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PREFACE

The National Center for Earthquake Engineering Research (NCEER) is devoted to the expansion
and dissemination of knowledge about earthquakes, the improvement of earthquake-resistant
design, and the implementation of seismic hazard mitigation procedures to minimize loss of lives
and property. The emphasis is on structures and lifelines that are found in zones of moderate to
high seismicity throughout the United States.

NCEER’s research is being carried out in an integrated and coordinated manner following a
structured program. The current research program comprises four main areas:

L]

Existing and New Structures
Secondary and Protective Systems
Lifeline Systems

Disaster Research and Planning

L]

This technical report pertains to Program 1, Existing and New Structures, and more specifically
to system response investigations.

The long term goal of research in Existing and New Structures is to develop seismic hazard
mitigation procedures through rational probabilistic risk assessment for damage or collapse of
structures, mainly existing buildings, in regions of moderate to high seismicity. The work relies
on improved definitions of seismicity and site response, experimental and analytical evaluations
of systems response, and more accurate assessment of risk factors. This technology will be
incorporated in expert systems tools and improved code formats for existing and new structures.
Methods of retrofit will also be developed. When this work is completed, it should be possible to
characterize and quantify societal impact of seismic risk in various geographical regions and

large municipalities. Toward this goal, the program has been divided into five components, as
shown in the figure below:

Program Elements: Tasks:
Earthquaks Hazards Estimates,
Seismicity, Ground Motions Ground Motion Estimates,
and Seismic Hazards Estimates New Ground Motion Instrumentation,
Earthquake & Ground Motion Data Base.
1
\ . . f ti
Geotechnical Studies, Soils Site Rasponso Esfimates,
A ) Large Ground Deformation Estimates,
and Scil-Structure Interaction - Soik-Structute Interaction.
S R . : Typical Structures and Critical Structural Componsgnts.
ys'tem espon sej M. Testing and Analysis;
Testing and Analysis Modern Analytical Toals.

\ LA

Vulnerability Analysis,
Reliability Analysis — | Reliability Analysis,
. Risk Assessment,
and Risk Assessment ' Code Upgrading
Archﬂedural‘and Structural Design,
Expert Systems Evaluation of Existing Buiildings.

iii



System response investigations constitute one of the important areas of research in Existing and
New Structures. Current research activities include the following:

1. Testing and analysis of lightly reinforced concrete structures, and other structural compo-
nents common in the eastern United States such as semi-rigid connections and flexible
diaphragms.

2. Development of modern, dynamic analysis tools.

3. Investigation of innovative computing techniques that include the use of interactive
computer graphics, advanced engineering workstations and supercomputing.

The ultimate goal of projects in this area is to provide an estimate of the seismic hazard of
existing buildings which were not designed for earthquakes and to provide information on typical
weak structural systems, such as lightly reinforced concrete elements and steel frames with
semi-rigid connections. An additional goal of these projects is the development of modern
analytical tools for the nonlinear dynamic analysis of complex structures.

One of the major challenges in nonlinear structural analysis of non-classically damped systems
under dynamic loading is the development of a reliable computational approach. When excited
by dynamic loads, such structural systems not only dissipate energy unevenly, but also show
different types of energy transmissions. These special features cannot be handled by the tradi-
tional methods used for classically damped systems. This report is intended to provide a suffi-
cient numerical treatment of response calculations for non-classically damped systems. Although
the proposed approaches focus on the linear structures at this stage, it has potential capability of
handling nonlinear structures with non-classical damping and is superior when applied to
classically damped systems.

v



ABSTRACT

In this report, various numerical methods to obtain the responses of
non-proporticnally damped systems are compared in terms of their accuracy and
efficiency. Based on a theoretical investigation of non-proportional damping
mechanisms, a class of new iterative schemes are proposed followed by an
analysis of their convergence and their optimal convergent speed. It is found that
such iterative schemes possess faster convergent speed than many currently
available numerical methods and require much less computer memory space.
Moreover, the new schemes converge unconditionally for both classically and
non- classically damped systems.
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SECTION 1
INTRODUCTION

Structural design against time-dependent loadings has been =2 major
interest in many engineering disciplines in this half of the century. In
mechanical engineering, significant progress has been made by using these
designs in control of wvibrations. In c¢ivil engineering, structures
designed against time~dependent loadings are relatively recent and are
popular primarily in earthquake-resistant designs which includes system
identification and structural control. When dealing with dynamic issues
of linear, viscously damped structures, the fundamental dynamic equation

is often expressed in the following matrix form:

M %(t) + C X(t) + BX(t) = F(v) (1)

where the nxn matrices M, €, K are mass, damping and stiffness matrices

recspectively. X ig the displacement vector. F(t) is a forcing function.

The mass matrix is pogitive definite, so is the stiffness matrix in most
civil engineering applications. The damping matrix is allowed toc be

positive semi-definite., All of these matrices are symmetric,

According to many current designs, a structure may have cetaln plastic
deformations when excited by strong earthquake ground motions. Such
designs mainly consider the stiffness of the structure. A second important
approach of earthquake-resistant design of structures is by using the
damping term of Equation (1). For many years, analysts and engineers had
not paid much attention to understand damping mechanisms. The elementary

treatment of damping for single-degree-of-freedom (SDOF) systems has



been adapted to multi-degree-of-freedom (MDOF) systems. The assumption

of proportional damping, suggested by Rayleigh in 1920s is still used in
most situations today. Although non-proportional damping of MDOF systems
attracts much attention lately, engineers still deal with their designs by
essentially treating the structures as SDOF systems. Namely, the

damping effects are treated only as the phenomena of energy dissipation.
However, in non-proportionally damped structures, not only energy
dissipation but also energy transmission exist, and the latter should be
taken into consideration in structural design (see Pollard, (1975),

Liang (1985), Liang and Lee (1990)).

There are several unsolved problems concerning the damping mechanisms.

A most commonly encountered one in earthquake engineering is the lack of
physical explanation for the inablility to decouple a non-proportionally
damped systems in the physical domain and to obtain the n-modal scolutions
(see Liang and Lee (193C)). Although many researchers zre able to give some
mathematical descriptions to this problem, they failed to describe them
physically (see Meirovitch (1967}, Clough, (1975), Ewins (1988} and

Singh {1986)). Several researchers have attempted to solve Equation (1)

in the n-dimensional physical domain by using pure proportionally damped
systems or by adding numerically computed pseudo-forces (see Thompson et al
{1974), Udwadia and Esfandiari (1990)). However, these efforts did not

give accurate and unconditionally convergent numerical metheds. The
authors of this report believe that fundamental analysis is essential in

order to completely solve the above problem.

In this report, while our attentions are given to the physical space



solutions of Equation (1), some theoretical bases about generally damped
structural systems and the damping mechanisms will also be described. It
is shown that these theoretical foundations can lead to correct
solutions of Equation (1) in the n-dimensional physical space, and provide
answers to some problems concerning non-proportionally damped systems as

well.

In practice, most c¢ivil engineering structural systems are non-
proporticnally damped. The usual finite element method can easily generate
models with thousands of dimensions. In design, ldentification and centrol
of structures, the determination of the system responses of such
non-proportionally damped, large degrees-of-freedom systems should have
sufficient accuracy to ensure reliable analyses. Furthermore, the

speed of calculation 1s an important factor in on-line diagnostic
and meoniteoring systems. One example is the real-time active control of
buildings subjected to earthquake excitations, (see Scong {1987)). Because
non-proportionally damped systems can not be decoupled in the n-dimensional
physical space, we have to go through the Zn dimensional state space to
calculate their responses. This is generally very time consuning for large
order systems. Many attempts in obtaining the response can not yield
accurate results or fail toc convergence unanimously. This situation makes
the task of numerically solving Equation (1) with precise and efficiency
appear difficult, though it is a popular topic in today’'s structural
dynamics. In this report we first briefly introduce some rudimentary
concepts of complex damping and the ratio of energy transmission over

energy dissipation in per mode (TD ratio). Based on the analysis of the



modal energy relationship, we will see that if the TD ratios can be
technically suppressed down to certain level, then there is a convergent
algorithm. This observation lead us then to the invention of a class of
unconditionally convergent iterative schemes for solving Equation (1).
Both conceptual descriptions of this approach and practical algorithms
are included. Mathematical proofs and physical explanations of some of
the related theorems are presented. Also numerical examples, including
comparisons with recent developments, are given to show the advantages of
the suggested methods. Calculation for a real structure is performed to
compare the responses from experimental measurements and that from the
proposed computation. These results appear well agreeable to each other and

show the potential success and development of the proposed approach.



SECTION 2
BRIEF REVIEW OF PREVIOUS AND CURRENT STUDIES

Studies on non-proporticnally damped structures are growing rapidly in
numbers. Investigations may be classified into two categories: (1) theories
that explain the dynamic behaviors of structures and (2) algerithms for
computing various responses and parameters. Recent emphases in theoretical
development include eigen-systems and modal analysis, criteria of
proportional damping, indices of complexity, and complex damping, etc.
while the second category gives more attention to solution techniques in
practical applications. Few studies involve both fundamental

understandings and scolution algorithms. In the following, we will focus our
review only on certain relevant aspects of dynamic analyses and response

calculations.

The criterion for determining whether a system is proportionally damped
was developed by Caughey and 0’ kelly {1965). A proportionally damped
system is said to be a system that can be decoupled into n single-degree-
of ~freedom {SDOF) equations to yield normal (real) modes. Often the
methods for solving SDOF systems can be extended to proportionally damped
MDOF systems without too many difficulties. Non-proporticnally damped
systems have complex modes. They can not be decoupled in the n-dimensional
physical space. Such a system can be described by a canonical vibration

equation:

n

I X(t) + € X(t) + A X(L) = F(t) (2)



~-1/2x ,,~1/2

where In is an nxn identity mass matrix, C = QTM CHM Q, , A=

k
oM%Y %, x = "MV, F(t) = 'M%F(t), and Q is the orthonormal

eigenvector matrix of H—h?EM_l/z. In a simple, symmetric and oscillatory

system, Ak is diagonal and positive definite. C is at least positive
semi-definite and 4Ak_ ¢ is usually positive definite. Since the system
is non-proporticnally damped, the damping matrix C is non-diagonal

i.e. ¢, # 0 for some i # j.
ij

c c ... C
11 12 in
C C ... C
C = 12 22 2n | . (3)
c c ... C
1n 2n nn

Modal analysis methods, which are based on the eigensystem approach, are
powerful tools in studying the dynamic characteristics of such systems

(see Clough {1976), Ewins (1986), Michell (1990)). However, using only the
eigen-information, it is difficult to understand completely the responses
and most likely to overlook the real (physical) meanings of modal parameters.
In an attempt to overcome this drawback, Singh (1983), Nair and Singh (1988)
suggested a way to describe the complexity of non-proportionally damped
systems by introducing indices of non-proportionality. Their approach is
intended to describe the nature of a structure and at the same time to
estimate certain errors in the response computation. None of the indices
developed so far, however, is sufficiently general for most practical
applications. This problem is essentially related to the question why a

non-proportionally damped system can not be decoupled 1in the physical

domain.

If the damping is non-propertional, then not only energy dissipation but

2=-2



also energy transmission occurs in the vibration system. The energy
transmission tangles the modes and makes system decoupling impossible in
the physical domain. Based on studies of modal energy relations, Liang and
Lee {1980} introduced a theory of complex damping which simultaneously
deals with energy dissipation and transmission using complex Rayleigh

quotients, R ’'s
1

R=(eCPl/ePl=a+ jb, (4)
i i i i i i i
where Pi is the i*" eigenvector of system (2), and

ax2¢& w , b ~®2C w, (5)

with W Ei and Ci to be the i*h undamped natural frequency, damping

ratio (energy dissipation ratic) and energy transmission ratio

respectively. The complex quantity n= §i+ J €, which is called the ith
1

complex damping ratio, can be used to characterize various damping

effects. If C is proportional, then it can be diagonalized and

R =2 &iwi = real, i=1, ..., n. (8)

i

If C is non-proportional, Criterion {(6) does not hold. With large values of
|§11, great amount of energy will transfer among the system’s individual
modes. This value of complex damping ratic is an indicator on the degree

of difficulty to approximate the responses of a non-proportionally damped
system by certain proportionally damped systems. Although it is possible

to develop certain other algorithms for the response computation, recent
published papers on complex damping theories have not addressed this

topic.

The second kind of response calculations, of which Foss {1958) was one of



the earliest proponents, considers the solution of the non-proportionally
damped structures in a 2n dimensional state-space. Methods generated

from this perspective are precise and computer-ready, but computationally
intensive. To overcome this drawback, Thompson et al (1874) suggested to
calculate the response by using a diagonal nxn matrix D = diag(cii) - the
diagonal entries of Equation (3), to replace matrix C. Following this
approach, a great deal of effort was concentrated on understanding the
conditions of small errors (see Foss 1958, Warburton et al 1977). But in
principle, this type of methods destroys the accuracy and has been
criticized by many authors. Among them, Hasselman (1876) first suggested a
criterion for Jjudging if the modal coupling can be neglected at certain
level. He also pointed out that close space natural frequencies oftlen
cause accuracy problem. Warburton et al (1977) and Duncan et al {1973)
recognized that errors generated in such response computing are affected
by the nature of the forcing function. Yet neither group elaborated
further on this observation. In the mean time, Singh (1986) and Voletsos
(1986) continued in developing other medal analysis methods which remain
to use 2n-dimensional space. Recently Udwadia and Esfandiari {(1990)
conceptually improved Warburton and Duncan’s work in n-dimensional space
by introducing an iterative method. The basic idea of their method can be

expressed by

(k) Slk-1)

gkl Rt (t) = F(t) + (D-C)Y

(t) + DY {(t) + Ak Y {(7)

where Y(k) denotes the k'’ iterative result and D consists of the diagonal

entries of matrix C.

The convergence condition for (7) requires the spectral radius of matrix



T{w} less than unity for all w, where
T(w) = [J o (A= oI + j oD 1(D-C). (8)

Unfortunately, this requirement is not generally available for most
engineering applications. Indeed, as the order of system increases, the
chance of (7) being convergent decreases. This is shown by Theorem 2 of

this report.






SECTION 3
TD RATIO AND A GENERAL ALGORITHM

As discussed in the preceding section, a non-proportionally damped

system is different from a proportiocnally damped system essentially in the
energy transmission. Although a system with energy transmission in its
individual modes can never be decoupled in the n-dimensional physical
space, an alternative approach in the n-dimensional physical space can be
carried out by separating the damping effect into two portions:

dissipation and transmission of energy. Consider the following equation

(k) o{k-1)

glkd (t)= F(t) -(C-G)Y

I (t) + gv' ¥ (t) + AY (t) (9)

where G is a diagonal matrix with positive entries. The left side of
Equation (9) is in proportional form. If we can find a proper G to nmake
(9) a convergent iterative scheme, then the effect of non-proportional
damping C can be approximated by the effect of G as energy dissipation
factor and C - G as energy transmission factor. What will gulde us

to the proper G? Before we explore this question, let us first define

a TD ratio
¥y=¢/ & =b/ a (10)
1

which stands for the ratio of energy transmission over energy
dissipation in the i*" mode {see (4) for the meaning of C and £ , and
(5) for b and a). The value of this ratio depends on the system damping

and the excitation force. If we also define

F (t) = F(t) - (C-G)Y

(k) '(k—l)(t) (11)
s



as the pseudo force, then the TD ratic for each iteration of (9) can be

decided by F;k)(t) and G.

Using the complex damping theory, we can show that if there is an
iterative system (9) with sufficiently small TD ratios for each of its
iterations, then the response of non-proportionally damped system (2) can

be obtained by iterating certalin responses of system (9).

Let G in (9} be the diagonal of matrix € and subtract (9) from (2), we have

2" (£)+Dn™ () +A 2™ (£) = (D-C)a" P (t) (12)
where n(k)(t) = X(t) - Y® (1), Applying Fourier transform to (12) and
denote F(n'* (£)) = p™ (1), we have

~(k) “(k-1)

po(A) = Toup (A) {(13)

where T(A) is the same formula given in (8) except w being replaced by

A. Now consider a special case that p(T(2 )) = 1, where A_ is the ith

1

eigenvalue of system (2}, Let Pi be the associated eigenvector for A{

T(Ai)Pi = Pi (14)

Without loss of generality, we calculate the first row of the left hand

side of Equation (13), which is

p

T. 2, . p
[Jhipii/ (k1+ Ai+ JCil)][( 0, € Cpgr o Cln) ?2 /p11 ]
P

in



It can be easily shown that the imaginary part in the second square

bracket equals b , that is,

pll

- Im[(O, Clps Cppr o5 © ) ?2 / p11] =b . {158)

e

pln
Equation (15} implies that bi is independent of the choice of G. However,

by increasing the entries of G, the TD ratios can be lowered, which

eventually leads to a convergent scheme.

In order to find a diagonal matrix G to suppress the TD ratioc y, there
remains the following questions: How to choose the shape of matrix G?
Does it possess a simple form? In a later section we will show that the
shape of matrix G does not influence the convergence of {8), as long as
its norm is sufficiently large. Further we will see that by choosing the
following

G = gD (18)

with proper scalar g, we may achieve an optimal algorithm.

Dencte the largest and smallest eigenvalues of p'c by o and o
m m

ax in

respectively. Let

g=(oc + o )/2. (17)

We now propose our general iterative algorithm in the following block

diagram, Figure 3-1.



Start, Y(0) = X(0), Y(0) = X(0)
k=1, F' = F(t), t e [0, T]
S
G=gD, g=(c +o0o )/2
max mirn
L
k=k+1 Solve Equation (9) to

~

obtain Y'*¥)(t) and Y (¢).

Neo .
Pik+1}=F(t] + (G=C) Y(k)(t) Y(t} is close to X(t)
under given tolerance.
Yes
X(t) = Y(t)

FIGURE 3-1 Block Diagram of a General Algorithm



SECTION 4
CONVERGENCE AND OPTIMAL CONVERGENT SPEED

The iterative equation of the general algorithm can be written as

(k) (k)

1 9% e+ 6Y (k)

o(k-1)

(t) + AkY (t)= F(t) -(C-Q)Y (t)

where t € [0, T] and G is a positive definite diagonal matrix, with the

following initial conditions

(k)

Y (0) = x k=1, 2,
0
v 0) = v, k=1, 2,
vty =0 t e [0, T] T < w

We discuss the convergence of this scheme through an analysis of its
Fourier transform. First, we subtract the above equation from the

equation
Ini(t) + GX(t) + AX(t)= F(t) -(C-G)X(t) t e [0,T], (18)

with initial conditions

X(0)

i
%

X(0)

H
<

Let 70¢1) = x(t)-Y'™{t) for t € [0,T]. We have

1% + ety + A (= F(r) —(c-@n T (1) (18)

with

2% () = o, K =1, 2,



2*¥(0) = o, K =1, 2,

h(O)(

(0)

t) = X(t) - (t) = X(t)

Here n(k)(t) is only defined on [0, T]. In order to perform Fourier
integration to (19), we have to extend it to [0, «) . Note that H(t) is

a twice differentiable function on {0, T]. Also the behavior of F(t)
beyoend T is not of our concern. We therefore may extend H(t) by a

smooth function between [T, 2T] such that it satisfies F(2T) = F(2T) =
Furthermore, F(t) = F(t) = 0 beyond 2T. With a positive definite damping
matrix C and the above defined F(t) given on [0, «), we see that both X(t)
and Y(k)(t) will decay to zero exponentially. Thus n(k)(t) — Oas t — o

and the Fourier integral
Alk) % k jAL
t (A)=J 2% (t)el Mt

can now be performed since the function n(k)(t) is defined from 0 to w.
Now applying Fourier transform to (129), we cbtain

Alk) Alk- 1)(

(-a® I - JAG + A ()= Jalc-Gu A)

A(k)

and =[G -1+ A7) He-e)] f "(O’ (a)

Denote U '(A) = (G ~JAT + jA_lAk)_l and S = (G-G). Then we have

A(k)(h) = DJ (A)S] A(O) A).

" These definitions will be used in many places in the following

derivations.



( (k)

Lemma 1. Suppose 7 k)(t) is continuous. Then 7 {(£)— 0 for all

t e [0, ») implies i (A)— 0 for all a = O.

Proof. According to the description of n(k)(t) given before, we can find

a number b such that

(23]
j 1 ¥ (t)e™Mat— 0, for all A > 0, as k — .
b

(k)
(

Since we alsc know that n(k)(t) is continuous and 7 t) — 0 for

all t, as k — w, it follows that n(k)(t) -—> 0 on [0, bl uniformly. Thus

b =
J n(k)(t)eJAtdt —> 0, for all A, as k— .
0

Alk)

Adding the two integrals together, we have g~ (A) — 0 for all A > 0.

Lemma 2. Let p(U '(A)S) be the spectrum radius of matrix u ta)s.

(k)
{

Suppose p(U_l(A)S) < 1 for all A > 0. Then 7 t)— 0 for almost every

t =z 0.

Proof. It is easy to see that for any € > 0, there is a C8 such that

00 2]
j 1 t0et  da < J [Tut(sT*A® (M) |dr < e for sufficiently large k.
c c

e e

For A € [0, Cs]’ we have [U_l(A)S]kﬁ(O)(A) —» 0 as k - » , because

p{U 1 (A)S) < 1. Thus
Ce Alk) tA
tim [ 1A% "M ax = 0
i— 0

It follows that



(re]
n(k)(t);e I ﬁ(k)(?t)ejthdh — 0, as kK — o.
ced g

Lemma 3. Let C be a positive definite matrix. Then
p(U(A)8) = p(GS)

(This is essentially the same Lemma 3 in Udwadia and Esfandiari (1890)).

Proof. Suppose ]GO[ is the maximal eigenvalue of U '(A)S in absolute

value. If we take X to be the elgenvector associated with o, then

xisx = ¢ X'TT (AKX = o [XHGX + g¥iaT - —Af)x]
0 4} n A
Thus
| x"sx | | x"sx |

| ®ox s gxtr - Mox | Hlex |

On the other hand, the maximal eigenvalue o, of G 'S satisfies

| x"sx |
|60| = Max——
X | X'GX |
It follows that |o | = |8 |.
0 0
zHAHA z
Let HAl = Max - It can be checked directly that the following
z zZz

properties are valid for the norm so defined.

{(1). I A+ B Il = Al + IBIN.
(2). UABI = 1AHRBI.

{3). If A is symmetric, then p{A} = IlAl.

Lemma 4. Suppose G, C are defined as before. Then p(G-IC) = p(G-l)p(C).
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Proof. Since G = is pesitive definite and ¢'c is similar to R CR

we have p(G '0) = p(6™ " %2cc 1"?%). ¢ '"%c6c™V? is symmetric. Thus

-1/2 -1/2

p(G ce -1/2 -1/2 -1/2 ~-1/2

) = G CG P =0 G i iuce Il G N o=

1/2

p{G Jp(Clp(G”

Theorem 1. There is a positive definite diageonal matrix G such that

p(Gls) < 1.

Proof'. Since S =C - G, it follows that S ig negative definite when

-1/2

the norm of G is sufficiently large. We consider the positive definite

matrix

-1

¢ 's=¢Nc-c) ~G*?

(c-c)6™"7.

1 =1/2
G

Let 0 be an eigenvalue of G /z(G—C) and X be the associated

eigenvector. Then

¢ % e = ex .

X - ¥ %00 %) = oxMx .

Since C is positive,

H -1/2 .-1/2
6= 1 - X6 ceX L

XX

On the other hand, using Lemma 4, we have

H.-1/2 -1/2
1-a = 266X e V2% = o6 %0) = o6 )00,

X

[}



As p(C) is a constant and p(G_l}

lin PG
g > g
1

Thus there is a G = diag(gi, g ., .. gn) such that

2

1-6= Max { POy

1=i=%n i

So 0 <6< 1, and p(G 'S) < 1.

Theorem 2. Suppose the system has the order n. Then
1 = p(D—lc) =n
where D = diag(C).

Proof. We consider D_L?CD_DQ, which is similar to D 'C. Since C is

positive definite and D = diag(C), we have cij < ciicjj. Thus

D—1/2CD-1/2 = [

ij nxn

wherea =c¢ /Vc c =1

ij ij ii jj
By using Gerschgorin Disk Theorem (see Inman, 1989 for instance)}, the

eigen values of this matrix satisfy

-1 =
j
J

ij i ]

Wi g o
o]
~
0
(o]
1A
(|
[N
]
i
—

1
i

n n
Trace(D %cD™™?) =Ya =n=Y¢.



Theretfore, at least one of the eigenvalues is greater than 1. So

p(p ey = 1.

The above result provides a gauge on the degree of the complexity of dynamic
systems with respect to the convergence speed of the proposed method.
According to Udwadia and Esfandiari (1980), if a system has p(D—lc) <2,
then their algorithm will converge. Using the propesed method, we can
obtaln convergent iterative sclutions for all systems. However, the
convergent speed varies. This can be seen from the examples presented in

the next section.

Lemma 5. Suppose G = diag(gl,gz, e gn) is positive definite. Let
C,= GCG and D = diag(Ci), the diagonal matrix of C . Then .D11C1m pc.

In particular, p(DIlcl) = p(D Q).

Proof. Since G is diagonal and C1= GCG, we have

o 4 - a4 2 2 2 _
D1 dlag(Cl) d1ag(m1c11, m2c22, e mncnn) GDG.
It follows that
plc = ¢'pleleec = ¢ lplce = DC

Hence p(D;lCl) = p(D—IC).

Theorem 3. The convergence speed provided by matrix gD described in the
previous section is invariant of L operation. (i.e. LCL with L a positive

definite diagonal matrix).

Proof. From Lemma 5, we know [diag(LCL)]_l[LCL] o [diag(C)]_i[C].

The two matrices have the same eigenvalues o Oyr v O Thus



Max(ai) + Min(ci)

g:
2

can be obtained from both LCL and C. So g is invariant of L operation.

Theorem 4. let G = gD with the same g as mentioned above. Then the
iterative scheme

12"y + @+ A ()= B -8 ()

converges. And for any number n > 0, replacing G by nD will result in a

slower or even divergent scheme.

Proof. We examine the spectral radius of T - G 7 2¢G 2 let o
min

o . be the smallest and largest eigenvalues of D '"?cD? where D =

diag{C}. Then the minimum and maximum eigenvalues of G % satisfy

0 < go - min 1
min [ + o
min max
20
max
< = <
! goﬁax o + o C
min max
Thus p (I - & *7%ce V%) < 1.
It is easy to see that 1 - mec =moc - 1. Since
min max

~1/72 —1/2)

o(I - nD Cb =max { 1 - no , ne -1 1,

min max

-1/2 ‘—1/2)

if we do not take n equal to g, then a larger p{(I - nD CD will

result. Thus G is optimal.

This last result shows that the chosen value of the quantity g in the general

algorithm is optimal.



SECTION 5
THE ANALYSIS OF ROUND-OFF ERRORS

From the previous considerations of convergence, it is shown that we can
have theoretically convergent solutions of Eq.{1) by using the iterative
algorithm described in Figure 3-1. This result is obtained when there is
no computational errors or the so-called round-off errors involved. In
general, however, these errors do exist. In fact, when a large number of
iterative steps are required for a solution, the round-off errors are
usually not negligible. This is especially true in ill-conditioned
situations. In the next section, a few examples will be given to

illustrate the problems involving computaticnal errors.

In the remainder of this section, we consider the computational procedure
with the presence of round-off errors. The iterative equation may now be

written as

I ?(k)

(k) (k) (k-1) (k)
n ¥

+GY + AkY = F - (C-G)Y +
Similarly, Equation (18) can be written as

I 5&+G>’<+Akx=F+(c—G)5<+f3

n

k) and 8 are computational round-off errors in the kth iteration

where W(
and in the calculation of (18), respectively. In such a case, Equation (19)

becomes

ﬁ + G h(n) + Akn(n) = (C-D) h(n—l) . a(n)

where a“ﬂ= B -9 . It is easy to see that the following equation



(20) holds,

M(n) = " " (0} + vn—l T (x(“ + ..+ T o('(n) (20)

where T = [ 1A G + A - 12217 %and V= [U'(A)S] ( Uand S are defined in

the preceding section ).

In Equation (20), when V' 5> O rapidly, we can obtain the convergent

solution. However, with the presence of round-off errors, we have

n .
5oy vite'Vz 0 (21)

i=1

~(n
B

which shows that we may not obtain the exact convergent solution.

The above inequality suggests that large errors may result if the value of
any one of V, T or a(“ is large. To reduce large round-off errors, we
consider three possibilities. First, we try to reduce the spectrum radius of

matrix V to as small a value as possible. Since V = [U's], we need
Ul = Il G -JAT + ,jA_lAk I (22)

to have large value. At the same time we must also keep the value of St =
I'C - GI small. From the consideration of value of I"Ull, a G with large value
of Gl should be selected. From the consideration of the value of IS, a G
close to C is required. These two conditions conflict with each other at

a certain time. Therefore, reducing round-off errors from this appreach can
only have limited success. The second approach to improve the round-off

errors is to reduce the value of the term



ET 0 =0 1AG+ A- 17 (23)

It can be seen that in order to reduce the value of the norm of matrix T, a
G with large Gl value is preferred. On the other hand, the choice of a
proper matrix G directly influences the convergent speed. This implies

that there is not much room in varying G to reduce the round-off errors.
The third approach is to reduce the round-off error a(“ in
each iteration. This approach is obviously helpful but often
requires more computations and computer memory space. In terms of

algorithm design, small time steps are needed when large round-off errors
are confronted. In any case, the reduction of round-off errors remain to

be an important research area of numerical methods for non-preporticnally

damped linear systems. The authors are still working on this issue.






SECTION 6
NUMERICAL EXAMPLES

The fellowing example shows the various convergent speeds that may be
achieved by using different G in the general iterative algorithms

described in this report.

Example 1. Suppose we have a non-proportionally damped system

MK(t) + CX(t) + KX({t) = O

where
1 0 O 2.40 -1.98 1.32 15.7 0. 0.
M= c 1 0|, C= -1.98 4.04 ~-1.58 |, and K = 0. 65.3 0.
0 0 1 1.32 -1.56 3.18 0. 0. 214.8

Using iterative algorithm (9) with the given G, we have

1 2 3
2.40 3.84 1.758
G=mx 4.04 3.84 B.28
3.18 3.84 0.98

Optimal 1.23 1.18 2.26
m-value
Optimal

spectrum 0.89 0.73 0.87
radius

Errors after 9% 5y 50%
10 steps

Figure 6-1 shows the convergent curves under three different G matrices.
The segments of the curves below the horizontal line of ordinate one

describe how the convergent speeds of these iterative schemes vary with



spectrum radius

2.4

2.2

1.8

1.6

1.4

1.2

0.8

0.6

T

¥ T Ll ] L T
\
\
A
M
\
\
.
.
\
b
.
\
“
A
RS
\ «
3, S
AN n
A Sy
) ) mimemre e mamr oo
“ o e mieme e NI e
> T e T eI e
N e T
N e e
N ettt
N et e
....... Nt e
------- ~ ————
Se e
L L 3 i H 1.

g value under a relative scale

FIGURE 6-1 Convergence Curves




respect to different g values. It is seen that when g is sufficiently
large, all these schemes converge. However, the curves approach the
asymptotic value of one as g increases. This means that without choosing g
properly, we may have to sacrifice the convergent speed rather

considerably.

Under the excitation F = [ 1, 0, 0 ], we computed the response of the
system by using the algorithm described in Figure 3-1 with 10 iterations.
Figure 6-2(a), (b) and (c) show the iterated resulis of the displacements of
the first, second and third lumped masses of the system. In order to
examine the accuracy of the above results, corresponding analytical
solutions are also calculated (see the solid curves in Figure 6-2(a), (b)
and {c))}, by using Foss’s state space method (note that Foss’s method

only works in 2n dimensional state space. Although.it can produce accurate
results, it needs more computations than n dimensional physical space
methods and 1is therefore not suitable for large DOF systems).
Summarizing the numerical results presented in Figure 6-2 {a), (b) and (c),
two comments can be offered. First, the proposed iteration scheme
converges and produces solutions that correspond to the results calculated
by using Foss’'s method (1958). Secondly, since the system is loaded at the
first lumped mass with unii impulse, the displacement of the first mass
vibrates with the largest amplitude. Under such circumstance, the iterated
solution and the analytical solution for the first equation of the system
are the closest pair among the three pairs. This phenomena has been
observed in all other examples given in this report. The reason is that
when the vibration amplitude is very small at certaln mass point, round-

off errors become a severe problem. In this example, when the time step is

6=-3



0.2 L T T T

0.15

0.1

0.05

amplitude

-
—
I
|

time {sec.)

FIGURE 6-2a Analytical and Iterated Solutions, X,



time (sec.)

0.03

]
—
<
<

spmdwe

-0.01+-

-0.02+

-0.03

FIGURE 6-2b Analytical and lterated Solutions, X,

6-5



x10-3

amplitude

time (sec.)

FIGURE 6-2c Analytical and lterated Solutions, X,



set to a smaller scale (0.1 sec.), the round-off errors are significantly
reduced. Some results in this regard are compared in Figure 6-3(a), (b),

{c), where the dotted curves correspond to the improved solutions.

Example 2. In this example, we compare our algerithm with the algorithm
suggested by Udwadia and Esfandiari (1990). The system under consideration

is 4-DOF with M = 14,

1.3810 1.3202 1.1658 1.7108
1.3413 .8839 1.6869

1.4569 1.3592

2.3544

40.0
40.1
40.2
40.3
This system has natural frequencies

6.34086, 6.3390, 6.3380 and 6.3279

and complex damping ratios
0.0424 - 0.0012j, 00,0075 - 0.0002j, 0.4834 + 0.0008j, 0.00068 + 0.0005]

The spectrum radius of matrix (D"'C) is 3.5904. This result indicates
that the system does not satisfy the sufficient condition of convergence for

Udwadia and Esfandiari method. In Figure 6-4(a), an excitation
F = [ sin2t, 0.7sin5t, 0, O ]

is given. Figure 8-4(b), (c), (d) and (e) show the comparisons between the

solutions by the proposed method presented in this report and the one
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suggested by Udwadia and Esfandiari. The dash curves in the upper frames of
Figure 6-4(b), (c), (d) and (e) correspond to the results from Udwadia and
Esfandiari method after 10 iterations. Since the results diverge away from
the analytical solutions (the solid curves), the scales are set relatively
larger than that in the lower frames. It can be seen from the curves In the
lower frames of Figure 65-4(b), (c¢), (d) and (e), that the iterated solutions
(dash curves) based on the method proposed in this report agree well to the
analytical solutions (solid curves) within a tolerance of 1072, In this
example, five iterations were carried out for the convergent solutions. It
is noted that visible errors still exist in Figure 6-4(¢) and (d). For
large DOF systems, the convergent speeds are expected to be slower. Hence
more iterations are necessary. As a comparisen, if we take radius (DulC) < 2
as a criterion for the convergence of Udwadia and Esfandiari method, then

by Theorem 2 there is only 100/(n-1)% chance that the method will converge,

while the method proposed here converges unconditionally.

Example 3. In the third example, the response of a real structure (see
Figure 6-5{a) is computed. This steel rigid frame has five floors with a
total height of 23.1m (see further details in George Chao-chih Yao (1891)).
If east-west, south-north and torsional motions are considered, the

structure has 18-DOF. The spectrum radius of matrix D_IC is 2.9433.

Figure 6-5(b) shows the east-west displacement of the second floor under a
random ground motion excitation. Figure B8-5(c) gives the calculated
response which corresponds well to the measured response. In general, for
iarge DOF structures, the proposed method can result in considerable time

and memory saving.
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SECTION 7
DISCUSSION AND CONCLUSION

A general iterative algorithm for computing the responses of linear
non-proportionally damped systems is presented. The method works in
physical space, and has many advantages over traditional state space
approaches. Several important features are summarized in the

following.

1. This proposed algorithm converges unconditiconally. There were no

published methods that offer such a complete range of convergence.

2. A simple formula is provided for choosing the optimal convergence
point under a given standard. Such a quick optimization may accelerate
convergence speed several times in usual cases. Also, approaches to

reduce the round-off errors are discussed.

3. In this report, we pointed out the connection between the response of
a structure or a system and its internal dynamic actions such as the

damping mechanisms.

4. This report presents the thecretical foundations for the numerical
approach of computing responses of linear, non-proportionally damped
systems. It is anticipated that Lhe fundamental complex damping theory may
offer mere insights into other characters of non-proportionally damped

systems.

6. There are several possible improvements to accelerate further the



convergent speed and reduce the round-off errors and computing memory
requirements. The authors have investigated some of these alternatives and
obtained some progress., The development towards establishing engineering

applicable goftware is now under the authors considerations.
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