion model. From the maximum ductility
response statistics in Figure 3.9(c), the structure becomes inelastic with high prob-
ability for initial structural frequencies ranging from 2 to 10Hz. From comparisons
between the linear elastic and inelastic response statistics in Figures 3.8 and 3.9, the
maximum velocity and acceleration are less sensitive to the random characteristics
of the ground motion model than the corresponding elastic quantities in the fre-
quency range from 2 to 10Hz of strong inelastic response. Moreover, in this range,
the maximum ductility of the response is more sensitive to the random details of
the ground motion than the maximum displacement of the elastic system. Finally,
the residual ductility shown in Figure 9(d) is very sensitive to the random details

of the ground motion model.

3.5 Concluding Remarks

A new ground motion model was proposed to treat probabilistically the un-
certainty associated with the ground acceleration time history, and to model with
at most nine parameters the features of the acceleration time history which are
important for computing dynamic response. Using relationships (3.32), (3.35), and

(3.38), the parameters in the set g of the model can be explicitly expressed in terms
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of the more physical parameter Iaz, tmazs tdurs fos Wpy Wey Wy, §p and ¢. These
parameters account for the maximum acceleration, the time that the maximum
occurs, the duration of shaking, the corner frequency and the average dominant
frequencies of the different wave groups present in the accelerogram. One could
benefit from the simple interpretation of the model parameters to construct full

acceleration time histories with certain desired characteristics.

The probabilistic methodologs,r developed in Chapter 2 to extract the “opti-
mal” nonstationary discrete model from an actual accelerogram was successfully
demonstrated by using specific accelerograms that show significant time variation
in both amplitude and frequency content. The methodology, which treats simulta-
neously the amplitude and frequency content nonstationarities, is much simpler to
implement than other methods. The discrete model provides an efficient algorithm
for the systematic processing of a database of accelerograms, and therefore asso-
ciates each accelerogram with at most nine parameters. An important application
of such a database would be to employ appropriate seismic risk analyses to prob-
abilistically relate the model parameters with variables accounting for the seismic
environment at a site. This will provide the means of predicting the full accelera-
tion time histories at a site by probabilistically specifying the nine parameters of
the model. '

Extracting a stochastic model from an accelerogram also allows the sensitivity
of the structural response to the details of the ground motion to be examined,
while the overall features of the excitation are fixed. The discrete model provides a
simple and computationally efficient algorithm for the generation of an ensemble of
artificial digitized accelerograms with similar characteristics to a given earthquake
accelerogram, and it treats probabilistically the uncertainty associated with the
acceleration time history. These simulated accelerograms could be further used in
response studies of linear elastic and inelastic structures, The results of such studies
indicate that the lower the étructural frequency of linear structures, the more the
displacement, velocity and acceleration are sensitive to the details of the ground
motion. Also, the more inelastic the response of a structure is, the less sensitive the

maximum velocity and absolute acceleration is to ground motion details. However,
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the maximum ductility and especially the residual ductility of the inelastic Tesponse
are very sensitive to the details of an acceleration time history which has its overall

features fixed.

The simplified statistical structure of the continuous model is promising for
incorporating the ﬁodel in analytical random vibration studies and for mathemati-
cally studying the importance of the temporal nonstationarity in both the amplitude
and frequency content of ground motion on the response of both linear and nonlinear

structures. These studies are presented in the next two chapters.
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Figure 3.1. (a) Nondimensional time variation of the ground motion intensity for different values
of 8. (b} Relation between the nondimensional duration and g for A = 10 and A = 20.
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Chapter 4

Transient Response Characteristics of Stochastically
Excited Linear and Nonlinear Systems

4.1 Introduction

The stochastic properties of the response of a structure subjected to a stochas-
tic excitation are completely defined by the joint probability density functions of
the response. For linear structures and for Gaussian excitation, the respomnse is
also Gaussian. Therefore, only the mean and the covariance response is needed to
completely determine the joint probability density function of the response. The
problem of determining the covariance response of a linear structure subjected to
nonstationary excitation has been well-formulated. A selective review of the ex-
isting methods may be found in Hou (1990). Among the different methods, the
Liapunov direct method is often used to obtain numerical solutions for the covari-
ance response. In the case of lightly-damped structures and wide-banded excita-
tions, approximate methods (Caughey and Stumpf, 1961, Spaﬁos, 1983 and Igusa
1988) have been introduced to considerably simplify the problem. For wide-banded
excitations, such as earthquake ground motion, with nonstationarities in both the
amplitude and the frequency content, the existing approximate methods often result
in significant errors. The reason is that in the range of system and excitation param-
eters of practical interest, the assumptions for the validity of the approximations

are violated.

In this chapter, an approximate method is developed to considerably simplify
the original equations for the covariance of the nonstationary response of linear
systems for a broader range of system and excitation parameters. The method treats

wide-banded excitations often encountered in earthquake applications. The basic
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idea is to approximate the Liapunov differential matrix equation for the mean-square
response of a structure by a much simpler lower-order differential equation. For the
case of single-degree-of-freedom {SDOF) oscillators, the approximations cover any
range of oscillator parameters and they are not restricted to the case of lightly-
damped oscillators as in Spanos(1983) and Igusa (1988). In addition, conditions
for the approximations to be correct as well as higher-order terms that improve the
approximations are derived. Multi-degree-of-freedom (MDOF) linear systems are
also treated to considerably improve the existing approximations (Bucher, 1988),

and to extend their range of applicability to nonstationary non-white excitations.

The response of nonlinear SDOF structures is also considered. Extensive re-
views regarding the nonlinear random vibration problem may be found in Graendall
and Zhu (1983), and Spanos and Lutes {1986). For the purpose of this study, tran-
sient equivalent linearization is used to replace the equation of motion of a nonlin-
ear SDOF oscillator by an equivalent second-order linear differential equation with
variable coefficients. For a Gaussian excitation, this approximate solution technique
assumes that the response is also Gaussian and, therefore, its statistical properties
are coxﬁpiete]y determined by the mean and the covariance of the response. Con-
sidering the equivalent linear system, the Liapunov differential matrix equation for
the covariance of the résponse becomes nonlinear. Assuming that the equivalent
linear coefficients are slowly-varying functions of time, a similar formulation to that
of the linear oscillator is developed to considerably simplify the equations for the
‘mean-square and the covariance of the response of the equivalent linear oscillator.
The approximate analysis developed for the linear SDOF oscillator is used as a

guide for treating the case of the nonlinear SDOF oscillator.

Besides the considerable simplifications attained by the approximate formula-
tion, they also provide insight into the nonstationary response characteristics of a
linear and nonlinear SDOF oscillator under the following assumptions, i} the excita-
tion process is broadband with slowly-varying correlation structure (e.g., earthquake
loads), and ii) the coefficients of the equivalent linear oscillator are slowly varying
functions of time. Similarities and differences with the stationary response char-

acteristics are also explored. Simplified example excitations as well as the realistic
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earthquake excitation described in Chapters 2 and 3 of this thesis are used to verify
the accuracy of the approximations. The results indicate that the essential be-
haviour of the response is preserved without significant loss of accuracy, which is

often of the order of 1% for cases of practical interest.

4.2 Mathematical Formulation of the Response

Let the response of a stochastically excited linear or nonlinear SDOF oscillator

be governed or approximated by the differential equation
E(2) + 2e(t)2(t) + w3 (t)z(t) = G(¢) (4.1)

where a(t) = ¢(t)w(t) and w(t) are deterministic time-varying coefficients and the
excitation G(¢) is assumed to be a zero-mean Gaussian stochastic process. In sum-

mary, the equation of motion (4.1) arises in the following situations:

1. Modal analysis of linear MDOF structures subjected to random loads. Equa-
tion (4.1) corresponds to the modal equation with constant modal frequency
w(t) = wo and constant damping ratio ¢(¢) = ¢. Usually ¢ << 1 with typical
range from 0.01 to 0.1.

2. Transient equivalent linearization applied to a stochastically excited nonlinear
SDOF oscillator. Equation (4.1) corresponds to the equivalent linear systems
with equivalent frequency w(t) = we,(@(¢)) and equivalent damping ratio ¢(t) =
¢eq{@(t)), where Q(t) is the mean-square matrix of the state vector (z(t), £(t))7.
For strongly excited nonlinear structures, the assumption ¢,(Q(f)) << 1 need

no longer be valid.

3. Modeling of stochastic loads to use as inputs for structural response studies
with w(t) and ¢(¢) being prescribed functions of time. Specific examples are
the general class of models proposed in Chapters 3 with evolutionary power
spectral density function, and the well-known Kanai (1957) and Tajimi (1961)
model. In ground motion modeling, the process z(¢) is usually broadband with

typical values of ¢(t) ranging from 0.2 to 0.6.

For mathematical convenience, equation (4.1) is rewritten in state-space form
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z(t) = A()z(t) + g(t) (4.2)

_ [ =z{t) (0 1 (.0
0= (50) 40=(_30 oy ) 20-(gly) G
From the linearity of equation (4.1) and the Gaussian assumption of the excitation,

the response vector (z,%)7 is also a zero-mean Gaussian stochastic process.

The solution of equation (4.2) in terms of the principal matrix ®(t,7) is

) :
2(t) = 8(.0)2(0) + [ 8(t,7)g(r)dr (4.4
0
The principal matrix ®(¢,7) is obtained from the solution of the system

&(t,r) = A(t)®{t,7)

o(r,r) =1 s

where < . > denotes differentiation with respect to the independent variable ¢. For a
time-invariant matrix A(t) = A, a closed-form solution can be obtained for the prin-
cipal matrix ®(¢,r) which depends on the time difference ¢t — 7. For a time-variant
matrix A(t) a closed-form solution does not exist, in general, and numerical inte-
gration is necessary. For slowly varying A(t), however, an approximate closed-form
solution can be obtained. Such an approximation, together with the appropriate
conditions for its validity, are derived in Appendix A, and it will be used later in

this analysis.

4.2.1 Mean-Square Response

Let Q(t) = E[z(t)z7(t)] denote the mean-square matrix of the response.
Assuming zero initial conditions for z(t), Q(t) is obtained by the solution of the

Liapunov differential matrix equation

Qt) = A)Q(H) + Q1) AT (2) + L(#) + LT (1)

Q(0) = 0 (4.6)
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where .
L(t) = /0 3(t,7) Elg(r)g” (0)}dr (4.7)

The Liapunov differential matrix equation is nonlinear for a stochastically equivalent
linear system since the matrix A(t), and the principal solution ®(¢,7) appearing in

the “forcing” integral term L(2), depend on the solution matrix Q(t) in this case.

Let ¢;4(t), ¢ = 1,2, 7 = 1,2 denote the entries of the covariance matrix Q(t) and
L;;(t), 1= 1,2, 7 = 1,2 denote the entries of the matrix L(t). From the symmetry

of Q(t), equation (4.6} can be cast in the component form

d11(t) = 2¢32(t) (4.8a)
d12(t) = ga2(t) — w2 () qui(t) — 2a(t)q12(t) + L1a(2) (4.8b)
daa(t) = —2w?(t) qua(t) — 4a(t) gaa(t) + 2Laa(t) - (4:8¢)

4.2.2 Covariance Response

Let S(t,s) = E[z(t)z’(s)] denote the covariance of the response vector z(t)
between the times ¢ and s, then the differential matrix equation for obtaining S(2, s)
is .

S(t,s) = A@)S(t,8) +UT(t,s), t=>s

(4.9)
S(s,s) = Q(s)

where \
Ult,s) =/(; &(s,7)E[g(r)gT (t))dr t2>s (4.10)
with U(t,t) = L(t).

For the special case (4.3) of the vector equation (4.2), the quantity U(t, s) is
simplified to

0 /0 " B13(5, 1) E[G(E)GT (r))dr

Ult,s) = s
( ) 0 L@gg(&,f)E[G(t)GT(T)]dT

(4.11)
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4.2.3 Special Case: Modulated White-Noise Excitation

The case of second-order linear systems with modulated white-noise excita-
tion is of special interest for the following reasons. It simplifies the formulation for
the covariance response, it provides the essential characteristics for the mean-square
response of wide-banded modulated nonwhite excitations, and it is often used to

model stochastic structural loads. Let
G(t) = Ft)e(t)  (a12)

be a modulated white-noise process, where f(¢) is a deterministic envelope function

and e(t) is a stationary white-noise process with properties
Ele(t)] =0 and Ele(t)e(s)] =6(t—s) (4.13)

Under such an excitation, the forcing integral terms L(¢) and U(¢, s) which appear

in the formulation of the covariance matrix equation simplify to
Lia(t) = f2(t)®42(t,2) = 0
Laa(t) = F2(£)®22(t,t) = f2(2) (4.14)
U(t,s) =0, t>s

and, therefore, they are independent of the principal matrix solution &(¢, 7). Solving
equation (4.9), the covariance of the response at two different times t and s can be

expressed in terms of the covariance response for t = s as

S(t,s) = @(t,5)Q(s) (4.15)

Onmnce the mean-square matrix of the response has been found, the covariance of the

response can easily be obtained by using (4.15).

For the general non-white excitation, the numerical integration for computing
the mean-square matrix or the covariance matrix of the response is usually time-
consuming because of the additional numerical integration required for each time
step to evaluate the convolution integral (4.7) or the integral (4.10), respectively.
One of the purposes of this study is to approximate these integrals by simple al-

gebraic expressions, and therefore to reduce considerably the computational time.
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Most of the results are presented for the mean-square response and they can be
easily extended to evaluating the covariance response since the integral (4.10) is
similar to the convolution integral (4.7). In the analysis that follows, it is assumed
that the oscillator is underdamped (¢ < 1). The case of linear SDOF oscillators
is first treated and then the approximate formulation is extended to the case of

nonlinear SDOTF oscillators.

4.3 Formulation for the Mean-Square Response of Linear Time-
Invariant SDOF Oscillators

For a linear SDOF oscillator with angular frequency wo and damping ratio ¢,
the Liapunov differential equation (4.8) for the transient mean-square response is

linear with time-invariant coefficients w(t) = wo and ¢(t) =¢.

4.3.1 Mean-Square Displacement

Eliminating g2(t) and g22(¢) from the set of equations (4.8), the following

third-order differential equation in terms of ¢;; (¢) is obtained

afP (6) +6aq(? (t) + [4F + 8a7] o{) (t) +8awfqrs (¢) = 4Laa(t) +8aLis(t) + 2Lua(?)
(4.16)
The characteristic equation has one real negative root p; = —2¢wp and two complex

roots pa = —2¢wg + 12w/ 1 — ¢2 and ps = ~2¢wg — 12wg+/1 — ¢2. Therefore, the
third-order linear differential equation for g;;(t) can be split into the first-order

linear differential equation
tju(t) -+ 2aq11(t) = 2r(t)

711(0) =0
associated with the real negative root, and the second-order linear differential equa-

(4.17)

tion :
#(t) + daF(t) + dwir(t) = g(2)

r(0) =0, #0)=0

for the term r(t), which is associated with the two complex roots. The forcing term

(4.18)

of the second-order linear differential equation is

g(t) = 2L05(t) + 4aLyo(t) + Lia(t) (4.19)
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and it simplifies to g(t) = f%(t) for the modulated white-noise excitation (4.12).

The mean-square displacement response satisfies a first-order differential equa-
tion which is less complicated and more workable than the third-order differential
equation (4.16). The forcing term r(t) is still complicated and it is obtained by in-
dependently solving the second-order differential equation {4.18}. As it will be seen
later, the dynamics of the first-order differential equation provides all the essential
characteristics of the response while the dynamics of the second-order differential

equation has secondary effects on the mean-square response.

Spanos (1980, 1983) used an entirely different approach to obtain a first-order
differential equation similar to the equation (4.17) obtained herein. In his formu-
lation, Spanos used the stochastic averaging method where he introduced in the

beginning of his analysis the following approximations:
a. The SDOF oscillator is lightly-damped;
b. The excitation is broadband and its EPSD is slowly varying; and
c. {exzcitation strength} = O(¢)x{response strength}.

‘The present analysis is general and it does not incorporate any approximations.
It results in a first-order differential equation for the mean-square displacement,
similar to that obtained by Spanos, with the only difference being in the forcing
terms. Our forcing term is a generalized function r(t) given by (4.18) and does not
incorporate any approximations. It turns out that under the approximations used

by Spanos, the two formulations yield identical results.

4.3.2 Mean-Square Velocity

Using the first-order differential equation (4.17) for the mean-square dis-
placement and (4.8b), the mean-square velocity g22(t) is related to the mean-square

displacement ¢y (t) by the simple algebraic expression

g22(t) = wigyy () {1 + €22(t)} — L12(t) (4.20)

where

e22(t) = %@T (4.21)
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4.3.3 Mean-Square Absolute Acceleration

If —G(t) represents the base acceleration of the oscillator, then the absolute

acceleration a(t) of the response is given by
a(t) = #(t) — G(t) = —2ax(t) — wiz(t) (4.22)

Using (4.8a), (4.17), and (4.20), the mean-square absolute acceleration gq(t) =
E[a?(t)] is related to the mean-square displacement g;(t) of the response by the

simple algebraic expression

ga(t) = wj (14 4¢%) q1(t) {1 + €a(t)} — 4¢°wf Laa(2) (4.23)
where e "
Ea(t) = 1—+4_§5€22(t) + Weu(t) (4.24&)
and . .
€12(t) = ﬁ%l(:)(ﬁ (4.248)

4.3.4 Displacement-Velocity Correlation

Using (4.17) and (4.82), the quantity g¢;2(f) is related to the mean-square

displacement ¢y, (t) of the response by the simple algebraic expression

q12(t) = —agu1(t) +r(2) (4.25)

4.3.5 Similarities Between Transient and Stationary Mean-Square
Response '

The expressions for the transient mean-square response are a generalization

of the expressions

2L90 +4alys
= 4.26
q11 daw? (4.26}
_ .2
q22 = wyqu1 — L1a (4.27)
fa = wi(1+4¢%) 11 — 4¢°wi Ly (4.28)
q12 =0 (4.29)
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governing the stationary response of a SDOF oscillator excited by a stationary
stochastic process. Relations (4.26) to (4.29) can easily be derived by setting Q=0
in the Liapunov matrix equation (4.6). The mean-square velocity and the mean-
square absolute acceleration of the nonstationary response are related to the non-
stationary mean-square displacement by simple algebraic expressions which could
be viewed as a generalization of the stationary relations (4.27) and (4.28), respec-
tively. The additional terms €35(t), €12(t) and eq(t) appearing in the expressions
(4.20) and (4.23) account for the nonstationarity of the response. As it will be seen
in the numerical results in Section 4.4.2, €34(2), €12(t) and €,(t) are in general small
compared to unity and they can be neglected. Therefore, the mean-square velocity
and absolute acceleration can be obtained in terms of the mean-square displacement
by the stationary relations, after replacing the time-invariant quantities with the

time-varying ones corresponding to time t.

4.3.6 Exact Solution for the Mean-Square Response

The solution of equation (4.17) can be derived in terms of the convolution

integral
t
q11(t) = 2] e~ 26wot=")p(r)dr (4.30)
0 .

where r(t) is obtained by the solution of (4.18) in terms of the convolution integral
1t

r(t) = = [ e H9ol=7) gin 2wyt — r)g{r)dr {4.31)
2&)& o

Substituting the integral form (4.31) for »(¢) into (4.30), interchanging the order
of integrations and after algebraic manipulations, an exact solution for ¢1(¢) is

derived in the form

t t
qu1(2) = e 2woli=")g(r)dr — ‘2"1—2 _/ e~ 2590 (t=7) cos 2wy(t — 7)g(r)dr
w3 Jo

(4.32)

For certain ¢(t), it is possible to evaluate these expressions analytically and so

2

obtain an exact closed-form solution for the mean-square response. If the integra-
tions cannot be performed analytically, it is more efficient to numerically integrate

equations (4.8), rather than the integrals in (4.32).
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4.3.7 Exact Solution for the Covariance of the Response: Modulated
White-Noise Excitation
For modulated white-noise excitation, the covariance of either the displace-
ment or the velocity or the aLbsolute acceleration of the response has been derived
in Appendix E in the form
/ | cos [wa(t — ) + ¢(s)]
cos [¢(s)]

where g(s) is the mean-square of the displacement, or the velocity or the absolute

S(t,8) = ¢(s) exp (—a(t — s)) (4.33)

acceleration of the response, respectively. The expressions for ¢(s) corresponding
to a particular response quantity are given in Appendix E in terms of the system
parameters and the mean-square matrix of the response, The above expression for
S(t,s) is exact, simple, gives more insight than the original expression (4.15), and
it holds for any range of oscillator parameters. Additional simplifications for S(2,s)

depend on simplifying the expressions for the mean-square response.

4.4 Approximation for the Mean-Square Response of a Linear

Time-Invariant SDOF Oscillator

The objective of the following sections is to approximate the mean-square
displacement of the response in such a way that the essential features of the response
are preserved without significant loss of accuracy. An efficient way to do this is to
use the two-timing method to solve the second-order differential equation (4.18) for
an arbitrary forcing term g(t). The slow time is governed by t and the fast time
r = wpt is governed by the reciprocal of the “high” angular frequency wg. Doing

so, a series expansion for r(t) is derived (Appendix D) in the form:

_ 98 ], 40 1
“”Www{lgmw(ﬁfﬁg
1) g(o%t) 9( = 1,2§2))

2wog(t)  2wog

1 ey 000 (0) AV
(14”p%mm+@mwm¢(ﬁt?’“ “0

> g(i)(t) > ﬂ"q)—‘ sin a
+ ZO ((ZWQ)ig(t)) -+ ZO ((2w0)1‘g(t) © (ps ¢)>} (4.34a)

=3 =3
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where the function ¢ (p,sin ¢) has the exponentially decaying oscillatory form

© (p,sin @) = pexp (—2¢wot) cos (2wat + @) (4.34b)

The first three terms in the series expansion are derived and only the order of
magnitude of the higher-order terms is shown. The solution for r{t) consists of a
non-oscillatory term plus an exponentially decaying oscillatory term with period of
oscillations 7/w4. In general, the solution of (4.17) to each non-oscillatory term
in the expansion for r(t), cannot be obtained analytically. However, for the i-th
oscillatory term denoted in general by

g% (0)

,-EO) (8) = pi=——— exp (—2¢wot) cos(2wat + ¢5), (4.35)
(2wo)

an exact analytical solution exists in the form

; g0

@) = L7 o (Cacwot) fsin(@wat + ¢1) ~ sin(4:)] (4.36)
2wy (2(.00)

and gives the contribution to the value of g,1(¢) due to the i-th oscillatory term in

r(t). It is interesting to note that the magnitude of the oscillatory terms in r(z)

is divided by the damped angular frequency wy in the corresponding solution for

g11(t), and its magnitude depends on ¢(*)(0)/(2wo)?, 1 = 1,2,....

For heavily-damped oscillators, that is for large ¢, the oscillatory terms decay
quickly to zero. A feel for the time interval over which the oscillatory terms con-
tribute significantly to the value of the quantity r(¢) can be gained by considering
that for a fixed ¢ each oscillatory term decays to n% of its maximum value after

pr = In(100) — in(n) - 2 (4'37)

2me

cycles of oscillations with period n/wg. The value of pr versus ¢ is graphed in
Figure 4.1 for different values of n. For lightly-damped oscillators, that is ¢ << 1,

the oscillatory terms persist for several cycles of oscillations.
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4.4.1 Approximate First-Order Differential Equation for the Mean-

Square Displacement

The proposed approximations are a) to neglect the small oscillatory terms
in the series expansion, an assumption that preserves the essential features of the
response, and b) to treat g(t) as a slowly-varying function and, assuming that
g(0) = 0, to retain only the dominant term

g(t)
rolt) = —= 4.38

Substituting (4.38) into (4.17), the mean-square displacement of the response can

be obtained by solving the much simpler first-order differential equation

. t
d11(t) + 2¢woqu1(t) = g(;l‘ (4.39)
0
The solution of (4.39) is
. ,
g1 (t) = ——2w§ 6 e~ 2swe(t=")g(r)dr : (4.40)

and involves the evaluation of a convolution integral. Depending on the complex-
ity of g(t), the approximate mean-square displacement of the response can either
be obtained numerically by integrating equation (4.39), or alternatively, it can be

obtained analytically by simplifying the convolution integral in (4.40).

The conditions for neglecting the higher-order terms are directly determined

by the series expansion, and they are mathematically stated as

(_Z%%t_) <<1l, i=1,2,... (4.41)

These conditions specify how slow the forcing term g(t) should vary with time so
that the dominant solution ro(t) is an adequate approximation, and they will be
referred to as the “slowly-varying” conditions for g(t). For example, the condition
for 7 = 1 is roughly that the fractional change of g(t) over a cycle of oscillation is
much less that 47. An advantage of the series expansion is that even if the slowly-
varying conditions are violated, the dominant term can be corrected to any degree

of accuracy by including the next higher-order terms in the expansion.
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4.4.2 Accuracy of the Approximations using Modulated White-Noise
Excitation
Numerical studies are performed which are intended to verify the accuracy
of the proposed approximations for the transient mean-square response. For the
case of modulated white-noise excitation, the forcing term, equation (4.19}, admits

the simple and exact representation

g(t) = £2(t) (4.42)
where f(t) is the slowly-varying modulation.

Two kinds of modulation function which are widely used in earthquake en-
gineering are the following. (a) The exponential-type modulation (Shinozuka and
Sato) given by

flt) =a (et —eP%) (4.43)

for which both the exact and the approximate equations for the the mean-square
response can be solved analytically. (b) The Gamma modulation (Saragoni and

Hart) given by
: t
t..

for which an analytical solution for the exact or the approximate mean-square

F(t) = fmrPef"7), 1= (4.44)

response exists only in the case 23 =integer. All other values of # require numerical
integration of the exact or the approximate equation. An exact analytical solution
in terms of a series may be found in Hou (1990) and Iwan and Hou (1986) for any
value of 5. However, for 23 not an integer, the solution requires the summation of

an infinite series,

The Gamma modulation is used as an example to test the accuracy of the first-
order differential equation (4.39), and to illustrate the difference between the exact
and the approximate mean-square response. The most informative way to present
the results is to rewrite the governing equations in a dimensionless form. Define the
dimensionless time r = t/t,, where t,, is the time at which the maximum of the
Gamma modulation occurs, the number of cycles of oscillations = ¢,,/To needed
to reach the maximum, and the normalized mean-square responses
2

ru(r) = 4—?;—0“%1(*m7’) (4.45)
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4o

r22(1) = ?Zqz2(tmr) (4.46)
ria(r) = %gqm(tmf) (4.47)

which compare the responses to the equivalent stationary responses obtained for
a constant modulation with power f2. Then, the equations (8a-c) for the exact

mean-square response take the form:

r’ll(f) = 4mnria(T)
ria(r) = 217 (rza(r) = rus(r) = 2¢raa(r)) C (am)
raa(7) = 2mn ("2"12(") — d¢ran(r) + 4¢r?? ez;au_,))

The first-order equation for the approximate mean-square response takes the form
ri(r) + 4w (en)ryy (r) = dm(gn)r28 2P0-7) (4.49)

and it depends only on the product ¢ and not on ¢ and n alone. Both exact and
approximate solutions are obtained by numerically integrating equations (4.48) and
(4.49), respectively. The results are presented and compared in Figures 4.2(a-d) for
two values of 8 corresponding to different forms of the modulation envelope, and
for four values of 5 ranging from 5 = 0.5, the short duration excitation, to n = 5,

the long duration excitation.

The longer the duration of the excitation and the smaller the value of the
critical damping, the better the approximation. In fact, for n = 2 and n = 5 (long
duration excitation) the approximate mean-square response is almost identical to
the exact one for values of the critical damping ranging from 1 to 25%. These
results are consistent with the mathematical analyéis since for long duration input
the slowly-varying conditions (4.41) are satisfied. Also, the next highest-order term
containing the derivative of g(t) is proportional to the damping ratio ¢. Therefore,

its contribution is small for lightly-damped oscillators.

The “large” discrepancies between the exact and the approximate mean-square
response which exist in the very beginning of the response for short duration excita-
tion are due to the violation of conditions (4.41). The quantity g(t) is close to zero

in the very beginning and thus higher-order terms have a significant contribution
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to r(t). As time advances, g(t) builds up to higher values and conditions (4.41)
specifying the slow variation of g(t) hold. Therefore, the approximation for r(t) is
expected to be unrealistic in the beginning of the response, resulting in large dif-
ferences between the exact and the approximate response as illustrated in Figures
4.2(a-d). However, the differences are not of particular interest because the mean-
'square response is negligibly small at these times. For n = 0.5 (the short duration
excitation) the modulation passes its peak before one cycle of oscillation which
indicates that conditions (4.41) for neglecting the higher-order terms in the approx-
imation for r(t) are violated. Therefore, the case n = 0.5 shown in Figure 4.2(d) is
an extreme test of the proposed approximation. Although significant discrepancies

exists, the essential features of the response are still preserved.

Next, we numerically study the effect of the quantities €12(t), €22(t), and e,(t)
in the expressions (4.20) and (4.23) relating the mean-square velocity and absolute
acceleration with the mean-square displacement of the response. The exact values
of €13(t), €23(t), and €4{t) are computed using (4.48) for different damping ratios.
The results for § = 0.5 shown in Figures 4.3(a) and 4.3(b) correspond to values of
n = 5 and n = 1, respectively. The resﬁlts for # = 4 and for the same values of n
are shown in Figures 4.3(c) and 4.3(d). For illustration purposes, the normalized
displacement response ris (r) is included in these figures. After the response has

- built up to a few percent of its maximum value, the contribution of €;2(t), e22(t),
and €4(t) in equation (4.20) and (4.23) can be neglected, especially at the times
near the maximum of the response. At all other times, the higher the damping
ratio is, the higher the contribution of €;2(t), €22(t), and €,(t) in the response. For
excitations with longer durations, i.e., higher 5, these quantities can be neglected

without significant loss of accuracy.

Summarizing, the simplified formulas for approximating the mean-square
response were found to be very accurate and extremely accurate for medium to
long duration excitations, respectively. Also, no large discrepancies were found
between the exact and the approximate response for excitation with very short
duration. Although the Gamma modulation was used to illustrate the conditions

under which the proposed approximate formulas work well, the results can be eas-
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ily carried through for other modulations as long as they satisfy the slowly-varying
conditions. In the case of non-white excitation with slowly-varying correlation struc-
ture, which will be studied in Section 4.7, ¢(t) also turns out to be a slowly-varying
function of time. Therefore, the results concerning the discrepancies between the
exact and the approximate mean-square response corresponding to the modulated
white-noise excitation can be carried through for non-white excitation with slowly-

varying correlation structure.

The approximate first-order differential equation is used to derive additional
response characteristics, The normalized mean-square response depends only on
the product n¢ and the modulation parameter 5. Plots for different values of # and
for values of n¢ ranging from 0.01 to 0.5 are shown in Figures 4.4. The maximum
normalized response can be computed by setting r' = 0in the equation (4.49). The

maximum response ry,(7,) attained at the time r,,, is therefore given by

rolTm) = fv (Tm) (4.50)

where the normalized modulation fy{rar) = f{t)/fn. Thus, the maximum nor-
malized response r,, is equal to the value of the normalized modulation computed
at the time that the maximum mean-square response is attained. In other words,
at the maximum, the normalized response crosses the normalized excitation. This
is also depicted in Figures 4.4, where each individual figure corresponds to a fixed
modulation parameter 3. These figures give complete qualitative information about
the nonstationary mean-square response for oscillators characterized by angular fre-
quency wg and damping ratio ¢ and for modulations characterized by the maximum

intensity f,,, the time ¢,, that the maximum intensity occurs and the variable 3.

4.5 Formulation for the Mean-Square Response of Nonlinear SDOF
Oscillators
The analysis developed to approximate the mean-square response of a linear
SDOF oscillator provides background for analyzing and extending the approxima-
tions to the more complicated case of nonlinear SDOF oscillators. In the nonlinear
case, there are certain difficulties because of the time variation of a(t) and w(t) for

the equivalent linear system which will be addressed in what follows.
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4.5.1 Mean-Square Displacement

Eliminating ¢12(t) and g22(t) from the set of equations (4.8), the following

third-order differential equation in terms of g11(t) is obtained

a0 + 6ol (1) + [407() +8a%(2) + 24(1)] o)) () +
{Sa(t)w (t) + 4w(t)d1(t)} qu(t) = 4L22(t) + 8a(t)L12(t) + 2L12(t) (4.51)

Guided by the formulation developed for the linear oscillator, the third-order dif-
ferential equation can be split into a first-order and a second-order differential
equation. The complete set of equations is given in Appendix F. Utilizing the
slowly-varying conditions (A.142) for a(t) and w(t) to neglect the small-order terms
(Appendix F), it can be shown that the mean-square displacement response satisfies

the first-order differential equation

d1a{t) + 2[a(t) + 6(t)] qu1(t) = 2r(t)

(4.52
q11(0) =0 )
with the excitation »(t) satisfying the second-order differential eéuation
- 1 .
7(t) ,+4 {a(t) - -2-5(t)} Hi) + 4w?(t)r(t) = g(t) (4.53)
r(0) =0, #(0)=0
where .
_wgt ,
o(0) = otk s
and the forcing term
g(t) = 2Laa(t) + 4t} Laa(t) + Lua(t) (4.55)
In the casé where
oft) = a{Q(t)  and  w(t) = w(Q(t)) (4.56)

equations (4.52) and (4.53) are nonlinear. The mean-square displacement ¢41(t) can
be computed by solving {4.52) and (4.53) simultaneously or equivalently by solving

the original Liapunov nonlinear matrix equation (4.7}, The advantage of the above
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formulation is that the transient mean-square displacement of the response satisfies
a first-order, in general, nonlinear differential equation of the form (4.52). It will
be shown that under certain conditions, the dynamics of the first-order differential
equation provide all the essential characteristics of the response, while the dynamics
of the second-order differential equation has only a secondary effect on the response.
Also, the forcing term r{Q(t),t) will be approximated by a simple algebraic expres-
sion involving Q(¢). In the case where r is only a function of gy; (¢}, the mean-square
displacement can be obtained by solving only the first-order differential equation
(4.52).

4.5.2 Mean-Square Velocity

Substituting ¢;4 from (4.8a) into {4.8b) and using the first-order differential
equation (4.52) for the mean-square displacement g11(t), it can be shown that the

mean-square velocity ¢az2(t) is related to ¢11(t) by the simple algebraic expression

g22(t) = w?(t)q11(t) {1 + e22(t)} — L1a(t) (4.57)

where ’ !
aalt) = M) 8(t)  duft)
2 w?(t)ar(t)  w(t) wlt)qus(t)

(4.58)

4.5.3 Mean-Square Absolute Acceleration

If —G(t) represents the base acceleration of the oscillator, then the absolute

acceleration a(t) of the response is given by

a(t) = £(t) - G(t) = —2a(t)2(t) — w?(t)z(t) (4.59)

Using (4.8), (4.52), and (4.57), the mean-square absolute acceleration g,(t) =
E[a?(t)] takes the form '

da(t) = w*(t) (1 +462(1) qu(t) {1 + ea(t)} — 463 (B Lia(t)  (4:60)
where ) ( ) (t)
¢3(t 4¢
€alt) = 1+ 4¢2(2) en(t) + 1+ 4¢2(¢) €12(?)
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and

d11(t)

= 20

(4.61)

4.5.4 Digplacement-Velocity Correlation

Using (4.52) and (4.8d), ¢12(t) is related to the mean-square displacement

¢11(t) by the simple algebraic expression

q12(t) =- lat) +6()] qu1(t) + r(2) (4.62)

4.5.5 Similarities Between Transient and Stationary Mean-Square
Response

Consider an oscillator with natural frequency and ratio of critical damping
which depend on the mean-square response, then its response under stationary
excitation approaches stationarity after a sufficient amount of time. Therefore,

treating all the quantities that appear in (4.7) as time invariant and setting Q =0,

the stationary mean-square response is obtained in the form:

q11(Q) = 21’22(3&(2‘;5%512(@) (4.63)
22{(Q) = w?(@)q11(Q) — L12(Q) (4.64)

9a(Q) = w*(Q)[1 + 4*(Q)]a11(Q) — 4¢*(Q)w*(Q) L12(Q) (4.65)
q12(Q) =0 , (4.68)

where a(Q), w(Q) and L;2(Q) depend on the stationary mean-square response. In
general, expressions (4.63) to (4.66) are nonlinear and it is only in the linear case

that they provide an explicit solution for the mean-square response.

The mean-square velocity and the mean-square absolute acceleration of the
nonstationary response are related to the nonstationary mean-square displacement
by simple algebraic expressions which could be viewed as a generalization of the
stationary relations (4.64) and (4.65), respectively. The additional terms eaa(t),
€12(t) and €,(t) appearing in the expressions (4.57) and (4.60) account for the non-

stationarity of the response. As it will be seen in the numerical results, e23(t), €12(¢)
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and €q(t) are in general small compared to unity and they can be neglected. There-
fore the mean-square velocity and absolute acceleration can be obtained in terms
of the mean-square displacement by using the stationary relations, after replacing

the time-invariant quantities with the time-varying ones corresponding at time f.

4.6 Approximation of the Liapunov Matrix Equation for a

Nonlinear SDOF Oscillator

For nonlinear oscillators represented by equivalent linear systems, that is, for
linear second-order differential equations with time-varying coefficients, an exact
series expansion for r(t) is not possible to deduce as was done in the time-invariant
case. However, the formulation developed for the time-invariant case can be used as
a guide to develop an approximate analysis for the time-varying one. In the time-
invariant case, a) the effects of the initial conditions were neglected by eliminating
the oscillatory terms in the series expansion for r(t), and b) the slowly-varying
conditions for g(t) were used to approximate the solution of the second-order dif-
ferential equation by the dominant term rq(t) of the particular solution. The same

idea is applied to the time-varying case.

We seek a particular solution r,(t) of the second-order differential equation

Fol(t) +4 {a(t) - %a(t)]}p(t) + 4 ()7, () = g(t), (4.67) .

neglecting the effects of the initial conditions. If we write the solution r,(t) as a

series expansion in successively smaller terms
ro(t) = ro(t) + ro(t) +r2(t) + ... (4.68)
then equation (4.67) is satisfied by choosing

rolt) = 4th()t)

o Fa(t) +4[alt) - 36(2)] Ai(®)
riva(t) = 32(7) ’

(4.69)

i=0,1,2,... (4.70)

The conditions for approximating r,(t) by the dominant term rq(t} in the series

expansion are
I ri (t)

?"’,:(t) .
—_— _— 1 =0,1,2,... 4.71
2w(t)r0(t)l <<1 and | )[ << 1, t=0,1,2, (4.71)

4w? (t)?‘o (t
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The slowly-varying conditions can be rewritten in terms of the forcing term g(t) as

| g9 ()
(2w(t))*a(2)

which are a generalization of the conditions obtained in the time-invariant case.

| << 1, i=1,2,... (4.72)

These conditions have to be supplemented by the slowly-varying conditions for the
time-varying coefficients w(t) and «(¢) which in terms of the first derivatives are
given by (A.l14a). The conditions (4.72) and {A.l4a) quantify how slow g(t), w(t)
and at) should vary with time for the dominant solution to be an adequate ap-
proximation. Using (4.69) and (4.70), the contribution of the next higher derivative
of g(t) in the expansion for r,{t) can be found to be

n@ [, 180T §¢)
ro(t)"z[g(t) 2w(t)]2w(t)g(t) (4.73)

Substituting the dominant solution rq{t) into {4.52), the mean-square displace-

ment of the response can be obtained by solving the simpler first-order differential

equation 0
. glt
qn(t) +2 [a(t) 4 6(t)) qn(t) = sz(t) (4.74)
The solution of equation (4.74) may be expressed in terms of the convolution integral
0= [ ][ -2lats) + s6)1s] 52 Lsar (475
qii1¢) = oep . als s)jas 20%(7) .

The computational savings achieved by solving equation (4.74) instead of the orig-

inal equation (4.6) will be discussed in 2 later section.

4.6.1 Covariance of the Response: Modulated White-Noise

Excitation

For slowly-varying a(t) and w(t) and for modulated white-noise excitation,
the expressions for the response covariances can be approximated by closed-form
expressions. Substituting the approximations for n(t,s} and h(t, s} given by (A.15)

into (4.15) and after algebraic manipulations, it can be shown that

S11(t,s) = g11(s)y [ g%em {_ [ ag(e)dg} cos { factz({ij(i,—s)ﬁg(t, s)}

(4.76a)
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where

tan [¢,(t,s)] = _rls)__ {1 + qu(s) [s*(t) — s*(s)]} (4.760)

qui(s)w'(t) r(s)
which is a generalization of the formula {4.33) derived for the special case of time-
invariant «(t) and w(t). Similar expressions can be obtained for Spp(¢,s) and
Sa(t,s).

4.7 Approximation of the For'cing Integral Term of the Liapunov
Matrix Equation

The integrals Lo(t) and Lga{t) in the Liapunov matrix equation can be rewrit-

ten as

Lialt) = /0 “ult,t — NEGRGE - Ndr, i=1,2 (4.77)

In general, they cannot be evaluated analytically except in a few cases. Specifi-
cally, when G(t) is a modulated white-noise process or a stationary process with
rational power spectral density (for example, a process modeled by a (2n)-th-order
differential equation with white-noise input) and, in addition, the coefficients of the
equivalent system are time invariant (for example, equation of motion .of a linear
oscillator), the integrals admit simple closed-form representations. It is the purpose
of this section to study the general condiﬁons for analytically approximating the
integrals by simpler algebraic expresssions. At the same time, specific applications
will be given which cover more complicated cases than before which are of practical
interest. These cases include excitation processes possessing certain evolutionary
power spectral density and equivalent linear structural models with time-varying

frequency and damping ratio.

4.7.1 Broadband Excitation and Slowly-Varying Structural
Parameters

Let T,(t) be the length of the time interval of non-zero correlation of the
stochastic process G(t) at time t, that is, the autocovariance r,(t, t—7) E[(G(t)G(t—

7)] satisfles
rg(t,t —7) #0 for 7 €[0,T,(¢)]
oltst=7) 0.1, s
rg(t,t —7) =0 for 7> To(t)
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The more broadband the process is, the less the correlation length T,(t). The

integrals L;5(t) can be approximated by

T.{t)
Lip{t) = / Doty t — T)rg(t,t —7)dr, t=1,2 (4.79)
0

where the integration in the interval [T,(t),t] has been neglected because of the
condition in (4.78). These integrals can be completely determined, at least numer-
ically, by knowing the principal matrix solution @(t,t — r) for 7 € [0, T,(t)] and the
autocorrelation r,(¢,t — 7) of the excitation. For constant matrix A(¢) = A4, a sim-
ple closed-form solution for the principal matrix exists in terms of exponential and
trigonometric functions (Appendix A.2). For time-variant A(t), a closed-form solu-
tion for the principal matrix cannot be obtained in general. In particular, when the
matrix A(t) = A(Q(¢)), i.e., it depends on the mean-square matrix of the response,
equations (4.5} and (4.8) are no longer independent and they have to be solved

simultaneously.

A formulation is next introduced to approximate the integrals L;»(¢) without
solving (4.8). The idea is to assume that A(t) is slowly varying so that it can be
considered to remain constant in the interval [t — T,(¢),¢]. Therefore, the principal
matrix @(t;t — 1) can be approximately obtained for 7 € [t — T,(t),%] by solving
the time-invariant differential equation ® = A® with the fixed value of A = A(t).
A rigorous mathematical solution for ®(¢,¢t — 7} which takes into account the slow
variation of A(t) and also provides the slowly-varying conditions for the solution to
be sufficiently accurate is given in the Appendix A.2. The integral forcing terms

can be approximated by
T.(2) .
Lip(t) = / a(tt—T)r,(t,t~1)dr, i=1,2 (4.80)
0

where the superscript < * > denotes the approximation of A(t,7) and n(t,7) in
the formulas for @;2(t,7) in the broadband case by A*(t,t — r) and n*(t,¢t — 7),
respectively. The expressions for h*(t,t — r) and n*(t,t — r) which are given in

Appendix A.2 simplify the integrals L(2(t) and Las(t) to

T.(t) ,
Lio(t) = ;,—1(2-)—/0 exp (—a(t)r]r, (t,t — 7)sin [w (t)r] dr  (4.81a)

and
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7. (1) ,
Loa(t) ———j(; exp [—a(t)r] g (t,t — 7) cos [w (t)‘r] dr
- (a(t) + o ((3)) Li,(t) (4.815)

The main result here is that the integrands involve exponential and trigonometric
functions with the coefficients a(t) and w(t) being independent of the variable of

integration 7.

4.7.2 Lightly-Damped QOscillators

For the following application, an oscillator is considered to be lightly-damped
if the damping ratio ¢(¢) is small enough so that the term exp{—¢(¢)w(t)7] = 1 over
the interval [0,7,(t)], i.e., ¢(t)w(t)T,(t) << 1. Therefore, the integrals in (4.81) can
be approximated by '

Lis(t) = -Ci(—"—;—%’—tl | (4.82a)

and .
L) = 35000 - (50 + k) Cwi®,) (48
where S(w,t) is the EPSD function of the excitation process given b&
S (w,t) = 2 /0 7 ry(t,t — 1) cos (wr) dr (4.83)
and C(w,t) is given by

C (w,t) = /Ooo rg(t,t — r)sin (wr) dr (4.84)

Neglecting the O(¢) terms and using the slowly-varying aséumption to neglect
terms involving time derivatives, the forcing term g(t) in (4.56) takes the simple
form:

9(t) = S{w(2),t) (4.85}.

This forcing term includes the case of oscillators with slowly-varying angular fre-
quency and damping ratio, and therefore it is a generalization of the result obtained

by Spanos (1983) for time-invariant oscillators.
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4.8 Application to Some Special Cases of Nonstationary Excitation

Consider stochastic loads with autocorrelation function of the form
rg (¢t — 1) = F (A(t},7) (4.86)

where A(t) is the vector of the excitation model parameters accounting for the
time variation of the correlation structure of the excitation process, and F(s,s)
is a general functional operator of A{t) and r. For specific functions F(A(t),s) of
7, such as polynomials, exponentials, trigonometric functions or a combination of .
these, the integration in (4.81) can be carried out analytically without requiring the
exact time variation of the equivalent structural parameters (¢} and w(t) or the

excitation model parameters A(t). In this case, the forcing term g¢(t) takes the form
9(t) = g (w(t), a(t), A(2)) (4.87)

where g(s, s, o) is a functional which depends only on the form of the functional op-
erator F(e,7}, that is, the general structure of the excitation model. The proposed
formulation is next applied to simplify Li2(¢) and simplify the forcing term g(t)
for three cases of excitation. Two of them are modulated filtered white-noise and
filtered modulated white-noise excitations which have been widely used in the past
to model nonstationary environmental loads, such as earthquake loads. The third
case deals with nonstationarities in both the amplitude and the frequency content of
the excitation and includes the particular case of the stochastic earthquake loading
proposed in Chapters 2 and 3 of this thesis. The ground motion model in Chapter

3 is used as an example to verify the accuracy of the approximations.

4.8.1 Modulai%ed Filtered White-Noise Excitation

The envelope modulated, filtered stationary white-noise process has an au-

tocovariance funciion of the form
r(t,t —7) = f2(¢)R(r) (4.88)

where the modulation f(t) is usually assumed to be slowly varying and R(r) is the
autocovariance function of a stationary, usually broadband process. Using Priest-

ley’s definition, the evolutionary power spectral density of the broadband process
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defined by (4.88) can be approximated by
S(w,t) = F2(t)Sr(w) (4.89)

where Sp(w) is the power spectral denmsity of the stationary filtered white-noise

process.

For time-invariant oscillators and for sufficiently large time t, the integrals in
(4.81) take the form

Lia(t) = f2(t)1o(wo)

(4.90)
Laa(t) = f2(t) (Ls(wo) + eLo(wo))
where the integrals
I (wo) = L—} /Ooo exp (—ar) sin (wlr) R (r)dr (4.91)
and :
I,(wo) = /0 exp (—ar) cos (w'r) R(r)dr (4.92)

are independent of t. In the case where analytical integration to obtain I.(w) and
I,(w) is not possible, numerical integration is required only once. The expression

for the forcing term g(t) becomes

g(t) = £2() [21, (wo) + 20Ls(wo)] {1 + Awo) wfo (;)(¥) } (4.93)

where

(4.94)

If we neglect the contribution of the term A{wo)#(t)/ (2wof(t)) then the mean-square
response of an oscillator subjected to filtered modulated white-noise excitation can
be approximately obtained by the mean-square response of the same oscillator sub-
jected to a modulated white-noise excitation where the modulation is the same as
before and the power spectral density of the white noise is 27, (wo) + 2af.(wo). This
argument has been used in the past (Caughey and Stumpf, 1961) to approximate
the response of lightly-damped oscillators, with the quantity 27,(wo) + 2cd.(wo)
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being replaced by its limit Sp(wo) as ¢ — 0. The expression (4.93) is general and

independent of the damping ratio ¢ of the oscillator.

4.8.2 Filtered Modulated White-Noise Excitation

The filtered modulated white-noise process is generated by first multiplying
the white-noise process by the envelope and then passing the output through the
filter. The evolutionary power spectral density function of such a process is given ex-
actly by (4.89), while the autocovariance function has the approximate form (4.88).
The modulated filtered white-noise process and the filtered modulated white-noise
process are approximately the same for slowly-varying modulation and for filters
with a broadband transfer function. Therefore, the approximations developed in

section 4.8.1 also apply for this case.

4.8.3 Stochastic Ground Motion Models

A general class of stochastic processes which is usually proposed to model

the ground motion satisfies either of the following equations
EQUATION I: P(t)zg{t) = f(t)elt), G(t) = R(t)z,4(t) (4.95)
EQUATION IT: P(t)zy(t) = e(t), G(t) = f(t)R(t)z,(t) (4.96)

where e(t) is a zero-mean Gaussian white-noise process, f(¢) is a deterministic
envelope function modeling the amplitude nonstationarity of the ground motion and
P(t) and R(t) are linear time-varying differential operators modeling the frequency
content of the ground motion which is assumed to vary with time. In the special case
of time-invariant operators P(t) and R(t), equation I and II correspond to filtered

modulated white-noise and modulated filtered white-noise excitations, respectively.

Subclasses of the stochastic processes generated by (4.95) or (4.96), such as
white noise, modulated white noise, filtered white noise and filtered modulated
white noise with rational (usually second-order) time-invariant transfer function for
the filter, have been extensively used in the past to model ground motion. In this
section, we extend the previous approaches to include the time variation of the op-

erators P(t) and R(t) and we demonstrate how these processes can be incorporated
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in existing random vibration analyses in order to simplify the expressions for the

mean-square transient response.

In particular, let the ground motion G(¢) be described by one of the following
models

MODEL 1:  Gift) = z,(t) (4.97)
MODEL 2:  Gaft) = z,(¢) (4.98)
MODEL 3:  Gs(t) = —20,(t)Zy(t) — w2 (t)z4(t) (4.99)

where z,4(t) is the output of the second-order differential equation
Zy(t) + 20(t) 24 () + wi(t)zy(t) = f(2)e(t) (4.100)

with a,(t), wg(t) and f(t) being slowly-varying functions of time. Model 1 has been
proposed in Chapter 3 to model the ground motion, while model 3 is the extended
version of the well-known Kanai-Tajimi model with variable coefficients. Equation
(4.100) is a special case of equation (4.1) with modulated white-noise input. Let
the stochastic process G(t) be broadband, that is, its correlation time T,{t} be
sufficiently small so that the time variation of ,(t), w,(t) and f(t) over the time
interval [t — T,(t),t] can be ignored without significant loss of accuracy. In this
case, the statistical properties of G(t) in the neighborhood of t can be obtained
by an equivalent stationary process generated by equation (4.1) with the values of
the corresponding constant coefficients being the instantaneous values ay,(t), wy(t)
and f(t). Therefore, the autocovariance function of the ground motion G(t) can
be approximately obtained from (4.33) by letting 7 = ¢g;2 = 0. This results in the

autocovariance function

cos {;(¢) (6 — 3) — $4() |

BIGIG(S)] = go) exp (= 0)(t - )} — s (4.101)
and the EPSD function
S, = SR O ¥ e () b anacy (7 g, (4.102)

(w2(t) — w2(2))® + 402(t)w(t)
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where the form of g,(t) and ¢,{t) and the values of k1, K2, k3 and x4 depend on
the particular model used for G(t). If G(t) = G(t), then

9(t) = qui(t), tan[ge(t)] = ::?8, ky =1, K2 = kg =Kkg =0 (4,103)

If G(t) = Ga(t), then

wlt) =am(d), wnld0l=-2Ad, ma=1 m=re=re=0 (4104

If G(t) = G3(t), then
oyt (t) 403(t)

o0 520+ 3300

9e(t) = qa(t), tan[gg(t)] =

The autocovariance function has the general form (4.86) with

Alt) = ( ag(t),wg(t), g4(t) ).
The integration for evaluating Li2(t) and L22(t) can be carried out analytically,
resulting in two types of terms for each of the integrals. One type contains the factor
exp{—[ag(t) + a(t)]T:(t)} which is neglected in this approximation because it is zero
for sufficiently large time t. Therefore, the value of each integral is approximated -

by the remaining term resulting in

Li12(t) = q,(t) Ie(t) (4.1064)
Laalt) = ,)1.(8) - (alt) + 255 ) (e}t (4.1065)
where
L{t) = %Et—; (4.107a)
L@ = g% (4.107b)
A(1) = [aft) + o0 + [' ()] - [wp(0)]
+ 2 [a(t) + aqg(t)] w,(t) tan [g(t)] (4.107¢)

B0 = la(t) + 2y (1) {la(0) + a, ) + [ )] + [uy00] '}
+ w{(2) tan [ (1)] {[ ) + a0 = [ 0] + [w;(t)}z} (4.107d)

0() = [w*(1) = w3 ()] + (B8 o) + o 0]
(wE)53(2) + ol ) | (41079
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The forcing term g(¢) takes the form

g(t) = g,(t) By (w(t), x(t), wy(t), g (t)) {1 + €r()} (4.108)
where
Ry (w(t), a(2), wg(t), gt)) = 20u(2) + 2 (a(t) - ;jf(?)) L) (4.109)
and _
enlt) = %}i%l (4.110)

For slowly-varying structural parameters and excitation parameters, the forcing
term g(¢) is a slowly-varying function of time as wéll. In most earthquake engi-
neering applications, these approximations considerably reduce the computational
effort for evaluating the integrals without sacrificing much in their accuracy. As
it will be seen in Chapter 5, these expressions also provide direct insight into the

response characteristics.

For lightly-damped oscillators, the following limit is true

Jin g5(t) By (w(t), o), w, (1), aa(t)) = S (w(8), wg(2), e (t) (4.111)

where S(w,wgy(t), a,(t)) = S(w,t) as given by (4.102). Several studies (Spanos,
1983) restricted to the response of lightly-damped oscillators have used the EPSD
function to approximate the forcing term g(t). Contour plots of the fractional error
S {w(t),wgl(t), ag(t)) = gg(t) Ry (w(t), xlt),wg(t), 2g(t))

gg(t) By (w(t), a(t),wy(t), ag(t)) .
introduced by the lightly-damped approximation are shown in Figure 4.5 for the

er(t) =

(4.112)

ground motion model 1. These plots, which cover different ranges of oscillator and
ground motion parameters of practical interest, show the ranges where the error
is significant. For accurate estimation in these ranges, the original approximate
expresssion (4.108) for evaluating g(t) has to be used. Since it is usually not known

apriori where the error € (t) is large, it is best to always use {4.108).

Next, to get an estimate of eg(t), we consider the case of linear oscillators and
ground models with time-invariant coefficients wg and ¢. This is a special case of
the filtered modulated white-noise model discussed in section 4.8.2 with

en(t) = A(wo) L)

70l @ (4.113)
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where A(wg) is defined in (4.94).

Using the slowly-varying condition |f(¢)/(2wof(t))| << 1, the contribution of
er(t) would be significant only if A(we) >> 1 or more. Contour curves for A{wg) are
shown in Figure 4.6 for the model 1. These curves cover a wide range of oscillator
and ground motion para.méters and provide an insight into those values of the

parameters for which the quantity er(t) can be neglected.

4.8.4 Accuracy of the Approximations Using the Proposed

Stochastic Ground Motion Model

The excitation model proposed in Chapter 3 to model the ground motion
is used to check the accuracy of the approximations and numerically illustrate
the discrepancies between the approximate and the exact mean-square response.
An efficient but still time-consuming method for evaluating the exact mean-square
response is to rewrite the structural model equation (4.1) and the ground model
equation (4.100) as a four-dimensional first-order vector equation and numerically
integrate the corresponding Liapunov matrix équation for the mean-square
response. This is done here to provide a basis for assessing the approximate re-

sults presented above.

It is not possible to perform a complete numerical study and illustrate the
order of the accuracy of the approximations for a wide range of oscillator and
excitation parameters. Of the infinite number of possible time variations for the
excitation parameters, only two are examined. The first case corresponds to the
Orion Blvd. recording where the standard deviation and damped-frequency of the
excitation process are shown in Figure 4.7. The Orion Blvd. recording shows a
significant time variation of the model parameters and therefore it is supposed to
be a representative case expected in modeling strong ground motion. The exact and
the approximate mean-square response of a linear oscillator are compared in Figure
4.8 for 5% damping and for wg = 7,5,3 and 1Hz. The approximations are quite
accurate with a maximum percentage error of the order of 1%. The second case is
an extreme case artificially designed to violate the slowly-varying conditions. The

corresponding standard deviation and damped-frequency of the excitation process
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are shown in Figure 4.9. This case is unrealistic for processes modeling strong
ground motion. The exact and the approximate mean-square response of a linear
oscillator are compared in Figure 4.10 for 5% damping and for wy = 7,5,3 and
1Hz. The discrepancies are of the order of a few percent, preserving the essential

characteristics of the response.

For a nonlinear structure, the time variation of the equivalent linear parameters
w(t) and aft) depends on the nonlinearity of the restoring force. The dependence
will be addressed in more detail in Chapter 5. However, to complete this analysis
we use the dependence as given by equations (5.5) and (5.6) to check the accuracy
of the approximations for the nonlinear case. Comparison between the exact (solid
curves) and the approximate (dashed curves) STD response are shown in Figures
4.11(a) and 4.12(a) for two different nonlinear oscillators. The excitation parameters
are shown in Figure 4.7 for the Orion Blvd. recording. The initial damping ratio
for both oscillators is ¢y = 0.05. The time-varying frequency w(t) is computed by
the expression (5.5) and it is shown in Figures 4.11(b) and 4.12(b) for the two
oscillators. The parameter ;x(t) = ¢owo Is constant for both cases. The differences
between the exact and the approximate solution observed in Figures 4.11{a} and
4.11(b) for the oscillator with initial frequency w(0) = 5Hz are of the order of a
few percent. Discrepancies of similar order were also observed for other variations
of w(t) and a{t) provided that the conditions validating the approximations were
satisfied. For example, for the oscillator with initial frequency w(0) = 1Hz, shown
in Figure 4.12(a) and (b), the discrepancies between the exact and the approximate
mean-square displacement are of the order of 20% or higher. In this case, the
excitation parameters w,y(t) and g,(t) shown in Figure 4.7 vary significantly over
the equivalent period of the oscillator which is approximately 10 seconds (see Figure
4.12(b)). Therefore, the large discrepancies between the exact and the approximate

solutions are due to the violation of the slowly-varying conditions.

4.8.5 Computational Aspects

By approximating the original expressions (4.8) for the transient mean-

square displacement, velocity and absolute acceleration of the response by the
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simplified expressions, we reduce considerably the computational effort involved
in a digital computer for evaluating the response quantities. Compared with the
time-consuming operations in the numerical integration of (4.8}, the computational

savings achieved by these approximations are as follows:

a. For stable and accurate numerical scheme for integrating (4.8), the time step
depends on the shortest period 27 /wq(t) of the oscillator. However, the time
step for integrating the corresponding first-order scalar equation is indepen-
dent of the equivalent period of the oscillator since the oscillations have been
eliminated. Therefore, much longer time steps can be used which reduce con-
siderably the number of numerical operations required for computing the mean-

square response.

b. In general, numerical integration is required for each time step to evaluate the
integrals L2(t) and Laa(t). However, the simple and quite accurate algebraic
approximations in (4.87) are another source of considerable reduction of the

computational effort.

c. An additional source of reduction is that a one-dimensional scalar equation

requires less numerical operations than a three-dimensional vector equation.

The computational savings are noticeable, for example, when linear or nonlin-
ear probabilistic response spectra are to be computed using the existing approximate
formulas in random vibration theory (Mason and Iwan, 1983) for solving the first-
passage problem. In such a case, the number of times that the solution is required
is very large since it depends on the range of initial stiffnesses, damping ratios and
ductilities of the nonlinear structural model used to compute the response spectra,
as well as on the number of iterations required for each of the above structural

parameters to obtain results of acceptable accuracy.

4.9 Extension of the Approximations to Classically-Damped
MDQF Linear Systems

Consider an n-degree-of-freedom, viscous damped, linear system having classi-

cal modes, then the response at some point of the system can be expressed in terms
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of modal contributions as

N
z(t) = ) pizi(t) (4.114)

=1

where p; is the effective participation factor for mode i at the point of interest, and

- z;(t) is the response of the i-th normal mode satisfying the modal equation
£:(t) + 2w 2:(8) + w;z; (1) = G(t) (4,115)

In this equation the forcing functions G(¢) could be the base excitation and w; and
¢; are the i-th modal frequency and damping coefficient, respectively. The mean-

square response R(t) = E[z%(t)] can be written as:

R(t) = i i pip; Rij(t) (4.116)

where
Ri;(t) = Elzi(t)a;()] | (4.117)

Therefore, the mean-square respone can be obtained by the weighted summation of
the mean-square response R;;{t) of each mode, plus the covariance response R;;(t)
of two modes i and j, with the weighting coefficients being the product of the

corresponding effective modal participation factors.

The equation for R;;(t) is next formulated and approximations are introduced
to simplify the original exact equations. The state-space representation of, say, the

i-th modal equation is given by (4.2) with wg and ¢ replaced by w; and ¢;. Let
QU (1) = Elz,(t)z] (¢)] (4.118)

be the covariance of the ¢ and j state vectors, then it satisfies the matrix differential

equation (assume zero initial conditions)

Q(,h,') (t) = 4:QEN(8) + QU () AT + LW (1) + LWIT(2) (4.119)
QU 0) =0 |

where

A,-=(°2 . ) (4.120)

—w?  —2gw;

LB = /ot o) - 'r)[g('r)gT (¢)) dr, (4.121)
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and ®0)(t — 7) is the principal solution matrix for the i-th modal equation. If 1 = 7,
then the equation for the symmetric matrix Q¥ is exactly the same as the matrix
equation (4.6). Therefore, the approximation developed previously also holds for
the components of @9, In particular, Ri(t) = Q(“}( t) can be obtained either
exactly by a third-order equation or approximately by a first-order equation. For

i # 7, the components of Qi) satisfy

Q11 = Qa1+ Q12 (4.122a)
Qiz = Qoo — w2Qu1 — 2¢w; Q2 + L) (4.1228)
Q21 Qa2 — wQ1y — 26wiQa1 + LY | (4.122¢)
Q22 = ~wiQyz — 26w; Qaz — wiQay — 2¢jw;Qag + L) + L) (4.122d)

where the superscript {(77)] has been dropped in the above equations, for clarity.
Eliminating Q,, @21, and Q42 from the above equations, a fourth-order equation
for Q(” )(t) = R;;(t) is obtained. Treating for simplicity the case ¢ = ¢; = ¢, the

characteristic polynomial of the fourth-order equation has the roots

p1,2 = —2¢w =+ 2dw+/1 — ¢2

(4.123)
P34 = —2¢w £ 2iwA/1 — ¢2
where
w= “’—-% (4.124)
Wi — wj
= 125
Wi + wj (4 )

Following ideas similar to those in Section 4.3.1, the fourth-order differential equa-

tion for R;;(t) can be split into two second-order differential equations as follows

Rij + dgwRi; + 406 + X2(1 = ¢*)|Rij = 2r5(2) (4.126)
Fir(t) + dewri; () + 4wPri; () = gi5(t) (4.127)
where
gi5(t) = Fi;(t) + 2wFy;(t) (4.128)
with

Fi(t) = (LS (8) + L3 (1) + 2¢w(L33 (8) + LD (1))

P80+ 0y +eao - e



- 125 -

For modulated white-noise input, g(t) = f2(t) where f(t) is the input modulation.
Although for demonstration purposes it is assumed that ¢ = ¢;, similar analyses

can be performed for ¢; # ¢;.

Based on the approximate analysis in Section 4.4, the solution of the second-
order differential equation (4.127) can be approximated by
gij'(t)

rii(t) = 5 (4.130)

provided that g;;(t) is slowly-varying. Conditionsi(4.41) with wp and g(t) replaced
by w and g;;(t) determine the conditions for the approximation to be valid. Sub-
stituting {4.130) in (4.128), the covariance of the 7 and j mode can be obtained

approximately by solving the second-order differential equation

Fii(t) + 2¢wFi(t)
2w?

Rij + 4gwRi; + 40%(¢% + N (1 = ¢?)|Ry; = (4.131)

The terms in expression F;;(t} can be approximated according to the analysis in
Section 4.7. In Section 4.8.4, the approximation was found to be very accurate for

“earthquake-like” excitations.

Next, numerical results are presented to check the accuracy of the approxi-
mate second-order differential equation and compare it with existing approxima-
tions (Bucher, 1988). A first-order differential equation was proposed by Bucher to
approximate R;;(t). In his analysis, he first treated the case of modulated white-
noise excitation and then he generalized his approximations for colored white-noise
by defining, without mathematical justification, the form of the input in his first-
order differential equation. The approximation proposed here, which is based on
a more rigorous mathematical analysis, predicts different response characteristics
from the ones proposed by Bucher. Also, the proposed approximation treats general
excitations with nonstationarities in both amplitude and frequency content. Com-
parisons between the different approximations and the exact one for modulated
white-noise input and for various values of w, and A are shown in Figures 4.13 and
4.14 for ¢ = 0.02 and ¢ = 0.05, respectively. The modulation is of the form (4.44)
with f,. = 1, t,, = 1, and 8 = 0.5. Bucher’s approximation fails to predict the

qualitative features of the response in some cases. In other cases, it is less accurate
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than the proposed approximation which seems to be extremely accurate for all cases

examined,

4.10 Conclusions

The transient equivalent linearization method was used to replace the equa-
tion of motion of a nonlinear oscillator by an equivalent second-order linear differen-
tial equation with time-varying coefficients. The special case of time-invariant coef-
ficients corresponds to the equation of motion of a linear oscillator. An approximate
formulation was developed to replace the original, computationally lengthy expres-
sions for the second-moment statistics of the transient response by much simpler
expressions. The conditions for the approximations are: a) the excitation process
is broadband and b) the coefficients of the second-order linear differential equation
are slowly-varying functions of time. The analysis treats general excitations with
nonstationarities in both the amplitude and the frequency content. The approx-
imations provide meaningful insight into the characteristics of the nonstationary
response. Similarities with the stationary response exist and were identified by the
analysis. The formulation was extended to approximate the covariance response of
MDOPF systems.

The proposed approximations preserve the essential characteristics of the
response without significant loss of accuracy. They are also computationally ef-
ficient with typical reduction in computing time of one to two orders of magnitude.
The stochastic process proposed to model earthquake loads in Chapter 3 was used
as an example to numerically validate the approximations. Earthquake loads, in
general, fulfill the conditions developed for the approximations. Therefore, the ap-
proximate equations are suitable to apply for the seismic analysis of linear and

nonlinear structures.
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Figure 4.1. Number of cycles of oscillations needed for the oscillatory term to decay to n% of its
maximum value. n=1 (solid curve), n=>5 (dashed-dotted curve}, n=10 (dotted curve).
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Figure 4.2. (a) Comparison between the nondimensional exact {dashed curve) and approximate
(solid curve) mean-square displacement response of a linear SDOF oscillator subjected
to a modulated (dashed-dotted curve) white-noise excitation. n = tm =50
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Figure 4.2. (b) Comparison between the nondimensional exact {dashed curve} and approximate

(solid curve) mean-square displacement response of a linear SDOF oscillator subjected
to a modulated (dashed-dotted curve) white-noise excitation, 7 = %?01 = 2.0.
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Figure 4.2. (c) Comparison between the nondimensional exact (dashed curve) and approximate

(solid curve) mean-square displacement response of a linear SDOF oscillator subjected
to a modulated (dashed-dotted curve) white-noise excitation. y = f= =10
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Figure 4.2. (d} Comparison between the nondimensional exact {dashed curve} and approximate

(solid curve) mean-square displacement response of a linear SDOF oscillator subjected
to a modulated (dashed-dotted curve) white-noise excitation. n = %5: = 0.5.
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Figure 4.4. Approximate nondimensional mean-square displacement (solid curves) of the response
of a linear SDOF oscillator subjected to a modulated {dashed-dotted curve) white-noise
excitation.
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Figure 4.7. Time variation of (a) the standard deviation and (b) the dampgd-frequency of the
nine-parameter earthquake model fitted to the Orion Blvd. recording.
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Chapter 5

Importance of Temporal Nonstationarity In
the Frequency Content of Ground Motion
for Linear and Nonlinear Structural Models

5.1 Imntroduction

The two features which are clearly observed in real accelerograms are the
changes of intensity and frequency content with time. Past models dealing with
ground motion modeling, in order to simplify the random vibration analysis, have
often neglected the change of the frequency content with time. This is also partly
because it was difficult to incorporate this change in simple continuous ground
motion models and identify it from earthquake records, and also partly because it
was believed that it had no significant effect on linear structural response. Recently,
several models have been developed to include the time variation of the frequency

content since it is believed to be very important for inelastic response of structures.

Conte et al. (1989) used time-varying ARMA models to represent the change
in the frequency content with time, and then they used simulations to study the
variability of various inelastic structural response parameters. However, the sensi-
tivity of the structural response parameters to the time-varying frequency content
was not addressed in their study. Yeh and Wen (1989) proposed a continuous model
to represent the time variation in the frequency content of the ground motion which
is efficient to use in random vibration analysis. Using statistical linearization and
Wen'’s hysteretic model, they studied the sensitivity of the response to the nonsta-
tionarity in the frequency content of the ground motion. In their work, various
response parameters were compared for two types of nonstationary excitation. The
first type is the uniformly modulated random process with time-variant intensity

but time-invariant frequency content, while the second type is the amplitude and
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frequency modulated random process with time-variant amplitude and frequency
content. The frequency content of the uniformly modulated random process was
chosen to approximately match the frequency content of the amplitude and fre-

quency modulated random process during the high intensity excitation period.

Comparisons presented by Yeh and Wen (1989) show that the maximum of
the standard deviation of the displacement, the energy dissipation and the ductility
differ for the two types of excitations by a factor of two or more for low structural
frequencies. No differences were found for high structural frequencies. The dif-
ferences were attributed to the fact that the lengthening of the structural periods
coincide with the change in the frequency content of the ground motion resulting
to strong amplification of the response. However, it is not clear whether the dif-
ferences in the various response parameters computed by Yeh and Wen are due to
their explanation or due to the significant differences of the excitation processes in

the lower intensity excitation periods.

Further analyses are needed to study in detail the importance of the temporal
nonstationarity in the frequency content of the ground motion and to demonstrate
convincingly that the lengthening of the structural period may sometimes track the
time variation of the dominant frequency of the ground motion. In Chapter 3, a
simple and yet general model was used to incorporate a realistic time variation of the
amplitude and frequency content of the ground motion. In Chapter 4, the ground
motion model was used in conjunction with a simplified approximate method to
calculate efficiently the mean-square response of linear and equivalent linear SDOF
oscillators. It is the purpose of this chapter to use the simple formulation developed
previously for the mean-square response to provide insight into the effect of the time-

varying frequency content on the response of both linear and nonlinear structures.

5.2 Description of Earthquake Ground Motions

For the purpose of this study, two types of excitation are used to model the
same ground acceleration time history. Both excitations model the amplitude non-
stationarity of the ground motion and they differ only in the way they model the
frequency content of the ground motion. The first excitation, denoted by (T'V), has
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time-varying frequency content, while the second excitation, denoted by (TI), has
time-invariant frequency content throughout the duration of the excitation. The
(TV) excitation is generated by the nine-parameter ground motion model proposed
in Chapter 3. The {TI) excitation is generated by the time-invariant frequency

content model proposed in Chapter 2.

The parameter of the (TV) and (TI) model are estimated as described in Chap-
ters 2 and 3 using the Orion Blvd. accelerogram in Figure 2.1{a}. The frequency
content of the (TI) model is chosen to fit the frequency content of the segment of the
accelerogram with the stronger intensity, that is, from 2 to 12 seconds. Therefore,
the frequency content of the (TI) model is about the same as the frequency content
of the (TV) model during the high intensity of the S-wave groups of the ground
motion. The time variation of the standard deviation is the same for both models
and it is plotted in Figure 5.1(a). The time variation of the damped frequency w;
of both ground motion models is plotted in Figure 5.1(b). The damped frequency
w;, is an approximate measure of the predominant frequency present in the ground

motion at time £.

5.3 Linear SDOF Structural Model

From the results in Chapter 4, the characteristics of the mean-square dis-
placement of the response of a linear structure can be obtained approximately by

examining the first-order differential equation

g(t)

2w?

where wo is the structural frequency, ¢ is the damping ratio, and g,(t) is the mean-

d11(t) + 2¢woqui (t) = Ry (wo, $wo, wy(t), ag(2)) (5.1)

square acceleration of the excitation measuring the time variation of the intensity
of the ground motion. The form of R, (wo, ¢wo,w,(t), oy (t)) depends on the struc-
ture of the normalized evolutionary power spectral density (EPSD) of the ground

acceleration defined by
S (wywg(t)y 0g(2))
aq(t)
where S (w,wy(t), ag(t)) is the EPSD of the ground motion model. As ¢ — 0,

Sw (wswg(t)a ag(t)) =

Ry (wo, $wo,wy(t), ag(t)) — S (wo,wg(t), ag(t)) -
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The characteristics of the mean-square displacement of the response depend on
the characteristics of the forcing term in the right hand side of (5.1). The contribu-
tion of the time variation of the intensity of the ground motion to the response is
directly controlled by g,(t). The contribution of the time variation of the frequency
content of the ground motion is controlled by the form of R, (wo, ¢wo,wg(t), ag(t))
independently from the amplitude. It is evident that both the amplitude and the
frequency content nonstationarity control the shape and the intensity of the forcing
term in (5.1). Consider the case of lightly-damped oscillators and for ground motion
with constant frequency content, that is, constant normalized PSD function, then
the shape of the forcing term is controlled only by the amplitude nonstationarity
q,(t) of the ground motion while the normalized PSD computed at the oscilla-
tor frequency wgy remains constant throughout the shaking. However, when the
time-varying frequency content is included, the spectral component of the ground
motion computed at the oscillator frequency wg varies with time, altering the shape
of the forcing term in (5.1). Therefore, the characteristics of the response in the

time-varying case are expected to be different from those in the time-invariant one.

To demonstrate the importance of the time variation of the frequency content
of the ground motion, we compute and compare the mean-square displacement of
the response for the two types of excitations shown in Figure 5.1. The maximum
of the standard deviation {STD) of the response, the corresponding time that the
maximum occurs and the duration of the STD of the response are computed for os-
cillator frequencies ranging from 1 to 8Hz. Comparisons are shown in Figure 5.2 for
the two types of excitation. The response quantities considered in these figures are
both the displacement and the absolute acceleration. The duration is defined herein
as the difference between the two times that the STD of the response upcrosses and
downcrosses 50% of its maximum value. The maximum response, the time of the
maximum response, and the duration of the response approximately describe the
shape of the nonstationary response. The complete time histories of the STD of the
displacement response are plotted in Figures 5.3(a), 5.4(a), and 5.5(a) for three rep-
resentative cases corresponding to wg = 1.5Hz, 3.2Hz, and 6Hz, respectively. The
structural frequency wy = 3.2Hz was chosen to be very close to the predominant

frequency w; of the (TI) ground motion model. Figures 5.3(b), 5.4(b), 5.5(b), show
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the time variation of the corresponding structural frequency wo. For comparison
purposes, each figure includes the time variation of the dominant frequencies w;(t)
(dashed curves) of each ground motion model. The solid curves in these figures
correspond to the (TV) model while the dashed-dotted curves correspond to the

(TI) model. All numerical results correspond to 5% damping ratio.

For the (TI) excitation, the time variation of the forcing term in (5.1) remains
the same regardless of the values of the oscillator parameters wo and ¢ which control
only the intensity of the forcing term. Therefore, the resulting shape for the r.m.s.
of the response is controlled mainly by the product ¢wg. The time of the maximum
and the duration of the STD of the response shown by the dashed-dotted lines in
Figure 5.2 demonstrate numerically that the shape of the nonstationary STD of the
response does not vary significantly over the oscillator frequencies examined. For
the (TV) excitation, however, the shape of the forcing term in (5.1) is significantly
altered depending on the values of the oscillator parameters wo and ¢;. The resulting
shape of the STD of the response in Figure 5.2 is therefore expected to be different
for different values of wy. The solid lines in Figure 5.2 corresponding to the time
of the maximum and the duration of the STD of the response demonstrate the
dependence of the response characteristics on the oscillator frequency woy. From
Figure 5.2, and from Figures 5.3(a), 5.4(a) and 5.5(a), it is concluded that the
maximum responses as well as the duration of the responses corresponding to the

(TI) and the (TV) excitations may differ by a factor of 2 or higher.

From Figures 5.3, 5.4 and 5.5, it is evident that the time that the STD response
achieves its maximum is controlled approximately by the time the predominant fre-
quency curve wy(t) of the ground motion crosses the oscillator frequency curve.
This phenomenon, which will be referred to as the resonance effect, considerably
amplifies the response only when the dominant frequency of the ground motion
approximately coincides with the oscillator frequency., Because of the time varia-
tion in the frequency content of the ground motion, the duration of the resonance
effect is small compared to the duration of the excitation. For the (TI) excitation,
however, once the oscillator and the excitation are in resonance, they continue to

be throughout the duration of the excitation. Despite this, the {(TV) excitation still
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gives a slightly larger maximum STD even when the oscillator frequency and the

(TI) excitation frequency coincide, as shown in Figure 5.4.

Concluding, the time variation in the frequency content of the ground motion
significantly affects the éharacteristics of the linear response. Ground motion models
should therefore take into account the temporal nonstationarity in the frequency
content of the ground motion whenever the response of linear structures is to be

studied.

5.4 Nonlinear SDOF Structural Model

A simple nonlinear structural model of softening type is used to obtain an
insight into the effect of the temporal nonstationarity in the frequency content of
the ground motion on nonlinear response. The simplified equation obtained in
Chapter 4 for the mean-square response of the equivalent linear systems is used to
mathematically analyze this effect. In addition, the amplification of the response
due to the “moving resonance” effect is mathematically modeled and is numerically

demonstrated using realistic ground motion models.

5.4.1 Force-Deflection Relation

The nonlinearity of the oscillator is modeled by a nonlinear elastic softening
restoring force. The force-deflection relation is shown in Figure 5.6 and it is similar
to the backbone curve of a yielding system in that the stiffness decreases as the
displacement increases. The mathematical relation is

WKQ:ZZ)
2R,

2 Tz
= 2K r.tan"t | ==
poofyhan (2 zy)

R(t) = %Rutan'1 (
(5.2)

where R, and K, is the ultimate strength and the initial stiffness of the system,
respectively. The quantity z, = R, /Kj is similar to the elastic limit displacement
of a yielding system and is called the nominal yield displacement. The quantity
i = z/zy is similar to the ductility ratio of a yielding system. The ductility ratio

1 measures the nonlinearity of the system and it varies from 0 (linear oscillator) to
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Inelastic behavior is not modeled by the nonlinear relation since for an inelastic
system which is loaded beyond some point, the unloading path differs from the
loading path. However, the nonlinear elastic model (5.2) is useful to assess and
demonstrate the effect of the temporal nonstationarity in the frequency content of

the ground motion on the response of nonlinear structures of softening type.

5.4.2 Equation of Motion Using the Equivalent Linearization Method

The response of the SDOF nonlinear oscillator to a ground excitation is
governed by the equation of motion
R(t)

Z(t) + 2¢owoE(t) + wg(t)-k: = G(t) (5.3)

where R(t)/Ko is given in (5.2), wo is the initial (small-amplitude) structural fre-
quency, ¢o is the viscous damping ratio, and G{t) is taken to be a zero-mean Gaus-
sian stochastic process. For the complicated restoring force (5.2) and for the ground
excitation considered in this study, an exact solution for the response statistics is
not available. The equivalent linearization method is used to obtain approximate
response statistics. The method of equivalent linearization was first introduced in-
dependently by Booton (1954) and Caughey (1963), and later it was generalized
by Iwan and Yang (1971), and Atalik and Utku (1976). Iwan and Mason (1980)

extended the method to general nonstationary response.

According to the equivalent linearization method, the nonlinear equation (5.3)

is replaced by the equivalent linear one
3(8) + 2 (0)w(0)2(t) + w2 () 2(2) = G (1) (5.4)

The equivalent linear parameters w(t) and ¢(t) are obtained by minimizing the
mean-square of the error that arises in estimating the nonlinear system by a linear
one. This error is defined by the difference between the nonlinear and the lin-
ear equation. Comparisons with numerical simulations suggest that the method

approximates the nonlinear response well.
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It turns out that for the restoring force (5.2), the equivalent linear parameters

are given by (Jeong, 1985)

w(t) = w(q11(t)) = wo [Vmvexp (7°) erfec(7)] 5 (5.5)
a(t) = a(qi(t)) = ¢(w{t) = owo - (5.6)
where
_V2_ 1,
N = -—ﬂ_— q“(t) (5.7)

Therefore, the equivalent linear parameters depend only on the mean-square dis-
placement of the response. Similarly, the standard deviation of the ductility ratio
is

STD(u(t)) = ——"q;:(t) (5.8)
and depends only on gy4(t). The response of the equivalent linear system (5.4)
depends on the viscous damping ¢, initial structural frequency wg, and the nominal

vield displacement z,.

5.4.3 Characteristics of the Mean-Square Response; Moving
Resonance Effect

Substituting the expression (4.108) into the equation (4.75) and using ex-
pressions (5.5) and (5.8), the characteristics of the mean-square displacement of
the response of the equivalent linear oscillator (5.4) are obtained approximately by

examining the simple first-order differential equation

g (t)

du1(t) + 2lgowo + 6{gn (t))] 12(t) = 37y

Ry (w (q11(2)) ) Sowo,wy (t), e (2))
(5.9)
where wo is the initial structural frequency, ¢ is the initial damping ratio, and ¢,(¢)
is the mean-square acceleration of the excitation measuring the time variation of
the intensity of the ground motion. The form of Ry (w (q11(2)), ¢owo,wg(t), ag(t))
depends on the structure of the normalized power spectral density of the ground

acceleration,

Several factors affect the mean-square displacement of the response of simple
nonlinear oscillators. The time variation of the intensity g,(t) of the ground vari-

ation is one factor that controls the forcing term in equation (5.9). The degree of
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nonlinearity of the oscillator described by the ductility ratio p is another factor to
affect the response. For the softening force-deflection relation (5.2) and for a fixed
ductility ratio g, the instantaneous equivalent frequency w (g11(t)) decreases with
increasing g¢11(t). The forcing term in (5.9) is amplified for softening systems due

to the presence of w(g11(¢}) in the denominator.

Next, consider for simplicity lightly damped oscillators. As ¢ ((t)) — 0,

By (w{g11(2)) s owa, wo(t), ag(t)) — Swv (w(gua(t)),wylt), e (t)) (5.10)

the normalized evolutionary power spectral density of the ground motion model.
The time variation of the value of the EPSD computed at the instantaneous equiva-
lent frequency of the oscillator also affects the response by increasing it or decreasing
it, depending on the shape and the time variation of the normalized EPSD. As an
example, the normalized EPSD corresponding to the Orion Blvd. recording is shown
in Figure 5.7. It is clear that the predominant frequencies of the ground motion
shifts to the lower frequencies with increasing time. This is often the case expected
in earthquake ground motions. It may happen that the decrease of the structural
frequency of the softening structure tracks the decrease of the predominant fre-
quency of the ground motion resulting in significant amplification of the response.
This “locking” of the structural frequency with the predominant frequency of the
ground motion will be referred to as the “moving resonance” effect. If the condition
that the oscillator is lightly damped is removed, then similar arguments hold by
considering the function Ry (w (g11(2)) , owo,wy(t), ag(t)) instead of the normalized
EPSD function Sy (w (g11(2)) ,wy(t), op{2)).

The moving resonance effect for the (TI) excitation is less likely to occur. The
reason is that as soon as the structural frequency coincides with the dominant
frequency of the ground motion, the response is considerably amplified and the
structure softens. The softening, which is reflected as a decrease of the structural

frequency, moves the structure out of resonance with the ground motion.

Numerical results are next presented to illustrate the effects of the temporal
nonstationarity in the frequency content on the response of the simple nonlinear

structure. The responses corresponding to the (TI) and the (TV) excitations de-
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scribed in Section 5.2 are compared. The normalized EPSD function for both exci-
tations are plotted and compared in Figure 5.7. All numerical results correspond to
5% initial damping ratio. The maximum of the STD response, the corresponding
time that the maximum occurs and the duration of the STD response are computed
for oscillator initial frequencies ranging from 1 to 8Hz. The responses are compared
in Figure 5.8 for the two types of excitation. The response quantities considered are
both the displacement and the absolute acceleration. The solid curves correspond to
the (TV) model while the dashed-dotted curves correspond to the (TI) model. It is
evident from these plots that although both excitations model the same earthquake
record, the characteristics of the response differ considerably. This is an indication
that the change in the frequency content with time observed in ground motion is

important to incorporate in the ground motion models.

In order to reveal in detail the characteristics of the response and their depen-
dence on the ground motion model, representative nonlinear oscillators are used
to compare the full time history of the response. The STD of the displacement
responses corresponding to (TI} and (TV) excitations are compared in Figures
5.9(a), 5.10(a), 5.11(a) and 5.12(a). Each figure corresponds to different param-
eters of the nonlinear oscillator. The time variation of the corresponding equivalent
structural frequencies w(g;1(t)) computed by (5.5) are plotted in Figures 5.9(b),
5.10(b), 5.11(b) and 5.12(b). For comparison purposes, each figure also includes
the time variation of the dominant frequency w;(t) of each ground motion model

(dashed curves).

In Figure 5.9, the maximum STD response corresponding to the (TV) excita-
tion differs from the maximum response corresponding to the (TI) excitation by a
factor as high as three. For the (TI) excitation, the oscillator is behaving almost lin-
earily since the equivalent frequency does not vary significantly. Recalling the case
of linear oscillators in Figure 5.3(a), the responses were different only by a factor of
two. The additional difference computed for the nonlinear oscillator is attributed to
the moving resonance effect occuring for the (TV) excitation from approximately
the first to the seventh second of the excitation, as seen in Figure 5.9(b) where

the structural frequency tracks the changing predominant ground motion frequency
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over this time period.

In Figure 5.10 the initial structural frequency is the same as that in 5.9 but
the strength R, of the structural model is lower. Both responses are nonlinear as
indicated by the large changes in equivalent structural frequencies in the plots in
Figure 5.10(b). The responses have approximately the same maximum value, but

they differ in duration. The moving resonance effect is also demonstrated in Figure
5.10(b) for the (TV) excitation.

In Figures 5.11 and 5.12 the initial structural frequencies were chosen to be
close to the dominant frequencies of the strong S-waves of the ground motion. In
Figure 5.12(b) and for the (TI) excitation, the equivalent linear oscillator is never
in resonance with the ground motion. Similarly, for the (TV) excitation, over
the first 10 to 15 seconds of the highest ground intensity, the equivalent linear
oscillator is not in resonance with the ground motion. However, at later times when
the weaker surface waves of the ground motion are arriving, the equivalent linear
oscillator resonates with the ground motion from approximately 15 to 22 seconds,
causing an amplification of the response. Therefore, in this case, the maximum
STD response is controlled primarily by surface waves rather than the S-waves.
Modeling the ground motion by the (TI) excitation where the S-waves control the
response results in an underestimation of the importance of the weaker intensity
surface waves. Comparing the solid curves in Figures 5.11(a) and 5.12(a), it is
clear that the resonance effect occuring at later times in Figure 5.12(b) causes a
significant increase in the duration of the response. This Iﬁrge change in duration
between structures with initial structural frequencies wg = 3 and wg = 4Hz also

shows up in Figure 5.8.

Concluding, the temporal nonstationarity in the frequency content of the
ground motion has a significant effect on the response of nonlinear structures of
softening type, especially when lengthening of the structural periods tracks the

shifting of the dominant frequencies of the ground motion.
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the Orion Blvd. recording.
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Chapter 6

Conclusions

In this study, a new nonstationary ground motion model was proposed which is
complete enough for structural response studies and yet is simple enough for ground
motion predictions. The model captures with at most nine parameters all the fea-
tures of the ground motion which are important for computing dynamic response,
and it probabilistically treats the uncertainty in the remaining details associated
with the ground acceleration time history. The model is formulated in both continu-
ous and discrete time by stochastic differential and difference equations respectively,
and conversion relationships are developed to link the two formulations. The mod-
eling of the time-varying characteristics which are observed in real accelerograms
is aécomplished by varying the coefficients of these equations in a continuous man-
ner. The maximum intensity of shaking, the time that the maximum occurs, the
duration of shaking, the corner frequency, and the average dominant frequencies of
the different wave groups present in an accelerogram are the explicit parameters of
the model. One can exploit the simple interpretation of the model parameters to
construct full acceleration time histories with certain desired characteristics. Uncer-
tainties associated with the general ground motion characteristics may be handled

by treating probabilistically the model parameters.

Using a Bayesian probabilistic framework and the discrete formulation of the
model, an effective method was developed for estimating the most probable model
that best fits, in a statistical sense, the nonstationary characteristics of a given
“target” accelerogram. Unlike other methodologies applied to estimation of model
parameters from earthquake data, the proposed methodology is simple to implement
and it simultaneously treats the amplitude and the frequency content nonstation-

arities. Applications to a large database of accelerograms can provide the means of
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associating each accelerogram with a nine-parameter description which covers both

amplitude and frequency nonstationarities.

The proposed ground motion model can be efficiently applied in simulations as
well as analytical response and reliability studies of linear and nonlinear structures.
Extracting a stochastic model from an accelerogram allows the sensitivity of the
structural response to variation in the details of the ground motion to be examined,
while the overall features of the excitation are fixed. The discrete model provides a
simple and computationally efficient algorithm for the generation of an ensemble of
artificial digitized accelerograms with similar characteristics to a given earthquake
accelerogram. Such simulated accelerograms were used in response studies of linear
elastic and inelastic structures. The results of such studies indicate that the lower
the structural frequency of linear structures, the more the displacement, velocity
and acceleration are sensitive to the details of the ground motion. Also, the more
inelastic the response of a structure is, the less sensitive the maximum velocity and
absolute acceleration is to the ground motion details. However, the maximum duc-
tility and especially the residual ductility of the inelastic response are very sensitive

to the details of an acceleration time history which has its overall features fixed.

The simplified statistical structure of the continuous model can be efficiently
used in analytical random vibration studies and for mathematically studying the
importance of the temporal nonstationarity in both the amplitude and frequency
content of ground motion on the response of both linear and nonlinear structures.
Such analytical random vibration studies were considered in this work. Using the
equivalent linearization method, an equivalent second-order linear differential equa-
tion with time-varying coefficients replaced the equation of motion of a nonlinear
oscillator. The special case of time-invariant coefficients corresponds to the equa-
tion of motion of a linear oscillator. An approximate formulation was developed
to replace the original, computationally lengthy expressions for the covariance of
the transient response by much simpler expressions. The approximations provide
meaningful insight into the characteristics of the nonstationary response. Similar-
ities with the stationary response exist and were identified by the analysis. The

formulation was extended to approximate the covariance response of multi-degree-



- 172 -

of-freedom systems. The proposed approximations preserve the essential character-
istics of the response without significant loss of accuracy. They are also computa-
tionally efficient with typical reduction in computing time of one to two orders of

magnitude,

The approximate random vibration analysis treats “earthquake like” excita-
tions with nonstationarities in both amplitude and frequency content, and therefore
the approximate equations are suitable to apply in the seismic analysis of linear and
nonlinear structures. The simplified approximate formulation was used to math-
ematically analyze and demonstrate the effect of the temporal nonstationarity in
the frequency content of the ground motion on the response of linear and nonlinear
single-degree-of-freedom oscillators. From the analysis, it was concluded that the
characteristics of both linear and nonlinear response strongly depend on the time
variation of the frequency content of the excitation. Time-invariant frequency con-
tent models are inappropriate to model ground motions with time-varying frequency
content. In particular, the temporal nonstationarity in the frequency content of the
ground motion can have a substantial effect on the response of nonlinear structures
of softening type, especially when the lengthening of the structural periods due to
the softening of the structure tracks the shift of the dominant frequencies of the

ground motion.

The proposed ground motion model is also promising for use in seismic risk
analyses in which uncertainties in the variables accounting for the seismic environ-
ment at a site would be reflected in uncertainties in the model parameters. Em-
ploying such studies, it would be possible to probabilistically specify future ground
motions at a site in terms of the full acceleration time history rather than the

simplified peak ground quantities commonly used in present practice.

In future work, it is proposed to use probability as a mathematical tool to si-
multaneously treat ground motion uncertainties, structural model uncertainties as
well as damage model uncertainties, and to study the sensitivity of various response
parameters indicative of damage to these uncertainties, and finally to probabilisti-
cally assess reaching various limit states such as structural damage. This will allow

more comprehensive seismic risk studies to be done for major structures which can
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deal directly with inelastic response, avoiding the difficulties that arise in current
practice when peak ground motion quantities or elastic response spectra are used

to describe potential ground motions at a site.
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APPENDIX A

‘1. Solutions of Homogenous Second-Order Differential Equation
with Slowly-Varying Coefficients
In general, there is no closed-form solution of the second-order differential equa-
tion
£+ 2¢(Hwa(t}s + wi(t)z =0 (A.1)
where a dot denotes derivative with respect to the independent variable t and ¢, and
w, are time varying. However, in the case of slowly-varying coefficients, approximate
closed-form solutions can be derived. A perturbation technique is used here to

approximately solve the equation (A.1).

Introducing a new variable 7 by:

T = % , A large (A.2)
then,
d 1d d? 1 d?
& & ™M @@ TN (4.3)
Setting
z (T) =z (’\T) ’ gg (1) = Sg (Ar),  @g(r) = Wy ()‘T) (A-4)
equation (A.1) may be rewritten in the form:
B+ 208 (1)@y(r)E + A202(r)E =0 (4.5)

where now a prime denotes derivative with respect to the independent variable 7.

Define a new dependent function ¢(r) by:
$(r)== (A.6a)
z
then,
~F7 o 2
' e T
= |z A8b
¢ =2 (5) (4.65)

Solving (A.6a) and (A.6b) for Z and Z and substituting into equation (A.5), we

find that ¢(r) satisfies the first-order nonlinear differential equation:

¢ + &% + 205, (1)@ (1) 4 + A2 (r) = 0 (4.7)
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Expanding ¢(7) in powers of A:
8(7) = Ao (7) + (1) + 32 (7) + -, (438)

substituting {A.8) into (A.7) and equating terms of the same order, we finally obtain

the equations for the first two terms in the form
o + 28 (T)@g(T) 0 + @2(r) = 0 (A.9a)

o + 200y + 28,(7)iy(r)dy =0 (4.95)

The condition between the first two terms under which the expansion (A.8) is valid

is:

¢1(7)
—= LA A.10
Solving (A.9a) and (A.9b) for ¢y and ¢, respectively, we get:
$o (1) = &G, £ 10,01 & (A.11a)
¢y (1) = % (A.11b)

2 (do + &)

Noting from (A.6a) that:

Z(r) =exp [/Tqb(ﬁ) dﬁ] (A.12a)
and using the expansion (A.8) we get:
5 (r) = exp { f " b0 (8) d (,\a)] exp [— / ’ ﬂﬁao—f)é:%ﬂ (A.125)

Changing the variable of integration in (A.12b) according to {A.2), the two linearly

independent solutions of (A.1) are finally obtained as

PR e LG LI L R N
0= e |+ [ ) () ], 1= 1.2
(A.13a)
where
P (6) =~ sy () ()] /2634 (4.130)

and
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wa () = wq (s) /1 = ¢2 (s). (4.13¢)

Using the values of ¢ and ¢;, the condition under which the expansion (A.8) is

valid becomes:

gol_ <1 (A.14)
2wywy
or equivalently,
eal <1 and ol < 1, (A.14a)
2wawg 2wgwg

where a,(t) = ¢;(t)wy(t). Introducing the period Ty of the system as Ty = 27 /wqy

we can rewrite {A.14a) in the form:
Joal o ang I—?'-\h “F<1 (A.14¢)
‘JT

dewg
The responses 5 (t,7) to a unit initial displacement and h(t,7) to a unit initial

velocity applied at time 7 are

n(t,7) = wa(r)g(t,7) + {ag(r) + %‘;(%} h(t,7) (A.15a)

hitr) = {_ {’J;‘(’t()si:z’:) ds] sin [ / *oals) ds} (A.15b)

respectively, where

exp |- [ ¢y (s) wy (s) ds] :
glt,r) = POrG = cos {/T wd (8} dsi' (A.15¢)

2. Principal Matrix Solution

The principal matrix solution ®(¢,7) satisfies

B(t,7) = A(t)2(t,7)

(A.16)
o(r,7) =1
where A(t} is given by (4.3). It is straightforward to show that
®11(t,7) =n(t,7) (A.17)
o (t,7) =n(t,7) (A.18)
1a(t,7) = h(t,7) (A.19)
Boa(t,7) = h(t,7) = wa(t)g(t,7) — {ag(t) + (()) } k{t,7)  (A20)
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where the slowly-varying formulas were used in (A.20).

For large enough ¢,(t), both n(¢,7) and h(t,7) decay quickly to zero after a
few cycles of oscillations. For slowly-varying ag4(t) and wy(t), we can ignore their
time variation over the first few cycles and approximate the expressions (A.15a)

and (A.15b) by the simpler ones

* * w (t) *
) =walle o) + {0+ 28 ) (a2
B (t,7) = SRS “L‘”ﬂ(g) = i g (2) (¢ — 7)) (4.21b)

where
exp [—¢; () wq (2) (¢ — 7)]
Wy (t)

These expressions are exact for time-invariant ¢, and wy.

g (t,7) = cos [wy (t) (t — 7)] (A.21¢)

3. Evolutionary Spectral Representation of A Stochastic Process

For a stationary process z(t), the covariance function R, (t,s) depends only on
the time difference 7 = ¢t — s. A useful quantity referred to as the power spectral
density (PSD) can be introduced in this case as the Fourier transform of the covari-
ance function. The PSD, which describes the frequency decomposition of the total
energy of the process, is also a complete description of the zero-mean Gaussian sta-
tionary process because the covariance function can be determined from the inverse

Fourier transform.

For the case of a nonstationary process, Priestley (1965, 1967) extended the
- definition of the PSD. If a zero-mean Gaussian stochastic process admits the spectral

representation -
z(t) = [ H () é¥tdZ () (4.22)

where H(w) is deterministic and dZ(w) is an orthogonal stochastic process such
that

E[dZ (w)]=0 (A.234)
E [dZ (wl) dz* (wz)] =6 ((.dl - wz) dw, (A.23b)
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then the PSD of z(t) is given by:

Saw (w) = H (w) [? (4.24)

Similarly, a nonstationary stochastic process can be generated from the spectral

representation

z(t) = / " G () €447 (w) (4.25)

-0

where in this case G(w,t) varies with time. According to Priestley, the evolutionary

power spectral density (EPSD) for such a process is defined as
82z (w,t) = |G (w,t) |? (A.26)

In this case, the EPSD is not a complete description of the nonstationary process
because the crucial quantity R..(f,s), which turns out to be given by
(=]
R, (t,8) =E[z(t)z(s)] = / G* (w,t) G (w,s) et~ du, (A.27)
-0
depends also on the phase of G(w,t). For ¢ = s the variance of the process is
obtained in the form

R(t) = Rus (1,8) = E [2%(¢)] = ]Oo S (w,t) dw (A.28)

The variance R(t) may be interpreted as a measure of the total power of the process
at time t and (A.28) gives a frequency decomposition of the total power in which
the contribution from frequency w is S(w,t)dw. Therefore, the EPSD retains its

interpretation as a frequency decomposition of the total energy.

Next, we derive an approximate closed-form expression for the EPSD of the

process defined by (3.1). Substituting the spectral representation of white noise

e(t) = [_ etz (w) (4.20)

(o]

into {3.2) and interchanging the order of integration, we get that

(=] i
y(t) = / [ / h{t,s) f (s) e—i“(*--’)ds] etdZ (w) (A.30)
~-00 0
According to the definition, the EPSD is
t
[ Rt s) F (s) e =) ds
o

where in the case of slowly-varying coefficients, h(t,s) is approximated by (3.6).

2

Syy (w,t) = (4.31)
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APPENDIX B

Relationships Between the Coefficients of Second-Order
Discrete and Continuous Equations

Solving the algebraic system (3.26) for the two unknowns a;(k) and a(k) at

each k and using expressions (A.13} for :1:;;1) (tx) and :1:}(‘2) (tx), we finally obtain that

ay (k) = wd—(tk_—l)exp [— /:k ag (s) ds] sin (O — Or-2) (B.1a)

Wd (tk) sin (Qk-l - @k_g)

w4 (tk_g) ]t" sin (®k - @k—l)
kY= —y ——~ — d B.1b
Qg ( ) Wy (tk) exp [ trs ag (S) o sin (G)k—l - ®k—2) ( )

where
tr
Qr—0; = / wq (8) ds k,l integers (B.1c)
i

In practice, At is very small and «,(t) and wg4(t) can be assumed to remain essen-
tially constant over the period At. Therefore, without losing accuracy, expressions

(B.1) can be approximated by:

a1 (k) = 2exp [—¢, (k) wy (tx) At]cos [wy (tx) At (B.2a)
ag (k) = —exp [—2¢, (tx) wy (tx) At] (B.2b)
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APPENDIX C

Second-Order Discrete Equation

The general solution of the discrete equation (3.25) and the autocovariance of its
output is derived herein. The discrete impulse response ug ., is first derived by

solving the auxiliary problem

Upm — Q) (k) Uk—-1,m — Q2 (IC) Uk—-2,m = 6k,m 4 k >m (Cla)

Upm =0 3 k<m, (C.1b)

where 6 ,,, is the Kronecker-delta given by:

1, ifk=m;
Ot = {0, if k # m. (€-2)

Since the coefficients of a1 (k) and az(k) have been chosen so that the free vibration
solutions of (C.1) are :rg) (kAt), 1 = 1,2, we can express the solution to this problem

in the form:
1 2 .
W = {Az}, Nkat) + Bz(P (kAd), if k > m; (c.3)
0, fk<m,

then (C.1) is satisfied for every k different from m, m + 1. The constants A and B
are determined by enforcing ug .., to satisfy equation (C.1) at k =mand k = m+1.
Finally, using the expressions (A.13) and {B.2b) for mg) (kAt), i = 1,2 and az{m)
respectively, the exact relation for uy,,, becomes:

h(te,tm)

u = —
BT R (1) (C.4)
=0 ;7 k<m

Using the principle of superposition, yx may be written in the form:

k k
Y = Z Uk (M) €, = Z Uk m+10 (M + 1) €1, k=1,...,N (C.S5)
m=1 m=0

Using {C.4), and the property of the discrete white-noise process

E [emer] = by, (C.6)
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the discrete autocovariance function of the process yx , £ =1,..., N becomes

k
E [ykys] = Z "ﬁ'lc,m+1"‘541,711,-{-10r2 (m + 1) 7 82k (0'70')
: m=0
—ih(t tm) i (art )M- s>k (C.7b)
- et kstm artm h2 (tm-i-latm)’ il .

On the other hand, the ACF of the continuous process y{t) can be approximated
by numerically integrating expression (3.3). Using the trapezoidal rule, the integral

in (3.3) is replaced by the summation:

k
By (t,8) = 3 h(tstm) b (5,tm) £2 (tm) At — %h(t,to)h(s,to) f2(to) At (C.8)
m=0
where t,,, = mAt and kAt = min{t, s}. From (C.7b) and (C.8) and assuming that
f(to) =0, it is found that relation (3.28) holds if

o (k+1) = f (t) b (ters ts) VAL (C.9)

The accuracy of the approximation deteriorates as the oscillator frequency w,(t)
approaches the Nyquist frequency, that is, as the number of time-steps At per
period decreases. That is so, because the trapezoidal rule approximation applied
for the integral in (3.3) becomes less accurate for large time steps. For ten time-steps
per period, an accurate numerical integration algorithm is obtained. Assuming that
the variation of w,(t) and a,4(t) is not significant over the interval At, expression
(C.9) is further approximated by (3.29).



- 188 -
APPENDIX D

Solution of the Second-Order Differential Equation Using the
Two-Timing Method

Consider the second-order differential equation
F(t) + 2ewof (t) + wir(t) = g(t)

with initial conditions
r(0j=0 and #(0)=0

(D.1)

(D.2)

We seek a solution in the form of a series such that when g(t) varies slowly with time

and the angular frequency wo is high, the first few terms in the series expansion

would provide a reasonable approximation to the solution r(t). For this, the two-

timing method is used with the slow time to be governed by t and the fast time to

be governed by the reciprocal of the angular frequency wp.

Introducing the fast time r by

T = wol
then
rt)=r(—) = z(r)
=r{o )=
where z(7) is a function of the independent variable 7 with
£(r)= —#t) end o'(r) = SF(t)
o wWo - w§ '

The differential equation for z(r) becomes

()

Lz(r) = z (r) + 25;::!(7) + z(7) = €e*g(er)

with initial conditions
z(0)=0 and z({0)=0
where

t=t(r)=;1;1‘=ef

(D.3)

(D.4)

(D.5)

(D.6)

(D.7)

(D.8)
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We seek a solution of the form z(r) = X(r,¢(r)) where X(7,t) is a function of
two variables 7 and . Then
(o _ dX(7,t(r)) 98X (7,t) + EBX (7,1)

D9

z(r) - dr ar at (D)
" d*X (r,t(r)) 62X (r,t) 32X (r,t) ,08%X (r,1)

— TN ) ’ D.10

= (1) dr? o e T (P

We expand X(r,t) into powers of €
X(7,t) = Xo(r,t) + eX(7,t) + € Xa(r,t) + € Xa(r,t) + * Xy(r,t) +..., (D.11)

and we substitute it into the equation (D-6) and (D-7). Collecting terms of the

same order in € we have the system

(L Xo(r,t) =0 )
€: > (D.12)
. 8Xo(0,0)
\ X0(0,0) =0, e _o}
(L X,{r,t) =0 )
1
X,(0,0) =0, —/]>2~ —9¢
\ 1( ’ ) ? aT /
(L X,(r,t) = g(t) )
% > (D.14)
’ _ 80X, (0,0) _
1 X2(0,0) =0, = _0)
( ain-—l (T’t) ain—2 (Ta t) aXi—l (T’ t)
FR LX) =2 =~ % & D.15)
' _ 8X;(0,0) . 8X:i—,(0,0) _ '
\ X;(0,0) =0, e+ = =0

which can be solved successively. Integrating the equations and eliminating the

secular terms produces

Xo (r,t) = X (r,t) =0 (D.16)
1

Xﬂnﬂ—ﬂﬂ—ﬂmw(;Tf?m) (D.17)

X3 (T: t) = _zs_a%gt) + aga(tO) v (.\/11__3-2’—(1 - 2§2)) (D.18)

Xy (rt) = —(1-47) 82‘39 + a;gt(zo) % ( \/;__F —¢(3 - 4c2)) (D.19)

X (1) = O (69() + O (¢(0) v (o,5in9)) (D.20)
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where ¢ (p,sin ¢) denotes the exponentially decaying oscillatory function
v (p,sin¢g) = pexp (—¢7) cos (\/ 1—¢2r+4 ¢) (D.21)

Substituting 7 = wet and using the expansion (D-11), the final expression for

r(t) becomes

580 80) ( 1 _ 28))

— (1~ 4¢?) i), 90, ( ,-——11_ 5‘2’—{(3 - 4§2))

£ () 0 (vwa) o

=3 =3

where o (p,sin ¢) is the exponentially decaying oscillatory function

@ (p,sin ¢} = pexp (—¢wot) cos (wat + @) (D.23}
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APPENDIX E

Covariance Response of A Linear Oscillator Subjected to
Modulated White-Noise Excitation

Substituting the time-invariant version of expressions (A.17) to (A.20) into equa-
tion (4.15) and after algebraic manipulations, it can be shown that the covariance

S(t,s) of a response quantity takes the simple form

cos [wa(t — s) + 4(s)]

S(tys) = q{s) exp (—¢wo(t — ) <o [3(5)] (E.1)
where g(s) and ¢(s) are given as follows.
For the covariance of the displacement response
¢
8) = s), tan (¢(s)] = —————= + €12(s E2
q(s) g11(s) [6(s)] \/I——g? 12(s) (E.2)
For the covariance of the velocity response
€12(s
os) = amals),  tan[B(s)] = ——= 12(9) (E.:3)

\/1 —¢2 1 + 622(8)
For the covariance of the absolute acceleration of the response

_ s {1+ 2e02(s)] — 4¢3 [1 + e2a(s)]} + (1 + 4¢7) €ra(s)
B 1+ 4¢2 1 + 2¢22(s)] + 4¢er2(s)

q(s) = ga(s),  tan[g(s)]
(E.4)

For stationary response, e22(s) = €12{s) = eg(s) = 0.
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APPENDIX F

Complete Set of Equations for the Mean-Square Displacement
of the Nonlinear Response

The differential equation (4.51) can be split into the first-order differential equa-

o () + 25 ()aus () = 2r(1)
G11(t + 25*(t gi1lt) = 2r{t
(F.1)
911(0) =0
with the excitation r(¢) satisfying the second-order differential equation
F(t) + 4o ()FE) + [20 () r(t) = gt
(t) ()7 () + [2w* ()] r(2) = g(¢) (F2)

7(0) =0, 7{0)=0

where

o*(t) = alt) - 0.56(t) (F.3)
s*(1) = aft) + 6(t) (Fd)
(207 (1)) = [20()]” — 2&(t) — 4a(t)6(2) - 6(¢) + 46%(2) (F5)
g(t) = 2Lz (t) + 4a(t) Lia(t) + Lia(?) (F.6)
and &(t) satisfies the nonlinear differential equation
5§~ 666 +4(w?— a® — &) 6+46° = 2wi — 2064 — & (F.7)

Assuming that a(t) and w(t) are slowly-varying, the dominant solution for 6(2)

becomes ) ] ]
Www — ol W4
6(t) = = F.8
() 2(w? —a?) 2wy (F8)

and it can be used to simplify the expressions (F-1) to {F-6) in the form shown in

section 4.5.1.
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