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PREFACE

The National Center for Earthquake Engineering Research (NCEER) is devoted to the expansion
and dissemination of knowledge about earthquakes, the improvement of earthquake-resistant
design, and the implementation of seismic hazard mitigation procedures to minimize loss of lives
and property. The emphasis is on structures and lifelines that are found in zones of moderate to
high seismicity throughout the United States.

NCEER’s research is being carried out in an integrated and coordinated manner following a
structured program. The current research program comprises four main areas:

*

Existing and New Structures
Secondary and Protective Systems
Lifeline Systems

Disaster Research and Planning

This technical report pertains to Program 2, Secondary and Protective Systems, and more specifi-
cally, to protective systems. Protective Systems are devices or systems which, when incorpo-
rated into a structure, help to improve the structure’s ability to withstand seismic or other en-
vironmental loads. These systems can be passive, such as base isolators or viscoelastic dampers;
or active, such as active tendons or active mass dampers; or combined passive-active systems.

Passive protective systems constitute one of the important areas of research. Current research
activities, as shown schematically in the figure below, include the following:

1. Compilation and evaluation of available data.
2. Development of comprehensive analytical models.
3. Development of performance criteria and standardized testing procedures.
4. Development of simplified, code-type methods for analysis and design.

Passive Protective Systems

. . - i Program1
Analytical Modeling and Data Compilation I

Experimental Verification and Evaluation ¢ ! - Seismicity and

\ / ! Ground Motion
R

Performance Criteria and
Testing Procedures

* 1 Program 2 : )
I
1
n 1 - Secondary i
Methods for Analysis 1 systems I

and Design
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The present report is the second NCEER technical report by the same authors on the subject of
modeling hysteretic materials for possible use as energy absorbing devices, the first one being
NCEER-89-0018. The first report was concerned with a theoretical development of a constitu-
tive law for shape memory alloys. This report is concerned with a new multidimensional con-
stitutive model for plastically deforming metals, and includes a comparison with hysteretic data

given in the literature.
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ABSTRACT

A one-dimensional hysteretic model from the field of passive vibration control in
earthquake engineering is modified so that multi-dimensional loading conditions can be included.
As such, a procedure is given for extending a one-dimensional model of hysteresis to a three-
dimensional tensorial representation. This is done because multi-dimensional effects and
geometrical considerations are important when considering the design of a new energy absorbing
device or a new damping material. The resulting model is then reduced to meet the loading
conditions of three special cases; uniaxial loading, shear loading, and non-proportional biaxial
loading (combined axial-torsional loading). In each of these cases the results calculated using the
modeling scheme are consistent with experimentally observed behavior in plastically deforming
metals. The uniaxial and shear results are verified via the von Mises criterion while the biaxial
results are verified by comparison to experimental results from the literature. The model which
is being considered, although nonlinear, is relatively simple in that only two evolutionary equa-
tions are required to model inelastic strain and backstress at a material point. Thus the model
being presented utilized only on internal variable, i.e. the backstress. Rate dependent characteris-
tics are evaluated both analytically and numerically and show that the model being considered
here is rate independent.






NOTE

The present report and the previous technical report NCEER-89-0018 (Multidimensional
Models of Hysteretic Material Behavior for Vibration Analysis of Shape Memory Energy Absorb-
ing Devices, by E.J. Graesser and F.A. Cozzarelli) are based on separate topics given in the Ph.D.
dissertation by E.J. Graesser (see [3]). Report NCEER-89-0018 was concerned with a theoretical
development of a constitutive law for shape memory alloys (SMA), which absorb energy by
phase transformation. A paper entitled Shape Memory Alloys as New Materials for Aseismic
Isolation by E.J. Graesser and F.A. Cozzarelli, has also been accepted for publication in the
ASCE Journal of Engineering Mechanics. This paper includes the one-dimensional work on
SMA given in NCEER-89-0018, plus later experimental work done in the NCEER laboratory
and reported in the dissertation. The present report is concerned with a new multidimensional
constitutive model for plastically deforming metals, and includes a comparison with hysteretic
data given in the literature. The material in this report will also be presented at the conference
"High Temperature Constitutive Modeling; Theory and Application,” to be held at the 1991
ASME Winder Annual Meeting in Atlanta, Georgia.
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SECTION 1
INTRODUCTION

Structural systems subjected to seismically induced vibration can now be protected by
using passive control measures such as base isolation and added structural dampers [1,2].
Successful studies made on elastomeric, lead-rubber, and frictional base isolation devices have
ultimately led to implementation of base isolation technology in a variety of worldwide locations.
During seismic activity, the flexibility and energy absorbing characteristics of these devices
isolate the building from damaging horizontal ground motion. The isolation devices which are
employed in these techniques typically undergo cyclic deformation well into the inelastic range
and thus exhibit hysteretic behavior.

In order to explore a variety of phenomena associated with hysteretic deformation of
energy absorbing devices, a general material model was developed [3] based on Ozdemir’s form
[4] of the Bonc-Wen one-dimensional hysteretic model [5]. Ozdemir’s model has many features
which render it useful. It was originally developed so that the force-deformation characteristics
of base isolation encrgy absorbing devices could be predicted computationally. Also, it can be
used to model rate-independent behavior, which is useful since many isolation devices are only
slightly sensitive to the applied rate of loading [4.6]. In addition, the equations of the model
contain constants that are physically motivated. Furthermore, Ozdemir’s model expresses the
strain rate as the sum of elastic and inelastic components with the inelastic component being a
function of oversiress, and as such is similar to established models of unified creep and vis-
coplasticity [7,8].

Because the applied technologies associated with the base isolation concept and the
concept of added dampers are relatively new, analytical investigations involving energy absorb-
ing devices have used one-dimensional models of hysteresis [9,10,6]. Therefore, in order to
include multi-axial loading conditions, the one-dimensional model of Ozdemir was extrapolated
to three- dimensions following a manner originally developed by Prager [11], and more recently
adapted to a power law for steady creep behavior [12]. The resulting three-dimensional model
will be useful for analysis and design of potential energy absorbing devices in structural damping
applications. Finally, the model is considered form a thermodynamic standpoint in the appendix.
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SECTION 2
OZDEMIR’S MODEL FOR HYSTERETIC BEHAVIOR

Characterization of hysteretic material behavior is accomplished here by extending a rate
independent model for hysteretic behavior due to Ozdemir [4]. Constantinou [13] showed that
Ozedmir’s model is a special case of the Bone-Wen model [5]; also see [14]. The equations
which describe Ozdemir’s model are as follows:

6=E|:é- &1 (E’TBH 2.1)

b= oF & ("Tﬁ) 2.2)

where:

One dimensional stress.

One dimensional strain,

One dimensional backstress.

Elastic modulus.

Yield stress.

= Constant controlling the slope of the ¢ - € curve. Given by a. = Ey/(E—Ey) where E,
is the slope of the ¢ - € curve after yielding.
Constant controlling the sharpness of transition from elastic to plastic states.

("y = Ordinary time derivative.

1

Qmm™® Q
|

Note from Eq. (2.2) that the function $ is an evolving internal stress variable called backstress
and the difference ¢- is analogous to the overstress (or effective stress) used in many viscoplas-
tic laws [7,8].

By rearranging Eq. (2.1) it follows that:

é:% I¢) (9%3)

Examination of this equation reveals that the total strain is made up of two separate components
1) a linear elastic component o/E and 2) a nonlinear inelastic component, ei“, which is described
by the rate expression &= I&l [(o-B)/Y]™ This inelastic component is a function of the strain rate
£ and the overstress 6-B. This model, although nonlinear, is relatively simple in that there is only
one internal variable, namely the backstress [3.



We will now show that for this model the stress and strain are independent of the applied
rates of loading, i.e. they are not dependent on either of the rates & or £. The case of positive
strain rate loading is used. By subtracting Eq. (2.2) from Eq. (2.1} the following differential
equation is obtained:

6~B=Eél:1 - (1+0) (%Eﬂ

This result can be re-expressed as:

de _ _1_ d(G”B)

= n
1-({1+c0) (%ﬁ)

Then by integration, the solution for the strain can be shown to be

a-p
e Y IY' de
E(lro)™ ¢ 1g"

It can easily be seen that the above integral is a function only of the overstress 6-B3, i.e., e =
0(c-B). By this process it is clear that Egs. (2.1) and (2.2) represent rate independent stress-strain
behavior. For the special case where n=1, the following result can be readily obtained:

oo} 25 ]

This result shows the explicit nature of the rate independence.

Ea
C=1ra &7

Before proceeding further, let us first take a moment to examine the inelastic contribution
to the strain rate more carefully:

sin s G-—B \
g7 = ¢ (T) (2.3)

This expression is very similar in form to the following rate sensitive flow rule for the nonlinear
Kelvin-St. Venant (K-V) viscoplastic model;

0 for o<¥Y

P 1 \
£ = -E- G"Y >
S for 62Y (2.4)
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ter &y 1

Kelvin-St. Venant

Viscoplastic Model

For the flow rule of the K-V model f-:p is the plastic strain rate (or viscoplastic flow rate), and tg,

1L, and n are material constants. The K-V model incorporates a specific condition for yielding
(i.e. 0=Y) which, when met, permits plastic deformation of the nonlinear power law type. There
are both similarities and differences which are observed when comparing Egs. (2.3} and (2.4).
Both equations are similar in that they are nonlinear power laws for the evolution of inelastic
strain with time. In both cases a stress difference (or overstress) is raised to a power n. Also,
both give hardening behavior in the inelastic regime.

However, major differences also exist between Egs. (2.3) and (2.4). The first difference
lies in the use of the variable backstress 3 in Eq. (2.3) versus a specific yield condition in Eq.
{2.4) (i.e. 0=Y). The internal backstress is a continually evolving function which is small for
stress levels below the yield stress. As the stress increases, the difference -3 becomes signifi-
cant and leads to increased growth of inelastic strain. In this way the internal variable of back-
stress introduces work hardening and is a generalization of kinematic hardening of classical
plasticity [4]. The other aspect which separates Eq. (2.3) from (2.4) is the leading factor in the
right hand side of each equation. In Eq. (2.4) the leading factor is 1/fz where tg is a constant
relaxation time of the K-V element In Eq. (2.3) the factor I&l is used. This quantity is the abso-
lute value of the total strain rate (e +&") and is an input quantity which changes with time, Thus
Eq. (2.3) describes the time rate of change of inelastic strain as dependent not only upon the state
of stress, but also upon the rate of application of the total strain, It is this aspect of the form of
Eq. (2.3) that causes Ozdemir’s model to exhibit rate independent behavior. We will now show
that while Egs. (2.1) and (2.2) do not contain an apparent yield condition, their use does give a
well defined yield point. This will be shown by using the results of selected computational
analyses.

Given a set of material data (E,Y,o,n) and a sinusoidal history of strain as input, a
FORTRAN algorithm was used to solve Egs. (2.1) and (2.2) numerically. Fourth order Runge-
Kutta forward integration was used in conjunction with small time steps and double precision
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accuracy. The initial uniaxial material properties for A-36 structural steel [15] were used in
computations; these properties are as follows:

Material Data for A-36
Materials Property Symbol Value

Young’s modulus E 28500 ksi
Axial initial Yield stress Y 30 ksi
Plastic modulus Ey 550 ksi

Using the definition of a given following Eq. (2.2) o0 = .0197.

Using this data, homogeneous initial conditions, and £ = .016 sin ot, Eqs. (2.1) and (2.2)
were integrated numerically; and numerous results for the stress-strain material behavior were
plotted graphically [3]. More concise results will be presented here. Figure 2-1 gives the calcu-
lated response for an overstress power of n=15. Also shown is a dashed curve that represents the
transition from elastic to inelastic behavior at the lower bound of n=1. For n=1 the loop is well
rounded and the transition from elastic to inelastic behavior is smooth; as n increases in value,
the transition from elastic to plastic behavior becomes much sharper as shown for the case of
n=15. In fact this case nearly replicates elastic-plastic material behavior with linear work harden-
ing (also called bilinear behavior).

Since the transition from elastic to plastic material behavior is very sharp when n=15, it is
possible to check the initial yield point as given by the model. Examination of Figure 2-1 reveals
that the proportional limit of the initial loading branch reproduces the actual material yield for
A-36 steel, i.e. Y=30 ksi. Thus the actual material yield point is well represented by the model.
Also, it can be seen from that the Baushinger effect is manifested with the model. Thus, two
important physical features of plastic material behavior are reproduced by Egs. (2.1) and (2.2)
namely the material yield point and the Bauschinger effect.

The model is also able to properly reproduce the slope of both the elastic and plastic
portions of the stress strain curves, i.e. E and Ey. This is shown in Figure 2-2 for n=15. In this

figure the slope of the hysteresic stress-strain curve of Figure 2-1 is plotted. The slope can be
determined exactly by dividing Eq. (1) by & thus giving:

@]

The results given in Figure 2-2 show that the elastic slope E is correctly reproduced by the
model, i.e. E = 28500 ksi. The value of the plastic slope, E,, cannot be easily read off the plot.

However, a check of the data from the numerical calculations gave the plastic slope as 550.6 ksi,
a very small departure from the actual material value of E = 550 ksi. Thus the values of the
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elastic and plastic moduli are well represented by the Ozdemir’s hysteretic model. It is therefore
possible to characterize one-dimensional hysteretic material behavior easily and accurately using
Egs. (2.1) and (2.2).
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£ = A sin ot

Y =30 ksi v = 05

E = 28500 ksi

a = 00187 n = 15 (--n=1)

w =1 A = 016

Ozdemir’s Hy?teretic Model

50.0 L] B 1 L ¥ 1 L 8 L] L] L
25.0 L
= _ .
=
- i ]
. 0.0+ s
o - i
2 I
5 -~
~25.0+ L
1 L S S —
~-0.020 0.000 0.020

Strain : £ (in/in)

Figure 2-1 Hysteresis with n = 15, Bilinear Behavior (dashed line: n=1),
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A sin wt
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Y = 30 ksi v = 0.5

28500 ksi

=1
i

0.0187 n =15

[+]
L

w =1 A = 016

Slope of Stress-Strain curve for Ozdemir's model
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30000.0 4
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Figure 2-2 Slope of Hysteresis Loop with n = 15.
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SECTION 3
EXTENSION OF OZDEMIR’S MODEL TO A
THREE-DIMENSIONAL LAW OF PLASTICITY

To begin, Eqs. (2.1) and (2.2) are rewritten specifically for the axial loading direction:

. _G . ou B \
en=1 4]y (—“—Y@) (3.1)

Bir = Eot| & | (G—“—Y—Bil) (3.2)

The subscripts 11 represent the x direction of a Cartesian coordinate system. Recall that n is
restricted to odd positive integers. If one wishes to work with this law and have more freedom in
the choice of the power n, then Eqgs. (3.1) and (3.2) can be re-expressed in another equivalent
form (e.g. see [16]) as follows:

. n-1
En= EELI- +|éul ("——*—GH{PU) (—‘—Gu\f“) (3.3)
n-1
B11= Ea,é“l (011{{[311) (011{’311) (3.4)

The only restriction now remaining on n is that it have values such that n = 1. For now however,
we will proceed using Eqs. (3.1) and (3.2).

In Shames and Cozzarelli [12] a procedure for extending one dimensional power laws to
a three dimensional tensor expression is presented for the case of steady creep. The extension of
Egs. (3.1) and (3.2) to three dimensions will follow this procedure since the rate expressions are
of the power law type. Considering Eq. (3.1), the first term on the right hand side is the elastic
part of the strain rate and second term is the nonlinear inelastic part of the strain rate. In the
extension of Eq. (3.1) the three dimensional counterpart to the elastic component of the one
dimensional strain follows directly from the theory of elasticity, 1.e.

r 1+ v
Eiej = “‘E—Gij- Eo'kksij
where efjl is the elastic component of the total strain tensor, G; is the stress tensor, E is Young’s
modulus, U is the elastic Poisson ratio, and §;; is the Kronecker delia.

In extending the inelastic component of the uniaxial strain rate to three dimensions, we
begin with the following:
3-1



& =l en| (—QI—I—YEH) (3.5)

Inelastic (or plastic) deformation is taken to arise from dislocation glide on slip planes. Since
only small interatomic distances are involved in this process of consecutive slip, no volume
change is associated with this effect and the material behavior is taken as incompressible.
Therefore the inelastic strain must be a deviatoric quantity in three dimensions. Thus, Eq. (3.5)
will be rewritten in terms of associated deviator tensors. Recall that the deviator tensor is defined
as follows:

Deviator Tensor:  z;= (- %“5 O , zZw =0

Here Cij is a general tensor quantity and z; is its deviatoric counterpart.

For the case of one-dimensional loading the stress, stress deviator, backstress, and
backstress deviator tensors are as follows:

_%—0'11 0 0 7
o O 0
Oy = 0 00 8= 0 -%011 0
0 00 1
| 0 0 --3‘0'11_
—-2 —
§]311 0 0
B 00 .
Bj=| 0 00 by = 0 -3[311 0
0 00 1
L0 0 ghu

The tensors of Inelastic strain and total strain rate are;

&n 0 0 &n O 0

ef=] 0 dew 0 &= 0 -¢n O
0 0 -

0 0 -%811 e

Note that the Poisson ratio associated with inelastic behavior is 1/2. This gives the
necessary deviatoric behavior associated with the incompressible inelastic material response.
The total strain rate does not have a constant Poisson ratio however. The Poisson ratio associ-
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ated with the total strain rate is denoted here as y. The ratio y becomes variable in the transition
from elastic to inelastic behavior and can be shown to be as follows for the uniaxial case:

L 11 Jydou
7_2 E\2 deqgs

From this it is easy to see that during elastic loading y=v and during inelastic loading y=.5. Since
the slope assoclated with inelastic behavior is usually much smaller in magnitude than the
modulus associated with purely elastic behavior, it is reasonable to assume that y = 1/2 in the
extension of the total strain rate of Eq. (3.5) to 3D. Therefore the tensor of total strain rate is
approximately equal to its deviatoric counterpart e;;, i.e.

&5 = &y (during inelastic loading) (3.6)

Thus when Eq. (3.5) is rewritten in terms of the uniaxial components of associated
deviatoric tensors and when the assumption of Eq. (3.6) is also employed, we obtain the follow-
ing result:

= AleylT) (3.7)

where:

3 n
A:(T\?) , 217 811- b1t

The difference s,,-b,, is referred to here as the effective stress and denoted as Z”. The term
overstress may also be used in conjunction with this expression.

It is now of interest to examine the three dimensional counterparts of the one dimensional
quantities in Eq. (3.7) and we will proceed in the manner of Prager [11].

1D Quantity 3D Counterpart
ei“l sg‘ (deviatoric)
2, Eij (deviatoric)
& ?
n 9

11

The three dimensional forms of the last two quantities are most easily determined by using
matrix notation, In matrix notation (denoted by underscore _) we have the following one to one
correspondences (indicated by ~)
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e,~E & ~E z,~S

Y
Using matrix notation, the three dimensional counterparts of X, ," and ’ €11 } are as follows:

n n
Ell - > _S_

o] N AT

The quantity S” is the matrix of effective stresses raised to the power n and has the following
correspondence to the effective stress tensor:

Wb

8"~ Eu ij X qu qu (n factors)

The quantity E E (~&;5¢&;) is the scalar product of the matrix E Note that the square root
specified above is to be taken as positive. It should also be noted that the three dimensional

quantity v2/3 VE :E will reduce to its proper one dimensional counterpart in the case of the

uniaxial test applied to an incompressible material. Also this three dimensional quantity is
analogous to the effective plastic strain rate used in the plasticity theory [12].

Using the properties of powers of tensors, the matrix quantity S" can be expressed in a
more useful and compact form by making use of the Caley-Hamilton theorem. Specifically:

" = pU,IpS8 + a0, I8 + 13l (3.8)

Here J, and 1, are the second and third invariants of the effective stress tensor which are defined
as follows:

J,= % T X , J3= % 255 Zijie 2

The quantities p(J,,J3), q(J,.J5), and r(J,.J;) are polynomials of the invariants J, and J; and these
polynomials can be determined via the Caley-Hamilton theorem:

..S_3=J2§+J31
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Therefore the one dimensional model of Eq. (3.7) can now be extended, term by term, to
a direct three dimensional counterpart:

1D Model:
&l = Aléy 1T,

3D Direct Extension:

E"=AN[2 VEES (3.9)

Now, recall that the trace of the inelastic strain rate tensor must vanish due to the incompres-
sibility assumption. Therefore, according to Eq. (3.9) S"= 0 thus requiring that:

-20,p(1,T,) = 3r(J,.T,) (3.10)

However this relationship results in a contradiction because the equality does not hold for general
values of the exponent n.

To alleviate the inconsistency caused by Eq. (3.10) we introduce the coefficients a, 3,

and & into the terms of §” in Eq. (3.8) thereby producing the following new relationship for the
inelastic strain rate:

E'=A\[§ VEE [0p0:0) 8480239 § +£102.39) 1]

Now upon taking the trace of E™ a relationship between £ and o is produced:
p g £ p p

p(J2.33) uS?
3I'(Iz ,Jg)

trEZO . i:b

Thus the proposed 3D extension becomes:

E"= AR / 2 VEE [c q(J2.33) S + D p(Ja.J3) (§2-%tr§2 1)} (3.11)

Note that the quantity S* - 1/31rS? [ is the deviator of the matrix §% Also the coefficients
A, «, and P are combined such that C=Aa and D=Af.
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We are now at a point where we can revert back to index notation. The following list will
show the proper correspondences between matrix and index notation:

Matrix Notation Index Notation
.in .
E &
S Z;
E:E € i
2 2
S5 (1/3)uS71 LE - (U3, 5,8

By defining the following quantities:

K= %‘3ij eij  (2nd Invariant of the total strain rate deviation)

Rij= X Xy - %Elm Zim

Eq. (3.9) takes on the following form in index notation:
& = % 3Kz [C q(J2,J3) Zy+ D p(Ja.3s) Ry (3.12)

Thus Eq. (3.12) is a general three dimensional form of Eq. (3.5). We can gain more
insight into the nature of Eq. (3.12) by utilizing the following properties of I, and I:

o _ A

And we can introduce a potential function ¢(J,,J,) such that:

d 0
g}% =Cq(J2,J3) 3‘% =D p(J2.33)

Doing this and utilizing the chain rule Eq. (3.12) can be rewritten as:

g %—\@_K—z a@(J;;J?») (3.13)

]

Note that the function ¢ incorporates not only the stress but also the internal backstress (via the
effective stress X, contained in I, and J;). Thus the use of the effective stress in ¢ allows for a

definition of a surface in stress space which is analogous to the yield surfaces of classical plas-
ticity which include kinematic hardening rules.
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For most applications involving plastically deforming materials the inelastic response
depends only on the invariant J, [12] (an example of such a case is the Le vy-Mises flow rule).

For such cases, we can simplify Eq. (3.13) as follows:

e 2 o¢(J 2
&= 3\3K, o) _ 3 V3K Ca(l2) Zy

aGij

It is clear from this result that the inclastic strain rate points in the same direction as the effective

. Jin .
stress, outward from the surface ¢. The magnitude of &; is determined not only by the state of
stress, but also by the magnitude of the total strain rate, &;;. This is due to the presence of K.

For odd powers of n it can be shown [12] that q(3,) = J, ®"%. Thus:

. n-1
8=CIV3Ks b 7 5 (3.14)

By defining the constant C as C = (3/2Y) (\/§/Y Y the extrapolated result given by Eq. (3.14)
will properly reduce to the one dimensional material law Eq. (3.5). Also this choice of C cor-
responds to the use of a von Mises type yield criterion as seen in the following result:

8" = 3K [Ji-] T (3.15)

where quantity J,/(Y%/3) is analogous to the von Mises yield criterion.

To complete the details of the extrapolation procedure let us define a dimensionless
counterpart to the invariant I, as follows:

b —
<1
=<2

Also, recalling that =5 b;; we finally produce the following result:

n-1
in i - bij
&0 =\3K, [309] 7 [%4] (3.16)
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The net effect of the extrapolation results in the following simple steps:

el — €
3.
—2-611 — (3K2)1/2
Si[nl —> 8;“
$11 - §j
(3/2) (S“ - bll) oN 172
1 v - (313)
bn — bij

Note that quantities operated on by the absolute value are extended to the positive square root of
their associated invariant. Thus the constitutive relation for the total strain rate tensor composed
of linear elastic and nonlinear inelastic parts is as follows:

n-1
. 1+v , . - by
£y = “J};—D-Giy %Gl{k B+ (3K @I [:S % J} (3.17)

Next, the expression that defines the evolution of the backstress (Eq. (3.2)) also needs to
be extended to three dimensions. Eq. (3.2) is first recast into an equivalent expression which is
deduced by considering Egs. (3.1) and (3.2) together. The specific form of the recast equation is:

. . On
Bii=Ea [811 - _ET"—J

It is then immediately evident that:
A ;) lﬂ
Bi=Eaéy
which, when re-expressed in terms of the deviator expressions of the uniaxial test, becomes:

611 = % E(Xéllnl

. . . in Jn
In the extension to three dimensions by becomes by and €, becomes &; which produces the
following result:

n-1

m=%Ea@KgW@£YT(ﬁ§ﬁ) (3.18)
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Therefore, the fully extended formulation expressed in terms of the strain rate tensor is given by
Egs. (3.17) and (3.18). This proposed law of metal plasticity is now rewritten for clarity:

L PR
&= 1%6-4- B S8+ (3Ka) 2 (313) 2 [%g} (3.19)
2 12 0,2 | i~ by
b= 3 Eo (3K2)"(3];) e (3.20)
where:
8= Gij - %Gkk By €ij= Ej- % Exck Oj;

by = By 5 B By Ko=1 &5¢

10= L { sizbi | [ si-Dy
272 Y Y

Now, let the formulation of Egs. (3.19) and (3.20) be examined for the special case of
uniaxial behavior. In this examination the changes in volume which result from the Poisson
effect will be included.

It can be shown that v is as follows for this uniaxial case. By carrying out the necessary
mathematical manipulations and simplifications, we have:

(3K2)2= (1) | &4 |

n-1
0 -
(3Jg)*g— _ 11Y[311 1
v+l
Y= — (3.2
211 . o1 - O11-
Thus the uniaxial components of Eqs. (3.19) and (3.20) are as follows:

& 5 B n-1 B
. N o - O11-
= % +§(1+Y)l€11|‘ HY U ' ( “Y “) (3.22)
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Bu - %E‘X(lﬂ’) | €n ‘

n-1
o - f 11- B
11Y 11 ‘ ( llY 11) (3.23)

If an incompressible materials is considered, i.e. a material having v=1/2, the variable
Poisson ratio for the strain rate will become constant according to Eq. (3.21), i.e. ¥=1/2. There-
fore for the special case of an incompressible material Eqgs. (3.22) and (3.23) become:

n-1
. S . o1 - o1 -
811:_ﬁg+|811‘ 11Y[311 ( HYB“) (3.24)

-1
an Eoc+|é11‘ 011{7[311 (011{{[311)

Comparison of Eqs. (3.24) and (3.25) with Egs. (3.3) and (3.4) reveals that the proposed
model of hysteretic material behavior results from the tensor formulation of Egs. (3.19) and
(3.20) for the special case of a uniaxial test applied to an incompressible material. Thus we have
shown that the 3D model properly reduces to the 1D material model which was used as the
starting point of the extension. Later in this paper, results of numerical calculations will be used
to show shear behavior and biaxial behavior of this model. However we will next discuss the
rate dependent characteristics of the three dimensional model.
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SECTION 4
RATE INDEPENDENCE OF THREE-DIMENSIONAL PLASTICITY MODEL

It has been shown thus far that the one dimensional model of hysteretic behavior for
plastically defoming materials is rate independent. Since this one dimensional model was
extended to a three dimensional tensorial representation, it is of interest to examine the depend-
ence of the 3D model response to rate effects. Recall that the three dimensional model of metal

plasticity was given by Eqgs. (3.19) and (3.20). These governing equations are rewritten here in
another equivalent form for the sake of convenience:

n-1
35=2G [éij- AVKR 1 2 zij] 4.1)

where G is the linear isotropic shear modulus defined by 2G = E/(1+v) and where:

4[4

It is through the examination of Eq. (4.1) that the rate independence of this 3D model will be
examined.

A widely used means of measuring the rate dependence (or rate independence) of multi-
dimensional material models is the special case of proportional loading. The proportional

loading which will be used here is defined as one for which the tensor of effective stresses at any
instant of time t is given by:

5,0 = (Z)g¥0) 4.2)

where (Zij)0 is an effective stress tensor of constants and ¥(t) is a monotenically increasing

continuous function of time which equals zero at t=0. During this proportional loading the values
of the effective stress tensor will change such that all the components of the effective stress
tensor will be the same multiple of corresponding values (Z),. It follows from Eq. (4.2) and the

definition of J, that:
Zig= Y0 Eijo
1
(J2)o =5 Xi)oZiyj)o

Therefore Eq. (4.3) becomes:

(S nt
&= Y0 (253) +7" AVKs (2)o

(&ij o (4.3)
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In this case it 1s of interest to determine the response of the strain to this loading.
However, due to the presence of the positive quantity VK in the second term of Eq. (4.3), it is
not possible to make a direct observation regarding the dependence of strain on the rate of
loading ¥(t)(%; )o. To address this problem, we proceed by computing the quantity K, using Eg.
(4.3). Carrying out the algebra, the following is obtained:

n-1

J2do | oo A1(2)o « 2n n
Gl sy B0 iy A

K, =?

It is readily seen that it is possible to determine the quantity VK> via the quadratic equation.
Because ¥ is a positive increasing function and VK, is restricted to positive values, the positive
root must be used. Therefore:

. V(JZ )o

Y
VK, = 26 . 4.4
1+ y" Ay (J2)o?

The next step in evaluating the rate dependent features of Eq. (4.1) requires a better
understanding of the physical meaning of VK. This understanding can be gained by makin g an

analogy to the effective plastic strain rate & and effective plastic strain & which are often used in
the field of plasticity [12]. The following equations are used to define these quantities:

2

é=-3- 3KE , szl.p.p

“jﬁijeij
5T A
g =]¢& (thdt

L

where e{} is the symmetric tensor of plastic strains, K5 is the second invariant of the plastic strain
rate tensor &

i and t, is the time at which plastic deformation begins. Thus it is seen that for the

field of plasticity ‘\]K‘z’ gives a measure of the effective plastic strain rate.

In an analogous manner, an effective deviatoric total strain €, and effective deviatoric
strain rate €, are defined here as:

t _-—
é=J dy  , &= %—’\/3K2
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Note that € is dependent upon the history of total deformation starting at the onset, i.e, t=0.
Recall that K, was previously defined as K, = (1/2) &;¢&;;. Due to the definition of € it is easily
seen through differentiation that:

e=¢
Thus Eq. (4.4) becomes:

. V(JZ)O

TG

e =

YN}

14" Ay (32)o2
It follows immediately that:

de 1
&y~ a ——1+an (4.5)

where:

2 VU2)
3 G

n
= i b=A;(02)2
a i 1(J2)

The solution of Eq. (4.5) is determined directly by integration. Thus

5 AV NGy

.. .

VAR G

dg
¢ 148"

(4.6)

It is clear that the effective deviatoric total strain € given in Eq. (4.6) is independent the
rate of loading since ¥ is not an argument in the solution Eq. (4.6). Thus by the measure of the
effective deviatoric total strain and the case of proportional loading, the three dimensional
tensorial model of metal plasticity used here is independent of the rate of loading. For the case of
other, more complex, situations of multi-dimensional loading such rate independence cannot be
shown analytically. However, a variety of numerical examples discussed in [3] which involved
non-proportional biaxial strain paths indicated little or no dependence of the model response to
the time rate of change of strain.
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SECTION 5§
MODEL PREDICTIONS FOR ONE-DIMENSIONAL BEHAVIOR IN SHEAR

In this subsection the 3D model will be analyzed for its behavior under shear loading
conditions. The shear strain will be prescribed as sinusoidal in time. The only components in the
stress or strain tensors which are non-zero are those components representing pure shear defor-
mation in the xy plane of Cartesian space. Thus:

— 0 o120 0 Pz O
Gy=sj = o2 0 O Bi=by =[ Bn 0 O
.0 0 0O 0 00
~0 €20
Ej=¢; =] €12 00
.0 0 0

Using Egs. (3.19) and (3.20), computing the associated invariants, considering the non-zero shear
components and simplifying, we arrive at the following pair of differential equations which
model the shear stress response to applied shear strains:

n-1 Gia- B

[ v/ gmﬂ (5.1)
i o12- Bi2 |

[‘“%7@“] (5.2

Using the material data given previously in Sec. 2 for A-36 steel, taking sinusoidal
control of the strain as €, = A sin wt with A =0.16 in/in and ® = 1 cycle/sec, and using n = 3,
the shear response was computed numerically. The results of these computations are plotted in
Figure 5-1 and show the shear stress-strain hysteretic response. The numerical data reveal that
the yield level in shear is reduced from the yield level in tension (or compression) by a factor of
1743 (ie. Y, = 17.3 ksi). The von Mises like yield condition is manifested because of the second
invariant formulation of the model. The slope of the ¢lastic regions of the G,,-€,, curve in Figure
5-1 reproduces the expected value of 2G = E/(1+v) = 21111 ksi. The inelastic modulus is
predicted by the response as 368 ksi. This value 1s reduced from the uniaxial inelastic modulus
by a factor of 1.5. Thus it is seen that the shear properties of plastically deforming materials are
nicely reproduced when using the 3D model of metal plasticity (Egs. (3.19) and (3.20).

G12- Pn

YA3

Sio= 1_50_ [éIZ‘ ' él.’ll

C12- [312

Blz=% Ea|és| N5

Thus it can be said for the shear case that initial yielding is predicted in a manner which follows
the von Mises criterion and is due to the second invariant formulation inherent to the 3D model.
Also, the shear modulus in the elastic regime is predicted according to elasticity theory, i.e. 2G =
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E/(1+v). The inelastic modulus in shear reduces from that of the uniaxial direction by the factor
of 1.5 thuys indicating that incompressible behavior is being calculated for the inelastic deforma-
tion (note that the Poisson ratio was not taken as .5 in deducing the shear equations).
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FIGURE $-1 Predicted Shear Response Based On 3D Plasticity Model.
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SECTION 6
BIAXTAL RESPONSE AND COMPARISON TO PUBLISHED RESULTS

Thus far the capabilities of the model of metal plasticity have been demonstrated for the
one dimensional cases of uniaxial cyclic loading and cyclic shear loading. Tt is also of interest to
examine the behavior of this model for more general cyclic multi-axial loading conditions
involving inelastic deformation. For this purpose, the response of 3D model will be evaluated
for biaxial loading conditions.

Published work pertaining to the biaxial loading of metals will be used in this section as a
basis for comparison of theoretical predictions to actual experimental results. Multi-axial propor-
tional strain paths are obtained when all components in the strain tensor g; change in concert.

Thus proportional strain paths are defined by g; = g;z(t) where €] is a tensor of constant strains

and z(t) is a continuous function of time. More complex nonproportional strain paths will be
considered in this subsection. In a recent Ph.D. dissertation, Sugiura {17} conducted non-
proportional biaxial tests on A-36 structural steel. Also, biaxial test results on copper are pre-
sented in [18] (also see [19]). Both studies involve the application of cyclic, non-proportional
axial-torsional strain paths. The strain paths from these studies will be used, along with the
published experimental responses from [17] and {19] to evaluate the predictive capability of the
three-dimensional model of metal plasticity.

The test samples used in [17] and [18] were thin walled hollow cylindrical shafts and
were loaded in combined axial tension-compression and torsion. Based on the design of the test
samples the state of shear stress resulting from the applied torsion of the shaft is considered
uniform in the test region at each instant of time. Therefore the following tensors of stress,
backstress, and strain will apply to the biaxial loading configuration described above:

~G1; 12 O 1311 BIZ 0
Gj={ onr 0 O Bij=| Pz 0 0
.0 0 0 0 0O
e € O €n &2 O
g =| €2 -0en1 0 & =| &n Yen O
0 0 -6en 0 0 -yt

The coefficients & and y represent the Poisson effect associated with the lateral deformation and,
in general, are variable when inelastic deformations are involved. Computation of the invariants

3Kz and (313) " yield:

3Kz = \/ (A+p2 8, + 38, (6.1)
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n-1
(312)%1‘ _ [(0“11{{‘311)2 N 3(012;{]312)17 ©6.2)

Utilizing Eqgs. (3.19) and (3.20) for the uniaxial response in the x direction of Cartesian
coordinates and also for the shear response in the xy plane, the following equations are arrived at
to govern the biaxial loading problem:

o Ot -
tn="p +3 D (—“—YBJ) (6.3)
. _ l+v ., +D. | 8- Biz 6.4
gn= E C12 P Y ( . )
Bu=2Ea D, | OB 6.5)
n=3 P Y :
b= 2EaD, [ 922 B2 9
12~ 3 p Y .

where D defines the following product of invariant functions:

n-1
Dp=V3K, (319) 2 6.7)

In Egs. (6.3) and (6.4) the growth of D results in an increased contribution to the evolu-
tion of the inelastic portions of €,, and g,,. Since plastic deformation is governed by the disloca-

tion glide mechanism we know that no change in volume (zero dilatation) is associated with this
mechanism, Thus plastic flow can be taken as incompressible, This is achieved by settingy=.5
in Eq. (6.1). Doing this, Eq. (6.1) becomes:

’ o2 .2
\,‘SK = %8114'3812

The problem to be solved is one wherein a strain path in biaxial strain space is prescribed
and the resulting stress response is desired. Therefore Eqs. (6.3) to (6.6) are rearranged as
follows:

<'51;=E[é11 -3 D, (9—1?@)} (6.8)
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12=2G [én -D, ("“&B‘Zﬂ (6.9)

G -
fu=2EaD, (A?B—“-) (6.10)

Bi=%Ea D, (0—12?—@3) 6.11)

where Eq. (6.7) now becomes:

2 2—n-1
- - z
Dp="\| 28], + 3¢}, [(———"“YB“) +3 (——C’”YB‘ZH (6.12)

Solution of the biaxial problem subsequently involves the numerical integration of Egs. (6.8)
through (6.11) for a given strain path in biaxial space.

We first consider a non-proportional strain path as presented in [17]. This path is shown
in Figure 6-1, Figure 6-2 shows the concurrent time history of the applied axial and shear strains
for this biaxial path. The experimental response of A-36 structural steel to this biaxial strain path
is shown in Figure 6-3 and 6-4 for the axial and shear directions respectively. The solid lines on
Figure 6-3 and 6-4 are theoretical predictions from [17] for the biaxial response and are based
upon the use of an endochronic theory of plasticity, These theoretical responses are specific to
the discussion in [17] and are not to be confused with the theoretical predictions being presented
here. Thus we are only interested in the experimental responses given by the dashed lines in
Figures 6-3 and 6-4. Numerical integration of Egs. (6.8)-(6.11) for the strain input of Figures 6-1
and 6-2 was carried out and the resulting predictions of the axial and shear stress responses are
shown in Figures 6-5 and 6-6. The material data which was used in Egs. (6.8) thru (6.11) was
given previously for A-36 steel.

Comparison of the predictions given in Figures 6-5 and 6-6 to the experimental response
given in Figures 6-3 and 6-4 allows for a number of observational remarks to be made. It is
immediately recognized that the biaxial model of plasticity gives a very good overall reproduc-
tion of the general shape of the experimental response. Transition from the elastic to plastic
regime is somewhat sharper for the model. Notice that the axial experimental response of Figure
6-3 does not show the initial ascending branch from the zero stress state. This is because the test
sample was initially cycled through a repeated pattern of axial strain which produced a kinematic
stabilization of the hysteresis loop. The stabilization was carried out prior to biaxial loading and
was applied only in the axial direction [17]. Referring back to Figures 6-3 to 6-6, careful com-
parisons reveal that the model under-predicts experimental stress response levels by ap-
proximately 20%. This deficiency can be improved, however, by modifying the value of Y
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FIGURE 6-1 Cyclic Non-Proportional Strain Path as Used in [17].
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FIGURE 6-2 Time History of Axial Strain (solid line) and Shear Strain (dashed line).
Data are as Presented in [17].
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used in Egs. (6.8) through (6.11). In the calculations made up to this point, a yield stress of Y =
30 ksi was used to represent initial axial yielding and was taken from [15]. However, if one
returns to [17] and examines the initial axial hysteretic response of the sample before biaxial
loading, it is seen that the shape of the hysteresis loop stabilizes to a configuration wherein the
yield point 1s raised above its initial value of 30 ksi. This increased axial yield point corresponds
to a .2% offset in strain and has a value of 34 ksi. Using this increased value of Y in calculations
causes the stresses in the model response to increase significantly such that the new stress levels
under-predict actual stress levels by approximately 9%. As such, a significant improvement in
modeling capability is achieved through the use of the yield point corresponding to a .2% offset
in strain for cyclically stabilized hysteresis patterns. In the next set of calculations to be con-
sidered, the axial yield point will be taken from a stabilized axial hysteresis loop pattern in order
to demonstrate this effect. Also, the use of another biaxial strain path will give an additional
means of model verification.

The next example which will be considered involves comparison of the plasticity model
to experimental biaxial results for copper. These results were originally published by Lamba and
Sidebottom [18] and were used by Freed in his more recent study [19]. These studies present the
experimental stress response of copper to a specified non-proportional biaxial strain path. The
material data which was used here in model calculations was obtained from a cyclically stabi-
lized hysteretic response for copper as given in [19]. From these results the yield stress at a .2%
offset in strain was measured as Y = 200 MPa and the slope of the inelastic region of deforma-
tion was measured approximately as E = 500 MPa. The elastic modulus and Poisson ratio for

copper are E = 126000 MPa and v = .34 respectively. This material data is now summarized as
follows:

Material Data for Copper [22]

Material Property Symbol Value
Young’s Modulus E 126000 MPa
Yield Stress Y 200 MPa
Plastic Modulus E, 500 MPa
Poisson Ratio v 34

Using the above data the constant o is computed as o = .004.

The non-proportional biaxial strain path originally used in [18] is shown in Figure 6-7.
Also shown in this figure is the experimental stress response of copper to this nonproportional
cyclic straining. The strain path of Figure 6-7 was used as input to a FORTRAN algorithm
which integrated Eqgs. (6.8)-(6.11) numerically. As with previously shown calculations, conven-
tional fourth order Runge-Kutta numerical integration was employed. Each segment of the strain
path (0-1,1-2,...7-8) was traced in 60 time steps thus corresponding to the rate of loading used in
the original experiment. Based on the results of these calculations, the theoretical prediction for
the stress response of copper is shown in Figure 6-8. Comparison of Figures 6-8 and 6-9 shows
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that an excellent correlation is obtained between the theoretical prediction and the experimental
response. It is clearly evident that the predicted response has the same shape as the experimental
response.  Also, careful comparisons show that for corresponding points on the plots of Figures
6-7 and 6-8, both axial and shear stresses are predicted to within 10% of experimental values.

Note from Figure 6-7 that each segment of the biaxial strain path (0-1,1-2,...) was applied
in 60 seconds during the original experiments. The same rate of strain application was used in
the computations for the model response shown in Figure 6-8. To measure the rate sensitivity of
the biaxial model, the shape of the biaxial strain path was maintained while the rate of strain
application was increased by a factor of 100 to .6 seconds for each path segment. The resulting
response in stress space of the material model to the increase rate of strain application was
unaltered from that given previously in Figure 6-8. Thus, through these numerical calculations,
the mode! of plasticity is again shown to be insensitive to changes in strain rate.

In the comparisons undertaken here, the model of plasticity was compared only to cycli-
cally stable material responses. The predictive capability of this model is indeed well suited for
such comparative purposes. Another beneficial aspect of the plasticity model is its simple form.
Mathematically, it is much less complicated than most other viscoplastic and unified theories
because it contains only one evolving internal variable, i.e. the backstress. The model is therefore
useful in the physical modeling of rate independent materials and devices as used in earthquake
engineering and structural damping.
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SECTION 7
SUMMARY

In this paper Ozdemir’s one dimensional model of rate-independent hysteretic behavior
was extrapolated to a three-dimensional set of tensorial equations. These equations form a rate

independent law of plasticity which is of the evolutionary type and is based on the concept of
OVeTstress.

Because the model contains only one evolutionary internal variable, it is relatively simple
with respect to many other models of inelastic material behavior. Also, the model contains
physically motivated constants in its formulation. Thus it is potentially very useful for multi-
axial material response analyses.

In order to verify the theory computational results were presented for cyclic one-
dimensional uniaxial and shear responses, as well as for two dimensional cyclic biaxial
responses. It was shown that the uniaxial models properly reproduce the initial axial yield point,
the axial elastic and inelastic moduli, and the Bauschinger effect. This was demonstrated both in
analytical and computational cases. The shear response of the plasticity model was shown to
display yielding behavior which follows the criterion of Von Mises. This is due to the second
invariant type formulation which is contained in the 3D plasticity law. Biaxial responses for the
plasticity model compared very well with experimental responses from the open literature. Also,
the three-dimensional model of plasticity was shown to possess rate independent characteristics
in both numerical and analytical cases, Finally, in the appendix the 3D model of plasticity was
shown to be consistent within the framework of thermodynamics.
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APPENDIX A
THERMODYNAMIC CONSIDERATIONS

In this appendix the three dimensional model of plasticity will be studied from the
perspective of thermodynamics. Specifically, the equations which were set forth earlier will be
compared to a general functional form for flow and evolutionary equations which are based upon
the laws of thermodynamics.

In a review of the literature the aspect of thermodynamically based constitutive relation-
ships for solid materials was of interest. Many technical books and articles have been published
which fall under this general category. For example, classical textbooks such as those by Boley
and Weiner [20] and Malvern [21] state the underlying principles which lead to the laws of
thermodynamics for a continuum. Many constitutive relationships in the areas of viscoelasticity
and continuum damage mechanics are either based upon thermodynamic foundations or are
proven to be thermodynamically consistent. Example of such work include [16,22,23].

In the study of plasticity and viscoplasticity many theoretical developments are based
upon the assumption of a potential function existing in stress space from which flow and
evolutionary equations are derivable, Examples of such developments are given in [24,25,26].
The development of viscoplastic theories from thermodynamic considerations is less widespread.
Onat and Fardshisheh [27,28] have done work pertaining to thermodynamics and plasticity. More
recently Freed and Chaboche [29] have collaborated to write a paper regarding a thermodynamic
formulation specific to viscoplasticity. The concept of internal state variables is used in the
thermodynamic foundation as applied to initially isotropic materials.

In the discussion presented herein the goal is to use the laws of thermodynamics to set
forth the general function form of the flow and evolutionary equations, and to gain some useful
conditions on the equations. the material under consideration is one which is initially in an
isotropic, undeformed, and stress free condition. In Cartesian coordinates the strain tensor E; is
taken to be composed of reversible elastic strains 8‘;}1 and irreversible inelastic strains e;’ such that
the two components added together make up the sum total strain:

g;= &5 + & (A1)

The thermodynamic state of the material element characterizes its internal structure at any given
instant of time. Guided by the development given in [29] and noting the forms of the inelastic
strain rate and internal backstress which were developed earlier (see Egs. (3.19) and (3.20), the
thermodynamic state is taken as {efjl op, &, T, V.T}. Here 8%1 is a measure of the elastic changes
in the internal structure of the material, ag (§ = 1,2,...,n) are a general number of measures for
inelastic changes in the internal structure, £; is a measure of the time rate of change of total strain
(elastic plus inelastic) in the material, T is a measure of the heat in the material, and V,T is a

measure of the heat flow out of the material element.
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The first and second laws of thermodynamics brought together in the Clausius-Duhem
inequality [21] is now utilized in the thermodynamic development:

(U ity + & ViT)

Here S is the entropy, g; is the heat flux vector, and U is the internal energy. Next, the decom-

position of strain, Eq. (A.1), and the Helmbholtz free energy W = U-ST are introduced into the
Clausius-Duhem inequality whereby the following result is obtained:

*—3!*—*

oydf 2 W+ ST - o + 2 ViT (A.2)

Since the set of variables [ﬁfjl op, &5, T, V,T} is taken as the thermodynamic state and since the

internal energy and entropy are dependent upon this state, the Helmholtz potential ¥ must also
be a function of these variables, L.e.

W= (e, 05,8, T, ViT)

Thus inequality (A.2) becomes:
o ¢ o o¥
oyt —[5—1 - Gu] éile{S + T:IT * 3 B

d¥ VT «
= TO‘B IV o T Vit (A.3)

In the inequality (A.3) above, the coefficients of the observable variables s T and

ij ?
d(V,T)ot are set equal to zero since the inequality must remain valid for arbitrary changes in these
variables. This results in the following constitutive equations:

o'V a¥ ¥
= Ap = e =
i aazl p aaﬁ &ij aéu
oV ¥
S=T T v (AD

dissipation inequality:

o & z Apdly- gt~ 4 ViT20 (A5)

A-2



and evolution equations:

éﬂ-‘= & (SZ Oy, &, T, VkT)

&= 0 (655, 01y, a0, T, Vi)
(A.6)
By =y (Eill, oy &, T, Vi T)
qi=q (8;?;, oy, &, T, VkT)
Taking g; as independent of efjl op, and T, and also taking Egl and O as independent of

ViT, the dissipation inequality (A.5) is separated into intrinsic and thermal dissipation ine-
qualities given respectfully as:

. n
Tij Eg] - Bgl Ag é'“B - g 51_;2 0

and

The heat flux is taken to obey the Fourier heat conduction law:
q=-k; VjT
where k;; is the positive definite conductivity tensor.
For the formulation of plastic deformation being studied in this paper, there is no con-

sideration of thermal stress effects. Also, heat flow problems are not being studied within the
contect of this work. Thus the constitutive Eqgs. (A.4) simplify to:

¥ oY ¥
—L A= j= 2 A7
j aﬁiejl B Jop £ij . (A7)
with the intrinsic dissipation inequality:
in n
Cj éij - [3;1 Ap g - gij £;20 (A.8)

The evolutionary Egs. (A.6) become:
A-3



=5 (e oy )
Op = Gip (Eﬁf, Qys ékl)

Ej=& (eﬁﬁ , Oy ékl) (A.9)

‘Following the development in [29], the Helmholtz free energy is taken as the sum of
separate potentials corresponding to elastic and inelastic deformation:

Y=Y (891 N i:lij) =P (8;-[ + \pin (op,E5)

ij
By taking ¥ to follow from elasticity theory:
yel = —%— &5 Dy €}

It follows that the first constitutive equation of the set (A.7) is:
el el -1
Ojj = Djjk[ & or Sij = Dijk! ()%

where Dy, is the general symmetric tensor of elastic moduli. The second potential WP is postu-
lated as:

i n n
= % ﬁ% El O Hoy oy + % €5 Pijia B
The first term in this expression is taken following [29] where Hpy is the symmetric matrix of
hardening coefficients. The second term is postulated here in an analogous way with Py, as a

general Symimetric tensor of additional hardening constants. Thus from the remaining constitutive
Egs. (A.7):

n n
-1
Ap= ‘El Hgyop or op= y?::l Hg, Ag
gij = Piju &

The goal here is to show that the formulation set forth in the body of this paper is ther-
modynamically admissible for the thermodynamic state being considered. Using the above
results, the evolutionary Egs. (A.9) can be reexpressed as follows:



E1J = é:l (le s Ay . ék[)
Ga =G (O'kl » Ay, fik[)

'S:ij= Eij (O'kg ) Ay, ékz) ‘ (A.lO)

Here the tensor of elastic strains are replaced by the stress tensor o; and the conjugate ther-
modynamic forces Ay are used in place of the internal displacements o, These substitutions do

not result in any loss of generality. Thus we have now arrived at the fundamental set of equations
to which the three dimensional model of plasticity will be compared.

Referring back to Egs. (3.19) and (3.20) the following evolutionary equations for inelastic
strain and internal backstress are as follows:

B n-l T 153 .
& =\3K: 38T [-S—%’J} (A11)

2 _\['— ]0 T b;
by= FEc3Kz (31) (A.12)

where s;; and b;; were defined earlier as the stress and backstress deviator tensors, 13 was defined

as the second invariant of the overstress deviator tensor, i.c., 13 = (1/2Y2)(sij-bij)(sij~bij) and the
second invariant of the total strain rate deviator tensor was given as Ka = (1/2)¢;¢;. Eq. (A.12)
describes the evolution of the backstress deviator. The material constant o in Eq. (A.12) is not to
be confused with the internal variables og. Now, the conjugate displacement to the backstress
deviator is defined simply as f;; = bij/EOL. Thus the evolutionary equation for the internal strains
which results from the growth of backstress is:

= 243K, (310)7[5” }

Note from the formulation given here (for initially isotropic materials) that:

; 1+

ij ,



Due to the definitions of s.., b, Jg, and K,, it is evident that the functional representation of the

i iy
model of plasticity developed earlier is described by the following general form of equations:

51; = 831 (le » Pt ékl) ) fij = fij (O'kz s Buzs ékz)

These two functional representations match the first two criteria in Egs. (A.10). Thus the formu-
lation set forth in Eqs. (3.19) and (3.20) is thermodynamically admissable for the development
presented here. That is, for the set of thermodynamic state variables {eiej[ , 0, &}, the formulation
for plastic behavior of materials developed earlier (Eqgs. (3.19) and (3.20) is consistent with the

laws of thermodynamics.

Reference has been made earlier to the thermodynamic formulation of Freed and
Chaboche [29]. The development here and the development in [29] follow the same basic lines
with one notable exception. In [29] the general formulation is based upon the set of variables

[e'fjl, op, T, ViT} as the thermodynamic state whereas in the development given here the strain

rate &; is also included as a state variable, The inclusion of €; is not usually used as a state
variable in viscoelastic or continuum damage formulations. Its appearance in the formulation
results from the extension process which produced the three dimensional law (Eqs. (3.19) and
(3.20)). Recall that for the problems being considered in earthquake engineering the displace-
ments rather than the forces are specified. Therefore, its existence does not pose a problem for
the solution of stresses.
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