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PREFACE 

The National Center for Earthquake Engineering Research (NCEER) was established to expand and 
disseminate knowledge about earthquakes, improve earthquake-resistant design, and implement 
seismic hazard mitigation procedures to minimize loss of lives and property. The emphasis is on 
structures in the eastern and central United States and lifelines throughout the country that are found 
in zones oflow, moderate, and high seismicity. 

NCEER's research and implementation plan in years six through ten (1991-1996) comprises four 
interlocked elements, as shown in the figure below. Element I, Basic Research, is carried out to 
support projects in the Applied Research area. Element II, Applied Research, is the major focus of 
work for years six through ten. Element III, Demonstration Projects, have been planned to support 
Applied Research projects, and will be either case studies or regional studies. Element IV, 
Implementation, will result from activity in the four Applied Research projects, and from Demon­
stration Projects. 

ELEMENT I 
BASIC RESEARCH 

• Seismic hazard and 
ground motion 

• Soils and geotechnical 
engineering 

• Structures and systems 

• Risk and reliability 

• Protective and intelligent 
systems 

• Societal and economic 
studies 

ELEMENT II 
APPLIED RESEARCH 

• The Building Project 

• The Nonstructural 
Components Project 

• The Lifelines Project 

• The Highway Project 

ELEMENT III 
DEMONSTRATION PROJECTS 

Case Studies 
• Active and hybrid control 
• Hospital and data processing 

facilities 
• Short and medium span bridges 
• Water supply systems in 

Memphis and San Francisco 
Regional Studies 

• New York City 
• Mississippi Valley 
• San Francisco Bay Area 

ELEMENT IV 
IMPLEMENTATION 

• Conferences/Workshops 
• Education/Training courses 
• Publications 
• Public Awareness 

Research in the Building Project focuses on the evaluation and retrofit of buildings in regions of 
moderate seismicity. Emphasis is on lightly reinforced concrete buildings, steel semi-rigid frames, 
and masonry walls or infills. The research involves small- and medium-scale shake table tests and 
full-scale component tests at several institutions. In a parallel effort, analytical models and computer 
programs are being developed to aid in the prediction of the response of these buildings to various 
types of ground motion. 
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Two ofthe short-term products of the Building Project will be a monograph on the evaluation of 
lightly reinforced concrete buildings and a state-of-the-art report on unreinforced masonry. 

The protective and intelligent systems program constitutes one ofthe important areas of research 
in the Building Project. Current tasks include the following: 

1. Evaluate the performance of full-scale active bracing and active mass dampers already in 
place in terms of performance, power requirements, maintenance, reliability and cost. 

2. Compare passive and active control strategies in terms of structural type, degree of 
effectiveness, cost and long-term reliability. 

3. Perform fundamental studies of hybrid control. 
4. Develop and test hybrid control systems. 

A method of active control based on the theory of sliding mode control for building applications is 
studied in this report. Robustness, direct output feedback, and control saturation are addressed 
through extensive numerical simulation. Potential applications of this control methodology to linear 
structures, fixed-base buildings with large ductility, base-isolated buildings using lead-core 
bearings, and nonlinear structures are presented Experimental verification of the control scheme 
has been carried out at the University at Buffalo using a three-story JI4-sca/e linear structural 
model, shOWing excellent results using a discontinuous controller with small sliding margin. These 
experimental results will be presented in a subsequent NCEER report. 
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ABSTRACT 

Control methods based on the theory of variable structure system (VSS) or sliding mode 

control (SMC) are presented for applications to seismic-excited linear, nonlinear and hysteretic 

civil engineering structures. These control methods are robust with respect to parametric 

uncertainties of the structures. The controllers have no adverse effect should the actuator be 

saturated due to unexpected extreme earthquakes. Emphasis is placed on continuous sliding 

mode control methods, which do not have possible chattering effects. Static output feedback 

controllers using only the measured information from a limited number of sensors installed at 

strategic locations are also presented for practical implementations. Furthermore, controllers 

are proposed for applications to parametric control, including the use of active variable stiffness 

(AVS) systems and active variable dampers (AVD). Under suitable conditions, a complete 

compensation of the structural response can be achieved, i.e., the structural response can be 

reduced to zero. Among the contributions of this report are the establishment of saturated 

controllers, controllers for static output feedback, parametric control, etc. The robustness of the 

control methods, the application of the static output feedback controllers, the control 

effectiveness in case of actuator saturation and the applicability to parametric control are all 

demonstrated by numerical simulation results. Applications of the control methods to linear 

buildings, fixed-base buildings with large ductility, base-isolated buildings using lead-core rubber 

bearings and elastic nonlinear structures are presented. Numerical simulation results indicate 

that the performance of the control methods is remarkable. Practical implementations of the 

control methods are discussed. Shaking table experimental verifications for the control methods 

presented for linear and nonlinear structures have been made and the results were presented 

elsewhere. 
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SECTION 1 

INTRODUCTION 

Intensive research efforts have been made recently, both theoretically and experimentally, 

in active and hybrid control of civil engineering structures against strong winds and earthquakes 

[e.g., Soong 1990, Soong et al1991, Spencer et al1991, 1993, Inaudi & Kelly 1993, Lai & 

Soong 1992, Reinhom, Soong et a11992, Reinhom et a11993a, 1993b, Schmitendorf et al1994, 

Calise et al1993, Yang et al1991, 1992a, etc.]. In addition to actuator-based control systems, 

such as active bracing systems (ABS), active mass dampers (AMD), active tendons, etc., active 

variable stiffness (AVS) systems [e.g., Kobori & Kamagata 1992a,b, Yang et al1994e] and 

active variable dampers [e.g., Kawashima et al 1992a, 1992b, Feng & Shinozuka 1990, Yang 

et al1993b] have also been proposed for applications to seismic-excited buildings and bridges. 

These types of control systems belong to the category of parametric control, since control 

appears in the parameter of the equation of motion. Most of the control methods investigated 

for civil engineering applications use either the full state feedback or the observer-based 

controllers [e.g., Schmitendorf et al 1994]. More recently, the method of variable structure 

system (VSS) or sliding mode control (SMC) [e.g., Slotine & Li 1991, Utkin 1992, Young 

1993] was explored in a preliminary manner for control of linear buildings [Yang et al 

1993a,c,d] and bridges [Yang et al1993b, 1994a]. 

Aseismic hybrid protective systems, consisting of a combination of active control devices 

and passive base isolation systems, have been shown to be quite effective. Since the dynamic 

behavior of most base isolation systems, such as lead-core rubber bearings or frictional-type 

sliding bearings, is either highly nonlinear or inelastic, hybrid protective systems involve control 

of nonlinear or hysteretic structural systems. Likewise, under strong earthquakes, yielding may 

occur even if the fixed-base building is equipped with active control systems. As a result, 

control of nonlinear or hysteretic civil engineering structures has attracted considerable attention 

recently. Various control methods have been investigated for applications to nonlinear and 
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hysteretic structural systems, including pulse control [e.g., Reinhom et al 1987], polynomial 

control [Spencer et al1992, Suhardjo, et al 1992], acceleration control [Nagarajaiah et al1993, 

Reinhom et al1993b1c1 Riley et al 1993]1 instantaneous optimal control [Feng & Shinozuka 

1991, Yang et al1992b]1 dynamic linearization [Yang et al1994c1 Reinhom1 et al1993c1 Riley 

et al 1993]1 nonlinear control [Yang et al1 1992a 1994b]1 discontinuous sliding mode control 

[Yang et al1993d1 1994d], etc. To date, investigations are needed to explore promising control 

methods for applications to seismic-excited nonlinear and hysteretic civil engineering structures. 

For practical implementations of active/hybrid control systems in large civil engineering 

structures, it may not be possible to install all sensors to measure the full state vector. An 

observer, however, requires on-line computations thus increasing the system time delay. As a 

result, static output feedback control using only the measured information from a limited number 

of sensors installed at strategic locations is highly desirable. For seismic hazard mitigation, the 

earthquake ground acceleration1 including both the magnitude and frequency content, involves 

the biggest uncertainty among others. It is conceivable that a controller with a limited capacity, 

such as an actuator, may be saturated under unexpected strong earthquakes. An actuator 

saturation may result in a serious consequence to the controlled structure 1 such as instability. 

Therefore, it is desirable to have controllers whose performance will not be affected significantly 

by the saturation. Likewise, systematic studies for parametric control of civil engineering 

structures have not been conducted. 

Sections 2 through 5 present control methods for linear civil engineering structures based 

on the theory of variable structure system (VSS) or sliding mode control (SMC) [e.g. 1 Utkin 

1992, Young 1993, Zhou and Fisher 1992]. Both continuous and discontinuous sliding mode 

controllers are presented. However, emphasis is placed on continuous controllers which do not 

have possible chattering effect. In the case of discontinuous controllers, a boundary layer is 

introduced to remove the possible chattering effect. Saturated controllers are also presented, so 

that the control performance is not subject to an adverse effect should the actuator be saturated 

due to unexpected strong earthquakes. When each degree-of-freedom (or story unit) is 

implemented with a controller, a complete compensation for the structural response can be 

achieved, i.e., the response state vector can be reduced to zero. Furthermore, the Lyapunov­

type controllers are presented for applications to parametric control of civil engineering 
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structures, including the use of active variable stiffness (A VS) systems and active variable 

dampers (A VD). Finally, static output feedback controllers using only the measured information 

from a limited number of sensors installed at strategic locations are presented. Static output 

feedback controllers can be implemented readily for practical applications. Simulation results 

are obtained to demonstrate the robustness, performance and other desirable features of the 

control methods for linear structures. 

In Sections 6 through 9, sliding mode control methods are presented for applications to 

control of nonlinear and hysteretic civil engineering structures subjected to strong earthquakes. 

Although both continuous and discontinuous controllers are presented, emphasis is placed on 

continuous sliding mode controllers which do not have possible chattering effects and the control 

forces are continuous. Static output feedback controllers using only a few sensors as well as 

saturated controllers are presented. Simulation results are obtained for control of (i) a Duffing 

structural model, (ii) a base-isolated building using lead-core rubber bearings, and (iii) a fixed­

base building with large ductility. Numerical simulation results indicate that the control designs 

presented are robust with respect to system uncertainties and their performance is quite 

remarkable. 
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SECTION 2 

SLIDING MODE CONTROL OF LINEAR STRUCTURES 

2.1 EQUATION OF MOTION 

Consider an n degree-of-freedom linear building structure subjected to a one-dimensional 

earthquake ground acceleration )(o(t) as shown in Fig. 2-1. The vector equation of motion is 

given by 

MX(t) + CX(t) + KX(t) == HU(t) + f) Xo(t) (2.1) 

in which X(t) = [xl,x2, ... ,xJ' = an n vector with Xj(t) being the drift of a designated story 

unit; U(t) = a r vector consisting of r control forces; and 'Y/ is an n vector denoting the influence 

of the earthquake excitation. M, C and K are (nxn) mass, damping and stiffness matrices, 

respectively, and H is a (nxr) matrix denoting the location of r controllers. In the state space, 

Eq. (2.1) becomes 

z(t) == AZ(t) + B U(t) + E(t) (2.2) 

where Z(t) is a 2n state vector, A is a (2nx2n) system matrix, B is a (2nxr) matrix and, E(t) is 

a 2n excitation vector, respectively, given by 

2.2 DESIGN QF SLIDING SURFACE 

The theory of variable structure system (VSS) or sliding mode control (SMC) is to design 

controllers to drive the response trajectory into the sliding surface (or switching surface) and 

maintain it there, whereas the motion on the sliding surface is stable as shown schematically in 

Fig. 2-2. In the design of the sliding surface, the external excitation E(t) is neglected; however, 

it is taken into account in the design of controllers. For simplicity, let S =0 be a r-dimensional 

sliding surface consisting of a linear combination of the state variables 

S == PZ == 0 (2.4) 

in which S is a r-vector consisting of r sliding variables, SbS2, ... ,Sr' with r being the total 
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Fig. 2-1 : Building Model; (a) With Active Bracing 
System; (b) With Active Variable 
Stiffness; (c) With Active Variable 
Damper 

2-2 



Zl 

Fig. 2-2: Phase Plane for Sliding 
Mode Control 
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number of controllers, i.e., 

(2.5) 

where a prime denotes the transpose of a vector or matrix. In Eq. (2.4), P is a (rx2n) matrix 

to be determined such that the motion on the sliding surface is stable. For the response 

trajectory to stay on the sliding surface, once it reaches there, one has S =0. It follows from 

Eqs. (2.4) and (2.2) that 

s = (aSlaz)i = P(AZ + BU) = 0 (2.6) 

in which the argument t for Z(t) and U(t) has been dropped for simplicity. The solution of Eq. 

(2.6) for U yields the so-called equivalent control Ueq on the sliding surface; with the result 

U = U = - (PB)-l PAZ (2.7) 
eq 

in which PB is nonsingular. Substitution of Eq. (2.7) into Eq. (2.2), with the external excitation 

E(t) being neglected, leads to the following 

i = [A -B(PB)-lpA]Z (2.8) 

Hence, the equations of motion on the sliding surface are defined by r equations given in Eq. 

(2.4) and (2n-r) equations out of 2n equations given by Eq. (2.8). The usual procedure is to 

solve r state variables from Eq. (2.4) in terms of the remaining 2n-r state variables and substitute 

these relations into (2n-r) equations in Eq. (2.8). Then, the P matrix is determined such that 

the motion on the sliding surface is stable. 

One systematic approach for the determination of the P matrix is to convert the state 

equation of motion, Eq. (2.2), into the so-called regular form by the following transformation 

[Utkin 1992]. Let 

Y = D Z or Z = D -1 Y (2.9) 

in which D is a transformation matrix 

(2.10) 

where I2n-r and Ir are (2n-r) x (2n-r) and (rxr) identity matrices, respectively, and Bl and B2 are 

(2n-r)xr and rxr sub matrices obtained from the partition of the B matrix, Eq. (2.2), as follows 
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(2.11) 

Note that the (rxr) B2 matrix should be nonsingular. If the B2 matrix is singular in the original 

state equation, then the state equation should be rearranged such that B2 is nonsingular. 

With the transformation matrix D, the state equation, Eq. (2.2), and the sliding surface, 

Eq. (2.4), become 

Y = AY + BU (2.12) 

-
S = PY = 0 (2.13) 

in which 

A = DAD-1 p = P D-
1 

; B = [ ~2l (2.14) 

Equation (2.12) is referred to as the regular form in which B is given by Eq. (2.14). As 

observed from Eq. (2.12), only the last r equations involve the equivalent control force U. 

Thus, the equations of motion on the sliding surface is defined by r equations in Eq. (2.13) and 

2n-r equations in the upper part of Eq. (2.12). 

Let Y, A and :f> be partitioned as follows 

[ Yl] - [Au A12] Y=y ;A= __ 
2 A21 A22 

(2.15) 

in which Y1 and Y2 are 2n-r and r vectors, respectively, and All' A221 i\ and P2 are, 

respectively, (2n-r)x(2n-r), rxr, rx(2n-r) and rxr matrices. Substituting Eq. (2.15) into Eqs. 

(2.12) and (2.13), one obtains the equations of motion on the sliding surface 

Y1 = An Y1 + A12 Y2 

- -s = PI Y1 + P 2 Y2 = 0 

For simplicity, P2 is chosen to be an identity matrix, i.e., 
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(2.18) 

and hence Eq. (2.17) becomes 

(2.19) 

Substitution of Eq. (2.19) into Eq. (2.16) leads to (2n-r) equations of motion on the sliding 

surface 

-Yl == (All -A12Pl)Yl (2.20) 

The i\ matrix can be determined from Eq. (2.20) such that the motion Y = [Y 1', Y 2']' on the 

sliding surface is stable. After determining i\, the unknown matrix P is obtained from Eq. 

(2.14). While several approaches can be used for the determination of the P matrix, only two 

methods will be used herein. In the case of a full state feedback, either the method of LQR or 

pole assignment will be used. In the case of static output feedbacks using a limited number of 

sensors, the method of pole assignment will be used. The use of the pole assignment method 

for the determination of the PI matrix in Eq. (2.20) is well-known, whereas the method ofLQR 

is described briefly in the following. 

The design of the sliding surface S = PZ = 0 is obtained by minimizing the integral of 

the quadratic function of the state vector 

J == f: Z'(t)QZ(t)dt (2.21) 

in which Q is a (2nx2n) positive definite weighting matrix. In terms of the transformed state 

vector Y, Eq. (2.9), the performance index J becomes 

J ~ f: [Y"Y,]' T [~; 1 dt 
(2.22) 

in which 

(2.23) 

where Tll and T22 are (2n-r)x(2n-r) and (rxr) matrices, respectively. 

Minimizing the performance index J given by Eq. (2.22) subjected to the constraint of 

the equations of motion, Eq. (2.16), one obtains [see detailed derivation in Yang et al, 1994b] 
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(2.24) 

in which P is a (2n-r)x(2n-r) Riccati matrix satisfying the following matrix Riccati equation 

(2.25) 

where 

A - - -1 
A = All - Al2 T22 T21 

(2.26) 

A comparison between Eqs. (2.19) and (2.24) indicates that 

- -1 -, A 

PI = 0.5 Tll (A12 P + 2 T21 ) (2.27) 

Finally, the original sliding surface S = PZ = 0 is obtained from Eq. (2.14) as 

- -
P = PD = [PI : Ir]D (2.28) 

in which Pi is obtained from Eq. (2.27). 

2.3 DESIGN OF CONTROLLERS USING LYAPUNOV DIRECT METHOD 

The controllers are designed to drive the state trajectory into the sliding surface S =0. 

To achieve this goal, a Lyapunov function V is considered. 

v = 0.5 SiS = 0.5ZlplpZ 

The sufficient condition for the sliding mode S =0 to occur as t~oo is 

V = SiS ~ 0 

Taking derivative and using the state equation of motion, Eq. (2.2), one obtains 

r r 

V = A ( U - G) = L Ai (ui - G) = L Vi 
j=1 i=l 

(2.29) 

(2.30) 

(2.31) 

in which A' and G are r-vectors with the ith elements \ and Gi , respectively, and ui =ui(t) is the 

ith control force, where 

A = SlpB ; G = -(PBrl P(AZ +E) 

For V ~O, a possible continuous controller is given by 

uj(t) = G j - cSjAj 

(2.32) 

(2.33) 

in which 8i >0 is referred to as the sliding margin. In the vector form, Eq. (2.33) can be 

expressed as 
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U = G - a ')..1 (2.34) 

-
in which ° is a (rxr) diagonal matrix with diagonal elements 0b02,. .. ,or Substitution of Eq. 

(2.34) into Eq. (2.31) yields V <0, i.e., 

(2.35) 

In addition to the continuous controller given by Eq. (2.34), two possible discontinuous 

controllers are given in the following 

and 

[ 

G j -5 j H(I')..I-eo); 
G j + 5 j H( 1')..1 - eo) ; 

Gi -5 j H(I')..I-eo) ; 

Gj +5 j H(I')..I-eo) ; 

o 

if ')..j>O 

if ')..j<O 

if ')...>0 , G.<O 
l l 

if ')..j<O , Gj>O 

otherwise 

(2.36) 

(2.37) 

in which H( I A I-EO) is the unit step function, i.e. H( I A I-EO) =0 for I A I < EO and H( I A I-EO) = 1 

for I A I >EO. In the expression above, I A I is any norm of the A row vector and EO is the 

thickness of the boundary layer of the chattering surface A=O (or sliding surface S=O). The 

idea of using the unit step function H( I A I-EO) is to introduce a boundary layer in the vicinity of 

A=O in which the sliding margins are zero, thus removing the undesirable chattering effect. 

Since A=S'PB and PB is nonsingular, A=O implies S =0. The size of the boundary layer Eo can 

be designed appropriately to achieve the purpose [Utkin 1992]. Note that the unit of 0i for the 

continuous controller in Eq. (2.33) is different from that of 0i for the discontinuous controllers 

in Eqs.(2.36) and (2.37). 

It is observed form Eqs. (2.34)-(2.37) that both the feedback loop, PAZ, and the 

feedforward compensation, PE, are taken into account in the design of the controllers. The 

constant sliding margin oj(i = 1,2, ... ,r) is used to guarantee the condition V:5: O. 

2.4 COMPLETE COMPENSATION 

When each degree-of-freedom of the structure is implemented with a controller, i.e., 

r=n, e.g., each story unit is equipped with an ABS system, the external earthquake excitation 
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can be compensated completely, such that the response state vector approaches zero. In this 

case, the P matrix is (nx2n) and the B2 matrix is (nxn). The proof is given in the following. 

Let the P matrix be partitioned as P=[Pb P2] such that the sliding surface is given by 

s=pz=px+Px=o 1 2 
(2.38) 

and hence 

(2.39) 

Substituting the controllers in Eqs. (2.34) and (2.36), respectively, into the state equation of 

motion, Eq. (2.2), and using Eqs. (2.38)-(2.39), one obtains the vector equations of motion for 

the controlled structure for each controller as follows 

(2.40) 

and 

(2.41) 

in which )...' and 0 are n-vectors with the ith elements, ~ and 0i' respectively. As observed from 

Eqs. (2.40) and (2.41), the earthquake excitation )(o(t) is completely compensated and the 
-

controlled response depends on the sliding margins 0 and o. Since, however, the sliding surface 

is stable, Eqs. (2.40) and (2.41) are overdamped systems and hence the response approaches to 

zero rapidly. 

2.5 SATURATED CONTROLLERS 

We assume that the structure is stable without control. This assumption is reasonable for 

civil engineering structures which are designed to be stable without any control systems. Let 

Vin correspond to Vi' Eqs. (2.31) and (2.32), when no control action is taken by the ith 

controller, i.e., ui(t)=O and 

(2.42) 

Then, at every time instant, t, the control action will be taken either to reduce the derivative of 

the Lyapunov function Vi <Vin or to maintain Vi <0. Based on this premise, the following 

saturated controller corresponding to the continuous controller, Eq. (2.33), is presented. 
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(2.43) 

uimaxsgn( at Gj - OJ>'') ; otherwise 

in which O~ai*~l and ±uimax (i=1,2, ... ,r) are the upper and lower bounds of the control 

force. Both a * and uimax are specified by the designer. 

The saturated controller corresponding to discontinuous controllers given by Eqs. (2.36) 

and (2.37) are given as follows 

ut(t) 

and 

a;Gi-oiH(I>"I-eo) ; 

a;Gj+ojH(I>..I-eo) 

if I uj* (t) I < ~ 

if I ut (t) I > uimax 

cxjGj-oiH(I>..I-eo) ; 

cx j Gj + 0 i H ( I>" I - eo) ; 

o 

if >".>0 , G.<O 
I I 

if >".<0 , G.>O 
I I 

otherwise 

> U. lmax 

in which ai > 0 (i = 1,2, ... ,r) are specified by the designer. 

(2.44) 

(2.45) 

(2.46) 

(2.47) 

The theoretical justification for the controllers above is that at every time instant, either 

the event V ~ 0 occurs or the event Vi ~ Vin occurs. From the condition that Vi ~ Vin and the 

fact that the structure is stable without control, it can be shown that V is bounded, and hence 

the state vector Z is bounded, i.e., I Z I < 00. Design parameters at, ai and uimax (for 

i = 1 ,2, ... ,r) can be used to make a trade-off between the control effort and the structural 

response. Controllers presented above are referred to as the saturated controllers, since the 

control effort ~(t) is saturated (or bounded) at iiimax. Special controllers that utilize either the 

full capacity or constant control force of the actuator corresponding to Eqs. (2.45) and (2.47) 

are bang-bang controllers, 
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-ujmaxH( /A / - EO) if Aj>O 
(2.48) uJt) 

ujmax H( /A / - EO) if Aj<O 

and 

- ujmax H ( I A I - Eo) if A.>O , G.<O 
I I 

Uj(t) ujmaxH( IA I - EO) if Aj<O, Gj>O (2.49) 

0 otherwise 

The saturated controllers presented above have a nice feature in the sense that if the 

actual capacity of the actuator used for the control system is exceeded by the demand, a 

saturation will occur but the controllers still perform well using the maximum capacity. When 

saturation occurs for other types of controllers, a severe degradation of the control performance 

may result and the system may even become unstable. 

2.6 ROBUSTNESS OF CONTROLLERS 

The theory of variable structure system or sliding mode control was developed for control 

of uncertain nonlinear systems [e.g., Utkin 1992] and the robustness of such a theory is well 

documented. The robustness of the controllers presented above with respect to parametric 

uncertainties of the structure will be demonstrated by simulation results in Section 5. 
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SECTION 3 

PARAMETRIC CONTROL OF LINEAR STRUCTURE 

The control methods presented above are applicable to actuator-based control systems in 

which the controller is capable of producing positive and negative control forces. One type of 

the control system, referred to as the active variable stiffness (A VS) system, has been shown to 

be quite effective for buildings against strong earthquakes [Kobori & Kamagata 1992a,b]. The 

A VS system consists of stand-by bracings attached to selected story units of the building, and 

the locking and unlocking devices. During the earthquake ground motion, some of the bracings 

may be locked at a particular time instant t to increase the stiffness of the corresponding story 

unit. Locking and unlocking of different bracings at each time instant are regulated by a control 

algorithm in order to reduce the building response against earthquakes. Consequently, the 

stiffness of each story unit, in which the AVS system is installed, varies as a function of time. 

Another type of control system is referred to as the variable damper. Variable dampers 

are viscous dampers in which the damping coefficient can be regulated actively by adjusting the 

opening of the orifice of the oil flow. As a result, the damping coefficient of the structure is 

actively controlled. This type of control system has been developed successfully for applications 

to bridge structures against earthquakes [e.g., Kawashima et al1992a, 1992b, Feng & Shinozuka 

1990, Yang et al1993b]. Control methods for the two types of control systems described above, 

which are essentially parametric control, will be presented in the following. 

For the AVS systems and variable dampers, the coefficient matrix of the control vector, 

B, is a function of the state variables and the procedures for determining the sliding surface are 

described in Utkin (1992). With the control systems above and following the procedures in 

Utkin (1992), we find that the design of the sliding surface (or switching surface) is identical to 

that presented previously where either the damping force from variable dampers or the stiffness 

force from A VS systems are considered as the control force. However, the design of controllers 

is different because of the limitations of the capacity of the A VS system and variable dampers. 

In the following, the structure is designed to be stable whether any or all of A VS systems are 

locked, and whatever (positive) damping coefficients variable dampers may take. 
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3.1 CONTROLLER DESIGN FOR VARIABLE DAMPER SYSTEMS 

Suppose r variable dampers are installed in r selected story units. The equations of 

motion are given in Eqs. (2.1) and (2.2) except that the components of the control vector 

U(t)=[ul(t),u2(t), ... ,uit)], should be expressed in terms of the state variables Z(t) = [zl(t), 

z2(t), ... ,z2n(t)]' as follows 

(3.1) 

in which zn+k i(t) =zn+k(t) = xk is the inters tory velocity of the kth story unit in which the ith , 

variable damper (or ith variable damper group) is installed. In Eq. (3.1), the damping 

coefficient ~i(t), although can be actively regulated, is bounded by a minimum value ~imin and 

a maximum value ~imax' i.e., 

!: .. < !:. < !:. '-lmzn - '-I - '-lmax 

in which ~imin >0, since the variable damper always produces positive damping. 

Substituting Eq. (3.1) into Eq. (2.31), one obtains 

r 

V = L Ai [~i(t) Zn+k,;Ct) - GJ 
i=l 

in which ~ and Gi are the ith components of A and G, respectively, given by Eq. (2.32). 

One possible controller is to minimize V in Eq. (3.3) as follows 

[ 

~imin ' if Ai Zn+k,i > 0 

~imax' if Ai Zn+k,i < 0 

(3.2) 

(3.3) 

(3.4) 

The controller proposed above is a two-state variable damper in which the damper switches 

between the maximum and minimum dampings. This type of damper is the simplest and most 

reliable. Other types of controllers have also been presented in Yang et a1 (1993b, 1994a). 

3.2 CONTROLLER DESIGN FOR ACTIVE VARIABLE STIFFNESS SYSTEM 

For the A VS control system, suppose r active bracing systems are installed in r selected 

story units. The equations of motion given by Eqs. (2.1) and (2.2) hold except that the ith 

component ~(t) of the control vector is given by 
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-
u,.(t) = g. k . ... z .... (t) 

I I,'" .. ,I 
(3.5) 

where Zk,i(t) = zk(t) is the drift of the kth story unit in which the ith bracing system is installed, 

and ~,k is the stiffness of the ith bracing system installed in the kth story unit. The on-off 

control gi takes the values gi = 1 if the ith bracing is locked and gi =0 if the ith bracing is 

unlocked. Substitution of Eq. (3.5) into Eq. (2.31) leads to the following 

T 

V :;:: " l. [g. 1. ... z .... (t) - G.] L.J I I I,... ..,I I 
(3.6) 

i=l 

To minimize V, one possible controller is as follows 

[

1; 

o· , 
if l.ZL. < 0 

I ~sl (3.7) 
if l.z .... > 0 , ~,I 

Other types of controllers have been presented in Yang et al (1994e). 
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SECTION 4 

STATIC (DIRECT) OUTPUT FEEDBACK OF LINEAR STRUCTURES 

The control methods presented in the previous section require full state feedback, either 

through measurements or an observer. For practical implementations of active/hybrid control 

systems in large civil engineering structures, it may not be practical to install sensors to measure 

the full state vector. On the other hand, an observer may require a significant amount of on-line 

computational efforts, resulting in a system time delay. In this section, static output feedback 

controllers using only the measured information from a limited number of sensors installed at 

strategic locations are presented. However, one limitation is imposed; namely, wherever a 

controller is installed, a measurement of the corresponding velocity state variable is required. 

In other words, collocated velocity sensors are required as a minimum. Furthermore, both the 

sliding surface and the controller are designed using only the observation (output) vector. 

4.1 DESIGN OF SLIDING SURFACE 

Let Zm be a m-dimensional observation (output) vector consisting of m measured state 

variables with m>r, where r is the number of controllers, 

z =Cz· C =[co] 
m m ' '" 0 I 

r 

(4.1) 

in which Cm is a (mx2n) observation matrix and Ir is a (rxr) identity matrix indicating the 

collocated velocity sensors. The sliding surface is given by 

s = p z = p C Z = PZ = 0 m m m m 
(4.2) 

in which Pm is a (rxm) matrix and P=P mCm. It should be noted that the order of the equations 

of motion, Eq. (2.1), has been rearranged such that the equations associated with the collocated 

velocity sensors are placed in the lower part, see Eq. (4.1). Hence, the order of the state 

variables in Z has been rearranged. This can be done, however, in the computer program 

easily. 

Using the same transformation given by Eqs. (2.9) and (2.10), one obtains the regular 

form and the equations of motion on the sliding surface 
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- -Yl = An Yl + A12 Y2 
(4.3) 

S=PCD-1y=PY=O m m 
(4.4) 

in which Pm and P are partitioned as follows 

Pm = [Pm1 ,P m2] (4.5) 

(4.6) 

where C is given by Eq. (4.1). Similar to Eq. (2.18), the second matrix of P in Eq. (4.6) is 

chosen to be ~ for convenience, i. e. , 

- -1 Pm1 CBl B2 + Pm2 = IT (4.7) 

Substituting Eq. (4.7) into Eq. (4.6) and then into Eq. (4.4), one obtains 

(4.8) 

With the equation of motion given by Eq. (4.3) and the output observation y=CY1, the gain 

matrix P ml in Eq. (4.8) can be determined easily using the method of pole assignment. 

Obviously, the gain matrix P ml depends on the preassigned locations of the closed-loop poles 

of the sliding surface. Once P ml is determined, P m2 can be obtained from Eq. (4.7). Thus , Pm 

in Eq. (4.5) and P in Eq. (4.2) are completely determined. 

4.2 DESIGN OF CONTROLLERS 

The same Lyapunov function V and its time derivative given by Eqs. (2.29) to (2.32) are 

considered. For the continuous controller, we choose 

(4.9) 

in which N is a (2nxm) matrix to be determined such that V:::;;O. Substituting Eq. (4.9) into Eq. 

(2.31), one obtains 

v = Z/[p1pA{12n -NC
m

) -p1pBaB1p1p]Z (4.10) 

Thus, N is chosen such that the matrix A given below is negative semidefinite, 

(4.11) 

-
in which the second matrix -P'PBOB'P'P is negative semidefinite. 

Let Zm be a 2n-dimensional modified observation (output) vector consisting of m 
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measured (output) state variables (i.e., Zm) and zero elements for those state variables that are 

not measured. Then, Zm can be expressed as 

Z = C Z m m 
(4.12) 

in which Cm is the expanded version of the observation matrix Cm' Eq. (4.1). In other words, 

Cm is a sub matrix of Cm and other elements of Cm are zero. The (2nx2n) matrix NCm in 

Eq. (4.9) can be chosen to be Cm. Because of the requirement of collocated velocity sensors, 

i. e., ~ in Eq. (4.1), and the fact that the structure without control is stable, the real parts of all 
-

eigenvalues of the matrix A in Eq. (4.11) are non-positive for 0=0, when NCm is chosen to be 

Cm' i.e., NCm=Cm. This special controller is identical to the continuous controller given by 

Eq. (2.34) in which Z is replaced by Zm' i.e., . 

(4.13) 

where 

(4.14) 

Note that the sliding surface can be shown to be S=PmZm=PmCmZ=PZ=PZm=O. Such a 

relation has been used in Eq. (4.14). 

For the discontinuous controller, we choose 

-{ (PB)-l P[A(NCm)Z + El}i - ()iH( / A/-eo) ; if Ai> 0 

ui(t) = 
-{(PBrlp[A(NCm)Z+E]L + ()jH(IA I-eo); if Aj<O 

(4.15) 

in which { h is the ith component of the vector in the bracket and N is a (2nxm) matrix to be 

determined such that V ~ 0. Substituting Eq. (4.15) into Eq. (2.31), one obtains 

V " Z/[p1pA(I", - NC.)]Z - (t I).,a, I )H< III -"0) 

Thus, N is chosen such that the matrix Ai is negative semidefinite 

At = p 1pA(l2n - NCm ) 

(4.16) 

(4.17) 

Again, with the choice of NCm =Cm, the real parts of all eigenvalues of Ai are 

nonpositive, because of the requirement of collocated velocity sensors and the fact that the 

uncontrolled structure is stable. This special controller is identical to the controller given by Eq. 
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(2.36) with Z replaced by Zm and S=PZm, i.e., 

where 

[ 

Gj - tSjH( I A I-eo) ; if Ai> 0 
uj(t) = 

Gj + 5 j H( I A I - eo) ; if Ai < 0 

(4.18) 

(4.19) 

In a similar manner, the three-condition controllers given by Eqs. (2.37) and (2.47) and 

the bang-bang controllers in Eqs. (2.48) and (2.49) can be used for static output feedback in 

which the state vector Z should be replaced by Zm. For the three-condition discontinuous 

controllers above, it is not necessary that V ~ 0 for all time t unless the sliding margin is large. 

However, the control action is always taken to reduce V such that Vi ~Vin and hence the 

response state vector Z can be shown to be bounded. Finally, the saturated controllers given 

by Eqs. (2.45) and (2.43) can be used for the static output feedback with Z being replaced by 

Zm; however, the stability condition should be checked by numerical simulations for each 

design. Because of the requirement of collocated velocity sensors, the controlled structures are 

usually stable. 
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SECTION 5 

SIMULATION RESULTS OF LINEAR STRUCTURES 

To demonstrate the applications of the sliding mode control methods presented and to 

compare their performances with that of Linear Quadratic Regulator (LQR), simulation results 

are obtained in this section. Two nume"': -:1 examples are considered: (1) a three-story scaled 

building model equipped with: (i) ABS, (ii) active variable stiffness (A VS) system, and (iii) 

active variable damper (A VD) system, respectively; and (2) a six-story full-scale building 

equipped with ABS. For illustrative purpose, €o=O will be used in all the following examples 

for discontinuous controllers. 

Example 1: A Three-Story Scaled Building Model 

A three-story scaled building model studied by Kobori & Kamagata (1992a), in which 

every story unit is identically constructed, is considered as shown in Fig. 2-1. The mass, 

stiffness and damping coefficient of each story unit are II\ = 1 metric ton, ~ =980kN/m, and 

ci=1.407kN·s/m, respectively, for i=1,2, and 3. A controller, such as ABS, AVS, or AVD, 

is installed in the first story unit as shown in Fig. 2-1. Thus, there is only one sliding surface. 

For full-state feedback, the LQR method is used for the design of the sliding surface with a 

diagonal weighting matrix Q, Eq. (2.21), as follows: Qii = (105,104,103 ,1,1,1). This results 

in a sliding surface as follows: Sl =223.6xc17.32x2+6.01x3+3.68x1 +2.68x2+ 1.01x3=0. The 

EI Centro earthquake (NS component) scaled to a maximum acceleration of 0.1l2g is used as 

the input excitation, see Fig. 5-1. 

Case 1: Active Bracing System (ABS) with Full-State Feedback 

Suppose an ABS is installed in the first story unit as shown in Fig. 2-1(a) and the sliding 

surface is obtained previously. Using the continuous controller given by Eq. (2.34) with 

01 =50kN· kg·cm/s, the maximum interstory drifts, ~, the maximum absolute floor accelerations, 

xai' and the maximum required control force U (in terms of % of the total buildin~ weight) 

within 30 seconds of the earthquake episode, are shown in columns (6) and (7) of Table 5-1, 

denoted by CSMC (continuous sliding mode control). The maximum response quantities for the 

structure without control are shown in columns (2) and (3). For comparison purposes, the 
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corresponding response quantities using the classical LQR method are displayed in columns (4) 

and (5) of Table 5-1. In using the method of LQR, the weighting matrix Q is identical to that 

used for CSMC, whereas the element (only one element) of the R matrix is adjusted so that the 

maximum control force is 12.3% of the total building weight. Using the discontinuous 

controllers given by Eqs. (2.36) and (2.37) with 01 =50N, the corresponding response 

quantities are shown in columns (8)-(11) of Table 5-1 designated as SMC I and SMC II, 

respectively. 

Suppose the control force is bounded by 2500N, then the saturated controllers given by 

Eqs. (2.43), (2.45) and (2.47) with cxl * =cxl = 1.0 and umax=8.5 % (2500N) are used. The 

corresponding maximum response quantities are presented in columns (14) to (19), whereas the 

results using the LQR control method are shown in columns (12) and (13) for comparison. 

Again, for the LQR method, the one element of the R matrix is adjusted so that the maximum 

control force is 8.5 % (2500N). Time histories for the drift, Xl (t), of the first story unit using 

the classical LQR control method and the continuous sliding mode control method are presented, 

respectively, in Figs. 5-2(b) and 5-2(c). The response without control is shown in Fig. 5-2(a) 

for comparison. Finally, a further reduction of the control force to a maximum of umax = 5.1 % 

(1500N) is considered. The results are shown in columns (20)-(27) of Table 5-1. One 

significant advantage of the sliding mode control (SMC) method is that there is no adverse effect 

due to actuator saturation. It is observed from Table 5-1 that the performance of sliding mode 

control is better than that of the LQR method, in particular for the cases where the maximum 

control forces are bounded to be either U=8.5% or U=5.1%. 

Case 2: Robustness with Respect to Parametric Uncertainties 

It has been shown in the literature that sliding mode control is robust with respect to 

system parametric uncertainties. The robustness of the control design will be demonstrated 

through the following numerical simulations. ±30% variations of the stiffnesses for all the story 

units from their true values are considered. The designs of the sliding surface and the controller 

are based on ±30% deviations from their actual values. All the design parameters are identical 

to that used in Table 5-1. The results for the maximum response quantities are presented in 

Table 5-II. Note that columns (4)-(5), (10)-(11) and (16)-(17) of Table 5-II, corresponding to 
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Table 5-I: Maximum Response Quantities of a 3-Story Scaled Building 
Equipped with One ABS (Full State Feedback) 

S 
T LOR CSMC SMCI SMC II 
0 

No Control U=3603N U=3603N U=3525N U=3950N R 
Y U=12.3% U=12.3% U=12.0% U.:13.4% 

N Xi Xai Xi Xa; Xi Xa; Xi Xai Xi Xa; 
0 

em em/s2 em em/s2 em em/s2 em em/s2 em em/s2 
(1 ) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11 ) 

1 1.33 312 0.09 147 0.09 135 0.09 127 0.09 318 

2 1.02 473 0.32 169 0.31 162 0.31 162 0.31 162 

3 0.59 580 0.21 203 0.20 199 0.20 199 0.20 199 

S LOR CSMC SMCI SMCII 
T 
0 No Control U=2500N U=2500N U=2500N U=2500N 
R 

U=8.5% U=8.5% U=8.5% U=8.5% Y 

N Xi Xai Xi Xai Xi Xai Xi Xai Xi fa; 
0 

em em/s2 em em/s2 em em/s2 em em/s2 em em/s2 
(1 ) (2) (3) (12) (13) (14) (15) (16) (17) (18) (19) 

1 1.33 312 0.25 117 0.15 153 0.17 147 0.17 203 

2 1.02 473 0.33 154 0.25 158 0.24 163 0.29 129 

3 0.59 580 0.23 224 0.19 186 0.18 179 0.18 173 

S LOR CSMC SMCI SMC" 
T 
0 No Control U=1500N U=1500N U=1500N U=1500N 
R 

U=5.1% U=5.1% U=5.1% U=5.1% Y 

N Xi Xai Xi Xai Xi Xai Xi Xai Xi Xa; 
0 

em em/52 em em/52 em em/52 em em/52 em em/52 
(1 ) (2) (3) (20) (21 ) (22) (23) (24) (25) (26) (27) 

._-" 
1 1 C;lr:'; 

~ >..J ...... 3~~ 0.50 157 0,25: 177 0.38 158 0.36 174 

2 1.0'2 413 0.42 212 0.33 224 0.33 225 0.33 ti17 ! 

3 0.59 580 0.26 258 0.20 201 0.23 224 0.26 254 
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Table 5-II : Maximum Response Quantities of a 3-Story Scaled Building with 
Uncertainties in Stiffness (Full-State Feedback) 

CSMC 

S 0% K +30%K -30%K 
T 

No Control U=3603N U.,,3662N U",3590N 0 
R u= 12.3% U=12.5% U=12,3% Y 

N 
Xi Xaj X· Xaj Xi Xat Xi Xai 0 I 

em em/52 em em/52 em em/52 em em/52 
(1 ) (2) (3) (4) (5) (6) (7) (8) (9) 

1 1.33 312 0.09 135 0.08 129 0.09 143 

2 1.02 473 0.31 162 0.31 163 0.31 165 

3 0.59 580 0.20 199 0.20 201 0.20 198 

SMCI 

S 0% K +30%K -30%K 
T 

No Control U=3525N U=3655N U=3584N 0 
R U=12.0% U=12.4% U=12.2% Y 

N Xi Xat Xi Xat Xi Xat Xi Xai 0 
em em/52 em em/52 em em/52 em em/52 

(1 ) (2) (3) (10) (11 ) (12) (13) (14) (15) 

1 1.33 312 0.09 127 0.08 129 0.10 143 

2 1.02 473 0.31 162 0.31 163 0.31 165 

3 0.59 580 0.20 199 0.21 202 0.20 198 

SMC" 

S 0% K +30%K -30%K 
T 
0 No Control U=3950N U=3621N U=4096N 
R 

U=13.4% U=12.3% U=13.9% Y 

N Xi Xaj Xi Xai Xi Xat Xi Xat 0 
em em/52 em em/52 em em/52 em em/52 

(1) (2) (3) (16) (17) (18) (19) (20) (21 ) 

1 1.33 312 0.09 318 0.08 310 0.09 319 

2 1.02 473 0.31 162 0.32 163 0.30 161 

3 0.59 580 0.20 199 0.20 198 0.20 195 
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no uncertainty (0% variation), are identical to those presented in columns (6)-(11) of Table 5-1. 

Table 5-II demonstrates clearly that with uncertainties of ±30% for the stiffness of all story 

units, the control performance does not have any degradation. Extensive numerical results 

indicate that the sliding mode control methods are more robust with respect to uncertainties in 

dampings and masses. These results are consistent with the conclusion in [Yang et al, 1991] that 

the uncertainty in the stiffness estimation is more detrimental than uncertainties in the estimations 

of dampings and masses. It should be cautioned, however, that the robustness of the control 

methods presented above depends on the design parameters chosen. In general, the control 

design is more robust if (i) the gain margin 0i is bigger, and (ii) the close-loop eigenvalues for 

the sliding surface are shifted to the left hand side as much as practical. In other words, the real 

parts of the close-loop eigenvalues for the sliding surface should be as large (negative) as 

practical. 

Case 3: Static (Direct) Output Feedback and Robustness 

The method of static (direct) output feedback presented in Section 4 will be demonstrated 

herein. Suppose only the responses of the first story unit, Xl (t) and Xl (t), are measured in 

addition to the ground acceleration :;(o(t). With static output feedbacks of Xl and Xl' the sliding 

surface is chosen to be Sl = 1 OOOx 1 +x1 =0. The output feedback (continuous) controller 

presented in Eqs. (4.13) and (4.14) with the sliding margin 01 =50 N·kg·cm/s is used. With this 

special controller, the maximum response quantities and the maximum control force are 

presented in columns (16) and (17) of Table 5-III, denoted by DOF(direct output feedback}. 

These results are displayed in the upper part of Table 5-III, denoted by CSMC (continuous 

sliding mode control). For comparison, the corresponding results based on the full state 

feedback given in columns (6) and (7) of Table 5-1 are shown in columns (4) and (5) of Table 

5-III, denoted by FSF (full state feedback). A comparison between columns (4) and (5) with 

columns (16) and (17) indicates that the performance of the static output feedback controller is 

comparable with that of the full state feedback controller. However, the required maximum 

control force is bigger for the static output feedback controllers as expected. 

To compare the static output feedback results with the results of the full-state feedback, 

on the basis of the same maximum control force U, the saturated controllers given by Eq. (2.43) 
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Table 5-ill: Maximum Response Quantities of a 3-Story Building Equipped with An ABS 
Using Static Output Feedback 

CSMC S=lOOOX1 +X1=0; ~1 =50 N·kg·cm/s 
FSF DOF FSF DOF FSF DOF DOF 

No Control U=3603N U=3800N U=2500N U=2500N U=1500N U=1500N U=5439N 
U=12.3% U",12.9% U=8.5% U=8.5% U=5.1% U=5.1% U=18.5% 

Xi Xai Xi Xai Xi Xai Xi Xai Xi Xai Xi Xai Xi Xai Xi Xai 
em em/52 em em/52 em em/52 em em/52 em em/52 em em/52 em em/52 em cml52 
(2) (3) (4) (5) (6) (7) (8) (9) (10) (11 ) (12) (13) (14) (15) (16) (17) 

1.33 312 0.09 135 0.17 210 0.15 153 0.21 179 0.29 177 0.28 182 0.04 108 

1.02 473 0.31 162 0.45 212 0.25 158 0.35 227 0.33 224 0.35 243 0.50 234 

0.59 580 0.20 199 0.28 278 0.19 186 0.22 215 0.20 201 0.23 226 0.30 291 

CSMC S=lOOX1 +X1=0; ~1=50 N·kg·cm/s 
FSF DOF FSF DOF FSF DOF DOF 

No Control U=3603N U=3800N U=2500N U",2S00N U",1S00N U=1S00N U=4461N 
U=12.3% U=12.9% U=8.S% U=8.S% U",S.1% U=S.1% U=15.~110 

Xi Xai Xi Xoi Xi Xai Xi :tai Xi Xai Xi Xoi Xi Xai Xi Xai 
em em/52 em em/52 em em/52 em em/52 em em/52 em em/52 em em/52 em cml52 
(2) (3) (4) (5) (6) (7) (8) (9) (10) (11 ) (12) (13) (14) (15) (16) (17) 

1.33 312 0.09 135 0.30 103 0.15 153 0.39 138 0.29 177 0.56 201 0.30 107 

1.02 473 0.31 162 0.24 132 0.25 158 0.29 179 0.33 224 0.38 215 0.24 125 

0.59 580 0.20 199 0.16 158 0.19 186 0.18 177 0.20 201 0.31 301 0.16 162 

SMCll S=l000 Xl + Xl =0 ; ~1=50 N 

s FSF DOF FSF DOF FSF DOF 
No Control U=3950N U=3800N U=2500N U=2500N U=1500N U=1500N T 

U=13.4% U=12.9% U=8.5% U=8.5% U=5.1% U=5.1% 
N Xi Xa; Xi Xai Xi Xa; Xi Xai Xi .:to; Xi Xai Xi Xai 0 

em em/52 em em/52 em em/52 em em/52 em em/52 em em/52 em em/52 
(1 ) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) 

1 1.33 312 0.09 318 0.13 386 0.17 203 0.20 254 0.36 174 0.36 214 

2 1.02 473 0.31 162 0.46 234 0.29 129 0.38 200 0.33 217 0.40 231 

3 0.59 580 0.20 199 0.25 244 0.18 173 0.24 237 0.26 254 0.30 292 

SMCII S=lOOxl +x1=0; ~1=50N 

s FSF DOF FSF DOF FSF DOF 
No Control U=3950N U=3800N U=2S00N U=2500N U=1500N U=1500N T 

U=13.4% U=12.9% U=8.5% U=8.5% U=5.1% U=5.1% 
N Xi Xai Xi Xai Xi Xai Xi Xai Xi Xai Xi Xai Xj Xaj 
0 

em em/52 em em/52 em em/52 em em/52 em em/52 em em/52 em em/52 
(1 ) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11 ) (12) (13) (14) (is) 

1 1.33 312 0.09 318 0.39 466 0.17 203 0.41 353 0.36 174 0.51 279 

2 1.02 473 0.31 162 0.37 228 0.29 129 0.38 218 0.33 217 0.42 234 

3 0.59 580 0.20 199 0.35 346 0.18 173 0.35 345 0.26 254 0.34 330 
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and (2.47) are used for the static output feedback where the state vector Z is replaced by the 

observation vector :lm. The parameters appearing in the controllers are : 0: 1 = 1, 0: 1 * = 1, and 

umax=12.9%, 8.5% and 5.1 %, respectively. The following gain margins are used: 

01 =50 N·kg·cm/s for the continuous controller, Eq. (2.43), and 01 =50N for the discontinuous 

controller, Eq. (2.46). The results for the maximum response quantities are shown in columns 

(6), (7), (10), (11), (14) and (15) of Table 5-III, denoted by nOF. The results based on the 

discontinuous controller, Eq. (2.47), are shown in the lower part of Table 5-1II, denoted by 

SMC II. Also shown in columns (4), (5), (8), (9), (12) and (13) are the results for the full-state 

feedback given in Table 5-1, denoted by FSF. It is observed that the results using the static 

output feedback are favorable in comparison with that of the full-state feedback. However, 

cautions should be taken that the performance for the static output feedback depends on the 

design of the sliding surface as well as the design parameters. For instance, if the sliding 

surface is considered as S1 =100x1 +x1 =0 and the same O:v 0:1*' and 151 are used, then the 

corresponding results are also shown in Table 5-III. A slight degradation for the control 

performance is observed, because the pole of the sliding surface is not shifted to the left hand 

side as much as possible. 

To show the robustness of the static output feedback control design, we consider the case 

shown in columns (14)-(15) of Table 5-III for S1 = 1000x1 +x1 =0. With ±30% estimation 

errors for the stiffness of each story unit, the maximum response quantities are shown in 

columns (6)-(9) of Table 5-IV. Also shown in columns (4)-(5) are the results from columns 

(14)-(15) of Table 5-III for comparison. As observed from Table 5-IV, the control designs are 

very robust. 

Case 4: Complete Compensation 

When each story unit is equipped with a controller, it has been derived in the previous 

section that a complete compensation for the earthquake ground acceleration can be achieved 

using the controllers given by Eqs. (2.34) and (2.36). In other words, the state vector can be 

reduced to zero. This situation requires a full-state feedback and it will be demonstrated herein. 

The sliding surface is designed using the LQR method with a diagonal Q matrix 

Qii=[104,104,104,1,1,1]. The gain margins 01 =02=o3=50kN'kg'cm/s for Eq. (2.34) and 
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Table 5-IV: Maximum Response Quantities of a 3-Story Scaled Building 
with Stiffness Uncertainty (Static Output Feedback) 

CSMC 

S 0% +30% -30% 
T 

No Control U=5.1% U=5.1% U=5.1% 0 
R (1500N) (1500N) (1500N) y 

N 
Xi Xaj Xi Xaj Xi Xai Xi Xaj 

0 em cm/s2 em cm/s2 em cm/s2 em cm/s2 

(1 ) (2) (3) (4) (5) (6) (7) (8) (9) 

1 1.33 312 0.28 182 0.29 181 0.28 184 

2 1.02 473 0.35 243 0.35 244 0.35 243 

3 0.59 580 0.23 226 0.23 227 0.23 224 

SMC II 

S 0% +30% -30% 
T 

No Control U=5.1 % U=5.1 % U=5.1% 0 
R (1500N) (1500N) (1500N) y 

N 
Xi Xaj Xi Xaj Xi Xai Xi Xaj 

0 
em cm/s2 em cmls2 em cm/s2 em cm/s2 

(1) (2) (3) (4) (5) (6) (7) (8) (9) 

1 1.33 312 0.36 214 0.36 216 0.36 212 

2 1.02 473 0.40 231 0.40 231 0.41 230 

3 0.59 580 0.30 292 0.30 297 0.29 288 
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151 =152 =153 =5N for Eq. (2.36) are used. In the entire earthquake episode, the maximum 

response quantities and the maximum control force from each controller are presented in 

columns (4)-(6) of Table 5-V. As expected, the interstory drifts and relative velocities are all 

zero, whereas the maximum acceleration of each floor is identical to that of the earthquake 

excitation 0.112g (109cm/s2). For the complete compensation of the structural response, a 

problem of concern is the robustness with respect to system uncertainties. Here we consider 

+40% estimate errors for the stiffness of all the story units. The results for the maximum 

response quantities and the maximum control forces are presented in columns (7)-(12) of Table 

5-V. As observed from Table 5-V, the control designs are robust. 

Case 5: Parametric Control Using A VS and A VD Systems 

Suppose only one active variable stiffness (A VS) system is installed in the fIrst story unit 

as shown in Fig. 2-1(b). The stiffness of the stand-by bracings is identical to that of the fIrst 

story unit, i.e., k1,1 = 980kN/m. The sliding surface is designed using the LQR method with the 

diagonal weighting matrix Qii = [1000,1 , 1 , 1 , 1 , 1]. The resulting sliding surface is: S 1 = 22.36 x 1-

23.11 x2+16.14 x3+1.37 Xl +0.37 x2-0.015 x3=0. The controller given by Eq. (3.7) is used. 

In thirty seconds of the earthquake episode, the maximum response quantities are presented in 

columns (4) and (5) of Table 5-VI, denoted by "AVS." It is observed that the installation of an 

active variable stiffness system in the fIrst story unit is very effective in reducing the building 

response and the performance of the proposed control method is remarkable. Investigations of 

static output feedback, robustness and other control algorithms are presented in Yang et al 

(1993a, 1994e). 

Instead of an A VS system, we next consider an active variable damper (A VD) installed 

in the fIrst story unit as shown in Fig. 2-1(c). The maximum damping coeffIcient is 

15.63kN·s/mand the minimum one is zero, i.e., ~imin=O and ~imax=15.63kN·s/min Eq. (3.2). 

The sliding surface is designed using the LQR method with the diagonal weighting matrix 

Qii=(I,l,l,I000,l,l). The resulting sliding surface is given by S1 =0.032xr 

0.306x2+0.023x3+x1 - 0.OOO5x2 - 0.OOOOlX3 =0. The simple two-stage controller given by Eq. 

(3.4) is used. The maximum response quantities are summarized in columns (6) and (7) of 

Table 5-VI. These numerical results demonstrate that an active variable damper installed in the 
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Table 5-V : Maximum Response Quantities of a 3-Story Scaled Building 
with Complete Compensation 

CSMC 
S 
T No Control No Uncertainty +40%K -40%K 
0 
R 
Y Xi Xai Xi Xai U Xi Xai U Xi Xai 

U 
N % % % 
0 em em/s2 em em/s2 em em/s2 em em/s2 

(1 ) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11 ) (12) 

1 1.33 312 0 109 11.1 0 109 11.1 0 109 11.1 

2 1.02 473 0 109 7.43 0 109 7.43 0 109 7.43 

3 0.59 580 0 109 3.72 0 109 3.72 0 109 3.72 

SMCI 
S 
T No Control No Uncertainty +40%K -40%K 
0 
R 
Y 

Xi Xaj X· X· U Xi Xai U Xj Xai U 
N I az 

% % % 
0 em em/s2 em em/s2 em em/s2 em em/s2 

(1 ) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11 ) (12) 

1 1.33 312 0 108 11.1 0 108 11.1 0 110 11.2 

2 1.02 473 0 110 7.45 0 110 7.45 0 108 7.41 

3 0.59 580 0 109 3.70 0 109 3.70 0 110 3.74 
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Table 5-VI : Maximum Response Quantities of A 3-Story Scaled Building 

Equipped with Active Variable Stiffness (AVS) System And 

Active Variable Damper (AVO) in The F~rst Story Unit 

S 
T No Control AVS AVO 

N Xi Xai Xi Xai Xi Xai 0 
em em/s2 em em/s2 em em/s2 

(1) (2) (3) (4) (5) (6) (7) 

1 1.33 312 0.25 309 0.62 156 

2 1.02 473 0.43 249 0.49 237 

3 0.59 580 0.30 298 0.28 274 
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first story unit is quite effective in reducing the building response. Again, the performance of 

the proposed control method is remarkable. Investigations of static output feedback for 

applications to bridge structures are presented in Yang et al (1993b, 1994a). 

Example 2: Six-Story Full-Scale Takenaka Building 

The six-story full-scale Takenaka Building in Japan is considered. In this test building, 

an ABS was installed in the first story unit. The mass of each floor is identical, which is equal 

to 100 metric tons. The fundamental natural frequency is 0.943Hz and the corresponding 

damping ratio is 1 % for all modes. Details of the structural properties, such as stiffness and 

damping matrices, are given in [Soong et al1991, Reinhorn et al1992, 1993a]. The same El 

Centro earthquake is used as the input excitation except that the maximum acceleration is scaled 

to 0.3g. 

The sliding surface is designed using the LQR method with the diagonal weighting matrix 

Q. All the diagonal elements of Q are equal to 1.0 except that Qn=lO. The sliding surface 

is obtained as P=[15.186, -27.669, 12.865, 2.345, -0.505, 0.311, 1.004, 0.0043, -0.188, 

0.0304, 0.0242, 0.0043]. The controllers given by Eq. (2.34) with 01 = 10 N·ton·cm/s and by 

Eq. (2.36) with 01 =lON are used. Within 30 seconds of the earthquake episode, the maximum 

response quantities are presented in columns (6)-(9) of Table 5-VII. Also shown in columns 

(2) and (3) of Table 5-VII are the maximum response quantities without control. For 

comparison, the results obtained using the classical LQR method are presented in columns (4) 

and (5). For the LQR method, the same weighting matrix Q is used but the R matrix, that 

consists of only one element, is adjusted so that the required maximum control force is 3149kN. 

It is observed from Table 5-VII that the performance of the sliding mode control method is 

slightly better than that of the LQR. Finally, the controller given by Eq. (2.37) has been used 

and the results are identical to those presented in columns (6) and (7) of Table 5-VII. 
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Table 5-VII : Maximum Response Quantities of a 6-Story Building Equipped 
withAnABS 

S 
No Control 

LQR CSMC SMCI 
T 
0 U=3149 kN U=3149 kN U=3149 kN 
R 
Y 

Xi Xai Xi Xai Xi Xai Xi Xai 
N 

em/52 em/52 em/52 em/52 
0 em em em em 
(1 ) (2) (3) (4) (5) (6) (7) (8) (9) 

1 1.97 319 1.43 248 1.41 238 1.41 237 

2 3.91 628 1.90 193 1.74 177 1.74 176 

3 4.34 761 2.06 267 1.83 242 1.83 241 

4 4.70 759 1.99 371 1.79 336 1.79 336 

5 4.42 891 1.82 337 1.64 297 1.64 297 

6 3.04 970 1.41 494 1.27 447 1.27 447 
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SECTION 6 

SLIDING MODE CONTROL OF NONLINEAR AND HYSTERETIC STRUCTURES 

6.1 EOUATION OF MOTION OF NONLINEAR STRUCTURES 

Consider an n degree-of-freedom nonlinear building structure subjected to a one­

dimensional earthquake ground acceleration xo(t). The vector equation of motion is given by 

MX(t) + CX(t) + Fs[X(t)] = HU(t) + 1') xo(t) (6.1) 

in which X(t)=[xl>x2, ... ,xrJ' is an n vector with xi(t) being the drift of the designated ith story 

unit; U(t)=[ul(t), u2(t), ... , ur(t)], is a r-vector consisting of r control forces; and 'YJ is an n 

vector denoting the influence of the earthquake excitation. In Eq. (6.1), M and C are (nxn) 

mass and damping matrices, respectively, where linear viscous damping is assumed for the 

structure; H is a (nxr) matrix denoting the location of r controllers; and Fs[X(t)] is an n-vector 

denoting the nonlinear stiffness force that is assumed to be a function of X(t). 

The building system considered consists of (n-l ) linear elastic elements (or story units) 

and I nonlinear (or hysteretic) elements. It is assumed that for each nonlinear element (or story 

unit) there is one controller installed so that the number, r, of controllers is larger than or equal 

to the number, l, of nonlinear elements, i.e., r~l. For instance, for a base-isolated building 

using lead-core rubber bearings, there is, as a minimum, one controller installed to control the 

base isolation system as shown in Fig. 6-1. If the response of any story unit of the 

superstructure is nonlinear or inelastic, then there should be one controller installed in that story 

unit. The restriction that the number of controllers should be larger than or equal to the number 

of nonlinear elements (story units) is imposed for the convenience in determining the sliding 

surface. The removal of such a restriction will be discussed later. 

Based on the restriction above, the stiffness vector can be separated into two parts: 

Fs[X(t)] = KX(t) + Hf[X(t)] (6.2) 

in which K is a (nxn) linear elastic stiffness matrix for both the linear story units and the linear 

elastic parts of the nonlinear or hysteretic story units; and f=[f1,f2""'~]' = a I vector 

representing the nonlinear or hysteretic parts of the restoring forces for nonlinear story units. 

The nonlinear forces f1,f2, ... ,f/ , are numbered to be consistent with those of the controllers. 
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Fig. 6-1 : A Base-Isolated Structural Model 
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Consequently, the dimension of the location matrix, H, for the nonlinear elements (or story 

units) is (nxl ) and it can be obtained from the location matrix, H, of the controllers by 

eliminating r-l columns. In other words, H is a sub matrix of H obtained by eliminating the 

columns of H associated with linear elastic story units. 

In the state space, Eqs. (6.1) and (6.2) become 

Z(t) = AZ(t) - Bf(Z) + BU(t) + E(t) (6.3) 

where Z(t) is a 2n state vector; A is a (2nx2n) linear elastic system matrix; B is a (2nxr) matrix; 

B is a (2nxl) matrix; and E(t) is a 2n excitation vector given, respectively, by 

Z(t) = [~~:~l ; E(t)= [M~l1 ]Xo(t) ; A= [_:lK -:-lcl; B= [M~lHl ; B= [M~iil 
(6.4) 

Note that the B matrix is obtained from B by eliminating r-l columns associated with linear 

elastic story units. 

The state vector Z(t) in Eq. (6.3) consists of the interstory drifts and their derivatives. 

In some situations, where the use of absolute displacement and velocity variables is more 

convenient, a transformation of the state vector can be made and the form of the Eq. (6.3) still 

holds. Without loss of generality, Eq. (6.3) will be used in the following. 

6.2 DESIGN OF SLIDING SURFACE 

The theory of variable structure system (VSS) or sliding mode control (SMC) is to design 

controllers to drive the response trajectory into the sliding surface (or switching surface) and 

maintain it there, whereas the motion on the sliding surface is stable. In the design of the 

sliding surface, the external excitation E(t) is neglected; however, it is taken into account in the 

design of controllers. For simplicity, let S = [S VS2" .. ,Sr]' =0 be a r-dimensional sliding surface 

with r sliding variables, SVS2"",Sr , given by 

S = PZ = 0 (6.5) 

in which P is a (rx2n) matrix to be determined such that the motion on the sliding surface is 

stable. Because of the limitation that each nonlinear story unit is installed with one controller, 
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i.e., r ~ I, the P matrix can be determined in a similar manner described in Section 2 for linear 

structures. The determination of the P matrix is described briefly in the following. Let 

Y == D Z or Z == D -1 Y (6.6) 

in which D is a transformation matrix 

[
12n-r -BIB;l] _ [12n-r BIB;l] [BI] D= ; Dl== ;B= 
o lr 0 lr B2 

(6.7) 

where I2n-r and Ir are (2n-r) x (2n-r) and (rxr) identity matrices, respectively, and Bl and B2 are 

(2n-r)xr and rxr submatrices obtained from the partition of the B matrix, Eq. (6.4). If the B2 

matrix is singular in the original state equation, then the state equation should be rearranged such 

that B2 is nonsingular. 

With the transformation matrix D, the state equation, Eq. (6.3), and the sliding surface, 

Eq. (6.5), become 

. - -. -Y==AY-Bj+BU 
-s == PY == 0 

in which E(t) is neglected and 

A = DAD-1 

(6.8) 

(6.9) 

(6.10) 

where:82 is a (rxl) matrix obtained from the Hz matrix, Eq.(6.7), by eliminating (r-l) columns. 

As observed from Eq. (6.8), only the last r equations involve the equivalent control force U and 

the nonlinear force vector f(Z). Thus, the equations of motion on the sliding surface are defined 

by r linear equations in Eq. (6.9) and 2n-r linear equations in the upper part of Eq. (6.8). Let 

Y, A and P be partitioned as .follows 

[ Yl] - [All A12] Y = y: ; A = _ _ 
2 A21 A22 

(6.11) 

in which Y1 and Y2 are 2n-r and r vectors, respectively, and Alb A22, Pl and P2 are (2n-r) x 

(2n-r), rxr, rx(2n-r) and rxr matrices, respectively. Substituting Eq. (6.11) into Eqs. (6.8) and 

(6.9), one obtains the linear equations of motion on the sliding surface in the following 
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- -1:\ = All Y1 + A12 Y2 

- -
S = P l Y1 + P2 Y2 = 0 

(6.12) 

(6.13) 

The linear equations of motion on the sliding surface defined by Eqs. (6.12) and (6.13) 

are identical to that defined by Eqs. (2.16) and (2.17) in Section 2 for linear structures. 

Consequently, the same procedures for determining the P and P matrices described in Section 

2 can be used herein. These procedures include the pole assignment method and the LQR 

method. With the LQR method, the P matrix is determined by minimizing 

J = f
o
" ZI(t) Q Z(t) dt (6.14) 

in which Q is a (2nx2n) positive definite matrix and a prime indicates the transpose of either a 

vector or a matrix. 

6.3 DESIGN OF CONTROLLERS 

Consider a Lyapunov function V as follows 

V = 0.5 SIS = 0.5 Zlp'PZ 

The sufficient condition for the sliding mode S=O to occur is given by 

V = SIS 5: 0 

(6.15) 

(6.16) 

Taking the derivative of Eq. (6.15) and using the state equation of motion, Eq. (6.3), one 

obtains 

T T 

V ::: I. ( U - G) = L I. j (u j - G) = L ~ (6.17) 
j=l j=l 

in which A' and G are r-vectors with the ith elements \ and Gi, respectively, and ~ =ui(t) is the 

ith control force, where 

I. = SlpB ; G = -(PBrl P(AZ - BI + E) (6.18) 

For V ~O, a possible continuous controller is given by 

u.(t) = G. - cS.l.. or U = G - a AI 
1 1 1 1 

(6.19) 

-
in which ()i ~ 0 is the sliding margin and () is a (rxr) diagonal matrix with diagonal elements 
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01,02, ... ,or' Substitution of Eq. (6.19) into Eq. (6.17) leads to V == -AOA' < O. 

and 

Two possible discontinuous controllers are given by 

[ 
Gi -[Ji H(!1!-€o); 
Gj + [JjH( 111- eo) ; 

if 1i>O 
if Aj<O 

(6.20) 

[ 

Gi - l)i H ( 11 I - €o); if 1i>O , Gi<O 
uj(t) = G

j 
+ fJjH( 11 I - €o); if 1 i<O, Gi>O (6.21) 

o ; otherwise 

in which H( I A I-Eo) is the unit step function, i.e. H( I A I-Eo) ==0 for I A I < EO and H(A I-Eo) == 1 for 

I A I >EO' In the expression above, I A I is any norm of the A row vector and EO is the thickness 

of the boundary layer of the chattering surface A=O (or the sliding surface S=O). The idea of 

introducing H(! A I-Eo) is to remove the undesirable chattering effect and EO can be designed 

appropriately to achieve the purpose. It is mentioned that the control force ui(t) in Eqs. (6.19) -

(6.21) is a function of Gi given by Eq. (6.18), which includes the nonlinear characteristics of 

the structure. Hence, the control force is a nonlinear function of the state vector Z. 

6.4 COMPLETE COMPENSATION 

When each degree-of-freedom of the structure is implemented with a controller (r=n), 

e.g., each story unit is equipped with an ABS system, the external earthquake excitation can be 

compensated completely such that the response state vector approaches to zero. The proof is 

identical to that for the linear structures given in Section 2. The results given by Eqs. (2.38)­

(2.41) of Section 2 hold for nonlinear structures. 

6.5 SATURATED CONTROLLERS 

Civil engineering structures are designed to be stable without any control system. Let 

'lin correspond to Vi' Eqs. (6.17) and (6.18), when no control action is taken by the ith 

controller, i.e., Ui(t)=0 and 

(6.22) 

Then, at every time instant, t, the control action will be taken either to reduce the derivative of 

the Lyapunov function Vi <Vin or to maintain Vi <0. Based on this premise, the saturated 
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controller corresponding to the continuous controller in Eq. (6.19) is given in the following 

(6.23) 

otherwise 

in which O$;(/i $; 1 and ~max (i=1,2, ... ,r) represents the upper bound of the ith control force. 

The saturated controller corresponding to discontinuous controllers given by Eqs. (6.20) 

and (6.21) are given as follows 

ut (t) 

and 

ut(t) = 

l (X;Gj-c3jH(I)..I-eo) 

(XtGj +c3 j H(I)..I-eo) 

if )"j>O 

if )"j<O 

(Xi Gi- c3 j H(IAI-eo) ; 

(Xi Gj + c3 j H( IA 1 - eo) ; 

o 

if 1 uj* (t) 1 < iiimax 

if 1 ut (t) 1 > uimax 

if Aj>O , Gj<O 

if )"j<O , Gj>O 

otherwise 

if 1 ut (t) 1 < iiimax 

if 1 ut (t) 1 > ujmax 

in which Q!i>O (i=1,2, ... ,r) are design parameters. 

(6.24) 

(6.25) 

(6.26) 

(6.27) 

The theoretical justification for the controllers above is that at every time instant, either 

the event V$;O occurs or the event Vi $; Yin occurs. From the condition that Vi < Yin and the 

fact that the structure is stable without control, it can be shown that V is bounded, and hence 

the state vector Z is bounded, i.e., 1 Z 1 < 00. Parameters fXi*' Q!i and uimax (for i=1,2, ... ,r) can 

be used to make a trade-off between the control effort and the structural response. Controllers 

presented above are referred to as the saturated controllers, since the control effort ~(t) is 

saturated ( or bounded) at uimax. 
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Special controllers that utilize either the full capacity or constant control force of the 

actuator corresponding to Eqs. (6.24) and (6.26) are bang-bang controllers, 

[ 
-ui11llU H( III - eo) if lj>O 

(6.28) uj(t) = ui11llU H( III - eo) if lj<O 

and 

- ujl/lQX H( I AI - eo) if Aj>O , Gj<O 

uj(t) = uimax H( III - eo) if Aj<O , Gj>O (6.29) 

0 otherwise 

The controllers presented above have a nice feature in the sense that if the actual capacity 

of the actuator used for the control system is exceeded by the demand, a saturation will occur 

but the controllers still perform well using the maximum capacity. 

6.6 ROBUSTNESS OF CONTROLLERS 

The theory of variable structure system or sliding mode control was developed for control 

of uncertain nonlinear systems [e.g., Utkin 1992] and the robustness of such a theory is well 

documented. The robustness of the controllers presented above with respect to parametric 

uncertainties of the structure will be demonstrated by simulation results in Section 9. 
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SECTION 7 

STATIC OUTPUT FEEDBACK CONTROL OF NONLINEAR 

AND HYSTERETIC STRUCTURES 

The controllers presented above for nonlinear and hysteretic structures require a full-state 

feedback either through measurements or an observer. With the requirement of collocated 

velocity sensors, static output feedback controllers can be derived in a similar manner presented 

in Section 4 as follows. 

Let Zm be a m-dimensional observation (output) vector consisting of m measured state 

variables with m~r, where r is the number of controllers, 

Zm "C.Z ; C." [~ z 1 (7.1) 

in which Cm is a (mx2n) observation matrix and If is a (rxr) identity matrix, indicating the 

collocated velocity sensors. Then, the sliding surface P, i.e., S = PmZm = PmCmZ = PZ=O 

can be designed using the method of pole assignment as described in Section 4. 

A possible continuous controller is chosen as 

(7.2) 

in which N is a (2nxm) matrix to be determined such that V::5:0. Note that the controller in Eq. 

(7.2) involves the nonlinear characteristics, f(Z) , of the structure. Substituting Eq. (7.2) into 

Eq. (6.17) and using Eq. (6.18), one obtains 

v = Z'[P'PA(l2n - NCm) - P'PB5B'P'P]Z (7.3) 

Thus, N is chosen such that the matrix A in the following is negative semidefinite 

A = p 1pA(/2n -NCm) -p1pB5B'p1p (7.4) 

-
where the second matrix -P'PBOB'P'P is negative semidefinite. 

Let Zm be a 2n-dimensional modified observation (output) vector consisting of m 

measured (output) state variables (i.e., Zm) and zero elements for those state variables that are 

not measured. It follows from Eq. (7.1) that 
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- -z = C Z m m 
(7.5) 

in which Cm is a (2nx2n) expanded version of the observation matrix em, Eq. (7.1). In other 

words, Cm is a sub matrix of Cm and other elements of Cm are zero. Then, the sliding surface 

can be shown to be 

-
S = PZ = PZ =: 0 m 

(7.6) 

A possible choice for the (2nx2n) matrix Nem in Eq. (7.2) is Cm' i.e., NCm =Cm. With 

the choice of NCm =Cm, the real parts of all eigenvalues of the matrix A in Eq. (7.4) are non-
-

positive for 0=0, because of the requirement of collocated velocity sensors and the fact that the 

structure without control is stable. This special controller with Nem = Cm is identical to the 

continuous controller given by Eq. (6.19) in which Z is replaced by :lm and S=P:lm, i.e., 

U = G - a)..1 (7.7) 

where 

(7.8) 

For the discontinuous controller, we choose 

-{(PB)-lp[A(NCm)Z-B/+E]L - <\H(I)..I-eo); ifAj>O 
(7.9) 

-{(PB)-lP[A(NCm)Z-B/+E]}j + 5jH(I)..I-eo); if )"j<O 

in which { h is the ith component of the vector in the bracket and N is a (2nxm) matrix to be 

determined such that V:::;;O. Again, we can choose NCm=Cm as described in Section 4. This 

special controller with Nem =Cm in Eq. (7.9) is identical to the controller given by Eq. (6.20) 

in which Z is replaced by :lm as follows 

(7.10) 

where ~ and Gi are the ith element of A and G, respectively, 

).. =:i~p'pB ; G = _(PB)-lp(AZm-Bj+E) (7.10) 

In a similar manner, the three-condition controllers given by Eqs. (6.21) and (6.27) and 

the bang-bang controllers in Eqs. (6.28) and (6.29) can be used for static output feedback in 
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which the state vector Z should be replaced by Zm. For the three-condition discontinuous 

controllers above, it is not necessary that V:::; 0 for all time t unless the sliding margin is large. 

However, the control action is always taken to reduce V such that Vi :::;Vin and hence the 

response state vector Z can be shown to be bounded. Finally, the saturated continuous controller 

in Eq. (6.23) and discontinuous controller in Eq. (6.25) can be used for the static output 

feedback with Z being replaced by Zm and S =PZm; however, the stability condition should be 

checked by simulation results for each design. Because of the requirement of collocated velocity 

sensors, the controlled structures are usually stable. The subject of saturation for static output 

feedback controllers will be reported in the near future. 
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SECTION S 

CONTROLLED RESPONSE OF HYSTERETIC BUILDINGS 

Buildings usually behave hysteretically after yielding occurs. The hysteretic stiffness of 

a story unit, say the ith story unit, can be modelled as [e.g., Yang et al (1992b)] 

(S.l) 

in which Fsi is the ith element of the stiffness vector Fs[X(t)], Eq.(6.2), ~ = elastic stiffness, 

<Xi = ratio of the post-yielding to pre-yielding stiffness, Dyi = yield deformation, and Pi = 

hysteretic variable with I Pi I ~ 1, where 

. D-1 {A . v. = y .x. -
I i I I 

(S.2) 

In Eq. (8.2), parameters Ai' f3i , 'Yi and ni govern the scale, general shape and smoothness of the 

hysteresis loop. Note that the ith story unit is linear elastic if <Xi = 1. 

In Eq. (8.1), <Xi~xi(t) is the linear elastic stiffness that will appear in the K matrix of Eq. 

(6.2). The nonlinear or hysteretic stiffnesses fl' f2' ... , fll appearing in the nonlinear or 

hysteretic vector, f[X(t)], of Eq. (6.2) is therefore given by 

(S.3) 

With the stiffness vector Fs[X(t)] thus defined in Eq. (6.2) for the hysteretic building, the 

controlled response of the building can be simulated numerically using Eq. (6.3) for any 

controller U(t) presented in this report. 
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SECTION 9 

NUMERICAL SIMULATION OF NONLINEAR AND 

HYSTERETIC STRUCTURES 

To demonstrate the applications of the control methods to nonlinear and hysteretic 

structures, simulation results are presented in this section. Three seismic-excited structures are 

considered: (1) a single-degree-of-freedom (SDOF) Duffing nonlinear system; (2) an eight-story 

building equipped with lead-core rubber-bearing isolators and actuators; and (3) a fixed-base 

eight-story hysteretic building with large ductility. For illustrative purpose, EO=O will be used 

in all the following examples for discontinuous controllers. 

Example 1 : A SDOF Duffing Nonlinear System 

The same SDOF Duffing nonlinear system presented in Spencer et al (1992) is considered 

(9.1) 

where x, x and x are displacement, velocity and acceleration, respectively; w is the natural 

frequency; ~ is the damping ratio; cp is the nonlinear coefficient; U is the control acceleration; 

and Xo is the earthquake acceleration. The damping ratio ~ and the natural frequency w are 

assumed to be 1 % and lrad/s, respectively. Two different values for cp are used, i.e., cp=lO 

and -10. cp = 10 represents a hardening system, whereas cp = -10 indicates a softening system. 

The Duffing system is subjected to the EI Centro earthquake as shown in Fig. 9-1 but scaled to 

a maximum ground acceleration of 0.112g. Without any control system, the maximum 

displacement, x, velocity, x, and absolute acceleration, xa, in 30 seconds of the earthquake 

episode are shown in columns (2) and (6) of Table 9-1 for the hardening and the softening 

systems, respectively. As observed from column (6) of Table 9-1, the response of the softening 

system is unstable. 

With the implementation of a control system, the sliding surface is designed as Sl = tsJOx 

+x=O. The continuous controller given by Eq. (6.19) with 01 =0.lcm2/s3 (CSMC) and the 

discontinuous controller given by Eq. (6.20) with 01 =0.lcm/s2 (SMC 1) are used. ~ _ ·'.as been 
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Fig. 9-1: EI Centro Earthquake (NS Component). 
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Table 9-1: Maximum Response Quantities of a Duffing System 

CSMC 

CASES Hardening System Softening System 

No With ro2 ro2 No With (02 ro2 
Cont. Cont. +20% -20% Cont. Cont. +20% -20% 

(1 ) (2) (3) (4) (5) (6) (7) (8) (9) 
x 3.61 0 0 0 unstable 0 0 0 

(cm) 
i 28.34 0 0 0 unstable 0 0 0 

(cmls) 

xa 
unstable 

(cm/s2 ) 
472 110 110 110 110 110 110 

U -- 11.2% 11.2% 11.2% -- 11.2% 11.2% 11.2% 

SMCI 

CASES 
Hardening System Softening System 

No With (02 (02 No With (02 (02 
Cont. Cont. +20% -20% Cont. Cont. +20% -20% 

(1 ) (2) (3) (4) (5) (6) (7) (8) (9) 
x 3.61 0 0 0 unstable 0 0 0 

(cm) 
i 28.34 0 0 0 unstable 0 0 0 

(cmls) 

xa 
unstable 

(cm/s 2 ) 
472 110 110 110 110 110 110 

U -- 11.2% 11.2% 11.2% -- 11.2% 11.2% 11.2% 
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shown that a complete compensation for the response state vector can be achieved using Eq. 

(6.19) or (6.20), regardless of a hardening or a softening system. Numerical results for the 

maximum response quantities are presented in columns (3) and (7) of Table 9-1. The results 

based on the continuous controller, Eq. (6.19), are presented in the upper portion of Table 9-1, 

denoted by CSMC. The results based on the two-c0t:ldition discontinuous controller, Eq. (6.20), 

are shown in the lower part of Table 9-1 denoted by SMC I. In Table 9-1, the maximum control 

acceleration U is expressed in terms of the percentage of g. Indeed, the response state vector 

is zero and the structure becomes a rigid body. 

To investigate the robustness of the control design with respect to parametric 

uncertainties, +20% variations of the frequency (",2) from its true value are considered. The 

same sliding surface given above is used and the design of the controllers is based on ± 20 % 

variations of the frequency (",2) from its actual value. The results for the maximum response 

quantities are presented in columns (4), (5), (8) and (9) of Table 9-1 for the hardening and 

softening systems, respectively. As demonstrated in Table 9-1 the control design is robust. 

Consider the autonomous Duffing system subjected to the initial conditions x(O) = 1.0 cm 

and x(O) =0 cm/s as studied in Spencer et al (1992). The continuous sliding mode controller 

presented in Eq. (6.19) will be used. Substituting the controller given by Eqs. (6.18) and (6.19) 

into the equation of motion, Eq. (9.1), one obtains 

in which the sliding surface is expressed as 

SI = PIX + X 

The solutions for the response of the controlled structure, Eq. (9.2), are as follows 

and 

5 1x(O) - x(O) 

PI - 51 

-p t e 1 

(9.2) 

(9.3) 

(9.4) 

PI X(O) + i(O) -a t 51x(O) - i(O) -p t 
X = - 51 e 1 + PI e 1 (9.5) 

PI- 5 1 PI- 5 1 

As observed from Eqs. (9.2)-(9.5), the responses of the controlled structure are identical 

for both the hardening system and the softening system. However, the required active control 
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U is different for these two systems. 

For the initial conditions given above, the structural response depends on the design of 

the sliding surface, Pb and the sliding margin 01. For illustrative purposes, the following three 

cases are considered: (i) Case 1 with PI =2.001 and 01 =2.0; (ii) Case 2 with PI =3.001 and 

01=3.0, and (iii) Case 3 with PI =5.001 and 01 =5.0. The response time histories, x2 and x2, 

and the control acceleration U2 are displayed in Fig. 9-2 for comparison. In Fig. 9-2, the solid 

curves, dotted curves and dashed curves denote the reesults for Case 1, Case 2 and Case 3, 

respectively, for the hardening system. The dash-dotted curve shown in Fig. 9-2(c) corresponds 

to Case 2 for the softening system. As mentioned previously, the responses in Figs. 9-2(a) and 

9-2(b) are identical for both the hardening and softening systems. As observed from Fig. 9-2, 

the displacement x2 can be reduced more rapidly, at the expense of the velocity response x2. 

For comparison of the continuous sliding mode control method presented in this report 

with the polynomial control method presented by Spencer et al (1992), the response quantities 

for x2 and x2 as well as the required control U2 are presented in Fig. 9-3. In Fig. 9-3, the solid 

curves correspond to the results for Case 2 (PI =3.001 and 01 =3.0) using CSMC and the dotted 

curves are the results by Spencer et al (1992) using the 5th order polynomial control. Figure 

9-3 clearly demonstrates that the performance of continuous sliding mode control is quite 

remarkable. 

Example 2 : An Eight-Story Building Equipped with Rubber-Bearing Isolators and Actuator 

An inelastic eight-story building with the following properties is considered: (i) the mass 

of each floor is identical with ll\ = 345 . 6 metric tones (i = 1 ,2, ... ,8); (ii) the preyielding stiffness 

of the eight-story units are kil (i=1,2, ... ,8) = 3.4x1<f, 3.2x1<f, 2. 85x105, 2.69xl<f, 2.43x105, 

2.07xl<f, 1.69x1<f, and 1. 37xl<f leN/m, respectively, and the post yielding stiffness are ~2=0.1 

kil for i=1,2, ... ,8, i.e., <Xi=O.l and ~=~1' see Eq. (8.1); and (iii) the viscous damping 

coefficients for each story unit are ci=490, 467, 410, 386, 349, 298, 243 and 196 leN.sec/m, 

respectively. The damping coefficients given above result in a damping ratio of 0.38% for the 

first vibration mode. The fundamental frequency of the unyielded fixed-base building is 5.24 

rad.lsec. The yielding level for each story unit varies with respect to the stiffness; with the 

results, DYi=2.4, 2.3,2.2,2.1,2.0,1.9,1.7 and 1.5 cm, Eq. (8.1). The inelastic parametric 
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values for each story unit are Ai=l.O, 'Yi={3i=0.5 and ni=95 for i=1,2, ... ,8, Eq. (8.2). The 

building is isolated by lead-core rubber bearings as shown in Fig. 6-1. The mass of the isolation 

system is mb =450 metric tons and the viscous damping is assumed to be linear with cb =26.17 

kN.sec/m. The inelastic parametric values for the isolation system are as follows: kj,=18050 

kN/m, C\!b =0.6, Dyb =4cm, Ab = 1.0, 'Yb ={jb =0.5 and nb =3, Eqs. (8.1)-(8.2). The hysteresis 

loop for the rubber bearing isolators is shown in Fig. 9-4, in which the hysteretic component 

vb is plotted versus the displacement xb' With the base isolation system, the fIrst natural 

frequency of the preyielded structure is 2.21 rad/sec and the damping ratio for the fIrst vibration 

mode is 0.16%. 

The EI Centro earthquake scaled to a maximum ground acceleration of 0.3g as shown 

in Fig. 9-1 is used as the input excitation. Within 30 seconds of the earthquake episode, the 

maximum interstory drift, Xi' and the maximum absolute acceleration, xai' of each floor are 

presented in columns (3) and (4) of Tables 9-II through 9-IV. In these tables, the yield 

deformation Dy are shown in column (2) and the first row indicated by "B" is the deformation 

of rubber-bearings. It is observed from Table 9-II that the response of the building is within the 

elastic limit; however, the deformation of rubber bearing may be excessive. 

To protect the safety and integrity of the rubber bearings, actuators are installed in the 

base isolation system as shown in Fig. 6-1. The LQR method is used to determine the sliding 

surface with a diagonal weighting matrix Q; Qll =10-2 , Qii=5000 for i=2,3, ... ,9 and Qii=1 

for i=1O, ... ,18. The continuous controller given by Eq. (6.19) with the sliding margin 

01 =5x1Q5kN·ton·cm/s is used. The maximum response quantities and the required maximum 

control force, U, are shown in columns (5) and (6) of Table 9-11. As observed from the table, 

the deformation of the base isolation system is reduced by more than 50 % and the response 

quantities of the superstructure are also reduced by more than 63 % . With the same sliding 

surface, the discontinuous controllers given by Eqs. (6.20) and (6.21) with 01 = 250kN are used. 

The results corresponding to the two-condition controller, Eq. (6.20), are shown in columns (5) 

and (6) of Table 9-III, denoted by SMC I. The results using the three-condition controller, Eq. 

(6.21), are shown in Table 9-IV, denoted by SMC II. 

Next, we consider the static output feedback approach presented in Section 7. Firstly, 

the responses of the isolation system and the first story units, i.e., ~, Xb' Xl and Xl' are 
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Table 9-11: Maximum Response Quantities of An Eight Story Building 
Equipped with Hybrid Control System Using Continuous 
Controller ( CSMC) 

CSMC 

F 
With BIS Full- State DOF(I) DOF(II) L 

0 Dy U=1484kN U=1645kN U=1020kN 0 
R 
N Xi Xai Xi Xai Xi Xai Xi Xai 0 em em em/i em em/ s2 em em/ s2 em em/ s2 

(1 ) (2) (3) (4) (5) (6) (7) (8) (9) (10) 

B 4.0 21.4 122 10.7 77 9.72 139 10.4 28 

1 2.4 0.62 113 0.14 41 0.24 98 0.21 29 

2 2.3 0.59 113 0.14 37 0.22 91 0.20 32 

3 2.2 0.65 111 0.16 38 0.30 79 0.21 34 

4 2.1 0.63 102 0.15 31 0.34 70 0.20 32 

5 2.0 0.63 91 0.14 37 0.41 77 0.19 29 

6 1.9 0.64 103 0.18 39 0.51 96 0.18 32 

7 1.7 0.60 131 0.20 42 0.57 117 0.16 36 

8 1.5 0.41 163 0.15 60 0.42 168 0.11 42 
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Table 9-111: Maximum Response Quantities of an Eight Story Building 
Equipped with Hybrid Control System Using Two-Condition 
Controller (SMC I) 

SMCI 

F 
With SIS Full - State OOF(I) OOF(II) L 

0 
0 

Dy U=1846kN U=2106kN U=1313kN 
R 
N xi Xai Xi Xai Xi Xai Xi Xai 0 em em em/ s2 em em/ s2 em em/ s2 em em/ s2 

(1 ) (2) (3) (4) (5) (6) (7) (8) (9) (10) 

B 4.0 21.4 122 10.6 160 9.74 178 9.72 91 

1 2.4 0.62 113 0.14 41 0.24 97 0.22 29 

2 2.3 0.59 113 0.14 37 0.22 91 0.21 32 

3 2.2 0.65 111 0.16 38 0.30 80 0.22 35 

4 2.1 0.63 102 0.15 31 0.34 70 0.21 33 

5 2.0 0.63 91 0.14 37 0.41 77 0.20 30 

6 1.9 0.64 103 0.18 39 0.51 95 0.18 34 

7 1.7 0.60 131 0.20 42 0.57 117 0.16 37 

8 1.5 0.41 163 0.15 60 0.42 168 0.11 42 
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Table 9-IV: Maximum Response Quantities of an Eight Story Building 
Equipped with Hybrid Control System Using Three-Condition 
Controller ( SMC II) 

SMC II 

F With BIS Full - State DOF(I) DOF(II) L 
0 Dy U=1718kN U=1962kN U=1177kN 0 
R 
N xi Xai xi Xai Xi Xai Xi Xai 
0 em em em/ s2 em em/ s2 em em/ s2 em em/ s2 

(1 ) (2) (3) (4) (5) (6) (7) (8) (9) (10) 

B 4.0 21.4 122 10.6 308 9.71 351 9.74 213 

1 2.4 0.62 113 0.14 42 0.24 98 0.23 31 

2 2.3 0.59 113 0.14 37 0.22 92 0.22 34 

3 2.2 0.65 111 0.16 38 0.30 79 0.22 38 

4 2.1 0.63 102 0.16 31 0.34 70 0.21 36 

5 2.0 0.63 91 0.14 37 0.41 77 0.19 34 

6 1.9 0.64 103 0.18 40 0.51 95 0.18 33 

7 1.7 0.60 131 0.20 42 0.57 116 0.17 37 

8 1.5 0.41 163 0.15 60 0.42 168 0.11 45 
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measured in addition to the ground excitation xo, and the sliding surface is determined by the 

pole assignment method, Section 4. In this case, three new poles may be assigned and the 

following three real poles are preassigned: -0.0977, -1.019 and -83.1256. This set of new poles 

results in the sliding surface: Sl =0.07071xb -90.533xl + 0.7954xb -0.2046x1 =0. The static 

output feedback (continuous) controller given by Eqs. (7.7) and (7.8) with the sliding margin 

01 = 5xl<?kN'ton-cm/s is used. Within 30 seconds of the earthquake episode, the maximum 

response quantities are presented in columns (7) and (8) of Table 9-II, designated as DOF(I). 

As observed from Table 9-II, the responses quantities of the building are larger than those 

associated with the full-state feedback controller as expected. However, the control performance 

is still remarkable as compared with those shown in Yang, et a1 (1994b). With the same sliding 

surface and 01 = 250kN, the discontinuous controllers given by Eqs. (6.20) and (6.21) with Z 

being replaced by Zm are used. The results are presented in columns (7) and (8) of Tables 9-III 

and 9-IV, denoted by DOF(I). 

Secondly, the response quantities of the first 3 story units are measured, i.e., xb, Xb' Xl' 

Xb x2 and x2' and five new poles may be preassigned for the determination of the sliding 

surface. In this example, the following five real poles are preassigned: -1, -2, -3, -5 and -15. 

This set of new poles results in the following sliding surface: S1 =-0.01649xb + 40.344x1 -

40.7415x2 -0.03508xb + 0.9649x1 + 0.1264x2' The static output feedback (continuous) 

controller given by Eq. (7.7) with the same sliding margin 01 =5x105kN·ton·cm/s is used. The 

corresponding maximum response quantities are presented in columns (9) and (10) of Table 9-II, 

designated as DOF(II). With the same sliding surface and 01 =250 kN, the corresponding results 

using the discontinuous controllers, Eqs. (6.20) and (6.21), with Z being replaced by Zm are 

presented in columns (9) and (10) of Tables 9-III and 9-IV. It is observed from columns (9) and 

(10) of Tables 9-II to 9-IV that the control performance improves considerably over the previous 

case, DOF(I); in particular, the response quantities above the third story unit. As expected, the 

control performance improves as more state variables are measured. The simulation results 

presented in Tables 9-II to 9-IV clearly demonstrate that (i) the performance of the proposed 

control methods is remarkable, and (ii) the control performance using the static output feedback 

compares favorably with that of the full-state feedback. 

To investigate the robustness of the control designs with respect to parametric 

9-13 
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uncertainties for both full state feedback and static output feedback controllers, ± 10% variations 

for the stiffness of the base isolation system, Kb, are considered. The designs of both the sliding 

surface and the controllers are based on ± 10 % variations of Kb from its actual value. The 

results for the maximum response quantities are presented in Tables 9-V to 9-VIr. In these 

tables, the results in the columns corresponding to Kb +0% are identical to those presented in 

Tables 9-II to 9-IV, indicating no uncertainty in Kb. As observed from these tables, the control 

designs are robust. 

Example 3 : A Fixed-Base Eight-Story Building with Large Ductility 

The same eight-story inelastic building described in the previous example is considered 

except that it is a fixed-base building without the base isolation system. The same EI Centro 

earthquake scaled to a maximum ground acceleration of 19 is used as the input excitation. In 

30 seconds of the earthquake episode, the maximum interstory drift, ~, and the maximum 

absolute floor acceleration, xai' are presented in columns (3) and (4) of Tables 9-VIII and 9-IX. 

As observed from these tables, yielding occurs in every story unit with a large ductility and the 

building would have failed without any control system. Under the excitation of 19 strong 

earthquake, it is necessary to install controllers on each floor as demonstrated in Yang et al 

(1992a) due to the fact that the post yielding stiffness <Xi~ of each story unit is quite small, i.e., 

<Xi = 0.1. Consequently, an active bracing system is installed on every floor. 

With an active bracing system installed on every floor of the building, it has been shown 

analytically that a complete compensation for the building response can be achieved. For the 

design of the sliding surface using the LQR method, a diagonal weighting matrix Q with 

diagonal elements Qii =[106,106,106 ,106,106,106,106,106,1,1,1,1,1,1, 1,1] is considered. The 

continuous controller given by Eq. (6.19) with 5i =lkN·ton·cm/s for i=1,2,3, ... ,8 is used. The 

maximum response quantities and the maximum required horizontal control forces, ui, are 

presented in columns (5)-(7) of Table 9-VIII. As expected, the response of the building is 

completely compensated and the controlled building behaves like a rigid body. Simifar results 

are shown in Table 9-IX, when the discontinuous controller, Eq. (6.20), is used with the same 

sliding surface and 5i=lkN; i=1,2, ... ,8. 

Suppose the maximum horizontal force for each actuator is restricted to umax=21,589kN 

(Case 1) and the continuous saturated controller given by Eq. (6.23) with <xt=1.0 for 
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i=1,2, ... ,8 is considered. The same sliding surface and the following sliding margins are used: 

01 =l(PkN·ton·cm/s and 0i=lOSkN·ton·cm/s fori=2,3, ... 8. The maximum response quantities 

and the required horizontal control forces, ui, are shown in columns (8)-(10) of Table 9-VIII, 

designated as Case 1. Similarly, the discontinuous saturated controller in Eq. (6.27) with the 

sliding margins 0i =lkN for i=1,2, ... ,8, is used. The sliding surface is designed using the LQR 

method with the following diagonal Q matrix: Qii =104 for i=1,2, ... ,8 and Qii =l for 

i=9,10, ... ,16. The maximum response quantities are shown in columns (8)-(10) of Table 9-IX, 

designated as Case 1. 

We next consider Case 2 in which the maximum control force for each controller is 

restricted to umax= 11,600kN. For the continuous saturated controller given by Eq. (6.23) with 

a* i = 1. 0 for i = 1, 2, ... ,8, the same sliding surface in Case 1 is used and the following sliding 

margins are chosen: 01=02=1 kN·ton·cm/s and 0i=106kN·ton·cm/s for i=3, 4, ... ,8. The 

maximum response quantities are presented in columns (11) to (13) of Table 9-VIII, designated 

as Case 2. For the discontinuous saturated controller in Eq. (6.27) with the sliding margin 

0i = l00kN for i = 1, 2, ... ,8, the sliding surface is designed using the following diagonal Q 

matrix: Qii = 100 for i = 1,2, ... ,8 and Qii = 1 for i = 9, 10, ... , 16. The corresponding results are 

shown in columns (11)-(13) of Table 9-IX, designated as Case 2. It is observed from Tables 

9-VIII and 9-IX that the performance of the control methods for either the full compensation or 

the saturated controllers is remarkable. 

Finally, the robustness with respect to the uncertainties of structural parameters for the 

case of full compensation shown in columns (5)-(7) of Table 9-VIII and 9-IX is investigated. 

±20% variations of the stiffness, ~, and yielding displacements, Dyi, for all story units, from 

their true values are considered. The designs for both the sliding surface and the controllers 

(both continuous and discontinuous) are based on +20% variations from their actual values. 

The numerical results for the maximum response quantities as well as the maximum control 

forces are presented in columns (6)-(17) of Tables 9-X and 9-XI. For comparison, the 

corresponding response quantities without uncertainty taken from columns (5)- (7) of Tables 9-

VIII and 9-IX are also shown in columns (3)-(5) of Tables 9-X and 9-XI, respectively. 

Numerical results clearly demonstrate that the control designs are robust with respect to 

parametric uncertainties. 
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Table 9-VIII: Maximum Response Quantities of A Fixed-Base a-Story Building 
Using Continuous Controller (CSMC) 

CSMC 

F 
L Without Complete Case 1 Case 2 
0 Dy 
0 Control Compensation Umax=21589kN Umax= 11600kN 
R 

x- Xai X· Ui Xai X· ui Xai X· Uj Xai 
N I I I I 

0 
em em em/ s2 em kN em/i em kN em/i em kN em/s2 

(1 ) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11 ) (12) (13) 

1 2.4 5.03 1031 0 27097 980 0.84 21589 2676 1.97 11600 6150 

2 2.3 4.19 1155 0 23710 980 0.25 20929 2061 1.40 11600 7584 

3 2.2 5.37 1078 0 20323 980 0.27 19187 1053 1.09 11600 7246 

4 2.1 5.50 1169 0 16936 980 0.33 16714 847 0.92 11600 6977 

5 2.0 6.84 1213 0 13548 980 0.29 13731 910 0.75 11600 6913 

6 1.9 8.49 1000 0 10161 980 0.24 10451 978 0.70 11600 6879 

7 1.7 10.5 817 0 6774 980 0.19 7021 1011 0.56 11600 6874 

8 1.5 4.56 720 0 3387 980 0.10 3523 1021 0.31 11600 3483 
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Table 9-IX: Maximum Response Quantities of a Fixed-Base a-Story Building 
Using Discontinuous Controller 

F SMCI SMCII 
L Without 
0 Dy Control 
0 Complete Case 1 Case 2 
R Compensation Umax=21589kN Umax= 11600kN 

X· xa; X· Uj xai X· Uj Xai X· Uj Xai 
N I I I I 

0 
em em em/s2 em kN em/ s2 em kN em/ s2 em kN em/ s2 

(1 ) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11 ) (12) (13) 

1 2.4 5.03 1031 0 27095 979 0.65 21589 6307 1.85 11600 3600 

2 2.3 4.19 1155 0 23711 981 0.63 21589 6375 1.84 11600 3672 

3 2.2 5.37 1078 0 20321 979 0.60 21589 6354 1.83 11600 3652 

4 2.1 5.50 1169 0 16937 980 0.53 21589 6375 1.79 11600 3578 

5 2.0 6.84 1213 0 13550 981 0.46 21589 6373 1.69 11600 3569 

6 1.9 8.49 1000 0 10160 980 0.37 21589 6337 1.52 11600 3537 

7 1.7 10.5 817 0 6773 979 0.26 21589 6290 1.12 11600 3243 

8 1.5 4.56 720 0 3389 981 0.13 16450 4759 0.57 6822 1820 

9·20 



\C
 

• ~
 

T
ab

le
 9

-X
: 

M
ax

im
um

 R
es

po
ns

e 
Q

ua
nt

iti
es

 o
f 

a 
F

ix
ed

-B
as

e 
8-

S
to

ry
 B

ui
ld

in
g 

w
ith

 S
ys

te
m

 U
nc

er
ta

in
tie

s;
 

C
on

tin
uo

us
 S

lid
in

g 
M

od
e 

C
on

tr
ol

 (
C

S
M

C
) 

, 

C
SM

C
 

I 

F
 

Y
 

I 

L 
I 

0%
 V

ar
ia

tio
n 

D
y-

20
%

 
K

-2
0%

 
K

+2
0%

 
I 

0 
E

 
D

y+
20

%
 

I 

0 
L 

R
 

D
 

N
 

0 
X·

 
U

 
Xa

i 
Xi

 
U

 
Xa

i 
X·

 
U

 
Xa

i 
Xi

 
U

 
X

ai
 

X·
 

U
 

Xa
i 

0 
I 

I 
I 

I 

em
 

kN
 

em
! 

s2
 

em
 

kN
 

em
! 

s2
 

em
 

kN
 

em
! 

s2
 

em
 

kN
 

em
! 

s2
 

em
 

kN
 

em
! 

s2
 

(1 
) 

s 
(3

) 
(4

) 
(5

) 
(6

) 
(7

) 
(8

) 
(9

) 
(1

0)
 

(1
1 

) 
(1

2)
 

(1
3)

 
(1

4)
 

(1
5)

 
(1

6)
 

(1
7)

 
I 

(2
) 

1 
2.

4 
0 

27
09

7 
98

0 
0 

27
09

7 
98

0 
0 

27
09

7 
98

0 
0 

27
09

7 
98

0 
0 

27
09

7 
98

0 
I I 

2 
2.

3 
0 

23
71

0 
98

0 
0 

23
71

0 
98

0 
0 

23
71

0 
98

0 
0 

23
71

0 
98

0 
0 

23
71

0 
98

0 

3 
2.

2 
0 

20
32

3 
98

0 
0 

20
32

3 
98

0 
0 

20
32

3 
98

0 
0 

20
32

3 
98

0 
0 

20
32

3 
98

0 

4 
2.

1 
0 

16
93

6 
98

0 
0 

16
93

6 
98

0 
0 

16
93

6 
98

0 
0 

16
93

6 
98

0 
0 

16
93

6 
98

0 

5 
2.

0 
0 

13
54

8 
98

0 
0 

13
54

8 
98

0 
0 

13
54

8 
98

0 
0 

13
54

8 
98

0 
0 

13
54

8 
98

0 

6 
1.

9 
0 

10
16

1 
98

0 
0 

10
16

1 
98

0 
0 

10
16

1 
98

0 
0 

10
16

1 
98

0 
0 

10
16

1 
98

0 

7 
1.

7 
0 

67
74

 
98

0 
0 

67
74

 
98

0 
0 

67
74

 
98

0 
0 

67
74

 
98

0 
0 

67
74

 
98

0 

8 
1.

5 
0 

33
87

 
98

0 
0 

33
87

 
,-

--
~8

Q 
0 

33
87

 
98

0 
0 

33
87

 
98

0 
0 

33
87

 
98

0 
-
-

-
~
 

-
~
 



\C
 ~ 

T
ab

le
 9

-X
I:

 M
ax

im
um

 R
es

po
ns

e 
Q

ua
nt

iti
es

 o
f 

a 
F

ix
ed

-B
as

e 
a-

S
to

ry
 B

ui
ld

in
g 

w
ith

 S
ys

te
m

 U
nc

er
ta

in
tie

s;
 

T
w

o-
C

on
di

tio
n 

D
is

co
nt

in
uo

us
 S

lid
in

g 
M

od
e 

C
on

tr
ol

 (
S

M
C

 I
) 

S
M

C
I 

F
 

Y
 

L 
I 

0%
 V

ar
ia

tio
n 

D
y-

20
%

 
0 

E
 

D
y+

20
%

 
K

-2
0%

 
K

+2
0%

 
0 

L 
R

 
D

 
N

 
D

 
X·

 
U

 
Xa

i 
X·

 
U

 
Xa

i 
X·

 
U

 
Xa

i 
X·

 
U

 
Xa

i 
X·

 
U

 
Xa

i 
0 

I 
I 

I 
I 

I 
I 

em
 

kN
 

em
/s

2
 

em
 

kN
 

em
/ s

2 
em

 
kN

 
em

/ 
s2

 
em

 
kN

 
em

/ 
s2

 
em

 
kN

 
e
m

/ 
s2

 
S 

(3
) 

(6
) 

(9
) 

(1
2)

 
(1

5)
 

(1 
) 

(2
) 

(4
) 

(5
) 

(7
) 

(8
) 

(1
0)

 
(1

1 
) 

(1
3)

 
(1

4)
 

(1
6)

 
(1

7)
 

1 
2.

4 
0 

27
09

5 
97

9 
0 

27
09

5 
97

9 
0 

27
09

5 
97

9 
0 

27
09

5 
97

9 
0 

27
09

5 
97

9 

2 
2.

3 
0 

23
71

1 
98

1 
0 

23
71

1 
98

1 
0 

23
71

1 
98

1 
0 

23
71

1 
98

1 
0 

23
71

1 
98

1 

3 
2.

2 
0 

20
32

1 
97

9 
0 

20
32

1 
97

9 
0 

20
32

1 
97

9 
0 

20
32

1 
97

9 
0 

20
32

1 
97

9 

4 
2.

1 
0 

16
93

7 
98

0 
0 

16
93

7 
98

0 
0 

16
93

7 
98

0 
0 

16
93

7 
98

0 
0 

16
93

7 
98

0 

5 
2.

0 
0 

13
55

0 
98

1 
0 

13
55

0 
98

1 
0 

13
55

0 
98

1 
0 

13
55

0 
98

1 
0 

13
55

0 
98

1 

6 
1.

9 
0 

10
16

0 
98

0 
0 

10
16

0 
98

0 
0 

10
16

0 
98

0 
0 

10
16

0 
98

0 
0 

10
16

0 
98

0 

7 
1.

7 
0 

67
73

 
97

9 
0 

67
73

 
97

9 
0 

67
73

 
97

9 
0 

67
73

 
97

9 
0 

67
73

 
97

9 

8 
1.

5 
0 

33
89

 
98

1 
0 

33
89

 
98

1 
0 

33
89

 
98

1 
0 

33
89

 
98

1 
0 

33
89

 
'---

9
8

1
_

 



SECTION 10 

CONCLUSIONS AND DISCUSSION 

10.1 LINEAR STRUCTURES 

Control methods based on the theory of variable structure system (VSS) or sliding mode 

control (SMC) have been presented for control of seismic-excited linear structures. Emphasis 

is placed on continuous sliding mode control methods that do not have undesirable chattering 

effect and the control forces are continuous. This is the first systematic investigation of the 

possible applications of sliding mode control to civil engineering structures. For the controllers 

presented, there is no adverse effect on the control performance should the actuator be saturated 

due to unexpected extreme earthquakes. Saturated controllers have been proposed, which reduce 

to the bang-bang controllers in the extreme case in which the full capacity of the actuator is 

utilized. It is demonstrated through simulation results that, (i) the controllers presented are 

robust with respect to parametric uncertainties of the structure, and (ii) the control performance 

is remarkable. 

One reason for the good performance of the control methods presented is that the 

earthquake ground excitation (or feedforward compensation) is taken into account in the design 

of the controller. In fact, when each story unit is equipped with a controller, it has been shown, 

both theoretically and numerically, that a complete compensation for the earthquake excitation 

can be achieved, i.e., the response state vector approaches zero. Numerical results further 

demonstrate that with appropriate design the controller for a complete compensation is robust 

with respect to system uncertainties. Such a complete compensation for the response state vector 

can not be achieved using other control methods, such as LQR, pole assignment, etc. 

Practical implementations of active/hybrid control systems to civil engineering structures 

indicate that it is not practical to install all sensors to measure the full state vector, whereas the 

use of an observer increases the on-line computational efforts and a system time delay. In this 

report, static output feedback controllers using only the measured information from a few 

sensors installed at strategic locations have been presented. The performance of the static output 

feedback controllers is shown to be quite reasonable. 

The sliding mode controllers presented have been modified for applications to parametric 
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control. In particular, controllers are presented for applications to active variable stiffness 

(AVS) systems and active variable dampers (AVD). Simulation results demonstrate that the 

performance of these parametric controllers is remarkable. 

Both continuous and discontinuous sliding mode controllers have been presented. The 

continuous controllers can be implemented for practical applications without difficulty, because 

there is no chattering effect and the control forces are continuous. The undesirable chattering 

effect has been removed for discontinuous controllers by introducing a boundary layer along the 

chattering surface in which the sliding margins are zero. With actuators as control devices, 

however, the actuator may not be able to follow the discontinuous control force. In this 

connection, compensators should be used in conjunction with discontinuous controllers for 

practical implementations [e.g., Yang, et al 1994h]. Using compensators, the discontinuous 

controllers become electrical command signals, that can be switched discontinuously. This 

subject will be reported in the near future. 

Shaking table experimental tests have been conducted at SUNY, Buffalo to verify the 

continuous sliding mode control methods. The test structure used was the linear three-story 114-

scaled building model, equipped with an active tendon control system, which was used 

extensively at SUNY, Buffalo [e.g., Soong 1990, Dyke, et al 1994]. Different earthquake 

records were used as the input excitations, including the El Centro, Pacoima, Hachinoke and 

Taft. Experimental data correlate satisfactorily with simulation results. Extensive experimental 

results demonstrate that the continuous sliding mode control, in particular the static output 

feedback controller using only the measured information from a few sensors, are very promising 

for practical implementations of active control systems on seismic-excited linear structures. The 

experimental results were described in detail in Yang, et al (1994f). 

10.2 NONLINEAR AND HYSTERETIC STRUCTURES 

Sliding mode control (SMC) methods have been presented for control of nonlinear or 

hysteretic civil engineering structures subjected to strong earthquakes. Again, emphasis has been 

placed on continuous sliding mode controllers for practical implementations. Static output 

feedback controllers using only a few sensors are also presented. This type of controllers is very 

useful for practical applications to complex civil engineering structures. Since the feedforward 
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compensation is accounted for in the design of controllers, a complete compensation for the 

response of the building can be achieved as demonstrated analytically and by simulation results. 

Numerical simulation results demonstrate that the performance of the sliding mode control 

methods is remarkable for nonlinear and hysteretic structures. 

Extensive simulation results indicate that robustness of the control methods depends on 

the design of the sliding surface. The control design is more robust if the poles of the c1osed­

loop system for the sliding surface are shifted more to the left hand side in the complex plane. 

This situation is similar to the classical control method based on the pole assignment. 

At the beginning of Section 6, it is expediently assumed that, as a minimum, one 

controller should be installed in each nonlinear or inelastic story unit (or element). This is true 

for buildings and bridges equipped with aseismic hybrid protective systems [Yang et al1992b, 

1993d]. Because of this restriction, the sliding surface is a linear combination of the state 

vector, and general methods for determining the sliding surface are available. The restriction 

can be removed and the sliding surface becomes a nonlinear function of the state vector. In this 

case, however, the method for determining the nonlinear sliding surface is more involved and 

it should be considered for each specific problem as described in Utlan (1992). One possible 

approximation is to linearize the nonlinear story units in which controllers are not installed for 

the determination of the linear sliding surface. In the design of the controller, however, such 

linearization is not necessary. 

Finally, we have conducted shaking table tests for sliding mode control methods using 

a three-story 114 scaled building model equipped with frictional-type sliding bearings and an 

actuator at SUNY Buffalo. Experimental results for control of such a highly nonlinear system 

demonstrated that the control methods presented are very promising. Details of the experimental 

results and their correlations with simulation results were reported in Yang, et al (1993d). 
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