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ABSTRACT

A new response spectrum method is developed for seismic analysis of linear multi-degree­

of-freedom, multiply-supported structures sUbjected to spatially varying ground motions. Varia­

tions of the ground motion due to wave passage, loss of coherency with distance, and variation of

local soil conditions are considered. The method is based on fundamental principles of random

vibration theory and properly accounts for the effects of correlation between the support motions

as well as between the modal responses of the structure.

In the proposed method, the peak response is given in terms of a combination rule involving

the peak ground displacements and mean response spectra associated with the support degrees of

freedom, and a set of cross-support and cross-mode correlation coefficients that are detemlined in

tenns of the individual spectra and the coherency function describing the nature of the spatial

variability of the ground motion. Contributions of the pseudo-static and dynamic components of

the response, as well as their covariance, are explicitly included in the combination rule.

A comprehensive analysis of the required cross-correlation coefficients is carried out to

investigate the influences of the wave passage and loss of coherency effects, as well as the effect

of local site conditions. It is found that the cross-correlation coefficients involved in the covari­

ance between the pseudo-static and dynamic components of the response are generally small,

whereas the cross-correlation coefficients involved in the tenns representing the individual com­

ponents can be significant even for distant supports and well spaced modes.

The new method is applied to an example structure with three supports. The example

demonstrates the influence of the spatial variability of the ground motion on selected responses of

the structure, and examines the relative contributions of the pseudo-static, dynamic, and their

covariance tenns to the total response. It is found that in most cases the spatial variability tends

to reduce the response (in relation to the case with uniform support motions), often by a signifi­

cant amount (e.g., by close to 30 percent). However, this rule cannot be generalized since, under

certain conditions (Le., stiff structures and rapid loss of coherency) the response may actually

amplify due to an increase in the pseudo-static component of the response. Therefore, a proper

accounting of the spatial variability effect in seismic analysis of multiply-supported structures is

essential. The response spectrum method developed offers a simple and accurate altemative for

this purpose.
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CHAPTER 1

INTRODUCTION

1.1 Background

Observations during recent earthquakes, notably the Lorna Prieta earthquake of October 17,

1989, have clearly demonstrated that seismic ground motions can vary significantly over distances

which are of the same order of magnitude as the dimensions of some extended structures, such as

bridges (Hausner et al., 1990). Three phenomena are responsible for these variations: (1) the differ­

ence in the arrival times of seismic waves at different stations; (2) the loss of coherency of the motions

due to reflections and refractions of the waves in the heterogeneous medium of the ground, as well as

due to the difference in the manner of superposition of waves arriving from an extended source at vari­

ous stations; and (3) the difference in the local soil conditions at each station and the manner in which

they influence the amplitude and frequency content of the bedrock motion. Recent analyses with array

recordings have shed light on the nature of these effects and their relative importance (Bolt et al.,

1982; Loh et aI., 1982; Abrahamson and Bolt, 1985; Hao et al., 1989; Harichandran and Vanmarcke,

1986; Loh and Yeh, 1988; Abrahamson et al., 1991).

The effects of differential support motions on the response of extended structures have been

investigated for a long time (e.g., Bogdanoff et aI., 1965; Johnson and Gallety, 1972; Masri 1976;

Werner et al., 1979; Abdel-Ghaffar and Rubin, 1982). It is known that, under realistic conditions, the

variations in the support motions can significantly influence the internal forces generated in the struc­

ture (e.g., see Abdel-Ghaffar and Rubin, 1982). While in most cases the magnitudes of these forces

are reduced, there are situations where the variations in the support motions may result in larger inter­

nal forces. The failure of several bridges during the Lorna Prieta earthquake has highlighted the need

for a better understanding of this phenomenon, and for the development of practical analysis methods

that can accurately account for its effects.

Presently, dynamic analysis with spatially varying input motions is perfornled either by the time

history approach, or by the method of random vibrations. For the fanner approach, one is required to

define the input accelerations at the various support points in tenus of their complete time histories.

These are usually specified by one of three means: (1) selection of a ground motion array previously

recorded in a setting similar to the design situation at hand; (2) generation of time histories based on

modeling of the seismic source and propagation of waves in an elastic medium; and (3) simulation of

time histories based on the random vibration approach. The chief disadvantage of the time history

approach is that the results produced from the analysis are specific to the set of selected time histories.

Often the results vary significantly when an alternative set of records with equal validity is considered.

A further disadvantage is that the analysis requires extensive amounts of computation, thus precluding

the possibility of analysis with alternative sets of records.
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The random vibration approach is based on a statistical characterization of the set of motions at

the support points (Abdel-Ghaffar and Rubin, 1982; Harichandran and Wang, 1988; zerva, 1990).

Typically, stationary analysis is performed and the set of motions are specified in terms of a matrix of

auto- and cross-power spectral density functions that define the amplitudes and frequency contents of

the motions. The cross-power spectral density for any pair of support motions, which characterizes

the cross-correlation between them, is usually defined in terms of the respective auto-power spectral

densities and a coherency function. Various theoretical and empirical models of the coherency func­

tion have been developed in recent years (Harichandran and Vanmarcke, 1986; Luco and Wong, 1986;

Loh and Yeh, 1988; Hao et al., 1989; Abrahamson et al., 1991). The chief advantage of the random

vibration approach is that it provides a statistical measure of the response which is not controlled by an

arbitrary choice of the input motions. This approach is particularly appealing from the viewpoint of

design, where consideration should be given to entire families of potential ground motions at the sta­

tions of interest.

While the random vibration approach is appealing for its statistical nature, it is not yet accepted

as a method of analysis by practicing engineers. Furthermore, most seismic design codes specify the

earthquake motion in terms of the response spectrum and not the power spectral density. Therefore, it

is desirable to develop a method of analysis that is based on the response spectrum specification of the

input motions, and which accurately accounts for the effects of variation between the support motions.

It should be noted that the response spectrum itself is a statistical characterization of the ground

motion and, if properly used, it can provide the same level of rigor and accuracy as the random vibra­

tion approach with power spectral densities. Furthermore, since a response spectrum inherently

includes the effect of nonstationarity of the earthquake motion, the approach with the response spec­

trum is superior to the conventional random vibration approach that is based on a strict assumption of

stationarity.

Several attempts have been made at developing a response spectrum method for multiply sup­

ported structures. In one study several ad hoc combination rules have been investigated by comparing

with time-history results (Dong and Wieland, 1988). In another study, the support motions have been

grouped into independent subgroups with perfect correlation between the members of each subgroup

(Yamamura and Tanaka, 1990). A more refined method has been suggested by Berrah and Kausel

(1989), where the spectrum at each support point is adjusted in account of the spatial variability effect

arising from the incoherence alone. However, they do not consider the contribution of the pseudo­

static component and its cross-correlation with the dynamic response.
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1.2 Objectives and Scope

In this report, a new response spectrum method is developed, which properly accounts for the

effects of variability in the support motions that arises from the wave passage effect, the incoherence

effect, as well as the effects of the local soil conditions. The method is based on the principles of ran­

dom vibration theory and accurately accounts for the cross-correlations between the support motions

as well as the modes of vibration of the structure. The combination rule for the mean of the peak

response is of the form

m m n

+ 2 L L L akblj PUksr Uk,max DI(m j, !;j)
k=ll=l j=l 1

(1.1)

in which ak and bki are structure-dependent effective influence and modal participation factors,

respectively, Uk,max denotes the peak ground displacement at station k, Dk(OJi, !;i) denotes the ordinate

of the response spectrum at the support degree of freedom k for the frequency and damping of mode i,

and PUklll' PUkSIj' and PSkislj are cross-correlation coefficients between the support motions and the

modes of the structure. The first term inside brackets with summations over the support degrees of

freedom represents the pseudo-static component of the response, the third teml with summations over

the support degrees of freedom and the modes of the structure represents the dynamic component, and

the second term represents the contribution arising from the covariance between the pseudo-static and

dynamic components. Much of the present report is devoted to the derivation of the above fonnula

and to a comprehensive understanding of the nature of the coefficients P Ukll I' P IIk S lj and P Ski SIF As

will be shown later, these coefficients are all computed directly in tenus of the known peak ground dis­

placements and the response spectra at the various support points, as well as an estimate of the dura­

tion of motion. No other information is necessary for the application of the proposed response spec­

trum method.

The response spectrum method presented here is accurate, since it is based on fundanlental con­

cepts of the random vibration theory, and it is simple since it employs a simple combination rule in

tenus of the peak ground displacement and the response spectrum at each support point. The method

avoids costly and questionable analysis by time histories, and circumvents the random vibration

approach that is not common in the engineering practice and suffers from the assumption of stationar­

ity. Most importantly, the method is practical, since it employs infonnation (Le., peak ground dis­

placements and response spectra at each support point, an estimate of the duration of motion, and the
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coherency function) that is commonly available in seismic design applications.

1.3 Organization of the Report

Following this introductory chapter, Chapter 2 deals with the development of the equations of

motion and the stationary random vibration analysis of multi-degree-of-freedom structures subjected

to differential support motions. This chapter also includes a discussion of the coherency function and

the manner in which it describes the effects of wave passage and incoherence. Chapter 3 presents a

comprehensive parametric study of the coefficients PUkul' PUkSlj and PSkiSlj' General trends and con­

clusions are derived with respect to the significance and range of applicability of these coefficients.

Chapter 4 presents the development of the response spectrum method. The focus of this chapter is on

deriving the combination rule in Eq. 1.1 based on the random vibration fommlation of Chapter 2, and

on developing a method for computing the correlation coefficients PUkul' PUkSlj and PSkiSlj in temlS of

the known peak ground displacements and response spectra. In the course of this development, an

improved method for generating a power spectral density consistent with a given response spectrum is

presented. Chapter 5 presents an application of the proposed response spectrum method for an exanl­

pIe structure. The structure is a two span continuous beam with 50 m per span and two altemative fun­

damental periods. Selected responses of the beam are computed for different assumptions regarding

the nature of the variation between the support motions. All three components of the response, Le., the

pseudo-static, dynamic, and their cross-covariance, are separately listed, thus showing the influence of

each form of spatial variability on each component of the response. General observations and conclu­

sions are derived from this example. Finally, Chapter 6 presents a summary of the report and the main

conclusions and results of the study.
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CHAPTER 2

MDOF RESPONSE TO DIFFERENTIAL SUPPORT MOTIONS

2.1 Introduction

In this chapter, a fonnulation for the stationary response of multi-degree-of-freedom systems

with multiple supports and subjected to spatially varying ground motions is developed. While such a

fom1Ulation is not new, in the present analysis it is cast in a new fonn that pennits useful interpretation

of the tenns involved in the expression for the mean-square response, which then allows the develop­

ment of the response spectrum method in Chapter 4. The derivations in this chapter, hence, are funda­

mental to the response spectrum method to be developed.

2.2 Equations of Motion

The equations of motion for a discretized, n-degree-of-freedom linear system subjected to m

support motions can be written in the matrix fonn (Clough and Penzien 1975)

[M Me ]{x} [C Ce ]{x} [K Ke ]{x} {o}MJ M g ii + CJ Cg iI + KJ Kg u = F (2.1)

where x = [Xl, , xn]T is the n-vector of (total) displacements at the unconstrained degrees of free-

dom; U =[Ul' , um]T is the m-vector of prescribed support displacements; M, C and K are the n x n

mass, damping and stiffness matrices associated with the unconstrained degrees of freedom, respec­

tively; Mg, Cg and Kg are the m x m matrices associated with the support degrees of freedom; Me' Ce

and K e are the n x m coupling matrices associated with both sets of degrees of freedom; and F is the

m-vector of reacting forces at the support degrees of freedom. Both x and u may contain translational

as well as rotational components.

In the analysis of such systems, it is common to decompose the response into pseudo-static and

dynamic components. Following the conventional procedure (Clough and Penzien 1975), we define

(2.2)

where the pseudo-static component, xS
, is the solution to Eq. 2.1 when the inertia and damping terms

are discarded, and is given by

(2.3)

in which R =- K-1 K e is denoted the influence matrix. Substituting Eqs. 2.2 and 2.3 in Eq. 2.1, the

dynanlic component of the response is obtained in the differential foml
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(2.4)

where the right-hand side is approximated by neglecting the damping forces, which are usually much

smaller than the corresponding inertia forces on the same side. This approximation is exact when the

damping matrix is proportional to the stiffness matrix. It is noted that Me =0 if a lumped mass model

is used.

To formulate a response spectrum method, it is necessary to employ the nomlal mode approach.

Let <1)=[;1 ... ;n]' OJi and (i, i=l, .. ·,n, denote the modal matrix, natural frequencies and modal

damping ratios of the structure with its support points fixed. Using the transformation xd =<I) y,

y= [Yl,"', Yn]T, in Eq. 2.4 and employing the orthogonality of the mode shapes (assuming propor­

tional damping), the decoupled equations of motion are obtained

m

Yi+ 2(i OJiYi+ OJhi= Lf3kiUk(t) i=l,"',n
k=1

(2.5)

where the index k denotes the degrees of freedom associated with the prescribed support motions, the

SUbSClipt i denotes the mode number, and Pki is the modal participation factor given by

(2.6)

where rk is the k-th column of R and ik is the k-th column of an m x m identity matrix. It is conve­

nient to define a normalized modal response Ski(t), representing the response of a single-degree-of­

freedom oscillator of unit mass, frequency OJi and damping (i' which is subjected to the base motion

Uk(t). From Eq. 2.5, Ski(t) satisfies the equation

(2.7)

Obviously, Yi(t) =L m Pki Ski(t).
k=1

A generic response quantity of interest, z(t) (e.g., a nodal displacement, an internal force, stress

or strain component), in general can be expressed as a linear function of the nodal displacements x,

Le.,

(2.8)

where q is a response transfer vector which usually depends on the geometry and stiffness properties

of the structure. Substituting for the pseudo-static component of x from Eq. 2.3 and for the dynamic

component in terms of the normalized modal responses, the generic response z(t) is written as

m m n

z(t) = L akuk(t) + L L bkiSki(t)
k=1 k=li=1

(2.9)
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in which

k=l, ... ,m

k=l, ... ,m; i=l, ... ,n

(2.10)

(2.11)

are denoted effective influence coefficients and effective modal participation factors, respectively. It is

important to note that ak and bki are functions only of the structural properties, and that Ski(t) is

dependent only on the i-th modal frequency and damping ratio and the k-th input motion. Clearly, the

first sum on the right-hand side of Eq. 2.9 represents the pseudo-static component of the response and

the double-sum term represents the dynamic component.

2.3 Mean-Square of Stationary Response

The response spectrum formulation to be developed is based on elementary notions of the ran­

dom vibration theory. Towards that end, we assume that the support motions Uk(t) are jointly station­

ary processes with zero means, and that the response in each mode of the structure is also stationary.

These assumptions are reasonable for the intended purpose, as long as the fundamental period of

vibration of the structure is short in relation to the duration of excitation. The stationarity assumption

will be relaxed later when the response spectrum method is developed.

Using Eq. 2.9, the power spectral density of the generic response can be written in the fonn

m m m m n

Gzz(m) = L L aka/Guku/(im) + 2 L L L akb/j HjC-im) Guku/im)
k=I/=1 k=I/=1 j=l

m m n n

+ L L L L bkib/j Hi(im) H jC-im) Guku/(im)
k=l /=1 i=l j=1

(2.12)

in which Gx/im) denotes the cross-power spectral density of processes x and y, i =(- 1)1/2 is the

imaginary unit, and Hi(im) = [m1- m2 +2i(imimr1 represents the frequency response function of

mode i. Integrating over the frequency domain -00 < m< 00, the mean-square response is obtained

(2.13)

in which O"uk and O"Ski are the root-mean-squares of the ground displacement Uk(t) and the nOffi1alized

modal response Ski(t), respectively. These are given by the integrals

00

O"~k = JGuku/m)dm
-00

(2.14)
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O";ki = JIHi (im)12
GUkUk(m)dm

-00

8

(2.15)

in which GUkU/m) and GUkUk(m) are the real-valued power spectral densities of the ground displace­

ment and acceleration processes, respectively. The tenns PUkul' PUkslj and PSkiSlj in Eq. 2.13 are

cross-correlation coefficients defined by

00

PUkSIj = 1 JH/-im)Guku/im)dm
O"UkO"s/j -00

(2.16)

(2.17)

(2.18)

Each of the above integrands has an antisymmetric imaginary part and, hence, all three integrals have

real values.

The correlation coefficients in Eqs. 2.16-2.18 can be interpreted in tenns of a pair of oscillators,

representing modes i and j of the structure, which are respectively subjected to the support motions

Uk (t) and u/(t), as shown in Fig. 2.1. Specifically, PUk u/ denotes the cross-correlation coefficient

between the two support displacements (at the same time instant), PUks/j denotes the cross-correlation

coefficient between the displacement at support k and the response of the oscillator at support I, and

PSkiSlj denotes the cross-correlation coefficient between the responses of the two oscillators. These

coefficients incorporate all the effects of cross-modal and cross-support correlations that arise in the

response of the structure to the spatially varying ground motions. Their evaluation requires the defini­

tion of the cross-power spectral densities in Eqs. 2.16-2.18, which is described in the following sec­

tion.

2.4 The Coherency Function

Three distinct phenomena are responsible for the spatial variations of seismic ground motions.

The first is the finite nature of the seismic wave velocities, which leads to different arrival times of the

waves at stations located apart. This effect is denoted hereafter as the "wave passage effect." The sec­

ond is a result of propagation of the waves in a complex heterogeneous medium with numerous reflec­

tions and refractions, as well as the result of signals from different parts of a finite source superimpos­

ing differently at each station. This effect is denoted hereafter as the "incoherence effect." The third is

the effect of the local soil conditions, which can strongly influence the propagation of the motions
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from the bedrock to the ground surface at each station, as was clearly observed during the Loma Prieta

earthquake of 1989. These variations in the ground motion from point to point, which in general are

random in nature, are best characterized by the cross-power spectral density of ground accelerations,

Giikiil(im). The coherency function is a normalized version of this function, defined by

(2.19)

In general, Ykl(im) is Hermitian with an even real part and an odd imaginary part, and it has a bounded

modulus, -1 ~ Inl(iW)1 ~ 1 (Lin 1967). One may write

where

-1 lIn Ykl(im)
Bkl(W) =tan R (.)

e Ykl 1m

(2.20)

(2.21)

It can be shown that the two terms on the right-hand side of Eq. 2.20 characterize the first two distinct

phenomena mentioned above: the term exp[iBkl(m)] characterizes the wave passage effect with BkJw)

denoting the phase angle between the two stations for waves of frequency w, whereas the real function

Inl(iw)1 characterizes the incoherence effect. Various theoretical and empirical models of the

coherency function have been developed in recent years (e.g., Luco and Wang, 1986; Abrahamson et

al., 1991). For the purpose of the numerical investigations in this work, we adopt the model

[ ( J2] ( d
L

)
amdkl . m kl

Ykl =exp - ~ exp 1 V
app

(2.22)

in which a is an incoherence factor, dk1 denotes the horizontal distance between stations k and t, dft

denotes the projected horizontal distance in the longitudinal direction of wave propagation, vs is the

shear wave velocity of the medium, and vapp is the surface apparent wave velocity. As can be seen,

this model assumes increasing incoherence with increasing frequency or distance between the stations,

and considers the phase angle as a linear function of the frequency. Empirical coherency functions

developed from the SMART-1 array data indicate similar trends for real earthquake records (Harichan­

dran and Vanmarcke, 1986; Abrahamson et al., 1991). While the method developed here is not

restricted to any particular form of the coherency function, the above model is used throughout the

study because of its simplicity and its frequent use by other investigators (Luco and Wang, 1986;

Zerva, 1990, 1991).

Employing Eq. 2.19, the cross-power spectral density of the ground accelerations at stations k

and t is written as
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(2.23)

Furthennore, using a well known relation for the power spectral density of a derivative process, the

two remaining cross-power spectral densities required in Eqs. 2.16 and 2.17 are written as

Guku/im) =_m-2 rkl(im)[GUkUk(m) GUIUI (m)]l!2

Guku/im) =m-4 rkl(im)[Guku/m) GuIUI (m)]l12

(2.24)

(2.25)

It is evident that once the coherency function rkl(im) is specified, the required cross-power spectral

densities for computing the cross-correlation coefficients in Eqs. 2.16-2.18 are completely described in

tenns of the auto-power spectral densities, Gukuk (m) and GUIUI (m), of the acceleration processes at the

two stations. The shapes of the latter functions, in tum, describe the influences of the local soil condi­

tions at the two stations.

In conclusion, the set of auto-power spectral densities of the ground acceleration at each support

degree of freedom and the coherency functions for each pair of stations is a complete characterization

of the input motions for the analysis of multiply-supported structures. This characterization incorpo­

rates all the required infonnation on the spatial variabilities due to the effects of wave passage, inco­

herence, and local soil conditions. In practice, while a different power spectral density shape may be

assigned to each station consistent with its soil conditions, a single coherency model may have to be

used for an entire region (regardless of the local soil conditions) because more detailed infonnation

may not be available.

It is important to note that the subscripts k and 1 in the above fonnulation refer to the support

degrees of freedom and not to the support points themselves. Most generally one has three transla­

tional degrees of freedom (nonnally two horizontal and one vertical) and three rotational degrees of

freedom at each support. The fonnulation presented here is general and can account for all the compo­

nents of the ground motion at each support point, including their cross-correlations. While the cross­

correlation between different components of ground motion at a single station have been investigated

(Penzien and Watabe, 1975), unfortunately the cross-correlation between different components at dif­

ferent stations (e.g., the horizontal component at one station and the vertical component at another sta­

tion) has not been evaluated for the available array recordings. The present work clearly demonstrates

the need for such a study in the future.
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Figure 2.1 Pair of Oscillators
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CHAPTER 3

SIGNIFICANCE OF CROSS-MODAL AND CROSS·SUPPORT CORRELATIONS

3.1 Introduction

In this chapter we investigate the significance of the cross-modal and cross-support correlation

coefficients PUku/, PUkS/j and PSkiS/j defined by Eqs. 2.16-2.18 of Chapter 2. The purpose is to deter-

mine the influence of various model parameters on each of these coefficients, and to evaluate the sig­

nificance of the cross terms involved in each of the sums in the combination rule ofEq. 2.13.

As a basic model for the power spectral density of ground acceleration, we consider the well

known Kanai-Tajimi model defined by

(3.1)

(3.2)

where Gkk is a scale factor and 0)fk and (fk are the filter parameters respectively representing the natu­

ral frequency and damping of the soil layer at the k-th station. It is well known, however, that this

model is inadequate to describe the ground displacement, as it yields infinite power for the displace­

ment process as 0) approaches zero. To correct this, Clough and Penzien (1975) suggested introducing

a second filter to modify the form to

O)ftc +4(~0)~0)2 0)4

GUkU/O)) = G kk (0)2 _ 0)2)2 +4 1'2 0)2 0)2 (0)2 _ 0)2)2 +41'2 0)2 0)2
fk ~ fk fk gk ~ gk gk

where O)gk and (gk are the parameters for the second filter. For O)gk« O)fk' the second filter influences

the power spectral density shape only in the region of very low frequencies, since the second quotient

quickly approaches unity with increasing 0). For 0)~ 0, the above power spectral density is of order

OJ
4

, which implies a finite power for the ground displacement.

To investigate sites with "firm", "medium" and "soft" soils, we consider the values of the filter

parameters listed in Table 3.1. These values produce reasonable power spectral density shapes of the

ground acceleration for the three different soil conditions, as shown in Fig. 3.1. For example, the

power spectral density for the soft soil indicates a relatively narrow-band process with a predominant

period of 1.25 seconds, which might be representative of deep alluvium sites, such as parts of Mexico

City. The spectral shape for the firm ground is broad banded and contains significant contributions

from higher frequencies. The corresponding power spectral densities for the ground displacement are

shown in Fig. 3.2. As expected, the power in the displacement process is concentrated in the low fre­

quencies. These spectral shapes are strongly influenced by the parameters of the second filter.
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For the coherency function, we assume the model in Eq. 2.22, with the assumption that Vs and

vapp are some kind of "average" values for each pair of stations k and 1 or for the entire region. For

the parametric studies, we consider ranges of values of the quantities adktlvs and dft/vapp ' Based on

reported values of a and a/vs (Luco and Wong, 1986; Zerva, 1990), and considering a reasonable

range of distances between stations that might be of engineering interest, the parameter adk//vs is var­

ied between 0 and 0.5 s (in some cases up to 2. Os), and dft/vapp is varied between 0.0 and 1. 0 s. The

physical significance of these ranges will be discussed shortly.

In the following sections, we investigate each of the three cross-correlation coefficients required

in Eq. 2.13 for the auto-power spectral density and coherency models described above.

3.2 Cross-Correlation Coefficient Between Ground Displacements at Stations k and 1

Figure 3.3 shows plots of the cross-correlation coefficient PUk u / for the ground displacements at

two stations k and 1 for sites with firm, medium and soft soil conditions and for 0..:;, adk//vs ..:;, 2 and

dft/vapp =0.0, 0.5 and 1.0. The curves in Figs. 3.3a-c are for identical soil conditions at the two sta­

tions, whereas those in Figs. 3.3d-f are for dissimilar soil conditions. The cases with adk//vs=O

neglect the incoherence effect, whereas the cases with dft/vapp =0 neglect the wave passage effect.

In Figs. 3.3a-c with identical site conditions, it is clear that the correlation coefficient is consis­

tently smaller for firmer soil conditions. This is because for firmer grounds the displacement process

is richer in the higher frequency components, and waves with such frequencies tend to lose coherency

faster than long-period waves do. Both the incoherence and the wave passage effect reduce the value

of the correlation coefficient. As will be shown shortly, this is not necessarily the case with the effect

of wave passage on cross-correlation coefficients PUkSlj and PSkjslj'

The behavior in Figs. 3.3d-f for dissimilar soil conditions at the two sites is similar to those

observed in Figs. 3.3a-c. One noteworthy point is that in this case even with adk//vs=0 and

dft/vapp =0 (Fig. 3.3d) there is lack of perfect correlation between the two motions. This is due to the

difference in the power spectral density shapes of the motions at the two sites with different soil condi­

tions.

The results in Fig. 3.3 which include the wave passage effect (Le., Figs. 3.3b, c, e and 1) are for

the waves arriving first at station k and then station I. Reversing this direction (Le., replacing dft by

- dft) only changes the sign of the imaginary part of the coherency function (Eq. 2.22) or the cross­

power spectral density function GUku/iw) in Eq. 2.16. Since the imaginary part of this function is

anti-symmetric, this change does not affect the integral in Eq. 2.16 and PUk u/ remains unchanged with

the reversal in the direction of wave passage. This lack of dependence on the direction of wave pas­

sage does not apply to the coefficients PUkS/j and PSkiS/j' due to the presence of the complex frequency



14

response function Hi(iOJ) in Eqs. 2.17 and 2.18.

In typical applications the value of adkt/vs is usually quite small, e.g., for a=0.5, dkl=500m

and Vs=500 mis, adkl/vs =0. 5. Also the parameter dt/vapp describing the wave passage effect can be

small; for example, it is zero for vertically propagating waves where vapp =00. It follows that, for real­

istic values of the parameters, the correlation between the ground displacements can be large. Thus,

under typical conditions, one cannot neglect the contributions of the cross temlS in the first sum of Eq.

2.13, which represents the pseudo-static component of the response.

3.3 Cross-Correlation Coefficient Between Ground Displacement at Station k and Oscillator

Response at Station 1

The cross-correlation coefficient PUkSlj is a function of the oscillator frequency OJ} and damping

ratio (j and the parameters defining the coherency function and the site conditions at stations k and I.

Figs. 3.4-3.7 show plots of this function against OJj for (j=0.05, when the two stations have firm or

soft soil conditions. For the medium soil condition, PUkSlj has values in between the values for the

firm and soft sites, and for the sake of brevity the curves are not shown. Figs. 3.4 and 3.5 are for iden­

tical soil conditions at the two sites, whereas Figs. 3.6 and 3.7 are for dissimilar soil conditions. Fur­

thermore, Figs. 3.4 and 3.6 are for the waves arriving first at station k and then at station I, whereas

Figs. 3.5 and 3.7 are for the waves traveling in the opposite direction. The pairs of curves from top to

bottom in each figure are for increasing values of the wave passage effect as defined by the parameter

dt/vapp, whereas each pair of curves are for values adkt/vs=0 and 0.5, representing cases without and

with the effect of incoherence. As indicated earlier, the ranges of parameter values considered include

the values of interest in most applications.

For OJ j ~ 0, i.e., for an infinitely flexible oscillator, slj~ - uI, since the oscillator then has zero

absolute displacement. Thus, PUkSlj =- PUkuI at OJ) =0. Furthermore, if the soil conditions are identi­

cal and the incoherence and wave passage effects are absent (Le., the cases with adkdvs=0 and

dt/vapp =0 in Figs. 3.4 and 3.5), the ground motions at the two stations are perfectly correlated and,

hence, PUkSlj =-1. For this reason PUkSlj has a relatively large negative value for OJ} near zero even

when the effects of incoherence and wave passage are included. However, for values of OJ} that are of

engineering interest, say OJ;12K> O. 5 Hz, PUkSlj is small, particularly in presence of incoherence and

for soft soils, where most of the power in the ground displacement is in low frequencies.

For OJ j ~ 00, Le., for an infinitely stiff oscillator, slj~ - iit/OJ;, since the inertia and damping

forces are negligible in relation to the restoring force. Hence, PUkSlj ~ - PUkiil for large OJ}, which is

independent of OJj' In general, the cross-correlation between the ground displacement and acceleration
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for seismic motions is small and negative. Therefore, for increasing {tJj' the curves in Figs. 3.4-3.7

asymptotically approach small positive values which are only dependent on the site conditions and the

coherency function.

Figs. 3.4 and 3.5 show the results for identical soil conditions at the two stations but with oppo­

site directions of wave passage. Specifically, Fig. 3.4 is for the waves arriving first at station k and

then at station I where the oscillator is attached, and Fig. 3.5 is for the opposite direction of wave pas­

sage. As can be seen, the direction of wave passage has a significant influence on the coefficient

PUkSlj. Similar results are observed in Figs. 3.6 and 3.7 for the dissimilar soil conditions. Note in the

latter figures that PUkslj does not go to -1 for O)j=O because of the dissimilar soil conditions at the

two sites.

It is clear from Figs. 3.4-3.7 that for the models considered the cross-correlation coefficient

PUkSlj is significant only for modes with very low frequencies, say below 0.5 Hz. Hence, when the

fundamental frequency of a structure is higher than this limit, the second summation in Eq. 2.13,

which represents the cross-covariance between the pseudo-static and dynamic components of the

response, may be neglected without a significant loss of accuracy. This includes terms for k =t, as can

be seen in Figs. 3.4 and 3.5 for d kl =dft =O.

3.4 Cross-Correlation Coefficient Between Responses of Oscillators at Stations k and t

The cross-correlation coefficient P skislj is a function of the frequencies and dan1ping ratios of the

two oscillators, {tJi, O)j and (i' (j, respectively, and the parameters defining the coherency function and

the site conditions at stations k and t (see Fig. 2.1). Figs. 3.8-3.13 show plots of this function against

0)1' for (i =(1'=0. OS, when the two stations have firm or soft soil conditions. Since many parameters

are involved, only two values for the incoherence and wave passage parameters and three values for

the frequency {tJi are considered, Le., adktlvs=O and 0.1, dft/vapp=O and 0.5, and {tJ/2n=1, 2 and

4 Hz. Figs. 3.8-3.10 are for identical soil conditions at the two sites, whereas Figs. 3.11-13 are for dis­

similar soil conditions. Furthermore, Figs. 3.8 and 3.11 are for the cases without the wave passage

effect, Figs. 3.9 and 3.12 are for the waves arriving first at station k and then at station t, and Figs.

3.10 and 3.13 are for the waves traveling in the opposite direction. In the following, we first investi­

gate the behavior of the coefficient in certain special cases, from which general trends can be deduced.

General trends from the plots are then observed.

For k =t, Le., the two oscillators attached at the same support point, PSkiskj represents the modal

cross-correlation coefficient for a multi-degree-of-freedom system subjected to a single support excita­

tion. The behavior of this function is well known from earlier studies (Der Kiureghian, 1980,1991):

P SkiSkj decays with increasing distance between {tJi and {tJj' particularly for small damping; however,
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the decay can be slow or may reverse for modes with frequencies much higher than the dominant

range of input frequencies (Der Kiureghian, 1991). These results are equally valid for multiply sup­

ported systems that are subjected to perfectly correlated support motions, including the special case of

uniforrn support motions that is often considered in conventional design. With the present fonllula­

tion, the latter case occurs when there is no effect of incoherence or wave passage, and the soil condi­

tions are identical.

For i =j, Le., for identical oscillators at two different stations, PSkis
li

is independent of the direc­

tion of wave passage, even when the two stations have dissimilar soil conditions. This is because the

term Hi(im)H/-im) in Eq. 2.18 is then real valued and the imaginary part of GUkUI(im) does not

contribute to the integral. Furthermore, if the two soil conditions are similar, it can be shown that

PSkiS1j for wave passage in one direction is equal to PskjsJj for wave passage in the opposite direction

even for i:#- j. Finally, in the absence of the wave passage effect, clearly PSkiSlj =PStjSki' Otherforms

of symmetry do not exist.

In Fig. 3.8 for similar soil conditions and no wave passage, it is seen that incoherence uniformly

reduces the value of the cross-correlation coefficient, particularly for the firm soil and at higher fre­

quencies. It is interesting to note that PSkiS
1j

for the soft soil condition is relatively large for values of

mi or 0) j that are higher than 1 Hz. This is because for this soil condition the power in the input excita­

tion is concentrated in the very low frequencies, and hence the above values of the modal frequencies

are outside the dominant range of the excitation frequencies. As described by Der Kiureghian (1991),

such high-frequency modes essentially respond statically to the low-frequency excitation and, there­

fore, are closely correlated. For the firm soil condition with the broad-band excitation, the cross­

correlation coefficient for the case without the incoherence effect is nearly identical to the coefficients

used in the well known CQC combination rule (Der Kiureghian, 1981; Wilson et aI., 1981), which is

based on the white-noise approximation. It is also worth noting that, except for values of the 0) j near

zero, the coefficient PSkiS
1j

is always positive in absence of the wave passage effect.

Figs. 3.9 and 3.10 for the similar soil conditions and including the effect of wave passage in two

opposite directions show that PSkiSlj is strongly influenced by this effect. The curves now can be oscil-

latory and take on positive as well as negative values. Furthermore, modes with well spaced frequen­

cies can have significant correlation even on firm soil (e.g., see Fig. 3.lOc). It is interesting to observe

the influence of the direction of wave passage by comparing the corresponding curves in the two fig­

ures. In particular, the symmetry property mentioned earlier can be verified, Le., PSkiSlj for one direc-

tion is equal to PskjsJj for the opposite direction. The important conclusion here is that the coefficient

PSkiS1j can be significantly different from zero even for well spaced modes and fim1 soil conditions due

to the wave passage effect. However, this correlation is significantly reduced in presence of the
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incoherence effect, particularly on finn soils.

Figs. 3.11-3.13 for dissimilar soil conditions show similar trends, but curves are mostly between

the two sets of curves for the unifonn finn and unifonn soft soil conditions. The only exception is for

cases with OJi =OJj' where correlation less than unity is obtained even in the case of zero incoherence

and wave passage effect. As explained earlier, this is due to the difference in the shapes of the power

spectral densities for the two soil conditions. It is interesting to note that in general PSkiSlj "* PSljSki'

except when the wave passage effect is absent.

3.5 Concluding Remarks

From the results in this section, the following general conclusions can be derived:

(1) The cross-correlation coefficient PUkul between the ground displacements at stations k and l is

generally large, particularly for soft soil conditions, and its contribution to the pseudo-static com­

ponent of the response cannot be neglected.

(2) The cross-correlation coefficient PUkSlj between the ground displacement at station k and the

oscillator response at station l may have a small value, except for frequencies below 0.5 Hz.

Thus, the contribution of this coefficient and, therefore, that of the covariance between the

pseudo-static and dynamic components of the response may be neglected, if the fundamental fre­

quency of the system is greater than about 0.5 Hz, without a significant loss of accuracy.

(3) The cross-correlation coefficient PSkiS
1j

between the responses of the oscillators at stations k and

l depends on the separation between the two frequencies and the soil conditions at the two sta­

tions. For firm soil and in absence of the wave passage effect, the correlation is small for well

spaced frequencies (as long as they are not far from the range of dominant input frequencies) and

tends to further decay as a consequence of the incoherence effect. Forsoft soils, or in the pres­

ence of the wave passage effect, the correlation coefficient can be significant even for well

spaced modes if there is not a strong incoherence effect.

Although it is possible to use the above general results to drop some of the tem1S in Eq. 2.13 and

develop simplified combination rules, for reasons of caution it is best to retain all the tem1S in the com­

bination rule, since the required computations are simple and not demanding of extensive computer

time.
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Table 3.1 PSD Filter Parameters for Model Soil Types

soil type OJ!", rad/s (fk OJgk. rad/s (gk

finn 15.0 0.6 1.5 0.6

medium 10.0 0.4 1.0 0.6

soft 5.0 0.2 0.5 0.6
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CHAPTER 4

DEVELOPMENT OF THE RESPONSE SPECTRUM METHOD

4.1 Introduction

The response spectrum has proven to be a convenient and reliable tool for approximate dynamic

analysis of linear structures that are subjected to uniform seismic inputs. Based on the principles of

the theory of random vibrations, this method is capable of providing accurate statistical estimates (e.g.,

mean, standard deviation and distribution) of the peak response, provided care is taken to properly

account for the cross-correlation between the modal responses. A series of recent papers have demon­

strated the applicability and accuracy of this method for structures (including those with non-classical

damping) as well as coupled primary-secondary systems (e.g., Singh and Chu, 1976; Der Kiureghian,

1981, 1991; Igusa and Der Kiureghian, 1983, 1985; Smeby and Der Kiureghian, 1985; Asfura and Der

Kiureghian, 1986).

For multiply supported structures subjected to differential support motions, several attempts at

developing a response spectrum method have been made. One idea has been to group the support

motions into statistically independent subgroups with perfect correlation between the members of each

subgroup (Yamamura and Tanaka, 1990). Several ad hoc combination rules have also been investi­

gated by comparison with time-history results (Dong and Wieland, 1988). Recently, a more refined

method has been suggested by Berrah and Kausel (1989), where the spectrum at each support point is

adjusted in account of the spatial variability effect arising from incoherence alone. However, they do

not consider the contribution of the pseudo-static component of the response and its cross-correlation

with the dynamic component, nor do they consider the effect of wave passage.

In this chapter, a new formulation of the response spectrum method is presented which properly

accounts for the effects of ground motion variability due to incoherence, wave passage and local soil

conditions. Based on the random vibration formulation of Chapter 2, the combination rule accurately

accounts for the contributions of the cross-correlations between modes, between the support motions,

and between the pseudo-static and dynamic components of the response.

It is assumed herein that the set of ground motion components Uk(t), k =1, ... ,m, at the support

degrees of freedom of the structure is specified in terms of a set of mean relative displacement

response spectra, Dk(OJ,O, which are expressed as functions of an oscillator frequency OJ and damp­

ing t; and incorporate the effects of the local soil conditions; a set of mean peak ground displacements

Uk,max associated with each support degree of freedom; a measure of the duration of excitation r; and a

coherency function, Yk/(iOJ), describing the effects of incoherency and wave passage for each pair of

stations k and I. While the method is capable of employing a different coherency model for each pair

of support conditions, in practice one would most probably use a single coherency model for an entire
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region regardless of the specific conditions at each support point.

After developing the response spectrum combination rule, the remainder of this chapter deals

with the evaluation of the coefficients PUkul' PUkSlj and PSkiSlj in terms of the ground motion specifi­

cation described above.

4.2 Mode-and-Support Combination Rule

The response spectrum method to be developed is based on Eq. 2.13 of Chapter 2, which is

repeated here for convenience

(2.13)

In order to develop the response spectrum combination rule, we relate the root-mean-squares of the

ground displacement and oscillator response, O"Uk and O"Ski' to the mean peak values of the respective

processes. Let Uk,max =E[max IUk(t)l] denote the mean value of the peak displacement at the k-th sup­

port degree of freedom, and Dk(OJi, (i) =E[max Iski(t)I] denote the mean response spectrum ordinate

for OJ :::: OJi and ( = (i> representing the mean peak relative displacement response of an oscillator of fre­

quency OJi and damping (i to the base motion Uk(t) (Le., the left oscillator in Fig. 2.1). We note that

D k(O, 0 =Uk,max ' since the relative displacement response of an infinitely flexible oscillator is identi-

cal to the base displacement with an opposite sign, and lim OJ2 Dk(OJ, 0 =Uk max, since the pseudo-
lO~oo '

acceleration response of the oscillator asymptotically approaches the peak ground acceleration as OJ

approaches infinity.

In general, one may write Uk,max =PUk O"uk and Dk(OJi, (i) =PSki O"ski' where PUk and PSki are

known as peak factors (Der Kiureghian 1980). Similarly, for the generic response quantity, z(t), one

may write E[max Iz(t)I] = pz {}z, where pz is the corresponding peak factor. Using these relations in

Eq. 2.13, we obtain

(4.1)
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Since the peak factors are only mildly dependent on the characteristics of each process, their ratios are

near unity (Der Kiureghian 1980) and the above equation can be simplified to

m m n

+ 2 L L L akblj PUkslj Uk,max D/(mj, (j)
k=l/=l j=l

(4.2)

The preceding represents the response spectrum combination rule for the mean peak response of the

multiply supported structure. It is possible to derive a similar expression for the variance of the peak

response or its other statistics that are necessary to compute its probability distribution (see Der

Kiureghian, 1980, for the basic idea of the approach). However, usually the variability in the peak

response is small in relation to the uncertainties present in the specification of the seismic excitation,

and hence this variability is usually ignored in practice. For this reason, these other combination rules

will not be developed here.

All terms in the combination rule in Eq. 4.2 are readily available in terms of the properties of the

structure or the specified mean response spectra and peak ground displacements, except for the three

cross-correlation coefficients PUk u /, PUkSlj and PSkiS/F As shown in Eqs. 2.16-2.18 and 2.23-2.25 of

Chapter 2, these coefficients are functions of the power spectral densities and the coherency function

for each pair of support motions. It is shown in the following section that there exists a unique corre­

spondence between the power spectral density function and the mean response spectrum for a given

family of ground motions. Based on this relation and the known coherency function, the three cross­

correlation coefficients are computed directly in terms of the given mean response spectra at stations k

and I. Numerical examples are given in Section 4.4 and in Chapter 5.

4.3 Power Spectral Density Consistent with Given Mean Response Spectrum

The correspondence between the mean response spectrum and the power spectral density of a

ground acceleration process has been investigated by several authors (e.g., Kaul, 1978; Unruh and

Kana, 1981; Christian 1989). The following formulation is similar to that proposed by Kaul (1978)

and Christian (1989); however, it employs a more refined formulation of the peak factor and extends

the analysis to low frequencies. The derivation is based on the concepts of stationary random vibra­

tions and assumes that the seismic motion is a wide-band process and the oscillator damping, (, is

small. The effect of nonstationarity in the response of low-frequency oscillators is accounted for in an

approximate manner. For the purpose of simplifying the notation, the subscript k defining the location
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of the support is omitted in this section.

Let Gaa(OJ)1 denote a first-order approximation of the unknown power spectral density of the

ground acceleration iiCt). Assuming the input is wide band, the mean-square response of an oscillator

of frequency OJ and damping' to this excitation can be approximated by 20Ct»)0 = lrGijijCt»)I/(Z't»3),

where the subscript 0 is to indicate that the approximation assumes GijijCt»h to be a constant. Using

this approximation in the identity D(t», 0 = Ps(OJ)[Ao(OJ)]lfl, we obtain

Gaa(OJ)1 =2'OJ
3

[DCOJ,,)]2 OJ;:::O
II Ps(OJ)o

where pit») is the peak. factor for the oscillator response Csee Appendix I) and the subscript °indi­

cates the approximation just mentioned. This expression is valid only for nonnegative frequencies.

For negative frequencies, the spectral values are determined by using the symmetry of the function.

It is seen that the first-order approximation in Eq. 4.3 is not a constant but a function of OJ. Thus,

a second-order approximation can be obtained by replacing the terms 2'OJ3III and Ps(OJ)o by the corre­

sponding terms based on the above approximation, which are Gaa (t»)If2o(t»h and Ps(t»)b respec­

tively. The result is

Repeating this process, the r + I-th approximation of the unknown power spectral density is

G ....() _ Gijij(OJ)r [D(t»'O]2uu OJ r+1 - ---"-"----'-
AO(t»)r Ps(OJ)r

(4.4)

(4.5)

This is a recursive formula giving the desired power spectral density in terms of the specified mean

response spectrum to the r + I-th order approximation.

To use the preceding recursive formula, one first computes the first three spectral moments of the

oscillator response for the r-th approximation of the input power spectral density

00

Am(OJ)r =2 fw m IH(iw)12Gaa(w)r dw
o

m=O,I,2 (4.6)

where HCiw) =[t»2_ w2+2i't»wrl is the frequency response function. The corresponding peak fac­

tor is then computed in terms of these three moments and the specified duration, r, of the excitation

from formulas provided in Appendix I. This procedure usually converges rapidly for the range of fre­

quencies that are of engineering interest. An example in the next section will demonstrate this fact.



35

In the present application we require only a rough approximation of the power spectral density

function. This is because the correlation coefficients in Eqs. 2.16-2.18 are expressed as ratios of inte­

grals over the spectral shapes, and hence the coefficients are only mildly dependent on the specific

forms of these functions. Thus, for the present purposes, the first-order approximation in Eq. 4.3 is

adequate. However, this approximation (as well as the refined approximation obtained by the recur­

sive formula in Eq. 4.5) does not work well for small frequencies. This is because the assumption of

stationarity of the oscillator response is not valid for an oscillator whose period is long in relation to

the duration of excitation, f. Based on Rosenblueth and Elorduy (1969), an approximate estimate of

the low-frequency oscillator response can be obtained by replacing its damping value, (, by an equiva­

lent damping defined by

Replacing the first ( term in Eq. 4.3 by the above equivalent damping, we obtain

(4.7)

2 (2(OJ 4)[D(OJ, oJGuu(OJ)l =OJ --+-
7f 7ff Ps(OJ)o

OJ:2:0 (4.8)

This correction has the effect of amplifying the low-frequency end of the power spectral density shape

in account of the nonstationary response to the transient loading.

As mentioned earlier, D(O, 0 =umax ' Thus, the approximation of the acceleration power spectral

density in Eq. 4.8 is of order OJ2 as OJ approaches zero. This implies that the corresponding power

spectral density of the ground displacement (obtained by dividing Eq. 4.8 by OJ4) will have an infinite

amplitude at zero frequency. This is physically impossible. To correct the approximation in Eq. 4.8,

we observe that: (1) the spectral density of the ground displacement should approach a finite or zero

value as OJ~ 0, (2) any adjustment of Eq. 4.8 should not affect the medium and high-frequency

regions for which the approximation is sufficiently accurate, and (3) the area underneath the power

spectral density of ground displacement should equal (umax / Pu)2, where Pu is the corresponding peak

factor. Based on these considerations, a correction factor of the form OJP/(OJ P+OJj) is employed, in

which OJ! and P denote positive-valued parameters. Obviously, p?2 satisfies the first requirement

above. For small values of OJf' this function quickly approaches unity as OJ increases, thus satisfying

the second requirement. The third requirement is observed by selecting OJ! and p such that the follow­

ing equation is satisfied:

2 oof OJ
P
-
2 (2(OJ 4)[ D(OJ, 0 Jd (Umax )2

o OJP+OJj 7+7ff p/OJ)o OJ=---p;
(4.9)
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Thus, the adjusted first-order approximation of the power spectral density that satisfies the above

requirements is

(4.10)

The above equation together with the identities in Eqs. 2.23-2.25 are used in Eqs. 2.16-2.18 to numeri­

cally compute the desired correlation coefficients PUkUl' PUkSlj and Pskistj" In this study, the Gauss

quadrature integration method was employed for this purpose.

Eq. 4.9 provides only one equation for solving for the two unknowns, OJ! and p. However, the

coefficients PUkul' PUkSlj and PSkiS1j are not sensitive to the specific values of these parameters and

any reasonable pair of values of these parameters that also satisfies the requirements (l) and (3) above

can be used. This is further demonstrated by a numerical example in the following section.

It appears in Eq. 4.10 that the estimated power spectral density will depend on the assumed value

of the damping ratio, (;. However, if the spectra for different damping values are properly defined, the

quantity ((;+2/OJ'f)[Dk (OJ,O/Pk(OJ)f must be invariant with respect to (;. Unfortunately design

spectra usually are not perfectly consistent with this rule and some dependence of the estimated spec­

tral density shape on (; is expected. However, since in the present application the spectral density

shapes are needed omy for the computation of the cross-correlation coefficients, this dependence is not

critical.

4.4 Numerical Example

As an example of the above approach, consider the relative displacement response spectrum in

Fig. 4.1, which is the design spectrum recommended by the Structural Engineers Association of Cali­

fornia, SEAOC (1990), for 5 percent damping and a peak ground acceleration of Uk,max =0.5 g for a

site with "type 2" soil, i.e., deep cohesionless or stiff clay soil. The duration of strong shaking is

assumed to be 'f = lOs. Unfortunately this spectrum as well as other recommended spectra in current

practice do not specify the shape of the spectrum for long periods (typically above 3 s), nor do they

specify the associated peak ground displacement. This is a serious shortcoming of the present code

provisions for seismic design, which must be overcome in order to ensure a proper design and analysis

methodology for multiply supported structures and other seismic design situations (e.g., base-isolated

structures) that require knowledge of the low-frequency components of the ground motion. To cir­

cumvent this shortcoming in the present work, we use engineering judgment and experience with pre­

vious earthquake records in order to make estimates of the peak ground displacement and the low­

frequency end of the response spectrum.
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To estimate the peak ground displacement, we apply a deamplification factor to the peak spectral

displacement, which in the present case is 0.536 m occurring at 3 s period. For 5 percent damping, the

deamplification factor recommended by Newmark and Hall (1969) is 1.4. Using this value, we obtain

Uk,max =0.383 m. For the spectral values at low frequencies, we assume a displacement spectral shape

varying quadratically from Uk,max at OJ=O to 0.536m at OJ/2Jr=0. 33 Hz, Le.,

D(OJ, O=Ukmax(1 +aOJ2
) for 0~OJ/2Jr~0.33Hz, where a=0.0912s2 to match the spectral value at

the upper frequency limit. The resulting· spectrum is shown in Fig. 4.1 for the frequency range

0~OJ/2Jr~5 Hz.

Fig. 4.2 shows the first, second, and third-order approximations of the power spectral density

function obtained by use of the recursive formula in Eq. 4.5. Clearly, the first-order approximation is

sufficiently accurate for the present purpose. Fig. 4.3 shows plots of the first-order approximations of

the power spectral densities for the ground acceleration and displacement that are obtained by use of

the adjusted formula in Eq. 4.10 for p=2, 3 and 4. The corresponding values of OJ! that satisfy Eq.

4.9 are OJ! =0. 837,0.705 and 0.562 rad/s, respectively. As can be seen in Fig. 4.3a, the power spec­

tral density of the ground acceleration is unaffected by the choice of p. However, the power spectral

density of the ground displacement shown in Fig. 4.3b is strongly influenced by the selection of the

parameter p, especially in the range of small frequencies.

Fig. 4.4 shows plots of the cross-correlation coefficient PUku / against the incoherence parameter

adkdvs (assuming no wave passage effect) for the three displacement power spectral densities in Fig.

4.3b. As can be seen, in spite of the vast difference between the three displacement power spectral

density shapes, the cross-correlation coefficient PUk U/ is relatively invariant of the parameter p, partic-

ularly for values of the incoherence parameter that are of engineering relevance, Le., adkdvs <0. 5.

The cross-correlation coefficients PUkslj and PS/dslj (not shown here) are even less sensitive to the

shape of the displacement power spectral density and remain almost entirely unaffected by the choice

of p. Further investigations have shown that these coefficients are not sensitive to the other assump­

tions or parameters used, such as the form of the response spectrum at the lower frequencies (e.g., a

linear or exponential function instead of the quadratic function assumed above) and the duration of

excitation, 'r.

The above numerical example shows that the cross-correlation coefficients PUk U/' PUkSlj and

PSkiS/
j

that are required in the response spectrum combination rule can be reliably estimated based on

the specified information on the support excitations, Le., the set of mean relative displacement

response spectra, the peak ground displacements, the duration of strong shaking, and the coherency

function. The relative invariance of these coefficients with respect to variations in the underlying

assumptions or approximations is a key to the stability and accuracy of the proposed response spec­

trum method.



38

D,m

0.6

0.5

0.4

0.3

0.2

0.1

0.0
0.0 1.0 2.0 3.0 4.0 5.0

2~ I Hz

Figure 4.1 Design Relative Displacement Response Spectrum

2 3
Gijijl m; sec.

0.100

0.075

0.050

0.025

0.000
0.0 1.0 2.0 3.0 4.0 5.0

2~ I Hz

Figure 4.2 Successive Approximations of the Response-Spectrum-Consistent PSD

of Ground Acceleration



39

2 3
GljljJ mlsec.

0.100

0.075

0.050

0.025

0.000
0.0

(0)

1.0 2.0 3.0 4.0 5.0

0.020

0.015

0.010

0.005

0.000
0.00

(b)

0.05

2~ J Hz

0.10

2~ , Hz

0.15

- 4
3
2

0.20

Figure 4.3 First-Order Approximations of the Response-Spectrum-Consistent PSD

for Different Values of the Parameter p: (a) Acceleration PSD;

(b) Displacement PSD



40

1.0

P UkU1 2

3
0.5 4

2.01.5

sec.

0.5
0.0 +------r---------.----..,..------r-___.

0.0

Figure 4.4 Cross-Correlation Coefficient Between Ground Displacements at

Stations k and I for Different Values of the Parameter p .



41

CHAPTERS

EXAMPLE APPLICATION

5.1 Introduction

In this chapter, the proposed response spectrum method is applied to the analysis of an example

structure with multiple support excitations. The analysis has two objectives: (a) to demonstrate the

application of the method, and (b) to investigate the significances and influences of various factors.

Specifically, parametric studies are performed to demonstrate the relative significance of the pseudo­

static and dynamic components of the response, to evaluate the effects of wave passage and incoher­

ence, and to determine the importance of the cross-correlation terms. The example structure is pur­

posely taken to be a simple one so as to allow a comprehensive parametric investigation. Application

to a more complex bridge structure is now underway and will be reported in a separate study.

5.2 Description of the Example Structure

For the example structure, we consider the two-span continuous beam in Fig. 5.1, which has uni­

fornl mass and stiffness properties and simple supports. Although a continuous beron theory may be

used to analyze the dynamic response, we employ the finite element method since for a more complex

problem this would be the only practical approach. As shown in Fig. 5.1, the beam is discretized into

20 elements along each L =50 m span and the mass of each element is lumped half at each end of the

element. The system, thus, is represented by 38 translational and 41 rotational degrees of freedom

(i.e., n=79), and 3 translational support degrees of freedom (i.e., m =3). Since no mass moments of

inertia are associated with the rotational degrees of freedom, the latter are condensed out and the sys­

tem analyzed has 38 degrees of freedom. The mesh size considered is found to give an accurate repre­

sentation of the first four modes obtained from the continuous beam theory, which are shown in Fig.

5.2. The higher modes were found to make negligible contributions to the dynamic response.

Two values of the fundamental period of the beron are considered: T =1 s and T =1/4 s. These

are obtained for Ellm =2.53 x 106 and 40.5 x 106 m4/s2
, respectively, where EI denotes the flexural

rigidity and m denotes the mass per unit length of the beam. The resulting frequencies of the first four

modes are as listed in Table 5.1. In the following discussion, we refer to the above two cases as the

"flexible bea.In" and the "stiff beam" cases, respectively. The modal damping ratio is assumed to be 5

percent in all modes.

Five response quantities are considered for the analysis: the mid-span deflections Ul and U2, the

bending moment M at the middle support, and the shear forces V 1 and V2 at the faces of the middle

support. For the convenience of notation, these response quantities are scaled and collected in a

dimensionless response vector z defined as
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(5.1)

Although the beam is symmetric, the two midspan deflections and the shear forces on both sides of the

middle support are considered, because different results are obtained for these pairs of responses when

the wave passage effect is considered.

5.3 Description of Support Excitations

The motion at each support is assumed to be vertical, and the corresponding influence vectors, rk

k= 1,2 and 3, are shown in Fig. 5.3. The effective influence coefficients, ak> and modal participation

factors, bki , respectively defined in Eqs. 2.10 and 2.11, are listed in Tables 5.2 and 5.3, respectively.

.It is assumed that the soil conditions at the three supports are identical and that the mean

response spectrum is as defined in Fig. 4.1, which is the spectrum specified by SEAOC (1990) with an

extension for frequencies below 0.33 Hz. The consistent power spectral density is assumed to be the

one in Eq. 4.10 with p =3 as the parameter. This power spectral density is only used in determining

the cross-correlation coefficients PUkul' PUkSlj and PS/dSlj' and as shown in the preceding chapter it is

not critical to know its exact shape.

Five different cases are considered for the coherency function Ykl(im) describing the variation

between the support motions:

Case 1: Fully coherent motions at all three supports, Le., Ykl(im) =1.

Case 2: Only wave passage effect included (Le., a =0) with vapp =400 mls.

Case 3: Only incoherence effect included (Le., Vapp =00) with vsla =600 mls.

Case 4: Both wave passage and incoherence effects included with vapp =400 mls and vsla =600 mls.

Case 5: Mutually statistically independent support motions, Le., Ykl(im) =0 for k:;:. [.

For cases 2 and 4, it is assumed that the waves propagate in the direction from support 1 to support 3;

hence, dfl = dkl for the present case. The results for the various cases are compared to determine the

relative influences of the wave passage and incoherence effects, as well as to detemline the conse­

quences of assuming uniform excitations (Case 1) or independent excitations (Case 5). The latter
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cases are commonly assumed in the current practice.

5.4 Description of the Results

We first examine the cross-correlation coefficients PUkul' PUkSlj and PSkiS1j"

Table 5.4 lists the results for PUkul' the cross-correlation coefficient between the ground dis­

placements at the various pairs of supports. These coefficients are independent of the direction of

wave propagation and hence identical results are obtained for support pairs such as 1,2 and 2,1. The

correlation coefficients for Case 1 are unity, because the motions are perfectly correlated, and for Case

5 they are zero, because the motions are statistically independent. The remaining cases correspond to

conditions of partial correlation, and PUkUl is found to be between zero and 1.0. It is interesting to

note that the correlation coefficients between the ground displacements for the latter cases are large

even for supports 1 and 3 that are 100 m apart.

Table 5.5 lists the cross-correlation coefficients PUkSlj between the displacement at support k and

the response of an oscillator at support I. This coefficient is not symmetric with respect to k and 1

when the wave passage effect is present and, hence, for cases 2 and 4 different values are obtained for

each ordered combination of support pairs, e.g., for 1,2 and 2,1. The cross-correlation is found to be

relatively small «0.2) for all cases and modes of both the "flexible" and "stiff' systems. The ipflu­

ences of the wave passage and incoherence effects can be observed separately by comparing the

results for Cases 1 and 2 and Cases 1 and 3, respectively, whereas their combined influence can be

observed by comparing Cases 1 and 4. It is interesting to note that the results for ordered pairs k, 1and

I, k are very different for certain modes when the wave passage effect is present, e.g., the first two

modes of the "flexible" beam.

Table 5.6lists the cross-correlation coefficients PSkiS
1j

between the responses of the oscillators at

supports k and I. For each case and pair of supports, a 4 x 4 correlation matrix is given in the table. In

Cases 2 and 4 where the wave passage effect is included, the matrix is asymmetric and is given fully.

In Cases 1,3 and 5 the matrix is symmetric and only the upper triangle is given. In Cases 2 and 4, the

correlation matrices for support combinations 2,1, 3,2 and 3,1 can be obtained by use of the symmetry

rule PSkis1j =PS1jSki' as indicated in the footnote to the table. It is found that the cross-correlation

between any pair of modes is small when the wave passage effect is not included, except for modes

with high frequencies (e.g., modes 3 and 4 of the "stiff' system). However, in presence of the wave

passage effect, the cross-correlation coefficient for certain pairs of modes is relatively large (e.g.,

modes 1 and 2 of the "flexible" beam in Case 2 for the support combination 1,3) and in many cases it

is negative. These are due to the oscillatory nature of this coefficient relative to the frequencies of the

two modes as was observed in Figs. 3.9 and 3.10.
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The mean values of the peak responses zl-zS are listed in Tables 5.7 and 5.8 for the "flexible"

and "stiff' beams, respectively. The total response for each case, denoted Zt and representing the

result obtained from the combination rule in Eq. 4.2, is listed in the third column. Note that the pair of

values for the midspan displacement responses Zl and Z2, and for the middle support shear forces Z4

and Zs are identical for Cases 1, 3 and 5 due to the symmetry of the beam and the absence of the wave

passage effect. In Cases 2 and 4, these pairs of responses are different, in spite of the symmetry of the

beam, due to the directionality of the wave passage effect.

In the fourth columns of Table 5.7 and 5.8 are listed the ratios of the total response to the total

response for Case 1. These ratios indicate the influence of the spatial variability on each of the

response quantities. By comparing Cases 2 and 3, it is apparent that the influence of the wave passage

effect is greater than that of the incoherence effect for both the "flexible" and "stiff' beams (Le., the

ratios for Case 2 are smaller than the corresponding ratios for Case 3), except for responses Zl and Z4

of the "flexible" beam. For Case 4, which includes both the wave passage and the incoherence effects,

the combined influence in some cases is smller (Le., the ratio is closer to 1.0) than in the individual

cases just mentioned. In fact, for response Z3 of the "stiff' beam, the ratio for Case 4 is greater than

unity (Le., the response is amplified due to the spatial variability of the ground motion), whereas in

Cases 2 and 3 the ratios are smaller than unity. This is due to the elimination of certain negative cross­

correlation terms arising from the wave passage effect by the incoherence effect. All ratios for Cases

2-4 are smaller than unity, except the case just mentioned, indicating that the spatial variability tends

to reduce the total response for both systems. This reduction is insignificant for responses Zl and Z2

(the midspan deflections), but rather significant for the responses Z3-ZS (the bending moment and shear

forces at the middle support). The former is due to the dominance of the pseudo-static component of

the displacement response as described below.

As evident from the response Z3 of the "stiff' beam in Case 4, reduction in the response due to

the spatial variability effect is not a general rule. One may expect large pseudo-static response to be

generated in a stiff structure when there is a rapid loss of coherency in the ground motion. Such

pseudo-static response may lead to a larger total response compared with the response for uniform

support motions (Case 1). This is evident in Table 5.8 for Case 5 with uncorrelated support motions,

where the ratios for the responses z3-zS are greater than unity for the "stiff' beam. Nevertheless, from

the results in Tables 5.7 and 5.8, one may conclude that the effect of spatial variability is more likely

to reduce the response (compared with the uniform motion case) than to amplify it.

The last three columns of Tables 5.7 and 5.8 list ratios of the three terms inside the square brack­

ets in Eq. 4.2 with respect to the square of the total response. They indicate the relative contributions

of the pseudo-static part (the double-sum term), the cross term between the pseudo-static and dynamic

parts (the triple-sum term), and the dynamic part (the quadruple-sum term) to the square of the

response. Note that the numbers in each row of the three columns add up to 1.0. Also note that for
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Case 1 the pseudo-static and cross teITIls are zero for the force responses z3-zS, since rigid body

motions of the beam do not generate internal forces.

From the results in the last three columns of Tables 5.7 and 5.8, the displacement responses Zl

and Zz are found to be dominated by the pseudo-static part, especially for the "stiff' beam. It is inter­

esting to note that for these responses the cross teITIl between the pseudo-static and dynamic parts is

negative. The bending moment and shear force responses Z3-ZS are primarily dominated by the

dynamic part of the response, except in Case 5 for the "stiff' beam. The cross teITIl between the

pseudo-static and dynamic parts for these responses is positive and in many cases is greater than the

contribution of the pseudo-static component alone. However, in most cases the contribution of the

cross teITIl can be neglected with little effect on the total response.

5.5 Concluding Remarks

The results for the above example show that the influence of spatial variability of the ground

motion on the response of a multiply-supported structure can be significant. In the present case, this

influence results in a reduction of the peak response, in some instances by almost 30 percent. How­

ever, this trend cannot be generalized since for stiffer structures and in cases of rapid loss of incoher­

ence, the response can be amplified due to the increased contribution of the pseudo-static part of the

response.
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Table 5.1 Modal Frequencies

mode
Oli, rad/s

"flexible" beam "stiff' beam

1 6.28 25.13

2 9.82 39.30

3 25.13 100.57

4 31.80 127.26

Table 5.2 Effective Influence Factors ak

support
response

Zl Zz z3 Z4 Zs

1 8.12 -1.88 -30.0 30.0 -30.0

2 13.76 13.76 60.0 -60.0 60.0

3 -1.88 8.12 -30.0 30.0 -30.0
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Table 5.3 Effective Modal Participation Factors bki

mode
response support

1 2 3 4

1 -6.35 -5.04 0 1.13

zl 2 0 -14.7 0 -3.23

3 6.35 -5.04 0 1.13

1 6.35 -5.04 0 1.13

Z2 2 0 -14.7 0 -3.23

3 -6.35 -5.04 0 1.13

1 0 108 0 -198

Z3 2 0 314 0 566

3 0 108 0 -198

1 -197 -423 777 1400

Z4 2 0 -1235 0 -4000

3 197 -423 -777 1400.

1 -197 423 777 -1400

Zs 2 0 1235 0 4000

3 197 423 -777 -1400

Table 5.4 Cross-Correlation Coefficients PUk u/

case
supports (k, l)

1,1; 2,2; 3,3 1,2; 2,1; 2,3; 3,2 1,3; 3,1

1

2

3

4

5

1

1

1

1

1

1

0.980

0.983

0.965

o

1

0.925

0.940

0.885

o
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Table 5.5 Cross-Correlation Coefficients PUkslj

modes of "flexible" beam modes of "stiff' beam
case supports

1 2 3 4 1 2 3 4

1 any k,!
0.140 0.113 0.118 0.121 0.118 0.124 0.165 0.177

all k=!

1,2 and 2,3 0.102 0.080 0.092 0.095 0.091 0.098 0.133 0.143

2,1 and 3,2 0.176 0.134 0.095 0.094 0.095 0.097 0.134 0.144
2

1,3 0.074 0.057 0.062 0.064 0.062 0.067 0.089 0.098

3,1 0.179 0.097 0.063 0.069 0.063 0.068 0.090 0.098

1,2 and 2,3 0.138 0.106 0.101 0.103 0.101 0.105 0.142 0.153
3

1,3 0.123 0.086 0.081 0.083 0.081 0.086 0.114 0.123

1,2 and-2,3 0.105 0.083 0.089 0.091 0.089 0.094 0.126 0.136

2,1 and 3,2 0.162 0.112 0.090 0.092 0.090 0.095 0.127 0.137
4

1,3 0.080 0.062 0.063 0.065 0.063 0.068 0.089 0.097

3,1 0.119 0.068 0.064 0.066 0.064 0.068 0.090 0.098

5 any k*! 0 0 0 0 0 0 0 0
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Table 5.6 Cross-Correlation Coefficients PSkiS
1j

mode modes of "flexible" beam modes of "stiff" beam
case supports

number 2 3 4 1 2 3 4

any k, I 1 0.020 -0.014 -0.012 1 0.155 0.192 0.204

2 1 0.011 0.013 1 0.254 0.269

all k=1 3 1 0.242 1 0.523

4 1

1 0.708 0.192 0.095 0.095 -0.776 0.081 0.000 -0.001

1,2 and2,3a 2 -0.154 0.357 0.190 0.181 -0.031 0.050 0.014 0.011

3 -0.028 -0.044 -0.776 -0.114 0.013 -0.209 0.336 -0.008

4 -0.021 -0.028 0.059 -0.551 0.015 -0.209 0.056 -0.224
2

1 0.025 0.224 0.147 0.147 0.625 -0.025 -0.037 -0.040

1,3b 2 - 0.141 -0.688 0.118 0.116 -0.006 -0.542 -0.033 -0.037

3 -0.009 -0.010 0.625 0.064 -0.047 -0.100 0.125 - 0.044

4 -0.018 -0.028 -0.187 -0.008 -0.051 -0.099 -0.029 0.060

1 0.763 0.022 0.017 0.018 0.087 0.072 0.097 0.102

2 0.529 0.044 0.045 0.068 0.093 0.Q98
1,2 and 2,3

3 0.087 0.073 0.126 0.133

4 0.071 0.142
3

1 0.355 0.031 0.030 0.031 0.025 0.026 0.036 Om8

2 0.100 0.031 0.031 0.026 0.037 0.039
1,3

3 0.025 0.025 0.051 0.055

4 0.025 0.059

1 0.548 0.138 0.076 0.076 0.017 0.028 0.040 0.042

1,2 and 2,3a 2 -0.084 0.206 0.104 0.101 0.031 0.032 0.045 0.048

3 -0.013 -0.010 0.017 0.029 0.046 0.047 0.066 0.070

4 -0.012 -0.008 0.027 0.029 0.049 0.050 0.070 0.075
4

1 0.037 0.073 0.050 0.051 0.008 0.009 0.012 0.013

1,3b 2 -0.017 -0.037 0,015 0.016 0.009 0.010 0.013 0.014

3 -0.002 0.003 0.008 0.009 0.013 0.014 0.019 0.021

4 -0.002 0.003 0.008 0.009 0.014 0.015 0.021 0.022

1 0 0 0 0 0 0 0 0

2 0 0 0 0 0 0
5 any keF-I

3 0 0 0 0

4 0 0

a The correlation matrix for support combinations 2,1 and 3,2 is the transpose of the matrix for the

combinations 1,2 and 2,3.
b The correlation matrix for support combination 3,1 is the transpose of the matrix for the combination 1,3.
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Table 5.7 Mean of Peak Responses of the "Flexible" Beam

response case Zt Zt/Zt,case 1 SS/Z; s-d/z; dd/z7

1 7.86 1 0.950 -0.080 0.130

2 7.85 0.999 0.948 -0.090 0.142

Zl 3 7.80 0.993 0.960 -0.080 0.120

4 7.78 0.990 0.962 -0.090 0.128

5 6.36 0.809 0.938 -0.088 0.150

1 7.86 1 0.950 -0.080 0.130

2 7.71 0.981 0.983 -0.069 0.086

Zz 3 7.80 0.993 0.960 -0.080 0.120

4 7.73 0.984 0.974 -0.071 0.097

5 6.36 0.809 0.938 -0.088 0.150

1 60.6 1 0 0 1

2 46.3 0.764 0.001 0.015 0.984

Z3 3 51.4 0.848 0.001 0.009 0.990

4 45.4 0.749 0.003 0.022 0.975

5 51.2 0.845 0.302 0.066 0.632

1 238 1 0 0 1

2 212 0.891 0.000 0.004 0.996

Z4 3 211 0.884 0.000 0.003 0.997

4 198 0.832 0.000 0.007 0.993

5 180 0.753 0.025 0.026 0.949

1 238 1 0 0 1

2 180 0.753 0.000 0.004 0.996

Zs 3 211 0.884 0.000 0.003 0.997

4 181 0.760 0.000 0.004 0.995

5 180 0.753 0.025 0.026 0.949

Zt total value of the peak response

Zt,case 1 total value of the peak response for Case 1

ss pseudo-static part of the squared response (first term inside brackets in Eq. 4.2)

s-d cross teml between pseudo-static and dynamic parts of the squared response

(second term inside brackets iIl Eq. 4.2)

dd dynamic part of the squared response (third term inside brackets in Eq. 4.2)
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Table 5.8 Mean of Peak Responses of the "Stiff' Beam

response case Zt Zt/Zt.case 1 ss/z; s-d/z; dd/z;

1 7.63 1.000 1.006 -0.006 0.001

2 7.62 0.998 1.006 -0.007 0.000

ZI 3 7.62 0.999 1.006 -0.007 0.001

4 7.61 0.997 1.006 -0.007 0.001

5 6.13 0.804 1.006 -0.008 0.001

1 7.63 1.000 1.006 -0.006 0.001

2 7.62 0.998 1.006 -0.006 0.001

Z2 3 7.62 0.999 1.006 -0.007 0.001

4 7.61 0.997 1.006 -0.006 0.001

5 6.13 0.804 1.006 -0.008 0.001

1 4.23 1 0 a 1

2 3.60 0.853 0.138 0.269 0.594

Z3 3 3.68 0.870 0.184 0.178 0.638
4 4.34 1.027 0.361 0.198 0.441

5 28.5 6.739 0.975 0.015 0.010

1 16.7 1 a a 1

2 11.9 0.714 0.013 0.108 0.880

Z4 3 13.4 0.802 0.014 0.057 0.929
4 13.6 0.817 0.037 0.088 0.875

5 31.7 1.902 0.787 0.056 0.157

1 16.7 1 0 0 1

2 12.7 0.764 0.011 0.088 0.901

Z5 3 13.4 0.802 0.014 0.057 0.929

4 13.6 0.814 0.037 0.087 0.876

5 31.7 1.902 0.787 0.056 0.157

Zt total value of the peak response

Zt.case 1 total value of the peak response for Case 1

ss pseudo-static part of the squared response (first term inside brackets in Eq. 4.2)

s-d cross term between pseudo-static and dynamic parts of the squared response

(second tern1 inside brackets in Eq. 4.2)

dd dynamic part of the squared response (third term inside brackets in Eq. 4.2)
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CHAPTER 6

SUMMARY AND CONCLUSIONS

6.1 Summary

A new response spectrum method is developed for seismic analysis of linear multi-degree-of­

freedom, multiply-supported structures subjected to spatially varying ground motions. Variations of

the ground motion due to wave passage, loss of coherency with distance, and variation of local soil

conditions are considered. The former two effects are modeled in terms of a coherency function,

whereas the local soil effect is considered in terms of its influence on the response spectral shape at

each individual support point. The method is based on fundamental principles of random vibration

theory and properly accounts for the effects of correlation between the support motions as well as

between the modal responses of the structure.

In the proposed method, the peak response is given in terms of a simple combination rule involv­

ing a set of structure-dependent coefficients (effective influence factors and effective modal participa­

tion factors), the mean peak ground displacement at each support degree of freedom, the mean

response spectral ordinate associated with each support degree of freedom and each mode of the struc­

ture, and a set of cross-support and cross-mode correlation coefficients that account for the spatial

variability of the ground motion and the cross-correlation between the modal responses. The latter

coefficients are completely determined in terms of the individual support response spectra and the

coherency function describing the nature of the spatial variability of the ground motion. The combina­

tion rule explicitly accounts for the contributions of the pseudo-static and dynamic components of the

response, as well as for their covariance.

A comprehensive analysis of the required cross-correlation coefficients is carried out to investi­

gate the influences of the wave passage and loss of coherency effects, as well as the effect of local site

conditions. It is found that the cross-correlation coefficients involved in the covariance between the

pseudo-static and dynamic contributions of the response are generally small, whereas the cross­

correlation coefficients involved in the terms representing the pseudo-static and dynan1ic components

can be significant even for distant supports and well spaced modes.

The new method is applied to an example structure with three supports. The example demon­

strates the influence of the spatial variability of the ground motion on selected responses of the struc­

ture, and examines the relative contributions of the pseudo-static, dynamic, and their covariance terms

to the total response. It is found that in most cases the spatial variability tends to reduce the response

(in relation to the case with uniform support motions), often by a significant amount (e.g., by close to

30 percent). However, this rule cannot be generalized since, under certain conditions (Le., stiff struc­

tures and rapid loss of coherency) the response may actually amplify due to an increase in the pseudo-
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static component of the response. Therefore, a proper accounting of the spatial variability effect in

seismic analysis of multiply-supported structures is essential. The response spectrum method devel­

oped offers a simple and accurate alternative for this pUIpose.

6.2 Conclusions

The major conclusions of this study can be summarized as follows:

1. The response spectrum method developed offers a simple and practical alternative for seismic

analysis of multiply-supported structures subjected to spatially varying ground motions. The

method provides an accurate estimate of the peak response in terms of quantities of the input

motions that are usually available to the designer, i.e., peak ground motions and response spectra

at the support points, and the coherency function describing the nature of the spatial variability

of the ground motion. The effects of wave passage, loss of coherence, and local soil conditions

are all included in the analysis. No time-history analysis or specification of power spectral den­

sities is necessary.

2. The response of the multiply-supported structure consists of three components: a pseudo-static

component, a dynamic component, and a cross term representing the covariance between the two

components. The cross term is usually small in relation to the pseudo-static and dynamic com-

o ponents. The relative contribution of the pseudo-static component is more significant for stiffer

structures and for ground motions with more rapid loss of coherency.

3. It is found that the spatial variability of the ground motion may reduce the response, in relation

to the case of uniform support motions, by a significant amount, i.e., close to 30 percent for the

example structure studied. However, this rule is not general, since the response may actually

amplify due to the increased contribution of the pseudo-static response, when the structure is stiff

and there is a rapid loss of coherency.

4. The influences of wave passage and incoherency on the modal cross-correlations appear to be

fundamentally different. In the presence of wave passage, the cross-support cross-modal correla­

tions tend to oscillate with distance and frequency, whereas in presence of incoherence these cor­

relations tend to uniformly decay with increasing distance and frequency. Generally speaking,

the cross-correlation coefficients involved in the covariance term between the pseudo-static and

dynamic components of the response are small (e.g., less than about 0.2). However, the cross­

correlation coefficients involved in the terms for the pseudo-static and dynamic components of

the response can be significant, even for distant supports and well spaced modes.

5. The response spectrum method developed can account for cross-correlations between any pair of

ground motion components at any two stations. While recent research has investigated the

coherency between similar pairs of components (e.g., both horizontal and in the longitudinal
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direction of wave passage), the coherency between dissimilar components, e.g., one longitudinal

and one transverse, or one horizontal and one vertical, at two stations has not been investigated.

The present work clearly demonstrates the need for such research.

6. The response spectrum method developed can also account for the dependence of the coherency

function on the local soil conditions. Such site-dependent coherency functions unfortunately are

not available and existing data may not be sufficient to make such refined estimates. However, if

and when such data become available, the proposed method provides a framework for incorpo­

rating this effect in the analysis.

7. The present work clearly demonstrates the need for a better understanding of ground motions in

the low-frequency range. This need arises from the pseudo-static component of the response,

which involves terms related to the ground displacement. Specifically, it is necessary to extend

existing design response spectra in the range of lower frequencies, and to develop means for the

specification of peak ground displacements for design purposes. Development of coherency

functions for the components of ground displacement (in addition to the acceleration compo­

nents) is also desirable.
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APPENDIX A

PEAK FACTORS

Consider a stationary process X(t) having the power spectral density G(OJ), - 00 < OJ < 00. Let

00

Am = 2 JOJm G(OJ) dOJ m=O, 1,2

°
(A.l)

denote the first three spectral moments. The peak factors p and q relate the mean and standard devia­

tion of the absolute maximum of the process over a duration T, defined by Xmax = max IX(t)I, to the
O:S;t:S;-r

root-mean-square, Ux =Aif, of the process through the relations

(A.2)

Approximate expressions for the above peak factors that account for possible narrow bandedness of

the process are given by

p =1.253+0.209 VeT

and

=(2 In v T In + O. 577
e) (2 In VeT)1t2

(A.3)

q = O. 655 +0. 0016 VeT 0$ VeT $2.1

in which

Ve =28
V

5.4

0< 8$0.1

(A.4)

= (1. 638°.45 -0.38) 0.1 $8$0. 69 (A.5)

with

=1 0.69$8< 1

[

1t2

V = 2. (A2)lt2 and 8 = 1-~)
Jr ,1,0 ,1,0,1,2

(A.6)

The above expressions for 2. 1$ VeT were given earlier by Der Kiureghian (1980). The expressions

for VeT < 2. 1 are obtained by using a linear interpolation between the value at VeT =2. 1 and the peak

factors relating the mean and standard deviation of IX(t)1 to UX.
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For the response of an oscillator of frequency mo and damping' to a white noise base accelera­

tion, v=mo/Jr and 8 z 2('/Jr)1f2.
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